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Preface

The mechanics of composites as an independent branch of the mechanics of
deformable media is at the early stage of growth, development and formation.
Its science and technology is a broad and interdisciplinary area of research and
developmental activity thathasbeen growing very fast worldwide in the past few
years. Composites have emerged as a natural response to the needs of modern
technology. They are based on the unique idea of simplicity of reinforcement,
when they combine “polar” properties of materials—a compliant matrix and
a rigid and strong reinforcement. It is important to emphasize that the idea
of reinforcement is deeper than just strength and manufacturability. It also
increases the reliability of the material. Apparently, composites are the only
materials in which the increase in strength is accompanied by an increase in
the fracture toughness. Composites, strictly speaking, are not materials in the
classical sense; final product, for example, metallurgy, with given properties
and practically unchanged during processing. They constitute a vast family of
materials created from semi-finished products together with the construction.
It is the mechanics of composites that is the scientific basis for understanding,
describing, predicting and controlling the structural properties of the entire
variety of materials and the technology. When creating structural analyses and
designs from composites, design issues (understood in the traditional sense),
optimal reinforcement and the development of the technological process
are three sides of a single problem and cannot be considered in isolation.
It is this approach to the construction of the phenomenological models of
creep of composites and nanocomposites that is proposed in this book and
as a consequence, the classical Volterra integral equation of the second kind,
describing the creep process of a material under a uniaxial stressed state,
undergoes appropriate changes and additions.

The book contains a large amount of original research material (as well
as substantially modified and increased) from previously published articles by
the author. At the same time the book contains many other results obtained by
other researches, primarily reflecting the most important data in the area of
statistical structural analysis of engineering creep.
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The majority of the book is devoted to the deterministic and applied
probabilistic methods and simplifications that are specifically tailored to the
creep deformation of composites and the problems related to nanocomposites.
The text is divided into seven chapters; each of which begins with a short
theoretical introduction, followed by relevant formulas and examples. The
authors have paid particular attention to the fact that the statistical data bases are
presented in dimensionless form (the original deterministic creep constitutive
integral equations as well as equations of energy and mass conservation
are dimensionless!), therefore the applied probability based results (such
as, for instance, mean and standard deviation values and other numerical
characteristics of stochastic stress-strain creep deformation process) that
makes it possible to solve a number of problems with exceptional simplicity.

This book is intended for graduate students, professors, scientists, and
engineers. Thus, the book should be considered not only as a graduate textbook,
but also as a reference handbook to those working or interested in areas of
Deterministic and Applied Probability Methods in Creep Mechanics, Stress
Analysis, and Mechanical Properties of Composites and Nanocomposites.
The scope of the work is broad enough to be useful to practicing and research
engineers as well as serve as a teaching tool in colleges and universities. In
addition, the book provides extensive coverage of a great many practical
problems and numerous references to the literature.
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Notations

k—The thermal conductivity [W/m*K] or [J/m*s*K]
2

Time: t =—71 [sec]
a 2
RT:

Temperature: T = 6 + T« [K], where T, = 600° K is the base line temperature

Coordinates: X = x/h and Z = zh—*"x” and “z”’—dimensionless coordinates
v—kinematic viscosity [m*/sec]; “u” and “w”—dimensionless velocities
RT«

B= 3 —Dimensionless parameter

RT?
¥= p —Dimensionless parameter

QE

3

P= M—Themal radiation dimensionless coefficient
o = 5.67(107%) [watt/m*K*]—Stefan-Boltzmann constant

E E
5= (RTE )Qz(exp(— = )) —Frank-Kamenetskii’s parameter

C=[1-P (t)/P_]—Concentration of the material

L and h—Length (width) and thickness accordingly

W; U—dimensionless velocities

A is set of outcomes (events) to which a probability is assigned
P(E,|E,)—conditional probability

®*(.) Denotes the cumulative distribution function of standard normal

2
z

distribution ®" (z2)= e 2dz

|
ELOO
1., Mg O,, O, are mean and standard deviation of A and B, respectively
J(t, t’) is the creep compliance function

T is the melting point of the metal matrix material
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€ (t)—strain

o (t)—stress

G (t) = E(t)e(t)—instantaneous stress

¢ —instantaneous (elastic) strain

g€ —creep strain

&,—thermal expansion due to temperature effect

K (t, t") =—0](t, t’)/0t’—retardation function (memory function)
R (t, t")—relaxation function (also called the relaxation modulus)
P —probability of failure

P —reliability

6—dimensionless temperature

0,—transitional dimensionless temperature (Glass Transition Temperature)
Ggm—transitional dimensionless temperature of matrix material
0 —transitional dimensionless temperature of filler material
t—dimensionless time

o—frequency

S(w)—spectral density

D—Diffusion rate (Flick’s law)

n—viscosity parameter of the material

E—Modulus of elasticity

n = n/E—relaxation time

n—Power law exponent

a—material property parameter

k—The thermal conductivity [W/m*K] or [J/m*s*K]
T—Temperature

E —activation energy

R is the ideal gas constant

e—Emissivity factor

o—Stefan-Boltzmann constant (¢ = 5.6703(107%) watt/m?K*)

T —ambient temperature

t—Time

a—thermal diffusivity parameter [m*/sec]

G, —Total free energy

G—Gibbs energy
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Introduction and Overview

1.1 Definition of structured composites and nanomaterials

The most recent definition of structural composites is given in [1]:

Composites are considered to be combinations of materials differing in
composition or form on a macro scale. The constituents retain their identities
in the composite; that is, they do not dissolve or otherwise merge completely
into each other although they act in concert. Normally, the components can be
physically identified and exhibit an interface between one another.

1.1.1 The use of nanocomposites in space technology

The success of astronautics and aeronautics cannot be imagined without the
development of materials that are able to withstand high temperatures during
operation of engines, as well as those that arise when a spacecraft reenters
the atmosphere during descent, carries high mechanical loads, faces extreme
conditions of outer space to ensure the containment inhabited compartments
of the ship and the fulfillment of many other requirements that are vital for the
guaranteed safety of crew members and functioning of space vehicles. It is
impossible to forget the losses that humanity suffered on the way to mastering
space, due to problems associated with the defects and shortcomings in the
properties of the materials used. Having learnt lessons from past debacles
and the continuing need to pursue ambitious tasks of projects dictate the need
to develop new materials. One direction could be the creation of composite
materials with a polymer matrix and carbon nanotubes (CNTs) as fillers.

In order to ensure long-term trouble-free operation of space vehicles
(satellites), the durability of equipment on-board—materials and elements—
and its resistance to the debilitating effects of the surrounding space
environment is vital. According to estimates [2] more than half of the failures
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and malfunctions in the operation of on-board spacecraft equipment are due
to the adverse impact of space factors (ISF). The spacecraft is influenced by
an extensive ISF complex: high energy electron and ion fluxes, cold and hot
cosmic plasma, solar electromagnetic radiation, meteoric matter, artificial
particles (so-called “Space debris™), etc. Analysis of the statistics and the
conditions for the occurrence of anomalies in the operation of spacecraft
equipment shows that in most cases, failures are due to the impact of cosmic
radiation on materials and equipment elements (radiation effects on spacecraft
are caused by electrons and lons with energy above ~ 10° — 10° eve (1.6(107'%)
J—1.6(10713) J), capable of penetrating into the materials to a depth of more
than a few tens of micrometers causing, amongst others, ionization of atoms
in the composites, the formation of local electrical charges, the formation
of defects, nuclear transformations, etc. In space conditions, the spacecraft
surfaces are in a state of repeated heating cycles of up to 420° K and cooling
cycles of up to 120° K. The absorbed energy of ionizing radiation is expended
on irreversible chemical changes in the material and radiative processes, but
most of it passes into heat, which leads to increase in the temperature of the
material (radiation heating). When irradiation under conditions close to the
adiabatic conditions occurs the temperature of the materials can be increased
by several tens and even hundreds of degrees.

Nanocomposites, currently being implemented in many different areas
of human activity, will, of course find wide application in the creation of
promising samples of aerospace engineering. Created with the help of
nanotechnology, polymer-matrix composites due to their properties are
able to protect the spacecraft from many of the space effects, which makes
them suitable for use as structural and functional materials. Till date, a
rather limited volume of data has been obtained on the radiation resistance
of nanocomposites materials. Most nanocomposites have a higher radiation
resistance to various constituents of cosmic ionizing radiation in comparison
with traditional composite materials. The high radiation resistance of
CNTs (carbon nanotubes transistors) can be explained using the physical
model, which is based on the notion of being less dense in comparison
with bulk solid bodies, anisotropic packing of atoms in nanotubes and
adsorption of the surface of a tube with carbon atoms knocked out of it.
Migration processes occurring on the surface of the nanotubes lead to
“healing” of radiation defects. Thus, for sufficiently high strength properties,
CNTs (with tunable diodes) have the property of shielding electromagnetic
radiation, and also account for high thermal and electrical conductivity, being
able to shoot thermal load and static electricity charges.

The most important direction of CNT-PN application is providing thermal
and mechanical protection to the spacecraft. By the developing technologies
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for creating composite materials with the required properties, we will be
able to solve the problem in the long term with a single screen made of
nanocomposites offering triple protection—thermal, radiation and shockproof.
In the latter case, we mean impact on the particle’s meteor matter and space
debris.

1.1.2 Classification of polymers

A large number of polymers can be divided into three main classes, underlying
the classification that is now adopted. The first class includes a large group of
carbohydrate polymers whose macromolecules have a skeleton constructed
from carbon atoms. Typical representatives of polymers of this class can
be called polyethylene, polypropylene, polyisobutylene, poly (methyl
methacrylate) (PMMA), polyvinyl alcohol and many others. The fragment
of the macromolecule of the first of them has the following structure: [-CH,
-CH,-In. The second class includes an equally large group, heterochain
polymers whose macromolecules in the main chain contain heteroatom’s (for
example, oxygen, nitrogen, sulfur, etc.) inaddition to carbon atoms. To polymers
of this class belong numerous simple and complex polyesters, polyamides,
polyurethanes, natural proteins, etc., as well as large group element organic
polymers: polyethylene oxide (simple polyester); Polyethylene terephthalate
(polyester) polyamide; polydimethylsiloxane. The third class of polymers is
composed of high-molecular compounds with conjugate system of constraints.
These include various polyacetylenes, polyphenylenes, polyoxadiazoles and
many others connection. Examples of such polymers are: polyacetylene;
polyphenylene; polyoxadiazole.

An interesting group of chelating polymers also belong to this class,
the composition of which includes various elements capable of forming
coordination links (they are usually denoted by arrows). The elementary link
of such polymers often has complex structure. Among numerous polymeric
materials the most practical application so far is based on materials founded on
representatives of the first class of polymers—carbohydrate high-molecular
compounds. Of carbon-chain polymers, one can get the most valuable
materials—synthetic rubbers, plastics, fibers, films, etc., and historically
these polymers are the first to have found practical application (obtaining
phenol-formaldehyde resins, synthetic rubber, organic glass, etc.). Many of
the carbon-chain polymers are subsequently classical objects for research and
for creation of the theory of mechanical behavior of polymeric bodies (for
example, polyisobutylene, polymethylmethacrylate, polypropylene, phenol-
formaldehyde resin, etc.). Polymers are divided into thermoplastics and
thermoset by their ability to recycle. Consider the first, thermoplastic materials
or thermoplastics (thermoplastic) include polymers, which, when heated
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during processing, pass from solid state of aggregation in liquid: highly elastic
or viscous (molded thermoplastics pass into a viscous flow state). When the
material is cooled, the reverse transition to a solid state occurs. The behavior
of thermoplastics differs from thermoset materials, which are cured during
processing and are not capable of then going into a liquid aggregate state.

1.2 What is the main difference between the composites
and ordinary solid bodies?

If in a crystalline solid the energy of interaction between its constituent atoms
or molecules bound by covalent bonds that are much higher than thermal
energy, U >> kT, then for composites U =~ kT. For polymers, this is the energy
of interaction of macromolecules, interchange interactions. The consequence
of this is that the forces binding the molecules are small and the configuration
of the molecular and macroscopic structures is easily changed under the action
of external forces and temperature. The physical properties of such substances
are also easily changed [3]. Thus, one of the main features of composites
is their sensory properties, and therefore the phenomenological creep model
must be built on the energy basis of the Gibbs theory. As a result of the
analysis of these thermodynamic models and phase chemical compositions, it
is possible to explain not only the rheological properties of materials, but also
to predict the optimization of the technological conditions for their synthesis
(temperature regime, initial composition of components).

One can see from Table 1.1 [4] that in modern composites the strength
and stiffness of fibers is far above those of traditional bulk materials.

Primary characteristics for reinforcement fibers in matrix composites are
high stiffness and strength. The fibers must maintain these characteristics in
hostile environments such as elevated temperatures, exposure to fluids, and
environmental loads. These characteristics and requirements have substantial
implications for the physical, chemical and mechanical properties of the fiber,
which in turn implies processing and acceptance parameters.

Table 1.1: Properties of composite reinforcing fibers material [4].

Material E [GPa] | o, [GPa] | p [kg/m’] | E/p [MJ/kg] | o,/p [MI/kg] | C (cost) $/kg
E-glass 72.4 2.4 2,540 28.5 0.95 1.1
S-glass 85.5 4.5 2,490 343 1.8 22-33
Aramid 124 3.6 1,440 86 2.5 22-33
boron 400 3.5 2,450 163 1.43 330-440
HS graphite 253 45 1,800 140 2.5 66-110
HM graphite 520 2.4 1,850 281 1.3 220-660
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Composites, by definition, are heterogeneous material; however the
structural analysis proceeds on the assumption that the composite material is
homogeneous, because on the macroscopic scale, they appear homogeneous
and respond homogeneously when tested. Therefore the analysis of composite
materials usually uses effective properties (for instance modulus of elasticity)
which are based on the average stress and average strain.

Out of various definitions of composite materials the following is
used in this book. Composites are materials consisting of chemically or
physically dissimilar components which when combined produce a material
with characteristics different from the individual components. Components
are divided into two groups (phases): filler (or reinforcement) in the form
of discrete particles or fibers—forms a discrete phase; binder (matrix)—in
the form of any material that fills the space between the reinforcement and
forms a continuous medium. A variety of analytical procedures may be used
to determine the different properties of laminate composites from volume
fractions and fiber and matrix properties. The derivations of these procedures
may be found in [5, 6].

1.3 Composite structural systems

Composites have emerged as a natural response to the needs of modern
techniques. They are based on a unique idea of simplicity of reinforcement,
when connecting “polar” properties of materials—a compliant matrix and
rigid and strong reinforcement. It is important to emphasize that the idea of
reinforcement is deeper than just strength and manufacturability. This also
enhances the reliability of the composite structures. Apparently, composites
are the only materials in which the increase in strength is accompanied by an
increase in viscosity of a failure process. Composites, strictly speaking, are
not materials in the classical sense where the final product has, for example,
like metallurgy, with preset and practically unchanged in the process of
processing properties. They constitute a vast family of materials created from
semi-finished products that together form the design. It is the mechanics of
composites that is the scientific basis for understanding, describing, predicting
and controlling structural engineering properties of the entire variety of
materials and the technology of casting products from them. When creating
structures from composites, design issues (understood in the traditional sense),
optimal reinforcement and the development of the technological process are
the three sides of a unified problems and cannot be considered in isolation,
as can occur in the creation of metal structures. Modern fibrous composites
are heterogeneous anisotropic materials. Elasticity and inelasticity of fibrous
composites are determined by the type of reinforcement (glass, boron, carbon
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and organic fibers) and matrices (polymer, carbon, metal, and ceramic), the
degree of their interaction in the composite, and also the angle of loading
application with respect to directions of reinforcement.

Composites have two levels of heterogeneity, micro—no homogeneity
with a monolayer composed of fibers and a binder and macro—no homogeneity
within a multi-layered structural system composed of layers that are arbitrary
packed (with possibly different thicknesses) into the whole package. Hence
there are two directions in the mechanics of composites: micro- and macro-
mechanics. Structurally heterogeneous medium in its physical and mechanical
behavior is much richer than homogeneous material. A variety of possible
situations in the process of deformation and fracture of composites makes
studying these materials attractive for specialists from different areas of solid
state mechanics. For example, in fibrous composite elements there are always
micro-defects—cracks, caused not only by the imperfection of technology, but
also by the deviation from idealized material model. The central point in the
mechanics of fibrous composites is the significant accounting of the material
structure at the level of reinforcing elements, a circumstance uncharacteristic
of the classical mechanics of solids. Depending on the level of reinforcing
elements, the mechanical properties of the engineered composite material
are created; by managing the ply or fiber stacking sequence, it is possible
within certain limits to control the resistance fields of the material, “adjusting”
them to existing efforts. In this way opportunities open up the development
of principles for the optimal design of the material itself. It is the composites
that materialized this branch of the mechanics of the solid, which have
recently been intensively developing. It should be emphasized that the
formation of physical properties and the origins of the theoretical foundations
of technological processes of composites molding—current and future—is
also based on the level of reinforcement of composites. Depending on the
percentage of reinforcement, numerous features of fracture are also explained
(for example, delamination, stratification of layers, destruction of fibers,
etc.) and features of properties of composites, such as viscoelasticity for a
polymer and plasticity for metal matrices. On the physical and mechanical
phenomena occurring at the structural design level, prediction of the life span
and reliability of composite structures is based on assumptions from [7].

When describing a monolayer and materials composed of homogeneous
thickness of the layers, heterogeneity could be excluded from consideration
by the transformation of fibrous composites to the reduced anisotropic
medium; the definition of effective stress-strain diagrams was the subject of
the reinforced media theory [8, 9].

The method of replacing an inhomogeneous composite with an effective
homogeneous anisotropic body is successfully used for solving the problems
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of rigidity, stability, and beams, plates and shells oscillation. In case of refusal
of traditional kinematic hypotheses of Kirchhoff-Love type and searches
for refined solutions that can “feel” bad resistance composites shear and
transverse separation, attention was mainly paid to study of the resistance
of fibrous composites to shear, especially in planes, where it is essentially
determined by the matrix (the so-called interlayer shear deformation).

The classic works of Kelly [10—12] that gave rise to modern compositional
studies were devoted to the study of the mechanical behavior of metal matrix
composite (MMC). Modern space systems are inconceivable without the use
of composites. The use of such materials in structural design of the airframe of
modern aircraft reaches about 50% by weight, and this is probably close to the
limit for the existing design of the aircraft. Unlike the use of fiber reinforced
plastics (FRP) in large-sized structures, their use in small structural elements
does not lead to a significant weight loss due to rather massive connecting
elements. Moreover, special design requirements, such as high electro-
thermal conductivity, strength at high temperatures, low anisotropy of elastic
and strength characteristics, limit FRP applications. In these cases advanced
composites are the best solution. Along with composites with a ceramic
matrix, they are the material basis for a new generation of gas turbines of
any kind, high-temperature nuclear reactors, hypersonic aircrafts, and so on.
Previous experience of some research groups has formed a solid scientific
and technological basis for the development of new effective composites,
lightweight composite structures, as well as high-temperature resistance
composites with operating temperatures up to 1300°C.

In the phenomenological approach, an inhomogeneous composite is
considered as a continuous medium (homogeneous anisotropic material),
mathematical model of which takes into account the experimental data on
strength and strain. Many varieties of phenomenological criteria (limit state
design) have been proposed for anisotropic materials. The most popular
among them are the criterion of maximum stresses (or strains) and quadratic
polynomial criteria, such as the Hill-Mises criteria [13], Tsai-Wu [14],
and Chamis-Hoffman [15, 16]. For multi-layered composites, a structural-
phenomenological model is often used. The phenomenological approach is
used to describe the behavior of a unidirectional monolayer, and the structural
one for consideration of a multilayer material composed of differently
oriented plies. This requires a theory of layered media, allowing to carry out
the transition from the stresses and deformations of the composite structural
member to stresses and strains in any of its layers. Micromechanical models
of polymer composites allow us to identify analytical dependences showing
the influence of the properties of fibers, matrices, their adhesion interaction,
material structure and fracture mechanisms on the macroscopic elastic
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strength characteristics of a unidirectional layer. Most successfully they
describe the ultimate effective modulus of elasticity and the strength of the
composite under tension. In the event that the deformations of the fibers and
the matrix are the same, the following additive relationships hold, which show
the contribution of each component in proportion to its volume content

E =E, 0, +E (1-9);0=0.¢.+0c_(1-¢) (1.1a)

These equations are called the “rule of the mixture.” Since the contribution
of polymer matrix to the overall stiffness usually does not exceed 2—5% (since
E_<<E), it can be ignored

E (=)=E,p,andoc . (&) =0, 0, (1.2a)

Composite elongation in the transverse direction is composed from
deformation of fibers and binder. The elastic modulus E_ can be calculated
according to the formula

1/E! = ¢, /E +0,/E, (1.3a)

The strength of composites in the case of transverse tension-compression
and shear depends on many factors, primarily on the properties of the matrix,
adhesion interaction, the structure of the material—the presence of pores
and other defects. Analytical dependencies in this case can only have an
approximate character. It is generally accepted that reinforcement reduces the
strength of the composite in the transverse direction approximately 2 times
compared with the strength of a homogeneous matrix. The redistribution
of stresses between matrix and reinforcement is depended on the fiber size.
For instance, because of the large diameters of boron fibers, their number
per unit volume of plastic is 15-20 times less than in glass-carbon fibers.
Consequently, the role of each fiber increases sharply. The failure of several
fibers in the boron composite dramatically increases the stress on the remaining
fibers. Because the strength of the fiber is determined by the ratio of length to
diameter, which is necessary for the effective hardening of plastic, the length
of boron fibers is hundreds of times the length of fine glass or carbon fibers,
scale dependence of the strength of boron fibers on length determines less
strength of the material on their basis. Stress ¢ and modulus of elasticity E
in case of unidirectional arrangement of fibers increases with the growth of
the volume fiber content. The optimum filling degree is 65-75%, slightly
higher than that of glass and carbon fiber. In this case, in contrast to glass-
and carbon fiber—fibers ¢ under compression is greater than under tension.
The influence of the arrangement of the fibers on the modulus of elasticity
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[17] under compression and the degree of anisotropy of epoxy-fibrous fiber
(p =0.42) is presented in Table 1.2.

The reinforcement absorbs the main stresses arising in the composite
under the influence of external loads, and determines the basic mechanical
characteristics. The matrix ensures the joint operation of discrete elements of
the reinforcement, combining them into a monolith, due to its own rigidity
and adhesion at the matrix-reinforcement interface. This phase to a lesser
extent determines the mechanical properties, but it has a decisive influence on
the technological characteristics, for example, the possibility of formation and
technological regimes. It should be noted that the concept of “filler” is general
and does not only combines discrete elements with high strength and rigidity.
Under this concept, the inclusion of gases in the form of small-sized bubbles
in the volume of the matrix material is also suitable. Such a conventional
reinforcement provides not strength, but other functional characteristics, for
example, high sound and heat insulation capabilities. Composites should be
distinguished from mixtures and solutions. In the first case, the material is not
monolithic, in the second case there is no interface between the components.
In the technical literature, composites are divided into classes. Each class was
named by the type of matrix: composite material (CM) with a polymer matrix
is called polymer (PMC), with metal matrix it is known as metal (MMC),
and with ceramic—ceramic composite materials (CMC). The first class of
composite materials, PMC is most commonly used in technology. The matrix
is based on various polymer resins. The combination of a polymer matrix with
a metal reinforcement is indicated as PM. As filler, boron fibers and, more
rarely, other metals, such as aluminum, are used. The name of CM with a
polymer matrix is formed from the name of the type of reinforcement with the
addition of the word “plastic”. For example: fiberglass, boroplastics, carbon
fiber, organoplastic, etc. The second class of composites has a metal matrix:
light metals—aluminum, magnesium and heavy metals—steel and nickel
alloys. The nomenclature and volume of use of metal composites is much
smaller than that of polymeric ones. The MM group (matrix and reinforcement
of metals) is represented in the industry, mainly by boroalumination, that

Table 1.2: The influence of fibers on the modulus of elasticity.

Mutual The angle between The modulus of elasticity Anisotropy indices
arrangement the direction of the | under compression, kg/mm?
of fibers fibers in adjacent E E E E E/E | E/E |E/E

1 ayers X y 45 2 Ky Xz X a5
Unidirectional 0 16200 | 1860 | 1540 | 1860 | 8.7 8.7 10.8
Cross-plane 90 8600 | 8500 | 1620 | 1870 | 1.02 | 4.5 53
Cross-spatial 90 5400 | 5300 | - 5800 | 1.02 | 0.96 -




10 Phenomenological Creep Models of Composites and Nanomaterials

is, by the combination of an aluminum matrix with boron fiber. In the third
class, various types of ceramics are used as the matrix. The information on
the materials included in this group is very limited. Basically, they are in
the development and research stage now. In the SM group, various metallic
powders are used as the reinforcing filler. Such materials are called cermets.
The fourth class contains composites with a matrix that does not belong to
polymers, metals and ceramics. The most known composition here is carbon—
carbon (UCMM). The reinforcement in it is represented by carbon rods or
threads. The matrix is also carbon, but with much less strength.

1.3.1 Classification according to a structured feature

The first group includes composites with reinforcement in the form of discrete
particles. Here we can distinguish two subgroups: CM, reinforced with solid
particles and gas-filled. As solid particles, powders, flakes, chopped fibers, and
microsphere is used. Composites with a polymer matrix and discrete filler are
called “filled plastics.” An effective disperse filler is a microsphere, which is a
small diameter ball (d = 0.05-0.2 mm) hollow inside and made, most often, of
glass. The second subgroup includes materials filled with small gas bubbles.
Depending on the type of matrix, they have received the corresponding name:
foams (polymer matrix), foam metals, foam ceramics, foam rubber and the
like. If the gas bubbles are connected with each other, then in the name of
materials the phrase “foam” is replaced by “porous”, for example, “poroplast”.
The second group of CM is characterized by the fact that the reinforcement
has a fibrous structure. This type of CM can be divided into four subgroups:
unidirectional composites, woven layered fibrous volumetric weaving, and
nonwoven. Unidirectional reinforcement can be: in the form of a primary
thread (obtained immediately after manufacture); Filament (twisted) thread;
Roving, consisting of strands of complex filaments; Tape strings connected
together in a transverse direction through a certain distance and forming an
elongated flat surface; A bundle of interlocked yarns with a cross-section close
to the circumference. The second subgroup includes CM consisting of layers
of tissue joined by a matrix. Reinforcing filler is characterized by the type of
weaving and the thickness of the threads.

The third subgroup is characterized by an armature, which is a three-
dimensional weave of threads or rods. The spatial interlacing can be organized
by a different number of threads—from 3 to 11. The fourth subgroup
contains materials with non-woven filler (for instance, “pile fabric”). For
using composite materials in the creation of modern structural elements
and structural systems it is necessary to take into account their specific
features, such as: anisotropy of stiffness and strength, viscoelastic properties,
heterogeneity of elastic and strength parameters, and risk of failure, which
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determine the bearing capacity of the structure. The solution of this problem
is impossible without complex theoretical and experimental research aimed at
elucidating the physical pictures of the processes taking place in the structure
and in the material, subjected to expected operational loads. An important link
in such studies is the development of mathematical models of the phenomena
under consideration that satisfy the requirements of accuracy on the one hand,
economic and practical applicability to engineering calculations and design,
on the other. Composites, strictly speaking, are not materials in the classical
sense; for example, metallurgy, in which the final product is preset and
practically unchanged in the process of processing properties. They constitute
a vast family of materials created from semi-finished products together with
the design. It is the mechanics of composites that is the scientific basis for
understanding, describing, predicting and controlling structural properties of
the entire variety of materials and technology of producing products from
them. When creating structures from composites, design issues (understood
in the traditional sense), optimal reinforcement and the development of the
technological process are the three sides of unified problems and cannot
be considered in isolation. Modern fibrous composites are heterogeneous
anisotropic materials. Elasticity and inelasticity of fibrous composites are
determined by the type of reinforcement (glass, boron, carbon and organic
fibers) and matrices (polymer, carbon, metal, and ceramic), the degree of
their interaction in the composite, and also the angle of load application
with respect to directions of reinforcement. Composites have two levels of
heterogeneity: micro—no homogeneity (a monolayer composed of fibers and
a binder) and macro—no homogeneity (a multilayered structure composed of
a given number of different layers with arbitrary packing by the thicknesses).
Hence there are two directions in the mechanics of composites: micro- and
macro-mechanics. Structurally heterogeneous medium in its physical and
mechanical behavior is much richer than homogeneous material. A variety of
possible situations in the process of deformation and fracture of composites
makes studying these materials attractive for specialists from different areas
of solid state mechanics. For example, in fibrous composites of level of
reinforcing elements there are always micro-defects—cracks, caused not only
by the imperfection of technology, but also by the deviation from the idealized
material model. The central point in the mechanics of fibrous composites is
the significant accounting of the material structure at the level of reinforcing
elements—a circumstance uncharacteristic of the classical mechanics of
solids. At the level of reinforcing elements, the mechanical properties of the
composites are created; by managing and creating the layout of fibers (within
certain limits control) the required resistance of the composite structure
can be obtained. Moreover, in this way opportunities for the development
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of principles of the optimal design of the material itself open up. It is the
composites that materialized in this branch of the mechanics of the solid that
have been intensively developing recently. It should be emphasized that the
formation of physical properties and the origins theoretical foundations of
technological processes of producing composites—modern and future, also
lie at the structural level of reinforcement elements. Similarly, numerous
features, such as prediction of the life span and reliability of composite
structures, are based on a probabilistic approach [18, 19].

1.3.2 Reinforced media theory

The definition of effective deformation characteristics was the subject of
the reinforced media theory. The method of replacing an inhomogeneous
composite with an effective homogeneous anisotropic body is successfully
used for solving the rigidity problems, stability, and oscillations of beams,
plates and shells. A characteristic moment—refusal of traditional kinematic
hypotheses of Kirchhoff-Love type and searches for refined solutions that
can “feel” bad resistance of composites, shear and transverse separation are
presented in [20-22]. The main attention was paid to study of the resistance
of fibrous composites to shear, especially in planes, where it is mainly
determined by the matrix (the so-called interlayer shear deformation). The
specific properties of modern composites are heterogeneity, anisotropy, and
nonlinear elasticity which require the search for ways to construct theories
more specialized in nature than the theory of elasticity of an anisotropic body,
taking into account the real composition of the material. Difficulties facing
the structural engineer are obvious. The depth of models should correspond
to the accuracy of information about the properties of components, their
manufacturing process and interaction in composite material. For problems
occurring when the direction of reinforcing fibers and principal stresses do
not coincide, the effect of viscoelasticity of the material becomes essential.
The fact is that the polymer matrix makes composites extremely sensitive to
the stress and temperature hierarchy of the structural element, manufacturing
technology and the regime of subsequent operation. Technological limitations
play a much more important role in the design of composite structures than
metals. More research is needed in areas, such as, the creation of the theory of
a “growing” body of nanomaterials, the macro-mechanics of nanocomposites
and the subsequent phenomenological models of creep deformations.

Models of deformation and failure of composites rely heavily on initial
information obtained from mechanical tests of a monolayer or multilayered
structure as a whole. Hence the increased requirements for accuracy and
reliability of this information are demanding. The mechanical properties
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of composites in contrast to metals are characterized by a large number
of experimental constants. Their definition is associated with significant
methodological difficulties. In practice the structural engineer is using many
different shapes, sizes and technologies in preparation of samples for the
experimental procedures. This leads to incomparability of results and creates
an environment of contradictory judgments on the structural capabilities of
composites. A realistic approach to the problem of mechanical testing requires
a clear regulation of the number determined characteristics and methods for
determining strength and rigidity composites, and reinforces the need for a
critical analysis of existing methods, their evaluation and validation.

Developing models of elastic deformation of unidirectional and cross-
reinforced composite materials is based on the structural-phenomenological
approach to the analysis of defining relations.

The averaged stiffness characteristics of the multi-layered packages are
determined by integrating over the thickness of the element. The analysis
takes into account the orientation of elementary layers and shell hypotheses,
superimposed on the entire stack of layers. In the case of solving dynamic
problems in the framework of the concept of effective modules, the real
heterogeneous material is allowed to be replaced by a hypothetical. There
are additional difficulties arising from the need to analyze the wave processes
occurring in a given structural system. Obviously, such an approach is
justified only when the wavelength is an order of magnitude greater than the
characteristic size of the structure.

1.4 Model of elastic deformation of a unidirectional
multilayered composite material

Orthotropic is the condition expressed by variation of mechanical properties
as a function of orientation. Lamina exhibit orthotropic characteristic because
large difference in properties between the 0° and 90° directions is present. If a
material is orthotropic, it contains planes of symmetry and can be characterized
by four independent elastic constants. The stress-strain curves for composite
materials are frequently assumed to be linear to simplify the analysis. For
purposes of laminate analysis, it is important to consider the plane stress
version (x1 and x2 coordinates) of the effective stress-strain relations. Let x3
be the normal to the plane [x1; x2] of a unidirectional reinforced lamina (see
Figs. 1.1 and 1.2 below).

Suppose that each element of the multilayered structure is in a plane
stressed state. Since the coordinate axes 1, 2 are the orthotropic axes, Hooke’s
law for a layer can be written in the form:
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Figure 1.1: Unidirectional reinforced lamina coordinates.
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Figure 1.2: Axes rotation.

G, = El(gl + Vlzgz)
G, = Ez(‘gz +V2181)
Ty =G,2y|2 (1.1)
_ E _
El :—1 ; EZ = 2
1_\/12\/21 1_V12V21

where g €,y , deformations in the directions 1, 2 and the plane 12, respectively,
E, E, and G , are the elastic module in directions 1, 2 and the shear modulus
in the plane of the layer, and v, and v,, are the Poisson coefficients. Here the
symmetry condition of the elastic constants: E, v, =E, v,
Elastic constants in (1.1) are determined either experimentally, or are
calculated within the framework of the theory of reinforcement. Since the
actual distribution of stresses and strains in the composite body, are where
the main material has more rigid inclusions, it is very difficult, to obtain any
practically useful dependencies for determination of the elastic constants E ,
E,,v,,, G,.In order to do so it is necessary to make some assumptions.

1. One direction of the reinforced material is a continuous macroscopically
homogeneous (transversely isotropic) body.
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2. The main material (hereinafter referred to as the binder) and the
reinforcement material are linearly elastic, isotropic and homogeneous:
the connection between deformations and the stresses in the binder and
reinforcement follow Hooke’s law.

3. There is an ideal grip between the binder and the reinforcement.

4. Additional stresses perpendicular to the direction of reinforcement, which
in this case have a different Poisson’s ratio (between the reinforcement
and the binder), can be considered negligibly small.

5. Whenthe sampleisloaded across the direction of stress reinforcement in the
binder and reinforcement are the same, and the proportion of deformations
of the components materials are calculated with the assumption that in a
general deformation, composite material is proportional to the volume
content of each component.

6. The composite material is reinforced with straight-line fibers.

With sufficiently thick uniform saturation of the main material (binder)
with fibers, the first premise is completely acceptable. All researchers who
study the mechanical properties dispersed-reinforced media have come to such
conclusion. In order to be able to use this premise with sufficient accuracy
for practical purposes, it is necessary to know what should be the smallest
number of fibers in z unit cross-sectional area of unidirectional reinforced
material. The second premise is introduced because of the need to simplify
the solution of the problem and keep it limited only to the elastic stage of
operation, which is true for many composite materials. From the third premise
it follows that the component materials in the direction of the reinforcement
are deformed together. The use of this assumption almost excludes errors, if
the stresses acting along the reinforcing fibers are not varying along its length.
The fourth premise is very close to the real situation and stresses (even if
the Poisson’s ratio for the reinforcement and binder is the same) are rapidly
damped. When discussing the fifth premise, it should be remembered that
actual stresses in the main material near the reinforcing bar increase, because
for reinforcement more rigid material is used, but this increase has a local
character and it gradually disappears as a result of elastic redistribution. Actual
stress distribution is a very complex issue requiring special consideration.
When determining the averaged elasticity of the deformation characteristics
of the composite material, we will operate with the average stresses for the
entire volume of the considered element.

Assuming that the distribution of fibers in an elementary volume is
uniform, and the fiber diameter is small in comparison with the distances over
which the averaged stress and strain fields that vary markedly. With sufficient
accuracy of effective stiffness characteristics unidirectional composite
material can be calculated from the following formulas [23, 24].
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E =pE +(1-pE,
EE,
U, +(I-pE, (1.2)
_(0+wG, +(-wG,
Y1+ wG, +(1-pG, "

2

where the shear module of the isotropic fiber and the matrix are respectively
equal

_ Ef . G —_ Em
20+v,) " 2(4+v,)
— VIZEZ

E

f

(1.3)

Vi, =WV, + (1- H)Vm; Vo
1

Formulas for the elastic modulus E, and Poisson’s ratio v , are sufficiently
accurate for use in engineering calculations. The relations (1.2) for modules
E, and G, can be recommended for approximate calculations. It is expedient
to refine them by the results of experiments using given material.

1.4.1 Elastic deformation model of cross-reinforced composite
material

Let’s introduce the orthogonal coordinates (1, 2) and assume that the axis 1
(the reinforced layer) makes an angle ¢ with the axis o ,. Static relationships,
the connecting stresses in the coordinate systems o ,. 6,, and 1, 2 are as
follows:

6, =0,c0s’ +0,sin’ @—1,sin2¢

6,, =0,sin’ @+ 6, cos’ @ —1,, sin 2 (1.4)

G, =(0, —0,)sinpcos @+ T, cos 2

Geometric relationships that allow expressing deformations in the system

coordinate 1, 2 through deformations in the system coordinate 6, . 6,,, can be
written as follows:
€ =¢,008 Q+¢g,sin’ @+¢,sinQcose
- ) .
€, =g, sIn" @+¢,Ccos ¢—¢g,sinQcose (1.5)

Vi = (822 —&, sin 2([) + &, CoS 2([)

Now we obtain the relations connecting the stresses o,, o,, 6, with

deformations ¢, ¢,, €, For this purpose we substitute the deformations

22
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g; €, and y,, into Hooke’s law, and the stresses obtained as a result of this
substitution in the relation (1.5). After some simplification and by using
symmetry conditions, we write the physical relationships for the layer
reinforced at an angle ¢ to the axis a..

=A ¢ +A e +A.¢

11711 12722 13712

=A,g,+A e, +A ¢ (1.6)

217711 22722 23712

=A, g, +A e, +A €

31711 33712

where:

A, =E cos'¢+E,sin' ¢ +2[E v, +2G,,]sin’ pcos’ ¢

A,, =E sin' ¢+E,cos' +2[E v, +2G,,]sin’ pcos’ ¢

A,=A, =Ev, +[E, +E, —2(E,v, +2G)sin’ pcos’ ¢ (1.7)
A, =A, =singcos[E, cos’ —E, sin’ ¢ — (E,v,, + 2G ,)cos 20]

A, =A, —sm(pcosq)[E sin® @ — E cos (p+2(E1 » +2G,)cos2¢]

D>

. =[E, +E, —2Ev,]sin’ pcos’ ¢+ G,, cos’ ¢

The graphical examples of functions A (9); A,(9),....A () (for different
ratios of E /E, and after using Equation 1.1) are presented below (see Figs. 1.3
and 1.4).

From Figs. 1.3 and 1.4 one can see that they are periodic functions
(¢ =morm/2).

Next, we write the relations connecting shear stresses and shear strains in
the coordinates (11; 22 and 33) and 1, 2, 3 (see Fig. 1.2):

G, =T,C08Q—1T,sInQ

v (1.8)

G, =T, COSQP+ T, SING
32T
a
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Figure 1.3: Example of functions A ; ....;A ..
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Figure 1.4: Example of functions A ; ....;A,, (periodic functions).

Vi =€, COSQ+E,SinQ (1.9)

Y23 = €y COSQ—E,;5IN P

Using Equations (1.3), (1.8), (1.9), we can obtain relations of the type
(1.6), that is:

613 = A44813 + A45823

c,=A_ g, +A.¢

54813 T A€y
A, =G, cos’p+G,sin’ ¢ (1.10)
A, =G,sin’ 9+ G, cos’ @

A=A, =(G,—-G,)sinpcosp

In multilayered composites and structural elements, a layer with an angle
of reinforcement ¢, as a rule, corresponds to the same layer with an angle of
reinforcement ¢. Virtually all automated production processes of a multilayer
composite package, and in some cases mutual interlacing of adjacent
symmetric layers with angles ¢ +, are the most economical. In this case it is
natural to consider such two layers as one symmetrically reinforced layer in
the structural design calculation. This assumption completely corresponds to
the real structure of layered composites and greatly simplifies the relationships
connecting stresses and strains. If each of the symmetric layers is anisotropic
in coordinates (1; 2) and o, then, working together, they form an orthotropic
layer, Hooke’s law for which has a simpler formula than the relations above
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for an individual layer. To obtain this law, we can rewrite the equations for
multilayer with reinforcement angles ¢ + as follows:

o =E (g +Vv,&)

o. =E (g +v,&)

(1.11)
G +
TIZ ]Z’YIZ
o), =0, cos’ 0+, sin’ @ F 1;, sin 2¢
o;, =0, sin’ ¢+, cos’ Q£ 1, sin 2¢
o, =1[o] —0,] sin@cos @+ T,, cOSQ (L12)
& =g, 08" @+¢,sin’ pte,sin@cose :
+ =2 2 _ .
€, =¢,SIN" Q+E, CO8 QPFE,SINQCOSP
*

Y, =t[e,, —€,]sin2¢cos @ + €, cos 2¢

Here the signs correspond to layers with angles + ¢. In relations (1.11)
it is taken into account, that the properties of the material of both layers
are the same, and equalities (1.11) allow for compatibility conditions of

deformations of these layers: €, = €; €, = &, &, = &,. Substituting the
deformations into the Hook’s law and the stresses in the relations (1.13),

we obtain the stresses ¢ expressed in terms of deformations, by averaging

| 1, . i} . .
stresses: O, :5(011 +0,); 0, :E(Gzz +0,); 0, = E(le +71,) according to
the formulas:

=A g +A ¢

11711 12722

G,
c,=A¢,+A¢, (1.13)
G A33812

A

_(mn =11;12;21;22;33)

We now derive the relations connecting shear stresses ¢, and c,, with
corresponding deformations of symmetrically reinforced layers. For layers
with angles ¢ +, according to equalities (1.13), we have:

Gy3 :A4481i3 +A458§3 (1.14)
=A_g. +A ¢l

54713 55723

Consider a symmetrical pair of layers loaded by stresses 6,,. Then 6, =

o, and, since the system is orthotropic, in the relation (1. 14) it is necessary
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to take &/, = ¢, =¢;and &), = &,,= 0. Similarly, when the shear stresses c,, are
. + —_ S . + —_ T —
loaded we have: €, = ¢, =0; and &,, = ¢,, = ¢,,. As aresult, we get
O3 = Ayt Oy = Ags®yy (1.15)
We note that the system of coupled symmetrically reinforced layers in
general case is more rigid than the asymmetrically reinforced layer of the

same thickness. Thus, the physical relationships for the cross-reinforced
composite material are defined by equalities (1.14) and (1.15).

1.5 Optimization of multi-layered composite structure
parameters

The structure of composites (number of layers n and their thicknesses 6,
reinforcement angles ¢, and the sequences of layers application for the total
thickness t =n §,) depend on their physical and mechanical characteristics, and
hence the efficiency of their application. Therefore, designing the composite
structure is a fundamental problem of any structural design development. To
date, there is no complete and correct solution of this problem, which in the
class of orthotropic composites is formulated as follows: to determine such
thickness values of the layers 6, their reinforcement angles ¢, and their total

number in the packet n, which would deliver a minimum mass M = abZn: d.p,
i=1

while ensuring the strength of each layer in case of creep deformations due to
high temperature effect with the assumption that the limit state of a composite
structure is in compliance with a given strength criterion, for example,
maximum stresses (Mises Hill criteria) or maximum allowable deformation
(failure criteria). For example:

o’ o0, o T
w200y Do g (1.16)
Ei EiFZi in F

12i

li

F . and F —the corresponding allowable strength limits of the composite
material layer based on the solution of creep constitutive integral type equation
(see Chapter 3). Stresses in layers ¢ ; 6, and 1. are defined by formulas

o, =&, (cos’ @ +v, sin* @ ) +&, (sin’ ¢ +Vv, cos’ ¢ )+ 7, (1—-v,)sing, coso,
o, =¢,(sin’ ¢, + v, cos’ ¢, ) +&,(cos® @, +v, sin’ @, ) +7,(1=v,,)sing, coso,
T

= (gyi —&y ) sin 2(Pi + Yy COS 2(pi

12i

(1.17)
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After substituting formulas (1.16) into criterion (1.15), we have inequality:

2 2 2
G, G, 0

121 1i 7 2i + zl + 1221 Sl
F Elei FZi l:lzi

1i

[SxAli + 8yA2i + yxyASI]z _ [ngli + SyAZi + yxyA31][8xA2i + SyAli - [1 - V21]nyA31] "

E; EE,
4 SXAZi + SyAll - [1 - le]yxyASi " [8y —& ]AAi + yxyAsl <1
E; E,

O(e;e,57,,,0) <L i=12

(1.18)
For uniaxial loading condition:
2 2

Suyleg

Fll F12 (119)

[SxAll + yxyASI]z " [_SXA41 + nyAﬂ]2 <1

E, E;

If the strains € and y_ are given, for example, by restrictions on strength,
stability and deflection of limit state of the whole multilayered composite
element than inequality (1.18) becomes a function of angle ¢, only, and the
optimum design (finding optimum values of @,) can be achieved by equating
first derivative of ®(9,) to zero.

For uniaxial loading condition without shear deformation:

2 2
E; E;
e A, =¢ cos’ @ <F, (1.20)

i=1—> A, =[E cos'¢+E,sin* ¢ +2[E,v,, +2G,,]sin’ pcos’ ¢le, <F,

1712

i=2—>A,, =[E,sin'¢+E, cos’' 9+ 2[E,v,, +2G,,]sin’ pcos’ ¢le, <F,

The average deformations of the composite element with € ; g, and Y,y are
found from the equilibrium equations of the orthotropic structural element.
Consider the formulation of the problem of creep deformation of composite
elements of frame and beam structures under high-temperature loading. It is
assumed that the structural element has a regular structure in thickness and
is formed by gluing together the composite layers. At the same time, the
kinematic model of deformation of structural elements is based on hypotheses
ofthe Bernoulli type for the entire package as a whole. The connection between
stress and strain tensors in composite layers is established on the basis of
Hooke’s law for an orthotropic body with effective elastic characteristics. The
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derivation of the system of equations is based on the principle of possible
displacements and is given in Chapter 3.

1.5.1 Influence of fiber length

The critical fiber length is necessary for effective strengthening and stiffening
of the composite material. This critical length is dependent on the fiber
diameter d; its ultimate tensile stress, and on the fiber—matrix bond strength
(shear stress of the matrix, whichever is smaller), and it is calculated by

dd
© 21,

1

(1.21)

For glass and carbon fiber—matrix combinations, this critical length is on
the order of 1 mm, which ranges between 20 and 150 times the fiber diameter.

Fibers for which 1 >> 1 (normally 1 > 151) are termed continuous;
discontinuous or short fibers have lengths shorter than this. For discontinuous
fibers of lengths significantly less virtually no stress transference occurs. To
affect a significant improvement in strength of the composite, the fibers must
be continuous.

1.5.2 Elastic behavior—longitudinal loading

Let’s consider now the elastic behavior of a continuous and oriented fibrous
composite that is loaded in the direction of fiber alignment. It is assumed
here that the fiber—matrix interfacial bond is very good, such that deformation
of both matrix and fibers is the same (an isostrain situation). Under these
conditions, the total load sustained by the composite is equal to the sum of the
loads carried by the matrix phase and the fiber phase.

1.6 Molecular mechanisms of chemical reactions

1.6.1 Chemical reaction kinetics

The most important kinetic characteristic is the rate of chemical reaction,
which is defined as the number of particles (molecules, ions, atoms) of a given
species (N) reacting per unit time in a unit of reaction space. With a constant
volume for a closed system, the rate of chemical reaction can be expressed by
the following Equation [17]:

where C, is the concentration of the reacting i-th substance and vi is the
stochiometric coefficient in the reaction equation before the i-th reactant. It
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is generally considered that the reaction rate is a positive quantity, so if a
change in the amount of the initial substance is used in its calculation, then it
is necessary to put a minus sign in Equation (1.22), if the measurements are
carried out for the reaction products—the plus sign. To calculate the reaction
rate, it is sufficient to determine the reaction rate for one of the substances, the
changes in the concentrations of the others can be established on the basis of the
stochiometry of the reaction. For example, for a one-way reaction occurring in
a closed system and written in the form of a stochiometric equation v A +v,B
— v,C +v,D the following expression holds

fe_ 1dC, 1d¢, 1dC. _1dC, (1.23)
v, dt v, dt v, dt v, dt

4

The rate of chemical reaction depends on many factors, among which
it is necessary to distinguish the dependence on the concentrations of the
reacting substances studied in formal kinetics. The basic law on which the
quantitative regularities of the course of chemical reactions in time are based
is the kinetic law of the acting masses: the rate of the chemical reaction at
each moment of time is proportional to the product of the concentrations of
the reacting substances. At the heart of the law is a simple physical principle:
chemical interaction is possible in the collision of reacting molecules, and the
probability of the latter is proportional to the product of concentrations. For
the simple reaction the mathematical expression of the law of acting masses
has the following form:

r=kCC (1.24)

where the exponents at concentrations of reagents n, and n,, are called partial
orders. For elementary reactions occurring in one stage, particular orders
are integers equal to the stochiometric coefficients in Equation (1.22); in
complex reactions having several stages, the order can be fractional and even
negative. The sum of the exponents n =n, + n_ is called the general order of
the reaction. The latter for elementary reactions is the number of molecules
participating in one elementary act of chemical transformation. Thus, simple
mono-, bi- and tri-molecular reactions are at the same time first-, second- and
third-order reactions. Naturally, for complex reactions one can speak only
of the molecular nature of the individual stages, and not of the molecular
nature of the reaction as a whole. Molecularity of the reaction is a theoretical
concept. To determine the molecularness, it is necessary to know the
mechanism of the process, its limiting stage, the speed of which determines
the speed of the process as a whole. Order, in contrast to molecularness, is an
experimental value. In the formula for the effective mass law (1.23), k is called
the rate constant (specific rate) of the chemical reaction. It can be seen from
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Equation (1.23) that the rate constant is numerically equal to the rate of
this reaction at unit concentrations of all the reacting components. The rate
constant depends on the same factors as the reaction rate, in addition to the
concentration of the reactants and time. The law of acting masses is satisfied
under certain conditions, which for a simple reaction consist in the following:

1. The chemical reaction proceeds slowly enough in comparison with the
physical processes of energy exchange between the reacting molecules.
The violation of this principle is reflected in the kinetic equation. For
example, a monomolecular reaction in the gas phase proceeds according
to the bimolecular law, when the process is limited by energy transfer in
bimolecular collisions.

2. The change in the concentration of reactants does not significantly change
the properties of the medium (viscosity, polarity, etc.) and the physical
state of the reactants.

3. The chemical reaction is carried out only at the expense of thermal energy.
If the reaction occurs under the influence of electromagnetic or radiation,
electric current, etc., then the rate depends on these factors, and the law of
the acting masses varies.

1.6.2 Methods for determining the order of reactions

Formal description of the kinetics of chemical reactions is based on
experimental determination of the rate constant and of the partial orders into
each of the reacting substances. If several reactants enter the reaction, the
following methods are used to determine the order. Assume that all reactants
are taken in the stochiometric ratio. In this case, the concentrations of
reactants vary in a constant proportion, and the reaction rate is determined
by the concentration of any of the starting materials. Thus, for example, if
the reaction takes place, then its rate according to the law of mass action
can be described by the Equation (1.23). In case of the stochiometric ratio of
reactants (C,: , = v,:v,), the reaction rate is:

r=k(v,/v,)®C} (1.25)

where n is the total reaction order determined by one of the methods described
below.

1.6.3 Ostwald’s “isolation method”

One of the reactants is taken in the deficit in such a way that during the
experiment it is possible to neglect the expenditure of the others. In this case,
the change in the reaction rate is determined only by the concentration of the
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reactants taken in the deficit: r=k_, C, where k  includes the product of the
rate constant and the concentrations of the reactants. The order of the reaction
for the reactants taken in (n,) is determined by one of the methods described
below:

1.6.4 Graphic method

The order of the reactant, the concentration of which is practically unchanged
during the kinetic experiment, can be determined from the dependences of
the reaction rate on the initial concentration of the reactant (C ). The linear
character of the r — C; dependence indicates the first order for the reactants
taken in excess, the linearity in coordinates r — (C )’ indicates the second
order, etc.

1.6.5 The differential method of Van't Hoff

A series of experiments with different initial concentrations of reactants is
carried out. The initial sections of the kinetic curves determine the initial
reaction rate (r)) by the graph method or numerical differentiation. If all the
reactants, with the exception of one, are taken in excess, a particular order of
reaction for the reactants taken in the deficiency is found from the relationship:

Inry=Ink, +nInC (1.26)

Equation (1.26) can be used to determine the order of reactions from
the data of one experiment if instead of the initial values of the rates and
concentrations of reactants, the corresponding current values determined from
the kinetic curve are used. On the graph in the system of coordinate’s Inr — In
C a linear dependence is obtained, the slope of which to the axis of abscissa is
equal to the order of the reaction n, and the initial ordinate corresponds to In k.

1.6.6 Dependence of the reaction rate on temperature

For most chemical reactions, the reaction rate increases with increasing
temperature. This is due to an increase in the rate of thermal motion of
molecules and the total number of collisions of molecules of reacting
substances. There is an empirical Van’t Hoff rule, established for homogeneous
chemical reactions in solutions, according to which the velocity and the rate
constant increase by 2 to 4 times with increasing temperature by 10°C. The
exact ratio of the rate constants, called the Van’t Hoff temperature coefficient,
is determined by the following equation:

T-T,

k, /K, =y " (1.27)

T



26 Phenomenological Creep Models of Composites and Nanomaterials

The chemical interaction between molecules occurs when they collide,
but the collision frequency is immeasurably higher than the number of
molecules reacting per unit time. This is understandable, since each particle
(atom, molecule or ion) is a fairly stable structure. Therefore, in order for the
chemical interaction to occur, it is necessary that the molecule (atom, ion) have
excess energy in comparison with the average particle energy, the so-called
activation energy. The latter is not a special kind of energy, it is an increased
translational, rotational, vibration, electronic energy of interacting particles.
Their activation occurs when they collide with each other and with the walls of
the reaction vessel, absorb electromagnetic radiation, and so on. The fraction
of particles whose energy exceeds the activation energy (E), according to the
Boltzmann law, is exp (—E/RT), so the rate constant can be represented as:
k = A[exp(-E/RT)]. This equation is called the integral form of the Arrhenius
law. For elementary reactions in a sufficiently wide temperature range, the
constants A (the pre-exponential factor) and E are practically independent
of temperature. Having determined the numerical values of the activation
energy and the pre-exponential factor A, we can calculate the rate constant
of the chemical reaction at any given temperature. Constants of the Arrhenius
equation are usually determined experimentally from the temperature
dependence of the rate constant. In the presence of at least five values of the
rate constants for different temperatures, the logarithmic form of the equation
is used:

Ink=1InA—E/RT (1.28)

The angular coefficient of the linear dependence In k — 1/T and the initial
ordinate are determined, which are numerically equal to —E/R and In A,
respectively. If the values of the constants are known at two temperatures,
then the activation energy can be calculated from the equation:

E = [RT,T, In(k,/k )]/(T,~ T (1.29)

The main objective of this section is to introduce the reader to the
technical terminology and few practical experimental techniques of a very
broad discipline of physical chemistry. The practical applications of kinetics
of chemical reactions to the subject of creep deformations of composites and
nanocomposites are presented in Chapter 5.
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2

Creep Laws for Composite
Materials

2.1 Introduction

Modern classical methods of investigation in mechanics of deformable
rigid bodies are based on three hierarchical levels: mechanics of micro-
inhomogeneous media, phenomenological models of a continuous medium
and boundary-value problems that are seemingly little related to each
other. Within the continuum mechanics, the traditional way of constructing
a phenomenological model begins with a specially organized creep test of
the material. The results are analyzed and the material model is constructed,
which is then applied to the solution of the corresponding boundary-value
problem. For non-stationary external loads, the boundary value problem must
be solved taking into account the loading history, which in the case of a high
temperature effect on the structure means the analytical dependence of the
temperature on time.

Undoubtedly, this approach has both advantages and disadvantages. On
the one hand, the laws of inelastic deformation in phenomenological theories
are formulated for an arbitrary body and can be described as the creep theory
of materials of a very diverse nature (metals, polymers, concrete, soils and
so on). On the other hand, with the concretization of these general laws for
one or another type of materials and environmental loading conditions, it
actually describes the phenomenon, but does not explains any specific data
of it. Also there is a need for a defining macro-experiment results wherein
experiments are carried out in the rigid limits of temperature-force loading
and of limit state condition that is used as well as the problem of extrapolation
of calculated results for a particular phenomenological theory beyond the
boundaries of this framework. Therefore, in order to more adequately reflect
the processes of the inelastic creep deformation along with phenomenological
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theories in parallel, theories based on micro-inhomogeneity development
of irreversible deformations are needed. Indeed, from the point of view of
continuum mechanics material is a single homogeneous media as a whole;
however at the same time it is known, that composites have a very complex
structure, and this is how the composite material is treated on the microscopic
(mechanics of inhomogeneous media, metallurgy) and submicroscopic (the
physics of metals, composites, and nanocomposites based on the theory
of dislocations) levels. Within the framework of the mechanics of micro-
inhomogeneous media, there is a large number of various structural models
built with the involvement of formal considerations for the representation of
the material in the form of structured composition based on different levels
of complexity. At the level of mechanics of micro-inhomogeneous media
(one should note the physical models of creep of the material that are based
on the physical nature of the fields of micro-deformations, the theory of
dislocations, slip and other structured processes) have been proposed by L.M.
Brown and M.F. Askby [1], Shanti V. Nair and Karl Jakus [2] and others.
However, when assessing the stress-strain state of creep deformations of real
structural element or the whole structural system, the structural analyses are
often based on the phenomenological creep theory that treats the materials on
the macroscopic level. Therefore, for a complete and adequate description of
the deformation of structural elements, experimental studies of materials on a
time base commensurate with the time of operation of the structure itself are
necessary. It is clear that the main purpose of microstructural theories is not to
solve boundary problems on their basis, but in establishing the nature of the
creep deformation and the justified qualitative choice of the desired function
between the microstructural relationship of deformations and stresses,
describing at the phenomenological level the creep process (accurate to the
constant parameters of the material and the type of creep functions).

2.2 Phenomenological creep model: single integral type
constitutive equation (CE)

2.2.1 Temperature and kinetic energy

The integral representation of creep process is a very appealing theoretical
concept, since it is not limited to a particular material or class of materials.
Composite elements and heterogeneous materials from which they are made
make essential changes to the classical scheme for creating the structural
model of composite elements. In the case the phenomenological integral creep
model, which is used in this chapter, the specificity of the composite material
should manifest itself in the choice of two basic functions of the integral creep
equation, namely E (t) and K (t, 7). The function of the instantaneous elastic
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modulus should reflect the fact that (1) the composite material is a two-phase
system with a parameter T (very important for practical purposes: transient
temperature); and also that (2) the composite material is a composition of
two (or more) different materials in its physical parameters of materials,
interconnected by internal forces of adhesion, which under the influence of
high temperature change with time. The function K is a function of memory
and consequently should reflect all changes in the energy balance with changes
in temperature and time, such as the change in the free Gibbs energy due to the
change in the stress state of the composite material and free chemical energy
(in the case of nanocomposites). Thus, in the case of composite the integral
creep equation, as noted in the author’s work [3], has the following form:

A Eu ‘vll
(o]

E(t)a,(T)o(t) =o(t) + je’%’ K, (t-t)o(t)dt’

2.1)

E Eq o
+A(ﬁ)6(t) ]

Kt)=¢ ® K, (t—t)

Creep laws for composites under conditions which favor dislocation
processes may be represented by a thermally activated power law:
&, = Aac” exp(—H/RT) 2.2)
H=E, +PV

Here €, is the steady-state creep rate; H-activation enthalpy (E, is
the activation energy, V is the activation volume that has a dimension of
activation energy, and o is mean normal stress). Parameter A is obtained from
experimental data. Although Equation (2.2) is non-Newtonian by definition, it
can be expressed in terms of a simple viscous relation:

|
& =—0 (2.3)
n
Let’s define now an effective viscosity as follows:
exp(H/RT)
off A 2.4)

One can see now that an effective viscosity may vary locally as a function
of stress. The final feature we emphasize in the relation (2.4) is its temperature—
time dependence. If we invert Equation (2.2), the steady-state stress at fixed
strain rate is:

. = (%) exp(H/RT) (2.5)
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This form of the flow law exhibits a powerful exponential effect of inverse
temperature on the steady state strength. In order to analyze the engineering
creep deformations of composite materials, one should classify them from the
macro-structural point of view, living aside the manufacturing process and
dealing with the final composite material product. It has to be mentioned again
that the final product of any engineering creep analyses is limited in most cases
to obtaining the stress-strain relationship as function of temperature (time)
and its application to structural analysis and design. The matrix material can
enhance the stiffness and therefore creep performance of the structure and
it can be regulated by the mathematical expression of modulus of elasticity
E(0) in Equation (2.1) [4]. It is assumed here that the memory function K (t,
t’) in this case is affected by high temperature and it might be (or might be
not) affected by the rheological composition of the material, for instance, non-
Newtonian nonlinear viscosity. A strong dependence on temperature (time)
of the properties of soft composites (PMS) exists compared with those of
other materials such as metals and ceramics (MMC and CMC). This strong
dependence is due to the viscoelastic nature of PMC. Generally, PMC behave in
a more elastic fashion in response to a rapidly applied temperature rise (force)
and in a more viscous fashion in response to a slowly applied temperature
increase. Viscoelasticity means behavior similar to both purely elastic solids
in which the deformation is proportional to the applied force and to viscous
liquids in which the rate of deformation is proportional to the applied force.
The behavior of composites is very complex due to this dual nature. This
model (see Equation 2.1) presents the combined effects of thermal gradients
and the strong dependence of creep upon temperature; the non-Newtonian
exponential law dependence upon stress and the time-dependent nature of
strength within the composite material.

When subjected to an applied stress, composites may deform by either or
both of two fundamentally different atomistic mechanisms. The lengths and
angles of the chemical bonds connecting the atoms may distort, moving the
atoms to new positions of greater internal energy. This is a small motion and
occurs very quickly, requiring only = 10!? seconds. If the composite material
has sufficient molecular mobility, larger-scale rearrangements of the atoms may
also be possible. For instance, the relatively facile rotation around backbone
carbon-carbon single bonds can produce large changes in the conformation
of the molecule. Depending on the mobility, a molecule can extend itself in
the direction of the applied stress, which decreases its conformational entropy
(the molecule is less “disordered”). Elastomers—rubber—respond almost
wholly to this entropic mechanism, with little distortion of their covalent
bonds or change in their internal energy. However, it is a well-known fact
that when the rate of deformation and temperature varies over a wide range,
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certain difficulties arise in the separation of instantaneous deformation and
creep deformation. Therefore, in most of the theories discussed here, the
difference in the inelastic deformations of the transient and stationary creep
process is often blurred, and both deformations are combined into one-
inelastic. When considering the problem of the failure of composites in the
case of high-temperature inelastic deformation, it should be taken into account
the fact that the micro-mechanisms of viscoelastic failure are different, and
therefore it is necessary to divide the creep strains into three main parts in
accordance with the energy balance of the Gibbs free energy nonlinear theory.
In connection with the foregoing, the energy approach to the description of
creep deformation and failure of composites and nanocomposites, are based
on the principle of modified superposition method of elastic, viscoelastic,
and potential chemical energy, as well as the method of separation of the
creep deformation as described in [4]. To describe the softening stage and
the subsequent stage of material failure, a hypothesis is introduced according
to which the instantaneous modulus of elasticity of the composite material is
assumed to be proportional to the temperature changes only, which in turn
is a predetermined function of time. The basic dimensionless integral creep
equation for a uniaxial stress state has the form [5]:

T

E(0)[6]=0c(0)+ j.e'““ {K,(06,7)+ Ac’K,(6,7)}c" (t)m1dt

K, (0,9 =¢,0)f (1) = ml(T)i exp(—a, m(6)) exp(a, m(1))

K,(0,7) = ,(0)f, (1) = ml(T)i exp(—; m(8)) exp(B; m(7)) 2.6)

E RT.
0=—[T-T.]; B=—
Rf[ I B E

T, - Base Temperature [°K]
E = E (a—b*(tanh(c*(6-0,))))
s>20;n>0;A>0

a

Here K (0) is, in comparison with linear theory, the degenerate kernel
of time-temperature variant creep function and E denotes the modified
dimensionless modulus of elasticity with a; b; ¢, and Gg (dimensionless
transition temperature)—constants of each component of composite material.
The total value of E should comply with the so-called “rule of mixtures” or
“volume fraction law”. For fiber reinforced composite (FRC) Halpin and Tsai
[6] developed a widely used model to predict the mechanical properties of
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aligned fiber reinforced composite laminates with the notation as follows:
and m represent the fiber and matrix, respectively; L the fiber length; D the
fiber diameter; ¢ the volume fiber fraction, the longitudinal (L) and transverse
(T). The basic assumptions used for the development of the rule of mixtures
(ROM) and Halpin and Tsai (H-T) equations, as well as most micromechanical
approaches are: both matrix and fibers are linearly elastic, isotropic, and
homogeneous, fibers are perfectly aligned and spaced, matrix is void free, and
bonding between matrix and fibers is perfect.

The longitudinal and transverse modulus, E, and E, are given by [7]:

E,=E, =E ¢, +E,p, Longitudinal direction of the fibers

EE 2.7
E, =E, =—=—— Transverse direction of the fibers
E.¢, +E:o,
For dispersed fibers or nanoparticles:
E,=E=E_[1+2.5¢, +14.1¢;] Dispersed fibers or nanoparticles
(2.8)
Q, = L
LV +V,

The elastic modulus of the composite estimated with Equations (2.7 and
2.8) is presented in Table 2.1.

The ROM can also be used to evaluate the properties of composites
reinforced by hybrid reinforcements that consist of two different fibers. In

Table 2.1: Computed composite modulus with existing relations of ¢_; ¢,.

0. o; Equation (2.7 L), | Equation (2.7 T), | Equation (2.8),
E(GPa) E(GPa) E(GPa)
0.95 0.05 3.162 2.0550 221191
0.9 0.01 2.024 2.175 2.00928
0.85 0.15 5.566 2.2756 2.7572
0.8 0.2 6.768 2.4049 3.05054
0.75 0.25 7.97 2.5493 3.3577
0.7 0.3 9.1722 2.7123 3.6787
0.65 0.35 10.374 2.8977 4.0135
0.6 0.4 11.576 3.1103 4.3622
0.55 0.45 12.778 3.3566 4.7246
0.5 0.5 13.98 3.6452 5.1009
0.4 0.6 16.384 4.4022 5.8949
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this case, another assumption is made in the derivation of the equations, i.e.,
that the longitudinal modulus of elasticity of the matrix material is very small
compared to that of the two types of fibers [8]. Thus, the elastic modulus of
the composite is obtained from:

E,=E 0-V)+(E -E)V,
E,, - Longitudinal direction of glass fibers (2.9)
E,. - Longitudinal direction of carbon fibers

Halpin and Tsai [5] developed empirical generalized equations that readily
give quite satisfactory approximation of more complicated micromechanics
results. These equations are quite accurate at low fiber volume fraction.
They are also useful in determining the properties of composites that contain
discontinuous fibers oriented in the loading direction. The Halpin-Tsai (H-T)
equations can be written as [5, 9]:

M/M, =(1+&nV,)/(1-nV,) (2.10)
where: M represents composite modules, e.g., E , E,,, G, G,,, V,, V,,, etc.,
M, and M represent corresponding fiber and matrix modules, respectively.
V. is the fiber volume fraction, and & is a measure of reinforcement of the
composite material that depends on the fiber geometry, packing geometry and
loading conditions. The term & is an empirical factor that is used to make
Equation (2.6) conform to the experimental data. The function n in Equation
(2.7) is constructed in such a way that when V.= 0, M = M _, and when
V.=1,M =M. So, for§— 0

1 _ \'A N Vi (2.11)
M M, 2 M,

and for E— oo:
M=M,V.+M _V_ (2.12)

These two extremes bound the composite properties. Equation (2.11)
gives a lower bound, while Equation (2.12) which is the well-known rule of
mixtures equation gives an upper bound.

Whitney [10] suggests =1 or 2 for the transverse modulus E | depending
on the fiber array type, e.g., hexagonal, square, etc. Nielsen [11], modified the
H-T equations to include the maximum packing factor ¢, of reinforcement.



Creep Laws for Composite Materials 35

2.2.2 Use of classical relations of composite elastic modulus

The properties of a composite material are function of the starting materials
[11] so that the following relations are also found in literature for estimating
the elastic modulus of particle fillers. The modulus of elasticity of the particle
filled composite may be predicted using the following equations:

E, =E_ 1+8&ne .E, =E_ 1+ne .G, =G 1+A¢
1-no 1-no 1-he
(Ef_q (Gf_q (2.13)
E G
DT

’rl: 5 =
TN
E, G,

Most models accurately predict the longitudinal modulus; however,
differences do exist between models when predicting the transverse modulus
[12]. The stiffness decreases as one rotates away from the longitudinal axis
for an aligned fiber reinforced composite with different volume fraction
fiber content [13]. For high volume fraction fiber contents, only a slight
misalignment of the fibers from the loading direction results in drastic property
reductions. The stiffness in a long fiber reinforced composite with a random
planar orientation, such as encountered in sheet molding compound (SMC)
charges, can be estimated using:

E11 :E22 :Erandom = EL_"EL_lVLT ‘f‘lL (214)
8E, 8E, 4E, 8G

2.2.3 Instantaneous creep modulus

In most cases, the creep modulus, defined as the ratio of applied stress to the
time-dependent strain, decreases with increasing temperature [14]. Generally
speaking, an increase in temperature correlates to a logarithmic decrease in
the time required to impart equal strain under a constant stress. In other words,
it takes less work to stretch a viscoelastic material at an equal distance at a
higher temperature than it does at a lower temperature. Constitutive modeling
of elastic modulus in Equation (2.1) as a function of temperature (time) can
be obtained from compression and tension testing data and presented by the
hyperbolic tangent [15]:

E(0) =a— Db [tanh(c(6 — Og))]; (2.15)



36 Phenomenological Creep Models of Composites and Nanomaterials

Below are some examples of modulus of elasticity E (0) that are used
throughout this book.

Example 2.1a
E (0) =E,{a—b[tanh ¢ (6 - 6))]}; E(0) = E (0)/E,
0, — dimensionless transition temperature of a composite material.

E [T -T. RT.
9,=—*‘[ — ]; B=—"=0.067
¢ RT; E,

T. ~300°K; T, ~400°K; 6, =5

At small temperatures, the stress is at a high plateau corresponding to
a “glassy” modulus E , and then falls exponentially to a lower equilibrium
“rubbery” modulus E_as the composite material molecules gradually
accommodate the strain by conformational extension rather than bond
distortion.

Parameter ‘c’ defines the width of transition temperatures zone and can be
selected by superimposing the relaxation curves by means of the “relaxation
modulus” (see Fig. 2.1). Let’s assume here ¢ = 5. The value of dimensionless
“glassy” modulus E = 1 and the value of dimensionless “rubbery” modulus
E is a fraction of E, and should be obtained from experimental data. Let’s
assume here that Er/Eg = 0.25. Parameters ‘a’ and ‘b’ can be easily computed
from the boundary conditions as follows:

E(©=0)=1and E (6 = w0) = 0.25. Since tanh (0) = 0 and tanh(6 —x) = 1,
we have in our case:

{a+b:1

a—b=025 O a=0.625 and b=0.375

Finally, the functions E (0) are (see Fig. 2.1):
E (8) =0.625 - 0.375 [tanh 5 (B — 5)]
E (0) =0.625—0.375 [tanh 5 (0 — 4)]
E (8) =0.625 - 0.375 [tanh 3 (0 — 4)]

As mentioned above, in order to analyze the engineering creep
deformations of composite materials one should consider them from the
macro-structural point of view [16], i.e., dealing with the final composite
material product. It has to be mentioned again that the final product of any
engineering creep analyses is limited in most cases to obtaining the stress-
strain relationship as function of temperature (time) and its application to
structural analysis and design [17].
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Figure 2.1: Composite effective elastic modulus.

2.2.4 Effects of 0, on modulus of elasticity

Phenomenological models describe the instantaneous modulus of elasticity E
(t) in terms of mathematical equations of a “modified Voce hardening law” the
tanh rule (where experimental test data fits the hyperbolic tangent function of
the modulus of elasticity). These models can provide excellent fits for a given
deformation condition. Well-known phenomenological models based on the
hardening law with strain rate and temperature effects were described by Van
den Bogart et al. [18, 19], Cobden [20] and Abedrabbo et al. [21-23]. These
models indirectly consider the microstructure evolution of creep process and
account for the effects of micro level processes on the macro level. They
usually include the dislocation density-based material theory developed by
Bergstrom [24] and Nes [25]. The concept about dislocation density evolution
processes, specifically with regard to storage and dynamic recovery processes
is assumed in these studies.

Given the strong coupled effect of temperature and strain rate on creep
constitutive response, it was considered important to utilize a material model
that captures these effects in simulations of high temperature creep processes.
In the current work, the instantaneous modulus of elasticity E (t) is described
by the physically-based model which takes into account the structured
classification of composites: (1) for continuously fiber reinforced and
uniformly distributed (or dispersed) in the bulk composites, the hyperbolic
tangent function E(t) is the sum of two hyperbolic tangent functions ¢ _E_(t)
and @E(t), where each of them represents the matrix and filler material
respectfully and o is the coefficient of “rule of mixtures”; (2) for multilayered
and sandwich type composite structures—the hyperbolic tangent function
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represents the modulus of elasticity of each layer separately, but the stress
distribution across the whole cross-section of a composite element should obey
the linear distribution within each layer of a composite structure. The generic
normalized dimensionless modulus of elasticity—temperature relationship is
presented below (see Fig. 2.2).

The generic dimensionless modulus-temperature relationship is approximated
here as:

E=A - B*tanh[C(T - T )] (2.16)

Stress and strain data obtained from compression and tension testing
should fit to both the hyperbolic tangent functions (filler and matrix). The
constants A and B should be determined utilizing a least squares minimization
technique. The hyperbolic tangent function has been found to fit load-
displacement data well by Murphy, Lockyear and Laws [26, 27 and 28].

The glass transition temperature (Tg) is one of the most important
properties of any composite material. It indicates the temperature region
where the material transitions from a hard, glassy phase to a soft, rubbery
material. The temperature T , not to be confused with melting point (T ),
is where the composite material becomes a more pliable, compliant or
“rubbery” state. In actuality T, is not a discrete thermodynamic transition,
but a temperature range over which the mobility of the molecules and atoms
increase significantly. The ultimate T is determined by a number of factors:
the chemical structure of the matrix material and the degree of cure. T, is
usually measured using the Differential Scanning Calorimeter (DSC). The
glass transition temperature of a polymer can be measured which is key to
understanding mechanical and thermal expansion properties [29]. The format
of the T scan is similar to that of a kinetic scan except that it is performed
with a cured sample. Temperature is plotted on the X axis and the heat flow
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Figure 2.2: Generic dimensionless modulus-temperature relationship for composites.
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response on the Y axis. As discussed previously, T, is actually a temperature
range, rather than a specific temperature. The convention, however, is to
report a single temperature defined as the midpoint of the temperature range,
bounded by the tangents to the two flat regions of the heat flow curve. For the
epoxy material T, spans a temperature range, rather than occurring at a specific
temperature, due to the cross-linked polymer chains having multiple degrees
of freedom and modes of polymer chain movement in response to any applied
thermal energy. The T, value can also vary depending on its degree of cure.
Generally, the reported T, for a material is based on 100% conversion (full
cure). The T, is strongly dependent on the cure schedule. Low temperature
cures such as room temperature (RT) will result in the lowest possible T, of all
for that chemistry. Very high T, values are not achievable by room temperature
curing. If the same material is cured at an elevated temperature, a higher T
will result. As an example an adhesive could have a T, between 60°C and
110°C, based on the cure schedule. This is why it is important to maintaining
tight temperature control in any production setting. Below are some examples
of modulus of elasticity E (0) that are used throughout this book.

Example 2.1
E () =E,{a—b [tanh ¢ (6 - Gg)]}; E(0) =E_(0)/E,
Og — dimensionless transition temperature of a composite material.

E [T -T
0, = g RL 067
RT’ E,

T. 300°K; T, ~400°K 0,~5

At small temperatures, the stress is at a high plateau corresponding to
a “glassy” modulus E, and then falls exponentially to a lower equilibrium
“rubbery” modulus E_as the composite material molecules gradually
accommodate the strain by conformational extension rather than bond
distortion. Parameter ‘c’ defines the width of transition temperatures zone
and can be selected by superimposing the relaxation curves by means of the
“relaxation modulus”. Let’s assume here ¢ = 5. The value of dimensionless
“glassy” modulus E_= 1 and the value of dimensionless “rubbery” modulus
E is a fraction of E, and can be also obtained from experimental data. Let’s
assume here that E /E = 0.25. Parameters ‘a’ and ‘b’ can be easily computed
from the boundary ‘conditions as follows: E (06=0)=1and E (6 = w0) = 0.25.
Since tanh (0) = 0 and tanh(6 —o0) = 1, we have in our case:
{a +b=1

a—b=025 O a=0.625 and b=0.375
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Finally, the functions E (0) are:

E (0) =0.625—0.375 [tanh 5 (0 — 5)]
E (6) =0.625—0.375 [tanh 5 (0 — 4)]
E (0) = 0.625 — 0.375 [tanh 3 (0 — 4)]

2.3 Engineering creep of composites

Generally a mechanical model is used to explain the engineering creep
behavior of composite materials (not the microscopically observed processes
of molecular movements!) which consist of springs and dashpots. The spring
complies with Hooke’s law as a mechanical model with an elastic element.
When a spring is fixed at one end and a load is applied at the other, it becomes
instantaneously extended. Then, after the load is removed, it immediately
recovers its original length. On the other hand, the dashpot complies with
Newton’s law (linear or nonlinear) of viscosity as a mechanical model with a
viscous element. When a load is applied to a dashpot, it opens gradually, strain
being a function of time. Then, after the load is removed, the dashpot remains
open and recovery does not occur. The mechanical model which consists of
a Hookean spring and a Newtonian dashpot in parallel is a Voigt element,
and that in series is a Maxwell element. These are simple models and the
behavior of composites can be explained by combining these models. It has
been mentioned above that the behavior of matrix material can be analyzed
by changing the mathematical expression of effective modulus of elasticity as
function of temperature (time) in ‘simple’ mechanical models, for example,
the stress relaxation curves of the cross-linked polymers are evaluated by the
analogies of a three-element model in which one Maxwell element and one
spring are connected in parallel [30]. The equilibrium modulus to be E, then
the relaxation modulus E (t) for the three-element model is defined as:

E (0 =o(t)/y, = SOV ¥O. _ 5 0y exp(-t/z )+ E, 2.17)

0

The stress relaxation curves of the uncross-linked polymers are evaluated
by the analogies of a four-element model in which two Maxwell elements are
connected in parallel [31]. E (t) for the four-element model is defined as:

Er(t) — O.(t)/,YO _ 61(0) exP(_t/Tl);r c, (O) exp(—t/rz) — (2 18)

=E (0)exp(-t/t,) + E,(0)exp(-t/t,)
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where the stress on Maxwell elements is ¢, and 6,, elastic modulus are E,
and E,, the coefficient of viscosity n, and n,, and the relaxation time t, and
1,(t, > 1,). Therefore the relaxation modulus E(t) in Equations (2.17) and
(2.18) is a function of time (temperature). Let us analyze first the applicability
of general form of the relaxation modulus E (t) (before we start analyzing
the general mechanical integral type model of engineering creep behavior
of composite materials) that is approximated by the hyperbolic tangent to
a simple Maxwell elements combination [32]. Using these expressions and
performing the change of variables in the corresponding differential equation
from [32], we obtain:

do _ 1 omi+EA

 n (2.19)
m1 = (0.0405 — 0.02252*t* + 0.004386*t"2 — 0.0002747*t"3)

Let’s illustrate the application of the methodology above to the data from
Example 2.1.

2.4 Maxwell model

Example 2.2
Data: a, = 10 [1/°K]; E, [GPa] = 2.055 = 298 [ksi] = 0.298 (10°); BT, =
20.1°K; A= 0.067(10%300 = 20.1(10%) = 2.01(10°3).

The numerical solution of the Equation (2.19) is given below (using
POLYMATH software).

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
ml 0.0405 0.0003976 0.0405 0.0003976
t=6 0 0 8. 8.
3 Z 0 0 0.905932 0.6123323

Differential equations
1 d(Z)/d(t) =—(1/0.01)*Z*m1 + 0.298*2.01*E

Explicit equations
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 E=0.625-0.375*tanh(5* (t — 4))
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9.066Stress - Temperature - Strain Diagram
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Figure 2.3: Stress-temperature-strain diagram: Z-maxwell model.

Model: 6 =Z = a0 + al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value
a0 0.1524145
al —-0.1867576
a2 0.248135
a3 —0.0526616
a4 0.0031852
0=0.152-0.1876 + 0.2486> — 0.05276° + 0.003186* (2.20)

6. =0.906(0.625)2.01(0.298) = 0.339 [GPa] = 49.17ksi

The maximum allowable stress at temperature 6 = 7.5; T = 7.5(20.1) + 300 =
450° K = 150°C is:

o, = 0.581(0.25)2.01(0.298) = 0.087 [GPa] = 12.62ksi; &, = [7.5(20.1)]10"*
=0.0151

2.5 Standard linear model

Let’s illustrate the application of the methodology above to the Standards
Linear Model.

Example 2.3

Data: o, = 10 [1/°K]; E, [GPa] = 2.055 = 298 [ksi] = 0.298 (10°); BT, = 20.1°
K; A=0.067(104)300 =20.1(10%) =2.01(10%); E, = E,
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The equations for this model are [31]:
e=gteg;0=0+0,;0=Eg;
(2.21)

c,=Eeg,; 0,=n¢,

We can eliminate the four unknowns from these five equations and after
simplifications we have:

o5 BE Em (2.22)
E +E, E +E, E +E,
The creep compliance function in this case is:
It = Lewmey ﬂ(1 —e )
E, EE, (2.23)
EE, n
where: E=E;H = n=
E +E, E +E,
The Equation (2.22) will have a standard form now:
né +oc = Ené+He (2.24)
j—g = —lcml + E%+Eml(a)
n n (2.25)
_ EIEZ
E +E,
The numerical solution of the Equation (2.25) is given below (using
POLYMATH software).
Calculated values of DEQ variables
Variable | Initial value | Minimal value | Maximal value | Final value
1 E 1. 0.25 1. 0.25
2 m 0 0 0.0705907 0.0705907
3 ml 0.0405 0.0003976 0.0405 0.0003976
4 t 0 0 8. 8.
5 Y 0 0 1.575479 1.125071
6 V4 0 0 0.9058583 0.6123323
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Differential equations
1 d(Z)/d(t) =—(1/0.01)*Z*m1 + 0.298*2.01*E
2 d(Y)/d(t) =—(1/0.01)*Y*m1 + 0.298*2.01*E + 0.29*2.01*0.5*E*
(1/0.01)*m1*t

Explicit equations
1 m=(0.0405*%t — 0.01126*t*2 + 0.001462*t"3 — 0.00006868*t"4)

2 ml = (0.0405 — 0.02252%"1 + 0.004386*t"2 — 0.0002747*t"3)
3 E=0.625— 0.375*tanh(5* (t— 4))

Model: 6 = a0 + al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

a0 0.1317665
al —0.0247626
a2 0.3072643
a3 —-0.0732268
a4 0.0046558

0=0.132-0.02486 + 0.3076% — 0.07326° + 0.004666*
o, . = (1.58)2.01(0.298) = 0.946 [ksi] = 6.53 [MPa]

The maximum allowable stress at temperature 6 = 7.5 (T = 7.5(20.1) + 300 =

450° K = 150°C is:

6, = 1.0925(2.01)(0.298) = 0.654 [ksi] = 4.51[MPa]; &, = [7.5(20.1)]10* =

0.0151

The allowable stress is defined here as a stress at maximum allowable strain

(before the material enters the tertiary stage of creep).

1,60E+0
144E+ 2
1.288
1.12E:'%T_
9 60E-1
B.00E-1
6.40E-1
4.80E-1
3,20E-1
1,60E-1

o.00 .EITIEM B.00E-1 1.60E+0 2.40E+0 3. 20E+0 4.00E+0 4.B0E+D 5.60E+0 6.40E+0 T.20E+0 5.00E+D

Figure 2.4: Stress-temperature-strain diagram (standard model).
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2.6 Effect of variable dimensionless parameters on STS
diagram (Standard Linear model)

Consider now the effects of variable dimensionless parameters: n = n/E; f =
RTE; c; Gg on stress-temperature-strain (STS) diagrams.

Case I: Small relaxation time ‘n’ and large maximum value of dimensionless
temperature 0 .n=0.01;0 =10 (T =20.1(10) + 300 = 501°K. Numerical
solution of the Equation (2.25) is given below (using POLYMATH software).

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value

1 E 1. 0.25 1. 0.25

2 m 0 0 0.0706048 0.0542

3 ml 0.0405 -0.0208 0.0405 -0.0208
4 n 0.01 0.01 0.01 0.01

5 t 0 0 10. 10.

6 Y 0 0 4.029122 4.029122
7 V4 0 0 4.20561 4.20561

Differential equations
1 d(Y)/d(t) =—(1/n)*Y*ml + 0.29*%2.01*E + 0.29*2.01*0.5*E*(1/n)*m1*t
2 d(Z)/d(t) =—(1/0.01)*Z*m1 + 0.298*2.01*E

Explicit equations
1 m=(0.0405*%t - 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 n=0.01
4 E=0.625-0.375*tanh(5* (t — 4))

One can see from Fig. 2.14 that the creep stress decreases steady after
dimensionless transitional temperature Gg > 4 and starting from 6, = 8
composite materials are entering the tertiary stage and fails. As parameter ‘n’
increases, so does the maximum allowable creep stress and the tertiary stage
is less transparent (see Figs. 2.6 and 2.7) below.

Obviously, parameter ‘n’ plays very important role in qualitative and
quantitative evaluation of creep deformation process. Conversely, parameter
‘c’ has very small effect on maximum value of creep stress and quantitative
evaluation of creep.
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Figure 2.5: Stress-temperature-strain diagram: y-standard model; n = 0.01.
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Figure 2.6: Stress-temperature-strain diagram: y-standard model; n = 0.1.
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Figure 2.7: Stress-temperature-strain diagram: y-standard model; n = 1.

Case 2: Small ‘n’ and different dimensionless transitional temperatures 9 n
=0.01; 6, =2; 4; 6 and 8. Numerical solution of the Equation (2.25) is glven
below (usmg POLYMATH software).
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Variable | Initial value | Minimal value | Maximal value | Final value
1 E 1. 0.25 1. 0.25
2 m 0 0 0.070605 0.0542
3 ml 0.0405 -0.0208 0.0405 -0.0208
4 n 0.01 0.01 0.01 0.01
5 t 0 0 10. 10.
6 Y 0 0 2.55929 2.55929

Differential equations
1 d(Y)/d(t) =—(1/n)*Y*ml + 0.29*%2.01*E + 0.29*2.01*0.5*E*(1/n)*m1*t

Explicit equations
1 m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 n=0.01

4 E=0.625— 0.375*tanh(5* (t - 2))

Model: Y = a0 + al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

a0 0.1380808
al 0.2476432
a2 —0.0048617
a3 —0.0093566
a4 0.0009298

6 =10.138 + 0.2486 — 0.004866* — 0.009366° + 0.000936*

(2.27)

The Figs. 2.9 — 2.11 represent the cases Gg =4, Gg =6; Og = §; accordingly.

Computer outputs for these cases are similar to the previous case (9g =2)and
therefore are not presented here. However, summary of results are given in
Table 2.2 and Fig. 2.12 below.

One can see from Fig. 2.12 that the maximum creep stress linearly
increases with the transitional temperature rise, but allowable stress has
clearly a nonlinear relationship, since minimum (allowable) stress occurs
usually in the rubbery zone (after the composite material passes the
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Figure 2.8: Stress-temperature-strain (STS) diagram: 6, =2; n = 0.01.
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Figure 2.9: Stress-temperature-strain (STS) diagram: eg =4;n=0.01.
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Figure 2.10: Stress-temperature-strain (STS) diagram: 6, = 6; n =0.01.

transitional-leathery zone) and therefore part of the energy transforms from
storage to the dissipative part. In this respect the energy transformation effect
is characterized by dimensionless parameter P that is the average energy over
activation energy ratio.
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Table 2.2: Summary of results.
0,=2 0,=4 0,=6 0 =8
c . [MPa] 0.424 [2.924] 0.941 [6.49] 1.4 [9.67] 1.856 [12.8]
o, [MPa] 0.34 [2.345] 0.672 [4.64] 1.056 [7.28] 1.856 [12.8]
T 'K 360 461 461 461
For instance: 6= 3.1(2.01)(0.298) = 1.856 [ksi] = 12.8 MPa
1

18| Om= [ksi]

1.6| Can [ksi]

1.4

1.2

h Allowable Siress

LR ]

06

0.4

oz “S

= w3 1 15 2 253 3 35 4 45 5 535 6 65 7 7.5 8 45 9

Figure 2.12: Maximum creep stress vs. glass transition temperature.

2.6.1 Allowable creep stresses vs. parameter f§

Consider now the effect of parameter f on qualitative and quantitative
evaluation of the creep deformation process (namely, maximum creep stress
and allowable stress); for all practical purposes (in engineering practice) this
parameter ranges from 0.01 till 0.1.

Case 3: Parameter : 0.01 < B < 0.1 and different dimensionless transitional
temperatures 0 : 4; 6 and 8. Numerical solution of the Equation (2.25) is given
below (using POLYMATH software).
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Consider now: Gg =4 and p=10.01

Data: @, = 10 [1/° K]; E, [GPa] = 2.055 = 298 [ksi] = 0.298 (10%); A = 0.01
(104300 = 3(10%) = 0.3(10*); n = 0.01

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 E 1. 0.25 1. 0.25
2 m 0 0 0.0705946 0.0676285
3 ml 0.0405 -0.0071703 0.0405 -0.0071703
4 n 0.01 0.01 0.01 0.01
5 t 0 0 9. 9.
6 Y 0 0 0.2416182 0.2261014

Differential equations

1 d(Y)/d(t) = —(1/n)*Y*m1 + 0.298%0.30*E + 0.298%0.3*0.5*E*
(1/n)*m1*t

Explicit equations
I m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 n=0.01

4 E=0.625— 0.375*tanh(5* (t — 4))

Model: Y = a0 + al *t + a2*t"2 + a3*t"\3 + a4*t"4

Variable Value

a0 0.011934
al 0.0177287
a2 0.0342059
a3 —0.0085686
a4 0.0005394

6=0.119+0.01776 + 0.03426% — 0.008576° + 0.0005396*

(2.28)

The maximum allowable stress at temperature 6 = 7.5; T = 7.5(3) + 300 =
322.5°K = 32.5°C is:
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Figure 2.13: Stress-temperature-strain (STS) diagram: Og =4;=0.01.

o, = 0.1675(0.3)(0.298) = 0.015 [ksi] = 0.103[MPa]; &, = [7.5(3)]10* =

0.00225

Consider now: Og =4 and f=0.02
A=0.02(10%300=6(10*) =0.6(103); n=0.01

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 E 1. 0.25 1. 0.25
2 m 0 0 0.0705946 0.0676285
3 ml 0.0405 —-0.0071703 0.0405 -0.0071703
4 n 0.01 0.01 0.01 0.01
5 t 0 0 9. 9.
6 Y 0 0 0.4832364 0.4522028

Differential equations
1 d(Y)/d(t) =—(1/n)*Y*ml + 0.298*0.60*E + 0.298*0.6*0.5*E*

(1/m)*m1*t

Explicit equations

1 m=(0.0405*%t - 0.01126*t*2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t""1 + 0.004386*t"2 — 0.0002747*t"3)

3 n=0.01

4 E=0.625 - 0.375*tanh(5* (t — 4))
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Figure 2.14: Stress-temperature-strain (STS) diagram: Og =4;3=0.02.

Model: Y = a0 + al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

a0 0.023868
al 0.0354574
a2 0.0684119
a3 -0.0171373
a4 0.0010789

6 =0.0239 + 0.03550 + 0.06846> — 0.01716° + 0.001086*

o, =0335

(2.29)

The maximum allowable stress at temperature 0 =7.5; T =7.5(6) + 300 = 345°

K = 45°C is:

o, = 0.335(0.6)(0.298) = 0.06 [ksi] = 0.413[MPa]; g = [7.5(6)]10* = 0.0045
Consider now: 6, =4 and § = 0.04
A=0.04(10%300=12(10%) =1.2(107); n=0.01

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 E 1. 0.25 1. 0.25
2 m 0 0 0.0705946 0.0676285
3 ml 0.0405 -0.0071703 0.0405 -0.0071703
4 n 0.01 0.01 0.01 0.01
5 t 0 0 9. 9.
6 Y 0 0 0.9664728 0.9044056
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Differential equations
1 d(Y)/d(t) =—(1/n)*Y*ml + 0.298*1.20*E + 0.298*1.2*0.5*E*
(1/n)*m1*t

Explicit equations
1 m=(0.0405*%t - 0.01126*t*2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 n=0.01
4 E=0.625—-0.375*tanh(5* (t—4))
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Figure 2.15: Stress-temperature-strain (STS) diagram: Gg =4;3=0.04.

Model: Y = a0 + al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

a0 0.0477361

al 0.0709147

a2 0.1368238

a3 —0.0342746

a4 0.0021578
6 =0.0477 +0.07090 + 0.1376%> — 0.03430° + 0.002166* (2.30)
c . =0.670

The maximum allowable stress at temperature 6 = 7.5; T = 7.5(12) + 300 =
390°K = 90°C is:

o, = 0.670(1.2)(0.298) = 0.24 [ksi] = 1.652 [MPa]; ¢ = [7.5(12)]10* = 0.0090
Consider now: Og =4 and f=0.06

A=0.06(10%300=18(10%)=1.8(107); n=0.01
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Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 E 1. 0.25 1. 0.25
2 m 0 0 0.0706051 0.0676285
3 ml 0.0405 -0.0071703 0.0405 -0.0071703
4 n 0.01 0.01 0.01 0.01
5 t 0 0 9. 9.
6 Y 0 0 1.448809 1.356608

Differential equations

1 d(Y)d(t) =—-(1/m)*Y*m1 + 0.298*1.80*E + 0.298*1.8*0.5*E*
(1/n)*m1*t

Explicit equations
1 m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 n=0.01

4 E=0.625— 0.375*tanh(5* (t — 4))
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Figure 2.16: Stress-temperature-strain (STS) diagram: Og =4;3=0.06.

Model: Y = a0 + al *t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

a0 0.0708292
al 0.107384
a2 0.2048285
a3 —0.0513484
a4 0.0032333
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6=0.0708 + 0.01076 + 0.2056> — 0.05136° + 0.0032366*

o, =1.0054
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(2.31)

The maximum allowable stress at temperature 6 = 7.5; T = 7.5(18) + 300 =
435°K = 135°C is:
o, = 1.054(1.8)(0.298) = 0.565 [ksi] = 3.9 [MPa]; ¢ = [7.5(18)]10*=0.0135
Consider now: 0, =4 and 5 = 0.08
A=0.08(10%300 =24(10*)=2.4(10°); n=0.01

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 E 1. 0.25 1. 0.25
2 m 0 0 0.0705946 0.0676285
3 ml 0.0405 —-0.0071703 0.0405 —-0.0071703
4 n 0.01 0.01 0.01 0.01
5 t 0 0 9. 9.
6 Y 0 0 1.932946 1.808811

Differential equations
1 d(Y)/d(t) =—(1/n)*Y*ml + 0.298*2.4*E + 0.298*2.4*0.5*E*(1/n)*m1*t

Explicit equations
I m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t""1 + 0.004386*t"2 — 0.0002747*t"3)

3 n=0.01

4 E=0.625 - 0.375*tanh(5* (t — 4))
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Figure 2.17: Stress-temperature-strain (STS) diagram: Og =4;3=0.08.
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Model: Y = a0 + al *t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

a0 0.0954721

al 0.1418294
a2 0.2736475

a3 —0.0685492
a4 0.0043156

6 =0.0954 + 0.01420 + 0.2746> — 0.06856° + 0.004326*

o, =1.340

(2.32)

The maximum allowable stress at temperature 6 = 7.5; T = 7.5(24) + 300 =
480° K = 180°C is:
o, = 1.34(2.4)(0.298) = 0.958 [ksi] = 6.61 [MPa]; ¢ = [7.5(24)]10*=0.018
Consider now: 6, =4 and = 0.1
A=0.1(10%300=30(10*) =3.0(107); n=0.01

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 E 1. 0.25 1. 0.25
2 m 0 0 0.0705946 0.0676285
3 ml 0.0405 -0.0071703 0.0405 -0.0071703
4 n 0.01 0.01 0.01 0.01
5 t 0 0 9. 9.
6 Y 0 0 2.416181 2.261014

Differential equations
1 d(Y)/d(t) =—(1/n)*Y*ml + 0.298*3.0*E + 0.298*3.0*0.5*E*(1/n)*m1*t

Explicit equations
1 m=(0.0405*%t - 0.01126*t*2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 n=0.01

4 E=0.625— 0.375*tanh(5* (t — 4))
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Figure 2.18: Stress-temperature-strain (STS) diagram: Gg =4;3=0.1.

Model: Y = a0 + al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

a0 0.1193406

al 0.1772851

a2 0.3420604

a3 —0.0856867

a4 0.0053945
6=0.119+0.1776 + 0.3420%> — 0.08576° + 0.005396* (2.33)
o . =1.676

The maximum allowable stress at temperature 6 = 7.5; T = 7.5(30) + 300 =
525°K = 225°C is:

o, = 1.676(3)(0.298) = 1.498 [ksi] = 10.33 [MPa]; ¢  =[7.5(30)]10* = 0.0225
The summary of results is presented in Table 2.3 and Fig. 2.19 below.
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Figure 2.19: Allowable creep stresses vs. parameter f3.
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Table 2.3: Summary of results (allowable creep stress vs. parameter f).

0.01 0.02 0.04 0.06 0.08 0.1
al 0.015 0.06 0.24 0.565 | 0.958 1.498
[0.103] | [0.413 | [1.652] [3.9] [6.611 | [10.33]
g, 0.00225 | 0.045 | 0.0090 | 0.0135 | 0.018 | 0.0225

2.6.2 Allowable creep stresses vs. parameter § and n

p=0.01;n=

0.03

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 E 1. 0.25 1. 0.25
2 m 0 0 0.0706044 0.0676285
3 ml 0.0405 —0.0071703 0.0405 —0.0071703
4 n 0.03 0.03 0.03 0.03
5 t 0 0 9. 9.
6 Y 0 0 0.332149 0.332149

Differential equations

1 d(Y)/d(t) =—(1/n)*Y*ml + 0.298*0.30*E + 0.298*0.30*0.5*E*
(1/m)*m1*t

Explicit equations
1 m=(0.0405*%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 n=0.03

4 E=0.625— 0.375*tanh(5* (t — 4))

Model: Y = a0 + al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

a0 0.0121276

al 0.0343844

a2 0.0292593

a3 -0.0071469
a4 0.0004354
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Figure 2.20: Stress-temperature-strain (STS) diagram: Gg =4;$=0.01;n=0.03.

6=0.0121 +0.03440 + 0.02926> — 0.07156° + 0.000436*

o, =0.288

The maximum allowable stress at temperature 6 = 8.0 is:

o, =0.288(0.3)(0.298) = 0.0258 [ksi] = 0.1776 [MPa]; ¢ =

(2.34)

[8(3)]10=0.0024

B=10.02;n=10.03
Calculated values of DEQ variables
Variable | Initial value | Minimal value | Maximal value | Final value

1 E 1. 0.25 1. 0.25
2 m 0 0 0.0706044 0.0676285
3 ml 0.0405 -0.0071703 0.0405 -0.0071703
4 n 0.03 0.03 0.03 0.03
5 t 0 0 9. 9.
6 Y 0 0 0.664298 0.664298

Differential equations

1 d(Y)/d(t) =—(1/n)*Y*m1 + 0.298*0.60*E + 0.298*0.60*0.5*E*
(1/n)*m1%*t

Explicit equations
1 m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 n=0.03
4 E=0.625-0.375*tanh(5* (t —4))
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Figure 2.21: Stress-temperature-strain (STS) diagram: 6= 4; § =0.02; n = 0.03.

Model: Y = a0 + al *t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

a0 0.0242554
al 0.0687685
a2 0.0585187
a3 —-0.0142939
a4 0.0008708

6 =10.0242 + 0.06886 + 0.05856> — 0.01436° + 0.000876*

o, =0.577

The maximum allowable stress at temperature 6 = 8.0 is:
o, = 0.577(0.6)(0.298) = 0.103 [ksi] = 0.712 [MPa]; £ , = [8(6)]10* = 0.0048
f=0.04;n=0.03

Calculated values of DEQ variables

(2.35)

Variable | Initial value | Minimal value | Maximal value | Final value
1 E 1. 0.25 1. 0.25
2 m 0 0 0.0706028 0.0676285
3 ml 0.0405 -0.0071703 0.0405 —-0.0071703
4 n 0.03 0.03 0.03 0.03
5 t 0 0 9. 9.
6 Y 0 0 1.328596 1.328596
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Differential equations
1 d(Y)/d(t) =—(1/n)*Y*m1 + 0.298*1.20*E + 0.298*1.20*0.5*E*
(1I/n)*m1*t

Explicit equations
I m=(0.0405*%t —0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t""1 + 0.004386*t"2 — 0.0002747*t"3)
3 n=0.03
4 E=0.625-0.375*tanh(5* (t—4))

1:e«3TS n= 0,03
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Figure 2.22: Stress-temperature-strain (STS) diagram: 6= 4; § = 0.04; n = 0.03.

Model: Y = a0 + al *t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

a0 0.0481914

al 0.1380466

a2 0.1168141

a3 -0.0285514

a4 0.0017398
6 =0.0482+0.1380 + 0.1176%> — 0.02860° + 0.001746* (2.36)
o =1.154

The maximum allowable stress at temperature 6 = 8.0 is:
o, = 1.154(1.2)(0.298) = 0.4127 [ksi] = 2.846 [MPa]; ¢ = [8(12)]10*=0.0096
B =0.06;n=0.03
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Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 E 1. 0.25 1. 0.25
2 m 0 0 0.070605 0.0676285
3 ml 0.0405 -0.0071703 0.0405 -0.0071703
4 n 0.03 0.03 0.03 0.03
5 t 0 0 9. 9.
6 Y 0 0 1.992894 1.992894

Differential equations
1 d(Y)/d(t) =—(1/n)*Y*m1 + 0.298*1.80*E + 0.298*1.80*0.5*E*

(1/n)*m1*t

Explicit equat

ions

1 m=(0.0405*%t - 0.01126*t*2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 n=0.03

4 E=0.625 - 0.375%tanh(5* (t— 4))

Model: Y = a0 + al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

a0 0.0735132

al 0.2057197
a2 0.1756378
a3 —0.0428732
a4 0.0026111
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Figure 2.23: Stress-temperature-strain (STS) diagram: Og =4;$=0.06;n=0.03.
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6 =0.0735+0.2060 + 0.1766*> — 0.04296° + 0.002616*

c... = 1.730

The maximum allowable stress at temperature 6 = 8.0 is:

o, = 1.73(1.8)(0.298) = 0.928 [ksi] = 6.4 [MPa]; ¢ ,

63

(2.37)

=[8(18)]10*=0.0144

B=10.08;n=0.03
Calculated values of DEQ variables
Variable | Initial value | Minimal value | Maximal value | Final value

1 E 1. 0.25 1. 0.25
2 m 0 0 0.0705984 0.0676285
3 ml 0.0405 -0.0071703 0.0405 -0.0071703
4 n 0.03 0.03 0.03 0.03
5 t 0 0 9. 9.
6 Y 0 0 2.657192 2.657192

Differential equations
1 d(Y)/d(t) =—(1/n)*Y*ml + 0.298*2.40*E + 0.298*2.40*0.5*E*

(1/m)*m1*t

Explicit equations
1 m=(0.0405*%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 n=0.03

4 E=0.625—0.375*tanh(5* (t— 4))
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Figure 2.24: Stress-temperature-strain (STS) diagram: eg =4;=0.08;n=0.03.
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Model: Y = a0 + al *t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

a0 0.0993823
al 0.2726974
a2 0.2347532
a3 —-0.057243
a4 0.0034852

6 =10.0994 + 0.2736 + 0.2356* — 0.05726° + 0.003486*

o, =2.307

The maximum allowable stress at temperature 6 = 8.0 is:

o, = 2.307(2.4)(0.298) = 1.65 [ksi] = 11.38 [MPa]; ¢,

0.0192

Bp=0.1;n=0.03

Calculated values of DEQ variables

(2.38)

= [8(24)]10+* =

Variable Initial Minimal Maximal Final value
value value value

1 E 1. 0.25 1. 0.25
2 m 0 0 0.0706051 0.0676285
3 ml 0.0405 -0.0071703 0.0405 —-0.0071703
4 n 0.03 0.03 0.03 0.03
5 t 0 0 9. 9.
6 Y 0 0 3.32149 3.32149

Differential equations
1 d(Y)/d(t) =—(1/n)*Y*ml + 0.298*3.0*E + 0.298*3.0*0.5*E*(1/

n)*ml*t

Explicit equations
1 m=(0.0405*t—0.01126*t*2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 n=0.03

4 E=0.625 - 0.375*tanh(5* (t — 4))
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Figure 2.25: Stress-temperature-strain (STS) diagram: eg =4;8=0.1;n=0.03.

Model: Y = a0 + al *t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

a0 0.1224176

al 0.3429371

a2 0.2927251

a3 -0.0714578
a4 0.0043522

0=0.122 + 0.3436 + 0.2936% — 0.07156° + 0.004356*

(2.39)

G, =2.884

The maximum allowable stress at temperature 6 = 8.0 is:
o, = 2.884(3.0)(0.298) = 2.578 [ksi] = 17.78[MPa]; & , = [8(30)]10* = 0.024

The summary of results is presented in Table 2.4 and Fig. 2.26 below.

As can be seen from the Fig. 2.26, the increase in allowable stress occurs
as a consequence of the increase of two main parameters: the relaxation
time ‘n’ and the dimensionless parameter f. From a physical point of view
as seen from an analysis of solutions of the differential Equation (2.25), the
increase in relaxation time (at temperature monotonically increasing in time)
increases the stress [33, 34], and the increase of the parameter f decreases
the activation energy E, therefore, also increases the allowable stress [35].
Computer calculations for the different parameters ‘n’ and ‘B’ are similar to
the above and the results are presented in Table 2.5 below.

The allowable stresses from Table 2.5 can be used in a preliminary
structural engineering design of composite materials and structural systems.
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Table 2.4: Summary of results (allowable creep stress vs. parameter B, but n = 0.03).

B 0.01 0.02 0.04 0.06 0.08 0.1

0.0258 0.103 0.413 0.928 1.65 2.578
[0.1776] [0.712] [2.846] [6.4] [11.38] | [17.78]

€ 0.0024 0.0048 0.0096 0.0144 0.0192 0.024

Gall

16 n =T1/Es: = 0.01

P=RTE.
001 002 003 004 005 006 O0OF O0O0B 009 O1 011

Figure 2.26: Allowable stresses vs. relaxation time.

Table 2.5: Summary of results (allowable creep stress vs. parameters  and n).

B 0.01 0.02 0.04 0.06 0.08 0.1
n
0.01 0.015 0.06 0.24 0.565 0.958 1.498
[MPa] [0.103] [0413 | [1.652] [3.9] [6.61] [10.33]
0.03 0.0258 0.103 0413 0.928 1.65 2.578
[MPa] [0.1776] | [0.712] | [2.846] [6.4] [11.38] | [17.78]
0.05 0.03 0.12 0.48 1.08 1.92 3.0
[MPa] [0.207] [0.829] [3.32] [7.46] [13.3] [20.7]
0.075 0.0327 0.131 0.524 118 2.097 3.276
[MPa] [0.226] [0.904] | [3.615] | [8.138] | [14.46] [22.6]
0.1 0.0355 0.142 0.568 1.277 2.269 3.545
[MPa] [0.245] [0.978] [3.92] [8.8] [15.65] | [24.45]
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3

Creep Models of Fibrous and
Dispersed Composites
Deterministic Approach

3.1 Micromechanics and macromechanics

Modeling of the properties of multi-structured materials at various levels of its
behavior has become the subject of considerable interest in the scientific and
engineering community in recent years, which is explained by the development
of modeling methods that predict the behavior of materials. The integrated
model of knowledge (data and models) includes the information necessary to
conclude a prediction about the behavior of the material (including non-critical
defects) during operation or in the technological process. The focus of modern
research in the field of integrated material data is the discovery of new materials,
the development of analytical information, the implementation of models of
the information infrastructure of materials, as well as the development of the
best methods for supporting data storage based on materials type. However,
at the present stage, there are a number of problems that need to be resolved
to achieve this integration and link the presentation of the structured materials
at different length and time scales. The latter requires the development of
fundamental models of data harmonization, as well as the implementation of
computational codes describing the evolution of the structured material on
various dimensional levels. Computational models of structured materials can
be conditionally divided into 3 dimensional categories: molecular and atomic
level, microstructure level and macro level (see Fig. 3.1 below).

However, when modeling composite materials by standard methods, it is
necessary to take into account the fact that their macroscopic and mechanical
properties obtained from testing samples do not reflect the actual properties,
since they do not take into account the influence of the orientation of the
reinforcing fibers (micro-level), which in turn depends on the parameters
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Figure 3.1: Dimensional categories.

characterizing the technological process. In general, the multistage modeling
technique [1] for calculating the creep of composites and nanocomposites is
reduced to the following steps:

1.

All variables and parameters (stress, strain, temperature, etc.) are
presented in dimensionless form. This has a threefold effect: first, this
reduces the number of parameters that should be determined based on the
experimental data to a minimum; second, there is no need to include the
aging function (so-called “shift factor”) in the integral creep constitutive
equation (the data of material creep tests results can be used to analyze
the behavior of the material in the future), and finally—the dimensionless
form of the integral type constitutive creep equation can be solved in
numerical (tabulated) form and be approximated by the analytical function
afterwards for further use in structural engineering analysis and design.

. At any point (time and space) of the composite, the total elongation is the

elongation of the material at the initial instant time, minus the elongations
due to the external temperature effect, the joint action of temperature
and stress, and the elongations due to heat released from the chemical
reaction (for example, nanoparticles growth process in the case of
nanocomposites).

. In order to simplify the formulation of creep deformation problem of

a composite material, the latter will be divided conditionally into two
groups: multilayered composites and dispersed composites. The modulus
of elasticity of the material entering the integral type creep equation is the
average weighted value of the components (the fiber and the matrix) and
obeys so called “rule of mixtures”.

. The memory function (the kernel) should include the Arrhenius

law’s exponential function, since the high temperature effect on creep
deformation is the main topic of this work.

Composite material is presented as a viscoelastic nonlinear (non-
Newtonian) material.

Brief review of such non-Newtonian viscosity of materials and special

forms of it that are used in the analysis of composites creep deformations is
the next topic.
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3.2 Brief classification of non-newtonian fluids

In alarge number of problems of classical mechanics of viscous incompressible
liquids, the linear law of the connection between the viscous stress tensor T
and the shear rate tensor Yy (shear strain rates) is applied.

ou, Ou,
Ti=NYy Yy S|t

3.1
ox; 0x, G.D)

1 is the dynamic viscosity. Such liquids are usually called Newtonian [2, 3].

However, many liquids that are involved in technological processes
possess the nonlinearity of viscosity, as well as other properties, such as
ductility, elasticity, are also manifested. Real liquids have a wide range of
properties, structured and mechanical characteristics and compositions.
Any classification and any approach to their study are to a certain extent
idealization and simplification of the actual behavior of the substance. There
are many different methods for studying non-Newtonian liquids. One of the
most effective approaches is theoretical and rheological, when for a class of
liquids with similar properties a certain rheological model is written and on
its basis the behavior of liquids of this class is explained. At the present time,
a large number of different rheological models are known, or state equations,
as they are also called, describing real fluids with a certain degree of accuracy.
The simplest and most reasonable classification of these models was proposed
by Dodge [4] and described by Wilkinson W.L. in [5]. According to this
classification, non-Newtonian fluids depend on the nature of the flow curve,
i.e., type of rheological equation Tt = f(y’), where 7 is the shear stress, and
vy’ = 0u/0z is the shear strain rate.

The non-Newtonian behavior of structured composite systems manifests
itself in a change in viscosity with the change in shear flow velocity.
Rheological model of structured systems explains the phenomenon of non-
Newtonian flow in suspensions, emulsions, solutions and melts of polymers,
as well as in liquid crystals. Structured approach is an alternative to classical
theory viscoelasticity and relates the change in viscosity with the change in
the structure of matter.

To take into account the nonlinear part on the flow curve of a nonlinear-
viscoelastic fluids, various rheological laws were proposed, the most common
of which is Kaye’s phenomenological equation [6]

t=(t" +p, i) (32)

Most known rheological equations can be obtained from (3.2), by
choosing the values of the exponents n and m. For example, the well-known
Casson equation is obtained [7] if m = n = 2, the modification of the Ostwald



72 Phenomenological Creep Models of Composites and Nanomaterials

equation (the so-called Herschel-Balkley equation [8]) is obtained if n = 1.
Equation (3.2) reduces to the Newton equation at t,= 0 and m = n. In all of
these equations, there is static yield strength. In [9], a generalized Kasson
equation was proposed to describe the rheological properties of a wide class
of non-Newtonian fluids, including nonlinear viscoelastic fluids.

1/2 1/n Tl-/n 1/2 *1/2
T =[T(.’ Rl ]jv (3.3)
L+

In the present work, to describe the rheological properties of viscoelastic
medium, the Equations (3.2) and (3.3) are used. The position of the interface
between the rigid (quasi-hard) and the liquid zones is determined during
the problem solving, and the formulation of additional conditions is not
required on the boundary itself. The Williamson equation, like Equation (3.3),
satisfactorily describes the experimentally observed shape of the viscous-
plastic fluid flow curve over the whole range shear rates. In contrast to the
model (3.2), in the Williamson rheological equation there is no ultimate static
viscous shear stress. In the framework of the model (3.2) it is not expected
to restore the rigid internal structure of the material if the viscous stresses
are less than a certain limiting value. Under a rigid (quasi-solid) zone, within
the framework of the Williamson model, it means an area in a non-stationary
fluid flow where the shear rates are negligibly small in comparison with the
surrounding liquid. When choosing rheological models for different types of
generalized Newtonian fluids, the guidance was done by some formal, but
fairly logical rules. Rheological equations should:

1. Give a good approximation of the experimental data over a wide range of
shear rates;

2. Include a minimum number of independent constants that must be
amenable to experiment and have a physical meaning;

3. In the limit—the model, should give the rheological Newton’s equation
for the ordinary liquid.

Let’s discuss specific rheological laws of generalized Newtonian liquids,
which are used in this work.

There are many cases where in the process of processing the same product
passes from one rheological state to another, often the opposite in properties
to the first. These changes in raw materials to the finished product are due
to a change in the internal energy state, which are characterized by work
accomplished through the flow of various processes, in this case due to the
processes of fine grinding, mixing and forming. The work carried out during
the course of the processes can be represented in the form.

A=]f(F)dx (3.4)
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f (F)—the function of forces affecting the raw material; X is the parameter
determining the effect of the force. The viscosity of non-Newtonian materials
depends on the rate of deformation, is related to the structure and its
change in flow. In turn, the flow of material depends on its physic-chemical
characteristics—from the shape and arrangement of molecules, concentration,
temperature, etc. By adding ingredients to a pure solvent, it is possible to
increase its viscosity and thereby change the nature of its flow. To describe the
equilibrium state of a two-phase system in a steady flow, an effective viscosity
is used, which in turn depends on changes in the velocity and shear stress.

3.3 Composite design process

When developing new composites, the reliable mathematical models allow
an engineer to predict their properties over a wide range of concentrations
and physical parameters of constituent components. The use of adequate
phenomenological models of material properties allow purposeful search for
promising composites for solving many applied problems. In this section,
let’s analyze the mathematical modeling of two-phase multilayer composites,
one of the components of which is filler, the second can be a matrix with
different physical properties (for instance, material with different orientation
with respect to applied load). For calculations purposes, the effective medium
method is introduced in which the composite is considered as a homogeneous
material. It is also assumed that at the boundary section of the layers, the
mechanical connection may not be ideal. Using a joint solution of the equations
of linear creep deformation of the whole system of multilayer composites, and
non-linear creep constitutive single integral type equation for each component
together with the conditions of continuity of deformation on the boundary of
the matrix and the filler, an effective (approximate) stress-strain diagram (as
function of time/temperature) for a multilayer composite structural element
is obtained. The model presented below can be used to calculate the effective
(optimal) parameters of composite structure in case where the characteristic
dimensions of the structured scale units of the fillers (reinforcement) are much
smaller than the characteristic scale units of the composite element itself.

3.3.1 Artificial composite materials

In engineering practice, among all composites, fibrous composite materials
that combine ease with the strength and rigidity in given directions are
used. Fibrous composite materials based on glass, carbon, boron, basalt,
organic fibers are widely used in critical structures in engineering, aerospace
engineering, industrial and civil construction, etc. The right choice of
components, taking into account their properties, relationships and structure,



74 Phenomenological Creep Models of Composites and Nanomaterials

allows obtaining composite materials with specified properties. A distinctive
feature of composite materials is that such materials show the advantages of
components, and not their shortcomings. At the same time composite materials
have properties that are not possessed by the individual components that make
up their composition. As an example of such product is a multi-layered panel
consisting of thin very strong layers and aggregate (honeycomb, cellular, box,
folded type z-gofers), with complex geometry and a large-sized structure.
Determination of the effective mechanical properties of such products is an
important problem in view of the inadequacy of the regulatory framework in
this area and, in most cases, the solution of which is limited to mathematical
modeling without experimental confirmation. In this case, the development of
so-called design solutions and modeling of technological processes are very
important for the production of critical parts from composite materials.

3.4 Mechanical testing of composites

In the field of testing of composite materials there is a large experience,
but the development of materials science in the creation of new structural
composite materials is significantly ahead of the processes of standardization
in the development and creation of scientifically sound methods for testing
composites. In this regard, it is often necessary to refine existing standard
methods for testing composites, or to develop new methods for experimental
study of the properties of composites with the design and creation of
appropriate specialized equipment. Methodical issues of experimental studies
of the composites strength are presented in [9]. The most relevant and practical
methods of determination of the mechanical properties of fibrous composites
are uniaxial tensile, compression, bending and shear tests. Analysis of the
regulatory framework for mechanical testing of composites is presented in
[10]. Static tests on uniaxial tension and compression of reinforced composite
materials are regulated in [11]. However, standard test methods have limited
application, in particular, when studying the mechanical properties of high
volumetric percentage of fiber unidirectional composite materials. In this case
a number of testing problems arise. The main problem is the correspondence
of the boundary conditions to the practical method of fixing the samples at
the ends. Another problem is that with an increased percentage of fiber filling,
the material has a high strength in the longitudinal direction and a much
lower strength in the transverse direction. In order to resolve these problems
some researchers tend to reject the use of a direct tensile test method and use
alternative methods to determine the mechanical properties of unidirectional
composites. One such method is the bending test method, followed by
recalculation and processing of test results. However, it should be noted that
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despite the large volume of results obtained (elasticity modulus, interlayer
shear modulus, normal stress strength and interlayer shear strength), flexural
tests are considered secondary in view of the characteristics of the materials
tested. Principal difficulties encountered in testing composite materials, were
analyzed in [12, 13]. Micromechanical models of composites allow revealing
the analytical dependences showing the influence of the properties of fibers,
matrix, and their adhesion interaction, the structure of the material and the
mechanics of failure on the macroscopic elastic-resistance characteristics
of a single-directional layer. Most successfully they describe the ultimate
modulus of elasticity and the strength of the composite under tension. The
elongation of the composite under tension in the transverse direction is made
up of deformation of fibers and binder. It should be borne in mind that the
modulus of elasticity of the fibers themselves in the transverse direction
coincides with the modulus of elasticity in the longitudinal direction only
for isotropic glass and boron fibers. For carbon and the organic fiber cross
module is substantially lower than the longitudinal one. A similar dependence
holds for the shear modulus of a unidirectional composite “in plane” of
fibers. Strength of composites in transverse tension-compression and shear
depends on many factors, primarily on the properties of the matrix, adhesion
interaction, material structured presence of pores and other defects.

3.5 Resilient properties of composites

Creation of hybrid composite materials combining two or more types of fibers
—glass, organic, carbon and boric, is a promising direction in the development
of modern technology, because it increases the possibility of creating materials
with the required properties. The most significant factor affecting the nature
of the mechanical behavior of composites, especially when in tension, is the
magnitude of the ultimate deformation of the fiber reinforcing materials. The
mechanical behavior of such materials in tension, compression, bending and
shear basically corresponds to the principle of additivity, that is, to the “rule
of mixtures”. A different pattern of regularities is observed in the investigation
of composites, combining fibers with different deformation parameters. When
the carbon fiber is stretched (in carbon-organic combination), the fibers failure
occurs not simultaneously. The ultimate deformation of the composite is
determined in this case mainly by the deformation of those fibers, the volume
content of which prevails. Let’s denote the index “1”—high-modulus fibers,
the index ‘“2”—low-modulus. With high fiber content the (large modulus
elasticity and small value of the limiting deformation €, ) strength of composite
is calculated by the formula:

le = Sl(Em (Pm+ El “1 + EZ IJ“Z) (35)
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With high content of fibers (low modulus of elasticity), composite stress
o, is calculated by the formula:

Gk2 = 82(Em l'l'm—i_ EZ IJ“Z) (36)

The mechanism of failure of three-component materials varies according
to reaching a certain critical ratio of the multi-modulus fibers p_, in which the
breaking of the fibers with different tensile elongations equal-probable, i.e.,
o, = 0,,- Neglecting the strength of the matrix, we obtain the relations:

eE ek 1, =6F 1, (.7)
after the transformation of which we have:
u/m,=k=E(e,—¢)e E;p_, =k/(1+k). (3.9)

The concept of a critical volume also holds for composites based on one
type fibers. It characterizes the transition from the failure of the binder to
failure of fibers. Because of the great difference in their module of elasticity
u , is very small and amounts to 0.1-0.5% of the fibers.

3.6 The phenomenological approach in mechanics of
heterogeneous media

In no way rejecting the direction in the study of micro-stresses but it should
nevertheless be noted that such theories on the level of mechanics of micro-
inhomogeneous media are quite complex even in the case of a uniaxial stress
state, and therefore are of little use for solution, for example, of boundary-
value problems in the mechanics of continuous media. In these cases the
phenomenological creep theory at the macro level is more preferable. The
phenomenological approach in mechanics of heterogeneous media is based
on the concept of the existence of a representative element of a deformable
volume. According to this concept, the material point of the continuum is
identified with a region whose dimensions are small in comparison with
the dimensions deformable sample, but large in comparison with individual
material particles. The properties of the representative element are assumed
to be identical to those of the body. For each element and material in general,
the basic laws of the mechanics and thermodynamics of the continuum are
fulfilled. The advantage of the continuous representation of composite or
nanomaterials is the possibility of rigorous use of the apparatus of mathematical
analysis of integral equations Volterra of the second kind and calculus of
variations, oriented to the study of continuous functions. The permissibility
of the continuum approach is evidenced by experimental data. At the same
time, according to many scientists, the phenomenological approach allows to
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take into account the influence of the technological processes of composites.
The phenomenological integral type representation of creep process is a very
appealing theoretical concept, since it is not limited to a particular material or
class of materials. The Volterra equation for one-dimensional case is written
as [14]:

e(t)= j K, [t—1,0(7)]6(t)dT + j .l[ K,[t—71,,0(t,),t —1,,0(1,)]6(T,)6(T, )dT dT, +...
(3.9

(It is often referred to as nonlinear superposition theory).

Choosing a sufficiently large number of members of this series, and
having determined the kernels of the integral equation, one can describe any
deformation process with any accuracy. Many works have been devoted to the
development of this direction, and the main efforts are aimed at simplifying
the concept of the state of the material (incompressibility, the same behavior
when stretching and compressing, etc.). This makes it possible to simplify the
kernels somewhat and reduce the number of terms in the series. It is obvious
that the use of multiple integrals and the determination of a large number of
kernels is very difficult, therefore all work in this direction are, in the main,
only theoretical developments. For a single simple uniaxial tension creep test,
the Equation (3.9) reduces to:

e(t) = [ K [t -1, 0(0)]6(t)dr (3.10)

Application of linear theory to the description of creep deformation
processes of different materials is rather limited. Linear theory gives good
results at not too high stresses, but for a number of materials, type of polymers,
the linearity region cannot be distinguished at all.

Note that, depending on the temperature-time rates (temperature-time
function is assumed to be given), the behavior of the material can be described
by Equations state (3.9) and (3.10).

Another way to generalize the Equation (3.9) is to have the nonlinear
part of creep constitutive law on the left hand of Equation 3.9 (the Rabotnov
equation [15]) and it is as follows:

Fle(t)] = o(t) + | K(t - 1)o(t)dt G.11)

To develop constitutive creep equations for inelastic materials, the
concept of a rational thermodynamic approach with state variables (also
called irreversible thermodynamics [16]) is used. The state variable approach
includes certain internal variables (such as stress, strain, temperature, and
possibly external pressure) in order to represent the internal state of material.
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Constitutive equations which describe the evolution of the internal state are
included as part of the Gibbs theory.

For creep deformation analysis of composites and nanocomposites the
generalized and modified Schapery theory [17-19] is used in this book. The
final integral equation Volterra of the second kind is as follows:

BWe(0)=1,(0,0+ £ 1o F - 0 B e (3.12)
i=1 0 T

It is generally accepted that the Schapery equation is more general with
respect to the Rabotnov equation because it contains four unknown functions
that take into account the nonlinearity, and the Rabotnov equation has only
one. The advantage of Equation (3.11) in comparison with others is that in it
all nonlinearity is carried to the left side of the equation in the concept of the
so-called curve of instantaneous deformation. Any process of time dependant
deformation, as mentioned above, is “slipping” from an instantaneous curve.
With an increase in the inversed values of the relaxation time the maximum
stress values are also increased and the stress-strain diagrams become more
condensed, tending in the limit to the curve of instantaneous stress-strain
diagram.

3.6.1 Structured—phenomenological approach to the solution of
boundary value mechanics of composites

This section is concerned with conditions of geometric linearity (small strains and
rotations) of the whole multilayered structure and material physical nonlinearity.
In addition, attention is restricted to cases in which a stress component, 6 (t) of
each individual layer, is expressed only in terms of the corresponding strain
component history €(0), 0 < 0(t) <0__, where 0(7) is a given dimensionless
temperature-time function (primary load on structural system). The uniaxial
creep constitutive equation under consideration has the form:

T

E.(0)[0] =, (0) + ie“BTKi (6,7)c" (t)m1dt

K, (6,7) = 9, (0)F, (1) = m1(0) Y exp(—ct, m(0)) exp(ct, m(x))

=1

(3.13)

i=1,2,3..,M; B =%; T=BT.0+T.[K]

a

M - number of layers

Here K(t) denotes a relaxation function associated with nonlinear
viscoelastic response; m(0) and m1(0) is a time-temperature function and its
first derivative respectfully. It is given in this chapter by the relation [20]:
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m = (0.0405*%0 — 0.01126*6"2 + 0.001462*6"3 — 0.00006868*6"4)  (3.14)

ml = (0.0405 — 0.02252*0 + 0.004386*6"2 — 0.0002747%6"3) (3.15)

This constitutive Equation (3.13) is a one-dimensional version of that
used by Shay and Caruthers [21-24] or Knauss and Emri [25]. In both
papers, the authors began with a tensorial version of Equation (3.13) which
is appropriate for the three dimensional response of isotropic materials, and
then applied it to uniaxial tension. It is assumed here that the modulus of
elasticity E, is the function of temperature only, i.e., it is constant in each
layer plane, but could differ from one layer to another. The peculiarity of
the structured-phenomenological approach in solving problems of the
mechanics of deformation of structurally inhomogeneous bodies lies in the
fact that the mechanical properties of structured elements are specified by
using the phenomenological single integral type equations generally accepted
in creep mechanics, and macroscopic deformation (elastic or inelastic) and the
strength properties are calculated by averaging over the elementary macro-
volume. It is assumed that the structured elements are homogeneous and are
connected along the interface, so that the structural properties are piecewise-
homogeneous functions of the spatial coordinate. Geometry and arrangement
of the elements of the structure is assumed to be given. The environment has
the property of macroscopic homogeneity. At each layer of the structured
elements phenomenological equations and relations of mechanics remain
valid. System of static equilibrium equations of all layers are constructed,
as well as the physical creep constitutive equations for each homogeneous
medium. Then, using the classical force (or displacements) method, equations
of continuity of displacements on the boundaries of two adjacent structural
layers are written. The boundary and initial creep conditions of the structural
system as a whole are also provided using usual methods of solid-state
mechanics.

One of the generally accepted approximate methods for analyzing the
creep time variant process of structured composites is the introduction of
an ‘effective’ value of the instantaneous modulus of elasticity for each layer
of a multilayered structure. After determining the average creep strains (or
stresses) as a function of time (or temperature) for each individual composite
component, the stress distributions along the cross section of the whole
multilayered structure based on the piece-wise linear Bernoulli theory (see
Fig. 3.1) is determined for a set of discrete time values [26]. Despite the fact
that this approach is just an approximation to the very complex problem of
multilayered structure analysis and design, it provides an opportunity to apply
a well-developed simple mathematical tool to the construction of a future
probabilistic model of creep deformation of such structures [27, 28].
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Figure 3.2: Stress distributions (multilayered structure).

In this case it is assumed that the deterministic approximate solutions
of the boundary value creep problems of a composite with different discrete
values of the dimensionless relaxation (or retardation) time parameter are
used as realizations of a random process [29]. The applicability of this method
to the analysis of creep strains for a homogeneous isotropic material is shown
in [30]. When creating a mathematical model of a structured inhomogeneous
material, the problem arises of determining the periodicity of its structure,
such as multilayered beams, plates and shells. A detailed analysis of such
a structured-phenomenological model is illustrated below in the form of
examples.

3.6.2 Equilibrium equations of multilayered composites

Consider a structured composite element consisting of a finite number of (n +
1) layers of materials of different thickness and mechanical properties. It will
be assumed that each layer(s) is connected to the previous and subsequent
layers by means of longitudinal and transverse rods uniformly distributed
along the length of this element and working on transverse (shearing off) and
longitudinal forces (tearing off), respectively. It will be assumed that each
layer (i) is connected to the previous and subsequent layers by means of
diagonal and transverse rods uniformly distributed along the length of this
element and working on transverse (shearing off) and longitudinal forces
(tearing off), respectively.

During the loading of a multilayer composite structure, in the diagonal
shear elements there are forces that are functions of the coordinate x for each
fixed time t [31] (see Fig. 3.2).

A composite structural element with its shearing and transverse fictitious
elements presents a statically indeterminate system. One can choose a
composite beam without these fictitious elements, as a basic statically
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Figure 3.3: Multilayered composite.

determinate system. The removed constraints are replaced by statically
indeterminate forces (the transverse elements are assumed to be absolutely
rigid, which corresponds to the classical hypothesis of incompressibility of
fibers in the transverse direction of the beam). The total rigidity of such a
basic system has the form:

S EI =XEI (3.16)

Let M be the total bending moment equal to the sum of the bending
moments in the cross sections of each layer of the multilayer composite main
system:

n+l

M’ =5 M, (3.17)

In the case of a laminated beam, the stiffness coefficient in the shear stress
direction is introduced & = bgngl/hgl. Where bgl; hgl; Ggl width; height; and
shear modulus of laminated area respectfully.

The stiffness coefficient in the direction perpendicular to the shear
stress is = bg] Eg]/ hgl. In the fibers of the constituent elements, longitudinal
deformations € and displacements u arise. The concentrated shift “I™” along
the separating layers of the plane is equal to the difference in the displacement
of the upper and lower fibers u** and u® arise respectfully: I' =u,_ —u
Internal shear forces causes bending moments in the ith layer, equal to:

M/ =-T_b., —Ta,

i-17i-1

top”

\ \ (3.18)
T =]tdx; T, =]t dx
0 0

Summing up, the moment M. give an addition to the total bending
moment and axial forces N, = -N,  + N, of the basic system M° and N°, in
connection with which the total value of the bending moment and axial force
in the system becomes equal to:
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M=M +5M’'
= (3.19)
N=N'-T +T,

The unknown forces T, for each layer of a multilayer composite structure
can be calculated by solving the following system of linear differential
equations given in [31]:

T!/
——=AT+A,T,+..+A,T +A,
1
T”
= =A,T+A, T +.+A, T +A, (3.20)

2

—=A T +A,T,+.+A T +A,

n

where:
N! N M’c 1 1 :
A, = - o & ;A= + - nC.
E.K. EE 3EL E.E. EE 3EL
| | (3.21)
.C. _.C cc,
sl T + nCMCl > Ai,i—l :__+nCl_—ICl; Aij = =
E.E, YEL EE YEIL YEIL
i=1 i=l1 i=1
=u, -u,; e=du/dx=u’; T"=¢ —¢,
N, N, Mg,
r, = 8bot - 8tup = - - —— n c‘
Ei+lFi+l E|F1 ZEiIi
i=1

The stiffness coefficient & is assumed to be constant along the beam length.
The boundary conditions are as follows: T,(0) = T,(L) = 0. We seek a solution
of the system of differential Equations (3.20) by expanding the unknown
functions T, and terms N° and M’ into Fourier series. After substituting
these expressions into Equation (3.20) and carrying out the corresponding
operations, we arrive at a system of linear algebraic equations with respect
to the unknowns b,. Such calculations should theoretically be repeated for
each value of k = 1, 2, 3.... However, the series (3.22) is, as a rule, rapidly
convergent; therefore, practically two or three terms in the expansion of the
series (3.22) are sufficient. The solution of the system of linear algebraic
equations at the present time presents no difficulty.



Creep Models of Fibrous and Dispersed Composites: Deterministic Approach 83

kmx

@ . kmx @ .
A, = Z] a, sm(T); T, = kZ:jlbik s1n(T)

—

k=
i=L2,..,n

2
1

2_2
(AH + k z jblk +A,b, +..+A b, +a, =0

2 2n “nk
2

k’n’ (3.22)
A, b, +(A22 + : an +..+A, b, +a, =0

ZTCZ
Anlb]k +A“2b2k +...+[An“ +ﬁjbnk +a, = 0

n

L
if N/ =0 and M’ #const. > a, =“LIM°(x)sin@dx
YEI® L
i=1
Solving Equation (3.20) for each “k”, we have:
T =3T, =3b, sin(knx/L) (3.23)
k=1 k=1

The equations for determining the transverse (tear off) forces in the joints
have the following form:

EIl =
-s, =q, +1b ——L'tc. +
=4 171 ZEI {JZ:; ivi q}

’ ! EI L !
S, —8,=q, +1a, +T2b2 _ﬁ{j;rjcj +q}

E.I,

3

S EI

S, =8, =(, +T,a, + T.b, — {_Zl 'c;cj +q} (3.24)
=

EI =
s,,—S,=q,+7_a_ +1b —= ZI{ZT;CJ. +q}
j=l

n—-1"n-1 ZE

E, L.

> EI
After determining the unknown forces T, the internal forces M and N are
calculated without difficulty.
=M’ EL _Ely C.
YEI > Elia '
Ni :N? _Ti +Ti—1
o, =N./E+Mz/l

i

(3.25)
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Is the distance from the center of gravity of the cross section of the i-th
layer of the multilayer composite element to the one considered [in].

The shear stresses in the ith layer of the multilayer composite element are
calculated from:

! M’
Ty = | () - Mgz 47, (3.26)
"oz F L

F(z) and S(z) are the area of the part of the cross section of the ith layer
located above the level z, and the static moment of this area relative to the
central axis of the section; b(z) is the width of the section at level z. The
diagram of axial stresses in a multilayer composite element is stepped, but
with the same slope to the vertical in all layers. The jumps in the diagram
of axial stresses on the boundary of two adjoining layers are calculated as
follows: T°/&..

3.6.3 Hooke’s law for each layer

Suppose that each element of the multilayered structure is in a plane stressed
state. Hooke’s law for a layer can be written in the form:

c, = El(s1 +V,¢&,)
c,=E, (g, +v,¢) iy
T :Gle12 ( ’ 7)
El = El ; _2 = 2

1-v. v 1-v. v

12 721 12 721

where ¢ ¢, y,,—deformations in the directions 1, 2 and the plane 12,
respectively, E, E, and G, are the elastic module in directions 1, 2 and
the shear modulus in the plane of the layer, and v, and v,, are the Poisson
coefficients.

Elastic constants in (3.27) are determined either experimentally, or are
calculated within the framework of the theory of reinforcement. Since the
actual distribution of stresses and strains in the composite body, where the
main material has more rigid inclusions, it is very difficult, then in order
to obtain any practically useful dependence for determination of the elastic

constants E , E,, v, G,, and it is necessary to make some assumptions:

1. One direction of the reinforced material is a continuous macroscopically
homogeneous (transversely isotropic) body.

2. The main material (hereinafter referred to as the matrix) and the
reinforcement material (filler) are linearly -elastic, isotropic and



Creep Models of Fibrous and Dispersed Composites: Deterministic Approach 85

homogeneous: the connection between deformations and the stresses in
the matrix and reinforcement follow Hooke’s law.

3. There is an ideal bond between the matrix and the reinforcement.

4. Additional stresses directed laterally to the reinforcement, which in the
general case, in view of the different values of the Poisson coefficients for
reinforcement and matrix can occur under the action of stresses, are small
and negligible.

5. When the sample is loaded across the direction of reinforcement the
stresses in matrix and reinforcement are the same, and they are in
proportion of deformations of the components. Materials calculated
with such an assumption, in a general deformation composite material is
proportional to the volume content of each component.

6. The composite material is reinforced with straight-line fibers.

With sufficiently thick uniform saturation of the main material (matrix)
with fibers, the first premise is completely acceptable. To such conclusion
come all researchers who study the mechanical properties of dispersed
reinforced media. In order to be able to use this premise with sufficient
accuracy for practical purposes, it is necessary to know what should be the
smallest number of fibers in unit cross-sectional area unidirectional reinforced
material. The second premise is introduced because of the need to simplify
solution of the problem, limited only to the elastic stage of operation, which
is true for many composite materials. From the third premise it follows that
the component materials in the direction of the reinforcement are deformed
together. The use of this assumption almost excludes errors, if the stresses
acting along the reinforcing fibers are not varying along its length. The fourth
premise is very close to the real situation and with equal Poisson’s ratios of
the matrix and fibers generally disappear. When discussing the fifth premise,
it should be remembered that actual stresses in the main material near the
reinforcing bar increase, because more rigid material for reinforcement is
used, but this increase has a local character and it gradually disappears as
a result of elastic redistribution. Actual stress distribution is a very complex
issue requiring special consideration. When determining the averaged elastic
of the deformation characteristics of the composite material, we will operate
with the average stresses for the entire volume of the considered element.

Assuming that the distribution of fibers in an elementary volume is
uniform, and the fiber diameter is small in comparison with the distances over
which the averaged the stress and strain fields vary markedly, with sufficient
accuracy of effective stiffness characteristics unidirectional composite
material can be calculated from the following formulas [31, 32]:
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E =pE, +(1-wE,
-1
lw 1-p
E, _{E_JFE_} (3.28)

f m
_ (4G, +(1-WG,
" (+wG, +(1-wG, "

where the shear module of the isotropic fiber and the matrix are respectively
equal:

E E

C}f :—f ; Gm = o
2(1+Vf) 2(1+Vm) (3.29)
v,,E,
Vi, = WV, +(1_M)Vm; Vo :E_

1

Formulas for the elastic modulus E, and Poisson’s ratio v , are sufficiently
accurate for use in engineering calculations. The relations (3.28) for modules
E, and G, can be recommended for approximate calculations. It is expedient
to refine them by the results of experiments using given material. Graphical
presentation of Equations (3.28) and (3.29) is as follows:

we U =E1 W =E2; w=G
e ¢
|.'>|'r-cj'rl _.-""’...- /?

] e v/
- — e — ii/ﬂ

3 -

vy ﬁ

.
1“-‘:'&MID 1IE-1 200E-1 AME 4INE- S80E-1 EHIE-1 TIE-1 S E-" BBE-1 1
.
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Figure 3.4: Effective modulus of elasticity.

3.6.4 Elastic deformation model of cross-reinforced composite
material

Let’s introduce the orthogonal coordinates (1, 2) and assume that the axis 1
(the reinforced layer) makes an angle ¢ with the axis o, (see Fig. 3.5).

Static relationships, the connecting stresses in the coordinate systems .
o,, and 1, 2 are as follows:
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6, =0,c08’ @ +0,sin’ @ —1,,sin 2
G, =0,sin’ +0c,cos’ @—1,sin2¢ (3.30)
o, =(0, —0,)sinpcos P+ T, cos 2¢

Geometric relationships that allow expressing deformations in the system

coordinate 1, 2 through deformations in the system coordinate 6, ,. 6,,, can be
written as follows:

€, =¢, 08" P+¢&,sin’ @+g,sin@cos@

€, =€, sin’ @+¢&, cos’ @ —¢g, SinPCcos @ (3.31)

Vi, = (822 - Sll)Sil’l 2(P + &, CoS 2([,)

‘ e

L

Figure 3.5: Axes rotation.

Now we obtain the relations connecting the stresses ¢, o,, ¢, with
deformations ¢, €,, €,,. For this purpose we substitute the deformations ¢ ; €,
andy , into Hooke’s law, and the stresses obtained as a result of this substitution
in the relation (3.30). After some simplification and by using symmetry
conditions, we write the physical relationships for the layer reinforced at an
angle ¢ to the axis a.,.

=A e +A & +A.¢c

11711 12722 13712

=Ag, +ALE, +A e (3.32)

22722 23712

=A.e +A e +A. g

31711 32722 33712

where:

A, =E cos'¢+E,sin' ¢ +2[E v, +2G,,]sin’ pcos’ ¢

A,, =E sin'¢+E,cos' +2[E v, +2G,,]sin’ pcos’ ¢

A,=A, =Ev,+[E +E, -2(E,v, +2G,)sin’ pcos’ ¢ (3.322)
A=A, —s1n(pc05(p[E cos’ @ — E sin® @ — (E1 » +2G,,)cos2¢]

>
Il

» =A,, =singcos[E, sin’ ¢ — E, cos’ ¢+ 2(E,v,, +2G,,)cos 2¢]

:l>

=[E, + E, —2E,v,,]sin’ pcos’ ¢ + G, cos’ ¢
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The graphical examples of functions A ; A,,....A,, are presented below:
Example:

AV AVI VAV,

o3 1 15 2 25 2 35 4 45 &5 55 68 65 7 75 4 85

Figure 3.6: Functions type: A ; A,,,....A

11° 33°
From Fig. 3.6 one can see that these functions are periodic functions (¢ ==
or 1w/2).

Next, we write the relations connecting shear stresses and shear strains in
the coordinates (11; 22 and 33) and 1, 2, 3 (see Fig. 3.2):
G, =T,C08Q—T,, sing (3.3%)
G,, =T,,COSQ+T,SINQ

Y;; =€ COSQ+ &, SinQ (3.34)
Vi =€, COSQ—E, sin O

Using Equations (3.27) (3.33) (3.34), we can obtain relations of the type
(3.31), that is,

013 = A44813 + A45823

Gy = A54813 + Assszs

A, =G, cos’p+G,sin’ @ (3.35)
A, =G, sin’ 9+ G,, cos’ ¢
A=A, =(G,—-G,)sinpcosp

In multilayered composites and structural elements, a layer with an angle
of reinforcement ¢*, as a rule, corresponds to the same layer with an angle of
reinforcement ¢. Virtually all automated production processes of a multilayer
composite package, and in some cases mutual interlacing of adjacent
symmetric layers with angles ¢ +, are the most economical. In this case such
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two layers are natural to consider as one symmetrically reinforced layer in the
structural design calculation. This assumption completely corresponds to the
real structure of layered composites and greatly simplifies the relationships
connecting stresses and strains. If each of the symmetric layers is anisotropic
in coordinates (1; 2) and o, then, working together, they form an orthotropic
layer, Hooke’s law for which has a simpler formula than the relations above
for an individual layer. To obtain this law, we can rewrite the equations for
multilayer with reinforcement angles ¢ = as follows:

o/ =E (& +v,8)
o, =E, (g +v,& (3.36)
TIZ = G]Z’YIJLZ

G, =0, cos’ @+, sin’ 9 F 1;, sin 2¢

=0, sin’ @+ 6, cos’ @ £ 1, 8in 2@

o, =Ho; — o] sinpcosp + T;, COs @ (3.37)
€ =¢g,c08 Q+&,sin’ pte,sin@cose

g, =g, sin’ @+¢,,cos’ OF €, sinPcosP

Y, =1[e,, —¢€,]sin2pcos @ + ¢, cos2¢

Here the signs correspond to layers with angles + ¢. In relations (3.37) it
is taken into account, that the properties of the material of both layers are the
same, and equalities (3.37) allow for compatibility conditions of deformations
of these layers: € = ¢ &, = €€, = €, Substituting the deformations
into the Hook’s law and the stresses in the relations (3.27), we obtain

the stresses o expressed in terms of deformations (by averaging stresses):
1 1 1 .

c, = E(csl*1 +0,,); 0, =§(c§2 +0,); O, =E(rf2 +1,) according to the

formulas:

Gll = Allall +A]2822

Gy :AZISII + A€, (3.38)

612 = A33812

A_ (mn=11;12;21;22;33)

We now derive the relations connecting shear stresses ¢, and o,, with
corresponding deformations of symmetrically reinforced layers. For layers
with angles ¢ =+, according to equalities (3.34), we have:

Gltfi = A448;:3 + A458§3 (3 39)

+ +
023 - A54813 + Assgzs
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Consider a symmetrical pair of layers loaded by stresses o,,. Then

o), = 6, = 0,;, and, since the system is orthotropic, in the relation (3.27) it is
necessary to take g/, =g, =¢ and e, =, =0. Similarly, when the shear stresses
o,, are loaded we have s =g,=0; and s €, = &,,. As aresult, we get:

A44813’ A55823 (340)

We note that the system of coupled symmetrically reinforced layers in
the general case is more rigid than the asymmetrically reinforced layer of
the same thickness. Thus, the physical relationships for the cross-reinforced
composite material are defined by equalities (3.39) and (3.40).

Example 3.1
Data:N°=0; n=6; M’ = £(X/L)(x/L -1

h=10"; L=100"; M’ =(0.125)10°k —in; q =1k/in

max

EL=E_ I ;EF=E F ;
E =1ksi; I, =10"in*; G, =E
£ =02G, =0.1; c=10"=h
El =EL =.E] =10' © ¢=10; u~0
1 po1-p

E,
—=—+—<>assume: —=10; < E,~E
E Ef m m

— (1+H)Gf +(1_M)Gm Gm <:>u_>0<:>G]2 =G
(I+ WG, + (-G,

E =pE +(1-wE; E ~E,

M'c  10°(x/L)(x/L 1)

2

12

m

Ay=—7—-= - =1.67(x/L)(x/L—1)
" SEL 6(10%)
A= = -2 10(1 =0.0183
EE yEg1 100 6(10°)
o
2
R W 10(1 =-0.0083
‘ EE ZEI * 100 6(10%)
CC.
A =7—= 1004 =0.00167 [i—j|>1
YEI 607
A+ 2000183+ 2L _0.0082
L'[g] [10*(0.1)]

1 1
=1.67[A,,(x)sinnxdx =1.67[x(x —1)sinnxdx = 0.215

im
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0.0282 | —0.0083 | 0.00167 | 0.00167 | 0.00167 | 0.215
—0.0083 | 0.0282 | —0.0083 | 0.00167 | 0.00167 | 0.215
0.00167 | —0.0083 | 0.0282 | —0.0083 | 0.00167 | 0.215
0.00167 | 0.00167 | —0.0083 | 0.0282 | -0.0083 | 0.215
0.00167 | 0.00167 | 0.00167 | —0.0083 | 0.0282 | 0.215

Using POLYMATH software we have

Linear Equations Solution

Variable Value

x1 =T, 9.338148
x2=T, 13.24887
x3=T, 14.31709
x4=T, 13.24887

x5 =T, 9.338148

(S I =N S I NS T e

The equations

[1] 0.0282-x1 —0.0083-x2 + 0.00167-x3 + 0.00167-x4 + 0.00167-x5 =
0.215

[2] —0.0083-x1 + 0.0282-x2 — 0.0083-x3 + 0.00167-x4 + 0.00167-x5 =
0.215

[3] 0.00167-x1 —0.0083-x2 + 0.0282-x3 — 0.0083-x4 + 0.00167-x5 =
0.215

[4] 0.00167-x1 +0.00167-x2 —0.0083-x3 + 0.0282-x4 — 0.0083-x5 =
0.215

[5] 0.00167-x1 4+ 0.00167-x2 + 0.00167-x3 — 0.0083-x4 + 0.0282-x5 =
0.215

For the sake of simplicity of calculations in this chapter, we confine
ourselves to the case of a high-temperature load uniformly distributed along the
length of the composite beam, which varies only with the time; and the elastic
module for each layer are constant along the length and depend only on the
difference of the temperatures. Moreover, the temperature-time dependence is
assumed to be given, and it can be represented as a deterministic function. The
high-temperature load is considered to be the main load, and the remaining
types of loads are considered secondary when choosing the combination of
loads for analysis and calculation of the structural composite element.
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Example 3.2

qu

Data: N°=0; n=7; M’ =—(x/L)(x/L -1);

h=10"; L=100"; M. _ —(0 125)10"k —in; q =1k/in

EL =1.5(10");EE =1.5(10*);< If : = F70.257; 0 =F1.21n

E =pE, +(1-wE _;E =E_ =15

=[wE, +(1-pn/E 1:E, =E =15

_+WG, +(-WG,
(1+wG, +1-wG, "

> EI=10.5(10"); X EF =10.5(10%);

E, . =1.5ksi; £ =0.07G, , =0.1; c=10"=h

M’c  (0.5)10°(x/L)(x/L-1)

A =— = =0.476(x/L)(x/L -1
0 iEiL 10.5(10%) (x/LX )

N =N'-T+T ;N =0-T +0; N, =0-T, +T,

ll’

T (x) =T, sin(nx/L)

2
Aﬁ:i_c_ 2100 o124
EE $p1 150 1050109

G,~=G, =15

12

1 ¢’ 1 100

- T oo T =Ai,i—l =__+—4=_0'0057
EF $EIL 150 10.5(10%)
i=1
C.C.
A =28 2 100601
$E] 10.5(10%)
i=l1
2 212
A, + 001244 — 1 —0.0223
L[e,] [10°(0.D]

A = 0.476} A, (x)sinnxdx = 0.476} x(x —1)sinnxdx = 0.129(0.476) = 0.0614
=Ak, oA =E,

11711
=A =E cos' ¢+E,sin* ¢+ 2[E,v,, + 2G,]sin’ gcos’ ¢ ~

1712

~E_cos'o+E_sin'@+2[E v, +2G, ]sin’ pcos’ ¢~
zEm(cos ¢ +sin* @ + 4sin’ pcos (p)

E
—+=10;, v>0;E_=1

m

The graph of effective modulus of elasticity is presented below.
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Figure 3.7: Effective modulus of elasticity E .
MaxE_: ¢=+025n9=F+12lno=+1.6n - E_ =15

MinE :¢=0;9=+0.51 —E_ =1.0
B . =15E =151=10"-E 1 =15(10%

0.0124 | -0.0057 | 0.001 0.001 0.001 0.001 | 0.0614
—0.0057| 0.0124 | -0.0057 | 0.111 0.111 0.111 | 0.0614
0.001 | —0.0057 | 0.0124 | -0.0057 | 0.111 0.111 | 0.0614
0.001 0.001 |-0.0057| 0.0124 | —0.0257 | 0.111 | 0.0614
0.001 0.001 0.001 |-0.0057 | 0.0124 |—-0.0057| 0.0614
0.001 0.001 0.001 0.001 | —0.0057 | 0.0124 | 0.0614

Linear Equations Solution

Variable Value
x1 17.34957
x2 28.17652
x3 8.156276
x4 -2.109035
x5 0.0218037
X6 0.8024961

(XN IO, T B S VST I S T

The equations

[1] 0.0124-x1 —0.0057-x2 + 0.001-x3 + 0.001-x4 + 0.001-x5 +
0.001-x6 =0.0614
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[2] —0.0057-x1 +0.0124-x2 — 0.0057-x3 + 0.111-x4 + 0.111-x5 +
0.111-x6 =0.0614

[3] 0.001-x1—-0.0057-x2 +0.0124-x3 —0.0057-x4 + 0.111-x5 +
0.111-x6 =0.0614

[4] 0.001-x1 +0.001-x2—0.0057-x3 + 0.0124-x4 — 0.0257-x5 +
0.111-x6 =0.0614

[5] 0.001-x1+0.001-x2+0.001-x3 —0.0057-x4 +0.0124-x5 —
0.0057-x6 = 0.0614

[6] 0.001-x1+0.001-x2+0.001-x3 +0.001-x4—0.0057-x5 +
0.0124-x6 = 0.0614

The stresses in each layer of the seven (7) layered beam in this case are as
follows:

iZMO EL _ EL z":T.C.
>EI Y EI= '
N =N -T 4T,
c,=N/E+Mz/l

>Tie, =10(17.35 +28.18 + 8.16 - 2.11+0.022 + 0.802) = 524.0k — in

M:—(M° —524)== [1250 524]=103.7k —in = 8.54ft — k

max

N, =-17.35k; o/ = —17 35/100 —5(103.7)/1000 = —0.174 — 0.518ksi = —0.692ksi
o™ =-17.35/100 + 5(103.7)/1000 = +0.344ksi
=17.35-28.17=-10.83k; o,;" =-10.83/100—5(103.7)/1000 = —0.626ksi
oy =—10.83/100 + 5(103.7)/1000 = +0.4 1ksi
=0.2-0=0.2k; 6" =0.2/100 —5(103.7)/1000 = —0.52ksi
o™ =0.2/100 + 5(726)/1000 = +0.52ksi

rx:L{—— -1 .
"b(z)| F L

{_17.35;: QnS(z ), }

1
o iE T

oo [ m0735) G0 10378005 )]
7 100|  1000(100) 1000(100)

=-0.00272 -0.0814 = 0.084 1ksi
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Figure 3.8: Stress distribution.

Example 3.3

E =pE, +01-nE, ©pnp—->05<E =2E_

1 1- E
— =B P o assume: —£ =3; n=05<E,=15E_
E, E E

2 f m m

_(1+wG, +(1-wG,
1+ WG, + (-G,

c6,=A, <A =E;v>0,E =1

12

G, on->0sG,=1.67G,

=A, =E cos'¢+E,sin* ¢+ 2[E v, +2G,,]sin’ pcos’ ¢ ~

~E_cos'@+E_sin'@+2[E v, +2G, ]sin’ pcos’ ¢
E,=E, (2 cos’ @+1.5sin* @+ 6.67sin’ pcos’ (p)

2z BT
3, ST | M)
273550
s
2%

150z
THEH R4 A 10E 0 ErE =] EE ] 4 LOF-a AW E=] AnF=2
3

T HE0 (1)

Figure 3.9: Effective modulus of elasticity (Example 3.3).
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@ =0.7 = 0223 = +40% ¢ = 2.4 = £0.764n ~ + 138°, ¢ = 3.88 = 1.231 —
E, =256E =256

2
Data: N°=0; n=7; M’ = %(X/L)(X/L -1);

h=2";b=12";H=14";L=100"; M’ _=(0.125)10"k —in; q=1k/ft
EI =2.56(8)=20.48E.F =2.56(24);< If: ¢ =70.2237; @ = 70.7641n
El = “’Ef +(1_“)Em; El :2Em;
E, =[WE, +(1-w/E,1E, =1.5E,
" — (1+M)Gf +(1_H)Gm Gm; Glz :1.67Gm
(1+wG,, +1-pG,
S EI=2.56(7)(2°) =143.4; 3 EF = 2.56(7)24 = 430;
E, =lksi; & =0.1G,, =0.1; c=2"=h
0 4 _
A= M c _ (0510 (x/L)(x/}L D_ 5o (/L)(/L 1)
SEI (12)0.143(10%)
2 ¢ 2 4
" EFE $EI (2.56)24 0.143(10°)

=0.0326-0.028 = 0.00455

2
A= & A =L Y 00163+0.028=0.0117
EF $EI (2.56)24  0.143(10°)
C.C.
L . S5 ST P
$E1 0.143(10°)
i=1
(A, + M 0.00455 L~ 0.00455+0.0099 = 0.0145
L'[E ] (10°(0.1)]

A, =2.92] A, (x)sinmxdx =8.74] x(x — )sin 7xdx = 0.129(2.92) = 0.376
0 0

i

0.0145 | 0.0117 | 0.028 0.028 0.028 | 0.028 | 0.376
0.0117 | 0.0145 | 0.0117 | 0.028 0.028 | 0.028 | 0.376
0.028 | 0.0117 | 0.0145 | 0.0117 | 0.028 | 0.028 | 0.376
0.028 | 0.028 | 0.0117 | 0.0145 | 0.0117 | 0.028 | 0.376
0.028 | 0.028 0.028 | 0.0117 | 0.0145 | 0.0117 | 0.376
0.028 | 0.028 0.028 0.028 | 0.0257 | 0.0145 | 0.376
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Linear Equations Solution

Variable Value

x1 =T, —6.608056
x2=T, 12.21993
x3=T, 3.234256
x4=T, —-8.151608
x5=T, 10.26408
x6 =T, 6.397687

AN |W|IN| —

The equations

[1] 0.0145-x1 +0.0117-x2 + 0.028-x3 + 0.028-x4 + 0.028-x5 +
0.028-x6 =0.376

[2] 0.0117-x1 +0.0145-x2 + 0.0117-x3 + 0.028-x4 + 0.028-x5 +
0.028-x6 =0.376

[3] 0.028-x1 +0.0117-x2 +0.0145-x3 +0.0117-x4 + 0.028-x5 +
0.028-x6 =0.376

[4] 0.028-x1 +0.028-x2 +0.0117-x3 + 0.0145-x4 + 0.0117-x5 +
0.028-x6 =0.376

[5] 0.028-x1 +0.028-x2 + 0.028-x3 + 0.0117-x4 + 0.0145-x5 +
0.0117-x6 =0.376

[6] 0.028-x1 +0.028-x2 + 0.028-x3 + 0.028-x4 + 0.0257-x5 +
0.0145-x6 = 0.376

The stresses in each layer of the seven (7) layered beam in this case are as
follows:

_wEL_ELen
>EI YEI= '

N =N =T +T,

o, =N,/E +Mz/],

n

Tc,=10(-6.61+12.22+3.23-8.15+10.26 + 6.4) =173.5k —in
1

<

max

= %(M” ~173.5) = %[1250/12 ~173.5]=-9.9k —in

N, =-6.61k; o™ =-6.61/24-5(9.9)/8 =—-0.275—-6.19 = —6.46ksi
o™ =-6.61/24 +5(9.9)/8 = 5.92ksi

N, =12.22+6.61=18.83k; o, =18.83/24-6.19 =—5.4ksi

o =18.83/24 +6.19 = 6.97ksi

N, =6.4-0=06.4k; 67" =6.4/24+6.19 = 6.46ksi
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3.7 Phenomenological creep models of composite structures

Let us consider a multilayered composite beam, obeying the general integral
linear creep law. In this case, the linear Volterra integral equation has the form:

Eﬁ(t)l% = q(x,t) + [q(x, K (4, T)de (3.41)

" =

We expand the functions of deflections and loads in Fourier series
with respect to trigonometric functions of the form (or fundamental beam
functions), satisfying the given boundary conditions:

q(x,0) = £ X, (0Q, (1 y(x0 = XX, (x)y, ()
where: X, (x) =sin(knx/L)

(3.42)

Substituting the series (3.42) term by term in Equation (3.41), we obtain
after contraction of X, _(x) = sin(kmx/L).

AE(®)y, (1) = Q, () +]Q, (DK (t, t)dt
0 (3.43)

kmn
7\: = EOI[T]4

Consider, for example, the case of axial tension. Taking into account the
fact that the temperature load causes the axial displacement y = o(T —T,)L =
eL, we have

Als]= AB(h)e = 0, () + [0, (DK(t, 1)d (3.44)

A=7BT.La,

As mentioned above, the integral representation of creep process is a very
appealing theoretical concept, since it is not limited to a particular material
or class of materials. Composite elements and heterogeneous materials,
from which they are made, make essential changes to the classical scheme
for constructing the phenomenological integral creep model of composite
elements. In this case the specificity of the composite material should manifest
itself in the choice of two basic functions of the integral creep constitutive
equation, namely E (t) and K (t, t). The function of the elastic modulus should
reflect the fact that (1) the composite material is a two-phase system with a
parameter T very important for practical purposes (transient temperature);
and also that (2) the composite material is a composition of two (or more)
different in its physical parameters of materials, interconnected by internal
forces of adhesion, which under the influence of high temperature change
with time. The function K is a function of memory and consequently should
reflect all changes in the energy balance with changes in temperature and
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time, such as the change in the free Gibbs energy due to the change in the
stress state of the composite material and free chemical energy (in the case of
nanocomposites) [34]. Thus, in the case of composite structures, the integral
creep equation, as noted in the author’s work [35], has the following form:

E(t)[e(t)] = o(t) + j K,[t—1,0(t)ldt + j K,[t - 1,0(t)ldt (3.45)

It is assumed here that the classical concept of entropy is extendable
into non-equilibrium situations. First integral on the right hand side of
the Equation (3.15) represents the entropy flows into the volume element;
second—represents the entropy source due to creep dependence on stress and
temperature that are lumped together. Based on the simplifications introduced
in author’s previous work, and a system of dimensionless parameters and
variables (stress and temperature) integral equation (3.46) with time variant
kernels K, and K, is solvable for creep stress-temperature functions.

T

E(0)[0]=c(0) + Je. e""K,(0,7)c" (t)m1dt + .9[ e‘:“‘f1 [o(1)]K,(6,7)c" (t)m1dt +

T

0
+J.%e‘*'“fz[d" (DK, (0,1)c(t)m 21dt
0 2

K, (6,7) = m1(0)> exp(~ct, m(8)) exp(ct, m(x)) (3.46)

T

K,(6,7)= ml(l’)i e exp(-B,, m(6)) exp(B,, m())

f(o)=A,0"; s=1,2,3..,M; B:%; T=BT.0+T.[°K]

It should be noted that the composites in this chapter are conventionally
divided into two categories: dispersion composites (the matrix and the filler
are ideally mixed and represent a homogeneous mixture with a modulus of
elasticity E = E p + (1-p) E,, where p is the volume fraction coefficient, E,
and E,—modulus of elasticity of the matrix and filler, respectively); And
multi-layer reinforced structures (where the modulus of elasticity of each
layer is equal to E, and in general can differ from each other or periodically
repeat. The actual forms of integrants and parameters E; E;s; T, E and Gg
in Equation (3.46) obviously should be based on simple well known uniaxial
creep tests data and corresponding temperature-time functions of external heat
transfer to the system. The solutions of Equation (3.27) for some particular
expressions of integrants are presented via Examples (see below). For the
seven ply composite structure:

Example 3.2 (con’t)
Data: 7 ply Beam (see Example 3.2); E = 1 [GPa]; 0.001 < a, < 1000
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Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value

1 A2 1. 1. 1. 1.

2 E 1. 0.25 1. 0.25

3 m 0 0 0.0705846 0.0705846
4 ml 0.0405 0.0004702 0.0405 0.0004702
5 n 1. 1. 1. 1.

6 S 1. 1. 1. 1.

7 t 0 0 8. 8.

8 Y1 0 0 3.382307 1.996408
9 z 0 0 2.48795 0.4445576
10 z1 0 0 0.6998575 0.6998575
11 z2 0 0 0.8528368 0.8528368

Differential equations
1 d(zl)/d(t) = (exp(t/(1+0.067*t)))*((exp(0.001*m)))*m1*z"n
2 d(z2)/d(t) = (exp(t/(1+0.067*1)))*(A2*(z"s))*((exp(0.001*m)))*m1*z*n

Explicit equations
m = (0.0405*%t — 0.01126*t"2 + 0.001462*t*3 — 0.00006868*t"*4)

m1 = (0.0405 — 0.02252*t"] + 0.004386*t"2 — 0.0002747*t"3)
E = (0.625 — 0.375*(tanh(3*(t — 4))))

n

=1.0

s=1.0
Y1=t*E
8 A2=1

sappea TS a = 0,041

ANAE+H
|

LTEH
237E+

1
2
3
4 7= t*E—(z1*1+22)*((exp(~0.001*m)))
5
6
7

N

2O3EHp
1EBE+H}
1 25E+
1HE:

LR / 1"'
0 E0E
GO5ESD  S00E-1  TEDED  2ADEMD  B30E-0  AG0E0  AZDEMD BOEE B0 TI0EAD A0

i

Figure 3.10: Stress-temperature-strain diagram o= 0.001.




Creep Models of Fibrous and Dispersed Composites: Deterministic Approach

z=0=-0.25%0 + 1.8%6> - 0.806° + 0.122*0* — 0.0061*6°

Variable Value

al -0.2512931
a2 1.808933
a3 —-0.8063904
a4 0.1221665
as -0.0061373

Finally, maximum stress of a 7-ply beam is:

ElL El &
=ML Ly T

SEl YEIH
N =N'-T+T,

6, =N/E+Mz/l

Tc =10(—6.61+12.22+3.23-8.15+10.26+6.4) =173.5k —in

i

1
7
=—6.61k; o™ =—-6.61/24—5(9.9)/8 =—0.275—6.19 = —6.46ksi
o™ =—6.61/24+5(9.9)/8 = 5.92ksi
N, =12.22+6.61=18.83k; o™ =18.83/24—6.19 =—5.4ksi
o™ =18.83/24 +6.19 = 6.97ksi
N, =6.4-0=6.4k; 6™ =6.4/24+6.19 = 6.46ksi
G =6.46(2.45)A = 41.94 [MPa] = 6.08ksi
A =L\'BT.La, =9.89(0.067)40000(10™) = 2.65
-
10°

M, :%(Mfm ~173.5)==[1250/12~173.5] = 9.9k —in
Nl

A = EOI[%]“ =1000(7)10* (—) = 68.2 [MPa] = 9.89[ksi]

101

3.8 Temperature-time dependent structured heterogeneous

composites

The recent experiments with temperature-time dependent composite materials
revealed that the rate of stress relaxation is strain dependent and the rate of
creep is stress dependent. This nonlinear behavior of composites requires a
more general description than the separable quasi-linear viscoelasticity theory
commonly used in engineering creep analysis and structural design. Hence, the
modified superposition model that is suggested here describes the application
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of principles of irreversible thermodynamics in order to account for both
elastic nonlinearity and strain-dependent relaxation rate behavior. Therefore,
the creep laws derived for the constant one dimensional stress condition
cannot be applied to variable stress conditions and hence must be modified.
Time hardening and strain hardening are two popular theories, which take into
account the variable stress and variable time-temperature process. In case of
strain hardening theory it is assumed that the creep rate is a function of stress
and accumulated strain ¢ = f(o, €). The particular forms of these laws can be
obtained by assuming that the creep curve can be represented by the Bailey-
Norton law, which is a common representation of creep in the primary and
secondary creep ranges. Creep laws for composites under conditions which
favor dislocation processes may be represented by a thermally activated
power law [36].

€, = Ac” exp(—H/RT) (3.47)
H=E+PV

where ¢ is the steady-state creep rate; H-activation enthalpy (E is the
activation energy, V is the activation volume, and P is the pressure or mean
normal engineering stress). Although Equation (3.33) is non-Newtonian by
definition, it can be expressed in terms of a simple viscous relation

g = L0' (3.48)
n
by defining an effective viscosity
1-n
_c exp(H/RT) (3.49)

neff 2 A
which may vary locally as a function of stress. The final feature that is

emphasized in the relation (3.49) is its time dependence. If we invert Equation
(3.49), the steady-state stress at fixed strain rate is

1/n
o = (%j exp(H/nRT) (3.50)

Itis time dependent fora given strain increment; c_is the strain-independent
counterpart of € in constant stress tests. In addition, this form of the flow law
exhibits a powerful exponential effect of inverse temperature on the steady
state strength. Of greatest impact to flexural models of the composites are the
combined effects of thermal gradients and the strong dependence of creep
upon temperature, the non-Newtonian power-law dependence upon stress, and
the time-dependent nature of strength. The non-linear dependence of strain
rate, characteristic of dislocation creep, also has an important mechanical
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impact, affecting the distribution and pattern of strains resulting from various
thermal loading sources. Analysis will commence with the modified form of
Equation (3.36) proposed by author [27]. The single integral formulation of
the modified superposition method allows the creep function to be depended
on stress level. Therefore the Equation (3.32) can be written in dimensionless
form as follows:

E(0)[6] = o(6) + jeﬁ”wk(e, 06" (t)m1dt

K(0,7) = p(O)f (v) = m1(1) Y exp(~ct, m(8)) exp(c, m(v)) (3.51)

d=c""""; m=t=p(0): ml=q®)

Here K (0) is, in comparison with linear theory, the degenerate kernel
of time-temperature variant creep function and @ denotes the modified
dimensionless Arrhenius law.

This Volterra integral of second kind identity is the natural generalization
of the simple one-dimensional relationship proposed by Fung [37], which
preserves objectivity. As mentioned, thanks to the relative simplicity of Fung’s
approach over more general nonlinear viscoelastic models, it has proved
extremely popular. In the paragraphs (examples) below, a number of practical
applications and interpretations of the model is discussed.

Consider now that f (6) = Ac® in Equation (3.51) and A; s;  and n are
the kernels constants that must be determined by experiment. Deterministic
temperature-time function ‘m’ and first derivative ‘m1’ assumed to be given.

T

E(0)[06]=0c(0)+ i e””’ms K(6,7)c" (t)m1dr

K(6,7) = ¢(0)f (1) = ml(r); exp(—o, m(0))exp(o, m(t)) (3.52)

RT,
E

a

E
0=—[T-T.]; B=
RT,f[ kP

T, - Base Temperature [°K]

The solution of the creep constitutive Equation (3.52) and numerical
analysis of the effect of dimensionless parameters A; s; f and n is illustrated
via examples below.

Example 3.3
@ =exp[ /(1 + Br) + A(0)]
Data: 0 <A < 1; B =2(400)/12000 = 0.067; T, = 400° K = 127°C;
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T . =2638(8)+400=614°K (6 = 38); Gg =4;s=1;n=1.Itis assumed here
that p <<'1, therefore E~ E_ = E [1-(tanh(3*(0-4))]*0.5

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value

1 A 0.1 0.1 0.1 0.1

2 E 1. 3.775E-11 1. 3.775E-11
3 El 1. 0.25 1. 0.25

4 m 0 0 0.0705907 0.0705907
5 ml 0.0405 0.0003976 0.0405 0.0003976
6 n 1. 1. 1. 1.

7 s 1. 1. 1. 1.

8 t 0 0 8. 8.

9 Y1 0 0 3.33385 3.02E-10
10 z 0 -0.5001526 2.913951 -0.2176501
11 z1 0 0 0.5439919 0.219192

Differential equations
1 d(z1)/d(t) = (exp(t/(1+0.067*1)))*(exp(A*(z"s)))*((exp(0.1*m)))*m1*z n

Explicit equations

n=1.0
s=1.0
A=0.1

O 0 3 O L A W N~

Y1 =t*E

Model: z = a* x*(1—(tanh(3*(x — 4))))*0.5

Variable

Initial guess

Value

a

1.

0.884

Model: z = 6 = 0.442*0*(1—(tanh(3*(0 — 4))))

m = (0.0405%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
E = (1-(tanh(3*(t — 4))))*0.5
E1=0.625—0.375*tanh(5* (t — 4))
z = t*E—z1*((exp(-0.1*m)))

(3.53)
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aaasaB 1S A =0
2968
1472
2.482
1302
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1032
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287
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Figure 3.11: Stress-temperature-strain diagram A = 0.1.
Example 3.4

Calculated values of DEQ variables [4 = 0.2]; E = (a—b*(tanh(c*(0 — Og))))

Variable | Initial value | Minimal value | Maximal value | Final value

1 A 0.2 0.2 0.2 0.2

2 El 1. 0.25 1. 0.25

3 m 0 0 0.0705907 0.0705907
4 ml 0.0405 0.0003976 0.0405 0.0003976
5 n 1. 1. 1. 1.

6 s 1. 1. 1. 1.

7 t 0 0 8. 8.

8 Y1 0 0 3.33389 3.02E-10
9 z 0 —0.6049704 2.823963 -0.2731613
10 zl 0 0 0.6544733 0.2750964

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*(exp(A*(z"s)))*((exp(0.1*m)))*m1*z"n

Explicit equations

m = (0.0405%t — 0.01126*t"2 + 0.001462*t"*3 — 0.00006868*t"4)
m1l = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
El1 =0.625 - 0.375*tanh(5* (t — 4))

z =t*E-z1*((exp(-0.1*m)))

n=1.0

s=1.0

A=02

Y1=t*E

0 N AN N R WN =
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Figure 3.12: Stress-temperature-strain diagram A = 0.2.

Model: z = a* x*(1—(tanh(3*(x — 4))))*0.5

Variable | Initial guess | Value

a 1. 0.862
Model: z = ¢ = 0.431*0*(1-(tanh(3*(0 — 4)))) (3.54)
Example 3.5

Calculated values of DEQ variables [4 = 0.4]; E = (a—b*(tanh(c*(0 — Og))))

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value

1 A 0.4 0.4 0.4 0.4

2 E 1. 3.775E-11 1. 3.775E-11
3 El 1. 0.25 1. 0.25

4 m 0 0 0.0705907 0.0705907
5 ml 0.0405 0.0003976 0.0405 0.0003976
6 n 1. 1. 1. 1.

7 s 1. 1. 1. 1.

8 t 0 0 8. 8.

9 Y1 0 0 3.325638 3.02E-10
10 z 0 -0.851258 2.625338 —0.4325338
11 z1 0 0 0.9105228 0.4355978

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*(exp(A*(z"s)))*((exp(0.1*m)))*m1*z n
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Explicit equations
1 m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)

2 ml = (0.0405 — 0.02252%"1 + 0.004386*t"2 — 0.0002747*t"3)
3 E = (1-(tanh(3*(t — 4))))*0.5

4 E1=0.625 - 0.375*tanh(5*(t — 4))

5 z=t*E—z1*((exp(-0.1*m)))

6 n=10

75=1.0

8 A=04

9 Y1 =t<E

Model: z = a* x*(1—(tanh(3*(x — 4))))*0.5

Variable | Initial guess | Value

a 1. 0.808
Model: z = ¢ = 0.404*0*(1—(tanh(3*(0 — 4)))) (3.55)
Example 3.5

Calculated values of DEQ variables [A = 0.6];

Variable | Initial value | Minimal value | Maximal value | Final value

1 A 0.6 0.6 0.6 0.6

2 E 1. 3.775E-11 1. 3.775E-11
3 El 1. 0.25 1. 0.25

4 m 0 0 0.0705907 0.0705907
5 ml 0.0405 0.0003976 0.0405 0.0003976
6 n 1. 1. 1. 1.

7 s 1. 1. 1. 1.

8 t 0 0 8. 8.

9 Y1 0 0 3.333753 3.02E-10
10 z 0 —-1.123229 2.393607 —0.6745744
11 z1 0 0 1.186097 0.6793531

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*(exp(A*(z"s)))*((exp(0.1*m)))*m1*z"n
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Explicit equations
1 m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)

2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 E = (1—(tanh(3*(t — 4))))*0.5

4 z=t*E-z1*((exp(-0.1*m)))

5n=1.0

6 s=1.0

7 A=0.6

8 Y1 =t*E
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Figure 3.13: Stress-temperature-strain diagram A = 0.4.
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Figure 3.14: Stress-temperature-strain diagram A = 0.6.

Model: z = a* x*(1-(tanh(3*(x — 4))))*0.5

Variable | Initial guess | Value
a 1. 0.746

Model: z =6 = 0.373*0*(1—(tanh(3*(0 — 4)))) (3.56)
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Example 3.6
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Calculated values of DEQ variables [4 = 0.8]; E = (a—b*(tanh(c*(0 — Og))))

Variable | Initial value | Minimal value | Maximal value | Final value

1 A 0.8 0.8 0.8 0.8

2 E 1. 3.775E-11 1. 3.775E-11
3 El 1. 0.25 1. 0.25

4 m 0 0 0.0705907 0.0705907
5 ml 0.0405 0.0003976 0.0405 0.0003976
6 n 1. 1. 1. 1.

7 s 1. 1. 1. 1.

8 t 0 0 8. 8.

9 Y1 0 0 3.331388 3.02E-10
10 z 0 —1.388104 2.159872 —-0.9935905
11 zl 0 0 1.447426 1.000629

Differential equations
1 d(z1)/d(t) = (exp(t/(1+0.067*1)))*(exp(A*(z"s)))*((exp(0.1*m)))*m1*z n

Explicit equations
1 m=(0.0405*%t - 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)

AN L AW

n=1.0
s=1.0
8 A=0.8

~

9 Y1=t*E

Model: z = a* x*(1—(tanh(3*(x — 4))))*0.5

Variable

Initial guess

Value

a

1.

0.678

Model: z = ¢ = 0.339*0*(1—(tanh(3*(0 — 4))))

ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
E = (1-(tanh(3*(t — 4))))*0.5
E1=0.625—0.375*tanh(5*(t — 4))
z =t*E—z1*((exp(-0.1*m)))

(3.57)
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Figure 3.15: Stress-temperature-strain diagram A = 0.8.
Example 3.7

Calculated values of DEQ variables [4 = 1.0] E = (a—b*(tanh(c*(0 — Gg))))

Variable | Initial value | Minimal value | Maximal value | Final value

1 A 1. 1. 1. 1.

2 E 1. 3.775E-11 1. 3.775E-11
3 El 1. 0.25 1. 0.25

4 m 0 0 0.0705907 0.0705907
5 ml 0.0405 0.0003976 0.0405 0.0003976
6 n 1. 1. 1. 1.

7 s 1. 1. 1. 1.

8 t 0 0 8. 8.

9 Y1 0 0 3.328159 3.02E-10
10 z 0 —1.622472 1.948363 —1.334546
11 z1 0 0 1.673797 1.344

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*(exp(A*(z"s)))*((exp(0.1*m)))*m1*z" n

Explicit equations
1 m=(0.0405*t —0.01126*t*2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 E = (1-(tanh(3*(t — 4))))*0.5
4 E1=0.625—0.375*tanh(5* (t —4))
5 z=t*E-z1*((exp(-0.1*m)))
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6 n=1.0
7s=10
8 A=1.0
9 YI=t*E

Model: z1 = a* x*(1—(tanh(3*(x — 4))))*0.5

Variable

Initial guess

Value

a 1.

0.616

Model: z = 6 = 0.308*0*(1—(tanh(3*(0 — 4)))) (3.58)
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Figure 3.16: Stress-temperature-strain diagram A = 1.0.
Table 3.1: Maximum creep stresses vs. parameter A.
A 0 0.1 0.2 0.4 0.6 0.8 1.0
G .. | 3328 | 2914 | 2.824 | 2.625 | 2.394 | 2.160 | 1.948
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Figure 3.17: Maximum creep stresses vs. parameter A.
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T=PBT.0+T, = 0.067(400) 0 + 400 = 26.8 0 + 400; 6 =3.5
g =0, [T—T.] = a[BT.0] = (104)(0.067)(400) 6 = 26.8 6 (10
0 =26.80 (10)E,=26.8 (0)(10)1 [GPa] = 9.38 [MPa] = 1.362 ksi

Example 3.8

Calculate allowable creep stress and maximum temperature if A = 0.4
Solution
c,-?—>A=040,=262526.8)3.5(10") = 24.62 [MPa] = 3.57 ksi
T . =0.067(400) 3.5 + 400 = 493.8° K = 221°C
Composite materials affected by high temperature loading conditions
usually exhibit quite high level of nonlinear behavior (n >> 1). The

dimensionless type of Equation (3.52) allows analyzing the effect of this
parameter on the final result: stress-temperature-strain (STS) diagram. Below

are the solution of Equation (3.52) with different values of n = 2; 3;...;10.

Example 3.9

Data: A=0.4; p=0.067; n=2; E = a(1-b*(tanh(c*(0 — Gg))))

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A 0.4 0.4 0.4 0.4
2 E 1. 3.775E-11 1. 3.775E-11
3 m 0 0 0.0705907 0.0705907
4 ml 0.0405 0.0003976 0.0405 0.0003976
5 n 2. 2. 2. 2.
6 s 1. 1. 1. 1.
7 t 0 0 8. 8.
8 Y1 0 0 3.333999 3.02E-10
9 z 0 —3.143764 2.230913 —3.143764
10 z1 0 0 3.166035 3.166035

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*(exp(A*(z"s)))*((exp(0.1*m)))*m1*z n

Explicit equations
I m=(0.0405%t— 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t""1 + 0.004386*t"2 — 0.0002747*t"3)

3 E = (1—-(tanh(3*(t — 4))))*0.5
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4 z=t*E-z1*((exp(-0.1*m)))

5n=20
6 s=1.0
7A=04
8 Y1 =t*E

Model: z = a* x*(1—(tanh(3*(x — 4))))*0.5

Variable

Initial guess

Value

a

1.

0.706

Model: z = 6 = 0.353*0*(1—(tanh(3*(0 — 4))))

113

(3.59)

Example 3.10
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Figure 3.18: Stress-temperature-strain diagram n = 2.

Data: A=0.4; p=0.067; n=3; E = a(1-b*(tanh(c*(0 — Gg))))

Calculated values of DEQ variables

BLACEHD

T.XED A00s-0

Variable | Initial value | Minimal value | Maximal value | Final value
1 A 04 04 04 04
2 E 1. 3.775E-11 1. 3.775E-11
3 m 0 0 0.0705907 0.0705907
4 ml 0.0405 0.0003976 0.0405 0.0003976
5 n 3. 3. 3. 3.
6 S 1. 1. 1. 1.
7 t 0 0 8. 8.
8 Y1 0 0 3.332574 3.02E-10
9 z 0 —1.563249 1.90245 -0.7963757
10 zl 0 0 1.702771 0.8020173
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Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*(exp(A*(z"s)))*((exp(0.1*m)))*m1*z"n
Explicit equations

I m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)

2 ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t3)

3 E = (1-(tanh(3*(t — 4))))*0.5

4 z=t*E-z1*((exp(-0.1*m)))

5n=3.0

6 s=1.0

7 A=04

8 Y1 =t*E

Model: z = a* x*(1—(tanh(3*(x — 4))))*0.5

Variable | Initial guess | Value
a 1. 0.614

Model: z = 6 = 0.307*0*(1—(tanh(3*(0 — 4)))) (3.60)

Example 3.11
Data: A=0.4; p=0.067; n=5; E = a(1-b*(tanh(c*(0 — Bg))))

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A 04 0.4 04 0.4
2 E 1. 3.775E-11 1. 3.775E-11
3 m 0 0 0.0705907 0.0705907
4 ml 0.0405 0.0003976 0.0405 0.0003976
5 n 5. 5. 5. 5.
6 s 1. 1. 1. 1.
7 t 0 0 8. 8.
8 Y1 0 0 3.333534 3.02E-10
9 z 0 —1.705718 1.53886 —0.7898746
10 zl 0 0 2.018042 0.7954701

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*(exp(A*(z"s)))*((exp(0.1*m)))*m1*z"n
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Explicit equations
1 m=(0.0405*t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)

2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 E = (1—(tanh(3*(t — 4))))*0.5

4 z=t*E-z1*((exp(-0.1*m)))

5n=5.0

6 s=1.0

7A=04

8 Y1 =t*E

Model: z = a* x*(1—(tanh(3*(x — 4))))*0.5

Variable | Initial guess | Value

a 1. 0.50
Model: z = 6 = 0.25%0*(1—(tanh(3*(0 — 4)))) (3.61)
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Figure 3.19: Stress-temperature-strain diagram n = 3.
e STEAES
s P 7] TN
Bt — \

2 1 1 /,.- 1
= — \
B / | \ \
1404 = Y —

1HE 4 { 4 i Il i I I
£ e 1 \ |

. _-----_-_____——l

\__...-""'r._

- HE D noar-* 1 B +0 24rsD AXArAa r+n A4 M0 L] EEE ST TAC=1 [l

Figure 3.20: Stress-temperature-strain diagram n = 5.
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Example 3.12

Data: A=0.4;3=0.067,n=6; 6

max

Calculated values of DEQ variables

=4; E = a(1-b*(tanh(c*(6 - 6,))))

Variable | Initial value | Minimal value | Maximal value | Final value

1 A 04 0.4 04 04

2 E 1. 0.5 1. 0.5

3 m 0 0 0.0578259 0.0578259
4 ml 0.0405 0.0030152 0.0405 0.0030152
5 n 6. 6. 6. 6.

6 S 1. 1. 1. 1.

7 t 0 0 4, 4,

8 Y1 0 0 3.333525 2.

9 z 0 —-0.0799443 1.442635 —-0.0799443
10 zl 0 0 2.092007 2.092007

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*(exp(A*(z"s)))*((exp(0.1*m)))*m1*z n

Explicit equations
1 m=(0.0405*t—0.01126%t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 E = (1-(tanh(3*(t — 4))))*0.5
4 z=t*E—zI*((exp(-0.1*m)))

5n=6.0
6 s=10
7 A=04
8 Y1 =t*E

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

al 1.580277
a2 -0.8760136
a3 0.3151484
a4 —-0.0475337

z=0=1.58%0-0.876*0"2 + 0.315*6"3 — 0.0475*6"4

(3.62)
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Figure 3.21: Stress-temperature-strain diagram n = 6.

Data: A=0.4;=0.067,n=38,0__=4; E=a(l-b*(tanh(c*(0 - Gg))))

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A 0.4 0.4 0.4 0.4
2 E 1. 0.5 1. 0.5
3 m 0 0 0.0578259 0.0578259
4 ml 0.0405 0.0030152 0.0405 0.0030152
5 n 8. 8. 8. 8.
6 s 1. 1. 1. 1.
7 t 0 0 4, 4,
8 Y1 0 0 3.333967 2.
9 z 0 -0.1651243 1.324539 —0.1651243
10 z1 0 0 2.177681 2.177681

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*(exp(A*(z"s)))*((exp(0.1*m)))*m1*z"n

Explicit equations
1 m=(0.0405%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)

3 E = (1-(tanh(3*(t — 4))))*0.5
4 z=t*E-z1*((exp(-0.1*m)))

5 n=8.0
6 s=1.0
7A=04
8 Y1 =t*E
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Figure 3.22: Stress-temperature-strain diagram n = 8.

Model: z = al*x + a2*x"2 + a3*x"3 + ad*x"4

Variable Value

al 0.834

a2 -0.254

a3 0.0449

a4 -0.00322
z=0=0.834*%0 — 0.254*0"2 + 0.0449*6"3 — 0.00322*6"4 (3.63)
Example 3.14

Data: A=0.4;=0.067,n=10,0 =4, E = a(1-b*(tanh(c*(0 - Gg))))

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A 0.4 0.4 0.4 0.4
2 E 1. 0.5 1. 0.5
3 m 0 0 0.0578259 0.0578259
4 ml 0.0405 0.0030152 0.0405 0.0030152
5 n 10. 10. 10. 10.
6 s 1. 1. 1. 1.
7 t 0 0 4. 4.
8 Yl 0 0 3.333919 2.
9 z 0 -0.2117418 1.255689 -0.2117418
10 z1 0 0 2.224568 2.224568
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Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*(exp(A*(z"s)))*((exp(0.1*m)))*m1*z n

Explicit equations
I m=(0.0405*%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 E = (1—(tanh(3*(t — 4))))*0.5
4 z=t*E-z1*((exp(-0.1*m)))
5 n=10.0
6 s=1.0
7 A=04
8 Y1 =t*E

srea BTSN =10

- 1 \
1 50E-2
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Figure 3.23: Stress-temperature-strain diagram n = 10.
Model: z = al*t + a2*t"2 + a3*t"3 + ad*t"4
Variable Value
al 1.734
a2 -1.130
a3 0.402
a4 —0.0562
z=o0=1.734*%0 — 1.13*06"2 + 0.0402*6"3 — 0.0562*6"4 (3.64)

Table 3.2: Maximum creep stresses vs. parameter n.

1

2

3

5

6

8

10

2.625

2.231

1.902

1.539

1.443

1.325

1.256
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Figure 3.24: Maximum creep stresses vs. parameter n.

Model: 6= 93*(1—(tanh(0.05*(n + 41.7)))) (3.65)

Model: 6= a(1—(tanh(b*(n + ¢))))

Variable | Initial guess Value

a 45. 93.0

b 0.05 0.05

c -34. —41.7
Example 3.15

Calculate allowable creep stress and maximum temperature if A = 0.4 and
n=_§

Solution

c,-?7—A=040,=132526.8)3.5(10") = 12.43 [MPa] = 1.802 ksi

T =0.067(400) 3.5 + 400 = 493.8° K = 221°C

Different values of dimensionless parameters ‘c” and 6, (dimensionless
transitional temperature) obviously also affect the STS diagram (see examples
below). Overall, the proper choice of these parameters that are usually
obtained from simple creep testing data could offer a good balance of strength
and stiffness of composites.

Example 3.16
Data: A=0.4; B =0.067; n=2; Og =4; ¢=3; E=(a—b*(tanh(c*(t - Gg))))
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Calculated values of DEQ variables

121

Variable | Initial value | Minimal value | Maximal value | Final value

1 A 0.4 0.4 0.4 0.4

2 E 1. 0.25 1. 0.25

3 m 0 0 0.0705949 0.0676285
4 ml 0.0405 -0.0071703 0.0405 -0.0071703
5 n 2. 2. 2. 2.

6 s 1. 1. 1. 1.

7 t 0 0 9. 9.

8 Y1 0 0 3.382295 2.25

9 z 0 —-0.9345511 1.733073 0.0246378
10 z1 0 0 2.242709 2.240463

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*1)))*(exp(A*t*(z"s)))*((exp(0.1*m)))*m1*z"n

Explicit equations

WD

1 m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 E =(0.625 - 0.375*(tanh(3*(t — 4))))

4 z=t*E—z1*((exp(-0.1*m)))

5n=2.0

6 s=1.0

7 A=04

8 Y1 =t*E
aw 5T n=2
o 1 -
":'3'5':- --""J/f___"l-.__“

e _ N ——

W [ EEw PR THED 3B T = TR [EFTT

Figure 3.25: Creep stresses diagram 9g =2.
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Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value
al 2.367
a2 -1.023
a3 0.135
a4 —0.0055
Model: z=0c=2.367*0 — 1.023*6/2 + 0.135*6"3 — 0.00556"4 (3.66)

Example 3.17

Data: A=0.4; B =0.067; T, =400°K; T = 600°K; ¢ = 3; E = (a-b*(tanh
(c*(8-6)))
Og =2 instead of 4

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value

1 A 04 0.4 0.4 0.4

2 E 0.9999954 0.25 0.9999954 0.25

3 m 0 0 0.0706026 0.0702896
4 ml 0.0405 -0.0020076 0.0405 -0.0020076
5 n 2. 2. 2. 2.

6 s 1. 1 1. 1.

7 t 0 0 8.4 8.4

8 Y1 0 0 2.1 2.1

9 z 0 0 1.373791 0.7886489
10 zl 0 0 1.54178 1.320601

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*(exp(A*t*(z"s)))*((exp(0.1*m)))*m1*z"n
Explicit equations

1 m=(0.0405%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)

2 ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 E=(0.625—0.375*(tanh(3*(t — 2))))

4 z=t*E-z1*((exp(-0.1*m)))
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Figure 3.26: Creep stresses diagram 0, =4 (Y1-STS without creep; z-STS with creep).

5n=2.0
6 s=1.0
7A=04
8 Y1 =t*E

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value
al 1.290291
a2 —0.5657943
a3 0.089362
a4 —0.0047262
z=0=1290-0.566 6* +0.0894 6°—0.0047 6* (3.67)

Examples (3.1-3.17) show that the material responses are qualitatively
and quantitatively different depending on the values of dimensionless
parameters A; c; n, and transitional temperature Og. As noted above, the number
of dimensionless parameters in the integral creep equation obtained on the
basis of appropriate experimental studies should be minimal. However, the
qualitative nature of the experimentally obtained creep curve can turn out to
be much more complicated (for example, the CTC diagram can have sections
characterizing the plasticity of the composite). Therefore, a somewhat more
general form of the integral creep equation (with a somewhat larger number of
dimensionless parameters) is given below, which makes it possible to describe
the nonlinear behavior of the composite practically from the very beginning
of the creep process.
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3.9 General form of Equation (3.37)

Consider now the more general form of Equation (3.37):

k

E(0)[0] = 5(0) + jreT "K(6,1)5" (t)m1dz

K(6,7) = 0(0)f (1) = ml(T)i exp(—a, m(6)) exp(a, m(1)) (3.68)

E = E,(a—b*(tanh(c*(0-6,))))
p20:k>20;s>20n>0;A>0

The STS relationship is mostly affected by changing parameter ‘A’ in
Equation (3.68). A is a constant for mechanics analysis in a modified form of
creep constitutive equation to account for varying stresses. For small values
of ‘A’ (0 < A < 1—see above) the linear elastic part of the curve (see Fig. 3.5
through 3.10)—the viscous part of creep process has practically negligible
effect— the allowable stresses increase with the temperature increase.
However when the temperatures are in transitional zone (lathery phase) the
stresses decrease with the rate proportional to parameters ‘c’ and ‘n’ until new
equilibrium occurs (the viscous part of deformation is governing); and after
that (6 > > Bg) the stresses increase again due to the recrystallization process
(with almost steady rate) until the material entries the tertiary phase. For
larger “A” (A > 1) the stages in general remain the same, but the STS diagram
reflects substantial changes in shape (almost elastic behavior at the beginning
following a ‘plastic’ deformation part afterwards; changing to substantial
drop in stresses at the lathery phase; and finally a new increasing part of STS
diagram up until the beginning of the tertiary stage that can be considered
as a failure point (a strength limit or lifetime of solids from the engineering
creep theory point of view). Failure is most often treated as a separate issue
from the determination of properties of materials. In fact, most failure laws
are derived empirically from observations related to a catastrophic event such
as yielding or rupture. As a result, a great deal of testing and data analysis
is necessary to establish an appropriate failure law for a material. On the
other hand, constitutive laws are derived by more rational means of relating
deformations to the forces which produce them. Failure, however it is defined,
should be a part of a complete constitutive description of a material. In other
words, the key to dealing effectively with failure lies in treating its behavior
as a termination of the nonlinear viscoelastic process. The examples below
illustrate this phenomenon.
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Example 3.18

Data: A=1.0; =0.067, 0, =0.1; T,=400°K; T = 600°K;c=3;a=0.625;
b=0375n=2;s=1;k=p=0;60 =38, E=E/(a-b*(tanh(c*(0 - Gg)))); Gg
=2, E,=1[GPa]

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A 1. 1. 1. 1.
2 E 0.9999954 0.25 0.9999954 0.25
3 k 0 0 0 0
4 m 0 0 0.0705907 0.0705907
5 ml 0.0405 0.0003976 0.0405 0.0003976
6 n 2. 2. 2. 2.
7 p 0 0 0 0
8 S 1. 1. 1. 1.
9 t 0 0 8. 8
10 Y1 0 0 2. 2.
11 z 0 0 1.299265 0.6588526
12 z1 0 0 1.350648 1.350648

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*(t*p)*(exp(A*(t"k)*(z"s)))*((exp(0.1*
m)))*ml*z n

Explicit equations
m = (0.0405%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)
E = (0.625 — 0.375*(tanh(3*(t — 2))))
z = t*E—z1*((exp(-0.1*m)))
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Figure 3.27: STS diagram A= 1.

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable | Value
al 1.424
a2 -0.722
a3 0.131
a4 -0.0078

Model: z=c = 1.424*0 — 0.722*%6"2 + 0.131*6"3 — 0.0078*6"4 (3.69)

Example 3.19

Data: A=3.0; =0.067, 0, =0.1; T, =400°K; T = 600°K;c=3;a=0.625;
b=0375n=2;s=1,k=s=0;60__=8; E=E(a-b*(tanh(c*(0 — Og))));
0,=2;E,=1[GPa]

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value

1 A 3. 3 3, 3
2 E 0.9999954 0.25 0.9999954 0.25

3 k 0 0 0 0

4] m 0 0 0.0705907 | 0.0705907
5] ml 0.0405 0.0003976 0.0405 0.0003976
6 n 2. 2. 2. 2.

7 p 0 0 0 0

8 s 1. 1. 1. L.

9 t 0 0 8. 8.

10 YI 0 0 2. 2.

1| z 0 —0.0592095 | 0.9335587 | 0.4671968
12] zl 0 0 1.543662 1.543662
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Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*1)))*(t*p)*(exp(A*(t"k)*(z"s)))*((exp(0.1*
m)))*ml*z n
Explicit equations
1 m=(0.0405*%t—0.01126*t*2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t""1 + 0.004386*t"2 — 0.0002747*t"3)
3 E=(0.625—0.375*(tanh(3*(t — 2))))
4 z=t*E-z1*((exp(-0.1*m)))
5n=20
6 s=1.0
7 A=3
8 k=0
9 Y1 =t*E
10 p=0

sue1 STS A =3

sngal =
TaE
BHEA
ENE 4

4 HEA
1IEE-1
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Figure 3.28: STS diagram A = 3.

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value
al 1.197
a2 —-0.709
a3 0.138
a4 -0.0085

Model: z=0c=1.197*6 — 0.709*%6"2 + 0.138*6"3 — 0.0085*6"4 (3.70)
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Example 3.20

Data: A=5.0; =0.067, 0, =0.1; T, =400°K; T = 600°K;c=3;a=0.625;
b=0375n=2;s=1,k=s=0;0__=8; E=E/(a-b*(tanh(c*(0 - Og))));

Gg =2, E,=1[GPa]

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value

1 A 5. 5. 5. 5.

2 E 0.9999954 0.25 0.9999954 0.25

3 k 0 0 0 0

4 m 0 0 0.0705907 0.0705907
5 ml 0.0405 0.0003976 0.0405 0.0003976
6 n 2. 2. 2. 2.

7 p 0 0 0 0

8 s 1. 1. 1. 1.

9 t 0 0 8. 8.
10 Y1 0 0 2. 2.
11 z 0 -0.2671324 0.7048392 0.3806049
12 z1 0 0 1.630867 1.630867

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*))*(t"p)*(exp(A* (k) *(z"'s)))*((exp
(0.1*m)))*m1*z°n

Explicit equations
1 m=(0.0405%t —0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)

3 E=(0.625— 0.375*(tanh(3*(t — 2))))
4 z=t*E-—z1*((exp(-0.1*m)))

5n=2.0
6 s=1.0
7 A=5
8 k=0
9 Y1 =t*E
10 p=0
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Figure 3.29: STS diagram A =5.

Model: z = al*t + a2*t"2 + a3*t"\3 + ad*t"4

LT

THES

EiE

Variable Value
al 1.0
a2 -0.656
a3 0.134
a4 —-0.0084

Model: z=0=1.0*0 — 0.656*6"2 + 0.134*06"3 — 0.0084*6"4 (3.71)

Example 3.21

Data: A=7.0;=0.067; 0, =0.1; T,=400°K; T = 600°K; c=3;a=0.625;
b=0375n=2;s=1k=5s=0;0 =38 E=E/(a-b*(tanh(c*(6 - 0,))));

0,=2; E =1 [GPa]

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A 7. 7. 7. 7.
2 E 0.9999954 0.25 0.9999954 0.25
3 k 0 0 0 0
4 m 0 0 0.0705907 0.0705907
5 ml 0.0405 0.0003976 0.0405 0.0003976
6 n 2. 2. 2. 2.
7 p 0 0 0 0
8 s 1. 1. 1. 1.
9 t 0 0 8. 8.
10 Y1 0 0 2. 2.
11 z 0 —0.3780442 0.5722127 0.3272713
12 z1 0 0 1.684578 1.684578
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Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*(t"p)* (exp(A*(t"k)*(z"s)))*((exp
(0.1*m)))*m1*z*n

Explicit equations
I m=(0.0405*%t —0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t""1 + 0.004386*t"2 — 0.0002747*t"3)
3 E=(0.625 - 0.375*(tanh(3*(t — 2))))
4 z=t*E-z1*((exp(-0.1*m)))
5n=20
6 s=1.0
7 A=7
8 k=0
9 Y1=t*E
10 p=0

s TS A =7,

e
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Figure 3.30: STS diagram A=7.

Model: z = al*t + a2*t"2 + a3*t"\3 + ad*t"4

Variable Value
al 0.871
a2 -0.611
a3 0.128
a4 —-0.0082

Model: z=0c=0.871*6 — 0.611*6"2 + 0.128*06"3 — 0.0082*6"4 (3.72)
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Example 3.22

131

Data: A = 10.0; B = 0.067; o, = 0.1; T, = 400° K; T, = 600° K; ¢ = 3;
a=0.625b=0375,n=2;s=1;k=s=0;0__=8; E=E (a-b*(tanh(c*(6 -
0))): 0,=2; E, = 1 [GPa]

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A 10. 10. 10. 10.
2 E 0.9999954 0.25 0.9999954 0.25
3 k 0 0 0 0
4 m 0 0 0.0705907 0.0705907
5 ml 0.0405 0.0003976 0.0405 0.0003976
6 2. 2. 2. 2.
7 0 0 0 0
8 s 1. 1. 1. 1.
9 t 0 0 8. 8.
10 Y1 0 0 2. 2.
11 z 0 —0.4744615 0.4528926 0.2749389
12 z1 0 0 1.737282 1.737282

Differential equations

1 d(z1)/d(t) = (exp(t/(1+0.067*1)))*(t"p)*(exp(A* (k) *(z"'s)))*((exp
(0.1*m)))*m1*z*n

Explicit equations
1 m=(0.0405*%t - 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)

n=2.0
s=1.0
A=10
k=0
Y1=t*E
p=0

S O 09O WA W

1

m1 = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)
E =(0.625 — 0.375*(tanh(3*(t — 2))))
z = t*E—z1*((exp(-0.1¥*m)))
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Figure 3.31: STS diagram A = 10.

Model: z1 = al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value
al 0.866
a2 -0.208
a3 0.0177
a4 —-0.00020

Model: z=c = 0.866*0 — 0.208*6"2 + 0.0177*6"3 — 0.0002*6"4 (3.73)

3.10 Phenomenological creep models of composites with
dispersed filler

The new phenomenological model for composites is formulated through the
following assumptions:

* The composite is an isotropic, nonlinear viscoelastic body whose
rheological properties are described using Gibbs theory, i.e., Equation
(3.37).

* A Prony series given by Equation (3.37) is used as the relaxation function.
Gibbs free energy formulation of the Schapery equations

The formulation of Gibbs free energy is particularly useful, since it allows
the treatment of temperature and stress tensor components as independent
variables. The Gibbs free energy G is defined as

1
G=U-TS--Q.q, (3.74)
p

where U is the specific internal energy, T the absolute temperature, S the
specific entropy, p the density, q_ (m = 1,2,...,k) a set of k state variables
consisting of observed variables (strains), and Q_ (m = 1,2,...,k) is a set of k
generalized forces defined by the virtual work condition S = Q, q..
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Equation (3.1) shows that free energy can be accumulated by increasing
internal energy; by decreasing entropy or through a potential energy loss of
the external loading. For detailed information on this subject see [20].

A strong dependence on temperature (time) of the properties of soft
composites (PMC) exists compared with those of other materials such as
metals and ceramics (MMC and CMC). This strong dependence is due to the
viscoelastic nature of PMC. Generally, PMC behave in a more elastic fashion
in response to a rapidly applied temperature rise (force) and in a more viscous
fashion in response to a slowly applied temperature increase.

In the previously considered examples, it was assumed that the free Gibbs
energy is part of the total activation H, and therefore was included in the index
of the exponential function (3.37). However, this approach can be considered
as rather formal and less justified from the physical point of view, since,
according to the Gibbs theory, internal stresses (as well as strain, temperature
and external loads) do the work that is additive to the potential energy of
the thermal mechanical system. Therefore, instead of one integral, there must
be at least two integrals in the creep Equation (3.1). This formulation (and
solution) of the problem is presented below in the following examples. The
creep deformation process is clearly dependent on the final outcome of a
conjunction between deviatoric free energy and dissipated energy. Thus the
effect of strain history on the creep phenomenon follows from this model in a
natural way. This formulation of a single integral creep constitutive equation
(and solution) of the problem is presented below in the following examples.

E(0)[0]=0c(0) + i@lc“ (t)mldrt+ j@zc“ (t)mldr
K,(0,7)=¢,(0) (1) = ml(r)i exp(—o, m(0))exp(o, m(1))

K, (0,0 = 0,(0)f, (9 = (D)3 exp(—§, m(©) exp(f, m(2) (.75)

f(o)=A,0°; s=1,2,3.,Mor: f(c)=InA,(c")

@, =e¢""K,(0,7); @,=A,e""K,(0,17)-Case# 1
or: ®, =A,6’K,(0,1) - Case # 2

This formulation is particularly useful, since it allows the treatment of
temperature and stress tensor components as independent variables. Thus
the entropy of a composite element changes with time for two reasons. First,
because entropy flows into this element due to temperature increase, second
because there is an entropy source due to irreversible phenomena (distortional
energy) inside the volume element. This entropy source isalways anon-negative
quantity. Equation (3.75) states that the entropy is an extensive property, i.e.,
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the entropy of the system is the sum of the entropies of the subsystems: dS
=dS, +dS,. This form of the constitutive creep equation will allow to describe
micro-structured rearrangements related to straightening and relative sliding
of long chain molecules. The variables 8 and ¢ are thus eventually observable
and certainly equally controllable. With the use of mathematical expressions
derived from consideration of the models it is possible to derive constants
that can be used as a basis for comparison or prediction. This formulation
of creep constitutive law, Equation (3.75), can now be developed to give
the basis for measurement of the mechanical properties of a material at a
variety of temperatures, which yields the relative contributions of the internal
and entropic components of the total creep deformation. The integral creep
equation incorporates essentially two different phenomenological models,
depending on the degree of stress influence on the process of creep strains. In
the first case, this dependence is strong (exponential), and in the second case
—weak (power law). Of course, the choice of the model should be based on
the intrinsic factors and experimental data of the composite. For example, for
the so-called soft composites, the second model is likely to be suitable, and
for metallic composites—the first one. Below are examples using both creep
constitutive models, as well as qualitative and quantitative comparison of the
results (for example, the maximum allowable creep stress).

Example 3.23 Case #1

Data: A, = 1.0; B = 0.067; o, = 0.1; T, = 400° K; T = 600° K; ¢ = 3;
a=0.625;b=0.375;n=1;

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 E 1. 0.25 1. 0.25
3 k 0 0 0 0
4 m 0 0 0.0705907 0.0705907
5 ml 0.0405 0.0003976 0.0405 0.0003976
6 n 1. 1. 1. 1.
7 p 0 0 0 0
8 s 1. 1. 1. 1.
9 t 0 0 8. 8.
10 Y1 0 0 2.436604 2.
11 z 0 -0.0410232 1.662955 0.3305589
12 zl 0 0 0.4905164 0.4905164
13 z2 0 0 1.190751 1.190751
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Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.1*m)))*m1*z*n
2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(exp(A2*(z"s)))*((exp(0.1*m)))*

ml*z*n

Explicit equations
1 m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 E=(0.625—0.375*(tanh(3*(t — 3))))
4 z=t*E—(zl + 22)*((exp(-0.1*m)))
5n=1.0
6 s=1.0
7 Y1 =t*E
8 A2=1

a2 STS #1
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Figure 3.32: STS diagram case #1.

Model: z = al*t + a2*t"2 + a3*t"3 + ad*t"4 + a5*t"5

Variable Value

al 1.677085
a2 —-0.5382875
a3 -0.0217411
a4 0.0202491
as —-0.0015492

z=0=1.677*0 - 0.538%6"2 — 0.0217*6"3 + 0.0202*6"4 — 0.00155*6"5 (3.76)

Example 3.23 Case #2

Data: A, = 1.0; B = 0.067; a, = 0.1; T, = 400° K; T_ = 600° K; ¢ = 3;
a=0.625;b=0.375;n=1;
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Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 E 1. 0.25 1. 0.25
3 m 0 0 0.0705907 0.0705907
4 ml 0.0405 0.0003976 0.0405 0.0003976
5 1. 1. 1. 1.
6 0 0 0 0
7 s 1. 1. 1. 1.
8 t 0 0 8. 8.
9 Y1 0 0 2.43641 2.
10 z 0 0 1.99545 0.5349166
11 zl 0 0 0.8021905 0.8021905
12 z3 0 0 0.6732717 0.6732717

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.1*m)))*m1*z"n
2 d(z3)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.1*m)))*m1*z*n

Explicit equations

m = (0.0405%t — 0.01126*t*2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
E =(0.625 — 0.375*(tanh(3*(t — 3))))

z =t*E—(z1 + z3)*((exp(—0.1*m)))

n=1.0

s=1.0

AN L AW N =
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Figure 3.33: STS diagram case #2.
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7 Y1 =t*E
8 p=0
9 A2=1
Model: z = al*t + a2*t"2 + a3*t"3 + ad4*t"4 + a5*t"5
Variable Value
al 1.493827
a2 —0.243225
a3 —0.1165928
a4 0.031979
as —0.0020592

z=0=1.494*0 — 0.243*6"2 - 0.116*6"3 + 0.032*6"4 — 0.00206*6"5 (3.77)

1.6
1.4 asc #2

‘f Case #1

0%
0.6
0.4

02
Li] +
04081216 2 24283236 4 44485256 6 64687276

0.2

Figure 3.34: STS diagram cases #1 and #2.

As can be seen from Fig. 3.34, the power law leads to a larger maximum
value of the allowable creep stress. The power law, as is well known, has wide
application in studies related to the nonlinear creep of composites. Therefore, in
the future, only the power law will be used in the integral expression for creep.
The technique for analyzing the effect of various dimensionless parameters
characterizing the mechanical and physical properties of the composite on
the creep process as a whole (such as the glass transition temperature, the
nonlinearity index of the power law, and so on) is analogous to the above
technique. Therefore, in order to save space, only the final results are given
below, and the intermediate calculations are omitted. It should be noted that
the final results can be used at the preliminary design stage of the composite
structural system, witting out all obviously not suitable design options. They
can also be used to solve the so-called inverse problems: finding the optimal
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mechanical and physical parameters of the composite (taking into account the
technology of'its production) according to a predetermined stress-temperature-
strain (STS) diagram. The computer code is as follows:

m = (0.0405%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)

ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

t(0)=0

t(f) = 8.0

z =t*E~(zl + z2)*((exp(-0.1*m)))

d(z1)/d(t) = (exp(t/(1 + 0.067*%t)))*((exp(0.1*m)))*m1*z"n

E = (0.625 — 0.375*(tanh(3*(t — 3))))

n=1.0;s=1.0

z1(0)=0

Y1=t*E

d(z2)/d(t) = (exp(t/(1 + 0.067*1)))*(A2*(z"s))*((exp(0.1*m)))*m1*z"n

z2(0)=0

A2=1

Table 3.3: Maximum creep stress as function of parameter A.

A 0 1 2 3 4 5 6 7 8
G 2245 | 1.995 | 1.808 | 1.665 | 1.548 | 1.453 | 1.372 | 1.303 | 1.243

2:2—
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Figure 3.35: Maximum creep stress as function of parameter A.

o .. =2.2-02%A+0.0095*A"2 (3.78)

mq
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Table 3.4: Maximum creep stress as function of power law index.

n 1 2 4 6 8 10 12 14 15
G 1.995 | 1.824 | 1.530 | 1.365 | 1.274 | 1.218 | 1.182 | 1.155 | 1.145

1 Fd = 4 In & r & 9 10 11 12 13 14 15

Figure 3.36: Maximum creep stress as function of power law index.

o, =0.85[1.4 + exp(~0.33*(n-1))] (3.79)

m;
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4

Creep Models of Nanocomposites
Deterministic Approach

4.1 Introduction

Most experts in the field of scientific and technical policy, strategic planning
and investment are confident that in the next decade, nano-revolution is
expected in all areas of science, production, defense, and the social sphere.
Large-scale and systemic intrusion of nanostructured materials, products and
methods for their production will literally enter all spheres of life. That is
why nanomaterials and nanotechnologies are among the priority areas for
the development of modern materials science [1]. The features of nanoscale
objects are related to the fact that a decrease in the particle size of a solid
substance below a certain threshold leads to a significant change in their
properties. The threshold particle size at which a discontinuous change in
properties occurs—the size effect—for most materials known to date varies
from 1 to 100 nm [2]. The historical formation and development of independent
fundamental directions of nano-science and the prospects for their application
in various fields of nanotechnology were considered in [3, 4]. Some of the
results achieved in recent years in the above areas are reflected in reviews
and monographs [5, 6]. The properties, including the surface characteristics
of the nanoparticles, responsible for their interaction with the environment,
depend crucially on the production method. On the other hand, it is known
that it is the interphase interactions in the nanocomposites that are the most
significantly influences on their properties [2].

Nanotechnologies aimed at obtaining nanostructured materials can be
conditionally divided into two groups: “bottom-up” and “top down”. This
classification is carried out taking into account the key stage (or process)
of nanotechnology, on which a nanostructure is formed. In the first group,
methods are used in which nanoparticles are formed from atoms and
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molecules, i.e., the initial particles are enlarged to nanometer sizes; in the
second, methods in which the nanometer sizes of particles are achieved by
grinding large particles, powders or grains. The methods of the first group of
nanotechnologies are mainly based on the chemical approach, and the second
on the physical one. Often, using these two fundamentally different groups
of technologies, nanomaterials of the same chemical composition, but with
different properties are acquired.

One of the simplest ways of obtaining nanoparticles is to condense
the vapor substances in an inert atmosphere. This method can produce
nanoparticles of both simple and complex substances. If nanoparticles of
metal compounds, for example, oxides, nitrides, carbides, etc., are needed,
then an appropriate reaction gas must be added to the atmosphere—oxygen,
nitrogen, carbon dioxide, methane, etc. In order to obtain a vapor of matter,
the easiest way is to use the evaporation process. Atoms of matter that have
passed into vapor, because of collisions with atoms of an inert gas, rapidly
lose kinetic energy and form nanoparticles. In case of metal compounds, the
metal also reacts with the reaction gas. To form particles of the right size, it is
necessary to select the pressure of the inert gas. The shape of the nanoparticles
obtained by gas-phase synthesis depends on their size: nanoparticles <20 nm
in size have a spherical shape, which is caused by a change in the relative
contribution of the surface energy to the total energy of the nanoparticles as
its size decreases. Larger particles have a facet shape. Another interesting fact
for small size of isolated nanocrystals and associated with it energy, is the
absence of dislocations in them.

Plasma-chemical synthesis is the most common method of obtaining
highly disperses powders of borides, carbides, nitrides and oxides. In this
method, a low-temperature nitrogen, ammonia, hydrogen, hydrocarbon
or argon plasma is used, which are created by means of arc, glow, high- or
super-high-frequency discharges. The characteristics of the powders obtained
depend on the raw materials used, the synthesis technology and the type of
reactor. Particles of such powders are most often single crystals with sizes
from 10 to 100200 nm or more. At a high plasma temperature, all the starting
materials pass into the gaseous ionized state [7]. The presence of ions leads to
high rates of interaction and a short (10°-107%s) reaction time. Nanoparticles
synthesized by the plasma chemical method have a large excess energy, so
their chemical and phase composition may not correspond to the equilibrium
phase diagram.

The method of chemical precipitation from colloidal solutions is widely
used for the synthesis of highly disperse powders. To obtain nanoparticles
from colloidal solutions, the chemical reaction between the components of
the solution is interrupted at a certain point in time, after which the system
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is transferred from the liquid (colloid) to the solid (dispersed) state. In the
preparation of nanocrystalline metal powders and their compounds by
paralysis (thermal decomposition), the starting materials are usually complex
elements and metal-organic compounds, polymers, hydroxides, carbonyls,
formats, nitrates, oxalates, amides, imides. These substances contain all or
almost all of the chemical elements that must be present in the product. When
heating to a certain temperature, the starting materials decompose to form the
product synthesized and release gaseous compounds. Mechanic-synthesis is
one of the most productive “dry” chemical technologies that do not require
(or minimize) the use of solvents for chemical reactions. When mechanical
action on solid mixtures occurs, the material is milled, there is acceleration of
mass transfer and mixing of the components of the mixtures into atomic level
resulting in the activation of their chemical interaction.

Mechanisms of mechanic-chemical reactions are multistage; their most
important stages are as follows: initial deformation of the crystal structure of the
reagents, formation, accumulation and interaction of point and linear defects,
grinding substances to individual aggregates, the formation of metastable
states in the contact zone of different phases, chemical homogenization and
relaxation of products reaction to the equilibrium state [8]. There is another
type of mechanical action, at which conditions are simultaneously created, both
for crushing the starting materials, and for the synthesis of the final product,
the impact of the shock wave, detonation of explosives—the energy of the
explosion—is widely used for the implementation of phase transitions and the
synthesis of new compounds. Detonation synthesis of nano-powders proceeds
under dynamic conditions, in which kinetic processes play an important role.
Detonation synthesis of diamond by shock-wave action on rhombohedra
graphite (the pressure was developed up to 30 GPa) was described in [9].

Recently, thanks to their unique properties, metal nanoparticles have
been increasingly used. A consequence of this was the active development of
methods for obtaining them, based on the effects of a different nature: physical,
chemical, biochemical, etc. [10]. Numerous techniques for the production of
metallic nanoparticles in condensed media based on physical methods such
as metal evaporation, laser ablation, photolysis, radiolysis, etc. are used.
The assignment of physical techniques in a number of cases is conditional
because due to the physical influence on the system it is possible to change
the chemical reaction processes leading to the formation nanocrystals. Using
physical methods, chemical reactions that lead to the formation of metallic
nanoparticles can be initiated in condensed media. However, the nature of the
main process is chemical, based on the reaction of metal reduction with the aid
of an oxidizer. Nanocomposites are objects where nanoparticles are packed
together into a macroscopic sample in which interparticle and interphase
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interactions become strong and mask the properties of isolated particles. For
each type of interaction, it is important to know how the properties of the
material change due to its size. It should be noted that all successes in the
development of nanochemistry do not yet allow answering in general terms
the question of the relationship between the size of the material particles and
their properties.

The authors [11, 12] have described the characteristics of nanoparticles
and the effect of nanoparticles sizes on the mechanical properties of composite
nanomaterials (strength, elongation, Young’s modulus). Applied interest in
nanomaterials is due to the possibility of significant modification or even
fundamental change in the properties of known materials, as well as the new
opportunities that nanotechnology opens up in the creation of materials and
products from nano-sized material structural elements. Management of the
fundamental properties of solids (semiconductors, metals, polymers, etc.),
based on synthesizing in their volume nano-sized inclusions, crystallites,
defect structures or the formation of nanoscale films and structures on the
surface, is currently one of the main problems of leading scientific centers of the
world working in the field of nanotechnology. The basis for the development
of a number of modern promising areas (micro system equipment and
nano electronics, optics, power engineering, biotechnology, etc.) is already
using the functional materials and structures created by microelectronics,
nanotechnologies and a number of other methods that provide processing at the
micro and nanoscale levels. At the same time, the assortment of used materials
has sharply expanded and requirements for their parameters have increased, in
particular, the provision of a set of functional characteristics of the materials
used is becoming a prerequisite—crystalloid-chemical and thermo-chemical
compatibility; mechanical, thermal and electrical resistance; low mechanical
and thermo-chemical fatigue and electrical degradation. The solution of these
problems requires fundamentally new approaches both in the field of materials
science and in the field of synthesis and formation technology. The transition
to the submicron and nanometer range of element sizes requires consideration
of scaling factors that reflect the influence of geometric dimensions on the
properties of the material. By reducing the size of the particles and composing
the nanocomposite material results in the fact that the surface properties of the
material begin to be affected by its surface characteristics, and from certain
dimensions (10-100 nm) surface properties begin to dominate over the bulk
ones and mainly determine the properties of the system as a whole. It becomes
possible to vary the energy characteristics of the system being created in a
wide range by structured and dimensional parameters (thickness of films, size
of nanotubes, the structure of interfaces, etc.), and therefore, to obtain the
necessary combination of various properties (mechanical, optical and many
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others). There is a real opportunity to change the properties of the material,
giving it characteristics unattainable for bulk materials.

4.1.1 Small scaled materials

Small scaled materials with particle diameters in the nanometer range have
been in use for a long time. A generalization of the reasons for the change in the
physical, electronic or chemical properties of a material in the nanometer range
cannot be made, as diverse phenomena play important roles. Nevertheless,
one common denominator can be determined when looking at the peculiarity
of nanoscale material. Traditionally, in a bulk crystal, the properties of the
material are independent of the size and are only dependent on the chemical
composition, as most atoms of a material are located in the bulk of a particle
and hence exceed the influence of surface atoms on the material s properties.
As the size of the crystal decreases to the nanometer regime, the small size
of the particle begins to modify the properties of the crystal. The surface area
increases, which results in a larger contribution of the surface energy to the
overall energy of the whole system and, thus, results in a reduction of the
impact of the bulk atoms on the properties of a material. The significant shift
towards surface atoms of nanomaterials is illustrated in Fig. 4.1 where the
percentage of surface atoms in a particle is plotted against the particle size.

The percentage of surface atoms in a particle is strongly dependent
on the particle size. Particles below 1020 nm start having a relevant part
of their atoms on the surface. This results in surface atoms contributing
substantially to the properties of the bulk material. There is a large energy
associated with this surface. In most of their potential applications, the surface
of nanoparticles will undoubtedly play the crucial role in the determination
of the nano particulate properties, including the stability and reactivity which
will be discussed in the following sections of this chapter.
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Figure 4.1: Surface areas vs. particle size.
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4.1.2 Approaches to larger surface area

The relation of single crystal and polycrystalline strength properties was
a major topic of research in the 20th century; and now in the 21st century
constitutes a major effort directed toward producing nanocrystalline materials
and understanding their mechanical properties. There have been many
different attempts to create surface area by decreasing the particle size of
materials. An engineer would naturally prefer to start with the bulk material
and make it smaller, thus breaking up larger particles by the use of physical
processes like crushing, milling or grinding. A chemist on the other hand is
more familiar with building small scaled materials starting from the atomic
scale by traditional chemistry methods and stopping the reactions at the right
time to inhibit further particle growth. With either of the methods the goal of
larger surface area can be reached whilst keeping the chemical composition of
the material constant. As mentioned above, there are two approaches towards
the synthesis of nano-sized materials:

1) Top-down: size reduction from bulk materials
2) Bottom-up: material synthesis from atomic level

Top-down approaches such as milling have been known and applied
within living memory. Modern milling techniques include the ball milling that
can yield nano particulate materials. Unfortunately, there are a few drawbacks,
e.g., the low energy efficiency; the susceptibility to impurities from abrasion
and the broader particle size distributions. Bottom-up techniques include
plasma, laser, liquid phase or flame spray synthesis. These “self-assembly”
preparation methods generally result in well controlled nanoparticles which
are built on smaller building blocks allowing for the synthesis of more
complex materials or the fabrication of nanoparticles with a very narrow size
distribution.

Deep knowledge of the physical and mechanical properties of
nanomaterials is crucial in the design and reliability of structural components.
However, such property experimental measurements generally are time
consuming and require special expertise. Accordingly, the development
cycle for new materials and processes has not kept pace with the structural
component’s development cycle. Computational tools provide a stratagem for
shortening the material and process development time. Such a computational
tool allows material scientists to simulate physical properties of complex
microstructures from a simple testing data of that microstructure. Examples
of applications of such computer models that elucidate influences of micro
structural features are presented below.

The main objectives of this chapter are as follows:

1. Elucidate the role of heterogeneous microstructures on bulk physical and
mechanical properties and damage evolution processes.
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2. Correlate physical properties with the materials development cycle.

3. Improve bulk materials processing and enable more reliable structural
design by developing computational tools for simulating properties of
nanomaterials and corresponding creep constitutive phenomenological
law.

4.1.3 Size effect and the nanomaterials properties

Traditionally, Material Science studies the behavior of materials at different
scales in order to observe and quantify the chemo-physical processes at the
underlying micro-mechanical scales, molecular and atomistic levels. Multi-
scale material modeling is scaling up these processes onto the macroscopic
level. The first step is to decompose the entire range of scales into sub-ranges,
from the view point of characterizing and designing engineering materials:

* Meter level: Practical civil, mechanical and aerospace structural analysis
and design of structural systems.

» Millimeter Level: This constitutes the macro-scale level at which materials
treated as a homogeneous continua after homogenizing all constituents
into so-called “effective” properties for laboratory testing purpose.

e Micrometer Level: Micro-structural features such as micro-defects, the
grain size of polycrystalline materials are observed at this scale. Materials
at this level may be treated as heterogeneous composites, e.g., metal
matrix in which particle inclusions are bonded to the matrix by cohesive/
frictional interface layers.

» Nanometer Level: Molecular and atomistic processes that includes the
molecular chaining bonds of polymers and behavior of single crystals.
Many diffusion mechanisms and aggressive chemicals are considered
to be active at this level, which includes, e.g., the transport process of
chemical compounds and heat.

4.2 Physical aspects of nanocomposite structures

It is known that the surface always has a greater energy than the volume,
and at the same time it retains its characteristics. It is difficult to accurately
determine the boundary between the surface and volume. It is believed that
the surface properties of a solid begin to appear at the interface between two
media and end at a depth of about 100 nm. The width of the interface for
various compact materials starts from 0.4—1.5 nm. Film materials in the range
0.5-100 nm are also characterized by a strong dependence of properties on
thickness [13]. Therefore, the surface can be regarded as a physical object
whose properties are determined by a combination of physical phenomena of
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a three-dimensional volume, a two-dimensional surface, and in some cases a
one-dimensional component. Such an approach allows to consider and reveal
a whole class of structures having a fractional dimension in the approximate
range from 0.5 to 3.3, whose properties substantially exceed the properties
of bulk materials. In connection with this, the question naturally arises of the
properties dependence of a solid body (hardness, mechanical characteristics,
etc.) and total surface energy. The specific surface energy determined by the
Gibbs-Curie principle and Wulff’s law [14-16] is calculated as follows:

Oua = 6hk1 -T ( dthl j 4.1)
p

dT

where 8, is the specific total surface energy; T—temperature. B.F. Ormond
[17] has shown that it depends on the atomization energy € (the atomization
energy means the energy expended on the decomposition of the structure into
its constituent atoms) that is computed as follows:

Q

Oua = Mshkl 3_2 (4.2)

where M, is the structural constant of the surface energy, depending on the
structural type and the face symbol (hkl); a—period of identity. Equations
(4.1) and (4.2) allow concluding that the atomization energy, which determines
the mechanical properties of the material, also determines the specific surface
energy, which is confirmed by the experimental results. It can be seen that by
changing the value o, ,, one can change the enthalpy H several times. This
conclusion coincides with the traditional approaches to the problem of the
strength of a solid, in accordance with which the limiting stored energy of
the crystal lattice under mechanical and other effects (for example, thermal)
is determined by the enthalpy of the metal at the melting point. The question
of the dependence of hardness and mechanical strength of solids on energy
characteristics has long attracted the attention of many scientists in view of its
theoretical and practical importance. So, the connection between the energy
and mechanical properties of solids is proven. Then, using the generalized
equation of the first and second laws of thermodynamics for the surface of a
solid, it can be written

dU, = TdS + odF + X p,dn, (4.3)

where U is the internal energy; S—entropy; c—specific surface energy
(surface tension); F—area; p—chemical potential; n—mole fraction of the
substance, we can conclude that the greater the internal energy of a solid, the
higher its mechanical characteristics (yield stress, hardness, wear resistance,
etc.). In a three-dimensional structure in an ideal crystal lattice, entropy and
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internal energy can only be increased by increasing the bond energy and the
number of these bonds (i.e., by changing the composition and structure). In
this case, as the hardness of the material increases, its fragility increases. In
a two-dimensional system, in accordance with Equation (4.3), the internal
energy can also increase due to the increase in entropy. This fact is confirmed
by experimental observations of phase transitions on the surface of a solid
and measurements of thermal conductivity in the bulk and on the surface.
Considering that:

TC
S= £ T dt (4.4)
where C is the heat capacity; T—temperature, it is clear that the heat capacity,
and hence the entropy of the surface is much higher than the entropy of the
volume.

Differentiating Equation (4.4) and substituting in the Equation (4.3), one
can obtain:

dU, =CdT + odF + > p.dn, 4.5)

Experimental data confirm the fact that in the transition from a massive material
to nanocomposites and with a decrease in the particle size, the heat capacity
increases on average of 1.2-2 times, and consequently, the internal energy and
entropy of the system increases. Thus, it can be said that the plasticity at the
expense of the growth of the entropy factor can increase at the surface with
increasing internal energy and increasing hardness. This provision has also
received experimental confirmation.

The change in the ratio of volume to surface occurs due to changes in the
shape and structure of the nanoparticles entering the nanocomposites, and due
to a change in the structure and properties of the interface. Experimentally,
this statement is confirmed by the dependence of the properties of film
materials on the thickness. With a decrease in thickness, the maximum failure
stress of nanocomposites and the longevity increase, i.e., their mechanical
durability also increases. Returning to the generalized equation of the first and
second laws of thermodynamics (4.3), one should pay attention to the third
term on the right hand side of the equation, which unequivocally indicates an
increase in the internal energy of the system when a chemical potential occurs.
The driving force of a chemical reaction is related to the concentrations of
reactants and products is: a[A] + b[B] — c[C] + d[D]. The ratio of products to
reactants is expressed by the equation: [C]° [D]¢/[A]* [B]® = Q. At equilibrium
this ratio is equal to the equilibrium constant. For a closed system at constant
stress and constant temperature, the criterion for equilibrium is that the total
free energy of the system (G, ) is at minimum value. The Total Free Energy is
the sum of the free energies of each component.
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Gt

where G, = Free energy/mole of (i); n, = number of moles of ().

= 1’1AC}A + nBGB + 1IIC(}C + 1IID(}D

ot

For a reaction proceeding in incremental amounts toward equilibrium,
the change in G, is proportional to dG, where AG = (Zv;, G,) products—
reactants, where: v, = the stochiometric coefficient; G, = the free energy per
mole. Applying to the base equation: AG = AH — TAS (at constant T and P):
(@) AG < 0, and G, decreases as the reaction proceeds, if the reaction
is spontaneous; (b) AG = 0, therefore the reaction is at equilibrium, and
G, is at a minimum; (¢) AG > 0, the reaction is not spontaneous as written,
but proceeds in the opposite direction. Values of AG for a reaction can predict
whether or not reactions are possible.

4.3 Chemical aspects of nanocomposite structures and
reaction kinetics

Chemical reaction kinetics deals with the rates of chemical processes. Any
chemical process may be broken down into a sequence of one or more single-
step processes known either as elementary processes, elementary reactions,
or elementary steps. Elementary reactions usually involve either a single
reactive collision between two molecules (which we refer to as a bimolecular
step), or dissociation of a single reactant molecule, which we refer to as a
unimolecular step.

An important point to recognize is that many reactions that are written as
a single reaction equation in actual fact consist of a series of elementary steps.
This becomes extremely important in the theory of complex chemical reaction
rates. As a general rule, elementary processes involve a transition between
two atomic or molecular states separated by a potential barrier. The potential
barrier constitutes the activation energy of the process, and determines the
rate at which it occurs. When the barrier is low, the thermal energy of the
reactants will generally be high enough to surmount the barrier and move over
to products, and the reaction will be fast. However, when the barrier is high,
only a few reactants will have sufficient energy, and the reaction will be much
slower. The presence of a potential barrier to reaction is also the source of the
temperature dependence of reaction rates.

A study into the kinetics of a chemical reaction is usually carried out with
one or both of two main goals in mind:

1. Analysis of the sequence of elementary steps giving rise to the overall
reaction, i.e., the reaction mechanism.
2. Determination of the absolute rate of the reaction and/or its individual
elementary steps.



Creep Models of Nanocomposites: Deterministic Approach 151

4.3.1 Rate of reaction

The rate law is an expression relating the rate of a reaction to the concentrations
of the chemical species present, which may include reactants, products, and
catalysts. Many reactions follow a simple rate law, which takes the form:

v=Kk[A]'[B]"[CT’ (4.6)

i.e., the rate is proportional to the concentrations of the reactants each raised
to some power. The constant of proportionality, k, is called the rate constant.
The power a particular concentration is raised to is the order of the reaction
with respect to that reactant. Note that the orders do not have to be integers.
The sum of the powers is called the overall order. Even reactions that involve
multiple elementary steps often obey rate laws of this kind, though in these
cases the orders will not necessarily reflect the stochiometry of the reaction
equation. Other reactions follow complex rate laws. These often have a much
more complicated dependence on the chemical species present, and may also
contain more than one rate constant. Complex rate laws always imply a multi-
step reaction mechanism.

4.3.2 Integrated rate laws

In many simple cases, the rate law may be integrated analytically. Otherwise,
numerical (computer-based) techniques may be used. Three of the simplest
rate laws are given below in both their differential and integrated form:

A — P zeroth d[A]/dt = —k
A — P first d[A)/dt = —k[A]
A+ A — Psecond d[A]/dt = —Kk[A]?

A final important point about rate laws is that overall rate laws for a
reaction may contain reactant, product and catalyst concentrations, but must
not contain concentrations of reactive intermediates (these will of course
appear in rate laws for individual elementary steps).

If the heat generated in a reaction due to the reaction exothermicity
cannot be dissipated sufficiently rapidly, the temperature of the reaction
mixture increases. This increases the rate constant, and therefore the reaction
rate, producing more heat and accelerating the reaction rate still further,
and so on until an explosion results. Such explosions are known as thermal
explosions, and in principle may occur whenever the rate of heat production
by a reaction mixture exceeds the rate of heat loss to the surroundings (often
the walls of the reaction vessel). The second category of explosions arise from
chain branching within a chain reaction, and are known as chain branching
explosions (or sometimes, somewhat misleadingly, isothermal explosions).
In this case, one or more steps in the reaction mechanism produce two or
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more chain carriers from one chain carrier, increasing the number of chain
carriers, and therefore the overall reaction rate. In practice, both mechanisms
often occur simultaneously, since any acceleration in the rate of an exothermic
reaction will eventually lead to an increase in temperature. When the Arrhenius
equation [Rate (k) = exp(—E /RT)] is applied to the overall kinetics of a multi-
step reaction, E_ simply becomes an experimental parameter describing
the temperature dependence of the overall reaction rate. E, may vary with
temperature, and may take positive or negative values. In this context, the
activation energy is defined as:
d(Ink)

E, =RT"——— 4.7
. T (4.7)

There are a few observations that follow from Equation (4.7).

1. The higher the activation energy, the stronger the temperature dependence
of the rate constant.

2. A reaction with no temperature dependence has an activation energy
of zero (this is common in ion-molecule reactions and radical-radical
recombination).

3. Negative activation energy implies that the rate decreases as the
temperature increases, and always indicates a complex reaction
mechanism. Simple collision theory provides a good first attempt at
rationalizing the Arrhenius temperature dependence seen for many
reaction rate constants. However, at a quantitative level the predictions of
the theory are far from accurate. If it is considered that a chemical energy
arises at the interface between the two media, then the internal energy of
the nanocomposites will naturally grow. Structural changes on the surface
entail a change in surface energy, so the development and modification
of the surface, which entails an increase in surface energy, leads to an
increase in the mechanical characteristics of the material. Dependence of
the physical and mechanical properties of a solid on the value of internal
energy allows us to draw the following conclusions:

» the change in the surface structure over a wide range allows one
to change the energy of the surface, and hence the mechanical and
physical properties of nanocomposites. The range of properties can be
significantly higher than for bulk materials;

+ changing the thickness of the film also makes it possible to significantly
change the surface energy, and hence the properties of the film.

Thus, there is a real technological opportunity to change the properties
of the material, giving it characteristics unattainable for bulk materials. In
practice, the increase in internal energy is solved by increasing deformation
of the bond and the creation of point defects by doping using implantation
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or diffusion methods or, for example, coating a material that, a priori has
a higher internal energy, and hence mechanical properties. Based on the
foregoing, it can be concluded that from a certain geometric size (about 100
nm or less), all materials have significantly higher energy than in the bulk
material. Therefore, nanoscale materials and structures are self-organizing
stable systems that provide cooperative behavior of electronic, phonon and
other subsystems and possess mechanical and dynamic characteristics that are
unattainable for massive structures. Formation of a heterogeneous metallic
phase in a chemical recovery in solution occurs in two main stages: nucleation
(nucleation) and growth of the cluster formed. The nucleation of a new phase
proceeds during an oxidation-reduction reaction, the driving force of which
is the positive value of the difference between the two potentials—a reducing
agent and an oxidizer. The initial stage (induction period) is characterized by
a low rate. The dependence of the conversion of metal ions on time has the
form of an S-shaped curve on which the site of induction, acceleration and
deceleration of the reaction is distinguished (see Fig. 4.2) [18].
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Figure 4.2: Induction, acceleration and deceleration of the reaction.

4.3.3 Dependence of the conversion of metal ions on time

The first section (I) is the induction section. It is characterized by low speed
reaction. In this case, small stable particles are formed that have catalytic
activity. Next is the acceleration section (II). In the third section (III) with
the consumption of reagents and the stabilization of particles, the reaction
rate decreases. The activation energy for the formation of stable nuclei of
the new phase is sufficiently large, since the induction period proceeds under
homogeneous conditions. The duration of the induction period depends on the
nature of the reagents, their concentration and ratio, temperature, the presence
of various catalytic impurities, etc. For many systems, the conversion of metal
ions for the induction period is usually not more than 5%. Strong reducing agents
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(alkali metal tetrahydroborates, hypophosphite, hydrazine, hydroxylamine,
etc.) reduce the induction period, while weaker ones (formaldehyde, glucose,
alcohols, etc.) increase it. Stable particles have a size of at least 1 nm and
are formed by successively increasing small particles with reduced atoms
metal [18]. In the transition from a homogeneous regime to a heterogeneous
one (formation of nuclei new phase), at which the activation energy of the
reaction is much lower, acceleration of oxidation-reduction reaction is
observed. Homogeneous nucleation becomes energetically unstable, and the
reduction of metal ions proceeds mainly on the already formed clusters (the
growth stage). The clusters serve as carriers of electrons from the molecules
(ions) of the reducing agent to the metal ions that are reconstructed on their
surface, thereby catalyzing the reduction process.

The growth of new phase nuclei can also precede as a result of their
aggregation (coagulation) processes. Stabilizing ability of polymers, which
determines the speed interaction of nuclei with a growing particle, is of
great importance at the stage of growth. Therefore, a higher rate of binding
of the polymer to the growing particle as compared to the growth rate of
the particles themselves is one of the conditions for obtaining a finely
dispersed nanoparticles size distribution in the polymer matrix. In this case, a
protective adsorption polymer layer is formed, which prevents particle
coagulation [19]. Thus, during the induction stage, the aggregation processes
formed at the stage of induction of nuclei, as well as the rate of interaction of the
polymer and metallic components determine the dimensional characteristics
of crystallization process. An increase in the duration of the induction stage
promotes a greater appearance of new phase nuclei in the reaction medium.
An increase in the concentration of nuclei promotes the growth processes due
to their aggregation, the suppression of which is also a necessary condition
for obtaining narrow-dispersed nanoparticles. General approaches to the
synthesis and investigation of nanocomposites, including nanoparticles of
metals and their oxides dispersed in polymeric material are described in a
number of works [20-23].

4.3.4 Physicochemical aspects of formation of structured
nanocomposites

Chemical thermodynamics is a branch of physical chemistry, in which
thermodynamic methods (general thermodynamics) are used for analysis
of chemical and physicochemical phenomena: chemical reactions, phase
transitions and processes in solutions. Chemical thermodynamics uses for
calculations parameters that are known from experience—data about the
initial and final state of the system and the conditions under which chemical
process is evolving (temperature, pressure, etc.). Consequently, chemical
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energy is an integral part of the general Gibbs theory (and hence the integral
creep equation), for example, in the case of the creation of nanocomposites
materials (the ‘nucleation and growth of clusters’) by the synthesis of
chemical elements or by an autocatalytic chemical reaction. Many of nano-
chemical processes can be described (at least in engineering applications) as a
first order chemical reaction, except for autocatalytic reactions. Autocatalysis
is the process of catalytic acceleration of a chemical reaction by one of its
products. The kinetic curve of the product of the autocatalytic reaction has a
characteristic S-shape. The rate of these equations for autocatalytic reactions
are fundamentally nonlinear. There are many methods for Measurement of
Reaction Rates: one might monitor the concentrations; the total volume or
pressure if these are related in a simple way to the concentrations. Whatever
the method, the result is usually something like that illustrated in Fig. 4.3.
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Figure 4.3: Concentration of reactants vs. time.

The usual way of deriving kinetic equations involves application of the
principle of conservation of mass in conjunction with the law of mass action.
The corresponding differential equations are easy to write down by applying
the law of mass action and they are deterministic in the sense that the kinetic
parameters and initial state of the reaction system completely determine the
future states. The simple fundamental equation that describes an autocatalytic
process is as following:

del_ YS[CP (1-[C])* Ze (4.8)
dt

[C] is the product concentration fraction at any specific time, t. The derivative,
d[C]/dt, is the rate of the reaction. E_ is the “Arrhenius activation energy,”
and Z is the “Arrhenius pre-exponential”, it applies only to a single specific
reactant being studied. The value of the “rate constant,” k = d[C]/dt is different
at each specific temperature: It is a constant only at one temperature, and it
applies only to one specific reaction. All of these values have fundamental
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meaning in the chemical reaction. The exponent indexes p and q allow the
prediction of the position of the maximum rate in an autocatalytic process,
i.e., the amount reacted at the maximum rate—at given temperature. An
example of autocatalytic rate curve is shown in the Fig. 4.4. Notice that the
rate increases with time in the autocatalytic curve, at constant temperature,
until it reaches a maximum reaction rate. Then the rate decreases. However,
the initial rate at any temperature is much lower than the maximum rate.

dC/dt
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Figure 4.4: Maximum reaction rate.

The rate of these equations for autocatalytic reactions should be presented
by using the conservation of mass differential equation similar to Equation
(4.8). In order to simplify the heat and mass conservation equations the
following assumptions are made in this book:

* The heat transfer due to conduction can be neglected due to nanometer
scale of elements.

* The increase in energy flux (in addition to heat combustion release) is due
to natural convection.

* The loss of energy is due to irradiation only (the conductive heat loss
to the atmosphere are neglected due to much weaker dependence on
temperature).

Let’s consider now the spatial averaging of temperature and unsteady
first-order chemical reaction rate. The Equation (4.8) are written now
in dimensionless form and simplified further due to assumptions made
above [24]:

D _ 8(1-C)* exp( 0 ) — 06
oC ) 0

— = 18(1-C)" exp( )

ot

1+p6
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For an autocatalytic process the simplified Equation (4.8) has the form as
follows

00 0 4

—=38C"(1-C)* exp( )— o0
o

dc =y8C*(1-C)%e"™

dt

The solutions of Equations (4.9) and (4.10) are presenting temperature-
time functions m; m1; m2 and m21 that are used in constitutive creep equations
for nanomaterials. The more accurate analysis of temperature-time functions
obviously can be obtained if the second Equation in (4.9) and (4.10) will be
substituted by the corresponding solution of kinetic equation (for a given
chemical reaction of a particular nanomaterials. For the detailed analysis of
chemical energy and application of it to the nanocomposites behavior under
high temperature loading conditions see Chapter 5.

4.4 Mechanical properties of nanocrystalline metals
and alloys

In this section, we review the principal mechanical properties of nanocrystalline
metals. At the outset, it should be emphasized that porosity is of utmost
importance and can mask and/or distort properties. The early “bottom-up”
synthesis methods often resulted in porosity and incomplete bonding among
the grains. This decrease in Young’s modulus with porosity is well known and
is indeed expressed in many mechanics simulations. One of the equations is
Wachtman and Mackenzie [25, 26]:

E=E (1 -f *pr—{ *pr’) (4.11)

where pr is the porosity and fl and f2 are equal to 1.9 and 0.9, respectively.
For relatively low porosity, p2 can be neglected and we have, approximately
E = E (1 — f, *pr). The yield stress and tensile ductility are simultaneously
affected. The decrease in strength is obvious. The existing pores provide
initiation sites for failure.

4.4.1 Yield strength

Grain size is known to have a significant effect on the mechanical behavior
of materials, in particular, on the yield stress. The dependence of yield stress
on grain size in metals is well established in the conventional polycrystalline
range (micrometer and larger sized grains). Yield stress, ¢, for materials with
grain size d, is found to follow the Hall-Petch relation [27, 28]:
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6, =o,+kd"” 4.12)

where 6, is the friction stress and k is a constant. Equation (4.12) is approximate,
and a more general formulation is to use a power law expression with exponent
n, where 0.3 <n < 0.7. The mechanical properties of metals with nano-range
grain sizes have been estimated from uniaxial tension/compression tests and
micro- or nano-indentation. Often micro-size tensile samples are used to avoid
the influence of imperfections, e.g., voids that might adversely influence the
mechanical response of the material. Nanomaterials with particle size of
1-100 nm are of current interest because they show noble physical and
chemical properties that may differ from those of the corresponding bulk
counterparts. Nano-solids can be the spherical nano-solids, nano-wires or
nano-films. Many physical properties such as hardness, melting temperature,
etc., may be dependent upon the particle size. Conventional methods of
strengthening metallic materials involve enhancing resistance to dislocation
motion by refining length scales of intrinsic microstructures, e.g., grain or
particle size and spacing between solute atoms, second phases or particles, etc.
In fibrous or particle-reinforced polymer nanocomposites (PNCs), dispersion
of the nanoparticles and adhesion at the particle—matrix interface play crucial
roles in determining the mechanical properties of the nanocomposites.

4.5 Creep of small coarse grained and nanocrystalline
materials

4.5.1 Creep mechanisms in small coarse grained materials

Creep in coarse grained materials has been studied for many years and
phenomenological models exist that explain mechanisms involved therein.
Creep analysis in nanocrystalline materials are much more complex due to the
following: (1) there are the limitation of synthesizing bulk nanomaterials free of
defects (porosity and impurities) that could provide reliable creep deformation
data; (2) significant increase in the volume fraction of grain boundaries that
renders complication in the creep micromechanics and leads to challenges in
developing a corresponding phenomenological model that could explain the
creep deformation process; (3) grain growth process is a combination of heat
flux delivered to the system and the heat flux due to autocatalytic chemical
reaction, which in itself presenting a very complex micro-scaled process
with many stages and uncertain parameters. Phenomenological models
presented in this book reflect the relative simplicity of the collective creep
behavior of nanocomposites, automatically including the minimum amount
of dimensionless parameters to avoid over-fitting but lacking all intermediate
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chemical kinematics and mechanics explanations. Thus, phenomenological
models exploit correlations among observed data to make predictions about
similar experimental data.

4.5.2 Phenomenological creep models of nanocrystalline materials

The integral representation of creep process is a very appealing theoretical
concept, since it is not limited to a particular material or class of materials.
This chapter reviews the thermodynamic development with a special view to
developing a better understanding of the nature of the four nonlinear parameters
which appear, as well as their physical origin. A mathematical expression for
the phenomenological creep models of nanocrystalline materials that include
the entropy of the whole system (sum of entropies of the subsystems) will
have the form [29]:

E)[e(t)]=o(t) + j. K, [t—T1,0(7)]dT + j K,[t—1,0(t)]dt + j K,[t—1,0(D)]dt (4.13)

First integral on the right hand side of the Equation (4.13) represents
the entropy flows into the volume element; second represents the entropy
source due to creep dependence on stress and temperature that are lumped
together, and finally the third represents the entropy source due to micro-
structural rearrangements related to creep dependence on thermally activated
structure evolution (dislocation density; chemical kinetics and autocatalytic
processes) of nanomaterials only. Based on the simplifications introduced in
the author’s previous work [30], and a system of dimensionless parameters
and variables (stress and temperature) integral Equation (4.13) with variant
kernels K ; K, and K, is solvable for creep stress now. This together with
the two dimensionless temperatures-time equations (one for the entropy
flows into the volume element, and the other one for the entropy flow due to
chemical energy thermally activated by nanocrystalline structure evolution)
obtained from the corresponding conservation of energy and mass equations
are as follows [30]:

t=m=(0.0405%0 — 0.01126*6"2 + 0.0014626*3 — 0.00006868*6"4)

ml = (0.0405 — 0.02252*0"1 + 0.004386*06"2 — 0.0002747*6"3)

4.14
T=m2 = 1.2660 +2.120> — 3.0770° + 1.0856" (4.14)

m21=1.266+4.24 6 —9.231 6> + 4.34 6°

The former Equation (4.13) can be explicitly rewritten with the reduced
times and their first derivatives (m; m1 and m2; m21) as:
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E(0)[0]=0c(0) + il).eﬁK1 (6,7)0" (t)m1dt + jleﬁf1 [6(1)]K,(6,1)c" (t)m1dt +

9 T
+ j %e“ﬂ*fz[d-‘ (DIK, (6, 7)o(t)m21dt

2

K, (0,7) = m1() 3 exp(~ct, m(©) exp(ct, m(x))

K, (0,0 =mI(D)3 ¢ exp(-B, m(©)) exp(, m(x)

T

K, (6.7) = m21(0)} ¢ exp(-,, m2(0)exp(B, m2(x)

fi(o)=A,0"; s=1,2,3..,M; f,(d)=A,[d"(1+d")][;0<q<1

(4.15)

Consider now f1 and {2 as increasing and decreasing functions respectfully.
Equation (4.15) in this case is as follows:

T

E(0)[0]=0c(0) + ie“‘”Kl (06,7)c" (r)m1dt + iAzfz [c(DIK,(6,71)c" (t)m1dt +

+Je'%A3f3[d(r)]K3(9, Do(1)m21ds

1

K,(6,7)=0,(0)f, (1) = ml(T)i exp(—a, m(6)) exp(a; m(7))

T

K, (6.7) = ml(0)> exp(~p,, m(6)) exp(B,, m(1))

i=1

T

K, (6.7) = ¢ " m21(0). exp(~B,, m 2(0)) exp(B,, m2(x)

f,(c)=0"; s=1,2,3.,M; f,(0)=A, [d"(1+d")];
d=0¢(0); k=E,/E,; A, =const.; A,(0)=A,f(0)
(4.16)

4.5.3 Nucleation and growth process of nanoparticles

Recently, much attention has been paid to the study of regularities and
mechanisms of diffusion-controlled grain growth during the recrystallization
of nanostructured materials. The process of growth of nanoparticles controlled
by bulk diffusion of carbon or the chemical reaction of their formation on
a semi-coherent matrix (particle) interface can determine the kinetics and
temperature dependence of the growth rate of grains up to the temperature
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of the onset of secondary recrystallization, when the boundaries of individual
grains playing the role of clusters with this kind of recrystallization, break away
from particles. Investigation of the patterns of degradation of nanocomposites
at elevated temperatures will allow predicting the development of structured
degradation processes at variable high temperatures acting for long and short
times. A, = f(0) reflects the laws of phase and structured transformations of
nanomaterials elucidated from microscopic and micro structured analysis.
Due to the fact that the temperature effect on the process of degradation of
the nanocomposites structure depends strictly on the chemical composition
(nature) of this particular material, the function f(0) can have a different
form (continuous or piecewise continuous function), and, therefore, must
be determined (at least from qualitative side) on the basis of microscopic
experimental analysis and data. As noted above, the main attention from the
practical point of view should be given to the process of transition from one
phase state to another as the temperature varies with time. A simple example
of such process is the process of changing the size of a piece of ice placed
in a vessel with water when the vessel is heated by a variable with time
temperature. Another simple example is a system of dilute molecules diffusing
in a homogeneous environment. In this system, the molecules tend to move
from areas with high concentration to low concentration, until eventually the
concentration is the same everywhere. The microscopic explanation for this
is based on kinetic theory and the random motion of molecules. However,
it is simpler to describe the process in terms of chemical potentials: for a
given temperature and time, a particle has a higher chemical potential if a
concentration is higher, and a lower chemical potential if concentration is
lower. Movement of particles from higher chemical potential to lower
chemical potential is accompanied by a release of free energy.

4.5.4 Modeling of nucleation and growth process of nanoparticles

Formation of metal-containing nanocomposites using high-molecular
compounds increased the interest of researchers, as it is associated with
broad practical possibilities of their application. A fundamental understanding
of the formation and stabilization of metallic nanoparticles by polymer
compounds is fundamental to the creation of metal-polymer nanocomposites
systems with desired flexibly configurable properties. As stabilizing
matrices in such compounds, polymers are capable of interacting with the
emerging nanoparticles metals. Of particular interest are high molecular
compounds, containing in their composition heterogeneous in terms of
functionality groups, capable of stabilizing metal nanoparticles, preventing
their aggregation. In this connection, homo-polymers and copolymers
of 1-vinyl-1,2,4-triazole are promising which, due to the presence of the
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nitrogen-containing heterocyclic moiety and the functional groups of the
co-monomers, are able to effectively interact with metallic nanoparticles at
the earliest stages of their formation, regulating their growth, aggregation,
dimensionality and uniformity of distribution in the polymer matrix. The
most common kinetic law of the formation of nanoscale particles (NP) is the
combination of a high rate of nucleation of a metal-containing phase with a
low rate of its growth. Two main approaches to obtaining an NP-condensation
(physical and chemical methods) and dispersing have emerged. The first is
connected with the “assembly” of the NP from individual metal atoms during
the phase transformation, the second—with the grinding of coarsely dispersed
particles to the size of the NP. In chemical methods, chemical transformations
are the main “supplier” of the material being formed, but the formation of a
new phase is necessarily associated with a phase transition (physical process).
Significantly less frequently, NPs are obtained by mechanically dispersing
massive particles, but acoustic dispersion of solids is intensively developed.
These methods make it possible to obtain metal-containing particles of
different levels of dispersion with a variety of physicochemical properties.
The identification and control of numerous growths parameters is crucial for
the development and optimization of the synthesis process, study of growth
mechanisms and fabrication. Therefore, the detailed study of the effect
of experimental conditions such as time, temperature, catalyst, carbon gas
precursor, among others, is of great relevance and now it is the subject of
many experimental researches. The development of technologies involving
nanomaterials can result in nanocomposites structural elements characterized
by high performance, low mass and low consumption of energy. Thermal
chemical vapor deposition (CVD) has been shown to be an efficient and
versatile technique for the chemical synthesis processes. However, many
challenges (in particular, the lack of precise control of the nanoparticles
growth during the CVD process) still have to be addressed.

The growth processes of nanoparticles in thermal synthesis usually
are investigated numerically. Considering the free energy gradients for
particle formation in a binary system, the model simulates the collective
and simultaneous combined process of binary nucleation and binary
co-condensation of high temperature vapors, and coagulation among
nanoparticles. The gradients of the free energy of particle formation, W,
composed of the chemical potentials and the surface energy are evaluated for
nanoparticles with each size and each composition. Modeling of nucleation
and growth processes are performed by the molecular dynamics method. Time
of nucleation and speed of clusters growth is obtained for different densities
and temperatures. The bases of classical nucleation theory usually are tested
and recommendations for multi scaling modeling of nucleation process are
performed.
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The following are the features of the behavior of the system when the
density and temperature change should be considered.

1. The dependence of the rate of nucleation and growth on the density is
a power law, which allows to state that the growth of clusters can be
described through Brownian collisions, the number of which per unit time
is proportional to the square of the density. In this case, the coefficients of
adherence of atoms, fusion and destruction of clusters, of course, cannot
be considered constant, but a function of time and temperature.

2. A linear, with good accuracy, form of the dependence of the nucleation
time and growth of clusters on temperature suggests that the coefficients
governing the adhesion of atoms, clusters, and the decay of clusters in the
process of Brownian collisions also have linear temperature dependence.
This allows constructing a model for gas-dynamic theory, which
quantitatively describes the nucleation and growth of clusters. The results
obtained in molecular dynamics (MD) showed that the nucleation theory
in the Frenkel [31]; Zel’dovich [32] and Brennen [33] interpretation
correctly determines the mechanisms of nucleation and growth of clusters,
but the quantitative parameters for describing these processes cannot be
obtained analytically due to the large number of factors influencing them.
To use the results of molecular dynamics simulation in modeling by the
methods of continuous medium dynamics, it is necessary to construct a
quantitatively correct macroscopic model. In this model, it is reasonable
to assume that:

1. all processes (growth and decay) occur in the collision of monomers
and/or clusters. Clusters can be considered spherical, and the scattering
cross section is determined by the classical ratio:

3\/ n 2/3
G=ﬂ?(8 a j 4.17)
4r

where n is the number of atoms in the cluster, v,, is the volume of
one atom. The inaccuracy of this representation is corrected by the
sticking parameters, which depend on the size of the cluster and the
conditions in the system.

2. Clusters “all with all” are taken into account for clusters and
monomers. In this case, two clusters always stick together (for a small
concentration of clusters this process is unlikely, so this assumption
does not affect the nucleation process). In addition, the process of
merging clusters is energetically beneficial, which leads to almost
100% of the probability of sticking.

3. The interaction of clusters with monomers and small clusters is
determined by the growth coefficient = b(n)/a(n) is obtained from
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molecular dynamics modeling. Here b (n) is the probability of growth
(sticking coefficient), a(n)—probability of cluster decay. The growth
coefficient determines the stability or instability of the cluster. The
growth coefficient determines the stability (B, > 1) or instability (8 <1).

4.6 Basic creep equations and nanomaterials parameters
relations

Consider the creep deformation of a nanocomposite material under conditions
of high temperature load. The elastic components of the deformation are
omitted, since it is assumed that the main deformations are due to high
thermal external load. It is also assumed that the heat impact induces the short-
term creep under conditions of viscous or viscoelastic nonlinear flow (see
Chapter 3). The single integral type nonlinear creep equation (taking into
account the grain size effects, nucleation and growth process of nanoparticles
and its dependence on temperature) describing the behavior of the nano
material obeying the generalized Gibbs energy theory, explained above, can
be written in the form similar to the integral creep Equation (4.16) for bulk
homogeneous isotropic material as follows:

T )

YK, (0,7)c" (1) m1dt + je"ﬂ“““Kz (0,7)0" (t)m1dt +
0

E(©)[0]=0c(0) + j‘e

0
E
+ j E—“e%““”& (0,7)o(t)m21dt

0 2

K,(0,7) =@, (0)f, (1) = ml(r)iexp(—ai m(0)) exp(ct, m(1))
) . - (4.18)
K, (0,7) = """ ml(1)> exp(-B,, m(0)) exp(B,, m(t))

i=1

K, (0.7) = & "'m21(%)3 exp(—p,, m2(0)) exp(B,, m2(v)
f,(0)=A,0"; s=1,2,3...M; f,(0)=A, [d*(1+d"*)]; d=k6

The computer code presented below allows to analyze and compare
the combination of different factors affecting creep deformation process of
nanocomposites (such as: thermal stresses in a given structural engineering
system, different length and time scaling factors; chemical composition of
nanocomposites and their transformation with time and temperature changes,
etc.); as well as a separate influences of each component on creep. This allows
us not only to see the reaction of a nanocomposites on high temperature load,
but to optimize the mechanical properties of such materials based on given



165

Creep Models of Nanocomposites: Deterministic Approach

working loading conditions. Since the integral creep Equation (4.18) is
written in dimensionless form, the numerical analyses below are presented
for various parameters A2; A3; 0°; Gg; 0; p as well as functions f, and f,
describing the nucleation and growth process of nanocomposites. In this book
the various types of functions f,(0) are considered (continuous, monotonic,
piecewise-continuous, and so on) in order to study their qualitative influence
on the process of engineering creep of the nanocomposites, more precisely,
on the nature of the change in the stress-temperature-strain (STS) diagram.
The solutions of Equation (4.18) for some particular expressions of integrants
are presented below via Examples. The actual forms of integrants in
Equation (4.18) obviously should be based on simple uniaxial creep tests data
and corresponding temperature-time functions of external heat transfer to
the system as well as internal heat of chemical reaction itself (temperature-
time relationship m2 and m21) is defined in this case by the solution of
corresponding chemical kinetic equation—see Chapter 5.

4.6.1 Effect of function f3 (nucleation and growth process of
nanoparticles) type on creep process

An analysis of the effect of the type of function f3 on the character of the
creep process described by the single integral Equation (4.18) begins with
the simplest case when A2 = A3 = 0. Obviously, in this case this the equation
becomes a well-known creep equation for uniaxial tension of an isotropic
material with one difference: the instant modulus of elasticity of the composite
is determined by the “rule of mixture” (matrix and uniformly dispersed
nanomaterials).

Example 4.1:
A =0;A,=0;u1,=0.1;E/E,=k=0.1
E, and E, are modulus of elasticity of matrix and nanomaterials respectfully

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 0 0 0 0
2 A3 0 0 0 0
3 E 1.9 0.475 1.9 0.475
4 El 1. 0.25 1. 0.25
5 3 0 0 1. 1.
6 f31 5.0E-06 0 1. 0
7 32 0.999999 0.449329 0.999999 0.449329
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8 33 6.162E-11 6.162E-11 0.9998458 1.015E-05
9 34 1. 0 1. 0

10 I 0.1 0.1 0.1 0.1

11 k 0.1 0.1 0.1 0.1

12 4.05E-07 4.05E-07 0.0705907 0.0705907
13 ml 0.0404998 0.0003976 0.0404998 0.0003976
14 m2 1.266E-05 1.266E-05 3014.544 3014.544

15| m21 1.266042 0.5327369 1666.482 1666.482

16 1. 1. 1. 1.

17 0.5 0.5 -0.5 0.5

18 s 1. 1. 1. 1.

19 t 1.0E-05 1.0E-05 8. 8.

20 Y1 1.9E-05 1.9E-05 5.591693 3.8

21 z 1.9E-05 1.9E-05 4.660971 1.409941

22 zl 0 0 2.391747 2.391747

23 z11 0 0 1.156661 1.156661

24 | zlll1 1.0E-05 1.0E-05 2.392408 0.844155

25 z2 0 0 0 0

26 z22 0 0 0 0

27 z3 0 0 0 0

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z*n

2 d(z2)/d(t) = (exp(t/(1 + 0.067%t)))*(A2*(zs))*((exp(0.01*m)))*m1*z"n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(£3*(t"p/(1 + 0.1%t p)))*((exp(
0.01*m2)))*m21*z*n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111%n

5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z111%8))*((exp(0.01*m)))*m]1

*z111™n

Explicit equations
I m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 m2=1.266%t+2.12*t"2 - 3.077*t"3 + 1.085*t"4
4 n.=0.1
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5 k=0.1
6 n=1.0
7s=1.0

8 E =(0.625—0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)* (0.625 —
0.375*(tanh(5*(t — 5))))*(fi)

9 A2=0

10A3=0

I1p=-0.5

12 z =t*E—~(z1+22)*((exp(-0.01*m)))—z3*(exp(-0.01*m2))

13 m21 = 1.266 + 4.24 *t—9.231 *t"2 + 4.34 *t"3

14 £3 = if (t <4) then (0) else (1)

15 131 = (1/16)*t*(8 — t)

16 32 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2

18 34 = if (t <4) then (1) else (0)

19 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0

20 111 = t*E1—~(z11+222)*((exp(~0.01#*m)))—z3*(exp(~0.01*m2))*0

21 Y1 =t*E

e STS A2 = A3 =h
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Figure 4.5: STS diagram: A2 =A3=0.

Upper curve—STS relationship in Fig. 4.5 of a composite is due to
instantaneous thermal stress (without creep effect). Lower curve—STS
relationship in Fig. 4.5 of nanocomposites is due to instantaneous thermal
stress; internal stress effect on creep deformation process (with creep effect)
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Approximation by polynomial (STS without creep)—upper curve

Model: Y1 = al*t+ a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value
al 1.172343
a2 1.110332
a3 -0.4789155
a4 0.0601987
as —0.0023704
o=1.1720 + 1.11 6> - 0.479 6° + 0.06 6* — 0.00237 6° (4.19)

Approximation by polynomial (STS with creep)—lower curve

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value
al 1.22796
a2 0.9839048
a3 -0.4510116
a4 0.0566827
as —0.0022081
o =1.2280+0.9840% - 0.4510° + 0.05670* — 0.00226° (4.20)

As can be seen from the above diagrams (see Figs. 4.1-4.5), the allowable
stresses that are taking into account the creep of the composite, are less than
the corresponding allowable stresses without considering the creep process of
the composite, that is, in this case the stresses are simply equal to instantaneous
stresses that vary with time, due to the change in the modulus of elasticity
with temperature (time).

Of course, taking into account the influence of stresses caused by a high
temperature load leads to a further decrease in the allowable stress, and the
use of nanoparticles as a filler of the composite should lead to an increase in
the strength of the nanocomposites. Such problems of creep deformations are
considered below.

Depending on the specific chemical composition and the phase state of
the nanomaterials, the second part of the function {3 can be monotonically
increasing (p > 0) or monotonically decreasing (p < 0) (see Fig. 4.6). For
simplicity’s sake, consider the case (p < 0), but different forms of the first part
of the function f3. This part of the function f3 is responsible for the description
of the growth process of nanomaterials grains under the influence of a high
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temperature load and their dependence on time (and hence on temperature),
as well as mechanical bonding to the matrix material. Such dependence can
be constant (the nanomaterials and matrix are rigidly connected during the
entire duration of the action of the temperature load [0 <6 <0 __ ] without
the formation of micro cracks); it can be variable (and the instantaneous
modulus of elasticity of the nanocomposites is calculated by the “rule of the
mixture”). For the convenience of numerical analysis, all 5 (five) of these kind
of functions f3 are given in the general form of a computer code and can be
easily interchanged in the analysis of a particular creep process for a particular
type of nanomaterials.
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Figure 4.6: Chemical reaction rates.

The general computer code is as follows:

m = (0.0405%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
t(0) = 0.00001; t(f) = 8.0
z = t*E—(z1+22)*((exp(-0.01*m)))—z3*(exp(-0.01*m2))
d(z1)/d(t) = (exp(t/(1 + 0.067*1)))*((exp(0.01*m)))*m1*z"n
E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)*

(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
k =0.1;n=1.0;s=1.0;p=-2;fi=0.1; Y1 =t*E

z1(0)=0
d(z2)/d(t) = (exp(t/(1 + 0.067*1)))*(A2*(z"s))*((exp(0.01*m)))*m1*z"n
z2(0)=0

A2=1;A3=1
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d(23)/d(t) = K*(exp(t/(1 + 0.067%t)))*A3*(£35*(t"p/(1 + 0.1%t"p)))*((exp
(0.01*m2)))*m21%*zn

23(0)=0

m2 = 1.266*%t + 2.12*t"2 — 3.077*t"3 + 1.085*t"4
m21 = 1.266 +4.24 *t — 9.231 *t"2 + 4.34 *t"3
f3 =if (t < 0.9) then (0) else (1)
f31 = (1/16)*t*(8 —t)
32 = (exp(-0.1*t))
33 = (sin(3.14*t/4))"2
34 = if (t < 7.9) then (1) else (0)
35 = (1/8)*t"1
z111 =t*El—(z11 + z22)*((exp(-0.01*m)))
E1=(0.625 — 0.375*(tanh(5*(t — 3))))*1.0
d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111"n
d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1*(z1117s))*((exp(0.01*m)))*m1*z111"n
z22(0)=0; z11(0)=0
Consider now the first example of function f3 = f3(0) = if (t < 0.1) then (0)

else (1).

Example 4.2:

A, =1, A, =1, p =1, 3(0) = if (t < 0.1) then (0) else (1) ¢, = 0.1;
E/E, = 0.1 (ratio of initial value of matrix modulus of elasticity and initial
value of nanomaterials modulus of elasticity)

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 El 1. 0.25 1. 0.25
5 f3 0 0 1. 1.
6 31 5.0E-06 0 0.9999999 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9999963 1.015E-05
9 34 0 0 1. 1.
10 35 1.25E-06 1.25E-06 1. 1.
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1| f 0.1 0.1 0.1 0.1
12| k 0.1 0.1 0.1 0.1

13 4.05E-07 | 4.05E-07 0.0705907 | 0.0705907
14| ml | 0.0404998 | 0.0003976 0.0404998 | 0.0003976
15| m2 | 1.266E-05 | 1.266E-05 3014.544 | 3014.544
16| m21 | 1266042 | 0.545494 1666.482 1666.482
17| n 1. 1. 1. 1.

18] p 1. 1. 1. 1.

19| s 1. 1. 1. 1.

20 ot 1.0E-05 1.0E-05 8. 8.

21 Y1 1.9E-05 1.9E-05 5.592214 3.8

2| z 1.9E-05 | —0.0611572 2213671 | 0.0143329
23|zl 0 0 0.2350457 | 0.2350457
24| 2zl 0 0 0.79102 0.79102
25| z111 1.0E-05 1.0E-05 2.109287 | 0.5333333
26| 2 0 0 0.3451801 | 0.3451801
27| 222 0 0 0.6766824 | 0.6766824
28| 23 0 0 3.962E+13 | 3.962E+13

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067%)))*((exp(0.01*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1 + 0.067%)))*(A2*(zs))*((exp(0.01*m)))*m1*z"n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*1)))* A3*(£3*(t*p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111n

5 d(z22)/d(t) = (exp(t/(1 + 0.067%t)))*(1*(z11178))*((exp(0.01*m)))*m1*

z111"n

Explicit equations

fi=0.1
k=0.1
n=1.0
s=1.0

~N N bW N~

m = (0.0405%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 1.266%t + 2.12*t"2 — 3.077*t"3 + 1.085*t"4
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8 E =(0.625—0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)* (0.625 —
0.375*(tanh(5*(t — 5))))*(f)

9 A2=1

10A3=1

Ilp=-1

12 z =t*E—(zl + z2)*((exp(-0.01*m)))—z3*(exp(—0.01*m2))

13 m21 =1.266 +4.24 *t —9.231 *t"2 + 4.34 *t"3

14 £3 =if (t <0.1) then (0) else (1)

15 31 =(1/16)*t*(8 — 1)

16 32 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2

18 134 = if (t < 8) then (0) else (1)

19 35 = (1/8)*t"1

20 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0

21 z111 =t*E1- (z11 + z222)*((exp(-0.01*m)))

22Y1=t*E
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Figure 4.7: STS with nanomaterials creep-z; STS without nanomaterials creep-z111.
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Approximation by polynomial (STS with nanomaterials creep)—upper curve

Model: z = al *t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 3.759902
a2 -2.592692
a3 0.6510857
a4 -0.0707857
a5 0.0028206
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0 =13.760 —2.5936% + 0.6516° — 0.7086* + 0.002826° (4.21)

Approximation by polynomial (STS without nanomaterials creep)—lower curve

Model: z111 = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.516851
a2 —-0.2439001
a3 -0.1240914
a4 0.0339512
a5 —-0.0021948

o =1.5170 — 0.2440% — 0.1246° + 0.0346* — 0.00226° (4.22)

As can be seen from Fig. 4.9 (z-STS, the diagram of the nanocomposites,
and zI111-STS diagram of the matrix material without nanoparticles), the
maximum value of the nanocomposites creep stress is greater than that of the
matrix material, as expected. Moreover, this difference (as follows from the
examples below) increases significantly with increasing exponent “p”, which
in turn characterizes the allowable creep stresses dependence vs. growth rate
of nuclei and grain sizes. It should also be noted that the STS diagram of
the nanocomposites is shifted to the left in comparison with the “standard
homogeneous” diagram of the matrix material. This fact by itself may indicate

a less plasticity (greater brittleness) of the nanomaterials at failure.

Example 4.3:

Data: see previous Example 4.2, but p =-2

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 El 1. 0.25 1. 0.25
5 3 0 0 1. 1.
6 31 5.0E-06 0 0.999986 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9999999 1.015E-05
9 34 0 0 1. 1.
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10 35 1.25E-06 1.25E-06 1. 1.

11 fi 0.1 0.1 0.1 0.1

12 k 0.1 0.1 0.1 0.1

13 4.05E-07 4.05E-07 0.0705907 0.0705907
14 ml 0.0404998 0.0003976 0.0404998 0.0003976
15 m2 1.266E-05 1.266E-05 3014.544 3014.544
16 | m2l 1.266042 0.5477732 1666.482 1666.482
17 1. 1. 1. 1.

18 2. 2. -2. 2.

19 S 1. 1. 1. 1.

20 t 1.0E-05 1.0E-05 8. 8.

21 Y1 1.9E-05 1.9E-05 5.59327 3.8

22 z 1.9E-05 —0.0151178 2.264155 0.1020796
23 zl 0 0 0.3735657 0.3735657
24 z11 0 0 0.79102 0.79102
25| zl11 1.0E-05 1.0E-05 2.110689 0.5333333
26 z2 0 0 0.4421103 0.4421103
27 z22 0 0 0.6766824 0.6766824
28 z3 0 0 3.563E+13 3.563E+13

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067%)))*((exp(0.01*m)))*m1*z n

2 d(z2)/d(t) = (exp(t/(1 + 0.067%t)))*(A2*(2"s))*((exp(0.01*m)))*m1*z"n
3 d(z3)/d(t) = k*(exp(t/(1 + 0.067%t)))* A3*(£3*(t"p/(1 + 0.1%t"p)))*((exp

(0.01*m2)))*m21*z"n
4 d(z11)/d(t) = (exp(t/(1 + 0.067%)))*((exp(0.01*m)))*m1*z111%n

5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1*(z1117s))*((exp(0.01*m)))*m1*
z111"n

Explicit equations
1 m=(0.0405*%t —0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 m2=1.266%t+2.12%t"2 —3.077*t"3 + 1.085*t"4

4 i=0.1
5k=0.1
6 n=1.0
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7s=1.0

8 E =(0.625 - 0.375*(tanh(5*(t — 3))))*(1 — fiy+(1/k)* (0.625 —
0.375*(tanh(5*(t — 5))))*(fi)

9 A2=1

10A3=1

Illp=-2

12 z =t*E—(z1 + z2)*((exp(—0.01*m)))—z3*(exp(—0.01*m2))

13 m21 =1.266 +4.24 *t —9.231 *t"2 + 4.34 *t"3

14 £3 =if (t < 0.1) then (0) else (1)

15 f31 = (1/16)*t*(8 — t)

16 132 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2

18 £34 = if (t < 8) then (0) else (1)

19 135 = (1/8)*t™

20 E1 = (0.625 — 0.375*(tanh(5*(t — 3))))*1.0

21 z111 =t*El1—(z11 + z22)*((exp(-0.01*m)))

22Y1 =t*E
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Figure 4.8: Stress-temperature-strain diagram A3 = f,(t); p = 2.

Model: z = al *t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"\5

Variable Value

al 3.176296
a2 —-1.807464
a3 0.366913
a4 —-0.0308301
a5 0.0008742
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Approximation by polynomial (STS with nanomaterials creep)—upper curve

0 =3.1760 — 1.8076* + 0.3676° — 0.03086* + 0.000876°

(4.23)

Approximation by polynomial (STS without nanomaterials creep)—lower

curve

Model: zI111 = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.522525
a2 —0.2520544
a3 -0.1209322
a4 0.0334823
a5 —-0.0021709

o =1.5220-0.2526% - 0.1216° + 0.0346* — 0.00226°

Example 4.4:

Data: see previous Example 4.3, but p = —4

Calculated values of DEQ variables

(4.24)

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 El 1. 0.25 1. 0.25
5 3 0 0 1. 1.
6 31 5.0E-06 0 0.999999 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9999592 1.015E-05
9 34 0 0 1. 1.
10 35 1.25E-06 1.25E-06 1. 1.
11 fi 0.1 0.1 0.1 0.1
12 k 0.1 0.1 0.1 0.1
13 4.05E-07 4.05E-07 0.0705907 0.0705907
14 ml 0.0404998 0.0003976 0.0404998 0.0003976
15 m2 1.266E-05 1.266E-05 3014.544 3014.544
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16| m2l 1.266042 0.5324871 1666.482 1666.482
17 1. 1. 1. 1.

18 —4. —4. —4. —4.

19 s 1. 1. 1. 1.

20 t 1.0E-05 1.0E-05 8. 8.

21 Y1 1.9E-05 1.9E-05 5.59378 3.8

22 z 1.9E-05 1.9E-05 2.731871 0.756509
23 zl 0 0 1.139514 1.139514
24| zll 0 0 0.79102 0.79102
25| zI111 1.0E-05 1.0E-05 2.110478 0.5333333
26 z2 0 0 1.573532 1.573532
27| z22 0 0 0.6766824 0.6766824
28 z3 0 0 4.108E+12 | 4.108E+12

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*1)))*((exp(0.01*m)))*m1*z" n

2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.01*m)))*m1*z"n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(£3*(t*p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111"n

5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1*(z1117s))*((exp(0.01*m)))*m1*

z111”n

Explicit equations

fi=0.1
k=0.1
n=1.0
s=1.0

00 N AN N W=

9 A2=1
10A3 =1

m = (0.0405*t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 1.266%t + 2.12*t"2 — 3.077*t"3 + 1.085*t"4

E = (0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)* (0.625 —
0.375*(tanh(5*(t — 5))))*(fi)
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Ilp=-4

12 z=t*E—(z1 + z2)*((exp(—0.01*m)))-z3*(exp(—0.01*m2))
13 m21 =1.266 + 4.24 *t — 9.231 *t"2 + 4.34 *t"3
14 3 =if (t <0.1) then (0) else (1)

15 f31 = (1/16)*t*(8 — t)

16 132 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2

18 34 = if (t < 8) then (0) else (1)

19 35 = (1/8)*t"1

20 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0

21 zI111 = t*E1—(z11+222)*((exp(-0.01*m)))
22Y1=t*E
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Figure 4.9: Stress-temperature-strain diagram A3 = f(t); p = 4.

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.41647
a2 0.1714371
a3 -0.2266863
a4 0.0384787
as -0.0019254

Approximation by polynomial (STS with nanomaterials creep)—upper curve

o=1.4160+0.1716>—0.2276° + 0.03856* — 0.001926° (4.25)
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Approximation by polynomial (STS without nanomaterials creep)—lower

curve

Model: z111 = al *t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.527485
a2 —-0.2605253
a3 -0.1171783
a4 0.0328656
as —-0.0021369

6=1.52760-0.2610>-0.1176* + 0.03280* — 0.002146°

Example 4.5:

Data: see previous Example 4.5, but p=-6

Calculated values of DEQ variables

(4.26)

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 El 1. 0.25 1. 0.25
5 3 0 0 1. 1.
6 31 5.0E-06 0 0.9999463 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9997609 1.015E-05
9 34 0 0 1. 1.
10 35 1.25E-06 1.25E-06 1. 1.
11 fi 0.1 0.1 0.1 0.1
12 k 0.1 0.1 0.1 0.1
13 4.05E-07 4.05E-07 0.0705907 0.0705907
14 ml 0.0404998 0.0003976 0.0404998 0.0003976
15 m2 1.266E-05 1.266E-05 3014.544 3014.544
16| m2l 1.266042 0.5344467 1666.482 1666.482
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17| n 1. 1. 1. 1.
18] p -6. 6. -6. 6.

19| s 1. 1. 1. 1.
20t 1.0E-05 1.0E-05 8. 8.

21| Y1 1.9E-05 1.9E-05 5.596162 3.8

2| z 1.9E-05 | -0.1229624 3.263817 | 0.6610635
23|zl 0 0 1.047441 1.047441
24| zl1 0 0 0.79102 0.79102
25| zlll 1.0E-05 1.0E-05 2.108342 | 0.5333333
26| 22 0 0 2.089159 | 2.089159
27| 222 0 0 0.6766824 | 0.6766824
28 23 0 0 5.624E+10 | 5.624E+10

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067%t)))*((exp(0.01*m)))*m1*z*n

2 d(z2)/d(t) = (exp(t/(1 + 0.067%)))*(A2*(zs))*((exp(0.01*m)))*m1*z"n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*))* A3*(E3*(t"p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111%n
5 d(z22)/d(t) = (exp(t/(1 + 0.067%t)))*(1*(z11178))*((exp(0.01*m)))*m1*

z111”n

Explicit equations

fi=0.1
k=0.1
n=1.0
s=1.0

0 9 N L AW~

9 A2=1
10A3=1

m = (0.0405%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 1.266%t + 2.12*t"2 — 3.077*t"3 + 1.085*t"4

E = (0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)* (0.625 —
0.375*(tanh(5*(t — 5))))*(fi)
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Ilp=-6

12 z=t*E—(z1 + z2)*((exp(—0.01*m)))-z3*(exp(—0.01*m2))
13 m21 =1.266 + 4.24 *t — 9.231 *t"2 + 4.34 *t"3
14 3 =if (t <0.1) then (0) else (1)

15 f31 = (1/16)*t*(8 — t)

16 132 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2

18 34 = if (t < 8) then (0) else (1)

19 35 = (1/8)*t"1

20 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0

21 zI111 = t*E1—(z11+222)*((exp(-0.01*m)))
22Y1=t*E
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Figure 4.10: Stress-temperature-strain diagram A3 = f,(t); p = 6.

Approximation by polynomial (STS with nanomaterials creep)—upper curve

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 0.3531991
a2 1.275595
a3 —0.5349269
a4 0.0700345
a5 —-0.0029447

0 =0.3530 + 1.27662 — 0.5356° + 0.0700* — 0.002956° (4.27)
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Approximation by polynomial (STS without nanomaterials creep)—lower

curve

Model: z111 = al *t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.534038
a2 -0.2666317
a3 -0.1153148
a4 0.0326275
as —-0.0021258

6=1.52760-0.2610>—-0.1176* + 0.03280* — 0.002146°

The same as in Example 4.5

Example 4.6:

Data: see previous Example 4.5, but p = -8

Calculated values of DEQ variables

(4.28)

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 El 1. 0.25 1. 0.25
5 3 0 0 1. 1.
6 31 5.0E-06 0 0.9999442 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9999681 1.015E-05
9 34 0 0 1. 1.
10 35 1.25E-06 1.25E-06 1. 1.
11 fi 0.1 0.1 0.1 0.1
12 k 0.1 0.1 0.1 0.1
13 m 4.05E-07 4.05E-07 0.0705907 0.0705907
14 ml 0.0404998 0.0003976 0.0404998 0.0003976
15 m2 1.266E-05 1.266E-05 3014.544 3014.544
16 | m2l 1.266042 0.5345736 1666.482 1666.482
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17| n 1. 1. 1. 1.
18] p -8. -8. -8. -8.

19 s 1. 1. 1. 1.

20| ot 1.0E-05 1.0E-05 8. 8.

21| Y1 1.9E-05 1.9E-05 5.596162 3.8

2| z 1.9E-05 | -0.1902135 3.376297 | 0.6371068
23|zl 0 0 1.01189 1.01189
24| =zl 0 0 0.79102 0.79102
25| zll1 1.0E-05 1.0E-05 2.108427 | 0.5333333
26| 22 0 0 2.153167 2.153167
27| 222 0 0 0.6766824 | 0.6766824
28| 23 0 0 8.583E+08 | 8.583E+08

Differential equations

1 d(zl)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.01*m)))*m1*z"n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))*A3*(f3*(t*p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111"n

5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1*(z111"s))*((exp(0.01*m)))*m1*
z111%n

Explicit equations
I m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 1.266%t + 2.12*t"2 — 3.077*t"3 + 1.085*t"4
fi=0.1
k=0.1
n=1.0
s=1.0
E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
9 A2=1
10A3=1
11p=-8

0 N W\ B~ W
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12 z =t*E—~(z1+22)*((exp(—0.01*m)))—z3*(exp(—0.01*m2))
13 m21 =1.266 + 4.24 *t — 9.231 *t"2 + 4.34 *t"3

14 £3 =if (t <0.1) then (0) else (1)

15 131 = (1/16)*t*(8 — t)

16 32 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2

18 34 = if (t < 8) then (0) else (1)

19 35 = (1/8)*t"1

20 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0

21 z111 =t*El1—(z11 + z22)*((exp(-0.01*m)))

22Y1 =t*E
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Figure 4.11: Stress-temperature-strain diagram A3 = f,(t); p = -8.

Approximation by polynomial (STS with nanomaterials creep)—upper curve

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value
al 0.054053
a2 1.589133
a3 —0.6343206
a4 0.0824429
a5 —-0.0034822
o =0.0540 + 1.58966% — 0.63460° + 0.08246* — 0.003486° (4.29)

Approximation by polynomial (STS without nanomaterials creep)—lower
curve

The same as in Example 4.5
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Creep Models of Nanocomposites: Deterministic Approach

Data: see previous Example 4.5, but p =-8

Calculated values of DEQ variables

185

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 El 1. 0.25 1. 0.25
5 3 0 0 1. 1.
6 31 5.0E-06 0 0.9999383 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9999058 1.015E-05
9 34 0 0 1. 1.
10 35 1.25E-06 1.25E-06 1. 1.
11 fi 0.1 0.1 0.1 0.1
12 k 0.1 0.1 0.1 0.1
13 m 4.05E-07 4.05E-07 0.0705907 0.0705907
14 ml 0.0404998 0.0003976 0.0404998 0.0003976
15 m2 1.266E-05 1.266E-05 3014.544 3014.544
16| m2l 1.266042 0.5349337 1666.482 1666.482
17 1. 1. 1. 1.
18 p -10. -10. -10. -10.
19 s 1. 1. 1. 1.
20 t 1.0E-05 1.0E-05 8. 8.
21 Y1 1.9E-05 1.9E-05 5.596146 3.8
22 z 1.9E-05 -0.1920421 3.387676 0.6364317
23 z1 0 0 1.009911 1.009911
24 z11 0 0 0.79102 0.79102
25| zI111 1.0E-05 1.0E-05 2.108651 0.5333333
26 z2 0 0 2.15589 2.15589
27 722 0 0 0.6766824 0.6766824
28 z3 0 0 1.361E+07 1.361E+07
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Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z"n
2 d(z2)/d(t) = (exp(t/(1 + 0.067*1)))*(A2*(z"s))*((exp(0.01*m)))*m1*z"n
3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(£3*(t*p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n
4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111"n
5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1*(z111"s))*((exp(0.01*m)))*m1*
zI111"n
Explicit equations
m = (0.0405%t — 0.01126*t*2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 1.266%t + 2.12*t"2 — 3.077*t"3 + 1.085*t"4
fi=0.1
k=0.1
n=1.0
s=1.0
E = (0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
9 A2=1
10A3=1
I1p=-10
12 z =t*E—(z1 + z2)*((exp(—0.01*m)))-z3*(exp(—0.01*m2))
13 m21 =1.266 +4.24 *t —9.231 *t"2 + 4.34 *t"3
14 £3 =if (t <0.1) then (0) else (1)
15131 = (1/16)*t*(8 — t)
16 132 = (exp(-0.1*t))
17 £33 = (sin(3.14*t/4))"2
18 34 = if (t < 8) then (0) else (1)
19 135 = (1/8)*t™
20 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0
21 z111 =t*E1—(z11 + 222)*((exp(—0.01*m)))
22Y1=t*E

00 N N L AW N~
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Figure 4.12: Stress-temperature-strain diagram A3 = f,(t); p = -10.
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Approximation by polynomial (STS with nanomaterials creep)—upper curve

Model: z = al *t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al —0.0383291
a2 1.667855
a3 -0.6571278
a4 0.0852049
as —-0.0036022

o =-0.03830 + 1.6680% — 0.6576° + 0.085246* — 0.00366°

p -1 -2

4

-6

-8

-10

c 2.

max

214 | 2.264

2.732

3.364

3.376

3.388

Variable Value

a0 2.228993
al -0.2236186
a2 0.1635777
a3 -0.021152
a4 0.0008178

m;

Model: y = a0 + al *x + a2*x"2 + a3*x”"3 + a4*x"4

G, =2.229-0.224p +0.164p>— 0.0211p* + 0.000818p*

(4.30)

(4.31)

Finally, the effect of the inverse function of nanoparticles grows rate on
maximum value of creep stresses are presented graphically in Fig. 4.13 below.

0<p<10
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Figure 4.13: Maximum value of creep stresses vs. nanoparticles grows rate p.

Consider now the influence of other types of the first part of the
function f3 (the transformation process of the reactant into final product of
nanocomposite material) on the qualitative and quantitative changes in the
creep stress-strain (STS) diagrams of nanocomposites. As examples, consider
a linearly increasing, exponentially decreasing and step functions f3. In all the
following examples, the parameter p will be fixed (p =—4), approximately the

average of the interval —10 <p <0.

Example 4.8:

Data: see previous Example 4.2, but p =—4 and {3 = {31

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 El 1. 0.25 1. 0.25
5 f3 0 0 1. 1.
6 31 5.0E-06 0 0.9998138 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9999808 1.015E-05
9 34 0 0 1. 1.
10 35 1.25E-06 1.25E-06 1. 1.
11 fi 0.1 0.1 0.1 0.1
12 k 0.1 0.1 0.1 0.1
13 4.05E-07 4.05E-07 0.0705907 0.0705907
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14 ml 0.0404998 0.0003976 0.0404998 0.0003976
15 m2 1.266E-05 1.266E-05 3014.544 3014.544
16 | m2l 1.266042 0.5437351 1666.482 1666.482
17 1. 1. 1. 1.

18 —4. —4. —4. —4.

19 S 1. 1. 1. 1.

20 t 1.0E-05 1.0E-05 8. 8.

21 Y1 1.9E-05 1.9E-05 5.592254 3.8

22 z 1.9E-05 1.9E-05 3.003057 0.8832258
23 zl 0 0 1.166819 1.166819
24 z11 0 0 0.79102 0.79102
25| zl111 1.0E-05 1.0E-05 2.110648 0.5333333
26 z2 0 0 1.740674 1.740674
27 722 0 0 0.6766824 0.6766824
28 z3 0 0 1.401E+11 1.401E+11

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067%)))*((exp(0.01*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1 + 0.067%)))*(A2*(zs))*((exp(0.01*m)))*m1*z"n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*))* A3*(f31*(t"p/(1 + 0.1*t p)))*((exp
(0.01¥m2)))*m21*2zn

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111n
5 d(z22)/d(t) = (exp(t/(1 + 0.067%t)))*(1*(z11178))*((exp(0.01*m)))*m1*
z111%n

Explicit equations

0 NN N B WN

m = (0.0405*t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
m1 = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 1.266*t + 2.12*t"2 — 3.077*t"3 + 1.085*t"4
fi=0.1
k=0.1
n=1.0
s=1.0
E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)* (0.625 —
0.375*(tanh(5*(t — 5))))*(fi)
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9 A2=1
10A3=1
Ilp=-4
12 z =t*E—(z1 + z2)*((exp(—0.01*m)))—z3*(exp(—0.01*m2))
13 m21 =1.266 + 4.24 *t — 9.231 *t"2 + 4.34 *t"3
14 3 =if (t <0.1) then (0) else (1)
15 f31 = (1/16)*t*(8 — t)
16 32 = (exp(-0.1*t))
17 £33 = (sin(3.14*t/4))"2
18 34 = if (t < 8) then (0) else (1)
19 35 = (1/8)*t"1
20 E1 = (0.625 — 0.375*(tanh(5*(t — 3))))*1.0
21 z111 =t*El1—(z11 + 222)*((exp(-0.01*m)))
22Y1=t*E
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Figure 4.14: Stress-temperature-strain diagram A3 = f31(t); p = 4.

Approximation by polynomial (STS with nanomaterials creep)—upper curve

Model: z = al *t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 2.09275
a2 —0.1992744
a3 -0.1610781
a4 0.034274
as —-0.0018632

06=2.0930—0.1996> - 0.1616* + 0.03436* — 0.001866°

(4.32)
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2.731and o, =3.0.

Consider now the effect of functions f3 on maximum creep stress values.
Let’s assume now that p =—4. Each example in this series has comparison with
the composite that doesn’t have the nanomaterials enhancement (maximum
allowable creep stresses are compared).

Example 4.9:

Data: see previous Example 4.2, but p =—4 and 3 = 32

Calculated values of DEQ variables
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Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 El 1. 0.25 1. 0.25
5 3 0 0 1. 1.
6 31 5.0E-06 0 0.9999608 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9996711 1.015E-05
9 34 0 0 1. 1.
10 35 1.25E-06 1.25E-06 1. 1.
11 fi 0.1 0.1 0.1 0.1
12 k 0.1 0.1 0.1 0.1
13 4.05E-07 4.05E-07 0.0705907 0.0705907
14 ml 0.0404998 0.0003976 0.0404998 0.0003976
15 m2 1.266E-05 1.266E-05 3014.544 3014.544
16| m2l 1.266042 0.5371078 1666.482 1666.482
17 1. 1. 1. 1.
18 —4. —4. 4. 4.
19 s 1. 1. 1. 1.
20 t 1.0E-05 1.0E-05 8. 8.
21 Y1 1.9E-05 1.9E-05 5.595651 3.8
22 z 1.9E-05 1.9E-05 2.858508 0.7609777
23 zl 0 0 1.157747 1.157747
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24| zI11 0 0 0.79102 0.79102

25| zlll 1.0E-05 1.0E-05 2.10437 0.5333333
26 z2 0 0 1.732727 1.732727
27| z22 0 0 0.6766824 0.6766824
28 z3 0 0 1.861E+12 1.861E+12

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.01*m)))*m1*z" n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(f32*(t p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111"n

5 d(z22)/d(t) = (exp(t/(1 + 0.067*1)))*(1*(z1117s))*((exp(0.01*m)))*m1*
z111™n

Explicit equations

m = (0.0405%t — 0.01126*t*2 + 0.001462*t"3 — 0.00006868*t"4)
m1 = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 1.266%t + 2.12*t"2 — 3.077*t"3 + 1.085*t"4

fi=0.1

k=0.1

n=1.0

s=1.0

E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

9 A2=1

10A3=1

11p=-4

12 z =t*E—(z1 + z2)*((exp(-0.01*m)))—z3*(exp(—0.01*m2))
13 m21 =1.266 +4.24 *t — 9.231 *t"2 + 4.34 *t"3

14 £3 =if (t <0.1) then (0) else (1)

15 31 = (1/16)*t*(8 — 1)

16 32 = (exp(—0.1*t))

17 £33 = (sin(3.14*t/4))"2

18 34 = if (t < 8) then (0) else (1)

19 135 = (1/8)*t"

0 NN N R W
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Figure 4.15: Stress-temperature-strain diagram A3 = {32(t); p = 4.

20 E1 = (0.625 — 0.375*(tanh(5*(t — 3))))*1.0
21 z111 = t*E1(z11+222)*((exp(~0.01*m)))
22Y1 =t*E

Approximation by polynomial (STS with nanomaterials creep)—upper curve

Model: z = al *t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.271564
a2 0.336782
a3 -0.2683125
a4 0.041755
a5 —-0.0019698

c=1.2720+0.3360% — 0.2686° + 0.04186* — 0.001976° (4.33)

Comparing maximum stress with similar Example 4.4 we have: o, =
2731ando, =2.8.

Example 4.10:
Data: see previous Example 4.2, but p =—4 and 3 = £33

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
A2 1. 1. 1. 1.
A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
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4| EI . 0.25 1. 0.25
51 0 0 1. 1.

6| 31 5.0B-06 0 0.9999787 0

7| 32 | 0999999 | 0.449329 0.999999 0.449329
8| £33 | 6.162E-11 | 6.162E-11 0.9999946 | 1.015E-05
9| f34 0 0 1. 1.

10| f35 1.25E-06 1.25E-06 1. 1.

1| 4 0.1 0.1 0.1 0.1

120 k 0.1 0.1 0.1 0.1

13 4.05E-07 | 4.05E-07 0.0705907 | 0.0705907
14| ml | 0.0404998 | 0.0003976 0.0404998 | 0.0003976
15| m2 | 1.266B-05 | 1.266E-05 3014.544 3014.544
16| m21 | 1266042 | 0.536555 1666.482 1666.482
17 1. 1. 1. 1.

18] p 4. 4. 4. 4.

19 s 1. 1. 1. 1.

20| ¢ 1.0E-05 1.0E-05 8. 8.

21 Y1 1.9E-05 1.9E-05 5.594902 3.8

2| =z 1.9E-05 | -0.109324 3.049647 | 0.7464185
23| ozt 0 0 1.055741 1.055741
24| zll 0 0 0.79102 0.79102
25| zill 1.0E-05 1.0E-05 2.102151 | 0.5333333
26| 2 0 0 1.998433 1.998433
27| 222 0 0 0.6766824 | 0.6766824
28| 23 0 0 1.931E+10 | 1.931E+10

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067%t)))*((exp(0.01*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1 + 0.067%t)))*(A2*(zs))*((exp(0.01*m)))*m1*z"n
3 d(z3)/d(t) = k*(exp(t/(1 + 0.067t)))* A3*(£33*(t p/(1 + 0.1%t"p)))*((exp

(0.01*m2)))*m21*zn
4 d(z11)/d(t) = (exp(t/(1 + 0.067%t)))*((exp(0.01*m)))*m1*z111%n

5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1*(z111"s))*((exp(0.01*m)))*m1*
z111"n
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Explicit equations
1 m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 1.266%t + 2.12%t"2 — 3.077*t"3 + 1.085*t"4
fi=0.1
k=0.1
n=1.0
s=1.0
8 E =(0.625—0.375*(tanh(5*(t — 3))))*(1 — fiy+(1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(f)
9 A2=1
10A3=1
I1p=—4
12 z = t*E—~(z1+22)*((exp(—0.01*m)))—z3*(exp(—0.01*m2))
13 m21 =1.266 +4.24 *t — 9.231 *t"2 + 4.34 *t"3
14 3 =if (t <0.1) then (0) else (1)
15 131 = (1/16)*t*(8 - t)
16 32 = (exp(—0.1*t))
17 £33 = (sin(3.14*t/4))"2
18 f34 = if (t < 8) then (0) else (1)
19 f35 = (1/8)*t"1
20 E1 = (0.625 — 0.375*(tanh(5*(t — 3))))*1.0
21 z111 = t*E1—(z11+222)*((exp(-0.01*m)))
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Figure 4.16: Stress-temperature-strain diagram A3 = {33(t); p = —4.
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Approximation by polynomial (STS with nanomaterials creep)—upper curve

Model: z = al *t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.975053
a2 —0.2244647
a3 -0.0754186
a4 0.0118681
as —0.0003151

o =1.9750 — 0.2240> - 0.07546° + 0.01196* — 0.0003156° (4.34)

Comparing maximum stress with similar Example 4.4 we have: ¢, =
2731 and o, = 3.05.

Example 4.11:
Data: see previous Example 4.7, but p =—4 and 3 = 34

In this case obviously z = z111, therefore it is more important to consider the
case when the function 34 is a discontinuous function. For example: 34 =
f(6) =if (6"< 4) then (0) else (1), where 0, <p" < 0,

Data: see previous Example 4.7, but p = —4 and f3 = f34 = f () = if (0" < 4)
then (0) else (1). In this case:

0 < 0" = 4 nanomaterials are not affected by high temperature load and the
modulus of elasticity of the whole composition is computed based on the
“mixture rule”; the third integrant of Equation 4.16 is not zero.

0> 0" Total modulus of elasticity is computed based on the “mixture rule” and
the effect of function f34; the third integrant of the third integral of Equation
4.16 is zero. The nanomaterials are suddenly affected by high temperature
load and the system is moved to another viscous (semi liquid) phase.

Ggm = 3-dimensional transitional temperature of the matrix; ng= 5-dimensional
transitional temperature of the nanomaterials.

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
A3 1. 1. 1. 1.
3 E 1.9 0.225 1.9 0.225
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4| El 1. 0.25 1. 0.25
51 3 0 0 1. 1.

6| f31 5.0E-06 0 1. 0

7| 32 | 0999999 | 0.449329 0.999999 0.449329
8| 33 | 6.162E-11 | 6.162E-11 0.9999427 | 1.015E-05
9| f34 1. 0 1. 0

10| f35 1.25E-06 1.25E-06 1. 1.

1| A 0.1 0.1 0.1 0.1

2] k 0.1 0.1 0.1 0.1

13 4.05E-07 | 4.05E-07 0.0705907 | 0.0705907
14| ml | 0.0404998 | 0.0003976 0.0404998 | 0.0003976
15| m2 | 1.266E-05 | 1.266E-05 3014.544 3014.544
16| m21 | 1266042 | 0.5347826 1666.482 1666.482
17 1. 1. 1. 1.

18] p 4. 4. 4. 4.

19 s 1. 1. 1. 1.

20| ¢ 1.0E-05 1.0E-05 8. 8.

21 YL 1.9E-05 1.9E-05 5.090415 1.8

2| =z 1.9E-05 | -2.094176 2726521 | 0.3475719
23| 21 0 0 0.4604933 | 0.4604933
24| zll 0 0 0.79102 0.79102
25| zill 1.0E-05 1.0E-05 2.10856 0.5333333
26| = 0 0 0.9929605 | 0.9929605
27| 222 0 0 0.6766824 | 0.6766824
28| 23 0 0 5.774401 5.774401

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067%t)))*((exp(0.01*m)))*m1*z*n

2 d(z2)/d(t) = (exp(t/(1 + 0.067*1)))*(A2*(z"s))*((exp(0.01*m)))*m1*z"n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(f34*(t" p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111"n

5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1*(z111"s))*((exp(0.01*m)))*m1*
z111"n
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Explicit equations
1 m=(0.0405*%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t3)
3 34 =if (t <4) then (1) else (0)
4 fi=0.1
5k=0.1
6 n=1.0
7s=10
8 E=(0.625—0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)*{34
9 A2=1
10A3=1
11p=-4
12 m2 = 1.266*t + 2.12%t"2 — 3.077*t"3 + 1.085*t"4
13 m21 =1.266 + 4.24 *t — 9.231 *t"2 + 4.34 *t"3
14 £3 =if (t <0.1) then (0) else (1)
15131 = (1/16)*t*(8 —t)
16 132 = (exp(-0.1*t))
17 £33 = (sin(3.14*t/4))"2
18 z =t*E—(z1 + z2)*((exp(—0.01*m)))—z3*(exp(—0.01*m2))
19 135 = (1/8)*t™
20 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0
21 z111 =t*El—(z11 + z22)*((exp(-0.01*m)))
22Y1=t*E
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Figure 4.17: Stress-temperature-strain diagram A3 = f34(t); p = —4; 6" =4.

ELUEQ



Creep Models of Nanocomposites: Deterministic Approach 199
Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"\5
Variable Value
al 0.8935673
a2 1.257356
a3 —0.804119
a4 0.1416623
as —0.0078288
6 =0.8940 + 1.2576% — 0.80403 + 0.1426* — 0.007836° (4.35)
Or:
Case 0" =2
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Figure 4.18: Stress-temperature-strain diagram A3 = {34(t); p=—4; 6"= 2.
Model: z = al*t + a2*t"2 + a3*t"3 + ad*t"4 + a5*t"5
Variable Value
al 1.741305
a2 —1.880187
a3 2.099613
a4 —0.8454488
a5 0.1049543
c=1.7410 — 1.880> +2.0996° — 0.8456* + 0.1056° (4.36)

Comparing maximum stress with similar Example 4.2 we have: ¢, =

2.731and o, =2.73.
Similar computations are done for two other important cases: 6, > 0" and

ng <0", where 6"—dimensionless transitional temperature

X
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Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. l. 1.
3 E 1.9 0.225 1.9 0.225
4 El 1. 0.25 1. 0.25
5 3 0 0 1. 1.
6 31 5.0E-06 0 0.9999733 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9999995 1.015E-05
9 34 1. 0 1. 0
10 35 1.25E-06 1.25E-06 1. 1.
11 fi 0.1 0.1 0.1 0.1
12 k 0.1 0.1 0.1 0.1
13 m 4.05E-07 4.05E-07 0.0705907 0.0705907
14 ml 0.0404998 0.0003976 0.0404998 0.0003976
15 m2 1.266E-05 1.266E-05 3014.544 3014.544
16 | m2l 1.266042 0.5347826 1666.482 1666.482
17 1. 1. 1. 1.
18 —4. —4. 4. 4.
19 S 1. 1. 1. 1.
20 t 1.0E-05 1.0E-05 8. 8.
21 Y1 1.9E-05 1.9E-05 3.767241 1.8
22 z 1.9E-05 —0.2514755 2.495185 0.5020923
23 zl 0 0 0.7107886 0.7107886
24 z11 0 0 0.79102 0.79102
25| zI111 1.0E-05 1.0E-05 2.108678 0.5333333
26 z2 0 0 0.5880357 0.5880357
27 z22 0 0 0.6766824 0.6766824
28 z3 0 0 0.9062283 0.9062283

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z*n

2 d(z2)/d(t) = (exp(t/(1 + 0.067%)))*(A2*(zs))*((exp(0.01*m)))*m1*z"n
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3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(f34*(t p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111"n

5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1*(z1117s))*((exp(0.01*m)))*m1*
z111”"n

Explicit equations

1 m=(0.0405*t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t""1 + 0.004386*t"2 — 0.0002747*t"3)
3 34 =if (t <2) then (1) else (0)
4 fi=0.1
5k=0.1
6 n=1.0
7 s=1.0
8 E =(0.625 - 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)*{34
9 A2=1
10A3=1
11p=-4
12 m2 = 1.266*t + 2.12%t"2 — 3.077*t"3 + 1.085*t"4
13 m21 =1.266 +4.24 *t —9.231 *t"2 + 4.34 *t"3
14 f3 =if (t <0.1) then (0) else (1)
15 131 = (1/16)*t*(8 — t)
16 £32 = (exp(-0.1*t))
17 £33 = (sin(3.14*t/4))"2
18 z =t*E—(z1 + z2)*((exp(—0.01*m)))—=z3*(exp(—0.01*m2))
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Figure 4.19: Stress-temperature-strain diagram A3 = {34(t); p=—4; 6"= 2.
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19 £35 = (1/8)*t"1

20 E1 = (0.625 — 0.375*(tanh(5*(t — 3))))*1.0
21 2111 = t*E1—(z11+222)*((exp(~0.01*m)))

22Y1=t*E

Model: z = al*t + a2*t"2 + a3*t"3 + ad*t"4 + a5*t"5

Variable Value

al 3.269132
a2 -2.218342
a3 0.5506643
a4 —0.0579924
as 0.0021897

6 =13.2690 —2.2186 + 0.556° — 0.0586* + 0.002263

Case 0" =7

Calculated values of DEQ variables

(4.37)

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.225 1.9 0.225
4 El 1. 0.25 1. 0.25
5 f3 0 0 1. 1.
6 31 5.0E-06 0 0.9999408 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9997952 1.015E-05
9 34 1. 0 1. 0
10 35 1.25E-06 1.25E-06 1. 1.
11 fi 0.1 0.1 0.1 0.1
12 k 0.1 0.1 0.1 0.1
13 4.05E-07 4.05E-07 0.0705907 0.0705907
14 ml 0.0404998 0.0003976 0.0404998 0.0003976
15 m2 1.266E-05 1.266E-05 3014.544 3014.544
16| m21 1.266042 0.5347826 1666.482 1666.482
17 n 1. 1. 1. 1.
18 p 4. 4. 4. 4.
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19 S 1. 1. 1. .

20 t 1.0E-05 1.0E-05 8. 8.

21 Y1 1.9E-05 1.9E-05 5.596146 1.8

22 z 1.9E-05 —0.9363994 2.726521 —0.4830138
23 zl 0 0 0.915258 0.7017927
24| zll 0 0 0.79102 0.79102
25| zIl11 1.0E-05 1.0E-05 2.10856 0.5333333
26 z2 0 0 1.582833 1.582833
27| z22 0 0 0.6766824 0.6766824
28 z3 0 0 5.348E+06 5.348E+06

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*1)))*((exp(0.01*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.01*m)))*m1*z" n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(£34*(t"p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111*n

5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1*(z1117s))*((exp(0.01*m)))*m1*
z111”n

Explicit equations

m = (0.0405*%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
m1 = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
34 = if (t < 7) then (1) else (0)

fi=0.1

k=0.1

n=1.0

s=1.0

E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)* (0.625 —
0.375*(tanh(5*(t — 5))))*(fi)*f34

9 A2=1

10A3=1

11p=-+4

12 m2 = 1.266*t + 2.12*t"2 — 3.077*t"3 + 1.085*t"4

13 m21 =1.266 +4.24 *t —9.231 *t"2 + 4.34 *t"3

14 3 =if (t <0.1) then (0) else (1)

0 N AN U AW
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15 31 =(1/16)*t*(8 — 1)

16 32 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2

18 z = t*E—~(z1+2z2)*((exp(—0.01*m)))-z3*(exp(—0.01*m2))
19 35 = (1/8)*t"1

20 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0

21 z111 = t*E1—(z11+222)*((exp(-0.01*m)))

22Y1=t*E
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Figure 4.20: Stress-temperature-strain diagram A3 = f34(t); p=-4; 6"=7.

Model: z = al*t + a2*t"2 + a3*t"3 + a4d*t"4 + a5*t"\5

Variable Value

al 1.63061

a2 -0.0859712

a3 -0.1337692

a4 0.0261698

a5 -0.0014371
0=1.6310—-0.0860%>—0.1340° + 0.02620* — 0.001446° (4.38)
Example 4.12

Data: see previous Example 4.11, but p =—4 and {3 = 35 = (0) = (1/8)*t"1

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
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3 E 1.9 0.475 1.9 0.475
4| El 1. 0.25 1. 0.25

5 f3 0 0 1. 1.

6| M1 5.0E-06 0 0.9999822 0

7 32 0.999999 |  0.449329 0.999999 0.449329
8 | £33 | 6.162E-11 | 6.162E-11 0.9999838 | 1.015E-05
9| f34 1. 0 1. 0

10| 35 1.25E-06 1.25E-06 1. 1.

11 fi 0.1 0.1 0.1 0.1

12| k 0.1 0.1 0.1 0.1

13 4.05E-07 4.05E-07 0.0705907 | 0.0705907
14| ml | 0.0404998 | 0.0003976 0.0404998 | 0.0003976
15| m2 | 1.266E-05 | 1.266E-05 3014.544 3014.544
16| m21 | 1266042 | 0.5360993 1666.482 1666.482
17 1. 1. 1. 1.

18] p 4. 4. 4. 4.

19 s 1. 1. 1. 1.

20 t 1.0E-05 1.0E-05 8. 8.

21 Yl 1.9E-05 1.9E-05 5.594308 3.8

22 z 1.9E-05 | —0.1223136 3.418811 | 0.5893658
23| ozl 0 0 1.030128 1.030128
24| zll 0 0 0.79102 0.79102
25| z111 1.0E-05 1.0E-05 2.101565 | 0.5333333
26| 22 0 0 1.927205 1.927205
27| 222 0 0 0.6766824 | 0.6766824
28| 3 0 0 3.156E+12 | 3.156E+12

Differential equations

1 d(z1)Y/d(t) = (exp(t/(1 + 0.067*)))*((exp(0.01*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.01*m)))*m1*z"n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))*A3*(f35*(t"p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111”n

5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1*(z111"s))*((exp(0.01*m)))*m1*
z111"n
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Explicit equations

m = (0.0405%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 1.266%t + 2.12*t"2 — 3.077*t"3 + 1.085*t"4

fi=0.1

k=0.1

n=1.0

s=1.0

E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)* (0.625 —
0.375*(tanh(5*(t — 5))))*(fi)

9 A2=1

10A3=1

I1p=-+4

12 z =t*E—(z1 + 22)*((exp(-0.01*m)))—=z3*(exp(—0.01*m2))

13 m21 =1.266 +4.24 *t — 9.231 *t"2 + 4.34 *t"3

14 £3 =if (t <0.1) then (0) else (1)

15 31 = (1/16)*t*(8 — 1)

16 32 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2

18 34 = if (t < 7) then (1) else (0)

19 35 = (1/8)*t"1

20 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0

21 zI111 =t*E1—(z11 + z22)*((exp(-0.01*m)))

22Y1=t*E
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Figure 4.21: Stress-temperature-strain diagram f3 = f35(t) (with dawning portion).
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Model: z = al*t + a2*t"2 + a3*t"3 + ad*t"4 + a5*t"5

Variable Value

al 1.713601
a2 0.4042426
a3 —0.3746404
a4 0.0619847
as —-0.0030829

o =1.7140 + 0.4046> — 0.3756° + 0.0626* — 0.003086° (4.39)

Example 4.13

If the nanocrystalline growth process is described by not linear but for example
parabolic function (e.g., f3 = 35 = (1/64)(6%), then the engineering creep
allowable stress also is increasing (comparable to the linear growth process)
and an example below illustrates this.

Data: see previous Example 4.11, but p=—4 and f3 =35 =1 (0) = (1/64)* 6”2

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 El 1. 0.25 1. 0.25
5 3 0 0 1. 1.
6 31 5.0E-06 0 0.9999807 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9999749 1.015E-05
9 34 1. 0 1. 0
10 35 1.563E-12 1.563E-12 1. 1.
11 fi 0.1 0.1 0.1 0.1
12 k 0.1 0.1 0.1 0.1
13 4.05E-07 4.05E-07 0.0705907 0.0705907
14 ml 0.0404998 0.0003976 0.0404998 0.0003976
15 m2 1.266E-05 1.266E-05 3014.544 3014.544
16| m2l 1.266042 0.5363002 1666.482 1666.482
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17| n 1. 1. 1. 1.

18| p 4. 4. 4. 4.

19 s 1. 1. . 1.
200t 1.0E-05 1.0E-05 8. 8.

21| Y1 1.9E-05 1.9E-05 5.594458 3.8

2| z 1.9E-05 | -0.2750274 3.620656 | 0.5075764
23]zl 0 0 0.9646977 | 0.9646977
24| zl11 0 0 0.79102 0.79102
25| zl11 1.0E-05 1.0E-05 2.10183 0.5333333
26| 22 0 0 2.11242 2.11242
27| 222 0 0 0.6766824 | 0.6766824
28| 23 0 —21.4011 2.688E+12 | 2.688E+12

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067%t)))*((exp(0.01*m)))*m1*z*n

2 d(z2)/d(t) = (exp(t/(1 + 0.067%t)))*(A2*(zs))*((exp(0.01*m)))*m1*z"n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067%t)))* A3*(£35*(t p/(1 + 0.1%t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111"n
5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1%(z1117s))*((exp(0.01*m)))*m1*

z111”n

Explicit equations
1 m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 —0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)

3 m2=1.266%t+2.12*t"2 — 3.077*t"3 + 1.085*t"4

4 i=0.1
5 k=0.1
6 n=1.0
7 s=1.0

8 E = (0.625 — 0.375%(tanh(5*(t — 3))))*(1 — fi)+(1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

9 A2=1
10A3=1
IIp=-4

12 z = t*E—(z1 + 22)*((exp(-0.01*m)))—z3*(exp(-0.01*m2))
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13 m21 =1.266 +4.24 *t —9.231 *t"2 + 4.34 *t"3
14 f3 =if (t <0.1) then (0) else (1)

15 £31 = (1/16)*t*(8 — t)

16 132 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2

18 34 = if (t < 7) then (1) else (0)

19 135 = (1/64)*t"2

20 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0

21 z111 = t*E1—(z11+222)*((exp(-0.01*m)))
22Y1=t*E
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Figure 4.22: Stress-temperature-strain diagram A3 = 35(t); p=—4; 0"=4.

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value
al 1.482666
a2 0.7150971
a3 —0.4739853
a4 0.0735177
a5 —-0.0035231
o =1.4830 +0.71560% — 0.4746° + 0.07356* — 0.003526° (4.40)

Comparing maximum stress with similar example we have: o, = 3.4188
ando _=3.6206 (5.9%).
4.6.2 Effect of E,/E, ratio on creep process

Consider now the case when modulus of elasticity E; of matrix material is
much smaller then the corresponding modulus of elasticity E, of nanomaterials



210  Phenomenological Creep Models of Composites and Nanomaterials

-E/E, = 0.05. It is also assumed in the following example that function f3 is
a continuous function: f3 = 35 = (1/64)(6?).

Example 4.14

Data: see previous Example 4.7, but p = —4 and 3 = 35 = { (0) = (1/64)(6?);

E/E,=0.05
Calculated values of DEQ variables
Variable | Initial value | Minimal value | Maximal value | Final value

1 A2 1. 1. 1. 1.

2 A3 1. 1. 1. 1.

3 E 2.9 0.725 2.9 0.725

4 El 1. 0.25 1. 0.25

5 3 0 0 1. 1.

6 31 5.0E-06 0 0.9999738 0

7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9999977 1.015E-05
9 34 1. 0 1. 0

10 35 1.563E-12 1.563E-12 1. 1.

11 fi 0.1 0.1 0.1 0.1

12 k 0.05 0.05 0.05 0.05

13 4.05E-07 4.05E-07 0.0705907 0.0705907
14 ml 0.0404998 0.0003976 0.0404998 0.0003976
15 m2 1.266E-05 1.266E-05 3014.544 3014.544
16 | m2l 1.266042 0.5329491 1666.482 1666.482
17 1. 1. 1. 1.

18 4., —4. 4. —4.

19 S 1. 1. 1. 1.
20 t 1.0E-05 1.0E-05 8. 8.
21 Y1 2.9E-05 2.9E-05 10.14275 5.8
22 z 2.9E-05 —2.020004 5.130823 —0.8482906
23 z1 0 -0.1012231 1.21402 -0.1012231
24| z11 0 0 0.79102 0.79102
25| zl11 1.0E-05 1.0E-05 2.10871 0.5333333
26 z2 0 0 6.950089 6.950089
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27 z22 0 0 0.6766824 0.6766824

28 z3 0 —2.419E+12 13.2692 —2.419E+12

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1 + 0.067*1)))*(A2*(z"s))*((exp(0.01*m)))*m1*z*n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(f35*(t p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111"n

5 d(z22)/d(t) = (exp(t/(1 + 0.067*1)))*(1*(z1117s))*((exp(0.01*m)))*m1*
z111™n

Explicit equations
m = (0.0405*%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
m1 = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
m2 =1.266*%t +2.12*t"2 — 3.077*t"3 + 1.085*t"4
fi=0.1
k=0.05
n=1.0
s=1.0
E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
9 A2=1
10A3=1
I1p=-4
12 z=t*E—(z1 + z2)*((exp(—0.01*m)))-z3*(exp(—0.01*m2))
13 m21 =1.266 +4.24 *t — 9.231 *t"2 + 4.34 *t"3
14 £3 =if (t < 0.1) then (0) else (1)
15 31 =(1/16)*t*(8 — 1)
16 132 = (exp(-0.1%*t))
17 £33 = (sin(3.14*t/4))"2
18 34 = if (t < 7) then (1) else (0)
19 135 = (1/64)*t"2
20 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0
21 z111 =t*El1—(z11 + z22)*((exp(-0.01*m)))
22Y1=t*E
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Figure 4.23: Stress-temperature-strain diagram E /E, = 0.05 (with dawning portion).

z111—Stress-Temperature-Strain (STS) curve without creep
z—Stress-Temperature-Strain (STS) curve with creep

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value
al 1.581664
a2 1.557429
a3 -0.7777135
a4 0.1026803
a5 —-0.0041149
o =1.5820+ 1.5576%> - 0.7780° + 0.1036* — 0.004116° (4.41)

Comparing results of Examples 4.5 and 4.7 one can see that the maximum
allowable stress increases when the ratio E /E, decreases (o = 5.131 vs.
o . = 3.621). Uniformly dispersed very strong nanoparticles in this case
increase the overall strength of a composite material. Comparing results from
Examples 4.7, 4.8 and 4.9 one can see that maximum stresses and the shapes
of these curves are qualitatively different. Therefore the correct choice of
functions f; must be determined by using the “best-to-fit” regression method

with experimental data.

4.6.3 Effect of volumetric fillers ratio ¢, on creep process

The effect of fillers amount on properties of nanocomposite materials is
considered in this section. It is shown that the properties of the filled polymer
composites are determined by the characteristics of the polymer matrix;
disperse filler and their interaction at the interface. It was noted that the
content of fillers in the polymer composite should be optimal both from the
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point of view of the possibility of its processing and from the point of view of
its effect on performance characteristics. When the filler content is above the
optimum, many properties of the composite deteriorate.

Example 4.15

Data: see previous Example 4.7, but p = —4 and 3 = 35 = { (0) = (1/64)(6?);

E/E,=0.1;fi=

0.01

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.09 0.2725 1.09 0.2725
4 El 1. 0.25 1. 0.25
5 3 0 0 1. 1.
6 31 5.0E-06 0 0.9999705 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9999995 1.015E-05
9 34 1. 0 1. 0
10 35 1.563E-12 1.563E-12 1. 1.
11 fi 0.01 0.01 0.01 0.01
12 k 0.1 0.1 0.1 0.1
13 4.05E-07 4.05E-07 0.0705907 0.0705907
14 ml 0.0404998 0.0003976 0.0404998 0.0003976
15 m2 1.266E-05 1.266E-05 3014.544 3014.544
16 | m21 1.266042 0.5414558 1666.482 1666.482
17 1. 1. 1. 1.
18 —4. —4. —4. 4.
19 s 1. 1. 1. 1.
20 t 1.0E-05 1.0E-05 8. 8.
21 Y1 1.09E-05 1.09E-05 2.831929 2.18
22 z 1.09E-05 1.09E-05 2.23294 0.4941499
23 z1 0 0 0.775332 0.775332
24 z11 0 0 0.79102 0.79102
25| zlll1 1.0E-05 1.0E-05 2.110468 0.5333333
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26 z2 0 0 0.6962726 0.6962726
27| z22 0 0 0.6766824 0.6766824
28 z3 0 0 2.661E+12 2.661E+12

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1+ 0.067*t)))*(A2*(z"s))*((exp(0.01*m)))*m1*z" n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(f35*(t"p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111"n

5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1*(z111"s))*((exp(0.01*m)))*m1*
z111%n

Explicit equations
1 m=(0.0405*%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 m2=1.266%t+ 2.12*%t"2 — 3.077*t"3 + 1.085*t"4
4 f1=0.01
5k=0.1
6 n=1.0
7 s=1.0
8 E =(0.625 - 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

9 A2=1

10A3=1

Illp=-4

12 z =t*E—(z1 + 22)*((exp(—0.01*m)))—=z3*(exp(—0.01*m2))

13 m21 =1.266 +4.24 *t —9.231 *t"2 + 4.34 *t"3

14 £3 =if (t <0.1) then (0) else (1)

15 131 = (1/16)*t*(8 — t)

16 £32 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2

18 34 = if (t < 7) then (1) else (0)

19 135 = (1/64)*t"2
20 E1 = (0.625 — 0.375*(tanh(5*(t — 3))))*1.0
21 z111 = t*El—(z11 + 222)*((exp(-0.01*m)))
22Y1=t*E
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Figure 4.24: Stress-temperature-strain diagram A3 = f35(t); p=—4; 0"=7; ¢ = 0.01.

Model: z = al *t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.54119
a2 —0.1862496
a3 —0.1454993
a4 0.0359771
as -0.002231

0=1.5410-0.1860>— 0.1466° + 0.03606* — 0.0022365

Example 4.16
Data: see previous Example 4.7, but p = —4 and {3 = {35 = { (0) = (1/64)(6%);

E/E, =0.1; fi

=0.02

Calculated values of DEQ variables

(4.42)

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.18 0.295 1.18 0.295
4 El 1. 0.25 1. 0.25
5 3 0 0 1. 1.
6 31 5.0E-06 0 0.9999716 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9997208 1.015E-05
9 34 1. 0 1. 0
10 35 1.563E-12 1.563E-12 1. 1.
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11| fi 0.02 0.02 0.02 0.02

12| k 0.1 0.1 0.1 0.1

13| m 4.05E-07 4.05E-07 0.0705907 | 0.0705907
14| ml | 0.0404998 | 0.0003976 0.0404998 | 0.0003976
15| m2 | 1.266E-05 | 1.266E-05 3014.544 3014.544
16| m21 | 1.266042 | 0.5341124 1666.482 1666.482
17| n 1. 1. 1. 1.

18| p 4. 4. 4. 4.

19| s 1. 1. 1. 1.
20t 1.0E-05 1.0E-05 8. 8.

21| Y1 1.18E-05 1.18E-05 3.092304 2.36

2| z 1.18E-05 1.18E-05 2.396634 | 0.5078425
23| ozl 0 0 0.8232942 | 0.8232942
24| zll 0 0 0.79102 0.79102
25| zIl1 1.0E-05 1.0E-05 2.108096 | 0.5333333
26| 22 0 0 0.8090332 | 0.8090332
27| 222 0 0 0.6766824 | 0.6766824
28| 23 0 0 2.731E+12 | 2.731E+12

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067%t)))*((exp(0.01*m)))*m1*z*n

2 d(z2)/d(t) = (exp(t/(1 + 0.067%t)))*(A2*(zs))*((exp(0.01*m)))*m1*z"n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(£35*(t p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111n

5 d(z22)/d(t) = (exp(t/(1 + 0.067%t)))*(1*(z11178))*((exp(0.01*m)))*m1*
z111%n

Explicit equations
1 m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 1.266%t + 2.12*t"2 — 3.077*t"3 + 1.085*t"4
fi=0.02
k=0.1
n=1.0
s=1.0
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8 E = (0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)*

(0.625 — 0.375%(tanh(5*(t — 5))))*(fi)

9 A2=1
10A3 =1
11p=—4

12 z = t*E—~(z1 + 22)*((exp(-0.01*m)))-z3*(exp(~0.01*m2))

13 m21 =1.266 +4.24 *t —9.231 *t"2 + 4.34 *t"3

14 £3 =if (t <0.1) then (0) else (1)
15 31 =(1/16)*t*(8 — 1)
16 £32 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2
18 34 =if (t < 7) then (1) else (0)
19 35 = (1/64)*t"2
20 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0
21 z111 = t*El—(z11 + z22)*((exp(-0.01*m)))

22Y1=t*E
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Figure 4.25: Stress-temperature-strain diagram A3 = f(t); p = —4; 6"=4; ¢ = 0.02.

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.552037
a2 —0.1081338
a3 -0.17236
a4 0.0386226
a5 —-0.0022951

o =1.5410 - 0.1866* — 0.1466° + 0.0366* — 0.002236°

(4.43)
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Example 4.17

Data: see previous Example 4.7, but p = —4 and {3 = {35 = { (0) = (1/64)(6%);

E/E,=0.1; fi=0.05
Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.45 0.3625 1.45 0.3625
4 El 1. 0.25 1. 0.25
5 3 0 0 1. 1.
6 31 5.0E-06 0 0.9999808 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9998469 1.015E-05
9 34 l. 0 1. 0
10 35 1.563E-12 1.563E-12 1. 1.
11 fi 0.05 0.05 0.05 0.05
12 k 0.1 0.1 0.1 0.1
13 4.05E-07 4.05E-07 0.0705907 0.0705907
14 ml 0.0404998 0.0003976 0.0404998 0.0003976
15 m2 1.266E-05 1.266E-05 3014.544 3014.544
16 | m2l 1.266042 0.5328301 1666.482 1666.482
17 n 1. 1. 1. 1.
18 4. 4. 4. 4.
19 s 1. 1. 1. 1.
20 t 1.0E-05 1.0E-05 8. 8.
21 Y1 1.45E-05 1.45E-05 3.83794 2.9
22 z 1.45E-05 1.45E-05 2.876543 0.5309334
23 z1 0 0 0.9244367 0.9244367
24 z11 0 0 0.79102 0.79102
25| zI111 1.0E-05 1.0E-05 2.108878 0.5333333
26 72 0 0 1.216104 1.216104
27 722 0 0 0.6766824 0.6766824
28 z3 0 0 2.843E+12 2.843E+12
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Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z"n
2 d(z2)/d(t) = (exp(t/(1 + 0.067*1)))*(A2*(z"s))*((exp(0.01*m)))*m1*z" n
3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*%t)))* A3*(f35*(t"p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n
4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111"n
5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1*(z1117s))*((exp(0.01*m)))*m1*z
111"n
Explicit equations
m = (0.0405%t — 0.01126*t*2 + 0.001462*t"3 — 0.00006868*t"4)
m1 = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 1.266%t + 2.12*t"2 — 3.077*t"3 + 1.085*t"4
fi=0.05
k=0.1
n=1.0
s=1.0
E = (0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
9 A2=1
10A3=1
11p=-4
12 z =t*E—(z1 + 22)*((exp(-0.01*m)))—=z3*(exp(—0.01*m2))
13 m21 =1.266 +4.24 *t — 9.231 *t"2 + 4.34 *t"3
14 £3 =if (t <0.1) then (0) else (1)
15 31 = (1/16)*t*(8 — t)
16 132 = (exp(-0.1*t))
17 £33 = (sin(3.14*t/4))"2
18 34 =if (t < 7) then (1) else (0)
19 135 = (1/64)*t"2
20 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0
21 z111 =t*E1—(z11 + 222)*((exp(—0.01*m)))
22Y1=t*E
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Figure 4.26: Stress-temperature-strain diagram A3 = f,(t); p=—4; 0"=4; ¢ = 0.05.

Model: z = al *t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.531793
a2 0.1920094
a3 —0.2794209
a4 0.0505784
as —-0.0026929

0 =1.5320 + 0.1926% - 0.2796° + 0.05066* — 0.002696°

Example 4.18

(4.44)

Data: see previous Example 4.7, but p = —4 and {3 = {35 = { (0) = (1/64)(6%);
E/E,=0.1;fi=0.08

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.72 0.43 1.72 0.43
4 El 1. 0.25 1. 0.25
5 3 0 0 1. 1.
6 31 5.0E-06 0 0.999823 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9999891 1.015E-05
9 34 1. 0 1. 0
10 35 1.563E-12 1.563E-12 1. 1.
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11| fi 0.08 0.08 0.08 0.08
12| k 0.1 0.1 0.1 0.1

13| m 4.05E-07 4.05E-07 0.0705907 | 0.0705907
14| ml | 0.0404998 | 0.0003976 0.0404998 | 0.0003976
15| m2 | 1.266E-05 | 1.266E-05 3014.544 3014.544
16| m21 | 1266042 | 0.5430382 1666.482 1666.482
17| n 1. 1. 1. 1.

18] p 4. 4. 4. 4.

19 s . 1. 1. 1.

20| ¢ 1.0E-05 1.0E-05 8. 8.

21| Y1 1.72E-05 1.72E-05 4.708834 3.44

2| z 1.72E-05 | -0.060784 3.330802 | 0.5272795
23|zl 0 0 0.9675236 | 0.9675236
24| zl1 0 0 0.79102 0.79102
25| zll1 1.0E-05 1.0E-05 2.110607 | 0.5333333
26| 22 0 0 1.719961 1.719961
27| 222 0 0 0.6766824 | 0.6766824
28| 23 0 0 2.807E+12 | 2.807E+12

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1 + 0.067*1)))*(A2*(z"s))*((exp(0.01*m)))*m1*z"n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(f35*(t"p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111"n

5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1*(z1117s))*((exp(0.01*m)))*m1*
z111%n

Explicit equations
1 m=(0.0405*%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 1.266%t + 2.12*%t"2 — 3.077*t"3 + 1.085*t"4
fi=0.08
k=0.1
n=1.0
s=1.0
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8 E=(0.625— 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)* (0.625 —
0.375*(tanh(5*(t — 5))))*(fi)

9 A2=1

10A3=1

I1p=—4

12 z =t*E—(z1 + z2)*((exp(-0.01*m)))-z3*(exp(—0.01*m2))
13 m21 =1.266 + 4.24 *t — 9.231 *t"2 + 4.34 *t"\3

14 f3 =1if (t <0.1) then (0) else (1)

15 131 = (1/16)*t*(8 — t)

16 132 = (exp(—0.1%*t))

17 £33 = (sin(3.14*t/4))"2

18 f34 = if (t < 7) then (1) else (0)

19 35 = (1/64)*t"2
20 E1 = (0.625 — 0.375*(tanh(5*(t — 3))))*1.0
21 z111 = t*El1—(z11 + z22)*((exp(-0.01*m)))
22 Y1 =t*E
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Figure 4.27: Stress-temperature-strain diagram A3 = f(t); p=—4; 0"=4; ¢ = 0.08.

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.49415
a2 0.5190015
a3 -0.4013184
a4 0.0651564
as —0.0032358

o =1.5320 4+ 0.1926? - 0.2796° + 0.05060* — 0.002696°

(4.45)
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Data: see previous Example 4.7, but p = —4 and {3 = {35 = { (0) = (1/64)(6%);

E/E,=0.1;fi=0.1
Calculated values of DEQ variables
Variable | Initial value | Minimal value | Maximal value | Final value

1 A2 1. 1. 1. 1.

2 A3 1. 1. 1. 1.

3 E 1.9 0.475 1.9 0.475

4 El 1. 0.25 1. 0.25

5 3 0 0 1. 1.

6 31 5.0E-06 0 0.9999807 0

7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9999749 1.015E-05
9 34 1. 0 1. 0

10 35 1.563E-12 1.563E-12 1. 1.

11 fi 0.1 0.1 0.1 0.1

12 k 0.1 0.1 0.1 0.1

13 m 4.05E-07 4.05E-07 0.0705907 0.0705907
14 ml 0.0404998 0.0003976 0.0404998 0.0003976
15 m2 1.266E-05 1.266E-05 3014.544 3014.544
16 | m2l 1.266042 0.5363002 1666.482 1666.482
17 1. 1. 1. 1.

18 —4. 4. 4. 4.

19 s 1. 1. 1. 1.
20 t 1.0E-05 1.0E-05 8. 8.
21 Y1 1.9E-05 1.9E-05 5.594458 3.8
22 z 1.9E-05 -0.2750274 3.620656 0.5075764
23 z1 0 0 0.9646977 0.9646977
24 z11 0 0 0.79102 0.79102
25| zI111 1.0E-05 1.0E-05 2.10183 0.5333333
26 z2 0 0 2.11242 2.11242
27 722 0 0 0.6766824 0.6766824
28 z3 0 -21.4011 2.688E+12 2.688E+12
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Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z"n
2 d(z2)/d(t) = (exp(t/(1 + 0.067*1)))*(A2*(z"s))*((exp(0.01*m)))*m1*z"n
3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(f35*(t"p/(1 + 0.1*t"p)))*((exp
(0.01*m2)))*m21*z" n
4 d(z11)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111"n
5 d(z22)/d(t) = (exp(t/(1 + 0.067*t)))*(1*(z111"s))*((exp(0.01*m)))*m1*
z111”n
Explicit equations
m = (0.0405%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 1.266%t + 2.12*t"2 — 3.077*t"3 + 1.085*t"4
fi=0.1
k=0.1
n=1.0
s=1.0
E = (0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
9 A2=1
10A3=1
11p=-4
12 z =t*E—(z1 + z2)*((exp(—0.01*m)))-z3*(exp(—0.01*m2))
13 m21 =1.266 +4.24 *t —9.231 *t"2 + 4.34 *t"3
14 £3 =if (t <0.1) then (0) else (1)
15 31 = (1/16)*t*(8 — t)
16 132 = (exp(-0.1*t))
17 £33 = (sin(3.14*t/4))"2
18 34 =if (t < 7) then (1) else (0)
19 135 = (1/64)*t"2
20 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0
21 z111 =t*E1—(z11 + 222)*((exp(—0.01*m)))
22Y1=t*E
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Figure 4.28: Stress-temperature-strain diagram A3 = f(t); p=—4; 0= 4; ¢ = 0.1.

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.482666
a2 0.7150971
a3 —0.4739853
a4 0.0735177
as —-0.0035231

6 =1.5320 4+ 0.1926% - 0.2796° + 0.05066* — 0.002696° (4.46)

Example 4.20

Data: see previous Example 4.7, but p = —4 and {3 = {35 = { (0) = (1/64)(6%);
E/E,=0.1;fi=0.15

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 2.35 0.5875 2.35 0.5875
4 El 1. 0.25 1. 0.25
5 f3 0 0 1. 1.
6 31 5.0E-06 0 0.999853 0
7 32 0.999999 0.449329 0.999999 0.449329
8 33 6.162E-11 6.162E-11 0.9999998 1.015E-05
9 34 1. 0 1. 0
10 35 1.563E-12 1.563E-12 1. 1.
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1| *f 0.15 0.15 0.15 0.15
12| k 0.1 0.1 0.1 0.1

13 4.05E-07 4.05E-07 0.0705907 | 0.0705907
14| ml | 0.0404998 | 0.0003976 0.0404998 | 0.0003976
15| m2 | 1.266E-05 | 1.266E-05 3014.544 | 3014.544
16 | m21 | 1266042 | 0.5408078 1666.482 1666.482
17 1. 1. 1. 1.

18| p vy 4. 4. 4.

19 s 1. 1. 1. 1.

20 t 1.0E-05 1.0E-05 8. 8.

21 Yl 2.35E-05 2.35E-05 7.804924 4.7

2| z 2.35E-05 | —0.9265854 4305684 | 0.3642367
23|zl 0 0 0.9878946 | 0.830322
24| zll 0 0 0.79102 0.79102
25| zlll 1.0E-05 1.0E-05 2.110389 | 0.5333333
26| 22 0 0 3.357069 | 3.357069
27| 222 0 0 0.6766824 | 0.6766824
28| 23 0 ~2.303E+05 1.87E+12 | 1.87E+12

Differential equations

1 d(z1)/d() = (exp(t/(1 + 0.067%t)))*((exp(0.01*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1 + 0.067%t)))*(A2*(zs))*((exp(0.01*m)))*m1*z"n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))*A3*(£35%(tp/(1 + 0.1%t"p)))*((exp
(0.01*m2)))*m21*z"n

4 d(z11)/d(®) = (exp(t/(1 + 0.067*t)))*((exp(0.01*m)))*m1*z111%n
5 d(z22)/d(t) = (exp(t/(1 + 0.067%t)))*(1*(z11178))*((exp(0.01*m)))*m1*
z111%n

Explicit equations
1 m=(0.0405*%t - 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)

~N N R W N

ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 1.266%*t + 2.12*t"2 — 3.077*t"3 + 1.085*t"4
fi=0.15
k=0.1
n=1.0
s=1.0
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8 E =(0.625—0.375*(tanh(5*(t — 3))))*(1 — fiy+(1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
9 A2=1
10A3=1
Ilp=-4
12 z =t*E—(zl + z2)*((exp(-0.01*m)))—=z3*(exp(—0.01*m2))
13 m21 =1.266 +4.24 *t —9.231 *t"2 + 4.34 *t"3
14 £3 =if (t <0.1) then (0) else (1)
15 31 =(1/16)*t*(8 — 1)
16 32 = (exp(-0.1*t))
17 £33 = (sin(3.14*t/4))"2
18 34 = if (t < 7) then (1) else (0)
19 35 = (1/64)*t"2
20 E1 =(0.625 — 0.375*(tanh(5*(t — 3))))*1.0
21 z111 = t*El—(z11 + z22)*((exp(-0.01*m)))

22Y1=t*E
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Figure 4.29: Stress-temperature-strain diagram A3 = f(t); p =—4; 6"=4; ¢ = 0.15.

Model: z = al*t + a2*t"2 + a3*t"3 + a4d*t"4 + a5*t"5

Variable Value

al 1.435905
a2 1.230572
a3 -0.6703235
a4 0.0969525
as —-0.0043767

6 =1.5320 4+ 0.1926% - 0.2796° + 0.05066* — 0.002696° (4.47)
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Conclusions

1.

Phenomenological creep deformation models, suitable in its various
crystalline composites and nanocomposites structural materials are
presented.

. The single integral constitutive models are presented in terms of creep

compliance dimensionless non-linear equations that are solved using
approximate numerical methods.

Matrix degradation of composite materials often follows first-order
kinetics as validated by experimental studies.

. The entropy of a mass element changes with time for two reasons. First,

because entropy flows into the volume element occupied by this mass
element, second because there is an entropy source due to irreversible
phenomena inside the volume element. Therefore the entropy of the
system is the sum of the entropies of the subsystems.

. The rate constants for many simple chemical reactions were found to

be accurately described by the Arrhenius law, and in case of kinetics of
nanoparticles synthesis processes can be described as a first order chemical
reaction or as autocatalytic reactions: they are chemical reactions in which
at least one of the products is also a reactant. The rate of these equations
for autocatalytic reactions is fundamentally nonlinear and they should be
presented by the conservation of mass differential equation.

The assumptions are made in order to simplify the corresponding heat and
mass conservation equations.
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5

Physical Chemistry of
Nanoparticles

5.1 Introduction

The objective of this chapter is to obtain a theoretical description of the rates
of chemical reactions on a macroscopic level and to relate corresponding laws
to mechanisms for reactions on a microscopic level. The rate of a reaction
depends on a variety of factors: on the temperature, pressure; concentrations
of the reactants and products; and on whether or not a catalyst is present. The
rate law for a reaction is defined as the change in the concentration of one of
the reactants or products with respect to time. In general, the rate of change
of the chosen species will be a function of the concentrations of the reactant
and product species as well as the external parameters such as temperature.
The stochiometry of the reaction determines its proportionality constant.
Consider the general reaction a*A + b*B = c*C + d*D, where a; b; c; d are the
stochiometric coefficients and the rate of concentration [C] change is defined
as: rate r = [(1/c)]d[C]/dt. This rate varies with time and is equal to some
functions of the concentrations: [(1/c)]d[C]dt = f([A],[B],[C],[D]). Of course,
the rates of change for the concentrations of the other species in the reaction
are related to that of the first species, by the stochiometry of the reaction. For
the example presented above, it is as follows:

di€]_db __dlA]_ _d[B] (5.1)

cdt ddt adt bdt

Let’s agree that the rate will be called positive if the reaction proceeds
from left to right, and positive derivatives are called for the products and
negative ones for the reactants. The equation is:

(1/c)d[C}/dt = f([A],[BL,[C],[D]) (5.2)
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and it called the rate law for the reaction. While f([A],[B],[C],[D]) might
in general be a complicated function of the concentrations, it often occurs
that f(x) can be expressed as a simple product of rates. The rate law in its
differential form describes in the simplest of terms how the rate of the reaction
depends on the concentrations, however it is useful to determine how the
concentrations themselves vary in time. Of course, if we know d[C]/dt, in
principle we can find [C] as a function of time by integration. In practice it
is useful to consider both, the differential and integrated rate laws [1]. While
the differential rate law describes the rate of the reaction, the integrated rate
law describes the concentrations. In other words, the differential rate law is
describing the chemical reaction process on a micro level and the integrated
rate law describes this process from a macro kinetics point of view. Macro
kinetics is the kinetics of macroscopic processes, describing the course of
chemical transformations in their interrelation with the physical processes of
matter (mass), heat transfer and electric charge transfer. The term macroscopic
began to be used in the early 40’s of the 20th century (in particular, in the works
of D.A. Frank-Kamenetsky and M. Boudart [2—4]) and covers all phenomena
that arise as a result of the influence of the processes of transport, of matter
and heat on the rate of chemical transformation. Chemical kinetics considers
the rate of only the chemical reaction itself. Under actual conditions, chemical
transformation is often accompanied by processes of mass and heat transfer,
depending on the hydrodynamic conditions of motion of gas, liquid or solid
particles, and the rates of these latter processes often limit the overall process
speed. A complex chemical-technological process is divided into chemical
and physical components, and a separate study of them is carried out, after
which their mutual influence is determined by mathematical methods using
a computer. This is due to the impossibility of reproducing in the laboratory
settings all the features of a real process, accompanied by the transfer of
matter and heat, as is the case in industrial conditions.

Chemical reactions are always associated with a variety of physical
processes: heat transfer, absorption or emission of electromagnetic waves,
electrical phenomena and others. Thus, a mixture of substances which produces
a chemical reaction, releases energy into the external environment in the form
of heat or absorbs it from the outside. As the temperature of the substance rises,
the intensity of the vibration motions inside the molecules increases and the
bond between the atoms in the molecules weakens. After reaching a known
critical energy value, molecules can dissociate or interact with other molecules
in a collision, that is, a chemical process occurs. In all cases, there is a close
connection between the physical and chemical phenomena and their interaction.
Physical chemistry is the study of the relationship between physical and
chemical phenomena. It deals with the multilateral studies of chemical reactions
and their corresponding physical processes using theoretical and experimental
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methods of physics and chemistry. Physical chemistry as a boundary science
covers the phenomena studied from several angles. It takes into account the
nature of the interaction of atoms and molecules and thus examines complex
and interconnected phenomena of the material world. Physical chemistry pays
the most attention to the study of the laws of the course of chemical processes, in
time and the laws of chemical equilibrium. The main task of physical chemistry
is prediction—the chemical process over time and the state of equilibrium
in various conditions, on the basis of the data on the structure and properties
of molecules that comprise the system. Knowledge of the conditions of the
chemical reaction leads to the possibility of controlling the chemical processes
of the technological production of nanomaterials.

5.2 Disperse systems

A substance that is in state of strong grinding (high degree of dispersion) is
called a dispersed phase. The medium in which the disintegrated substance
is placed is called the dispersion medium. There are several ways to classify
disperse systems [5, 6].

5.2.1 Classification by degree of dispersion

Systems in which the dispersed phase has particles with a size r > 107 cm
are called coarse dispersions. If r is 107 < r < 107 cm, the system is called
a colloidal solution, or a colloidal dispersion. When r < 10”7 ¢cm, we have
a molecular dispersion or a true solution. The concept of “colloid” was
introduced by the English scientist Thomas Graham [7], he studied the
behavior of glue solutions in water and found that through the parchment,
molecules of water pass, and the molecules glue-no. Parchment was selectively
permeable or a semi-permeable septum. The separation of molecules is called
dialysis. Glue in Greek language is kolo, hence the name—colloids. Graham
suggested using the value of the rate of diffusion of the molecules through a
parchment partition as a criterion for dividing all substances into crystalloids
and colloids. He believed that if substances diffuse rapidly and are capable of
crystallization, they are crystalloids.

5.2.2 Classification of disperse systems

The concepts introduced above are rather arbitrary, since many polymer
molecules consist of millions of atoms and have a size r > 10~ cm. According
to their chemical nature, they should be attributed to true solutions, but
are included with colloids in particle sizes. All disperse systems are
thermodynamically unstable, since they have a highly developed surface. As a
consequence, such systems are characterized by the high value of free surface
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Gibbs energies G . Many of the finely dispersed systems grow so slowly that
this process cannot be detected. Thus, a suspension of gold particles in water,
cooked more than two centuries ago by Faraday, and stored in England at the
Royal Museum has practically no sludge. The reason for this stability lies
in the kinetic factors—the Brownian motion pushes out tiniest particles and
prevents them from connecting. Many regularities of the behavior of disperse
systems can be explained by the surface properties of the phases and their
dependencies on various factors. The surface phenomena can be ignored if
the relative phase surface is small: W/V — 0—the ratio of the surface area
to the volume is small. On the other hand, this ratio characterizes the ratio of
the number of atoms (molecules) on the surface N and their number in the
volume N of solid particles. If the ratio W/V is small, then the ratio N /N, is
also small and the bulk of the atoms (molecules) of the substance are in the
bulk phase. However, as the substance is fragmented, its specific surface, and
the fraction of atoms located on the surface also grows.

For instance take a cube of matter with a side of 1 cm and split it,
dividing each side of the cube into 100 pieces. We obtain a set of small cubes
with a rib size of 102 cm. The surface area of each newly formed cube is
W, =6 x 10 cm?, and their total number will be N = 10°. The total surface
area of all cubes is W =6 - 10> cm?, a hundred times the surface area of the
original cube. The total surface of the substance increases as the degree of
fragmentation increases (the number of particles formed). In the latter case,
when the size of the edge of the particle is 107 cm, the surface area of each
of the 10*' elementary cubes is W, =6 - 10" cm?, and their total surface will
have an area of 6 - 107 cm? = 6 - 10° m? = 0.6 hectares. A small cube of solid
material, when dispersed, increases its surface to thousands of square meters.
In a finely divided substance, a significant fraction of the atoms are in the
surface layers. In the disperse systems with particle sizes of 10°-10° cm.
it is impossible to ignore surface phenomena in such systems, since it helps
to explain many regularities in the behavior of particles. Therefore, surface
phenomena must always be borne in mind and taken into account, and in
some cases, the surface properties of the particles are the determining. It is
necessary to take into account such characteristics as surface tension o, edge
angle 0, adhesion W, and adsorption I, at the interface. At very small particle
sizes, the characteristics themselves begin to depend on the linear parameters
of the micro objects [8]. On a flat surface, the resultant of the forces that pull
the atom into the volume of the phase is maximal. If the particle of matter is
small, then because of the considerable curvature of the surface, the part of
the bonds of the surface atom with the bulk atoms disappears. The force field
closes to a lesser degree and the surface tension decreases [9]:

c, =60(1—2—Gj (5.3)

T
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o,—surface tension for a large drop; r—radius of a droplet or half the
thickness of a thin film; & is the thickness of the transition layer. Consider
the interface between gas and liquid. Within the phase the density is constant.
When passing through the interphase boundary, the values vary from the
values characteristic of one phase to those characteristic of the other phase.

Figure 5.1: Gibbs energy change.

Change in Gibbs energy with increasing surface on Aw is usually
expressed by the equation [10]:

AG=0"A, (5.4)

The surface (interfacial) tension is greater than zero: ¢ > O0—always.
Therefore, if the surface increases by A, then the Gibbs energy of the system
increases. And since the minimum state of Gibbs energy corresponds to the
equilibrium state, the system is removed from equilibrium when the surface is
increased. For P and T = const, a system having a strongly developed surface,
is thermodynamically unstable. It tends to spontaneously reduce its surface. In
emulsions, particle enlargement is observed. The greater the surface tension
at the interface, the more unstable the disperse system. For a conventional
thermodynamic system, change of Gibbs energy is found from the expression

AG = AH - TAS (5.5)

This equation describes the behavior of a significant number atoms or
molecules. Thermal particles vibration of atomic size provides the possibility
of a system of atoms or molecules, to realize certain thermodynamic states.
By inference, the mobility of colloidal particles due to their Brownian
motion makes it possible to analyze the behavior of disperse systems using
thermodynamic regularities. For disperse systems with a developed surface,
the analogue of the energy term AH is the product 6 - A , describing the change
in the energy of the system with a surface reduction: AG = o - A — TAS. Let
us consider how the components of the Gibbs energy of a disperse system
behaves as the particle sizes decrease [11]:
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_Pp (5.6)

where Lis the linear particle size; nis the number of particles; A is the increased
surface; A =a-L*-n; ais a coefficient that depends on the shape of the particles;
AS is the change in the entropy of the set of particles. If the grinding is small
(number n), the entropy growth is proportional to the number of particles:
AS = B - n, where n ~ 1/L3. If we plot the variation AG = f (L), then it turns
out that at some temperatures we obtain a region with negative values of AG.
Given the temperature, it is possible to determine at what values of surface
tension ¢ this thermodynamic stability is possible (AG < 0). We find the
boundary value of ¢ by equating to zero the expression for AG [12, 13]:

_ BT RT

o (XLz _(p Lz (5‘7)

1
AGzaG—Bngo; c

where ¢ is a coefficient of proportionality. Approximate calculations show
that when ¢ is small (of the order of 10'-102 mJ/m?), then at a temperature
of 20°C and ¢ = 15, the values of AG are negative. Then the disperse system
can be thermodynamically stable. Consequently, in a number of cases the
process of self-dispersing, of a substance is thermodynamically justified. If
we take silicate melts, where the temperature reaches T =~ 1500°C, then the
critical values of ¢ can reach the values of 0.1-3.0 mJ/m?. Even if the values
of 6 > o and the system is not thermodynamically stable, while interphase
(surface) the stresses ¢ are not very large, the presence of small perturbations
can impede its enlargement. Therefore, in many cases even finely dispersed
systems can last for a long time without self-consolidation. Small pulsations,
and convective currents do not allow the system to be enlarged. If the tension
value is sufficiently large (6 > 1 mJ/m>—for aqueous solutions and ¢ > 10 mJ/
m>—for melts), then the system is unstable and spontaneously must undergo
particle coarsening. There are two types of enlargement. The first is when
particles can be connected without the interface between them (two bubbles,
two drops). This coarsening is called coalescence. The second occurs after the
solid particle and the bubble are joined, a drop of liquid and a bubble develops
an interphase boundary. This enlargement is called coagulation. Nevertheless,
even with high values of interfacial (surface) tension ¢ (100—1000 mJ/m?),
sometimes disperse systems exist for a very long time. In these cases, they are
given stability by kinetic factors.

5.2.3 Sensitivity of tension stresses to concentration surfactants

Rehbinder [14] drew attention to the delay in the diffusion of adsorption
processes, during the flow of liquid solution from the zone of contact of
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converging solids. When the particles approach each other, the liquid from the
thin part is mechanically squeezed out into thick layers. The film is thinned
and stretched. Adsorption equilibrium cannot be restored in time. Surface-
active components will move to the point of contact of solid particles. This
is equivalent to an additional flow of a substance that prevents film thinning
and its stability. When the saturation of the surface layer of the surface—the
active component is not influenced by the adsorption of certain substances,
then the surface layer has an increased viscosity, an increased shear resistance,
a rupture, and so on. Similar phenomena occur in melts.

5.3 The rate of chemical reaction

Chemical reactions can occur in systems consisting of one (homogeneous
reaction) or several (heterogeneous) phases. The rate of a homogeneous
chemical reaction v over a given substance is the change in the amount of this
substance n, (in moles) per unit time T and in unit reaction volume V:

yoptdn _,d o, 4G (5.8)
T

That is, for a homogeneous chemical process proceeding at a constant
volume, the speed of the process over a certain substance is called the change
in the concentration of the i-th substance per unit of time. The velocity
dimension in this case is mole/sec or mol/min.

The experimental dependence C, = f (1) is presented in the form of
an analytical one, or as a graphical dependence and is called the kinetic
curve. Often, when there are no precise methods for quantifying substances
involved in the chemical process, the chemical transformation is monitored
by the change in some property of the system (refractive index, electrical
conductivity, and for gas reactions, volume or pressure). It is only necessary
that it be one of the notional dependence C, = f (property). For the continuous
analysis of substances directly in the reaction volume, various methods
[15-17] of physical and chemical analysis are used: conductivity metric,
potentiometric, paleography, and so on. Since the reaction rate is always
positive, and the concentration participants of the reaction can both decrease
and increase, in general and in the above equations, the corresponding
sign is placed. A plus sign is used if the rate of reaction is judged by the
increase is in the concentration of the reaction product, and the minus sign if
the change (decrease) is in the concentration of the starting substances. The
starting materials are consumed, and the reaction products are formed in the
equivalent quantities (according to the stochiometric coefficients), therefore,
in determining the reaction rate, there is no need to monitor the change in the
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concentration of all interacting substances. So, for example, for the synthesis
of ammonia: N, + 3H, = 2NH, the following relations are correct

1 dC 1 dCHz n _1dCNH3

ve——t o ==
(<) dt  (=3) dt V' 2 dr

(5.9)

Thus, the rate of the chemical reaction is always a positive value and
has the same value for the given reaction irrespective of the change in the
concentration of which reagent is expressed.

The main factors affecting the rate of chemical reactions are the
temperature, the concentration of reactants, the presence of a catalyst in the
system. According to the law of effective masses at T = const: the reaction rate
is proportional to the product of the concentrations of the reacting substances
in certain degrees, therefore, in general, the relationship of the velocity with
these concentrations can be represented for the reaction a(A) + b(B) = ¢(C) +
d(D) as follows:

v=K[C[Cy ] (5.10)

In this equation, called the kinetic equation, the proportionality coefficient
K is a rate constant, and the exponents n, and n, partial orders of reaction for
the substance A and B. The sum of the exponents at the concentrations in the
kinetic equation of the reaction is called the total (general) order n, +n, = n.
The rate constant of the reaction in terms of physical meaning is equal to the
rate of chemical reaction at fixed unit concentrations of reacting substances.
It depends on the nature of the reacting substances, temperature, and presence
of catalyst in the system. The fact that, in contrast to the rate of chemical
reaction, the rate constant K does not depend on concentration and time
makes it convenient in technological practice. Chemical reactions from the
kinetic point of view are classified according to the molecularness and order
of the reaction. By the order of the chemical reaction they are subdivided into
the reactions of I, II and III orders, and in addition, there are reactions of zero
and fractional order.

5.4 Temperature effect on chemical reaction rate

Temperature has a strong effect on the rate of chemical reaction. It has been
experimentally established that, with an increase in temperature by ten
degrees, the rate of homogeneous reaction increases by a factor of 2—4 (the
Van’s Hoff rule). The number that shows how many times the rate of constant
increases with a temperature increase of ten degrees is called the temperature

T+10

coefficient of the rate constant —y: y = . In the general case, the following

relation holds as:
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T,-T

K, =Ky " (5.11)

where K| and K —rate constants, respectively, with temperature T, and T,.
The Van’s Hoff rule gives an approximate dependence of the velocity reaction
from temperature. A more accurate mathematical temperature dependence of
the constant was established by Arrhenius, whose differential equation has
the form:

dT  RT’
where—E 1is the activation energy. Taking E independent of temperature and
integrating, we obtain the Arrhenius equation in the form:

K=Ae X (5.13)

where A is the pre-exponential factor; E is the activation energy. Constant A
and E are usually determined experimentally from the temperature dependence
of the reaction rate constant. For this, Equation (13) must be written in linear
form:

E
InK=1nA - — (5.14)
RT

In the coordinates [InK; —1/T], this dependence is expressed by a straight
line with a negative slope, from which the activation energy and InA can be
found. The factor A in the Arrhenius equation, according to the theory of active
collisions, is equal to the number of collisions per unit volume per unit time.
The factor exp (—E/RT) determines the fraction of active collisions. In order
to eliminate the discrepancy between the experimental and calculated data,
a correction p (a steric factor; p < 1 generally) is introduced into Equation
(5.13), taking into account the orientation of the molecules in space.

It is assumed that the rate of the chemical reaction is directly dependent on
the likelihood of rapprochement and the correct orientation of the molecules of
the reacting substances relative to each other, and that the ability to reorient the
molecule in space depends on its mass and branching. For large and branched
molecules, the probability at the same temperature, to orient correctly to form
an activated reaction complex is lower than for small molecules. In addition,
the more molecules of active groups capable of forming bonds, the more
likely it is that these groups will be next to each other when the molecules
meet, and thus the higher the probability of the appearance of new chemical
bonds. All this was taken into account by the choice of the coefficients K. It
was assumed that if the components of the reaction mixture are able to react
with each other in four ways, then the rate of chemical reaction between them,
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other things being equal, will be four times higher than for molecules that
can react with one another in a unique way. The corresponding combinatorial
analysis is not difficult to realize. As a result, it turned out that the chemical
reaction rate coefficients should be specified using two constants k, and k,
taking into account the reaction features.

Two phases appear in the liquid forms. In a homogeneous liquid,
separation can occur if the total energy of the separated phases is less than
the energy of the initial phase. The liquation is observed in many crystallites,
in particular binary systems. The cause of segregation is the heterogeneous
structure of the initial phase. Micro inhomogeneity can be caused by:

- different concentration of components;

- different coordination states of actions;

structured heterogeneity;

the difference in the binding energies of the components, and so on.

There is a stable and metastable phase separation. Stable segregation is
observed at temperatures above the liquids temperature. When the temperature
falls below the critical temperature, the initial melt decomposes into two
phases (Fig. 5.2).

Line ‘a—b’ characterizes the composition of one phase, the line ‘b—c’—
the composition of the second phase. At a temperature below the line level
‘ac’ there is a melt of composition ‘ab’ and crystals of pure component B.
The viscosity of melts at high temperatures is usually low and the hetero-
phase system of two phases is quickly divided into two layers—stratified.
A liquid with a lower density is collected from above. In systems prone to
crystallization formation, the laws of liquid phase separation in liquids
in a metastable state should be the same as in the supercilious region. In a
subliminal region, phase separation can be observed even if there is no stable
segregation in the system. At T <T_, the system breaks up into two phases,
‘ab’ is the composition of one phase; ‘bc’ is the composition of the second
phase. From the point of view of thermodynamics there is no difference
between stable and metastable segregations. However, the kinetics of the

Figure 5.2: Decomposition into two phases.
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phenomena is very different. The division into two phases is connected with
the mutual displacement components. Because of lower temperatures, the
rate of phase separation for metastable phase separation is several orders of
magnitude lower than for stable segregation. Metastable phase separation
does not lead to stratification, but to phase separation. In this case, the two-
phase glass is a micro-inhomogeneous material consisting of two uniformly
distributed different substances with different properties. The diameter of
dispersed formations is several tens and hundreds, and rarely—thousands
of nanometers. The shape of the particles depends on the composition
and mechanism of the decay. Precisely for this reason the step-function
34, £35 and f37 had been introduced in creep constitutive integral Equation
(4.16—see Chapter 4).

5.5 Phenomenological kinetics

The aim of chemical kinetics is to obtain an equation of the so called kinetic
curve on the basis of the formulated laws and postulates. Such an equation
contains the constants that are characteristic for a given transformation
(rate constants, activation energies, and sometimes equilibrium constants)
under given experimental conditions, and allows for the quantity of matter
to be expressed at a given time. A peculiarity of the course of chemical
transformations is that the formation of products in appreciable amounts in
different reactions takes place over substantially different times. For example,
the hydrolysis of sucrose requires several hours, and the recombination of
methyl radicals is several microseconds. This requires the use of a variety of
measurement methods.

5.5.1 Basic definitions and postulates

The present approach to chemical reaction kinetics is based on so-called
Extended Irreversible Thermodynamics (EIT) [18] that is coupled with the
effective medium approach (EMA) [19, 20], which allows assimilating the
nanocomposites to effective homogenized media.

The main purpose is to model the heat transport associated to dispersion
of nanoparticles in a bulk material, called the matrix. The description of such
a heterogeneous two-component medium can be simplified by appropriately
homogenizing it, as described within the effective—medium approach.
Following the lines of thought of Hasselman [21] and later on by Nan et al.
[22], the effective homogenized nanocomposite media is characterized by the
effective modulus of elasticity of the bulk material (given by the so-called
“rule of mixture”) on one hand and the chemical reaction mechanism (see
below) of metal solid phases composed of nano- to micro-crystalline particles
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on the other hand. It is examined also that the significance of various effects on
the constitutive creep equation of nanocomposites, namely the particle’s size,
the volume fraction of particles, and the boundary matrix-particle interface
resistance; the influence of nanoparticles’ clusters and their progressive
agglomeration with the temperature increase. For the sake of simplicity, it is
assumed that the particles are spherical and mono—disperse. Many experiments
have been performed on investigating the role of agglomeration [23-26],
which will therefore be given a special attention in this chapter.

The proposed creep models are taking into account this nanoparticles’
agglomeration and introduce an agglomerate increase effect due to a change
in agglomerate’s size and high temperature rate changes. These models also
examine the influence of volume fraction on the creep rate degree. This point
will receive a particular attention in this work and the relation between the
degree of agglomeration, the particle volume fraction and the chemical
transformation process in time. The results are used as one of the inputs in our
creep constitutive equation model (see Chapters 4 and 7). In order to describe
the chemical transformation process in time, the introduction of the concept
of the rate of chemical reaction is required. A chemical reaction can take place
(apart from spontaneous decay) only when the reacting particles are in direct
contact (collision). If, as a result of the collision, only the intended products
are immediately obtained, this reaction is called simple (using the concept
elementary) reaction. In this case, only one energy barrier is usually is present.
If the transformation consists of several simple reactions (reversible, parallel,
sequential and their various combinations), this reaction is called complex.
The actual sequence of the individual elementary reactions in a unit of the
reaction space is known as reaction mechanism. The reaction mechanism
of metal oxides and other stable solid phases composed of nano- to micro-
crystalline particles is generally a complex process and it can be simplified by
distinguishing two main contributions to the chemical reactivity of the solid:
the potential rate coefficient k(E), and the conversion-dependent function
f(y). Both k(E) and f(y) can be obtained experimentally and theoretical
consequences of their particular forms are discussed below. One of the basic
principles of nano- to micro-crystalline particles evolution is the assumption
that two contributions to the reactivity of microcrystalline solids may be
separated: the influence of reaction temperature and that of the increase of
solid particle consumption (conversion), y [27].

d

Y k(D) (y) (5.15)
dt
where dy/dt is a reduced reaction rate, k(T) is a potential-dependent rate
coefficient, y is a reaction conversion. If during the transformation the volume
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of the reaction space does not change (a closed system of constant volume),
then dy/dt can be replaced by dC/dt, where C is the concentration of reactants.

ac =k(T)f(C) (5.16)
dt

All previous attempts to describe the kinetics of chemical reactions of
solid particles [28] have been based on a similar separation of potential- and
conversion-dependent functions. It should be noted here that utilization of
Equation 5.16 is meaningful, only if the heat transfer is significant in the overall
chemical reaction. The second term on the right hand side of Equation 5.16,
f(y) may be chosen from a wide variety of models offered by the experimental
and theoretical studies. The models should describe a possible development
of formation of agglomeration of nanoparticles and reactivity during the
reaction. Many particular f(y) functions can be related to a known kinetic
law [27, 28], and hence a reaction mechanism can be postulated. From the
variety of the models, particularly the shrinking sphere model or as frequently
denoted as general reaction order kinetics, have been most frequently used
[29-32] (with the assumption of an immediate reaction on the whole reactive
surface of the solid):

fly)=(1-y) (5.17)

Equation 5.17 yields monotonously decreasing curves of dy/dt vs. time.
The solution of the kinetic equation for the given initial condition makes it
possible to establish a relationship between the change in concentration in
time and the initial concentrations, i.e., obtain the equation of the kinetic curve.
According to the Cauchy-Lipchitz-Horowitz theorem for the equation dC/dt =
f (k, C) (fis an autonomous function, since t does not enter the right-hand side
of the equation and given a value of C  at t = 0), there exists a unique solution.
This is the mathematical basis of phenomenological chemical kinetics. Let’s
note that it is necessary to consider a limiting component, i.c., the initial
amount of which is so small that, in accordance with the stochiometry of
the reaction, it can react in its entirety, while others, which are larger, will
remain in appreciable quantities. The reaction rate in such a case is better
expressed through a limiting substance. Determining the rate of the chemical
reaction can be graphically differentiated by the kinetic curve. In accordance
with the form of recording, the rate of the chemical reaction has a dimension
of mole/s or mole/h, and the dimension of the rate constant depends on the
values of the exponents in which the reagent concentrations enter the kinetic
Equation (5.16). Equation 5.16 is exactly valid only for a shape-preserving
surface reaction of mono dispersed particles, and is approximately valid for
general surface reaction of poly dispersed crystals. The term vy is a function
of a particle shape and a size distribution. Whenever the initial reaction rate
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increases up to its local maximum at 0 <y < 1 the Avrami-Erofeev equation
[33, 34] is commonly used

(1 -y) = exp[~(kt)’] (5.18)

Based on the above a thermodynamic model for transient creep in
nanocomposites is proposed (see Chapter 4). The model takes into account
the particle’s size, the particle’s volume fraction, and interface characteristics
with an emphasis on the effect of agglomeration of particles on the effective
engineering creep of the nanocomposite. The originality of the present uniaxial
integral type creep model is based on extended irreversible thermodynamics,
combining nano- and continuum-scales but without invoking molecular
dynamics. The analysis is limited to spherical nanoparticles. The dependence
of the degree of agglomeration with respect of the volume fraction of particles
is also discussed and the combination of Arrhenius and the power-law relation
is established through a kinetic mechanism. It is shown that the effective
solid particle consumption (conversion) and agglomeration value, y, may
increase or decrease with the degree of agglomeration. From thermodynamic
considerations it follows that any reaction must take place in both directions—
the formation of products and their conversion to the starting compounds.
However, in the some cases the amount of initial substances in equilibrium is
negligible and often cannot be determined experimentally. In accordance with
the accuracy of the analysis and the method that is used here, one can stop
noticing that the initial substances in the reaction medium at different values
of their initial concentrations. In such cases, it can be said that the reaction
was complete, i.e., it is irreversible. Despite the conventionality of the concept
of “irreversible reaction,” this technique allows simplifying mathematical
transformations and it is widely used in chemical kinetics.

5.6 Kinetics of simple irreversible reactions

It is considered in this section that the reactions occurring in a homogeneous
medium with a constant volume of the reaction space. Let each moment of time
of the concentrations of all substances be constant throughout the volume (the
diffusion rate is much greater than the rate of the chemical reaction). It is also
assumed that the conditions of the experiment make it possible to maintain
the temperature constant over time and throughout the reactor volume. For
irreversible reactions, the presence of certain quantities of products in the
system at the initial instant of time does not affect the reaction rate and under
the above conditions the current concentration (the value at a given time) the
concentration of the resulting substances will be greater by the value of the
initial concentration determined by the equation of the kinetic curve.
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5.6.1 First-order chemical reactions

Consider a first-order reaction: A— ) vP, where P, means one of the
products, and the — sign indicates that the reaction proceeds in one direction.
If[A] is the current concentration of the substance, then according to the basic
postulate of chemical kinetics, the conversion rate A will be determined as:

r=—d[A}/dt = k[A] (5.19)

Separating the variables and integrating under the initial conditions:
[A] =[A],, @ t= 0, we obtain the solution

[A]=[A]e™ (5.20)

Here k is the rate constant of the first-order reaction.

Sometimes other designations are used: a is the initial concentration of
the substance A, x is the concentration of A, converted into products vs. time.
In this case (a — x) will correspond to the concentration of substance A at time
t. Then the expression for the reaction rate has the form:

_ dl@-x) dx

dt dt
After separating the variables and integrating with the initial condition: t = 0;
(a—x) = a, we obtain

x = a[1 — exp(-kt)] (5.22)

k(a —x) (5.21)

The following conclusions can be drawn from the obtained formulas:
* On the graph in coordinates In{[A]/[A]} vs. t, there is a straight line.

» The conversion time of the starting substance by %2 does not depend on

the initial concentration, t, , = (In2)/k.

* The concentration of the initial substance with infinite time will be zero.
* The reaction rate will also be expressed by the exponential: r = [A ] e™.
* The quantity 1/k has the dimension of time. After substituting 1/k into the

€69

kinetic equation the initial concentration A decreases by “e” times.

Recalling that the rate is determined by the tangent to the kinetic curve,
another important relation is obtained. The initial transformation rate A
is [A] /t,, where t is the time that the tangent intersects with the time axis.
Substituting this into a kinetic equation one can see that: [A] /t =k [A] , i.e.,
= 1/k. Therefore for any initial concentrations [A] , the tangents will intersect
the t axis at the same point—value corresponding to the average lifetime of the
molecules (Fig. 5.3).
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Figure 5.3: Initial transformation rate A.

Consider the basic formula for the kinetics of a first-order reaction:
_diA] =k[A]-

dt

Strictly speaking, the process of transformation consists of two stages:
physical—the redistribution of energy and the establishment of a statistical
equilibrium distribution of energy and chemical—the actual conversion of
molecules. In chemical kinetics, we assume that the particles are statistically
independent; an equilibrium distribution of the molecules is established in
terms of energy. Then, as the concentration increases by n times, the reaction
rate also increases by the factor of n. Therefore after multiplying concentration
[A] by a constant coefficient n the first-order reaction equation is as follows:

_dn[A] _
e nk[A] (5.23)

Since n is a constant value, the equation is converted to the original one.
This is followed by two important conclusions. First, when studying the
kinetics of a first-order reaction, one can measure not any concentration, but
any of the parameters, which is constantly proportional to it throughout the
concentration range. Secondly, the kinetic curves measured at different initial
concentrations can be reduced to one if the concentrations are divided by the
ratio of their ratio to one of them selected as the standard. Such a method of
processing experimental data will be called an invariant of the first kind. This,
as well as the independence of t,, from the initial concentration, can be a
criterion for the feasibility of the kinetics of the first-order reaction.

In practice, it is rather difficult to determine the time of the onset of the
reaction, so calculation by the above formulas is not always correct. From the
expression for the current concentration of the initial substance, it is easy to
obtain the relations
[A]

m =exp[-k(t, —t,)] (5.24)

2
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and

In [EJ = kAt (5.25)
[A

2

which do not include the reaction start time and the initial concentration.

Consider a first-order reaction at the initial instants of time, when x is
small. Then, assuming that kt << 1, after expansion of the exponent in a series,
one can write: X = akt and dx/dt = ak = const. It is usually difficult to observe
deviations from a straight line when the starting substance is converted to
10-15%.

5.6.2 Second-order reactions

The reaction of the second order in the simplest form can be written as A+ B
— > P.and its rate in accordance with the basic postulate of chemical kinetics
will be calculated by the formula:

r=k(a—x)(b-x) (5.26)
where a and b are the initial concentrations of the initial substances, x—the

concentration of the transformed A and B. After separating the variables,
Equation (5.26) can be rewritten as:

. S (5.27)

(a—x)(b—x)

And the result of integration is:

kt:( ! jln b(a —x) (5.28)
a-b) a(b—x)

It is obvious that the rate constant of the second-order reaction has the

dimension I/mol.s. The new variable is introduced:
b(a—x

ba-x)_p

a(b—x)

In coordinates, In (D) vs. t, the time dependence of the concentration has
the form of a straight line. It is useful to note that to study the kinetics of such
areaction it is not necessary to measure the concentrations of both substances.
From the equation of material balance, one has

[B]=[B,] - [A,] + [A] and In ([A}/[B,] - [A ] + [A]) (5.30)

(5.29)

and it depends linearly on time. The half-transformation time of substance A
in this case:
_Inb(2Zb-a)

31
172 k(a _b) (5 )
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It is clear that b must be greater than a/2. If the initial concentrations of
the substances coincide, then the previous equation gives an uncertainty. For
these cases, the kinetic equation can be written in a slightly different form. If
the initial substances are different in nature, but their concentrations are equal,
then the solution of the equation

r=k[A]is 1/[A] - 1/[A ] =kt (5.32)

If one substance A reacts and the change in its concentration is measured
during the experiment, then r = 2k[A]? and the solution has the form 1/[A] -
1/[A,] = 2kt. For the half-transformation time of two different substances with
equal initial concentrations, the expression t, , = 1/k [A], i.e., in this case the
half-transformation time depends on the initial concentration.

If the concentration of one of the substances is taken in a considerable
excess ([B], >> [A],), then in the equation

r=k([A],—x)([B],—x) (5.33)

the term ([B]; — x) will be practically constant, and the pseudo-first order
reaction is:

r=k ([A],— ) (5.34)

The expression for the effective rate constant takes the form: k .= k([B], — x).

Consider now a second-order reaction at the initial moments of time,
when x is small. Expanding the exponent in the above solution in series and
assuming that a — X = a, the equation is:

_(a—-b)x
~ab

i.e., X =abkt=const(t). As for a first-order reaction with a small transformation,
the concentration of the starting substance decreases linearly with time. An
analogous expression can also be obtained from the solution of the equation
under the condition of identical initial concentrations. As for a first-order
reaction with a small transformation, the concentration of the starting substance
decreases linearly with time. An analogous expression can also be obtained
from the solution of the equation under the condition of identical initial
concentrations

kt[A]] = [A], (5.36)

k(a —b)t (5.35)

5.6.3 Third-order reaction

Reactions of the type A + B + C — K practically do not occur in the gas phase,
but are possible in solutions. The solution of the general case for a third-order
reaction is rather difficult. Without a conclusion, we give general solutions.
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A+B+C—->3XP;

kt = 1 ln{[ a e b e c } (5.37)
@@-b)b-c)c-a) [(a-x) (b—x) (c—x)

5.6.4 Zero-order reactions

The zero order is characterized by the independence of the rate of reaction
from the concentration of the reacting substances and the rate is equal to
the rate constant: r = k. The kinetic equation —d[A]/dt = k has the solution
kt=[A],—[A]. Therefore the concentration of A decreases linearly with time.
Recall the analysis of reactions of the first and second orders at small degrees
of conversion and one can conclude that in all cases the concentration changes
linearly at the beginning of the reaction and it is impossible to distinguish
reactions of different orders from experimental data under such conditions.
This leads to the conclusion that it is important for practice that the study of
reaction kinetics at conversion degrees of less than 0.15 does not make sense.
The half-transformation time in the zero-order reaction is calculated from the
equation t,, = [A] /2k. In a number of cases, reactions of fractional orders are
also possible. Thus, in solutions, if the reaction occurs between the molecule
and the ion formed during dissociation, the order of 3/2 is likely.

5.7 Determination of the chemical reactions order

In solving the inverse problem, it is important to determine the order of a simple
reaction. For the established order, we can write down the equation of the
kinetic curve and determine the value of the rate constant. There are different
methods. The first and least interesting is the substitution of measurement
results in any of the known equations. The correctness of the choice of the
equation is verified by the linearity of the resulting graph in the corresponding
coordinates. Obviously, the method is laborious, and if the order is not
integer, it is generally difficult to determine its true value. More reliable is the
method for processing experimental data, based on an analysis of the above
kinetic equations. Determining the orders for all substances at once is almost
impossible. Usually proceed as follows, all substances, except one, are taken
in excess, the value of which depends on the desired accuracy of processing
the results. In this case, one can take the zero order in these substances and
determine the order for one of the participants in the reaction, the amount of
which is relatively small. Or, assuming a certain stochiometry of the reaction,
the initial concentrations are set in the ratios of the stochiometric coefficients.
In this case, the total order of the reaction is determined. However, in real
experiments, stochiometry is not exactly known, therefore, the first method
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is used more often and the rate is calculated by the equation r = k . [A]". In
addition to the actual rate k constant, the concentrations of other substances,
except for A, are also included in the value of k .

5.7.1 Method for determining the order of chemical reaction

Consider a method for determining the order of the reaction with respect to
the conversion rates (the Van’s Hoff method). From the general expression
for the reaction rate of the initial substance, which changes during the

reaction, we obtain: Inr = 1n[%(tj] =Ink +nInC. Having determined the rates

and concentrations at two different values of t, we obtain an expression for
calculating the order of the reaction:

n =In{(AC'/At) / AC"/At)}/In(C'/C") (5.38)

Substituting the order values in the equation, we can determine the rate
constant. The method is obviously not exact due to a graphical differentiation
error. It should be noted that in the processing of results there should be no
systematic deviation of the calculated value from the straight line, otherwise
we can speak of an error in determining the value of the reaction order. A
variant of this method is the use of initial rates, but the error in this case can
be even greater, because of experimental difficulties, it is really impossible,
as a rule, to determine the time at the beginning of the experiment. It is
convenient to use the formulas obtained earlier for the half-transformation
time. In general,

2" -1

t,=———"— 5.39
1/2 k(n _1)C3,1 ( )

Using L’Hospital’s rule, from this expression it is possible to obtain a
formula for the half-transformation time in the first-order reaction. However,
since the results of the experiments have some error, the general formula
can also be used for a first-order reaction. Data processing will give an order
slightly different from one.

If one is determining the half-transformation time at different initial
concentrations (for the first-order reaction, it does not depend on the initial
concentration), then the following equation can be used:

2" -1
Int,=In———-(n-1)InC 5.40
1/2 k(n _ 1) ( ) 0 ( )
or compare the results of the calculation for two values of C* and C;”:
In(t,, /t,
n=1+ M (5.41)

In(C,/C,)
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Consider now the reaction of any order the kinetic equation in the form
r =k [A]" Its solution will look like:

1 1 1
kt= - 5.42
n—1 {c” ! J (5-42)
Denote now: (C/C )*' = z. Then
n-1 1 1
ktCy" =—| —~1 (5.43)
n—-1\z

It is obvious that the transformation times up to a certain value of z are referred
to as

"t = (Uz"-1)/(1/z'- 1) (5.44)

5.8 Activation energy

If the temperature is increasing, the reaction rate usually also increases and
is often quite noticeable. Due to what reason is this happening? This may be
due to an increase in the concentration of the reacting substances or the rate
constant. The concentration in the gas mixture at constant volume does not
depend on the temperature change, and in solutions it is almost independent
of temperature (the volume of the solution remains almost constant).
Therefore only the reaction rate constant can increase noticeably. At the
very beginning of the kinetic studies it was noted that the rate (or, obviously,
the rate constant) increases with increasing temperature not linearly. Van’s
Hoff, an empirical rule was introduced, according to which, with an increase
in temperature by 10°C, the rate constant increases 2 to 4 times (see above—
p. 5.4). However, this rule is feasible only for a small number of reactions and
in the temperature range near room temperature. Since the chemical interaction
occurs during particle collisions, the growth of the constant can be associated
with an increase in the number of collisions with increasing temperature due
to an increase in the velocity of particle motion. But the speed increases in
proportion to T2, In addition, the rate constant for particles of the same mass
and similar dimensions must be practically constant, which is not observed
in kinetic experiments. Experimentally, Hood first obtained a more accurate
exponential dependence of the rate constant on temperature, and later on was
theoretically proven and presented by Arrhenius in equation: k = Afexp(-E/
RT)], where E_is the so-called activation energy. In the semi-logarithmic
relationship, this expression looks like this: Ink = InA — E /RT. The chemical
transformation itself requires the breaking of bonds in the molecule. It is clear
that for this purpose the energy of the reacting molecule must be greater than
the average equilibrium energy for a given temperature. The activation energy



Physical Chemistry of Nanoparticles 251

is the excess energy in comparison with the average energy of the molecules
at a given temperature, which is necessary for the chemical reaction to occur.
Its magnitude is determined by the properties of the reacting particles and
their energy state. For further reasoning, it is assumed that the equilibrium is
established in the first stage, the concentration of active particles is assumed
to be small, which is quite logical: particles with an energy greater than
statistically equilibrium should be small, and therefore their conversion does
not affect the equilibrium, and the decay rate of the active particles, i.e., the
rate constant, does not depend on temperature. Then the reaction rate can be
expressed as r = k’[AB], where k’ is the rate constant of the decay of active
particles. The concentration [AB] can be expressed in terms of the equilibrium
constant, K : [AB] = K [A][B]. Denote the value of k’K  as k. Then r = k[A]
[B]. Since k’ does not depend on temperature, we have the obvious equality:

dlnk _danC _ AU _ E (545)
dT dT RT®> RT?

Here, AU corresponds to a change in internal energy during the formation of
the active particles, i.e., E has the meaning of the activation energy (sometimes
it is called the heat of activation, since this is a thermodynamic quantity at a
certain temperature, which differs from the activation energy in the theory of the
activated complex). Obviously, integrating from T to oo, we get a coincidence
with the experiment: r = k[exp(—E /RT)]. In this case, the activation energy
is assumed to be temperature independent. According to the meaning of the
derivation, it is obvious that the equation is valid for significant values of
the activation energy, since number of active particles should be small. From
statistical thermodynamics it follows that this is feasible for particles with high
energy. It is obvious that in an increase in 2 to 4 times the rate constant with an
increase in temperature by 10°C is possible only in a certain interval of values
of the activation energy and a small change in temperature. Consider now
the temperature dependence of the rate constant. The Arrhenius equation is a
function with a limiting value of the constant, and the curve of the dependence
of k on T has an inflection point. The second derivative is equal to zero for
T = E/2R, i.e., the curve has an inflection point at this temperature. The
activation energy of most reactions is tens and hundreds kJ/mol, i.e., the
inflection point corresponds to temperatures when most of the molecules
break up into atoms and ions. But at low activation energy, the inflection point
on the curve can be observed even at a significant lower temperature.

5.8.1 Kinetics of complex reactions

Complex reactions are called reactions, during which several simple reactions
occur simultaneously, while at least one of the starting materials or products
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of simple reactions is a participant in any other simple reaction. Thus, for
example, the simultaneous occurrence of two processes A + B — C + D
and E + F — G + H is not a complex reaction. They are not connected with
each other, as a result of their flow, only some property of the medium can
change (ionic strength of the solution, for example), i.e., only the physical
impact of one process on another will occur. For further explanation of
complex reactions the concept of a simple stage as an invertible reaction of
two simple reactions is introduced here. A complex reaction can consist of a
large set of simple steps and simple reactions. Thus, in simple reactions that
are complex, one of the participants must necessarily be a substance or an
unstable intermediate compound that participates in at least one of the other
simple reactions. Minimally complex reactions are: reversible reactions:
A < B, parallel reactions: A — B and A — C, successive reactions:
A — B — C. Various combinations of the main three types of complex
reactions form more complex schemes of chemical transformations. In
analyzing complex reactions, the equations of material balance and energy
conservation, the statistically equilibrium energy distribution in the system
and the basic postulate of chemical kinetics are used. But for the analysis of
the kinetics of complex reactions, additional principles are required.

5.8.2 The principle of independence

The principle of independence or coexistence of various reactions means
that with the simultaneous occurrence of several simple reactions, the speed
of each of them can be written in accordance with the basic postulate of
chemical kinetics. The rate constants of each of these reactions do not depend
on the flow of any other. Using this principle, one can compose the kinetic
equations of a complex reaction as a set of kinetic equations of simple ones.
The justification for this position of chemical kinetics is the feasibility of
a statistically equilibrium energy distribution in the reaction system. This
allows us to consider the participants in a chemical reaction as statistically
independent particles whose reactivity is independent of the presence of
others in the system. Hence it is clear that the principle of independence is not
absolute. It is obvious that when the properties of the medium change as a result
of chemical interactions, especially in solutions involving ions, in nonideal
systems, the rate constant of one reaction may depend on the flow of the other.
For very fast reactions capable of disturbing the distribution of molecules over
Maxwell-Boltzmann energies, the velocity of the slower chemical stage will
also change. However, theoretical considerations and experimental data show
that the principle of independence is fairly well satisfied for most chemical
transformations. In thermodynamics it is postulated that in equilibrium,
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all flows in the opposite directions should compensate each other, and it is
asserted that when equilibrium is achieved in a complex reaction mixture, it
is established at each stage.

5.8.3 The concept of a rate determining stage

Obviously, for complex reactions, the most common case will be the flow of
several simple stages (reactions) with different rates. The difference in rates
leads to the fact that the kinetics of product production can be determined
by the laws of only one of the stages. For example, for parallel reactions,
the rate of the entire process depends on the rate of the fastest stage, and in
the sequential ones—the slowest. Accordingly, in the analysis of kinetics in
parallel reactions, with a significant difference in the constants, the rate of the
slow stage can be neglected, and in successive ones—it is not necessary to
determine the fast rate. In successive reactions, the slowest reaction is called
the limiting reaction. For example, the kinetics of decomposition of hydrogen
peroxide in an aqueous solution with Fe,” ions at room temperature is well
described by the kinetic equation of an irreversible second-order reaction.
Of course, the quantitative coincidence of the exact and approximate
solutions is determined by the accuracy of the analysis, which, in turn,
determines the possibility of neglecting the rate of a particular process.
At close values of the rates of individual stages of a complex reaction, a
complete analysis of the entire kinetic scheme is necessary. The introduction
of the concept of the stage determining the rate in many cases simplifies the
mathematical side of the consideration of similar systems and explains the
fact that sometimes the kinetics of deliberately complex, multistage reactions
is well described by simple equations, for example, of the first or second order.

5.8.4 Reversible reactions of the first order

Kinetics of this type are applicable to many simple reactions and

the basic equation can be written as: A(—)‘;‘i1 B. The expression for

the conversion rate of substance A will be written on the basis of the

independence principle, denoting the current concentrations as [A] and [B]:

By the equation of material balance:

aAl
dt

[B]=[B], +[A], -[A]: [A]l+k ,[B] (5.46)

the solution will have the form:

k—l ([A]o + [B]o) + kl[A]o B k—l [B]o ef(k|+k,|)l

[A]=
k +k k +k,

(5.47)
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Now the condition of equality of the rates of direct and reverse reactions in
equilibrium can be used:

k[Al,, =k, [B], or: K=k/k = [Bl,/[Al,

Taking this equation into account, the solution for changing the
concentration of substance A in time can be represented as:

([A]o + [B]o) + K[A]o _[B]U e—(k1+k,1)t

[A]=
K+1 K+1

(5.48)

In order to calculate the change of [B] one can easily get the appropriate
expression using the equation of material balance. It is seen that whenk =0
the previous formula goes to the equation of the kinetics of the first-order of
irreversible reaction. A quantitative assessment of the possibility of neglecting
the reverse reaction can be carried out on the basis of the following reasoning.
The rate of the reversible reaction r = —k [A] + k [B] (for an accuracy of
1%) the second term should be 100 times smaller. At the initial concentration
B equal to zero, it can be neglected at the initial instants of time, and for
comparable quantities of substances A and B, the rate constant of the reverse
stage should be 100 times smaller. For independent determination of the
values of the rate constants of forward and backward reactions, a coupling
equation is required, given by the form of the recording of the equilibrium
constant (K = k1/k2), or by using the value of equilibrium concentrations.

5.8.5 Reversible second-order reactions

In such transformations, at least one of the reactions, direct or inverse, is of
the second order. Its velocity should be proportional to the product of the
concentration of the reacting molecules. Let’s take a look at a few examples:
Al + A2 < Bl + B2. The reaction rate is: r = k [A1] [A2] - k [B1] [B2]. At
zero initial concentrations of products, the solution will look like:

1— X
k, = ! In a+p ; K=£
28A-K) X k,
a-f
X = %{a +Beth[pt(k, =k )]} (5.49)
. a+b : B:[(a—b)2+4abK]”2
2(1-K) 2(1-K)

Aol B+C
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The solution of the differential equation for calculating the reaction rate is:

k, 1

at+x|-—to——

| k=~ 2
k=—-=+In{——=— =4

20 | [k 1 (5.50)
k2
ko 1(k Y 1k )
o=,la—"+—| —|; x=a| —+—acth(k,at)
k, 4k, 2k

5.8.6 Kinetics of parallel reaction with reversibility in one stage
Consider the scheme:
B:tl" A—2>C

(A is original). The system of kinetic equations is

dcC, _

dt - (kl +k2)[A]+k71[B]

dCtB :kl[A]_k—l[A]_k—l[B] (551)
kAl

As is known, the system of Equation (5.51) always has a solution and
it is unique under the condition that the coefficients on the right-hand side
are constant quantities and also the time t does not appear in explicit form
on the right-hand side of the equation. The ultimate goal of this kind of
analysis is to obtain a functional dependence of the concentration of the
product of reaction C from time, which is then substituted into the general
equation of the energy balance of the system in order to obtain a temperature
dependence on time, which in turn is used in the analysis of creep of
nanocomposites. Below are some examples that illustrate different types
of chemical reactions and its applications to creep deformation analysis of
nanocomposites.

Example 5.1

Find the lifetime and half-life of concentration [A] of the first order chemical
reaction from the data given in Fig. 5.3.



256 Phenomenological Creep Models of Composites and Nanomaterials

1. First determine the rate constant k. Then the lifetime is simply t = 1/k,
while the half-life is t | = In(2)/k.

1/2
2. The slope of the line is k =—7.94 s—1. Thus, the lifetime is t = 1/(7.94 s—1)
= 126 ms, and the half life is t, , = In(2)/(7.94 s—1) = 87 ms.

Example 5.2

Consider the case, for which the simplest second order reaction is 2A —
Product, or using the differential rate law

d[A] >
——=—k[A 5.52
" [A] (5.52)
Of course, a simple method for obtaining the integrated rate law would
be to integrate from t = 0 when [A] = [A(0)] to the final time when [A] =

[A(t)]. We would obtain

L S (5.53)

[AMD] [A0)]

Equation (5.53) suggest that a plot of 1/[A(t)] as a function of time should
yield a straight line whose intercept with vertical axis is 1/[A(0)] and whose
slope is the rate constant k, as shown in Fig. 5.3.

Example 5.3

Forthe reaction of methyl acetic ether with alkali in case of equal concentrations
of ether and alkali at 298 K, the following dependence of the concentration of
alkali (C) on time (t) was obtained from experimental data (see table below):

Table 5.1: The concentration of alkali (C) on time (t).

T (time, min) 0 3 5 7 10 15 25
C (mol/liter) 0.01 0.0074 | 0.00634 | 0.0055 | 0.00464 | 0.00363 | 0.00254

Determine the reaction order.
Solution

To determine the order of chemical reaction, we use the method of selecting
the kinetic equation. Calculate the rate constants of the reaction using the
kinetic equations of the reactions of zero, first and second orders, respectively
(see table below).

It follows from the data given that the numerical values of the rate
constants, remain constant within the error of calculation for the second-order
reaction.
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Table 5.2: Rate constants of the chemical reaction.
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Kinetic equation time, min
3 5 7 10 15 25
o c,-C 0.00087 | 0.00073 | 0,00064 | 0,00054 | 0,00043 | 0,0003
t
mol/l - min
1. C 0.100 0.091 0.085 0.077 0.068 0.055
k=-In—=
t C
min™!
k:l{l_l] 11.71 11.55 11.69 11.55 11.70 11.75
t\C C,
I/(mol - min)

Example 5.4

Substance A is mixed with B and C in equal concentrations (C, = 1 mol/l).
After 1000 s, 50% of A remains. How much substances A will remain after
2000 s if the reaction has zero, first, second order?

Solution of problem

1. for the reaction of zero order:

_C
2t

1

0

1/2

" 2(1000)

5(10)

C=C,—kt=1-5(10%)2000=0

2. for the first-order reaction:

L _In2_ 0693

t,.  (1000)

6.93(10™)

C=C, exp(-kt)=0.25

3. for the second-order reaction:

K= 1 1
C,t

071/2

~(1000)

=1.0(107%)

1/C =1/C, + kt = 0.33[mol/liter]

Example 5.5

Decomposition of acetone proceeds according to the reaction: (CH,),CO —
CH, + H, + CO. The dependence of the total pressure on the reaction time
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was obtained (see Table 5.3 below). Determine the order of the reaction with
respect to acetone and the reaction rate constant.

Table 5.3: Total pressure on the reaction time.

t [min] 0 6.5 13.0 19
p [N/m?] 41589.6 54386.4 65050.4 | 74914.6

Solution of the problem

Assume that the reaction has the first order in acetone. This reaction takes
place in the gas phase and, since for gases at low pressures the concentration
is proportional to the pressure, then for the first-order reaction the expression
for the rate constant has the form:

k=tnS Ik
t C

t p
where p, is the initial pressure of acetone. Denote at the time t:
Pe,u, =Pu, =Pco = X5 Piciyyco =Py —X

The total pressure at time t: p = p, — x + 3x = p, + 2x. From the last equality
implies that:

k=tnSo P

t C t 3p,-p

After substituting the numerical values of the current pressures and time,
we obtain the following values of the rate constants: k, = 0.0256 [min'];
k,=0.0255 [min']; k, = 0.0257 [min™']. The close values of the rate constants
calculated at different instants of time lead to the conclusion that this reaction
has the first order in acetone. The average value of the rate constant:

k_=0.0256 [min].

Example 5.6 A
The reaction proceeds according to the scheme: B, N\ C..

Determine k, and k, if it is known that 35% of substance B is contained in a
mixture of reaction products, and the concentration of substance A is halved
in410s.

Solution
The sum of the constants k + k, is related to the half-life of substance A
as follows: k, + k, = In2/t ; k, +k, = 0.69/410 = 1.68(10°) s™'. The ratio

1/2°
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of the constants is determined from the yield of substances B (35%) and
C (65%): k,/k, =35/65 = 0.537. From the ratio of the constants and their sum,
we obtain: k +0.537 (k,) = 1.68(10°)(1.537 k,) = 1.68(107%); k, = 1.09(10) s ;
k, =0.59(107) s

Example 5.7

The following values of the rate constants were obtained for the reaction
2HI 22 H, +1, at different temperatures (see Table 5.4 below):

Table 5.4: Rate constants.

T[°K] k [em’mol”s™] | k, [ecm’mol™s™']
666.8 0.259 15.59
698.6 1.242 67.0

Find the dependence of k, and k, on the temperature and the value of the
equilibrium constant of the reaction K_at a temperature of 553 K.

Solution
According to the Arrhenius equation: In(k ) = —E /RT + InA|

~1.35=E,/8.31(666.8) + In A,
0.217 =E,/8.31(698.6) + In A,

Solving the system of equations, obtain: InA = 33.08; E, = 190.87
kJ/mol. Thus, the equation for calculating the rate constant of the direct stage
will have the form: In k,=-22957.66/T + 33.08.

Similarly, calculate the parameters of the Arrhenius equation for the
reverse stage: In k, =-21237.67/T + 34.60.

Compute the value of the equilibrium constant at a temperature of 553° K
according to the equation: K_=k1/k2 and K_=9.75(107).

Example 5.8

In the system, a sequential reaction takes place: A—"—3>B—=—C. The
maximum concentration of substance B is (0.77 C,), where C, is the initial
concentration of substance A, and is reached 170 minutes after the start of the
reaction. Calculate k| and k,.

Solution

Assume that at the initial instant of time the concentration of the initial
substance A for the first-order reaction is a, the substances B and C are absent.
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The formula for calculating the maximum concentration of the intermediate
product C,  can be obtained from the solution of corresponding general
differential rate equations:

Ky /K,

1-ky /ky
CBmax =a &
kl

It follows from this equation that the maximum concentration of the
intermediate product is determined only by the ratio of the rate constants k /k,
and does not depend on their values. According to the data:

ky /Ky

1-K, /K,
0.77C,, =C,, (k—j =k, /k, =0.1

1

The time to reach the maximum concentration of intermediate B can be
determined as

_ In(k, /k,)
max kz _ kl

In(0.1)

Finally: 170 =————
k,(0.1-1)

=k, =2.5(10")s";k, =2.5107)s™

If the purpose of the practical examples given above is to introduce
the methods of kinetic experiment, determine the kinetic parameters of the
reactions: the rate constants, the reaction order, the temperature effect on the
pre-exponential coefficient of the Arrhenius law, the activation energy, etc.,
then the following examples are aimed at obtaining integral kinetic curves
for various first- and second-order reactions, which in turn are then used in
integral creep equations for nanocomposites. It should also be noted that
the integral kinetic curves (and their analytical approximate expressions)
should be presented in dimensionless form (as is the case with the remaining
components of the integral creep equation for nanocomposites). In the
following examples, similar dimensionless variables and parameters are used
that were used in the previous chapters, and therefore are considered self-
explanatory.

Example 5.9

Data: A«<> B; k, =120 and k =1

t = [h¥a] T = 65.4 1; p = 1000 [kg/m’] a = 10(10°°); ¢, = 1000 [J/kg*K];
k=1[W/m*K];a=k/c p [m%/sec]; a = 1/1000(1000) = 1.0(107%); h = 2 mm
=2.0(107%) m;
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t=(2)%(107%)/1.0(107°) = 4; initial conditions: A(0) =1.0; B(0) =0

If the rate constants k, and k are measured from experimental data and
the initial concentrations of A and B are known, then it is possible to solve
the ODEs and obtain concentrations [A] and [B] versus time (integral kinetic
curves).

To obtain the temperature-time dependence, which is necessary for further
analysis of the creep process of the nanocomposites, it is necessary to add to
the corresponding kinetic equations the conservation of energy equation of
the entire system (in which the nanocomposites are at a given time), including
all external heat sources. For the sake of simplicity of further discussion, such
an equation of heat balance will be used (shown in the equation describing
the fire dynamics and heat transfer equation that had been used in the author’s
earlier works [35, 36]).

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A 1. 0.0787229 1. 0.0787229
2 P 0 0 0.9212771 0.9212771
3 t 0 0 0.12 0.12
4 y 0 0 11.12286 11.12286

Differential equations

1 d(P)/d(t) = 4*(12*A - 1*P)

2 d(A)/d(t) =4*(—12*A + 1*P)

3 d(y)/d(t) =20*(1 — P)*0*P [ *exp(y/(1 +.1*y)) — 0.233*y"4
y(0)=0

1=z Soncentrations A and P

- & e

e | //,,/"

[Ea] 13T EET ] R [Fad [ TG nanC 3 BfC 7 LA SHCA
i

Figure 5.4: Integral kinetic curves.
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Figure 5.5: Temperature-time curve.

Model: y = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al -86.67578
a2 9542.553
a3 —2.995E+05
a4 3.707E+06
as —1.48E+07

0 =—86.68t + 9542.61— 2.995(10%)t* + 3.707(10°)t* — 1.48(107)7°

Model: t = al*y + a2%y"2 + a3*y"3 + ad*y 4 + a5*yA5

=

(5.54)

(5.55)

Variable Value

al 0.0868221

a2 —0.0385558

a3 0.0080312

a4 —0.0007564

a5 2.609E-05
1=10.08680 — 0.03866+ 0.00800° — 0.0007566* + 2.6(107%)6°
0<6<1l1

o[ 1]

?Eﬁ;-t.

4002 ¢
AWZD -
1805 2 -
a2
1aa=2

LILE

LMED 2nes R Sl

EEE S5l HAME=] LR L Lo

Figure 5.6: Time-temperature curve.
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Example 5.10 Parallel Reaction; First Order

B! A——C
% ——(k, +k)[A]+k,[B]

d[B] _
dt
dic] _

a0 lAl

k,[A]-k[B]

Differential equations
d(A)/d(t) = —(k1 + k2)*A + k3*B
d(B)/d(t) =k1*A—k3*B
d(C)/d(t) =k2*A
d(y)/d(t) = 20*(1 — P)*0*P" 1 *exp(y/(1 +.1*y)) — 0.233*y"4
y(0)=0; A(0) = 1; B(0) = 0; C(0)=0

Calculated values of DEQ variables

263

Variable | Initial value | Minimal value | Maximal value | Final value
1 A 1. 0.0123531 1. 0.0123531
2 B 0 0 0.3027186 0.2945152
3 C 0 0 0.6931316 0.6931316
4 k1 10. 10. 10. 10.
5 k2 20. 20. 20. 20.
6 k3 1. 1. 1. 1.
7 t 0 0 0.2 0.2
8 y 0 0 3.340899 3.340899

Differential equations
1 d(A)/d(t) =—(kl +k2)*A + k3*B
2 d(B)/d(t) =k1*A—-k3*B
3 d(C)/d(t) =k2*A

4 d(y)/d(t) = 20%(1 — PY°0*P 1 *exp(y/(1 +.1%y)) — 0.233*y 4

Explicit equations

1 k1=10
2 k2=20
3k3=1
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ooz Parallel Reaction
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Figure 5.8: Temperature-time curve (parallel reaction).

Model: y = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable

Value

al

5.441994

a2

—185.6953

a3

3683.124

a4

—2.662E+04

as

7.105E+04

0= 5.441 — 185.70+ 3.68(10°)7° — 2.66(10%7* + 7.1(10%)7°

Model: t = al*y + a2*y”2 + a3*y"3 + ad*y™4 + a5*y"5

Variable Value

al 0.3927627
a2 —0.4416955
a3 0.2651387
a4 -0.0761205
as 0.0082143

L LAz 0.

]

00

(5.56)
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Figure 5.9: Time-temperature curve (parallel reaction).

©=0.3930 — 0.44202+ 0.2650° — 0.0760* + 8.2(10)0° (5.57)

Simple Reaction Autocatalytic Process

For elementary reactions of the form A + B = C in which two reactants must
interact to form a product, the law of mass action states that the rate of change
of the product concentration [C] is proportional to the (mathematical) product
of the individual reactants. Mathematically, the rate of change of [C] is equal
to k [A][B] where k is some rate constant. (Schematically, one writes this as A
+ B —k C.) The Equation (3.4) in this case has the following form:

dic _
e k[A][B] (5.58)

With the preceding equations in mind, consider now an autocatalytic
process in which a species promotes its own production; schematically,
A+PZ2 P+P

Further suppose that [A] is held constant throughout this process (the
flow rate of [A] is constant); e.g., a huge abundance of A makes its depletion
negligible during the reaction. Applying the law of mass action, the ODE
governing [P] is:

CLE k [A][P]-k [PT (5.59)
dt

[A] is regarded as constant by assumption. In order for the ODE to be
dimensionally consistent, both k. and k must have units of (concentration)!
(time)™'. The ODE (5.59) in this case happens to be solvable in closed form:

_ c[Alk, exp([AJk.t)
" 1+ck_exp([Alk.t)

Remember thatitis rarely possible or necessary to find an exact mathematical
formula for the solution of an ODE, so this example is atypical in that regard.

[P] (5.60)
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For practical purposes, computer simulations can provide approximate solutions
of ODEs, often with a level of precision that the user is able to specify.

Still, the rare fortune of having an exact formula Equation (5.60) is worth
exploiting, as it suggests what type of functions might be suited for fitting
experimental data. Figure 3.4 (see Chapter 3) shows a least squares regression
fit of a function of the form Equation (5.60), to experimental data from an
autocatalytic process similar to the one described in this example. Importantly,
performing a regression fit produces estimates for the kinetic constants k, and
k (the so-called reversed problem).

e Funetion P
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Figure 5.10: Product function P.

It is interesting to note that the closed analytical solution is obtained for
only concentration [A] = constant case, but computer code us allows to solve
the differential kinetic Equation (5.60) for any continuous given rate of [A(t)].
For example: [A] = exp(-t):

Example 5.10a:

same as Example 5.10, but [A] = exp(-t)
Differential equations

d(P)/d(t) = k1*A1*P — k3*P~2
P(0)=0.1

Al = 1*(exp(-t))

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 Al 1. 0.8187308 1. 0.8187308
2 k1 10. 10. 10. 10.
3 k3 1. 1. 1. 1.
4 P 0.1 0.1 0.5789907 0.5789907
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5 t 0 0 0.2 0.2
y 0 0 3.340899 3.340899

Differential equations
1 d(P)/d(t) =k1*A1*P — k3*P"2

Explicit equations

1 k1=10

2 k3=1

3 Al = 1*(exp(-t))

One can see that [P] =0.579 <0.70 in this case.
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Figure 5.11: Product function P (continuous rate [A(t)]).

Example 5.11

Below is an example that is different from the two previous ones: using the law
of mass we develop the model for (E)-mediated conversion of complex (S)
into a product (P) through the intermediate complex (C). The reaction diagram
for that process is given by S+ E &2 C »* P+ E. Each of concentrations
S, E, C, and P will be treated as a dépendent variable and each of which
will contribute an ODE to the total kinetic model. The full set of differential
equations is:

ds] 3
o k_[C]-k,[S][E]
dE] _ k_[C]-k_ [SI[E]+k,[C]
i (5.61)

% =k [SI[E]-k [C]~k,[C]
CLTe

dt
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The solution of Equation (5.61) is presented below (using POLYMATH
software) via example.

Data: t = [h¥a] 1= 65.4 1; p = 4000 [kg/m*] a = 10(10°°); c,=1000 [J/kg*K];
k=1[W/m*K];a=k/c p [m?/sec]; a = 1/4000(1000) = 0.25(107);
h=4.04 mm = 4.04(107) m; t = (4.04)*(10°)/0.25(10°)=65.4 t

k,=10;k = 1;and k, = 1 and initial conditions S(0) = 1.0 E(0) = 0.1, C(0) =
0.0, and P(0) = 0.0
Using computer POLYMATH software we have:

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 C 0 0 0.5590785 0.5590785
2 E 1. 0.4409215 1. 0.4409215
3 P 0 0 0.8086244 0.8086244
4 S 1. 0.3600591 1. 0.3600591
5 t 0 0 0.2 0.2

Differential equations

1 d(S)/d(t) = (C-10*E*S)

2 d(E)/d(t) = (C-10*E*S+1*C)
3 d(C)/d(t) = (10*E*S-C-1*C)
4 d(P)/d(t) =10*C

Model: P =0.18%t + 39.82*t"2 — 150.6*t"3 + 241.1*t"4

Variable Value
al 0.1797004
a2 39.82461
a3 —-150.6298
a4 241.129
Model: S =0.995 — 9.143*t + 66.42*t"2 — 277.2*t"3 + 473.05*t"4

Variable Value
a0 0.9949771
al -9.14307
a2 66.41824
a3 —277.2245
a4 473.053
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Figure 5.12: Complex chemical reactions.
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Figure 5.13: Product of chemical reaction vs. dimensionless time.
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Figure 5.14: Reactant of chemical reaction vs. dimensionless time.

Readers interested in more advanced mathematical modeling techniques
may wish to read about asymptotic methods, principal components analysis,
sensitivity analysis, scaling and the use of non-dimensional variables and
parameters, as a means for reducing the number of unknown parameters in
a model. For a mathematical reference on chemical kinetics see, for example
[36, 37].
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5.9 Autocatalytic chemical reactions

Autocatalytic chemical reactions are those in which the rate increases as the
materials react. The most important single factor in predicting effects is the
temperature. The rate of chemical reaction changes with the temperature
change. The fundamental equation that describes an autocatalytic process is
the following:

? = y3[CT (1 -[C])* Ze ™ (5.62)
T

[C] is the fraction reacted at any specific time, t. The derivative, d[C]/
dt, is the rate of the reaction. E is the “Arrhenius activation energy,”
and Z is the “Arrhenius pre-exponential.” Each applies only to a single
specific, consistent reaction being studied. The value of the “rate constant,”
k = d[C]/dt is different at each specific temperature: It is a constant only at
one temperature, and it applies only to one specific reaction. The values of E
and Z are determined from a large number of ‘k’ measurements at different
temperatures. E, Z, and k are the most important values in a discussion of rates
and associated lifetimes of materials. All of these values have fundamental
meaning in the chemical reaction. The exponent’s p and q allow the prediction
of the position of the maximum rate in an autocatalytic process, i.e., the
amount reacted at the maximum rate—at constant temperature. An example of
autocatalytic rate curve is shown in the Fig. 5.15. Notice that the rate increases
with time in the autocatalytic curve, at constant temperature, until it reaches
a maximum reaction rate. Then the rate decreases. However, the initial rate at
any temperature is much lower than the maximum rate.

The activation energy, E, is closely related to the strength of the reacting
chemical bond. Strong bonds show high activation energies when they react,
weaker bonds show lower activation energies. Activation energies in solids,

2.4t dC/fdt

1.6
1.2
LEE:

0.4

t
D4 D& 12 16 2 24 28 32 36 4 44 48 52 L6

Figure 5.15: Maximum reaction rate.
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especially crystalline solids, are higher than the values for the same material
in a solution or melt, because a crystalline lattice is stabilized by its ordered
structure. Some zones between the small crystals are amorphous, and they
act more like in a melted phase. The major cause for autocatalysis in the
decomposition of a composite material is the destruction of crystalline order
when the material is heated to a high temperature. When crystalline order
is destroyed by heating, autocatalysis involves a process like “melting with
decomposition.” Rates are much higher in a melt than in the solid; therefore,
melting increases decomposition rates. When the material is cooled below the
melting point, autocatalysis stops entirely.

Many of kinetics of nanoparticles synthesis processes can be described as a
first order chemical reaction (p = 0), except for autocatalytic reactions: they are
chemical reactions in which at least one of the products is also a reactant. The
rate of these equations for autocatalytic reactions is fundamentally nonlinear
and they should be presented by the conservation of mass differential equation
similar to Equation (5.62). In order to simplify the heat and mass conservation
equations the following assumptions are made in this book:

» That heat transfer due to conduction can be neglected due to nanometer
scale of elements.

* The increase in energy flux (in addition to heat combustion release) is due
to natural convection.

* The loss of energy is due to irradiation only (the conductive heat loss
to the atmosphere are neglected due to much weaker dependence on
temperature).

Let’s consider now the spatial averaging of temperature and unsteady
first-order chemical reaction rate. The Equations (5.62) are written now in
dimensionless form and simplified further due to assumptions made above
[36]:

D _ d(1-C)" exp(i) - ab’

oC 0
X sy
5o~ U= O exp(rey

)

The solutions of Equation (5.63) are presenting temperature-time
functions m; m1; m2 and m21 that are used in constitutive creep equations
for nanomaterials. The more accurate analysis of temperature-time functions
obviously can be obtained if the second equation in (5.63) will be substituted
by the corresponding solution of kinetic equations (for a given chemical
reaction of a particular nanomaterials), for example (see Example 5.2 above).
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Example 5.12
Data: see Example 5.11 and k, = 10;k =1;k,=1;=0.02

The model for (E)-mediated conversion of a substrate (S) into a product
(P) via an intermediate substrate complex (C). The reaction diagram for that
process is given by:
S+E&f C—2>P+E

For the first order chemical reaction the dimensionless temperature-time
relationship can be described by the system of ODE’s as follows:

69 9 4
= 6(1—P)exp(l+Be) —ob
% —k [C]—k,[S][E]
% =k [C]-k,[S][E]+k,[C] G
% =k [SI[E]-k [C]-k,[C]
drp] _
G k,v0[C]

The coefficient ‘65.4” in four Equations (5.64) reflects the scale change of
real time independent variable ‘t’ to dimensionless time variable t that is used
in fifth dimensionless ODE describing the conservation of thermal energy of
the exothermal unsteady complex autocatalytic chemical reaction. It has been
assumed in this example that nanocrystalline materials are grown from h =
1 nm to h = 4.04 um and the diffusivity coefficient a = 1/4000(1000) = 0.25
(10-%) [m?/sec]. Therefore t = [h?/a] t = (4.04)*(10)/0.25(107°) = 65.41

Solution of Equation (5.64) using POLYMATH software is:

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 C 0 0 0.5779855 9.203E-06
2 E 1. 0.4220145 1. 0.9999908
3 P 0 0 0.9999898 0.9999898
4 S 1. 1.011E-06 1. 1.011E-06
5 t 0 0 0.2 0.2
6 y2 0 0 0.2012992 0.2012987
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Differential equations

1 d(S)/d(t) = (C-10*E*S)*65.4

2 d(E)/d(t) = (C-10*E*S+1*C)*65.4

3 d(C)/d(t) = (10*E*S-C-1*C)*65.4

4 d(P)/d(t) = 1.0*C*65.4

5 d(y2)/d(t) = 20*(1-P)*"1*P 1 *exp(y2/(1+.02*y2))—-1* 0.233*y2"4
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Figure 5.16: Reactant and product of chemical reaction vs. dimensionless time.
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Figure 5.17: Temperature-time curve.

Model: y = al*t + a2*t"2 + a3*t"3 + ad*t"4 + a5*t"5

Variable Value

al -0.3707
a2 388.37
a3 —1.162E+04
a4 1.375E+05
as —5.946E+05

The time-temperature relationship is:
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Model: t = al*y + a2*y"2 + a3*y”3 + ad*y"4 + a5*y"5

Variable Value
al 0.747
a2 —-17.61
a3 234.65
a4 —1385.4
as 3053.6

COEsl  1BEED  ABEED  GAeEz  TJBEZ  BFIE2  LO7Ed 38Ed 1EEEd 1TEEd  185E4
¥
Figure 5.18: Time-temperature curve.

Analytical polynomial expression of function y2
y2 =0 =—-0.3707*t + 388.37*1"2 — 1.162*10"4*1"3 + 1.375*10"5*1t"4 —
5.946*10"5*175

Analytical polynomial function and first derivative

T=m2 = 0.747%0 — 17.61%0"2 + 234.65%0"3 —1385.4%0"4 +3054*0"5  (5.65)
d(r)/d(0) = m21 = 0.747 — 35.22%0 + 707*0°2 — 5542*%0"3 + 15270*04 (5.66)

It should be noted that the temperature-time, 0(z), and the reverse function,
7(0), are different from m and ml. In case of chemical reaction (simple or
autocatalytic) they are m2 and m21 accordingly. Of course, the activation
energy and the base temperature are also different, so the dimensionless
parameter [ has different value.

Example 5.13
Data: see Example 5.2 and k, =20,k =1;k,=2;[A]=1;[P]=0.1; 3 =0.02
A+PZy P+P

[A]l=1;[P,]=0.1; k, =20; k_ =2
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For the second-order chemical reaction in accordance with Equations (3.10)
and (3.13) we have:

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 C 0 0 0.5037247 0.5037247
2 c 0.0555556 0.0555556 0.0555556 0.0555556
3 P3 0.1 0.1 1. 1.
4 t 0 0 0.2 0.2
5 y3 0 0 0.1479689 0.1479597

Differential equations
1 d(y3)/d(t) =20*(1 — P3)*"1*P3* 1 *exp(y3/(1 + .067*y3)) — 1* 0.233*y3"4

Explicit equations

1 ¢=0.1/2

—0.1%2)

2 P3 = (2*c*exp(2*65.4%(10" — 0)*1))/(1 + 2*c*exp(2*65.4*(10” — 0)*t))
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Figure 5.19: Temperature-time curve.

Model: y3 = al*t+ a2*t"2 + a3*t"3 + a4*t"4

Variable Value

al 5.603956
a2 —73.23093
a3 398.1486
a4 —769.8791

1601

1E0EA 2001

Analytical polynomial expression of function y2 and first derivative
y3 =0=>5.6%t—73.23*1"2 4+ 398*1"3 — 769.9%1"4
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Model: t = al*y3 + a2*y3/2 + a3*y3"3

Variable Value

al 2.347936
a2 -52.6876
a3 286.7798

Analytical polynomial function time-temperature and first derivative

T=m2 = 2.35%0 — 52.69%6"2 + 286.78*0"3 (5.67)
d(tr)/d(0) = m21 =2.35 - 105.38*0 + 860.3*0"2 (5.68)
Example 5.14

Simple autocatalytic reaction
Data: § =20; 3,=0.02; 0 <7t<3.3; E =60 kkal/mol; R =2; T,= 600°K; y3 = 1

A2 P k, =40; k =1
Equation (3.4) in this case is:

o =k _[P]-k,[A]and i k, [A]-k_[P]

For an autocatalytic process the solution of the simplified equation in this
example is:

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A 1. 0.0243902 1. 0.0243902
2 P 0 0 0.9756098 0.9756098
3 t 0 0 33 33
4 y 0 0 1.876697 1.876697

1 e TRMperature-tima [autocatalytic)

EECH BEDE-T 0.o0eE-1 1.3ZEaD [E-T] 1.0AE T ZEIED TR&ET COTED arne.n
[

Figure 5.20: Temperature-time curve (autocatalytic reaction).
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Differential equations

1 d(P)/d(t) = 1*(40*A — 1*P )*65.4

2 d(A)/d(t) = 1*(-40*A + 1*P)*65.4

3 d(y)/d(t) =20*(1 — P)*1*P 1 *exp(y/(1 + .02*y)) — 0.233*y"4

Model: y = al*t + a2*t"2 + a3*t"3 + a4*t"4

Variable Value

al 0.2097711

a2 0.6790665

a3 -0.2317836
a4 0.0173965

0=0.21*t+0.679*1"2 - 0.231*1"3 + 0.0174*1t"4

Model: t = al*y + a2*y”"2 + a3*y"3 + ad*y™4

Variable Value

al 1.265897

a2 2.120473

a3 -3.076895

a4 1.085109
T=m2=1.2660+2.120> - 3.0776° + 1.0850* (5.69)
m21 =1.266 +4.24 0 —-9.231 0>+ 4.34 0° (5.70)

For simplicity these functions m2 and m21 will be used in the creep
constitutive equation for nanocomposite materials.

yme«<Goncentrations A and P jautocatalytic)

B0E-1 |r‘ B
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Figure 5.21: Reactant and product of chemical reaction vs. dimensionless time (autocatalytic).

Check: A+P=0.9756098 + 0.0243902 = 1.0 — total mass does not change!
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6

Phenomenological Creep
Models of Fibrous Composites
(Probabilistic Approach)

6.1 Introduction

6.1.1 Basic concepts and definitions of applied probability theory

Known regularities describing objects behavior in composites industry can be
conditionally divided into two groups: (1) deterministic (uniquely defined);
(2) under uncertainty. The boundary that separates a random event from a non-
random event is very fuzzy. In a pure form, unambiguously defined processes
do not seem to exist. When describing fairly complex processes, regularities
always have a stochastic character. Reasons for the appearance of uncertainty:
(a) the object’s performance depends on a large number of factors, some of
which may be unknown to the researcher; (b) when constructing a model, the
selection of the factors are usually limited to the most significant variables (in
the opinion of the engineer or due to objective circumstances), which leads to
a coarsening of the model; (c) mathematical errors that occur when the model
is linearized or when series are used in a series with a restriction on the number
of terms in the series; errors in measurements, errors in the experiment, etc.
Mathematically, uncertainty can be described stochastically and
statistically, from the viewpoint of the theory of fuzzy sets, and also
intermittently. A stochastic description is used when the undefined parameters
have a probabilistic (random) character, and it is necessary that the law
of distribution of such random parameters be determined. The statistical
description is, in fact, a particular case of stochastic description. This form
of description is used when only selective estimates of any characteristics of
a random variable are given. When describing from the positions of fuzzy
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sets, the indeterminate parameter is given by a certain set of possible values
that characterize the belonging (using the special function) to the object. The
special function can take a value from 1 (full membership) to 0 (complete non-
membership). An interval description can be used when undefined parameters
are specified only by ranges of possible values (upper and lower bounds),
where the parameter can take any value inside the interval and it cannot assign
any probability measure.

6.1.2 The distribution function and the distribution density of a
random variable

The experiment is the realization of some set of conditions that can be
reproduced many times. An event is understood as the result of experience
or observation. Events can be elementary (indecomposable) and composite
(decomposable). An elementary event occurs as a result of a single experience.
A compound event is a collection of elementary events.

The totality of events that can be realized as a result of an infinite number
of similar experiences is called a general population. A sample is a collection of
randomly selected events from the general population. The aggregate volume
is the number of events N of this set. A random variable is a variable that can
take on different values as a result of the experiment. Random variables are
usually denoted by large letters, for example X. The values of the random
variable that it takes as a result of the experiment are denoted by small letters
X5 Xp5....,X . With a large number of tests, each of the possible values of the
random variable X ; X,;....,X_can occur m, m,, ..., m_times. These numbers
are called frequencies. The entire set of values of the random variable forms
the general population N. The gross error values sampled from the general
population N, form a sample of the volume N. If all N, experiments were

carried out, then as a result of the sampling one gets: imi =N, and the ratio

m/N is called the frequency or the relative frequenC};._ The probability of an
event is a measure of its “favor”. Events are called equally possible if the
measure of their “favor” is the same. In this case, the frequency W of the event
A W (A)—is defined by the formula: W (A) =n/N.

The probability P (A) of an arbitrary event A varies from 0 to 1. In this
case, the zero probability corresponds to an impossible event (which can never
happen), and the unit probability to an authentic event (which will necessarily
happen). For large samples, the probability of an event is equal to its frequency:
P (A)=W (A). For independent events, the probability of a product is equal to
the product of their probabilities (the multiplication theorem):

P(QAi)ﬂiP(Ai) (6.1)
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6.1.3 The Poisson probability distribution

In probability theory and statistics, the Poisson distribution is a discrete
probability distribution that expresses the probability of a given number of
events occurring in a fixed interval of time and/or space if these events occur
with a known average rate and independently of the time since the last event
[1]. (The Poisson distribution can also be used for the number of events in
other specified intervals such as distance, area or volume.)

The Poisson random variable satisfies the following conditions:

1. The number of successes in two disjoint time intervals is independent.

2. The probability of a success during a small time interval is proportional
to the entire length of the time interval. Apart from disjoint time intervals,
the Poisson random variable also applies to disjoint regions of space.

3. The probability distribution of a Poisson random variable X representing
the number of successes occurring in a given time interval or a specified
region of space is given by the formula:

m

P(X =m)= %e (6.2)

where: m = 0,1,2,3... And e = 2.71828 ....; a = mean number of successes in
the given time interval or region of space. The Poisson (L) distribution is an
approximation to the Binomial (n, p) distribution for the case that n is large,
p is small, and A = np. In other words, if Y is Binomial (n, p), and n is large and
p is small, and X is Poisson (A) with A = np, then Poisson distribution can be
derived by taking the appropriate limits of the binomial distribution.

: n_.m n—m _ﬂ -a
Pm,n “n mmclnp (1 p) - m!e (6‘3)

where: n — co; p — 0, but: np = a = const.

Mean and variance of Poisson distribution

If p is the average number of successes occurring in a given time interval
or region in the Poisson distribution, then the mean and the variance of the
Poisson distribution are both equal to p.

EX)=p=a;and D(X)=0c’=p=a

Note: In a Poisson distribution, only one parameter, p is needed to determine
the probability of an event.

6.1.4 Correlation and dependence

In statistics, dependence refers to any statistical relationship between two
random variables or two sets of data. Correlation refers to any of a broad
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class of statistical relationships involving dependence. Correlations are useful
because they can indicate a predictive relationship that can be exploited in
practice. For example, an electrical utility may produce less power on a mild
day based on the correlation between electricity demand and weather. In this
example there is a causal relationship, because extreme weather causes people
to use more electricity for heating or cooling; however, statistical dependence
is not sufficient to demonstrate the presence of such a causal relationship.
Formally, dependence refers to any situation in which random variables do
not satisfy a mathematical condition of probabilistic independence. In loose
usage, correlation can refer to any departure of two or more random variables
from independence, but technically it refers to any of several more specialized
types of relationship between mean values. There are several correlation
coefficients, often denoted p or r, measuring the degree of correlation.
The most common of these is the Pearson correlation coefficient, which is
sensitive only to a linear relationship between two variables (which may exist
even if one is a nonlinear function of the other). Other correlation coefficients
have been developed to be more robust than the Pearson correlation—that is,
more sensitive to nonlinear relationships [2, 3]. The most familiar measure
of dependence between two quantities is the Pearson product-moment
correlation coefficient, or “Pearson’s correlation.” It is obtained by dividing
the covariance of the two variables by the product of their standard deviations.
The population correlation coefficient p,, between two random variables X
and Y with expected values p, and p, and standard deviations o, and o, is
defined as:

cov(X,Y) _ E[(X-p (Y~ )
GXGY GXGY

Pyy =corr(X,Y) = (6.4)
where E is the expected value operator, cov means covariance, and, corr a
widely used alternative notation for Pearson’s correlation. The Pearson
correlation is defined only if both of the standard deviations are finite and both
of them are nonzero. The correlation cannot exceed 1 in absolute value. The
correlation coefficient is symmetric: corr(X, ¥) =corr(Y, X). If the variables are
independent, Pearson’s correlation coefficient is 0, but the converse is not true
because the correlation coefficient detects only linear dependencies between
two variables. For example, suppose the random variable X is symmetrically
distributed about zero, and Y = X?. Then Y is completely determined by X, so
that X and Y are perfectly dependent, but their correlation is zero; they are
uncorrelated. However, in the special case when X and Y are jointly normal,
uncorrelativeness is equivalent to independence. If we have a series of n
measurements of X and Y written as x, and y, where i = 1, 2, ..., n, then the
sample correlation coefficient can be used to estimate the population Pearson
correlation » between X and Y. The sample correlation coefficient is written
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where x and y are the sample means of X and ¥, and s_and s _are the sample
standard deviations of X and Y. If x and y are results of measurements that
contain measurement error, the realistic limits on the correlation coefficient
are not —1 to +1 but a smaller range [4].

6.2 Continuous probability distributions

6.2.1 Normal probability distributions

The Normal Probability Distribution is very common in the field of statistics.
Normal random variables are encountered in a wide variety of problems.
From the central limit theorem we know that the sum of a large number of
identical independent random variables is approximately normal. Actually
this theorem even holds under much weaker conditions the variables do not
have to be identical and independent. It is this theorem that explains why
normal random variables are so often encountered in nature. When we have
an aggregate effect of a large number of small random factors, the resulting
random variable is normal. A random variable X whose distribution has the
shape of a normal curve is called a normal random variable.

Trco
) [ b @) 2 fexp[-(X145)2/201
2
1
/ X
3 2 =] ] 5 3 '

Figure 6.1: Normal distribution curve.

This random variable X is said to be normally distributed with mean p
and standard deviation o if its probability distribution is given by

eSS

L (6.6)

o227

f(X) =
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Properties of a normal distribution

The normal curve is symmetrical about the mean p; the mean is at the middle
and divides the area into halves; the total area under the curve is equal to 1; it
is completely determined by its mean and standard deviation o (or variance %)

Note: In a normal distribution, only 2 parameters are needed, namely p and
o2. The probability of a continuous normal variable X found in a particular
interval [a, b] is the area under the curve bounded by x = a and x = b and is
given by

b C(x-p)

b
P(a<X,b)= If(X)dx =I T 20" (dx (6.7)

The standard normal distribution

It makes life a lot easier for us if we standardize our normal curve, with a
mean of zero and a standard deviation of 1 (one). If we have the standardized
situation of =0 and ¢ = 1, then:
Ly (68)
f(X)= B .
( ) \/% €

All the observations of any normal random variable X with mean p
and standard deviation ¢ can be transformed to a new set of observations
of another normal random variable Z with mean 0 and standard deviation 1
using the following transformation: z = (x — p)/c. The new distribution of the
normal random variable Z with mean 0 and variance 1 (or standard deviation
1) is called a standard normal distribution. Standardizing the distribution like
this makes it much easier to calculate probabilities. Since all the values of X
falling between x| and x, have corresponding Z values between z, and z,, and
it means: the area under the X curve between X = x, and X = x, equals the area
under the Z curve between Z = z, and Z = z,. Hence, we have the following
equivalent probabilities: P(x, <X <x,) =P(z, <Z <z).

3 7 — exp(72/2)

5 2 A

Figure 6.2: Graph of standardized (mean value is 0 and variance is 1) normal curve.
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The total area from —o < z <o is 1. The z-Table indicates the area to the
right of the vertical centre-line of the z-curve (or standard normal curve) for
different standard deviations. This table is very useful for finding probabilities
when the event in question follows a normal distribution. The ®*(z) Table
presented in [5] is more convenient, because it covers both, positive and
negative z-values:

D (2)= e 2 dz (6.9)

5l

Example 6.1

Distance measured by radar is systematically overestimated by 3 m (incorrect
zeroing leading to a zero error). The c—standard deviation is 8 m. The width
of the target is 20 m. Someone takes aim at the center of the target. Find the
probability of shooting down the target at first trial (experiment).

Data: n=-3; 6 =28.

The random variable X has normal distribution, therefore:

P(-10< X <10) = q)*(ﬁ) cp*(_—7) @' (1.625)— @ (—0.875) ~ 0.757

Example 6.2

Suppose someone observed in creep test that the range of maximum
temperatures (normal pdf) is between 1200°C and 1100°C, with mean value
p=1000°C. Find the standard deviation ¢ of random variable X that gives the
maximum probability P.

P(1100 < X <1200) = q)*(1200 1000)_q)*(1100—1000):(p(c)
(o) [¢)

2007 100>
[200e 26> _100e 20° 1=0

First derivative @ '(o) is: [(D* (@) [¢>* (@)] !
c c \/_

20001007
2 2
or:2e 20 —¢ 20" =(0; = oc=147

Example 6.3

Data: same as Example 6.2. Suppose decision has been make to have 3 more
tests. The results of these tests will be omitted, if the maximum temperature
is less then 1100°C. Find the probabilities of following events: (a) one test
will have the maximum temperature more than 1200°C; (b) all three tests will
have the maximum temperature less than 1200°C; (c) at least one test result
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will be rejected; (d) one test result will be rejected and two other test result
will be excepted.
a) P(A)=P(X>1200)=1- cp*(%) =1-®"(1.36) ~ 0.0869
b) P(B)=[1-p(A)J =0.761
« 100
=P(X<1100)=® (—
©) po =PX<1100)=® (7

d) P(D)=C}(0.7517) (0.2483)> = 0.139

)=®"(0.68) ~ 0.7517; and P(C)=1-(1-p,)’ ~0.9847

6.2.2 Weibull distribution

The Weibull distribution is used world wide to model Life Data. The distribution
can handle increasing, decreasing or constant failure-rates and can be created
for data with and without suspensions (non-failures). The Weibull distribution
is flexible and fits to a wide range of data, including Normal distributed data.
Only Log-Normal data does not fit in the Weibull distribution and needs
separate analyses. For creating the plot you need to record the time to failure
that can be expressed in mileage, cycles, minutes, strength, stiffness or similar
continuous parameters. The two-parameter Weibull distribution is the most
widely used distribution for life data analysis. Apart from the 2-parameter
Weibull distribution, the 3-parameter and the 1-parameter Weibull distribution
are often used for detailed analysis.

The 2-parameter Weibull cumulative distribution function (CDF), has the
explicit equation:

F)=1-¢ (V/ P (6.10)

F(t) = Probability of failure (often used) at time t; t = time, cycles, miles, or
any appropriate parameter.
The Weibull probability density function (PDF) is [6]:

P! /B
f(t)zﬁ—ﬁe*“"” (6.11)
n

where B > 0 is the shape parameter and | > 0 is the scale parameter of the
distribution. Its complementary cumulative distribution function is a stretched
exponential function. The Weibull distribution is related to a number of other
probability distributions; in particular, it interpolates between the exponential
distribution (B = 1) and the Rayleigh distribution (B = 2).

If the quantity t is a “time-to-failure”, the Weibull distribution gives
a distribution for which the failure rate is proportional to a power of time.
The shape parameter, B, is that power plus one, and so this parameter can be
interpreted directly as follows:
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A value of B < 1 indicates that the failure rate decreases over time. This
happens if there is significant number of defective items failing early and the
failure rate decreasing over time as the defective items are weeded out of the
population.

A value of =1 indicates that the failure rate is constant over time. This might
suggest random external events are causing mortality, or failure.

Avalue of B> 1 indicates that the failure rate increases with time. This happens
if there is an “aging” process, or parts that are more likely to fail as time go on.

In materials science field, the shape parameter B of strength distribution is
known as the Weibull modulus. The failure rate h (or hazard rate) is given by

B-1
h(t;ﬁ,n)i[ij 6.12)
n\n

Moments:

In particular, the n-th raw moment of X is given by:

m, =B T(1+2) (6.13)
n

where I—gamma function. The mean and variance of a Weibull random
variable can be expressed as:

E(X)=p, =pr(1+ l); and Var(X) = D(X) = 62 = p* {ra +5) -T( +l)} (6.14)
n n n

Uncertainty in estimating the Weibull parameters is, as in any other
distribution estimation, related to data. With this we mean the sample size and
number of failures. Confidence limits should always be used in order to assess
potential uncertainty.

6.2.3 Rayleigh distribution

In probability theory and statistics, the Rayleigh distribution is a continuous
probability distribution. A Rayleigh distribution is often observed when the
overall magnitude of a vector is related to its directional components. One
example where the Rayleigh distribution naturally arises is when wind speed
is analyzed into its orthogonal 2-dimensional vector components. Assuming
that the magnitude of each component is uncorrelated and normally distributed
with equal variance, than the overall wind speed (vector magnitude) will be
characterized by a Rayleigh distribution. A second example of the distribution
arises in the case of random complex numbers whose real and imaginary
components are i.i.d. (independently and identically distributed) Gaussian. In
that case, the absolute value of the complex number is Rayleigh-distributed.
The distribution is named after Lord Rayleigh.
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The Rayleigh probability density function is:

X2

f(x;0) = %eiﬁ (6.15)
o

x>0

for parameter ¢ > 0 and cumulative distribution function:

XZ

F(x)=1-¢ 20" (6.16)
x €[0,0)

The raw moments are given by:
p, =0 2" 01 +k/2)

where I'(z) is the Gamma function. The mean and variance of a Rayleigh
random variable may be expressed as:

4TM 2 042967 (6.17)

n(X)= o-\/% ~1.2530; and Var(X) =D(X) =

Given N independent and identically distributed Rayleigh random variables,
the maximum likelihood estimate of & is:

or,[— ) X (6.18)

Hence, the above formula can be used to estimate the noise variance [16, 17].

6.2.4 Chi-squared distribution

The chi-squared distribution is used in statistics (also chi-square or
y?-distribution), with k& degrees of freedom in the distribution of a sum of
the squares of k independent standard normal random variables. It is one of
the most widely used probability distributions in inferential statistics, e.g.,
in hypothesis testing or in construction of confidence intervals [5]. When
there is a need to contrast it with the non-central chi-squared distribution, this
distribution is sometimes called the central chi-squared distribution.

The chi-squared distribution is used in the common chi-squared tests for
goodness to fit of an observed distribution to a theoretical one; the independence
of two criteria of classification of qualitative data, and in confidence interval
estimation for a standard deviation of a normal distribution from a given
sample standard deviation. The chi-squared distribution is a special case of
the gamma distribution.
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IfZ,..,Z are indepengent, standard normal random variables, then the
sum of their squares, Q = ZZZ is distributed according to the chi-squared

i=l1
distribution with k degrees of freedom. This is usually denoted as Q ~ (k) or
Q~ xi . The chi-squared distribution has one parameter: k—a positive integer
that specifies the number of degrees of freedom (i.e., the number of Z.’s). The
probability density function (pdf) of the chi-squared distribution is:
(k/2)-1, —x/2
b G N TS
fk;x)=1 2¥%(T g) (6.19)

0 if x<0

where I'(k/2) denotes the Gamma function, which has closed-form values for
odd k.
Its cumulative distribution function is:

Gy ks
')

where y(k,z) is the lower incomplete Gamma function and P(k,z) is the
regularized Gamma function. In a special case of k = 2 this function has a
simple form:

-

F(x;2)=1-¢ 2

Tables of this cumulative distribution function are widely available and
the function is included in many spreadsheets and all statistical packages.
The sum of independent chi-squared variables is also chi-squared distributed.
Specifically, if {X.} are independent chi-squared variables with {k } degrees
of freedom, respectively, then Y = X +--- + X is chi-squared distributed with
k, + - +k_degrees of freedom.

The chi-squared distribution has numerous applications in inferential
statistics, for instance in chi-squared tests and in estimating variances. It
enters the problem of estimating the mean and variance problems via its role
in the F-distribution.

Following are some of the most common situations in which the chi-
squared distribution arises from a Gaussian-distributed sample; if X, ..., X_
are i.i.d. N(u, 6?) random variables, then:

n _ _ 1 n
D (X, -X)? ~6”xpy, where: X==Y"X; (6.21)
n

i=1 i=l1
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The p-value is the probability of observing a test statistic at least as
extreme in a chi-squared distribution. Accordingly, since the cumulative
distribution function (CDF) for the appropriate degrees of freedom (df)
gives the probability of having obtained a value less extreme than this point,
subtracting the CDF value from 1 gives the p-value. The table in [7] gives a
number of p-values matching to 2.

6.3 Joint probability distribution

Given two random variables X and Y that are defined on the same probability
space, the joint distribution for X and Y defines the probability of events
defined in terms of both X and Y. In the case of only two random variables, this
is called a vicariate distribution, but the concept generalizes to any number
of random variables, giving a multivariate distribution. The equation for joint
probability is different for both dependent and independent events. The joint
probability function of a set of variables can be used to find a variety of other
probability distributions. The probability density function can be found by
taking a partial derivative of the joint distribution with respect to each of
variables. The cumulative distribution function for a pair of random variables
is defined in terms of their joint probability distribution F(x, y) = P(X < x,
Y <y). The joint probability mass function of two discrete random variables
is equal to:

PX=xY=y)=P(Y =y[X=x)P(X=x) =P(X=x[Y =y)P(Y =y)

In general, the joint probability distribution of n discrete random variables X ;
X Xy X is equal to:

P(X, =x,;...Xn=xn)=P(X, =x,)P(X, =x, | X, =Xx,)

PX, =x,|X, =x;X, =x,)... X, =x_|X , =%, _;...%X, =X,)

This identity is known as the chain rule of probability. Since these are
probabilities, we have:

> Y PX=xY=y)=1 (6.22)
Xy

Generalizing for n discrete random variables X ; X ; X;...... X

DD PX =x5 X, = x5 X, =x,) =1

xl  x2 X

Similarly for continuous random variables, the joint probability density
Junction can be written as f, \(x, y) and this is f, (X, y) = fY‘X(y|X)fX(X) =
fX‘Y(x|y)fy(y), where fY‘X(y\x) and fX‘Y

of Y given X = x and of X given Y =y respectively, and f, (x) and f (y) are

(x]y) are the conditional distributions
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the marginal distributions for X and Y respectively. Again, since these are
probability distributions, one has:

ﬁ fy y (x, y)dxty =1 (6.23)
x’y

If for discrete random variables P(X = x; Y =y) = P(X = x)P(Y =) for
all x and y, or for absolutely continuous random variables f, \(x, y) = f(x)f(y)
for all x and y, then X and Y are said to be independent [8].

6.4 Characteristic function

In probability theory and statistics, the characteristic function of any real-
valued random variable completely defines its probability distribution. If a
random variable admits a probability density function, then the characteristic
function is the Inverse Fourier transform of the probability density function.
Thus it provides the basis of an alternative route to analytical results
compared with working directly with probability density functions or
cumulative distribution functions. There are particularly simple results for
the characteristic functions of distributions defined by the weighted sums of
random variables. The characteristic function always exists when treated as a
function of a real-valued argument, unlike the moment-generating function.
There are relations between the behavior of the characteristic function
of a distribution and properties of the distribution, such as the existence
of moments and the existence of a density function. The characteristic
function provides an alternative way for describing a random variable. The
characteristic function ¢ (t) = E[¢'"] also completely determines behavior
and properties of the probability distribution of the random variable X.
The two approaches are equivalent in the sense that by knowing one of the
functions it is always possible to find the other, yet they both provide different
insight for understanding the features of the random variable. Note however
that the characteristic function of a distribution always exists, even when the
probability density function or moment-generating function does not. The
characteristic function approach is particularly useful in analysis of linear
combinations of independent random variables: a classical proof of the Central
Limit Theorem uses characteristic functions. Another important application is
to the theory of the decomposability of random variables. For a scalar random
variable X the characteristic function is defined as the expected value of e,
where i is the imaginary unit, and t € R is the argument of the characteristic
function. If random variable X has a probability density function f,, then
the characteristic function is its Fourier transform [21]. Extensive tables of
characteristic functions are provided in [22].
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The characteristic function of a real-valued random variable always
exists, since it is an integral of a bounded continuous function over a space
whose measure is finite.

The characteristic function of a symmetric (around the origin) random
variable is real-valued and even.

Ifarandom variable X has moments up to k-th order, then the characteristic
function @, is k times continuously differentiable on the entire real line. In this
case E[X"] = (<) ¥ (0).

If X,, ..., X are independent random variables, and a, ..., a_are some
constants, then the characteristic function of the linear combination of X’s is:

P r . (D=[0, @Dy, (2,D)] (6.24)

One specific case would be the sum of two independent random variables
X, and X, in which case one would have ¢, , ,,(1) = [¢,,(D][¢,,(1)].
Since there is a one-to-one correspondence between cumulative distribution
functions and characteristic functions, it is always possible to find one of these
functions if we know the other one. The formula in definition of characteristic
function allows us to compute ¢ when we know the distribution function F
(or density f). If, on the other hand, we know the characteristic function ¢
and want to find the corresponding distribution function, then: the following
inversion theorem can be used:

f.(x)=F. = i [empyat (6.25)

Characteristic functions are particularly useful for dealing with linear
functions of independent random variables. For example, if X, X, ..., X isa
sequence of independent (and not necessarily identically distributed) random
variables, and a, = 1/n are some constants, then S_is the sample mean. In this
case, the characteristic function for the mean of X’s is:

o, (D) =[o, (t/M)]"

Characteristic functions can also be used to find moments of a random
variable. Provided that the nth moment exists, characteristic function can be
differentiated n times and:

n \-n n \—n d"

E[X"]=(@1) "¢ (0)= () {F%(t)} (6.26)
t=0

Characteristic functions can be used as part of procedures for fitting

probability distributions to samples of data. Cases where this provides a

practicable option compared to other possibilities include fitting the stable

distribution, since closed form expressions for the density are not available
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which makes implementation of maximum likelihood estimation difficult.
Estimation procedures are available that match the theoretical characteristic
function to the empirical characteristic function, calculated from the data.

6.5 Functions of random variables and their distribution

Let X be a random variable with known distribution f(x). Let another random
variable Y be a function of X, where Y = F(X). When the function g is strictly
increasing on the support of X, then g admits an inverse defined on the support
of Y, i.e., a function g'(y) such that X = g”!(y). Furthermore g'(y) is itself
strictly increasing. The distribution function of a strictly increasing function
of a random variable can be computed as follows. Let say X is a random
variable with support R, and distribution function F (x). Let g be strictly
increasing on the support of X. Then, the support of Y = g(X) is R, and the
distribution function of Y is R, = {y = g(x): x € R }.

0 if y<x
F (y)=1F(g"(y) if ycR, (6.27)
1 if y>x

Therefore, in the case of an increasing function, knowledge of g'and of
the upper and lower bounds of the support of Y is all we need to derive the
distribution function of Y from the distribution function of X.

Example 6.4

Let X be a random variable with support and distribution function: This
function is assumed to be strictly increasing and it admits an inverse on the
support of R, = [1, 2] and distribution function:

0 if x<1
F (x) = %x if1<x<2
1 ifx>2
LetY =X?

The function y = g(x) = x? is strictly increasing and it admits an inverse on
the support of X: g™'(y) = \/§ . The support of Y is R, [1, 4]. The distribution
function of Y is:

0 ify<x,ie., if y<lI1

R={R( )=y iflsysd

1 if y>4
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In cases where X is either discrete or absolutely continuous there are
specialized formulae for the probability mass and probability density
functions, which are reported below. When X is a discrete random variable,
the probability mass function of Y = g(X) can be computed as follows. Let X
be a discrete random variable with support R, and probability mass function
p,(x). Let g be strictly increasing on the support of X. Then, the support of
Y =g(X)is: R, = {y = g(x): x € R, } and its probability mass function:

px(g'(y) ifyeR
Py (Y) =% . Y

0 ify ¢ R,
Example 6.5

Let X be a discrete random variable with support R, =R {1,2,3} and probability
mass function p,(x). Let the support of this function be strictly increasing and
the probability mass function is:

) x/6  ifxe Ry
X)=
Px=1 ifx ¢ R,

LetY = g(X) =3 + X°. The support of Y is R, = [4, 7, 12].
The function is strictly decreasing and its inverse is: g ' (y) =+/y =3
The probability mass function of is:

l\/y—?) if yeR,

py(y)=16
0 if yeR,

When X is an absolutely continuous random variable and g is
differentiable, then Y also is absolutely continuous and its probability density
function can be easily computed as follows: let g be an absolutely continuous
random variable with support R, and probability density function f, (x). The
function g is strictly increasing and differentiable on the support of X. Then,
the support of Y = g(X) is R, and its probability density function of Y is:

aondgly)
fo(g'(y)——= ifyeR
f,(y)=1" dy Y
0 ify ¢ R,
Example 6.6

Let X is an absolutely continuous random variable with support R, = (0,1] and
probability density function:

£ (%) 2x ifxe Ry
X)=
X 0 ifx ¢ R,
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Let Y = g(X) = In(X). The support of Y is: R, = (—0,0]. The function g is
strictly increasing and its inverse is: g”'(y) = exp(y). The probability density
function of Y is:
2exp(y)exp(y) =2exp(2y) if yeR,

f =
v {0 ifye R,

The distribution function of a strictly decreasing function of a random
variable can be computed similarly to a strictly increasing case.

Example 6.7
Let X be a uniform random variable on the interval [0,1], i.e., an absolutely
continuous random variable with support R {0,1}. Probability density function:
1 ifxeRy
fx (x)= .
0 ifx e Ry

Let Y=g(X)= —%m(X), where A is a constant. The support of Y is:

R, = (0, «]. The function g is strictly decreasing and its inverse is: g"'(y)

-1
= exp(— Ay) and with the derivative w =—Aexp(—Ay). The probability
y

density function of Y is:

rexp(-Ay) if ye Ry

£ (v)=
V) {0 ity e R,

Therefore, Y has an exponential distribution with parameter A.

6.5.1 One-to-one functions of an absolutely continuous random
variable

When X is an absolutely continuous random variable and g is differentiable,
then Y is also absolutely continuous and its probability density function is
given by the following proposition (density of a one-to-one function).

Let X be an absolutely continuous random variable with support R, and
probability density function f (x). Let g be one-to-one and differentiable on
the support of X. Then, the probability density function is:

-1 dgil(}’) p
Ly BEOIED i yer, 629)

0 if yeR,
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6.5.2 Probabilistic transformation (linearization) method

Tom Caughey was a pioneer in the development of the stochastic equivalent
linearization procedure for estimating the mean and variance of a non-linear
system to random variables. The stochastic equivalent linearization procedure
or statistical linearization procedure was almost simultaneously introduced
more than fifty years ago by three independent investigators: Booton [9],
Kazakov [10], and Caughey [11]. In mathematics and its applications,
linearization refers to finding the linear approximation to a function at a given
point. In the study of dynamic systems, linearization is a method for assessing
the local stability of an equilibrium point of a system of nonlinear differential
equations or discrete dynamical systems. This method is used in fields such
as engineering, physics, economics, and ecology. Linearization is an effective
method for approximating the output of a function y = f(x) at any x = a based
on the value and slope of the function at x =b, given that y = f(x) is continuous
on [a,b] (or [b,a]) and that a is close to b. In, short, linearization approximates
the output of a function near x = a. The concept of local linearity applies to
the most of points arbitrarily close to x = a, and the slope M should be, most
accurately, the slope of the tangent line at x = a.

Za..
24

2
1.6
12

08

o4

04 08 12 16 2 24 28 32 36 4 44 48 52 56

Figure 6.3: Statistical linearization.

Visually, the accompanying diagram shows the tangent line of f(x) at x.
At f(x + h), where h is any small positive or negative value, f(x + h) is very
nearly the value of the tangent line at the point (x + h, L(x + h)).

The final equation for the linearization of a function at x = a is: y = f(a)
+ f’(a)(x — a). The equation for the linearization of a function f(x,y) at a point
P(a,b) is:

of(x.y)

N of(x,y)
f(x,y)~f(a,b)+—8x —_—

ay

ab (x—a)+

ap (YD) (6.29)
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The general equation for the linearization of a multivariable function f(X) at
a point P is:

f(X)~ f(P) + Vf|, (X-P)

where X is the vector of variables, and P is the linearization point of interest.
Linearization makes it possible to use tools for studying linear systems to
analyze the behavior ofanonlinear function near a given point. The linearization
of a function is the first order term of its Taylor expansion around the point of
interest. A Random Equation (RE) is an equation containing a random term.
The study of RE is an exciting topic which brings together techniques from
probability theory, functional analysis and the theory of equations analysis.
The solution to random equations may be viewed in several manners. We
can view a solution as a random field (set of random variables indexed by
a multidimensional parameter). In the case where the RE is an evolution
equation, the finite dimensional points of view consists in viewing the solution
at a given time as a random element in a space function and thus view the RE
as a stochastic evolution equation in an infinite dimensional space. In this
book, a new technique is proposed in order to evaluate the probability density
function of the solution, based on the combination of known probabilistic
transformation methods and a developed nonlinear technique. The main
disadvantage of the previous methods is that they are approximate methods
and they are applicable under some conditions (e.g., the randomness should
be small).

Example 6.8

Consider the non-linear function ¢(x) = ™. Develop the linear approximation
function in the vicinity of p . To do this we need to use @(x) = exp(—p ) and
do(x)/dx =—exp(—p ). The linear approximation is then given by the following
approximation:

O(x)me™ —e™ (x—pr ) = (I +p )e™ —xe™
Rewrite this equation in form of y = ax + b, where:
Y =0(x) = [o(k,) = @' (L Iu, J+[¢'(u,)]x
where:a =[o(u,) = ¢'(u, )1, 1 b=0"(u,)
The mean value of y depends upon both “a” and “b” terms:
By =[o(u) = @' ()u, J+ [0 (1 )]k, =a+bp,
The variance depends only upon the b term:
o, =[¢'(n)I
Consider a general non-linear function of three independent random
variables, ¢(x,y,z). The first order Taylor’s series is given by the following
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equation, where H,,, denotes simultaneous evaluation at all three means: p ;
M, and p :
Y=0(x,Y,2)  p(ly,) + @, (X 1) + 0, (y — 1) +¢,(z—1,)

The propagation of means yields an anticipated result: M, = o
propagation of variances yields the following equation:

o, =[0, (u, )T +[0, (1, )T +[o, (1, )T

) and

Xyz

6.6 Confidence interval

In statistics, a confidence interval (CI) is a type of interval estimate of a
population parameter and is used to indicate the reliability of an estimate. It is
an observed interval (i.e., it is calculated from the observations), in principle
different from sample to sample, that frequently includes the parameter of
interest if the experiment is repeated. How frequently the observed interval
contains the parameter is determined by the confidence level or confidence
coefficient. More specifically, the meaning of the term “confidence level” is that,
if confidence intervals are constructed across many separate data analyses of
repeated (and possibly different) experiments, the proportion of such intervals
that contain the true value of the parameter will match the confidence level;
this is guaranteed by the reasoning underlying the construction of confidence
intervals [9, 10, 11].

Confidence intervals consist of a range of values (interval) that act as
good estimates of the unknown population parameter. However, in infrequent
cases, none of these values may cover the value of the parameter. The level of
confidence of the confidence interval would indicate the probability that the
confidence range captures this true population parameter given a distribution
of samples. It does not describe any single sample. This value is represented
by a percentage, so when we say, “we are 99% confident that the true value
of the parameter is in our confidence interval”, we express that 99% of the
observed confidence intervals will hold the true value of the parameter.
The desired level of confidence is set by the researcher (not determined by
data). If a corresponding hypothesis test is performed, the confidence level
corresponds with the level of significance, i.e., a 95% confidence interval
reflects a significance level of 0.05, and the confidence interval contains the
parameter values that, when tested, should not be rejected with the same
sample. Greater levels of variance yield larger confidence intervals, and hence
less precise estimates of the parameter. Confidence intervals of difference
parameters not containing 0 imply that there is a statistically significant
difference between the populations. Certain factors may affect the confidence
interval size including size of sample, level of confidence, and population
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variability. A larger sample size normally will lead to a better estimate of
the population parameter. Let X be a random sample from a probability
distribution with statistical parameters 6, which is a quantity to be estimated,
and ¢, representing quantities that are not of immediate interest. A confidence
interval for the parameter 0, with confidence level or confidence coefficient v,
is an interval with random endpoints (u(X), v(X)), determined by the pair of
random variables u(X) and v(X), with the property:

Pry ,(u(X) <8< v(X)) =7 forall (6,9)

The quantities @ in which there is no immediate interest are called
nuisance parameters, as statistical theory still needs to find some way to
deal with them. The number vy, with typical values close to but not greater
than 1, is sometimes given in the form 1 — a (or as a percentage 100%-(1 — a)),
where a is a small non-negative number, close to 0. Here Pr, 1ndlcates the
probability distribution of X characterized by (8, ¢). An 1mp0rtant part of
this specification is that the random interval (u(X), v(X)) covers the unknown
value O with a high probability no matter what the true value of 0 actually
is. Note that here Pr, . need not refer to an explicitly given parameterized
family of distributions, although it often does. Just as the random variable
X notionally corresponds to other possible realizations of x from the same
population or from the same version of reality, the parameters (0, ¢) indicate
that we need to consider other versions of reality in which the distribution
of X might have different characteristics. In a specific situation, when x is
the outcome of the sample X, the interval (u(x), v(x)) is also referred to as
a confidence interval for 6. Note that it is no longer possible to say that the
(observed) interval (u(x), v(x)) has probability y to contain the parameter 0.
This observed interval is just one realization of all possible intervals for which
the probability statement holds. In many applications, confidence intervals
that have exactly the required confidence level are hard to construct. But
practically useful intervals can still be found: the rule for constructing the
interval may be accepted as providing a confidence interval at level y if:
Pre’(p (W(X) <8 <v(X)) =y for all (6,¢) to an acceptable level of approximation.
Alternatively, it is simply required that Pr., (u(X) <0 <v(X)) >y for all (6,0),
which is useful if the probabilities are only partially identified, or imprecise.

Suppose {X,, ..., X } is an independent sample from a normally distributed
population with (parameters) mean p and variance o, Let

X = (X +....+ X, )/n;

Zn:(Xi -X)? (6.30)
Q2 — izl

S/\/n
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where X the sample mean, and S2 is the sample variance. After observing
the sample we find values x for X and s for S, from which we compute the
confidence interval:

cS cS
X———=:;X+—= (6.31)
{ NN }
The quintile function of a distribution is the inverse of the cumulative
distribution function. The quintile function of the standard normal
distribution is called the probity function, and can be expressed in terms of

the inverse error function @~ (p) = V2erf '(2p-1); p(0,1). For a normal
random variable with mean u and variance ¢, the quintile function is:
F'(p)=p+od ' =p+ c\/ierf_l.(Zp -Dpe(0,1).

The quintile ®!(p) of the standard normal distribution is commonly
denoted as z . These values are used in hypothesis testing and construction of
confidence intervals. A normal random variable X will exceed pu + 6z_with
probability 1 — p; and will lie outside the interval p + oz, with probability
2(1 = p). In particular, the quantile z, ., is 1.96; therefore a normal random
variable will lie outside the interval p + 1.96c in only 5% of cases. These
values are useful to determine tolerance interval for sample averages and other
statistical estimators with normal (or asymptotically normal) distribution [12].

6.6.1 Confidence interval (poisson distribution)

Given a sample of n measured values k, we wish to estimate the value of the

parameter A of the Poisson population from which the sample was drawn. The
= lz k,. Since each observation
n

i=1

maximum likelihood estimate is [11] &,

has expectation A, so does this sample’s mean value; therefore the maximum
likelihood estimate is an unbiased estimator of A. It is also an efficient
estimator, i.e., its estimation variance achieves the lower bound. Also it can
be proved that the sample mean is a complete and sufficient statistic for A. The
confidence interval for a Poisson mean is calculated using the relationship
between the Poisson and Chi-square distributions, and can be written as:

%xz(a/2;2k) <p S%xz(l—a/2;2k+2)

where k is the number of event occurrences in a given interval and y*(p; n) is
the chi-square deviate with lower tail area p and degrees of freedom n. This
interval is ‘exact’ in the sense that its coverage probability is never less than
the nominal 1 — a.
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6.6.2 Confidence interval (binomial proportion)

In statistics, a binomial proportion confidence interval is a confidence interval
for a proportion in a statistical population. It uses the proportion estimated in
a statistical sample and allows for sampling error. There are several formulas
for a binomial confidence interval, but all of them rely on the assumption of
a binomial distribution. In general, a binomial distribution applies when an
experiment is repeated a fixed number of times, each trial of the experiment
have two possible outcomes (labeled arbitrarily success and failure), the
probability of success is the same for each trial, and the trials are statistically
independent. The simplest and most commonly used formula for a binomial
confidence interval relies on approximating the binomial distribution with
a normal distribution. This approximation is justified by the central limit
theorem. The formula is:

p(-p)
n

Ptz ),

where p is the proportion of successes in a Bernoulli trial process estimated
from the statistical sample, z,__ , is the 1 —a/2 percentile of a standard normal
distribution, a is the error percentile and n is the sample size. For example, for
a 95% confidence level the error (o) is 5%, so:

1-a/2=0.975and z =1.96.

1-a/2

The central limit theorem applies well to a binomial distribution, even
with a sample size less than 30, as long as the proportion is not too close to
0 or 1. For very extreme probabilities, though, a sample size of 30 or more
may still be inadequate. A frequently cited rule of thumb is that the normal
approximation works well as long as np > 5 and n(1 — p) > 5.

Example 6.9

In the factory, the technical part can be rejected because of various elements
of the technological process: the low quality of the casting mold (sand sinks,
collapses, squeezes, etc.); due to the violation of the technological process
of melting and out-of-furnace treatment of metal (non-metallic inclusions,
gas shells, porosity, etc.); due to a violation of the mold casting mode (slag
inclusions, spay, etc.). Each of these elements of the process, independently
of the other, may be the cause of the final rejection in the casting. Let the
probability of obtaining a qualitative casting without defects “through fault”
of the form p (f) = 0.98; by the fault of the metal p (m) = 0.93; due to the
fault of pouring p (s) = 0.99. It is necessary to assess the reliability of the
technological process as a whole, i.e., determine the probability of obtaining
a defect-free casting p. By the formula (6.1), we find: p=p (f) - p (m) - p (5)
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=0.98 - 0.93 - 0.99 = 0.90. For incompatible events (they cannot occur at the
same time), the following theorem is true for the addition of probabilities:

P(A, +A,+...+A)=P(A)+PA)+..+PA) (6.32)

This theorem has two consequences: (1) To complete the group of
incompatible events the sum of their probabilities is equal to one; (2) The sum
of the probabilities of opposite events is equal to one. The law of distribution
of a random variable is any rule (table, function) that allows you to find the
probabilities of all possible events. Random variables can be discrete or
continuous. Discrete random variables are those that can take a finite and
countable set of possible values. Continuous random variables are those
which in any interval can take any value. Any continuous random variable
can be specified as a discrete one if all its possible values are broken up
into intervals and the probability of occurrence of these intervals (because
of the limitations of the measuring means, all measurements of continuous
quantities are given in a discrete form). Random variables are characterized
by probability distribution functions. The integral distribution function
F(x)) of a random variable X is the probability that a random variable will
take values not exceeding x,, i.e., will fall into the interval (o0, x,): F(x,) =
p(X <x). F(x,) determines the law of distribution of the random variable X.
In most practical cases, the distribution of random variables can be specified
by introducing the probability density function f(x) (differential distribution
function). Here, x is a vector whose components are the quantities x..

A characteristic feature of a random variable is that it is not known in
advance which value it will take. The possibility of accepting a random variable
X from the interval (x1, x2) is quantitatively estimated by the probability:

P(x, <X <x,) = f(x)dx (6.33)

where P(x, < X <x)) is the probability of the event (x, < X <x,); f(x) is the
distribution density of a random variable; x, = x + dx. The probability density
satisfies two conditions: it is nonnegative and the integral of it in the complete
limits of the variation of the argument x is equal to one. The distribution
function F(x) is expressed in terms of the density f(x):

F(x) = [ f(x)dx (6.34)

On the other hand, if the density f(x) is continuous at the point x, then its
value at this point is equal to the derivative of the function F(x): F’(x) = f(x).
The distribution function F(x) is primitive for the density f(x), therefore:

F(x)=F(x,)-F(x,) = Xf f(x)dx =P(x, <x<X,) (6.35)
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Properties of the distribution function: it is non-negative, increasing and
equal to 0 and 1 for the value of the argument —o and co: F(x) > 0; F(x1) <F
(x2) for x1 <x2; F (—0) = 0; F (00) = 1. The graph of the distribution density
f (x) is called the distribution curve of a random variable. Proceeding from
the geometric interpretation of the integral as the area of the corresponding
curvilinear trapezium, we conclude that for an arbitrary —o < x| < + oo the
number F(x ) is equal to the area under the distribution curve lying to the left
of the line X = x,. Similarly, the probability p(x, < x <x,) is interpreted.

A random variable x for which a distribution density f(x) exists, is said to
be continuous. If by the random variable x is meant the duration of non-failure
operation of the object, then the product f(x)dx is the probability of object
failure in the time interval (x1, x2). The value of the distribution function
F(x) is equal to the probability of failure of the object up to the instant x. In
reliability theory, the notion of probability of non-failure operation p(x) is
often used, which is an additional concept to the distribution function F(x). The
probability of failure-free operation at the point x is equal to the probability
that the random variable X will exceed x, i.e. the product will work reliably
for a time x: P(x) = 1 — F(x) = p{X > x}. The function F(x) is also called a
reliability function. Exemplary graphs of the distribution function F(x) and
the reliability function P(x) are shown in Fig. 6.4.

Figure 6.4: Distribution function F(x) and the reliability function P(x).

The mathematical expectation of a discrete random variable is the sum of
the products of all possible values of a random variable by the probabilities
of these values:

uo=>xP (6.36)

The mathematical expectation of a random variable X having a distribution
density f(x) is calculated by the formula:

W = [ xf(x)dx (6.37)
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The statistical estimate of the mathematical expectation is the arithmetic
mean of the random variable:

x=1%xm (6.38)
n i=t
where n is the number of values of x; mi is the frequency of occurrence of the
result xi.
The mathematical expectation (the arithmetic average) of a random
variable is often called the scattering center or the center of the grouping of
a random variable. The expectation is an estimate of the true value of the

measured quantity.

Example 6.10

Find the mathematical expectation and mode of a random variable given by a
Table 6.1 of values:

Table 6.1: Statistical data.

2 3 5
P 0.3 0.1 0.6

Solution:

The median of a random variable (M) is its value x, for which the probability
of the appearance of a random variable smaller than the median, or greater
than the median, is the same: p (x <M ) = p (x > M ). The geometric median
is the abscissa of a point at which the area bounded by the distribution curve
is divided in half.

6.7 Probability distributions and concept of random
success (failure)

The term “statistical experiment” is used to describe any process by which
several chance observations are obtained. All possible outcomes of an
experiment comprise a set that is called the sample space. We are interested in
some numerical description of the outcome. A random variable is a variable
whose value is determined by the outcome of a random experiment. A discrete
random variable is one whose set of assumed values is countable (arises from
counting). A continuous random variable is one whose set of assumed values
is uncountable (arises from measurement). For discrete random variable X
and real number X, the probability distribution function (pdf) (defined for both
discrete and continuous random variables) or probability mass function (pmf)
(defined only for discrete random variables) is:

p(x)=P(X=x)=P(all events s < S s.t. X(s) =x)
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The cumulative distribution function (cdf) F(x) for a discrete rv X with
pmf p(x) is defined as:

Fx)=P(X < x)= Y p(y) (6.39)
y<x
Expected (Mean) Values of Discrete Random Variables: Let X be a
discrete R.V. with pmf p(x1), p(x2), then the expected value of X is:
n, =E[X]= X xp(x) (6.40)

X=X}
X=X3 jorer

The mean is the “average value” of a random variable. It is one measure
of the “center” of a probability distribution. We shall use Capitals X for the
random variable and Lower case x, X,, X,, ... for the values of the random
variable in an experiment. This x; then represents an event that is a subset of
the sample space. The probabilities of the events are given by: P(x)), P(x,),
P(x,)...., we also use the notation P(X).

6.7.1 The binomial probability distribution

A binomial experiment is one that possesses the following properties: the
experiment consists of n repeated trials; each trial results in an outcome that
may be classified as a success or a failure (hence the name, binomial); the
probability of a success, denoted by p, remains constant from trial to trial
and repeated trials are independent. The number of successes X in n trials of
a binomial experiment is called a binomial random variable. In probability
theory and statistics, the Bernoulli distribution, named after the Swiss scientist
Jacob Bernoulli, is a discrete probability distribution, which takes value 1
with success probability p and value 0 with failure probability q =1 —p. So if
X is a random variable with this distribution, we have:

Pr(X=1)=1-Pr(X=0)=1-q=p
The probability mass function f of this distribution is:
p if k=1
l-p if k=0
The expected (mean) value of a Bernoulli random variable X is E(X) = p,
and its variance is Var(X) = D(X) =p(1-p). The above can be derived from the

Bernoulli distribution as a special case of the Binomial distribution [9]. The
Bernoulli distribution is a member of the exponential family.

£(k;p) ={ (6.41)

NOTE: The number of k-combinations from a given set S of n elements is
often denoted in elementary combinatory texts by C(n, k). The same number
however occurs in many other mathematical contexts, where it is denoted by
Cz (often read as “n choose k); notably it occurs as coefficient in the binomial
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formula, hence its name binomial coefficient. One can define Cz for all natural
numbers k at once by the relation:

n
1+X)" =Y Cpx* (6.42)
k=0
One can first consider a collection of n distinct variables X labeled by
the elements s of S, and expand the product over all elements of S. Now
setting the entire X_equal to the unlabeled variable X, so that the product
becomes (1 + X)", the term for each k-combination from S becomes XX, s0
that the coefficient of that power in the result equals the number of such
k-combinations.
For determining an individual binomial coefficient, it is more practical to
use the formula:

n(n-1)(n-2)n-3)......n-k+1)
n!

Cp = (6.43)
The numerator gives the number of k-permutations of n, i.e., of sequences
of k distinct elements of S, while the denominator gives the number of such
k-permutations that give the same k-combination when the order is ignored.
When k exceeds n/2, the above formula contains factors common to the
numerator and the denominator, and canceling them out gives the relation:

¢ =Ch_y;..for..0<k<n

This expresses a symmetry that is evident from the binomial formula, and
can also be understood in terms of k-combinations by taking the complement
of such a combination, which is an (n — k)-combination. Finally there is a
formula which exhibits this symmetry directly, and has the merit of being easy
to remember:

n!
Ch=—— 6.44
T klin—k)! (6.44)

Binomial coefficient is the # Sum of coefficients row. The number of

k-combinations for all k

Yy cp=on
k=0

The probability distribution of the random variable X is called a binomial
distribution, and is given by the formula:

P(X=m)=C,p"q"™ (6.45)
where: n = the number of trials; m =0, 1, 2... n; p = the probability of success
in a single trial; q = the probability of failure in a single trial (i.e., g =1 — p).
P(X) gives the probability of successes in n binomial trials. If p is the
probability of success and q is the probability of failure in a binomial trial,
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then the expected number of successes in n trials (i.e., the mean value of
the binomial distribution) is E(X) = p = np. The variance of the binomial
distribution is D(X) = o> = npq. Note: In a binomial distribution, only 2
parameters, namely n and p are needed to determine the probability. For the
special case where r is an integer, the binomial distribution is known as the
Pascal distribution. It is the probability distribution of a certain number of
failures and successes in a series of independent and identically distributed
Bernoulli trials. For k + r Bernoulli trials with success probability p, the
binomial distribution gives the probability of k successes and r failures, with
a failure on the last trial. In other words, this type of binomial distribution is
the probability distribution of the number of successes before the rth failure in
a Bernoulli process, with probability p of successes on each trial. A Bernoulli
process is a discrete time process, and so the number of trials, failures, and
successes are integers. Consider the following example.

Example 6.11

Suppose we are looking for the event “A” (exceeding the maximum temperature

[73 1)

T = 1000°C) that can occur with constant probability “p” over a composite’s
life span. Therefore the event “B”—the reliability of the structure is q=1—p.
Let’s say also that the occurrence of such high temperature creates substantial
structural damage (partial or progressive collapse) and the operations must
be stopped. Calculate the life span of the composite element (x, = 1,2,3.....-
hours number—random variable). Random series distribution in this case is

as follows (see Table 6.2):

Table 6.2: Data for Example 6.11.

X, 112 3| | ...

2

p|p|lan|pL | o L R

Let’s compute now the mean value:

Ky :1p+2qp+3q2p+ ...... +iqi_1p+ ...... =pX iq'_

0 .
The series Zqu represents the derivative of a geometric progression:
i=I

%O: q = 9 therefore finally:

=1 1-q

© d = . d 1 1
Yig T = () = () = —— =
o dq i dg 1-q9° (-9 »p

and p, _1
p
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Let’s compute now the variance value (similar to the mean value):

00 o . ® . d 1+
0 (X)= 5 xip; = (5% p) = (pE g = pr 9 PLFD 9
i1 i1 i1 dqg (1-9)°° (-9~ p
andDX:(xz(X)—miz 1+q2 _ 5 :% or:0'X=ﬁ
-9 d-9° p p

Now, if p=0.02 and q = 0.98 then:

1 +0.98

=——=150 hours; and o, =———— =49.5 hours
P =0.02 *0.02

Total maximum number of hours (with confidence probability P = 0.95):
N =50+ 1.96(49.5) = 147.0 hours.

Example 6.12

Data: The “Structural failure probability” (exceeding the maximum
temperature T = 1000°C) is p (event “A” see Example 6.3). The life span of
the structure is given: N = 100 hours. The agreed confidence probability P
= 0.95. Find the maximum probability value p = p__ (the upper limit value).
From formulae (6.1) we have:

P(B)=(1-p"

Probability of failure (at least one time over period of N hours) is small:
1 — P . Therefore the maximum value of probability p=p,__ can be calculated
as follows:

1-P, :(1—pmax)N O Prnax =1-N1-a

_ legd=Py)

= 6.46
lg(l ~ Pmax ) ( )

From formulae (6.46) we have:
Prax =1 %1-0.95 =0.03
If the agreed confidence probability P = 0.90, then:

=1-191-0.9 =0.023

Example 6.13

Data: If the given probability p = 0.02 is small enough and the number of hours
N =100 is large enough, then the fire event “A” probability of failure (at least

p max
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ones over period of time N years) can be calculated using Poisson formulae,
where mean value a = Np. In this case:

_ _ —In(1-
P(A)~e ™’ and P(A)=1-a then:p, . ~ % (6.47)
For the agreed confidence probability o = 0.95 we have now:

(1) _—In(1-0.95)
Pmax N 100

These simple approximate methods have two major assumptions:
probability “p” is small and number “N” is large. However this type of
problems can be solved analytically by computing the cumulative discrete
function without any restrictions and consequently can be applied to many

other structural engineering problems.

=0.03

Example 6.14

Data: The group of fiber composite elements have 10 elements with high
strength and brittle fibers (e.g., SiC), ceramic oxide and 50 elements with
graphite fibers that typically exhibit large variability in strength due to flaws
of varying severity that are randomly distributed along their lengths. The
Material Engineer has decided to test only 2 composite elements and he will
be satisfied if in this case he is able to check 2 elements with high strength and
brittle fibers. Find the probability of checking two of them.

Solution:
a) The total number of “events”—(complete sample space): n = CjOHO =1770;

b) The total number of “successful events” is: m = C;O =45;

¢) Therefore the probability P is: P = % =0.0254

Example 6.15

Same as Example 6.14, but the Material Engineer had decided to test 20
composite elements.

Solution:
50+10 —

a) The total number of “events”—(complete sample space): n = C

4.2(10)"5;

b) The total number of “successful events” is: m = C;O C;O;Zm =8.12(10) ~ 14;

14
¢) Therefore the probability Pis: P = 8.1240) =0.193

4.2(10)"
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Example 6.16

Data: Same as Example 6.14, but the Material Engineer had decided to check
4 composite elements. Find the probability of testing: (1) 2 high strength and
2 graphite fibers composite elements; (2) 2 high strength or 2 graphite fibers
composite elements.

Solution 1:
a) The total number of “events”—(complete sample space):
n=C""=487635;
b) The total number of “successful events” is: m = C;O C;O =55125;

55125 _ 115

¢) Therefore the probability Pis: P = =0.
87635

Solution 2:

a) The total number of “events”—(complete sample space):
n=C" = 487635;

b) The total number of “successful events” is: m = CLO + Cjo =230510;

230510

¢) Therefore the probability Pis: P="—""—=
487635

0.473

Example 6.17

Data: Suppose we have a set of “n” events (A—composite element failure due
to stresses borne by broken fibers) with the probability of success “p” per each
hour. Random value “R” is the frequency of such events (see Table 6.3) over

the period of time (“n” hours). Compute CDF and find the mean and variance.

Table 6.3: Data for Example 6.17.

X, 0 1/n 2/n m/n e |1
pi qn Cnlpqnfl anpzqu . C“mpmqnfm . pn
Solution (CDF):

Where: g=1 —p; m_= p; Variance D = pg/n; 6_= (pq/n)"”

If: p=107 D = pg/n; 6, = (pq/n)"? failures/hour and n = 10000 flight hours;
then: m _=p=10°; D =pg/n; 6, = (pq/n)"*=0.316(10*). Therefore one might
say that with 95% confidence level the probability (the maximum number
of flight—failures per hour) will be: p = [1 + 1.96(3.16)] (107) = 7.2 (10~)
failure/hour.
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Failure of fiber-reinforced composites (probabilistic approach)

Below is the classification of fiber-reinforced composites based on the
reinforcement aspect ratio that is used in common engineering practice and
followed by some of examples.

1. Short Fiber Thermoplastics 1/d < 100
2. Long Fiber Thermoplastics 200 < 1/d < 10000
3. Continuous Fiber Thermoplastics I/d > 10000

In probabilistic analytical approaches, it has been proven and a simple
modeling of composite failure evolution has been used without resorting to
major simplifications, particularly in redistributing stress from broken fibers
onto intact fibers. One such simplification is to assume that stresses borne by
broken fibers are transferred according to a rule, such as the equal load sharing
(ELS) or local load sharing (LLS) rule. In ELS, all the intact fibers share the
applied stress equally and thus equally carry the loads lost from broken fibers,
but in LLS, only the immediate unbroken neighbors carry these lost loads, thus
causing more severe overloads than those that occur by ELS (considering a
dry bundle of fibers with no matrix participation in redistribution of stresses).
Under LLS or similar localized stress transfer, a common approach has been
to proceed with certain assumptions on the fiber fracture sequences and their
probabilities for example, at some point in plan layout the first fiber breaks,
then the neighboring fiber to the right (or left) and so on until all ‘n’ fibers are
broken (the total number broken fibers is based on test results or on a chosen
“limit stress” theory). The failure of fiber reinforced composite materials can
be adequately described via examples presented below.

Example 6.18

Data: This example introduces the different probabilistic approach that has
been used to represent the strength of fiber reinforced composite materials and
to assess the reliability of the whole composite structure.

Suppose we have a set of “N = 100” fibers, and if four (n = 4) of them break
in sequential order then the whole composite structure fails too.

Compute the probability of failure—event A.

Solution:

Of the total number of N fibers one can choose n neighboring to each other
fibers in different N — n + 1 different ways (groups). The probability that all
n fibers will be located in one of the (N —n + 1) groups is equal: p =[1/N]*n!
(since each failed fiber can be permutated—change place with each other).
The probability of event A is calculated now:

P(A) = [%]“ nI(N-—n+1) (6.48)
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In our case: N =100 and n =4 — P(A) = 10%(4!)97 = 0.233(10%)
Sterling’s approximation is an approximation for factorials. It is a good-

quality approximation, leading to accurate results even for small values of #.
The formula as typically used in applications is:

n!~2mn (L) (6.49)
e
After substituting Equation (6.49) into Equation (6.48) we have:
P(A) =2 (D) [%]“ (N-n+1) (6.50)
e

Ifn=N =1 then from Equation (6.48) then P(A) =1 and from approximate
Equation (6.50) P(A) = 0.92. Obviously, for small n (broken fibers) and large
N (total number of fibers) the probability of the whole composite structure
should be small. If N = n then Equation (6.48) can be approximated as:

P(A)=2mn —— (6.51)

1+n+0.5n>

Equation (6.51) represents the probabilities of failure of composite
element as function of number of neighboring broken fibers n (see Fig. 6.5).
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Figure 6.5: Probability function as a function of number of neighboring broken fibers n.

Approximation P(n) is given below:

Model: y = b*exp(—(a*x))

Variable | Initial guess Value
b S1. 51.18894
a 4. 4.0118

P(AN =100 and 1 <n < 10) = 4.0[exp(-51.2n)] (6.52)
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Figure 6.6: Probability function: approximation of P(n).

Example 6.19

Data: Novel properties of nanocomposites can be derived from the successful
combination of the individual characteristics of parent constituents into a
single material. During the assembly of the nano-sized building blocks, one
should be able to control the extent of the actual distribution of nanoparticles
in the building blocks as well as the risk computation of not complying with
the requirements imposed by a material design engineer. Let’s assume that
nanoparticles are dispersed uniformly in the building block based on the
Poisson distribution density with the parameter A. Conditionally it can be
assumed that nanoparticles are presented as a group of points on the plane. It
is necessary to find the distribution law and the numerical characteristics p_
and D_of the distance r from any given point to the nearest neighboring point.
Draw a circle around the given point of radius r. In order for the distance R
from this point to the nearest neighbor point to be less than r, it is necessary
that at least one point (except for a given point) falls into the circle. According
to the properties of the Poisson law, the probability of this event does not
depend on whether there is already a point in the center of the circle or not.
Therefore:

F(r)=1- exp(—nrzk)
— 2 1
fr) = 2nrdexp(—nr“A) ifr>0
0 ifr<0
Such a distribution law is called the Rayleigh law.
T 1
p, = | r2nrd exp(—rcrzk) dr=——
-] L
1 1 4-n

D. = [ 22k exp(—nr2A)dr —p? = — — — =
' { T
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The distribution function of the distance R, from this point to the next nearest
point was less than r it is calculated as:

E(@r)=1- exp(—nrzk) — 2 exp(—nrzk) (6.53)
By using similar arguments in the general case we have:
n-1_k

F,(r)=P(R, <1)=1- Z %exp(—nrzk)
o k!

a=m’h
The probability density is obtained by differentiating F_ with respect to r:
dF, da  a"!

= e *2mr (6.54)
da dr (n-1)!

fn (r)=

Probability density changes (qualitatively), depending on the variations
of the parameter A—density of Poisson probability distribution law and the
numbers of nanoparticles (points) in the selected area (circle with the radius r)
are presented above (see Figs. 6.4 and 6.5):
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Figure 6.7: Probability density changes depending on the variations of the parameter A and

n=1.
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Figure 6.8: Probability density changes depending on the variations of the parameter A and
n=4.
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One can see from Figs. 6.7 and 6.8 that probability is increasing when
parameter A is bigger and number of nanoparticles in the selected area (circle
with the radius r) n is smaller.

Example 6.20

Data: If each point in the previous Example 6.19 is a cross section of a
continuous fiber and the pattern of their failures formation is sequential (i.e.,
the load from the broken fiber is redistributed only to the neighboring fiber,
then on to the next neighboring fiber, and so on), then the failure process of
the composite structure is described by the breaks in a predetermined number
of fibers. At the same time, the probability of breaking each fiber (depending
on a given load) can be established from the corresponding experimental
tests results. Assuming that these probabilities p, p,, ..., p, are known, the
probability of the appearance of the A-fiber break event k times can be
obtained using the so-called generating function of probability.

0,2 =/Pz+q)P,z+q)-..(p2+0q) (6.55)
Probabilities p, p,, ..., p, should be computed using Equation (6.54). For
example, if r = 0.05 mm and A = 150 [1/mm’] than: p, = F/(r) = 1 — exp
(—m25(10%150) = 0.308; and p, = F,(r) = 1 — exp (-n25(10%)150) — n25
(104150 exp (—n(10)150) =1 — 0.308 — 0.362 = 0.329

The generating function of probability is:
¢(z)=(P,z+q)p,z+q,)=0.101z° + 0.434z + 0.464

Check: 0.101 +0.434 + 0.464=1.0

Here: P, = 0.101—Probability of two fibers break; P, = 0.434—Probability of
one fiber breaks; P, = 0.464—Probability of none out two fibers breaks.

Example 6.21

Ifthe given probability of a composite element to fail is p and it is small number
comparable to the life span of years N = 100, then the event “A”—probability
of failure (at least ones over period of time N years) can be calculated using
the Poisson formulae, where mean value a = Np. In this case:

P(A)~e ™ and P(A)=1-a then:p, . ~ % (6.56)
For the agreed confidence probability a we have now:

—In(1-a)
Pmax ® N (6.57)

For example, if o= 0.95 and N = 100, then p__ = 0.03.



Phenomenological Creep Models of Fibrous Composites 317

Example 6.22

The structural system (simple frame) subjected to thermal load has been
designed with almost equal capacities of beam and beam to column
connection. The structural engineer had performed the standard tests of the
beam and connection to the column separately and concluded by observation
that the connection failure probability (statistical data) is P, and the beam
failure probability is P, = 1 — P, and (P,>P)).

Probability-based computations have shown that this structural system
(simple frame) can fail with probability “p” (the maximum temperature
exceeds the predicted level “a”, which has been used in separate standard
tests). The structural engineer is planning now to perform “n” new full simple
frame tests to prove his previous assessment (connection failure). (1) How
many tests are needed (n, <n) in this case? (2) What is the connection failure
probability in real fire scenario?

Solution:

H —Hypothesis I: The structure will fail because of inadequate connection
capacity.

H,—Hypothesis II: The structure will fail because of inadequate beam
capacity.

P(H)=P;PH)=1-P;

Event “A”—The structure will fail because of inadequate connection capacity.
P(A) =P [1-(1 - p)y"]+ (1 =P)[1-(1 - p)"™]

Let’s consider now P(A) as a function of continuous independent variable
“n1”. The first derivative is:

dP(A n n-n
A pa—py +0-B)1-p) " Jin1-p)
dn,
It can be proven in this case: (a) the second derivative is less than 0 for all n ;
(b) the first derivative is zero when:
In 1-P,
n P,
n=—+—"——
2 2In(l1-p)
where:n, >n/2; and P, >0.5

(6.58)

Example 6.23

Data: similar to Example 6.22, but: (1) On the reliability (probability not to
fail)—for connection—P ; for beam—P,. (2) The structural engineer had
established that the structure will fail over a given period of time T.
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Solution:

H —Hypothesis I: Connection and beam will not fail over a given period of
time.

H —Hypothesis I: Connection did fail, but beam did not fail over a given
period of time.

H,—Hypothesis I: Connection did not fail, but beam did fail over a given
period of time.

H,—Hypothesis I: Connection and beam had failed over a given period of
time.

P(H)=PP,;PH)=(1-P)P,;P(H,)=(1-P)P;PH,)=(1-P)1-P).
Event A: Structure failed: P(A|H ) = 0; P(A[H,) = P(A[H,) = P(A[H,) = 1.
Based on Byes’theorem we have now:

d-P)P, _(1-=P)P,
(1-P)P, +(1-P,)P, + (1-P)(1-P,) (1-PP,)

P(H, [A) =

If: P, =P,=0.996; n =30 and P = 0.1, then: P (H,|A) = 0.5

Example 6.24—The buffoon problem

The parallel straight lines spaced from each other at a distance 2a. On this
plane throw at random a needle (a fiber with length 2L and L < a). Find the
probability that the needle (fiber) crosses some straight line.

Solution:

We introduce the following notation: x is the distance from the middle of the
needle to the nearest parallel; ¢ is the angle formed by the inclined needle
with the horizontal (parallel) line. The position of the needle is completely
determined by specifying certain changes in x and ¢, where x takes values from
0 to a, and the possible values of ¢ vary from 0 to @. In other words, the middle
of the needle can fall into any of the points of the rectangle with sides a and ©
(Fig. 6.9).

Figure 6.9: The buffoon problem.
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Thus, this rectangle can be considered as figure G, the points of which
represent all the possible positions of the middle of the needle. Obviously, the
area of the figure G is equal to ma. Let us now find the figure g—each point of
which favors the event of interest to us, that is, each point of this figure can
serve as the middle of the needle that crosses the one closest to it parallel. As
can be seen from Fig. 6.5, a, the needle crosses the one closest to it parallel
under the condition x < L(sin @), that is, if the middle of the needle belongs
to any of the points of the curved figure in Fig. 6.5. Let’s find the area of this
figure G:

T
g=[Lsinedp =2L
0

The probability that the needle will intersect the straight line is: P =2L/na

Example 6.25
Data: see Example 6.24

Long-fiber-reinforced thermoplastic (LFRTSs) is a type of easily moldable
thermoplastic used to create a variety of composites. With NY66, HDPE, and
PP base polymers (polypropylene (PP) and high density polyethylene (HDPE))
that have the initial fiber length L of 12.7 mm. The rods were extruded and
compression molded, and the specimens with dimensions 1270.0 mm x
128 mm x 6.0 mm (H x b x d) were sectioned and end-milled. The rods were
dispersed in four strips (2a = 32 mm each). Calculate the probability that the
rods are located at each strip correctly.

Solution:
P=12(12.7)/n(16)]* = 0.505* = 0.065

6.8 Probabilistic creep models of composites

The aim of this section is to develop probabilistic mathematical creep models

of structural elements; complex analysis and systematization of research

results on the influence of temperature action modes and the corresponding

temperature induced creep stresses of composite structural systems and their

elements in the probabilistic formulation. To achieve this goal, the following

objectives have been set:

1) Carry out a complex analysis of stochastic fields of rheological strains
and stresses;

2) Obtaining the necessary probabilistic creep characteristics, such as
mathematical expectation and variance of the maximum allowable creep
stress;
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3) Analysis of the creep process as a random process within the framework of
the correlation theory of probability and the solution of the corresponding
problems of exceedance of a given level of strains and stresses;

4) The construction of phenomenological stochastic creep equations under
conditions of uniaxial stress state for the composites and their experimental
verification;

5) Development of a methodology for identifying estimates of random
parameters and variables of stochastic creep constitutive equations on the
basis of an analysis of a corresponding deterministic creep constitutive
equation with a single relaxation time value, which makes it possible to
reduce the volume of computations and simplifying the comparison with
the experimental creep strain data;

6) Development of a numerical solution method for the stochastic boundary
value problem of creep deformation under uniaxial tension conditions.

The process of curing (or degrading) the composite at each point of the
medium is characterized by a monotonically increasing (decreasing) function
‘f3° (see Chapter 3) called the degree of crystallization at a given time.
Functional dependence f3(0) is a solution of a differential equation of the
form:

d(f3)
g =130 (6.59)

This equation is called the crystallization kinetics equation. In it, 0
denotes the dimensionless temperature at the current point of space at the
current time, and t denotes the time from the beginning of the curing process.
The relation (6.59) in case of high thermal creep deformation can be chosen
as the Arrhenius equation:

E
d(f3 e
dE3) _ g rTp(r3) (6.60)
de

The distribution of temperatures in a continuous medium is found from

the solution of the heat equation:

o(cT)
P

where p is the density; ¢ is the specific heat of the material, and q is the
specific heat release power. The heat flux vector q, is related to the temperature
gradient by the Fourier law:

oT
q; = —k;; o
]

=—divi+q (6.61)

(6.62)
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in the right-hand side of the expression; for which the components of the
Equation (6.62) kij is the thermal conductivity tensor. Due to the chemical
reaction during the curing process, a heat generation is produced, which is
proportional to the rate of the polymerization reaction. For a pure binder, the
specific heat release power is given by:

of3
q=pHy o0 (6.63)
where p is the density of the binder, and H_ is the specific heat released during

complete polymerization. For averaged material, it is customary to assume:

of3
q = HmPH > (6.64)

where p_is the volume fraction of the binder. Mechanical deformations of ¢,
are equal to the difference of total deformations €, . and deformations of non-
mechanical nature &_.

The deformations of non-mechanical nature are composed of deformations
from thermal expansion &Tj and chemical shrinkage é;:

T C

The need to take into account the history of the polymerization process

explains the integral form of the relationships for their calculation:

t aG
& =1 ain(t,t’)F?dt'

tgel
(6.66)
t L of3
& = 1 B3t
toel

A distinctive feature of the proposed model is the consideration of non-
mechanical deformations from the moment of gelation of the binder (matrix),
which corresponds to the vacuum forming technology in the production
of the composite. In this case, the binder is considered to be liquid and
capable of flowing between the fibers prior to the beginning of gelation,
and its shrinkage is not accompanied by the appearance of stresses in the
composite. The parameters for finding non-mechanical deformations include
the coefficients of thermal expansion of the material o and the coefficients
of chemical shrinkage of the material Bij, depending on the temperature
and degree of crystallization. The values of f3 characterize the degree of
polymerization at which the binder jellifies, that is, a significant increase in its
viscosity. The dependence of the glass transition temperature T, on the degree
of polymerization can be specified either explicitly or approximated in any
suitable manner. In particular, for these purposes, the model with piecewise
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linear modules, also called CHILE (short for Cure Hardening Instantaneous
Linear Elastic), suggests that in the vicinity of the glass transition temperature
the elastic modulus vary linearly, while in a completely rubber-like and
vitreous state they are constant. Material parameters were found with the
help of averaging approaches [13—15]. For the binder used in the work, the
polymerization kinetics equation was taken as the n-th order Prout-Tompkins
equation with autocatalysis [16]:

E
‘:1—? =Ae RT(1-C)iCP (6.67)

where A, E, q, p—are parameters, R is the universal gas constant.

6.8.1 Deterministic formulation of stochastic problems: numerical
modeling

The heat Equation (6.61) at hand is separable. This means that the mechanical
deformation of the structure does not affect the heat transfer processes
occurring in it. Consequently, the temperature field in the computational
domain of creep can be found separately, after which the mechanical portion
of the creep deformation problem can be solved. The dimensionless form of
uniaxial integral type constitutive creep equation is (see Chapter 3):

o _[E] 0 [E-Ac]
E(0)a(6)0 = 6(0) + 5, je RTK (0, 7)o(t)m1dt + 5, j e RT K,(0,1)0(t)dt=
0 0
0 0

T

0 _v
=5(0)+35, j e"*POK (0, 1)0(t) m1dt + 8, j Ace"POK, (0, 1)c(r)m1dt
0 0

N
K3 (8,7) = (8)f (v) = m1(1) Y exp(~0; m(6 — 1))
i=1

(6.68)

The integral curves of creep theory can be interpreted as random
functions with the corresponding properties. The deterministic and stochastic
statements of the problem can be linked using the ergodic theorem, which
makes it possible to estimate the statistical stability of solutions of boundary
value problems. The ergodic theorem of the random process has the
formulation of it as follows [17]: if the continuous process & (t) (t is the time
or temperature) has a finite expectation, then with probability equal to unity,
there exists a limit. Consider now the task of developing a simple methodology
of a parametric identification with an allowable error.

Factor analysis refers to the methodology of complex and systematic
study and measurement of the interaction of factors on the magnitude of
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the performance indicators. In factor analysis, the models are divided into:
(1) Deterministic (with unambiguously determined results); (2) Stochastic (with
different, probabilistic results). Deterministic models are constructed in this
way, as if the values of the parameters included in them are known with absolute
accuracy. Even when it is known that there is some uncertainty inherent in the
environment, it may still be useful to adopt a deterministic approach. The best
estimate value of the parameter can be taken, and then the decision sensitivity
to errors in the values of this parameter is checked. Sensitivity analysis is a very
useful tool and should always be used for important decisions when there are
doubts about the correctness of the values used in the model. In some cases,
it can be established that a sufficiently large change in the values of a certain,
doubt-provoking variable has very little effect on the final result. A deterministic
problem can be considered as the limiting case of a probabilistic problem.

It is important to note that the parameters of the model (see Equation
6.68) are determined by the structured properties of material and they are
invariants to the input data of the experiment. We will also consider them
constant, which is true for structurally stable materials. The total creep
deformation of materials consists of four components [18]. This division of
the total deformations is to a certain extent conditional. On the other hand,
taking into account all four components of deformation, unless the experiment
indicates an obvious lack of any of them (for example, viscoplastic and
instantly plastic components), gives the equation of states greater flexibility,
which allows satisfactorily describing practically any relaxation processes.
Simple uniaxial creep experiments are usually used to determine and
approximate the viscoelastic parameters of the creep constitutive equation.
The time-temperature dependence of the viscoelastic component of the total
deformation for the case of uniaxial tension is represented as a solution of
Equation (6.68).

6.8.2 Statistical data: composites and stress effect

Adding a probability factor to deterministic problems sometimes transforms
the situation and gives a significant gain [19]. The introduced concepts allow
formulating deterministic problems of mathematical programming whose
solutions coincide with solutions of the corresponding stochastic problems
with probability constraints [20]. Rational methods for the approximate
solution of deterministic problems are usually insensitive to small errors in
the definition of temperature-time gradients, unless these errors are much
smaller than the permissible error of the solution. The reader will see that
numerical (analytical) methods for solving most probabilistic problems are
a direct generalization of those approaches. Accordingly, the study of these
methods for solving deterministic problems turns out to be very useful for
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preparation of probabilistic models [21]. In order to create the required
statistical data based on solutions of a corresponding deterministic creep
constitutive equation, consider, for example, the parameter o, (dimensionless
inverse relaxation time) in Equation (6.68) as a random parameter from the
interval [0.001 < o, < 1000]. To solve these problems under conditions of
certainty, various methods that have been described in Chapter 3 are used;
therefore the examples below don’t require any additional clarification.

Example 6.26
Data: o= 1000

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value

1 A2 1. 1. 1. 1.

2 E 1.9 0.475 1.9 0.475

3 fi 0.1 0.1 0.1 0.1

4 k 0.1 0.1 0.1 0.1

5 m 0 0 0.0705907 0.0705907
6 ml 0.0405 0.0003976 0.0405 0.0003976
7 n 1. 1. 1. 1.

8 s 1. 1. 1. 1.

9 t 0 0 8. 8.
10 Y1 0 0 5.595404 3.8
11 z 0 0 5.441443 3.334382
12 z1 0 0 2.114E+30 2.114E+30
13 z2 0 0 1.328445 1.328445

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(1000*m)))*m1*z"n
2 d(22)/d(t) = k*(exp(t/(1 + 0.067%)))*(A2*(z"s))*((exp(0.01*m)))*m1*z°n

Explicit equations
1 m=(0.0405*t—0.01126*t"*2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 k=0.1
4 fi=0.1
5 E=(0.625 - 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
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6n=1.0
7s=1.0
8 z=t*E—(z] + z2)*((exp(-1000*m)))
9 Y1=t*E
10A2=1
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Figure 6.10: Stress-temperature-strain diagram (o = 1000).

Model: z = al *t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.175453

a2 1.107412

a3 —0.4823872

a4 0.0611024

a5 —0.0024391
o =1.1750 +1.1070%> — 0.48260° +0.06110* — 0.002440° (6.69)
Example 6.27
Data: o =100

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value

1 A2 1. 1. 1. 1.

2 E 1.9 0.475 1.9 0.475

3 fi 0.1 0.1 0.1 0.1

4 k 0.1 0.1 0.1 0.1

5 m 0 0 0.0705907 0.0705907
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6 ml 0.0405 0.0003976 0.0405 0.0003976
7 n 1. 1. 1. 1.
8 s 1. 1. 1. 1.
9 t 0 0 8. 8.
10 Y1 0 0 5.596112 3.8
11 z 0 0 5.018757 2.221446
12 zl 0 0 1835.54 1835.54
13 72 0 0 0.8948635 0.8948635

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(100*m)))*m1*z*n

2 d(22)/d(t) = k*(exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.01*m)))*

ml*z"n

Explicit equations
1 m=(0.0405*t —0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)

k=0.1
fi=0.1

wm AW N

(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

6 n=10
7 s=1.0

8 z=t*E—(z] + 22)*((exp(~100*m)))

9 Y1 =t*E
10A2=1

saeaS 1S 2 =100

E = (0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*

ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)
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Figure 6.11: Stress-temperature-strain diagram (o = 100).
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Model: z = al*t + a2*t"2 + a3*t"3 + ad*t"4 + a5*t"5

Variable Value

al 1.183698
a2 1.075306
a3 —0.4790882
a4 0.060838
as -0.0024319

o =1.1840 + 1.10756% — 0.4796° + 0.06086* — 0.002436°

Example 6.28
Data: a =10

Calculated values of DEQ variables

327

(6.70)

Variable | Initial value | Minimal value | Maximal value | Final value

1 A2 1. 1. 1. 1.

2 E 1.9 0.475 1.9 0.475

3 fi 0.1 0.1 0.1 0.1

4 k 0.1 0.1 0.1 0.1

5 m 0 0 0.0705907 0.0705907
6 ml 0.0405 0.0003976 0.0405 0.0003976
7 n 1. 1. 1. 1.

8 s 1. 1. 1. 1.

9 t 0 0 8. 8.
10 Y1 0 0 5.596159 3.8

11 z 0 0 4.631596 1.406865
12 z1 0 0 4.252375 4.252375
13 z2 0 0 0.59536 0.59536

Differential equations
1 d(zl)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(10*m)))*m1*z"n
2 d(z2)/d(t) = k*(exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.01*m)))*m1*z"n

Explicit equations
I m=(0.0405%t— 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)

3 k=0.1
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4 fi=0.1

5 E=(0.625— 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

6 n=1.0

7s=1.0

8 z=t*E—(z] + 22)*((exp(~10*m)))

9 Y1 =t*E

10A2=1

g 15 8= 10.
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Figure 6.12: Stress-temperature-strain diagram (o = 10).

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.209451

a2 1.015406

a3 —0.4696686

a4 0.0600754

a5 -0.0023979
o =1.2090 + 1.0156% — 0.4700° + 0.0600* — 0.00240° (6.71)
Example 6.29
Data: o =1

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.

E 1.9 0.475 1.9 0.475

3 fi 0.1 0.1 0.1 0.1
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4 k 0.1 0.1 0.1 0.1
5 0 0 0.0705907 0.0705907
6 ml 0.0405 0.0003976 0.0405 0.0003976
7 n 1. 1. 1. 1.
8 s 1. I. I. 1.
9 t 0 0 8. 8.
10 Y1 0 0 5.596159 3.8
11 z 0 0 4.557144 1.212833
12 zl 0 0 2.248973 2.248973
13 z2 0 0 0.5274249 0.5274249

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*1)))*((exp(1*m)))*m1*z n
2 d(z2)/d(t) = k*(exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.01*m)))*m1*z"n

Explicit equations

1 m=(0.0405*t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)
3 k=0.1
4 fi=0.1
5 E=(0.625—0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
6 n=1.0
7s=1.0
8 z=t*E—(zl + z2)*((exp(—1*m)))
9 Y1=t*E
10A2=1
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Figure 6.13: Stress-temperature-strain diagram (o = 1).
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Model: z = al*t + a2*t"2 + a3*t"3 + ad*t"4 + a5*t"5

Variable Value

al 1.208683

a2 1.015612

a3 -0.4762895

a4 0.0614982

a5 -0.0024785
6 =1.2090 +1.0150%> — 0.4760° + 0.06150* — 0.0024860° (6.72)
Example 6.30
Data: a =0.1

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value

1 A2 1. 1. 1. 1.

2 E 1.9 0.475 1.9 0.475

3 fi 0.1 0.1 0.1 0.1

4 k 0.1 0.1 0.1 0.1

5 0 0 0.0705907 0.0705907
6 ml 0.0405 0.0003976 0.0405 0.0003976
7 n 1. 1. 1. 1.

8 s 1. 1. 1. 1.

9 t 0 0 8. 8.
10 Y1 0 0 5.596152 3.8

11 z 0 0 4.548299 1.190925
12 z1 0 0 2.107588 2.107588
13 z2 0 0 0.5199693 0.5199693

Differential equations
1 d(zl)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.1*m)))*m1*z*n
2 d(z2)/d(t) = k*(exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.01*m)))*m1*z"n

Explicit equations

1 m=(0.0405*t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 - 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 k=0.1
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4 f=0.1

5 E=(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)* (0.625 —
0.375*(tanh(5*(t — 5))))*(f)

6n=10

7$=1.0

8 z=t*E—(zl + 22)*((exp(-0.1*m)))

9 Y1=t*E

10A2=1
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Figure 6.14: Stress-temperature-strain diagram (o = 0.1).

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.208326

a2 1.016119

a3 -0.4773091

a4 0.0617072

a5 —0.0024903
o =1.2080+ 1.0160%> - 0.4776° + 0.06170* — 0.002496° (6.73)
Example 6.31
Data: 0 =0.01

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.

E 1.9 0.475 1.9 0.475

3 fi 0.1 0.1 0.1 0.1
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4 k 0.1 0.1 0.1 0.1
5 0 0 0.0705907 0.0705907
6 ml 0.0405 0.0003976 0.0405 0.0003976
7 n 1. 1. 1. 1.
8 s 1. 1. 1. 1.
9 t 0 0 8. 8.
10 Y1 0 0 5.59615 3.8
11 z 0 0 4.547406 1.188708
12 zl 0 0 2.093918 2.093918
13 z2 0 0 0.5192175 0.5192175

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*1)))*((exp(0.01¥*m)))*m1*z"n
2 d(z2)/d(t) = k*(exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.01*m)))*m1*z"n

Explicit equations
1 m=(0.0405*t —0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
m1 = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
k=0.1
fi=0.1
E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
n=1.0
s=1.0
z =t*E—(z1 + z22)*((exp(-0.01*m)))
9 Y1=t*E
10A2=1
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Figure 6.15: Stress-temperature-strain diagram (o= 0.01).
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Model: z = al*t + a2*t"2 + a3*t"3 + ad*t"4 + a5*t"5

Variable Value

al 1.208262
a2 1.016209
a3 -0.4774293
a4 0.0617313
as —-0.0024916

0o =1.2080 + 1.01606>— 0.4776* + 0.06176* — 0.002496°
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(6.74)

Consider now the “average” value of a = 50 for computing the single
realization required for obtaining mean value and autocorrelation function
(ergodic process).

Example 6.32

Data: oo =50

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value

1 A2 1. 1. 1. 1.

2 E 1.9 0.475 1.9 0.475

3 fi 0.1 0.1 0.1 0.1

4 k 0.1 0.1 0.1 0.1

5 0 0 0.0705907 0.0705907
6 ml 0.0405 0.0003976 0.0405 0.0003976
7 n 1. 1. 1. 1.

8 s 1. 1. 1. 1.

9 t 0 0 8. 8.
10 Y1 0 0 5.595002 3.8
11 z 0 0 4.866628 1.904939
12 zl 0 0 63.85882 63.85882
13 z2 0 0 0.7781802 0.7781802

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067%t)))*((exp(50*m)))*m1*z"n
2 d(z2)/d(t) = k*(exp(t/(1 + 0.067*1)))*(A2*(z"s))*((exp(0.01*m)))*m1*

z'n
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Explicit equations

1 m=(0.0405*t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)
3 k=0.1
4 fi=0.1
5 E=(0.625— 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*

(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

6 n=1.0
7 s=1.0
8 z=t*E—(z] + z2)*((exp(-50*m)))
9 Y1 =t*E
10A2=1
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Figure 6.16: Stress-temperature-strain diagram (o = 50).

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.19148

a2 1.052269

a3 ~0.4733418

a4 0.0600556

a5 ~0.0023907
6 =1.1920 + 1.0526% — 0.4736° + 0.06076* — 0.00246° (6.75)

6.9 Structural composites failures in time

The structural composites system subjected to random temperature-time
loading may fail when the maximum creep stress in a critical member
reaches a sufficiently high level. This type of failure is generally occurs due
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to overstress or by excessive permanent creep deformation rendering the
structural element or system inoperative. If the structural high temperature
load has a finite probability of exceeding the high level, then failure due to
creep is possible, and an important problem is to find the probability that the
system can operate without failure for some given time (or duration of high
temperature load event). More precisely, the following problem is considered.
Given a continuous and differentiable dimensionless temperature random
function 6(t), one wishes to find the probability that the value ¢ = a will not be
exceeded in the time (or temperature) interval (0, 6__ ). This problem is called
the “first-occurrence time problem” and the probability density P(a, 0) is the
first-occurrence density [22]. The probability of failure in (0, 0) is unity if ¢
(0) > a, and the probability of failure in (0,0_ )is 0 <P(c) <1lifc<a:

P[6(0;) > a] = j “f(o10,)do (6.76)

> N
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Figure 6.17: First-occurrence time curve.

In the 1970s, the analysis of the response variability of the stochastic
structural systems received a lot of attention [23], consequently a new field;
“Stochastic Finite Elements” was coined to stochastic mechanics of isotropic
homogeneous material. Although there have been papers on computationally
expensive Monte Carlo solutions and reliability considerations, most of the
studies done in stochastic finite elements have been on the second moment
analysis of the response of deterministic structural systems under stochastic
loading with deterministic ultimate strength parameters. This chapter
considers the approximate solution methods for the probabilistic structural
resistance (PSR) of composites arising in the stochastic nature of creep
process simulation problems.

For the sake of simplicity and without loss of generality, the statistical
data that is required for further probabilistic analysis is based on deterministic
approach of creep dynamic simulation; and it has been used in this chapter for
computing the autocorrelation function parameters; and prove that the random
creep deformation process can be considered as a stationary process. All
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random processes considered in this book are ergodic, zero-mean
processes. The application of the autocorrelation theory and spectral
analysis to other categories of composites described above is very similar
and do not require any elaborate comments.

The step-by-step procedure of the second moment analysis of the
stochastic PSR is as follows:

1. Create statistical data

Mainstream timing analysis uses a deterministic approach to handle
the compellation of required statistical data. To start with, let’s say that
the stochastic dimensionless stress-temperature-time process o(t) has n
realizations (6,(1), 6,(7), ....... 6, (t)). In our case n = 8 (for each a—see
computations above). Each case accounts for affects of variation of energy
supply and loss during creep deformation process. Using applied probabilistic
approach in obtaining the maximum stress and reliability index B, the second
moment analysis quite accurately determines the worst outcome (¢ = a will be
exceeded in the temperature interval [0,0]). This makes for a better
prediction of how variability will affect composites design specifically with
less pessimism by targeting a slightly lower probability. Each realization
function o (1), obviously, is just a real function (not random!) and it has a
real value for any given independent value of a,: 6(t ). The statistical data
are compiled and represented below.

From the entire explanation given above one can see that the random
function has an ergodic character, therefore only one random realization
function is sufficient enough to obtain the correlation function in this case.
Let’s choose the random realization function that corresponds to a = 50
(approximately the middle point of the interval of 0.001 < a < 1000).

o =1.1920 + 1.05262 - 0.4736° + 0.06076* — 0.00246° (6.77)

2. The mean value can be calculated now is as follows:
1

He = ——[So(m)dt = é ¥ (1.1920 + 1.0526? - 0.4736° + 0.06076* — 0.00246%)d0

0

max

(6.78)
po= 26.27925/8 = 3.285; 6 =[10.75426/8]"> = 1.159
3. Calculate the standard deviation

In order to calculate the standard deviation in this case the chosen function
(6.85) has to be centered. Again, after using the POLYMATH software we have:

L o(rdr= % 8 (11920 + 1.05207 — 0.4730 + 0.06076* — 0.00246%)d6

og =
6
max

6 =[10.75426/8]'"> = 1.159
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4. Compute the correlation function

The correlation function of a steady time process can now be computed as
follows [24]:

K, (0) = ﬁ 9T 5(1)6(8 + )t
where:t=0;1;2;.....ccoc....... ,8
6(1) =1.192t +1.0521% — 0.4737> +0.06071* — 0.00247° — 3.285 (6.79)

The correlation function of an ergodic process can be computed now as
follows:

K, (0)= eljj:’r[&(e)é(e +1)ldt =

| 9<7[(1.1921+1.0527% — 0.4737° +0.06071* — 0.00247° - 3.285)(1.192(t +x) +
- 0-1

—

0 +1.052(t +x)? — 0.473(t+x)* +0.0607(t + x)* — 0.0024(7 + x)° - 3.285)]dx

(6.80)
Now calculate K (t) for each T = 0;1;2;..................... ,8. The results are
presented in Table 6.4 below:
Table 6.4: Autocorrelation function.
T 0 1 2 3 4 5 6 7 8

K0) | 1.344 | 0454 | -0.472 | -0.841 | —0.456 | 0.317 | 0.562 | —0.853 | —0.045

4]
05 i 15 3 25 3 3% 4 L 58 6 FEE i
Figure 6.18: Autocorrelation function.
The normalized correlation function is (see Table 6.5):
Table 6.5: Normalized correlation function.
Temp. 6 0 1 2 3 4 5 6 7 8

p, (0 1 ] 0.338 | -0.351 | -0.626 | —0.338 | 0.236 | 0.418 | -0.635 | 0
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Let’s approximate the data from Table 6.5 by the formulae:

Model: y = (exp(—A*t))*(cos(B*t))

Variable | Initial guess Value
A 0.15 0.186609
B 1. 1.152823
p_(0) = (exp(-0.187*0))*(cos(1.153*0) (6.81)
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Figure 6.19: Normalized correlation function p(t).

The ergodic function method is much simpler then the “classical” method
of obtaining the correlation functions and it can be used in analysis of other
creep deformation scenarios.

The corresponding spectral function is:

162 a a
S(@) =2 s+ 1=

21 (w-b)’+a° (0+b) +a (6.82)
=0.214[ ! !

+ ]
(@—1.153)* +0.187%  (@+1.153)*> +0.187>

The graph of spectral density is (see Fig. 6.20)

m
a4 081218 2 242832 38

Figure 6.20: Spectral density function.
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5. The first-occurrence time problem and the probability density P (a, t)

The average first-occurrence duration of time “t” above a given level “a” for
stationary processes is defined as follows [25]:

t = TLOO f(x)dx (6.83)

where: f(x)—probability density of the maximum temperature ordinates,
which is not dependent on time for a stationary processes.

The average number of the occurrences above a given level “a” for
stationary processes during the same period of time “T” is defined as follows:

n, = TJ vf(a,v)dv (6.84)
0

The average duration of time for all occurrences above a given level
“a” for stationary processes during the same period of time “T” is defined as
follows:

Ioof(x)dx
T= Ooa (6.85)

J. vf(a,v)dv
0

The average area between the stationary random curve and the horizontal
line y = a for the average first-occurrence duration of time “t” above a given

€69

level “a” is given as:

a
sV, =X —I xf(x)dx —atv,

where : (6.86)
_ 1,
a = ?

6. Formulas (6.90); (6.91) and (6.92) are reduced as follows in our case of
normal stationary process:

_x=-3)" —X)
1, = TI f(x)dx—ce\/_J‘ exp( 9 ——)dx (6.87)
B _ To, _(a—i)2
n, —TJ.O vf(a,v)dv = 2n0, exp( ch )
where : (6.88)
42

2
o, = —K(r)|
dr? =0
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Oof(x)dx —2 5
?:wa—:nc_eexp“@)[l_q)*(a_x)] (6.89)
j vi@a,v)dv OV 205 oo
0
_ oi2n n(X—a)o x a—X (3—2)2
S = eo-v + s, 6 [1-D ( oo )][exp( 20% )] (6.90)

7. For correlation function given by Equation (6.89):

2

d
Olo =Ko(0) == 5K4(®)lp0=05(b" ~a)

[2 2 2 [l 1532 —0.1872 4.0
Hy =B 2 exp(— ) —g LI OIS o A0 ) 00375
2 20 2n 2(1.159)
v, = ena _ 000375 _ 1 00469

max

Finally based on Poisson formulae, compute the probability of not having
the minimum allowable stress ordinates crossing downwards the level

“a=4.0"1s:
P =P, =exp(—n,) = exp(—0.00375) = 0.996.
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7

Phenomenological Creep
Models of Nanocomposites
(Probabilistic Approach)

7.1 Construction of a stochastic creep model of
nanocomposites

Applied interest in nanomaterials is due to the possibility of significant
modification or even the fundamental change in the properties of known
materials, as well as the new opportunities that nanotechnology opens
up in the creation of materials and products from nanomaterials-sized
structural elements. Management of the fundamental properties of solids
(semiconductors, metals, polymers, etc.), based on synthesizing in their
volume nano-sized inclusions, crystallites, defect structures or the formation
of nanoscale films and structures on the surface, is currently one of the main
problems of leading scientific centers of the world working in the field of
nanotechnology. The solution of these problems requires fundamentally new
approaches both in the field of materials science and in the field of synthesis
and formation technology. The transition to the submicron and nanometer
range of element sizes requires consideration of scaling factors that reflect
the influence of geometric dimensions on the properties of the material.
Dispersed particles inhibit the movement of dislocations in the metal,
increasing its strength at normal and elevated temperatures. The advantage of
such materials, in contrast to fibrous materials, is the isotropy of properties.
High strength is achieved at a particle size of the reinforcing agent 0.01 ...
0.1 pm. The volumetric content of particles depends on the reinforcement
scheme, but usually does not exceed 5-10 volumetric percentages. Unique
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physicochemical, structural and technological properties of such materials
allow using them in various areas of vital activity. The modern production of
structural elements from nanocomposite materials is largely oriented towards
the prepreg technology of manufacturing products. Prepreg are composite
materials—semi-finished products—fabrics and fibers pre-impregnated with
pre-catalyzed resin at high temperature and pressure. The resin in the prepreg
is in a semi-solid state. Its full curing takes place during molding. Impregnation
is carried out in such a way as to maximize the physicochemical properties
of the reinforcing material, to provide the specified electrical, mechanical and
other parameters.

As follows from above (see Chapter 4), the mechanical properties of
nanocomposite structural elements depend on a large number of uncertain
factors, and therefore the application of methods of applied probability theory
is the most natural method for studying and analyzing the creep of this type
of structural elements exposed to high temperature loads. In constructing the
probabilistic creep model, the approach proposed by the author [1] is used,
according to which the stochastic version of rheological relations is based on
the generalization of the corresponding deterministic model with using some
of the deterministic parameters as a random variables.

The procedure for selecting random parameters (inverse numbers to the
relaxation times of the nanocomposites) and their intervals is formalized in
[1]. Thus, the first stage is the construction of deterministic solutions of the
creep equation—in our case the dimensionless Volterra integral equation
of the second kind. From an analysis of the graphs of these solutions (see
below), it follows, first, that the creep curves have all three stages, including
the beginning of the stage of failure. The second feature of the deterministic
solutions of the creep equation is the absence of qualitatively different creep
strain curves, and therefore they can be considered as the realization of some
ergodic random process, which in turn greatly simplifies the computational
process of solving the creep problem of the nanocomposite within the
framework of the correlation theory of random functions. Of course, the
corresponding decisions must ultimately be confirmed and compared with a
limited and selective analysis of the experimental data.

7.1.1 Selection of filler material

After selecting the polymer binder, it is necessary to determine the filler
that serves to increase the mechanical properties of nanocomposite. The
physical-mechanical characteristics of some nanoparticles are presented in
Table 7.1 [2].
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Table 7.1: Physical and mechanical characteristics of nanoparticles characteristic.

Material ALO, BeO Organic-adhesive | Nano-adhesive
Strength limit at tension, 300 - 89.6 101
[MPa]

Strength limit at bending, 400 - - 145
[MPa]

Modulus of elasticity, 370 317 4.83 4.60
[GPa]

Density, [g/cm?] 3.96 2.30 1.15 1.90
SAP Components 6..8% |o,,[MPa] =300 | o ,[MPa]=220 Aver. = 7%

7.1.2 Remarkable properties of nanomaterials

In the last decade, the work on synthesis and research of polymer of inorganic
nanomaterials has become almost the most dynamically developing area of
polymeric materials science. Works on modification of polymeric materials
by the introduction of nanoparticles in them cover a wide range of polymer
systems—from high-temperature films and blocks of heterocyclic polymers
to polymer hydrogels. The attention of researchers is attracted to questions
of the influence of nanoparticles on the nature of the mechanical behavior of
various polymer materials. And among the polymer systems of various classes
that are objects of such studies, invariable interest is caused by compositions
based on heat-resistant aromatic polyamides. These polymeric materials are
characterized by a truly unique complex of extremely high thermal and heat
resistance, excellent mechanical and electrical characteristics in combination
with high chemical and radiation resistance, which made them indispensable
in such fields of technology as aerospace and aviation, electronics and
instrument engineering, electrical engineering and others. In a number of
cases a high level of mechanical properties it is an indispensable condition
for the successful use of such materials. That is why the possibilities of
further modification of these properties due to the introduction of various
nanoparticles into polyimide matrices are currently the focus of attention of
researchers.

The purpose of this chapter is to obtain the statistical information
on the mechanical properties of nanocomposite materials under tension
(compression) creep conditions. Nanotechnologies are based on fundamental
principles and methods of research in physics, chemistry, biology,
mathematics and a number of technical and human sciences, which indicates
a pronounced interdisciplinary of nanotechnology. It is important to note that
nanotechnology is designed to create materials and finished products with
fundamentally new operational properties that cannot be achieved with the
help of traditional technologies.
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7.1.3 Promising nanomaterials

The development of nanotechnology is largely due to the discovery, study
and already practical use of three carbon nanostructures: fullerenes, carbon
nanotubes and grapheme.

Fullerenes

Fullerenes are spherical molecules consisting of 20 to 960 carbon atoms. The
most studied is fullerene C60, which was discovered in 1985 in experiments
on laser evaporation of a graphite target. The surface of the C60 molecule
is a polyhedron consisting of 20 hexagonal and 12 pentagonal faces. The
diameter of the C60 molecule is about 1 nm. Fullerenes are already used in
the production of batteries; the possibility of creating on their basis optical
closures, devices for recording information and elements of solar batteries
is being studied. C60 molecules are also suitable for use as additives in the
creation of various nanomaterials and additives for rocket fuel.

Carbon nanotubes

The carbon nanotube is actually rolled into a cylinder 1-5 nm in diameter by
a mono-atomic graphite layer, which is called grapheme. Nanotubes were first
discovered in 1991 when high-temperature destruction of graphite electrodes
ignited between them by an electric arc. Then, the formation of nanotubes was
also observed in experiments on laser evaporation of graphite, similar to those
in which fullerenes were discovered, and fullerenes, in turn, were obtained by
the electric arc method.

In addition to single-walled nanotubes, there are multilayer tubes, which
are several nano-tubes stacked one into another. The diameter of multilayer
nanotubes reaches 20-25 nm, and the distance between layers is 0.34 nm, which
corresponds to the distance between carbon atoms in graphite. The length of
nanotubes obtained by the electric arc method and the laser evaporation of
graphite usually does not exceed 10—100 pm. The later developed methods for
obtaining nanotubes by chemical deposition from hydrocarbon vapors make
it possible to obtain much longer nanotubes—up to 2—3 cm. Nanotubes have
very good mechanical characteristics. The strength of single-walled nanotubes
by different estimates ranges from 50 to 150 GPa, which is ten times higher
than the strength of steel. Since the density of nanotubes is sufficiently low,
the specific strength of a material made of nanotubes reaches record values.
The relative elongation of nanotubes before failure is 10-15%, i.e., they have
a rather high plasticity. Nanotubes also have unique electrical and thermal
properties associated with the characteristics of their structure.
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7.1.4 Creation of new construction materials
Nanocomposite materials

Today, for aviation, the need for new composite materials have acquired special
urgency. In the newest Boeing-787 airliner, about 60% of the entire structure
is made of composite materials. They provide monolithic fuselage and wings
of the aircraft, while saving up to 1,500 aluminum sheets and 50 thousand
fasteners for each aircraft. As a result, the mass of the aircraft significantly
decreases, which allows reducing fuel consumption by 20% compared to
the previous models, and the carrying capacity increases by 45%. Therefore,
the aircraft industry currently is developing in directions associated with the
extensive use of composite structures. In particular, studies have shown that
high strength properties of composites allow large wing extensions (with the
solution of a number of problems) to be realized at the same weight costs and,
in the end, provide a higher level of aerodynamic characteristics of the aircraft
that are not achievable on an airplane with a metal wing. In addition, the ability
to control the stiffness of the composite wing and its deformations under the
action of aerodynamic loads that arise in flight also makes it possible to solve
the problem of optimal adaptation of the wing geometry to flight regimes,
achieving maximum efficiency of the aircraft on the whole range of flight
regimes. Analysis of the data presented shows that the transition to a lighter
composite wing in combination with the use of composite materials in other
elements leads to a reduction in the mass of the equipment making it possible
to switch to an extension of the wing and reduce fuel consumption by 55.5%.
This, in turn, has a positive effect on a number of other important indicators,
such as an increase in the lift factor, a decrease in aircraft resistance, the level
of harmful emissions into the atmosphere, and the cost of transportation.

The mechanical, electrical, thermal, optical and other characteristics of
nanocomposites differ markedly with the properties of ordinary composite
materials made from the same basic substances or elements. Depending on the
type of the basic matrix, which occupies most of the volume ofthe nanocomposite
material, nanocomposites are generally classified into three categories.

» Nanocomposites based on a ceramic matrix improve the optical and
electrical properties of the original material (a ceramic compound
consisting of a mixture of oxides, nitrides, silicates, etc.).

* In nanocomposites based on a metal matrix, the so-called reinforcing
materials (nano-component) is often carbon nanotubes, which increase
the strength and electrical conductivity.

* Finally, polymer nanocomposites contain a polymer matrix with
nanoparticles or nano-fillers distributed over it, which may have a spherical,
planar or fibrous structure. Polypropylene, polystyrene, polyamide or
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nylon is used as a matrix in polymer nanocomposites [3, 4], while nano-
components are aluminum or titanium oxide particles, or carbon, as well
as silicon nanotubes and fibers [5—7]. Nanocomposites based on polymers
differ from conventional polymeric composite materials with less weight
and at the same time greater impact resistance and wear resistance, as well
as good resistance to chemical influences, which allow them to be used
in military and aerospace applications. Nano graphene occupies a special
place in the development of nanocomposite materials [8]. It was found that
the addition of graphene to epoxy composites leads to an increase in the
rigidity and strength of the material compared to composites containing
carbon nanotubes. Graphene is better combined with an epoxy polymer,
more effectively penetrating the structure of the composite. Nanocomposites
based on graphene can be used in the manufacture of aircraft components,
which should remain both light and resistant to physical effects.

The introduction of carbon nanoparticles, such as fullerenes, nanotubes,
etc., in the amount of more than 0.5%, in the case of carbon plastics, leads to
a complex increase in mechanical and operational properties: compressive
and shear strengths by 20%, shock resistance by 45%, residual strength by 1.5
times, water and fuel resistance by 1.5-2 times. At the same time, the material
acquires special properties, such as electrical and thermal conductivity, X-ray
and sound transparency, and lightning [9, 10].

Nanoceramics

In addition to traditional composite materials, nano-ceramics are used in
aircraft structure, such as: propeller shafts, telescopic periscopes, etc. Nano-
ceramics are used wherever water impermeability and corrosion protection are
required. The new material is much stiffer than conventional ceramics and not
so lame. With the help of nanostructures, scientists have managed to increase
the rigidity of materials created on the basis of conventional silicon carbide
by three times. There is already a coating for transparent polymer surfaces,
consisting of nanoparticles in solution, which increase the strength of plastic
several times. On the plastic surface, they form a super-hard film that protects
against not only biological and chemical agents, but also from bullets.

For successful implementation of the programs connected with the
development of nanotechnologies and the introduction of new nanomaterials,
a number of complex fundamental and applied problems are still to be solved
in related to the creation of new unique nanomaterials with the properties
necessary for their application in aviation technology. To solve these problems,
it is necessary to create physico-mathematical models that adequately describe
the structural features of nanomaterials and the mechanisms of the effect of
airspace factors on nanostructures, to develop new generation technological
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and testing facilities for the production of nanomaterials and to study the
changes in their properties in the environment, to prepare and conduct
experiments on testing nanomaterials and products made from them.

7.2 Creep models of nanocomposites: probabilistic approach

The fundamental difference between the phenomenological model of creep of
nanocomposites from the model of “traditional” composites is the need to take
into account four additional factors, namely: (1) allowance for free chemical
energy (in the Gibbs equations of thermodynamics), which in turn leads to
an additional integral in the creep Equation (4.16—see Chapter 4); (2) the
presence of nanoparticles (dimensions in [nm]) or their conglomerates leads
to the need to take into account the dependence of the creep stress on the size
of these particles and their evolution (the kinetics of a phase transformation
in a material) and its dependence on temperature (time); (3) the mechanical
parameters of the nanocomposites structural element (for example, the
effective modulus of elasticity: instantaneous modulus in Equation 4.16;
and the hereditary properties of the creep function in Equation 4.16) vary
with the temperature field and therefore this should also be reflected in the
integral complement to Equation 4.16; (4) the mechanical parameters of the
nanocomposites material also depend on its chemical composition and the
technological method of its production, and hence on the physical kinetics
of the chemical reaction itself (at least in a simplified final form), which
determines ultimately the temperature-time dependence (different from the
temperature-time dependence of the external thermal load) affecting the
creep process of the nanocomposites. The first factor is taken into account in
Equation 4.16 by introducing the activation energy E_for the nanocomposites
and different base temperature T,. The second factor is taken into account
by introducing the function f3 (analogy with the well-known HP principle
[11, 12] for the dependence of stresses on the size of nanoparticles and the so-
called degree of crystallization functions that are encountered in innumerable
publications. The best description of kinetics of phase transformation is given
by the so-called Kolmogorov-Johnson-Mehl-Avrami (KJIMA) theory [13—17].

The knowledge of the kinetics of crystallization of nanomaterials is a key
point in constructing the probability based creep model that depends on the
microstructure. However, from the basic research point of view, it helps to
validate the proposed models for phase transformations.

The third factor is taken into account by introducing the function E—an
effective dimensionless instantaneous modulus of elasticity (using the rule of
the mixture). Finally, the fourth factor is taken into account by introducing an
additional new time-temperature dependence of the chemical reaction based
on the kinetics for a given nanomaterials.
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The process of thermal curing (or degrading) the nanocomposites at
each point of the medium is characterized by a monotonically increasing
(decreasing) function f3. Dependence f3(0) is a solution of a differential
equation of the form:

d(f3)
g0 =130 (7.1)

In general the analysis of this differential equations is based on the two
following main assumptions: (1) The transformation rate at time t during the
crystallization process, df3/dt, can be expressed as a product of two separable
functions, one depending solely on the temperature, 6, and the other depending
solely on the fraction transformed f3:(2) The temperature dependent function,
called the rate constant, follows an Arrhenius type dependency.

The relation (7.1) can be chosen as the Arrhenius equation:
E
df3) _ \owvT
© Ae RTf(f3) (7.2)

The Equation (7.2) is called the crystallization kinetics equation. In it,
0 denotes the dimensionless temperature at the current point of space at the
current time. The distribution of temperatures in a continuous medium (as it
was done in earlier author’s work [18]) is found from the solution of the heat
equation:

p@=—divq+q (7.3)
ot

where p is the density, ¢ is the specific heat of the material, and q is the specific

heat release power. The heat flux vector q is related to the temperature gradient

by the Fourier law:

oT

=i,
J

(7.4)

In the right-hand side of the Equation (7.4) k; is the thermal conductivity
tensor k.. Due to the chemical reaction during the curing process, a heat
generation is produced, which is proportional to the rate of the crystallization
of nanomaterials. For the nanocomposites analysis used in this work, the
crystallization kinetics equation was taken as the n-th order Prout-Tompkins
equation [19] with autocatalysis:

E

dc

5= Ae RT(1-C)iCP (7.5)

where A, E, q, p—are parameters, R is the universal gas constant.
The heat Equation (7.3) at hand is also separable. This means that the
mechanical deformation of the structure does not affect the heat transfer
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processes occurring in it. Consequently, the temperature field in the
computational domain can be found separately, after which the mechanical
problem can be solved.

The idea of constructing the probabilistic creep model of nanocomposites
is similar to the creep model of conventional composites (see Chapter 6) with
the two major differences of crystallization kinetics function f3 involvement
in the third integral in Equation (4.16) and the new temperature-time
relationship based on solutions of chemical kinetics equations (see Chapter 5)
coupled with the conservation of energy and mass equation [20]. Due to the
fact that the probabilistic creep model of nanocomposites is based on the use
of the FORM method [21-23], which in turn is based on the so-called most
probable point (near the mathematical expectation), in this chapter we also
consider a few more “extreme” types of functions f3 (see Examples 7.1 and 7.4
below). Analysis of the effect of these types of functions f3 on the maximum
allowable creep stress makes it possible to better estimate the “average” most
probable maximum creep stress from the point of view of the crystallization
(or recrystallization) process of nanocomposites exposed to high (or low)
temperatures. However, it must be stressed once again that this approach is
approximate, in the absence of specific data on the parameters characterizing
the function, f3, and in real conditions, these data on the parameters should
be based on the corresponding experimental data results. A similar reasoning
also applies to the new temperature-time dependence that should be based on
the analysis of the physicochemical kinetics (see Chapter 5), at least in a very
simplified form of the nanocomposite development. Thus, the integral type of
creep constitutive equation in this case has the form:

T

0 0
E(0)[0]=0c(0) + J-e”ﬁT K;(6,7)c" (t)m1dt + IAzfz [6(1)K,(0,7)c" (1) m1dt +
0 0

0
" { E—‘I’A3f3[d(r)]l(3 (0,7)o(r)m 21de

N
K (6,7) = @1 (0)f; (1) = m1(1) Y| exp(—o; m(6)) exp(a; m(t))
i=1
. N (7.6)

K, (0,7) =e""P"ml(1)_ exp(—B;, m(0)) exp(B;, m(t))
i=1

i N
K3(0,1) =e""P"m21(1)Y " exp(-B;; m2(0)) exp(B;3 m 2(1))
i=1

f,(0)=c% s=1,2,3..,M; f3(0)=As[(d*5(1+d""%)];
d=0¢(0); k=E,/E;; A, =const.; A3(0)=A3f(0)
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Numerical analysis and results, as usual, are given below in the form
of examples, graphs and tables that do not require significant additional
explanations.

7.2.1 General computer code and effect of different types of
function f3

The general computer code is as follows:

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.001*m)))*m1*z"n
2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.001*m)))*m1*z*n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))*A3*(f3*(0.1*t p/(1 + 0.1*t"p)))*
((exp(0.001*m2)))*m21*z n

Explicit equations
1 m=(0.0405*%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 m2 =0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*
(10" = 5)*t"5
4 fi=0.1; k=0.1;n=s=1.0;p=-05,A2=1; A3 =1
5 E=(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
6 Y1 =t*E; 3 =if (t <0) then (0) else (1); 31 =(1/16)*t*(8 —t); {32 =
(exp(=0.1*t))
7 133 = (sin(3.14*t/4))"2; 34 = if (t < 7.99) then (0) else (1); {35 =
(1/8)*t™1
8 136 =if (t <4) then (1) else (0); 37 = if (t <4) then (0) else (1)
9 z=t*E—(z1 + 22)*((exp(-0.001*m)))-z3*(exp(—0.001*m2))
10 m21 = 0.0868 — 0.0772%t + 0.024*t"2 — 0.003*t"3 + 1.3*%(10 — 4)* t"4

Example 7.1 {3 = if (t < 0) then (0) else (1):

Function f3 in this case indicates that chemical free energy is thermally
activated from the very beginning and lasts up to the very end of the creep
process. Therefore the maximum allowable creep stress is decreasing. The
effective instantaneous modulus of elasticity is the function of dimensionless
temperature only and the dimensionless transitional temperatures parameters
Ogm and egf of matrix and nanomaterials respectfully are different from each
other. The ratio k = E_/E, is given and constant. The solution of the single
integral Equation (7.6) of creep process for nanocomposite is as follows:
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Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 3 1. 1. 1. 1.
5 31 5.0E-05 0 0.9999973 0
6 32 0.99999 0.449329 0.99999 0.449329
7 33 6.162E-09 6.162E-09 0.9999977 1.015E-05
8 34 0 0 1. 1.
9 35 1.25E-05 1.25E-05 1. 1.
10 36 1. 0 1. 0
11 37 0 0 1. 1.
12 fi 0.1 0.1 0.1 0.1
13 k 0.1 0.1 0.1 0.1
14 4.05E-06 4.05E-06 0.0705907 0.0705907
15 ml 0.0404977 0.0003976 0.0404977 0.0003976
16 m2 8.68E-06 8.68E-06 0.0825435 0.075392
17| m2l 0.0867923 0.0813607 3.195E+04 3.195E+04
18 n 1. 1. 1. 1.
19 -0.5 -0.5 -0.5 -0.5
20 s 1. 1. 1. 1.
21 t 0.0001 0.0001 8. 8.
22 Y1 0.00019 0.00019 5.592051 3.8
23 z 0.00019 -0.0777359 2.021731 2.381E-05
24 zl 0 0 0.167872 0.1667625
25 z2 0 0 0.2548118 0.2548118
26 z3 0 0 5.169975 3.378686

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.001*m)))*m1*z"n
2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.001*m)))*m1*z n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(£3*(0.1*t"p/(1 + 0.1*t"p)))*
((exp(0.001*m2)))*m21*z"n




Phenomenological Creep Models of Nanocomposites

Explicit equations
1 m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 m2 = 0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*

(10~ = 5)*t"5

fi=0.1

k=0.1

n=1.0

s=1.0

p=-0.5

E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*

(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

10Y1=t*E

11A2=1

12A3=1

13 3 =if (t < 0) then (0) else (1)

14 31 = (1/16)*t*(8 — 1)

15 132 = (exp(-0.1%*t))

16 £33 = (sin(3.14*t/4))"2

17 £34 = if (t < 7.99) then (0) else (1)

18 £35 = (1/8)*t"

19 36 = if (t < 4) then (1) else (0)

20 37 = if (t < 4) then (0) else (1)

21 z=t*E—(zl + z22)*((exp(—0.001*m)))-z3*(exp(—0.001*m?2))

O 0 9 N L
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22 m21 =0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 — 4)* t"4
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Figure 7.1: Stress-temperature-strain diagram (STS) o = 0.001.
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Model: z = al*t + a2*t"2 + a3*t"3 + ad*t"4 + a5*t"5

Variable Value
al 4.049795
a2 -3.163575
a3 0.8875755
a4 -0.106722
as 0.0046657

0 =4.050 — 3.1607 + 0.8886° — 0.1076* + 0.00476° (7.7)

Example 7.2 £31 = (1/16)*t*(8 —t) a = 0.001

The high temperature effect on nanomaterials is increasing up to 6* = 4, and

then decreasing.

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 3 1. 1. l. 1.
5 31 5.0E-05 0 0.9999954 0
6 32 0.99999 0.449329 0.99999 0.449329
7 33 6.162E-09 6.162E-09 0.9999968 1.015E-05
8 34 0 0 1. 1.
9 35 1.25E-05 1.25E-05 1. 1.
10 36 1. 0 1. 0
11 37 0 0 1. 1.
12 fi 0.1 0.1 0.1 0.1
13 k 0.1 0.1 0.1 0.1
14 4.05E-06 4.05E-06 0.0705907 0.0705907
15 ml 0.0404977 0.0003976 0.0404977 0.0003976
16 m2 8.68E-06 8.68E-06 0.0825435 0.075392
17| m21 0.0867923 0.0805237 3.195E+04 | 3.195E+04
18 1. 1. 1. 1.
19 -0.5 -0.5 -0.5 -0.5
20 s 1. 1. 1. 1.
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21 t 0.0001 0.0001 8. 8.
22 Y1 0.00019 0.00019 5.591664 3.8
23 z 0.00019 —0.0824124 2.209326 0.0059897
24 zl 0 0 0.1903081 0.1891825
25 z2 0 0 0.3178923 0.3178923
26 z3 0 0 5.084099 3.287219

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.001*m)))*m1*z"n
2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.001*m)))*m1*z"n
3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(f31*(0.1*t*p/(1 + 0.1*t"p)))*
((exp(0.001*m2)))*m21*z"n

Explicit equations

m = (0.0405%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
m1 = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*(10™ — 5)*t"5
fi=0.1

k=0.1

n=1.0

s=1.0

p=-0.5

E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*

(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

10Y1=t*E

11A2=1

12A3=1

13 3 = if (t < 0) then (0) else (1)

14 131 = (1/16)*t*(8 — t)

15 132 = (exp(-0.1*t))

16 £33 = (sin(3.14*t/4))"2

17 £34 = if (t < 7.99) then (0) else (1)

18 £35 = (1/8)*t™

19 £36 = if (t <4) then (1) else (0)

20 37 = if (t < 4) then (0) else (1)

21 z=t*E—(z1 + z22)*((exp(—0.001*m)))-z3*(exp(—0.001*m?2))

22 m21 =0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 — 4)* t"4

O 0 3 N D AW N~
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Figure 7.2: Stress-temperature-strain diagram (STS) f31 and a = 0.001.

Model: z = al *t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value
al 4.265851
a2 -3.237507
a3 0.8861352
a4 -0.104326
a5 0.0044799

0 =4.260 — 3.246% + 0.8860° — 0.1046* + 0.00456°

Example 7.3 {34 = if (t < 7.99) then (0) else (1) a =0.001
The high temperature does not affect the nanomaterials up to 6 = 7.99 < 8.0

Calculated values of DEQ variables

(7.8)

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 3 1. 1. 1. 1.
5 31 5.0E-05 5.0E-05 0.9999548 0.0049938
6 32 0.99999 0.4497785 0.99999 0.4497785
7 33 6.162E-09 6.162E-09 0.9999622 0.0001218
8 34 0 0 0 0
9 35 1.25E-05 1.25E-05 0.99875 0.99875
10 36 1. 0 1. 0
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11 37 0 0 1. 1.

12 fi 0.1 0.1 0.1 0.1

13 k 0.1 0.1 0.1 0.1

14 4.05E-06 4.05E-06 0.0705866 0.0705866
15 ml 0.0404977 0.0004482 0.0404977 0.0004482
16 m2 8.68E-06 8.68E-06 0.0825479 0.0754977
17 | m2l 0.0867923 0.0827145 3.179E+04 3.179E+04
18 1. 1. 1. 1.

19 0.5 0.5 0.5 0.5

20 s 1. 1. 1. 1.

21 t 0.0001 0.0001 8. 8.

22 Y1 0.00019 0.00019 5.596116 3.79525
23 z 0.00019 —0.4610609 3.705459 0.5433488
24 z1 0 0 0.8993469 0.8993469
25 z2 0 0 2.352784 2.352784
26 z3 0 0 0 0

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.001*m)))*m1*z n
2 d(z2)/d(t) = (exp(t/(1 + 0.067*1)))*(A2*(z"s))*((exp(0.001*m)))*m1*z" n
3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))*A3*(f34*(0.1*t"p/(1 + 0.1*t"p)))*
((exp(0.001*m2)))*m21*z*n

Explicit equations
1 m=(0.0405*%t - 0.01126*t*2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 m2 =0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*

(10" — 5)t°5

fi=0.1
k=0.1
n=1.0
s=1.0
p=-0.5

O 00 3 &N L B

(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

10 Y1 =t*E

E = (0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*
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11A2=1
12A3=1

13 3 = if (t < 0) then (0) else (1)
14 f31 = (1/16)*t*(8 — 1)
15 £32 = (exp(-0.1*t))

16 £33 = (sin(3.14*%t/4))"2
17 £34 = if (t < 7.99) then (0) else (1)
18 f35 = (1/8)*t"1
19 36 = if (t < 4) then (1) else (0)
20 f37 = if (t < 4) then (0) else (1)
21 z=t*E—(z1 + z2)*((exp(-0.001*m)))-z3*(exp(—0.001*m2))
22 m21 =0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 — 4)* t"4
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Figure 7.3: Stress-temperature-strain diagram (STS) f34 and o = 0.001.

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.301195
a2 0.8788917
a3 -0.5025695
a4 0.073129
a5 —-0.0032978

o=1.30+0.8796>—0.5026° + 0.0736* — 0.00336°

Example 7.4 £37 = if (t < 4) then (0) else (1) a = 0.001

The high temperature does not affect the nanomaterials up to 8" = 4; after that
the nanomaterials suddenly fail.

(7.9)
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Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 f3 1. 1. 1. 1.
5 31 5.0E-05 0 1. 0
6 32 0.99999 0.449329 0.99999 0.449329
7 33 6.162E-09 6.162E-09 0.9999969 1.015E-05
8 34 0 0 1. 1.
9 35 1.25E-05 1.25E-05 1. 1.
10 36 1. 0 1. 0
11 37 0 0 1. 1.
12 fi 0.1 0.1 0.1 0.1
13 k 0.1 0.1 0.1 0.1
14 4.05E-06 4.05E-06 0.0705907 0.0705907
15 ml 0.0404977 0.0003976 0.0404977 0.0003976
16 m2 8.68E-06 8.68E-06 0.0825436 0.075392
17| m21 0.0867923 0.0827145 3.195E+04 3.195E+04
18 n 1. 1. 1. 1.
19 -0.5 -0.5 -0.5 -0.5
20 S 1. 1. 1. 1.
21 t 0.0001 0.0001 8. 8.
22 Y1 0.00019 0.00019 5.591425 3.8
23 z 0.00019 —0.0095448 3.705459 2.382E-05
24 z1 0 0 0.578086 0.5777069
25 z2 0 0 1.618335 1.618335
26 z3 0 0 3.394816 1.60421

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.001*m)))*m1*z"n
2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.001*m)))*m1*z"n
3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))*A3*(f37*(0.1*t*p/(1 + 0.1*t"p)))*
((exp(0.001*m2)))*m21*z"n
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Explicit equations
1 m=(0.0405*t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 m2=0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*
(10~ = 5)*t"5
fi=0.1
k=0.1
n=1.0
s=1.0
p=-0.5
E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
10 Y1 =t*E
11A2=1
12A3=1
13 f3 =if (t <0) then (0) else (1)
14 £31 = (1/16)*t*(8 — 1)
15 £32 = (exp(-0.1*t))
16 £33 = (sin(3.14*t/4))"2
17 £34 =if (t < 7.99) then (0) else (1)
18 £35 = (1/8)*t"1
19 £36 = if (t <4) then (1) else (0)
20 £37 = if (t < 4) then (0) else (1)
21 z=t*E—(zl + z22)*((exp(—0.001*m)))-z3*(exp(—0.001*m?2))
22 m21 =0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 — 4)* t™4
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Figure 7.4: Stress-temperature-strain diagram (STS) f37 and a = 0.001.
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Model: z = al *t + a2*t"2 + a3*t"3 + ad*t"4 + a5*t"\5

Variable Value

al 1.040597
a2 1.577153
a3 -0.911607
a4 0.1507622
as -0.0079519

0 =1.040 + 1.5776* - 0.9126° + 0.1516* — 0.0079565 (7.10)

It can be seen from the above Examples 7.1-7.4 that the maximum
allowable creep stress under high temperatures (¢ = 3.7—see Examples
7.3 and 7.4) is obtained when the nanomaterials are so strong and rigid
that they practically do not extend (shortened) under the action of high
temperatures (within specified limits); the creep strain in this case occurs
only as a result of matrix deformations and changes of some dimensionless
parameters of the effective modulus of elasticity of the nanocomposite as a
function of temperature (time). Examples for other types of functions are not
given in this chapter, since they occupy an intermediate value between the
extreme values of the functions (f3 in the sense of their effect on the creep
process). To construct statistical data based on solutions of the corresponding
deterministic formulation of nanocomposites creep process (similar to the
previous model for conventional composites—see Chapter 6), it is assumed
that the o.—parameter in Equation (7.6) is a discrete random variable, and
each deterministic solution represents the realization of a creep deformation
random process of time (temperature). As before, the corresponding numerical
dimensionless solutions are presented below in tabular form and do not require
additional explanations. Consider now f37 = if (6 < 4) then (0) else (1):

7.3 Compilation of statistical data based on creep
constitutive equation solutions

Example 7.5 o =0.01
Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 3 1. 1. 1. 1.
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5 31 5.0E-05 0 1. 0

6 32 0.99999 0.449329 0.99999 0.449329
7 33 6.162E-09 6.162E-09 0.9999948 1.015E-05
8 34 0 0 1. 1.

9 35 1.25E-05 1.25E-05 1. 1.

10 36 1. 0 1. 0

11 37 0 0 1. 1.

12 fi 0.1 0.1 0.1 0.1

13 k 0.1 0.1 0.1 0.1

14 m 4.05E-06 4.05E-06 0.0705907 0.0705907
15 ml 0.0404977 0.0003976 0.0404977 0.0003976
16 m?2 8.68E-06 8.68E-06 0.0825435 0.075392
17 | m2l 0.0867923 0.0827181 3.195E+04 | 3.195E+04
18 1. 1. 1. 1.

19 -0.5 -0.5 0.5 —0.5

20 s 1. 1. 1. 1.

21 t 0.0001 0.0001 8. 8.

22 Y1 0.00019 0.00019 5.591468 3.8

23 z 0.00019 —0.0095458 3.705533 2.38E-05
24 zl 0 0 0.5783433 0.5779639
25 z2 0 0 1.619113 1.619113
26 z3 0 0 3.397341 1.60566

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067%t)))*((exp(0.01*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1 + 0.067%t)))*(A2*(zs))*((exp(0.01*m)))*m1*z"n
3 d(z3)/d(t) = kK*(exp(t/(1 + 0.0671)))* A3*(f37*(0. 1%t p/(1 + 0.1%t"p)))*

((exp(0.01*m2)))*m21*z*n

Explicit equations
1 m=(0.0405%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)

2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 m2=0.0868*t —0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*(10" — 5)*t"5
4 i=0.1
5 k=0.1
6 n=10
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7s=1.0

8 p=-05

9 E =(0.625 - 0.375*(tanh(5*(t — 3))))*(1 — fi) + (I/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

10 Y1 =t*E

11A2=1

12A3=1

13 3 = if (t < 0) then (0) else (1)

14 131 = (1/16)*t*(8 — t)

15 £32 = (exp(-0.1*t))

16 £33 = (sin(3.14*t/4))"2

17 £34 = if (t < 7.99) then (0) else (1)

18 135 = (1/8)*t™

19 136 = if (t < 4) then (1) else (0)

20 37 = if (t < 4) then (0) else (1)

21 z=t*E—(z1 + 22)*((exp(-0.01*m)))—=z3*(exp(—0.01*m2))
22 m21 =0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 — 4)* t"4
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Figure 7.5: Stress-temperature-strain diagram (STS) a=0.01.

Model: z = al *t + a2*t"2 + a3*t"3 + ad*t"4 + a5*t"\5

Variable Value

al 1.085611
a2 1.517337
a3 —0.8864206
a4 0.1465688
as -0.0077118

o =1.0860 + 1.5176%>— 0.8866° + 0.1466* — 0.007716°

(7.11)
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Example 7.6 o = 0.1
Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 3 1. 1. 1. 1.
5 31 5.0E-05 0 1. 0
6 32 0.99999 0.449329 0.99999 0.449329
7 33 6.162E-09 6.162E-09 0.9999968 1.015E-05
8 34 0 0 1. 1.
9 35 1.25E-05 1.25E-05 1. 1.
10 36 1. 0 1. 0
11 37 0 0 1. 1.
12 fi 0.1 0.1 0.1 0.1
13 k 0.1 0.1 0.1 0.1
14 4.05E-06 4.05E-06 0.0705907 0.0705907
15 ml 0.0404977 0.0003976 0.0404977 0.0003976
16 m2 8.68E-06 8.68E-06 0.0825436 0.075392
17| m2l 0.0867923 0.0827568 3.195E+04 3.195E+04
18 1. 1. 1. 1.
19 -0.5 -0.5 -0.5 -0.5
20 S 1. 1. 1. 1.
21 t 0.0001 0.0001 8. 8.
22 Y1 0.00019 0.00019 5.592036 3.8
23 z 0.00019 —-0.0095415 3.706267 2.374E-05
24 zl 0 0 0.5809223 0.5805411
25 z2 0 0 1.626912 1.626912
26 z3 0 0 3.422848 1.62022

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(0.1*m)))*m1*z*n
2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(0.1*m)))*m1*z n
3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(f37*(0.1*t*p/(1 + 0.1*t"p)))*

((exp(0.1*m2)))*m21*z*n
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Explicit equations

1 m=(0.0405*t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 m2=0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*
(10~ = 5)*t"5

fi=0.1

k=0.1

n=1.0

s=1.0

p=-0.5

E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*

(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

10 Y1 =t*E

11A2=1

12A3=1

13 f3 =if (t <0) then (0) else (1)

14 £31 = (1/16)*t*(8 — 1)

15 £32 = (exp(-0.1*t))

16 £33 = (sin(3.14*t/4))"2

17 £34 =if (t < 7.99) then (0) else (1)

18 £35 = (1/8)*t"1

19 £36 = if (t <4) then (1) else (0)

20 £37 = if (t < 4) then (0) else (1)

21 z=t*E—(zl + 22)*((exp(-0.1*m)))—z3*(exp(-0.1*m2))
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22 m21 =0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 — 4)* t"4
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Figure 7.6: Stress-temperature-strain diagram (STS) a=0.1.
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Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.039517
a2 1.578584
a3 -0.9120835
a4 0.1508227
a5 —-0.0079545

o =1.040 + 1.5786> - 0.9126° + 0.1516* — 0.0086°

Example 7.7 a =1

Calculated values of DEQ variables

(7.12)

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 13 1. 1. 1. 1.
5 31 5.0E-05 0 1. 0
6 32 0.99999 0.449329 0.99999 0.449329
7 33 6.162E-09 6.162E-09 0.9999951 1.015E-05
8 34 0 0 1. 1.
9 35 1.25E-05 1.25E-05 1. 1.
10 36 1. 0 1. 0
11 37 0 0 1. 1.
12 fi 0.1 0.1 0.1 0.1
13 k 0.1 0.1 0.1 0.1
14 4.05E-06 4.05E-06 0.0705907 0.0705907
15 ml 0.0404977 0.0003976 0.0404977 0.0003976
16 m2 8.68E-06 8.68E-06 0.0825437 0.075392
17| m2l 0.0867923 0.0832385 3.195E+04 | 3.195E+04
18 n 1. 1. 1. 1.
19 p -0.5 -0.5 -0.5 -0.5
20 s 1. 1. 1. 1.
21 t 0.0001 0.0001 8. 8.
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22 Y1 0.00019 0.00019 5.59181 3.8

23 z 0.00019 —0.0095205 3.71359 2.296E-05
24 zl 0 0 0.6073765 0.6069772
25 z2 0 0 1.707014 1.707014
26 z3 0 0 3.681759 1.772413

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*1)))*((exp(1*m)))*m1*z*n
2 d(z2)/d(t) = (exp(t/(1 + 0.067*1)))*(A2*(z"s))*((exp(1*m)))*m1*z n
3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))* A3*(f37*(0.1*t*p/(1 + 0.1*t"p)))*
((exp(1*m2)))*m21*z"n

Explicit equations

m = (0.0405*t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)
m2 = 0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*(10" — 5)*t"5

fi=0.1

k=0.1

n=1.0

s=1.0

p=-0.5

E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

10 Y1 =t*E

11A2=1

12A3=1

13 3 = if (t < 0) then (0) else (1)

14 131 = (1/16)*t*(8 — t)

15 £32 = (exp(-0.1*t))

16 £33 = (sin(3.14*t/4))"2

17 £34 =if (t < 7.99) then (0) else (1)

18 135 = (1/8)*t™

19 136 = if (t < 4) then (1) else (0)

20 37 = if (t < 4) then (0) else (1)

21 z=t*E—(z1 + 22)*((exp(-1*m)))-z3*(exp(—1*m2))

O 0 3 O L B W N —

22 m21 =0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 —4)* t"4
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Figure 7.7: Stress-temperature-strain diagram (STS) o = 1.
Model: z = al*t + a2*t"2 + a3*t"3 + ad*t"4 + aS*t"5
Variable Value
al 1.074378
a2 1.532532
a3 -0.8916404
a4 0.1472547
as —-0.0077429
o =1.0740 + 1.5320% - 0.8920° + 0.1470* — 0.007746° (7.13)

Example 7.8 a = 10

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value

1 A2 1. 1. 1. 1.

2 A3 1. 1. 1. 1.

3 E 1.9 0.475 1.9 0.475

4 3 1. 1. 1. 1.

5 31 5.0E-05 0 1. 0

6 32 0.99999 0.449329 0.99999 0.449329
7 33 6.162E-09 6.162E-09 0.9999977 1.015E-05
8 34 0 0 1. 1.

9 35 1.25E-05 1.25E-05 1. 1.
10 f36 1. 0 1. 0
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11 37 0 0 1. 1.

12 fi 0.1 0.1 0.1 0.1

13 k 0.1 0.1 0.1 0.1

14 m 4.05E-06 4.05E-06 0.0705907 0.0705907
15 ml 0.0404977 0.0003976 0.0404977 0.0003976
16 m2 8.68E-06 8.68E-06 0.0825436 0.075392
17| m2l 0.0867923 0.080245 3.195E+04 | 3.195E+04
18 1. 1. 1. 1.

19 —0.5 —0.5 -0.5 -0.5

20 s 1. 1. 1. 1.

21 t 0.0001 0.0001 8. 8.

22 Y1 0.00019 0.00019 5.591845 3.8

23 z 0.00019 —0.0093329 3.778578 1.374E-05
24 zl 0 0 0.9516906 0.9510541
25 z2 0 0 2.763205 2.763205
26 z3 0 0 7.620206 4.179226

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(10*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1 + 0.067%t)))*(A2*(z"s))*((exp(10*m)))*m1*z*n
3 d(z3)/d(t) = k*(exp(t/(1 + 0.067%t)))* A3*(£37*(0. 1%t p/(1 + 0.1%t"p)))*

((exp(10*m2)))*m21*z n

Explicit equations
1 m=(0.0405%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 m2=0.0868*t —0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*

(10N = 5)*t"5
fi=0.1
k=0.1
n=1.0
s=1.0
p=-0.5

O 0 39 N U K~

E = (0.625 — 0.375*(tanh(5*(t — 3))))*(1 — i) + (1/k)*
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(0.625 — 0.375*(tanh(5*(t —5))))*(fi)
10Y1 =t*E
11A2=1
12A3=1
13 3 = if (t < 0) then (0) else (1)
14 131 = (1/16)*t*(8 — t)
15 £32 = (exp(-0.1*t))
16 £33 = (sin(3.14*t/4))"2
17 £34 =if (t < 7.99) then (0) else (1)
18 f35 = (1/8)*t"1
19 136 = if (t < 4) then (1) else (0)
20 37 = if (t < 4) then (0) else (1)
21 z=t*E—(zl + z22)*((exp(—10*m)))-z3*(exp(—10*m2))
22 m21 =0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 — 4)* t"4
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Figure 7.8: Stress-temperature-strain diagram (STS) a = 10.

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 1.003661
a2 1.641596
a3 —-0.9323027
a4 0.1529798
as —0.0080192

o =1.00+ 1.6426%—0.9326° + 0.1536* — 0.0086° (7.14)
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Example 7.9 a = 100

Calculated values of DEQ variables

371

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 f3 1. 1. 1. 1.
5 31 5.0E-05 0 1. 0
6 32 0.99999 0.449329 0.99999 0.449329
7 33 6.162E-09 6.162E-09 0.9999969 1.015E-05
8 34 0 0 1. 1.
9 35 1.25E-05 1.25E-05 1. 1.
10 36 1. 0 1. 0
11 37 0 0 1. 1.
12 fi 0.1 0.1 0.1 0.1
13 k 0.1 0.1 0.1 0.1
14 m 4.05E-06 4.05E-06 0.0705907 0.0705907
15 ml 0.0404977 0.0003976 0.0404977 0.0003976
16 m2 8.68E-06 8.68E-06 0.0825437 0.075392
17| m21 0.0867923 0.0804735 3.195E+04 3.195E+04
18 1. 1. 1. 1.
19 -0.5 -0.5 -0.5 -0.5
20 s 1. 1. 1. 1.
21 t 0.0001 0.0001 8. 8.
22 Y1 0.00019 0.00019 5.591571 3.8
23 z 0.00019 —0.007445 4.172044 —0.0001558
24 zl 0 0 107.0953 107.0294
25 z2 0 0 368.3238 368.3238
26 z3 0 0 1.027E+04 6377.224

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067%t)))*((exp(100*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(100¥*m)))*m1*z"n
3 d(z3)/d(t) = k*(exp(t/(1 + 0.067%t)))*A3*(£37*(0. 1 *t"p/(1 + 0.1*t"p)))*
((exp(100*m2)))*m21*z"n
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Explicit equations
1 m=(0.0405*%t —0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 m2 =0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*
(10" = 5)*t"5
fi=0.1
k=0.1
n=1.0
s=1.0
p=-0.5
E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
10Y1=t*E
11A2=1
12A3=1
13 3 =if (t < 0) then (0) else (1)
14 £31 = (1/16)*t*(8 — 1)
15 132 = (exp(-0.1*t))
16 £33 = (sin(3.14*t/4))"2
17 £34 = if (t < 7.99) then (0) else (1)
18 135 = (1/8)*t"1
19 £36 = if (t <4) then (1) else (0)
20 37 = if (t < 4) then (0) else (1)
21 z=t*E—(z1 + z2)*((exp(-100*m)))-z3*(exp(—100*m2))
22 m21 =0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 — 4)* t™4
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Figure 7.9: Stress-temperature-strain diagram (STS) o = 100.
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Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value

al 0.4808137
a2 2.398604
a3 -1.210207
a4 0.1920256
a5 —-0.0099137

0=0.4810 +2.400>— 1.216° + 0.1926* - 0.016°

Example 7.10 o = 1000
Calculated values of DEQ variables

373

(7.15)

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 1.224997 1.9 1.224997
4 3 1. 1. 1. 1.
5 31 5.0E-05 5.0E-05 1. 1.
6 32 0.99999 0.67032 0.99999 0.67032
7 33 6.162E-09 6.162E-09 0.999771 2.537E-06
8 34 0 0 0 0
9 35 1.25E-05 1.25E-05 0.5 0.5
10 36 1. 1. 1. 1.
11 37 0 0 0 0
12 fi 0.1 0.1 0.1 0.1
13 k 0.1 0.1 0.1 0.1
14 m 4.05E-06 4.05E-06 0.0578259 0.0578259
15 ml 0.0404977 0.0030152 0.0404977 0.0030152
16 m2 8.68E-06 8.68E-06 0.074688 0.074688
17| m21 0.0867923 0.0794636 1996.77 1996.77
18 n 1. 1. 1. 1.
19 p -0.5 -0.5 -0.5 -0.5
20 s 1. 1. 1. 1.
21 t 0.0001 0.0001 4. 4,
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22 Y1 0.00019 0.00019 5.091451 4.899986
23 z 0.00019 0.00019 4.841059 4.459477
24 zl 0 0 1.086E+24 1.086E+24
25 z2 0 0 4.634E+24 | 4.634E+24
26 z3 0 0 0 0

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(1000*m)))*m1*z"n
2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(1000*m)))*m1*z" n
3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))*A3*(£37*(0.1*t"p/(1 + 0.1*t"p)))*
((exp(1000*m2)))*m21*z"n

Explicit equations

1 m=(0.0405*%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 m2 = 0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*
(10" = 5)*t"5

fi=0.1

k=0.1

n=1.0

s=1.0

p=-0.5

E = (0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*

(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

10 Y1 =t*E

11A2=1

12A3=1

13 3 = if (t < 0) then (0) else (1)

14 131 = (1/16)*t*(8 — t)

15 132 = (exp(-0.1*t))

16 £33 = (sin(3.14*t/4))"2

17 £34 = if (t < 7.99) then (0) else (1)

18 £35 = (1/8)*t™

19 36 = if (t < 4) then (1) else (0)

20 37 = if (t <4) then (0) else (1)

O 0 3 &N W\ b
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Figure 7.10: Stress-temperature-strain diagram (STS) a = 1000.

21 z=t*E—(z1 + 22)*((exp(-1000*m)))—z3*(exp(—1000*m2))
22 m21 =0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 — 4)* t"4

Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value
al 2.910287
a2 —2.987717
a3 2.711108
a4 —0.9450679
a5 0.1066385
0=2.910-2.996? +2.716° — 0.9456* + 0.1076° (7.16)

The results are summarized in Table 7.2.

Table 7.2: Allowable creep stress vs. parameter o.

o a=0.001 | a=0.01 a=0.1 a=1 a=10 | a=100 [ a=1000 | Aver.
o 3.70 3.71 3.71 3.71 3.78 4.17 4.84 3.95

7.4 Creep deformation process of nanocomposites as an
ergodic random process

One can see now that the realizations of random creep process present the ergodic
process, therefore use o = 50 for further analysis (as it has been done before).

Example 7.11 37 = if (t <4) then (0) else (1) a =50
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Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.9 0.475 1.9 0.475
4 3 1. 1. 1. 1.
5 31 5.0E-05 0 1. 0
6 32 0.99999 0.449329 0.99999 0.449329
7 33 6.162E-09 6.162E-09 0.9999963 1.015E-05
8 34 0 0 1. 1.
9 35 1.25E-05 1.25E-05 1. 1.
10 36 1. 0 1. 0
11 37 0 0 1. 1.
12 fi 0.1 0.1 0.1 0.1
13 k 0.1 0.1 0.1 0.1
14 4.05E-06 4.05E-06 0.0705907 0.0705907
15 ml 0.0404977 0.0003976 0.0404977 0.0003976
16 m2 8.68E-06 8.68E-06 0.0825436 0.075392
17| m21 0.0867923 0.082811 3.195E+04 | 3.195E+04
18 n 1. 1. 1. 1.
19 -0.5 -0.5 -0.5 -0.5
20 s 1. 1. 1. 1.
21 t 0.0001 0.0001 8. 8.
22 Y1 0.00019 0.00019 5.591774 3.8
23 z 0.00019 —-0.0085222 3.998674 -5.18E-05
24 z1 0 0 7.463017 7.458004
25 z2 0 0 23.95511 23.95511
26 z3 0 0 185.3801 124.8441

Differential equations
1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(50*m)))*m1*z n
2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(50*m)))*m1*z"n
3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*t)))*A3*(f37*(0.1*t"p/(1 + 0.1*t"p)))*

((exp(50*m2)))*m21*z"n
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Explicit equations

1 m=(0.0405*t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 m2=0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*
(10~ = 5)*t"5

fi=0.1

k=0.1

n=1.0

s=1.0

p=-0.5

E =(0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi) + (1/k)*

(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

10 Y1 =t*E

11A2=1

12A3=1

13 f3 =if (t <0) then (0) else (1)

14 £31 = (1/16)*t*(8 — 1)

15 £32 = (exp(-0.1*t))

16 £33 = (sin(3.14*t/4))"2

17 £34 =if (t < 7.99) then (0) else (1)

18 £35 = (1/8)*t"1

19 £36 = if (t <4) then (1) else (0)

20 £37 = if (t < 4) then (0) else (1)

21 z=t*E—(zl + 22)*((exp(—50*m)))-z3*(exp(—50*m2))

O 0 3 N U b
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22 m21 =0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 — 4)* t"4
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Figure 7.11: Stress-temperature-strain diagram (STS) a = 50.
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Model: z = al*t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value
al 0.696548
a2 2.083282
a3 —1.095301
a4 0.1760928
a5 —-0.0091536
6 =0.6976 +2.0836% — 1.0956° + 0.1766* — 0.00926° (7.17)

7.5 Creep of the nanocomposite in the framework of the
correlation theory of probability
7.5.1 Mean value of allowable creep stress and strain

The mean value can be calculated now as follows [24]:
1

_ 0 _ls 2 3 4 5
Hg = .[0 o(t)dt = gJ.O (0.6970 +2.0830% — 1.0950° + 0.1760* — 0.009265)d0

6

max

p =8.0/8=1.0;
7.5.2 Standard deviation and autocorrelation function of
allowable creep stress and strain

In order to calculate the standard deviation in this case the chosen function
(7.17) has to be centered. Again, after using the POLYMATH software we have:

ol =1 (Omax () = é 1$(0.6970 + 2.0830% — 1.0956° + 0.1766* — 0.00920° — 1):d0

g
ema.x

o =[23.64/8]"2=1.72

In order to calculate the correlation function the chosen function (7.17)
has to be centered. The correlation function of a steady time process can be
computed now as follows [24]:

K4 (0) = ﬁ 0 [6(1)6(8 + 1)t (7.18)

where:T=0;1;2;...cccueeennnn. ,8
6(1) = 0.69760 + 2.0836% — 1.0956° + 0.1760* — 0.00926° — 1.0 (7.19)

The correlation function of a steady time process can be computed now as
follows:
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After substituting (7.19) into (7.18) we have:

K, (0)= ﬁ j:*[a(e)é(e +1)]dt =

| 0-<[(0.697T+ 2.083t% — 1.0957° + 0.1761* — 0.00927° -1)(0.697(z +x) +
0-170

+2.083(t +x)% —1.095(t + x)° +0.176(t + x)* — 0.0092( + x)° - 1)]dx

(7.20)
Now calculate K (t) for each x = 0;1;2;.................... ,8. The results
are presented in Table 7.3 below:
Table 7.3: Autocorrelation function.
T 0 1 2 3 4 5 6 7 8

K.(0) 2.955 2.176 | 0.493 | —-1.428 | -0.2675 | —2.81 | -1.86 | 0.173 | 0.0

The normalized correlation function is:

Table 7.4: Normalized autocorrelation function.

Temp. 6 0 1 2 3 4 5 6 7 8
p,(0) 1 0.736 | 0.167 | —0.483 | —-0.09 | -0.951 | —0.629 | 0.058 | O

Let’s approximate the data from Table 7.4 by the formulae:

Model: y = (exp(—A¥*t))*(cos(B*t))

Variable Initial guess Value

A 0.1 0.0878

B 2. 0.624
p_(0) = (exp(-0.0878*0))*(cos(0.624*0) (7.21)
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Figure 7.12: Normalized correlation function p(t).
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The ergodic function method is much simpler then the “classical” method
of obtaining the correlation functions and it will be used in analysis of other
fire creep deformation scenarios.

The corresponding spectral function is:
2

lo a a
S(w) =——2 =
(®) Zn[(m—b)2+a2+(m+b)2+a2] (7.22)
1 1

=0.214( 5 >+ 5 5]
(0—0.624)" +0.0878 (@ +0.624)" +0.0878

The graphic presentation of spectral density is (see Fig. 7.13)
7.6 The first-occurrence time problem and the probability
density P (a, t)

The average first-occurrence duration of time “t” above a given level “a” for
stationary processes is defined as follows [25]:

6 =T[ f(x)dx (7.23)

where: f(x)—probability density of the maximum temperature ordinates,
which are not dependent on time for a stationary processes.

[s(e)

-1.6-12-0.

Figure 7.13: Spectral density function.
The average number of the occurrences above a given level “a” for stationary
processes during the same period of time “T” is defined as follows [25]:
_ o0
n, =T jo vf(a, v)dv (7.24)
The average duration of time for all occurrences above a given level

“a” for stationary processes during the same period of time “T” is defined as
follows [25]:
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[ P £(x)dx
s__Ja (7.25)

J‘(T vf(a,v)dv

The average area between the stationary random curve and the horizontal
line y = a for the average first-occurrence duration of time “t” above a given
level “a” is given as [25]:

—  _ qa __
SV, =X —I xf(x)dx —atv,
00

Where : (7.26)
g =D
T

Formulas (7.24); (7.25) and (7.26) are reduced as follows in our case of
normal stationary process:

— © T 0 (X —X)L
=T| f(x)dx= exp(— )dx (7.27)
b 'L‘ CgV2Tm L 20'%
=2
n, = TJ vi(a,v)dv = To, exp(— (a );) )
0 2moyg 20p
Where : (7.28)
, 2
o, = —dt—zKe(T) le=0
P f(x)dx o2 o
?=—£a — 128 e LX) );) - (=) (7.29)
Io vf(a,v)dv  Ov Cp G
2 om - - =2
_ ogVv2n =w(X-a)o * a—X a—x
R BN OL Y P S e (7.30)
Oy Oy Cg 204
For correlation function given by (8.47):
2 d 2,2 .2
Cvo :KG(O):_@KG(O) |9:0260(b —-a”)
b% —a’ aj V0.624> —0.0878> 4.0
5 -0 _ 20 y_g - =0.0526
N, max o exp( P (2; ) o exp( 2(1.72)2 )

m,  0.0526

Vay

=0.00657

e max
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Now based on Poisson formulae of the probability to not having the
minimum allowable stress ordinates crossing downwards the level “a=4.0"is:
P =P =exp(-n )=exp(-0.0526) = 0.95. This probability might characterize

the reliability of the structure (one element or the whole structure).

7.7 Allowable creep stress vs. volumetric content of
nanoparticles

In many nanocomposite structures the volumetric parameter fi is small
(fi << 1), then the effective modulus of elasticity E in Equation 7.1 can be
approximately presented as the matrix modulus of elasticity, i.e., E_ = 0.625
—0.375*(tanh(5*(t — 3))). Consider for example fi = 0.01, then the solution of
Equation (7.1) is as follows:

Example 7.12 fi=0.01

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 1. 1. 1. 1.
3 E 1.09 0.2725 1.09 0.2725
4 f 0.9090909 0.034148 0.9090909 0.034148
5 3 1. 1. 1. 1.
6 31 5.0E-05 0 0.9999998 0
7 32 0.99999 0.449329 0.99999 0.449329
8 33 6.162E-09 9.062E-10 0.9999951 1.015E-05
9 34 0 0 1. 1.
10 35 1.563E-10 1.563E-10 1. 1.
11 36 1. 0 1. 0
12 37 0 0 1. 1.
13 fi 0.01 0.01 0.01 0.01
14 k 0.1 0.1 0.1 0.1
15 4.05E-06 4.05E-06 0.0705907 0.0705907
16 ml 0.0404977 0.0003976 0.0404977 0.0003976
17 m2 8.68E-06 8.68E-06 0.0825437 0.075392
18| m21 0.0867923 0.0802282 3.195E+04 3.195E+04
19 n 1. 1. 1. 1.
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200 p 0.5 0.5 0.5 0.5
21| s 1. 1. 1. 1.

2| ot 0.0001 0.0001 8. 8.

23| Yl 0.000109 | 0.000109 2.848447 2.18

24| 2 0.000109 | —0.1076569 1.25464 | -4.327E-05
25| ozl 0 0 0.7065149 | 0.6795097
26| 22 0 0 0.6644044 | 0.6644044
27 =3 0 0 112.6157 92.82404

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(50*m)))*m1*z*n

2 d(z2)/d(t) = (exp(t/(1 + 0.067%t)))*(A2*(zs))*((exp(50*m)))*m1*z*n
3 d(z3)/d(t) = kK*(exp(t/(1 + 0.067%t)))* A3*f3**((exp(50*m2)))*m21*z"n

Explicit equations
1 m=(0.0405*%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t*1 + 0.004386*t"2 — 0.0002747*t"3)

3 m2 = 0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*

(10" = 5)*t"5
fi=0.01
k=0.1
n=1.0
s=1.0
p=-0.5

O 0 9 N L K

(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

10 Y1 =t*E
I11A2=1
12A3=1

13 £=(0.1%t"p/(1 + 0.1%t"p))

14 £3 = if (t < 0) then (0) else (1)
15 31 = (1/16)*t*(8 — t)
16 £32 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2
18 34 =if (t < 7.99) then (0) else (1)
19 £35 = (1/64)*t"2

E = (0.625 — 0.375*(tanh(5*(t — 3))))*(1 — fi)+(1/k)*
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20 36 = if (t <4) then (1) else (0)
21 f37 = if (t <4) then (0) else (1)
22 z =t*E—~(z] + z2)*((exp(-50*m)))-z3*(exp(-50*m2))
23 m21 =0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 — 4)* t"4

Example 7.13f — 0

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value

1 A2 1. 1. 1. 1.

2 A3 1. 1. 1. 1.

3 E 1. 0.25 1. 0.25

4 f 0.9090909 0.034148 0.9090909 0.034148
5 f3 1. 1. 1. 1.

6 31 5.0E-05 0 0.9999999 0

7 32 0.99999 0.449329 0.99999 0.449329
8 33 6.162E-09 6.162E-09 0.9999962 1.015E-05
9 34 0 0 1. 1.

10 35 1.563E-10 1.563E-10 1. 1.

11 36 1. 0 1. 0

12 37 0 0 1. 1.

13 fi 0 0 0 0

14 k 0.1 0.1 0.1 0.1

15 m 4.05E-06 4.05E-06 0.0705907 0.0705907
16 ml 0.0404977 0.0003976 0.0404977 0.0003976
17 m2 8.68E-06 8.68E-06 0.0825436 0.075392
18| m2l 0.0867923 0.080441 3.195E+04 3.195E+04
19 1. 1. 1. 1.
20 -0.5 -0.5 -0.5 -0.5

21 s 1. 1. 1. 1.

22 t 0.0001 0.0001 8. 8.

23 Y1 1.0E-04 1.0E-04 2.60162 2.

24 z 1.0E-04 -0.1131457 1.154044 -3.972E-05
25 zl 0 0 0.6489842 0.6198773
26 z2 0 0 0.5619788 0.5619788
27 z3 0 0 103.4172 85.22463
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Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(50*m)))*m1*z n

2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(50*m)))*m1*z n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*%t)))* A3*{3*f*((exp(50*m2)))*m21*z*n

Explicit equations

1 m=(0.0405%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

3 m2 =0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*

(10" = 5)*t"5

4 =0.0

5 k=0.1

6 n=1.0

7s=1.0

8 p=-05

9 E=(0.625 - 0.375*(tanh(5*(t — 3))))*(1 — fi) + (/k)*

(0.625 — 0.375*(tanh(5*(t — 5))))*(f)

10Y1=t*E

11A2=1

12A3=1

13 £=(0.1*t"p/(1 + 0.1*t"p))

14 £3 = if (t < 0) then (0) else (1)

15 131 = (1/16)*t*(8 — t)

16 132 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2

18 34 = if (t < 7.99) then (0) else (1)

19 135 = (1/64)*t"2

20 36 = if (t < 4) then (1) else (0)

21 137 = if (t < 4) then (0) else (1)

22 z =t*E—(z1 + z22)*((exp(—50*m)))-z3*(exp(—50*m2))

23 m21 =0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 — 4)* t"4

The maximum allowable creep stress 6, = 1.25 < 4.0. Therefore by
decreasing volumetric concentration of nanoparticles from fi = 0.1 to fi=0.01
the allowable creep stress decreased also from 4.0 to 1.25 and in the limit, if:
fi —0,thenc = 1.15 (see Fig. 7.14).

One can see from Fig. 7.14 that the allowable creep stress increases
rapidly when 0.01 < fi <0.05 and decreases rapidly if 0 <fi <0.01.
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Figure 7.14: Allowable creep stress as a function of volumetric ratio.

Itshouldalsobenotedthatanincrease inthe volume content of nanoparticles
does not lead to an increase in the deformability of the nanocomposite, since
the deformability of the system as a whole is dictated by the elasticity of the
matrix, rather than nanoparticles (assumed to be uniformly distributed in the
homogeneous body of the nanocomposite structural element).

To achieve optimal design of a nanocomposite, it is necessary in most
practical applications that the they simultaneously satisfy, two conditions:
high strength and sufficiently large elasticity. However, it is known that
nanocomposite structural elements in most cases, although they have high
strength, but exhibit brittleness at failure (for example, at high temperatures),
thereby reducing their applicability in many areas of industry. In order to
solve the problems of optimal designing of nanocomposites, the creep model
(in the third integral expression of Equation 7.6, which is a creep deformation
due to a change in the properties of nanoparticles under the action of high
temperatures), includes few additional types of functional dependencies f3.
In addition to all above there is a series of “logical” functions f3; f31,...,
f37 that characterizes the qualities of nanoparticles participation in the
creep deformation process. For example, the function f3 indicates that
high temperature affects nanoparticles from the very beginning of creep
deformations at the base temperature 6" (the nanoparticles are growing and
that reduces the allowable creep stress in accordance with the HP law). The
function 34 has an opposite effect: the nanoparticles are “good” that is they
are not affected at all by the applied high temperature (it just increases the
effective modulus of elasticity and allowing to have greater elasticity). For
example:

Example 7.14
Data: fi=0.1; k=0.1 and 3
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Calculated values of DEQ variables
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Variable | Initial value | Minimal value | Maximal value | Final value
1 A2 1. 1. 1. 1.
2 A3 0.01 0.01 0.01 0.01
3 E 1.9 0.475 1.9 0.475
4 f 0.9090909 0.034148 0.9090909 0.034148
5 3 1. 1. 1. 1.
6 31 5.0E-05 0 0.9999568 0
7 32 0.99999 0.449329 0.99999 0.449329
8 33 6.162E-09 6.162E-09 0.9996823 1.015E-05
9 34 0 0 1. 1.
10 35 1.563E-10 1.563E-10 1. 1.
11 36 1. 0 1. 0
12 37 0 0 1. 1.
13 fi 0.1 0.1 0.1 0.1
14 k 0.1 0.1 0.1 0.1
15 m 4.05E-06 4.05E-06 0.0705907 0.0705907
16 ml 0.0404977 0.0003976 0.0404977 0.0003976
17 m2 8.68E-06 8.68E-06 0.0825458 0.075392
18| m21 0.0867923 0.0817689 3.195E+04 3.195E+04
19 n 1. 1. 1. 1.
20 p -0.5 -0.5 -0.5 -0.5
21 S 1. 1. 1. 1.
22 t 0.0001 0.0001 8. 8.
23 Yl 0.00019 0.00019 6.931025 3.8
24 z 0.00019 -0.6514727 3.803557 —-0.0052029
25 z1 0 0 7.610594 7.180105
26 z2 0 0 23.95266 23.95266
27 z3 0 0 180.5908 125.4239

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(50*m)))*m1*z*n

2 d(z2)/d(t) = (exp(t/(1 + 0.067%t)))*(A2*(zs))*((exp(50*m)))*m1*z*n
3 d(z3)/d(t) = K*(exp(t/(1 + 0.067%t)))* A3*£3*f*((exp(50*m2)))*m21*z"n
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Explicit equations
1 m=(0.0405*t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 m2 =0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*

(

n
S

P

O 0 9 N L K

10~ — 5)*t"5

fi=0.1
k=0.1

=1.0
=1.0
=-0.5

E = (0.625 — 0.375*(tanh(5*(t — 4))))*(1 — i) + (1/k)*

(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
10Y1 = t*E
11A2=1
12 A3 =0.01

13f

= (0.1%t"p/(1 + 0.1*t"p))

14 £3 = if (t < 0) then (0) else (1)

15 131 = (1/16)*t*(8 — t)

16 £32 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2

18 34 =if (t < 7.99) then (0) else (1)

19 35 = (1/64)*t"2

20 136 = if (t < 4) then (1) else (0)

21 137 = if (t < 4) then (0) else (1)

22 z=t*E—(z1 + 22)*((exp(-50*m)))—z3*(exp(-50¥*m2))

23 m21 =0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 —4)* t"4
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Figure 7.15: Stress-temperature-strain diagram (STS) f3: 0 =2.8 6=3.8.
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Example: fi=0.1; k= 0.1 and 34

Calculated values of DEQ variables
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Variable | Initial value | Minimal value | Maximal value | Final value

1 A2 1. 1. 1. 1.

2 A3 0.01 0.01 0.01 0.01

3 E 1.9 0.475 1.9 0.475

4 f 0.9090909 0.0341687 0.9090909 0.0341687
5 3 1. 1. 1. 1.

6 31 5.0E-05 5.0E-05 0.9999506 0.0049938
7 32 0.99999 0.4497785 0.99999 0.4497785
8 33 6.162E-09 6.162E-09 0.9999494 0.0001218
9 34 0 0 0 0

10 35 1.563E-10 1.563E-10 0.9975016 0.9975016
11 36 1. 0 1. 0

12 37 0 0 1. 1.

13 fi 0.1 0.1 0.1 0.1

14 k 0.1 0.1 0.1 0.1

15 m 4.05E-06 4.05E-06 0.0705866 0.0705866
16 ml 0.0404977 0.0004482 0.0404977 0.0004482
17 m2 8.68E-06 8.68E-06 0.082548 0.0754977
18| m2l 0.0867923 0.0828108 3.179E+04 | 3.179E+04
19 n 1. 1. 1. 1.
20 p -0.5 -0.5 -0.5 0.5
21 s 1. 1. 1. 1.
22 t 0.0001 0.0001 8. 8.
23 Yl 0.00019 0.00019 6.930487 3.79525
24 z 0.00019 -0.2264161 4.721589 1.043084
25 z1 0 0 30.45152 30.45152
26 72 0 0 63.40035 63.40035
27 z3 0 0 0 0
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Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(50*m)))*m1*z n

2 d(z2)/d(t) = (exp(t/(1 + 0.067*t)))*(A2*(z"s))*((exp(50*m)))*m1*z"n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*1)))* A3*f34**((exp(50*m2)))*m21*z"n

Explicit equations
m = (0.0405*%t — 0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)

ml = (0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)

m2 = 0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6%(10" — 5)*t"S
fi=0.1

k=0.1

n=1.0

s=1.0

p=-0.5

E =(0.625 — 0.375*(tanh(5*(t — 4))))*(1 — fi) + (1/k)*

(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)

10 Y1 =t*E

11A2=1

12 A3=10.01

13 £=(0.1*t"p/(1 + 0.1*t"p))

14 £3 = if (t < 0) then (0) else (1)

15 31 = (1/16)*t*(8 — 1)

16 £32 = (exp(-0.1*t))

17 £33 = (sin(3.14*t/4))"2

18 34 =if (t < 7.99) then (0) else (1)
19 135 = (1/64)*t"2

20 136 = if (t < 4) then (1) else (0)
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Figure 7.16: Stress-temperature-strain diagram (STS) f34: 6 =3.8 c=4.72.
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21 37 = if (t < 4) then (0) else (1)
22 z =t*E—(zl + z22)*((exp(—50*m)))-z3*(exp(—50*m2))
23 m21 =0.0868 — 0.0772%t + 0.024*t"2 — 0.003*t"3 + 1.3*%(10 — 4)* t"4
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6 =3.8 0=4.72 (approximately = 35% increase in elasticity and = 22% in

max

strength).

Let’s say the final choice (as a realization of a random ergodic function
selected) is as follows:
Data: f31; fi=0.1 and k = 0.3; T* = 400° K and = 0.067. E, = 100 [GPa];
a=4(10"%)[1/°C]

Example 7.15

Calculated values of DEQ variables

Variable | Initial value | Minimal value | Maximal value | Final value

1 A2 1. 1. 1. 1.

2 A3 1. 1. 1. 1.

3 E 1.233333 0.3083333 1.233333 0.3083333
4 f 0.9090909 0.034148 0.9090909 0.034148
5 3 1. 1. 1. 1.

6 31 5.0E-05 0 1. 0

7 32 0.99999 0.449329 0.99999 0.449329
8 33 6.162E-09 6.162E-09 0.9999947 1.015E-05
9 34 0 0 1. 1.

10 35 1.563E-10 1.563E-10 1. 1.

11 36 1. 0 1. 0

12 37 0 0 1. 1.

13 fi 0.1 0.1 0.1 0.1

14 k 0.3 0.3 0.3 0.3

15 m 4.05E-06 4.05E-06 0.0705907 0.0705907
16 ml 0.0404977 0.0003976 0.0404977 0.0003976
17 m2 8.68E-06 8.68E-06 0.0825436 0.075392
18| m2l 0.0867923 0.0815046 3.195E+04 3.195E+04
19 n 1. 1. 1. 1.
20 p -0.5 -0.5 -0.5 -0.5
21 s 1. 1. 1. 1.
22 t 0.0001 0.0001 8. 8.
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23 Y1 0.0001233 0.0001233 4.442098 2.466667
24 z 0.0001233 | —0.0082849 1.325117 —0.0071119
25 zl 0 0 0.5914846 0.5877002
26 z2 0 0 0.5669104 0.5669104
27 z3 0 0 179.4735 105.8019

Differential equations

1 d(z1)/d(t) = (exp(t/(1 + 0.067*t)))*((exp(50*m)))*m1*z"n

2 d(z2)/d(t) = (exp(t/(1 + 0.067*1)))*(A2*(z"s))*((exp(50*m)))*m1*z"n

3 d(z3)/d(t) = k*(exp(t/(1 + 0.067*1)))* A3*f31**((exp(50*m2)))*m21*z"n

Explicit equations
I m=(0.0405%t—0.01126*t"2 + 0.001462*t"3 — 0.00006868*t"4)
2 ml =(0.0405 — 0.02252*t"1 + 0.004386*t"2 — 0.0002747*t"3)
3 m2=0.0868*t — 0.0386*t"2 + 0.0080*t"3 — 0.000756*t"4 + 2.6*
(10~ = 5)*t"5
fi=0.1
k=0.3
n=1.0
s=1.0
p=-0.5
9 E=(0.625— 0.375*(tanh(5*(t — 4))))*(1 — fi) + (1/k)*
(0.625 — 0.375*(tanh(5*(t — 5))))*(fi)
10 Y1 =t*E
11A2=1
12A3=1
13 £=(0.1*t"p/(1 + 0.1*t"p))
14 £3 = if (t < 0) then (0) else (1)
15 131 = (1/16)*t*(8 — t)
16 £32 = (exp(-0.1*t))
17 £33 = (sin(3.14*t/4))"2
18 34 =if (t < 7.99) then (0) else (1)
19 135 = (1/64)*t"2
20 136 = if (t < 4) then (1) else (0)
21 137 = if (t < 4) then (0) else (1)

0 N N B
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Figure 7.17: Stress-temperature-strain diagram (STS) {31.

22 z=t*E—(z1 + 22)*((exp(-50*m)))—z3*(exp(-50¥*m2))
23 m21 = 0.0868 — 0.0772*t + 0.024*t"2 — 0.003*t"3 + 1.3*(10 — 4)* t"4

Model: z = al *t + a2*t"2 + a3*t"3 + a4*t"4 + a5*t"5

Variable Value
al 2.605806
a2 —2.10892
a3 0.6099215
a4 —0.0752943
as 0.0033688
0=2.60-2.10>+0.616°—0.0756* + 0.003376° (7.31)

The mean value can be calculated now is:

1

1
T [Eo(tydt = 3 [§ (2.60 —2.10% + 0.616° — 0.0750* + 0.003376%)d6

max

(7.32)
u =5.16/8 = 0.645; o =[1.58/8]"* = 0.444
In order to calculate the correlation function the chosen function (7.31)

has to be centered. The correlation function of a steady time process can be
computed now as follows:

(1) = 2.60 — 2.10% + 0.616° — 0.0750* + 0.003370° — 0.645 (7.33)

The correlation function of a steady time process can be computed now as
follows:
After substituting (7.33) into (7.18) we have:
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Ko (0)= ﬁ g T 6(0)8(0 + 1)]dt =

1 IG_T[(MO_ 2102 + 0.6103 - 0.0756% + 0.003370° -0.645)(2.6(8 + x) -
- 0-170

~ 210+ %)% + 0.61(0+x)3 — 0.075(0 = x)* + 0.00337(0 + x)° - 0.645)]d0

(7.34)
Now calculate K (7) for each x = 0;1;2;..................... ,8. The results are
presented in Table 7.5 below:
Table 7.5: Autocorrelation function.
T 0 1 2 3 4 5 6 7 8

K,(0) | 0.2 | 0.627/7 | -0.166/6 | —0.618/5 | —0.598/4 | -0.216/3 | 0.186/2 | 0.138/1 | 0.0

0.0896 | -0.0277 | —0.124 —0.15 —0.072 | 0.093 | 0.138

The normalized correlation function is:

Table 7.6: Normalized autocorrelation function.

Temp. 0 0 1 2 3 4 5 6 7 8

p, (1) 1 0.448 —0.138 | —0.62 | -0.75 | —0.36 0.465 069 | 0

Let’s approximate the data from Table 7.6 by the same type of formulae:

Model: C04 = (exp(—A*t))*(cos(B*t))

Variable Initial guess Value
A 0.1 0.079
B 2. 0.909

A=0.079; B=0.909

p. (6) = (exp(~0.079*6))*(cos(0.909*0)) (7.35)
saMOmMmalized Aumtocormelation Function
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Figure 7.18: Normalized autocorrelation function f31.
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For the normalized correlation function given by (7.35):

d2
v =K (0) = 7 Ke©® oo o2 (b —a?)
2 2 2 \/ﬁ 5
1,y =0, D728 xp(- 20y =g NI SO0 132 012
2m 26, 2n 2(0.444)
v, =ta 001240015

¢ emax

Now based on the Poisson formulae of the probability to not having
the minimum allowable stress ordinates crossing downwards the level
“a=132"1s: P =P =exp(-n,) = exp(-0.012) = 0.988. This probability
might characterize the reliability of the structure (one element or the whole
structure).

Conclusions

1. This chapter is devoted to the study of creep of nanocomposite materials
based on fillers in the form of carbon nanotubes and ultra-dispersed
particles. The performed mathematical simulation of the behavior of
nanocomposites using the special creep function, based on the theory
of hereditary mechanics and the kinetics of a phase transformation in a
nanocomposite material with the defining equation in the form of Volterra
integral equation of the second kind, showed a satisfactory result, which
indicates the possibility of using the above technique to predict the creep
of nanocomposite materials.

2. The increase in rigidity (instantaneous modulus of elasticity) of the
nanocomposite material rises with the volumetric concentration increase
of nanoparticles, but on the other hand it is accompanied by a sufficiently
intensive reduction of the ultimate deformation to failure, therefore the
optimal concentration of nanomaterials introduced into the matrices
should be chosen taking both of these processes into account.

3. Another positive consequence of the introduction of nanoparticles in
the matrices is a decrease in the intensity of the creep processes in the
nanocomposite material. This effect is important from a practical point
of view, since it allows stabilizing the creep process during the long-term
action of mechanical loads.
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