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Preface 
 

Ferroelectricity has been one of the most used and studied phenomena in both scien-
tific and industrial communities. Properties of ferroelectrics materials make them par-
ticularly suitable for a wide range of applications, ranging from sensors and actuators 
to optical or memory devices. Since the discovery of ferroelectricity in Rochelle Salt 
(which used to be used since 1665) in 1921 by J. Valasek, numerous applications using 
such an effect have been developed. First employed in large majority in sonars in the 
middle of the 20th century, ferroelectric materials have been able to be adapted to more 
and more systems in our daily life (ultrasound or thermal imaging, accelerometers, gy-
roscopes, filters…), and promising breakthrough applications are still under develop-
ment (non-volatile memory, optical devices…), making ferroelectrics one of tomor-
row’s most important materials. 

The purpose of this collection is to present an up-to-date view of ferroelectricity and its 
applications, and is divided into four books: 

• Material Aspects, describing ways to select and process materials to make 
them ferroelectric. 

• Physical Effects, aiming at explaining the underlying mechanisms in ferroelec-
tric materials and effects that arise from their particular properties. 

• Characterization and Modeling, giving an overview of how to quantify the 
mechanisms of ferroelectric materials (both in microscopic and macroscopic 
approaches) and to predict their performance. 

• Applications, showing breakthrough use of ferroelectrics. 

Authors of each chapter have been selected according to their scientific work and their 
contributions to the community, ensuring high-quality contents. 

The present volume aims at exposing characterization methods and their application 
to assess the performance of ferroelectric materials, as well as presenting innovative 
approaches for modeling the behavior of such devices. 

The book is decomposed into five sections, including structural and microstructural 
characterization (chapters 1 to 6), electrical characterization (chapters 7 to 11), multiphysic 
characterization (chapters 12 to 16), phenomenological approaches for modeling the 



X    Preface 
 

behavior of ferroelectric materials (chapters 17 to 24), and nonlinear modeling (chapters 
25 to 28). 

I sincerely hope you will find this book as enjoyable to read as it was to edit, and that 
it will help your research and/or give new ideas in the wide field of ferroelectric mate-
rials. 

Finally, I would like to take the opportunity of writing this preface to thank all the au-
thors for their high quality contributions, as well as the InTech publishing team (and 
especially the publishing process manager, Ms. Silvia Vlase) for their outstanding 
support. 

June 2011 

Dr. Mickaël Lallart 
INSA Lyon, Villeurbanne 

France 
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Structural Studies in  
Perovskite Ferroelectric Crystals Based 

 on Synchrotron Radiation Analysis Techniques 
Jingzhong Xiao1,2 

1CEMDRX, Department of Physics, University of Coimbra, Coimbra, 
 2International Centre for Materials Physics,  

Chinese Academy of Sciences, Shenyang, 
1Portugal 

 2China 

1. Introduction 
Perovskite oxide materials, having the general formula ABO3, form the backbone of the 
ferroelectrics industry. These materials have come into widespread use in applications that 
range in sophistication from medical ultrasound and underwater sonar systems, relatively 
mundane devices to novel applications in active and passive damping systems for sporting 
goods and automobiles [1-3]. Recent developments in regard to relaxor-based single crystal 
piezoelectrics, such as Pb(Zn1/3Nb2/3)O3–PbTiO3 (PZNT), Pb(Fe1/2Nb/1/2)O3–PbTiO3  
(PFNT) and Pb(Mg1/3Nb2/3)O3–PbTiO3 (PMNT) have shown superior performance 
compared to the conventional Pb(Zr,Ti)O3 (PZT) ceramics[4, 5]. Particularly, their ultrahigh 
piezoelectric and electromechanical coupling factors in the <001> direction can reach to 
d33>2000pC/N and k33≈94%, which have attracted tremendous interests and still make these 
materials very hot. 
However, the origin and structural nature of their ultrahigh performances remains one 
inquisitive but obscure subject of recent scientific interest.To better understand the 
structural nature of the outstanding properties, it is very important for investigating the 
ferroelectric domain structure in these materials. In ferroelectrics, according to the electrical 
and mechanical compatibility conditions, domain structures of 180o and non-180o will form 
with respect to crystal symmetry. There is a closely relationship between the domain 
structure and the crystal symmetry. Through the observation on ferroelectric domain 
configurations, the crystal structures can be confirmed. Ferroelectric domains are 
homogenous regions within ferroelectric materials in which polarizations lie along one 
direction, that influence the piezoelectric and ferroelectric properties of the materials for 
utilization in memory devices, micro-electromechanical systems, etc. Understanding the role 
of domain structure on properties relies on microscopy methods that can inspect the domain 
configuration and reveal the evolution or the dynamic behaviour of domain structure.  
It is also well known that the key to solve this issue of exploring the origin of the excellent 
properties is to reveal the peculiar complex perovskite crystal structures in these materials. 
Through study in structure behavior under high-pressure and local structure at atomic level 
will be helpful for better understanding this problem. 
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2. Synchrotron radiation X-ray structure investigation on ferroelectric 
crystals  
Pb(Zn1/3Nb2/3)O3-PbTiO3 (PZNT) and Pb(Fe1/2Nb/1/2)O3–PbTiO3 (PFNT) crystal are model 
ABO3-type relaxor ferroelectric materials (or ferroelectrics), which demonstrates excellent 
performance in the filed of dielectrics, piezoelectrics, and electrostriction, etc. To explore the 
common issues of structural nature and the relationship between structure and performance 
of ultrahigh-performance in these materials, in this chapter, the novel X-ray analysis 
techniques based on synchrotron radiation light, such as synchrotron radiation X-Ray 
topography, high-pressurein situ synchrotron radiation energy dispersive diffraction, and  
XAFS method, are utilized to investigate the domain configuration, structure and their 
evolution behavior induced by temperature changes and external field.  

2.1 Application of white beam synchrotron radiation X-ray topography for in-situ 
study of ferroelectric domain structures  
Ferroelectric domains can be observed by various imaging techniques such as optical 
microscopy, scanning electron microscopy (SEM), transmission electron microscopy (TEM), 
X-ray imaging, and etc. Imaging is normally associated with lenses. Unlike visible light or 
electrons, however, efficient lenses are not available for hard X-rays, essentially because they 
interact weakly with matter. Comparatively as an X-ray imaging method, X-ray topography 
plays a vital role in providing a better understanding of ferroelectric domain structure.[6] X-
rays are more penetrating than photons and electrons, and the advent of synchrotron 
radiation with good collimation, a continuous spectrum (white beam) and high intensity has 
given X-ray topography additional powers. The diffraction image contrast in X-ray 
topographs can be accessed from variations in atomic interplanar spacings or interference 
effects between X-ray and domain boundaries so that domain structure can be directly 
observed (with a micrometer resolution). Especially, via a white beam synchrotron radiation 
X-ray diffraction topography technique (WBSRT), one can study the dynamic behaviour of 
domain structure and phase evolution in ferroelectric crystals respectively induced by the 
changes of sample temperature, applied electric field, and other parameter changes. 
In this chapter, a brief introduction to principles for studying ferroelectric domain structure by 
X-ray diffraction imaging techniques is provided. The methods and devices for in-situ 
studying domain evolution by WBSR are delineated. Several experimental results on dynamic 
behavior of domain structure and induced phase transition in ferroelectric crystals accessed at 
beam line 4W1A of the Beijing Synchrotron Radiation Laboratory (BSRL) are introduced. 

2.1.1 Principle of synchrotron radiation X-ray topography 
a. X-ray topography approach 
X-ray diffraction topography is an imaging technique based on Bragg diffraction. In the last 
decades, X-ray diffraction topography to characterize crystals for the microelectronics 
industry were developed and completely renewed by the modern synchrotron radiation 
sources. [6] 
Its images (topographs) record the intensity profile of a beam of X-rays diffracted by a 
crystal. A topograph thus represents a two-dimensional spatial intensity mapping of 
reflected X-rays, i.e. the spatial fine structure of a Bragg spot. This intensity mapping reflects 
the distribution of scattering power inside the crystal; topographs therefore reveal the 
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irregularities in a non-ideal crystal lattice. The basic working principle of diffraction 
topography is as follows: An incident, spatially extended X-ray beam impinges on a sample, 
as shown in Fig.1. The beam may be either monochromatic, or polychromatic (i.e. be 
composed of a mixture of wavelengths (white beam topography)). Furthermore, the incident 
beam may be either parallel, consisting only of rays propagating all along nearly the same 
direction, or divergent/convergent, containing several more strongly different directions of 
propagation. 
 

 
Fig. 1. The scheme of basic principle of diffraction topography. 

A homogeneous sample (with a regular crystal lattice) would yield a homogeneous intensity 
distribution in the topograph (a "flat" image). Intensity modulations (topographic contrast) 
arise from irregularities in the crystal lattice, originating from various kinds of defects such 
as cracks, surface scratches, dislocations, grain boundaries, domain walls, etc. Theoretical 
descriptions of contrast formation in X-ray topography are largely based on the dynamical 
theory of diffraction. This framework is helpful in the description of many aspects of 
topographic image formation: entrance of an X-ray wave-field into a crystal, propagation of 
the wave-field inside the crystal, interaction of wave-field with crystal defects, altering of 
wave-field propagation by local lattice strains, diffraction, multiple scattering, absorption. 
Theoretical calculations, and in particular numerical simulations by computer based on this 
theory, are thus a valuable tool for the interpretation of topographic images. Contrast 
formation in white beam topography is based on the differences in the X-ray beam intensity 
diffracted from a distorted region around the defect compared with the intensity diffracted 
from the perfect crystal region. The image of this distorted region corresponds to an 
increased intensity (direct image) in the low absorption case. 
To conduct a topographic experiment, three groups of instruments are required: an x-ray 
source, potentially including appropriate x-ray optics; a sample stage with sample 
manipulator (diffractometer); and a two-dimensionally resolving detector (most often X-ray 
film or camera). The x-ray beam used for topography is generated by an x-ray source, 
typically either a laboratory x-ray tube (fixed or rotating) or a synchrotron source. The latter 
offers advantages due to its higher beam intensity, lower divergence, and its continuous 
wavelength spectrum. The topography technique combinning with a synchrotron source, is 
well adapted to in-situ experiments, where the material, in an adequate sample environment 
device, is imaged while an external parameter (temperature, electrical field, and etc) is 
changed. 



  
Ferroelectrics - Characterization and Modeling 

 

6 

 
Fig. 2. Experimental arrangement for synchrotron radiation white beam Laue topography. 

b. White beam X-ray topography 

A simple way to understand the creation of X-ray topographic images is to consider a Laue 
photograph (Fig. 2). A polychromatic (white) X-ray beam, containing X-ray energies from 
about 6 keV to 50 keV (X-ray wavelengths from approximately 2 Å to 0.25 Å), impinges on a 
crystal. [6] The beam is diffracted in many directions, creating Laue spots. The positions of 
the diffraction spots appear according to the Bragg equation: 

 
2 sin B

hc
E

d θ
= , or 2 sin Bdλ θ=  (1) 

where E is the incident X-ray energy (and λ is the incident wavelength) selected by crystal 
planes with spacing d, h is Planck’s constant, c is the speed of light, and θB is the Bragg angle. 
Each spot contains uniform intensity if the crystal is perfect.  
If, however, the crystal is strained, streaks appear instead of spots due to variations in lattice 
spacing. In fact, each Laue spot contains a spatial distribution of diffracted intensity 
attributable to the presence of defects in the crystal. This distributed intensity is difficult to 
see because Laue spots are typically the same size as the X-ray beam pinhole, and the 
incident X-ray beam is divergent, but each tiny Laue spot is actually an X-ray topograph. At 
synchrotron radiation facilities, a collimated white X-ray beam can be used to illuminate a 
sample crystal, and spots with the much larger cross section of the synchrotron X-ray beam 
are recorded. The resulting data are an array of Laue spots, as shown in Fig. 2, each of which 
is an X-ray topograph arising from a different set of atomic planes. 
c. Ferroelectric domain characterizations 

The existence of antiparallel 180° domains is one of the fundamental properties of 
ferroelectrics and direct observation of these domains is invaluable to the understanding of 
the polarization reversal mechanism of ferroelectric structures. Among the techniques of 
visualizing antiparallel domains, conventional x-ray topography is an important and 
efficient method although its application is limited by the only available characteristic 
radiations. However, this limitation is easily overcome by the white-beam synchrotron 
radiation topography (WBSRT). A unique aspect of WBSRT is the opportunity it affords to 
select out of the continuous spectrum any intended wavelengths to activate strong 
anomalous scattering. And, with the WBSRT, it is possible for several diffraction images 
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with anomalous dispersion effect to be activated simultaneously so that the contrast reversal 
of 180° domains can be directly observed.[7-9] The natural collimation and high intensity of 
the radiation also make the real-time observation of domain dynamics feasible. As shown in 
Fig.3, when working with a coherent x-ray beam, and if the phases of the structure factors 
are different, the 180° ferroelectric domains can be revealed.  
Considering the mechanical and electrical compatibility conditions, allowed domains in 
ferroelectrics are the 180o or non-180o ones with the different planes as the domain walls.[8, 
9] The extinction condition for a domain wall is: 

 0P gΔ • =  (2) 

where g is the reciprocal vector of the diffracting plane, 1 2P P PΔ = −  is the difference of the 
polarization vectors across the domain wall. Non-180o domain structure is illustrated in Fig.4. 
 

 
Fig. 3. (Colour on the web only) Scheme of 180o domain.       

 

 
Fig. 4. Scheme of non-180o domain. 

2.1.2 In-situ topography measurements 
White beam synchrotron radiation topography not only overcomes the drawback of long 
exposure time for the conventional x-ray topography, but also extends the scope of 
topography study. The excellent collimation and high intensity of the synchrotron radiation 
makes the possibility of enlarging the distance between the light source and sample, to 
improve the image resolution and enlarge the distance between the sample and the detector. 
These allow ones able to install the samples inside large environmental chambers with 
changes of temperature, electric field, or other parameters, to carry out the in-situ 
topography studies. [10] 



  
Ferroelectrics - Characterization and Modeling 

 

8 

a. High temperature condition 

A high-temperature chamber was used for in situ topography study. The cylindrical furnace 
in use was made of pure graphite. Two beryllium windows were used for incident and 
outgoing x-rays. Two thermocouples attached close to the specimen were used to monitor 
and control the temperature. A digital control power supply can ramp the electric current 
smoothly when starting to heat. The temperature control system is based on the Eurotherm 
controller (model 818) and solid state relay (SSR). By using PID control and time proportion 
method, the temperature stability is about 0.05°C when holding and 0.1°C when ramping. 
The on-line PC can set and monitor the temperature via RS-232 interface. A sketch of this 
chamber is shown in Fig. 5. 
 

 
Fig. 5. Sketch of the high temperature sample chamber: 1-entrance Be window; 2-water 
cooling environment chamber; 3-furnace; 4-specimen; 5-exit Be window; 6-film. 
 

 
Fig. 6. The experimental arrangement for applying electric field. 

b. DC electric field  

The change of the ferroelectric domain structure due to the applied DC field can also be 
observed by white beam synchrotron radiation topography. Fig. 6 is the experimental 
arrangement of applying the DC field. The distance between the two electrodes was 4 mm 
and the applied DC voltage ranged from 0 to 4400 V. The samples can be installed on the 
surface of plastic plates. The DC electrical field can be applied on two Al electrodes covering 
on the surface of two X-ray transparent organic materials. 

2.1.3 In-situ topography study in ferroelectric crystals 
The in-situ experiments are performed at Beijing Synchrotron Radiation Facility (BSRF). The 
x-ray topography station and attached 4W1A beamline are part of the BSRF. The 4W1A is a 
45m long white/monochromatic wiggler beamline. When the BEPC is operated at the 
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energy of 2.2 GeV and the magnetic field of the wiggler at 1.8T. The topography station 
situated at the end of the beamline 4W1A is mainly used for the study of the perfection of 
single crystals, high resolution multi-crystal diffraction and x-ray standing wave research. 
The main equipment of the station consists of a white radiation topography camera, three 
environmental sample chambers, an x-ray video imaging system and a four crystal 
monochromatic camera. 
The white radiation topography camera and three environmental sample chambers are used 
for the dynamic topographic experiments with change of temperature, stress, electric field 
or other parameters. The white radiation camera has five axes to rotate the specimen to any 
orientation with the incident beam and to rotate the detector to collect the any diffracted 
beam. 

a. Domain and temperature-induced phase transformation in 0.92Pb (Zn1/3Nb2/3)O3–
0.08PbTiO3 crystals 

The aim of this present work is to investigate temperature-dependence phase evolution in 
0.92Pb (Zn1/3Nb2/3)O3–0.08PbTiO3 (PZN–8% PT) crystals, by employing a real time white-
beam synchrotron X-ray radiation topography method (WBSRT). By combining this 
technique with other complementary structural experiments, a novel picture of low 
symmetry phase transformation and phase coexistence is suggested.  
PZN–8% PT single crystals used in this experiment were grown by the PbO flux method. A 
plate perpendicular to [001] axis is cut and well polished to approximately 200 μm in 
thickness. Real time observation is performed at the topography station at the 4W1A beam 
line of Beijing Synchrotron Radiation Laboratory (BSRL). The storage ring is 2.2 GeV with 
beam current varied from 50 mA to 90 mA. A cylindrical furnace with coiled heating 
elements arranged axially around the sample space is used for in situ topography 
investigation. After carefully mounted the samples on the hot-stage, we heat them at a slow 
rate of 0.5 oC/min, observe and record the dynamic topography images by photo films. 
Through the topography images obtained by this method, we can clearly observe the 
ferroelectric domain configurations and their evolution as a function of temperature in 
PZN–8% PT crystals.[11] 
Fig. 7 shows a series of synchrotron radiation topography images with (112) reflection of the 
(001) crystal plate taken at different temperatures. From Fig. 7 (a) to (i), we find that the 
domain structures are very complex. They can be categorized into three kinds of domains 
and addressed as A, B, and C, as shown in Fig. 7 (j). 
The A domain walls, which are at approximately 45o to the [100] axis, can be obviously 
observed at room temperature. These domain walls are considered to be the 71o (or 109o) 
ones in rhombohedral PZN–PT crystals, and can be clearly observed before heating the 
sample to 132 oC. With increasing temperature from 75 oC to 131 oC, as shown in Fig. 7 (b)–
(c), the B domain laminates become progressively obvious and coexist with the A domains. 
On the other hand, these domain laminates are along the [010] axis, which can be classified 
into 90 o tetragonal domain walls. At the point of 131 oC, the tetragonal domains become 
most clear. With heating the sample to above 132 oC, as shown in Fig. 7 (d), we find that the 
rhombohedral 71 o (or 109 o) domain walls (A laminates) become vague, and the image 
background becomes brighter than before. However, the tetragonal domain walls are still 
clear. This phenomenon shows that the phase transition from rhombohedral to tetragonal 
phase (R–T transition) starts at 75 oC, and the tetragonal domains grow gradually. 
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Fig. 7. (Colour on the web only) Images of the in situ synchrotron radiation topography in 
PZN–8% PT crystals, the x-rays incident direction to the crystal is [001], the diffraction 
vector is g = (112): (a) room temperature (20 oC); (b) heating to 75 oC; (c) heating to 131 oC; 
(d) heating to 132 oC; (e) heating to 190 oC; (f) heating to 262 oC; (g) cooling to 190 oC; (h) 
cooling to 75 oC; (i) cooling to room temperature; (j) Schematic picture for presenting the 
ferroelectric domain configurations in the topography images of PZN–8% PT crystals; (k) 
enlarged images of C domain walls from 75 oC to 190 oC. 

Most particularly, a set of unique domain walls (C domain walls) appear at this temperature, 
which is quite different from the A and B domains. This kind of domain walls is shown in 
Fig.7 (k), through the enlarged images taken from 75 oC to 190 oC. As the figures show, the C 
domain laminates deviate from the (010) direction at 15 o–20 o. According to the knowledge of 
domains orientation in crystals with different symmetry and X-ray diffraction extinction 
relations, as formula (2) shows, these laminates can be considered to be neither rhombohedral 
nor tetragonal domain structures, but a new monoclinic phase domain structure.  
With further heating of the system to about 132 oC, we find this domain structure is very 
stable and coexists with B tetragonal domains. Upon further heating to above Tc (170 oC), 
the monoclinic C domain structure also remains. This case shows that a monoclinic phase 
not only appears in the process of ferroelectric–ferroelectric phase transformation, but also 
coexists with the cubic phase well above TC . With the temperature elevating to about 262 
oC, we find nearly all the ferroelectric domains disappear, as shown in Fig. 7 (f). 
Whilst cooling the sample from 262 oC to 75 oC, the monoclinic domains (C laminates), as 
well as the tetragonal domains (B laminates), are found to reappear, whereas the 
rhombohedral domains (A laminates) cannot be recovered by cooling to room temperature. 
During the crystal growth, a rapid cooling process was employed for quick crystallization 
and to avoid the generation of a pyrochlore phase, which results in a strain field in the 
crystal. The rhombohedral A domains are expected to be induced by this kind of strain field 
and preserved at room temperature. Thus A domains do not reappear after the crystals are 
re-cooled from 260 oC to room temperature with a slow cooling rate, since this cooling 
process possibly releases the crystal strain field. However, the monoclinic phase was not 
generated by the strain field induced during the crystal growth, since the particular C 
domains as well as B domains can be recovered at 75 oC by slow cooling. 
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Generally, with the sample temperature reaches to the Curie temperature, there occurs a 
ferroelectric-paraelectric phase transition in conventional ferroelectrics, which results in the 
disappearance of the domain structure. However in relaxor ferroelectrics, as shown in Fig. 8 
the domain structure can be observed clearly on (111) face of PZN-8%PT crystal when the 
sample temperature is much higher than the Curie temperature. This phenomenon can be 
induced by the micro-polarization-region in relaxor crystals.  
Through in situ synchrotron radiation topography under various temperatures, the complex 
configuration and dynamic evolution of ferroelectric domains in ferroelectric crystals are 
obtained. It is expected that the present results will encourage more research interest in 
exploring the origin of the ultra-high piezoelectric and electrostriction properties in 
ferroelectrics and other advanced materials. 
 

 
Fig. 8. (Colour on the web only) The temperature induced evolution of the domain structure 
on (111) face of PZN-8%PT crystal, observed by in situ synchrotron radiation topography. 

b. Electrical field induced domain structure 

The Gd2(MoO4)3 (GMO) crystals were grown by the induction-heated CZ technique. The (0 0 
1) crystal pieces of 10–15mm diameter were cut and polished into 2.0 or 0.5mm in 
thickness. The transparent pieces were using to study the DC electric field induced domain 
structure by transmission X-ray topography at beam line 4W1A of the Beijing Synchrotron 
Radiation Laboratory (BSRL) The change of the domain structure due to the applied DC 
field was also observed. Fig. 6 is the experimental arrangement of applying the DC field. 
The distance between the two electrodes was 4mm and the applied DC field ranged from 0 
to 4400 V. 
 

 
Fig. 9. The domain structure of GMO varies with the applied DC field. 
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Fig. 9 is a set of series topographs when an applied DC field was added on the GMO crystal 
piece. Fig. 9 (a) and (b) are the results obtained when the applied voltage was 600 and 700 V, 
respectively, and the domain structure did disappear. Fig. 9 (c) was the result when the 
voltage was lowered to zero. From these photographs, we concluded that the multidomain 
could be transformed to single domain by applying a DC field and that the single domain 
could be kept even if the applied DC field was taken away. This experimental result shows 
us that it is possible to make a periodically poled GMO crystal, despite the presence of 
ferroelectric and ferroelastic domains in the unpoled GMO crystal. From these results, we 
concluded that the ferroelectric and ferroelastic multidomains could be transformed to a 
single domain by the applied DC field, and the single domain could be kept even if the 
applied DC field was taken away.[12] 

2.2 High-pressure structural behavior in PZN-PT relaxor ferroelectrics  
The ideal structure of ABO3-type perovskite can be described as a network of corner-linked 
octahedra, as shown in Fig.10. With B cations at the centre of the octahedra and A cations in 
the space (coordination 12) between the AO12 and BO6 polyhedra. As its B cation comprised 
by Zn2+, Nb5+, and Ti4+ ions, as well as the A cation comprised by Pb2+ ion, PZNT deviates 
from the ideal perovskite by cation displacements or a rotation (or tilting) of BO6 octahedra. 
The possible ‘‘off-centering’’ of the B cations makes the crystal structure more complex than 
that of the ideal ABO3-type perovskites and reasonably influence the properties. Previously, 
approaches towards the understanding of the relaxor ferroelectrics were focused on the 
structural evolution induced by the changes of chemical composition, electrical field or 
temperature environment.[13-14] Virtually, these above variables induce phase transitions 
by mainly playing a role of causing displacement of the cation and anion and rotation of 
BO6 octahedra in perovskite. 
Nevertheless, directly compressing the materials can also induce similar results that will 
provide a new ken and approach to investigate the complex structure in the ferroelectrics 
and other functional materials. It is pointed out that the effect of pressure is a ‘‘cleaner’’ 
variable, since it acts only on interatomic interactions.[15] Compared to other parameters, 
as an extreme variable, high-pressure is of the unique importance in elucidating 
ferroelectrics, for the unique structural change is susceptible to pressure. Studying the 
structural changes and compressive behaviors under high-pressure condition is able to 
facilitate the understanding for structural nature of the high-performances in relaxor 
ferroelectrics or other novel functional materials under normal state. Thus, recently, the 
high-pressure structural investigations in relaxor ferroelectrics had become very 
popular.[16,17] For instance, Kreisel, et al performed a high-pressure investigation by 
Ramman spectroscopy of Pb(Mg1/3Nb2/3)O3 (PMN), and had obtained the unusual 
pressure-dependent Ramman relaxor-specific spectra and phase change. By combining 
the external parameter high pressure with x-ray diffuse scattering method, a pressure-
induced suppression of the diffuse scattering in PMN was indicated. Their observed 
pressure-induced suppression of diffusesed scattering above 5GPa is also a general 
feature in relaxors at high pressure.[18] In this present work, we performed a high-
pressure synchrotron radiation energy-dispersive x-ray diffraction (EDXD) investigation 
on 0.92PZN-0.08PT ferroelectrics, to study the compressive behavior of the materials 
under high-pressure condition. 
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Fig. 10. Illustration of ideal ABO3-type perovskite structure, which can be described as a 
network of corner-linked octahedral. 

2.2.1 High-pressure synchrotron radiation energy-dispersive x-ray diffraction (EDXD) 
The high-pressure X-ray diffraction patterns employed an energy-dispersive method and 
were recorded on the wiggler beam line (4W2) of the Beijing Synchrotron Radiation 
Laboratory (BSRL).[19] A WA66B-type diamond anvil cell (DAC) was driven by an 
accurately adjustable gear-worm-level system. The 0.92PZN-0.08PT powders and pressure 
calibrating materials (Platinum powder) were loaded into the sample chamber of a T301 
stainless steel gasket. A mixture of methanol/ ethanol 4:1 was used as the pressure medium. 
Pressure was determined from (111), and (220) peaks of Pt along with its respective equation 
of state. The d-values of the specimens can be obtained according to the energy dispersion 
equation: 

 0.619927 ( )
sin

E d keV nm
θ

⋅ = ⋅  (3) 

The polychromatic X-ray beam was collimated to a 40×30 μm sized spot with the storage 
ring operating at 2.2 G eV. The diffracted beam was collected between 5 and 35 k eV and the 
diffraction 2θ angle between the direct beam and the detector was set at about 15.9552 o. The 
experiment setup is shown in Fig. 11. The pressure-induced crystallographic behavior was 
studied up to 40.73GPa at room temperature in 22 steps during the pressure-increasing 
process, and the evolution of high-pressure EDXD patterns is obtained.  
 

 
Fig. 11. The setup of high-pressure X-ray energy-dispersive diffraction experiment. 
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2.2.2 High-pressure compressive behavior in PZNT-PT crystals 
Fig.12 shows the selected EDXD patterns of 0.92PZN-0.08PT sample under different 
pressures, from which the peaks of (110), (111), (200), (210), and (211) indexed in terms of 
rhombohedral structure can be observed. The strong peaks of (111) and (200) of Pt, whose 
photonic energy is 19.72keV and 22.77keV respectively, will also be clearly observed. Apart 
from these diffraction lines, several fluorescence peaks of Pb and Nb are emerged in the 
low-energy side of the curve. 
With increasing pressures from the ambient pressure (0 GPa), the (110) and (200) peak 
become broader, the intensity of (210) and (211) peaks start to decrease from 5.17GPa. On 
further increasing pressure, the intensity of (210) and (211) peaks become weaker from 
21.34GPa, and the (210) peak vanishes at the pressure of 28.38 G Pa. at about 40.73GPa, these 
two peaks seem to be vanished. The abrupt changes of the EDXD patterns indicates that the 
phase transitions can possibly be induced by applying pressures, and the estimated 
transition pressure point is at about 5.17GPa and 28.38GPa, respectively. 
 

 
Fig. 12. (Colour on the web only)The EDXD curves of PZNT sample under different 
pressures, the maximum pressure applied here is 40.73 G Pa. Pb (F) and Nb (F) indicate the 
fluorescence peaks of Pb and Nb emerged in the low-energy side. 

In order to better understand the pressure-induced phase transition and compressive 
behavior of 0.92PZN-0.08PT, we calculated the structure parameters such as interplanar 
spacing value (d-value) evolving under various pressures according to experiment results 
and equation (1), as shown in Fig.13. It is noticed that, as a function of pressure, the d-value 
decreasing issues of different peaks of (110),  (200), and (211) are greatly different, reveals 
that the compressibility of structural parameters is anisotropic. To investigate the 
compression behavior of the sample in different pressures, we divided the d (110) vs. pressure 
curve into several zones. It shows the decreasing rate of d (110) spacing in different pressure 
zones is different, i.e., the decreasing rate of the zones of A, C, E, and G are not identical, 
which should demonstrate that the change of compressibility is also nonlinear. 
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Fig. 13. The curves of d-spacing parameters of different diffraction peaks under various 
pressures. Top part: d (110) vs. pressure; Middle part: d (200) vs. pressure; and Bottom part: d 

(211) vs. pressure. 

The abrupt changes appeared in B, D, and F zones of the curve, which are corresponding to 
the three pressure ranges of about 5.17-7.5GPa, 15.2GPa-21.4GPa, and 30.3-34.5GPa, 
respectively, showing several kinky ranges.[20] We name this phenomenon as “multi-
kinky” pressure behavior. This behavior is considered not to be induced by the 
measurement errors according to the error analysis. Generally, the energy resolution of the 
detector in EDXD experiment is a key parameter to determine diffraction peak position. In 
the present experiment, Si (Li) detector is adopted and its energy resolution is estimated to 
be about 170 e V, from which the measuring error of diffraction peak position may be 
calculated to be less than 3 eV, corresponding to a relative measuring error of structural 
parameter of (Δd/d) ≈ 10- 4. But for instance, in Fig.13a, the calculated (Δd/d) of the (110) 
face in kinky ranges is estimated to be at the order of 10- 2. Therefore, the abnormal change 
of d-spacing under high-pressure should be intimately related to the structural 
characteristics of ABO3 compounds. Particularly, in B and D zones, the d (110) value firstly 
increases and then decreases with the applied pressures, which seems to show a abnormal 
compressive behavior. While in F zone, the d (110) value decreases with the increased 
pressure. This behavior can be ascribed to the abruptly changed strain induced by structural 
transformation from phase E to the phase G. The B, D, and F zones can also be considered as 
the areas for phase-coexistence, or transformation regions.[21] The d-spacing vs. pressure 
curves of (200) and (211) peaks also exhibit multi-kinky changes and nonlinear compressive 
behavior. Therefore, it is estimated that this multi-kinky behavior is indicative of pressure-
induced multi-phase transition and phase coexistence occurs in 0.92PZN-0.08PT crystals. 
The accurate pressure-induced lattice changes extracted from the high-pressure EDXD 
experiments will be published elsewhere.  



  
Ferroelectrics - Characterization and Modeling 

 

16

 
Fig. 14. The curves of the relative volume V/V0 vs. pressure curve of 0.92PZN-0.08PT 
sample. 

Fig.14 shows the relative volume V/V0 vs. pressure curve of 0.92PZN-0.08PT, from which 
can be seen that the volume of the unit cell changes with the increasing pressure. Similar to 
the curve of d (110) vs. pressure, this curve can also demonstrate interesting multi- kinky 
compressive behavior. We roughly fit the experimental data to Birch-Murnaghan (BM) 
equation and get the equation of state (EOS) of 0.92PZN-0.08PT as following: 

 ( )
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3 3 31

0 0
0 0 0
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 (4) 

the bulk modulus B0 and its first-order derivative B01 for 0.92PZN-0.08PT system are 
obtained as B0 = 267±15GPa, B01 = 4.  
As shown in Fig.13 and Fig.14, the structure parameters (d and V) display several abrupt 
changes around several crossover pressures (or during several pressure ranges), which are 
the suggestive of the anomalous phase transitions and multi-kinky compressive behavior of 
0.92PZN-0.08PT crystals under high-pressure condition. It is speculated that this kinky 
behavior of the structural parameters of 0.92PZN-0.08PT could also be a more general 
feature in ABO3-type perovskite oxides. For instance, some similar anomalous behaviors had 
also been presented in BaTiO3 and PbTiO3.[20] Through the calculations using a first-
principles approach based on density-functional theory, an enormous tetragonal strain can 
be induced in these two simple perovskites by application of a negative hydrostatic 
pressure. Their structural parameters such as cell volume and atomic displacements were 
found to display a kinky behavior suggestive of proximity to a phase transition. 
Comparatively, in the present work, a multi-kinky compressive behavior in 0.92PZN-0.08PT 
which is more complex than single kinky behavior appeared in BaTiO3 and PbTiO3 was 
obtained. In a way, the different compressive behavior between 0.92PZN-0.08PT and the 
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simple peroveskites may be ascribed to the chemical composition variation. The B cation of 
BaTiO3 and PbTiO3 is only comprised by Ti4+ ion, while that of 0.92PZN-0.08PT is comprised 
by Zn2+, Nb5+, and Ti4+ ions, which makes the structure of 0.92PZN-0.08PT more complex 
than that of BaTiO3 and PbTiO3.  
The unique nonlinear behavior in 0.92PZN-0.08PT can also be explained in terms of the 
relative compressibilities of the octahedral (BO6 polyhedral) and dodecahedral (AO12 
polyhedral) cation sites in the perovskites structure, or of the compressibilities of the A-O 
and B-O bonds, as shown in Fig.10. It is clearly that the relative compressibilities of the AO12 
and BO6 sites must play an important role in determining whether the perovskite structure 
becomes more or less distorted with increasing pressure.[22] From the curves of cell volume 
or d-spacing Vs pressure, we found that the bulk compressibilities in 0.92PZN-0.08PT 
varying with applying pressures. Since 0.92PZN-0.08PT is of perovskite structure comprised 
by AO12 and BO6 polyhedra, we think the evolution of the bulk compressibilities in it can 
also be ascribed to the relative compressibilities of the AO12 and BO6. 
The so-called polyhedral approach is based on the observation that the identification of 
cation–oxygen polyhedra, MxOy, not only simplifies the description of complex crystal 
structures, but also allows a better understanding of physical properties for materials 
containing similar polyhedra.[23,24] Considering the influence of the bond length and the 
anion/cation charge of a given polyhedron on the compressibility, the empirical expression 
for the compressibility of a given polyhedron were derived: 
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Za is the anion charge, Z0 the cation charge, d the bond length in Å and S 2 an ionicity scaling 
factor equal to 1/2 for oxygen-based polyhedra. The extension of this approach is to assume 
that the compressibility of complex crystals with linked polyhedra can be derived when κpoly 
for each polyhedron is known. Based on the consideration of the influence of cation–anion 
distances and angles between polyhedra (polyhedra tilting), J. Kresiel et al proposed a 
simple model to deduce the bulk compressibility, κbulk, from the compressibility of each 
constituent polyhedron:  
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where the index i refers to a given type of cation–anion polyhedron and xi is the 
concentration on a crystallographic site. Vi and V0 are the volumes of a given polyhedron 
and the unit cell, as described by  
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Since in PZN-PT crystal, the AO12 polyhedron is PbO12 dodecahedra and the BO6 polyhedra 
is comprised by Zn-O group, Nb-O group, and Ti- O group. The equation (6) was modified 
to estimate the compressive behavior of 0.92PZN-0.08PT as following: 

 12 6 6 6PbO ZnO NbO TiO
PZNT

PZNT PZNT PZNT PZNT

V V V V
K x y z

V V V V
= + + +  (8) 



  
Ferroelectrics - Characterization and Modeling 

 

18

where x, y, z implies the concentration of Pb2+, Zn2+, Nb5+, and Ti4+ ions, respectively. Due to 
these cations being chemically very different, it is believed that the compessibilities of these 
MO6 polyhedra will be different on applying various pressures, which influence the total 
compressibilities in 0.92PZN-0.08PT crystals. Therefore, although this high-pressure 
diffraction technique only allow the determination of the mean bond distance, d, averaged 
over the entire crystal for each distinct polyhedron, the modified model can be considered 
as an approach to explain the compressive behavior and the change of compressibilities of 
0.92PZN-0.08PT crystal under high-pressure conditions. 
Therefore, through the method of high pressure synchrotron radiation energy-dispersive x-
ray diffraction, the abnormal compressive behavior in 0.92PZN-0.08PT under high-pressure 
have been observed, which is considered to be intimately related to the structural 
characteristics of 0.92PZN-0.08PT crystals. The high-pressure compressive behavior reflects 
and uncovers abundant structural information under extreme conditions, which is helpful to 
intrigue significant interests in exploring the structural nature and chemical (or physical) 
origin of ultrahigh performance in relaxor ferroelecric materials and other functional 
materials.  

2.3 XAFS study in relaxor ferroelectrics 
Relaxor ferroelectrics are a class of ferroelectrics that have a diffuse, frequency-dependent 
permittivity maximum, with a relaxation spectrum much broader than the Debye type. But 
these features do not provide a direct link to the key structural element that is essential for 
relaxor ferroelectrics. A common, crucial element in all Pb containing relaxors, Pb(B’, B’’)O3, 
is a size mismatch between the ferroelectrically active B’’ cations and the ferroelectrically 
inactive B’ cations.  The data of extended X-ray absorption fine structure (EXAFS) based on 
synchrotron radiation can provide local structural evidence in indicating the structural 
origin of the anomanous properties in relaxors. 

2.3.1 Synchrotron radiation XAFS approach 
X-ray absorption fine structure (XAFS) refers to the details of how x-rays are absorbed by an 
atom at energies near and above the core-level binding energies of that atom, as shown in 
Fig.15. Specifically, XAFS is the modulation of an atom’s x-ray absorption probability due to 
the chemical and physical state of the atom. XAFS spectra are especially sensitive to the 
formal oxidation state, coordination chemistry, and the distances, coordination number and 
species of the atoms immediately surrounding the selected element. Because of this 
dependence, XAFS provides a practical and simple way to determine the chemical state and 
local atomic structure for a selected atomic species. XAFS can be used in a variety of systems 
and bulk physical environment.  
X-ray absorption measurements are relatively straightforward, provided one has an intense 
and energy-tunable source of x-rays, such as a synchrotron radiation source. Many 
experimental techniques and sample conditions are available for XAFS, including such 
possibilities as very fast measurements of high spatial resolution. Since the characteristics of 
synchrotron sources and experimental station dictate what energy ranges, beam sizes, and 
intensities are available, this often puts practical experimental limits on the XAFS 
measurements that can be done even if there are few inherent limits on XAFS. The x-ray 
absorption spectrum is typically divided into two regimes: x-ray absorption near-edge 
spectroscopy (XANES) and extended x-ray absorption fine-structure spectroscopy (EXAFS). 
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Though the two have the same physical origin, this distinction is convenient for the 
interpretation. XANES is strongly sensitive to formal oxidation state and coordination 
chemistry (e.g., octahedral, tetrahedral coordination) of the absorbing atom, while the 
EXAFS is used to determine the distances, coordination number, and species of the 
neighbors of the absorbing atom. 
 

 
Fig. 15. (Colour on the web only) Illumination of XAFS measurements. 

2.3.2 XAFS study in Pb(Fe1/2Nb1/2)1-xTixO3 (PFNT) relaxor crystals 
Lead iron niobate Pb(Fe1/2Nb1/2)O3 (PFN) has been studied of great interest recently because 
of its multiferroic and relaxor ferroelectric properties. Pb(Fe1/2Nb1/2)1-xTixO3 (PFNT) is a 
modified material which has been also studied extensively in recent years. PFNT undergoes 
a rhombohedral-tetragonal phase transition with the increase of Ti concentration.[25] Recent 
study reveals that the morphotropic phase boundary (MPB) is in the range 0.06 <x <0.08.[26] 
The PFNT ceramics (x=0.13) shows a diffuse phase transition at 398 K.[27] The (001)-cut 
PFNT (x=0.48) single crystal undergoes a tetragonal-cubic phase transition at 518 K, but no 
Curie temperature was detected below 570 K in the (001)-cut PFNT (x=0.06) crystal.[28,29] 
We investigated the dielectric properties of PFNT single crystals below room 
temperature.[30] The EXAFS results provided a clear picture of the local structure of iron 
ions in PFNT, and the pre-edge XAFS suggests that the observed dielectric anomaly is 
induced by the hopping conductivity between Fe2+ and Fe3+. we report the low temperature 
(90~300 K) dielectric properties of the (100)-cut PFNT single crystals. Two dielectric 
anomaly induced by different mechanisms were observed in the low Ti-doped sample, 
while only one was detected in the high Ti-doped sample. The mechanism of the dielectric 
anomalies were discussed based on the microstructures investigated by X ray absorption 
fine structure (XAFS) results. 
High quality PFNT single crystals (x=0.07, named sample A; x=0.48, named sample B) were 
fabricated without any impure phase. Both samples were cut with surface parallel to (100) 
plane. Pre-edge and extended x ray absorption fine structure (EXAFS) data were collected at 
the beamline 13B of Photo Factory, National High Energy Institute of Japan at room 
temperature. To measure the dielectric properties, aluminium electrodes were evaporated 
on both sides of the samples.[30] 
From activation energy consideration, it seems that the A-site doping can change the 
activation energy values but the B-site doping can not. Considering the different B-site 
doping of our two samples, though the crystal structures are very different, they have the 
close activation energy values.[30] Fig.16 (a) shows the background-subtracted pre-edge 
XAFS spectra at Fe K-edge for both samples, with tree peaks (named A, B and C). 
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Fig. 16. (a) Pre-edge absorption spectra of Fe K edge, symbols are experiment data, and lines 
arefitting results by Gaussian function; (b) Fourier transform of Fe K edge (first coordinate 
shell), symbols are experiment data, and lines are fitting results 

The experiment data is fit perfectly using three Gaussian functions. The positions of the 
three peaks are determined to be 7112.8, 7114.2 and 7116.9 eV for sample A, and 7112.6, 
7113.9 and 7116.8 eV for sample B, respectively. All the three peaks of sample B are slightly 
lower energy shifted than sample A, approximately 0.1~0.3 eV. This might be due to their 
different crystal structures. Peak B is located around 7114 eV, which is close to the value 
reported for ferric compounds. The separation between peak A and peak B corresponds to 
the typical separation of the order of 1.4 eV that has been reported for Fe2+ and Fe3+, 
therefore, Fe2+ ions exist in our crystals.[30] The pre-edge XAFS suggests that the first 
anomaly is induced by the hopping conductivity between Fe2+ and Fe3+. The local 
structure of iron ions is studied by EXAFS at Fe K-edge. Fig.16(b) shows the Fourier 
transform of the Fe K-edge spectra for both samples. The first coordinate shell (Fe-O) is well 
separated and analysised, and the structure parameters are listed in Table I.  
 

 
Table 1. (Colour on the web only) Parameters of the first coordinate shell of Fe K edge: N is 
coordinate number, R is the distance of Fe-O, σ2 is Debye-Waller factor, E0 is energy shift, 
and R is relative error. 

The coordinate number of both samples is smaller than 6, implying that there are oxygen 
vacancies in our crystals. Moreover, the sample A has a smaller coordinate number than the 
sample B, indicating the higher oxygen vacancy concentration of sample A than sample B, 
which can be also confirmed by the impedance spectra (not shown here) that sample A has 
much smaller resistance than sample B. The distance of Fe-O for both samples is very close. 
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It is worth noticing that the two samples have the close Debye-Waller (DW) factor value, 
implying that the local environment of iron ions in sample A is similar to that in sample B. 
Based on the EXAFS results, we conclude that the B-site doping hardly changes the local 
structure of iron ions. Thus, the electrons might need the similar energy to overcome the 
potential barrier to hop between Fe2+ and Fe3+, leading to the close activation energy value. 
On the other hand, we assume that for the A-site doping, the local structure of iron ions 
might be distorted significantly, and then results in the different activation energy values.  

3. Conclusion 
The principles for studying ferroelectric domain structure by white beam synchrotron 
radiation X-ray diffraction topography (WBSRT)has been introduced, and several results on 
dynamic behavior of domain structure and phase transition in several ferroelectric crystals 
induced by temperature and DC electric field had been introduced. Due to its simple 
principle and accessible setup, WBSRT has become a unique method to characterize 
ferroelectric materials. WBSRT offers an elegant solution to observe ferroelectric domain 
structures, to study the dynamic domain behavior and in-situ phase evolution induced by 
the changes of temperature, electric field, or other parameters, along with other structural 
study techniques it is possible to give insight into various phenomena occuring in ferroic 
materials. Through the method of high pressure synchrotron radiation energy-dispersive x-
ray diffraction, the abnormal compressive behavior in 0.92PZN-0.08PT under high-pressure 
have been observed, which is considered to be intimately related to the structural 
characteristics of 0.92PZN-0.08PT crystals. The high-pressure compressive behavior reflects 
and uncovers abundant structural information under extreme conditions. The XAFS did a 
good job to give us a clear picture of the localized state hopping conductivity, and the 
similar local environment of iron ions is the origin of the close activation energy of the 
samples. All these will be helpful to intrigue significant interests in exploring the structural 
nature and chemical (or physical) origin of ultrahigh performance in relaxor ferroelecric 
materials and other functional materials. 
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1. Introduction 
During the last century, the spatial resolution of the optical microscope reached its 
theoretical limit which is given by diffraction of light and hence close to its wavelength 
(Abbe, 1882). As a result, several techniques like electron microscopy, tunnel effect or 
Scanning Probe Microscopy (SPM), were proposed as alternatives to improve spatial 
resolution. Despite several optical techniques are beating the diffraction limit (Hell & 
Stelzer, 1992; Harke et al., 2008) in general optical microscopy resolution is considerably 
limited at the fast growing field of Nanotechnology. In fact, the optimization of electro-
optical devices sometimes requires the study of material properties below the nanometre 
scale. For that purpose, the resolution of the Transmission Electron Microscope (TEM) is 
the highest one being able to observe the atomic structure (and composition) of a vast 
number of compounds. The inconveniences of this powerful technique are related with 
the preparation of the material under study since the sample thickness must be reduced to 
100 nm. Alternatively, the Scanning Electron Microscope (SEM) is often used for 
structural characterization when atomic resolution is not mandatory. The SEM is a 
valuable tool for imaging metallic or semiconductor samples, but it results less useful for 
characterizing dielectric materials. For this reason, Atomic Force Microscopy (AFM) could 
be considered the best option for studying ferroelectric surfaces. Other than morphology, 
the measurement of physical magnitudes can be also performed by means of the AFM 
(Asenjo et al., 2006; Cefali et al., 2003; Kwak et al., 2000), which leads to another important 
advantage with respect to electron microscopes. In fact, most of the experiments 
previously performed in different fields of Material Science have been revisited at the 
nanometer scale by means of advanced SPM techniques. Given the great variety of them, 
in this chapter we focus our attention in the Near-field Optical Scanning Microscope 
(NSOM), because of during last years it has been revealed as a powerful technique for 
studying ferroelectric domains and domain walls in a non-invasive way, (Eng & 
Gutherodt, 2000; Lamela et al., 2007, 2009; Lifante et al., 2008). 
The AFM can be considered the simplest but also the most versatile scanning probe 
instrument, since most of the SPMs are developed on the basis of an AFM, as described in 
Section 2. The NSOM is one of these rather recent techniques, which allows the microscope 
user to study optical features and correlate with the topography that is being registered 
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simultaneously. Thanks to this fact, NSOM has been successfully used to characterize 
domain walls between inverted poled ferroelectric domains, to define the refractive index 
profiles of metal diffused channel waveguides or in order to identify solid phases embedded 
into ferroelectric layers (Canet-Ferrer et al., 2006a, 2006b, 2007, 2008). For a better 
understanding of the NSOM images, in Section 3 it is proposed a theoretical approach to 
explain some near-field effects typically observed on ferroelectric materials. Our formalism 
is based in the angular spectra decomposition of the near-field, which is considered to 
propagate into an effective dielectric constant media. Thanks to the magnitude of the optical 
contrast and geometry of the domain walls, using such a simple formalism we can obtain 
semi-quantitative information of the refractive index profile in ferroelectric materials.  
In section 4 we will show the experimental NSOM possibilities by means of the 
characterization of a well known ferroelectric surface: the potassium niobate (KNO). Finally, 
the experimental results are semi-quantitatively explained by means of the formalism 
described in section 3. 
 

 
Fig. 1. Summary of the classification of new microscopes. The Scanning Probe Microscopy 
can be divided in tunnel and force-probe microscopes. The AFM is the most simple of the 
last ones but it is also the base of a vast number of advanced force microscopy techniques. 
The NSOM can be considered as a force-probe microscope being the main differences with 
the AFM related with the feedback system. 
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2. Experimental details of the AFM 
This section consists of a brief introduction to the AFM technique followed by the 
description of the commercial electronics used by experimental set-up in this work. As a 
peculiarity, we can mention that the SPM techniques were proposed many years ago, but 
they could not be developed until the 80s because of such techniques required positioning 
systems of great precision. Nowadays, thanks to existence of piezoelectric positioners and 
scanners, the tip-sample distance can be controlled with a precision in the order of the 
Angstrom. As a result, the AFM resolution is limited by other effects different from relative 
tip-sample motion precision. 

2.1 The AFM 
The basis of the AFM is the control of the local interaction between the microscope probe 
and the material surface. The probe, usually a silicon nano-tip, is located at the end of a 
micro-cantilever. To obtain images of the sample topography, the distance between the tip 
and the sample is kept constant by an electric feedback loop. The AFM working principle 
varies depending on the operation mode. In the case of ferroelectric surfaces the most 
used method is the “non-contact mode” due to the fact that such mode allows the 
simultaneous measurement of electrostatic interactions (Eng et al., 1998, 1999). Working in 
non-contact mode, an external oscillation is induced to the cantilever by means of a 
mechanical actuator. In our commercial AFM (Nanotec Electronica S.L.) a Schäffer-
Kirchoff® laser is mounted in the tip holder for monitoring the cantilever motion. The 
laser beam (<3mW at 659 nm wavelength) is aligned in order to be focused in the 
cantilever (see Fig. 2a) impinging the reflected light in a four-quadrant photodetector (Fig. 
2b). In this way, the cantilever oscillation can be determined by comparison between the 
signals measured in the four diodes of the detector. If the frequency of the external 
excitation is close to the resonant frequency of the cantilever (i.e. 14-300 kHz), the 
oscillation amplitude generates an analogical signal that can be measured using lock-in 
techniques (synchronous amplification). Far away of the sample surface, the dynamics of 
the cantilever-tip system can be approached to a forced (driven) harmonic oscillator. But if 
the probe is located close to the sample (in the range of 10-25 nm), the tip is exposed to the 
surface interaction and the harmonic oscillator is damped by van der Waals forces. Since 
the damping force is determined by the position of the tip with respect to the sample, the 
oscillation amplitude also depends on such distance. For this reason, the feedback control 
maintains the oscillation amplitude in order to keep constant the tip-sample distance 
during the scan. Therefore, as the feedback correction consists in a displacement of the tip 
along the Z-axis, the sample roughness is reproduced by the tip motion which is 
monitored to obtain AFM topography images. 
Nowadays, the AFM tip fabrication process has received much attention in order to obtain 
an enhancement of the microscope resolution, due to the fact that the tip size and shape 
determine the interaction forces. In addition, the tip can suffer other modifications like 
cobalt coating for MFM probes or doping for local current measurements. In this sense, 
several AFM advanced techniques can be performed using the appropriate tip in order to 
obtain electrostatic or magnetic information of the surface with an important resolution 
enhancement. We describe below the modifications introduced in our commercial AFM 
(electronics) for obtaining optical information of the sample surface. 
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Fig. 2. (a) AFM scheme. (b) four-quadrant photodetector. (c) Standard Silicon probe 
(PointProbePlus, NanosensorsTM). 

2.2 The NSOM  
The NSOM is a SPM technique whose resolution is limited by the probe parameters and which 
allows the microscope user to obtain the optical and the topography information 
simultaneously (Kawata, Ohtsu & Irie, 2000; Paeleser & Moyer, 1996). This fact makes NSOM a 
valuable tool in the study of materials at the nanometer scale by refractive index contrast, 
surface backscattering or light collection at local level. 
Our NSOM is based on a tuning-fork sensor head, whose setup (Fig. 3a) is similar to that of 
a commercial AFM working in dynamic mode, but in this case, the standard silicon probe is 
replaced by a tip shaped optical fibre (Fig. 3b). The probe is mounted on a tuning pitch-fork 
quartz sensor (AttoNSOM-III from Attocube Systems AG), which is driven at one of its 
mechanical resonances, parallel to the sample surface Fig. 3c. In a similar way than at AFM, 
this vibration is kept constant by the AFM feedback electronics in order to maintain the tip-
sample distance. The tuning fork sensor is controlled with the feedback electronics and data 
acquisition system used in our commercial AFM (Dulcinea from Nanotec S.L.). Simply the 
AFM tapping motion is substituted by the shear force oscillation of the tuning-fork quartz. 
Our NSOM is used in illumination configuration under a constant gap mode (Figure 3a) in 
order to obtain transmission images, by measuring the transmitted light using an extended 
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silicon photodetector located on the sample holder. For this purpose, the excitation light 
(laser diode) is delivered through a 2x2 fibre beam splitter using one of the coupler inputs 
(I1). One of the beam splitter outputs (O1) is connected to the fibre probe while the other 
output (O2) can be used to control the excitation power. Finally, the light reflected at the 
sample surface is guided to another photodetector thought the remaining beam splitter 
input (I2). The electrical signals (reflection and transmission) produced by both 
photodetectors are coupled to a low noise trans-impedance pre-amplifier and processed by 
the AFM image acquisition system (i.e. a digital sample processor). Even in previous works, 
the comparison of transmission and reflection images has been determinant for the 
understanding of the experimental results; in ferroelectric materials we are going to focus 
our attention on transmission images exciting the sample with 660nm wavelength. 
 
 

 
Fig. 3. (a) NSOM illumination scheme, pictured taken from (Canet-Ferrer et al., 2007). (b) 
NSOM probe prepared in our lab: aluminium coated tip. (c) The NSOM probe mounted on 
one of the arms of a tuning fork. 
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Fig. 4. Different kinds of near-field optical signals. All of them could be measured in 
illumination configuration. 

3 Theoretical approach 
3.1 2D model for NSOM optical transmission 
Optical images acquired by NSOM can be treated by means of theoretical calculations in 
order to extract all the information they contain, but unfortunately, there is not a friendly 
analytical expression to describe transmitted signal under near-field conditions through a 
sample whose surface usually exhibits a random roughness. In this sense, the task of 
reproducing a refractive index profile of surface and sub-surface objects from optical 
transmission contrasts requires a great calculation effort to obtain accurate results. In 
addition, the surface characteristics of ferroelectric materials present other difficulties to 
perform quantitative analysis of the optical contrasts since some parameters are not exactly 
known, as the density of doping atoms, diffusion mechanism or strain maps. Fortunately, 
sometimes it is enough discriminating the domain structure for achieving valuable 
information for the optimization of the material applications. In this sense, NSOM 
transmission images can be easily interpreted if we take the next considerations in a 2D-
model: (i) the sample is considered a flat surface composed by two different layers whose 
thicknesses would depend on the sample characteristics; (ii) an effective refractive index is 
considered at the upper-layer depending on the tip position (i.e. at each pixel of the image), 
while the second layer present an homogeneous refractive index; and (iii) the 
electromagnetic field distribution in the plane of the probe aperture is approached to a 
Gaussian spatial distribution with a standard deviation σ ~ 80 nm (i.e., approximately the 
tip aperture diameter), as illustrated in Fig. 5(a). Taking into account these considerations 
the light transmission contrasts can be simulated as follows. 
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Fig. 5. (a) Near-field probe close to the feedback range. The optical intensity on the aperture 
plane is approached to a Gaussian field distribution. (b) Scheme of the main interfaces 
considered in our 2D simulation. Working at constant gap mode the tip is maintained at a 
distance, d, of a few nanometers. The upper layer is considered as a flat film (2λ thickness) 
with an average refractive index, neff(x, y), which depends on the position. Below the 
channel upper-layer (at a far-field distance), we find the homogeneous media (the pictures 
are not at a correct scale in all dimensions). (c) 2D representation of the near-field probe (80 
nm) in feedback range close to a scatter object larger than the wavelength. The relative 
position of the propagating light cone and the sphere immersed in the upper layer depends 
on their optical convolution. Therefore, a different effective refractive index neff is expected 
for each pixel of the NSOM tip scan. Figure taken from (Canet-Ferrer et al., 2008). 

Firstly, the electromagnetic field distribution coming from the optical probe is decomposed 
into its angular spectrum. 
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The excitation light is developed into a linear combination of plane-waves simplifying the 
calculations since the transmission for each component can be treated separately (Nieto-
Vesperinas, 2006). Such decomposition consists of a 2D-Fourier transform of the 
propagating and evanescent plane waves: 
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where kx is the projection of the wavenumber along the X axis and β= kz is the  
wavenumber corresponding to the propagation direction, see Fig. 5a. First, the plane-waves 
propagate in free space from the tip to the sample surface (i.e. a typical air gap of  
10 nm under feedback conditions, represented by the distance “d” in Fig. 5b). At this point, 
reflection at the surface (and later at rest of interfaces) is considered according to  
condition (i) and beneath it, the plane-wave components propagate through an 
inhomogeneous medium (the sample upper-layer). As an approach, the light  
transmission can be calculated by an effective medium approximation (condition ii),  
due to the variations in the refractive index during the light propagation. The  
transmission of each plane-wave at the sample surface is determined through the  
boundary conditions of Maxwell equations between two dielectric media (Hecht E. &  
Zajac, 1997): 
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Let notice that, if a suitable reference plane is chosen for the angular spectrum 
decomposition, the transmission for each incident plane wave, Ei(β), would correspond to 
the Fresnel coefficient at the incidence angle 

 θi = Arcsin( kx /nair k0) (4) 

which is related with the β-wavenumber by 

 βi2 = nair k02 - kx2 (5) 

while the angle of the transmitted wave can be directly obtained from the Snell’s law (Hecht 
E. & Zajac, 1997) 
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Once the light traverses the upper-layer it suffers a second reflection (and refraction) at the 
interface with the homogeneous refractive index material. Expressions like (3)-(6) can be 
deduced again to determine the transmission coefficients through the second layer, but, in this 
case, the incidence angle corresponds to the inclination of waves in the effective media (θeff), 
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Before reaching the photodetector in transmission configuration, the light arrives at the 
substrate-air interface which introduces a last transmission coefficient: 
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Notice that in this interface the plane-waves arriving with an incidence angle larger than the 
critical one for total internal reflection (θtir) will not contribute to the optical signal. At the 
same time, the finite dimensions of the detector must be also taken into account since the 
numerical aperture (NA) of the photodiode could also introduce another limiting angle. 
Having both facts into account, it is defined the cut-off wave-number, βc = NA k0, like the 
maximum wave-vector of the propagated light, which is equivalent to a maximum receiving 
angle θc by the relation βc2= ni k0(1-sin2θcut) (Hecht B. et al., 1998), limited by either the 
detector or total internal reflections. As a result, the expression for the light arriving to the 
detector can be written as: 
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It is worth noting that during the wave-front propagation the Gaussian beam coming 
from the NSOM suffer a great divergence. Therefore, if the upper-layer is extended 
beyond the near-field (e.g., upper-layer up to 2λ thick) the electromagnetic field 
distribution at the interface with the second layer is considerably extended. In these 
conditions the second layer can be considered as a homogeneous media with a constant 
refractive index, satisfying condition (ii). On one hand, the precision estimating the values 
for the thickness of layers are not critical for the semi-quantitative discussion aimed in 
this work since such parameter mainly affects the phase of the propagating fields. 
Nevertheless, it is necessary to point out that the real thickness of each layer must be had 
into account in certain cases, like in very thin films (thickness << λ) or stratified media 
(with possible optical resonances) for which multiple reflections are expected to 
contribute significantly to the transmitted field. In those cases, it is recommended to 
calculate the transmission coefficients having into account the phase component (Chilwell 
& Hodgkinson, 1984; Yeh, Yariv & Hong, 1977). On the other hand, samples which consist 
of a photonic device (like waveguides, beam splitters, optical filters, amplifiers, etc) 
would requires the decomposition of the sample profile in multiple layers with the aim to 
distinguish between the different interfaces delimiting the device geometry. For instance, 
in Ref. (Canet-Ferrer et al., 2008) we simulated the refractive index contrast produced by 
solid phases present on the surface of a channel waveguide in lithium niobate. In that 
case, the presence of the waveguide was considered by introducing an additional layer. 

3.2 Effective media approach 
It is necessary to point out that according to condition (ii) the effective refractive index is 
going to depend on the upper-layer local composition. Therefore, a different refractive index 
must be considered at each measuring point (at each pixel of the transmission image). 
Figure 2(c) illustrates how the local refractive index could be estimated in a general case. It is 
based on the effective medium theory (EMT), which during last years has been successfully 
applied to ferroelectric materials (Sherman et al., 2006). The effective dielectric constant εeff 
(and therefore the refractive index) for a N-dimensional material (in our case we limit the 
model to N=2) comprising inclusions of other material with permittivity ε’ and a filling 
factor p with respect to the host medium (in our case the upper-layer) with a permittivity εup 
is given by (Bruggeman, 1935): 
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At each pixel we consider the area corresponding to the light cone cross-section limited by 
the detector and, consequently, the filling factor is determined with respect to such area, as 
indicated in figure 2c (i.e. the isosceles triangle determined by βc). As a result, the estimation 
of the refractive index when scanning the surface of the upper layer by the NSOM tip is 
based on the convolution between the propagating light cone and the objects producing 
optical contrast. Assuming that both the hidden object and the host matrix are 
homogeneous, the effective refractive index profile becomes proportional to the spatial 
convolution along the scan direction of the cone of light and the scatter depicted in Fig. 5c. 
Therefore the optical contrast can be directly interpreted by means of geometrical 
considerations (Canet-Ferrer et al., 2008). Unfortunately, dielectric profile usually presents a 
Gaussian shape at the ferroelectric domain walls and consequently the effective dielectric 
constant cannot be determined by means of Eq. 10. In that case the refractive index at the 
upper layer pixels must be evaluated by means of 
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Where ε(x,z) represents the dielectric constant as a function of the position and S is the 
surface defined by the light cone. Eq. 11 can be easily evaluated for the scanning situation 
depicted in Fig. 6. But in this case the index profile is not a bivaluated function; therefore the 
effective refractive index and the optical contrast would not be directly related by the 
respective spatial convolution. Having this fact into account, in the next section we are 
going to propose and alternative way to extract information from transmission images. 
 

 
Fig. 6. At the top, it is depicted the NSOM tip in two different points: i) the domain wall and 
ii) the center of a wide ferroelectic domain. It is also marked the evaluation area as 
shadowed triangles.  At the bottom, the refractive index profile is represented. 
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4. Characterization of the domain walls in potassium niobate. 
In this section we are going to study the refractive index profile induced by ferroelectric 
domains in a potassium niobate (KNbO3) bulk sample performed by means of NSOM. The 
potassium niobate KNbO3 (KNO) belongs to the group of perovskite-type ferroelectric 
materials, like the Barium Titanate. At room temperature, the KNO has an orthorhombic 
crystal structure with space group Amm2 and presents natural periodic ferroelectric 
domains with 180º spontaneous polarization (Topolov, 2003). Extensive theoretical and 
experimental studies have been performed on this material since the discovery of its 
ferroelectricity (Matthias, 1949), due to its outstanding electro-optical, non-linear optical 
and photorefractive properties (Duan et al., 2001; King-Smith & Vanderbilt, 1994 ; 
Postnikov et al., 1993; Zonik et al., 1993). In the last decade, the KNO has received much 
attention due to the relation existing between the piezoelectric properties and the domain 
structures. However, many of these properties are not well understood at the nanometer 
scale. From the technological point of view some ferroelectric crystals, as KNO, form 
natural periodic and quasi-periodic domain structures. The motion of such domain wall 
plays a key role in the macroscopic response. For this reason, a variety of experimental 
techniques such as polarizing optical microscopy, anomalous dispersion of X-rays, Atomic 
Force Microscopy (AFM), Scanning Electron Microscopy (SEM) and Transmission 
Electron Microscopy (TEM), have been used to study the electrostatic properties of the 
KNO domains (Bluhm, Schwarz & Wiesendanger, 1998; Luthi et al., 1993; Yang et al., 
1999). From the different techniques employed in the domain structure characterization, 
the Electrostatic Force Microscopy (EFM) and Piezoelectric Force Microscopy (PFM) have 
been turned into useful practices (Labardi, Likodimos & Allegrini, 2000), since such 
techniques are based in the electrostatic interaction between the AFM tip and the surface 
polarization. But unfortunately both methods present important limitations working with 
bulk materials due the huge external electric field required for inducing the mentioned 
interaction. As an alternative, the NSOM has been used to demonstrate how the optical 
characterization of the ferroelectric domains is able to offer useful information even 
working with bulk materials. 
The advantage of our NSOM consists of the possibility of acquiring the images with 
nanometric resolution, containing the optical information and the topographical features, 
simultaneously. In the present sample, our probes reached a resolution better than 100 nm 
on the lateral directions and around 1-3 nm in height (in topography). About the optical 
images, it can be distinguished two main components contributing to the near-field signal: 
i) surface scattering and ii) evanescent waves transformed in propagating waves in the 
presence of a refractive index enhancement (Wang & Siqueiros, 1999). In the first case, the 
scattering is more important as the light source is closer to the surface; thus scattered 
waves mainly contain information about the interaction of the tip with the surface 
roughness. On the other hand, information of the local refractive index (effective 
refractive index estimated by means of Eq. 11 for the upper layer) is manly contained in 
the evanescent waves arriving to the detector. Depending on the ratio between both 
contributions the transmission signal could contain topographical features merged with 
the optical contrasts (Hecht et al., 1997).  
In a previous work the scattering contribution was demonstrated to be considerably 
reduced by using a visible light source as excitation (Canet-Ferrer et al., 2007). In addition, 
the topography contribution can be even negligible in KNO due to the huge refractive index 
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contrast in this material. For example, Fig. 7 shows two NSOM images (topography and 
transmission) acquired simultaneously. The topography image (Fig. 7a) shows a certain 
roughness forming elongated structures with a depth of around 5-7 nm (Fig. 7b) that we 
attribute to the sample polishing process. In contrast, the transmission image (Fig. 7c) is 
mainly composed by wider optical modulations (Fig. 7d) orientated on a different direction 
(with respect to surface features), and thus the optical contrasts cannot be correlated with 
topography details. For a better comparison, the profiles extracted from Figs. 7a and 7c 
(marked with a grey line) are depicted in Figs. 7b and 7d. It can be changes in the 
transmitted light larger than 30-35 mV over an average absolute value for the transmission 
intensity around 2 V. Assuming that the observed optical modulations are produced by the 
refractive index contrast at the domain walls, the resulting optical contrast would be in the 
order of predictions and measurements in pervoskite-type materials (Otto et al., 2004; Chaib, 
Otto & Eng, 2002a; Chaib et al., 2002b). 
 

 
Fig. 7. Topography image (a) and profile along the blue line (b) of a KNO surface. Idem for 
transmission image in (c) and (d). 

The next step consists of deducing a relation between the measured optical contrast and 
the refractive index. On the one hand, close to the domain wall the effective dielectric 
constant at the upper-layer is better estimated by means of Eq. 11. On the other hand, the 
relation between the optical contrast and the effective refractive index is rather 
complicate. For this reason, it would be more helpful to establish simple relations between 
the refractive index and the transmission of plane waves composing the Gaussian 
excitation beam. For example, the optical contrast (ΔT(0)) produced by the normal 
incidence component (β=0) as a function of the refractive index change in different points 
of the upper layer (Δn) can be expressed as follows: 
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being T(0) the transmittance of the mentioned plane wave and n the refractive index of the 
material at the point of incidence. However, not all the plane waves in the angle range 
defined by [-βc, βc] will contribute to the optical contrast with the same intensity. In fact, 
almost 85% of the electromagnetic field intensity is contained at the low inclination 
waves, being the normal incidence (β=0) the main amplitude component. In order to 
illustrate this fact, in Fig. 8 it is shown the transmittance of a material (with refractive 
index 2.2 at the second layer) as a function of the upper-layer effective refractive index. 
The calculation is performed by considering that transmitted light is measured through an 
extended detector (high NA), which means that βc is limited by θtir. Calculated curves 
stand for the entire Gaussian excitation field (red line) and for only the contribution of 
normal incidence plane wave (blue line). As above suggested, the transmittance of the 
electromagnetic field distribution is noticeably influenced by the normal incidence 
component. It is also worth mentioning that the transmittance change can be 
approximated by a linear behaviour for relatively small index contrast, being the slope of 
both curves quite similar in such case. Consequently, even if the approximation of a point-
like light source by a planar wave could seem rough, very close values of (ΔT/Δn) are 
expected in both cases. 
 

 
Fig. 8. Transmittance calculated the entire Gaussian beam (red line) and its normal incidence 
component (blue line) through a two layer sample as a function of the upper-layer effective 
refractive index. The thickness of each layer is selected according to the real KNO sample 
dimensions: 2λ for the upper-layer, 1mm for the second layer. 

Thanks to this fact, transmission images can be converted into refractive index images by 
means of a simple expression: 
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where now T is the averaged optical signal of a transmission image and ΔT is the 
experimental optical contrast between two different pixels. The details of the calculation 
(normalization, numerical aperture effects, tip-sample distances, etc) and its limitations 
(related with the domain size) are out of the scope of the present work. However, Eq. 13 
represents a very simple and semi-quantitative expression to account for local refractive 
index contrasts in a given material, applicable if the component β=0 dominates the 
transmittance. As an  example, Fig. 9a shows a transmission image acquired under similar 
conditions to Fig. 7b, but in another zone of the sample. From Fig. 9a we generate the 
corresponding refractive index image (Fig. 9b) by applying Eq. 13. We can associate optical 
variations of around 14 mV (with respect to an average background signal of 2V) with 
refractive index contrasts of around 3% (with respect to the KNO bulk refractive index nsl= 
2.2) by comparing a given profile line in both images (Figs. 9c and 9d). Quantitatively, such 
a contrast is large as compared to reported values in other ferroelectric materials (Canet-
Ferrer et al., 2006; Lamela et al., 2009; Han et al., 2009). On the other hand, it is in agreement 
with respect to the theoretical predictions in Ref. (Chaib et al., 2002b). 
 

 
Fig. 9. Transmission (a) and the corresponding refractive index contrast image (c) of the 
KNO surface. They are accompanied by the corresponding profiles (b) and (d), respectively. 

Finally the refractive index images can be used for studying the periodicity and width of the 
domains by means of averaging the profiles extracted from many images. After comparing 
several zones of the sample surface, it is observed certain dependence of the optical contrast 
on the domain width. The results are plotted in Fig. 10a like a scatter cloud where, despite 
the dispersion in the experimental data, it is observed a clear tendency to increase the 
refractive index contrast with the size of the domains. A priori this result could seem 
contradictory, since it is supposed that the larger domains could easily relax the strain at the 
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interfaces. In fact, Chaib et al. calculated the refractive index contrast for different domain 
sizes and showing how such contrast become smaller for walls belonging larger domains, 
contrary to our observations. Consequently we can conclude there is another effect related 
with the domain size influencing the optical contrast measurement. This effect could be 
explained attending to the expected refractive index profiles at the domain walls (Fig. 6). For 
this purpose, the refractive index images have been fitted to Gaussians profiles, one for each 
domain wall. As a result we can conclude that in our sample the domain walls are not 
separated enough to observe a fully developed refractive index contrast, as illustrated in Fig. 
10b. At the top panel two separated domain walls (red horizontal line) leads to a maximum 
optical contrast (blue vertical arrow). At the bottom panel of Fig. 10b, the measured contrast 
(and width) is highly reduced when the domain walls get closer. The optical contrasts are 
thus underestimated in this case as previously reported (Han et al., 2009). 
 

 
Fig. 10. (a) Optical contrast as a function of the domain size; (b) effect of proximity between 
the domain walls on the optical contrast. 

5. Conclusions 
The AFM main properties have been described with the aim to approach the reader to the 
SPM microscopes. The characteristics of a commercial AFM electronics have been 
specified since it is the basis of our NSOM. The NSOM illumination configuration has 
been described in order to study ferroelectric materials. Even if EFM and PFM are the 
most used techniques to observe electrostatic effects in ferroelectric thin films, NSOM 
characterization can offer information on the refractive index changes at the domain 
structure. In the near-field images we observe a clear optical contrast at the domain walls 
which an average value is around 2% in transmission. These contrasts appear with 
negligible effect of the topographic features and presenting certain dependence on the 
separation between domain walls. Thanks to the refractive index contrast images, the 
average separation between domain walls is found to be around 1.5 μm. Finally, it is 
worth noting the fact that NSOM imaging provides the possibility of characterizing bulk 
samples, which are inaccessible by EFM or PFM, without a special preparation of the 
surface (chemical selective etching, for example), as done to observe periodic domain 
structures by standard optical microscopy. 
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1. Intoduction 
Ferroelectric properties of materials of the general formula RaMbX(3b+a) (R-organic cation, 
M=Sb, Bi, X=Cl, Br, I) have been studied during the last twenty years (Gagor, 2011; Sobczyk, 
1997; Piecha, 2005; Jakubas, 2005). The family of halogenobismuthates (III) and 
halogenoantimonates (III) is characterized by a rich diversity of the anionic forms. It has 
been shown that ferroelectricity is restricted to compounds characterized by two types of the 
anionic substructure: two-dimensional anionic layers (M2X93-)∝ and discrete bioctahedral 
units Bi2X115-. Especially, the latter type compounds evoke much interest because all 
connections crystallizing with the R5M2X11 composition, reported to date, were found to 
exhibit  ferroelectric properties. Within this subclass there are known three imidazolium 
ferroelectrics which appeared to be isomorphous in their  paraelectric phase.  
One of these compounds, namely imidazolium undecachlorodibismuthate III of chemical 
formula (C3N2H5)5Bi2Cl11 (abbreviated as ICB) undergoes the following sequence of phase 
transitions  (Sobczyk, 1997; Piecha, 2005; Jakubas, 2005) : 

360
14 2 2 /KP n P n

−
⎯⎯⎯→  (I→II), 166

1 12 / 2KP n P⎯⎯⎯→  (II→III). 

Phase III exhibits the ferroelectric properties. The Bi2Cl11–5 anion consists of two octahedrons 
joined by their top ligands with the bridging chlorine atom Cl(5) placed at the inversion 
centre. In the paraelectric phase two of five cations are ordered. The  remaining three cations 
(nonequivalent) are disordered being distributed over two positions (two –site model). In 
the ferroelectric phase these cations become more and more ordered with decreasing of 
temperature and below 100 K they are fully ordered.  
The aim of our study was to check if the distortion of the crystal structure taking place 
through the ferroelectric-paraelectric phase transition in [(C3N2H5)5Bi2Cl11] is accompanied 
by a change in a molecular dynamics of the imidazolium cation. The methods suitable for 
this purpose were the inelastic incoherent neutron scattering and 1H NMR.  
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In the inelastic incoherent neutron scattering (IINS) spectra the intensity of selected bands 
depends on the number of scattering centres, amplitude of vibrations of atoms and cross-
section for neutron scattering. The cross-section for neutron scattering on protons σinc is 82 
barn and brings a dominant effect, while σinc for C, N, Bi and Cl nuclei is 5.5, 11.5, 9.1, 21.8 
barns, respectively. Therefore the vibration modes induced by motion of hydrogen atoms 
give intense bands in the IINS spectrum. Consequently, the IINS spectroscopy is a nice tool 
to observe dynamics of protons (Lovesey,1984; Dianoux, 2003). To discuss the internal 
dynamics of protons of imidazolium the 1H NMR study was undertaken. The analysis of 1H 
NMR absorption signal by the continuous wave method gives insight into the slow internal 
motions of frequencies of several kHz [Abragam,1961].  

2. Experiment 
Inelastic incoherent neutron scattering measurements (IINS) for (C3H5N2)5Bi2Cl11 were 
performed using the inverted geometry spectrometer NERA at the high flux pulsed reactor 
IBR-2, JINR in Dubna, Russia (flnp.jinr.ru/134; Natkaniec,1994). The  upper limit of energy 
transfer in the spectra analysed was set at 1700 cm-1 (~211 meV), because according to the 
scattering low, the band intensity and the spectrometer resolving power decrease with 
increasing energy transfer  (Lovesey, 1984). The IINS spectra were recorded at several 
temperatures on heating the sample in the  range from 20 K to 300 K (ΔT = ±1 deg). They 
were detected by 15 crystalline detectors arranged to collect scattering at different angles 
from the range 20 - 160°, at every 10°, and recorded for the incident neutrons wavelengths 
ranging from 0.1 to 7Å. Final spectra were obtained by summation of those taken at 
different angles, normalization to the monitor count and subtraction of the background from 
sample holder and the cryostat. Then, the averaging over the whole Brillouin zone was 
performed. The density of states function Gcal(ν) was calculated according to the following 
formula for double differential scattering cross-section σ of neutrons on protons in the 
sample (Lovesey,1984): 
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where Fk  and Ik  are the wave vectors of incident and scattered neutrons, respectively,  
binc - the incoherent scattering length, exp(-2Wp( , )Q υ ) is the Debye-Waller factor.  
The neutron momentum transfer vector F IQ k k= −  scans many Brillouin zones in the 
sample studied. The effect of neutron scattering on protons was dominant (Lovesey,1984; 
Dianoux, 2003).  
The density functional theory calculations were performed for the following reference 
systems: isolated resonance hybrid of imidazole (Im), isolated imidazolium cation (Im)+ 
with the Becke-style hybrid B3LYP functional (Becke’s three-parameter exchange 
correlation functional in combination with the Lee-Yang-Parr functional) (Becke, 1988, 
1992, 1993; Lee, 1988), while the calculations for a cluster (Im)+Cl- and  BiCl3(IMD)3+ were 
performed with B3LYP functional with the LanL2Dz basis set [Zhanpelsov, 1998; Niclasc, 
1995) both using the Gaussian’03 program (Frish, 2003). The output (without scaling) was 
used to calculate the IINS spectra with the programme a-Climax (Ramirez-Cuesta, 2004) 
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which was used for modelling of the neutron scattering function S(Q, ν) at a TOSCA 
spectrometer. The intensities in the spectrum of single phonon neutron scattering 
calculated by the a-CLIMAX are expressed as the δ function. Then, taking into regard the 
different geometry of TOSCA (www.isis.stfc.ac.uk) and NERA [flnp.jinr.ru/134; 
Natkaniec, 1993) spectrometers, the phonon densities of the state function Gcal(ν) were 
calculated at the Γ point approximation. To enable a comparison of the quantum chemical 
calculations with the experimental data, the δ function of the phonon density of states 
(frequency and intensity of the subsequent bands) was convoluted with the spectrometer 
resolving power using the program RESOL (Kazimirov, 2003). In the IINS vibrational 
spectra the optical selection rules are not valid and all transitions were observed. This 
property of the IINS spectra permits testing internal structure by the calculations of the 
normal modes in the low frequency vibrational spectra.  
The QC calculations were performed also by the semi-empirical PM3 method [Steward, 
1989; 1991, 2004; Khavryutchenko, 1990) for the same systems. This method is reliable for 
organic chemistry and nitro-compounds. It is attractive for the computation of vibrational 
mode wavenumbers because of its low computational cost.  
The 1H NMR measurements were carried out on a powdered sample of ICB on a lab-made 
spectrometer operating in the double modulation system at a frequency of 22.6 MHz 
varying in the range up to 200 kHz, at permanent magnetic field (F19 NMR stabilization) in 
the temperature range from 140 to 380 K.  

3. Results 
Fig.1 presents the scattering intensity I(λ) versus incoming neutron wavelength in ICB at 20, 
90, 140, 180 and 294 K.  The spectrum recorded at 20 K, in the range of the incident neutron 
wavelengths from 0.5 to 1.3 Å, shows the bands assigned to internal vibrations well 
separated from the branch of lattice vibrations appearing in the range from 1.3 to 3.8 Å. The 
presence of the lattice vibration bands at 2.2, 2.6, 2.75, 3.34 Å suggests ordering of the crystal 
structure at low temperatures.  On heating, above the phase transition at 166 K, the bands of 
Gexp(ν) spectra get broadened. The branch of the lattice vibrations is separated from the 
internal vibration modes up to room temperature. The intensity of the peak corresponding 
to the elastic neutron scattering occurring at the incident neutron wavelength of 4.5 Å 
decreases on heating the sample.  
No contribution of the quasi-elastic neutron scattering QENS to the IINS spectrum of ICB was 
observed within the FWMH of the elastic line of 5.6 cm-1, in the range from 20 to 294 K, so the 
frequencies of stochastic motions of protons were different than 10-12 Hz. The IINS spectra 
were converted into the amplitude-weighted spectrum of the phonon density of states,  
Gexp(ν), presented in Fig. 2. The phonon density of state spectra Gexp(ν) calculated in the single-
phonon scattering approximation show bands of different widths at different temperatures. 
From the form of the low temperature lattice branch of the Gexp(ν) analysed at low energy 
transfer, one may conclude on the ordering or disordering of the structure.  
The Gexp(ν) spectrum of the crystal under study recorded at 20 K shows strong bands of 
normal internal vibrations at the energy transfer of 628, 765, 817, 877, 974 , 1115, 1204 cm-1. 
On heating this band gets broadened and its intensity decreases. The Gexp(ν) spectra taken at 
140 K and 180 K show intensive bands at 635, 758, 810, 852, 928, 1027 cm-1 and 675, 795, 870, 
912, 954, 1001, 1051, 1147 cm-1, respectively. The broadening of the bands significantly 
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increases above 90 K.  At room temperature the spectrum gets smeared, but the energy gap 
between the branch of the lattice modes and that of internal vibrations is well seen.  
 

 
Fig. 1. The scattering intensity of the IINS spectra of imidazolium undecachlorodibismuthate 
(III) versus incoming neutron wave lengths measured at different temperatures ( Holderna-
Natkaniec, 2008). 

The low frequency region of the experimental G(ν) (up to 30 cm-1) can be described by the 
square function of the energy transfer, as shown in Fig. 2a. This indicates the Debye-like 
behaviour of the G(ν) function and ordering of the system. At room temperature a linear 
character of the low frequency dependence G(ν) was observed (Fig.2b), the crystal structure 
of the compound under investigations is partially disordered (cationic sublayer). 
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                                         (a)                                                                       (b) 

Fig. 2. Spectra of imidazolium undecachlorodibismuthate (III) converted on single phonon 
scattering approximation to the generalized density of vibrational states G(υ) (Holderna-
Natkaniec, 2006). 
Low frequency region of generalized density of state at 20 K(fig.2a) and 294 K (fig.2b). 
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4. Discussion 
Calculations of the vibrational spectra require the molecular structure and the force field 
constants to be known. In order to analyse the low-temperature spectrum of ICB the 
structures of isolated molecule of diamagnetic Im, (Im)+, Im+Cl- system and the 
connection of imidazolium cations with the halogenobismuthate(III) anion were 
optimised. The force field was determined as a derivative of the total energy of the 
molecule over the atoms’ displacements.  Fig. 3 presents the structure of an isolated 
imidazolium cation and the notation assumed. Table 1 collects the bond lengths and 
angles between the bonds determined on the basis of X-ray diffraction at 150 K by S. 
Martinez-Carrera, (1966) and from the neutron diffraction data by B.M. Craven, R.K. 
McMullan, J.D. Bell, H.C. Freeman, (Craven et al., 1977) given at 150 K for imidazole 
(abbreviation Im) and for the sample of ICB studied at room temperature (Jakubas, 2005) 
together with the structure optimisation data (Holderna-Natkaniec,2006). On the basis of 
the X-ray and neutron diffraction data (Piecha et al., 2007; Zhang et al., 2005; Adams et 
al.,2008; Levasseur et.al., 1991; Zhang et al., 2005; Valle&Ettorare ,1997) it can be 
concluded that imidazolium cation actually does not have the mm2 symmetry. However,  
the five-membered ring of imidazole skeleton is planar, but the hydrogen atoms lay more 
than 0.16 Å out-of-plane of the heterocyclic ring system, while both nitrogen atoms are 
linked to hydrogen atoms. Similarly as the other heterocyclic ring systems, imidazole can 
be represented as a resonance hybrid.  
 

 
Fig. 3. Skeleton of imidazole with the atom numbering system. 

The quality of the agreement of the experimental data Xexper ( Jakubas, 2005; Craven,1977) 
with the values predicted by quantum mechanical calculations Xpredicted can be expressed by 
the root mean square deviation determined as: 
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Only the structure of the ordered (Im) skeleton (Jakubas, 2005) was used for comparison 
with the other data collected in Table 1, as the hydrogen positions determined by X-Ray 
diffraction are charged with too much error because of low electron density clouds of 
hydrogen atom. The lowest RMS value for bond length and angles is 0.0011 Ǻ and 2.80o, 
respectively. Consequently, the B3LYP/LanL2Dz method leads to the geometric parameters 
of imidazole structure close to the experimental data.  
 

Property 
/bond 
length 

[A] 

(Im)5Bi2Cl11 
X-ray [RT] 

(Jakubas, 2005) 

(Im)o 
B3LYP/ 
6-311G* 

(Im)+ 
B3LYP/ 
6-311G* 

(Im)+ 
LanL2Dz 

(Im+)3 BiCl6 
LanL2Dz 

N1-C2 1.269 1.241 1.256 1.258 1.2156 1.3493 1.2156 1.2156 1.2502 1.2158 
C2-N3 1.216 1.265 1.276 1.333 1.2690 1.3263 1.2590 1.2690 1.2759 1.2650 
N3-C4 1.352 1.365 1.329 1.368 1.3433 1.3777 1.3432 1.3432 1.3290 1.3432 
C4-C5 1.241 1.328 1.298 1.238 1.2413 1.3580 1.2413 1.2412 1.2977 1.2412 
C5-N1 1.343 1.374 1.338 1.354 1.3525 1.3690 1.3524 1.3524 1.3380 1.3526 
N1-H 
N2-H 

0.819 
1.153 
1.044 

1.052 
1.017 

1.172 
0.840 

1.0715 
1.0470 
0.9999

1.0000 
1.0000 

1.000 
1.000 

1.000 
1.000 

1.000 
1.000 

C2-H 1.108 1.118 1.078 0.866 1.1091 1.0822 1.0900 1.091 1.090 1.0899 
C4-H 1.033 1.020 1.119 0.851 1.0933 0.9583 1.0900 1.090 1.0899 1.0900 
C5-H 1.003 0.946 0.957 1.046 1.0334 1.0307 1.009 1.0899 1.090 1.0900 

Angles 
[deg] 

          

C5 N1 
C2 

107.59 110.03 108.04 111.95 108.59 107.26 108.59 108.59 108.04 109.59 

N1 C2 
N3 

109.41 106.31 110.00 103.05 109.50 111.26 109.40 109.40 110.99 109.40 

C2 N3 
C4 

107.80 97.69 106.76 111.17 107.79 105.38 107.79 107.79 106.75 107.79 

N3 C4 
C5 

106.64 100.36 107.37 104.74 106.55 109.77 106.53 106.53 107.87 106.54 

C4 C5 
N1 

107.37 108.35 106.93 109.03 107.37 109.77 107.37 107.37 106.33 107.37 

C5 N1 H 119.60 125.3 121.22 116.10 122.44 133.31  125.70 125.97 125.70 
N1 C2 H 121.02 122.15 116.29 115.29 125.72 110.44  125.29 124.50 125.29 
C5 C4 H 128.94 120.36 141.30 147.02 131.97 133.21  126.73 107.87 126.73 
N1 C5 H 122.90 121.39 120.05 110.30 128.25 117.38  126.31 126.83 126.31 

           
RMS (l)     0.0011 0.0067 0.0009 0.0011 0.0015 0.0015 

RMS(∠)     2.75 6.44  2.84 2.85 2.84 

Table 1. Comparison of observed and calculated geometry of imidazole. (in bold - the 
parameters of ordered structure). 

Fig.4 presents the low-temperature spectra of the phonon density of states Gexp(ν) for ICB 
compared with the spectra calculated by DFT and semi-empirical methods for the systems 
discussed, in the energy transfer range up to 1700 cm-1. Harmonic vibrational wavenumbers 
of normal modes computed for the reference systems and those corresponding to the 
experimental of ICB are listed in Table 2. It can be seen that the agreement is remarkable, 
showing that the DFT/LanL2Dz performed for a simple system built of imidazolium cation 
and BiCl6 anion has accurately modelled the system, while the region of internal modes is 
well described by DFT/B3LYP/6-311G** performed for isolated imidazolium cation. The 
frequencies are unscaled.  
As shown Fig.4, the internal vibration of anion mainly influence the phonon density of state 
spectrum in the lattice branch region (below 400 cm-1).  
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Fig. 4. Comparison of the low temperature phonon density of state spectra of imidazolium 
undecachlorodibismuthate (III) (C) with the ones calculated in the isolated molecule 
approximation by the Density Functional Theory method B3LYP with 6-311G** and 
LanL2Dz basis sets for the following systems: (Im) (A) , (Im)+ (B), (Im)3 BiCl6 (D), 
respectively (below energy transfer 800 cm-1 in Holderna-Natkaniec, 2008). 
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48.6        49 
δ[C4-N3-H]
δ [C2-N3-H]

  
20 
34 
47 

25, 28,35 
41,46 52,58 

δ[NH…Cl] 
δ[Cl-Bi-Cl] 

62.5        78 δ[N3H   Cl] 176
δ[C4-N3-H] 48
δ[C2-N3-H] 47

64, 
72, 
79, 

91, 96 

61,67 70,73 
75,78 
82,94 

ρ[N  N] 
δ[Cl-Bi-Cl] 

104.1 
142.3 

165 

111 
117 
219 
233 
261 

     294 λ[N3H   Cl] 273
υ[N3   Cl ] 71 
υ[Cl6   H] 16 

105,128
129,131,
133,145,
184,223,
240,252,
276,279,

281, 

100,106 
110,117 
119,126 
159,162 
174,175 
184,198 
204,213 
232,281 

δ[N…N] 
υ[N…N] 
υ[N3   Cl] 
δ[Cl-Bi-Cl] 

628.0±5 619 618 623 529 χ[N1-C5] 626
χ [C4-C5] 
χ [N1-C5] 
χ [C2-N1] 

    634. 632, 639 λ [N1-H Cl] 

628.0±5 623  623   629
ρ[C4-N3-C2]
ρ[C5-N1-C2]

631 

ρ[C4-N3-C2]
χ [C4-N3] 
χ [N3-C2] 
χ [C4-C5] 

314

ρ[C4-N3-C2] 78
χ[C4-N3] 6 
χ[N3-C2]  6 
χ[C4-C5] 5 

645. 
640, 642, 
651, 660 

χ[C4-C5]A 

685±7.   661 646
ρ[C4-N3-C2]
ρ[C5-N1-C2]

688
ρ[C5-N1-C2]
ρ[C4-N3-C2]

652 ρ[C4-N3-C2] 730
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891. 889 

λ[N3-H  Cl6] 
49.% 

λ[N3-H..Cl6] 
22.% 

817.6±5   834   858 χ[C4-C5] 
ρ[N1-C2-N3]
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λ[N3-H...Cl6]
δ[C2-N3-C4]
δ[N3-C2-N1]

893 

λ[N3-H  Cl6] 49
λ[N1-H..Cl6] 22
δ[C4-N3-H]  9 
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905 
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974.2±17   961     1062

δ[N1-C2-H] 

δ[N3-C2-H] 

δ[H-C4-N3] 

δ[C5-C4-H] 

1038

λ[N3-H...Cl6] 20 

δ[N1-C2-H]- 22 

δ[N3-C2-H] 21 

δ[H-C4-N3]  16 

δ[C5-C4-H] 13 
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δ[N1-C5-H] 
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1109 

1108 1098 1092  1120
δ[C5-C4-H] 

δ[H-C4-N3] 

δ[C4-C5-H] 

1137 ρ[C5-C4-H] 1116

ρ[N3-C2-N1] 56 

ρ[C4-C5-N1]  14 

ρ[C4-N3-C2] 10 

ρ[C5-C4-H]  6 

1121 
1078 
1113 
1119 

δ[N1-C2-H 

δ[C2-N3-H] 

 
1156 
1161 
1189 

1171 

1190 
1141 1145

δ[H-N1-C4] 

δH-N1-C2] 

δ[H-N3-C2] 

δ[H-N3-C4] 
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δ[C5-C4-H] 

δ[H-C4-N3] 
1169

δ[N1-C5-H] 
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1135

ρ[C5-C4-H] 15 

δ[N1-C5-H] 12 

δ[N1-C2-H]11 

ρ[C4-C5-N1] 11 

δ[N3-C2-H] 10 

1146. 
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1149 
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δ[C2-N3-H] 

δ[N1-C5-H] 

1204±20   1186 1161
δ[H-C-N] 

δ[H-C-C] 
1199.

δ[N1-C5-H] 

δ[N3-C2-H] 

δ[N1-C2-H] 

1231
δ[C-N3-H] 

δ[N3-C-H] 
1140

ρ[C5-C4-H] 34 

ρ[N3-C2-N1] 14 

ρ[C4-C5-N1] 10 

δ[N1-C5-H]  7 

δ[C4-C5-H]  6 

1209. 
1156 
1207 
1215 

δ[N1-C5-H] 

δ[N1-C2-H] 

δ[N3-C2-H] 

1235±20 1302  1265 1281
δ[N1-C2-N3] 

δ[N1-C2-H] 

δ[N3-C2-H] 

1221

δ[H-N1-C4] 

δ[H-N1-C2] 

δ[H-N3-C2] 

δ [H-N3-C4] 

1333.
δ[N1-C5-H] 

δ[C2-N3-
H...Cl] 

1246
δ[C4-C5-N1] 3 

δ[C2-N1-H] 31 
1250. 

1234 
1236 
1249 
1270 

δ[C4-C5-N1] 

δ[C2-N1-H] 

 1306   1363
δ[C4=C5-H] 

υ [C4-N3] 
1343

δ[H-C-N] 

δ[H-C-C] 
1397. δ[C2-N3-

H...Cl] 
1369

υ [C4-N3] 32 

υ [C5-N1] 28 
1354 

1347 
1357 
1357 

δ[N1-C5-H] 

δ[N3-C4-H] 

  1438  1434
υ [N1-C5] 

υ [N1-C2] 

υ [N3-C2] 

1471

δ[N1-C2-H] 

δ[N3-C2-H] 

υ [N1-C5] 

υ [C4-N3] 

1435
υ [N1-C2] 

υ [N3-C2] 
1519

υ [N1-C2] 41 

υ [N3-C2]9 

δ[C4=C5-H] 7 

 
1445 
1449 
1474 

υ [N1-C5] 

υ [N1-C2] 

        1460 υ [N1-C5] 1562
υ [N1-C2] 30 

υ [N3-C4] 27 

δ[N3-C2-H] 20 

 
1475 
1480 
1484 

υ [N1-C5] 

 
1527 
1576 

  1500
υ [C4=C5] 

υ [N1-C2] 
1560

υ [N1-C2] 

υ [N3-C2] 
1523

υ [N1-C2] 

υ [N3-C2] 
1632

υ [N3-C2] 49 

υ [C4=C5] 18 
 

1554 
1556 
1557 

υ [N1-C2] 

 1581 1579  1558 υ [C4=C5] 1629 υ [C4=C5] 1593 υ [C4=C5] 1694 υ [C4=C5] 51 
υ [N3-C2] 16  

1597 
1614 
1624 

υ [C4=C5] 

Used notation : χ− torsional out-of-plane, ρ out-of plane, δ deformational –in-plane, ν -stretching  

Table 2. The frequencies and assignment of the observed bands of normal modes calculated 
for different clusters, modeling interactions in ICB 
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The normal modes of diamagnetic imidazole were calculated in the isolated molecule 
approximation by B3LYP/6-311G**. They were predicted at 529, 646, 683 and 730 cm-1 as 
torsional puckering and close to 800 cm-1 are separated from deformational in-plane modes, 
as shown Fig.4A. For the isolated imidazolium cation (Im)+ they have been calculated by 
B3LYP/6-311G** at 626, 629.7, 688.0, 734 and 764 cm-1 (Fig.4B). The B3LYP/LanL2Dz 
calculations made for the Im+Cl- system predicted the lowest intra-molecular torsional out-
of-plane modes assigned to ρ[C4-N3-C2], χ[C2-N3], χ[C3-N3] at 631, 652, 703 cm-1 and to 
ρ[C4-N3-C2], ρ[C5-N1-C2] at 765 and 811 cm-1, respectively (Table 2). As follows from the 
calculations performed for [(Im)3 BiCl6] by B3LYP/LanL3Dz, the torsional out-of-plane 
modes appear in the energy transfer region from 640.9 to 890.0 cm-1 (Fig.4D). According to 
PM3 results, they are at 730 and 779 cm-1. Also in the IINS spectrum of polycrystalline 
imidazolium recorded at 20 K [24] the bands assigned to the out-of-plane vibrations are at 
623, 661, 743 cm-1. In the experimental neutron vibration spectra of ICB taken at 20 K the 
lowest intra-molecular modes appear at (628 ± 5) ( asymmetric in the low frequency part), 
(651 ± 5), (685 ± 5), (736 ± 5), (765 ± 5) and (817 ± 8) cm-1. Moreover, the FT IR spectra of ICB 
taken in KBr (Piecha et al., 2009) show two modes (at 619 and 623 cm-1 at 10 K, as split on 
cooling from modes recorded at 620 cm-1 at 166K), and next subsequently at 753 and 764, 782 
cm-1. The calculated and experimental frequencies are close, then the influence of external 
interactions on these modes is rather weak.  
The other bands observed in the experimental spectra are at (888 ± 8) and (931 ± 10), (974 ± 
10), (1059 ± 17) cm-1. Also the low temperature G(ν) spectra of polycrystalline imidazole 
(Loeffen, et al.,1995) show bands at 909, 935, 961, 1061 cm-1 assigned to the deformational in-
plane modes predicted for the isolated diamagnetic molecule (Im) by B3LYP/6-311G** 
methods to be at 870, 909, 946, 1074 cm-1, while for the cation of imidazole (Im)+ the 
B3LYP/6-311G** calculations give their positions at 890, 919, 938, 1071 cm-1. These modes  
can be assigned mainly to the deformational in-plane  δ[C-N1-C], δ[C-N2-H]. According to 
the B3LYP/LanL2Dz calculations for the Im+Cl- system, they are predicted at 871, 913, 942, 
1062 cm-1, while the PM3 calculations give their positions at 893, 921, 925, 1038 cm-1. The 
calculations performed for (Im)3BiCl5 by the B3LYP/LanL2Dz method predicted the 
positions of the deformational in-plane modes in the region from 905 to 1032 cm-1.  
The observed evolution  in this part of the Gexp(ν) spectra ( 887, 974) cm-1 may be assigned to 
the dynamics of hydrogen bond. In the Gexp(ν) spectra taken of the compound under study 
in the ferroelectric phase, the above mentioned bands appear at nearly the same energy 
transfer values; their intensity is reduced because of thermal motions. 
The Gexp(ν)  spectrum recorded in paraelectric state,  at 180 K, shows bands at 632, 816 and 
862 cm-1 (Fig. 2) which may be assigned to normal modes of almost free (Im) group in the 
structure of the compound studied. The calculated phonon density of states spectrum Gcal(ν) 
of diamagnetic imidazolium for the structure under optimisation, determined at 150 K by 
the neutron elastic scattering method (Craven et al., 1977), gives the bands assigned to 
normal modes at 646, 816, 870 cm-1. Hence, one may conclude that in the paraelectric phase 
the (Im) groups are  almost free in the crystal structure of the compound studied.  

4.2 H…B interaction 
In the crystal structure of ICB the N-H…Cl interactions are involved. Fig.5 presents 
schematically the shorter hydrogen bridge bond system lying nearly along the (010) axis. 
The distances between H…Cl atoms of the N-H…Cl bridge, forming the zigzag chain, are 
2.327, 2.648 Ǻ, respectively [Jakubas, et al., 2005]. These hydrogen bonds are weak. 
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Fig. 5. Systems of the shortest hydrogen bridge bonds N-H…Cl of the sample studied.  

The characteristic hydrogen bond vibration modes for normal hydrogen bonds can be 
assigned subsequently as (Jeffrey, 1997) :  
- bending (λ),  
- stretching N…H (ν), both in the lattice branch as well as the out-of-plane bending, 
- out-of-plane (ρ) when hydrogen atom undergoes vibrations perpendicular to the axis of 

the hydrogen bridge bond N-H…Cl,  
- deformational in-plane (δ), in the region corresponding to the internal modes.  
The stretching ν[N-H] is not manifested in the IINS spectrum, because of low resolution 
power of the spectrometers at energy transfer close to 3000 cm-1 (according to the scattering 
law the resolution of the IINS spectra decreases with increasing energy transfer) and 
therefore this mode is studied by IR spectroscopy. Fig. 6 presents schematically, using 
arrows, the characteristic displacement of atoms forming hydrogen bridge bond on the 
example of the simplest system Im+-Cl-. 
Analysis of the effect of hydrogen bond on the internal dynamics should also include the 
bending and stretching modes in the lattice branch and the stretching vibrations ν [N-H]; in 
agreement with the DFT calculations performed for the Im+Cl- and (Im)3BiCl6  systems, the 
bands predicted to appear at  49 and 294 cm-1 should be assigned to λ[NH...Cl] and ν[N-
H...Cl] vibrations, respectively; the former bring information on the changes along the chain 
of hydrogen bonds.  
The DFT calculations predict the N-H…X out-of-plane bending modes ρ (hydrogen 
vibrations - perpendicular to the imidazolium plane)  at 1084 cm-1. The N-H...Cl in-plane 
bend mode was predicted for simple system at 1231 cm-1. For (Im)3BiCl5 the modes are 
calculated by DFT method at lower frequencies (~ 1032, and 1213 cm-1), respectively.  Both 
nitrogen atoms of imidazolium pentagon are involved in the hydrogen bridge N-H…X. 
Analysis of the phonon density of state spectra taken at different temperatures shows that in 
the paraelectric phase the band at (890 ± 10) cm-1 and (1204 ± 20), (1235 ± 20) cm-1  recorded 
in the ferroelectric state was weaker. 
In the crystals structure of ICB the hydrogen bridge bonds interactions between 
neighbouring imidazolium group also take place. The neutron vibrational spectra of solid 
imidazole (Loeffen, 1995) show the low frequency bands at 623, 661, 743 cm-1.  The data are 
close to energy transfer values obtained for ICB at 20 K, as was given in Table 2.   
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Hydrogen bond bend, 49 cm-1 Hydrogen bond stretch, 294 cm-1 

  
Hydrogen bond out of plane bend, 1084 cm-1      Hydrogen bond in plane bend, 1231 cm-1 

 
N-H stretch, 3676 cm-1 

Fig. 6. Hydrogen bond vibration modes for N-H…Cl. 

4.3 1H NMR  
Internal dynamics of imidazolium cations was studied by different 1H NMR techniques 
(Abragam, 1983). The first derivative of the absorption line recorded by the continuous 
wave method at selected temperatures is presented in Fig.7. In the H NMR spectra at 220K 
one may distinguished two components of the line, characterised by the slope line widths 
dH’ and dH”. The line width of the broad component changes slightly and its intensity 
decreases on heating. Finally, the broad component of 1H NMR line (δH=9.5 * 10-4T) 
disappeared at about T=290 K. It means that above 290 K imidazolium cations undergo fast 
reorientation. In the temperature range (227 - 293) K the ratio of areas of particular 
components of the NMR spectrum, disregarding the narrowest line, is  2/3, which is in 
agreement with the X-Ray data (Jakubas et al, 2005).  
This suggests different mobilities of imidazolium cations of ICB at the room temperature. 
Three imidazolium cations seem to be more mobile than the other two. The three disordered 
imidazolium cations occupy positions at the centre of inversion and are distributed between 
two positions (1800 reorientation model) within the pentagonal ring. Above room temperature 
they are indistinguishable because all of them are orientationally disordered, which has also 
been indicated by the calorimetric studies (Przeslawski et al., 2007, Piecha et al.,2007).  
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Fig. 7. First derivative of 1H NMR absorption at different temperature 
 

 
Fig. 8. Temperature dependence of 1H NMR slope line width of ICB.  
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The two narrow components of NMR spectrum with slope line widths of 3 10-4T and 0.1* 10-

4T were also observed on heating from 227 K to 375 K. As two of the five hydrogens of 
imidazolium cation were bonded to nitrogens ( denoted as N1 and N3 in Fig.3) they were 
involved also in hydrogen bridge bonds N-H…N network. These protons perform 
translational diffusion which explains the appearance of the component of the smallest slope 
line width (0.1 10-4 T). The component of the δH=3 10-4 T can be assigned to the dynamics of 
the other three hydrogen atoms of the imidazole ring. It means that the imidazolium cation 
does not undergo diffusion process in the bulk of the crystal studied.   
Fig. 9 presents the temperature dependence of the second moment M2 of the 1H NMR line. 
No change in M2 of 1H NMR lines was found below 166K. When temperature was increased 
above the phase transition point, the value of 1H M2 decreased from 8.5·10-8 T2 at 166 K 
approaching 1.2·10-8 T2 at room temperature.  
The second moment value for the rigid lattice was determined from the van Vleck formula 
(vanVleck,1948): 

 M2 = 
23
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where I - the resonant spin, S - the nonresonant spins, γH – the gyromagnetic ratio of 
resonant spin, γS  – the gyromagnetic ratio of nonresonant spins, rj,k – internuclear distance in 
whole sample, N - number of resonant spin in the molecule. 
 

 
Fig. 9. Temperature dependence of second moment of 1H NMR line of imidazolium 
undecachlorodibismuthate (III) 
( Holderna-Natkaniec, 2008). 
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The second moment of the 1H NMR line was calculated taking into account the homo- H-H 
and hetero-nucleus H-N interactions. Given the structural parameters from the diffraction 
study [Jakubas, et al., 2005; Martinez-Carrera, 1996;  Craven et al., 1997; Piecha et at., 2007, 
2009; Bujak & Zaleski ,2003;)  and assuming that all N-H bond are not coplanar with the 
imidazole skeleton, we find M2rigid as 10.7·10-8 T2, as a sum of 5.3 and 3.7 (in 10-8 T2) from H-H, 
and H-N intramolecular interactions, respectively, whereas the inter-imidazole contribution to 
1H M2 takes the value of 1.7·10-8 T2. When the inter-nucleus vector rj,k undergoes reorientation 
around the distinguished axis a, and γj,k is the angle between them, the second moment 
decreases from the rigid lattice value M2rigid according to the formula (Slichter,1980): 

 
22

j,k
2 2

3cos 1
M M

2
rigidrot γ −

 =
 
 

. (4) 

The imidazolium is considered to perform reorientations around the following axes:  
- the axis in the plane of the pentagon and parallel to the N1-N3 direction (the axis of 

minimum value of the moment of inertia), 
- the axis in the plane of the pentagon, perpendicular to the N1-N3 direction, passing 

through C2 and the middle of the C4-C5 bond, 
- the axis perpendicular to the plane of the five-membered imidazole ring, for which the 

moment of inertia is the highest. 
The proton jump in N-H…Cl bridges is the reason why M2 value changes to 10.55 10-8 T2. 
The effect of the anisotropic reorientations of imidazolium cation about the mentioned 
above two-fold symmetry axes on the M2 reduces its value to 9.5 and 8.5·10-8 T2, 
respectively. The reorientation around the nearly five-fold symmetry axis caused a 
reduction of M2 to 2.1·10-8 T2, which is close to the M2 value observed at room temperature. 
The diffusion process in the bulk of the crystal is a reason that second moment value 
decreased on heating above room temperature.  
The temperature dependence of the second moment of NMR line is described by the 
formula (Gutowsky, 1950): 

 (δH)2=B2+(C2 - B2) 2/π arctg (αγ δH /2πνc), (5) 

where δH2 - the second moment of NMR line at temperature T (when δH ~ νc), B2, C2 - the 
NMR second moment determined for the high- and low-temperature plateau, for sqrt(C2)<< 
νc or sqrt(B2)>>νc, respectively, α - a constant of the order of 1, γ - the gyromagnetic factor of 
a resonant nucleus, νc  - the frequency of intramolecular reorientations described by the 
Arrhenius dependence: νc = νo·exp(-Ea/RT). The activation energy of the imidazolium cation  
reorientation in ICB  was close to 12.3 kJ/mol.  
The calculated values of the second moment indicate that below the ferroelectric phase 
transition the imidazolium cations are ordered, while above the transition temperature to 
the paraelectric phase the onset of the cation reorientation with a frequency of an order of 
several kHz takes place. 
In order to describe the form of the 1H NMR absorption line the ratio of its fourth and 
second moments was determined versus temperature, as shown in Fig.8c. On heating above 
200 K a considerable increase in the M4/M2 ratio is observed, as the shape of the 1H NMR 
signal changes from a Gauss to Lorentz one. Moreover, on heating from 200 K (ICB  is an 
insulator) to 300 K the electrical conductivity increases (Zdanowska-Fraczek et al., (2009), 
Munch et al.,(2001)). At 300 the imidazolium cation are disordered and the line is narrow. 
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Fig. 8. c. The ratio of fourth and second moment of the 1H NMR line  at different 
temperatures (Zdanowska-Fraczek et al., (2009)). 

The temperature dependence of the spin-lattice relaxation time of (Im)5Bi2Cl11 is shown in 
[22]. On heating from the ferroelectric to the paraelectric phase, the relaxation time 
continuously decreases from 176 s at 87 K to 2.4 s at 166 K. In the paraelectric phase the 
decrease in the relaxation time is reasonably smaller, and T1 is equal to 1.1 s at 345 K. Above 
the next phase transition temperature at 366 K, T1 increases, and at 389 K it is 6.7 s. 
Unfortunately, the local minimums of the function describing the relaxation rate versus 
reciprocal temperature were obtained at temperatures of both phase transitions. Therefore 
we can estimate only the activation energy for the pentagon (Im) cation reorientation when 
ωτc>>1, i.e. from the right branch of the experimental results of T1 versus reciprocal 
temperature in semi-logarithmic scale. It is close to 12 kJ/mol, as was obtained from the 
temperature dependence of the second moment of the 1H NMR line.  

5. Conclusions 
Results of IINS, 1H NMR and QC calculations obtained for the imidazolium 
undecachlorodibismuthate (III) studied in temperature range from 20 K to 290 K permit 
proposing the assignment of subsequent bands in their vibrational spectrum. As an attempt 
to explain the differences in vibrational spectra of imidazolium cation and the sample 
studied, especially in the range 760 - 1700 cm-1, the results were discussed versus the data of 
quantum chemical calculations performed for different reference systems to get insight into 
the vibrational spectrum of the molecule studied and also to conclude about the molecular 
structure. The importance of hydrogen bonds formation in the ferroelectric phase was 
shown. 
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Analysis of the temperature dependence of 1H NMR line width and the second moment of 
NMR line give a unique possibility to conclude about the onset of reorientation of 
imidazolium cations close to the phase transition at 166 K accompanied by proton diffusion 
at higher temperatures. On heating the changes in the 1H NMR and IINS spectra can be 
interpreted as the onset of proton jump in N-H...Cl hydrogen bond, reorientation of 
imidazole ring around the pseudo-five-fold symmetry axis and diffusion process in the 
crystal. The activation energy of this cation’s reorientation was estimated as 12.3 kJ/mol.  
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1. Introduction 
Magnetoelectric (ME) materials become magnetized when placed in an electric field, and 
conversely electrically polarized when placed in a magnetic field. Dielectric polarization of a 
material under magnetic field, or an induced magnetization under an electric field, requires 
the simultaneous presence of long-range ordering of magnetic moments and electric dipoles 
(Suchtelen, 1972; Smolensky, 1958; Astrov, 1968; Fiebig 2005). Said materials offer potential 
for new generations of sensor, filter, and field-tunable microwave dielectric devices 
(Bichurin, 2002). Unfortunately to date, the ME exchange in single phase materials has been 
found to be quite small (Dzyaloshinskii, 1959; Astrov, 1960). However, quite large effects are 
found in composites of piezoelectric and magnetostrictive phases, both of the particle-
particle and laminate (Ryu, 2002a, 2002b) types. In these composites, enhanced ME exchange 
is the result of an elastic-coupling mediated across the piezoelectric-magnetostrictive 
interfacial area. The original work on ME composites concerned particle-particle composites 
and was performed at the Philips Laboratories. These ME composites were prepared by 
unidirectional solidification of an eutectic composition of the quinary system Fe-Co-Ti-Ba-O 
(O’dell, 1965; Boomgaard, 1976). The eutectic composition was reported to consist of 38 
mol% CoFe2O4. Unidirectional solidification helps in the decomposition of the eutectic 
liquid (L) into alternate layers of the constituent phases: piezoelectric perovskite (P) and 
piezomagnetic spinel (S) phases, i.e., L → P + S. Their results showed ME voltage 
coefficients as high as dE/dH=50mV/cm•Oe (Boomgaard, 1974; Van Run 1974). 
Subsequent work on eutectic compositions of BaTiO3-CoFe2O4 (BTO–CFO) prepared by 
unidirectional solidification have reported a ME coefficient of 130 mV/cm•Oe (Boomgaard, 
1978).  Unfortunately, unidirectional solidification has several disadvantages such as (i) 
limitation on the choice of compositions and material systems, (ii) difficulty in critical 
control over the composition when one of the components is a gas (i.e., oxygen), and (iii) 
processing temperature and time. However these limitations could be alleviated by 
synthesizing ME composites using a conventional ceramic processing route. 
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Recently, giant ME effect has been reported in laminate composites of piezoelectric and 
magnetostrictive materials (Ryu, 2003a; Ryu, 2003b; Dong, 2003a; Dong 2003b). The 
magnetoelectric laminate composite were fabricated in sandwich structure, embedding 
piezoelectric PMN-PT single crystal between magnetostrictive Terfenol-D alloys. This 
material exhibited the ME coefficient of 10.30 V/cm.Oe, which is ~80 times higher than that 
previously reported in either naturally occurring magnetoelectrics or Artificially-Designed 
Composites (ADC). Even though the ME coefficient is considerably higher, these materials 
have certain disadvantages as compared with the artificially-designed composites, such as 
eutectic composition of BaTiO3-CoFe2O4. Laminated magnetoelectrics are very attractive 
from the fabrication point of view however suffer from several other drawbacks such as 
high cost for single crystal, difficult to miniaturize, decay of epoxy bonding and complicated 
sensing circuits. Again all these laminated composites use lead based product which is a 
highly toxic element and it is better to eliminate this toxic element and introduce lead-free 
compositions in magnetoelectric composites. 
For bulk magnetoelectric composite higher ME coefficient implies higher elastic coupling 
between the magnetic and piezoelectric phases (Prellier, 2005). The elastic coupling can be 
maximized by having coherent response from the magnetostrictive phase under dc bias, so 
that the stress on the piezoelectric lattice across the grains is in phase with each other. For 
this purpose, a coherent interface between piezoelectric and magnetostrictive phase is very 
important. A coherent interface can transfer the strain very efficiently from magnetostrictive 
to the piezoelectric phase. An artificial interface can also be created by fabricating a co-fired 
bilayer composite. Previously, we have demonstrated BaTiO3 – (Ni0.8Zn0.2)Fe2O4 bilayer 
composite having a coherent interface and exhibiting high magnetoelectric sensitivity 
(Islam, 2006). 
In this chapter, high-resolution scanning electron microscopy (SEM) investigation of the 
product microstructure of BTO–CFO polycrystalline solution that underwent eutectic 
decomposition has been carried out to compare the interface microstructure with that of co-
fired bilayer composites. The interfacial microstructure of said composite was examined, 
revealing an elemental distribution and grain mismatching between BTO rich grains and a 
BTO-CFO matrix. Further, we report the magnetoelectric properties of near eutectic 
compositions. The focus in this study is on quantifying the interface effect rather than 
magnitude of the magnetoelectric coefficient. 

2. Experimental 
2.1 Powder preparation and sintering 
Reagent-grade powders of BaCO3, TiO2, CoCO3 and Fe2O3, were obtained from Alfa Aesar, 
Co. MA. USA. Stoichiometric ratios of the powders were mixed according to formulation 
BaTiO3 (BTO) and CoFe2O4 (CFO) and ball milled separately for 24 hours with alcohol and 
YSZ grinding media (5mm diameter, Tosoh Co. Tokyo, Japan). After drying at 80oC the 
powders were calcined. BTO powders were calcined at 900oC for 3 hours and CFO powders 
were calcined at 1000oC for 5 hours in separate alumina crucibles. After calcination the 
powders were crushed and sieved using a sieve of US mesh # 270. After that X-ray 
diffraction pattern of all different powders (BTO and CFO) were taken to check the 
formation of single phase perovskite (for BTO) or spinel (for CFO) using Siemens 
Krystalloflex 810 D500 x-ray diffractometer. Next, 30 and 35 mole% CFO powders were 
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mixed stoichiometrically with BTO powders. All the powders were mixed using alcohol and 
grinding media in a polyethylene jar and ball milled for 36 hours. The slurries were dried at 
80oC, crushed and sieved with a stainless steel sieve of US mesh #170. The powders were 
then pressed to pellets of size 12.7x 1.5 mm2 in a hardened steel die using a hydraulic press 
under a pressure of 15 MPa. For the bilayer composite, first BTO powders were pressed 
under 5 MPa pressure and the CFO powders were added on top of BTO powders. These 
powders were pressed together under 15 MPa pressure. Then the pellets were sealed in a 
vacuum bag and pressed isostatically in a laboratory cold isostatic press (CIP) under a 
pressure of 207 MPa. Pressureless sintering of composites was performed in air using a 
Lindberg BlueM furnace at 1250oC for 5 hours. Bilayer composite was sintered at 1200oC 
under the same condition. After firing the overall bilayer composite thickness was 
approximately 1.5 mm with ~1 mm thickness of the CFO and ~0.5 mm thickness of the BTO 
layer. The diameters of these fired samples were in the range of 10.4 – 10.6 mm. 

2.2 Characterization 
Microstructural analysis of the sintered samples was conducted by Zeiss Leo Smart SEM 
using the polished and thermal etched samples. In order to perform magnetoelectric and 
dielectric measurements, an Ag/Pd electrode was applied on the samples and fired at 850oC 
for 1 hour. The magnetic properties of the powder and sintered samples were measured by 
an alternating gradient force magnetometer (AGFM) at room temperature. The 
magnetoelectric coefficient (dE/dH) was measured by an A.C. magnetic field at 1 kHz and 1 
Oe amplitude (H). The AC magnetic field was generated by a Helmholtz coil powered by 
Agilent 3320 function generator. The output voltage generated from the composite was 
measured by using a SRS DSP lock- in amplifier (model SR 830). The magnetoelectric 
coefficient (mV / cm.Oe) was calculated by dividing the measured output voltage by the 
applied AC magnetic field and the thickness of sample in cm. The sample was kept inside a 
Helmholtz coil, placed between two big solenoid coils and powered by KEPCO DC power 
supply. For frequency dependent magnetoelectric coefficient measurement, the Helmholtz 
coil was powered by the HP 4194 network analyzer (0.5 Oe AC field) and the voltage gain 
was measured on the secondary terminal. For this measurement, a DC bias of 200 Oe was 
used using a pair of Sm-Co magnet placed on top and bottom of the sample holder. This set-
up produced constant 200 Oe DC bias as measured by the magnetometer. During the 
frequency dependent measurement, our system was limited to applied DC bias of 200 Oe.  

3. Results and discussion 
3.1 Structural characterization 
Figure 1 (a) shows the X-ray diffraction patterns of calcined BTO and CFO powders. No 
other phase in addition to perovskite and spinel was detected. The approximate lattice 
parameter of BTO calculated from the XRD pattern was a = 3.994 Å and c = 4.05 Å where the 
tetragonality c/a is 1.014. The lattice parameter of CFO powder was calculated to be 8.337Å. 
Figure 1 (b) shows the composite diffraction pattern of BTO – 30 CFO and BTO – 35 CFO. 
Only perovskite and spinel peaks were observed in the diffraction pattern. Perovskite peaks 
are marked as P and spinel peaks are marked as S and the corresponding (hkl) indices are 
also noted in this figure. It can be seen in this figure that as the percentage of CFO increases, 
the intensity of perovskite peaks (e.g. P – (101) peak) decreases and the intensity of spinel 
peak (S – (311)) increases. 
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Fig. 1. (a) XRD patterns of calcined BTO and CFO powder and (b) XRD patterns of BT – 30 
CF and BT – 35 CF magnetoelectric composite, sintered at 1250oC. 

Figure 2 shows the SEM microstructure at low magnification (500X) for (a) BTO–30CFO, and 
(b) BTO–35CFO. The images reveal island-like structures comprised of multiple grains in a 
eutectic matrix, as marked in the images. EDS demonstrated that these multi-grain islands 
were BTO-rich, relative to the matrix that was constituted of a BTO-CFO solution. These 
microstructural features resemble those of hypo- and/or hyper-eutectic alloys in metallic 
systems. Some needle-shaped features, as indicated by arrows in Fig. 2 (b), were observed 
for BTO–35CFO, which were determined to be BTO-rich by EDS. In addition, clear interfaces 
were observed between the BTO-rich regions and the CFO-rich matrix. 
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Fig. 2. SEM micrograph of BTO – CFO composites sintered at 1250oC, (Magnification: 500 X). 
(a). BTO – 30 CFO and (b) BT – 35CFO. 

Figure 3(a) is a higher-resolution image showing the grain structure in the vicinity of an 
interfacial region between the BTO-rich islands and the CFO-rich matrix. A clear boundary 
between the strained BTO–CFO (i.e., matrix) and BTO-rich (i.e., multi-grain islands) phases 
is distinguishable, as indicated by dashed line. The deformation of the matrix can be seen by 
the formation of twin-bands, which reduces the excess strain imposed by the inclusions. 
Figure 2 also shows magnified (105X) images of the microstructure taken from (b) a BTO-
rich island, and (c) the CFO-rich matrix. It can be seen that the grain sizes of both regions are 
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(b) BTO rich islands 

BTO rich 
 needles 

BTO - 30CFO – 1250oC

(a) 

BTO rich islands



  
Ferroelectrics - Characterization and Modeling 

 

66

quite small: the average grain size in the BTO-rich islands was ~150nm and that of the CFO-
rich matrix region was ~215nm. Due to the formation of BaTiO3 – CoFe2O4, grain size 
increased as more CoFe2O4 and BaTiO3 forms the matrix. Again in the matrix due to the 
lattice mismatch between CoFe2O4 (~8.337 Å) and BaTiO3 (a = 3.994 Å and c = 4.05 Å) grain, 
it is possible to develop stress concentration inside the piezoelectric grain, and the result is 
presence of twin boundaries, cleavage, strain fields, absence of nanosized domain near the 
interface and large piezoelectric domain width observed in the matrix. On the other hand 
the BaTiO3 rich phase has a uniform grain size, lower stress concentration and presence of 
piezoelectric domains. 
 

 
 

 
Fig. 3. Magnified SEM image of BTO – CFO magnetoelectric composites at the interface 
between the BT-rich region and the matrix. (a) interfacial region, (b) grain structure in the BT 
rich phase (100 kX) and (c) grain structure in the matrix (100 kX). 

(b) 
BTO – 30 CFO 
BaTiO3 rich phase 

(c) 
BTO – 30 CFO 
CoFe2O4 rich phase 
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Fig. 4. Interface microstructure of 0.7 BaTiO3 – 0.3 CoFe2O4. (a) SEM micrograph, (b) Co 
distribution and (c) Fe distribution. 
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Recently, Echigoya et al. have studied the interfacial structure of unidirectional solidified 
BTO–CFO eutectics, grown by a floating zone method (Echigoya, 2000). Two types of 
morphologies were found for different growth conditions, and based on HRTEM images the 
following orientation relationships between phases were identified (a) for hcp BaTiO3: 
(111)CFO//(00.1)BTO and (110)CFO//(11.0)BTO; and (b) for tetra/cubic BaTiO3: 
(001)CFO//(001)BTO and (100)CFO//(100) BTO. The results of Fig. 2 show that the 
polycrystalline ceramics also exhibit high degree of coherency across the interface, 
evidencing continuous grain growth. X-ray mapping of Co and Fe were done at the interface 
using Zeiss Leo Smart SEM and it is clearly noticed from the Figure 4 that Co and Fe is rich 
on the right side of the interface. In the BaTiO3 rich phase, there is a uniform distribution of 
Co and Fe inside the piezoelectric matrix. EDX elemental analysis shows that, in the BaTiO3 
rich phase the atomic percentage of Co and Fe is around 10% and 7% whereas in the matrix, 
the atomic percentage of Co and Fe raised to 17.76% and 34.73%. These results are consistent 
with that expected if the BTO-rich regions constitute a hypo-eutectic phase, prior to eutectic 
decomposition.  
Figure 5(a) and (b) shows the bright field TEM images of the sintered BTO – 30 CFO 
samples. The sintered samples were found to consist of high defect structures such as twin 
boundaries, cleavage, strain fields etc. in the BTO - CFO matrix which develop to 
accommodate the mismatch in the BTO and CFO lattices, as CFO lattice parameter is more 
than double the lattice parameter of BTO lattice. These types of structure usually show 
larger width domain patterns, characteristic of 90o domains and the intergranular 
heterogeneity in domain width is observed. The observed defects are in line with the SEM 
images. A finer scale domain structure, which usually has striation like morphology and 
periodically spaced, is almost absent in this structure which means that the structure is in a 
stressed condition. These finer domains appear when the stress is relieved from the 
structure. 
 

 
Fig. 5. TEM images of BT – 30 CF composite 
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Figure 6 shows the interface microstructure of BTO – 33.5 CFO co-fired bilayer composites. 
A very coherent interface is formed by sintering these two phases together. On the CFO 
side, an indication of the liquid phase sintering at the interface which may be due to the 
lower sintering temperature of CFO has been observed. This may be advantageous for 
accommodating the stress at the interface created in the CFO regions under ac magnetic 
field. Far from interface, the microstructure observed is single phase on either side.  
 

 
Fig. 6. SEM micrograph of the BTO-CFO bilayer composite. 

3.2 Dielectric and ferroelectric characterization 
Figure 7 shows the ferroelectric (polarization vs. electric field) and strain (% strain vs. 
electrical field) of BTO – 33.5 CFO cofired bilayer composite. The polarization of 35 
µC/cm2 and strain of about 0.14% was recorded at 4.5 kV/mm. Compared to the bilayer 
composite, the ferroelectric response for the sintered particulate composite was very weak 
due to the lower resistivity, which clearly indicates the problem in obtaining the larger 
ME coupling. Interface diffusion and ferrite connectivity reduces the resistivity and hence 
the decreases the ferroelectric response. Figure 8 (a) to (f) shows the temperature 
dependence of the dielectric constant and dielectric loss for BT – 30 CFO, BT – 35 CFO and 
BTO – 33.5 CFO bilayer composites at different frequencies. For bulk (BTO – 30 CFO and 
BTO – 35 CFO) composites, the maximum in the dielectric constant was found at 145oC. 
At 100 Hz frequency, however no peaks were observed in the dielectric loss factor at that 
temperature as shown in Figure 8 (b) and (d).  The sharp increase in the dielectric loss 
factor was observed for both the compositions at the high temperatures which are related 
to the space charge effect. A completely different behavior was found when the dielectric 

BTO 

CFO 
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constant and dielectric loss of BTO -33.5 CFO bilayer composite have been plotted in 
terms of temperature (Figure 8 (e) and (f)). Very sharp peak in dielectric constant was 
found at around 125 oC for all of the frequencies (except 100 kHz). This signifies the pure 
BaTiO3 behavior. Again peaks were observed for dielectric loss at 125 oC for higher 
frequencies (10 and 100 KHz). In general BTO - 33.5 CFO bilayer composites found to be a 
lossy material where the dielectric loss was found to be around 0.4 at 1 kHz and room 
temperature. 
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Fig. 7. Ferroelectric properties, polarization and strain as a function of electric field. 

3.3 Ferromagnetic and magnetoelectric characterization 
Figure 9 shows the magnetic properties for sintered BT – 30 CFO, BT – 35CFO and BTO – 
33.5 CFO cofired bilayer composite. The co-fired bilayer composite shows higher saturation 
(0.881 emu) magnetization and slightly higher coercive field (973.33 Oe) than BTO – CFO 
bulk composite. BTO – 35 CFO shows saturation magnetization of 0.881 emu and coercivity 
of 973.33 Oe as indicated in Table 1. This is due to the contribution of pure CFO phase. 
Bilayer composite also shows better remnant magnetization than the bulk. Figure 10 (a) 
shows the variation of magnetoelectric coefficient as a function of dc bias. The bulk 
composites show the maxima at 1500 Oe with a ME coefficient of 2.2 mV/cm. Oe for BTO – 
35 CFO. But for the bilayer composite it reaches a maximum value of 3.9 mV/cm.Oe and 
then saturates. The measurement has been taken in condition where the applied magnetic 
field is perpendicular to the sample surface. Figure 10 (b) shows the frequency dependent 
magnetoelectric coefficient. At around 430 kHz all the samples show giant magnetoelectric 
coefficient. BTO – 33.5 CFO bilayer composite exhibits ME coefficient around 3.6 V/cm.Oe 
and the BTO – 35 CFO bulk composite reaches around 0.95 V/cm. Oe. This is a very high 
magnetoelectric coefficient for BTO – CFO composite at resonance frequency, which is 
higher than the recent reported value of 2540 mV/cm.Oe at 160 KHz and 270 Oe DC bias for 
BTO – 20 CFO composite (Ren, 2005). 



Structure – Property Relationships of  
Near-Eutectic BaTiO3 – CoFe2O4  Magnetoelectric Composites 

 

71 

 
 

40 60 80 100 120 140 160 180 200
0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0
(a)BT - 30 CF

 

 

 ε
33

T /ε
o (

x 
10

3 )

Temperature (o C)

100 Hz
1 KHz
10 KHz
100KHz

 
 
 

40 60 80 100 120 140 160 180 200
0

2

4

6

8

10
(b)

BT-30CF
 

 

ta
n 

δ

Temperature (oC)

100 Hz
1 KHz
10 KHz
100 KHz

 



  
Ferroelectrics - Characterization and Modeling 

 

72

 
 

40 60 80 100 120 140 160 180 200
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0
5.5
6.0
6.5

ε r/ε
o(

x 
10

3 )
(c)BT - 35CF

 

 

Temperature (oC)

100 Hz
1 KHz
10 KHz
100 KHz

 
 
 

40 60 80 100 120 140 160 180 200
0

2

4

6

8

10
(d)
BT - 35 CF

 

 

ta
n 

δ

Temperature (oC)

100 Hz
1 KHz
10 KHz
100 KHz

 



Structure – Property Relationships of  
Near-Eutectic BaTiO3 – CoFe2O4  Magnetoelectric Composites 

 

73 

40 60 80 100 120 140 160 180 200
0
1
2
3
4
5
6
7
8
9

10
11
12

BT - 33.5 CF Bilayer

 

ε r/ε
o (x

10
3 )

Temperature (oC)

 0.1 KHz
   1 KHz
  10 KHz
 100 KHz

 

40 60 80 100 120 140 160 180 200
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4

BT - 33.5 CF Bilayer

 ta
n 

δ

Temperature (oC)

 0.1 KHz
   1 KHz
  10 KHz
 100 KHz

 
Fig. 8. Dielectric properties of BTO – CFO composites, (a) temperature dependent dielectric 
constant for BTO – 30 CFO, (b) temperature dependent dielectric loss for BTO – 30 CFO, (c) 
temperature dependent dielectric constant for BTO – 35 CFO, (d) temperature dependent 
dielectric loss for BTO – 35 CFO, (e) temperature dependent dielectric constant for BTO – 
33.5 CFO and (f) temperature dependent loss constant for BTO – 33.5 CFO. 
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Analysis of low frequency ME effect in the layered CFO-BTO structures (Fig.10 (a)) can be 
conducted based on the equation for the longitudinal ME coefficient (Bichurin, 2003): 
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The equation presented above allows for the determination of the longitudinal ME 
coefficient as function of volume fractions, physical parameters of phases and elastic-elastic 
interfacial coupling parameter k. From comparison of theory and data the importance of an 
interfacial coupling parameter between phases can be inferred. This interphase interfacial 
connection parameter was shown to be weak for CFO–BTO. In our case k is about 0.1. 
Estimation of ME effect in the EMR range (Fig.10(b)) has been performed using the above 
equation (Bichurin, 2003).  Because of inconveniences in the analytical expressions for 
effective parameters of bulk CFO-BTO composites, computer calculations of the dependence 
of effective parameters on the relative piezoelectric phase volume in ME composite have 
been performed. Calculations of longitudinal ME coefficient have also been performed for 
electric and magnetic fields applied for bulk composites using the material parameters in 
(Harshe, 1993; Bichurin, 2010). The obtained values of the ME voltage coefficient coincide 
with previously published data.  As follows from the comparison of obtained results, the ME 
voltage coefficient was approximately 20% greater than that calculated from the 
experimental data using the model. This is explained by the fact that the internal (local) 
magnetic field in the ferrite component is considerably different than that of the externally 
applied magnetic field. 
 

 BTO – 30 CFO BTO – 35 CFO BTO -33.5 CFO 
Coercivity (Oe) 646.77 677.49 973.3 

Saturation magnetization 
(emu/ 100 gm) 0.557 0.702 0.881 

Remnant magnetization 
(emu/ 100 gm) 0.246 0.279 0.345 

Table 1. Magnetic Properties of BTO – CFO Composites 

This question of ‘why the elastic interaction in system with uniform distribution of two 
phases and coherent interfaces between the phases is weak’ needs addressing. Our results 
indicate that the reasons for weak response may not be related to elastic-coupling between 
phases, but rather to the magnetic flux distribution within the matrix. Compared to the 
results of Philips Research Lab, the 1 kHz values reported here are quite low, which can be 
attributed to the process difference, polycrystalline matrix, nanograin structure and twin 
formation. In our research we used conventional sintering method compared to the 
unidirectional solidification of Philips Laboratory. In unidirectional solidification process, a 
significant amount of time is allowed to melt the components under desired atmosphere 
and then solidify with heat transfer confined along one direction. This results in the 
consolidation of the ferrite into dendrite structure, which hinders the distribution of the 
ferrite phases. Also the longer time helps the grain growth and unidirectional solidification 
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results in preferential texture. All these contributes to the larger ME coefficient. In our 
process smaller grain size (150 – 215 nm) results in lower ME coefficient and also the well 
dispersed ferrite particle reduces the resistivity of the overall bulk composite system. Grain 
size has significant effect on the magnitude of ME coefficient. Our previous results show 
that as the piezoelectric grain size drops below 200 nm, the ME coefficient drops rapidly 
(Islam, 2008). Finally in conventional sintering the grains are in random orientations and 
defects (such as twin boundaries, cleavage) in the structures are notable, all of which hinder 
the piezoelectric properties. The ME coefficient was notably higher for the bilayer, than for 
the eutectic composites. This comparison shows that coherent interfaces between composites 
of similar composition is not by any means the factor controlling the magnitude of the ME 
coefficient. Rather, continuity of flux lines is equally important for the expression of the ME 
product tensor property between phases. 
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Fig. 9. Ferromagnetic Hysteresis loop of sintered BTO – 30 CFO, BTO – 35 CFO and BTO – 
33.5 CFO bilayer magnetoelectric composites. 

4. Conclusion 
A microstructural investigation of BaTiO3–CoFe2O4 polycrystalline solutions for 
compositions close to the eutectic point has been investigated along with dielectric, 
ferromagnetic and magnetoelectric behavior. Multi-grain BTO-rich islands were found in a 
CFO-rich matrix. Analysis of the interfacial regions revealed that the two phases have a high 
degree of coherency, enabling continuous grain growth. Also the bilayer type composite 
structure shows better performance as it shows very high magnetoelectric coefficient (3.6 
V/cm. Oe) at high frequency (434 KHz). 
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Fig. 10. Magnetoelectric Coefficient of different BTO – CFO composites as a function of (a) 
DC bias and (b) frequency. 
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1. Introduction
Ferroelectric materials offer a wide range of dedicated physical properties such as high
dielectric constant, spontaneous polarisation, pyroelectric and piezoelectric effects which
can be applied in thin-film non-volatile memories or ‘bulk’ actuators, multi-layer capacitors,
thermal sensors and transducers (1–3). In that respect, desired materials properties for specific
applications may be tailored by controlling the defect structure by means of aliovalent doping,
rendering so-termed ’hard’ or ’soft’ piezoelectric materials (4–6).
Another important impact on ferroelectric properties results from the confined size in
nano-scale architectures (7). At the nanometer scale physical and chemical properties are
expected to differ markedly from those of the ’bulk’ material. Owing to a size-driven phase
transition, a critical particle size exists below which ferroelectricity does no longer occur (8).
In this chapter, we will first outline the nature of the size-driven para-to-ferroelectric
phase transition, as well as the concepts of defect chemistry. On that basis, the interplay
between confined size at the nano-regime and the development of defect structure will be
characterized. The here studied ferroelectric lead titanate nano-powders may be considered
as a model system for more complex ferroelectric nano architectures (1; 2). Furthermore,
the results discussed here may be transferred to large extent to other important perovskite
oxides with divalent A- and tetravalent B-site, such as BaTiO3 or Pb[Zr,Ti]O3 (PZT). The
defect chemistry of ferroelectric perovskite oxides with monovalent A- and pentavalent B-site,
such as the [K,Na]NbO3 (KNN) solid solution system, however has shown some important
deviations from the defect structure characterized for PZT compounds (9; 10).

2. Synthesis of perovskite oxide nano-powders
Many different strategies have been employed in recent years to synthesize ferroelectric
nano-powders. These include hydrothermal (11), alkoxide (12), co-precipitation (13) and
sol-gel (14) techniques. The main drawback associated with the above-mentioned routes
is the agglomeration of particles, which prevents the synthesis of ultra-fine nano-powders.
This problem may be overcome by two alternative methods – the combined polymerization and
pyrolysis (CPP) technique (15; 16) and the high-energy ball milling (HEBM) cold mechanical
alloying (17; 18). In particular, both methods provide the opportunity to homogeneously
incorporate aliovalent transition-metal or rare-earth dopants with concentrations ranging
between 10−2 − 100 mol%.
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2 Ferroelectrics

2.1 Combined polymerization and pyrolysis
The CPP-route starts from a monomeric metallo-organic precursor through combined
solid-state polymerisation and pyrolysis (15; 16). Adjustment of various mean particle sizes is
obtained by choosing appropriate calcination temperatures. A remarkable optimization of the
CPP route is obtained by applying special tempering conditions, e.g. oxidative atmosphere
or quenching into a non-equilibrium state. With this technique, ultrafine PbTiO3 powders
down to 5 nm mean grain size result (15). CPP based nano-particles are characterized by
a comparatively high reaction homogeneity, particularly in the polymerization step. The
particle sizes may further by decreased by subsequently applying to high energy ball milling.
Recent results of the CPP technique include the synthesis of nano-scale BaTiO3 (19) and
PbTiO3 powders (15; 16) with mean particle sizes ranging from 150 nm down to 5 nm.
The corresponding results from differential thermogravimetric analysis (DTA) (weight loss,
blue line) and differential scanning calorimetry (DSC) (thermal change) of the CPP precursor
are given in figure 1(a). The TGA results show exothermic changes in specific temperatures
(assigned in figure 1(a)) of the precursor due to the CPP formation reactions, as well as
evaporation of various volatiles and phase changes of the crystal. The CPP of PbTiO3 is
initialized around 510 K and peaking at 530 K coupled by the polymerization of −C = C−
double bonds in the methyacrylate part of the ligand from the precursor (15). The pyrolysis
of the hydrocarbons occurs at 554 K and is followed by formation of PbTiO3 (Tmax =
554 K) while release of carbon and other volatiles processed. The deconvolation of the two
main overlapping peaks between 740− 770 K corresponds to the complete combustion and
evaporation of amorphous organic residues (753 K). The ferro-to-paraelectric phase transition
occurs at the Curie temperature for PbTiO3 (763 K). Further heating of the sample gives rise
to mass losses due to PbO evaporization.
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Fig. 1. (a) - differential thermogravimetric analysis (weight loss) and differential scanning
calorimetry (thermal change) of the precursor. (b) - mean particle size as function of
calcination temperature. The inset shows the variation in mean particle size as function of
different ball-milling times.

As function of calcination temperature, the mean particle size of the nano-powders can be
controlled, as shown in figure 1(b). The corresponding mechanism is the following: (i) a low
calcination temperatures gives the smallest particle size and increasing the temperature gives
much larger patrticle size, (ii) applying additionally high-energy ball milling to the smallest
particles obtained after calcination, even smaller particle sizes result (see inset in figure 1(b)).
Moreover, this method allows to introduce dopants by resolving the corresponding metal
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ions into the solution. In addition it is observed that after calcination the solid-state solution
exhibits a rate of homogeneous.
A special advantageous feature of the CPP-preparation route is its ability to introduce small
amounts of dopant ions, such as Cr3+, Mn2+, Fe3+, Cu2+ or Gd3+ for instance, by just adding
the corresponding metal acetates to the monomeric precursor.
Although the CPP-route offers a flexible preparation technique to obtain different mean
particle sizes as function of appropriate calcination temperature and atmosphere, the
particle-size distribution typically is rather broad. In addition to that, nano-particles below
20 nm proved being largely amorphous. These problems can be circumvented by performing
ball milling subsequent to the CPP-route. The most important advantages of CPP-route are
its excellent control over particle size, shape and morphology (phase purity) by adjusting the
calcination temperature.

2.2 High-energy ball milling
An alternative strategy to synthesize nano-grained ferroelectric compounds is the use of cold
mechanical alloying by means of high-energy ball milling. Varying mean grain sized can be
obtained by different milling times. The here presented HEBM nano-powders were obtained
for milling times in an interval between milling times 1 and 50 h at a speed of 300 rpm and a
ball-to-powder weight ratio of 10:1.
The advantage over the above mentioned CPP-route, which requires a calcination step at
an elevated temperature to convert the precursor into the ferroelectric phase, is that this
technique virtually is performed at ambient temperature. Furthermore, there is no need of
high-purity inorganic or organometallic chemicals for the starting materials, thus offering
an inexpensive processing route and additionally overcoming problems associated with high
sensitivity to moisture which typically requires special precaution and handling.
An advantage in common concerning the use of ferroelectric nano-powders as compared
to the standard high-temperature mixed-oxide solid-state reaction techniques is that dense
ceramics may be obtained at considerably lower sintering temperatures owing to the inherent
high rate of homogeneity of the synthesized nano-powders. This argument particularly is
relevant for the synthesis of lead-containing ferroelectric compounds, such that the loss of
PbO at high temperatures can be markedly reduced.

3. Size-driven para-to-ferroelectric phase transition
The most prominent impact of lead titanate nano-powders is that a size-driven phase transition
from the ferroelectric to the paraelectric state can be observed below a critical mean particle
size at ambient temperature. In the following section, we briefly outline the theoretical
foundations describing the size-driven phase transition by means of the Landau-Ginzburg
theory, as well as summarize experimental results monitoring the phase transition on various
length scales.

3.1 Landau-Ginzburg theoretical description of the size-driven phase transition
The phenomenological Landau-Ginzburg theory (LGT) furnishes a systematic basis to discuss
the phase transition properties of bulk ferroelectrics (20–22). In recent years several attempts
were made to extend the LGT to nanolayers (23–25) and nanoparticles (26–31). Starting from
the total free energy of a infinite-size and homogeneous ferroelectric, the latter two gradient
and surface terms were added for a finite-size ferroelectric particle

F =
∫

V
dV
[

1
2

A′(T − TC)P
2 +

1
4

B′P4 +
1
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1
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S

dS P2 (1)
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Obviously, the gradient and surface terms are only of relevance in an outer shell. They
comprise the surface field contribution in the formation of the polarisation gradient. The effect
of the surface on the polarisation is taken into account through the concept of the extrapolation
length d (24; 26; 27). In solving the pertinent Euler-Lagrange equation for minimising the
free energy, the polarisation is obtained considering the boundary condition according to the
extrapolation length conception.
The size dependence of the polarization and the Curie temperature of ferroelectric particles
with a first-order transition were studied in the previous study (8) where different polarization
quantities refer to (i) polarisation at the particle centre (ii) average polarization of the particle
(iii) polarization at the particles outer boundary, and (iv) polarisation difference between
particle centre and border.
Because of the electrostrictive coupling between lattice strain and polarization in
perovskite-type ABO3 systems, the deformation of the tetragonal unit cell depends on the
polarization, and particularly the tetragonality ( c

a − 1) is proportional to the square of Ps (32).
As a result, the variation of Ps involves a change of the c/a-ratio near the nano-particle surface.
For PbTiO3 nano-particles, the LGT predicts a critical size of dLGT

crit = 4.2 nm (26), whereas
the hitherto experimentally estimated critical size amounts to dexp

crit = 12.6 nm (33). This
discrepancy for controversial values of dcrit can be attributed to the polarization gradient,
a nano-crystalline surface layer and the depolarization effect. The effect of a depolarization
field (Ed) and a space-charge layer on the Curie temperature TC shift was comprised within
a finite-size multi-domain model of a cubic ferroelectric particle (34). On the other hand, a
phenomenological theory of the size-dependent dielectric susceptibility (28) was based on
spherical ferroelectric particles, thereby unfortunately disregarding the surface energy which
plays a decisive role in the physics of nano-materials. Finally a model was proposed (30)
which gives due consideration to the depolarisation field Ed and also includes the surface and
domain-wall energies.
However, a homogeneous comprehensive theory was not yet elaborated so far, and
existing models yield rather scattering dcrit values. Nevertheless, very recent Landau
phenomenological theory calculations for confined ferroelectric nanoparticles are very good
agreement with experimental results (35).

3.2 X-ray diffraction
The size-driven phase transition can be directly monitored by considering the corresponding
XRD patterns of the nano-powders as function of mean grain size. In figure 2 the XRD patterns
of nano-powders obtained by CPP and HEBM are compared to each other.
All observed reflexes can be explained by the perovskite structure. For the ’bulk’ PbTiO3
component, the corresponding reflexes are indexed. In figure 2(a) the XRD patterns for
the nano-powders obtained from CPP are shown. All nano-powders exhibit Bragg reflexes
characteristic for the PbTiO3 crystal structure. With decreasing mean particle size, the (001)
and (100) reflexes that belong to the crystalline lattice constants, a and c, approach each
other. This indicates the corresponding size-driven ferro-to-paraelectric phase transition from
tetragonal to cubic crystal symmetry. Furthermore, for the nano-scale particles, the reflexes
are considerably broadened, which hinders further structural refinement.
Figure 2(b) compares the XRD patterns for nano-powders obtained by HEBM for varying
milling times. The determined c/a-ratio of the PbTiO3 powders decreases from 85 to 20 nm,
when varying the milling time from 30 to 50 h.
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Fig. 2. XRD patterns lead titanate nano-powders as function of mean grain size. (a) - PbTiO3
nano-powders as synthesized by the CPP-route for varying calcination temperatures. (b) -
PbTiO3 nano-powders as synthesized by HEBM for varying milling times.

3.3 Raman spectroscopy
A microscopic description of the ferroelectric behavior requires the consideration of lattice
dynamics by means of the soft-mode theory. Accordingly, in the ferroelectric phase the PbTiO3
cations are displaced from the centre of the anion lattice, resulting in an inner electric field with
a permanent electric moment and a spontaneous polarization. Contrary, in the paraelectric
phase PbTiO3 has cubic symmetry and can be polarized along any of the three equivalent
4th-order axes. Upon the transition to the tetragonal symmetry, one direction is chosen as the
crystallographic c-axis and is associated with a characteristic lattice vibrational mode, either
acoustic or optical. In the paraelectric phase all ions move collectively with the same phase,
whereas in the ferroelectric phase anions and cations move independently of each other with
opposite phases. Both modes can be of longitudinal or transversal type and their frequency
depends on temperature. When a ferroelectric phase transition takes place, the transversal
optical mode exhibits an instability and its frequency decreases towards zero, i.e. it ’softens’.
At TC the mode is ’frozen’ and the mode frequency reaches zero. This enables a rise of a
non-zero order parameter and lowers the crystal symmetry. Such a vibrational mode is called
’soft mode’. In case of nano-particles it is aimed that softening occurs not by temperature but
by reduction of lattice parameters, hence particle size.
Correspondingly, Raman spectroscopy can be employed to study the occurrence of soft mode
as function of mean grain-size. The corresponding Raman-spectra are depicted in figure
3. In figure 3(a) the Raman spectra as function of mean particle size are shown, where the
corresponding phonon modes are assigned according to ’bulk’ PbTiO3 (36).
Assuming a strong correlation between the crystalline unit-cell dimensions (a, c) and the
longitudinal optical (LO) and transversal optical (TO) phonon modes, with decreasing mean
particle size, the LO modes shift to higher wave numbers whereas the TO modes are shifted
to lower wave numbers. More importantly, the soft-mode becomes weaker for small particle
sizes and finally disappears below a critical particle diameter, dcrit, indicating the transition
from a ferroelectric to a paraelectric nano-powder. This observation may be explained by
considering that for nano-sized compounds the quotient between number of atoms at the
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Fig. 3. Raman spectra of PbTiO3. (a) - Raman spectra as function of mean grain size. (b) -
Raman spectra as function of temperature.

surface and atoms in the bulk markedly increases. Accordingly, short-range forces become
more dominant as compared to long range forces. As a consequence, a size-driven phase
transition occurs, such that the Curie temperature for bulk PbTiO3, TC = 766 K is reduced
to a value below ambient temperature.
This size-driven phase transition is compared to a temperature-induced phase transition for a
specimen of 16 nm mean grain size (cf. (figure 3(b)). By increasing the measuring temperature
similar Raman lines occur as observed fo a ’bulk’ sample. However, above 700 K the Raman
lines start to disappear. This is around 60 K lower than the value of bulk TC, indicating a
reduction in the value of TC at 16 nm mean grain size.

3.4 X-ray Absorption Near Edge Structure
The size dependent X-ray Absorption Near Edge Structure (XANES) of PbTiO3 gives
significant information about the nature of phase transitions. We find that we can
quantitatively relate the local structure of several Ti perovskites with the pre-edge and
post-edge peaks in their XANES spectra. Here, the size effect on Ti K- edge and Pb
L3-edge XANES spectra is investigated. In order to characterize the local structure of the
PbTiO3 nano-powders, XANES at Ti K-edge and Pb L3-edge was compared to the ’bulk’
compounds. The corresponding XANES-spectra are shown in figure 4. The pre-edge features
(labeled as A and B in figure 4) are atrributed to quadrupolar transitions of t2g-type orbitals
situated in the absorption Ti-atom (37). The transition A is caused by hybridization of p−
and d-symmetry states at the Ti-atom under the influence of the neighboring oxygen atoms
that takes place if the inversion symmetry is broken relative to the absorbing atom position
(37). The pre-edge feature B is refered to the Ti 1s-electron transition to the unoccupied
3d-states of the neighbouring Ti-atoms and the transition occurs if there are 4d-atoms in the
neighbourhood of the absorbing Ti-atom (37; 38).
The transitions labeled C, D, E, F and G at energies above the absorption edge are related
to electronic transitions and to the atomic structure of second and third-nearest neighbours
of Ti within distances up to 1.0 nm (37; 38). The pre-edge features labeled as C, E and F in
the spectrum for the bulk ferroelectric do not appear in the spectrum for the nano-structured
sample.
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Fig. 4. X-ray Absorption Near Edge Structure spectra of ’bulk’ and nano-scale PbTiO3
powders. (a) - Ti K-edge. (b) - Pb L3-edge.

It is noteworthy to say that the experimental results that we obtained are in very good
agreement with the simulation of XANES spectra given in literature (37). Pb L3-edge XANES
spectrum showed in Figure 4 the absorption features after the edge are related to the internal
transitions between the 2p and the empty d states in Pb2+ ions (37).
Overall, as compared with the ’bulk’ sample (500 nm), the 12 nm sample yields broadened
spectral features, concerning pre-edge structures (A-D) and the post-edge (E-G) structures.
Clearly, if the mean particle size falls below a critical value (ca. 6 nm), any translational
symmetry is largely removed and the idea of persistent tetragonal structural units no longer
stays. Changing of symmetry translates into more diffuse scattering pathways and results in
the smearing of Ti K- edge XANES features, indicating structural transition from tetragonal
phase to cubic phase, in other words a transition from ferroelectric-to-paraelectric phase.

3.5 EPR-spectroscopy
In order to monitor the size-driven phase transition on an atomic level, electron paramagnetic
resonance (EPR) spectroscopy has been applied. As a paramagnetic probe ion Cr3+ has been
incorporated into the PbTiO3 lattice (15). In that respect, Cr3+ is a very suitable probe ion,
because ionic size is very close to that of Ti4+ and furthermore, trivalent Cr3+ is a high-spin
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ion (S = 3
2 ) which sensitively probes subtle structural changes by means of its quadrupole

fine-structure interaction.
The corresponding EPR spectra for Cr3+-doped PbTiO3 nano-powders are illustrated in figure
5(a) for varying mean particle sizes, as compared to a bulk Cr3+:PbTiO3 compound measured
at varying temperature (cf. figure 5(b)).
First, the size-driven phase transition of Cr3+:PbTiO3 nano-powders is considered (figure 5(b,d)).
For nano-powders of mean grain-size above a critical value (d > dcrit), the EPR spectra
are characteristic of a central transition and satellite transitions. This situation points to
an axial site symmetry at the Cr3+-site, indicating tetragonal symmetry of the Cr3+:PbTiO3
nano-powders. Upon reduced mean grain size, the splitting of the satellite resonances
monotonically reduces, until a single resonance emerges at d ≤ dcrit. This situation only
occurs if the fine-structure interaction vanishes, which is valid only for cubic symmetry. The
corresponding size-driven phase transition is illustrated by exploiting the variation of the
axial fine-structure parameters D as function of mean grain size (cf. figure 5(d)).
As comparison, in figure 5(a,c), the temperature-induced phase transition of bulk Cr3+:PbTiO3 is
shown. A similar behavior for the splitting of satellite resonances for temperatures below TC
is observed, where the single-line situation characteristic for the paraelectric state is observed
for temperatures above the Curie temperature, T ≥ TC = 765 K.
Both phase transitions show a first-order character (8; 15).

3.6 Core-Shell structural model for nano-scale ferroelectrics
As a structure model of the spherical nanoparticles to give a comprehensive explanation
for the size effect, the so-called core-shell model is proposed to show that the surface shell
with a cubic structure covers the particle core with a tetragonal structure. In ferroelectric
nanoparticles the core-shell model is in close relation with the particles size distribution. The
spherical nanoparticle consists of two main parts: the core which is tetragonal (or ferroelectric)
and the shell which is cubic (or paraelectric). The shell consists of an extremely distorted
surface layer which partly is amorphous, partly a so-termed ’dead layer’ and partly an
extreme non-symetric crystal structure whereas the core consist of particles which are still
tetragonal particles. The formation of core-shell structure has been demonstrated previously
very successfully for ZnO nanoparticles (39; 40) where 8 nm core was embedded inside a 1 nm
thick shell. Here, with the aid of analytical spectroscopic techniques our results also support
the concept of core-shell model of ferroelectric nanoparticles where the nanoparticle consists
of ferroelectric tetragonal-core and an outer tetragonal-to-cubic gradient-shell. When going to
ultrafine particle size, outer gradient-shell effects increasingly dominates the tetragonal-core
contributions, thus readily explaining the size driven tetragonal-to-cubic phase transition.
The same effect has been already observed by NMR and EPR for Mn2+:BaTiO3 (8) and
Cr3+:PbTiO3 (16).
The mean particle sizes were determined from X-ray diffraction, based on the single-line
method. The details of the method were given in our previous study on nano-sized PbTiO3
powders. The size distributions after milling are not Gaussian or Lorentzian, they rather
resemble to log-normal functions.

4. Defect chemistry of ferroelectric nano-powders
To formally describe defects, such as lattice vacancies for instance, and dopant ions in the
solid state, the Kröger-Vink notation is commonly used (41). In the framework of this notation,
ions with lower valence than the one they replace (acceptors) are designated by a bar (A′B) and
ions with higher valence (donors) by a dot (D•B). With that respect, the number of bars or dots
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designates the relative charge mismatch. The subscript defines the lattice site at which the
considered defect is incorporated. In case the valence of both ions is equal, the superscript is
a cross (B×B ). Interstitials are defined by an i as subscript, lattice vacancies - such as oxygen
vacancies for instance – are given by V••O and electronic charge carriers by e′. The validity of
the Kröger-Vink notation is, however, restricted to dilute defects that do not interact with each
other.
For the here considered oxide perovskite ferroelectrics, the most relevant defects are cation
vacancies (lead vacancies, V ′′Pb), anion vacancies (oxygen vacancies, V••O ), acceptor-type ions with
a lower positive charge than the ion they replace (e.g. Fe3+ for Ti4+, Fe′Ti), or donor-type ions
with a higher positive charge than the ion they replace (e.g. Gd3+ for Pb2+, Gd•Pb).
With respect to the reaction of incorporation for Fe2O3 and Gd2O3 into PbTiO3, the standard
oxide reaction scheme for the synthesis of lead titanate is considered

PbO + TiO2 −→ Pb×Pb + Ti×Ti + 3O×O (2)
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With respect to the doping with Fe2O3, the oxide of the acceptor contains less oxygen per
cation (Fe2O3) than the binary oxide of the host cation it replaces (TiO2). Accordingly, the
substitution of an acceptor oxide for the host oxide results in the introduction of an equivalent
number of oxygen vacancies according to the incorporation reaction

Fe2O3
2TiO2−→ 2Fe′Ti + 3O×O + V••O (3)

Additional to the oxygen vacancies generated by means of acceptor doping, a second source
for the existence of oxygen vacancies peculiar to lead-containing materials consists in the loss
of the volatile PbO component during high-temperature treatment (42) owing to the defect
equilibrium

Pb×Pb + O×O � PbO(g) + V ′′Pb + V••O (4)

creating Schottky-defect pairs.
An important issue for ferroelectric compounds are the diffusion properties of the above
introduced defects. In that respect, the V••O will be rather mobile down to ambient
temperature, because there are always nearest-neighbor oxygen sites in the perovskite
structure with which the V••O may exchange their position. On the other hand, the V ′′Pb and
Fe′Ti have no nearest-neighbor cation sites, for which reason they are rather immobile and
their diffusion may only be observed at considerably higher temperatures (generally above
about 1000 ◦C). Consequently, only the V••O contribute to the ionic conductivity of perovskite
compounds at moderate temperatures.
In the so-termed extrinsic regime, where the concentration of defects is above a limit in which
the defects may be regarded as isolated, the interaction of oppositely charged defects, such
as negatively-charged acceptor dopants and positively charged oxygen vacancies, becomes
important. Correspondingly, the ionic conductivity of the involved defects can be significantly
reduced owing to the formation of defect complexes

Fe′Ti + V••O � (Fe′Ti −V••O )• (5)

where application of the law of mass action results in the following mass-action constant (43)

KFe =
[(Fe′Ti −V••O )•]

[Fe′Ti][V
••
O ]

(6)

Generally, the magnitude of K is strongly dependent on the host system. Whereas for
Fe3+-doped SrTiO3 at most half of the Fe3+ but all of the V••O are bound in defect complexes
(43–45), for Fe3+:PbTiO3 exclusively (Fe′Ti −V••O )• defect complexes are formed and no ’free’
Fe′Ti could be observed for temperatures below 300 K (46). With this regard, Fe3+:BaTiO3
represents an intermediate situation (47–50), such that KFe:SrTiO3 ≤ KFe:BaTiO3 ≤ KFe:PbTiO3

is
valid.
Vice-versa, a donor-type dopant may reduce the concentration of oxygen vacancies in the
lattice. This is owing to the reason that the oxide of a donor (Gd2O3) contains more oxygen per
cation than the binary host oxide it replaces (PbO). Correspondingly, the excess oxygen serves
to reduce the concentration of oxygen vacancies according to the following incorporation
reaction

Gd2O3 + V••O
2PbO
−→ 2Gd•Pb + 3O×O (7)

For high donor-dopant concentration the oxygen vacancy concentration may thus be reduced
to a very small amount characteristic of intrinsic ionic disorder. Alternatively, the donor
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doping enhances the concentration of cation vacancies according to

Gd2O3
2PbTiO3−→ 2Gd•Pb + 3O×O + V ′′Pb (8)

Contrary to the situation for acceptor-doping, for donor-doped PbTiO3 compounds there is
no formation of defect complexes between the donor ion and cation vacancies, such that the
corresponding lattice defects (Gd•Pb, V ′′Pb) rather exist as ’isolated’ centers (51).
A question that is still controversially discussed is the defect chemistry of co-doped
compounds. These materials are simultaneously doped by an acceptor and a donor
dopant, such as (Gd3+,Fe3+):PbTiO3 for instance. Two competing mechanisms for charge
compensation are then conceivable; either the lattice vacancies generated by the two dopants
cancel each other, or the defects formed add together. In the former scenario the amount
of V••O would be considerably reduced by the donor doping and as consequence also the
concentration of (Fe′Ti−V••O )• defect complexes should be decreased. Alternatively, the latter
mechanism describes a situation where even in ’soft’ co-doped compounds (Fe′Ti −V••O )• are
present.

4.1 Defect-structure of acceptor-doped PbTiO3 studied by EPR
The ’method-of-choice’ for the characterization of defect structure is provided by EPR
spectroscopy (5; 52). The information content obtained from the analysis of the EPR spectra
is twofold. First, it can be distinguished between ’isolated’ Fe′Ti functional centers and centers
that have formed a (Fe′Ti−V••O )• defect complex for reasons of charge compensation. Second,
the site symmetry at the Fe3+-site is obtained, for which reason in case of a (Fe′Ti − V••O )•

defect dipole, its orientation with respect to the orientation of the spontaneous polarization,
PS, in the PbTiO3 nano-powders may be deduced (53). Correspondingly, the defect dipoles
may be oriented either parallel (Fe′Ti − V••O )•‖ or perpendicular (Fe′Ti −V••O )•⊥ with respect to

the orientation of PS. In case of an ’isolated’ Fe′Ti center, an isotropic EPR line accounts for a
cubic and paraelectric PbTiO3 phase.
The corresponding EPR spectra for the obtained Fe3+-modified PbTiO3 nano-powders with
varying mean grain size are given in figure 7. For comparison, also the EPR spectrum of a
’bulk’ sample with mean grain size of about 500 nm is depicted (top). The spectrum consists
of a dominant low-field peak at ≈ 100 mT characteristic for the existence of (Fe′Ti − V••O )•‖
defect complexes (54). As function of decreasing mean grain size, additional peaks occur in
the EPR spectra, which may be explained by the following scenario: For nano-sized samples
an increasing contribution arises from the surface of the nano-grains. According to a core-shell
model (55; 56), this surface has cubic PbTiO3 structure and thus is paraelectric. In cubic crystal
symmetry, the advantage in energy of formation of an (Fe′Ti − V••O )• defect associate over the
’isolated’ defects (Fe′Ti, V••O ) (46) vanishes. Consequently, the observation of an isotropic EPR
at g = 2.002 (figure 7(a), bottom) accounts for the existence of an isolated Fe′Ti center in a
paraelectric surface region. The third resonance at ≈ 150 mT is characteristic for a (Fe′Ti −

V••O )• defect complex of rhombic site symmetry at the site of the Fe3+ functional center. Its
origin may be twofold: First, it may be a (Fe′Ti −V••O )•⊥ defect dipole, oriented perpendicular
to the direction of spontaneous polarization. Second, it may be a (Fe′Ti−V••O )• defect complex
in a distorted crystal symmetry. Both scenarios agree with the existence of a distorted interface
layer in the nano-crystals between the ferroelectric core and the paraelectric surface.
Schematically, the corresponding ’core-shell structure’ is illustrated in figure 8. At the
ferroelectric core of the PbTiO3 nano-particles, (Fe′Ti − V••O )•‖ defect dipoles are formed that
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Fig. 7. (a,b) - X-band (9.4 GHz) EPR spectra of Fe3+-doped PbTiO3 nano-powders as function
of mean grain size (indicated above the spectra). (a) - experimental spectra. (b) - numerical
spectrum simulation. (c) - quantitative analysis of site symmetry as function of mean grain
size, indicating the change in defect structure when approaching the nano-regime.
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Fig. 8. Schematical illustration of the ’core-shell structure’ for Fe3+-doped PbTiO3 ferroelectric
nano-particles. (a) - ’isolated’ Fe′Ti and V••O defects at the paraelectric surface. (b) -
(Fe′Ti −V••O )• defect complexes of rhombic site symmetry at interface layer. (c) -
(Fe′Ti −V••O )•

‖
defect dipoles at the ferroelectric core. The corresponding unit cells are

illustrated by rectangles, the Fe3+-functional centers by a gray circle and the oxygen
vacancies by open squares.

are aligned along the direction of spontaneous polarization. In contrast, at the paraelectric
surface ’isolated’ Fe′Ti and V••O defects exist. This particularly impacts the ionic conductivity
at the surface of PbTiO3 nano-grains because the V••O act as ionic charge carriers when not
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bound to (Fe′Ti − V••O )• defect complexes. In between ferroelectric core and the paraelectric
surface region a distorted interface layer exists, which explains the existence of (Fe′Ti − V••O )•

defect complexes of rhombic site symmetry.
Quantitatively, the amount of the three above mentioned defects is analyzed as function of the
determined site symmetry as depicted in figure 7(c). Obviously, a marked size-driven change
in defect structure is observed when comparing ’bulk’ and nano-scale ferroelectrics.

4.2 Defect-structure of donor-doped PbTiO3 studied by EPR
In contrast to the Fe3+ functional center in PbTiO3 that is incorporated at the Ti-site and acts
as an acceptor, the Gd3+-center substitutes for Pb2+ at the A-site and hence acts as a donor.
Furthermore, charge compensation is performed through the formation of lead vacancies in
distant coordination spheres, such that no defect complexes are formed (51).
The corresponding X-band (9.4 GHz) and Q-band (34.1 GHz) EPR spectra of Gd3+-doped
PbTiO3 nano-powders as compared to a ’bulk’ compound are shown in figure 9. The
nano-powders were obtained by HEBM for 10 h and subsequent calcination at various
temperatures, yielding mean grain sizes in an interval between 50 and 500 nm.
The main result of the EPR-analysis is that the Gd3+ fine-structure interaction is only slightly
reduced for decreasing mean grain size of the Gd3+:PbTiO3 nano-powders. Considerably
more pronounced is an increased line-broadening owing to fine-structure strain. Adopting the
above mentioned core-shell model also for the Gd3+-doped PbTiO3 nano-grains, the enhanced
fine-structure strain can be rationalized by a superposition of EPR-resonances from Gd3+

functional center at the tetragonal core, the cubic shell and at the rhombic interface layer.
Considering the obtained EPR linewidths ΔBpp for the two systems of nano-powders studied,
a marked variation between the CPP-prepared Fe3+-doped PbTiO3 and the HEBM-obtained
Gd3+-doped PbTiO3 nano-powders is observed. Whereas for the CPP-synthesis route almost
no variation in ΔBpp between the ’bulk’ and the nano-scale materials can be determined, the
HEBM-prepared nano-powders show a pronounced increase in ΔBpp. This observation may
be mainly traced back to the different distributions of grain size. Whereas the CPP-route
provides nano-powders with log-normal distribution in grain size (15; 56), HEBM involves
locally high temperature during the milling that increases the particle size and because
comparatively long milling periods typically are required, the corresponding distribution in
grain size is considerably larger (17; 18).

4.3 Defect chemistry of acceptor- and donor-doped nano-scale ferroelectrics
For ’bulk’ PbTiO3 compounds it is well established that the Fe3+ functional center acts as an
acceptor and forms (Fe′Ti − V••O )• defect complexes for partial charge compensation (46; 57).
According to the EPR results, each Fe3+ functional center is over-compensated by one oxygen
vacancy. In order to obtain overall charge neutrality, exact charge compensation of two (Fe′Ti−
V••O )• defect complexes is accomplished by one additional lead vacancy. Accordingly, the
following defect equilibrium describes the ’bulk’ situation in Fe3+-doped PbTiO3

2[V ′′Pb] ≈ [(Fe′Ti −V••O )•] (9)

The striking observation is that even though the Fe3+-doping renders ’hard’ piezoelectric
compounds, the (Fe′Ti − V••O )• defect dipole is positively charged for which reason it acts
as a donor center in the equation for charge compensation.
The defect equilibrium, however, is drastically changed for Fe3+-doped PbTiO3
nano-powders where the Fe3+ functional centers rather exist as ’isolated’ Fe′Ti-centers that
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Fig. 9. (a,b) EPR spectra of Gd3+-doped PbTiO3 nano-powders as function of mean grain size
after high-energy ball-milling for 10 h and subsequent calcination at various temperatures.
(a,c) - X-band (9.4 GHz) EPR spectra. (b,d) - Q-band (34.1 GHz) EPR spectra. (c,d) - numerical
spectrum simulations.

do not form (Fe′Ti − V••O )• defect complexes. For this reason, the defect equilibrium defined
for the ’bulk’ Fe3+:PbTiO3 compounds in equation (9), is modified to

[Fe′Ti] ≈ 2[V••O ] (10)

Now the Fe′Ti acts as an acceptor and the concentration of mobile oxygen vacancies is
considerably enhanced because in the nano-regime the concentration of (Fe′Ti − V••O )• defect
complexes is considerably decreased or even vanishes in the paraelectric state. This provides a
means to explain the increased (ionic) conductivity often reported for nano-sized ferroelectric
compounds (58). On the other hand, owing to the absence of (Fe′Ti − V••O )• defect dipoles,
the ’hardening’ effect is expected to decrease for nano-sized materials. Furthermore, the defect
equilibrium described in equation (10) necessitates no formation of V ′′Pb for overall charge
neutrality, as is required for ’bulk’ compounds described in equation (9).
Contrary to the situation for ’hard’ Fe3+-doped PbTiO3, for the ’soft’ Gd3+-doped PbTiO3
compound there is no association of defect complexes that impacts the charge neutrality
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condition. The donor-type Gd•Pb-center necessitates a reduced concentration of oxygen
vacancies but increased concentration of lead vacancies results according to

2[V ′′Pb] ≈ 2[V••O ] + [Gd•Pb] (11)

Here, no pronounced impact of the nano-regime on the defect structure is observed.
Correspondingly, the defect-chemical mechanisms established for ’soft’ ferroelectric
compounds can be directly transferred to nano-scale ferroelectrics.

5. Conclusion
In summary, two main results emerge when studying nano-scale ferroelectrics. First,
a size-driven phase transition occurs below a critical grain size and second, this
ferro-to-paraelectric phase transition is accompanied by a pronounced size-driven change in
defect chemistry.
Concerning the size-driven phase transition, the structural properties of spherical nano-particles
can be explained by a core-shell model. According to this model, the nano-grains consist of a
surface shell with a cubic structure that covers the particle core with a tetragonal structure.
The nano-particles accordingly possess a ferroelectric core and an outer tetragonal-to-cubic
gradient-shell. When going below an ultra-fine particle size, the outer gradient-shell effects
increasingly dominates the tetragonal-core contributions, thus explaining the size driven
tetragonal-to-cubic phase transition.
With respect to the size-driven change in defect chemistry of ferroelectric perovskite oxides, it has
to be distinguished between acceptor- and donor-doped compounds. The defect complexes
that exist in ’bulk’ acceptor-doped materials vanish in the nano-regime, such that the
’hardening’ effect is considerably decreased, whereas the ionic conductivity is increased. On
the other hand, the defect-chemical mechanisms established for ’soft’ ferroelectric compounds
can be directly transferred to nano-scale ferroelectrics.
Finally, two effective methods have been introduced for the synthesis of ferroelectric
nanoparticles. Both have advantages and drawbacks which can be summarized as follows:
The Combined Pyrolysis and Polymerization (CPP) involves a precursor with subsequent
calcinations that controls the particle size. This method easily allows incorporation of dopant
ions in the form of metal acetylacetonates. With the need of this indirect technique, mean grain
sizes down to about 10 nm can be reached. However, there is the possibility of agglomeration
during calcinations, which may cause considerable size-distribution broadening. On the
other hand, High Energy Ball Milling (HEBM) works without the need of wet chemistry
(precursor) and subsequent high-temperature treatment (calcination). The particle size is
controlled via the milling time through a mechanical alloying process. As starting material
the corresponding metal oxides (also for doping) are used. This direct technique provides
small particle sizes below 10 nm. However, high mechanical strain may cause large grain-size
distributions.
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[54] Meštrić, H.; Eichel, R.-A.; Dinse, K.-P.; Ozarowski, A.; van Tol, J.; Brunel, L. C. (2004). J.

Appl. Phys., Vol. 96, 7440.
[55] Aoyagi, S.; Kuroiwa, Y.; Sawada, A.; Kawaji, H.; Atake, T. (1973). J. Thermal Analy. Calor.,

Vol. 81, 627.
[56] Erdem, E; Semmelhack, H.-C.; Böttcher, R.; Rumpf, H.; Banys, J.; Matthes, A.; Gläsel,

H.-J.; Hirsch, D.; Hartmann, E. (2006). J. Phys. Condens. Matter, Vol. 18, 3861.
[57] Erdem, E.; Drahus, M. D.; Eichel, R.-A.; Kungl, H.; Hoffmann, M. J.; Ozarowski, A.; van

Tol, H.; Brunel, L. C. (2008). Funct. Mat. Lett., Vol. 1, 7.
[58] Guo, X.; Pithan, C.; Ohly, C.; Jia, C. L.; Dornseiffer, J.; Haegel, F. H.; Waser R. (2005).

Appl. Phys. Lett. Vol. 86, 082110.

96 Ferroelectrics - Characterization and Modeling



6 

Microstructural Defects in  
Ferroelectrics and Their Scientific Implications  

Duo Liu 
State Key Laboratory of Crystal Materials,  

Shandong University, Jinan, Shandong,  
P. R. China 

1. Introduction 
Properties of materials are closely linked to their defect structure. Numerous studies have 
proved that the existence of a small amount of microstructural defects can dramatically 
change the way of materials behaving in response to external fields. Based on these, various 
kinds of functional devices have been developed, which have changed the daily life of 
human beings. Currently, the most important application of defects in industry is probably 
semiconductor devices intentionally doped with foreign atoms to realize desirable band 
structures to tune the behaviors of electrons. Defects are also intentionally introduced into 
metals and insulators to achieve better performances.  
Similarly, defects in ferroelectric materials are also extremely important. As a subject that 
has been investigated for decades, it has been proved that defects and the associated stress 
and electrical fields could change ferroelectric behaviors such as polarization reversal, 
domain kinetics, phase transition temperatures, and ferroelectric fatigue. Up to date, 
numerous studies have been devoted to understanding oxygen vacancies, dislocations, 
domain walls, voids, and microcracks in ferroelectrics.  Actually, almost all aspects of 
ferroelectric properties are defect-sensitive. For example, doped PZTs could either be “soft” 
or “hard” with variable coercive fields. Oxygen vacancies play a determinant role on the 
fatigue process of ferroelectric oxides. Dislocations may hinder the motion of ferroelectric 
domain walls.  
Recent interests on the design and fabrication of nanodevices stem from the distinct and 
fascinating properties of nanostructured materials. Among those, ferroelectric 
nanostructures are of particular interests due to their high sensitivity, coupled and ultrafast 
responses to external inputs [1]. With the decrease of the size of ferroelectric component 
down to nanoscale, a major topic in modern ferroelectrics is to understand the effects of 
defects and their evolution [2]. Defects will change optical, mechanical, electrical and 
electromechanical behaviors of ferroelectrics [3, 4]. However current understanding is 
limited to bulk and thin film ferroelectrics and is still not sufficiently enough to describe 
their behaviors at nanoscale. In view of the urgent requirement to integrate ferroelectric 
components into microdevices and enhanced size-dependent piezoelectricity for nanosized 
ferroelectric heterostructure, [5] it becomes essential to explore the role of defects in 
nanoscale ferroelectrics.     
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In this Chapter, the author will first discuss the effects associated with different types of 
defects in BaTiO3, a model ferroelectric, from the point of views of the classical ferroelectric 
Landau-Ginsberg-Devonshire (LGD) theory. The author will then present some recent 
progresses made on this area. Among those include 1) critical size for dislocation in BaTiO3 
nanocube, 2) (111) twined BaTiO3 microcrystallites and the photochromic effects.  

2. Thermodynamic description of ferroelectrics 
Most important phenomena associated with hysteretic, polarization, domain wall, and 
phase transition behaviors in ferroelectrics can be described by using the thermodynamic 
Landau-Ginzburg-Devonshire (LGD) theory. The LGD theory has been demonstrated to be 
the most powerful tool to understand ferroelectric behaviors especially when the materials 
are under the influence of external fields (electrical, temperature, and stress) [6, 7].  
Most ferroelectric materials undergo a structural phase transition from a high temperature 
non-ferroelectric paraelectric phase into a low temperature ferroelectric phase of a lower 
crystal symmetry. The phase transition temperature is usually called the Curie temperature. 
In most cases, the dielectric constant above the Curie temperature obeys the Curie-Weiss 
law. 
The change of internal energy, dU, of a ferroelectric material subjected to a small strain dx, 
electric displacement dDi, and entropy dS can be expressed by 

 ij ij i idU TdS X dx E dD= + +  (1) 

where T is the temperature of the thermodynamic system. Since most piezoelectric systems 
are subjected to stress, electric field and temperature variations, it is convenient to express 
the free energy into the form of the Gibbs energy  

 i j ij i idG SdT x dX D dE= − − −  (2) 

According to the Taylor expansion around a certain equilibrium state, G0(T), the Gibbs free 
energy can be expanded in terms of the independent variables T, X and D  
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 (3) 

This phenomenological theory treats the material in question as a continuum without regard 
to local microstructure variations [8]. Although the treatment itself does not provide 
physical insight on the origin of ferroelectricity, it has been demonstrated as the most 
powerful tool for the explanation of some ferroelectric phenomena such as Curie-Weiss 
relation, the order of phase transition and abnormal electromechanical behaviors [9]. 
Equation (3) can be rewritten as [10]: 
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 (4) 

where the coefficients, α1, α2, and α3 can be identified from equation (4) and s and Q are 
known as the elastic compliance and the electrostrictive coefficient, respectively. 
For a ferroelectric perovskite, equation (4) can be further simplified if the crystal structure 
and the corresponding polarization are taken into consideration. The polarization for cubic, 
tetragonal, orthorhombic and rhombohedral ferroelectrics is listed in Table 1, where 1, 2, 
and 3 denotes the a-, b-, and c- axis in a unit cell.   
 

Cubic 2 2 2
1 2 3 0P P P= = =  

Tetragonal 2 2
1 2 0P P= = , 2

3 0P ≠  

Orthorhombic 2 2
1 2 0P P= ≠ , 2

3 0P =  

Rhombohedral 2 2 2
1 2 3 0P P P= = ≠  

Table 1. The polarization for cubic, tetragonal, orthorhombic, and rhombohedral structures. 

Thus, considering the tetragonal ferroelectric system in the absence of external electrical field 
and without temperature change, the electric displacement, D, equals to the polarization in the 
direction parallel to the c- axis. The free energy can then be further simplified as 

 ( ) 2 4 6 2 2
0 1 2 3

1 1 1 1
2 4 6 2

G G T a P a P a P sX QXP= + + + + + + ⋅ ⋅ ⋅ ⋅ ⋅ ⋅  (5) 

where a1=β (T - Tc) with β a positive constant, Tc is the Curie temperature for second-order 
phase transitions or the Curie-Weiss temperature (≠ the Curie temperature) for first-order 
phase transition.  

3. Point defects 
Point defects occur in crystal lattice where an atom is missing or replaced by an foreign 
atom. Point defects include vacancies, self-interstitial atoms, impurity atoms, substitutional 
atoms. It has been long realized even the concentration of point defects in solid is considered 
to be very low, they can still have dramatic influence on materials properties [11,12]:  
• Vacancies and interstitial atoms will alternate the transportation of electrons and atoms 

within the lattice.  
• Point defects create defect levels within the band gap, resulting in different optical 

properties. Typical examples include F centers in ionic crystals such as NaCl and CaF2. 
Crystals with F centers may exhibit different colors due to enhanced absorption at 
visible range (400 – 700 nm). 
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The most important point defect in ferroelectric perovskites is oxygen vacancies. Perovskite-
related structures exhibit a large diversity in properties ranging from insulating to metallic 
to superconductivity, magneto-resistivity, ferroelectricity, and ionic conductivity. Owing to 
this wide range of properties, these oxides are used in a great variety of applications. For 
example, (Ba,Sr)TiO3 and Pb(Zr,Ti)O3 are high-dielectric constant materials being 
considered for dynamic and nonvolatile random access memories, Pb(Zr,Ti)O3 is high 
piezoelectric constant material being used for actuators and transducers, and LaMnO3 and 
(La,Sr)CoO3 are being used as electrode materials in solid oxide fuel cells. Oxygen vacancies 
in perovskites are particularly of interests due partly to the loosely packed oxygen octahedra 
that lead to high mobility of oxygen vacancies. In perovskite ferroelectrics, a lot of works 
have been conducted to understand the behaviors of oxygen vacancies under the influence 
of external fields, such as electrical, stress and thermal fields, sometimes as a function of 
temperatures [13]. Oxygen vacancies play an essential role on ferroelectric fatigue during 
the operation of a ferroelectric component subjected to continuous load of electrical or stress 
fields, though many other factors such as microcracks [14], spatial charges [21], 
electrodes[15], surfaces and interfaces[16], voids, grain boundaries [21] may also lead to 
ferroelectric fatigue. The accumulation of oxygen vacancies in the electrode/ferroelectric 
interface has been confirmed by experimental studies. This oxygen deficient interface region 
could either screen external electrical field [24,17] or pin domain walls [18], both of which 
will reduce the polarizability of the ferroelectric thin films. Although ferroelectric fatigue 
induced by the accumulation of oxygen vacancies is considered to be permanent, thermal or 
UV treatment in oxygen rich environment can sometimes partially recover the switchability. 
Another option is to use conductive oxide electrode materials such as LSCO or YBCO which 
can serve as sinks for oxygen vacancies and prevent their accumulation at the electrode/film 
interface [19,20].  
Recently, efforts have been made on hydrothermal synthesis of BaTiO3 nanoparticles of 
various sizes to understand the ferroelectric size effect by using BaCl2 and TiO2 as the 
starting materials. [21,22]. The growth of BaTiO3 nanoparticles is commonly believed to 
follow a two step reaction mechanism: 1) the formation of Ti-O matrix, 2) the diffusive 
incorporation of Ba2+ cations. The second step is believed to the rate determinant process. 
Due to the presence of H2O, OH- groups are always present in hydrothermal BaTiO3. As a 
result, some studies have been performed to understand OH- effects on ferroelectricity. D. 
Hennings et al reported that a reduction of hydroxyl groups in BaTiO3 nanoparticles 
promotes cubic-to-tetragonal phase transition [23]. Similar results had also been obtained 
by other studies on BaTiO3 particles with sizes varying from 20 nm to 100 nm [24,25]. 
These experimental observations imply that point defects and possibly the associated 
electrical fields can lead to structural phase transition, as suggested by the soft-mode 
theory.  
Currently, point defects in ferroelectrics are mostly studied by optical methods such as FT-
IR spectroscopy or Raman spectroscopy. For BaTiO3, the stretching vibration of lattice OH- 
groups occurs at 3462.5-3509.5cm-1, characterized by a sharp absorption peak [26]. In 
contrast, surface OH- groups are characterized by a broad absorption peak located at 3000-
3600 cm-1 [44,27] due to the uncertain chemical environment on surface region. Raman 
spectroscopy is also a powerful tool to understand the size effect of ferroelectrics, which is 
quite sensitive to local variation of lattice structure. S. Wada et al. reported that OH- groups 
in BaTiO3 correspond to an 810 cm-1 Raman shift [28]. As point defects can create extra 
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electron levels in the band gap, photoluminescent spectroscopy had also been utilized to 
study the band structure of BaTiO3, which is frequently conducted at low temperatures. 
Some other techniques such as HRTEM [29] and AFM [30] have also been used to study 
point defects.  

4. Dislocations in ferroelectrics 
The LGD theory predicts that dislocations in a ferroelectric will change the local ferroelectric 
behaviors around them. Considering a perovskite ferroelectric single domain with a 
tetragonal structure, the coordinate system is defined as x//[100], y//[010], and z//[001] 
with the spontaneous polarization, P3, parallel to the z axis and P1=P2=0. The variation of 
piezoelectric coefficients induced by a {100} edge dislocation can be found with a method 
derived from combination of the Landau-Devonshire free energy equation [10] and 
dislocation theory [31]. As previous works suggest [32], the elastic Gibbs free energy around 
an edge dislocation can be modified as  
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with  

 *
1 1 11 33 12 11 22[ , ( , )] [ ( )]ija T x y a Q Qσ σ σ σ= − + +  (7) 

where G0 is the free energy in the paraelectric state, a1, a11 and a111 are the dielectric stiffness 
constants at constant stress, ijσ is the internal stress field generated by an edge dislocation, P 
is the spontaneous polarization parallel to the polar axis, sij is the elastic compliance at 
constant polarization, Ecore is the dislocation core energy and Qij represents the 
electrostriction coefficients. The stress field generated by an edge dislocation is well 
documented in the literature and is known as  
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13 23 0σ σ= =  

where μ is the shear modulus, b is the Burgers vector and ν is Poisson’s ratio. A schematic 
plot of the stress field surrounding an edge dislocation is given in Fig. 1a. 
The variation of the spontaneous polarization associated with the stress field due to an edge 
dislocation is then found by minimizing the modified Landau-Devonshire equation with 

respect to polarization ( ) 0G
P

 ∂ =∂ 
.  Upon rearrangement, this gives [7] 
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σ
σ
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=  (9) 

Once the polarization is known for a given position, the piezoelectric coefficient, d33, can be 
calculated by using [2] 

 33 33 112d Q Pε=  (10) 

where d33 is the piezoelectric coefficient along the polar axis.  
 

Elastic Constants Piezoelectric Coefficients 

11C (GPa) 275 T (K) 298 

12C (GPa) 179 ( )1
1a VmC−  53.34 10 ( 381)T× −  

13C (GPa) 152 ( )5 3
11a Vm C−  ( )6 84.69 10 393 2.02 10T× − − ×  

33C (GPa) 165 ( )9 5
111a Vm C−  ( )7 95.52 10 393 2.76 10T− × − + ×  

44C (GPa) 54 ( )4 2
11Q m C−  0.11  

66C (GPa) 113 ( )4 2
12Q m C−  0.045−  

Table 2. Elastic and piezoelectric properties required for theoretical calculations for barium 
titanate single crystals. 

The elastic compliance, dielectric stiffness constants and electrostriction coefficients used in 
the calculation were found for BaTiO3 from other works [33,34]. The resulting d33 contour 
around the dislocation core is plotted and shown in Fig. 1b, where some singular points 
resulted from the infinite stress at the dislocation core are discarded. It is clearly seen that 
the piezoelectric coefficient d33 deviate from the standard value (86.2 pm/V at 293 K), due to 
the presence of the stress field. The area dominated by transverse compressive stresses 
exhibits an enhanced piezoelectric response while the area dominated by tensile stresses 
shows reduced effects. Note that the influence of stress field shows asymmetric effects on 
the piezoelectric coefficients due to the combination of equations (7) and (9). This simple 
calculation also suggests that the area significantly influenced by an edge dislocation could 
easily reach tens of nanometers as a result of the dislocation long-range stress field. In 
addition, dislocation stress field will also change the local properties of its surrounding area, 
like chemical reactivity, electron band structure, absorption of molecules and so on. 
However, stress field solely sometimes is not sufficient to describe all effects; a fully 
understanding of dislocation effects on ferroelectricity requires in-depth knowledge on 
electrical fields induced by the charged core area, which is currently not fully addressed in 
literature.  
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                                   (a)                                                              (b) 

Fig. 1. The schematic representation of the stress field around an edge dislocation (a) and the 
resulting piezoelectric coefficient contour (b) calculated from the Landau-Devenshire theory. 

Recently, many studies have been performed to understand dislocation effects on 
ferroelectricity. M. W. Chu et al. [35] found that misfit dislocations between PZT islands and 
SrTiO3 substrate (height: 4nm, width: 8 nm) can lead to polarization instability, as confirmed 
by HRTEM and PFM tests. C. L. Jia et al [36] found that the elastic stress field of a 
dislocation in SrTiO3/PZT/SrTiO3 multilayered structures, even if it is located in regions far 
from the ferroelectric material, can have a determinant effect on ferroelectricity. A decrease 
of local spontaneous polarization of 48% was obtained by calculation.  C. M. Landis et al. 
[37] found by non-linear finite element method (FEM) simulation that the stress field of 
dislocations can pin domain wall motions. L. Q. Chen et al [38] found by phase field 
simulations that misfit dislocations will alternate ferroelectric hysteresis. D. Liu et al 
performed nano indentation tests on individual 90o and 180o domains on BaTiO3 single 
crystal and found that in an area free of dislocations the nucleation of dislocations induced 
by an indenter with tip radius of several tens of nanometers will be accompanied by the 
formation of ferroelectric domains of complex domain patterns, as confirmed by PFM tests. 
Recently, dislocation effects had been extended to other areas. For example, a theoretical 
work even predicted that dislocations may induce multiferroic behaviors in ordinary 
ferroelectrics [39]. In a recent study, the Author’s group found that there exists a critical size 
below which dislocations in barium titanate (BaTiO3), a model ferroelectric, nanocubes can 
not exist. While studying the etching behaviors of BaTiO3 nanocubes with a narrow size 
distribution by hydrothermal method, it was confirmed that the etching behaviors of BaTiO3 
nanocubes are size dependent; that is, larger nanocubes are more likely to be etched with 
nanosized cavities formed on their habit facets. In contrast, smaller nanocubes undergo the 
conventional Ostwald dissolution process. A dislocation assisted etching mechanism is 
proposed to account for this interesting observation. This finding is in agreement with the 
classical description of dislocations in nanoscale, as described theoretically [40].   

5. Dislocation size effect 
The author’s group reported an interesting observation on BaTiO3 nanocubes synthesized 
through a modified hydrothermal method. Detailed analysis is provided as follows. The 
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experimental procedure is relatively simple. First a small amount of NaOH:KOH mixture 
was placed into a Teflon-lined autoclave. After the addition of BaCl2 and TiO2 (anatase), the 
autoclave was sealed and heated at 200oC for 48 hours. After reaction, the product was 
collected by filtering and washing thoroughly with deionized water and diluted HCl acid.  
The reaction is as follows:  

 2NaOH + TiO2 + BaCl2 → BaTiO3 + 2NaCl + H2O (11) 

The free Gibbs energy of the formation of BaTiO3 at 200°C was calculated. The enthalpy of 
formation is 

ΔH = 2ΔHNaCl + ΔHH2O + ΔHBaTiO3- (2ΔHNaOH + ΔHBaCl2 + ΔHTiO2) 

 = -2 ×411.2 – 285.830 – 1659.8 – ( - 2×425.6–855.0 – 944.0) = -117.83 KJ·mol-1   

The entropy of formation is 

ΔS = 2SNaCl+ SH2O+ SBaTiO3 - (2SNaOH+ ΔSBaCl2+ S TiO2) 

  = 2×72.1 + 69.95 + 108.0 – (2 × 64.4 + 123.67 + 50.62) = 19.06 JoC·mol-1 

Then the free Gibbs energy of formation at reaction temperature 200oC is 

ΔG = ΔH-T ΔS 

 = - 117.83 – 19.06×473/1000 = -126.845 KJ·mol-1 

It can be seen that the formation of BaTiO3 proceed easily at 200 oC. Our experiments had 
shown that BaTiO3 nanocubes can be formed at temperatures as low as 180°C, as shown in 
Fig. 2, much lower than the temperature required by conventional solid-state reactions. All 
the diffraction peaks can be indexed to tetragonal BaTiO3 (P4mm, JCPD 81-2203). 
 

 
Fig. 2. XRD patterns of BaTiO3 nanocubes synthesized at a) 180oC , b) 200oC and c) 220oC. 
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After the synthesis of BaTiO3 nanocubes, we also studied their etching behaviors in 
hydrothermal environment. The etching process of BaTiO3 nanocubes was carried out in 
diluted HCl solution (1M). The BaTiO3 nanocubes were first mixed with HCl solution and 
then the mixture was treated in hydrothermal environment at 120oC for 2.5 hours. The 
reaction time and temperature had been optimized in consideration that over reaction may 
lead to the formation of TiO2, as shown in Fig. 3 and Fig. 4.  
 

 
Fig. 3. XRD patterns of the final products after hydrothermal treatment at 120oC for various 
time: a) 30 min, b) 40 min, c) 50 min, d) 60 min. The ▼ and ● marks correspond to rutile and 
anatase TiO2, respecitively. 
 

 
Fig. 4. SEM images of the final products after hydrothermal treatment at 120oC for a) 30 min, 
b) 40 min, c) 50 min, and d) 60 min.  
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Fig. 5a shows a typical SEM image obtained on the as-synthesized product. It can be seen 
that all nanoparticles exhibit a cubic morphology with sizes of ~ 30-100 nm. FTIR analysis 
reveals that the BaTiO3 nanocubes contain a very small amount of lattice OH- groups, 
considerably less than BaTiO3 nanoparticles synthesized by regular hydrothermal method. 
Fig. 5b shows a typical SEM image of the etched product, which reveals particle sizes 
smaller than that of the as-synthesized product (Fig. 5a). Besides, it is also interesting to note 
the fact that small cavities are formed on some nanocubes.  
 

200 nm 200 nm

 
                                    (a)                                                                      (b) 

Fig. 5. SEM image of BaTiO3 nanocubes before (a) and after (b) hydrothermal etching. 
(Copyright 2008 @ American Chemical Society.) 

A statistical analysis reveals that these cavities only present on nanocubes greater than ~60 
nm. Fig. 5 shows SEM images of nanocubes of different sizes obtained under the same 
experimental conditions. It can be clearly seen that nanocubes smaller than ~60 nm remain 
intact, while cavities are selectively formed on those greater than ~60 nm. The etching 
process was initiated on the surface and can penetrate all the way through a nanocube. In 
most case, there is only one etch pit in one nanocube while occasionally there are two or 
three etch pits observed.  
 

 
Fig. 6. SEM images of BaTiO3 nanocubes after hydrothermal etching. 
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All the observation seems to be in controversy to the Ostwald dissolution mechanism, which 
predicts that small particles will dissolve first during a chemical reaction. However, our 
experiments reveal that smaller BaTiO3 nanocubes show a better chance to remain intact 
though their corners and edges seem to have dissolved. The dissolution of corners and 
edges could be understood based on the Gibbs-Thompson relation. The Gibbs-Thompson 
relation suggests that, for a small particle, its corners and edges have enhanced chemical 
reactivity and their dissolutions are energetically favored. The Gibbs-Thompson relation 
also implies that smaller nanocubes have higher dissolubility and should dissolve first in 
compensation of the growth of larger ones.  
Fig. 7a shows a typical HRTEM image taken on a BaTiO3 nanocube with length of ~ 15 nm. 
It is evident that the nanocube is enclosed by (100) and (110) habit facets due to their high 
chemical stabilities [41].  Fig. 7b shows the fast Fourier transformation (FFT) image of Fig. 
7a, which shows that the nanocube contains cubic lattices with lattice parameters of ~ 0.4 
nm, suggesting that the nanocube is in cubic non-ferroelectric phase, in agreement with 
many previous studies. A careful examination of the lattice on the enlarged FFT filter image 
(Figure 7c) shows that the nanocube exhibit perfect lattice without dislocation or stacking 
faults. However, on the surface region, defective layers with distinct structures were formed 
due possibly to the presence of non-stoichiometric Ti-O layer as a result of Ba2+ dissolution 
in acid [42,43]. As suggested by previous studies, the formation of BaTiO3 in base contains 
two steps, namely the precipitation of Ti-O networks and the incorporation of Ba2+. 
Similarly, the dissolution of BaTiO3 in acid contains outward diffusion of Ba2+ followed by 
phase transition of Ti-O network into TiO2. As the Ti-O surface layers prevent Ba2+ from 
dissolution out of the Ti-O matrix, it can be expected that the dissolution rate of BaTiO3 will 
be slowed down as the reaction proceeds. It is also possible that at certain stage of the 
reaction the particles may contain a BaTiO3 core surrounded by a TiO2 shell.  
 

2 nm

(a) (b)

(c)

 
Fig. 7. HRTEM image taken on a BaTiO3 nanocube (a), the corresponding FFT pattern (b), 
and filtered image (c). 
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In contrast, the existence of dislocation inside a nanoparticle will dramatically change the 
way of the dissolution of nanoparticles. As dislocated regions are highly strained, regions 
with dislocations usually exhibit enhanced chemical reactivity. Preferential removal of 
atoms in the dislocation core area has been extensively observed on various materials such 
as metals, semiconductors and insulators. Although point defects such as the 
aforementioned oxygen vacancies and hydroxyl groups may also increase local etching rate, 
unlike extended defects, their effect is limited in a very small region and, even if there is 
any, should be observable on all nanocubes of various sizes no matter they are greater or 
smaller than 60 nm.  
This observation also implies that there exists a critical size for dislocation to present inside 
BaTiO3 nanocubes, and possibly all other nanoparticles. To understand this, we need to look 
into more details about the elastic theory of dislocation in nanoparticles. A literature review 
reveals that the classical elastic theory indeed predicts a characteristic length below which 
dislocation can not exist within an isolated nanoparticle [44, 45]. It was suggested that 
dislocations would be driven out of the crystal spontaneously when the size of the crystal is 
less than a characteristic length given by [46,47] 

 2
c

p
GbA σ≅  (12) 

where G is the shear modulus, b is the Burgers vector of the dislocation, and σp is the Peierls 
stress given by [48] 

 2
max

3 3 (1 )
2p

a
Gb

υσ τ−=  (13) 

where G is the shear modulus of the material, a the lattice parameter, υ the Poisson’s ratio, 
and τmax the ideal shear strength.  
For BaTiO3, the average shear modulus is estimated to be 55 GPa with a method introduced 
by Watt and Peselnick [49], Burgers vector b = a[110]/2=0.28 nm, and the ideal shear 
strength of 5.5 GPa, as determined by nanoindentation test [50]. Bu substituting the data 
into equation (13), Ac for spherical BaTiO3 nanoparticles is estimated to be ~22 nm. The 
calculated value is smaller than that determined experimentally due to a combination of the 
following factors: (1) the assumption of spherical shape used in the original model may not 
be fully transferrable to cubic shaped nanoparticles; (2) the elastic anisotropy of BaTiO3 
means that an average shear modulus may not be sufficiently accurate; (3) the presence of 
the Ti-O surface layers may also lead to alternate the case from the model; (4) possibly the 
most important, ferroelectric size effects could also play a role. In fact, all these possibilities 
lie on the fact that the elastic properties of BaTiO3 nanocubes could deviate from the bulk 
values. As a result, we performed first principle ab-initio calculation on BaTiO3 with the 
CASTEP module of Materials Studio in the assumption of the nanocubes having a cubic 
lattice structure. The calculated elastic modulus are C11= 284.9 GPa, C12= 110.8 GPa, C44 

(shear modulus, G)= 116.2 GPa. The computed C12 and C44 agree well with experimental 
values, while C11 is ~10% greater than the experimental value [51]. Inserting C44 to Equation 
(13) yields a characteristic length of 46.5 nm, which is much closer to the observed critical 
length. This calculation suggests that ferroelectric size effect has to be considered while 
describing the etching behaviors of BaTiO3 nanocubes. As discussed above, this critical size 
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effect is expected to be observed in other nanostructured materials. This had recently been 
demonstrated in gallium nitride (GaN) [52]. 

6. (111) twins in BaTiO3 
The origin of ferroelectricity can be attributed to extrinsic contribution associated with 
ferroelectric domain wall and intrinsic contribution from lattice distortion [10].  The extrinsic 
contributions to ferroelectric properties are dominated by: (a) the population of domains, 
and (b) the mobility of domain walls. In real ferroelectric materials, additional 
considerations arise owing to the presence of the crystal surfaces and imperfections. In a 
perfect crystal without imperfections or space charges, ρ is equal to zero. However, the free 
charge density is different from the perfect crystal at the surface region or in the 
neighborhood of defects, which alternatively results in the formation of a charge layer. This 
charge layer may introduce a depolarization field in the nearby regions. When a ferroelectric 
crystal is cooled from a paraelectric phase to a ferroelectric phase in the absence of applied 
fields, different crystal regions may take one of these polarization directions such that the 
total depolarization energy can be minimized. Each volume of uniform polarization is 
referred to as a ferroelectric domain, and is bounded by domain walls are referred to as 
domain walls.  
There are two types of domain boundaries for a tetragonal perovskite, the polar axes of 
which are perpendicular or antiparallel with respect to each other. The walls which separate 
domains with oppositely orientated polarization are defined as 180o domain walls and those 
which separate domains with perpendicular polarization are called 90o domain walls. 
Unlike its ferromagnetic counterpart, a perovskite ferroelectric possesses a domain wall 
width in the order of a few unit cells. Since the length of c- axis of a perovskite tetragonal 
structure, cT, is slightly different from that of the a- axis, aT, the polarization vectors on each 
side of a 90o domain wall form an angle slightly smaller than 90o. The angle can be 
calculated by 

 12 tan ( / )T Tc aα −= ×  (14) 

For BaTiO3, taking cT = 4.04 Å and aT = 3.99Å, one obtains 90.7o, as illustrated in Fig. 8.  
 

 
Fig. 8. Schematic illustration of the 180° and 90° domain walls in BaTiO3. 

Besides regular 90o and 180o twin walls, BaTiO3 crystallites containing (111) twins have 
also been reported. (111) twinned BaTiO3 was first observed in single crystals grown via 
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the Remeika method [53] and in bulk ceramics [54] in 1950s. Existing evidences suggest 
that the formation of (111) twins in ceramics are closely related to the exaggerated growth 
of the hexagonal BaTiO3 phases on the twin plane which involved oxygen octahedra 
sharing the face [55]. It has also been suggested that (111) twins can lead to the 
exaggerated growth of BaTiO3 grains in ceramics following a twin-plane re-entrant edges 
(TPREs) mechanism [56,57] since the decreasing of activation energy of nucleation on the 
TPREs.  
We recently reported the controlled synthesis of BaTiO3 microcrystallites through a two-
step synthesis approach [58,59]. The synthesis method is quite similar to the synthesis of 
BaTiO3 nanocubes, except that the starting anatase TiO2 powders were first treated in 
autoclave for 5 hours. Then, BaCl2 and water were added into the autoclave, followed by 
heat treatment at 180oC for different period of time up to 20 days. It is found that the 
pretreated TiO2 is essential for the synthesis of penetrated BaTiO3. The crystallites exhibit 
penetrated morphologies and contain multiple (111) twins, originated from amorphous 
TiO2 clusters.  
 

(a) (b)

(c)(d)

 
Fig. 9. SEM images of penetrated BaTiO3 microcrystallite obtained at different synthesis 
stages. (Copyright 2010 @ Royal Society of Chemistry).  

Figure 10a shows the photograph of (111) twined BaTiO3 nanoparticles before and after UV 
irradiation. The UV-vis absorption spectra reveal the presence of defect energy levels after 
UV irradiation. The color of the powders changes from pale yellow to dark brown after UV 
irradiation. Oxygen vacancies create additional energy levels within the forbidden energy 
gap of titanates, usually 0.2-0.3 eV below the conduction band edge [60,61].Figure 10c shows 
the XPS spectra of Ti-2p electrons before and after UV irradiation. A careful curve fitting 
shows that a shoulder peak appears at position ~ 1.3 eV lower than that of Ti4+ cations, 
suggesting the presence of Ti3+ cations [62].  The mechanism for the formation of Ti3+ cations 
is discussed as follows. As the valence band of BaTiO3 is dominated by O-2p orbits, whereas 
the conduction band is the Ti-3d orbits [17], electrons of O-2p orbits can be excited by UV 
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photons to the Ti-3d orbits, resulting in the formation of gaseous oxygen and leaving behind 
oxygen vacancies inside the microcrystallites. The excited electrons are either trapped by 
Ti4+ to form Ti3+ centers or are trapped by oxygen vacancies to form F-centers, both of which 
could have strong absorption at visible region, resulting in the observed photochromic 
effect. However, it is still unclear why the photochromic effect can hardly be observed on 
regular BaTiO3 nanocubes without (111) twins. It seems that the (111) twin walls may also 
have a role during the process described above. Previous HRTEM investigations had 
revealed that the (111) twin walls are composed of Ba-O3-x-[VO]x  instead of Ba-O3 plane to 
balance the charge of adjacent Ti4+ ions [63].   
Fig. 11 shows the magnetization (M) versus applied magnetic field (H) curves measured 
at room temperature before and after the UV irradiation. The green sample presents very 
weak ferromagnetism with saturation magnetization of ~ 7×10-5 emu/g. The saturation 
magnetization for the UV irradiated BaTiO3 crystallites is substantially enhanced and 
becomes ~ 6.7×10-4 emu/g, due to the increase of oxygen vacancies caused by UV 
photons. However, the coercive field does not change and remains to be ~ 305 Oe. The 
inset of Fig. 11 is the M-H curve of the sintered bulk sample. The sintered bulk sample is 
diamagnetic. This behavior is similar to other nanosized oxides particles due to the 
magnetic origin of defects.  
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Fig. 10. Photographs of (111) twinned BaTiO3 nanoparticles (a), the corresponding UV-vis 
absorption spectra (b) and XPS spectra (c) before and after UV irradiation reveal 
photochromic effect. (Copyright 2010 @ American Chemical Society).  
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Fig. 11. Room-temperature M-H curves of the UV-irradiated BaTiO3 sample and the as-
synthesized sample. The inset is the M-H curve of the sintered bulk sample. (Copyright 2010 
@ American Chemical Society). 

7. Conclusions  
Insightful understanding and careful control of defect structures in ferroelectric does not 
only provide an efficient tool for tuning ferroelectric properties, but also open a window for 
exploring novel properties of ferroelectric materials, previously believed impossible or 
negligible. We expect that there will be more investigations conducted on this area not only 
from the viewpoint of ferroelectrics but also with cautious consideration of their technical 
implications.   
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1. Introduction 
Dielectric materials, which are used to control and store charges and electric energy, play a 
key role in modern electronics and electric power systems. As commercial and consumer 
requirements for compact and low cost electronic and electrical power systems as well as for 
very high energy capacitive storage systems grow substantially, the development of high 
dielectric constant materials has become one of the major scientific and technology issues 
(Reynolds & Buchanan, 2004; Scott, 2007). High dielectric constant materials are highly 
desirable for use, not only as capacitor dielectrics, but also in a broad range of advanced 
electromechanical applications, such as actuators, sonars, and, particularly, as high-
frequency transducers (Zhang et al., 2002). The input electric energy that can be converted 
into the strain energy is namely directly proportional to the square of the electric field and to 
the dielectric constant of the electroactive material. Thus, by increasing the dielectric 
constant the required electromechanical response, i.e., strain can be induced under a much 
reduced electric field. 
Extremely large dielectric constants are expected only for ferroelectrics in a very narrow 
temperature range close to the paraelectric-to-ferroelectric phase transition or for systems 
with hopping charge carriers yielding dielectric constant that diverges towards low 
frequencies. High-capacitance ceramic capacitors are therefore mostly made of very thin 
layers of ceramic material (usually a ferroelectric) placed between conductive plates. The 
most important part of the market in passive devices is, at present, made up of multilayer 
ceramic capacitors (MLCCs), comprising alternating thin layers of conductor (inner 
electrodes) and ceramic (Takeshima et al., 1997), which turns out to be the most efficient 
geometry for attaining high-density charge storage. A similar geometrical approach can also 
intuitively explain the dielectric response of a percolative composite − a composite 
comprising a conductive filler embedded in a dielectric matrix. The fact that the effective 
dielectric constant of the mixture is much larger than the dielectric constants of the 
individual constituents is due to the fact that close to the percolation point (the volume 
fraction when the conductive admixture forms a continuous network and, consequently, the 
system begins to conduct electricity) there are many conducting particles which are isolated 
by very thin dielectric/ferroelectric layers. A comparison between configurations of a 
MLCC and a percolative composite is presented in Fig. 1. Unfortunately, the percolative 
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approach in developing high dielectric constant materials has up to now very often been 
handicapped by the impossibility of preparing homogeneous metal−insulator composites 
with metal concentrations very close to the percolation threshold. 
 

 
Fig. 1. Schematic configuration of a multilayer ceramic capacitor (MLCC) (left; 1-metallic 
electrodes, 2-thin layers of dielectric/ferroelectric ceramics, 3-metallic contacts) and a 
percolative composite (right; yellow and blue regions represent conductive and 
dielectric/ferroelectric material, respectively). 

Exceptionally high dielectric constants which were obtained by making use of the 
conductive percolative phenomenon in ceramic composites made of perovskite ruthenium-
based conductive ceramics and perovskite ferroelectric ceramics, are reported in this 
chapter. The potential of these all-ceramic percolative composites for use as high dielectric 
constant materials in various applications is demonstrated: Due to a homogeneous 
distribution of conductive ceramic grains within the ferroelectric ceramic matrix, the 
dielectric response of the lead-based Pb(Zr,Ti)O3–Pb2Ru2O6.5 and 0.65Pb(Mg1/3Nb2/3)O3-
0.35PbTiO3–Pb2Ru2O6.5 as well as of the lead-free (K,Na)NbO3–RuO2 systems namely 
follows the predictions of the percolation theory. Thus, values of the dielectric constant are 
near the percolation threshold for two orders of magnitude higher than in the pure matrix 
ferroelectric ceramics. 

2. Percolative composites 
The theory of percolation was initially developed to describe several abrupt transitions 
commonly found in transport phenomena. Based on this model, a general theory was built 
that explains a physical process in which a macroscopic magnitude is strongly modified as a 
result of small microscopic changes in connectivity (Feng et al., 1987). One such process is 
the anomalous behavior of a metal-insulator composite near its percolation threshold, which 
is characterized by an abrupt discontinuity in the real part of the electrical conductivity 
(Bergman & Imry, 1977; Kirkpatrick, 1973). An excellent review for the system consisting of 
randomly distributed metallic and dielectric regions is given in the paper of Efros and 
Shklovskii (Efros & Shklovskii, 1976): It is shown that the static dielectric constant diverges 
at the percolation threshold – at the volume fraction of metallic regions (p) where the 
insulator-to-metal transition occurs, i.e., the static effective electrical conductivity σ of such a 
heterogeneous system undergoes a transition from 

 σ = σmatrix [(pc-p)/pc]-q  , (1) 

which is valid below the percolation threshold pc, into 
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 σ = σmetal [(p-pc)/pc]t  , (2) 

which holds true for p>pc. σmatrix and σmetal are conductivities of the dielectric and metallic 
phases, respectively (of course h=σmatrix/σmetal<<1). This behavior is depicted in Fig. 2, 
which also reveals that a smooth transition from Eq. (1) to Eq. (2) occurs in some small 
interval Δ near the percolation point. 
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Fig. 2. The theoretical dependence of the effective electrical conductivity σ (solid line) for a 
system consisting of randomly distributed metallic and dielectric regions. A smooth 
transition between behaviors described by Eqs. (1) and (2) (dash-dotted lines) occurs in 
small interval Δ near the percolation point pc (vertical line). 

Very high dielectric constants can thus be achieved in metal-insulator composites close to 
the percolation point. However, up to now mainly organic percolative composites (Dang et 
al., 2003; Huang et al., 2004; Xu & Wong, 2005) and inorganic composites comprising metal 
particles dispersed in a dielectric matrix (Deepa et al., 2007; Grannan et al., 1981; Li et al., 
2001; Yoshida, 1990) have been developed. In organic percolative composites values of the 
dielectric constant as high as 7000 were obtained (Huang & Zhang, 2004). As the dielectric 
constant of a polymer is typically less than 100, i.e., far below the values of inorganic 
ferroelectrics, which reach several thousands, it is not surprising that the dielectric constant 
in percolative composites with an inorganic matrix can reach values as high as 80000 
(Pecharroman et al., 2001). 

2.1 All-ceramic percolative composites 
Composites of ferroelectric ceramics and conductive ceramic particles can offer a major 
advantage in the development of high dielectric constant materials, as percolative systems 
comprising ceramics and metal particles are relatively sensitive to processing. The latter can 
be sintered in air only if a noble metal is used; however, if the conductive component is 
based on a non-noble metal, the system has to be fired in a neutral or reducing atmosphere. 
Such a procedure can negatively influence the electrical properties of ferroelectric ceramics, 
which are, due to the relatively high dielectric constant, very suitable for the matrix in a 
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percolative system. For example, insulating ferroelectric BaTiO3 or Pb(Zr,Ti)O3 systems can 
become semiconducting as a result of reduction (Raymond & Smyth, 1996). The combination 
of insulating and conducting ceramics is thus inherently better than the combination of 
oxide ceramics and metallic particles, as the all-oxide ceramic systems can be sintered in air. 
On the other hand, all-ceramic systems could suffer from reactions between both 
constituents during high-temperature sintering, resulting in new compounds or solid 
solutions with undesirable characteristics. The compatibility between the chosen ceramic 
matrix and the conductive ceramics must therefore be carefully evaluated. 

3. Processing and structural analysis 
3.1 Synthesis of all-ceramic percolative composites 
3.1.1 Pb(Zr,Ti)O3–Pb2Ru2O6.5 system 
Pb(Zr,Ti)O3–Pb2Ru2O6.5 all-ceramic percolative system was made from PbZr0.53Ti0.47O3 (PZT) 
and Pb2Ru2O6.5 powders. These two systems have been chosen as Pb2Ru2O6.5 is a very good 
electrical conductor, having the resistivity of 270×10-8 Ωm (Pierce et al., 1982), and as 
investigations of the phase equilibrium in the Pb–Zr–Ti–Ru–O system showed that PZT is 
compatible with Pb2Ru2O6.5 at least up to 1000ºC (Hrovat et al., 2001). PZT powder with a 6 
mol.% excess of PbO was prepared by mechanochemical synthesis (Kuščer et al., 2006) from 
high-purity PbO, ZrO2, and TiO2. The excess lead oxide was added to compensate for its 
evaporation during the synthesis. Pb2Ru2O6.5 powder was prepared by solid-state synthesis 
from PbO and RuO2 by repeated firing with intermediate grinding (three times) at 850ºC. 
Prereactered PZT and Pb2Ru2O6.5 powders were mixed, pressed into pellets and fired on 
platinum foils at 850ºC for 15 min. 

3.1.2 0.65Pb(Mg1/3Nb2/3)O3-0.35PbTiO3–Pb2Ru2O6.5 system 
Although values of the dielectric constant as high as 40000 were detected in the PZT- 
Pb2Ru2O6.5 composite (Bobnar et al., 2008), a further challenge was to find another ceramic 
system, with much higher dielectric constant as those of PZT if possible, which would also 
be compatible with the Pb2Ru2O6.5 system. 0.65Pb(Mg1/3Nb2/3)O3-0.35PbTiO3 (PMN-35PT) 
perovskite ferroelectric, which has a very high dielectric constant as this composition is close 
to the morphotropic phase boundary (Priya et al., 2002), was found to be such a system, and, 
consequently, in the developed PMN-35PT–Pb2Ru2O6.5 composite values of the dielectric 
constant higher than 105 were detected (Bobnar et al., 2009a). Similarly to the PZT, PMN-
35PT powder was prepared by mechanochemical synthesis (Kuščer et al., 2007). A mixture 
of PbO, MgO, TiO2, and Nb2O5 in the molar ratio corresponding to the stoichiometry of 
0.65PMN–0.35PT with 2 mol % of the PbO excess was high-energy milled in a planetary mill 
for 64 hours. A total of 200 g of powder was placed in the vial. Finally, prereactered PMN-
35PT and Pb2Ru2O6.5 powders were mixed, pressed into pellets and fired on platinum foils 
at 1000ºC for 4 hours. 

3.1.3 Lead-free K0.5Na0.5NbO3–RuO2 composite 
As lead represents a possible ecological hazard, a great deal of current materials research is 
oriented toward environmentally friendly lead-free materials. Thus, K0.5Na0.5NbO3–RuO2 
(KNN-RuO2) lead-free percolative composite has also been developed (Bobnar et al., 2009b): 
RuO2 is a very good electrical conductor with the resistivity of 40×10-8 Ωm (van Loan, 1972) 
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and it has been found that there is no reaction between KNN and RuO2 at temperatures 
even higher than 1000ºC. K0.5Na0.5NbO3 powder was prepared by solid-state synthesis from 
K2CO3, Na2CO3, and Nb2O5. A total of 2 wt.% of potassium-sodium germanate was added to 
lower the sintering-temperature of KNN. The powder mixtures were homogenized, calcined 
at 900ºC for 4 hours and milled to yield submicron-sized powders. KNN and RuO2 powders 
were then mixed in acetone in a ball mill. The powders were pressed into pellets and fired 
on platinum foils at 1000ºC for 2 hours. 

3.2 Characterization methods 
The phase composition of the PZT, PMN-35PT, KNN, and Pb2Ru2O6.5 powders was checked 
by X-ray powder diffraction using a Philips PW 1710 X-ray diffractometer with Cu Kα 
radiation. The X-ray spectra were measured from 2Θ=20º to 2Θ=70º. 
Fired PZT–Pb2Ru2O6.5, PMN-35PT–Pb2Ru2O6.5, and KNN–RuO2 samples were 
characterized using X-ray powder diffraction. A JEOL 5800 scanning electron microscope 
(SEM) equipped with a link ISIS 300 energy-dispersive X-ray analyzer (EDS) was used for 
the overall microstructural and compositional analyses. The samples prepared for the 
SEM were mounted in epoxy in a cross-sectional orientation and then polished using 
standard metallographic techniques. Prior to analysis in the SEM, the samples were 
coated with carbon to provide electrical conductivity and avoid charging effects. The 
microstructures of the polished samples were studied using back-scattered electron 
imaging and compositional contrast to distinguish between the phases that differ in 
density (average atomic number Z). 

3.3 Structural properties 
Microstructures and X-ray spectra of developed all-ceramic percolative composites are 
shown in Fig. 3. The microstructure of the PZT–Pb2Ru2O6.5 composite with 15 vol.% of 
Pb2Ru2O6.5 consists of small, light-grey inclusions (Pb2Ru2O6.5) in a dark-grey matrix 
(sintered PZT). The small black spots are pores. PMN-35PT–Pb2Ru2O6.5 microstructure 
(also the sample with 15 vol. % of Pb2Ru2O6.5) consists of small, light-grey Pb2Ru2O6.5 
inclusions, a dark-grey PMN-PT matrix, and a few pores. The microstructure of the lead-
free KNN–RuO2 sample with 15 vol.% of RuO2 reveals that the grey KNN matrix consists 
of cubic-shaped grains, while the light-grey inclusions are RuO2 grains. 
In each of the three composites the conductive filler is uniformly distributed throughout the 
matrix. The EDS microanalysis did not detect any solid solubility in developed composites, 
which confirms the results obtained with X-ray analyses: Only the peaks of the initial 
compounds are present in the fired samples and, furthermore, no shifts in the peaks’ 
positions were observed (for comparison, the X-ray spectra of individual PZT, KNN, and 
Pb2Ru2O6.5 constituents are included in Fig. 3). The results therefore indicate that (i) PZT and 
Pb2Ru2O6.5, (ii) PMN-35PT and Pb2Ru2O6.5, as well as (iii) KNN and RuO2 are compatible at 
the firing temperatures. 
Structural analysis thus revealed a demanded structure of composites – there is no reaction 
and no solid solubility between constituents and the conductive filler is uniformly 
distributed throughout the matrix. Consequently, the dielectric response of the developed 
PZT–Pb2Ru2O6.5, PMN-35PT–Pb2Ru2O6.5, and KNN-RuO2 composites should follow the 
predictions of the percolation theory. 
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Fig. 3. Microstructures and X-ray spectra of developed all-ceramic percolative composites: 
(i) PZT–Pb2Ru2O6.5 with 15 vol. % of Pb2Ru2O6.5; (ii) PMN-35PT–Pb2Ru2O6.5 with 15 vol. % of 
Pb2Ru2O6.5; (iii) KNN–RuO2 with 15 vol. % of RuO2. For comparison, the X-ray spectra of 
individual PZT, KNN, and Pb2Ru2O6.5 constituents are included in (i) and (iii), while in the 
PMN-35PT–Pb2Ru2O6.5 X-ray spectrum peaks of the PMN-35PT and Pb2Ru2O6.5 are denoted 
with P and PR, respectively. 
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4. Dielectric response of composites 
Samples of 5–6 mm in diameter with sputtered gold electrodes on both surfaces were used 
for dielectric characterization. The complex dielectric constant ε*(ν,T)=ε'-iε'' was measured 
as a function of the frequency (ν; 20 Hz to 1 MHz) and temperature (T; heating and cooling 
rates of ±0.5°Cmin-1) using an HP4284A precision LCR meter. The amplitude of the probing 
ac electric signal, applied to samples with a thickness of ≈300 μm, was 1 V. The temperature 
was stabilized using a lock-in bridge technique with a Pt100 resistor as a thermometer. The 
real part of the complex ac-conductivity σ*(ν,T)=σ'+iσ'' was calculated via σ'=2πνε0ε'' with ε0 
being the permittivity of free space. 

4.1 Qualitative description of the frequency spectra 
The frequency dependence of the room-temperature dielectric constant ε' and conductivity 
σ' in PZT–Pb2Ru2O6.5 samples with different Pb2Ru2O6.5 volume concentrations is shown in 
Fig. 4. There exist several mixing formulae, or even different approaches, which predict or 
describe the dielectric response of a two-component heterogeneous system. For example, a 
detected behavior of the electrical conductivity – at higher frequencies σ' increases, while at 
lower frequencies values tend toward the dc-conductivity plateau – could easily be modeled 
by an equivalent circuit composed of two RC circuits connected in serial. The resistivity of 
the low-frequency plateau is then R1+R2, while at higher frequencies the conductivity 
follows a ν2 law if R2>>R1 (Efros & Shklovskii, 1976), as is, evidently, the case in a 
percolative composite (then the value of the low-frequency plateau is just the resistivity of 
the matrix). However, although a crossover from the plateau to the ν2 dependence has in 
fact been observed in the Al6Si2O13-molybdenum composite (Pecharroman & Moya, 2000), 
the σ'(ν) increase here is much weaker. This is not surprising, as for granular systems, rather 
than modeling the spectra by various equivalent circuits with frequency-independent 
elements, more physically transparent models are needed in order to adequately describe 
their effective dielectric response. 
The complex electrical conductivity of different metal-insulator composites can often be 
described by the two exponent phenomenological percolation equation – an excellent review 
of this method is given in (Chiteme et al., 2007). The equation is also known as the general 
effective medium equation. In fact, by using the effective medium approach (EMA – 
assuming that the probing field is homogeneous within the individual particles) it has been 
derived that the ac conductivity in a random system follows a νs behavior with s<1 
(Springett, 1973), as has in fact been detected in our composites. In the limit of EMA also a 
rather general approach has been formulated (Petzelt & Rychetsky, 2005), which states that 
for any two-component composite with sharp particle boundaries the dielectric response 
can be composed of two additive parts. One part describes the sum of the original bulk 
responses weighted by the relative volumes, while the second part describes the localized 
particles affected by the depolarization field depending on particle shape and its 
surroundings. Within this approach, the spherical shape of  inclusions leads to a percolation 
threshold of 1/3 (Rychetsky et al., 1999), thus a more general particle form and topology 
would be needed to describe smaller threshold, as is frequently observed (also in our case, 
as will be shown in the next subsection). However, the detected dielectric response of all 
developed composites (see PZT–Pb2Ru2O6.5 in Fig. 4, PMN-PT–Pb2Ru2O6.5 in Fig. 5, and 
KNN-RuO2 in Fig. 6) can be qualitatively understood: 
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At lower frequencies the conductivity of the Pb2Ru2O6.5 or RuO2 inclusions is effectively 
blocked, while at sufficiently high frequencies their higher conductivity is revealed since 
most of the charge carriers have no time to feel the blocking boundaries. The effective ac-
conductivity σ' therefore increases with frequency (and would increase up to the high-
frequency plateau corresponding to the value of the Pb2Ru2O6.5 or RuO2 conductivity). As 
even for an inhomogeneous system the Kramers-Kronig relations must be satisfied, the 
increasing σ' contribute to the static dielectric constant via a strong dielectric relaxation. In 
systems with the composition very close to the percolation threshold (the PZT–Pb2Ru2O6.5  
composite with 17 vol. % of Pb2Ru2O6.5 in Fig. 4 and the lead-free KNN-RuO2 composite 
with 20 vol. % of RuO2 in Fig. 6), ac-conductivity is almost frequency-independent in the 
entire experimental range. Considering the Kramers-Kronig relations, we may conclude that 
here the strong conductivity dispersion shifts below 10 Hz, as, on the other hand, the 
dielectric constant in these samples strongly increases at lower frequencies. 
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Fig. 4. Frequency dependence of the real parts of the complex dielectric constant ε' and 
conductivity σ' measured at room temperature for PZT–Pb2Ru2O6.5 samples with different 
volume concentrations of Pb2Ru2O6.5. 
 

102 103 104 105 106103

104

105

PMN-35PT-Pb2Ru2O6.5

10
15
17

 ν (Hz)

 ε'

102 103 104 105 106
10-4

10-3

10-2

10-1

100 vol. % Pb2Ru2O6.5

σ'
 (Ω

-1
cm

-1
)

ν (Hz)  
Fig. 5. Room-temperature dielectric constant and conductivity as a function of the frequency 
for PMN-35PT–Pb2Ru2O6.5 samples with different Pb2Ru2O6.5 volume concentrations. 
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In contrast to both lead-based systems, the experimental condition plays an important role 
in the KNN-RuO2 composite, as being emphasized in Fig. 6. Here, the main frames show the 
frequency dependence of ε' and σ' in samples with different RuO2 volume concentration, 
measured at room temperature under vacuum. While the evaluation of data on increasing 
RuO2 content is very similar to that in the PZT–Pb2Ru2O6.5 and PMN-35PT–Pb2Ru2O6.5 
systems, the low-pressure condition is very important. The inset namely clearly reveals that   
ε', measured in air, additionally strongly increases at lower frequencies. Most probably this 
is due to the conductivity contribution of water in the pores – in the KNN-RuO2 these are 
much larger than in the lead-based composites (see Fig. 3). This is further endorsed by the 
fact that data taken under atmospheric pressure but with highly-hygroscopic silica-gel 
placed in the sample cell are almost identical to those detected under vacuum. Thus, all 
results, hereupon presented for the KNN-RuO2 system, were obtained under vacuum, while 
the pressure condition did not play any role in denser lead-based PZT–Pb2Ru2O6.5 and 
PMN-35PT–Pb2Ru2O6.5 systems. 
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Fig. 6. Frequency dependence of ε' and σ' measured under vacuum at room temperature in 
KNN–RuO2 samples with different volume concentrations of RuO2. The inset shows data 
obtained in the sample with 15 vol. % of RuO2 after three different treatment procedures. 

4.2 Evolution of the dielectric constant vs. the conductive filler volume concentration 
Values of the real part of the complex dielectric constant evidently strongly increase with 
higher conductive filler volume concentration (see ε'(ν) spectra for samples with different 
compositions in Figs. 4 to 6). This dependence is clearly depicted in Figs. 7 and 8, which 
show the evolution of ε' (measured at room temperature at the frequency of 1 kHz) in all 
developed all-ceramic percolative composites versus the conductive filler volume content. 
The solid line represents the fit of the experimental data to an expression derived from 
general percolation theories (Bergman & Imry, 1977; Efros & Shklovskii, 1976) 

 ε' = εm [(pc-p)/pc]-q , (3) 

which has been, up to now, successfully applied to several organic and inorganic percolative 
composites (Huang et al., 2004; Pecharroman et al., 2001; Song et al., 1986). Here, εm is the 
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real part of the complex dielectric constant of the insulator matrix, p is the volume 
concentration of the conductive admixture, pc is the percolation threshold for the conduction 
(unambiguously defined in the ideal composite with the zero conductivity of the matrix via 
σdc=0 for p<pc), and q is the critical exponent. Several values for the percolation critical 
exponents and the threshold value have been proposed on the basis of theoretical 
derivations (Bergman & Imry, 1977; Efros & Shklovskii, 1976; Feng et al., 1987) or numerical 
calculations (Straley, 1977; Webman et al., 1975). While standard percolation theories on 
three-dimensional lattices assume q≈0.9 and pc≈0.16 (Kirkpatrick, 1973), rather different 
values (usually a much higher pc) have been experimentally detected in various percolative 
systems, which can be explained in terms of the continuous percolation theory (Feng et al., 
1987). Here, the fit of the PZT–Pb2Ru2O6.5 data yields q=0.723±0.004 and pc=0.171±0.001. It is 
interesting that almost identical value of q has been detected in the samples consisting of 
small Ag particles, randomly embedded in a non-conducting KCL host (Grannan et al., 
1981) and also predicted by numerical calculations performed on a cubic lattice of resistors 
with two possible values of resistance (Straley, 1977). The fit of the KNN–RuO2 data yields 
q=1.05±0.04 (q=1 is obtained in the framework of the effective medium approach regardless 
of the space dimensionality (Efros & Shklovskii, 1976)) and pc=0.205±0.004, and the fit of the 
PMN-35PT–Pb2Ru2O6.5 data yields q=0.89±0.04 and pc=0.174±0.003. However, the most 
important fact is that exact fits of ε' in Figs. 7 and 8 further confirms the perfect outgrowth of 
the PZT–Pb2Ru2O6.5, PMN-35PT–Pb2Ru2O6.5, and KNN–RuO2 composites, with the dielectric 
constant near the percolation threshold being for two orders of magnitude higher than in the 
pure matrix (PZT, PMN-35PT, or KNN) ferroelectric ceramics – this hold true also for the 
PMN-35PT–Pb2Ru2O6.5 and KNN–RuO2 composites, where a significant fraction of porosity, 
which can clearly be seen in Fig. 3 (and is many times observed in KNN-based ceramic 
composites (Sun et al., 2008)) undoubtedly alters the dielectric response, i.e., decreases the 
dielectric constant. 
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Fig. 7. The real part of the complex dielectric constant of the PZT–Pb2Ru2O6.5 and KNN–
RuO2 composites vs. the conductive filler volume content, measured at room temperature at 
the frequency of 1 kHz. Solid lines represent fits of the experimental data to Eq. (3), while 
vertical lines indicate the percolation threshold pc. Arrows indicate two percolative, i.e., 
electrically conductive PZT–Pb2Ru2O6.5 samples – their ε' values cannot be determined. 
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It should once again be stressed out that the effective conductivity, similar as the effective 
dielectric constant (Eq. (3)), exhibits a critical behavior in the vicinity of pc (see Eqs. (1) and 
(2)), while at the percolation point σ' undergoes an abrupt discontinuity. Such a behavior is 
clearly depicted in Fig. 8 for the PMN-35PT–Pb2Ru2O6.5 system. Consequently, the dielectric 
loss factor tanδ=ε''/ε' becomes extremely high near pc (see Fig. 9). Thus, percolative samples 
with compositions near the percolation threshold are by default not suitable for applications 
where the dielectric loss factor should be small. However, the electrical conductivity in 
samples with lower conductive filler concentration, where dielectric constant is still much  
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Fig. 8. Evolution of the dielectric constant and the dependence of the electrical conductivity 
on the Pb2Ru2O6.5 volume content in PMN-35PT–Pb2Ru2O6.5 samples at room temperature at 
the frequency of 1 kHz. The solid line through the ε' experimental data is the fit to Eq. (3). 
The solid line through the σ' data is a guide to the eye, while vertical lines in both graphs 
denote the percolation threshold. 
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higher than in the pure matrix ceramic system, are supposedly acceptable for applications – 
for example, PZT–Pb2Ru2O6.5 samples with p<0.165 (see Figs. 7 and 9), where tanδ<0.1, 
while dielectric constant still reaches values above 5000. 

4.3 Temperature stability of the response 
The temperature dependence of the dielectric constant ε' and ac electrical conductivity σ', 
measured at various frequencies in the PZT–Pb2Ru2O6.5 sample (10 vol. % of Pb2Ru2O6.5), is 
shown in Fig. 10 for the temperature interval of -125ºC−125ºC. Although above room 
temperature, due to the increasing conductivity, ε' at lower frequencies strongly increases, 
the detected dependences are rather smooth around room temperature. Similar conclusion 
applies for the KNN–RuO2 system – ε'(T) detected at two frequencies in the sample with 15 
vol. % of RuO2 is shown in the inset to Fig. 10. 
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Fig. 10. Temperature dependence of the dielectric constant and ac electrical conductivity, 
measured at several frequencies (30 Hz, 100 Hz, 1 kHz, 10 kHz, 100 kHz, 1 MHz, order 
indicated by arrows) in the PZT–Pb2Ru2O6.5 sample with 10 vol. % of Pb2Ru2O6.5. The inset 
shows ε' measured as a function of the temperature at two frequencies (100 kHz, 1 MHz) in 
the KNN–RuO2 sample with 15 vol. % of RuO2. 

While temperatures of the paraelectric-to-ferroelectric phase transition in the PZT and KNN 
systems are much above the highest measured temperature (≈370ºC in the PZT and ≈420ºC 
in the KNN), this phase transition, taking place in the matrix, dominates the temperature 
dependence of the PMN-35PT–Pb2Ru2O6.5 composite in the measured temperature range. 
Fig. 11 shows the temperature dependence of the dielectric constant and ac electrical 
conductivity, detected at various frequencies in the PMN-35PT–Pb2Ru2O6.5 sample with 15 
vol. % of Pb2Ru2O6.5. The paraelectric-to-ferroelectric phase transition in the pure PMN-PT 
system of this composition takes place at Tc≈165ºC (Colla et al., 1998), but, as can be seen in 
Fig. 11, becomes slightly diffusive in a heterogeneous composite system –  the ε'(T) and σ'(T) 
maxima are frequency dependent here and at temperatures lower than Tc. We may, 
however, as in the case of PZT–Pb2Ru2O6.5 and KNN–RuO2 systems, still conclude that at 
higher frequencies the temperature dependence is relatively smooth in the range around 
room temperature, i.e., in the temperature range most interesting for eventual applications. 
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Fig. 11. Temperature dependence of the dielectric constant and ac electrical conductivity, 
detected at various frequencies (20 Hz, 100 Hz, 1 kHz, 10 kHz, 100 kHz, 1 MHz, order 
indicated by arrows) in the PMN-35PT–Pb2Ru2O6.5 sample with 15 vol. % of Pb2Ru2O6.5. 

4.4 Feasibility of electric-field poling 
As stated in the introduction, high dielectric constant materials are highly desirable for use 
not only as capacitor dielectrics but also in a broad range of advanced electromechanical 
applications, where mainly their piezoelectric response is employed. 
The piezoelectric effect is the linear electromechanical interaction between the mechanical 
and the electrical state in crystalline materials with no inversion symmetry. It is a reversible 
process: materials that exhibit the direct piezoelectric effect – the internal generation of 
electrical charge resulting from an applied mechanical force, also exhibit the reverse effect – 
the internal generation of a mechanical force resulting from an applied electrical field. 
The electrical and mechanical behavior of the material is generally described by the strain-
charge coupled equations: 

 {S}=[sE]{T}+[dt]{E}, (4) 

 {D}=[d]{T}+[εT]{E}. (5) 

Here, {S} and {T} are strain and stress vectors, respectively, while {D} and {E} represent 
vectors of the electric displacement and electric field. [ε] and [s] are dielectric constant and 
compliance tensors, while [d] is the direct piezoelectric effect tensor and [dt] is the converse 
piezoelectric effect tensor. The superscript E indicates a zero or constant electric field, the 
superscript T indicates a zero or constant stress field, and the superscript t stands for 
transposition of a matrix. 
For a material of the 4mm – case of poled tetragonal piezoelectric ceramics (Jaffe et al., 1971) 
– and of the 6mm crystal class, Eqs. (4) and (5) simplify in the case of zero stress field into 
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using the Nye notation, in which elastic constants and elastic moduli are labeled by 
replacing the pairs of letters xx, yy, zz, yz, zx, and xy by the number 1, 2, 3, 4, 5, and 6, 
respectively. This means that the external electric field generates electric displacement, i.e., 
electric polarization, and strain through the converse piezoelectric effect. 
However, ceramic materials are multicrystalline structures made up of large numbers of 
randomly orientated crystal grains. The random orientation of the grains results in a net 
cancelation of the piezoelectric effect. Thus, the ceramic material must be poled − a dc bias 
electric field is applied (usually the fired ceramic piece is cooled through the Curie point 
under the influence of the field) which aligns the ferroelectric domains, resulting in a net 
piezoelectric effect. 
As the electrical conductivity of percolative composites strongly increases on approaching 
the percolation threshold, the feasibility of poling the PZT- Pb2Ru2O6.5 samples has been 
checked. PZT- Pb2Ru2O6.5 system has been chosen as its electrical conductivity is much 
lower than in the PMN-35PT–Pb2Ru2O6.5 system or in the KNN–RuO2 samples which are not 
treated under vacuum. After poling the PZT-Pb2Ru2O6.5 samples with a high dc bias electric 
field, the piezoelectric coefficient d33 (strain in the direction of the applied measuring field) 
has been measured using a small ac voltage. It should be noted that, while various 
piezoelectric coefficients are usually determined and thus the indication is absolutely 
necessary, the dielectric constant is almost without exception determined in the direction of 
the applied field, i.e.,  ε' without indices in fact denotes the dielectric constant ε33. 
Results of piezoelectric characterization are shown in Fig. 12. While in samples, which are 
very close to the percolation threshold, the breakdown electric field is below 5 kV/cm, 
samples with lower Pb2Ru2O6.5 content can be poled with the dc bias electric fields higher 
than 30 kV/cm. It is thus once again revealed that percolative samples with compositions 
near the percolation threshold are not very suitable for applications, while samples with 
lower conductive filler concentration, where dielectric constant is still much higher than in 
the pure ceramic matrix, are very promising for use as high dielectric constant materials. 
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Fig. 12. Piezoelectric coefficient d33 in various PZT-Pb2Ru2O6.5 samples, measured with small 
ac voltage, after poling the sample with a high dc bias electric field (Epoling). 
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5. Conclusion 
Development of all-ceramic percolative composites 
i. PZT-Pb2Ru2O6.5 
ii. PMN-35PT–Pb2Ru2O6.5 and 
iii. KNN–RuO2 
based on the perovskite ferroelectric and ruthenium-based conductive ceramics is reported 
in this chapter. The structural analysis revealed that there were no chemical reactions 
between the constituents during processing, which resulted in a perfect structure of 
composites – conductive ceramic grains are uniformly distributed throughout the 
ferroelectric ceramic matrix. Thus, in the lead-based PZT-Pb2Ru2O6.5 and PMN-35PT–
Pb2Ru2O6.5 and in the lead-free KNN–RuO2 systems the dielectric response in fact follows 
the predictions of the percolation theory. As a result, the dielectric constant strongly 
increases on the conductive filler increasing content, reaching values near the percolation 
threshold that are for two orders of magnitude higher than in the pure matrix ceramics. 
Furthermore, the determined critical exponents and percolation points agree reasonably 
with the theoretically predicted values. The frequency- and temperature-dependent 
dielectric response of all developed systems is also presented and discussed. 
Finally, not only structural and dielectric results, i.e., a successful synthesis of lead-based 
and lead-free percolative systems exhibiting a stable giant dielectric response, but also 
electromechanical properties demonstrate the potential of all-ceramic percolative 
composites for use as high-dielectric-constant materials in various applications. 
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1. Introduction  
As an oxide with perovskite structure, Bismuth ferrite (BiFeO3, BFO) has been studied 
from 1970s (Teague, et al. 1970; Kaczmarek, et al. 1975).  The structure and magnetic 
properties of BFO were confirmed before 1970s. As reported, the crystal structure of BFO 
is perovskite with rhombohedral distortion and the space group is R3c. BFO is G-type 
antiferromagnetic. It was controversial about whether BFO was ferroelectrics until the 
hysteresis loop of single crystal BFO was measured in 1970 (Teague, et al. 1970). 
According to Teague’s results, the single crystal BFO was anisotropy. The remnant 
polarizations (Pr) along the (100) and (111) direction were 3.5μC/cm2 and 6.1μC/cm2 at 
the temperature of liquid nitrogen, respectively. However, because of the higher leakage 
current in the bulk BFO, it was difficult to measure the ferroelectric properties of BFO at 
room temperature. The problem of higher leakage blocks not only the studies of the 
electrical properties of BFO, but also the application of BFO in electrical devices. In 2003, 
the epitaxial BFO films with higher electrical resistivity and higher remnant polarization 
was fabricated by pulsed laser deposition (PLD) method (J. Wang, 2003). The value of Pr 
of the epitaxial BFO films is about 50μC/cm2. This value is larger than that of the 
traditional ferroelectrics such as Pb(Zr,Ti)O3 (PZT), BaTiO3 (BTO). If the BFO film with 
larger Pr can be used in ferroelectric memory (FeRAM), the size of the storage cell can be 
reduced and the storage density can be increased (Maruyama, 2007). More studies on BFO 
films are carried out (Eerenstein, 2005; Zavaliche, 2005; Singh, 2007; Hauser, 2008; Liu, 
2008; Yang, 2008). Even though the leakage mechanism in epitaxial BFO film has been 
studied (Pabst, 2007), the higher leakage current is still an obstacle for the study and 
application of polycrystalline BFO films. Compared to the epitaxial BFO films grown on 
perovskite structure substrate, the applications of polycrystalline BFO on silicon wafer are 
broader in the field of microelectronic devices. In this chapter, polycrystalline BFO films 
are fabricated by different physical and chemical methods on buffered silicon and 
perovskite structure substrate. The structural and electrical properties of these 
polycrystalline BFO films are investigated.  
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2. Experiments 
Considering the universality of our conclusion for different polycrystalline BFO films, the 
samples studied in this work are fabricated by two different methods, PLD and chemical 
solution deposition (CSD) methods. The former is a typical physical method of film 
deposition. The later is a chemical method. At the same time, different materials are used as 
substrate. For the samples prepared by PLD, n-type silicon covered by a layer of (La,Sr)CoO3 
(LSCO) is used as substrate. The layer of LSCO acts as bufferlayer for the growth of BFO and 
bottom electrode for the electrical measurement. For the samples prepared by CSD, the single 
crystal SrTiO3 (STO) covered by LaNiO3 (LNO) is used as substrate.  

2.1 The fabrications of BFO films by PLD method 
For the preparation of polycrystalline BFO films by PLD method, single-side polished 
silicon wafer is used as substrate. Before the deposition of BFO film, a layer of LSCO is 
deposited on the surface of silicon wafer by PLD. The component of the LSCO target is 
(La0.5Sr0.5)CoO3. The component of BFO target is Bi1.05FeO3. The excess bismuth is used to 
compensate the evaporation of bismuth at higher temperature during the growth of BFO 
films. The depositions of LSCO and BFO are carried out in a vacuum chamber with 
background pressure lower than 10-4 Pa. A KrF excimer laser with the wavelength of 248 nm 
is used for the deposition. During the deposition of LSCO layer, the oxygen pressure in the 
chamber is about 25 Pa. The temperature of the silicon wafer is 650oC (Li, 2009). Details 
about the deposition conditions are listed in table 1. The deposition of LSCO layer is carried 
out for 20 minutes. After the deposition, the oxygen pressure in the chamber increased to 50 
Pa and maintained for 30 min. The thickness of the LSCO layer is about 200 nm obtained 
from the scanning electronic microscope.  
 

Target LSCO BFO 
Frequency of pulse 5Hz 3Hz 
Oxygen pressure 25Pa 3Pa 

Substrate temperature 650oC 700oC 
Deposition time 20min 90min 

Holding temperature 650oC 495oC 
Holding oxygen pressure 50 Pa 3Pa/1.01×105 Pa 

Holding time 30min 30min 

Table 1. The deposition conditions of LSCO and BFO films grown on silicon wafer by PLD 
method. 

The oxygen pressure in the chamber during the deposition of the polycrystalline BFO films 
is 3 Pa. the temperature of the substrate is kept at 700oC. Details about the deposition 
conditions of BFO films are also listed in table 1. The deposition of BFO films is carried out 
for 90 minutes. After the deposition, the BFO films are cooled to 495oC slowly and held for 
30 min in a certain oxygen pressure. In order to study the effect of oxygen vacancies, two 
kinds of BFO films are fabricated by PLD. For the BFO film containing less vacancy of 
oxygen, the oxygen pressure in the chamber is 1.01×105 Pa when the sample is held at 495oC 
for 30min. For the sample containing more vacancy of oxygen, the oxygen pressure in the 
chamber is just 3 Pa when the sample is kept at 495oC for 30min (Li, 2008).  
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2.2 The fabrications of BFO films by CSD method 
Regarding the preparation of polycrystalline BFO films by CSD method, single crystal 
STO is used as substrate. A layer of LNO is fabricated on the surface of STO before the 
preparation of BFO films. The layer of LNO is also fabricated by CSD method and is used 
as bottom electrode. Both STO and LNO are perovskite structure and smaller crystal 
constant than BFO. Therefore, the substrate and the LNO layer can induce the growth of 
BFO films. The fabrication of LNO layer by CSD method is same to the way has been 
reported in literature (Meng, 2001). For the synthesizing of LNO precursor, lanthanum 
nitrate and nickel acetate are used as starting materials. The mixture of acetic acid and 
water are used as solvent. Lanthanum nitrate and nickel acetate with a stoichiometric 
molar ratio of 1:1 are dissolved in the solvent. The concentration of the precursor is 
0.3mol/L. For the preparation of the LNO layer, the LNO precursor is spin-coated on STO 
substrate at 3000rpm for 20 s. the wet film is dried at 180oC for 300s in a rapid thermal 
process furnace. Then the dried film is calcined at 380oC for 300s for the organic 
compound pyrolyzing. Finally, the amorphous film is annealed at 650oC for 300s for 
crystallization. The cycle of coating and thermal process are repeated six times to obtain 
LNO layer with expected thickness.  
In regard to the synthesizing of BFO precursor, bismuth nitrate and nickel acetate are used 
as starting materials. Acetic acid is used as solvent (Li, 2005). The fabrication of BFO film is 
also contained two steps, spin-coating precursor on LNO covered STO substrate and rapid 
thermal process in furnace. The precursor is spin-coated at 4000rpm for 20 s. The film is 
dried at 180oC for 240s, pyrolyzed at 350oC for 240s, and annealed at 600oC for 240s. Two 
kinds of BFO films with different electrical resistivity are fabricated. 

2.3 The crystalline and electrical characterizations 
The crystallinity of BFO, LSCO, and LNO films is characterized by x-ray diffraction (XRD) 
using Cu Kα as radiation source (D/MAX-2550V, Rigaku Co.). During the XRD 
measurement, the continuous θ-2θ scanning mode with the interval of 0.02o is used. All XRD 
characterizations are carried out at room temperature. For the electrical measurement, 
platinum is used as top electrode. Platinum dots with the diameter of 2×10-2cm are 
sputtered onto the surface of the polycrystalline BFO films using a shadow mask. The 
ferroelectric properties are measured using a ferroelectric test system (Permier II, Radiant 
Technologies, Inc.). During the measurement, the frequency of the alternating current (ac) 
signal is 1 kHz. Two triangle waves with different polarity are used as the applied voltage. 
Before each measurement of hysteresis loop, a pre-polar voltage is applied on the film. The 
dielectric properties of the polycrystalline BFO films are measured using an impedance 
analyzer (Hewlett-Packard 4194A). The voltage of the small ac signal is 0.05V. The 
frequency dependence of the permittivity and dielectric loss is measured in the frequency 
range from 100 Hz to 1 MHz. The voltage dependence of the permittivity is measured at 1 
MHz. The leakage current behaviour of the polycrystalline BFO films under dc voltage bias 
is measured using an electrometer (Keithley 6517A). Besides the electrical measurements 
carried out at room temperature, the temperature dependence permittivity and leakage 
current measurements are carried out at different temperatue and the temperature is 
controlled with an accuracy of ±0.5K using a variable temperature micro-probe stage (K-20, 
MMR technologies, Inc.). 
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3. Crystalline structures 
Because the impurity has great effects on the electrical properties of the BFO films, it is 
important that the studied polycrystalline BFO films do not contain any impurity or 
parasitical phase. The structure of the polycrystalline BFO films fabricated by PLD and CSD 
on different substrates is investigated firstly. 

3.1 The crystalline structure of BFO films fabricated by PLD method 
Figure 1 shows the XRD curves of the polycrystalline BFO films grown on LSCO covered 
silicon substrate and thermal treated at different oxygen pressure. The XRD curve of LSCO 
film grown on silicon wafer by PLD method is also exhibited in the figure. The indexes of 
each diffractive peak are labelled in the figure. The indexes of pseudo-cubic structure are 
used for BFO films. 
 

20 30 40 50 60

(2
11

)∗

(2
00

)∗

(1
11

)∗

(1
10

)∗

(1
21

)

(1
20

)

(2
00

)

(1
11

)

(1
10

)

(1
00

)∗

(La0.5Sr0.5)CoO3

BiFeO3 treated at 3 PaIn
te

ns
ity

 (a
.u

.)

2θ (Degree)

BiFeO3 treated at 1.01∗105Pa

(1
00

)

 
Fig. 1. The XRD patterns of (La0.5Sr0.5)CoO3 film and BiFeO3 films fabricated by PLD method 
and thermal treated at different oxygen pressure. The labels contained a star (*) indicate the 
diffractive peaks of LSCO. The indexes of pseudo-cubic structure are used to label the 
diffractive peaks of BFO films.  

There is no any trace of impure phase in the XRD curves of the polycrystalline BFO films 
thermal treated at 1.01×105 Pa or 3 Pa. Neither LSCO nor BFO films exhibit (100) preferential 
orientation even the (100) silicon wafer is used as substrate. The position of the diffractive peak 
does not show perceptible shift for the two kinds of BFO films thermal treated at different 
oxygen pressure. It indicates that the thermal process at different oxygen pressure does not 
affect the crystalline structure of the polycrystalline BFO films. The pseudo-cubic crystal 
constant calculated from the XRD curve is about 3.96Å. This value is close to the value of bulk 
BFO (JCPDS: 74-2016). Therefore, even the crystal constant of LSCO is smaller than that of 
BFO, the mismatch between BFO and LSCO has no effect on the crystalline structure of the 
polycrystalline BFO films. Moreover, the full width at half maximum (FWHM) of the 
diffractive peak has no obvious variety. It indicates that the size of the crystal grain in the two 
kinds of BFO films is not influenced by the difference of the thermal process. 
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3.2 The crystalline structure of BFO films fabricated by PLD method 
Figure 2 shows the XRD curve of polycrystalline BFO film grown on LNO covered (100)STO 
substrate. The position and relative intensity of the diffractive peak for bulk BFO is also 
exhibited in the figure. The data of the bulk BFO comes from JCPDS and is used to discuss 
the difference between the polycrystalline film and bulk.  
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Fig. 2. The XRD patterns of BiFeO3 films grown on LaNiO3 covered (100)SrTiO3 substrate by 
chemical solution deposition. The data of bulk BiFeO3 (JCPDS: 74-2016) is also displayed in 
this figure using short straight line. The height of the straight line represents the relative 
intensity of the diffractive peak. 

Compared with the BFO films grown on LSCO covered (100) silicon substrate by PLD 
method, the BFO film grown on LNO covered (100) STO substrate exhibits highly (100) 
preferential orientation. It can be ascribed to the inducement from the substrate with 
perovskite structure and smaller mismatch between BFO, LNO and STO. The existence of 
(110) and (104) diffractive peaks indicate that the BFO film is not epitaxial monocrystalline 
film but polycrystalline film. Compared with the XRD data of BFO bulk, the diffractive 
peaks shift towards higher angle. This means that the out-of-plane crystal constant of the 
BFO film is smaller than that of BFO bulk.  

4. Electrical properties of polycrystalline BFO films 
Ferroelectric hysteresis, dielectric response and leakage behaviour are the primary electrical 
characterization of ferroelectric films. Most of these electrical performances are related to the 
temperature. In this section, the electrical properties of polycrystalline BFO films fabricated 
by different methods are studied at different temperature. 

4.1 Dielectric response of polycrystalline BFO films 
The frequency dependence of capacitance and loss tangent of polycrystalline BFO films 
fabricated by PLD and CSD methods are shown in figure 3 and figure 4, respectively.  



 
Ferroelectrics - Characterization and Modeling 

 

140 

102 103 104 105 106

0

50

100

150

0.0

0.2

0.4

0.6

0.8

1.0

C
ap

ac
ita

nc
e 

(p
F)

Frequency (Hz)

 treated at 1.01∗105Pa
 treated at 3 Pa

ta
nδ

 
Fig. 3. The frequency dependence of capacitance and loss tangent of BFO films prepared by 
PLD method and thermal treated at 1.01×105 Pa (black) or 3 Pa (red). 

The capacitance of BFO film treated at 1.01×105 Pa decreases approximatively linearly with 
the frequency increasing. The value of loss tangent keeps about 0.08 at the frequency range 
between 100 Hz and 100 kHz, and rises to about 0.17 when the frequency achieves to 1 
MHz. the capacitance of the BFO film treated at 3 Pa decreases faster than that of the film 
treated at 1.01×105 Pa. The loss tangent of the film treated at 3 Pa is larger than that of the 
film treated at 1.01×105 Pa. The loss tangent increases with the frequency decreasing in the 
frequency range between 100 Hz and 1 kHz. The increase of loss tangent at lower frequency 
range suggests that the dc leakage current is higher in this BFO film. In addition, there is a 
broad relaxation peak near 105 Hz in the loss tangent curve.  
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Fig. 4. The frequency dependence of capacitance and loss tangent of BFO films prepared by 
CSD method. 
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Similar phenomena can be observed from the frequency dependence of capacitance and loss 
tangent of BFO films fabricated by CSD method, as shown in fig. 4. The frequency 
dependence of capacitance and loss tangent of BFO film with higher resistivity is similar to 
the results of the BFO film prepared by PLD method and thermal treated at 1.01×105 Pa. The 
capacitance of the BFO film with lower resistivity decreases faster than that of the BFO films 
with higher resistivity, and an obvious relaxation peak can be observed from the frequency 
dependence of loss tangent. Similar results have also been reported in pure and lanthanum-
substituted BFO film (Singh et al., 2007). According to Singh’s result, the leakage current in 
BFO films can be depressed greatly by substituting part bismuth using lanthanum. The 
frequency dependence of relative dielectric constant of pure BFO film varies distinctly 
compared with that of the lanthanum-substituted BFO film. A broad relaxation peak exists 
in the frequency dependence of loss tangent of the pure BFO film but can not be observed in 
the frequency dependence of loss tangent of the lanthanum-substituted BFO film. All of 
these results suggest that the evident variety of permittivity and the broad relaxation peak 
in the frequency dependence of loss tangent are relative to the higher leakage current in the 
polycrystalline BFO films. Because that the BFO films fabricated by PLD method and 
thermal treated at different oxygen pressure, the density of the vacancy of oxygen is 
different. The results of BFO films fabricated by PLD method also confirm that the dielectric 
relaxation in the BFO films with lower electrical resistivity is relevant to the defect of 
oxygen. 
Dielectric relaxation process related to the vacancy of oxygen usually follows the Debye-
type law. This kind of process can be represented by the empirical expression established by 
Cole and Cole (Cole & Cole, 1941) 

 
*

11 ( )
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cole i α
ε εε ε

ωτ
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∞ −
−= +

+
 (1) 

Where ε*cole is the complex dielectric constant, εs is the static dielectric constant, ε∞ is the 
dielectric constant at high frequency, τ is relaxation time and ω is the circular frequency. α is 
a parameter which is used to describe the distribution of relaxation time. The value of α is 
between 0 and 1. When α equals to 0, the equation (1) is simplified to Debye model, which 
has a certain relaxation. Besides the dielectric relaxation related to oxygen vacancies, there 
are some other factors which have contributions to the dielectric response in the 
polycrystalline BFO films with lower electrical resistivity. These factors exist also in the BFO 
films with higher electrical resistivity. The dielectric response of these factors does not 
display the Debye-type relaxation and can be represented by universal dielectric response 
(UDR) model. In this model, the real part and imaginary part of complex dielectric constant 
can be described respectively as (Lunkenhjeimer et al.,2002; Tselev et al., 2004)  

 

1
0

0

10

0 0

1
tan

2

"

s
rT

sdc
T

s
πε σ ω

ε
σ σε ω
ωε ε

−

−

 =  
 

= +
 (2) 

where εrT and ε”T are the real part and imaginary part of complex dielectric constant. σdc is 
the dc electric conductivity, which is induced by the leakage current. σ0 is a pre-power term 
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and s is a parameter with the value between 0 and 1. Considering the dielectric response 
related to the oxygen vacancies and all the other dielectric response processes, the frequency 
dependence of complex dielectric constant of the BFO films with lower electrical resistivity 
should following a model which is constituted by Cole-Cole’s model and UDR model. The 
expression of the model is  

 
* * *

cole Tε ε ε= +  (3) 

where ε* is the complex dielectric constant of polycrystalline BFO films with lower electrical 
resistivity, ε*cole and ε*T are the complex dielectric constant contributed by the relaxation 
processes related to oxygen vacancies and the dielectric response process following UDR 
model respectively. For the polycrystalline BFO film fabricated by PLD method and thermal 
treated at 3 Pa, the measured circular frequency dependence of complex dielectric constant 
and fitting results according to equation (3) is shown in fig. 5 (Li, 2008). The values of some 
parameters in the model are listed in table 2. 
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Fig. 5. The measured circular frequency dependence of complex dielectric constant and the 
fitting results for the polycrystalline BFO films fabricated by PLD method and thermal 
treated at 3 Pa.  

According to the fitting results, the electrical resistivity of the polycrystalline BFO film 
fabricated by PLD and thermal treated at 3 Pa is less than the orders of magnitude 109Ω·cm. 
This result coincides with the published work (Eerenstein, 2005). The lower electrical 
resistivity means higher leakage current in the films, which obstructs the measurement of 
ferroelectric properties of polycrystalline BFO films. 
 

τ 
(s) 

σdc 
(Ω-1·cm-1) 

σ0 
(Ω-1·cm-1) 

α s 

3.35×10-6 2.61×10-9 2.02×10-11 0.60 0.72 

Table 2. Values of some parameters used in the Debye and UDR combinatorial model. 
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Besides the relaxation process related to defect of oxygen, the interfacial polarization which 
occurs between the ferroelectric film and the electrode has significant impact on the 
measured dielectric response. Liu et al. have reported their results on the interfacial 
polarization between BFO films and the electrode (Liu, 2008). If there is the dielectric 
response induced by the interfacial polarization, the measured frequency dependence of 
capacitance will change significantly when different dc bias voltage applied on the samples 
(Zhang, 2005; Liu, 2008). The frequency dependence of capacitance of the polycrystalline 
BFO film fabricated by PLD and thermal treated at 3 Pa is measured under dc bias voltage 
between 0 and 3V. The results are shown in Fig. 6. In contrast to the results reported by Liu 
et al. (Liu, 2008), the curves of the frequency dependence of capacitance measured under 
different dc bias voltage almost overlap for our sample. A small difference between the 
curves can be observed from the enlarged plot. The difference dues to the nature of 
ferroelectrics that dielectric constant changes with the applied dc voltage. It is indicated that 
the dielectric response contributed by interfacial polarization between the BFO film and 
electrode can be ignored in our sample. 
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Fig. 6. The frequency dependence of capacitance of the polycrystalline BFO films fabricated 
by PLD method and thermal treated at 3 Pa measured at different dc bias voltage (0V and 
3V). The inset figure exhibits the enlarged parts of the curves nearby 100 kHz. 

Now, it is confirmed that the Debye-type relaxation process in polycrystalline BFO films 
with lower electrical resistivity is related to oxygen vacancies. More research is needed to 
investigate how the oxygen vacancies work. The dielectric relaxation process related to 
oxygen defects in the polycrystalline BFO films fabricated by CSD method with lower 
electrical resistivity is studied at different temperature. 
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Figure 7 display the temperature dependence of capacitance and loss tangent of 
polycrystalline BFO film with lower electric resistivity prepared by CSD method in the 
temperature range between 230K and 430K. The results are measured at different frequency. 
The capacitance decreases with the increase of the measuring frequency at a certain 
temperature. This result is consistent with the frequency dependence of capacitance of 
polycrystalline BFO films prepared by PLD method. A broad peak can be observed in the 
temperature dependence of loss tangent. The peak position shifts to higher temperature 
with the increase of the measuring frequency.  
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Fig. 7. The temperature dependence of capacitance and loss tangent of the polycrystalline 
BFO films fabricated by CSD method. 

The temperature corresponds to the maximum of loss tangent at a certain measuring 
frequency is denoted as Tm. The value of Tm increases with the increase of the measuring 
frequency. The relationship between the logarithm of frequency and the reciprocal of Tm is 
plotted in Fig. 8 Inset. The relationship between the logarithm of measuring frequency and 
the reciprocal of Tm is nearly linear. It is suggested that the relationship between the 
measuring frequency and Tm following the Arrehenius law, which can be expressed as 
(Samara, 2003) 

 0 exp
B m

E
f f

k T

 
= − 

 
 (4) 

Where f0 is the pre-exponential term and E is the activation energy for the relaxation 
process, kB is the Boltzmann’s constant.  
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Fig. 8. The temperature dependence of loss tangent of the polycrystalline BFO films 
fabricated by CSD method. The value of Tm increases with increase of the measuring 
frequency. The Inset displays the relationship between the measuring frequency and the 
reciprocal of Tm. The straight line is linear fitting for the experimental data. 

According to the result of linear fitting, the activation energy for the relaxation process 
related to oxygen vacancies is about 230 meV. As reported, the activation energy for dipolar 
relaxation in ferroelectrics is about 100~400meV (Samara, 2003). Therefore, the relaxation 
process with the activation energy of 230 meV in our samples may be a kind of dipolar 
relaxation process related to oxygen vacancies. Besides the vacancy of oxygen, another 
primary defect is Fe2+ (Palkar, 2002; Yun, 2003; Y. P. Wang, 2004). Therefore, it is suggested 
that the dipolar which induced this relaxation process is composed by vacancy of oxygen 
and Fe2+ (Vo-Fe2+). It should be pointed out that the transfer of polaron in ferroelectrics also 
has the dielectric response similar to what has been observed above. But the activation 
energy for transfer of polaron is lower than the value calculated from our samples in the 
order of magnitude (Bidault, 1995). Therefore, the possible contribution from the transfer of 
polaron is excluded.  

4.2 Ferroelectric and leakage behaviors of polycrystalline BFO films 
As mentioned above, the higher leakage current in polycrystalline BFO films is related to the 
presence of a large number of oxygen vacancies. For the BFO film with higher electrical 
resistivity prepared by CSD method, the ferroelectric properties can be measured at lower 
temperature. The hysteresis loops and voltage dependence of capacitance of the sample 
measured at 70K are shown in Fig. 9.  
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Fig. 9. The hysteresis loops under different applied voltages for the polycrystalline BFO film 
fabricated by CSD method. The inset displays the voltage dependence of the capacitance. 
Both ferroelectric hysteresis and the voltage dependence of the capacitance are measured at 
70 K. 

As shown in Fig. 9, the hysteresis loop exhibits the trend of saturation when the applied 
voltage is higher than 16V. The difference between the sample under positive bias and 
negative bias may be induced by the different top and bottom electrodes. Correspondingly, 
the voltage dependence of capacitance also shows an asymmetric butterfly-shape curve. 
According to the definition (Park, 2000) 

 max min max( ) /tunability C C C= −  (5) 

where Cmax and Cmin are the maximum and minimum of the capacitance under different 
applied voltage, the tunability of capacitance for the polycrystalline BFO film prepared by 
CSD method is about 22% at 70K.  
However, when the temperature increases, the leakage current rises rapidly. The leakage 
current is so high that the film is breakdown before saturation under an applied voltage at 
room temperature. The measurements on the ferroelectric properties are impossible for this 
BFO film. Therefore, it is useful to study the leakage behaviour and the relationship between 
the leakage current and temperature. 
The conductance of the polycrystalline BFO film prepared by CSD method is measured 
under different voltage at the temperature range between 80K and 350K. The results are 
exhibited in Fig. 10 (Sun, 2006). 
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Fig. 10. The temperature dependence of conductance under different applied voltage of BFO 
film prepared by CSD method. The labels nearby each lines is the voltage applied on the 
film. (Sun, 2006) 

In the semi-log plot, the relationship between the conductance and the reciprocal of 
temperature is approximately linear. This relationship follows the Poole-Frenkel (PF) 
emission (Pabst, 2007; Yang, 2008), which can be expressed as 
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where c is a constant and EI is the trap ionization energy which is related to the hopping of 
charge carrier. V is the voltage applied on the BFO film and d is the thickness of the BFO 
film. According to Pabst’s report, the PF emission is the dominant transport mechanism in 
epitaxial BFO films (Pabst, 2007). Therefore, it is reasonable that PF emission is also one of 
the dominant leakage mechanisms in polycrystalline BFO film. However, there is an 
obvious difference between the experimental results of epitaxial and polycrystalline films. 
For epitaxial BFO films, the slope of the line log(σ) vs. 1000/T varies linearly with the applied 
voltage (Pabst, 2007). But the slope of the lines in Fig. 10 has great difference. The lines can 
be divided into two groups according to their slope. According to equation (6), the 
relationship between the slope and the square root of the applied voltage can be expressed 
as 
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The coefficient c’ is related to the dielectric constant εr. Regarding the data measured under 
higher applied voltage, the result is close to the epitaxial BFO film. However, for the data 
measured under lower applied voltage, the derived dielectric constant is one order of 
magnitude smaller than the reported value. In order to study the origin of the difference 
under different voltages, conductive tip atomic force microscopy (CAFM) is used.  
 

 
Fig. 11. The images of conductive tip atomic force microscopy (Area 1μm×1μm). (a) Surface 
morphology of the BFO film under 2.5 V voltage; (b) Current mapping of the BFO film 
under 2.5V voltage; (c) Surface morphology of the BFO film under 4.5 V voltage; (d) Current 
mapping of the BFO film under 4.5V voltage (Sun, 2006). 

Figure 11 displays the CAFM images with different voltages applied on the tip. When the 
applied voltage is 2.5V, the area of grain boundary is highlight in fig. 11(b). This means that 
the leakage current flows along the grain boundary. When the applied voltage rises to 4.5V, 
all the grain is highlight. This means the current flows primarily through the whole grains. 
Comparing to the results of the leakage measurements, it is inferred that there is a region 
with lower dielectric constant at the grain boundary area. This region is the transfer access 
for leakage current when the voltage applied on the samples is smaller (Sun, 2006). 

4.3 Ferroelectrics of polycrystalline BFO films on buffered silicon wafer 
Compared to the BFO films grown on STO substrate, BFO films grown on silicon wafer 
has broader application prospects once the leakage problem is resolved. Figure 12 exhibits 
the ferroelectric hysteresis of the polycrystalline BFO films grown on LNO buffer silicon 
wafer.  

(a) (b) 

(c) (d) 
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Fig. 12. The ferroelectric hysteresis of the polycrystalline BFO films grown on LNO buffer 
silicon wafer. 

The layer of BFO is grown by PLD method and the buffer layer/bottom electrode LNO is 
fabricated by CSD method. The measurements are carried out at room temperature. 
Compared to the LSCO buffer layer fabricated by PLD, LNO layer fabricated by CSD is a 
more suitable buffer layer for the growth of high quality polycrystalline BFO films. 
Compared to the epitaxial BFO films on buffered-STO substrate, the value of Pr of 
polycrystalline BFO films is smaller. But the value is still larger than that of PZT and BTO 
films. Therefore, it is useful for the substitution of PZT in FeRAM. 

5. Conclusion  
In summary, the polycrystalline BFO films are fabricated on buffered silicon wafer and STO 
substrates. The electrical processes in the polycrystalline BFO films are investigated. The 
existence of a large number of oxygen vacancies not only increases the leakage current in 
BFO films, but also influence the dielectric response of the polycrystalline BFO films. The 
dielectric response is contributed in the form of dipolar combined by oxygen vacancy and 
Fe2+. For the polycrystalline BFO films do not contain many oxygen vacancies, the Poole-
Frenkel emission is the dominant transport mechanism when the polycrystalline BFO film. 
A region with lower dielectric constant exists at the grain boundary in polycrystalline BFO 
films. This region is the primary leakage access when the polycrystalline BFO film is under 
lower applied voltage. These results have significance for the researches on the applications 
of film in microelectronic devices. 
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1. Introduction 
CuInP2S6 crystals represent an unusual example of an anticollinear uncompensated two-
sublattice ferroelectric system (Maisonneuve et al., 1997). They exhibit a first-order phase 
transition of the order–disorder type from the paraelectric to the ferrielectric phase (Tc = 315 
K). The symmetry reduction at the phase transition (C2/c to Cc) occurs due to the ordering 
in the copper sublattice and the displacement of cations from the centrosymmetric positions 
in the indium sublattice. X-ray investigations have shown that Cu ion can occupy three 
types of positions (Maisonneuve et al., 1997). The ordering of the Cu ions (hopping between 
Cu1u and Cu1d positions) in the double minimum potential is the reason for the phase 
transition dynamics in CuInP2S6. In (Maisonneuve et al., 1997) it was suggested that a 
coupling between P2S6 deformation modes and Cu+ vibrations enable the copper ion 
hopping motions that lead to the onset of ionic conductivity in this material at higher 
temperatures. At low temperatures a dipolar glass phase appears in CuInP2S6 weakly doped 
with antiferroelectric CuCrP2S6 or ferroelectric CuInP2Se6 (Macutkevic et al., 2008).  
The copper chromium thiophosphate CuCrP2S6 crystallizes in a layered two-dimensional 
structure of the CuIMIIIP2S6 (M = Cr, In) type described above (Maisonneuve et al., 1995). It 
is formed by double sheets of sulfur atoms sandwiching the metal cations and P–P groups 
which occupy the octahedral voids defined by the sulfur atoms. At room temperature the 
crystal structure has a space group of C2/c (Colombet et al., 1982). At 64 K, the Cu positions 
are confined to those of an antiferroelectric order where the crystal structure has the space 
group of Pc (Maisonneuve et al., 1995). Thus, the mechanism of the dielectric transition is 
likely to involve hopping of the copper ions among two or more positions. Two phase 
transitions have been observed at 155 K and 190 K by dielectric measurement and 
differential scanning calorimetry (DSC). The crystal is antiferroelectric below 155 K and 
paraelectric above 190 K. For the intermediate phase between 155 and 190 K, a quasi-
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antipolar structure has been proposed. Solid solutions CuCr1-xInxP2S6, x > 0, are therefore 
expected to reveal disordered dipolar glass phases as a consequence of randomness and 
frustration as confirmed recently (Maior et al., 2008).  
Similar signatures of disorder might also be expected for the magnetic ground state of 
CuCr1-xInxP2S6, where magnetic Cr3+ ions are randomly replaced by diamagnetic In3+ ions 
in the antiferromagnetic (AF) compound CuCrP2S6 with a Néel temperature TN ≈ 32 K 
(Colombet et al., 1982). Owing to its competing ferromagnetic (FM) intralayer and AF 
interlayer exchange interactions (Colombet et al., 1982), randomness and frustration might 
eventually give rise to spin glass phases in CuCr1-xInxP2S6, x > 0, similarly as in the related 
AF compound Fe1-xMgxCl2 (Bertrand et al., 1982; Mattsson et al., 1996).  The possible 
coexistence of this spin glass phase with the dipolar glassy one (Maior et al., 2008) is 
another timely motivation to study CuCr1-xInxP2S6. Indeed, ‛multiglass’ behavior was 
recently discovered in the dilute magnetic perovskite Sr0.98Mn0.02TiO3 (Shvartsman et al., 
2008), paving the way to a new class of materials, ‛disordered multiferroics’ (Kleemann et al., 
2009). 
The above mentioned comparison of the two families of dilute antiferromagnets 
CuCrP2S6:In and FeCl2:Mg is not fortuitous. Originally, a strong structural analogy  
had been noticed between the lamellar compounds FeX2 (X = Cl or Br) and transition 
metal (M) thio-phosphate phases, MPS3, such as FePS3 (Colombet et al., 1982). Both 
families are characterized by van der Waals gaps between their crystalline slabs and their 
ability to act as intercalation host material. The analogy becomes formally apparent when 
using the notations Fe2P2S6 or – stressing the occurrence of P2 pairs – [Fe2/3(P2)1/3]S2 
(Klingen et al., 1973), and substituting (Fe2+)2 by (Cu+Cr3+). This transcription discloses, 
however, that in contrast to the FeX2 compounds even the undoped CuCrP2S6 is a ‛dilute 
magnet’ from the beginning (i.e. in the absence of non-magnetic In3+), since it always hosts 
two diamagnetic cation sublattices occupied by Cu and P ions. This ‛extra’ dilution must 
be taken into account for understanding the magnetic and magnetoelectric properties 
discussed below.  
This manuscript includes broad band spectroscopy, SQUID and piezoelectric measurement 
techniques, which helped to complement the list of already known properties of the 
investigated crystals and reveal new features such as dipole glass behaviour, magneto-
electric coupling, and piezoelectric response. This crystal family is very interesting for 
various transducers because of the quite broad temperature region (285 to 330 K) for the 
phase transition.  

2. Broad band dielectric spectroscopy of layered crystals 
2.1 Ferrielectric phase transition in CuInP2S6, Ag0.1Cu0.9InP2S6 and CuIn1+δP2S6 
crystals  
Results of the broadband dielectric measurements of Ag0.1Cu0.9InP2S6 are presented in Fig. 1. 
At low frequencies the dielectric losses increase with increasing temperature mainly due to 
the high ionic conductivity. The real part of the dielectric permittivity at 1 MHz already 
corresponds to the static one, because at that frequency "ε  is already much smaller than 'ε  
(A. Dziaugys et al., 2010). It was found, that impurity of Ag ions, or addition of extra In ions 
drastically changes the ferrielectric phase transition temperature (static dielectric 
permittivity maximum temperature) (Table 1). 



 
Phase Transitions in Layered Semiconductor - Ferroelectrics 

 

155 

 
Fig. 1. Temperature dependence of the complex dielectric permittivity of Ag0.1Cu0.9InP2S6. 
 

 
Fig. 2. Frequency dependence of complex dielectric permittivity of Ag0.1Cu0.9InP2S6 crystals 
measured at different temperatures. Solid lines are best fits according to Eq. (1). 
 

Crystal Phase transition temperature, K 
CuInP2S6 313 (A. Dziaugys et al. 2010) 

CuIn1+δP2S6 330 (A. Dziaugys et al. 2011) 
Ag0.1Cu0.9InP2S6 285 (A. Dziaugys et al. 2010) 

Table 1. Phase transition temperatures got from the dielectric measurements.  
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The nature of such phase transition, similar to the pure CuInP2S6, is ferrielectric - ordering in 
the copper sublattice and displacement of cations from the centrosymmetric positions in the 
indium sublattice. The ferrielectric dispersion in the vicinity of Tc begins at about 10 MHz 
for Ag0.1Cu0.9InP2S6 and ranges up to the GHz region (Fig. 2).  The characteristic minimum 
of 'ε  appears above 100 MHz at T = 285 K for Ag0.1Cu0.9InP2S6 and 500 MHz at T = 330 K for 
CuIn1+δP2S6 indicating a critical slowing down typical of the order–disorder ferroelectric 
phase transitions (Grigas, 1996). The frequency plot of the complex permittivity at different 
temperatures (Fig. 2) was fitted with the Cole–Cole formula:  

 * ( )
1 ( )i α

εε ω ε
ωτ∞

Δ= +
+

, (1) 

where εΔ  represents the dielectric strength of the relaxation, τ  is the mean Cole–Cole 
relaxation time, ε∞  represents the contribution of all polar phonons and electronic 
polarization to the dielectric permittivity and α is the Cole–Cole relaxation time distribution 
parameter. Eq. (1) reduces to the Debye formula if 0α = . The obtained parameters are 
presented in Fig. 3. At higher temperatures the α  parameter is very small and indicates 
Debye type dielectric dispersion. 
 

 
Fig. 3. Cole–Cole parameters of Ag0.1Cu0.9InP2S6 and CuIn1+δP2S6 crystals. 

On cooling the α  parameter increases up to 0.133 for Ag0.1Cu0.9InP2S6 and 0.22 for 
CuIn1+δP2S6 substantially below ferrielectric phase transition temperature Tc. The 
distribution of the relaxation times is much broader in the ferrielectric phase than in the 
paraelectric one. The temperature dependence of the dielectric strength εΔ  was fitted with 
the Curie–Weiss law: 
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where Cp,f is the Curie–Weiss constant and TCp,Cf is the Curie–Weiss temperature obtained 
from the fitting correspondingly in the paraelectric and ferrielectric phases.  The ratios Cp/Cf 
= 7.8 (6.45 for CuIn1+δP2S6),  Cp/TCp ≈10 (for both crystals) and mismatch TCf–TCp = 20 K (62 
K for CuIn1+δP2S6), show the first-order “order–disorder” ferroelectric phase transition. The 
temperature dependence of the mean Cole–Cole relaxation time τ  in the paraelectric phase 
was fitted with the classical law (Grigas, 1996): 

 /
0

pU kT

Cp

C
e

T T
τ τ=

−
, (3) 

where 0τ  is the relaxation time as T → ∞  and the exponential factor describes deviations 
from phenomenological Landau theory close to the phase transition temperature, which 
appears due to critical fluctuations. The parameters obtained for Ag0.1Cu0.9InP2S6 are 
τ0=8.1×10-16 s, U/k = 2980 K (0.26 eV).  

2.2 Ferrielectric and dipolar glass phase coexistence in CuInP2S6 and Ag0.1Cu0.9InP2S6 
crystals 
At temperatures below 175 K dielectric dispersion effects can be observed at low frequencies 
for pure CuInP2S6 (Fig. 4). A similar dielectric dispersion also occurs in Ag0.1Cu0.9InP2S6 and 
in CuIn1+δP2S6 at low temperatures. Such dielectric dispersion is typical of dipolar glasses 
(Figs. 4 and 5) (Macutkevic et al. 2008). 
 

 
Fig. 4. Temperature dependence of the complex dielectric permittivity of CuInP2S6 crystals. 
Low temperature region. 
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Fig. 5. Frequency dependence of the complex dielectric permittivity of CuInP2S6 crystals 
measured at different low temperatures. Solid lines are best fits to Eq. (1). 

From dielectric spectra for CuInP2S6 and Ag0.1Cu0.9InP2S6 the Cole–Cole parameters were 
calculated. Very high and almost temperature independent value of the distribution of 
relaxation times α  indicates a very wide distribution of relaxation times. The mean 
relaxation time increases on cooling according to the Vogel–Fulcher law:  

 0
0

exp
( )

fE

k T T
τ τ=

−
 (4) 

where Ef is the activation energy and T0 the freezing temperature. Obtained parameters are 
presented in (Dziaugys et al., 2010; Dziaugys et al., 2011). The freezing temperature is higher 
for Ag0.1Cu0.9InP2S6 as compared to CuInP2S6 and CuIn1+δP2S6. What is the nature of dipole 
glass phase in pure CuInP2S6? First of all we must admit that the freezing occurs mainly in 
the copper sublattice, since the ferroelectric interaction exists only for copper ions in 
CuInP2S6.  Secondly, in the dipole glass phase disorder should exist in the copper sublattice 
and competitive (ferroelectric and antiferroelectric) interactions occur between copper ions 
or (and) between copper ions and lattice. Competitive interactions can also occur between 
copper and indium ions. The static disorder in the copper sublattice was observed by X-ray 
investigations mainly at higher temperatures (Maisonneuve et al., 1997). This disorder is just 
random distribution of copper ions between more than the three positions (Cu1, Cu2, Cu3). 
However, this is only a static picture of disorder in CuInP2S6. The dielectric spectroscopy 
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reveals that the dynamic disorder in CuInP2S6 does not vanish in the ferroelectric phase. The 
dynamic disorder is hopping of Cu ions between several possible static occupation 
positions. This hopping freezes at very low temperatures. The CuInP2S6 is a ferroelectric 
(ferrielectric) for which a dipole glass phase at low temperatures is observed even in the 
(nominally) pure crystal. Therefore CuInP2S6 with small amount of additions, independent 
from physical properties of the additions (ferroelectric, antiferroelectric or nonferroelectric) 
should exhibit the same phase diagram – the ferrielectric phase transition at higher 
temperatures and the freezing into a dipole glass phase at lower temperatures.  

2.3 Phase transitions in antiferroelectric CuCrP2S6 and CuIn0.1Cr0.9P2S6 crystals 
The antiferroelectric phase transition in CuCrP2S6 and CuIn0.1Cr0.9P2S6 is accompanied by a 
step-like dielectric anomaly (Fig. 6). The width of the step is approximately 5K for CuCrP2S6 
and 20 K for CuIn0.1Cr0.9P2S6 Taking the temperature, corresponding to the peak point of the 
step as the temperature of phase transition, it was found that Tc ≈ 170 K for CuCrP2S6 and 
167 K for  CuIn0.1Cr0.9P2S6.  
 

 
Fig. 6. Temperature dependence of the real part of the dielectric permittivity of a) 
CuIn0.1Cr0.9P2S6 and b) CuInCrP2S6. Solid lines are fitted according to the Curie – Weiss law. 

While analyzing the sample from low temperatures, 'ε  rises slowly between 30 K and 125 K 
for CuIn0.1Cr0.9P2S6 and 150 K for CuCrP2S6, after which it increases abruptly and then 
smoothly, while at 167 K for CuIn0.1Cr0.9P2S6 and 170 K for CuCrP2S6 it starts decreasing. As 
we can see the 'ε  maximum is no so well pronounced as in CuInP2S6 (Banys et al., 2004), 
therefore such property is typical of antiferroelectrics (Kittel, 1951). The T width of this 
dielectric anomaly and the slope changes just below 167 K (CuIn0.1Cr0.9P2S6) and 170 K 
(CuCrP2S6) agree with the hypothesis of a slowly evolving short-range dipole order. 
Knowing that the copper dipole configuration is antipolar at T<150 K, we infer from the 
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relatively continuous decrease of 'ε  at 125 K (CuIn0.1Cr0.9P2S6) and 150 K (CuInCrP2S6) that 
the intermediate phase is quasi–antipolar (or incommensurate). It was found that '( )Tε  

follows a Curie –Weiss law, Eq. (2). The ratio of Cp/Caf >> 2 indicates a first order phase 
transition to take place in both crystals. 

2.4 Inhomogeneous ferrielectrics  
The temperature dependence of the real and imaginary parts of the complex dielectric 
permittivity ε* at various frequencies ν  of CuCr0.3In0.7P2S6 crystals are presented in Fig. 7. We 
can see three different regions of dielectric dispersion. At temperatures T > 220 K and 
frequencies ν  < 1 MHz the dielectric dispersion is mainly caused by the high conductivity, 
similarly as in pure CuCrP2S6 and CuInP2S6 crystals. The dielectric dispersion caused by the 
relaxation soft mode is observed in the vicinity of the ferroelectric phase transition 
temperature Tc ≈ 256 K for CuCr0.3In0.7P2S6 and Tc ≈ 247 K for CuCr0.2In0.8P2S6 and at higher 
frequencies (ν  > 1 MHz). The dispersion at low temperatures (T < 170 K) is characteristic of 
the freezing into the dipole glass state. It is likely that substitutions in the chromium 
sublattice give rise to a more complex potential relief in which the copper ions move. As a 
consequence a part of the copper ions does not participate in the cooperative dynamics 
involved in the ferroelectric ordering. The dependence of the dielectric permittivity on 
frequency has been fitted with the Cole-Cole formula. The parameter Δε in the vicinity of the 
ferroelectric phase transition temperature follows the Curie-Weiss law, Eq. 2. To find out its 
order we have calculated the Curie-Weiss constants in the paraelectric and ferroelectric 
phases, respectively: Cp ≈ 4940 K and Cf ≈ 2580 K. From the ratio of these constants (1.92) it is 
clear that crystal with x = 0.7 undergoes a second-order phase transition. The ratio Cp,f /TC is 
in the order 10, therefore the observed phase transition is mainly of the “order-disorder” 
type (Grigas, 1996). The Cole-Cole mean relaxation time τ increases with decreasing 
temperature, according to the Vogel-Fulcher law. No anomaly of the relaxation time is  
 

 
Fig. 7. Temperature dependence of the complex dielectric permittivity of CuCr0.3 In0.7CrP2S6 
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observed in the vicinity of the ferroelectric phase transition. In order to get information that 
is more precise about the relaxation-time distribution function, a special approach has been 
developed. A detailed description can be found in (Banys et al., 2002). We assume that the 
complex dielectric spectrum ε*(ν) can be represented as a superposition of independent 
individual Debye-type relaxation processes (Schafer et al., 1996;  Kim et al., 2000; Pelster et 
al., 1998) 

 * ( ) lg
( )

1

f d

i

τ τε ν ε ε
ωτ

∞

∞
−∞

= + Δ
+ . (4) 

The distributions of relaxation times of the investigated ferrielectric CuCr0.3In0.7P2S6 are 
presented in Fig. 8. One can recognize that the relaxation-time distribution function 
significantly broadens at low temperatures, as it is typical for dipole glasses. Let us consider 
the copper ions moving in asymmetric double well potentials. The movement consists of 
fast oscillations in one of the minima with occasional thermally activated jumps between the 
minima. The jump probability is governed by the Boltzmann probability of overcoming the 
potential barrier between the minima. The relaxation time in such a system is given by:   

 0
0

exp[ / ( )]
2cosh( /2 )

b B

B

E k T T
A k T

τ τ −
= . (5) 

 
Fig. 8. Distribution of relaxation times of mixed ferroelectric Cu(In0.7Cr0.3)P2S6 obtained from 
dielectric spectra (points). The solid lines are best fits according to Eq. (4). 

The parameter A accounts for the asymmetry of the local potential produced by the mean-
field influence of all the other dipoles. Thus, the local polarization of copper  ions is  

 tanh( /2 )Bp A k T=  (6) 

and the distribution function ( )pϖ of the local polarizations: 
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We further consider that the asymmetry A and the potential barrier Eb of the local potential 
are randomly distributed around their mean values A0 and Eb0 according to a Gaussian law 
resulting in the distribution functions: 
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where σEb and σA are the standard deviations of Eb and A, respectively, from their mean 
values. Fits with the experimentally obtained relaxation-time distributions were performed 
and the results are presented in Fig. 8 as solid lines. Knowing the average asymmetry A and 
the standard deviation of asymmetry σA we have calculated the distributions of local 
polarization w(p) (Fig. 9). 
 

 
Fig. 9. Distribution of local polarizations w(p) of a CuCr0.3In0.7P2S6 crystal: at several 
temperatures. 

A broad distribution of local polarization is observed in both investigated ferrielectrics are 
typical for inhomogeneous ferroelectrics. It indicates that not all copper ions are ordered in the 
ferrielectric phase. This fact was confirmed also by X ray investigations of pure CuInP2S6. By 
further cooling non-ordered copper ions form a glassy phase and finally become frozen. 
Knowing the distribution function w(p), both the average (macroscopic) polarization 
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and the Edwards-Anderson glass order parameter  

 
1

2

1

( )EAq p w p dp
−

=   (11) 

can be calculated (Fig. 10). The temperature behavior of the average polarization is typical 
for the second-order ferroelectric phase transition. 
 

 
Fig. 10. Temperature dependence of the spontaneous polarization P and the Edwards-
Anderson parameter qEA of mixed CuCr0.2In0.8P2S6 and CuCr0.3In0.7P2S6 crystals. 

2.5 Dipole glass state in mixed CuCr1-xInxP2S6 crystal 
The temperature dependence of the dielectric properties in the CuCr1-xInxP2S6 mixed crystals 
with x = 0.5 is presented in Fig. 11. The shoulder-like ε’(T) anomaly shifts toward higher 
temperatures with increasing frequency. The dielectric relaxation is also expressed in the 
dielectric losses. The dielectric dispersion at low temperatures (T < 170 K) is typical of dipole 
glasses. At higher temperatures the dielectric dispersion is clearly symmetric and observed 
only at higher frequencies. On cooling it strongly passes to lower frequencies and becomes 
more asymmetric. The dielectric dispersion is described with the Cole-Cole formula. The 
Cole-Cole mean relaxation time τ increases with decreasing temperature, according to the 
Vogel-Fulcher law, the parameters of which are noticed in Table 2.  
 

 CuIn0.5Cr0.5P2S6 CuIn0.4Cr0.6P2S6

T0, K 23 20 
E/k, K (eV) 1554 (0.134) 1575 (0.136) 

0 ,sτ  7.67·10-13 4.7·10-13 

Table 2. Parameters of the Vogel–Fulcher law. 
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Fig. 11. Temperature dependence of the complex dielectric permittivity of 
CuIn0.5Cr0.5CrP2S6 

Broad and very asymmetric distributions of relaxation times are observed in both 
investigated dipolar glasses (Fig. 12). To get more insight into the nature of such 
distributions, they are fitted by the double well potential model described above. 
 

 
Fig. 12. Distribution of relaxation times of ferroelectric CuCr0.5In0.5P2S6  
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Fig. 13. a) Distribution of local polarizations w(p) of CuCr0.5In0.5P2S6 at several temperatures. 
b) Temperature dependence of the Edwards-Anderson parameter of mixed CuCr0.5In0.5P2S6 
and CuCr0.6In0.4P2S6 crystals. 

From the double well potential parameters the local polarization distribution has been 
calculated (Fig. 13). The temperature behavior of the local polarization distribution is very 
similar to that of other dipole glasses like RADP or BP/BPI (Banys et al., 1994). The order 
parameter is an almost linear function of the temperature and does not indicate any anomaly.  

2.6 Phase diagram of the mixed CuInxCr1-xP2S6 crystals 
The phase diagram of CuCr1-xInxP2S6 mixed crystals obtained from our dielectric results is 
shown in Fig. 14. Ferroelectric ordering coexisting with a dipole glass phase in CuCr1-

xInxP2S6 is present for 0.7 ≤ x. On the other side of the phase diagram for x ≤ 0.9 the 
antiferroelectric phase transition occurs. At decreasing concentration x the antiferroelectric 
phase transition temperature increases. In the intermediate concentration range for 0.4 ≤ x ≤ 
0.6, dipolar glass phases are observed.  
 

 
Fig. 14. Phase diagram of CuCr1-xInxP2S6 crystals. AF – antiferroelectric phase; G – glass 
phase; F+G – ferroelectric + glass phase. 
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3. Magnetic properties of CuCr1-xInxP2S6 single crystals 
3.1 Experimental procedure 
Single crystals of CuCr1-xInxP2S6, with x = 0, 0.1, 0.2, 0.4, 0.5, and 0.8 were grown by the 
Bridgman method and investigated as thin as-cleft rectangular platelets with typical 
dimensions 4×4×0.1 mm3. The long edges define the ab-plane and the short one the c-axis of 
the monoclinic crystals (Colombet et al., 1982). While the magnetic easy axis of the x = 0 
compound lies in the ab-plane (Colombet et al., 1982), the spontaneous electric polarization 
of the x = 1 compound lies perpendicular to it (Maisonneuve et al., 1997). 
Magnetic measurements were performed using a SQUID magnetometer (Quantum Design 
MPMS-5S) at temperatures from 5 to 300 K and magnetic fields up to 5 T. For magneto-
electric measurements we used a modified SQUID ac susceptometer (Borisov et al., 2007), 
which measures the first harmonic of the ac magnetic moment induced by an external ac 
electric field. To address higher order ME effects, additional dc electric and/or magnetic bias 
fields are applied (Shvartsman et al., 2008). 

3.2 Temperature dependence of the magnetization 
The temperature (T) dependence of the magnetization (M) measured on CuCr1-xInxP2S6 
samples with x = 0, 0.1, 0.2, 0.4, 0.5 and 0.8 in a magnetic field of μ0H = 0.1 T applied 
perpendicularly to the ab-plane are shown in Fig. 15a within 5 ≤ T ≤ 150 K. Cusp-like AF 
anomalies are observed for x = 0, 0.1, and 0.2, at TN ≈ 32, 29, and 23 K, respectively, as 
displayed in Fig. 15. While Curie-Weiss-type hyperbolic behavior, M ∝ (T –Θ )-1, dominates 
above the cusp temperatures (Colombet et al., 1982), near constant values of M are found as 
T → 0. They remind of the susceptibility of a uniaxial antiferromagnet perpendicularly to its 
easy axis, χ⊥ ≈ const., thus confirming its assertion for CuCrP2S6 (Colombet et al., 1982).   
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Fig. 15. Magnetization M vs. temperature T obtained for CuCr1-xInxP2S6 with x = 0, 0.1, 0.2, 
0.4, 0.5, and 0.8 in μ0H = 0.1 T applied parallel to the c axis before (a) and after correction for 
the diamagnetic underground (b; see text). 
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Fig. 16. Néel and Curie temperatures, TN and Θ, vs. In3+ concentration x, derived from Fig. 
15 (M) and  Fig. 17 (1/M), and fitted by parabolic and logistic decay curves (solid lines), 
respectively. 

At higher In3+ contents, x ≥ 0.4, no AF cusps appear any more and the monotonic increase of 
M on cooling extends to the lowest temperatures, T ≈ 5 K. Obviously the Cr3+ concentration 
falls short of the percolation threshold of the exchange interaction paths between the Cr3+ 
spins, which probably occurs at x ≈ 0.3.  
A peculiarity is observed at the highest In3+ concentration, x = 0.8 (Fig. 15a). The magnetization 
assumes negative values as T > 60 K. This is probably a consequence of the diamagnetism of 
the In3+ sublattice, the constant negative magnetization of which becomes dominant at 
elevated temperatures. For an adequate evaluation of the Cr3+ driven magnetism we correct 
the total magnetic moments for the diamagnetic background via the function 

 
C

M D
T

= +
− Θ

. (12) 

This model function accounts for pure Curie-Weiss behavior with the constant C at 
sufficiently high temperature and for the corresponding diamagnetic background D at all 
compositions. Table 3 presents the best-fit parameters obtained in individual temperature 
ranges yielding highest coefficients of determination, R2. As can be seen, all of them exceed 
0.999, hence, excellently confirming the suitability of Eq. (12). The monotonically decreasing 
magnitudes of the negative background values D ≈ - 53, -31, and -5 A/m for x = 0.8, 0.5, and 
0.4, respectively, reflect the increasing ratio of paramagnetic Cr3+ vs. diamagnetic In3+ ions. 
We notice that weak negative background contributions, D ≈ - 17 A/m, persist also for the 
lower concentrations, x = 0.2, 0.1 and 0. Presumably the diamagnetism is here dominated by 
the other diamagnetic unit cell components, viz.  S6 and P2.  
 

x Θ [K] C [103A/(m⋅K)] D [A/m] best-fitting range R2 
0 25.8±0.2 20.72±0.22 -28.7±2.2 T ≥ 50 K 0.9999 

0.1 25.2±0.2 18.16±0.16 -16.4±0.9 T ≥ 45 K 0.9994 
0.2 23.5±0.2 19.53±0.13 -16.6±1.0 T ≥ 45 K 0.9997 
0.4 12.4±0.2 6.56±0.06 -4.5±0.4 T ≥ 34 K 0.9998 
0.5 9.6±0.3 6.99±0.10 -31.4±0.4 T ≥ 29 K 0.9994 
0.8 4.5±0.1 3.19±0.02 -54.6±0.3 T ≥ 21 K 0.9998 

Table 3. Best-fit parameters of the data in Fig. 15 to Eq. (12). 
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Remarkably, the positive, i.e. FM Curie-Weiss temperatures, 26 > Θ > 23 K, for 0 ≤ x ≤ 0.2 
decrease only by 8%, while the decrease of TN is about 28% (Fig. 16). This indicates that the 
two-dimensional (2D) FM interaction within the ab layers remains intact, while the 
interplanar AF coupling becomes strongly disordered and, hence, weakened such that TN 

decreases markedly. It is noticed that our careful data treatment revises the previously 
reported near equality, Θ ≈ TN ≈ 32 K for x = 0 (Colombet et al., 1982). Indeed, the secondary 
interplanar exchange constant, Jinter/kB = - 1K, whose magnitude is not small compared to 
the FM one, Jintra/kB = 2.6 K (Colombet et al., 1982), is expected to drive the crossover from 
2D FM to 3D AF ‛critical’ behavior far above the potential FM ordering temperature, Θ. 
As can be seen from Table 3 and from the intercepts with the T axis of the corrected 1/M vs. 
T plots in Fig. 17, the Curie-Weiss temperatures attain positive values, Θ > 0, also for high 
concentrations, 0.4 ≤ x ≤ 0.8. This indicates that the prevailing exchange interaction remains 
FM as in the concentrated antiferromagnet, x = 0 (Colombet et al., 1982). However, severe 
departures from the straight line behavior at low temperatures, T < 30 K, indicate that 
competing AF interactions favour disordered magnetism rather than pure paramagnetic 
behavior. Nevertheless, as will be shown in Fig. 19 for the x = 0.5 compound, glassy freezing 
with non-ergodic behavior (Mydosh, 1995) is not perceptible, since the magnetization data 
are virtually indistinguishable in zero-field cooling/field heating (ZFC-FH) and subsequent 
field cooling (FC) runs, respectively.  
The concentration dependences of the characteristic temperatures, TN and Θ, in Fig. 16 confirm 
that the system CuCr1-xInxP2S6 ceases to become globally AF at low T for dilutions x > 0.3, but 
continues to show preponderant FM interactions even as x → 1. The tentative percolation limit 
for the occurrence of AF long-range order as extrapolated in Fig. 16 is reached at xp ≈ 0.3. This 
is much lower than the corresponding value of Fe1-xMgxCl2, xp ≈ 0.5 (Bertrand et al., 1984). Also 
at difference from this classic dilute antiferromagnet we find a stronger than linear decrease of 
TN with x. This is probably a consequence of the dilute magnetic occupancy of the cation sites 
in the CuCrP2S6 lattice (Colombet et al., 1982), which breaks intraplanar percolation at lower x 
than in the densely packed Fe2+ sublattice of FeCl2 (Bertrand et al., 1984).  
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Fig. 17. Inverse magnetization M-1 corrected for diamagnetic background, Eq. (12), vs. T 
taken from Fig. 15 (inset). The straight lines are best-fitted to corrected Curie-Weiss 
behavior, Eq. (12), within individual temperature ranges (Table 3). Their abscissa intercepts 
denote Curie temperatures, Θ (Table 3). 
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Fig. 18. Out-of-plane magnetization of CuCr1-xInxP2S with 0 ≤ x ≤ 0.8 recorded at T = 5 K in 
magnetic fields |μ0H| ≤ 5 T. The straight solid lines are compatible with x = 0, 0.1, and 0.2, 
while Langevin-type solid lines, Eq. (14) and Table 4, deliver best-fits for x = 0.4, 0.5, and 0.8. 

A sigmoid logistic curve describes the decay of the Curie temperature in Fig. 16,  

 
( )

0

01 x/x p

Θ
Θ =

+
, (13) 

with best-fit parameters Θ0 = 26.1, x0  = 0.405 and p = 2.63. It characterizes the decay of the 
magnetic long-range order into 2D FM islands, which rapidly accelerates for x > x0 ≈ xp ≈ 0.3, 
but sustains the basically FM coupling up to x → 1. 

3.3 Field dependence of the magnetization 
The magnetic field dependence of the magnetization of the CuCr1-xInxP2S compounds yields 
additional insight into their magnetic order. Fig. 18 shows FC out-of-plane magnetization 
curves of samples with 0 ≤ x ≤ 0.8 taken at T = 5 K in fields -5 T ≤ μ0H ≤ 5 T. Corrections for 
diamagnetic contributions as discussed above have been employed. For low dilutions, 0 ≤ x 
≤ 0.2, non-hysteretic straight lines are observed as expected for the AF regime (see Fig. 15) 
below the critical field towards paramagnetic saturation. Powder and single crystal data on 
the x = 0 compound are corroborated except for any clear signature of a spin-flop anomaly, 
which was reported to provide a slight change of slope at μ0HSF ≈ 0.18 T (Colombet et al., 
1982). This would, indeed, be typical of the easy c-axis magnetization of near-Heisenberg 
antiferromagnets like CuCrP2S, where the magnetization components are expected to rotate 
jump-like into the ab-plane at μ0HSF. This phenomenon was thoroughly investigated on the 
related lamellar MPS3-type antiferromagnet, MnPS3 albeit at fairly high fields, μ0HSF ≈ 4.8 T 
(Goossens et al., 2000), which is lowered to 0.07 T for diamagnetically diluted Mn0.55Zn0.45PS3 
(Mulders et al., 2002). 
In the highly dilute regime, 0.4 ≤ x ≤ 0.8, the magnetization curves show saturation 
tendencies, which are most pronounced for x = 0.5, where spin-glass freezing might be 
expected as reported e.g. for Fe1-xMgxCl2 (Bertrand et al., 1984). However, no indication of 
hysteresis is visible in the data. They turn out to excellently fit Langevin-type functions, 
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 ( ) [ ]0 coth( ) 1 /M H M y y= − , (14) 

where 0( ) /( )By m H k Tμ=  with the ‛paramagnetic’ moment m  and the Boltzmann constant 
kB. Fig. 18 shows the functions as solid lines, while Table 4 summarizes the best-fit results. 
 

x M0 m N = M0/m 
0.4 65.7 kA/m 5.6×10-23 Am2 = 6.1μB 1.2 nm-3 

0.5 59.6 kA/m 8.5×10-23 Am2 = 9.2μB 0.7 nm-3 
0.8 24.7 kA/m 6.86×10-23 Am2 = 7.4μB 0.4 nm-3 

Table 4. Best-fit parameters of data in Fig. 18 to Eq. (14). 

While the saturation magnetization M0 and the moment density N scale reasonably well 
with the Cr3+ concentration, 1-x, the ‛paramagnetic’ moments exceed the atomic one, m(Cr3+) 
= 4.08 μB (Colombet et al., 1982) by factors up to 2.5. This is a consequence of the FM 
interactions between nearest-neighbor moments. They become apparent at low T and are 
related to the observed deviations from the Curie-Weiss behavior (Fig. 17). However, these 
small ‛superparamagnetic’ clusters are obviously not subject to blocking down to the lowest 
temperatures as evidenced from the ergodicity of the susceptibility curves shown in Fig. 15. 

3.4 Anisotropy of magnetization and susceptibility 
The cluster structure delivers the key to another surprising discovery, namely a strong  
anisotropy of the magnetization shown for the x = 0.5 compound in Fig. 19. Both the 
isothermal field dependences M(H) at T = 5 K  (Fig. 19a) and the temperature dependences 
M(T) shown for μ0H = 0.1 T (Fig. 19b) split up under different sample orientations. 
Noticeable enhancements by up to 40% are found when rotating the field from parallel to 
perpendicular to the c-axis. At T = 5 K we observe M⊥ ≈ 70 and 2.5 kA/m vs. M║ ≈ 50 and 
1.8 kA/m at μ0H = 5 and 0.1 T, respectively (Fig. 19a and b).  
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Fig. 19. Magnetization M of CuCr0.5In0.5P2S6 measured parallel (red circles) and perpen-
dicularly (black squares) to the c axis (a) vs. μ0H at T = 5 K (best-fitted by Langevin-type 
solid lines) and (b) vs. T at μ0H = 0.1T (interpolated by solid lines). 
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At first sight this effect might just be due to different internal fields, Hint = H – NM, where N 
is the geometrical demagnetization coefficient. Indeed, from our thin sample geometry, 
3×4×0.03 mm3, with N║ ≈ 1 and N⊥ << 1 one anticipates H║int < H⊥int, hence, M║ < M⊥. 
However, the demagnetizing fields, N⊥M⊥ ≈ 0 and N║M║ ≈ 50 and 1.8 kA/m, are no larger 
than 2% of the applied fields, H = 4 MA/m and 80 kA/m, respectively. These corrections 
are, hence, more than one order of magnitude too small as to explain the observed splittings. 
Since the anisotropy occurs in a paramagnetic phase, we can also not argue with AF 
anisotropy, which predicts χ⊥ > χ║ at low T (Blundell, 2001). We should rather consider the 
intrinsic magnetic anisotropy of the above mentioned ‛superparamagnetic’ clusters in the 
layered CuCrP2S6 structure. Their planar structure stems from large FM in-plane correlation 
lengths, while the AF out-of-plane correlations are virtually absent. This enables the 
magnetic dipolar interaction to support in-plane FM and out-of-plane AF alignment in H⊥, 
while this spontaneous ordering is weakened in H║. However, the dipolar anisotropy cannot 
explain the considerable difference in the magnetizations at saturation, M0║=58.5 kA/m and 
M0┴ = 84.2 kA/m, as fitted to the curves in Fig. 19a. This strongly hints at a mechanism 
involving the total moment of the Cr3+ ions, which are subject to orbital momentum transfer 
to the spin-only 4A2(d3) ground state. Indeed, in the axial crystal field zero-field splitting of 
the 4A2(d3) ground state of Cr3+ is expected, which admixes the 4T2g excited state via spin-
orbit interaction (Carlin, 1985). The magnetic moment then varies under different field 
directions as the gyrotropic tensor components, g⊥ and g║, while the susceptibilities follow 
g⊥2 and g║2, respectively. However, since g⊥ = 1.991 and g║ = 1.988 (Colombet et al., 1982) the 
single-ion anisotropies of both M and χ are again mere 2% effects, unable to explain the 
experimentally found anisotropies. 
Since single ion properties are not able to solve this puzzle, the way out of must be hidden 
in the collective nature of the ‛superparamagnetic′ Cr3+ clusters. In view of their intrinsic 
exchange coupling we propose them to form ‛molecular magnets′ with a high spin ground 
states accompanied by large magnetic anisotropy (Bogani & Wernsdörfer, 2008) such as 
observed on the AF molecular ring molecule Cr8 (Gatteschi et al., 2006). The moderately 
enhanced magnetic moments obtained from Langevin-type fits (Table 4) very likely refer 
to mesoscopic ‛superantiferromagnetic′ clusters (Néel, 1961) rather than to small 
‛superparamagnetic′ ones. More experiments, in particular on time-dependent relaxation 
of the magnetization involving quantum tunneling at low T, are needed to verify this 
hypothesis. 
It will be interesting to study the concentration dependence of this anisotropy in more 
detail, in particular at the percolation threshold to the AF phase. Very probably the 
observation of the converse behavior in the AF phase, χ⊥ < χ║ (Colombet et al., 1982), is 
crucially related to the onset of AF correlations. In this situation the anisotropy will be 
modified by the spin-flop reaction of the spins to H║, where χ║ jumps up to the large χ⊥ and 
both spin components rotate synchronously into the field direction. 

3.5 Magnetoelectric coupling 
Magnetic and electric field-induced components of the magnetization, M = m/V, 

 0 0/
2
ijk

i i ij j ij j ijk j k j k ijkl j k lM F H H E E H E E H E E
γ

μ μ μ α β δ= −∂ ∂ = + + + + , (15) 
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related to the respective free energy under Einstein summation (Shvartsman et al., 2008) 

 
0 0 0

1 1
( )

2 2 2

2 2

ijk
ij i j ij i j ij i j i j k

ijk ijkl
i j k i j k l

F F E E H H H E H E H

H E E H H E E

β
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γ δ

= − − − −

− −

E,H
 (16)  

were measured using an adapted SQUID susceptometry (Borisov et al., 2007). Applying 
external electric and magnetic ac and dc fields along the monoclinic [001] direction, E = 
Eaccosωt + Edc and Hdc, the real part of the first harmonic ac magnetic moment at a frequency 
f = ω/2π = 1 Hz, 

 MEm′  = (α33Eac + β333EacHdc + γ333EacEdc + 2δ3333EacEdcHdc)(V/μo), (17) 

provides all relevant magnetoelectric (ME) coupling coefficients αij, βijk, γijk, and δijkl under 
suitable measurement strategies.  
First of all, we have tested linear ME coupling by measuring mME′ on the weakly dilute AF 
compound CuCr0.8In0.2P2S6 (see Fig. 15 and 16) at T < TN as a function of Eac alone. The 
resulting data (not shown) turned out to oscillate around zero within errors, hence, α ≈ 0 (± 
10-12 s/m). This is disappointing, since the (average) monoclinic space group C2/m 
(Colombet et al., 1982) is expected to reveal the linear ME effect similarly as in MnPS3 
(Ressouche  et al., 2010). We did, however, not yet explore non-diagonal couplings, which 
are probably more favorable than collinear field configurations. 
More encouraging results were found in testing higher order ME coupling as found, e. g., in 
the disordered multiferroics Sr0.98Mn0.02TiO3 (Shvartsman et al., 2008) and PbFe0.5Nb0.5O3 
(Kleemann et al., 2010). Fig. 20 shows the magnetic moment mME′ resulting from the weakly 
dilute AF compound CuCr80In20P2S6 after ME cooling to below TN in three applied fields, Eac, 
Edc, and (a) at variant Hdc with constant T = 10 K, or (b) at variant T and constant μ0Hdc = 2 T.  
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Fig. 20. Magnetoelectric moment mME′ of CuCr0.8In0.2P2S6 excited by Eac= 200 kV/m at f = 1 
Hz in constant fields Edc and Hdc and measured parallel to the c axis (a) vs. μ0H at T = 5 K  
and (b) vs. T at μ0H = 2 T. 
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We notice that very small, but always positive signals appear, although their large error 
limits oscillate around mME′= 0. That is why we dismiss a finite value of the second-order 
magneto-bielectric coefficient γ333, which should give rise to a finite ordinate intercept at 
H = 0 in Fig. 20a according to Eq. (17). However, the clear upward trend of <mME′> with 
increasing magnetic field makes us believe in a finite biquadratic coupling coefficient. The 
average slope in Fig. 20a suggests δ3333 =μoΔmME′/(2VΔHdcEacΔEdc) ≈ 4.4×10-25 sm/VA. This 
value is more than one to two orders of magnitude smaller than those measured in 
Sr0.98Mn0.02TiO3 (Shvartsman et al., 2008) and PbFe0.5Nb0.5O3 (Kleemann et al., 2010), δ3333 ≈ -
9.0×10-24 and 2.2×10-22 sm/VA, respectively. Even smaller, virtually vanishing values are 
found for the more dilute paramagnetic compounds such as CuCr0.5In0.5P2S6 (not shown). 
The temperature dependence of mME′ in Fig. 20b shows an abrupt increase of noise above TN 
= 23 K.  This hints at disorder and loss of ME response in the paramagnetic phase. 

3.6 Summary 
The dilute antiferromagnets CuCr1-xInxP2S6 reflect the lamellar structure of the parent 
compositions in many respects. First, the distribution of the magnetic Cr3+ ions is dilute from 
the beginning because of their site sharing with Cu and (P2) ions in the basal ab planes. This 
explains the relatively low Néel temperatures (< 30 K) and the rapid loss of magnetic 
percolation when diluting with In3+ ions (xc ≈ 0.3). Second, at x > xc the AF transition is 
destroyed and local clusters of exchange-coupled Cr3+ ions mirror the layered structure by 
their nearly compensated total moments. Deviations of the magnetization from Curie-Weiss 
behavior at low T and strong anisotropy remind of super-AF clusters with quasi-molecular 
magnetic properties. Third, only weak third order ME activity was observed, despite 
favorable symmetry conditions and occurrence of two kinds of ferroic ordering for x < xc, 
ferrielectric at T < 100 K and AF at T < 30 K. Presumably inappropriate experimental 
conditions have been met and call for repetition. In particular, careful preparation of ME 
single domains by orthogonal field-cooling and measurements under non-diagonal coupling 
conditions should be pursued.  

4. Piezoelectric and ultrasonic investigations of phase transitions in layered 
ferroelectrics of CuInP2S6 family 
Ultrasonic investigations were performed by automatic computer controlled pulse-echo 
method and the main results are presented in papers (Samulionis et al., 2007; Samulionis et 
al., 2009a; Samulionis et al., 2009b). Usually in CuInP2S6 family crystals ultrasonic measure-
ments were carried out using longitudinal mode in direction of polar c-axis across layers. 
The pulse-echo ultrasonic method allows investigating piezoelectric and ferroelectric 
properties of layered crystals (Samulionis et al., 2009a). This method can be used for the 
indication of ferroelectric phase transitions. The main feature of ultrasonic method is to 
detect piezoelectric signal by a thin plate of material under investigation. We present two 
examples of piezoelectric and ultrasonic behavior in the CuInP2S6 family crystals, viz. 
Ag0.1Cu0.9InP2S6 and the nonstoichiometric compound CuIn1+δ P2S6. The first crystal is 
interesting, because it shows tricritical behavior, the other is interesting for applications, 
because when changing the stoichiometry the phase transition temperature can be 
increased. For the layered crystal  Ag0.1Cu0.9InP2S6, which is not far from pure CuInP2S6 in 
the phase diagram, we present the temperature dependence of the piezoelectric signal when 
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a short ultrasonic pulse of 10 MHz frequency is applied (Fig. 20). At room temperature no 
signal is detected, showing that the crystal is not piezoelectric. When cooling down a signal 
of 10 MHz is observed at about 285 K. It increases with decreasing temperature. Obviously 
piezoelectricity is emerging.  
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Fig. 21. Temperature dependences of ultrasonically detected piezoelectric signal in an 
Ag0.1Cu0.9InP2S6 crystal. Temperature variations are shown by arrows. 
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Fig. 22. Temperature dependences of the amplitude of piezoelectric signal and the least 
squares fit to Eq. (18), showing that the phase transition is close to the tricritical one. 

The absence of temperature hysteresis shows that the phase transition near Tc = 283 K is 
close to second-order. In order to describe the temperature dependence of the amplitude of 
the ultrasonically detected signal we applied a least squares fit using the equation: 

 ( )p cU A T T β= −  (18)  

In our case the piezoelectric coefficient g33 appears in the piezoelectric equations. The tensor 
relation of the piezoelectric coefficients implies that g = d εt-1. According to (Strukov  
& Levanyuk, 1995) the piezoelectric coefficient d in a piezoelectric crystal varies as  
d ∝ η0/(Tc-T). Assuming that the dielectric permittivity εt can be approximated by a Curie 
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law it turns out that the amplitude of our ultrasonically detected signal varies with 
temperature in the same manner as the order parameter η0. Hence, according to the fit in 
Fig. 22 the critical exponent of the order parameter (polarization) is close to the tricritical 
value of 0.25.  
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Fig. 23. dc field dependence of the piezoelectric signal amplitude in a Ag0.1Cu0.9InP2S6 crystal 
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Fig. 24. Temperature dependences of the longitudinal ultrasonic attenuation and velocity in 
a Ag0.1Cu0.9InP2S6 crystal along the c-axis 

In the low temperature phase hysteresis-like dependencies of the piezoelectric signal 
amplitude on dc electric field with a coercive field of about 12 kV/cm were obtained (Fig. 
23). Thus the existence of the ferroelectric phase transition was established for 
Ag0.1Cu0.9InP2S6 crystal. The existence of the phase transition was confirmed by both 
ultrasonic attenuation and velocity measurements. Since the layered samples were thin, 
for reliable ultrasonic measurements the samples were prepared as stacks from 8-10 plates 
glued in such way that the longitudinal ultrasound can propagate across layers. At the 
phase transition clear ultrasonic anomalies were observed (Fig. 24). The anomalies were 
similar to those which were described in pure CuInP2S6 crystals and explained by the 
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interaction of the elastic wave with polarization (Valevicius et al., 1994a; Valevicius et al., 
1994b). In this case the relaxation time increases upon approaching Tc according to 
Landau theory (Landau & Khalatnikov, 1954) and an ultrasonic attenuation peak with 
downwards velocity step can be observed. The increase of velocity in the ferroelectric 
phase can be attributed to the contribution of the fourth order term in the Landau free 
energy expansion. In this case the velocity changes are proportional to the squared order 
parameter. Also the influence of polarization fluctuations must be considered especially 
in the paraelectric phase. 
Obviously the increase of the phase transition temperature is a desirable trend for 
applications. Therefore, it is interesting to compare the temperature dependences of 
ultrasonically detected electric signals arising in thin pure CuInP2S6, Ag0.1Cu0.9InP2S6 and 
indium rich CuInP2S6, where c-cut plates are employed as detecting ultrasonic 
transducers. Exciting 10 MHz lithium niobate transducers were attached to one end of a 
quartz buffer, while the plates under investigation were glued to other end. Fig. 24 shows 
the temperature dependences of ultrasonically detected piezoelectric signals in thin plates 
of these layered crystals. For better comparison the amplitudes of ultrasonically detected 
piezoelectric signals are shown in arbitrary units. It can be seen, that the phase transition 
temperatures strongly differ for these three crystals. The highest phase transition 
temperature was observed in nonstoichiometric CuInP2S6 crystals grown with slight 
addition of In i.e. CuIn1+δ P2S6 compound, where δ = 0.1 - 0.15. The phase transition 
temperature for an indium rich crystal is about 330 K. At this temperature also the critical 
ultrasonic attenuation and velocity anomalies were observed similar to those of pure 
CuInP2S crystals. 
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Fig. 25. The temperature dependences of ultrasonic signals detected by c-cut plates of  
CuInP2S6, Ag0.1Cu0.9InP2S6 and indium rich CuInP2S6 crystals. 

Absence of piezoelectric signals above the phase transition shows that the paraelecric phases 
are centrosymetric. But at higher temperature piezoelectricity induced by an external dc field 
due to electrostriction was observed in CuIn1+δ P2S6 crystalline plates. In this case a large 
electromechanical coupling (K = 20 – 30 %) was observed in dc fields of order 30 kV/cm. It is 
necessary to note that the polarisation of the sample in a dc field in the field cooling regime 
strongly increases the piezosensitivity. In these CuIn1+δP2S6 crystals at room temperature an 
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electromechanical coupling constant as high as > 50 % was obtained after appropriate 
poling, what is important for applications. 

5. Conclusions  
It was determined from dielectric permittivity measurements of layered CuInP2S6, 
Ag0.1Cu0.9InP2S6 and CuIn1+δP2S6 crystals in a wide frequency range (20 Hz to 3 GHz) that: 
1. A first-order phase transition of order – disorder type is observed in a CuInP2S6 crystal 

doped with Ag (10%) or In (10%) at the temperatures 330 K and 285 K respectively. The 
type of phase transition is the same as in pure CuInP2S6 crystal. 

2. The frequency dependence of dielectric permittivity at low temperatures is similar to 
that of a dipole glass phase. Coexistence of ferroelectric and dipole glass phases or of 
nonergodic relaxor and dipole glass phase can be observed because of the disorder in 
the copper sublattice created by dopants. 

Low frequency (20 Hz – 1 MHz) and temperature (25 K and 300 K) dielectric permittivity 
measurements of CuCrP2S6 and CuIn0.1Cr0.9P2S6 crystals have shown that: 
1. The phase transition temperature shifts to lower temperatures doping CuCrP2S6 with  

10 % of indium and the phase transition type is of first-order as in pure CuCrP2S6.  
Layered CuInxCr1−xP2S6 mixed crystals have been studied by measuring the complex dielec-
tric permittivity along the polar axis at frequencies 10-5 Hz - 3 GHz and temperatures 25 K – 
350 K Dielectric studies of mixed layered CuInxCr1−xP2S6 crystals with competing fer-
roelectric and antiferroelectric interaction reveal the following results: 
1. A dipole glass state is observed in the intermediate concentration range 0.4 ≤ x ≤ 0.5 and 

ferroelectric or antiferroelectric phase transition disappear. 
2. Long range ferroelectric order coexists with the glassy state at 0.7 ≤ x ≤ 1. 
3. A phase transition into the antiferroelectric phase occurs at 0 ≤ x ≤ 0.1, but here no glass-

like relaxation behavior is observed. 
4. The distribution functions of relaxation times of the mixed crystals calculated from the 

experimental dielectric spectra at different temperatures have been fitted with the 
asymmetric double potential well model. We calculated the local polarization 
distributions and temperature dependence of macroscopic polarization and Edwards – 
Anderson order parameter, which shows a second-order phase transition. 

Solid solutions of CuCr1−xInxP2S6 reveal interesting magnetic properties, which are strongly 
related to their layered crystal structure:  
1. Diamagnetic dilution with In3+ of the antiferromagnetic x = 0 compound experiences a 

low percolation threshold, xp ≈ 0.3, toward ‛superparamagnetic’ disorder without 
tendencies of blocking or forming spin glass.  

2. At low temperatures the ‛superparamagnetic’ clusters in x > 0.3 compounds reveal 
strong magnetic anisotropy, which suggests them to behave like ‛molecular magnets’. 

Crystals of the layered CuInP2S6 family have large piezoelectric sensitivity in their low 
temperature phases. They can be used as ultrasonic transducers for medical diagnostic 
applications, because the PT temperature for indium rich CuInP2S6 crystals can be elevated 
up to 330 K. 
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1. Introduction 
The dielectric response of dielectrics with respect to temperature, pressure, frequency and 
amplitude of the probing electric field is an essential issue in dielectric physics (Jonscher, 
1983). This concerns both normal dielectrics and those specified as ferro- or antiferroelectrics 
(Lines & Glass, 1977). This basic phenomenon of dielectric materials has been extensively 
studied in the literature both experimentally and theoretically, however, mainly restricting 
to the linear dielectric response where a linear relationship between polarization, P, and 
external electric field, E,  

 P = ε0χ1E,  (1) 

is fulfilled. Here ε0 and χ1 stand for the electric permittivity of the free space (dielectric 
constant) and the linear electric susceptibility of a given dielectric material, respectively. In 
the framework of this approach the analysis of the dielectric relaxation is possible via the 
Debye model (including the Cole-Cole equation and related formulae in case of multidisper-
sive behavior) and the relaxation rate can often be described by an Arrhenius relation 
(Jonscher, 1983; Lines & Glass, 1977; Debye, 1929; von Hippel, 1954; Böttcher, 1973; Kremer 
& Schönhals, 2003) or by an activated dynamic scaling law (Fisher, 1986; Kleemann et al., 
2002) which in the particular case of the exponent θν = 1 converts into the well known 
Vogel-Fulcher-Tammann relation (Jonscher, 1983; Kremer & Schönhals, 2003). More 
complex distribution functions of relaxation-times are used as well (Jonscher, 1983; Böttcher, 
1973; Kremer & Schönhals, 2003). 
At higher electric fields Eq. (1) becomes violated and the relation between polarization and 
electric field is better represented by a power series of E,  

 P = ε0 (χ1E + χ2E2 + χ3E3 + χ4E4 + χ5E5 + ...) , (2) 

which contains higher order terms with respect to the external electric field, where χi with  
i > 1 are the non-linear susceptibilities: second-order, third-order and so on (Böttcher, 1973). 
These non-linear components are referred to as hypersusceptibilities and the non-linear 
contribution to the polarization response is designated as the hyperpolarization (Jonscher, 
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1983). While the higher-order susceptibilities contain a wealth of important information 
(Wei & Yao, 2006a; Wei & Yao, 2006b), the hyperpolarization has nevertheless been less 
studied due to obstacles like (i) the difficulty of the respective dielectric measurements, 
because the nonlinear signal is usually some orders of magnitude smaller than the linear 
response, and (ii) lack of an appropriate theory to deal with dielectric spectra as a function 
of the electric field (Chen & Zhi, 2004).  
In order to overcome the technological challenge we have constructed a fully automatized 
ac susceptometer for simultaneous measurements of the phase resolved complex linear 
and complex non-linear ac susceptibilities of lossy and dispersive dielectric materials 
(Miga, Dec & Kleemann, 2007). It allows measurements over a wide range of experimental 
variables, such as ac amplitudes up to 40 V, frequencies from 10-2 to 103 Hz, and 
temperatures from 100 K to 600 K utilizing only current/voltage and analogue/digital 
converters and a computer. In contrast to the commonly used analysis of the charge 
accumulated on a standard capacitor in series with the sample our method is based on the 
analysis of the current flowing directly through the sample. Absence of any capacitive 
voltage dividers in the measurement circuit eliminates uncontrolled phase shifts. That is 
why the instrument provides high quality nonlinear susceptibility data and in particular 
appears as a very convenient tool for discrimination between  continuous and 
discontinuous phase transitions when determining the sign of the real part of the third 
order dielectric susceptibility.  
We have applied this new instrument to various basic ferroelectric scenarios, such as the 
classic first- and second-order ferroelectric transitions of barium titanate (BaTiO3) (Miga & 
Dec, 2008), triglycine sulphate (TGS) (Miga & Dec, 2008) and lead germanate (Pb5Ge3O11) 
(Miga & Dec, 2008), the double anomalous second-order transitions of Rochelle salt (Miga  et 
al., 2010a), the smeared transition of the classic relaxor ferroelectrics lead magno-niobate 
(PbMg1/3Nb2/3O3, PMN) (Dec et al., 2008) and strontium-barium niobate (Sr0.61Ba0.39Nb2O6, 

SBN61) (Miga & Dec, 2008), the dipolar glassy and ferroelectric transitions of Li+-doped 
potassium tantalate (K1-xLixTaO3, KLT) with x = 0.005, 0.011 and 0.063 (Dec et al., 2010; Miga 
et al., 2010b). 

2. Theoretical background of nonlinear dielectric response 
Dielectric properties of materials are usually investigated via linear dielectric response. In 
this case a linear relationship, Eq. (1), between polarization, P, and external electric field, E, 
is fulfilled. At higher field intensities, the polarization may be a non-linear function of the 
electric field strength. For not too high electric field strength, one can present the 
polarization as the power series expansion in the variable E, Eq. (2). For symmetry reasons 
the second-order dielectric susceptibility is nonzero only for macroscopically 
noncentrosymmetric systems. 
Let us consider the Landau-Ginzburg-Devonshire (LGD) theory of ferroelectric phase 
transitions (PT) (Ginzburg, 1945; Devonshire, 1949). According  to this theory the free 
energy density G of a ferroelectric material within its paraelectric phase is represented as a 
power series expansion with respect to the polarization P, 

 2 4 6
0 0

1 1 1
( , , ) ( )

2 4 6
G E P T EP G A T T P BP CP= − + + − + + +    (3) 
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where G0 stands for the free energy at P = 0, A and T0 are constants. B and C are usually 
smooth functions of temperature (Fujimoto, 2003). In the ferroelectric phase the polarization 
P, yields the spontaneous one, Ps, as an order parameter. The sign of B determines the kind 
of the PT. For positive B a continuous (second-order) PT occurs. On the other hand, for 
negative B a discontinuous (first-order) PT appears.  Let us first consider a continuous PT to 
occur at T0 = Tc. In this case one can drop the last term in Eq. (3) without loss of generality. 
Thermodynamic equilibrium requires fulfilment of the condition 

 30 ( )c
G

E A T T P BP
P

∂ = = − + − +
∂

. (4) 

This relationship between E and P denotes the electric equation of state. After successive 
differentiation of this equation with respect to P one obtains the following susceptibilities 
(Ikeda et al., 1987): 

 1 2
0

1
[ ( ) 3 ]cA T T BP

χ
ε

=
− +

 (5) 

 2 3
2 0 13 BPχ ε χ= −  (6) 

 2 3 4
3 0 1 0 1(1 18 )BP Bχ ε χ ε χ= − − . (7) 

The second-order susceptibility is proportional to the polarization P, therefore it changes 
sign when the polarization changes direction. Additionally χ2 vanishes when the 
polarization of the sample vanishes. That is why χ2 is a sensitive probe of the net 
polarization, but it is unsuitable for determination of the PT order. In contrast to χ2 the odd 
order susceptibilities χ1 and χ3 depend on the square of the polarization, which makes them 
insensitive to the orientation of the polarization. Moreover, χ1 and χ3 do not vanish, even if 
the polarization is equal to zero. For classic ferroelectrics on heating the spontaneous 
polarization Ps vanishes at the PT point and is zero within the paraelectric phase, where Eq. 
(7) simplifies to 

 3 4
3 0 1Bχ ε χ= − . (8) 

Due to positive B, χ3 is negative above a continuous PT point. Within the ferroelectric phase 
P=Ps and 2 ( / )( )S cP A B T T= − , hence,  

 3 4
3 0 18 Bχ ε χ= . (9) 

Within the ferroelectric phase χ3 has a positive sign. Thus the LDG theory predicts a change 
of  sign of χ3 at a continuous PT. The scaling theory (Stanley, 1971) predicts that B scales as 
B=B0

2γ βτ − ,  where ( ) /c cT T Tτ = − . γ and β are critical exponents of the linear susceptibility 
and of the order parameter, respectively. For the Landau universality class, where γ - 2β = 0 
(i. e. γ = 1, β = ½) one expects a temperature independent value of B within the paraelectric 
phase. 
A similar calculation for a discontinuous PTs, where B < 0 and C > 0, yields χ3 > 0 at all 
temperatures, in particular also above PT (Ikeda et al., 1987). Fortunately from an 
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experimental point of view χ3 is given by this same equation (8) within paraelectric phase 
independent of the ferroelectric PT order. The sign of χ3 is a sensitive probe for 
discrimination between continuous and discontinuous ferroelectric PTs. 
In all known ferroelectrics the paraelectric phase is located above the stability range of the 
ferroelectric one. However, sodium potassium tartrate tetrahydrate (Rochelle salt, RS) 
(Valasek, 1920, 1921) apart from a classic high temperature paraelectric phase has an 
additional, unusual one located below the ferroelectric phase. Both PTs, between the 
paraelectric phases and the ferroelectric one have continuous character. In order to predict 
the sign of χ3 within the low-temperature paraelectric phase one can refer to the theory of 
Mitsui (Mitsui, 1958). Within this theory the electric equation of state for RS is similar to Eq. 
(4) with a positive coefficient of the cubic term, P3. Therefore a negative sign of χ3 is 
expected within low-temperature paraelectric phase (Miga et al., 2010a).   
Another class of dielectrics are relaxor ferroelectrics. They are usually considered as 
structurally disordered polar materials, which are characterized by the occurrence of polar 
nanoregions (PNRs) of variant size below the so-called Burns temperature, Td (Burns & 
Dacol, 1983) far above the ferroelectric Curie temperature, Tc. In contrast to conventional 
ferroelectrics, relaxors do not exhibit any spontaneous macroscopic symmetry breaking. In 
addition they are characterized by a large, broad and frequency-dependent peak in the 
temperature dependence of dielectric susceptibility. According to the spherical random-
bond-random-field (SRBRF) model (Pirc & Blinc, 1999) the dipole moments of individual 
nanopolar clusters interact via a spin-glass-type random exchange coupling, and are subject 
to quenched random local electric fields. The model Hamiltonian of such a system is 
formally written as 

 
1
2 ij i j i i i

ij i i

H J S S h S gE S= − ⋅ − ⋅ − ⋅  
   

, (10) 

where Jij are glass-like random intercluster couplings or bonds, ih


 and E


 random local and 
uniform external electric fields, respectively. In the dynamic approximation it is assumed 
that PNRs reorient by means of stochastic flips described by a relaxation time τ. This model 
yields negative χ3 with two extremes observed at the freezing temperature, Tf, and at the 
peak temperature of χ1, Tm.  
The measured values of χ1 and χ3 can be used for calculating the so-called scaled non-linear 
susceptibility, a3, which is given by (Pirc & Blinc, 1999) 

 3
3 3 4

0 1

1
a

χ
ε χ

= − . (11) 

Within the paraelectric phase of classic ferroelectrics a3 is equal to the nonlinearity 
coefficient B, cf. Eqs. (8) and (11). For ferroelectics displaying a continuous PT, a3 = -8B 
within ferroelectric phase. The SRBRF model yields negative χ3 and positive a3 with two 
extremes observed at the freezing temperature, Tf, and at the peak temperature of χ1, Tm. 
It should be noticed that systems like dipolar glasses a3 are also expected to exhibit a 
critical singularity at Tf , where χ3 ∝ (T − Tf )-γ with the mean field exponent γ = 1 (Pirc et 
al., 1994). 
A schematic comparison of predictions of the above theories is presented in Fig. 1.  
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Fig. 1. Schematic presentation of linear and nonlinear responses of classic ferroelectrics with 
(a) continuous PTs, (b) discontinuous PTs, and (c) relaxor ferroelectrics (see text). 

3. Methods of measurement of nonlinear dielectric response 
Nonlinear dielectric response can be measured using two different kinds of experimental 
methods. The first one is based on the investigation of the ac linear dielectric susceptibility 
as a function of a dc bias field. A schematic presentation of this method is shown in Fig. 2a. 
One applies to the sample a weak probing ac electric field with fixed amplitude (that 
warrants a linear response) and a superimposed variable dc bias field, EB. The bias field 
amplitude may reach values up to 5.5·107 Vm-1 (Leont’ev et al., 2003). In barium titanate a 
strong dc field induces the PT between paraelectric and ferroelectric phases (Wang et al., 
2006). By changing the value of the dc electric field the local slope of the polarization curve is 
probed in many points. For such a kind of experiment one can use commercially available 
LRC meters or impedance analyzers, e.g. Agilent E4980A or Solartron 1260. The electric field 
dependence of the linear susceptibility of ferroelectrics displaying continuous PT fulfils the 
following relations (Mierzwa et al., 1998): 

 3 2
03 2 3

1 3 4
27

( ) ( ) (0) (0)
BE

E E
ε

χ χ χ χ
+ − =   (12) 

for the paraelectric phase and 

 3 2
03 2 3

1 3 1
27

( ) 2 ( ) (0) 2 (0)
BE

E E
ε

χ χ χ χ
− + =   (13) 
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for the ferroelectric one. χ(E) and χ(0) are the susceptibilities for bias, E, and zero electric field, 
respectively. By use of Eqs. (12) and (13) one can calculate the nonlinearity coefficient B. Its 
knowledge allows us to calculate the third-order nonlinear susceptibility χ3. Unfortunately, the 
above described method has at least one restriction when investigating the nonlinear dielectric 
response. Namely, during so-called field heating/cooling runs, unwanted poling and remnant 
polarization of the investigated sample can evolve under a high bias field.  
 

EB2EB1

(a)

P

E

(b)

P
E

 
Fig. 2. Presentation of methods of measurement of nonlinear dielectric response using (a) a 
weak probing ac electric field with fixed amplitude and a superimposed variable dc bias 
field, and (b) an enhanced ac field. The effects are exaggerated for visualisation. 

The second kind of method is free from this restriction. A schematic presentation of this 
method is shown in Fig. 2b. During the experiment the sample is exposed to an ac probing 
field with sufficiently large amplitude. Consequently, under this condition the temperature 
dependences of the linear and nonlinear susceptibilities are determined under zero dc field 
in heating and cooling runs. That is why the nonlinear susceptibility detected this way can 
be referred to as a dynamic nonlinear susceptibility related to ac dielectric nonlinearity. 
Usually the amplitude of this field is much smaller than the bias field strength used in the 
above described experiment. As a result of the nonlinear P(E) dependence, the output no 
longer remains harmonic. The distorted signal may be subjected to Fourier analysis 
revealing all harmonic components in the polarization response. This is the main idea of our 
nonlinear ac susceptometer (Miga et al., 2007). Using harmonics of displacement current 
density ji one can calculate the linear and nonlinear dielectric susceptibilities χi as follows: 
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where ω and E0 are the angular frequency and the amplitude of the applied electric field 
respectively. In Eq. 14 the terms up to seventh order are involved, hence, susceptibilities up 
to the fifth order can be regarded as reliable even for strongly nonlinear materials. 
Neglecting harmonics higher than the order of a considered susceptibility may lead to 
artificial effects. The next important point is the simultaneous measurement of all 
displacement current components, which considerably improves the accuracy of the 
measured susceptibilities (Bobnar et al., 2000). In case that the phase shifts of the 
displacement current harmonics are known it is possible to calculate the real, χi′, and 
imaginary, χi″, parts of all susceptibilities. This is impossible, when measurements are done 
with a dc bias electric field.  It should be noted that up to now commercial instruments for 
the dynamic measurement of complex nonlinear dielectric susceptibilities are unavailable.  

4. Experimental results 
4.1 Ferroelectrics displaying continuous PTs  
Triglycine sulphate, (NH2CH2COOH)3⋅H2SO4 (TGS) is a model ferroelectric displaying a 
continuous PT. Sodium potassium tartrate tetrahydrate (Rochelle salt, RS), NaKC4H4O6⋅4H2O, 
and lead germanate, Pb5Ge3O11 (LGO) exhibit continuous PTs, as well. Despite the quite 
different structures of the crystals and different mechanisms of their PTs, a negative sign of the 
real part of the third-order nonlinear susceptibility is expected in their paraelectric phases. Fig. 
3 shows the temperature dependences of the real parts of the linear, the third order nonlinear 
dielectric susceptibilities, and the scaled susceptibility, a3. The linear susceptibility of a TGS 
crystal (Fig. 3a) obeys a Curie-Weiss law within the paraelectric phase very well with a critical 
exponent γ =1.000±0.006. According to predictions of the phenomenological theory of 
ferroelectric PT, χ3’ changes its sign at the PT point (Fig. 3b).  
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Fig. 3. Temperature dependences of the real parts of the linear (a) and third order non-linear 
(b) susceptibilities and a3 coefficient (c) of TGS. The amplitude of the probing ac electric field 
was 5kVm-1. 
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While below Tc the third-order susceptibility has positive values, it is negative above Tc. 
As was mentioned earlier such change in the sign of χ3’ is one of the primary features of 
the continuous ferroelectric PT. The scaled non-linear susceptibility has been evaluated 
using Eq. (11). The measured values of χ1’ and χ3’ were used for calculations. The 
temperature dependence of a3 of TGS crystal is shown in Fig. 3c. Within the paraelectric 
phase a3 is equal to B and has a positive value. This is an attribute of the continuous PT. 
Moreover, a3 is practically temperature independent within the temperature range of 
Tc + 0.2 K < T < Tc + 2 K above the PT point. This behaviour is consistent with predictions 
of the scaling theory and confirms that TGS belongs to the Landau universality class. 
Weak temperature dependence of a3 and 1/|T-Tc| dependence of χ1’ leads to a 1/|T-Tc|4 
anomaly of χ3’ (see Eq. 11). Therefore the temperature dependence of χ3’ is much sharper 
than that of χ1’. Consequently, χ3’ rapidly vanishes in the surrounding of the PT. An 
increase of a3 as observed within the paraelectric phase close to Tc is probably due to 
crystal defects. A similar effect was reported for a γ-ray damaged TGS crystal (Cach, 
1988). Then within the ferroelectric phase a3 changes slowly due to the contribution of the 
domain walls to the resultant dielectric response. In the ferroelectric state the measured 
values of the linear and non-linear susceptibilities, which were used for calculation, 
involved the responses not only from the ‘‘pure’’ ferroelectric system but also from the 
domain walls, which were forced to move under the probing electric field.  
 

 
Fig. 4. Temperature dependences of the real parts of the linear (a), the second (b) and the 
third (c) order nonlinear susceptibilities of Rochelle salt. The amplitude of the probing ac 
electric field was 500 Vm-1. 

Fig. 4 shows the temperature dependences of the linear, the second, and the third-order 
nonlinear susceptibilities of Rochelle salt. The temperature dependences of χ1’ and χ3’ are, 
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those of the TGS crystal. As was mentioned earlier, RS displays an additional low 
temperature PT. This transition between the ferroelectric and the low temperature 
paraelectric phase appears at about 254.5 K. At this PT χ3’ changes its sign as compared to 
the high temperature PT (Fig. 4c). As a result of the inverse order of phases, χ3’ is negative 
below and positive above the low temperature PT. In this way the third-order nonlinear 
susceptibility is negative in both paraelectric phases close to PT points. Fig. 4b shows the 
temperature dependence of the second-order nonlinear susceptibility. The sign of this 
susceptibility depends on the net polarization orientation. Therefore it can be changed by 
polarization of the sample in the opposite direction. The simplest way to change the sign of 
χ2’ is a change of the wires connecting the sample to the measuring setup. So, in contrast to 
sign of the χ3’, the sign of the second order nonlinear susceptibility is not very important. In 
the case of χ2’ most important is its nonzero value and the observed change of sign of this 
susceptibility at 273 K. This hints at a modification of the domain structure within the 
ferroelectric phase. The next change of sign at the low temperature PT point is originating 
from different sources of the net polarization above and below this point. Above 254.5 K this 
polarization comes from the uncompensated ferroelectric domain structure, whereas within 
the low-temperature paraelectric phase it originates merely from charges screening the 
spontaneous polarization within the ferroelectric phase.  
Lead germanate (LGO) displays all peculiarities of a continuous ferroelectric PT (see Fig. 5 a, c, 
e) (Miga et al., 2006). However, a small amount of barium dopant changes this scenario (Miga 
et al., 2008). Ba2+ ions replacing the host Pb2+ influence the dielectric properties. 2% of barium 
dopant causes a decrease of the linear susceptibility, broadening of the temperature 
dependence of χ1’, and a decrease of the PT temperature. Despite all these changes the 
temperature dependences of χ1’ for pure and barium doped LGO are qualitatively similar. A 
completely different situation occurs, when one inspects the nonlinear dielectric response. 
Small amounts of barium dopants radically change the temperature dependence of the third-
order nonlinear susceptibility (Fig.5 b). Similarly to linear one the anomaly of the third-order 
nonlinear susceptibility shifts towards lower temperature and decreases. The most important 
difference is the lacking change of sign of χ3’. In contrast to pure LGO for barium doped LGO 
the third-order nonlinear susceptibility is positive in the whole temperature range. Therefore 
one of the main signatures of classic continuous ferroelectric PTs is absent. Due to the positive 
value of χ3’ the scaled nonlinear susceptibility is negative in the whole temperature range (Fig. 
5d). No change of a3 is observed. This example shows the high sensitivity of the nonlinear 
dielectric response to the character of the PT. In the discussed case a change of character of the 
PT is due to the presence of barium induced polar nanoregions (PNRs). The occurrence of 
PNRs results in weak relaxor properties of barium doped LGO.  

4.2 Ferroelectrics displaying discontinuous PT 
Barium titanate, BaTiO3 (BT), is a model ferroelectric displaying three discontinuous 
ferroelectric PTs (von Hippel, 1950). Two of them appear – at rising temperatures - between 
rhombohedral, orthorhombic and tetragonal ferroelectric phases at about 200 K and 280 K 
respectively. The final discontinuous PT appears between the ferroelectric tetragonal and 
the cubic paraelectric phase at about 400 K. Fig. 6 shows the temperature dependences of the 
real parts of the linear (a) and third-order nonlinear (b) susceptibilities, and the a3 coefficient  
(c) of a BT crystal in the vicinity of the ferroelectric-paraelectric PT. The amplitude of a 
probing ac electric field was equal to 7.5 kVm-1.  
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Fig. 5. Temperature dependences of the real part of the linear dielectric susceptibility (a) for 
LGO:Ba 2% and LGO, real part of third-order nonlinear dielectric susceptibility for (b) LGO: 
Ba 2% and (c) LGO, and scaled nonlinear susceptibility a3 for (d) LGO:Ba 2%, and (e) LGO 
crystals. The amplitude of the probing ac electric field was 15 kVm-1. 
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(b) susceptibilities and of the a3 coefficient (c) of a BaTiO3 crystal. The amplitude of the 
probing ac electric field was 7.5kVm-1. 

Temperature hysteresis is one of the typical features of discontinuous PT. Therefore for 
viewing this phenomenon Fig. 6 presents results for cooling and heating runs. The third-
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order nonlinear susceptibility is positive, both within the ferroelectric and the paraelectric 
phases (Fig. 6b). Just below Tc a rapid decrease of the third-order dielectric susceptibility is 
observed. For that reason, the value of χ3’ is much smaller within the paraelectric phase than 
in the ferroelectric one, yet it is still positive. The positive sign of χ3’ as detected in BT is 
consistent with predictions of the phenomenological theory of discontinuous ferroelectric 
PTs. Unlike the scaled nonlinear susceptibilities of crystals displaying a continuous PT, a3 of 
BaTiO3 is negative in the whole investigated temperature range (Fig. 6c). However, similarly 
to TGS (Fig. 3) or RS (Fig. 4) a jump-like change of a3 occurs at the PT. Within the 
paraelectric phase a3 is equal to B (see section 4.1) and displays weak temperature 
dependence. Wang et al. (Wang et al., 2007) proposed incorporation of higher order terms 
(up to the eighth power) in the Landau potential for the temperature independence of the 
experimentally obtained B coefficient. This proposition was given for analyzing the data 
collected with a bias field up to 1500 kV/m. Fig. 6 shows data collected for a two hundred 
times smaller electric field, for which terms at such high order are not important. They 
cannot explain the temperature dependence of the nonlinearity coefficient B. Hence, 
although the nonlinear properties of BaTiO3 have been investigated already for six decades, 
the question of the temperature dependence of the nonlinearity parameter B is still open.  

4.3 Relaxor ferroelectrics 
The classic relaxor ferroelectric lead magno-niobate (PbMg1/3Nb2/3O3, PMN) (Smolenskii et 
al., 1960) displays an average cubic structure in the whole temperature range (Bonneau et 
al., 1991). No spontaneous macroscopic symmetry breaking is observed in this relaxor. On 
the other hand and in contrast to PMN, the relaxor strontium-barium niobate 
Sr0.61Ba0.39Nb2O6  (SBN61) spontaneously undergoes a structural phase transition.  On 
cooling the vanishing of a mirror plane leads to a lowering of the tetragonal symmetry from 
4/mmm to 4mm at a temperature of about 348 K (Oliver et al., 1988). 
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Fig. 7. Temperature dependences of χ1’ (a), χ2’ (b), χ3’ (c) and a3 (d) of a PMN crystal 
measured at f = 31, 100, 319, and 1000 Hz. A probing ac electric field with an amplitude of 12 
kV/m was applied along the [100] direction. 
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Fig. 8. Temperature dependences of χ1’ (a), χ2’ (b), χ3’ (c) and a3 (d) of a SBN61 crystal 
measured at f = 10, 31, 100, 318, and 1000 Hz. A probing ac electric field with an  amplitude 
of 7.5 kV/m was applied along the [001] direction. 

Fig. 7 presents the temperature dependences of the real parts of the linear, χ1’ (a), second-
order, χ2’ (b), and third-order, χ3’ (c), dielectric susceptibilities and of the scaled nonlinear 
susceptibility a3 (d) of the PMN single crystal recorded along [100] direction (Dec et al., 
2008). The linear susceptibility displays features of a relaxor i.e. a large, broad and 
frequency-dependent peak in the temperature dependence. Nonzero χ2’ as presented in 
Fig. 7b is an indicator of net polarization of the crystal. The presence of this polarization 
was independently confirmed by measurements of thermo-stimulated pyroelectric current 
of an unpoled sample. Integration of this current indicates an approximate value of the 
average polarization as low as 3×10-5 C/m2. This polarization is much smaller than the 
spontaneous polarization of ferroelectrics, but is well detectable. The observed 
pyroelectric response and nonzero χ2’ hints at an incomplete averaging to zero of the total 
polarization of the PNR subsystem. Fig. 7c shows the temperature dependence of the 
third-order nonlinear susceptibility. In contrast to the predictions of the SRBRF model, χ3’ 
is positive in the whole temperature range. The positive sign of χ3’ may result from a term 
18ε0BP2χ1 exceeding unity in Eq. 7. Positive sign of χ3’ results in a negative sign of a3. 
Consequently the sign of a3 differs from that predicted by the SRBRF model. Having in 
mind that corrections due to the fifth harmonic contribution produce large noise at 
temperatures below 210 K and above 310 K (Fig. 7d, main panel), less noisy a3 data 
calculated only from first and third harmonics are presented in the inset to Fig. 7d. Since 
both χ1’ and χ3’ do not display any anomalies in the vicinity of the freezing temperature Tf 
≈ 220 K, also a3 does not exhibit any maximum in contrast to SRBRF model predictions. It 
continues to increase monotonically by almost two orders of magnitude when decreasing 
the temperature from 260 to 180 K. This result is independent of the number of harmonics 
used for experimental data analysis. It is worth stressing that despite the remarkable 
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dispersion of χ1’ and χ3’, the scaled susceptibility a3 does not display any sizable 
frequency dependence, even around the temperatures of the susceptibility peaks. It may, 
hence, be considered as a static quantity (Glazounov & Tagantsev, 2000). According to our 
result the dispersion of a3 is even weaker than reported previously (Glazounov & 
Tagantsev, 2000). 
Fig. 8 shows results of measurements of the linear and nonlinear dielectric response of 
SBN61 crystal (Miga & Dec, 2008). The probing electric ac field was applied along [001], 
which is the direction of the polar axis below Tc. The peak temperatures of the linear 
susceptibility (Fig. 8a) are a few degrees above the temperature of the structural phase 
transition. Fig. 8b presents the temperature dependence of the second-order susceptibility. 
Similarly to results obtained on PMN this susceptibility is non-vanishing. However, the 
values of χ2’ of SBN61 are almost two orders of magnitude larger than those measured on 
PMN. Therefore χ2’ is detectable even forty degrees above Tc. Analysis of the thermo-
stimulated current indicates a net polarization of a nominally unpoled SBN61 crystal equal 
to 5×10-2 C/m2. The higher value of this polarization (in comparison with PMN) results in 
higher values of χ2’. Fig. 8c shows the temperature dependence of χ3’. This susceptibility is 
positive within both the ferroelectric and the paraelectric phase. Again, the sign of χ3’ 
disagrees with predictions of the SRBRF model. As was discussed above, the positive sign of 
χ3’ presumably originates from the presence of net polarization (detected by χ2’, see Fig. 8b). 
The disagreeing sign of χ3’ leads to a disagreement of the sign of a3 as well (Fig. 8d). The 
scaled nonlinear susceptibility shows an anomaly related to the phase transition, but it does 
not exhibit any additional peak as predicted by the SRBRF model. 
The results obtained for both relaxor ferroelectrics are qualitatively similar. Therefore, they 
are independent of the presence or absence of a structural phase transition and macroscopic 
symmetry breaking. As discussed in Section 2 the dielectric properties of relaxors are mainly 
determined by PNRs, which were detected in both of the above relaxors. Unfortunately, the 
early version of the SRBRF model (Pirc et al., 1994) predicts a negative sign of the third-
order nonlinear dielectric susceptibility, which is not confirmed in experiments. 
Consequently the sign of the scaled nonlinear susceptibility a3 is incorrect as well. Very 
probably this unexpected result is due to the fact that the PNRs primary do not flip under 
the ac electric field, but merely change their shape and shift their centers of gravity in the 
sense of a breathing mode (Kleemann et al., 2011). 

4.4 Dipolar glasses 
4.4.1 Orientational glasses 
The formation of dipolar glasses in incipient ferroelectrics with perovskite structure, ABO3, 
such as SrTiO3 and KTaO3, by A-site substitution with small cations at low concentrations 
has been a fruitful topic since more than 20 years (Vugmeister & Glinchuk, 1990). For a long 
time probably the best-known example has been the impurity system K1-xLixTaO3 (KLT for 
short) with x<< 1, whose complex polar behavior is known to be due to the interaction of the 
(nearly) softened transverse-optic mode of the host-lattice and the impurity dynamics 
(Höchli et al., 1990).  Fig. 9 shows the structure model of A-site substituted Li+ viewing the 
nearest neighbor environment in the KTaO3 lattice from two different perspectives. At very 
low concentrations, x ≈ 0.01, it reveals signatures of glasslike behavior (Höchli, 1982; 
Wickenhöfer et al., 1991), while a ferroelectric ground state with inherent domain structure 
is encountered at higher concentrations, x ≥ 0.022 (Kleemann et al., 1987).  
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Fig. 9. Displacement vectors (blue arrows) of an off-center Li+ (Mn2+) ion in A-site doped 
KTaO3 (SrTiO3) viewed (a) from the center of 12 surrounding oxygen ions and (b) from the 
corner of the elementary cell. 

Only recently a similar system has been discovered with qualitatively new properties. The 
impurity system Sr1-xMnxTiO3 (SMnT for short; Fig. 9) reveals very similar dipolar glassy 
properties, but the additional magnetic degrees of freedom of the Mn2+ dopant enable 
simultaneously a spin glass state (Shvartsman et al., 2008). This unique ‛multiglass’ situation 
has paved the way to a new materials class: ‛disordered multiferroics’ (Kleemann et al., 2008).  
In addition to conventional tests of the glass transition, e. g. by verifying the divergence of 
the polar relaxation times, the behavior of the nonlinear susceptibility is believed to 
similarly decisive. As was first acknowledged in spin glass physics (Binder & Young, 1986), 
but later on also in the field of orientational glasses (Binder & Reger, 1992), criticality at the 
glass temperature, Tg, is expected to give rise to a divergence of the third-order nonlinear 
susceptibility, 3 3

3 /P Eχ′ ∝ ∂ ∂ , where the polarization P denotes the homogeneous order 
parameter. Recent experimental attempts will be reported below. 

4.4.2 Orientational glass K0.989Li0.011TaO3  
The experiments on KLT were performed on a Czochralski grown single crystal sample with 
x = 0.011 with dimensions 3×2×0.5 mm3 and (100) surfaces (Kleemann et al., 1987). Dipolar 
relaxation was studied as a function of temperature T via measurements of the complex 
dielectric susceptibility, χ = χ′ - iχ″ vs. T, by use of different experimental methods adapted 
to different frequency ranges, 10-3 ≤ f  ≤  106 Hz. They included a Solartron 1260 impedance 
analyzer with 1296 dielectric interface (Fig. 10a and b) and a digital lock-in analyzer 
(Wickenhöfer et al., 1991) (Fig. 10c) for linear, and a homemade computer-controlled digital 
susceptometer (Miga et al., 2007) for non-linear dielectric susceptibility data (Fig. 11) at high 
precision under relatively low excitation voltages.  
Fig. 10a and b show dielectric susceptibility data, χ′(T) and χ″(T), for frequencies 10-3 < f  < 
106 Hz, which reveal various signatures of glassy behaviour. The peak of χ′(T) in Fig. 10a 
converges toward a finite glass temperature, Tm → Tg = (33.6 ± 0.1) K (Wickenhöfer et al., 
1991) following critical dynamics with a power law 01 /(2 ) zf ντ π τ ε −= = , where 

( / 1) 0m gT Tε = − >  is the reduced temperature and 6.6 0.2zν = ±  is the dynamical critical 
exponent. Essentially the same (static) glass temperature, Tg = (33.5±1.5) K, emerges for the 
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‛largest’ relaxation time mτ  as defined by the condition min max( , ) 0.05 ( )f T Tχ χ′′ ′′=  from 
frequency spectra of the loss function ( )fχ′′  in Fig. 10c (Kleemann et al., 2011). In this figure 
it is clearly seen, how the center of gravity of the loss spectrum shifts to very low 
frequencies and its width broadens toward very long relaxation times, mτ → ∞ , as T→ Tg. 
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Fig. 11. Nonlinear susceptibility χ3'(T) of K0.989Li0.011TaO3 measured at frequencies 11 < f < 
3000 Hz. 

A complementary test of glassy criticality refers to the third-order nonlinear suscep-
tibility, 3 3

3 /P Eχ′ ∝ ∂ ∂ . It fulfils the expectation of a divergence at Tg (Binder & Reger, 1992) 
only partially. Fig. 11 shows 3 .vs Tχ′  for frequencies 11 Hz ≤ f ≤ 3 kHz on cooling with 
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dT/dt = -0.2K/min under an ac field amplitude E0 = 45 kV/m and by analyzing the 
emerging signal up to the fifth harmonic (Kleemann et al., 2011). While 3χ′  drops below 
zero on the high-T edge at low frequencies, all signals are dominated by positive low-T 
peaks. This unexpected result is very probably due to the fact that the dipolar glass KLT is 
only insufficiently modeled by a pseudospin system in full analogy to an Ising spin glass 
(Binder & Reger, 1992). Actually we deal with a frustrated system of nanoclusters 
(Vugmeister & Glinchuk, 1990), which are subject to complex dipolar interactions and 
underlie internal dynamical degrees of freedom. As a consequence the nanodipolar clusters 
do not primarily flip under the external electric ac field, but merely change their shape and 
shift their centers of gravity in the sense of a breathing mode. Obviously this action becomes 
more effective the lower the temperature (i.e. the higher the lattice permittivity) and the 
lower the frequency. Thus the expected negative divergence is replaced by a positive peak 
nearly coinciding with that of the linear susceptibility, 1χ′  (Fig. 10a). 

4.4.3 Multiglass Sr0.98Mn0.02TiO3 
The experiments on Sr0.98Mn0.02TiO3 were performed on a ceramic sample prepared by a 
mixed oxide technology (Tkach et al., 2005). Preponderant incorporation of Mn2+ onto A-
sites of the perovskite structure (Fig. 9) was confirmed by energy dispersive X-ray spectra 
(Tkach et al., 2006), Mn2+ ESR analysis (Laguta et al., 2007), and EXAFS spectroscopy 
(Lebedev et al., 2009; Levin et al., 2010). Fig. 12 shows the components of the complex 
dielectric susceptibility iχ χ χ′ ′′= − recorded at frequencies 10-3 ≤ f ≤ 106 Hz and 
temperatures 10 ≤ T ≤ 100 K as ( )Tχ′  (a) and ( )fχ′′  (c). The broad and strongly frequency 
dependent peaks of both components are related to the dynamics of polar clusters created 
by off-center displacements of Mn2+ cations (Tkach et al., 2007). The position of the peak 
temperatures Tm in Fig. 12a is well described by a power law of the respective frequency, 

( ) ( / 1)z
m m gf T T T ν∝ − , which is a typical manifestation of glassy critical behavior 

(Shvartsman et al., 2008). Best fits of the experimental data yield the glass temperature Tg = 
38.3 ± 0.3 K (Fig. 12b) and the dynamical critical exponent, zν = 8.5 ± 0.2, which compares 
well with that of spin glasses (Jönsson, 2004). Obviously the dynamics of the polar clusters 
becomes frozen at Tg, where the relaxation time 1 /(2 )fτ π=  diverges on a percolating 
network. This defines a PT from the disordered super-paraelectric to a cluster glass state. 
Similarities with superspin glass characteristics (Jönsson, 2004) are obvious. As described 
elsewhere (Shvartsman et al., 2008, Kleemann et al., 2009) this freezing process initiates also 
the transition of the Mn2+ spin moments into a spin glass state, which is magneto-electrically 
coupled to the dipolar glass state. 
Another striking indicator of the dipolar glass state is the memory effect, which arises after 
isothermally annealing the sample below Tg. Fig. 12b shows an example of ‛burning a hole’ 
with depth Δχ′ (Tw) =  χ′wait –  χ′ref(Tw)≈ -6 at the wait temperature Tw = 32.5 K after waiting 
for tw ≈ 10.5 h (arrow). It signifies the asymptotic approach to the ‛stiff’ glassy ground state 
at Tw, which has the lowest susceptibility with respect to an external homogeneous field. 
Since the structure of the glassy ground state varies as a function of the temperature, the 
system is ‛rejuvenating’ at temperatures sufficiently far from Tw (Jönsson, 2004), hence, 
localizing the ‛burnt hole’ around Tw. This contrasts with the global decrease expected for an 
ordinarily relaxing metastable system.  
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(χ′wait) or without waiting (χ′ref), respectively. Tg and Tw are marked by arrows. (c) ( )fχ′′ as 
measured at frequencies 10-3≤ f ≤ 106 Hz and temperatures 28.1 ≤ T  ≤ 47.7 K in 2.2 K steps. 
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Fig. 13. Temperature dependence of the third-order nonlinear dielectric susceptibility of 
Sr0.98Mn0.02TiO3 measured at f  = 37, 111, 333 and 1000 Hz. The dipolar glass freezing 
temperature Tg ≈ 38 K is indicated by a vertical arrow. 

The glass transition may also be judged from spectra χ′′ vs. log f (Shvartsman et al., 2008) 
similarly as shown for K0.989Li0.011TaO3 (Fig. 10c). Since ( )fχ′′  measures the distribution 
function of relaxation times, its extension over more than nine decades of frequencies clearly 
signifies the glassy nature of the system. At low frequencies, f < 10-1 Hz, the low-f branch of 

( )Tχ′′  is observed to gradually lift up and to become horizontal at T < 38.9 K. This suggests 
it to extend with finite amplitude to fmin→ 0, hence, τmax →∞ for the percolating glass cluster. 
Maybe the ultimate proof of the very existence of a generic dipolar glass is given by the 
dynamic nonlinear susceptibility 3 3

3 0( / ) /(6 )P Eχ = ∂ ∂ ε  (Miga et al., 2007) in Fig. 13. This 
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seems to indicate a divergence as T → Tg and f  → 0 as predicted by theory (Binder & Reger, 
1992), but has rarely been evidenced on orientational glasses (Hemberger et al., 1996). At the 
lowest frequency, f = 37 Hz, a fairly sharp peak is encountered, whose high-T branch might 
be considered as a critical hyperbola. Excess noise, however, prevents from seriously fitting 
a critical exponent, which should be close to γ = 1 as found previously (Hemberger et al., 
1996). However, since the nonlinear susceptibility is modified by non-diverging ferroic (viz. 
ferroelectric) correlations due to progressive cluster formation on cooling, we cannot expect 
rigorous proportionality to the ‛spin’ glass susceptibility (Binder & Reger, 1992). Very 
probably the expected divergence is damped out similarly as in the case of KLT (Fig. 11).  

5. Conclusion 
In subsections 4.1 – 4.4 we presented different groups of polar materials separately and 
compared qualitatively their dielectric properties with predictions of suitable theories. It is 
likewise interesting to compare quantitatively different materials. The scaled nonlinear 
susceptibility, a3, is defined independently of the kind of material and its symmetry. This 
quantity is a measure of the nonlinearity of the investigated object. For an adequate 
comparison we have chosen values of a3 within centrosymmetric phases of different 
materials close to their temperatures of phase transition or of peak positions of the linear 
susceptibility, respectively. Fig. 14 shows thus collected values of a3. In view of the very 
large differences between the different a3 values a logarithmic scale is used.  Consequently, 
only the magnitude values, |a3|, are presented. The highest |a3| was found for Rochelle 
salt, RS. Lower nonlinearity appears in sequence in the ferroelectric crystals TGS, LGO, BT, 
barium doped LGO, multiglass Sr0.98Mn0.02TiO3, orientational glass K0.989Li0.011TaO3 and 
relaxor ferroelectrics PMN and SBN 61. Obviously, classic ferroelectrics undergoing 
continuous PT are characterized by high nonlinearity, while structural disorder and 
presence of PNRs diminish the nonlinearity. Consequently relaxor ferroeletrics are 
characterized by the smallest values of a3. In other words, displacive ferroelectrics exhibiting 
soft-mode softening are most affected by nonlinearity, while typical order-disorder systems 
do not obtain their ferroelectricity primarily from the nonlinear interionic potential. The 
mechanism of their phase transition rather reflects the statistics of local hopping modes, in 
particular when being accompanied by quenched random fields as in relaxor ferroelectrics 
(Westphal et al., 1992; Kleemann et al., 2002), but probably also in partial order-disorder 
systems like BaTiO3 (Zalar et al., 2003). 
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Fig. 14. Absolute values of the scaled nonlinear susceptibility, |a3|, within centrosymmetric 
phases close to temperatures of phase transitions (for classic ferroelectrics) or peak positions 
of the linear susceptibility at low-f (for relaxor ferroelectrics and glasses). 
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The comparison of nonlinear dielectric response of various kinds of polar materials 
presented in this chapter gives evidence that such kind of measurement is a very sensitive 
tool for determination of the nature of ferroelectrics. Particularly useful for this purpose are 
the third-order dielectric susceptibility and the scaled non-linear susceptibility, a3. In our 
opinion, the second-order dielectric susceptibility is less significant, since it is more 
characteristic of the sample state than of a particular group of ferroelectrics. If anything, this 
susceptibility contains information about the distinct polar state of the sample. This 
information may be used for checking the presence of a center of inversion. The nonlinear 
dielectric response of classic ferroelectric crystals displaying continuous or discontinuous 
phase transition stays in a good agreement with predictions of the thermodynamic theory of 
ferroelectric phase transition. Predictions of the scaling theory for TGS crystal are also 
successfully verified experimentally. The situation is much more complex in disordered 
systems like ferroelectric relaxors or dipolar glasses. Respective theories properly explaining 
the observed features have still to be developed and tested via dynamic nonlinear dielectric 
response. 
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1. Introduction 
Dielectric materials are of interest for various fields of microwave engineering. They are 
widely investigated for numerous applications in electronic components such as dielectric 
resonators, dielectric substrates, decoupling capacitors, absorbent materials, phase shifters, 
etc. Electric polarization and loss of dielectric materials are important topics of solid state 
physics as well. Understanding their nature requires accurate measurement of main 
dielectric characteristics. Ferroelectrics constitute important class of dielectric materials. 
Microwave study of ferroelectrics is required not only because of their applications, but also 
because important physical properties of theses materials, such as phase transitions, are 
observed at microwave frequencies. Furthermore, most of ferroelectrics have polydomain 
structure and domain walls resonant (or relaxation) frequency is located in the microwave 
range. Lattice dynamics theory also predicts strong anomalies in ferroelectric properties just 
at microwaves. That is why microwave study can support the investigation of many 
fundamental characteristics of ferroelectrics.  
Dielectric properties of materials are observed in their interaction with electromagnetic field. 
Fundamental ability of dielectric materials to increase stored charge of the capacitor was 
used for years and still used to measure permittivity and loss at relatively low frequencies, 
up to about 1 MHz (Gevorgian & Kollberg, 2001). At microwaves studied material is usually 
placed inside transmission line, such as coaxial or rectangular waveguide, or resonant cavity 
and its influence onto wave propagation conditions is used to estimate specimen’s 
properties. Distinct feature of ferroelectric and related materials is their high dielectric 
constant (ε = 102 – 104) and sometimes large dielectric loss (tanδ = 0.01 – 1). High loss could 
make resonant curve too fuzzy or dissipate most part incident electromagnetic energy, so 
reflected or transmitted part becomes hard to register. Also because of high permittivity 
most part of incident energy may just reflect from sample’s surface. So generally 
conventional methods of dielectrics study may not work well, and special approaches 
required. 
Another problem is ferroelectric films investigation. Non-linear ferroelectric films are 
perspective for monolithic microwave integrated circuits (MMIC) where they are applied as 
linear and nonlinear capacitors (Vendik, 1979), microwave tunable resonant filters (Vendik 
et al., 1999), integrated microwave phase shifter (Erker et al., 2000), etc. Proper design of 
these devices requires reliable evidence of film microwave dielectric constant and loss 
tangent. Ferroelectric solid solution (Ba,Sr)TiO3 (BST) is the most studied material for 
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possible microwave applications. Lucky for microwave applications, BST film dielectric 
constant in comparison with bulk ceramics decreases about 10 times (εfilm ~ 400 – 1000) that 
is important for device matching. Temperature dependence of εfilm becomes slick that 
provides device thermal stability (Vendik, 1979), and loss remains within reasonable limits: 
tanδ ~ 0.01 – 0.05 (Vendik et al., 1999). Accurate and reliable measurement of ferroelectric 
films dielectric properties is an actual problem not only of electronic industry but for 
material science as well. Film-to-bulk ability comparison is an interesting problem in physics 
of ferroelectrics. Properties transformation in thin film could be either favourable or an 
adverse factor for electronic devices. Ferroelectric materials are highly sensitive to any 
influence. While deposited thin film must adapt itself to the substrate that has quite 
different thermal and mechanical properties. Most of widely used techniques require 
deposition of electrodes system to form interdigital capacitor or planar waveguide. That 
introduces additional influence and natural film’s properties remain unknown.  
Therefore, accurate and reliable measuring of dielectric constant and loss factor of bulk and 
thin film ferroelectrics and related materials remains an actual problem of material science 
as well as electronic industry.  

2. Bulk ferroelectrics study 
At present time, microwave study of dielectrics with ε of about 2 – 100 and low loss is well 
developed. Some of theses techniques can be applied to study materials with higher 
permittivity. Approximate classification of most widely used methods for large-ε materials 
microwave study is shown in Fig. 1. 
 

 
Fig. 1. Microwave methods for ferroelectrics study 

Because of high dielectric constant, microwave measuring of ferroelectrics is quite 
unconventional. The major problem of high-ε dielectric microwave study is a poor 
interaction of electromagnetic wave with studied specimen. Because of significant difference 
in the wave impedance, most part of electromagnetic energy reflects from air-dielectric 
boundary and can not penetrate the specimen. That is why, short-circuited waveguide 
method exhibit lack of sensitivity. If the loss of dielectric is also big, the sample of a few 
millimetres length looks like “endless”. For the same reason, in the transmission experiment, 
only a small part of electromagnetic energy passes through the sample to output that is not 
sufficient for network analyzer accurate operation. Opened microwave systems such as 
resonators or microstrip line suffer from approximations.  
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One of the most used methods utilizes measurement cell in the form of coaxial line section. 
Studied specimen is located in the discontinuity of central line. Electric field within the 
specimen is almost uniform only for materials with relatively low permittivity. This is 
quazistatic approximation that makes calculation formulas simpler. If quazistatic conditions 
could not be met, then radial line has to be studied without approximations. For the high ε 
materials coaxial method has limitations. Firstly, samples in form of thin disk have to be 
machined with high precision in a form of disk or cylinder. Secondly, many ferroelectric 
materials have anisotropic properties, so electric field distribution in the coaxial line is not 
suitable. This work indicates that a rectangular waveguide can be improved for 
ferroelectrics study at microwaves. 

2.1 Improved waveguide method of ferroelectrics measurements 
The obvious solution to improve accuracy of measurement is to reinforce interaction of 
electromagnetic field with the material under study. One of possible ways is to use dielectric 
transformer that decreases reflection. For microwave study, high-ε samples are placed in the 
cross-section of rectangular waveguide together with dielectric transformers, as shown in 
Fig. 2.  
 

 
Fig. 2. Measurement scheme: a) short-circuit line method, b) transmission/reflection method 

A quarter-wave dielectric transformer with trans sampleε ε=  can provide a perfect matching, 
but at one certain frequency only. In this case, the simple formulas for dielectric constant 
and loss calculations can be drawn. However, mentioned requirement is difficult to 
implement. Foremost, studied material dielectric constant is unknown a priori while 
transformer with a suitable dielectric constant is also rarely available. Secondly, the critical 
limitation is method validity for only one fixed frequency, for which transformer length is 
equal precisely to quarter of the wavelength. Moreover, the calculation formulas derived 
with the assumption of quarter wave length transformers lose their accuracy, as last 
requirement is not perfectly met. 
Insertion of dielectric transformers still may improve matching of studied specimen with air 
filled part of waveguide, though its length and/or permittivity do not deliver perfectly quarter 
wave length at the frequency of measurement. Dielectric transformers with εtrans = 2 – 10 of 
around quarter-wave thickness are most suitable for this purpose. Influence of transformers 
must be accurately accounted in calculations.  

2.2 Method description 
The air filled section of waveguide, the transformer, and the studied sample are represented 
by normalized transmission matrices T , which are the functions of lengths and 
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electromagnetic properties of neighbour areas. Applying boundary conditions normalized 
transmission matrix for the basic mode can be expressed as: 
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where μi is permeability of i-th medium; γi is propagation constant in i-th medium; d is the 
length of i-th medium. Transmission matrix of whole network can be obtained by the 
multiplication of each area transmission matrices: 

 1 1[ ] n n−= ⋅ ⋅ ⋅T T T T    . (2) 

The order of multiplying here is such, that matrix of the first medium on the wave’s way 
appears rightmost. Then, for the convenience, the network transmission matrices can be 
converted into scattering matrices whose parameters are measured directly.  
In case of non-magnetic materials scattering equations, derived from (2), can be solved for 
every given frequency. However, this point-by-point technique is strongly affected by 
accidental errors and individual initiations of high-order modes. To reduce influence of 
these errors in modern techniques vector network analyzer is used to record frequency 
dependence of scattering parameters (Baker-Jarvis, 1990). Special data processing procedure, 
which is resistive to the individual errors, such as nonlinear least-squares curve fitting 
should be used: 

 
( )

( )( )2

,
min , ,meas

n n n
n

S S f
ε ε

σ ε ε
′ ′′

′ ′′− . (3) 

Here σn is the weight function; meas
nS  is measured S-parameter at frequency fn; ( ), ,nS f ε ε′ ′′  is 

calculated value of scattering parameter at the same frequency, assuming tested material to 
have parameters ε′ and ε″. Real and imaginary parts of scattering parameters are separated 
numerically and treated as an independent, i.e. the fitting is applied to both real and 
imaginary parts. 
Proper choice of weight is important for correct data processing. Among possible ways, 
there are weighted derivatives, and the modulus of reflection or transmission coefficients. 
These methods emphasize the influence of points near the minimum values of the reflection 
or transmission, which just exactly have the highest sensitivity to properties of studied 
material. 
The choice between short-circuited line or transmission/ reflection methods depends on 
which method has better sensitivity, and should be applied individually. 

2.3 Examples of measurements 
Three common and easily available materials were used for experimental study. Samples 
were prepared in the rectangular shape that is adjusted to X-band waveguide cross section. 
Side edges of samples for all experiments were covered by silver paste. Summary on 
measured values is presented in Table 1. 
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Material 
Reflection Transmission 
ε tanδ ε tanδ 

TiO2 96 0.01 95 0.01 
SrTiO3 290 0.02 270 0.017 
BaTiO3 590 0.3   

Table 1. Summary on several studied ferroelectric materials 

Measured data and processing curves are illustrated in Fig. 3, 4. In reflection experiment 
minima of S11 are deep enough to perform their reliable measurement, so numerical model 
coincides well with experimentally acquired points. For transmission experiment total 
amount of energy passed trough sample is relatively low, but there are distinct maxima of 
transmission, which also are registered reliably.  
 

 
Fig. 3. Measured data and processing for reflection experiments: TiO2, ε = 96, thickness  
2.03 mm (a); SrTiO3 of 3.89 mm thickness with 6.56 mm teflon transformer (b) 

 

 
Fig. 4. Measured data and processing for: 1.51mm BaTiO3 with 6.56 mm teflon transformer (a), 
reflection experiment; 3.89 mm SrTiO3, transmission experiment (b) 
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BaTiO3 is very lossy material with high permittivity. In reflection experiment, Fig. 4, there is 
fuzzy minimum of S11, so calculation of permittivity with resonant techniques is inaccurate. 
Change in reflection coefficient across whole X-band is about 0.5 dB, so loss determination 
by resonant technique might be inaccurate too. Our calculations using fitting procedure (3) 
show good agreement with other studies in literature.  

2.4 Order-disorder type ferroelectrics at microwaves 
There are two main frequency intervals of dielectric permittivity dispersion: domain walls 
relaxation in the polar phase and dipole relations in all phases. Rochelle Salt is typical example 
of this behaviour, Fig. 5. Here and after ε1, ε2, ε3 are diagonal components of permittivity tensor. 
 

 
Fig. 5. Rochelle Salt microwave study: ε′1 and ε″1 frequency dependence at 18о С (a);  
ε′1 temperature dependence at frequencies (in GHz): 1 – 0.8; 2 – 5.1; 3 – 8.4; 4 – 10.2; 5 – 20.5; 
6 – 27; 7 – 250 (b) 

Sharp maxima of at ε′1( f ) in the frequency interval of 104 – 105 Hz mean piezoelectric 
resonances that is accompanied by a fluent ε′-decrease near 106 Hz, Fig. 5, a. The last is 
domain relaxation that follows electromechanical resonances. In the microwaves Rochelle 
Salt ε′1 dispersion with ε″1 broad maximum characterizes dipole relaxation that can be 
described by Debye equation 

 ( ) ( ) ( )0
*

1 i

ε ε
ε ω ε

ωτ∞
− ∞

= +
+

, (4) 

where τ is relaxation time, ε(∞) is infrared and optical input to ε1 why ε(0) is dielectric 
permittivity before microwave dispersion started.  
Microwave dispersion in the Rochelle Salt is observed in all phases (in the paraelectric 
phase above 24oC, in the ferroelectric phase between –18o – +24oC, and in the 
antiferroelectric phase below –18oC, Fig. 5, b. To describe ε*(ω,T) dependence in all these 
phases using eq. (1) one need substitute in the paraelectric phase τ = τ0/(T – θ) and  
ε(0) – ε(∞) = С/(Т – θ). Experiment shows that in paraelectric phase C = 1700 K, θ = 291 K 
and τ0 =3.2⋅10-10 s/K. By the analogy this calculations can be done in all phases of Rochelle 
Salt. 
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Figure 6 shows main results of microwave study of TGS (another well known order-
disorder type ferroelectric). Dipole relaxation in the polar phase demonstrates ε′2( f ) 
decrease between 10 and 300 GHz with ε″2( f ) maximum near 100 GHz, Fig. 6, a. Note, that 
1 cm−1 corresponds to f = 30 GHz. 
 

 
 

 
Fig. 6. TGS crystals microwave study: ε'2 and ε″2 frequency dependence at 300 K (a);  
ε'2 temperature dependence  at frequencies: 1 – 1 KHz, 2 – GHz, 3 – 16 GHz, 4 – 26 GHz, 
5 – 37 GHz , 6 – 80 GHz, 7– 250 GHz (b) 

In contrast to Rochelle Salt, TGS is not piezoelectric in the paraelectric phase. In the Curie 
point ε′2(T) at microwaves demonstrates minimum. The family of ε*2( f ,T) characteristics 
can be well described by the modified Debye equation  

 ( )*
ІR

0
, C
T

T i
ε ω ε

θ ωτ
= +

− +
 (5) 
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where εІR  is the infrared input to permittivity. In a paraelectric phase TGS crystal microwave 
properties can be described by the parameters C = 3200 K, θ = 321 К and τ0 = 2⋅10–10 sec/К. 
Microwave properties of the DKDP ε*3( f ,T) dependences that is characterized by the heavy 
deuteron relaxation looks very similar to TGS and Rochelle Salt crystals, Fig. 7, a. However, 
in the KDP crystals protons dynamics makes dielectric dispersion spectra similar to displace 
ferroelectric, Fig. 7, b.  
 

 
Fig. 7. Microwave dielectric dispersion in ferroelectrics of KDP type: KD2PО4 ε′3(T) at 
frequencies: 1 – 0.3 GHz; 2 – 8.6 GHz ; 3 – 9.7 GHz ; 4 – 26 GHz; 5 – 250 GHz (a);  
КН2РО4 ε′3(T) at frequencies: 1 – 1 kHz, 2 –9.4 GHz; 3 – 80 GHz , 4 –200 GHz; 5 –340 GHz (b) 

2.5 Ferroelectrics of displace type at microwaves 
In the ferroelectric phase the ε-dispersion at microwaves depends on domain walls 
vibration. That is why in the single-domain crystal practically no decrease in ε at 
microwaves is observed, as it is shown in Fig. 8, a with the example of LiNbO3 crystal. 
Resonant change in ε3 and ε1 at megahertz frequencies means only piezoelectric resonances 
while far infrared ε-maxima are obliged to the lattice vibrations. 
However, in the multidomain crystals dielectric dispersion at microwaves results in ε-
decrease that is accompanied by tanδ maximum near frequency 9 GHz, shown in Fig. 8, b for 
multidomain LiTaO3 crystal (there are also many piezoelectric resonances in the megahertz 
area). 
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Fig. 8. Dielectric spectrums of ferroelectric crystals at 300 K: single domain LiNbO3 ε3 and 
tanδ3, ε1 and tanδ1 (a); LiTaO3: 1 - ε1, 2 – tanδ1 single domain; 1 – ε1, 2 – tanδ1 for multidomain 
crystal (b) 

Polycrystalline ferroelectrics have obviously multidomain structure and, as a result, show 
microwave ε-dispersion, as it is shown in Fig. 9 for PbTiO3 and BaTiO3 (ε″ maximum is 
observed near frequency of 9 GHz while ε′ decreases in two times). More “soft” ceramics 
Ba(Ti,Sn)O3 demonstrate microwave dispersion at lower but microwave frequencies: broad 
ε″ maximum is seen at 1 GHz.  
 

 
Fig. 9. Ferroelectric permittivity frequency dependence at 300 K: PbTiO3 ceramics  
1 - ε′ and 2 - ε″ (a); ceramics BaTiO3 and Ba(Ti,Sn)O3 = BSnТ microwave study (b) 

Microwave properties of displace type ferroelectrics in the paraelectric phase depends on 
soft lattice vibration mode. That is why Lorentz oscillator model is a basic model to describe 
ε* frequency dependence:  

 ( ) ( ) ( )
( )2

0
*

1 TO TOi

ε ε
ε ω ε

ω ω ω ω
∞

− ∞
= +

+ + Γ
. (6) 

In this equation let assume ( ) ( ) ( )0 C Tε ε θ− ∞ = −  and soft mode critical frequency 

dependence on temperature is TO A Tω θ= − . Relative damping factor is TOγ ωΓ = , as a 
result: 
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( ) ( )
( )

2 2
2

22 2 2 2
,
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T CA
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θ ω
ε ω ε

θ ω γ ω
∞

− −
′ − =

 − − + 

; 

 ( )
( )

2
22 2 2 2

,T CA
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γωε ω ε
θ ω γ ω

∞′′ − =
 − − + 
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( )2tg
A T

γωδ
θ

≈
−

, 

where A is Cochran coefficient, C is Сurie-Weiss constant, γ is damping coefficient. From ε 
and tanδ temperature dependences at various frequencies, as for instance Fig. 10, a, soft 
mode temperature dependence can be calculated, Fig. 10, b. Main lattice dynamics 
parameters of studied ferroelectrics are shown in Table 2. 
 

 
Fig.10. Paraelectrics at microwaves: BaTiO3 ε (1, 2, 3) and tanδ (1′, 2′, 3′) temperature 
dependence at different frequencies: 1 – 9.4–37 GHz; 2 –  46 GHz; 3 – 76 GHz (a); soft modes 
frequency dependence for various paraelectrics obtained by microwave and far infrared 
experiments (b) 
 

Material Рс, μQ/cm2 Тк, К θ, К C⋅10−4, К А/2π, GHz ⋅ К−1/2 

CaTiO3 – – – 90 4.5 170
SrTiO3 – – 35 8.4 180
BaTiO3 30 400 388 12 75
PbTiO3 80 780 730 15 90
KNbO3 30 685 625 18 95
LiNbO3 70 1500 – – –

Table 2. Lattice parameters of some ferroelectric materials 
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3. Ferroelectric films investigation 
3.1 Various methods comparison 
Most of existing studies of ferroelectric films (22 published experiments listed in the review 
by Gevorgian & Kollberg, 2001) are drawn with the use of electrodes. For instance, the 
opposite-electrodes method is employed to study the system Pt/BST/Pt (Banieki et al., 
1998). However, in most cases, ferroelectric film is studied between planar electrodes 
applied to the opened surface of the film. In that case, film parameters can be extracted from 
the impedance of interdigital planar capacitor as well as from the coplanar phase shifter 
study. Nevertheless, in all mentioned methods, the “natural film” microwave ε and tanδ 
remain unknown, because a complex system of “electrode-film-electrode” is investigated. 
Nevertheless, the data related to the “natural film” as well as to film components properties 
and substrates properties are important: their frequency and temperature characteristics are 
shown in Fig. 11. 
 

 
Fig. 11. Films, ceramics and crystals characterization at microwaves; ε″ frequency 
dependence at 300 K: 1 – BaTiO3 ceramics; 2 – PbTi,ZrO3 ceramics; 3′ – BST (Ba,SrTiO3) 
ceramics; 3″ – BST film 15 μm, 3″′ – BST film 2 μm, 4 – Si crystal, 5 – GaAs crystal; 6 – mixed 
oxides of BaO, TiO2, PbO, SrO before film synthesis (a); ε″  temperature dependence at 80 
GHz: 1 – BaTiO3 ceramics; 2 –PbTi,ZrO3 ceramics, 3′ – BST ceramics, 3″ – BST film 15 μm, 4 – 
Si crystal, 5 – GaAs crystal (b) 

It is necessary to note that dielectric constant calculation from the planar capacitance is 
approximate while microwave loss cannot be even estimated. Point is that metallic 
electrodes strongly affect onto measured εfilm value (and especially onto film’s tanδ) through 
the mechanical stress and skin effect in electrodes. Moreover, as a rule, dielectric parameters 
of film with interdigital electrodes are usually obtained at low frequency (of about 1 MHz); 
however, next this information is applied to microwave device elaboration. In the mass 
production small portion of the substrate could be sacrificed for test electrodes area. 
However, in laboratory study, single film gets unusable after electrodes deposition. So the 
electrodeless techniques are very important. A comparison of different methods of 
ferroelectric film study at microwaves is shown in Fig. 12.  
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Fig. 12. Microwave methods for ferroelectric films study 

Thin ferroelectric film is usually deposited onto dielectric substrate. Practically used films 
have thickness of 0.1–1 mm. Thermal expansion coefficient and lattice parameter of the 
substrate are different from those of thin film. Thus, film suffers from mechanical stress. 
This stress changes films properties comparing to the properties of bulk ferroelectric. 
Dielectric constant and loss could be decreased by order of magnitude. On the other hand, 
directional mechanical stress contributes to the anisotropy of film’s parameters. So methods 
of films study must not only register film’s response, but consider anisotropy as well.  
Because of high dielectric constant and loss microwave testing of ferroelectrics is quite 
complex. In thin film study a question becomes even more complicated by film small 
thickness. This work presents waveguide method, suitable for thin films study. 

3.2 Waveguide method description 
Common technique for dielectric material measuring in the waveguide usually relies on 
complex scattering parameters measurement of waveguide section which cross section is 
filled with studied material. That technique can be easily adapted for measurement of the 
layered structures where properties of one layer are unknown.  
However, this approach faces irresolvable difficulties with thin films. Simple estimation 
shows that X-band waveguide being entirely baffled with film of 1 μm thickness that has  
ε = 1000 and tanδ = 0.05 has phase perturbation of only about 0.4°, and brings attenuation of 
about -0.002 dB. These quantities are obviously out of equipment resolution capabilities. 
That is why, the goal is to arrange the interaction of film with electromagnetic field in such a 
way that brings recognizable response.  
In proposed method, film-on-substrate specimen is centrally situated along the waveguide 
(Fig. 13). It is known that electric field intensity is highest in centre of waveguide so highest 
possible interaction of film with the electric field is provided.  
Dielectric constant and loss can be found by solving scattering equations at one certain 
frequency. However, the accuracy of one-point technique is strongly affected by the accidental 
error (Baker-Jarvis, 1990). Proposed method accuracy is improved by the recording of 
complete frequency dependence of scattering parameters using contemporary vector network 
analyzer. Similarly to the method for bulk samples study, gathered experimental data then 
processed utilizing nonlinear least squares curve fitting technique (3). 
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Fig. 13. Schematic representation of experiment 

For the S-parameters calculations, electromagnetic field problem can be solved utilizing 
longitudinal wave representation (Egorov, 1967), (Balanis, 1989). Applying boundary 
conditions on media boundaries yields a complex nonlinear equation with respect to 
complex propagation constant: 
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 (8) 

where 2 2kβ γ= − , 2 2
s skβ ε γ= − , 2 2

f f kβ ε γ= −  are transverse wave numbers in the 

air, substrate and film media respectively, ds is substrate thickness, df is film thickness, a is 
width of wide wall of waveguide, γ is propagation constant, k is free space wave number. In 
this equation, the position of film-substrate boundary assumed to be exactly at the middle of 
waveguide, however known displacement can be taken in account. 

3.3 Experimental result 
Described measurement technique was utilized for study of BST thin films. The film of 
about 1 μm thickness was deposited onto 0.5mm MgO substrate in a pulsed laser ablation 
setup. Special measurement cell was elaborated to provide reliable contact of specimen 
under test with waveguide walls, Fig. 14. Automatic network analyzer was calibrated with  
 

 
Fig. 14. Waveguide measurement cell for thin films study 
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appropriate X-band calibration kit. Then two reference measurements were performed. First 
one is a measurement of empty cell. It makes possible to determine cell’s electrical length 
more precisely. Second one is the measuring of substrate alone. This stage is required to 
determine the actual loss of the “substrate-in-waveguide” system because only on this 
background film properties will be recognized.  
Numerous experiments with the same samples show reliable repeatability of experiments. 
Fig. 15 illustrates an example of measured data fitting for MgO substrate and 0.84μm thick 
BST film.  
 

  
Fig. 15. Measured data and calculation for: 0.5 mm thickness MgO substrate (a), 0.84 μm BST 
film on 0.5 mm thickness MgO substrate. Specimen dimensions are 22 × 10 mm (b) 

Average value of substrate permittivity is ε′ = 9.9, tanδ = 3⋅10-4. As to the film fitting to the 
calculation exhibits good agreement and yields ε = 450, tanδ = 0.05. Both reflection of 
shorted waveguide with sample and transmission in the 2-port system can be used, 
however the first method is preferable because of higher sensitivity.  
Presented technique of thin ferroelectric film examination can be applied also for study of 
relatively thick (10μm and more) films that have non-ferroelectric nature. The method can 
be successfully used, for example, to study semiconductor films deposited onto dielectric 
subtract when traditional metering technique brakes down. 

3.4 Uncertainty of non-resonant waveguide method for thin films measurement 
Ideal contact of studied specimen with waveguide walls is hard to achieve and there small 
air gaps on the interface. These gaps may degrade accuracy substantially. Though some 
estimations consider 2.5-7 μm gap acceptable (Champlin & Glover, 1966), this value is too 
general and hard to verify. So it is desirable to enforce interface contact as much as possible.  
Though films permittivity and loss are estimated using least squares curve fitting technique 
(3), let’s begin uncertainty estimation with single point accuracy. Parameters of studied film 
are derived from indirect measurements. They contain uncertainties of dimensions 
measurements, scattering parameters magnitude and phase uncertainties, and rounding 
errors of processing procedure. In waveguide experiment magnitude and phase of reflection 
coefficient are measured directly (real and imaginary part to be precise, but that does not 
change further explanations). Their simulation values depend on sample’s physical 
dimensions, permittivity and loss: 
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 ( ), tan , , tan , , ,f f s s f sS S L d dε δ ε δ=  , (9) 

where , tanf fε δ  is permittivity and loss of studied film, , tans sε δ  is permittivity and loss of 

the substrate, L is sample’s length, ,f sd d  is film and substrate thickness respectively. This 

equation is implicit function, which relates mentioned parameters.  
Due to low loss substrate effective loss of measurement cell is low. In such conditions 
permittivity is mainly found by phase measurement, whereas loss is found from magnitude 
measurements (Janezic & Jargon, 1999). Large difference in sensitivities allows separate 
analysis of permittivity and loss uncertainties.  
Sensitivities of calculated values of film’s permittivity and loss to uncertainties of directly 
measured values can be estimated using rules of implicit function differentiation. Then for 
every given frequency permittivity and loss uncertainty can be expressed as: 
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 (10) 

where LΔ  uncertainty of length measurement, fdΔ  is uncertainty of film thickness 

measurement, 11SΔ  is uncertainty of magnitude of scattering parameter, SΔ∠  is 
uncertainty of phase of scattering parameter, sεΔ  and tan sδΔ  is uncertainty of substrate’s 
parameters. Listed uncertainties are related to instrument uncertainties. Uncertainty of 
substrate thickness measurement is usually much smaller, than listed values, so it is omitted 
for the sake of clarity, though might be accounted exactly same way. Listed uncertainties 
were estimated numerically for the following conditions: frequency 10 GHz, film’s thickness 
1 μm, film’s permittivity ε = 500, loss tanδ = 0.05, sample length 20 mm, substrate thickness 
0.5 mm, permittivity ε = 9.9, loss tanδ = 10–4, their values presented in Table 3. Table 4 
presents summary on instrument uncertainties.  
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Table 3. Sensitivities to uncertainties of directly measured values 
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Parameter Value Note 
ΔL 10 μm Micrometre screw
Δdf 10 nm Reflectometer 
Δεs 0.1 1% 

Δtanδs 10-4 10% 
Δ|S11| 0.02 HP 8510C 
Δ∠S11 2° HP 8510C 

Table 4. Instrument uncertainties 

For the film under consideration uncertainty of permittivity measurement Δε/ε is about 
14%, while uncertainty of loss measurement tan tanfδ δΔ  is about 93%. For the film with 
loss tanδ = 0.1 loss uncertainty will be 47%. 
If method applied for film study in production process, i.e. the same substrate used in all 
measurements, then uncertainty of substrate permittivity and loss could be eliminated and 
permittivity uncertainty improves to about 10%. 
These values present worst case estimation of single point measurement. Uncertainty of 
final parameters is reduced by least squares processing. With 50 point equally distributed 
along measurement frequency range sensitivity to uncertainty of scattering parameter 
determination can be reduced by order of magnitude to  

11 11

tan13 ; 0.15.
deg

f f

S S

ε δ∂ ∂
= =

∂∠ ∂
 

Then averaged uncertainty of film’s permittivity reduces to 2% and loss to 10%. 

3.5 Coplanar line method 
In actual devices a system of electrodes is deposited on the surface of ferroelectric film. 
Geometry of the electrodes depends on film permittivity. At the same time metal electrodes 
can modify film permittivity and loss. Therefore it would be desirable to perform 
measurement directly in the device with deposited electrodes.  
One of the most usable electrode system forms a coplanar line, Fig.16. Measurement of 
permittivity and loss of ferroelectric film integrated in coplanar line is discussed below.  
 

 
Fig. 16. Coplanar line on substrate with deposited ferroelectric film 
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Electromagnetic field problem for the structure given in Fig.16 was solved by finite element 
method. Electromagnetic field of quasi ТЕМ mode was described in terms of vector and 
scalar potential applying the Lorenz gauge. As a result the problem was reduced to partial 
differential equation for scalar potential ϕ : 

 ( )( ) ( )2 2 0y y kε ϕ ε ϕ∇ ∇ + = , (11) 

where ( )yε  is distribution of dielectric permittivity along the y  – axis. Characteristic 
impedance Z  and effective permittivity efε  of coplanar line can be found from solution of 
equation (11) by formulas: 
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where 0 120Z π≈ Ω is the characteristic impedance of free space, V  is the electrode voltage, 
N  is the quantity of domains with different permittivities, iε  is the permittivity of the i -th 
domain, iS  is the cross-section are of the i -th domain, 1ϕ  is the solution of the equation 
(11) for the case if 1, 1,i i Nε = = . 
Dependences of characteristic impedance and effective permittivity of coplanar line 
deposited on the ferroelectric film and low permittivity dielectric wafer versus permittivity 
of ferroelectric film and its thickness are shown in Fig.17. 
 

 
                                                 a                                                                    b 

Fig. 17. Characteristic impedance (a) and effective permittivity (b) of coplanar line versus 
permittivity and thickness of ferroelectric film deposited on substrate with permittivity 
equal to 10 
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Measurement cell for study of permittivity and loss tangent of ferroelectric film is shown in 
Fig.18. Two-port measurement of frequency dependences of scattering parameters was 
performed by vector network analyzer. 
 

 
Fig. 18. Coplanar line measurement cell 

Scattering matrix of coplanar line section with the length equal to L  connected to ports with 
characteristic impedance 1Z  can be calculated from formulas: 
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where 
2 eff

c

π ε
γ =  is the propagation constant in the coplanar line. 

Measured frequency dependences of scattering matrix parameters were approximated by 
formulas (13) and (14) by least square method: 
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where ( ), , tann f fS f ε δ  is calculated value of scattering parameter at the frequency fn 
assuming tested film to have permittivity εf and loss tangent tan fδ . 
Fig.19 demonstrates measured and calculated after solving of approximation problem (15) 
the frequency dependences of scattering matrix parameters for the structure presented in 
Fig.18. 
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                                        a                                                                               b 

Fig. 19. Measured and calculated frequency dependences of scattering matrix parameters S11 
(a) and S21 for the structure shown in Fig. 18 

Relative uncertainty of film permittivity measurement can be defined as uncertainty of 
implicit measurement: 
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f d f L hS

d L h ε
ε

δε δ δ δ δ δε= + Θ + Θ + Θ + Θ
Θ

 (16) 

where α
β

β α
α β

∂Θ =
∂

 is the sensitivity of the parameter α  to alteration of the parameter β , 

δβ  is the relative uncertainty of the parameter β  measurement, S  is the measured 
parameter of scattering matrix, sε  is the permittivity of substrate, h is the substrate 
thickness. 
Analysis of the formula (16) predicts that uncertainty of film thickness measurement makes 
the main contribution in measurement uncertainty of film permittivity. Estimation 
prediction of film permittivity measurement uncertainty is about 10% if uncertainty of film 
thickness measurement is about 10 nm for the film thickness about 500 nm and its 
permittivity around 200. The uncertainty rises up while either film thickness or its 
permittivity decreases. 
Uncertainty of film loss tangent measurement is larger than uncertainty of permittivity 
measurement because of smaller value of the sensitivity of scattering matrix parameters to 
alteration of film loss tangent tan f

S
δΘ . Estimation predicts the uncertainty of film loss 

tangent measurement around 30% for the film thickness about 500 nm and its permittivity 
around 200. 
Described technique was verified during measurement of ferroelectric films deposited by 
sol-gel method on semi-insulated silicon substrate. Some results of the verification are 
presented in table 5. 



  
Ferroelectrics - Characterization and Modeling 

 

222 

Ferroelectric film
composition 

Annealing 
 temperature,

°C 

Film thickness,
μm Permittivity 

Pb(Ti,Zr)O3 700 0.35 90±15 

Pb(Ti,Zr)O3 800 0.35 120±15 

(Ba,Sr)TiO3 650 0.2 125±30 

(Ba,Sr)TiO3 750 0.2 250±40 

Table 5. Results of investigation of ferroelectric films deposited on semi-insulated silicon 
substrate by sol-gel method 

3.6 Resonator method description 
Thin ferroelectric films can also be studied using composite dielectric resonator (CDR) 
method. Simple equations for effective permittivity and loss, based on parallel layers model, 
in case of significant difference in layers thickness, which is a case for thin films, give 
inadequate results. Thus, electromagnetic problem for “film-on-substrate” composite 
dielectric resonator should be solved without approximations.  
To calculate resonant frequencies of the CDR one may solve electromagnetic problem for 
the configuration, depicted in Fig. 20. Square shaped CDR of length L and thickness ds is 
made from material with εs and placed inside waveguide with a×b cross-section parallel to 
its narrow wall. Waveguide is filled with εa. Dielectric film of thickness df and permittivity 
εf is deposited onto resonator surface. The problem is solved using partial domains 
method.  
 

 
Fig. 20. Square shape CDR with film inside of rectangular waveguide 

In every domain 1 and 2 electromagnetic field may be expressed using x-components of 
electrical Гe = (Гe,0,0) and magnetic Гm = (Гm,0,0) Hertz vectors. To do that electromagnetic 
field in every domain is presented as series of eigen functions: 

 ( )( ) ( ) ( ) ( )

0
, ( )e m e m e m e m

i ij ij ij
j

A x y Z z
∞

=
Γ = Φ , (17) 
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where i  is number of partial domain, ( )e m
ijA  series coefficients to be found, ( )( ) ,e m

ij x yΦ   is 

eigen function number j of partial domain number i,, ( )( )e m
ijZ z  is solution of Helmholtz 

equation in every domain. 

Using equality requirement for tangential components of the field in 
2
L

z =  planes the 

problem can be reduced to the set of homogenous Fredholm’s integral equations of the I 
kind relative to distribution of magnetic and electric Hertz vectors ( ),e x yΨ , ( ),m x yΨ : 

 ( ) ( ) ( ) ( )( ), ', , ' , , ', , ' , 0,    1,2e e m m
n n

S

G x x y y x y G x x y y x y dxdy nΨ + Ψ = = , (18) 

where S is waveguide cross-section. Integral equations kernels ( ), ', , 'e
nG x x y y , 

( ), ', , 'm
nG x x y y  can be expressed with eigen functions of areas ( )( ) ,e m

ij x yΦ , ( )( )e m
ijZ z  and their 

derivatives. Integral equation can be solved using the method of moments, so finally 
electromagnetic problem reduces to nonlinear eigen values problem. These eigen values are 
the resonant frequencies of studied system.  
Basic mode oscillations can be excited as in waveguide, so in resonator itself. However, in 
matched waveguide section there are no parasitic oscillations, which are natural to 
standalone resonator.  
CDR’s made of Al2O3 (ε =9.6), BaTi4O9, and DyScO3, SmScO3, LSAT with ε = 26.3, 25.1, 22.7 
respectively were simulated and studied experimentally. CDR dimensions ratio was in the 
range d/L = 0.2…0.01. Results summary is presented in Fig. 21. 
 

 
Fig. 21. Simulated and measured dependencies of CDR resonant frequency for small 
dimensions ratio (d/L) with εs = 9.6, 22.7, 26.3 
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Because all measurements are held relative resonant frequency of resonator without film, 
uncertainty depends mainly on dimensions uncertainty. Resonant frequency shift for CDR 
with film depends on film’s thickness, Fig. 22. Frequency range, where this method is 
applicable, depends on CDR’s resonant frequencies, which in turn depend on dimensions 
and substrate permittivity. 
To reduce measurement uncertainty the resonator thickness ds should be rather small. 
However it leads to increasing of resonator length L which would be greater than narrow 
wall width. In this case the resonator should be placed by such a way that ferroelectric film 
surface would be almost parallel to wide wall of waveguide with some angle shift to satisfy 
resonator excitation condition.  
 

 
Fig. 22. Resonant frequency shift for 1 μm and 0.1 μm films on 0.1 mm thick substrate with  
ε = 26 

4. Conclusion 
Electrodeless methods for bulk and thin film ferroelectric materials study presented. In non-
resonant methods partial filling of waveguide cross-section may be applied for rare and 
expensive materials study. Permittivity and loss of studied specimen are determined by 
solving scattering equations for waveguide section with studied specimen against measured 
scattering parameters. The choice for transmission or reflection method depends on 
sensitivity of scattering matrix to change of ε and tanδ of studied specimen. Study of 
scattering parameters frequency dependency and subsequent their approximation with 
appropriate measurement cell models allows to increase measurement accuracy and reduce 
susceptibility to random error. 
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To measure ε and tanδ of thin films studied specimen may be located lengthwise inside of 
rectangular waveguide. This allows better interaction of thin film with electromagnetic 
field.  
For the system with metal electrodes deposited on the surface of ferroelectric film the 
coplanar line technique may be applied. This method can be extended for other electrode 
layouts. 
Another option for thin films study might be use of resonant techniques. To increase 
sensitivity to film’s properties thin composite resonator required. However, to tune it to 
required frequency composite resonator should have larger dimensions, thus irregular 
waveguide might be required. Otherwise sample should be oriented with large tilt angle, 
almost normal to waveguide’s wide wall. 
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1. Introduction 
Lead zirconium titanate, Pb(Zr,Ti)O3 [PZT], have been intensively studied for various 
ferroelectric applications, and have a renewal interest due to their promising application for 
microelectromechanical systems (MEMS) because of their outstanding ferroelectric and 
piezoelectric properties. Remanent polarization (Pr) is the not only most fundamental 
parameter but also the practical importance for real applications to achieve high density 
devices.  Spontaneous polarization (PS) is the expected maximum Pr value of the materials 
that depend on the composition, orientation and the crystallinity of Pb(Zr,Ti)O3.  Thus, in an 
academic point of view, lots of efforts have been made to investigate PS value.  However, 
PZT crystals with single domain are hard to be obtained, inducing a lack of direct 
characterization of PS values using PZT single crystal. This situation is due to c/a/c/a 
polydomain structure of PZT, where a domain and c domain are respective (100) and (001) 
oriented domains.  This domain structure is the result of relaxation process of stress induced 
under the growth process of PZT. 
To achieve this purpose, we switch our idea from growth of the bulky single crystal to 
epitaxial films with polar axis orientation. In addition, a comprehensive and systematic 
characterization of ferroelectric properties of PZT films with different volume fraction of 
polar-axis-oriented domain is investigated. 
This chapter investigates the thickness and Zr/(Zr+Ti) ratio dependencies of domain 
structure and ferroelectric properties, and correlates physical properties, namely lattice 
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parameters and the volume fractions of the domains, as well as the electrical properties such 
as Pr and PS. 

2. Experimental 
PZT thin films were grown on (100)cSrRuO3//(100)SrTiO3 substrates at 540ºC by pulsed-
metal organic chemical vapor deposition (MOCVD) from Pb(C11H19O2)2 - Zr(O·t-C4H9)4 -
Ti(O·i-C3H7)4 - O2 system (Nagashima et al., 2001). Epitaxial (100)cSrRuO3 thin films used for 
bottom electrode layers were grown on (100)SrTiO3 substrates by MOCVD (Okuda et al., 
2000). The Zr/(Zr+Ti) ratio and the film thickness of PZT films were controlled by the input 
gas concentration of the source gases and the deposition time, respectively.  In this work, we 
studied PZT films having thickness ranging from 50 to 250 nm. 
The orientation of the deposited films was analyzed by high-resolution X-Ray Diffraction 
(XRD) using a four-axis diffractometer (PANalytical X’Pert MRD). The high-resolution 
XRD reciprocal space mapping (HRXRD-RSM) was also employed for more detail 
analysis of crystal structure (orientation, in-plane and out-of-plane lattice parameters, and 
the internal axial angle) and estimating the relative volume fraction of the c-domain in 
tetragonal phase (Saito et al., 2003a).  
Electron-beam deposition was used to deposit 100 μmφ Pt top electrodes for the electrical 
property characterization of PZT films.  The polarization – electric-field (P - E) hysteresis 
loops of the as-deposited films were measured at 20 Hz by the ferroelectric tester using 
pulsed rectangular wave (Radiant Technologies RT6000HVS and TOYO Corporation  
FCE-1). 

3. Results and discussion 
In this section, we demonstrate, first of all, film thickness dependency of the crystal 
structure of PZT films. We show that polar-axis-oriented films were obtained at very thin 
films region.  Then, we detail the Zr/(Zr+Ti) ratio dependency of the domain structure.  For 
this purpose, we will compare crystal structure evolution as a function of the Zr/(Zr+Ti) 
ratio at two thicknesses, 50 and 250 nm. This comparative study aims to emphasis the role of 
the Zr/(Zr+Ti) ratio in PZT film as well as the thickness dependency, discussed in first 
instance. 
Finally, we will cross check the up mentioned results by monitoring the evolution of 
electrical properties versus thickness and the Zr/(Zr+Ti) ratio in the films. We will synthesis 
these data by identifying the linear relationship between the square of spontaneous 
polarization (Ps2) and tetragonal distortion (1-c/a). 
Nevertheless, prior to proceeding to this characterization, it is important to check the 
epitaxial relationship between the bottom electrode and PZT films. 
Indeed, it must be kept in mind that the framework of this study is the fundamental 
understanding of the impact of crystal structure change on the electrical properties, and 
polycrystalline films might induce measurement artefacts. The epitaxial growth of PZT films 
on (100)SrRuO3//(100)SrTiO3 substrates was ascertained by High Resolution Transmittance 
Electron Microscopy (HRTEM) as presented on Fig. 1(a). 
Indeed, Fig. 1(a) shows a cross-sectional TEM image of 50 nm thick PZT(35/65) film. It 
presents smooth interfaces. Fig. 1(b) reveals atomically sharp interface between PZT and 
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SrRuO3 bottom electrode. Moreover, this latter figure shows clearly a coherent epitaxial 
relationship at PZT/SrRuO3 interface. 
 

SrRuO3

PZT

5nm

50nm

SrRuO3

PZT

SrTiO3

(a)

(b)
[001]PZT

<100>PZT

 
Fig. 1. Cross sectional TEM imaging of PZT(35/65)/SrRuO3/SrTiO3 (a).  HRTEM of  
PZT-SrRuO3 interface reveals a coherent epitaxial growth of PZT on SrRuO3 bottom 
electrode (b). 
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3.1 Evolution of domain structure versus film thickness  
For this part of our investigation, we chose to characterize PZT films with the Zr/(Zr+Ti) 
ratio of 0.35 that have a tetragonal symmetry. Fig. 2 presents XRD plots for the 2θ angle 
range of 2θ = 40 - 50°. On this figure we notice that PZT 200 peak decreases with 
decreasingly film thickness. This phenomenon might have two possibilities: one is the 
change of the tilting angle against the surface normal direction. The other is the change of 
domain structure from the mixed domain structure of a and c domains to fully c-domain 
oriented film with decreasing film thickness. 
Hence, using XRD-RSM technique (Fig. 3), we could monitor c-domain volume fraction 
[Vc=V(001)/(V(100)+V(001))] as a function of film thickness  as shown in Fig. 4. On this figure, we 
notice that films having thicknesses under around 75 nm, are perfect polar axis-oriented 
films. Over this threshold, c-domain volume fraction decreases almost linearly with 
increasing thickness up to 230 nm.. 
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Fig. 2. XRD plots of PZT(35/65) films having thicknesses ranging from 50 to 200 nm.  As 
film thickness increases, PZT 200 peak appears indicating the coexistence of a-domain with 
c-domains. 
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Fig. 3. XRD-RSM of PZT(35/65) films having thicknesses of  (a) 250 nm  and (b) 50 nm.  
SrTiO3 204 spot ( ) and splitted sport of  SrRuO3 204 ( ) are also illustrated. 

 

0 50 100 150 200 250
0.6

0.7

0.8

0.9

1.0

Film thickness (nm)

V (
00

1)
 / 

[V
(1

00
)+

V (
00

1)
]

0 50 100 150 200 250
0.6

0.7

0.8

0.9

1.0

Film thickness (nm)

V (
00

1)
 / 

[V
(1

00
)+

V (
00

1)
]

 
Fig. 4. Evolution of c-domain volume fraction [Vc=V(001)/(V(100)+V(001))] as a function of PZT 
thickness in the case of PZT(35/65) films. 
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Finally, we checked strain condition when film thickness decrease in the case of PZT(35/65) 
material. For this purpose, we calculated the both in-plan (a// and c//) and out-of-plan 
( a⊥ and c⊥ ) lattice parameters as a function of PZT film thickness (Fig. 5). On this figure, we 
also indicate SrTiO3 lattice parameter (a= 0.3905 nm) as well as unstrained PZT(35/65) lattice 
parameters extracted from powder data (a = 0.398 nm and c = 0.413 nm) (Shirane & Suzuki, 
1952). It is interesting to notice that in-plan and out-of-plan lattice parameters are almost 
constant regardless of the film thickness range studied in this work, demonstrating almost 
relaxed unit cells due to the large lattice mismatch between Pb(Zr0.35Ti0.65)O3 films and SrTiO3 
substrates. 
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Fig. 5. In-plane and out-of-plane lattice parameters as function of film thickness in the case 
of Pb(Zr0.35Ti0.65)O3 films. 

3.2 Domain structure evolution versus film composition 
Fig. 6 presents X-ray diffraction diagrams of PZT films having 50 and 250 nm in thickness with 
various Zr/(Zr+Ti) ratio. All films are found to have (100) and/or (001) orientations regardless 
of the film thickness and Zr/(Zr+Ti) ratio. Epitaxial relationship of (001)/(100)PZT 
//(100)cSrRuO3//(100) SrTiO3 was ascertained by XRD pole figure measurement for all films. 
Figures 7(a) - (f) summarize a- and c-axes lattice parameters, tetragonality (c/a ratio) and the 
internal angles (α), and the unit cell volume as a function of the Zr/(Zr+Ti) ratio for 50 and 
250 nm-thick PZT films.  Reported data by Shirane et al. for PZT powder are also presented 
on these figures (Shirane & Suzuki, 1952). 
As shown in Fig. 7, our experimental data are in good agreement with reported data of 
powders. However, an intermediate region can easily be observed in the 250 nm thick 
sample. This region could be related to the coexistence of both tetragonal and rhombohedral 
phases (Morioka et al. 2004a), suggesting a strain relaxation mechanism at this thickness 
(Morioka et al. 2004b). 
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Fig. 6. XRD ω-2θ diagrams of PZT films having 50 and 250 nm in thickness and different 
Zr/(Zr+Ti) ratio: from small Zr/(Zr+Ti) ratio (a) to large Zr/(Zr+Ti) ratio (d). 
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Fig. 7. Lattice parameters (a, d), tetragonality, c/a ratio, and the internal angles and (b, e), and 
unit cell volume (c, f) as a function of Zr/(Zr+Ti) ratio for (a)-(c) 50 and (d)-(f) 250 nm thick 
films.  Dashed lines are powder data reported by Shirane et al (Shirane & Suzuki, 1952). 

The c-domain relative volume fractions, Vc, are shown in Fig. 8 as a function of the 
Zr/(Zr+Ti) ratio. These values are obtained from HRXRD-RSM characterization reported 
elsewhere (Morioka et al. 2004a). 
On this figure we notice that the 50 nm thick Films are fully polar axis-oriented films, (001) 
orientation, regardless of the Zr/(Zr+Ti) ratio up to 54% (Fig. 8(a)). On the other hand, Vc 

decreased with increasing PZT film thickness.  Indeed, we notice for the 250 nm thick films 
(Fig. 8(b)) that Vc is about 70% up to Zr/(Zr+Ti) = 0.45. In the intermediate region, Vc 
fluctuates between 55 and 75% due to the experimental errors induced by the tetragonal and 
rhombohedral duplicated peaks (Saito et al., 2003b). This result is totally coherent with our 
previous results showing the domain structure simplification with decreasing PZT film 
thickness.  The structure domain simplification from coexisting a- and c-domains to fully polar 
axis orientation is supported by the compressive stress appearing at very thin deposited films 
(Morioka et al., 2003; Morioka et al., 2009). This compressive stress is induced by the lattice 
misfit stress and thermal stress due to the mismatches of lattice parameters and thermal 
expansion coefficients between PZT films and SrTiO3 substrates, respectively. 
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Fig. 8.  c-domain volume fraction, Vc, measured from HRXRD-RSM data  (Morioka et al. 
2004a) for (a) 50 and (b) 250 nm thick PZT films. 

3.3 Electrical characterization 
Fig. 9 shows the leakage current density as a function of applied electric field for 50 and 250 
nm thick PZT films with various Zr/(Zr+Ti) ratio. We notice that PZT thickness and 
Zr/(Zr+Ti) ratio influences leakage current density. Indeed, below 20% of Zr/(Zr+Ti) ratio, 
the 250 nm thick films show higher current density than 50 nm thick sample [see Fig. 9(a)].  
Increasing Zr/(Zr+Ti) ratio in films lead to a decrease of the leakage current density level in 
the 250 nm thick PZT films from above 10-3 A/cm² to 10-6 A/cm² at an electric field of  
100 kV/cm for Zr/(Zr+Ti) ratio ranging from 0.19 and 0.63 respectively. 
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Fig. 9. Leakage current density as a function of electric filed for 50 nm thick (plain line) and 
250 nm thick (dotted line) PZT thin films with different Zr/(Zr+Ti) ratio: from small 
Zr/(Zr+Ti) ratio (a) to large Zr/(Zr+Ti) ratio (d). 
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On the other hand, the 50 nm thick PZT film show a relatively low leakage current level 
oscillating between 10-7 and 10-5 A/cm² at an electric field of 100 kV/cm, independently 
from the Zr/(Zr+Ti) ratio. These results are coherent with reported data (Shiosaki, 1995; 
Oikawa et al., 2002). Indeed, it has been shown that PZT films with low Zr/(Zr+Ti) ratio 
present typically larger leakage current density compared to that of films with large Zr/(Zr+Ti) 
ratio (Shiosaki, 1995). While it has been revealed (Oikawa et al., 2002) that Sr and/or Ru 
diffusion into PZT might create a conductive path, which is in good agreement with our results 
because a longer deposition time could induce a large amount of Sr and/or Ru diffusion into 
the bottom electrode. 
Fig. 10 summarizes the polarization - electric field (P - E) relationships for films with various 
Zr/(Zr+Ti) ratio and film thickness. 
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Fig. 10  Polarization - electric field (P - E) relationships for films with various Zr/(Zr+Ti) 
ratio and film thickness. from  50 nm thick films [(a)-(d)] and  250 nm thick films [(e) - (h)]. 
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Fig. 11. Saturation properties of Pr and Ec values against the maximum applied electric filed 
for 50 nm [(a), (b)] and 250nm [(c), (d)] PZT films having various Zr/(Zr+Ti) ratio content.  

Notice that the 250 nm thick film with Zr/(Zr+Ti)=0.19 showed high leakage current level 
that cannot display P - E hysterisis loops from the PZT films [Fig. 9(a)].  However, others 
showed P - E hysteresis loops originated to the ferroelectricity.  Good saturation properties 
of Pr and the coercive field (Ec) against the maximum electric filed are confirmed for both of 
50 nm and 250 nm thick films. 
We notice on these figures that fully polar axis oriented [(001)-oriented] films with 50 nm in 
thickness exhibit larger Pr values than 250 nm PZT films with the coexistence of (100) and 
(001) orientations. This result is coherent if we consider the difference in the relative volume 
fraction of the c-domain in the latter samples.  However, the differences in domain structure 
between the two thickness of the present samples remains and issue to fix for a good 
comparative analysis. 
To get insight into this issue, we calculated the spontaneous polarization (Psat) from Pr/Vc , 
calibrated Pr value by the c-domain volume fraction, Vc, assuming that the 90° a-domain do 
not switch under an external electric field.  The results are summarized in Fig. 12. 
On this figure, Pr values extracted from 50 nm-thick films are presented with closed diamonds, 
while open diamonds represents Pr values of 250 nm-thick films. By way of comparison, we 
included on Fig. 12, reported data for the 100% c-axis-oriented Pb(Zr0.5Ti0.5)O3 film by Ishida et 
al. (square plot) (Ishida et al., 2002) and also theoretical calculated data of Psat against the 
Zr/(Zr+Ti) ratio reported by Haun et al. (dashed line) (Haune et al., 1989). 
We notice that the estimated Psat value in the present study is larger than reported data. 
However, our results have the same trend as predicted by theoretical calculations. 
A good explanation of this latter result might be given by getting insight into the 
relationship linking tetragonality (c/a) to spontaneous polarization (Psat). 
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Fig. 12. Estimated Psat as a function of Zr/(Zr+Ti) ratio in films.  
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Fig. 13. Relationship between Psat and the c/a ratio of PZT films. 
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Indeed, the unit cell distortion inducing Psat might be related to cell parameters by the 
following equation (Joan & Shirane, 1992): 

 2 1sat
c

Q P
a

⋅ = −  (1) 

where, Q represents the apparent electrostrictive coefficient. 
To highlight this relationship, we gathered data presented on Figures 7(b) and (e) and  
Fig. 12 on the same chart, as shown in Fig. 13: 
Our data seem to be in agreement with the quadratic form presented in equation (1) linking 
Psat to unit cell tetragonality, c/a ratio. In a previous article we could emphasis that our 
estimated electrostrictive coefficient, Q, is  Q = 0.049 m4/C2  
We also characterized the relative dielectric constant (εr) versus Zr/(Zr+Ti) ratio as well as 
thickness dependency.  These results are presented on Fig. 14.  On this figure, we notice that 
both thicknesses considered in this study respect the same εr tendency with regards to Zr 
content. Indeed, εr increases with increasing Zr/(Zr+Ti) ratio.  
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Fig. 14. Evolution of εr measured at 1 kHz as function of Zr/(Zr+Ti) ratio for 50 nm ( ) and 
250 nm ( ) thick films. 

On the other hand, we noticed that squareness in P - E hysteresis loops defined by the 
Pr/Psat ratio, is also influenced by the Zr/(Zr+Ti) ratio of the films regardless of Vc in the 
film. [see Fig. 15 (a)].  Indeed, as it can be observed on this figure, both 50 nm and 250 nm 
thick films present the same decreasing trend when Zr/(Zr+Ti) ratio increases. This result is 
in a good agreement with results presented on Fig. 14 since εr can be extracted from the 
saturated branch of P - E hysteresis loops. 
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Fig. 15. Evolution of Pr/Psat ratio as function of Zr/(Zr+Ti) ratio (a) and c/a ratio (b) 

4. Summary 
Epitaxial PZT thin films were grown at 540°C on SrRuO3-coated (001) SrTiO3 substrates by 
pulsed MOCVD.  To characterize the impacts of the Zr/(Zr+Ti) ratio and the film thickness 
on the volume fraction of c-domain, 50 nm and 250 nm thick films have been grown with 
different Zr/(Zr+Ti) ratio ranging from 0.1 to 0.7.  
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HRXRD characterization showed that 50 nm thick films present a fully polar-axis oriented 
tetragonal films regardless of Zr/(Zr+Ti) up to 0.54, while 250 nm thick films are tetragonal 
single phase for the films with the Zr/(Zr+Ti) ratio smaller than 0.45, then,  coexistence of 
tetragonal and rhombohedral phase from Zr/(Zr+Ti)=0.45 to 0.6. Appearing of two 
symmetry coexistence is related to the stress relaxation process occurring at relatively thick 
film.  
Concerning electrical properties, 50-nm-thick PZT films with fully polar-axis orientation 
present larger Pr and Psat values than thicker films.  On the other hand, we investigated the 
impact of Zr/(Zr+Ti) ratio on the ferroelectricity of PZT films, showing the linear 
relationship between Psat2 and the c/a ratio of the films. 
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BaTiO3-Based Ferroelectric Ceramics 
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China 

1. Introduction  
In 1951, the notion of anti-ferroelectricity based on the phenomenological theory was firstly 
proposed by C. Kittel (Kittel, 1951), and who predicted exist of the anti-ferroelectric 
materials and its some intrinsic characteristics. Subsequently, a double hysteresis (P–E) loop 
and a ferroelectric-antiferroelectric (FE-AFE) phase transition were observed in PbZrO3 
(Shirane et al., 1951, 1952) and Pb(Zr, Ti)O3 (Sawaguchi, 1953) ceramics with a perovskite 
structure. Since then, the double hysteresis loop, one important macroscopic effect, has been 
regarded as a typical characteristic of antiferroelectric materials. This kinds of 
antiferroelectric behavior is also observed in Pb(Zr, Sn, Ti)O3 and Pb(La, Zr, Sn, Ti)O3 
ceramics (Berlincourt, 1963, 1964; Biggers & Schulze, 1974; Gttrttritja et al., 1980; Shebanov et 
al., 1994). 
Interestingly, the double hysteresis loops have been observed in BaTiO3 (Merz, 1953), 
BaTiO3-based (Ren, 2004; Zhang & Ren, 2005, 2006; Liu et al., 2006), (Na0.5Bi0.5)TiO3-based 
(Takenaka, 1991; Sakata & Masuda, 1974; Tu et al., 1994; Sakata et al., 1992), (Ba, Sr)TiO3 
(Zhang et al., 2004), KNbO3 (Feng & Ren, 2007, 2008), BiFeO3 (Yuen et al., 2007) and other 
lead-based perovskite ceramics such as Pb(Yb0.5Ta0.5)O3 (Yasuda & Konda, 1993), 

Pb(Fe2/3W1/3)O3-Pb(Co1/2W1/2)O3 (Uchino & Nomura, 1978), Pb(Sc0.5Ta0.5)O3 (Chu et al., 
1993) and Pb(Co1/2W1/2)O3 (Hachiga et al., 1985) over the past decades. However, the 
observed double hysteresis loops have different physical origins. 
For the physical origins of the double P-E loops observation in the perovskite structure 
materials, they can be generally classified into several groups below: (1) the double P-E 
loops result from antiferroelectric components. i.e., the observed double P-E loops in 
PbZrO3 and Pb(Zr, Ti)O3 ceramics. (2) the double P-E loops result from an electric field-
induced antiferroelectric-to-ferroelectric phase transition as shown observed in Pb(La, Zr, 
Sn, Ti)O3 ceramics. (3) two successive paraelectric-antiferroelectric-ferroelectric (PE-AFE-
FE) phase transitions is often observed in highly ordered perovskite lead-based and lead-
free complex compounds, and the double P-E loops are expected to accompany this phase 
transition. Such case often occur in Pb(Yb0.5Ta0.5)O3, Pb(Fe2/3W1/3)O3-Pb(Co1/2W1/2)O3, 
Pb(Sc0.5Ta0.5)O3 and Pb(Co1/2W1/2)O3 and (Na0.5Bi0.5)TiO3-based ceramics. (4) an aging 
effect far below Curie temperature ( Tc ) can induce the double P-E loops observation in 
many kind different compositional ceramics such as acctor-doped BaTiO3 ceramics, Mn-
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doped (Ba, Sr)TiO3 ceramics, KNbO3-based ceramics and BiFeO3 ceramics. The aging-
induced double P-E loops has been the highlights based on the high-quality publications 
and their cited times. (5) for the observed double P-E loops in BaTiO3 crystals at the Curie 
point, its origin can not attributed to any one group mentioned above. The BaTiO3 crystals 
go from a paraelectric to a ferroelectric state, while (Pb, Ba)ZrO3 ceramics go from an 
antiferroelectric to a ferroelectric state when an electric field is applied. It is generally 
believed that the Curie point of the BaTiO3 crystal shifts to higher temperature when a dc 
bias field is applied. The more detailed discussion about the origin of the double P-E 
loops in the BaTiO3 crystal can consult the previous literatures titled “A theory of double 
hysteresis for ferroelectric crystals” (Srivastava, 2006).  
After a brief review of the physical origin of double hysteresis loops in different 
perovskite structure (A+B5+O3, A2+B4+O3, AA’BO3, ABB’O3, etc) ceramic materials, this 
chapter begins with aging effect, namely a gradual change in physical properties with 
time. This is followed by discussions of the aging-induced double hysteresis loops in Bi 
doped (Ba, Ca)TiO3 and Bi doped (Ba, Sr, Ca)TiO3 ferroelectric ceramics. Some emphasis 
will be on the roles of acceptor-doping and donor-doping in understanding the physics of 
these materials. 

2. Experimental procedures 
2.1 Ceramics synthesis 
A conventional solid reaction route was employed to synthesize ceramics samples. Reagent 
grade BaCO3 (99.8%), Bi2O3 (99.8%), SrCO3 (99.8%), CaCO3 (99.8%) and TiO2 (98%) as the 
raw materials were weighed according to the compositions (Ba1-xCax)1-1.5yBiyTiO3 (Bi-BCT, x 
=0.10, 0.20 and 0.30, y=0.05) and (Ba1-xCax/2Srx/2)1-1.5yBiyTiO3 (Bi-BCST, x=0.10, 0.20 and 0.40, 
y=0 and 0.05). (Ba0.925Bi0.05)(Ti0.90Ca0.10)O3 (designated hereafter Bi-BTC) was prepared to 
compare the effect of Ca substitution at the Ti sites of Bi-BCT. After ball-milled in alcohol for 
6 h using agate balls in a planetary mill, the slurry was dried, and then calcined at 1100 o C 
for 4-5h. The calcined powder was ball milled and dried again to obtain homogeneous 
powder. Pellets of 10 mm in diameter and ~1 mm thick were pressed using 5 % PVA binder. 
Slow heating at 500 oC for 3-4h burned out the binder. The samples were sintered at 1240 oC 
-1300oC in air for 3 h, with heating rates of 200oC/h. The samples were cooled with the 
furnace. 

2.2 Characterizations 
The phase structures of the ceramics at different temperature were checked by the X-ray 
powder diffraction (XRD, D/Max2200 RZGAKV: Rigaku Inc.D, Japan) on an automated 
Rigaku D/max 2400 X-ray diffractometer with rotating anode using CuKα radiation. The 
microstructures were examined by a scanning electron microscopy (SEM, Quanta 200 FEG 
System: FEI Co., USA) with X-ray energy dispersive spectroscopy (EDS) for chemical 
analysis. Raman scattering investigation was performed at room temperature by using an 
ALMEGA dispersive Raman spectrometer (ALMEGA, Therm Nicolet, Madison,WI). 

2.3 Property measurements 
After polishing, the dimensions were measured before silver electrodes were deposited on 
the pellets, then the specimens were fired at 810 oC for 10 mins. Dielectric properties at 
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frequencies ranging from 0.1kHz to 100 kHz were measured with an Agilent 4284A LCR 
meter, as samples were heated at a rate of 2 oC/min from negative 80 to positive 200 oC. 
Hysteresis loops were measured in a wide temperature range using a computer-controlled, 
modified Sawyer-Tower circuit at frequency of 1 Hz. Current-field relation was measured 
on an automatic ferroelectric test system of aixACT TF-ANALY2ER2000. Applied electric 
field signal is triangular, and a period time is a second. 

3. Results and discussion 
3.1 Structural analysis 
It has been reported that the solubility limit of Bi is around 5 at. % in BaTiO3 (Zhou et al., 
1999), and around 10 at. % in (Ba0.2Sr0.8)TiO3 (Zhou et al., 2000), respectively. Moreover, 5 at. 
% of Bi doping can be fully incorporated into the perovskite lattice of Ba1-xSrxTiO3 (x < 0.80) 
(Zhou et al., 2001). It is then possible to assume that 5 at. % of Bi doping can be fully 
incorporated into the perovskite lattice of (Ba1-xCax)TiO3 (Bi-BCT, x=0.10, 0.20 and 0.30) and 
(Ba1-xCax/2Srx/2)TiO3 (Bi-BSCT, x=0.10, 0.20 and 0.40). XRD analysis confirmed this 
assumption. Fig. 1 show the XRD patterns of 5 at. % of Bi doped (Ba1-xCax)TiO3 ceramics. 
The XRD patterns of all the compositions showed mainly a single perovskite phase.  
The structural evolution of Bi-doped BCST ceramics samples from x=0.10 to 0.40 is shown in 
Fig. 2. The XRD results of 5 at. % Bi-doped BCST are consistent with those of (Ba1-xSrx)1-

1.5yBiyTiO3 (Zhou et al., 2001) and Bi-BCT, showing that they are a single phase. The 
crystalline symmetry of Bi-doped BCST ceramics is a rhombohedral for x=0.40. However, it 
tends appreciably towards the tetragonal for x=0.20. The rhombohedral phase is illustrated 
by the increased splitting between the (021) and (003) peaks in two-theta near 39o while the 
tetragonal phase is illustrated by the increased splitting between the (002) and (200) peaks in 
two-theta near 45o. There are splits in the peaks observed at two-theta of about 39o and 45o, 
respectively, as shown in Fig.3, indicating the coexistence of the tetragonal and 
rhombohedral phases of Bi-BCST for x=0.10 and that of Bi-BCT for x=0.10 and 0.20. 
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Fig. 1. XRD patterns of Bi-BCT ceramics with different compositions (x=0.10, 0.20 and 0.30, 
y=0.05). 
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Fig. 2. XRD patterns of Bi-BSCT ceramics with different compositions (x=0.10, 0.20 and 0.40, 
y=0.05). 
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Fig. 3. Enlarged XRD patterns of Bi-BCT and Bi-BSCT( y=0.05) ceramics with different 
compositions with two-theta value ranging from 37.5o to 46.5o. 
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Fig. 4. Changes in the (002)/(200) reflection of XRD patterns of Bi-BCT and Bi-BSCT (x=0.10, 
y=0.05) ceramics with different temperatures. 

To check the crystal symmetry, X-ray powder diffraction (XRD) at different temperatures was 
performed for Bi-BCT and Bi-BSCT (x=0.10, y=0.05). Fig. 4 shows the form of one of the 
structure sensitive maxima in the XRD patterns. It is found from the changes in the (002)/(200) 
refection with temperature that Bi-BCT ceramics have a tetragonal structure throughout the 
whole temperature range from 280 K up to 320 K while Bi-BSCT ceramics have a tetragonal 
structure throughout the whole temperature range from 280 K up to 300 K. 

3.2 Ferroelectric properties 
Fig. 5 and Fig. 6 show the plots of polarization P vs electrical field E (P-E) at elevate 
temperature for Bi-BCT and Bi-BCST (x=0.10 and 0.20, y=0.05), respectively. A well-behaved 
hysteresis loop can be observed at 280 K for Bi-BCT (x=0.10 and 0.20). When the temperature 
was increased, the double hysteresis loop, typical of antiferroelectric materials, was 
observed at 300 K for Bi-BCT and at 280 K for Bi-BSCT, with a nearly linear P-E relationship 
at the mid-part of the hysteresis loop. With further increased temperature, hysteresis could 
not be detected, the P-E loops were slim and showed dielectric quasilinearity over a wide 
electric field range.  
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Fig. 5. The electrical field (E) dependence of polarization (P) at elevated temperature 
measured at 1 Hz for Bi-BCT and Bi-BSCT (x=0.10,y=0.05). 

Note that a remarkable double-like P-E loop is not observed for Bi-BCT (x=0.30). However, 
the E dependence of P and current density (J) (J-E) relationships have shown that four 
remarkable J peaks are observed for Bi-BCT (x=0.30), indecating of the existence of double-
like P-E loop for x=0.30 in Bi-BCT. Talking about that the present chapter foucses on the 
double P-E loops in Bi-BCT and Bi-BSCT ceramics, the related data for J-E relationship are 
not shown here. 
The P-E loops transform from the normal hysteresis loop to an interesting double-like 
hysteresis loop, and then to the nearly linear one with increasing temperature. These 
characteristics obtained from the loops at elevated temperature suggest that different 
ferroelectric behaviors have occurred in Bi-BCT. It seems that two successive paraelectric-
antiferroelectric-ferroelectric (PE-AFE-FE) phase transitions exist in Bi-BCT ceramics. By 
contrast, this similar transform from the normal to the double to the quasilinear can not be 
detected in Bi-BSCT ceramics. Polarization data at a lower temperature could not be 
obtained for Bi-BSCT ceramics due to the limitation of the present measuring equipment. 
However, one can assume that an ferroelectric–antiferroelectric transformation occurs at a 
lower temperature (temperature is less than 280 K) for Bi-doped BCST ceramics. This 
assumption needs to be confirmed experimentally. The appropriate research is now being 
carried out. 
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Fig. 6. The electrical field (E) dependence of polarization (P) at elevated temperature 
measured at 1 Hz for Bi-BCT and Bi-BSCT (x=0.20,y=0.05). 

A linear dielectric response is observed for Bi-BCT and Bi-BSCT, that is, the P-E relationship 
is close to linear, unlike that for normal ferroelectrics and lead-based relaxors. The quasi-
linear P-E relationship looks somewhat similar to that taken on the antiferroelectric sample. 
In this case, the linear P-E dependence is typical for antiferroelectric materials. In order to 
demonstrate that dielectric quasi-linearity in a certain electric field range is a typical 
antiferroelectric behavior or not, a complete investigation including the electric field-
induced and temperature-induced structure phase transition has been performed in our 
previous literatures. 

3.3 Dielectric properites 
The temperature dependence of the dielectric constant and the dielectric loss of Bi-BCT and 
Bi-BSCT ceramics for different frequencies are shown in Fig. 7(A)-(D). The dielectric 
constant has a broad maximum at a temperature of the peak dielectric constant ( Tm ). Tm 
increases with increasing frequency. For example, Tm is equal to 341 K at 1 kHz and 347 K at 
1 MHz for Bi-BCT (x=0.10), respectively. With decreasing temperature, the value of 
dielectric loss increases rapidly around the temperature of the dielectric loss. With 
increasing frequencies, the peak dielectric constant decreases and Tm shifts to high 
temperature. Such change trends of the dielectric constant and the dielectric loss with the 
frequencies and the temperatures is a type of dielectric relaxation behavior, which has been 
reported in detail in the solid state physics text book.  



  
Ferroelectrics - Characterization and Modeling 

 

252 

The possible mechanism for the relaxor behavior observation in Bi-doped SrTiO3 (Ang et 
al., 1998), Bi-doped Ba1-xSrxTiO3 (Zhou et al., 2001), Ca-doped SrTiO3 (Bednorz & Müller, 
1984) and Li-doped KTaO3 (Toulouse et al., 1994) has been discussed in detail in the 
previous publications. A widely accepted viewpoint is that the dielectric relaxation 
behavior in these systems was due to a random electric field induced ferroelectric domain 
state. According to their viewpoint, the Bi3+ ions which substitute for A-site ions in BCT 
and BCST ceramics can also be located at off-center positions and A-site vacancies may 
also appear to compensate for the charge misfit arising from the A-site ions substituted by 
Bi3+ ions. A random electric field formed by off-center Bi3+ ions and Bi3+–V″A dipoles 
would then suppress the ferroelectricity of BCT and BCST and result in the relaxor 
behavior observed for Bi-doped BCT and BCST. If Ca2+ ions can locate at B-sites like Ti4+ 

ions, to balance the charge misfit, a next-neighbor oxygen can be vacant, and form a Ca2+–
VO neutral center. Such Ca2+–VO centers form dipoles and thus set up local electric fields, 
which suppress the ferroelectricity of BCT and BCST and result in the relaxor behavior 
observed in BCT and BCST. 
In most cases of ferroelectric phase transition, where the new ordered phase originates 
from structural changes, there will be a peak in the dielectric spectrum but not all 
peculiarities or peaks correspond to a structural phase transition. For example, All 
classical relaxors, such as Pb(Mg1/3Nb2/3)O3 (PMN) and low x (1-x)Pb(Mg1/3Nb2/3)O3-
xPbTiO3 (Bokov & Ye, 2006), show the dielectric peaks but do not undergo the 
ferroelectric (or antiferroelectric) phase transition. Therefore, the dielectric peak may only 
indicate the possible phase transition. If the FE-AFE-PE transition has occurred in Bi-BCT, 
there will be two corresponding dielectric peak in the dielectric spectrum. However, the 
dielectric spectrum of Bi-BCT and Bi-BSCT show only one peak at temperature ranging 
from 190 K to 428 K as seen in Fig.7.  
On the other hand, there is no direct indication of the appearance of antiferroelectric 
components in (Ba,Ca)TiO3 (Han et al., 1987; Zhuang, et al., 1987; Mitsui & Westphal, 1961; 
Baskara & Chang, 2003). Therefore, the aging-induced effect should be responsible for the 
double ferroelectric hysteresis observation in Bi-BCT and Bi-BSCT ceramics. 
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Fig. 7. Temperature dependence of the dielectric constant and the dielectric loss of Bi-BCT 
and Bi-BSCT for x=0.10 ((A) and (B)), x=0.20 ((C) and (D)) and y=0.05 at 0.1, 1, 10, 100 kHz 
(for dielectric constant, from top to bottom, for dielectric loss, from bottom to top). 
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3.4 Ferroelectric aging effect 
The interesting aging-induced double P-E hysteresis loop was also reported in various 
ferroelectric systems. Many mechanisms such as the grain boundary effect (Karl & Hardtl, 
1978), the domain-wall pinning effect (Postnikov et al, 1970), the volume effect (Lambeck & 
Jonker, 1986) and symmetry-conforming short range ordering (SC-SRO) mechanism of point 
defects (Ren, 2004; Zhang & Ren, 2005, 2006; Liu et al., 2006) have been proposed to explain 
this phenomenon. Although all these models seem to be able to provide a self-consistent 
explanation of the double hysteresis loop in aged ferroelectric crystals, the grain boundary 
effect cannot explain the perfect double P-E loop exists in the aged single-crystal sample, the 
domain-wall pinning effect cannot explain the restoration of the initial multidomain state 
from a single-domain state because there would be no domain wall to be dragged back, and 
the volume effect is based on a key assumption that there exist dipolar defects and they 
follow spontaneous polarization after aging (Zhang & Ren, 2005, 2006). Compared all these 
models, SC-SRO mechanism, which also is a volume effect, provides a microscopic 
explanation for the origin of aging, and it involves no assumption. The conformation of the 
defect dipole with spontaneous polarization naturally comes from the symmetry-
conforming property of the defects. Generally, all these models agree that defects play a 
decisive role in the aging induced phenomena. However, they differ much in the driving 
force for defect migration.  
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Fig. 8. Hysteresis loops for fresh and aged Bi-BCT (x=0.10) ceramic samples at room 
temperature of 300 K. (1—Fresh or deaged ; 2—A shorter period of aging; 3—A longer 
period of aging ). 

To check further whether there is a diffusional aging effect, the samples were “de-aged” by 
holding them at 470 K for 1 h, followed by a quick cooling to room temperature above Curie 
temperature. The room temperature hysteresis loops were measured simultaneously. Fig. 8 
shows the experimental results of the hysteresis loops for the Bi-BCT in de-aged (fresh) and 
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aged state, respectively. The de-aged sample shows a normal hysteresis loop, but all the 
aged samples show interesting double hysteresis loops. The change from the single P-E 
loops in the de-aged sample to the double P-E loops in the aged sample should exclude 
antiferroelectric components and any electric field-induced PE-FE phase transition near 
Curie temperature. It indicates that the aging effect must be responsible for the double P-E 
loops observed in Bi-BCT. 

3.5 Raman analysis 
The aging effect in acceptor-doped ferroelectrics is generally considered to be due to the 
migration of oxygen vacancies (which are highly mobile) during aging (Ren, 2004; Zhang & 
Ren, 2005, 2006; Liu et al., 2006; Zhang et al., 2004; Feng & Ren, 2007, 2008). However, the O2- 
vacancies in our Bi-BCT and Bi-BSCT samples were not formed artificially by substitution of 
lower-valence ions for Ti ions on the B-sites. To understand the aging effect in Bi-BCT, we 
need to analyze its defect structure. For Bi doped BCT and BSCT with the ABO3 pervoskite 
structure [(Ba0.90Ca0.10)0.925Bi0.05TiO3 and (Ba0.90Sr0.05Ca0.05)0.925Bi0.05TiO3], there are two 
possible vacancies: first, the Bi3+ ions substituted for A-site divalent ions (Ba2+, Sr2+ or/and 
Ca2+) in BCT and BSCT can be located at off-center positions of the A-site, so that A-site 
vacancies are formed to compensate the charge imbalance arising from the substitution, and 
second, that Ca2+ ions substitute for Ti4+ ions in BCT, and cause the formation of O2– 
vacancies to balance the charge misfit. The previous experimental results from equilibrium 
electric conductivity (Han et al., 1987), scanning electric microscopy (Zhuang, et al., 1987), 
neutron diffraction (Krishna et al, 1993) and Raman and dielectric spectroscopies (Zhuang, 
et al., 1987; Chang & Yu, 2000; Park et al., 1993), have given evidence that a small amount of 
Ca2+ ions can substitute for Ti4+ ion causing the formation of O2– vacancies to balance the 
charge misfit, although the ionic radius and chemical valence of the Ca2+ ions is very 
different from those of the Ti4+ ions. 4 mol% Ca2+ ions were found to have substituted for the 
Ti4+ ions even when the molar ratio of (Ba+Ca)/Ti was 1 for the starting materials used by 
Krishna et al. in their studies of Ba0.88Ca0.12TiO3 samples prepared by the solid-state reaction 
technique. Following the above-mentioned suggestion, it seems that substitution of the Ca2+ 
ions for the Ti4+ ions had occurred in the Bi-BCT and Bi-BSCT ceramics prepared by the 
solid-state reaction technique. 
Since aging is controlled by the migration of mobile oxygen vacancies, an experimental 
study of the formation of O2– vacancies in Bi-BCT by Raman scattering at room temperature 
was performed with the results shown in Fig. 9. (Ba0.925Bi0.05)(Ti0.90Ca0.10)O2.90 (Bi-BTC) 
ceramics were prepared in order to compare the effect of Ca substitution at the Ti sites of Bi-
BCT. In single crystal and ceramic samples of BaTiO3, almost the same Raman bands, such 
as those at 165 cm-1 [A(TO)], 173 cm-1 (mixed modes), 266 cm-1 [A(TO)], 306 cm-1 [E(TO)], 470 
cm-1 [E(T)+A(L)], 516 cm-1 [A(T)] and 712 cm-1 [A(LO)+E(LO)], were observed (Burns, 1974; 
Begg et al., 1996). Very similar results were also observed in (Ba1-xCax)TiO3 and BaTi1-yCayO3 
ceramics (Chang & Yu, 2000). For A-site substitution, with increasing x, the Raman bands 
related to the phonon vibration of the Ba-O bonds shift to higher frequency (512 and 719 cm-

1 for x = 0.005, 521 and 730 cm–1 for x = 0.20) while the Raman bands caused by the phonon 
vibration of the Ti-O bonds shift to lower frequency (259 and 306 cm -1 for x = 0.005, 248 and 
298 cm–1 for x = 0.20). For B-site substitution, Ba-O bonds are closely related to the formation 
of the 517 and 718 cm-1 bands, and Ti-O bonds are closely related to the formation of the 257 
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and 307 cm-1 bands in BaTi1-yCayO3. Fig.9 shows the bands 299, 520 and 723 cm -1 were 
independent of the formation of CaBa and CaTi in Bi-BCT and Bi-BTC. From these results we 
can conclude that Ba-O bonds are closely related to the formation of the 520 and 723 cm-1 
bands, and Ti-O bonds to the formation of the 262 and 299 cm-1 bands. We also find the 
development of a weak new Raman band at 827cm-1 for Bi-BTC and Bi-BCT (see Fig. 9). 
Almost the same Raman bands (832 cm-1) have been observed in Ba(Ti0.985Ca0.005Nb0.01)O3 
and BaTi1-yCayO3 (y=0.005 and 0.015) ceramics (Chang & Yu, 2000). This higher frequency 
Raman band has resulted from the formation of CaTi defects. That is, Ca2+ ion substitution 
for B-site Ti4+ ions has occurred in Bi-BCT, and O2- vacancies have formed to compensate for 
the charge imbalance. The present results give critical evidence for the formation of O2- 
vacancies. 
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Fig. 9. Raman spectra of the Bi-BCT and Bi-BTC ceramics at room temperature. 

3.6 Origin of double-like P-E loops in Bi-BCT and Bi-BSCT 
As mentioned above, there are two kinds of vacancy, A-site vacancies and oxygen vacancies, 
around an acceptor Ca2+ ion. Considering the mobility of oxygen vacancies and the 
immobility of cation vacancies at ordinary temperatures, the observation of double P-E 
loops in Fig. 8 can be explained by a special aging effect related to the defect symmetry 
defined as the conditional probability of finding O2- vacancies at site i (i=1–6) of an ABO3 
single cell (Ren, 2004; Zhang & Ren, 2005, 2006; Liu et al., 2006; Zhang et al., 2004; Feng & 
Ren, 2007, 2008). Fig. 10 depicts how the double P-E loops are produced in a single-crystal 
grain of the aged Bi-BCT sample. The high-temperature sintering gives the oxygen and 
cation vacancies sufficient mobility. Thus, in the paraelectric phase, the probability of 
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finding an O2- vacancy and a A-site vacancy around an acceptor Ca2+ ion will adopt a cubic 
symmetry, according to the SC-SRO mechanism of point defects [Fig. 10(d)] (Ren, 2004).  
For the de-aged tetragonal samples, which are formed by immediately cooling from the 
paraelectric state at 470 K down to 300 K, the SRO distribution of point defects retains the 
same cubic symmetry as that in the cubic paraelectric phase because the diffusionless 
paraeletric-ferroelectric transition cannot alter the original cubic SRO symmetry of point 
defects (Ren, 2004). As a result, the de-aged ferroelectric state has tetragonal crystal 
symmetry, but cubic defect symmetry; thus the two symmetries do not match [see Fig. 
10(a)]. According to the SC-SRO mechanism (Ren, 2004; Zhang & Ren, 2005, 2006; Liu et 
al., 2006; Zhang et al., 2004; Feng & Ren, 2007, 2008), such a state [Fig. 10(a)] is unstable 
due to the mismatch between the defect symmetry and the crystal symmetry. After aging 
for a long time, the defect symmetry in each domain follows the polar tetragonal crystal 
symmetry and exhibits a defect dipole moment following the polarization direction of the 
residing domain. Every domain is in its stable state, as shown in Fig. 10(b). The SRO 
symmetry of O2− vacancies around the Ca2+ ion can be gradually changed into a polar 
tetragonal symmetry (which produces a defect dipole PD) [see Fig. 10(b) and 10(e)] by the 
migration of mobile O2− vacancies, which is the same process as for the acceptor-doped 
case (Ren, 2004; Zhang & Ren, 2005, 2006; Liu et al., 2006; Zhang et al., 2004; Feng & Ren, 
2007, 2008). However, the SRO symmetry of A-site vacancies around Ca2+ the ion still 
remains cubic because the cation vacancies are immobile at such temperatures (Tan et al., 
1999) [Fig. 10(b) and 10(f)]. When an electric field is applied to the naturally aged 
tetragonal Bi-BCT sample, PS is switched to the field E direction while PD keeps its 
original direction during such a sudden process [Fig. 10(b) to 10(c)]. Therefore, after 
removing the electric field [Fig. 10(c) to 10(b)], the unchanged defect symmetry and the 
associated PD cause reversible domain switching. As a consequence, the original domain 
pattern is restored [Fig. 10(b)] so that the defect symmetry and dipole moment follow the 
crystal symmetry in every domain. An interesting double hysteresis loop in the P-E 
relation for Bi-BCT is expected to accompany this reversible domain switching, as 
observed in Fig. 8. Clearly, the explanation is the same as that for acceptor-doped ABO3 
ferroelectrics (Ren, 2004; Zhang & Ren, 2005, 2006), since aging originates from the 
mismatch between the defect symmetry and the crystal symmetry after a structural 
transition. Comparing the double P-E loop “2“ with “3“ in Fig. 8, it can be seen that the 
naturally aging-induced double loop is obvious if the Bi-BCT samples are given a longer 
period of aging (33 months), which indicates that a longer time was required to establish 
an equilibrium defect state at room temperature (300 K).  
When the measurement temperature is reduced to 280 K from 300 K, the double P-E loop 
becomes a normal one. The change of shape of the P-E loops in Fig. 5 and Fig. 6 can be 
explained as follows: normally, the coercive field increases with decreasing temperature, 
especially in some lead-based ceramic samples (Chu et al., 1993; Sakata, et al., 1992). When 
the samples were measured at low temperature, the coercive field may become higher than 
the driving force for reversible domain switching. As a result, the PD creating the driving 
force is not enough to switch a reversible domain and thus result in a single P-E loop 
observation at low temperature for Bi-BCT. A similar change from double to single P-E 
loops with temperature has been observed in specially aged KNbO3-based ceramics (Feng & 
Ren, 2007). 
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Fig. 10. Microscopic explanation for double-like P-E loops in bismuth doped BCT ceramics 
based on the SC-SRO principles. (a) When samples were cooled down below TC after 
deaging, the crystal changes to the ferroelectric state with a spontaneous polarization PS due 
to the relative displacement of positive and negative ions. The defect symmetry is cubic 
while the crystal symmetry is tetragonal. (b) After aging, the defect symmetry around an 
acceptor ion (Ca2+) adopts a polar tetragonal symmetry with a defect dipole PD, and the 
defect symmetry of cation vacancies still keeps cubic. (c) On increasing electric field, PS 
rotates but PD keeps the original orientation; this unswitched PD  provides a driving force for 
the reversible domain switching to (b). (d) When samples was de-aged above the phase 
transition point TC, the SRO distribution of point defects keeps the cubic symmetry, oxygen 
vacancies keep 

1 2 3 4
O O O OV V V VP P P P= = =  and cation vacancies keep 1 2 3 4

A A A AV V V VP P P P= = = , the 
crystal is in the paraelectric state and has a cubic symmetry. (e)-(f) After natural aging to 
establish an equilibrium defect state, the redistribution of oxygen vacancies makes 

1 2 4 3
O O O OV V V VP P P P> = >  [see (e)] while cation vacancies keep 1 2 3 4

A A A AV V V VP P P P= = =  because of 
their immobility (see (f)]. Large rectangle represents crystal symmetry while the small black 
rectangle represents an oxygen SRO symmetry around an acceptor defect; the gray square 
represents the SRO of A-site vacancy around an acceptor defect. PS refers to spontaneous 
polarization and PD refers to defect polarization. OV

iP  is the conditional probability of oxygen 
vacancy occupying O2− site i (i=1–4) next to a given Ca2+ and Sr2+, and AV

iP  is the 
conditional probability of finding a cation vacancy (A-site vacancy) at site i (i=1–4) around 
Ca2+ and Sr2+. 
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The above results describing the natural aging effect in (Ba1-xCax)0.925Bi0.05TiO3 ferroelectrics 
are very similar to the special aging effect in acceptor-doped BaTiO3 materials (Ren, 2004; 
Liu et al., 2006; Zhang et al., 2004; Feng & Ren, 2007; Yuan et al., 2007). The interesting 
double P-E loop behavior between the natural aging effect of ABO3 compound with A-site 
substitution and the special aging effect of ABO3 compound with B-site substitution can be 
explained by the SC-SRO mechanism of point defects. As discussed above, such a 
mechanism relies essentially on symmetry, not on the crystal structure or ionic species. The 
key idea of the SC-SRO mechanism is that an equilibrium defect state tends to adopt a 
match between the defect symmetry and the crystal symmetry in every domain. This 
tendency does not depend on the crystal structure or ionic species (Ren, 2004; Liu et al., 
2006; Zhang et al., 2004; Feng & Ren, 2007, 2008; Yuan et al., 2007). 
It seems from the change of shape of hysteresis loops that these two ceramic samples 
undergo a ferroelectric-antiferroelectric-paraelectric (FE-AFE-PE) transition, similar to that 
observed in (Na0.5Bi0.5)TiO3-based ceramics (Takenaka, 1991; Sakata & Masuda, 1974; Tu et 
al., 1994; Sakata et al., 1992). Some researchers thought that an intermediate phase with 
double hysteresis loops is as proof of an additional antiferroelectric transition (Sakata & 
Masuda, 1974; Tu et al., 1994; Balashova & Tagantsev, 1993). Indeed, heterophase 
fluctuations proposed between the paraelectric and the ferroelectric phase are unreasonable 
because of energy considerations, but it is possible that at a higher temperature there occurs 
an extra local phase transition to a nonpolar state. The energy gap between this phase and 
the ferroelectric phase is relatively small, and therefore heterophase fluctuations between 
the two phases can take place (Uchino & Nomura, 1978). Inhomogeneities due to chemical 
disorder cause nonuniformity in the free energy of the two states throughout the material, 
increasing the probability of heterophase fluctuations. For the selected samples Bi-BSCT, 
disordering in the Ba, Sr, Ca and Bi cations distributed in A-sites will be favorable for 
increasing the fluctuation probability, and resulting in an intermediate phase with double 
hysteresis loops between the paraelectric and the ferroelectric phase. However, it has not 
been confirmed by other experimental measurements whether the intermediate phase exists 
in Bi-BSCT. Further experiments on Bi-BCT and Bi-BSCT with TEM for observing the 
intermediate phase transition need to be carried out. 
Here, we need to mention that BaTiO3 ferroelectric systems with dielectric relaxation 
behavior can usually be formed by doping point defects (impurity or doping) into a normal 
ferroelectric system. Bi-doped BCST is in such case. These random point defects distort the 
surrounding crystal lattice and thus generate random local fields. The random distribution 
of local fields brings about significant effects: the long-range ordering of electric dipoles is 
prohibited or destroyed while the local short-range ordering is retained. In simpler 
language, the random point defects will crush the macro-size domains into nano-size 
domains. Thus, only the local ordered polar nano-domain exists in Bi-doped BCT and BCST. 
The nearly linear P-E response (see also Fig. 5 and Fig. 6) is due to the random local field, 
stemming from the lattice defects by dopants, which has a strong frustration to the nano-
domains. This has contributed significantly to our understanding of the contradictions 
between high dielectric constant and dielectric linearity in the most relaxors. In addition, the 
linear dielectric response in solid solutions with the dielectric relaxation behavior may 
provide possibilities for applications.  
It is clear that an aging effect exists in Bi-BCT ceramics in the present report, so does it in the 
more complicated compositions Bi-BSCT ceramics. Based on the SC-SRO mechanism, the 
diffusional age-induced effect is the main reason causing the double hysteresis loops 
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observed in Bi-BCT. Similarly, the double hysteresis loops observed between the paraelectric 
and the ferroelectric states for Bi-BSCT ceramics can be also explained by a point-defect-
mediated reversible domain switching mechanism. However, talking about the complexity 
of ceramic compositions, it is unclear whether the aging effect is only reason resulting in the 
observed double hysteresis loops for Bi-BCT and Bi-BSCT ceramics according to the 
suggestion mentioned above, which needs to be confirmed by further experimental 
evidence.  

4. Conclusion  
(Ba1-xCax)1-1.5yBiyTiO3 (Bi-BCT, x =0.10, 0.20 and 0.30, y=0.05), (Ba1-xCax/2Srx/2)1-1.5yBiyTiO3 (Bi-
BCST, x=0.10, 0.20 and 0.40, y=0 and 0.05) and (Ba0.925Bi0.05)(Ti0.90Ca0.10)O3 (Bi-BTC) 
perovskite ceramics were prepared through solid-state reaction technique. The structural, 
dielectric and ferroelectric properties and  ferroelectric aging effect of Bi-BCT and Bi-BSCT 
ceramics were investigated.  
5 at. % of Bi doping can be fully incorporated into the perovskite lattice of Bi-BCT and Bi-
BSCT ceramics. The crystalline symmetry of Bi-BCT and Bi-BCST ceramics is a 
rhombohedral phase for x=0.40 while it is the tetragonal phase for x=0.30, and the crystalline 
symmetry of ceramics samples tends appreciably towards the coexistence of the tetragonal 
and rhombohedral phases for Bi-BCT (Bi-BCST) with the compositions of x=0.10 and x=0.20. 
XRD patterns at elevated temperature has demonstrated that the (002)/(200) refection of Bi-
BCT can keep spliting throughout the whole temperature range from 280 K up to 320 K 
while that of Bi-BSCT can keep spliting throughout the whole temperature range from 280 K 
up to 300 K. 
A typical relaxor behavior, a similar behavior to lead-based relaxor ferroelectrics, has been 
observed in Bi-BCT and Bi-BSCT ceramics. A random electric field is suggested to be 
responsible for the relaxor behavior observations. The dielectric peak corresponding to the 
ferroelectric-antiferroelectric transition cannot be found in the dielectric spectrum within the 
temperature range 198 K to 430 K for Bi-BCT and Bi-BSCT. 
The P-E relationship at elevated temperature shows that an abnormal double-like P-E loop 
was observed for Bi-BCT and Bi-BSCT. The de-aging experiment has shown that there is a 
diffusional aging effect in Bi-BCT ceramics. The change from the single P-E loops in the de-
aged sample to the double P-E loops in the aged sample excludes the existence of 
ferroelectric-antiferroelectric transition in Bi-BCT. Raman scattering gives critical evidence 
for the formation of O2- vacancies in Bi-BCT. A point-defect-mediated reversible domain 
switching mechanism is suggested to be responsible for the double hysteresis loops 
observed between the paraelectric and the ferroelectric states for Bi-BCT ceramics. It is 
expected that the abnormal ferroelectric behavior of Bi-BSCT ceramics can be explained 
using a point-defect-mediated reversible domain switching mechanism. The striking 
similarity of the aging effect between nonequivalence substitution for A-site ions and B-site 
ions of ABO3 systems indicates a common physical origin of aging. 
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1. Introduction 
Ferroelectric materials (dielectric materials) attracted the attention of many researchers 
because of their important applications in the field of science and technology. Ferroelectrics 
are stable materials having spontaneous polarization and can be switched hysteretically by 
an electric field; but antiferroelectric materials possess ordered dipole moments that cancel 
each other completely within each crystallographic unit cell. (The stable ferromagnetic 
materials possess a spontaneous magnetization and can be switched hysteretically by an 
applied magnetic field but antiferromagnetic materials possess ordered magnetic moments 
that cancel each other completely within each magnetic unit cell). Ferroelectrics are similar 
to ferromagnetic materials but ferromagnetic materials exhibit a permanent magnetic 
moment. In 1921, J. Valasek discovered the phenomenon of ferroelectricity during the study 
of the anomalous dielectric properties of Rochelle salt (NaKC4H4O6. 4H2O) and in 1935 a 
second ferroelectric material (KH2PO4) was investigated followed by some of its isomorphs. 
In 1944, the third major substance (BaTiO3) was reported by A. Van Orippel, since then his 
small group suggested many more mixed crystal systems. The dielectric materials are sub 
divided into 32 crystal classes/ point groups 1 and they get polarized under the influence of 
an electric field. Out of these 32 classes, 20 classes are piezoelectric, in which a charge can be 
induced upon the application of mechanical stress. However, out of twenty piezoelectric 
classes ten exhibits a finite and permanent polarization known as spontaneous polarization 
in the presence or absence of an applied electric field or stress and such piezoelectrics are 
known as polar materials. Polar materials possess domain structure and show Curie-Weiss 
behavior near their phase transition temperature/ Curie temperature. An important and 
interesting features of the ferroelectrics are the anomalous dielectric properties, non-
linearities, reversible polarization and disappearance of ferroelectricity above a certain 
temperature called transition temperature/ Curie temperature (TC). At the transition 
temperature/ Curie temperature the permittivity increases sharply to a very high peak 
value where as the dielectric constant becomes maximum near the transition temperature. 
Some general features of ferroelectric materials are as follows 
• Ferroelectrics exhibits transition at certain temperature called Curie temperature and 

lead to high symmetrical structure. At Curie temperature the ferroelectric phase 
transitions are associated either with anomalous behavior of specific heat or the latent 
heat. 
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• Ferroelectric crystal possesses domain structure but at the transition temperature there 
is a sudden appearance of surface charge and below Curie temperature these materials 
show piezoelectric and pyroelectric properties. 

• Ferroelectrics possess high dielectric constant 2 along the polarization axes as a function 
of temperature and it reaches to a peak value at the Curie temperature. 

BaTiO3 is an important ferroelectric material widely used in ceramic technology. 
Ferroelectric materials possesses polycrystalline structure with perovskite crystal structure 
(tetragonal/rhombohedral structure very close to cubic) and has general formula A2+ B4+ 
O32- in which A denotes divalent or trivalent ion such as barium or lead and B denotes a 
tetravalent or pentavalent metal ion such as zirconium or titanium.  
These crystallites exhibit simple cubic symmetry above the Curie temperature. The crystal 
structure is centro symmetric with coincidence of positive and negative charge sites as there 
are no dipoles present in the materials (as it exhibits paraelectric behavior) however, below 
Curie temperature, the crystallites have tetragonal symmetry in which the positive and 
negative charge sites no longer coincide. 
Lead zirconate titanate (PZT) 3 and barium lead zirconate titanate (BPZT) ferroelectrics are 
the members of pervoskite family.  These ferroelectrics are most widely used in various 
materials applications. PZT has the cubic pervoskite structure (paraelectric) at high 
temperature and on cooling below the Curie point the structure undergoes phase transition 
to form a ferroelectric tetragonal structure. For specific requirements (for certain 
applications), piezoelectric ceramics are modified by doping them with ions which have a 
valency, different from that of ions in the lattice. Depending on the doping process, PZT’s, 
are classified into soft PZT’s and hard PZT’s. The soft PZT’s have higher piezoelectric 
coefficient and are easy to pole and depole, compared to hard PZT’s. Barium doped PZT’s 
show good piezoelectric properties, dielectric properties and better ME properties, while 
lead and zirconium doped BaTiO3 (BPZT) is used to enhance the piezoelectric and 
mechanical properties. Barium lead zirconate titanate (BPZT - Ba0.8Pb0.2Zr0.8Ti0.2O3) and lead 
zirconate titanate (PZT- PbZr0.8Ti0.2O3) are chosen as the ferroelectric phases. BPZT is an 
important piezoelectric material having high dielectric permeability, high dielectric constant 
and good piezoelectric effect. The induced piezoelectric properties are maintained to obtain 
maximum piezoelectric conversion factor. Also the PZT has high piezoelectric coefficient, 
dielectric constant, permittivity and better coupling factor.   

2. Methods of preparation 
In ceramic technology several methods have been used for the preparation of 
magnetoelectric composites. The standard double sintering solid state reaction method is 
one among them (ceramic method) and has been extensively used to study the properties of 
resulting materials 4, 5. Magnetoelectric effect is a structure dependent property 6, and at the 
same time the presence of impurity or intermediate phases in the composite will affect the 
ME signal 7. However, the preparation of the ME composites without impurity is a 
challenging task, as the microstructural mismatching between two phases results in energy 
loss. Thus care has been taken to prepare the composites to reduce the energy loss. The said 
method is easier and much cheaper compared to other methods and offers several 
advantages over the choice of mole fraction of constituent phases, control of grain size and 
sintering temperature etc. The microstructural aspects such as grain size, pore concentration 
and grain shapes depend on the purity of the starting materials, mixing condition, sintering 
temperature, sintering time etc., 8, 9.  
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In the present work standard double sintering ceramic method is used for the preparation of 
homogeneous ferrite /ferroelectric phases and their composites of fine particles. In this 
method it is possible to maintain the stoichiometry of the final product even at large scale 
production.  The method involves the following steps, 
1. High purity oxides/ carbonates are mixed together (stoichiometry is maintained) in 

acetone medium by constant milling for longer period in an agate mortar to form 
homogenous mixture. 

2. In the second stage “Presintering” (heating of the homogenous mixture) process is used 
to decompose carbonates and higher oxides from the raw materials to remove absorbed 
gases, moistures and to make oxides to react partially.  

3. In the intermediate stage, presintered powder is ground to fine powder to reduce the 
particle size, which helps for the mixing of unreacted oxides if any. Later on fine 
powder is mixed with binder and pressed by using a die and a hydraulic press to get 
the desired shapes. 

4. The “Final sintering” (final stage) increases the density of pellets by reducing the 
porosity. Infact sintering temperature and time affect the microstructure, oxygen 
content and cation distribution. In this stage uniform grain size, granular grains and 
other requirements are to be achieved. 

The electric and magnetic phases such as ferroelectric and ferrites were prepared separately 
and then their proper molar proportions are mixed together to form a composites. 

3. Structural characterization by XRD measurements 
X-ray diffraction (XRD) technique is used for materials characterization (ferrites, 
ferroelectrics and composites etc) as it provides important information about the internal 
structure of matter such as grain size (crystallite size), nature of the solid sample 
(amorphous or crystalline) and crystal structure.  

3.1 Ferroelectric phase 
The XRD patterns of the ferroelectric systems Ba0.8Pb0.2 Zr0.8 Ti0.2O3 and Pb Zr0.8 Ti0.2O3 (fig 1 & 
2) with well defined peaks and highest intensity line (101/110) without intermediate phase  
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Fig. 1. XRD pattern of Ba0.8Pb0.2 Zr0.8 Ti0.2O3 ferroelectric phase 
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formation confirms the tetragonal perovskite structure. The prominent peaks are indexed with 
the help of JCPDs data. The observed and calculated ‘d’ values are good agreement with each 
other. The lattice parameters of Ba0.8Pb0.2 Zr0.8 Ti0.2O3 (a = 4.031 Å and c = 4.032 Å) and Pb Zr0.8 
Ti0.2O3 (a = 4.128 Å and c = 4.129 Å) are in good agreement with the earlier reports10. 
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Fig. 2. XRD pattern of Pb Zr0.8 Ti0.2O3 ferroelectric phase 

The scanning electron micrographs of two ferroelectric systems are shown in figs (3 & 4). 
The average grain diameter for each phase is calculated and is well with experimental 
results. The ferroelectric systems show fine grains with larger grain diameters than ferrite 
systems. In ceramics the dependence of grain growth mechanism was explained by Paulus 11 
with particle size, composition and sintering temperature. However, the small grain size is 
important in domain geometry for the study of magnetic properties as well as ME 
properties. 
 

 
Fig. 3. SEM micrograph of Ba0.8Pb0.2 Zr0.8 Ti0.2O3 ferroelectric phase 
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Fig. 4. SEM micrograph of Pb Zr0.8 Ti0.2O3 ferroelectric phase 

5. DC electrical resistivity 
The DC electrical resistivity of the samples are measured by two probe method. For good 
electrical contacts, the polished surfaces of pellets are silver coated on both sides and 
mounted in the sample holder. Afterwords it is placed in the digital temperature controlled 
muffle furnace and a constant voltage about 5 volts is applied using stabilized power supply 
unit and the current at different temperature is measured using digital nano ammeter. The 
resistivity of all the samples DCρ  (ohm-cm) was estimated by measuring the current at the 
fixed voltage (ohm’s law). 

 
2

DC
Rr

t
πρ =  (1) 

Where  t - thickness of the pellet (cm), r - radius of the pellet (cm) and R- resistance (ohm). 
The variation of DC resistivity with temperature for (x) Ni0.2 Co0.8 Fe2O4 + (1-x) Ba0.8Pb0.2 
Zr0.8 Ti0.2O3 composites (with x = 0.0, 0.15, 0.30, 0.45 and 1.0) are presented elsewhere 12. The 
first region among the two regions of conductivity, observed at lower temperature is 
attributed to ordered states of the ferroelectric phase and the second region observed at 
higher temperature due to polaron hopping is attributed to the disordered para electric 
states of the composites. However, the impurities present in the system are almost 
minimized at higher temperature. Polaron hopping is valid in ferroelectrics as well as in 
composites containing ferrite and ferroelectrics 13. According to hopping conduction 
mechanism the resistivity of composites are found to decrease with increase in ferrite 
content (due to its low resistivity compared to ferroelectric phase). The ferrite particles  
disperse throughout the composites and make connected chains with the ferroelectric 
particles which reduces resistivity significantly. Good dispersion of the ferrite particles are 
required to obtain high electrical conductivity in the composites. The electrical conductivity 
in ferrites are explained on the basis of Verwey de Boer mechanism, as it involves the 
electron exchange between ions of same element which are already present in more than one 
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valance state and distributed randomly over the crystallographic equivalent lattice sites. The 
resistivity of the composite is the sum of the resistivities of their constituents 14 and the 
decrease in resistivity with increase in temperature is attributed to the increase in drift 
mobility of charge carriers. During the process of preparation, the formation of Fe2+ and Fe3+ 

ions depends on the sintering condition. But large drop in resistivity is observed on the 
addition of a ferrite phase to the composites, it is due to the partial reduction of Fe2+ and 
Fe3+ ions at elevated firing temperatures. While preparing the mixtures of two phases to get 
high ME response in the composites the control of the resistivity of the ferrite phase is 
necessary compared to ferroelectric phase. Similar results have been identified in the 
temperature dependent resistivity plot for the (x) Ni0.2 Co0.8 Fe2O4 + (1-x) Pb Zr0.8 Ti0.2O3 
composites with x = 0.0, 0.15, 0.30, 0.45 and 1.0 15.  
The variation of DC electrical resistivity with temperature for (x) Ni0.5 Zn0.5 Fe2O4 + (1-x) 
Ba0.8Pb0.2 Zr0.8 Ti0.2O3 composites with x = 0.0, 0.15, 0.30, 0.45 and 1.0 is also presented earlier 
16. The resistivity of the composites decreases with increase in ferrite content and the 
increase in resistivity with temperature is due to the increase in drift mobility of the charge 
carriers. However, the conduction in ferrite may be due to the hopping of electron from Fe2+ 
and Fe3+ ions. The number of such ion pairs depends upon the sintering conditions and 
which accounts for the reduction of Fe3+ to Fe2+at elevated temperatures. That is the 
resistivity of ferrite is controlled by the Fe2+ concentration on the B-site. In Ni-ferrite, Ni ions 
enter the lattice in combination with Fe3+ ions resulting in a lower concentration of Fe2+ ions 
with higher resistivity and which is one of the prime requirements for getting higher values 
of ME output. According to theoretical predictions the plots of ferroelectric phase and 
composites show two regions of conductivity and the change in slope is due to the transition 
of the sample from the ferroelectric state to para electric state. However, the regions 
observed above and below the Curie temperature may be due to the impurities and small 
polaron hopping mechanism.  
The mobility is temperature dependent quantity and can be characterized by the activation 
energy. But at the grain boundaries, the highly disturbed crystal lattice may cause a drastic 
decrease in the activation energy. The activation energy in the present case is obtained by 
fitting the DC resistivity data with the Arrhenius relation ρ = ρo exp (ΔE/KT), where ΔE is 
the activation energy and K is Boltzmann constant. It is well known that the electron and 
hole hopping between Fe2+/Fe3+and Zn2+/Zn3+, Ni2+/Ni3+, Ba2+/Ba3+, Ti3+/Ti4+ ions is 
responsible for electrical conduction in the composites. The estimated activation energies for 
the composites in the higher and lower temperature regions suggest temperature dependent 
charge mobility and activation energy of paraelectric region greater than 0.2 eV (above Tc), 
reveals polaron hoping in composites. Similar behavior is observed for (x) Ni0.5 Zn0.5 Fe2O4 + 
(1-x) PbZr0.8Ti0.2O3 composites (with x = 0.0, 0.15, 0.30, 0.45 and 1.0). In case of composites, 
the temperature dependent variation of resistivity is very important for the measurements 
of ME conversion factor, because the conduction in composites being thermally activated 
mechanism, alters the polarization of the ferroelectric phase as temperature increases. Thus 
the ME measurements are carried out only at the room temperature 17.  

6. Dielectric properties and AC conductivity 
6.1 AC conductivity measurements 
The temperature dependent AC conductivity (σAC) are related to the dielectric relaxation 
caused by the localized electric charge carriers. And the frequency dependent AC 
conductivity is estimated from dielectric constant and loss tangent (tanδ) using the relation 
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 σAC = ε′ εo 2πf tan δ (2) 

Where, ε′ is real dielectric constant, εo is the permittivity of free space, tanδ is the loss 
tangent at real ε′ (at dielectric constant) and f is the frequency of applied field. However, the 
conduction mechanism in composites are obtained from the plots of frequency response of 
the dielectric behavior and AC conductivity. 

6.2 Variation of dielectric constant (ε΄) and loss tangent (tanδ) 
The variation of dielectric constant with frequency at room temperature for the four composite 
systems shows good response and are reported elsewere 12. The dielectric constant decreases 
with increase in test frequency indicating dispersion in certain frequency region and then 
reaches a constant value. The high values of dielectric constant at lower frequency region and 
low values at higher frequency region indicate large dispersion due to Maxwell-Wagner 18, 19  
type of interfacial polarization in accordance with Koop’s theory. At lower frequencies the 
dielectric constants of ferrites, ferroelectrics and their composites vary randomly. It is due to 
the mismatching of grains of ferrites and ferroelectrics in the composites and hence it is 
difficult to estimate the effective values of dielectric constant of composites. 
The decrease in dielectric constant with increase in frequency indicating dielectric 
dispersion due to dielectric polarization. Dielectric polarization is due to the changes in the 
valence states of cations and space charge polarization mechanism. At higher frequencies, 
the dielectric constant is independent of frequency due to the inability of the electric dipoles 
to follow up the fast variation of the applied alternating electric field and increase in friction 
between the dipoles. However, at lower frequencies the higher values of the dielectric 
constant are due to heterogeneous conduction; some times it is because of polaron hopping 
mechanism resulted in electronic polarization contributing to low frequency dispersion. In 
composites due to the friction, the dipoles dissipate energy in the form of heat which affects 
internal viscosity of the system and results in decrease of the dielectric constant; this 
frequency independent parameter is known as static dielectric constant. The dielectric 
behavior in composites can also be explained on the basis of polarization mechanism in 
ferrites because conduction beyond phase percolation limit is due to ferrite. In ferrites, the 
rotational displacement of  Fe3+ ↔ Fe2+ dipoles results in orientation polarization that may 
be visualized as an exchange of electrons between the ions and alignment of dipoles 
themselves with the alternating field. In the present ferrites, the presence of Ni2+/Ni3+, 
Co2+/Co3+ and Zn2+/Zn3+ ions give rise to p-type carriers and also their displacement in the 
external electric field direction contributes to the net polarization in addition to that of n-
type carriers. Since the mobility of p-type carriers is smaller than that of n-type carriers, their 
contribution to the polarization decreases more rapidly even at lower frequency. As a result, 
the net polarization increases initially and then decreases with increase in frequency. The 
transport properties such as electrical conductivity and dielectric dispersion of ferrites are 
mainly due to the exchange mechanism of charges among the ions situated at 
crystallographic equivalent sites 20. Iwauchi 21 and Rezlescu et al have established inverse 
relation between conduction mechanism and dielectric behavior based on the local 
displacement of electrons in the direction of applied field. 
The variation of dielectric loss factor (tanδ) with frequency was also explained. At lower 
frequencies loss factor is large and it goes on decreasing with increase in frequency. The loss 
factor is the energy dissipation in the dielectric system, which is proportional to the 
imaginary part of the dielectric constant (ε′′). At higher frequencies, the losses are reduced 
due to serial arrangements of dipoles of grains which contribute to the polarization. The 
losses can also be explained in terms of relaxation time and the period of applied field. 
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When loss is minimum, then relaxation time is greater than period of applied field and it is 
maximum when relaxation time is smaller than the period of applied field.  

6.3 Ferroelectric phase 
The variations of dielectric constant with temperature for two ferroelectric systems (BPZT 
and PZT) are shown in figs (5 & 6). The dielectric constant increases with increase in 
temperature and becomes maximum at Curie temperature (Tc) and there after it decreases. 
For BPZT and PZT ferroelectrics, the observed Tc are nearly 160 oC and 410 oC, slightly 
greater than the reported values and can be attributed to constrained grains. Hiroshima et al 
22 have reported a close relation between the Curie temperature and internal stresses 
developed in the constrained grains at the phase transition temperature. The internal stress 
can shift Tc to higher temperature sides in case of larger grains (diameter greater than 1 μm).  
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Fig. 5. Variation of dielectric constant with temperature for Ba0.8Pb0.2 Zr0.8 Ti0.2O3 ferroelectric 
phase 
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Fig. 6. Variation of dielectric constant with temperature for Pb Zr0.8 Ti0.2O3 ferroelectric phase 

The larger grained structure and changes in internal stresses are expected in the pellets due 
to higher sintering temperature. The large grained ferroelectrics have considerable internal 
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stress concentration which is enough to form micro cracks at the grain boundaries and hence 
induced internal stresses are relieved. But in small grain sized ceramics, increased grain 
boundaries form less micro cracks which reduce the internal stress concentration. Usually 
the ferroelectric materials have high dielectric constant compared to ferrite; hence dielectric 
property is enhanced with the increase in ferroelectric content, which is very important in 
the study of ME output 12. The nature of variation of dielectric loss tangent with temperature 
for all the series of composites and their constituent phases shown in figures (7 & 8), almost 
the same as that of the variation of dielectric constant with temperature. The observed 
dispersion behavior of the loss tangent is attributed to higher domain mobility near the 
Curie temperature.  
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Fig. 7. Variation of dielectric loss tangent with temperature for Ba0.8 Pb0.2 Zr0.8 Ti0.2O3 
ferroelectric phase 
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Fig. 8. Variation of dielectric loss tangent with temperature for Pb Zr0.8 Ti0.2O3 ferroelectric phase 

6.4 Variation of AC conductivity with frequency at room temperature 
The variation of AC conductivity (σAC) as a function of frequency was presented in figures 
(9 - 12). From AC conductivity one can retrieve at the behaviour of thermally activated 
conduction mechanism and the type of polarons responsible for the conduction mechanism.  
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Fig. 9. Variation of AC conductivity with frequency for  (x) Ni0.2Co0.8 Fe2O4+ (1-x) Ba0.8Pb0.2 

Zr0.8 Ti0.2O3 composites 

Infact the polaron type of conduction was reported by Austin and Mott 23 and Appel et al. 
According to Alder and Feinleib 24 the direct frequency dependence conduction due to small 
polarons is given by the relation 

 ( )
2 2

2 21
AC DC

ω τσ σ
ω τ

− =
−

 (3) 

Where ω is the angular frequency and τ is the staying time (10-10 s), for all the ceramics ω2 τ2 
< 1. The plots of log (σAC -σDC) against Log ω2 are linear in nature indicating small polaron 
type of conduction. However, a slight decrease in the conductivity at a certain frequency is 
attributed to mixed polaron (small/large) type of conduction and similar results are 
reported by various workers. In the present case, the AC conductivity of the composites 
caused by small polarons is responsible for the good ME response.  
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Fig. 10. Variation of AC conductivity with frequency for (x) Ni0.2Co0.8 Fe2O4+ (1-x) Pb Zr0.8 

Ti0.2O3 composites 
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Fig. 11. Variation of AC conductivity with frequency for  (x) Ni0.5 Zn0.5 Fe2O4+ (1-x) Ba0.8Pb0.2 

Zr0.8 Ti0.2O3 composites 
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Fig. 12. Variation of AC conductivity with frequency for  (x) Ni0.5 Zn0.5 Fe2O4+ (1-x) Pb Zr0.8 

Ti0.2O3 composites 

7. Magnetoelectric effect- A product property 
Magnetoelectricity, the product property, requires biphasic surrounding to exhibit the 
complex behaviour. The primary magnetoelectric (ME) materials can be magnetized by 
placing them in electric field and can be electrically polarized by placing them in magnetic 
field 25. The magnetoelectric effect in the composites having ferrite and ferroelectric phases 
depends on the applied magnetic field, electrical resistivity, mole percentage of the constituent 
phases and mechanical coupling between the two phases. The resistivity of the composites is a 
temperature dependent property which decreases in high temperature region, making the 
polarization of the samples more difficult. In the present studies the ME voltage coefficient is 
measured at room temperature. The ME coupling can be obtained by electromechanical 
conversion in the ferrite and ferroelectric phases by the transfer of stress through the interface 
between these two phases. Infact magneto mechanical resonance in the ferrite phase and 
electromechanical resonance in ferroelectric phase are responsible for the origins of ME peaks. 
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For the composite systems (x) Ni0.2Co0.8Fe2O4 + (1-x) Ba0.8Pb0.2 Zr0.8 Ti0.2O3 (with x = 0.15, 0.30 
and 0.45) the variation of static magnetoelectric conversion factor with applied DC magnetic 
field is shown in fig. 13. From the figure it is clear that magnetoelectric voltage coefficient 
(dE/dH)H increases slowly with applied magnetic field and after attaining a maximum value 
again it decreases. The constant value of (dE/dH)H indicates that the magnetostriction reaches 
its saturation value at the time of magnetic poling and produces constant electric field in the 
ferroelectric phase. The static ME conversion factor depends on mole % of ferrite and 
ferroelectric phases in the composites, however with further increase in mole fraction of ferrite 
phase, the maganetoelectric  voltage coefficient (dE/dH)H decreases. The lower values of static 
ME output are due to low resistivity of ferrite phase compared to that of ferroelectric phase. At 
the time of poling, charges are developed in the ferroelectric grains through the surrounding 
of low resistivity ferrite grain and leakage of such charges is responsible for low static ME 
output.  However, the static magnetoelectric voltage coefficient (dE/dH)H decreases with 
increase in grain size of the ferrite and ferroelectric phases in the composites. The large grains 
are (polydomain) less effective in inducing piezomagnetic and piezoelectric coefficients than 
that of the smaller ones 26. Motagi and Hiskins reported the variation of piezoelectric property 
of ferroelectric phase with grain size. Infact the ME conversion factor also depends on porosity 
and grain size. In the present experimental investigation it is found that small grains with low 
porosity are important for getting high ME out put in the composites. A maximum static ME 
coefficient of 536 μV/cm Oe is observed in the composite containing 15 % Ni0.2Co0.8Fe2O4 + 85 
% BPZT (table. 1). The observed results for the composite system (x) Ni0.2 Co0.8 Fe2O4 + (1-x) Pb 
Zr0.8 Ti0.2O3 (with x = 0.15, 0.30 and 0.45) are shown figure. 14. The high ME out put of 828 
μV/cm Oe is observed for the composite containing 15 % Ni0.2 Co0.8 Fe2O4 + 85 % Pb Zr0.8 Ti0.2O3 
(table 1). High magnetostriction coefficient and piezoelectric coefficient of the ferrite and 
ferroelectric phases are responsible for high ME out put in these composites. 
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Fig. 13. Magnetic field dependent variation of ME voltage coefficient at room temperature 
for (x) Ni0.2Co0.8Fe2O4 + (1-x) Ba0.8 Pb0.2 Zr0.8 Ti0.2O3 ME composites. 

From the investigation it is observed that increase in ferrite content in the composites leads 
to the enhancement of elastic interaction.  But there is a limit to the addition of ferrite in the 
composite because further increase in ferrite content in the composites leads to the decrease 
in the resistivity of composites. Therefore the additions of ferrites in the composites are 
restricted to only 0.15, 0.30 and 0.45, because at these values there is a resistivity matching 
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between ferrite and ferroelectric phases. Many workers studied Ni, Co and Zn ferrite with 
BaTiO3 ferroelectric by ceramic method and reported very weak ME response inspite of high 
resistivity of the ferrites. But in the present composites better ME voltage coefficients are 
obtained, which may be due to the presence of cobalt ions (Co+2) in ferrites, as it causes large 
lattice distortion in the ferrite lattice and induces more mechanical coupling between the 
ferrite and ferroelectric phases, leading to the polarization in the piezoelectric phases. 
Similarly substitution of Zn in nickel also enhances the magnetostriction coefficient and 
hence shows good ME response. 
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Fig. 14. Magnetic field dependent variation of ME voltage coefficient at room  temperature 
for (x) Ni0.2Co0.8Fe2O4 + (1-x) Pb Zr0.8 Ti0.2O3 ME  composites. 

The magnetic field dependent variation of the ME voltage coefficient with magnetic field for 
the composite system (x) Ni0.5Zn0.5Fe2O4 + (1-x) Ba0.8Pb0.2Zr0.8Ti0.2O3 is shown in fig 15. The 
ME coefficient increases linearly with applied magnetic filed (< 1.0 K Oe) and after acquiring 
a maximum value decreases linearly. The initial rise in ME output is attributed to the 
enhancement in the elastic interaction, which is confirmed by the hysteresis measurements.  
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Fig. 15. Magnetic field dependent variation of ME voltage coefficient at room temperature 
for (x) Ni0.5Zn0.5Fe2O4 + (1-x) Ba0.8 Pb0.2 Zr0.8 Ti0.2O3 ME composites. 
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The intensity of the magnetostriction reaches saturation value above 1.0 K Oe and hence, the 
magnetization and associated strain produce a constant electric field in the ferroelectric 
phase beyond the saturation limit. The maximum ME voltage coefficient of 698 μV/cm Oe is 
observed for the composites containing 30 % Ni0.5Zn0.5Fe2O4 + 70 % Ba0.8Pb0.2 Zr0.8Ti0.2O3 
(table. 1). It is well known that the ME response of the composites depends on the 
piezoelectricity of the ferroelectric phase and the magnetostriction of the ferrite phase. The 
composites prepared with a lower content of the ferrite or ferroelectric phase results in the 
reduction of piezoelectricity or magnetostriction respectively, leading to a decrease in the 
static ME voltage coefficient as predicted theoretically. The increase in ME output at x = 0.30 
(table. 1) may be attributed to the uniform distribution of small grains in both the phases. 
However, the uneven particle size of the phases reduces the mechanical coupling between 
them and causes significant current loss in the sample 27. The similar results have been 
observed for the composite system (x) Ni0.5 Zn0.5 Fe2O4 + (1-x) Pb Zr0.8 Ti0.2O3 (with x = 0.15, 
0.30 and 0.45) shown in fig. 16.  
 

Composition (x) ME Voltage Coefficient (dE/dH)H (μV/cm Oe) 

(x) Ni0.2 Co0.8 Fe2O4 + (1-x) Ba0.8Pb0.2 Zr0.8 Ti0.2O3 

0.15 536 

0.30 530 

0.45 520 

(x) Ni0.2 Co0.8 Fe2O4 + (1-x) Pb Zr0.8 Ti0.2O3 

0.15 828 

0.30 815 

0.45 801 

(x) Ni0.5 Zn0.5 Fe2O4 + (1-x) Ba0.8Pb0.2 Zr0.8 Ti0.2O3 

0.15 663 

0.30 698 

0.45 635 

(x) Ni0.5 Zn0.5 Fe2O4 + (1-x) Pb Zr0.8 Ti0.2O3 

0.15 839 

0.30 808 

0.45 783 

Table. 1. Variation of ME Voltage Coefficient with composition 
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Fig. 16. Magnetic field dependent variation of ME voltage coefficient at room  temperature 
for (x) Ni0.5Zn0.5Fe2O4 + (1-x) Pb Zr0.8 Ti0.2O3 ME composites 

8. Conclusion 
In the study of ME effect, initially ME voltage coefficient (dE/dH)H increases with the 
increase in applied DC magnetic field and thereafter decreases linearly. It is attributed to the 
increase in elastic interaction caused by magnetostriction and piezoelectric effect aswell as 
low leakage of currents and high degree of polarization. 
1. ME output depends on the resistivity and mole percentage of ferrite/ferroelectric 

phases and maximum ME output is observed for high resistivity composites. The 
decrease in dielectric constant with frequency shows the dielectric dispersion at lower 
frequency region. 

2. ME output increases with decrease in the grain size of the individual phases. However, 
large particles are less effective in inducing piezoelectric and piezomagnetic effect 
compared to smaller grains. The composites having high porosity exhibit better ME 
response, because the pores provides resistance to the electrons. 

3. The present ME composites having large ME response vary linearly with DC electric 
field in the low and high magnetic field regions and are attractive for technological 
applications for ME devices. 

The content of ferroelectric is very important for getting high ME voltage coefficient. But in 
order to obtain still better ME response, one can use layered (bilayer layer and multilayer) 
composites of two phases (ferrites and ferroelectrics) and it requires minimum deficiencies 
with particles of nano size.  
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1. Introduction   
During last decades, the photothermal techniques have been largely applied to the study of 
thermal and optical properties of condensed matter. Photothermal techniques are based on 
the same physical principle: the optical energy, absorbed by given material, is partially 
converted into heat; depending on the way used to measure the quantity of heat and to 
follow its propagation through the material, several photothermal techniques have been 
developed (photoacoustic calorimetry, photothermal radiometry, photothermal deflection, 
thermal lensing, photopyroelectric method) (Tam, 1986). In this chapter we will focus on the 
simplest one, the photopyroelectric calorimetry and its applications concerning the 
investigation of some thermal and electrical properties of ferroelectric materials. 
The photopyroelectric (PPE) detection was introduced in 1984, as a powerful tool for high-
resolution measurement of thermal properties of materials (Coufal, 1984; Mandelis, 1984). 
The pyroelectric effect consists in the induction of spontaneous polarization in a 
noncentrosymmetric, piezoelectric crystal, as a result of temperature change in the crystal. 
Single crystals as LiTaO3 and TGS, ceramics as PZT or polymers as PVDF were used as 
pyroelectric sensors, for the main purpose of measuring temperature variations. In 
principle, in the PPE method, the temperature variation of a sample exposed to a modulated 
radiation is measured with a pyroelectric sensor, situated in intimate thermal contact with 
the sample (Mandelis & Zver, 1985; Chirtoc & Mihailescu, 1989). The main advantages of 
this technique were found to be its simplicity, high sensitivity, non-destructive character 
and adaptability to practical restrictions imposed by the experimental requirements.  
From theoretical point of view, in the most general case, the complex PPE signal depends on 
all optical and thermal parameters of the different layers of the detection cell. A large effort 
was dedicated in the last decades to simplify the mathematical expression of the PPE signal. 
As a final result, several particular cases were obtained, in which the information is 
contained both in the amplitude and phase of the PPE signal (Mandelis & Zver, 1985; 
Chirtoc & Mihailescu, 1989); the amplitude and phase depend in these cases on one or, in a 
simple way, on two of the sample's related thermal parameters. 
The thermal parameters resulting directly from PPE measurements are usually the thermal 
diffusivity and effusivity. It is well known that the four thermal parameters, the static volume 
specific heat, C,  and the dynamic thermal diffusivity, α , conductivity, k, and effusivity, e, are 
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connected by two relationships, k=Cα and e=(Ck)1/2; in conclusion, only two are independent. It 
is important to note that the PPE calorimetry is (at the authors knowledge) the only technique 
able to give in one measurement the value of two (in fact all four) thermal parameters. 
Consequently, it is obvious that the PPE method is suitable not only to characterize from 
thermal point of view a large class of solids and liquids, but also to study processes 
associated with the change of the thermal parameters as a function of temperature (phase 
transitions, for example), composition (chemical reactions), time (hygroscopicity), etc. 
A particular application of the PPE calorimetry is the characterization of the ferroelectric 
materials. The application is particular in this case because many ferroelectric materials are 
in the same time pyroelectric materials. Consequently the investigated ferroelectric 
specimen can be inserted in the PPE detection cell, both as sample or (sometimes) as 
pyroelectric sensor, offering additional possibilities for thermal characterization. 
This chapter makes a brief summary of the theoretical and experimental possibilities offered 
by the PPE calorimetry in thermal characterization of some ferroelectric materials; the 
advantages and the limitations of the technique, as well as a comparison with other 
techniques are presented.  

2. Development of the PPE theoretical aspects concerning the thermal 
characterization of ferroelectric materials 
From theoretical point of view, there are two PPE detection configurations, "back" and 
"front", mainly applied for calorimetric purposes. In the back (BPPE) configuration, a 
modulated light impinges on the front surface of a sample, and a pyroelectric sensor, 
situated in good thermal contact with the sample's rear side, measures the heat developed in 
the sample due to the absorption of radiation. In the front (FPPE) configuration, the 
radiation impinges on the front surface of the sensor, and the sample, in good thermal 
contact with its rear side, acts as a heat sink (Mandelis & Zver, 1985; Chirtoc & Mihailescu, 
1989). The geometry of the BPPE and FPPE configurations is presented in Fig.2.1. 
 

 
Fig. 2.1 Schematic diagram of the PPE detection cell: (g) – air, (w) – window,  (m) – material, 
(p) – pyroelectric sensor,  (s) – substrate. 

In the BPPE configuration the ferroelectric sample is represented by the “material” (m) 
layer; in the FPPE configuration, the “material” layer is missing, and the investigated 
material is the pyroelectric sensor itself. 
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2.1 Ferroelectric material inserted as sample in the detection cell (“back” detection 
configuration)  
With the additional simplifying assumptions that the window and substrate are thermally 
thick, the air and window are optically transparent and the incident radiation is absorbed 
only at the window-material interface (by a thin opaque layer), the PPE voltage is given by 
(Delenclos et al., 2002): 
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where 
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In Eq. (2.1), V0 is an instrumental factor, Rjk represents the reflection coefficient of the 
thermal wave at the ‘jk’ interface, ω is the angular chopping frequency and σ and a are the 
complex thermal diffusion coefficient and the reciprocal of the thermal diffusion length (a = 
1/μ), respectively. In order to eliminate V0, a normalization of the signal is necessary, the 
best reference signal being obtained by the direct illumination of the empty sensor. The 
obtained normalized signal is: 
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If we work in the thermally thick regime for the sensor (Lp >> μp) and we extract the phase 
and the amplitude from Eq. (2.3), we get for the phase: 

 
[ ]









−−

−+
−=Θ

)2exp( 1
)2exp( 1)tan(

arctan
mm

mmmm

LaR
LaRLa

 (2.5) 

with  R = RmwRmp ,   and for the amplitude: 

 mm
mpwm

gp
n La

bb

b
V −

++
+

= )
)1)(1(

)1(2
lnln  (2.6) 

An analysis of Eq. (2.5) indicates that the sample’s thermal diffusivity (contained in am) can 
be directly measured by performing a frequency scan of the phase of the PPE signal. The 
most suitable particular case seems to be the thermally thick regime for the sample, (Lm >> 
μm), when Eqs. (2.5) and (2.6) reduce to: 
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Inserting the value of the thermal diffusivity from Eq. (2.8) in Eq. (2.7) we obtain the value of 
the thermal effusivity, and, using then the well known relationships between the thermal 
parameters, we get the values of the remaining two thermal parameters, volume specific 
heat and thermal conductivity. 

2.2 Ferroelectric material inserted as sensor in the detection cell (“front” detection 
configuration) 
In the previous paragraph, a pyroelectric sensor was placed in thermal contact with the 
studied ferroelectric sample. However, as mentioned before, it is possible to extract 
information on the pyroelectric material itself. The configuration is in this case simpler, 
being reduced to a three layers model: front medium-air, pyro(ferro)electric material (p) 
with opaque electrodes, and a substrate (s)  in good thermal contact with the pyroelectric 
sensor (Fig. 2.2.).  
 

(p) (g) (s) 

Lp 
 

Fig. 2.2 Schematic diagram of the PPE detection cell: (g) – air, (p) – pyroelectric sample,  (s) – 
substrate 
If we consider the front medium (g) and the substrate (s) as semi-infinite (Lg >> μg and Ls >> 
μs ) the PPE voltage is given by : 
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Considering frequencies for which the quantity exp( 2 )p pLσ−  can be neglected, the signal 
expression reduces to:  
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The signal can be normalized by the one obtained with empty sensor, leading to:  

 1 (1 )exp( )n sp p pV R Lσ= − + − . (2.11) 
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The amplitude and the phase of the normalized complex signal are then expressed as: 
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In conclusion to this sub-section, the thermal diffusivity of the ferroelectric layer can be 
extracted carrying out a frequency scan of the complex PPE signal. Concerning the 
normalized phase (Eq. (2.12)), it has an oscillating behaviour with zero crossing at 
frequencies for which apLp is a multiple of π. The values of these frequencies allow a direct 
determination of the thermal diffusivity of the ferroelectric material, providing its thickness 
is known and independently on the type of substrate. The value of the thermal diffusivity 
can be then used in the equation of the normalized amplitude or phase in order to obtain the 
thermal effusivity of the pyro(ferro)electric layer (providing the effusivity of the substrate is 
known). In addition to the thermal parameters, it is also possible to extract the temperature 
dependence of the pyroelectric coefficient γ of the pyroelectric from the instrumental factor 
V0. In current mode, it is expressed as: 
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with I0 the intensity of the modulated light source and Zf the feedback complex impedance 
of the current preamplifier. The normalized signal amplitude’s variation with temperature is 
then proportional to γ/Cp.  

3. Instrumentation 
3.1 Experimental set-up 
The experimental set-up for PPE calorimetry contains some typical components (Fig. 3.1).  
 

 
Fig. 3.1 Typical experimental set-up for PPE calorimetry. 
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The radiation source, usually a laser, is modulated by an acousto-optical modulator or an 
electro-mechanical chopper. The PPE signal is processed with a lock-in amplifier. A 
computer with adequate software is used for data acquisition. When performing 
temperature scans (phase transition investigations, for example), a thermostat, provided 
with Peltier elements (Jalink et al., 1996), or “cold finger” refrigerator systems (Chirtoc et al., 
2009) with additional equipment (programmable power supply, electronic thermometer, 
etc.) for temperature control, is included in the set-up. 

3.2 Detection cells 
In the following we will describe some typical detection cells used for PPE calorimetry of 
ferroelectric materials. All presented cells can operate at room temperature or can be used 
for temperature scans. 

3.2.1 Cold-finger cell 
The cold-finger concept (Fig. 3.2) allows investigations at temperatures both below and 
above the ambient. The cell is provided with two windows, for investigations in both BPPE 
and FPPE configurations. In principle, the copper bar transmits the temperature to the 
sample – one extremity of the bar can be cooled down by using liquid nitrogen, or heated up 
electrically, with a resistive coil. The role of the 0.1 mm thick steel cylinder is to keep the cell 
(excepting the copper bar) at room temperature. Depending on the operating temperature, 
one can make vacuum inside the cell or introduce dry atmosphere. The temperature of the 
sample is measured with a diode, glued with silicon grease to the cold finger, in the vicinity 
of the sample. 
 

 
Fig. 3.2 Cold finger refrigerator system 
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3.2.2 Detection cell provided with Peltier elements 
The design of the PPE detection cell equipped with Peltier elements is presented in Fig. 3.3. 
One face of one of the two Peltier elements (electrically connected in parallel) is thermally 
connected to a thermostat (liquid flux from a thermostatic bath). The opposite face of the 
second Peltier element is in thermal contact with an inside-chamber that accommodates the 
sample-sensor assembly. Temperature feed-back is achieved with a thermistor placed close 
to the sensor. Computer-controlled temperature scans with positive/negative rates 
(heating/cooling) are possible. 
 

 
Fig. 3.3 PPE detection cell provided with Peltier elements 

3.2.3 Application of an electric field to the sample 
The electrical and thermal properties of a ferroelectric material usually depend on an 
external electric field. The investigation of these properties under external electric field 
requires some adaptation of the detection cell. Basically, as mentioned above, two cases 
must be considered: either the ferroelectric sample is in thermal contact with a pyroelectric 
sensor, either the sample is the sensor itself.   
In the first case, in order to avoid the influence of the electric field on the pyroelectric signal, 
a special attention must be paid for the ground of the signal: the best alternative is to use 
one electrode of the sensor as a common ground for both the pyroelectric signal and the 
external applied voltage (Fig. 3.4). 
 

 
Fig. 3.4 Electrical connections for PPE measurement under electric field. 

Applied 
voltage 

Pyro 
signal 

samplePyro 
sensor 

Optical 
excitation 



  
Ferroelectrics - Characterization and Modeling 

 

288 

When the investigated sample is the sensor itself, it is not possible to use the same set-up, 
because the lock-in amplifier doesn’t accept high input voltage. The sample, having 
usually high impedance, can be inserted in serial inside a circuit constituted of the bias 
voltage power supply and the lock-in amplifier. In such a way, the input of the lock-in 
amplifier is not affected by the relative high (tens of volts) applied bias voltage to the 
sample (Fig. 3.5). 
 

 
Fig. 3.5 Electrical arrangement for PPE measurement, when applying electric field to the 
material acting as sensor. 

4. Applications 
4.1 Investigation of thermal parameters of ferroelectric thin films 
For most of the applications concerning the ferroelectric materials, the knowledge of their 
thermal parameters is necessary because they are relevant for evaluating the figure of 
merit of a IR sensor (Whatmore, 1986), or a pyroelectric accelerator (Fullem and Danon, 
2009) for instance. When used as a sensor in a PPE experiment, the knowledge of these 
parameters is crucial, because all other measured properties depend of these values 
(Bentefour et al., 2003). Moreover, it has been shown (Nakamura et al., 2010) that these 
parameters have slightly different values as a function of the composition/purity of the 
ferroelectric material.  
In the following we consider an opaque ferroelectric material with electrodes perpendicular 
to the spontaneous polarization, placed in thermal contact with a substrate, the normalized 
pyroelectric voltage phase and amplitude, resulting from the periodic heating of the 
material, in the front configuration, is given by the equation (2.12) and (2.13). In practice, 
several approaches are possible for extracting the thermal parameters of the pyroelectric 
sensor from the experimental data. We will present here the results obtained on a largely 
used pyro(ferro)electric sensor: LiTaO3 single crystal. 

4.1.1 Thermal parameters extracted from the phase and amplitude, at a given 
temperature 
The behaviour of the normalized phase and amplitude of the PPE signal, as a function of 
frequency, obtained for a 510µm thick LiTaO3 single crystal is plotted in Fig.4.1.   
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Fig. 4.1 Normalized signal’s phase and amplitude obtained with a 510µm thick LiTaO3 film 
and water as substrate (open circles: experimental data, solid line: best fit). 
The phase and amplitude of the signal contain both information about the thermal 
diffusivity and effusivity of the ferroelectric material. From analytical point of view, the 
phase goes to zero for a frequency f0 which verifies the relationship: 

 π
α

=
p

p fL 0 . (4.1) 

In the experiment described before, f0 = 44.2 Hz leading to a thermal diffusivity of 1.53 10-6 
m2.s-1 for LiTaO3. This value can be then introduced in equation (2.12) to extract Rsp values 
and finally the thermal effusivity of LiTaO3: 
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Knowing the thermal effusivity of water used as substrate (es =1580 W.s1/2.m-2.K-1), the 
average value of the calculated thermal effusivity is ep = 3603 W.s1/2.m-2.K-1. A similar 
procedure can be adopted to extract the thermal parameters from the amplitude of the 
signal. The frequency f1 corresponding to the maximum of the amplitude should verify the 
relationship (see Eq. 2.13): 
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Fig. 4.1 indicates that the amplitude has a maximum for a frequency f1=25.3Hz, 
corresponding to a value of 1.56 10-6 m2.s-1 for the thermal effusivity of LiTaO3. By inserting 
this value in Eq. (2.13) one can extract the value of Rsp and, using Eq. (4.2), calculate the 
thermal effusivity of the ferroelectric sample. From data of Fig. 4.1, one finds ep = 3821 
W.s1/2.m-2.K-1. 
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A simple comparison of Eqs. (4.1) and (4.3) indicates that f1 is theoretically proportional to f0 by 
a ratio 16/9. This criterion can be used to estimate the accuracy of the experimental results. For 
example, in the experiment described before, one finds a ratio of 1.74 between f1 and f0, to be 
compared to the theoretical value of 16/9 )78.1(≈ . Another way to check for the validity of 
the experimental results is to combine the phase and the amplitude of the signal. Considering 
the model described by Eq. (2.11), a plot of the modulus of the complex quantity (1-Vn) as a 
function of the square root of frequency should display a line whose slope gives the value of 
the thermal diffusivity of the sample; the extrapolation of the curve to zero frequency leads to 
the value of the thermal effusivity. Such a calculation has been performed for the experimental 
data shown in Fig. 4.1 and the result is represented in Fig. 4.2.  
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Fig. 4.2 Plot of the logarithm of |1-Vn| as a function of square root of frequency, for data of 
Fig. 4.1. 
Fig. 4.1 indicates that the model is valid for high enough frequencies. The linear fit of the 
data leads to values of thermal parameters in agreement with previous calculated ones, as 
reported in table 4.I.  
 

Procedure Thermal diffusivity 
(x10-6.m2.s-1) 

Thermal effusivity 
(W.s1/2.m-2.K-1) 

Zero crossing (phase) 
Maximum (amplitude) 

1.53 
1.56 

3821 
3603 

Combination of amplitude 
and phase (linear fit) 1.58 3886 

Non linear fit 
Phase 

Amplitude 

 
1.54 
1.53 

 
3688 
3718 

Table 4.I Comparison of values of thermal diffusivity and effusivity, obtained with various 
procedures, for a 510µm thick LiTaO3 single crystal. 
The previous results show that the proposed model allows the determination of the thermal 
parameters from a frequency scan of the PPE signal generated by the ferroelectric sample 
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itself. There are several approaches giving similar results (3% to 5% maximum difference for 
values of thermal diffusivity and effusivity, respectively). However, it should be pointed out 
that the results obtained with the phase as source of information are often more reliable due 
to the fact that the amplitude of the signal can be affected by light source’s intensity stability 
as well as by the optical quality of the irradiated surface. Additionally, the frequency 
dependence of the amplitude around maximum is rather smooth, and the maximum value 
difficult to be located exactly. 
At the end of this section, we have to mention that the theoretical results have been obtained 
without any hypothesis on the nature of the ferroelectric material used as pyroelectric 
sensor. The experimental results were obtained on LiTaO3 crystals, but a similar procedure 
can be carried out for any type of ferroelectric material, as PZT ceramics, polymer films 
(PVDF, PVDF-TrFE) and even liquid crystal in SC* ferroelectric phase. In the next section this 
last particular case will be described.  

4.1.2 Thermal parameters of a liquid crystal in Sc* ferroelectric phase. 
In this subsection the procedure described in the previous section has been extended to the 
study of a ferroelectric liquid crystal (FLC). In chiral smectic SC* phase of FLCs, molecules are 
randomly packed in layers and tilted from the layer normal. Each smectic layer possess an in 
plane spontaneous polarization which is oriented perpendicularly to the molecular tilt. The 
direction of the tilt plane precesses around an axis perpendicular to the layer planes so that a 
helicoidal structure of the SC* is formed. In this helicoidal structure, the SC* phase doesn't 
possess a macroscopic polarization. When it is confined in thin film between two substrates, 
which are treated so that a planar alignment is imposed on the molecules at the surfaces, as 
used in surface stabilized FLC (SSFLC) devices (Clark & Lagerwall, 1980; Lagerwall, 1999), the 
smectic layers stand perpendicular to the surfaces and the helix can be suppressed if the LC 
film is sufficiently thin. This results in two possible states where the orientation of the 
molecules in the cell is uniform. The polarization vector in these two states is perpendicular to 
the substrates but oriented in the opposite direction. In both configurations the SC* film 
develops a macroscopic polarization, and consequently, a pyroelectric effect of the film can be 
obtained when it is submitted to a temperature variation. We used the LC film as a 
pyroelectric sensor and we carried out the procedure described in section 4.1.1 to determine 
the thermal diffusivity and effusivity of the SC* mesophase.  
The ferroelectric liquid crystal (FLC) used in this study was a mixture FELIX 017/000 from 
Clariant Inc. (Germany). Its phase sequences and transition temperatures (in°C) are: Crystal 
-26 SC* 70 SA* 75 N* 84.5 I. The sample cell was prepared using a pair of parallel glass 
substrates. One of the substrates was metallised with gold. It acts as a light absorber and 
generates a heat wave penetrating into the sample. The other substrate was coated with a 
transparent electrode of indium-tin oxide in order to control the alignment of the FLC by 
means of polarized optical microscopy. The gap of the cell was set by a 13 μm thick spacers 
of PET, and the electrode area was 5 × 5mm2. The two plates were spin-coated with 
PolyVinylAlcohol (PVA) and then rubbed in parallel directions for the FLC alignment. The 
FLC was inserted by capillary action in the cell in its isotropic phase, then slowly cooled into 
SA* and SC* in the presence of an AC electric field to achieve uniform alignment of the 
smectic layers. The sample cell was then observed at room temperature by means of 
polarized optical microscope. It was found that the LC cell exhibits a uniform texture, and 
we have not observed any “up” and “down” polarization domains coexistence. 
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In the previous section, the studied pyroelectric sample was a solid material and the 
normalizing signal was obtained by using air as substrate.  Here, the studied material is 
fluid (this is the case of the liquid crystal material), the normalizing signal is then obtained 
using another solid pyroelectric material with air as substrate. In this case the normalized 
signal is given by: 

 0

1
(1 (1 )exp( ))n sp p p

K
V R L

K
σ= − + −  (4.4) 

K0/K1 is a real factor independent of the modulation frequency and represents the limit value 
of the normalized amplitude at high frequency. This factor does not affect the analysis 
carried out on Eq. (2.11) for the determination of the thermal parameters. The frequency of 
the zero crossing of the normalized phase (Eq. 3.1) or the frequency corresponding to the 
normalized amplitude maximum (Eq. 3.3) allows the determination of the absolute value of 
the thermal diffusivity of the sample. The thermal effusivity can also be calculated from the 
normalized amplitude once αp is obtained and the quantity K0/K1 is determined from the 
value of the normalized amplitude at high frequency. The frequency behaviour of the 
normalized phase of the PPE signal is shown in Fig. 4.3.a 
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Fig. 4.3 Experimental frequency behaviour of the normalized phase (a) and the normalized 
amplitude (b) obtained for the liquid crystal at room temperature, in the SC* phase. 
As expected from the theory, the phase goes to zero, for a frequency f0 = 354 Hz. Once f0 is 
determined, equation 4.1 is used to obtain the thermal diffusivity of the ferroelectric liquid-
crystal sample. A value of αp = 1.90 10−8 m2 s−1 was found. 
The normalized amplitude of the PPE signal (Fig. 4.3.b) shows a maximum for the frequency 
f1 = 191 Hz. The value of αp calculated by using Eq. (4.3) is αp = 1.82 10−8 m2 s−1, denoting 
that the values of the thermal diffusivity obtained independently from phase and amplitude 
are in good agreement. 
The effusivity ep is calculated from the signal phase by using Eqs. (2.12) and (4.2) and taking 
from the literature the value of the thermal effusivity of glass (es = 1503 Ws1/2 m−2 K−1). The 
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mean value of ep is then calculated in a range of frequencies for which the sample is 
thermally thick; ep is found to be 340W s1/2 m−2 K−1.  
The same procedure carried out for different temperatures allows for example the 
investigation on the temperature dependence of the thermal parameters of the smectic SC* 
phase and near the SC*-SA* transition of FLC materials.  However, the use of frequency scans 
together with temperature scanning procedures can be time consuming when working in 
the vicinity of critical regions. In the next section, we will introduce a procedure avoiding 
such frequency scans. 

4.1.3 The temperature dependence of the thermal parameters  
In the previous section, it has been shown that a frequency scan of the amplitude and/or the 
phase of the photopyroelectric signal allows the direct measurement of the room 
temperature values of thermal diffusivity and effusivity of a ferroelectric material and 
consequently, the calculation of its heat capacity and thermal conductivity. In the following 
we will describe a procedure useful to study the temperature evolution of these thermal 
parameters without involving any frequency scan.  
Considering the modulus A and the argument φ of the complex quantity 1-Vn, and using  
Eq. (2.11), one has: 

)exp()1( ppsp LaRA −+=  and p pa Lφ =  

The expression for the thermal diffusivity and thermal effusivity is obtained as a function of 
A and φ as:  

 2

2

φ
π

α
fLp

p =  (4.5) 

 1
)exp(

−
−

=
φ

A
Rsp  (4.6) 

A and φ are calculated from the phase Θ and the amplitude |Vn| of the PPE signal, using 
the relationship: 

 
2 1 2 cosn nA V V= + − Θ  (4.7) 
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We have applied this procedure to find the temperature dependence of thermal parameters 
of a 510µm thick LiTaO3 single crystal, provided with opaque electrodes and using ethylene 
glycol as substrate. The temperature range was 25°C-70°C. During the experiment, the 
modulation frequency was 7.2Hz. The signal of the LiTaO3 alone (without substrate) was 
recorded in the same conditions for normalization purposes. The normalized amplitude and 
phase are represented in Fig. 4.4. The thermal diffusivity and thermal effusivity, calculated 
from these data, are displayed in Fig. 4.5. 
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Fig. 4.4 Temperature evolution of the normalized amplitude (empty square) and phase (full 
circle) of the PPE signal at 7.2Hz of a 510µm thick LiTaO3 single crystal using ethylene 
glycol as substrate. 
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Fig. 4.5 Temperature dependence of the thermal diffusivity and effusivity of LiTaO3 as a 
function of temperature, calculated from data of Fig. 4.3. 
The two others thermal parameters, the volumic heat capacity Cp and the thermal 
conductivity kp can then be deduced. The knowledge of Cp allows to extract the temperature 
dependence of the pyroelectric coefficient γ, from the amplitude of the signal of the sample 
alone, which is equivalent to the instrumental factor V0. In the expression of V0 (Eq. 2.14), 
only the ration γ/Cp is temperature dependent, thus, multiplying  V0  by the values of Cp and 
scaling the result to a known value of γ at a given temperature, it is possible to obtain the 
absolute value of the pyroelectric coefficient as a function of temperature. The results 
obtained for LiTaO3 are shown in Fig. 4.6 (the value of γ at 25°C was taken from Landolt-
Börnstein database (Bhalla and Liu, 1993)). 
This subsection was dedicated to experiments in which the combination amplitude-phase of 
the PPE signal gave information about the room temperature values and temperature  
dependence of thermal parameters and pyroelectric properties of a ferroelectric material (in 
position of pyroelectric sensor). Unfortunately, the use of the amplitude of the signal makes 
the results rather noisy. Such a disadvantage can be avoided by using, when possible, only 
data from the phase of the signal. In section 4.3.2, a procedure using the signal’s phase at 
two frequencies will be presented, for studies of phase transitions. 



 
Characterization of Ferroelectric Materials by Photopyroelectric Method 

 

295 

25 30 35 40 45 50 55 60 65 70
150

160

170

180

190

200

210

220

Py
ro

el
ec

tri
c 

co
ef

fic
ie

nt
 (p

) o
f L

iT
aO

3

(μ
C

.m
-2

.K
-1

)

Temperature (°C)  
Fig. 4.6 Temperature dependence of the pyroelectric coefficient of LiTaO3 obtained from PPE 
signal’s amplitude. 

4.2 PPE detection of phase transitions in ferroelectric materials 
As it is well known, phase transitions are processes associated with a breaking of the 
symmetry of the system. In the case of ferroelectric materials, the ferro-paraelectric phase 
transition has the polarization as order parameter and, theoretically, it is considered a 
second order phase transition. Practically, sometimes it was found to be slightly first order 
(a few amount of latent heat is developed in the process) (del Cerro et al., 1987). For both 
type of phase transitions (I-st and II-nd order), the second derivatives of some appropriate 
thermodynamic potential have anomaly at the transition temperature (Curie point for 
ferroelectric materials). On the other hand, as presented in the theoretical section, the 
amplitude and phase of the complex PPE signal depend on two (or sometimes one) sample’s 
related thermal parameters. Consequently, it is expected that the PPE technique is suitable 
to detect both first and second order phase transitions, by measuring the critical anomalies 
of the thermal parameters. 
In time, the PPE technique was applied to detect first (Mandelis et al., 1985) or second 
(Marinelli et al.,1992) order phase transitions. For second order phase transitions the PPE 
results were used to calculate the critical exponents of the thermal parameters and to 
validate the existing theories (Marinelli et al., 1992, Chirtoc and al., 2009). Due to the fact 
that the PPE technique uses for phase transition investigations the thermal parameters, a 
wide range of materials belonging to condensed matter, can be listed as investigated 
specimens: ordinary liquids and liquid mixtures, liquid crystals, liquid, pasty or solid 
foodstuffs, ferroelectric and magnetic materials, high Tc superconductors, plastics, etc  
One of the most important points in making high-temperature-resolution measurements of 
thermal parameters in the critical region of a phase transition is that the thermal gradients in 
the investigated sample must be as small as possible. Often, at a phase transition, a strong 
temperature dependence of the thermal parameters is present when approaching the critical 
temperature. Thermal gradients tend to smear out this temperature dependence and, 
sometimes, the phase transition is difficult to be detected. To avoid this effect, it is important 
to keep the sample in quasi-thermal equilibrium. The measuring techniques, that in most 
cases are based on the detection of a sample temperature rise, as a response to a heat input, 
are additional sources of temperature gradients, especially for ac techniques. Accordingly, 
the techniques involving periodic heating of the sample are preferred, and the PPE 
technique is among them. 
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Concerning the ferroelectric materials, Mandelis et al. used for the first time the PPE method 
for detecting the ferro-paraelectric phase transition in Seignette salt (Mandelis et al., 1985). 
In the following we will present an application of the PPE technique in detecting the 
ferroelectric-paraelectric phase transition in a well known ferroelectric crystal, TGS. 

4.2.1 TGS as a sample 
When inserting a TGS crystal as sample in a PPE detection cell, one has to use the back (BPPE) 
configuration, with the TGS crystal in the front position (directly irradiated), in intimate 
thermal contact (through a thin coupling fluid) with a pyroelectric sensor (LiTaO3 or PZT). In 
experimental conditions of opaque and thermally thick sample and thermally thick sensor, the 
amplitude, V, and phase, Θ, of the PPE signal are given by the Eqs. (2.7) and (2.8). 
An inspection of Eqs.(2.7)-(2.8)  leads to the conclusion that it is possible to obtain the 
temperature behaviour of all four thermal parameters, from one measurement, if we have an 
isolated value of one thermal parameter (other than thermal diffusivity), to calibrate the 
amplitude measurement. Consequently, we can obtain the critical behaviour of all static and 
dynamic thermal parameters around the Curie temperature of a ferroelectric material. 
Some important features of Eq. (2.7) should be also stressed: 
- The amplitude of the PPE signal is attenuated by an exponential factor as amLm increases; 
- The sensitivity of the signal amplitude to the changes in the thermal diffusivity is given 

by the ratio: 

 
2

/ mm

m

m Lad
V
dV −=

α
α  (4.9) 

showing that for amLm>2 , a given anomaly in the thermal diffusivity, produces an 
enhanced signal anomaly; 

- For a given sample, the exponent in Eq. (2.7) can be adjusted by changing the 
modulation frequency and/or sample’s thickness, in order to achieve an optimum 
trade-off between sensitivity and signal-to-noise ratio. 

Based on these theoretical predictions, one can start investigating the ferroelectric-
paraelectric phase transition of TGS crystal, by performing a room temperature frequency 
scan of the phase of the PPE signal, in order to obtain the room temperature value of the 
thermal diffusivity. A typical result is presented in Fig. 4.7. 
 

 
Fig. 4.7 Room temperature frequency scan for the phase of the PPE signal 
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Typical temperature scans of the amplitude and phase of the PPE signal, in a temperature 
range including the Curie point of TGS are displayed in Fig.4.8 
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Fig. 4.8 Temperature scan for the phase and the amplitude of the PPE signal 
Using Eqs. (2.7)-(2.8), the value of the thermal diffusivity obtained from the slope of the 
curve in Fig.4.7, and the value of the thermal conductivity from del Cerro et al., 1987, one 
gets the critical behaviour of all four thermal parameters (Fig.4.9) 
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Fig. 4.9 Temperature behaviour of the volume specific heat, thermal diffusivity, conductivity 
and  effusivity of TGS around the Curie point 
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Some technical details concerning the experiment are: TGS single crystal, 370µm thick, 
pyroelectric sensor LiTaO3, 300µm thick, chopping frequency for the temperature scan  
f = 0.3 Hz. 
As mentioned above, one of the most important features concerning Eq. (2.7) is the 
possibility of enhancing the critical anomaly of the thermal diffusivity, by a proper handling 
of the chopping frequency and sample’s thickness. 
Such an example, for a TGS crystal with two different thicknesses (230 µm and 500 µm), 
investigated at different frequencies (6Hz and 25Hz) is displayed in Fig. 4.10. In this 
experiment, the pyroelectric sensor was a 1mm thick PZT ceramic. 
 

 
Fig. 4.10 Normalized PPE amplitude as a function of temperature for two TGS single 
crystals and for two different chopping frequencies (different thermal diffusion length) 
Fig. 4.10. indicates that the critical anomaly of the PPE amplitude, ΔV/V, increases from 0.14 
up to 1.22 with increasing exponent in Eq. (2.7), for the same critical anomaly (about 0.2 
jump in the specific heat – (del Cerro et al., 1987)). This fact supports the suitability of the 
method for investigations of phase transitions with small critical anomalies of the thermal 
parameters. 

4.2.2 TGS as a pyroelectric sensor 
This configuration is based on the information contained in the phase of the FPPE signal 
and collected from a ferroelectric material, used as pyroelectric sensor in the PPE 
detection cell. 
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As presented in the theoretical section, the normalized phase of the FPPE signal, for a 
detection cell composed by three layers - air, pyroelectric sensor and substrate - is given 
by: 

 
(1 )exp( )sin( )

arctan
1 (1 )exp( )cos( )

sp p p p p

sp p p p p

R a L a L

R a L a L

+ −
Θ =

− + −
 (4.10) 

Eq. (4.10) is valid for opaque pyroelectric sensor and for thermally thick substrate. The 
normalization signal was obtained with empty, directly irradiated sensor. When performing 
measurements at two different chopping frequencies we obtain:   
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Θ+−
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Θ

Θ
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 (4.11) 

with ap1,2 = (π f1,2/αp)1/2. Eq. (4.11) indicates that one can obtain the thermal diffusivity of the 
pyroelectric material, used as sensor in the detection cell, by performing two measurements 
at two different chopping frequencies, providing the geometrical thickness of the sensor is 
known. 
Typical results, obtained for the phase of the PPE signal for a 500 µm thick TGS single 
crystal, with silicon oil as substrate (together with the normalization signal - directly 
irradiated empty sensor) are displayed in Fig. (4.11). An external electric field of 6 kV/m 
was additionally applied. 
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Fig. 4.11 Temperature scans of the phase of the PPE signal, for a 500µm thick TGS single 
crystal, around the ferroelectric Curie temperature, for 3Hz and 12Hz chopping frequencies, 
and an external electric field of 6kV/m. 
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Fig.4.12 Same as Fig.4.11, but for the normalized phase. 

Fig. 4.12 presents the normalized phases of the PPE signal for the two frequencies. The 
critical behaviour of the thermal diffusivity for three values of the external electric field, as 
obtained from Eq.(4.11), is displayed in Fig. 4.13. 
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Fig. 4.13 Critical behaviour of the thermal diffusivity of TGS for 0 kV/m (squares); 1 kV/m 
(circles) and 10 kV/m (triangles). 
Fig. 4.13 displays a typical behavior (critical slowing down) of thermal diffusivity for a 
second order phase transition. The external electric field has the well known influence on 
the phase transition: it increases the Curie temperature and enlarges the critical region. The 
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values of the Curie points are in good agreement with those obtained from the direct 
measurement of the PPE amplitude (Fig. 4.14). 
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Fig. 4.14 Typical behaviour of the amplitude of the PPE signal for empty TGS sensor and for 
three values of the external electric field. Insertion: The Curie temperature vs. electric field, 
as obtained from thermal diffusivity and PPE amplitude (inflection point). 

In conclusion to this sub-section, the PPE calorimetry, in the “front” detection configuration, 
was used to measure the critical behaviour of the thermal diffusivity of TGS single crystal. 
In a standard PPE experiment (section 4.3.1) the information on the sample’s properties is 
collected and processed. In this approach, we collect the information on the thermal 
properties of the pyroelectric sensor itself. 
We selected the phase of the PPE signal (and not the amplitude) as source of information 
due to the well known advantages: the phase is independent on the fluctuations of the 
incident radiation and the signal to noise ratio is higher than in the case of using the 
amplitude of the signal. Measurements at two different chopping frequencies and 
calibration procedures were necessary in order to eliminate the instrumental factors and to 
obtain a mathematical equation depending on solely one thermal parameter, which is the 
thermal diffusivity. 
The applied external electric field has a typical influence on the critical region of the para-
ferroelectric phase transition of TGS: both the Curie temperature and the thickness of the 
critical region slightly increase with increasing value of the electric field.  
The results obtained for the value of the thermal diffusivity of TGS and for the value of the 
Curie temperatures are in good agreement with data reported in the literature and obtained 
by other techniques (del Cerro et al., 1987). 
Finally, we must emphasize that this configuration speculates the fact that the investigated 
ferroelectric material is pyroelectric as well. The method was used on a classical TGS crystal, 
but it appears to be a suitable alternative in studying the thermal properties of the 
ferroelectric liquid crystals, when the ferroelectric state is imposed by a given layered 
geometry. 
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5. Discussions and conclusions 
5.1 Comparison with other techniques 
It is not possible to perform an exhaustive analysis and comparison of the PPE 
calorimetry with other types of calorimetry, but some particular advantages of this 
technique can be mentioned. First of all, due to the fact that the pyroelectric sensor “feels” 
the temperature variation (and not the temperature), no special thermostatic precautions 
are requested. This is an advantage compared with adiabatic types of calorimetry, for 
example. If we compare PPE with differential scanning calorimetry (DSC), PPE is more 
accurate in detecting the critical temperature (Curie point for ferroelectrics), due to the 
possibility of scanning very slow (few  mK/min – see for example Marinelli et al., 1992) 
the temperature of the detection cell. In the case of DSC, it is known that the sensitivity 
increases with increasing temperature variation rate (decreasing the accuracy in 
measuring the critical temperature).   
We cannot overtake two general features that make the PPE calorimetry “unique”: (i) it is 
the only calorimetric technique able to give in one measurement the value of two (in fact all 
four) thermal parameters; (ii) it is the only technique which, in the critical region of a phase 
transition, for a given anomaly in the thermal parameters, produces an enhanced signal 
anomaly. 
Finally, some comparison with other PT techniques is welcome.  Marinelli et al., 1992 tried 
to compare the performances of the PPE technique in detecting phase transitions, with 
another photothermal technique largely used for phase transitions investigations: the 
photoacoustic (PA) method. 
If we follow only the phase channels, they are given in the standard configuration, with 
optically opaque and thermally thick sample by the equations (Zammit et al., 1988; Marinelli 
et al., 1992): 

 ( )pPA /21tan 1 −−=Θ − ; ( )1/22 /s sp β α ω=   (5.1) 

for PA phase, and 

 ( ) qePPE /1tan 1 −−=Θ − ωτ ;  ( )( ) 2/1/2/1 ωα ssLq =   (5.2) 

for PPE phase. 
The sensitivity of the two techniques to changes in p and q, respectively, are: 
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 
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  (5.3.b) 

An analysis of Eqs. (5.3.a,b)  leads to the conclusion that the maximum sensitivity of the PA 
technique is reached when p=0 and has the value ½. In the mean time the sensitivity of the 
PPE technique can go (at least theoretically) to infinity, denoting once again the suitability of 
this technique for phase transitions detection.  
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5.2 General features of the PPE calorimetry 
PPE technique is a sensitive and accurate calorimetry for thermal inspection of solid state 
matter. Concerning ferroelectric materials, the main feature of the method is that two 
detection configurations can be separately or together used for thermal characterization; the 
ferroelectric material under investigation can be sample or sensor in the PPE detection cell. 
All four static (specific heat) and dynamic (thermal conductivity, diffusivity and effusivity) 
thermal parameters can be measured by this technique, and phenomena associated with 
changes in time, composition or temperature (phase transitions-for example) can be studied. 
The sensitivity of the method and the accuracy of the results, when investigating 
ferroelectric materials, depend on various experimental parameters. The possibility of 
selecting and adjusting these experimental parameters can lead to an optimization of the 
performances of the method. 
The performances of the method depend practically on: the sensor's detectivity, the 
precision in monitoring the main experimental parameters (chopping frequency, sample's 
thickness control, temperature, etc), the quality of the sensor-sample thermal contact, the 
way of performing the acquisition and processing of experimental data. Some typical 
experimental data are: the detectivity of the pyroelectric LiTaO3 sensors is higher than 108 
cm Hz1/2W-1; minimum detectable temperature variation: 1 μK; minimum controllable 
temperature variation rate: 10 mK; frequency stability: 10-4 Hz. 
The main limitations of the technique concerning ferroelectric materials are imposed by the 
Curie temperature of the pyroelectric sensor, by the properties of the coupling fluid (always 
necessary when inserting the ferroelectric material as a sample) and by the geometry of the 
investigated sample (it must be a disk of tens-hundreds of micrometers thick, with polished 
surfaces).  
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For many years, heterojunctions have been one of the fundamental research areas of
solid state science. The interest in this topic is stimulated by the wide applications
of heterojunction in microelectronics. Devices such as heterojunction bipolar transistors,
quantumwell lasers and heterojunction field effect transistors (FET), already have a significant
technological impact. The semiconductor-ferroelectric heterostructures have attracted much
attention due to their large potential for electronic and optoelectronic device applications
(Lorentz et al., 2007; Losego et al., 2009; Mbenkum et al., 2005; Voora et al., 2009; 2010). The
ferroelectric constituent possesses switchable dielectric polarization, which can be exploited
for modificating the electronic and optical properties of a semiconductor heterostructure.
Hysteresis properties of the ferroelectric polarization allows for bistable interface polarization
configuration and potentially for bistable heterostructure operation modes. Therefore, the

The heterostructures of wurtzite semiconductors and perovskite ferroelectric oxide integrate
the rich properties of perovskites together with the superior optical and electronic properties
of wurtzites, thus providing a powerful method of newmultifunctional devices. The electrical
and optical properties of the heterostructures are strongly influenced by the interface band
offset, which dictates the degree of charge carrier separation and localization. It is very
important to determine the valence band offset (VBO) of semiconductor/ferroelectric oxides
in order to understand the electrical and optical properties of the heterostructures and to
design novel devices. In this chapter, by using X-ray photoelectron spectroscopy (XPS),
we determine the VBO as well as the conduction band offset (CBO) values of the typical
semiconductor/ferroelectric oxide heterojunctions, such as ZnO/SrTiO3, ZnO/BaTiO3,
InN/SrTiO3 and InN/BaTiO3, that are grown by metal-organic chemical vapor deposition.
Based on the values of VBO and CBO, it has been found that type-II band alignments
form at the ZnO/SrTiO3 and ZnO/BaTiO3 interfaces, while type-I band alignments form at
InN/SrTiO3 and InN/BaTiO3 interfaces.
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heterostructures of wurtzite semiconductors and perovskite ferroelectric oxides integrate the
rich properties of perovskites together with the superior optical and electronic properties of
wurtzites, providing a powerful method of new multifunctional devices (Peruzzi et al., 2004;
Wei et al., 2007; Wu et al., 2008). It is well known that the electrical and optical properties of
the heterostructures are strongly influenced by the interface band offset, which determines
the barrier for hole or electron transport across the interface, and acts as a boundary condition
in calculating the band bending and interface electrostatics. Therefore, it is very important
to determine the valence band offset (VBO) of semiconductor/ferroelectric oxides in order to
understand the electrical and optical properties of the heterostructures and to design novel
devices.
Zinc oxide (ZnO) is a direct wide bandgap semiconductor with large exciton binding energy
(60 meV) at room temperature, which makes it promising in the field of low threshold
current, short-wavelength light-emitting diodes (LED) and laser diodes (Ozgur et al., 2005).
It also has a growing application in microelectronics such as thin film transistors (TFT) and
transparent conductive electrodes because of high transparency and large mobility. Indium
nitride (InN), with a narrow direct band gap and a high mobility, is attractive for the near
infrared light emission and high-speed/high-frequency electronic devices (Losurdo et al.,
2007; Takahashi et al., 2004). Generally, ZnO and InN films are grown on foreign substrates
such as c-plane and r-plane sapphire, SiC (Losurdo et al., 2007; Song et al., 2008), (111)
Si and GaAs (Kryliouk et al., 2007; Murakami et al., 2008). SrTiO3 (STO) single crystal is
widely used as a substrate for growing ferroelectric, magnetic and superconductor thin
films. Meanwhile, STO is one of the important oxide materials from both fundamental
physics viewpoint and potential device applications (Yasuda et al., 2008). The electron density
and hence conductivity of STO can be controlled by chemical substitution or annealing in
a reducing atmosphere. Furthermore, a high-density, two-dimensional electron (hole) gas
will lead to tailorable current-voltage characteristics at interfaces between ZnO or InN and
STO (Singh et al., 2003). In addition, the lattice polarity of ZnO and InN (anion-polarity or
cation-polarity) is expected to be controlled by the substrate polarity considering the atomic
configuration of STO surface, which is also important to obtain a high-quality ZnO or InN
epitaxial layer (Murakami et al., 2008). Thus, it is interesting to grow high quality wurtzite
ZnO and InN films on perovskite STO substrates, and it is useful to determine the valence
band offset (VBO) of these heterojunctions.
The heterojunction of semiconductor-ZnO or InN/ferroelectric-BaTiO3 (BTO) provides an
interesting optoelectronic application due to the anticipated strong polarization coupling
between the fixed semiconductor dipole and the switchable ferroelectric dipole (Lorentz et al.,
2007; Losego et al., 2009; Mbenkum et al., 2005; Voora et al., 2009; 2010). ZnO TFT, highly
attractive for display applications due to transparency in the visible and low growth
temperatures, are limited by large threshold and operating voltages (Kim et al., 2005). BTO,
as a remarkable ferroelectric material with a high relative permittivity, can be used as the
gate dielectric to reduce the operating voltages of TFT for portable applications (Kang et al.,
2007; Siddiqui et al., 2006), and as an attractive candidate as an epitaxial gate oxide for
field effect transistor. In addition, the free carrier concentration in the ZnO channel can be
controlled by the ferroelectric polarization of BTO dielectric in the ZnO/BTO heterostructure
field-effect-transistors, thus demonstrating nonvolatile memory elements (Brandt et al., 2009).
In order to fully exploit the advantages of semiconductor-ferroelectric heterostructures, other
combinations such as InN/BTO should be explored. As a remarkable ferroelectric material
with a high relative permittivity, BTO can be used as a gate dielectric for InN based field
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effect transistor. More importantly, InN/BTO heterojunction is promising for fabricating
optical and electrical devices since oxidation treatment is found to reduce the surface electron
accumulation of InN film (Cimalla et al., 2007). Therefore, it is important to determine
the VBO of these semiconductor/ferroelectric heterojunctions to design and analyze the
performance of devices.
In this chapter, we will first present several methods to determine the energy discontinuities.
Then, by using x-ray photoelectron spectroscopy (XPS), we determine the VBO as well as
the conduction band offset (CBO) values of the typical semiconductor/ferroelectric oxide
heterojunctions, such as ZnO/STO, ZnO/BTO, InN/STO, and InN/BTO, that are grown by
metal-organic chemical vapor deposition. Based on the values of VBO and CBO, it has been
found that type-II band alignments form at the ZnO/STO and ZnO/BTO interfaces, while
type-I band alignments form at the InN/STO and InN/BTO interfaces.

2. Measurement methods

The energy band edge discontinuities at heterostructures can be determined by applying a
large variety of experimental techniques, such as electrical transport measurements including
capacitance-voltage (C-V) and current-voltage (I-V), optical measurement, photoemission
measurement (Capasso et al., 1987). For many years, analysis of the capacitance-voltage
and current-voltage of heterojunctions have proven to be important probes for determining
the energy barriers of pn junction, Schottky barriers and heterojunctions. The energy
discontinuities can be determined by C-V measurement, since the C(V) function has the form
of:

C =
2(ε1N1 + ε2N2)

qε1ε2N1N2
(VD −V)−1/2, (1)

where ε1 and ε2 are the dielectric constants of materials 1 and 2, N1 and N2 are the dopant
concentrations of materials 1 and 2, VD is the diffusion potential, while q is the electronic
charge. Therefore, the plot of C−2 versus V gives a straight line, intercepting the V-axis
exactly at V=VD . Based on this quantity, the conduction band discontinuity energy, ΔEc, can
be obtained to be

ΔEc = qVD + δ2 − (Eg1 − δ1), (2)

for anisotype pN heterojunctions; and

ΔEc = qVD + δ2 − δ1, (3)

for isotype nN heterojunctions. Where δ1 and δ2 refer to the position of the Fermi energies
relative to the conduction band minimum (or valence band maximum) in n (or p)-type
materials 1 and 2, respectively. That is,

δi = kTln(
Nci
Ni

), i = 1, 2. (4)

Here, kT is the Boltzmann energy at the temperature T, Nci is the effective conduction band
density of states,

Nc =
2(2πm∗kT)

3
2

h3
, (5)
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which is a function of the reduced effective mass of the electron (m∗) and of temperature (T).
Therefore, the difference in the Fermi energies between materials 1 and 2 can be simplified to
give

δ2 − δ1 = kTln(
ND1
ND2

) +
3
2

kTln(
m∗2
m∗1

), (6)

for an nN heterojunction. Thus once the diffusion potential VD is determined, it is relatively
straightforward to obtain the conduction band discontinuity. Indeed, as can be seen from the
equation above, it is not necessary to have a highly precisemeasurement of any of the material
parameters such as the bulk free carrier concentration or the effective density of states, since
ΔEc depends only logarithmically on these parameters. On the other hand, the dependence
of ΔEc on VD is linear, and, therefore, it is important that the measurement of the diffusion
potential be as accurate as possible.
The current density is given simply by

J = A∗T2exp(− qφB

kT
), (7)

where φB is the barrier height, from which the energy band offset can be determined. The
transport measurements have the advantage of being a relatively understanding means of
acquiring data using simple structures, but the accuracy of these techniques has never been
considered to be particularly high, basically due to the existence of parasitic phenomena
giving rise to excess stray capacitances or dark currents, which introduces variables cannot
be easily treated in the overall analysis and confuse the measurements.
The optical measurement techniques are based on the study of the optical properties of
alternating thin layers of two semiconductors. The quantized energy levels associated with
each well depend on the corresponding discontinuity, on the width of the well and on the
effective mass. The processes involving the localized quantumwell states will introduce series
of peaks both in the absorption and photoluminescence spectra. From the position in energy
of the peaks in each series, it is possible to retrieve the parameters of the well and in particular
the value of ΔEC and ΔEV . However, this approach requires the fabrication of high-quality
multilayer structures with molecular beam epitaxy, and can only be applied to nearly ideal
interface with excellent crystal quality.
For x-ray photoelectron spectroscopy (XPS), it is well established that the kinetic energy,
EK, of electrons emitted from a semiconductor depends on the position of the Fermi level,
EF , within the semiconductor band gap. This aspect of XPS makes it possible to determine
EF relative to the valence band maximum, EV , in the region of the semiconductor from
which the photoelectron originate. Therefore, besides analyzing the interface elemental and
chemical composition, XPS can also be used as a contactless nondestructive and direct access
to measure interface potential related quantities such as heterojunction band discontinuites.
This technique was pioneered by Grant ea al (Grant et al., 1978). Since the escape depths of
the respective photoelectrons are in the order of 2 nm only, one of the two semiconductors has
to be sufficiently thin. This condition may be easily met when heterostructures are grown by
molecular beam epitaxy (MBE) or metal-organic chemical vapor deposition (MOCVD). The
XPS method for determining VBO is explained by the schematic band diagram displayed in
Fig. 1, in which an idealized flat band was assumed. Based on the measured values of ΔECL,
the core level to EV binding energy difference in bulk semiconductors A and B, (EA

CL-E
A
V ) and
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(EB
CL-E

B
V), respectively. By inspection of Fig. 1, it can be seen that

ΔEV(B− A) = (EB
CL − EB

V)− (EA
CL− EA

V ) + ΔECL(A− B). (8)

Thus, to apply XPS for ΔEV measurements, it is essential to determine the bulk semiconductor
material parameters (ECL-EV) for those semiconductors forming the heterojunctions. A
primary difficulty with measuring (ECL-EV) is the accurate determination of the EV position
in photoemission spectra. The most frequently employed method involves extrapolation of a
tangent line to the leading edge of the valence band spectrum to the energy axis, this intercept
is defined as EV . Substituting these values to Eq. 8, the VBO of heterojunction A/B can be
obtained.

in
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Fig. 1. Schematic energy band diagram illustrating the measurement of VBO by XPS.

3. Experimental

Several samples, bulk commercial (001) STO, (111) STO and (001) BTO substrates, thick
(several hundred nanometers) and thin (about 5 nm) ZnO and InN layers grown on the
commercial STO and BTO substrates were studied in this work. To get a clean interface,
the STO and BTO substrates were cleaned with organic solvents and rinsed with de-ionized
water sequentially before loading into the reactor. The thick and thin heterostructures of
ZnO/STO, ZnO/BTO, InN/STO and InN/BTO were deposited by MOCVD. More growth
condition details of the ZnO and InN layers can be found in our previous reports (Jia et al.,
2008; 2009a;b; 2010a;b; 2011; Li et al., 2011).
XPSs were performed on ThermoFisher ESCALAB 250, PHI Quantera SXM, and VG MKII
XPS instruments with AlKα (hν=1486.6 eV) as the x-ray radiation source, which had been
carefully calibrated on work function and Fermi energy level (EF). Because all the samples
were exposed to air, there must be some impurities (e.g., oxygen and carbon) existing in the
sample surface, which may prevent the precise determination of the positions of the valence
band maximum (VBM). To reduce the undesirable effects of surface contamination, all the
samples were cleaned by Ar+ bombardment at a low sputtering rate to avoid damage to the
samples. After the bombardment, peaks related to impurities were greatly reduced, and no
new peaks appeared. Because a large amount of electrons are excited and emitted from the
sample, the sample is always positively charged and the electric field caused by the charge can
affect the measured kinetic energy of photoelectron. Charge neutralization was performed

309
Valence Band Offsets of ZnO/SrTiO3, ZnO/BaTiO3,
InN/SrTiO3, and InN/BaTiO3 Heterojunctions Measured by X-Ray Photoelectron Spectroscopy



6 Will-be-set-by-IN-TECH

with an electron flood gun and all XPS spectra were calibrated by the C 1s peak at 284.8 eV
from contamination to compensate the charge effect. Since only the relative energy position in
each sample is needed to determine the VBO, the absolute energy calibration for a sample
has no effect on the ultimate result. The surfaces of samples were examined initially by
low-resolution survey scans to determine which elements were present. Very high-resolution
spectra were acquired to determine the binding energy of core level (CL) and the valence
band maximum energy in the survey spectra. All the CL spectra were fitted to Voigt (mixed
Lorentz-Gaussian) line shape with a Shirley background. Since considerable accordance of the
fitted line to the original measured data has been obtained, the uncertainty of the CL position
should be less than 0.03 eV, as evaluated by numerous fittings with different parameters. The
VBM positions in the valence band (VB) spectra were determined by linear extrapolation of
the leading edge of the VB spectra recorded on bulk substrates and thick films to the base
lines in order to account for instrument resolution induced tail (Zhang et al., 2007), which
has already been widely used to determine the VBM of semiconductors. Evidently, the VBM
value is sensitive to the choice of points on the leading edge used to obtain the regression
line (Chambers et al., 2001). Thus, several different sets of points were selected over the linear
region of the leading edge to perform regressions, and the uncertainty of VBO is found to be
less than 0.06 eV in the present work.

4. VBO for ZnO/STO heterojunction

Figure 2 (a) shows the x-ray θ-2θ diffraction patterns of thick ZnO films on (111) STO
substrates. The diffractogram indicates only a single phase ZnO with a hexagonal wurtzite
structure. Only peaks of ZnO (0002) and (0004) reflection and no other ZnO related peaks are
observed, implying a complete c-axis oriented growth of the ZnO layer. The highly oriented
ZnO films on STO substrate strongly suggest that the nucleation and crystal growth is initiated
near the substrate surface. The full width at half maximum (FWHM) of symmetric (0002) scan
is about 0.85◦ along ω-axis, as shown in the inset of Fig. 2(a). X-ray off-axis φ scans are
performed to identify the in-plane orientation relationships between the film and substrate.
The number of peaks in a φ scan corresponds to the number of planes for a particular family
that possesses the same angle with the film surface. Figure 2 (b) shows the results of x-ray
φ scans performed using the {1122} reflection of ZnO (2θ=67.95◦ , χ=58.03◦) and the {110}
reflection of STO (2θ=32.4◦ , χ=35.26◦). Only six peaks separated by 60◦ are observed for the
ZnO {112} family, which has six crystal planes with the same angle with the growth plane
(χ=58.03◦), as shown in Fig. 2 (b), indicating a single domain. From the relative position
of ZnO {112} and STO {110} families, the in-plane relationships can be determined to be
[1120]ZnO‖[011]STO. The atomic arrangement in the (0001) basal plane of ZnO is shown
in Fig. 2 (c). The growth in this direction shows a large lattice mismatch of about 17.7%

( 2aZnO−
√
2aSTO√

2aSTO
×100%) along the direction of <1120>ZnO, although it shows a much smaller

lattice mismatch of 1.91% (
√
3aZnO−

√
2aSTO√

2aSTO
×100%) along the direction of <1100>ZnO when

ZnO rotated 30◦ in plane.
For ZnO/STO heterojunction, the VBO (ΔEV) can be calculated from the formula

ΔEV = ΔECL + (EZnO
Zn2p − EZnO

VBM)− (ESTO
Ti2p − ESTO

VBM), (9)
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Fig. 2. X-ray θ-2θ (a), ω (inset of (a)), and φ (b) scans and atomic arrangement (c) of ZnO films
on (111) STO substrate.

where ΔECL=(E
ZnO/STO
Ti2p -EZnO/STO

Zn2p ) is the energy difference between Zn 2p and Ti 2p CLs

measured in the thin ZnO/STO heterojunction sample, and (ESTO
Ti2p-E

STO
VBM) and (EZnO

Zn2p-E
ZnO
VBM)

are the VBM energies with reference to the CL positions of bulk STO and thick ZnO film,
respectively, which are obtained by XPS measurement from the respective STO substrate and
thick ZnO film.
Figure 3 shows the XPS Ti 2p and Zn 2p CL narrow scans and the valence band spectra
from the STO substrate and the thick ZnO/STO samples, respectively. As shown in Fig.
3(a), the Zn 2p CL peak locates at 1021.69±0.03 eV. Fig. 3(e) shows the VB spectra of the
thick ZnO sample, and the VBM position is determined to be 1.06±0.06 eV by a linear fitting
depicted above. As a result, the energy difference of Zn 2p to ZnO VBM (EZnO

Zn2p-E
ZnO
VBM) can

be determined to be 1020.63±0.03 eV. Using the same Voigt fitting and linear extrapolation
methods mentioned above, the energy difference of Ti2p to STO VBM (ESTO

Ti2p-E
STO
VBM) can be

determined to be 457.32±0.06 eV. The CL spectrum of Zn 2p and Ti 2p in thick ZnO film
and bulk STO are quite symmetric indicating the uniform bonding state and the only peaks
correspond to Zn-O and Ti-O bonds, respectively. The measurement of ΔECL for the Ti 2p and
Zn 2p CLs recorded in the thin ZnO/STO junction is illustrated in Fig. 3(c) and (d). After
substraction of the background, the spectra of Ti 2p and Zn 2p CLs were well Voigt fitted and
the energy difference of Ti 2p and Zn 2p CLs (ΔECL) can be determined to be 562.69±0.03
eV. It is noteworthy that the Ti 2p peak is not symmetric and consists of two components by
careful Voigt fitting. The prominent one located at 459.22 eV is attributed to the Ti emitters
within the STO substrate which have six bonds to oxygen atoms, and the other one shifting
by ∼2 eV to a lower binding energy indicates the presence of an interfacial oxide layer. This
phenomenon is similar to that observed in the interface of LaAlO3/SrTiO3, and the shoulder
at lower binding energy is attributed to TiOx suboxides, which is expected on account of the
TiOx-terminated STO initial surface (Kazzi et al., 2006). The fair double-peak fitting shown
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in Fig. 3(d) confirms the presence of TiOx suboxides. Substituting the above (ESTO
Ti2p-E

STO
VBM),

(EZnO
Zn2p-E

ZnO
VBM) and ΔECL into Eq. 9, the resulting VBO value is calculated to be 0.62±0.09 eV.
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Fig. 3. Zn 2p spectra recorded on ZnO (a) and ZnO/STO (c), Ti 2p spectra on STO (b) and
ZnO/STO (d), and VB spectra for ZnO (e) and STO (f). All peaks have been fitted to Voigt
line shapes using Shirley background, and the VBM values are determined by linear
extrapolation of the leading edge to the base line. The errors in the peak positions and VBM
are ±0.03 and ±0.06 eV, respectively.

The reliability of the measured result is analyzed by considering several possible factors that
could impact the experiment results. The lattice mismatch between ZnO and STO is about
∼17.7%, which will induce a much smaller critical thickness than 5-10 nm, compared with
the lattice mismatch of BaTiO3 grown on STO (2.2%) and a critical thickness of 5-10 nm
(Sun et al., 2004). Meanwhile, the ZnO epitaxial layer grown on STO substrate by MOCVD is
characterized by columnar growth mode, which provides strain relief mechanism (Fan et al.,
2008). Thus, the ZnO overlayer in the heterojunction is almost completely strained and the
strain-induced piezoelectric field effect can also be neglected. In addition, the error induced
by band bending is checked to be much smaller than the average standard deviation of ±0.09
eV given above (Yang et al., 2009). Since the factors that can affect the ultimate result can be
excluded from the measured result, the experimental obtained VBO value is reliable.
To further confirm our result, it would be very useful to compare our experimental results
with a theoretical model proposed by Mönch (Monch et al., 2005). The VBOs of ZnO
heterojunctions are predicted based on the difference of the respective interface-induced gap
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states (IFIGS) branch-point energies and electric dipole terms. That is

ΔEV = Evl(Γ)− Evr(Γ) = φ
p
bpr − φ

p
bpl + DX(Xsr − Xsl), (10)

where the p-type branch-point energy φ
p
bp(Γ) = Ebp − EV(Γ) is the energy distance from the

valence band maximum to the branch point of the IFIGS and Xs is the electronegativity of the
respective semiconductor. The subscripts r and l stand for the right and left side, respectively,
of the heterostructure. The dipole parameter DX is determined by the density of states and
extension of the IFIGS at their branch point. This dipole term can also be neglected, just
like the common semiconductor heterojunctions, since the electronegativities of the atoms
constituting ZnO/STO heterojunction differ by up to 10% only. Through analysis of the VBO
values reported for ZnO heterostructure (Monch et al., 2005), the dependence of VBO on the
p-type branch-point energy is obtained to be

ΔEV = ϕvbo[φ
p
bp(ZnO)− φ

p
bp(semi)]. (11)

With the p-type branch-point energies of ZnO (3.04 eV) (Monch et al., 2005) and STO (2.5
eV) (Monch et al., 2004), and the slope parameters ϕvbo for insulator heterostructures of
1.14∼1.23, a VBO of 0.64±0.21 eV would be calculated, which is in good agreement with
the experimentally determined value of 0.62±0.09 eV. It implies that the IFIGS theory is not
only widely used to the group-IV elemental semiconductors, SiC, and the III-V, II-VI, and
I-III-VI2 compound semiconductors and their alloys (Monch et al., 2005), but also applicable to
the semiconductor/insulator heterostructures. In addition, the resulting ΔEV is a sufficiently
large value for device applications in which strong carrier confinement is needed, such as
light emitters or heterostructure field effect transistors. For instance, the valence band offset
in the Zn0.95Cd0.05O/ZnO system is only 0.17 eV (Chen et al., 2005), which is less than that of
ZnO/STO.
Finally, the CBO (ΔEC) can be estimated by the formula ΔEC=ΔEV+EZnO

g -ESTO
g . By

substituting the band gap values (EZnO
g =3.37 eV (Su et al., 2008) and ESTO

g =3.2 eV (Baer et al.,
1967)), ΔEC is calculated to be 0.79±0.09 eV. It would be interesting to compare
our experimental values with the electrical transport results by Wu et al (Wu et al.,
2008). They have investigated the temperature dependent current-voltage characteristic of
ZnO/Nb:SrTiO3 junction, and found that the effective barrier height (φe f f ) is 0.73 eV, which
is directly considered to be the CBO in n-N heterojunctions (Alivov et al., 2006). It can be seen
that the effective barrier height in Wu’s work is consistent with our CBO value. Accordingly,
a type-II band alignment forms at the heterojunction interface, in which the conduction and
valence bands of the ZnO film are concomitantly higher than those of the STO substrate, as
shown in Fig. 4.

5. VBO for ZnO/BTO heterojunction

In x-ray θ-2θ diffractionmeasurements, as shown in Fig. 5 (a), the ZnO/BTO sample presented
the only peak of ZnO (0002) reflection and no other ZnO related peaks were observed,
implying a complete c-axis oriented growth of the ZnO layer. From the pole figure of ZnO
{1011} family, shown in Fig. 5 (b), twelve peaks separated by 30◦ are present, although ZnO
has a sixfold symmetry about the [0001] axis, indicating that the ZnO film is twinned in the
growth plane by a 30◦ in-plane rotation. The relative intensities of the two sets of peaks is
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Fig. 4. Energy band diagram of ZnO/STO heterojunction.

related to the proportion of the two domains, indicating that the two domains are almost
equal in amount.
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Fig. 5. X-ray θ-2θ diffraction pattern (a) and pole figure (b) of the thick ZnO films on BTO
substrates.

For ZnO/BTO heterojunction, the VBO (ΔEV) can be calculated from the formula

ΔEV = ΔECL + (EZnO
Zn2p− EZnO

VBM)− (EBTO
Ti2p − EBTO

VBM), (12)

where ΔECL=(E
ZnO/BTO
Ti2p -EZnO/BTO

Zn2p ) is the energy difference between Zn 2p and Ti 2p CLs

measured in the thin ZnO/BTO heterojunction, while (EBTO
Ti2p -E

BTO
VBM) and (EZnO

Zn2p-E
ZnO
VBM) are the

VBM energies with reference to the CL positions of bulk BTO and thick ZnO film, respectively.
Figure 6 shows the XPS Ti 2p and Zn 2p CL narrow scans and the valence band spectra from
the bulk BTO, thick and thin ZnO/BTO samples, respectively. For the thick ZnO film, the Zn
2p CL peak locates at 1022.04±0.03 eV, and the VBM position is determined to be 2.44±0.06
eV by a linear fitting described above, as shown in Fig. 6(a) and (e). The energy difference
between Zn 2p and VBM of thick ZnO film (EZnO

Zn2p3-E
ZnO
VBM) is deduced to be 1019.60±0.09

eV, which is well consistent with our previous reports (Zhang et al., 2007). It can also be
clearly seen from Fig. 6 that the CL spectra of Zn 2p and Ti 2p in the thick ZnO film and
thin ZnO/BTO heterojunction are quite symmetric, indicating a uniform bonding state and
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Fig. 6. Zn 2p spectra recorded on ZnO (a) and ZnO/BTO (c), Ti 2p spectra on BTO (b) and
ZnO/BTO (d), and VB spectra for ZnO (e) and BTO (f). All peaks have been fitted to Voigt
line shapes using Shirley background, and the VBM values are determined by linear
extrapolation of the leading edge to the base line. The errors in the peak positions and VBM
are ±0.03 and ±0.06 eV, respectively.
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Fig. 7. Energy band diagram of ZnO/BTO heterojunction.

the only peaks correspond to Zn-O and Ti-O bonds, respectively. However, the Ti 2p peak
in the bulk BTO is not symmetric and consists of two components by careful Voigt fitting.
The prominent one located at 457.12±0.03 eV is attributed to the Ti emitters within the BTO
substrate, which have six bonds to oxygen atoms. The other one shifting by ∼2 eV to a lower
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binding energy is attributed to TiOx suboxides on account of the TiO-terminated BTO initial
surface (Kazzi et al., 2006). It is interesting that the Ti 2p peaks transform from asymmetry
in bulk BTO to symmetry in the thin ZnO/BTO sample, implying that the TiOx suboxides
in the BTO surface is oxidized completely to the highest valence of Ti4+. The VBM value of
bulk BTO is determined to be 1.49±0.06 eV using the linear method. The Fermi level of an
insulator is expected to be located in the middle of the forbidden energy gap, so the VBM
will be one-half of the band gap of insulators (You et al., 2009). For BTO, the VBM should
be 1.55 eV calculated from the band gap of 3.1 eV (Boggess et al., 1990), which is in good
agreement with the measured value (1.49±0.06 eV) in the presentwork. Using the same fitting
methods mentioned above, the energy values of CL for the thin ZnO/BTO heterojunction can
be determined, as shown in Fig. 6. Substituting the above values into Eq. 12, the resulting
VBO value is calculated to be 0.48±0.09 eV.
A small lattice mismatch is present between the BTO[011] direction and the hexagonal

apothem of ZnO, which is only about 0.8% (
√
3aZnO−

√
2aBTO√

2aBTO
×100%) (Wei et al., 2007). This

lattice mismatch is so small that the strain-induced piezoelectric field effect can be neglected
in this work (Su et al., 2008). In ZnO/MgO heterostructure, the 8.3% mismatch brings a shift
of 0.22 eV on VBO (Li et al., 2008). By linear extrapolation method, the strain induced shift in
ZnO/BTO is less than 0.02 eV, which is much smaller than the aforementioned deviation of
0.09 eV. The error induced by band bending is checked to be much smaller than the average
standard deviation of 0.09 eV given above (Yang et al., 2009). So the experimental obtained
VBO value is reliable.
To further confirm the reliability of the experimental values, it would be useful to compare
our VBO value with other results deduced by transitive property. For heterojunctions formed
between all pairs of three materials (A, B, and C), ΔEV(A-C) can be deduced from the
difference between ΔEV(A-B) and ΔEV(C-B) neglecting the interface effects (Foulon et al.,
1992). The reported VBO values for some heterojunctions are ΔEV(ZnO-STO)=0.62 eV
(Jia et al., 2009b), ΔEV(Si-STO)=2.38 or 2.64 eV, and ΔEV(Si-BTO)=2.35 or 2.66 eV (Amy et al.,
2004), respectively. Then the ΔEV(ZnO-BTO) is deduced to be 0.59, 0.64, 0.9 or 0.33 eV, which
is comparable to our measured value 0.48±0.09 eV. Since the samples were prepared under
different growth conditions, the different interfaces are responsible for the difference between
our measured value and the results from the transitivity. In addition, the resulting ΔEV is a
sufficiently large value for device applications which require strong carrier confinement, such
as light emitters or heterostructure field effect transistors (Chen et al., 2005).
Finally, the CBO (ΔEC) can be estimated by the formula ΔEC=ΔEV+EZnO

g -EBTO
g . By

substituting the band gap values at room temperature (EZnO
g =3.37 eV (Su et al., 2008) and

EBTO
g =3.1 eV (Boggess et al., 1990)), ΔEC is calculated to be 0.75±0.09 eV. Accordingly, a type-II

band alignment forms at the heterojunction interface, in which the conduction and valence
bands of the ZnO film are concomitantly higher than those of the BTO substrate, as shown in
Fig. 7.

6. VBO for InN/STO heterojunction

Figure 8 (a) shows the typical XRD θ-2θ patterns of InN thin films deposited on (001) STO
substrates. InN crystals shows an intense diffraction line at 2θ=31.28◦ assigned to the (0002)
diffraction of InN with hexagonal wurtzite structure, implying that the c-axis of InN films
is perpendicular to the substrate surface. Figure 8 (b) shows the results of x-ray off-axis
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φ scans performed using the {1011} reflection of InN (2θ=33.49◦ , χ=61.86◦) and the {111}
reflection of STO (2θ=39.96◦ , χ=54.74◦) to determine the in-plane orientation of the InN film
relative to STO. Although InN has a sixfold symmetry about the [0001] axis, the presence of
twelve peaks separated by 30◦ for {1122} reflections indicates that the InN films is twinned
in the growth plane by a 30◦ in-plane rotation. The relative intensities of the two sets of
peaks is related to the proportion of the two domains, indicating almost the same amount
for the two domains. Comparing the locations in φ-space of the InN{1011} with STO{111}
families, the two-dimensional epitaxial relationships for the two domains can be derived to
be [1100]InN‖[110]STO for one domain and [1120]InN‖[110]STO for the other. The atomic
arrangements for the two domains are illustrated in the schematic drawings of Fig. 8(c).
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Fig. 8. X-ray θ-2θ (a) and φ (b) scanning patterns, and atomic arrangement (c) of the thick InN
films on (001)STO substrates.

For InN/STO heterojunction, the VBO (ΔEV) can be calculated from the formula

ΔEV = ΔECL + (EInN
In3d − EInN

VBM)− (ESTO
Ti2p − ESTO

VBM), (13)

where ΔECL=(E
InN/STO
Ti2p -EInN/STO

In3d ) is the energy difference between In 3d and Ti 2p CLs

measured in the thin InN/STO heterojunction, while (ESTO
Ti2p-E

STO
VBM) and (EInN

In3d-E
InN
VBM) are the

VBM energies with reference to the CL positions of bulk STO and thick InN film, respectively.
Fig. 9 shows In 3d, Ti 2p CL narrow scans and valence band spectra recorded on thick InN,
bulk STO and thin InN/STO heterojunction samples, respectively. The In 3d spectra in thick
InN films include two peaks of 3d5/2 (443.50±0.03 eV) and 3d3/2 (451.09±0.03 eV), which
are separated by the spin-orbit interaction with a splitting energy of around 7.57 eV. Both
peaks are found out to consist of two components by careful Voigt fitting. The first In 3d5/2
component located at 443.50±0.03 eV is attributed to the In-N bonding, and the second, at
444.52±0.03 eV, is identified to be due to surface contamination. This two-peak profile of the
In 3d5/2 spectra in InN is typical and have been demonstrated by other researchers (King et al.,
2008; Piper et al., 2005; Yang et al., 2009). Comparison of their binding energy separation with
previous results, we suggest that the second peak at 444.52±0.03 eV to the In-O bonding is due
to contamination by oxygen during the growth process. The ratio of In-N peak intensity to
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Fig. 9. In 3d spectra recorded on InN (a) and InN/STO (c), Ti 2p spectra on STO (b) and
InN/STO (d), and VB spectra for InN (e) and STO (f). All peaks have been fitted to Voigt line
shapes using Shirley background, and the VBM values are determined by linear
extrapolation of the leading edge to the base line. The errors in the peak positions and VBM
are ±0.03 and ±0.06 eV, respectively.
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Fig. 10. Energy band diagram of InN/STO heterojunction.

the oxygen related peaks indicates that only a small quantity of oxygen contamination exists
in our samples. Both the Ti 2p spectra in bulk STO and thin InN/STO heterojunction are
quite symmetric, indicating a uniform bonding state. Using the linear extrapolation method
mentioned above, the VBM of InN and STO are 0.45±0.06 eV and 1.91±0.06 eV respectively.
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Compared with the spectra recorded on the InN and STO samples, the In 3d core level shifts
to 443.68±0.03 eV and Ti 2p shifts to 458.17±0.03 eV in thin InN/STO heterojunction. The
VBO value is calculated to be 1.13±0.09 eV by substituting those values into Eq. 13.
Reliability of the analysis of the measured results is provided by considering possible factors
that could impact the experimental results. InN is a kind of piezoelectric crystal, so the strain
existing in the InN overlayer of the heterojunction will induce piezoelectric field and affect the

results. The lattice mismatch between InN and STO is larger than 9.8% (
√
3aInN−

√
2aSTO√

2aSTO
×100%),

so the InN layer can be approximately treated as completely relaxed and this approximation
should not introduce much error in our result. In addition, the energy band bends downward
at the surface of InN film and there is an electron accumulation layer (Mahboob et al., 2004),
so the energy separation between VBM and Fermi level can be changed at the InN surface,
which could impact the measured VBO values of the heterojunctions. However, both the CL
emissions of In 3d and Ti 2p at the InN/STO heterojunction are collected from the same surface
(InN surface), thus, the surface band bending effects can be canceled out for the measurement
of ΔECL, as was the measurement of the band offset of the InN/AlN heterojunction by others
(King et al., 2007; Wu et al., 2006). Since the factors that can affect the results can be excluded
from the measured results, the experimental obtained VBO value is reliable.
Making use of the band gap of InN (0.7 eV) (Yang et al., 2009) and SrTiO3 (3.2 eV) (Baer et al.,
1967), the CBO (ΔEC) is calculated to be 1.37 eV and the ratio of ΔEC/ΔEV is close to 1:1. As
shown in Fig. 10, a type-I heterojunction is seen to be formed in the straddling configuration.
So STO can be utilized as the gate oxide for InN based metal-oxide semiconductor, the
gate leakage is expected to be negligible, which is different from the Si based devices
(Chambers et al., 2000).

7. VBO for InN/BTO heterojunction
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Fig. 11. X-ray θ-2θ scanning patterns of the thick InN films on BTO substrates.

In x-ray θ-2θ diffraction measurements, as shown in Fig. 11, the thick InN/BTO sample
presented the only peak of InN (0002) reflection and no other InN related peaks were
observed, implying a complete c-axis oriented growth of the InN layer. For InN/BTO
heterojunction, the VBO (ΔEV) can be calculated from the formula

ΔEV = ΔECL + (EInN
In3d − EInN

VBM)− (EBTO
Ti2p − EBTO

VBM), (14)
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Fig. 12. In 3d spectra recorded on InN (a) and InN/BTO (c), Ti 2p spectra on BTO (b) and
InN/BTO (d), and VB spectra for InN (e) and BTO (f). All peaks have been fitted to Voigt line
shapes using Shirley background, and the VBM values are determined by linear
extrapolation of the leading edge to the base line. The errors in the peak positions and VBM
are ±0.03 and ±0.06 eV, respectively.
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where ΔECL=(E
InN/BTO
Ti2p -EInN/BTO

In3d ) is the energy difference between In 3d and Ti 2p CLs

measured in the thin heterojunction InN/BTO, while (EBTO
Ti2p -E

BTO
VBM) and (EInN

In3d-E
InN
VBM) are the

VBM energies with reference to the CL positions of bulk BTO and thick InN film, respectively.

320 Ferroelectrics - Characterization and Modeling



Valence Band Offsets of ZnO/SrTiO3, ZnO/BaTiO3 , InN/SrTiO3 , and InN/BaTiO3 Heterojunctions Measured by X-ray Photoelectron Spectroscopy 17

Figure 12 shows the XPS Ti 2p and In 3d CL narrow scans and the valence band spectra
from the bulk BTO, thick InN and thin InN/BTO samples, respectively. For the In 3d spectra
of both the InN and thin InN/BTO samples, additional low intensity higher-binding-energy
components were required. These extra components are attributed to In-O bonding due to
oxide contamination when InN is present at the surface (Piper et al., 2005), as shown in Fig.
12(a). In the thin InN/BTO sample shown in Fig. 12(c), they are attributed to In-O bonding
at the InN/BTO interfaces, and/or inelastic losses to free carriers in the InN layer (King et al.,
2008). The CL peak attributed to In-N bonding locates at 443.67±0.03 eV and 443.98±0.03 eV
for thick InN and thin InN/BTO, respectively, as shown in Fig. 12(a) and (c). It is interesting
that the Ti 2p peaks transform from asymmetry in bulk BTO to symmetry in the thin InN/BTO
sample, as observed in the thin ZnO/BTO heterostructure (Jia et al., 2010b). Using the same
fitting methods mentioned above, the VBM value for the bulk BTO and thick InN films can
be determined, as shown in Fig. 12 (e)and (f). Substituting the above values into Eq. 14, the
resulting VBO value is calculated to be 2.25±0.09 eV.
The reliability of the measured result is analyzed by considering several possible factors that
could impact the experiment results. Both the CL emissions of In 3d and Ti 2p at the InN/BTO
heterojunction are collected from the same surface (InN surface), so the surface band bending
effects can be canceled out for the measurement of ΔECL. Another factor which may affect
the precision of the VBO value is the strain-induced piezoelectric field in the overlayer
of the heterojunction (Martin et al., 1996). There is a large lattice mismatch of about 7.1%

(
√
3aInN−

√
2aBTO√

2aBTO
×100%) between the hexagonal apothem of InN and the BTO[011] direction.

It is comparable with that of the InN/ZnO heterojunction (7.7%), and the InN thin film of 5
nm is approximately treated as completely relaxed (Zhang et al., 2007). So the strain-induced
piezoelectric field effect can be neglected in our experiment. Thus, the experimental obtained
VBO value is reliable.
To further confirm the reliability of the experimental values, it would be useful to compare our
VBO value with other results deduced by transitive property. The reported VBO values for
ZnO/BTO and InN/ZnO heterojunctions are ΔEV(ZnO-BTO)=0.48 eV (Jia et al., 2010b), and
ΔEV(InN-ZnO)=1.76 eV (Yang et al., 2009), respectively. Then the ΔEV(InN-BTO) is deduced
to be 2.24 eV, which is well consistent with our measured value 2.25±0.09 eV.
Finally, the CBO (ΔEC) can be estimated by the formula ΔEC=EBTO

g -EInN
g -ΔEV . By substituting

the band gap values at room temperature (EInN
g =0.7 eV (Yang et al., 2009) and EBTO

g =3.1
eV (Boggess et al., 1990)), ΔEC is calculated to be 0.15±0.09 eV. Accordingly, a type-I band
alignment forms at the heterojunction interface, as shown in Fig. 13.

8. Conclusions

In summary, XPS was used to measure the VBO of the ZnO(or InN)/STO(or BTO)
heterojunctions. A type-II band alignment with VBOof 0.62±0.09 eV and CBO of 0.79±0.09 eV
is obtained for ZnO/STO heterojunction. A type-II band alignment with VBO of 0.48±0.09 eV
and CBO of 0.75±0.09 eV is obtained for ZnO/BTO heterojunction. A type-I band alignment
with VBO of 1.13±0.09 eV and CBO of 1.37±0.09 eV is obtained for InN/STO heterojunction.
A type-I band alignment with VBO of 2.25±0.09 eV and CBO of 0.15±0.09 eV is obtained for
InN/BTO heterojuncion. The accurately determined result is important for the design and
application of these semiconductor/ferroelectric heterostructures based devices.
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Self-Consistent Anharmonic  
Theory and Its Application to BaTiO3 Crystal 

Yutaka Aikawa  
Taiyo Yuden Co, Ltd.  

Japan  

1. Introduction  
Because phase transition is important in solid state physics, numerous attempts have thus 
far been made to study the nature of phase transitions in magnets, superconductors, 
ferroelectrics, and so on. For ferroelectrics, both phenomenological and microscopic 
approaches have been adopted to study phase transitions. Generally, it  is considered that at 
high temperatures, the general phenomenological theory and first-principles calculations 
appears to be almost mutually exclusive. 
It is well known that the phenomenological Landau theory of phase transitions can 
provide a qualitatively correct interpretation of the soft mode of ferroelectrics at the Curie 
temperature (L.D.Landau & E.M.Lifshitz, 1958); however, this theory cannot explain the 
mechanism of ferroelectric phase transition. Furthermore, the coefficients of the expansion 
terms of the Gibbs potential cannot be explained by the essential parameters derived by 
first-principles calculations. The first principles calculations were performed to determine 
the adiabatic potential surface of atoms, and the potential parameters were determined to 
recreate the original adiabatic potential surface. This procedure ensures a highly 
systematic study of ferroelectric properties without any reference to the experimental 
values. 
In order to study the phase transition, Gillis et al. discussed first the instability phenomena 
in crystals, on the basis of a self-consistent Einstein model (N. S. Gills et al., 1968, 1971). In 
this model each atom is assumed to perform harmonic oscillation with the frequency which 
is self-consistently determined from the knowledge of interatomic potential in crystal and 
the averaged motions of all atoms. The effect of anharmonicity comes in through the self-
consistent equations. T. Matsubara et al. applied this method to a simple one-dimensional 
model to discuss anharmonic lattice vibration,  which is enhanced on and near the surface 
than in the interior (T. Matsubara & K. Kamiya,1977). 
On the other hand, the combination of the results derived from first-principles calculations 
with the effective Hamiltonian method implemented by means of a Monte Carlo simulation 
(W. Zhong et al.,1995), seems to successfully explain the lattice strain change in BaTiO3 at 
high temperatures. However, the abovementioned approach cannot explain the behavior of 
the dielectric property of materials at high temperatures during the phase transitions in the 
soft mode.  
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To discuss such high temperature transitions, K. Fujii et al. have proposed a self-consistent 
anharmonic model (K. Fujii et al., 2001), and the author has extended it to derive the 
ferroelectric properties of BaTiO3 (Y.AIkawa et al., 2007, 2009), in other words, it has been 
shown that the ferroelectric properties of materials can be described by the interatomic 
potential, which is derived from first-principles calculations. In the present study we 
applied a theoretical method, namely, the self-consistent anharmonic theory, to study the 
cubic-to-tetragonal phase transition in practical applications. The author shows that the 
transition occurs in the soft mode, and that the relationship between the transition behavior 
in the high temperature region and the essential parameters at absolute zero temperature 
which can be derived using first-principles calculations.  
In the previous study, the author introduces the anharmonicity not only into crystal 
potential but also into trial one in order to extend the self-consistent Einstein model, and 
succeeded to derive the soft mode frequency of BaTiO3 crystal near the transition 
temperature, and showed that the softening phenomena never take place when harmonic 
oscillator is adopted as trial potential (Y. Aikawa & K. Fujii, 2010). Furthermore, it becomes 
possible to explain the relation between the dielectric property in high temperature and 
atomic potential at absolute zero temperature derived from first principles calculations 
(Y.Aikawa et al., 2009 ), and also to explain the isotope effect (Y.Aikawa et al., 2010a), 
surface effect (Y.Aikawa et al., 2010b; T. Hoshina et al., 2008), and so on. 

2. Theoretical analysis  
Landau constructed a phenomenological theory for the second order phase transition by 
considering only the symmetry change of a system (L. D. Landau & E. M. Lifshitz, 1958). 
Gibbs free energy is expanded by an order parameter σ in the vicinity of transition 
temperature as 

++−+= 42
0 σσ A)TT(BGG C  

It is difficult to reflect microscopic information such as interactions between atoms in the 
expansion coefficients A, B and the transition temperature TC . 
K. Fujii et.al  showed theoretically a softening mechanism from the variational principle at 
finite temperature (K. Fujii et al., 2001, 2003). In that work, the coefficients of the second and 
fourth order terms in a trial potential represented by an anharmonic oscillator system were 
expressed by the characteristic constants of interatomic potentials in a crystal.  The author 
found that the temperature dependence of the coefficient of the second order term in the 
trial potential shows the same behavior as the Landau expansion.  The softening phenomena 
are discussed on the basis of the temperature- and wave vector-dependence of the 
expansion coefficient near the instability temperature, and the soft mode is identified by 
introducing normal coordinates instead of direct atomic displacements.  
It is considered a crystal system consisting of N  atoms. Let nx  be coordinate of the n-th 
atom whose mass is nm .  The Hamiltonian of this system is given by  
 

(1) 
 
where V  are interatomic pair potentials.  An interatomic distance between atoms n  and n′  
is given by 
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where nn ′a means the interatomic distance in equilibrium state and nu  denotes an atomic 
displacement from the equilibrium position. The displacement 

α,nu  in the αdirection is 
expanded by using the eigenfunctions ( )S

,ne α  of a dynamical matrix as 
 

(3) 
 
where SQ  are the normal coordinates.  The interatomic distance is represented by 
 

(4) 
 
where cS(nn’) are defined by using the the direction cosine, 

α,nn ′ , of the interatomic distance 

vector as (α=x,y,z) 
 

(5) 
 

Then, Hamiltonian is rewritten in terms of the normal coordinates SQ  as (Y. Aikawa & K. 
Fujii, 1993) 
 

(6) 

The variational principle at finite temperature is applied to obtain thermal properties of the 
crystal.  In this method, an anharmonic oscillator with the fourth order term is adopted as a 
trial Hamiltonian trH , (Y. Aikawa & K. Fujii, 2009) 
 

(7) 
 

The thermal average of a physical quantity ( )SS Q,QX   is given by 
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The free energy of the crystal is given by  
 
 
 

(9) 
 
The free energy trF  of the trial system is also calculated by using the relation trtr ZTF lnk B−= . 
The partition function trZ  is represented by using the variables TQAy SSS B

44 k≡  and 

SSS BTAp Bk41≡  as: 
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(10) 
 
 
 
 
 
where z(pS) satisfies a differential equation (Y. Onodera,1970):  
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The solution z(pS) is expressed later by the confluent hyper geometric function.  The thermal 
averages of 2

Sy  and 4
Sy  are easily obtained as  
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The free energy given by eq. (9) is rewritten as 
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where the potential is decomposed into the Fourier component.  The notation 
C

  denotes 

the cumulant as defined by 
 

(15) 
 
It is evident from the formula of the trial Hamiltonian that  

0
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thus the cumulant expansions are as follows:  
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From the variation of the free energy with the interatomic distance nn ′a , we have the equation 
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The optimum condition 0=∂∂ SBF  gives the relation  
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From eq. (18) and eq. (19), an equation to be satisfied in the thermal equilibrium state is 
obtained as 
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It is obtained the solution for the anharmonic system as follows: 
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Substituting eq. (21) into eq. (19), an important equation to determine the equilibrium 
condition for the free energy is obtained as 
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In high temperature region ( p≪1 ), the solution for eq. (11) is given by 
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3 .≅≡ ΓΓδ  and F is the confluent hyper geometric function defined as 
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As a result, the average of  QS 2  is determined as 
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In high temperature approximation, the equation for SA  to satisfy eqs. (21) and (25) is 
obtained as  
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To substitute eq. (26) into eq.(22), the equation for determining the instability phenomena in 
the crystal is obtained as 
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3. Soft mode 
The aim of this section is as follows:  the author derives equations to determine the soft 
mode which minimizes the k-dependent part of the second order term in the trial potential, 
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and apply the result to the transition from cubic to tetragonal phase in a ferroelectric crystal 
BaTiO3.  The force constants between atoms are estimated by comparing the theoretical 
result for dispersion relations derived from a dynamical matrix with that of a neutron 
diffraction experiment (G. Shirane et.al., 1967; B. Jannet et al., 1984).  The author applies the 
result to determination equations,  and verify that the lowest frequency mode at Γ point 
corresponds to a mode causing the ferroelectric phase transition of BaTiO3. 

3.1 Determination equations for the soft mode 
It is considered that the crystal instability takes place when the coefficient of the second 
order term in the trial potential becomes infinitesimal as temperature approaches to the 
transition point. Namely, the parameter νS  increases to an unlimited extent. This type of 
phase transition accompanied by the symmetry change is suggested as the softening in the 
crystals (W.  Cochran, 1959). The instability temperature TC is defined by the temperature 
where νS→∞ in eq.(29) as  
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where ∞f  and ( )2
∞f  mean the values of f  and ( )2f  under ∞→Sν . In the vicinity of the 

instability temperature, the parameter Sν  can be represented from eqs.(29) and (31) as:  
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where the instability temperature is obtained as 
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Consequently, the variational parameter of the second order term is given as 

 
( )

( )

( ) ,TT
V

c

V
c

B

nn nn

Snn
S

nn nn

S

S

nn
S

S

S

S −

∂

∂

∂

∂

=



 

′
∞→′

′

′
∞→′

′

CB

2

2
2

4

4
4

2

k

1

4C

ν

νδ

a

a  (34) 

and the variational parameter of the forth order term is also calculated as: 
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Near the instability temperature, the optimum value of the trial potential is represented as 
 

(36) 
 
where the degree of freedom of the system, S = 3N, is replaced by the branch and the wave 
vector (R,k ).  In order that the softening may actually occur, it is necessary that ( )kRB  
becomes minimum at the definite k  vector which is written as  
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where ( )kRγ  is thek -dependent part in ( )kRB  as 
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(39) 

 
Here, the eigenfunctions ( )α,n

,Re k
 of the dynamical matrix given approximately in Appendix 

can be easily derived.  Consequently, determination equations for the soft mode identified 
by (R, k) are given by 
 

(40) 
 
First, whether or not the crystal instability takes place is decided by the temperature 
dependence of the second order term in the trial potential as shown in eq. (36). Next, the soft 
mode is identified by the determination equations formalized by eq.(40). To apply the 
equations, the eigenfunctions included in eq. (39) are necessary which are obtained through 
the eigenvalue problem of the dynamical matrix. Landau theory presents that only one 
irreducible representation takes part in the phase transition accompanied by the symmetry 
change. When more than two modes belong to the same irreducible representation, it is 
unknown which mode corresponds to the soft mode with the lowest frequency. In this 
section, the author shows that one can solve this difficulty by using eq.(40) as the 
determination equations for the soft mode. 

3.2 Application to the ferroelectric crystal BaTiO3 
The author constructs a formalism to specify the atomic displacement pattern in softening of 
the BaTiO3 crystal.  The Bravais lattice of this crystal above the transition temperature is a 
cubic lattice whose unit cell and Brillouin zone are shown in Fig.1.  

.
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                                          (a)                                             (b) 

Fig. 1. Cubic structure and Brillouin zone of BaTiO3 at high temperature.  (a)The atoms in a 
unit cell are arranged at the original (nx, ny, nz) for Ti, the corner (nx+1/2, ny+1/2, nz+1/2) 
for Ba and the face center (nx+1/2, ny, nz) for O, respectively.  The atomic masses are defined 
as MB, MT and MO for Ba, Ti and O, respectively. (b) The optical modes discussed in this 
work are restricted within the neighborhood of Γ point along the kZ axis limits. 

When the temperature decreases just below the transition temperature, a freezing of the 
mode that Ti and O ions vibrate reversely along the <001> direction of the crystal causes the 
structural phase transition from cubic to tetragonal symmetry under softening.  
The atomic displacement patterns for vibrational modes at Γ point belonging to the 
irreducible representation of space group 1

hO  are derived by using the method of projection 
operator as (G. Burns, 1977) 

 1u 2u4T T ,+  (41) 

These modes are three-fold degenerate in accordance with the three-dimensional irreducible 
representation T .  There are five branches which consist of one acoustical branch and four 
optical branches, named A, O1, O2, O3 and O4.  The Slater(S), Last (L), Bending (B) modes and 
so on can be constructed by a combination of atomic displacements which form the basis 
functions of 1uT .  However, one is not able to decide from the group theory which mode 
appears actually.   
The dispersion relations 2

k,Rω  depend upon the force constants, shown in Fig. 2 , which are 
derived from the second-order derivative of the interatomic potential with respect to the 
interatomic distance, and defined as 
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It is, however, difficult to estimate the force constants because the various interactions 
between atoms exist.  The author attempt to decide them so as not to contradict the results 
by the neutron diffraction experiment (G.Shirane et al., 1967; B. Jannet et al.,1984).  
 

 
Fig. 2. Definition of the force constants between atoms: α, β, γ and η for Ti-O, Ba-O, Ti-
Ba and O-O, respectively.  

All the six optical modes which are capable of appearing under the various force constants 
are obtained by solving the dynamical matrix.  In the low frequency region of the dispersion  
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Fig. 3. Triangular diagram composed of the relative force constants ( )γηγβγα ,, . The 
notation L* means that the Last mode corresponds to the lowest frequency mode at the 
coordinates ( )3.0,2.0,5.0 === γηγβγα . 
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curves, only two modes always appear within the set of four modes L, B, S1 and S2.  The 
other two modes T2u and Plane appear constantly in the high frequency region.  It is well-
known that the Slater mode is considered to be an optical lattice vibration in which Ti-
sublattice vibrates in the reverse direction to O-octahedron.  Until now, it has been sufficient 
to treat the displacements for only Ti and O ions, to explain qualitatively the appearance of 
an electric polarization. Though the motion of Ba-sublattice has been neglected in the past, 
the displacements for Ba ions must be considered in the case that the dispersion relations are 
compared between the theory proposed here and the experiment by the neutron diffraction. 
There are two kinds of the Slater mode: S1 in which Ti-sublattice vibrates in the reverse 
direction to Ba-sublattice and O-octahedrons, and S2 in which Ba-sublattice and Ti-sublattice 
vibrate in the reverse direction to O-octahedrons. 
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                                            (a)                                                      (b) 

Fig. 4. Dispersion curves  with the force constants (α/γ=0.1, β/γ=0.09, η/γ=0.81)  
of BaTiO3.  (a) The lowest frequency mode at Γ point for each branch is shown with the 
atomic displacement patten.  (b) The solid curves represent the theoretical values for  
the dispersion relations derived from eq. A-1.  Small rectangles correspond to the 
experimental results. (Y.Aikawa & K.Fujii, 2011 to be published in Ferrolelectrics) 

The triangular coordinates are introduced whose three axes mean the ratio of α, β and η 
normalized by γ, namely, α/γ, β/γ, η/γ.  The triangular diagram in Fig.3 shows 
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which mode corresponds to the lowest frequency mode for the given coordinates at Γpoint 
in the Brilloin zone.  The dispersion relations within the region enclosed with an ellipse are 
in agreement with the results obtained by the neutron diffraction experiment.  The lowest 
frequency mode is S2 mode at the coordinates (α/γ=0.1, β/γ=0.09, η/γ=0.81) in the 
enclosed region.  
The dispersion curves with the force constants ( )0.1, 0.09, 0.81α γ β γ η γ= = =  of BaTiO3 
and the experimental values obtained by the neutron diffraction are shown in Fig. 4.  
Conversely, the author can estimate the relative force constants of the BaTiO3 crystal by the 
above coordinates.  
The (R, k)-dependent part, ( )kRγ , for the coefficient ( )( )TTB CR −k  of the second order term 
in the trial potential is given by 
 
 

(43) 
 
It is to be noted that the functions ( )nn

,Rc ′
k

 are given by the eigenfunctions of the dynamical 
matrix which is dependent on the force constants.  The author has found that the O1 branch 
corresponding to the S2 mode at Γpoint tends to decrease in approaching to Γ point and 
satisfies with the condition given by eq.(40) as shown in Fig. 5.    
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                                                          (a)                                        (b) 

Fig. 5. The function ( )Rγ k  for the optical branches near Γ point.   (a) The k-dependence of 
γR(k) for the optical branches derived from eq. (43) shows the softening of O1 branch at 
Γpoint.  (b) The details obtained by magnifying the figure (a).  



 
Self-Consistent Anharmonic Theory and Its Application to BaTiO3 Crystal 

 

339 







































+−−−

−+−

−+−

−+−

−−−+

=

=

OOOOT

OOOB

OOOB

OTTTB

OBOBTBB

MMMMM

MMMM

MMMM

MMMMM

MMMMMMM

ηαηηα

ηηββ

ηηββ

αγαγ

ββγγβ

82coscos4coscos4cos20

coscos44400
coscos4

coscos4
0440

coscos4

cos20082coscoscos8

0cosos4coscos4coscosos888

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

2
a

zyzxz

zyzx

zxzy

zzyx

zxzyzyx

kkkkk

kkkk

kkkk

kkkk

kkkkkkk cc

D

( ) ( )[
( ) ( )]

( ) ,xxC
xxr

xxrDV

nn

nn

nnn

><−+
><−−−
><−−=

F

coshexp2
2cosh2exp2

αΔα
αΔα 　

When the S2 mode freezes, the BaTiO3 crystal undergoes the structural phase transition from 
cubic to tetragonal symmetry and brings about the ferroelectricity.  As a result, the author 
has been able to show that eq.(40) can provide the justifiable equations to determine the soft 
mode. 

Appendix 
The BaTiO3 crystal with the perovskite-type structure has a property that the alloy of Ba-Ti 
bonding takes in the octahedron of O-O bonding by Ti-O bonding and Ba-O bonding, since 
the crystal is composed of three components, Ba-cubic lattice, Ti-cubic lattice and O-
octahedron.  As far as the author take notice of the soft mode at Γ point for the phase 
transition of BaTiO3 at high temperature region, it is sufficient to discuss within the atomic 
displacements of one direction.   
The equations of motion for atoms in a unit cell can be solved by applying the running wave 
solutions. The dynamical matrix is obtained as 
 
 
 
 
 
 

A - 1 
 
 
 
 
 
 
where the masses of atoms are defined in Fig.1, and the force constants are represented in  
Fig. 2. 

4. Dielectric property 
It becomes to shown the relationship between the behavior of the dielectric property at high 
temperature region and the essential parameter at absolute zero temperature derived from 
the first principles calculations. 

4.1 Interatomic potential 
Considering that the ferroelectricity of BaTiO3 mainly depends on the potential between Ti 
and O atoms, the author introduced the crystal potential at the nth Ti atom along the x-axis 
as follows (Y. Aikawa, et al., 2009):  
 
 

(44) 
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where xn is the coordinate of the nth atom and <xn> is the averaged equilibrium position of 
the n-site Ti atom along the x –axis, as shown in Fig.1, rΔ  is the distance between <xn> and 
the minimum position, D is potential depth,  2Dα2 is the classical spring constant in the 
harmonic approximation, and CF is the coefficient of the long-range order interaction.  
Replacing the interatomic distance 

nn ′a  with the atomic position xn is expected to result in a 
good approximation of the nearest interaction in the neighbourhood. Then, Eqs.(17) and (29) 
are rewritten as follows: 
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The thermal average of Vn is calculated as 
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thus the condition of eq. (45) is  
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here 
( )exp .y xα≡  

 

By using the solution of eq. (48), the equilibrium condition eq.(46) is as follows: 
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The potential parameters D, α, Δr, and CF listed in Table1 were determined with reference 
to the results of the first-principles calculations within the density functionl theory.  
 

 Ferro Para

FC 2.1  0  

[ ]eVD 094.0  2255.0  

[ ]1−Aα 25  25  

[ ]ArΔ 02833.0  02833.0  

( )42.EqinC 5108.4 × 5108.4 ×

Table 1. (Y. Aikawa et al., 2009, Ferroelectrics 378) 

Ultrasoft pseudopotentials (D. Vanderbilt, 1990) were used to reduce the size of the plane-
wave basis. Exchange-correlation energy was treated with a generalized gradient 
approximation (GGA-PBE96). Y. Iwazaki evaluated the total energy differences for a 
number of different positions of Ti atoms positions along the x-axis (Fig.6) with all other 
atoms fixed at the original equilibrium positions, which are denoted by open circles in Fig.7. 
The solid lines in these figures indicate the theoretical values obtained using Eq.(44) with the 
fitting parameters listed in Table1. 
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Fig. 6. Perovskite crystal structure of BaTiO3 

 

 
Fig. 7. Atomic potential of Ti in ferroelectric phase of BaTiO3 denoted by open circles were  
obtained by first principles calculations, the solid line indicate theoretical values given by 
eq.(44) (Y. Aikawa et al., 2009, Ferroelectrics 378) 

4.2 Ferroelectricity of barium titanate 
When the softening occurs close to the Curie point, the solution λS increases rapidly. This 
increase implies that the second-order variational parameter BS tends to zero, the square of 
the angular frequency 2

SΩ  also tends to zero because the variational parameter 2BS 
corresponds to 2

SMΩ . Thus, 
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The instability of the ferroelectrics in terms of the oscillator model can be explained as 
follows: as the temperature approaches the Curie temperature Tc, ΩS2  changes to zero from 
a positive value according to displacive ferroelectrics (B>0); ΩS2 changes to zero from a 
negative value according to the order-disorder model (B<0). The former is termed the 
propagation soft mode, and the latter, the non-propagation soft mode. 
The relation between the dielectric constant and the frequency of an optical mode as 
expressed by Lyddane, Sachs and Teller (R.H.Lyddane et al.,1941) is 

 
2

1 ,
t

ε ∝
Ω

 (51) 

where Ωt denotes the frequency of transverse optic modes. From eqs. (50) and (51), the 
relation between ε and λS is given by: 

 
0

,S
C
T

ε λ
ε
=  (52) 

where C is a constant. The temperature dependence of λS is calculated by Eq.(49). Fig.8 
shows the dielectric constant along the c axis measured as a function of temperature for a 
single crystal (W. J. Merz, 1953). The solid line in Fig.8 is fitted according to the theoretical 
calculation performed using Eq.(52) and the potential parameters listed in Table1. 
 

 
Fig. 8. Temperature dependence of the dielectric constant of single crystal of BaTiO3 along 
the c axis. The solid line is calculated by Eq. (52), and the open circles are experimental 
values. (Y. Aikawa et al., 2009, Ferroelectrics 378) 

5. Isotope effect 
There have been some reports of the isotope effects on displacive-type phase transition, as 
determined experimentally (T. Hidaka & K. Oka, 1987). In classical approximation (A. D. B. 
Woods et al., 1960; W. Cochran, 1960), TC is expected to shift to a higher temperature in 
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heavy-isotope-rich materials and vice versa. However, the experimental results are 
completely opposite to the expected results. It has been long considered that the origin of 
these phenomena in BaTiO3 may be related to the quantum mechanical electron-phonon 
interaction (T. Hidaka, 1978, 1979).  
However, it seems to be problematic to introduce the quantum mechanical electron-phonon 
interaction to interpret the ferroelectric phase transition in BaTiO3, because the phase 
transition is a phenomenon in the high-temperature region in which there is scarcely any 
quantum effect. In order to discuss such a phenomenon in the high-temperature region, K. 
Fujii et al. have proposed a self-consistent anharmonic model that is applied to the phase 
transition (K. Fujii et al., 2001), and the author has extended it to derive the ferroelectric 
properties of BaTiO3 (Y. Aikawa et al., 2009). In this section the isotope effect of TC is 
explained through this theory, and the theoretical result is compared with experimental 
data. 

5.1 Theory 
Postulating that atomic potential is independent of atomic mass, eq. (33) is rewritten as   
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where ζ is the mass-dependent part in TC as   
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In order to calculate eq. (54), it is necessary to obtain the eigen function ( )n
Se  in eq.(5) by 

solving the dynamical matrix, which consisted of atomic mass and force constants, as shown 
in Fig.2. The force constants shown in Fig.2 are derived from the second-order derivative of 
interatomic potential with respect to interatomic distance.  
It is, however, difficult to estimate the force constants because estimate various interactions 
between atoms exist. The author did attempt to estimate them so as not to contradict the 
results of neutron diffraction experiments; as (α/γ, β/γ, η/γ) = (0.1, 0.09, 0.81) as 
derived in 3.2. 

5.2 Numerical calculation and comparison with experiments 
It was also shown that the soft mode is the Slater mode, which is the lowest frequency optic 
mode at k = 0 under this condition. Using this force constants, the ratio of TC (yBa xTi O3 that 
is replaced with isotope elements) to TC (natural 137.33Ba 47.88Ti 16O3) is obtained by 
calculating eq.(54) using x = 46-50, y =134-138 as parameters. The results are shown in  
Fig. 9.   
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Fig. 9. x-y phase diagrams of the ratio of Tc (yBa xTi O3) to Tc (137.33Ba 47.88Ti 16O3)     
(Y.Aikawa et al., 2010 Jpn. J. Appl. Phys. 49 09ME11) 

In Fig.10, the solid curve shows the theoretical values of the transition temperature for the 
isotope effects of Ti calculated using eq. (54), and the experimental values are represented 
by open circles. It appears that the theoretical values in the solid curved line are roughly in 
agreement with the experimental values represented by the open circles as shown in the 
figure.  
 

 
Fig. 10. Comparison between the theoretical and experimental values in terms of x-
dependence of the ratio of Tc (137.33 Ba xTi 16O3) to Tc (137.33Ba 47.88Ti 16O3). (Y.Aikawa et al., 
2010 Jpn. J. Appl. Phys. 49 09ME11) 



  
Ferroelectrics - Characterization and Modeling 

 

346 

In the case of harmonic approximation, as the heavy Ti isotope is introduced, the Curie 
temperature rises, and vice versa for the light Ti isotope (T. Hidaka & K. Oka, 1987), because 
only the coefficient ( )2nn

Sc ′  of the harmonic term 2
SQ  is considered. It is known that 

anharmonicity promotes the instability in the crystal (K.Fujii et al., 2001), as a result, the 
instability undergoes the structural phase transition in the crystal systems with a strong 
anharmonicity. In eq.(54) the effect of the coefficient ( )4nn

Sc ′  of the fourth-order term 4
SQ  is 

to sift TC to the lower-temperature region, whereas that of the coefficient ( )2nn
Sc ′  of the 

quadratic term 2
SQ  is to shift TC to the higher-temperature region. In the higher-

temperature region, the effect of 4
SQ  is more important. Therefore, the self-consistent 

anharmonic theory in the high-temperature region enables the explanation of the tendency 
that TC is expect to shift to the lower temperature in the heavier Ti isotope. 
The instability temperature or the transition temperature for the trial potential represented 
by an anharmonic oscillator has been derived from the variational method at finite 
temperature where the normal coordinates were introduced in this work to reflect the 
crystal symmetry in the softening phenomenon. The result obtained here has been applied 
to the isotope effect of the ferroelectric crystal BaTiO3.  The transition temperature TC given 
by eq. (53) has been applied after substituting the actual values obtained for the force 
constants into ζ given by eq.(54). As a result, the author has been able to probe that the 
transition temperature TC of barium titanate consisting of heavy-isotope Ti is lower than that 
of barium titanate consisting of light-isotope Ti. 

6. Conclusion 
The instability temperature or the transition temperature for the trial potential represented 
by an anharmonic oscillator has been derived from the variational method at finite 
temperature where the normal coordinates were introduced in this work to reflect the 
crystal symmetry in the softening phenomenon.  
1. Though the expression obtained here has the same form as the Landau expansion, the 

transition temperature and the expansion coefficients can be represented by the 
characteristic constants of the potentials between atoms.  From the fact that the 
coefficient of the second order term in the trial potential is expressed by the form such 
as ( )( )TTBR −Ck , the author has proposed the equations to determine the soft mode by 
imposing the condition that its k -dependent part takes the minimum value.  The result 
obtained here has been applied to the structural phase transition of the ferroelectric crystal 
BaTiO3.  The dispersion relations derived from the dynamical matrix has been compared 
with that from the neutron diffraction experiment.  The force constants between atoms 
have been fitted so as to reproduce the experimental results for the dispersion relations.  
The determination equations given by eq.(40) has been applied after substituted the actual 
values obtained for the force constants into γR(k) given by eq.(38). As a result, the author 
has been able to probe that the lowest frequency mode at Γ point corresponded to the S2 
mode causing the structural phase transition in the BaTiO3 crystal. 

2. The author has shown that the ferroelectric properties of BaTiO3 result from the 
equilibrium condition of free energy by using the anharmonic oscillation model and the 
elemental parameters derived using first-principles calculations. 
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3. The result obtained here has been applied to the isotope effect of the ferroelectric crystal 
BaTiO3. The transition temperature TC given by eq. (53) has been applied after 
substituting the actual values obtained for the force constants into ζ given by eq. (54). 
As a result, the author has been able to probe that the transition temperature TC of 
barium titanate consisting of heavy-isotope Ti is lower than that of barium titanate 
consisting of light-isotope Ti.  
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1. Introduction  

The characteristic property of ferroelectric materials, which is the reversal of polarization by 
an external electric field, is of technological importance in device applications, particularly 
in nonvolatile ferroelectric random access memories (NV-FeRAMs).  These binary coded 
NV-FeRAMs can be fabricated by using ferroelectric materials in which the polarization 
direction can be switched between two stable states when a minimum electric field is 
applied.  To fabricate good quality NV-FeRAMs to meet the demands of the current market, 
the ability to achieve low coercive field cE (the minimum external field required to reverse 
the direction of remnant polarization), short switching time st  and high packing density 
(Scott, 2000; Dawber et al., 2005) in the memory chips are great challenges.  These 
challenging factors are closely knitted with the underlying physics on the switching 
properties of ferroelectric materials.  Though the subject of interest has been elucidated both 
theoretically and experimentally over the past sixty years and the achievements are 
enormous, but the challenging factors mentioned are still current. Auciello, Scott and 
Ramesh (1998) have explicitly outlined four main problems in NV-FeRAMs fabrication 
which are related to basic physics.  Firstly, what is the ultimate polarization switching 
speed?  Secondly, what is the thinnest ferroelectric layer which sustains stable polarization?  
Thirdly, how do switching parameters, such as coercive field, depend on frequency?  Lastly, 
how small can a ferroelectric capacitor be and still maintain in ferroelectric phase?  These are 
fundamental problems which should be tackled through continuous experimental and 
theoretical efforts.  
From the theoretical perspective on this area of studies, a few models (Duiker and Beale, 
1990; Orihara et al., 1994; Hashimoto et al., 1994; Shur et al., 1998) were proposed to study the 
switching properties of ferroelectric thin film based on the Kolmogorov-Avrami theory of 
crystallization kinetics (Avrami, 1939, 1940 and 1941).  In these models, the authors focused 
on statistics of domain coalescence. Tagantsev et al. (2002) proposed another model based on 
the experimental work of a few groups (Lohse et al. 2001; Colla et al., 1998a; Ganpule et al., 
2000). Their model also focuses on statistics of domains nucleation.  Another approach, 
which is different from the classical nucleation reversal mechanism, is based on the Landau-
type-free energy for inhomogeneous ferroelectric system as discrete lattices of electric 
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dipoles (Ishibashi, 1990).  However, all these models neglect the surface effect, which is 
shown to have influence on phase transitions of ferroelectric films, and as the films get 
thinner the surface effect becomes more significant. 
The continuum Landau free energy for a ferroelectric film, extended by Tilley and Zeks 
(Tilley and Zeks, 1984), incorporates the surface parameter δ (extrapolation length).  Positive 
δ models a decrease in local polarization at surface, and negative δ an increase, with a 
smaller absolute value of δ giving a stronger surface effect.  This model has been used to 
elucidate phase transition and dielectric properties of FE thin films with great success 
(Wang C. L. et al., 1993; Zhong et al., 1994; Wang Y. G. et al., 1994; Wang C. L. and Smith, 
1995; Ishibashi et al., 1998; Tan et al., 2000; Ong et al., 2001; Ishibashi et al., 2007) and the 
results of phase transition and dielectric properties of ferroelectric thin films obtained are 
well accepted.  In this chapter, we outline the progress of theoretical and experimental work 
on switching phenomena of ferroelectric thin films, and the main focus is on the results of 
switching properties of ferroelectric thin film obtained from the Tilley – Zeks continuum 
Landau free energy and Landau-Khalatnikov (LK) dynamic equation (Ahmad et al., 2009; 
Ong and Ahmad, 2009; Ahmad and Ong, 2009; 2011a; 2011b).  The surface effects, 
represented by ± δ, on properties of polarization reversal, namely, coercive field cE  and 
switching time st will be discussed (Ahmad et al., 2009).  For positive δ, cE  and St  decrease 
with decreasing δ  while for negative δ, cE  and st  increase with decreasing δ .  Strong 
surface effects represented by smaller δ  are more profound in thin ferroelectric films.  As 
the film size increases, the delay in switching at the centre relative to switching near the 
edges is more remarkable for systems of zero or small polarization at the edges ( 0δ ≅ ).  It is 
found that the dipole moments at the centre and near the edges switch almost together in 
small-sized systems of any magnitudes of δ. (Ong et al., 2008a; 2008b).  We also elucidated 
the phenomena of polarization reversal of second-order ferroelectric films, particularly the 
characteristics of hysteresis loops by an applied sinusoidal field.  It is shown that at a 
constant temperature, the size of hysteresis loops increases with increasing film thickness 
for δ > 0 and the reverse is true for δ < 0.  For a film of fixed thickness, the size of hysteresis 
loop decreases with increasing temperature for cases of δ > 0 and δ < 0.  We have 
demonstrated that the effect of magnitude of the applied field on the hysteresis loops is 
similar to the experimental results (Ong and Ahmad, 2009).  Our numerical data also show 
that switching time St  is an exponential function of the applied field and the function 
implies that there is a definite coercive field in switching for various thicknesses of FE films 
(Ahmad and Ong, 2011b).  Lastly, since in reality, ferroelectric thin films are fabricated on 
conductive materials (such as SrRuO3) as electrodes, hence, we shall include the effects of 
misfit strain on switching phenomenon of epitaxial film of 3BaTiO  (Ahmad and Ong, 
2010a) and conclude with some remarks.  

2. Ferroelectric thin film and Tilley-Zeks model 
The behaviour of ferroelectric thin films is significantly different from that of the bulk. The 
arrangement of atoms or molecules at the surface is different from that of the bulk material.  
Due to the process of surface assuming a different structure than that of the bulk, which is 
known as surface reconstruction, polarization at the surface is not the same as that in the 
bulk; and it affects the properties of the material.  This so called surface effect may have little 
influence on the properties of material if the material is thick enough.  However, when the 
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material becomes thinner, the surface effect becomes significant.  The demand by current 
technological applicants on material thickness of ferroelectric thin film is now in the range of 
nano-scale.  Hence, surface effect in ferroelectric thin film is a significant phenomenon and 
how it can affect switching must be understood. 
The Landau free energy for a ferroelectric film, extended by Tilley and Zeks (Tilley and 
Zeks, 1984), incorporates the surface parameter δ (also named the extrapolation length) and 
for convenient, we named it TZ model. Positive δ models a decrease in local polarization at 
the surface, and negative δ an increase; with a smaller absolute value of δ giving a stronger 
surface effect. This is important since both forms of behavior have been observed in 
experiments on different materials. With this surface parameter δ, the inherent material 
properties at the surfaces of a ferroelectric film which can be either of the two cases are 
explained. This Landau free energy is given by 

 ( )2/2 2 4 2 2

22 2 24/2 0 0 00

L dPF
P P dz P P

dzS L

α β κ κ

ε ε ε δε

= + + + +
+ −

−

 
     

 
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where S is the area of the film with plane surfaces at = ± /2z L  and ( )/ 2P P L± = ± . α  is 
temperature dependent, taken in the form 0 0( )CT Tα α= −  with 0CT  the critical temperature of 
the bulk material and the constants 0α , β and κ are positive. 0ε  is the dielectric permittivity of 
the material and the κ term inside the integral in Eq. (1), represents the additional free energy 
due to spatial variation of P.  Whereas the κ term outside the integral in Eq. (1), represents the 
free energy due to the surface ordering.  

3. Phase transition in ferroelectric thin film 
We (Ong et al., 2000; 2001) reinvestigated the TZ model and obtained much simpler 
expressions, compared with previous work (Tilley and Zeks, 1984), for the polarization 
profiles of ferroelectric thin films in Jacobian elliptic functions for both positive and negative 
δ. Variation of Eq. (1) about the equilibrium form P(z) shows that this satisfies the Euler-
Lagrange equation (Ong et al., 2001) 
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with the following boundary conditions: 
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It follows from Eq. (3) that if the extrapolation length δ is positive, P(z) decreases near the 
surface, and if it is negative, P(z) increases.  In consequence, the critical temperature CT  of 
the film is reduced below 0CT  for positive δ and increased for negative δ. The first 
integration of Eq. (2) leads to 

 
11 22

4 2
2

00

1 2 4
2

dP G
P P

dz
β α
κ ε β βε

  = ± + +       
, (4) 



  
Ferroelectrics - Characterization and Modeling 

 

352 

where G is the constant of integration.  The extremum of P(z) is at z = 0 so that the central 
value P(0) is a solution of the quadratic equation corresponding to dP/dz = 0: 

 ( )( )
2

4 2 2 2 2 20 0
1 2

2 4 0G
P P p p p p

ε α ε
β β

+ + = − − = , (5) 

where the roots 1P  and 2P  are introduced for later use; and the roots are such that 2 2
2 1P P> .  

It follows from Eq. (5) that the product 2 2
2 1.P P has the same sign as G and it will be seen that 

while 2
2P  is always positive for both signs of δ, in the case of 0δ > , there is a temperature 

interval in which G and therefore 2
1P are negative. 

The P integral resulting from Eq. (4) can be expressed by inverse elliptic functions so that 
ultimately P(z) is expressed in terms of an elliptic function.  The detailed forms depend on 
the sign of δ. 
In the case of 0δ > , it can be shown that 2

00 / 4G α β< <  so that, 2
1P  and 2

2P  are both 
positive.  Since positive δ leads to a decrease of P(z) at the surface of the film we have the 
inequalities 1 20 ( )P z P P< < < .  The central value P(0) is the maximum value of P(z) and is in 
fact equal to 1P .  The expression for P(z) is 

 1( ) ( / , )P z P sn K z ξ λ= − , (6) 

in standard notation for elliptic functions.  The modulus λ is given by 1 2/P Pλ = ; ( )K K λ=  
is the complete elliptical modulus and the scale length ξ  is 

 2 1/2 2
0 22 /( )Pξ ε κ β= . (7) 

In the case of 0δ < , the analytical work is complicated because the expression for 
polarization profile depends on temperature range.  In the temperature interval 0 CT T T≤ ≤  
in which G < 0 and  2 2 2

1 20 ( )P P P z≤ ≤ ≤ .  In the interval where G is negative, P(z) takes the 
form,  
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where 2 2 2
1 1 2 1/( )P P Pλ = − −  is the modulus, and the scaling length is given by 
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While for the temperature interval 0T T< , the parameters satisfy the inequalities G > 0, 
2 2 2

1 20 ( )P P P z< < < 0, and the polarization profile is found to be 

 2( )
( / , )

P
P z

sn K z ξ λ
=

− . (10) 

Similarly, the modulus λ is given by 1 2/P Pλ = ; ( )K K λ=  is the complete elliptical 
modulus. These simpler analytical expressions, describing the polarization profile of a 
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ferroelectric film with either positive or negative δ, are important in helping the study of 
switching properties of ferroelectric film as well as size and surface effects on properties of 
phase transition.  In the case of negative δ, there is no size induced phase transition; but for 
positive  δ, we have found an expression for the minimum thickness CL  of ferroelectric film 
to maintain ferroelectric properties.  This minimum thickness is a function of δ and 
temperature T as shown below: 

 ( ) 12 tan C
C CL T

ξξ
δ

−  =  
 

. (11) 

Cξ  is the correlation length at critical temperature given by 0 0/C C CT Tξ ξ= − and 0ξ  is the 
zero temperature of correlation length.  0and C CT T  are the critical temperatures of the film 
and bulk, respectively.  Eq. (11) provides hints to the experimentalists that minimum 
thickness of ferroelectric film is dependent on the critical temperature, as well as δ; hence 
these values are material dependent.  
We have also presented new thermodynamic functions, the entropy and specific heat 
capacity, for ferroelectric films with both cases of δ± .  These thermodynamic functions 
provide useful information that the phase transitions in both cases of δ±  are stable (Ong et 
al., 2001).  The reports in the literature on the claims of possible surface state in the case of 
negative δ (Tilley and Zeks, 1984) and film transition can be first order even if its bulk is 
second order (Qu et al., 1997) had caught our attentions and after careful investigation, we 
found that there is no surface state in the negative δ case and the film transition is always 
second order as in the bulk transition. 

4. Formalism for switching in ferroelectric thin films 
Theoretical and experimental work on switching phenomena of bulk ferroelectric began 
about half a century ago.  The interest in this research area has further been extended to 
ferroelectric thin films; and the interest has not waned even up to these days because of the 
advancement in thin film fabrication technology, where higher quality and more reliable 
ferroelectric thin films can be fabricated; thus making the applications of ferroelectric thin 
films in microelectronic devices and memories (Uchida et al., 1977; Ganpule et al., 2000) more 
reliable.  Current theoretical and experimental researches in polarization reversal in 
ferroelectric thin films are focused on phenomena related to effects of size and surface in 
thin films on switching time and coercive field (Ishibashi and Orihara, 1992; Wang and 
Smith, 1996; Chew et al., 2003).  
From the literature, several theoretical models based on a Landau-typed phase transition 
have given good explanations on switching behaviours of mesoscopic ferroelectric 
structures (Ishibashi and Orihara, 1992; Wang and Smith, 1996); and some of the predictions 
concerning size on switching behaviours by Landau-typed models agree well with 
experimental observations.  However, the detailed understanding of surface effect on 
ferroelectric films under the applied electric field is still inadequate, but understanding of 
surface effect is important for the overall understanding on the switching behaviours of 
ferroelectric films.  Thus, we extended the TZ model for ferroelectric thin films given in Eq. 
(1) by adding in the energy expression a term due to electric field (–EP)  
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and minimization of Eq. (12) by variational method shows that the polarization satisfies the 
Euler Lagrange (EL) equation 
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3
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0d P
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α β κ
ε εε

+ − − = , (13) 

with the following boundary conditions: 

 at      / 2dP P
z L

dz δ
= ± = ± . (14) 

The Landau-Khalatnikov dynamic equation is used to study switching behaviours in 
ferroelectric thin films (Ahmad et al., 2009; Ong et al., 2008a; 2008b; 2009; Ahmad and Ong, 
2011b), and it is simplified to the form as follow: 

 
2

30 0
2 2

0 00

( )( / ) CT TP F S d P
P P E

P dz
αδ β κγ

τ δ ε εε
−∂ = − = − − + +

∂
, (15) 

where γ is the coefficient of viscosity which causes a delay in domain motion and τ  is the 
time. In this equation, the kinetic energy term 2 2/m P τ∂ ∂  is ignored, since it only 
contributes to phenomenon in the higher frequency range.  The applied electric field E can 
be a static step field or a dynamic field.  We obtained the equilibrium polarization profile 

( )P z  from the elliptic function derived Eq. (1), and this profile is symmetric about the film 
centre z = 0.0.  The initial polarization profile of the ferroelectric film at e = 0.0 is obtained 
from solving Eq. (4) for the elliptic functions derived by Ong et al. (2001).  In all our 
simulations, the initial polarization in the film is switched from its negative value.  By 
solving Eq. (15) using the Runge-Kutta integration by finite difference technique, we 
obtained the reversal of polarization.  The reversal of polarization is studied by applying a 
stepped electric field and the hysteresis loops are obtained by sinusoidal field 
respectively, as these fields are usually used in experiments. The applied stepped field is 
of the form 

 0 ( )E E f τ= , (16) 

where f (τ) is a usual step-function defined as 

 0

0

1    for 0
( )

0   for  
f

τ τ
τ

τ
≤ <

= 


. (17) 

0τ  is the time taken when the field is switched off and 0E  is the maximum applied electric 
field. The sinusoidal field in the reduced form is 
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 0 sin( )re e ωτ= ,  (18) 

where 0e  is the amplitude and ω  is the angular frequency.  The dimensionless formulations 
used in the calculations are obtained by scaling Eqs. (12) to (16) according to the way discussed 
in our articles.  All parameters listed in the equations above are scaled to dimensionless 
quantities. We let 0/zζ ξ=  with 2

0 0 0/ CTξ κ α=  and 0ξ  corresponds to the characteristic 
length of the material.  Normally, 0ξ is comparable to the thickness of a domain wall.  l  is the 
dimensionless form of thickness L scaled to 0ξ .  We have temperature T scaled as 0/ Ct T T= , 

0/p P P=  with 2
0 0 /CP AT Bε=  and / Ce E E=  with 2 3 3

0 0 04 /(27 )C CE Tα ε β= .  The global order 
parameter is the average polarization of the film defined as  

 ( )
/2

/2

1 l

l

p p d
l

ζ ζ
−

=  . (19) 

5. Polarization evolution in ferroelectric films 

Surface condition due to δ and size of ferroelectric films affect the switching profiles of  
ferroelectric films.  A ferroelectric film with zero δ  means the surface polarization is zero 
at both surfaces of the film.  When a positive electric field E is applied on ferroelectric 
films with zero and non-zero δ , various stages of switching profiles are shown in Fig. 1 
and Fig. 2, respectively, for temperature 00.6 CT T= . The starting equilibrium polarization 
profile is set at negative at time t = 0; and the profile is switched over to positive state by 
the applied electric field E until it is completely saturated. In a thin ferroelectric film  
(Fig. 1), switching at the surface and at the centre is almost the same irrespective of either 
zero or non-zero δ. 
 

 
Fig. 1. Polarization profiles during switching, at various time in term of fraction of the total 
time "

Sτ to reversed the profile, at temperature 00.6 CT T= , applied field 0.83 CE E= , for 
thickness ζ = 3.3:    (a) δ  = 0; (b) δ  = 2.0. The number at each curve represents time taken to 
reach the stage in term of fraction of "

Sτ . (Ong et al., 2008b) 

For thick films, surface switching takes place relatively faster than the interior of the films 
(Fig. 2); the reversal of polarization begins near the surfaces first, and then goes on to the 
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centre, as shown in Figs. 2(a) and (b).  This indicates that the domain wall is formed near 
the surfaces, followed by a domain wall movement towards the centre.  Hence, when the 
film becomes thicker, the delay in switching at the centre of the film is more distinct 
compared with the delay nearer the film surfaces.  In term of domain wall movement in 
the film, it obviously takes a longer time for a domain wall to move from the surface to 
the centre for a thick film than a thin film.  However, the delay in switching at the centre 
is more remarkable in the zero-δ film as the film thickness increases. (Ong et al., 2008a; 
2008b). 
 

 
Fig. 2. Polarization profiles during switching, at various time in term of fraction of the total 
time "

Sτ to reversed the profile, at temperature 00.6 CT T= , applied field 0.83 CE E= , 
thickness ζ = 7.0 for (a) δ  = 0; (b) δ  = 2.0. The number at each curve represents time taken to 
reach the stage in term of fraction of "

Sτ .  (Ong et al., 2008b) 

 

 
Fig. 3. Polarization profile during switching at various time in term of fraction of the total 
time "

Sτ to reversed the profile, for film thickness ζ = 5.4, 2δ = − , 1.50 CE E= , T = 0.0. The 
number at each curve represents time taken to reach the stage in term of fraction of "

Sτ .   

ζ
-4 -3 -2 -1 0 1 2 3 4

P

-1.0
-0.8
-0.6
-0.4
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
1.2

0.0

0.1

0.5
0.6

0.9

1.0

0.85

0.8

0.7

ζ
-4 -3 -2 -1 0 1 2 3 4

P

-1.0
-0.8
-0.6
-0.4
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
1.2

0.0
0.1

0.9
0.93

0.95

0.96

0.97

0.98

1.0

0.8

(a) (b)



 
Switching Properties of Finite-Sized Ferroelectrics 

 

357 

The general trend in polarization reversal of a film, irrespective of value of ,δ  shows clearly 
that total time "

Sτ  to reverse the profile is longer as the film gets thicker.  In the case of 
negative δ for thick film, switching of dipole moments at the film centre takes place before 
that at the film surface, which is obviously shown in Fig. 3.  This phenomenon is contrary to 
what we observed in a ferroelectric film with positive δ (Fig. 1 and Fig. 2); that is switching 
happens at surface before the film centre.  For a ferroelectric film with negative δ, the 
polarization at the surfaces are greater than that at the centre. 

6. Coercive field and switching time in ferroelectric films 
The basic understanding of properties of thickness and surface dependence of switching 
time and coercive field in switching of ferroelectric materials is of great importance to the 
application of FE thin-films in non-volatile memories, for example the ferroelectric random 
access memory (FERAM).  From the results of earlier work on switching behaviour of single 
crystal barium titanate (BaTiO3) (Merz, 1954; 1956; Miller and Savage, 1958; Stadler, 1958; 
Fatuzzo, 1962), a few empirical formulations which illustrate the dependence of switching 
time on applied electric field in switching of ferroelectric crystals are cited.  For instant, in 
1954 Merz reported that switching time Sτ  is proportional to −1/( )CE E  where E is an 
applied electric field and CE  is the coercive field strength.  A couple of years later, Merz 
(1956)  showed that switching time Sτ  versus applied electric field E for low electric field 
(<10 kV/cm) in single crystal BaTiO3 is an exponential function exp( / )S Eτ τ α∞= , where 
τ∞  is the switching time for an infinite field strength and α  is the activation field.  This 
empirical formulation does not imply a definite coercive field in the switching of a single 
crystal BaTiO3.   
A similar empirical formulation for domain wall velocity as an exponential function of 
applied electric field E was proposed by Miller and Savage (1958); and their formulation 
also does not imply a definite coercive field in the switching of ferroelectric crystals. From 
their formulations, we can deduced that when an electric field E, however small is applied 
to a sample, it is just a matter of time; the dipole moments in the sample will ultimately be 
switched.  Around the same period of time, Stadler (1958) extended Merz’s work on a single 
crystal BaTiO3 for high applied field, ranging from 10 kV/cm to 100 kV/cm; and he found 
that switching time Sτ  is related to an applied electric field E according to a power law: 

n
S kEτ −= , where k is a constant and n is equal to about 1.5.  Later, Fatuzzo (1962) proposed a 

combination of the power law and the exponential relation between switching time  
and applied electric field in his analytical calculations based on the assumption of sideway 
movement of the domain wall. Again, this new formulation shows that there  
is no definite coercive field in the switching of FE materials.  Lately, Kliem and Tadros-
Morgane (2005)  have shown that their experimental data on extrinsic switching time exτ  
(time taken when the polarization has reached 90% of its maximum value) versus applied 
electric field E for various thicknesses of ultra-thin PVDF Langmuir-Blodgett  
films do not fit the formula exp( / )S Eτ τ α∞=  or the intrinsic switching formula 

1 1
2 2

0 1 01 / ( / 1) [1 ( ) /( )]in CE E T T T Tτ = − − − −  derived by Vizdrik et al. (2003). In the later 
formula, int  is the switching time, 0T  is the phase transition temperature and 

3
1 0 3 /(4 )T T B Aγ= + , where B, γ and A are the Landau parameters.  This formula indicates 
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that there is a definite coercive field for PVDF material in the intrinsic homogeneous 
switching.  Finally Kliem and Tadros-Morgane (2005) showed a best fit of their experimental 
data by a formulation 0 exp( / )ex ex CE Eτ τ η= −  with 0exτ  and η depending on sample 
thickness and CE , the coercive field obtained from the hysteresis loop. 
On the other hand, evidence of a definite coercive field in the switching of FE materials are 
reported from experimental results, for example in sodium nobate (NaNbO3) (Pulvari, 1960; 
. Miller et al., 1962).  Another example is from Fousek and Brezina (1960; 1964), who reported 
that when the applied voltage on BaTiO3 is below a certain threshold value, no domain wall 
movement has been observed; but when the applied field is above a threshold field, domain 
wall movement is detected to be out of phase with the applied voltage. Further more, Fang 
and Fatuzzo (1962) also reported the occurrence of coercive field on bismuth titanate 
(Bi4TiO12).  In later measurements on good single crystals by Pulvari (1962, 1964 cited in 
Fatuzzo and Merz, 1967) also indicated there was definite coercive field in the switching and 
it was confirmed by Cummins (1965).  More recent evidence of definite coercive field 
observed experimentally was reported in the switching kinetics of ferroelectric Langmuir-
Blodgett films of 70% vinylidenefluoride and 30% trifluoroethylene copolymer with 
thickness up to 15 nm (Vizdrik et al., 2003). 
There are a couple of theoretical models proposed to study the switching behaviours of FE 
films; the Kolmogorov-Avrami-Ishibashi theory (Ishibashi and Orihara, 1992a; 1992b; 
Ishibashi, 1993) which is originated from a model of crystal growth (Kolmogorov, 1937; 
Avrami, 1939, 1940, 1941) and the Landau-typed model (Ishibashi, 1990; 1992; Wang and 
Smith, 1996).  In the later model, one of the authors (Ishibashi, 1992) fitted his numerical 
data by the formula exp( / )S Eτ τ α∞= .  While the other authors (Ishibashi, 1990; Nagaya 
and Ishibashi, 1991) fitted their numerical data by the empirical formulations of Merz (1954, 
1956) and Stadler (1958) mentioned above.  However, they have not mentioned which 
formulation gives the best fit.  With these developments in the area of research in switching 
phenomena of FE materials especially in FE thin films, we are motivated to use Landau 
Devonshire (L-D) free energy of a FE film proposed by Tilley and Zeks (T-Z) (1984) and 
Landau Khalatnikov equation of motion to look into the dependence of switching time on 
applied electric field.  We have also investigated the effects of thickness on coercive field 
and switching time and made comparisons with some experimental findings.  From the 
literature, some experimental results (Hase and Shiosaki, 1991; Fujisawa et al., 1999)  show 
that coercive field increases with decreasing film thickness while others (Wang et al., 2002; 
Yanase et al., 1999) claim the reversed; and these contradictions are explained by the effects 
of negative and positive values of extrapolation length, δ  in the TZ model (Tilley and Zeks, 
1984; Ong et al., 2001; Ahmad and Ong, 2009). 
There are several definitions of switching time in the literature (Fatuzzo and Merz, 1967; 
Ishibashi, 1990; 1992; Nagaya and Ishibashi, 1991; Omura and Ishibashi, 1992; Katayama et 
al., 1993); however, in our case, the switching time Sτ  is taken as the time taken when the 
current has reached 10% of its maximum value (Ahmad and Ong, 2009, Omura and 
Ishibashi, 1992; Katayama et al., 1993) similar to what we have done in our previous work32.  
The variation of switching time Sτ  in a film of thickness l = 2.0 and extrapolation length 

3.0δ =  at temperature t = 0.0, with applied field e is shown in Fig. 4. The triangular markers 
indicated in Fig. 4 represent the numerical data obtained from our calculations. 
To investigate whether coercive field truly exists in ferroelectric thin films, curves based on 
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Fig. 4. Switching time Sτ  versus applied electric field e for film thickness 2.0l = , extrapolation 
length, 3δ = , and temperature T = 0.0. Triangular markings represent the numerical data. The 
data are fitted by the following functions: dotted line is for 0 exp[ /( )]S a e bτ τ= − , solid line is for 

/( )S k eτ α= − , and dashed line is for 0 exp( / )S eτ τ β= .  The inset (a) shows that ln( )Sτ  vs. 1/e, 
and the arrow indicates the coercive field b in the function 0 exp[ /( )]S a e bτ τ= − . The inset (b) 
shows the reciprocal switching time versus e. (Ahmad and Ong, 2011b) 

three chosen formulations are drawn to fit the data. The solid-line is drawn based on the 
formulation by Merz (1954)  

 /( )S k eτ α= − , (20) 

where e is the applied field and k and α  are constants.  From this solid-line curve, the 
switching time diverges at e α=  where α  is the sort of coercive field; and the FE film can 
not be switched for field lower than the coercive field α .  Secondly, we have used the 
empirical formulation (Merz, 1956; Miller and Savage, 1958),  

 0 exp( / )S eτ τ β=  (21)  

where 0τ  and β are constants, to fit our calculated data; and the dashed line in Fig. 4 
represents this formulation.  Finally, we fit our data by the following formulation: 

 0 exp[ /( )]S a e bτ τ= −  (22) 

where 0τ , a and b are constants.  The dotted-line curve in Fig. 4 is drawn from Eq. (22) and it 
shows that switching time Sτ  diverges when the applied electric field e approaches b. In 
order to determine the best fit to our calculated data among the three formulations plotted 
in Fig. 4, a regression analysis, tabulated in Table 1, was carried out for each fitting.  
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Formulations Regression 
factor, R R  

Standard 
error 

Values of 
coefficients 

/( )S k eτ α= −  0.9550 0.9119 1.5573 k = 0.433 
0.579α =  

0 exp[ /( )]S a e bτ τ= −  0.9891 0.9783 0.7753 
0 6.278τ =  

a = 0.014 
b = 0.577 

0 exp( / )S eτ τ β=  0.9305 0.8658 1.9225 0 0.793τ =  
2.067β =  

Table 1. Regression analysis of curve fittings for the numerical data shown in Fig. 4 

Based on the regression factors obtained, we find that our simulated data are best fitted by 
Eq. (22) with the highest regression factor of 0.99.  To ascertain this fact, a plot of ln Sτ  
versus 1/e from our data is shown as the inset (a) of Fig. 4, where Sτ  diverges at the value 
corresponds to b in the equation which is the presumed coercive field.  While inset (b) of Fig. 
4, which is also plotted from our data, shows the reciprocal switching time 1 / Sτ  versus 
electric field e, where the reciprocal switching time decreases precipitously towards zero 
when the field decreases towards the presumed coercive field b.  The same trend of 1 / Sτ  
versus electric field e for PVDF Langmuir-Blodgett films is shown by Vizdrik et al. (2003). 
Figs. 5 (a), (b) and (c) show the plots of calculated data for switching time Sτ  versus applied 
field e in triangular markers when the film has negative extrapolation length δ .  In each of 
these plots, a lined curve is drawn to represent the three formulations we have discussed in 
the previous paragraph, respectively.  The electric field dependence of switching time is 
analyzed statistically and the regression factors for the curves to fit the data are compared as 
shown in Table 2. From the analysis, it has again shown that switching time versus applied 
field for a film with negative extrapolation length δ  follows the same formulation given by 
Eq. (22). Other than the two examples given in Figs. 4 and 5 and Tables 1 and 2, we have 
also fitted other calculated data for various thicknesses and values of δ  by the formulations 
mentioned above; and we have found that the formulation given in Eq. (22) gives 
consistently the highest regression factor for various film thicknesses and extrapolation 
lengths compared with the other two formulations.  Hence, a thin ferroelectric film has a 
definite coercive field and the switching time is an exponential function of electric field e, 
which may be in the form suggested by Eq. (22). 
In order to illustrate how switching time Sτ  of a ferroelectric film depends on film thickness 
and surface order parameter more explicitly, graphs of Sτ  versus thicknesses l for films with 
positive δ  and negative δ  are plotted respectively in Figs. 6 and 7.  Fig. 6 shows that 
switching time increases monotonically with increasing film thickness for films with 
positive δ ’s.  The increased in switching time from thickness closed to critical thickness is 
steep and as the film becomes thicker, the increased in switching time becomes gradual.  
Indication of critical thickness in Fig. 6 corresponds with the fact that a ferroelectric film of 
positive δ  surface property, ceases to behave as ferroelectric when the film thickness falls 
below the critical thickness.  For thin films, Fig. 6 also shows that surface parameter 
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significantly increases with increasing positive δ , but this increasing trend becomes less 
significant when film becomes thick; and it approaches the limit of a bulk case when the film 
is thick enough. 
 

 
Fig. 5. Switching time Sτ  versus applied electric field e for film thickness 2.0l = , 
extrapolation length 3δ = − , and t = 0.0.  The triangular markings in (a), (b), and (c) 
represent the numerical date. The data are fitted by 0 exp[ /( )]S a e bτ τ= − in (a), /( )S k eτ α= −  
in (b) and 0 exp( / )S eτ τ β=  in (c). (Ahmad and Ong, 2011b) 

 

Formulations Regression 
factor, R R  

Standard 
error 

Values of 
coefficients 

/( )S k eτ α= −  0.9711 0.9430 1.9225 k = 1.9439; 
1.5643α =  

0 exp[ /( )]S a e bτ τ= −  0.9931 0.9863 0.9458 
0 3.3300τ =  
a =0.1883 
b =1.5405 

0 exp( / )S eτ τ β=  0.8947 0.8005 3.5973 0 0.0011τ =  
16.5115β =  

Table 2. Regression analysis of curve fittings for the numerical data shown in Fig. 5 
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Fig. 6. Switching time Sτ  versus film thickness l  for various positive δ , applied electric 
field e = 2.0, and temperature t = 0.0. Symbols: Triangle for 3.0δ = , circle for 10.0δ =  and 
square for 50.0δ = . (Ahmad and Ong, 2011b) 

In negative δ  case, Fig. 7 shows that Sτ  becomes infinitely large for ultra-thin films.  
Switching time decreases significantly as film thickness increases from ultra-thin state; 
subsequently, the decrease in Sτ   becomes gradual and approaches the limiting value when 
the film thickness reaches the bulk thickness.  In general, a strong surface effect in film with 
positive of negative δ  corresponds to small magnitude of surface parameter δ .  Hence, in 
the case of negative δ , switching time decreases with increasing magnitude of surface 
parameter δ (Fig. 7) and this surface effect in film with negative δ  on switching time tones 
down when film becomes thick.   
Figs. 8 and 9 show the thickness dependence of coercive field for positive δ  and negative δ  
respectively.  In Fig. 8 we find that for positive δ , the coercive field decreases with 
decreasing film thickness; and it is consistent with the experimental results of Wang et al. 
(2002).  Deduction from Eq. (13) and Eq. (14) shows that the initial remnant polarization 
decreases with decreasing thickness when the extrapolation length δ  is positive; and this 
phenomenon agrees with the results obtained from the lattice model (Ricinschi et al., 1998). 
While for negative δ  (Fig. 9), coercive field CFe  increases with decreasing film thickness 
and the values of CFe  are above Ce  of the bulk.  This result is also consistent with the 
experimental results reported (Hase and Shiosaki, 1991; Fujisawa et al., 1999).  The semi-
empirical scaling law of Janovec-Kay-Dunn (JKD) on the thickness dependence of coercive 
field CE  predicts that 2/3( )CE d d−∝ , where d is the film thickness (Dawber et al., 2003).  This 
implies that the negative δ case of our theoretical prediction, where coercive field increases 
with decreasing thickness, follows the same trend as the JKD law. However, our data on 
coercive field versus thickness follow the exponential relationship rather than the negative 
power law. 
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It is worth giving some comments on Figs. 8 and 9.  For positive δ  given in Fig. 8, it is 
interesting to see that the coercive field has finite size behaviour similar to that of the Curie 
temperature (Zhong, 1994; Wang et al., 1994; Wang and Smith, 1995; Mitoseriu et al., 1996) 
where FE phase vanishes at certain critical thickness (Ishibashi et al., 1998).  Extrapolating 
the three curves in Fig. 8 to meet the horizontal axis gives the critical thickness of 0.68, 0.24 
and 0.04 for 3.0δ = , 10.0 and 50.0 respectively.  While for negative δ (Fig. 9), it is clear that 
there is no size-driven phase transition.  For a film of given thickness, increasing value of 
positive δ , increases the coercive field of the film.  From Fig. 8, it is obvious that for a FE 
film of large values of positive δ  and l (thicker film), the coercive field approaches 1 
( 1CF Ce e→ = ), where 1Ce =  is the dimensionless coercive field of the bulk at temperature  
t = 0.0.   
In contrary to a film with surface effect of positive δ , it is clearly shown in Fig. 9 that in a 
thin film of small l with surface effect of  negative δ, the coercive field of the film increases 
with increasing surface effect (smaller δ ).  However, the influence of surface effect 
becomes weaker as the film becomes thicker as illustrated in Fig. 9, where the coercive fields 
of thick films, irrespective of magnitudes of negative δ, approach the bulk coercive field.  It 
is interesting to see that surface effect, which is parameterized by the extrapolation length 

δ±  in this model, is more significant for thin films (small values of l); but for thick films, 
surface effect is weak and less significant. 
 

 
Fig. 7. Switching time Sτ  versus film thickness l  for various negative δ , applied electric 
field e = 25.0, and temperature t = 0.0.. Symbols: Triangle for 3.0δ = − , circle for 10.0δ = − and 
square for 50.0δ = − . (Ahmad and Ong, 2011b) 
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Fig. 8. Coercive field CFe  versus film thickness l for various positive δ , and temperature  
t = 0.0. Symbols: Triangle for 3δ = , circle for 10δ = and square for 50δ = .  
(Ahmad and Ong, 2011b) 
 

 
Fig. 9. Coercive field CFe  versus film thickness l for various negative δ , and temperature  
t = 0.0. Symbols:  Triangle for 3δ = − , circle for 10δ = −  and square for 50δ = − .  The dashed 
line is bulk coercive field 1.0ce = .  The inset shows the zoom in view for 3.l ≤   
(Ahmad and Ong, 2011b) 
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7. Hysteresis loops of ferroelectric films 

Another experimental method in the elucidation of switching behaviours of a ferroelectric 
film is by applying a sinusoidal electric field to the film and observing the hysteresis loops.  
From the hysteresis loop obtained, one can find out the coercive field and the remnant 
polarization; hence the switching characteristics of the film.  We use the TZ model, which is 
described in Section 2, to simulate the hysteresis loops of a ferroelectric film in the 
application of sinusoidal electric field.  The influence of the sinusoidal electric field strength 

0e  on the ferroelectric hysteresis loop for a ferroelectric thin film with positive δ , at 
constant temperature, shows that the average remnant polarization rp  and coercive field 
increase with increasing 0e  (Fig. 10 (a)); but for thick film, only the coercive field is 
increased (Fig. 10(b)).  This result is consistent with the experimental result (Tokumitsu et 
al., 1994) and the theoretical result of lattice model given by Omura et al. (1991). 
The effect of the temperature t on the hysteresis loop for positive and negative δ ’s can be 
observed from the curves in Figs. 11 (a) and (b).  It can be seen that the system at higher 
temperature needs lower applied electric field e to switch; and the average polarization 

rp  is lower at higher temperature as the system is at a state which is nearer to the phase 
transition.  These results are consistent with experimental results given by Yuan et al. 
(2005); and from their studies on strontium Bismuth Titanate 2 3 12Sr BiTi O (SBT) which has 
lower density of oxygen vacancies, so the pinning of domain wall is weak.  However our 
result is  not consistent with the experimental results given by Zhang et al. (2004) on rp  
where they used 3.25 0.75 3 12Ba La Ti O  (BLT) that has high density of oxygen vacancies which 
tends to be trapped at the domain boundaries.  The oxygen vacancies formed the domain 
walls pinning centres and hence reduce the number of switchable dipoles.  Nevertheless, 
our study is consistent with the theoretical results of lattice model reported by Tura et al. 
(1997).  Similar features of decreasing size of hysteresis loops with increasing temperature 
for both positive and negative signs of δ  given in their results are found in Figs. 11 (a) 
and (b). 
 

 
Fig. 10. Hysteresis loops at t = 0.0, 3δ = , 0.08ω =  for various values of field strength 0e : (a) 
0.6, 1.0, 2.0 and  l = 1.35; (b) 0.91, 1.0, 1.5, 2.0 and l = 5.0. (Ong and Ahmad, 2009) 

(a) (b) 
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Fig. 11. Hysteresis loops for various values of temperature t: 0.0, 0.2, 0.6.; l = 2.00, 0e  = 3.0, 
ω = 0.1. and (a) δ  = 3.0; (b) δ  = —3.0. (Ong and Ahmad, 2009) 

The effects of thickness l on hysteresis loops are illustrated in Figs. 12 (a) and (b) for 
positive and negative δ , respectively.  Fig. 12 (a) reveals that for a given positive δ , 
coercive field CFe  and remnant polarization rp  increases with increasing thickness and it 
is consistent with the experimental results by Wang et al. (2002) and Yanase et al. (1999), 
and also in agreement with the results obtained from the lattice model (Ricinschi et al., 
1998)).  On the contrary, Hase et al. (1991) and Fujisawa et al. (1999) in their hysteresis 
loops measurements found that CFe  decreases with increasing film thickness; and this 
trend of thickness dependence of CFe  is found in Fig. 12 (b).  In Fig. 12 (b), it reveals that 
for negative δ , both CFe  and rp  decrease with increasing thickness and these values of 

CFe  are above 0Ce of the bulk.  However, rp  is reported to increase with increasing 
thickness by Hase et al. (1991); but Fujisawa et al. (1999) reported that rp  is almost 
unchanged with thickness. 
 

 
Fig. 12. Hysteresis loops for various values of thickness l: 0.72, 2.0, 5.0; t= 0.00, 0e = 3.0,          
ω  = 0.1. and (a) δ  = 10.0; (b) δ  = —10.0. (Ong and Ahmad, 2009) 

(a) (b)
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Surface effects of FE films are represented via the effects of positive and negative 
extrapolation lengths on hysteresis loop are shown in Figs. 13 (a) and (b) for positive and 
negative δ , respectively.  Both values of CFe  and rp increase with increasing values of 
positive δ  (Fig. 13 (a)).  This effect can be explained by the increase of initial polarization 
profile with increasing values of positive δ .  It is obvious from Fig. 13 (b) that increasing 
δ , which leads to decreasing surface polarization, tends to decrease CFe  and rp . 

 

 
Fig. 13. Hysteresis loops for various values of δ : (a) δ  =3.0, 10.0 and 50.0; (b) δ  = —3.0,       
—10.0 and —50.0; for t = 0.0, 0e = 3.0, and ω  = 0.1. (Ong and Ahmad, 2009) 

8. Summary and future work 

From the analytical calculations using the TZ model for ferroelectric films, we discovered 
that the minimum thickness of a ferroelectric film is dependent on critical temperature and 
surface parameter δ; and these parameters are material dependent. In our study of the 
intrinsic switching phenomena of a ferroelectric film, an exponential function, proposed in 
Eq. (22), for switching time dependence of applied electric field reveals that a ferroelectric 
film has an intrinsic coercive field CFe ; and this may provide a technical reference to device 
designers.  We have also found that by increasing the film thickness, switching time Sτ  and 
coercive field CFe  of a film will increase for film with positive δ ; but these intrinsic values 
will decrease for film with negative δ .  The surface effect ( δ± ) on switching time and 
coercive field of a film is more spectacular for thinner films. The dependence of coercive 
field and switching time on surface parameter δ, discovered from our theory, indicates that 
when negative-δ materials are used in fabricating memory devices, switching time Sτ  and 
coercive field CFe  will increase when film thicknesses are reduced. Since nano-sized 
ferroelectric film is currently used in fabricating ferroelectric RAMs, the use of this type of 
materials, interpreted by theory as negative-δ material, in memory fabrication will be 
problematic. Hence, we should avoid using materials with negative δ, such as triglycine 
sulfate (Hadni et al., 1983) and potassium nitrate (Scott et al., 1988). Ferroelectric materials 
with position δ are favourable for finite-sized memory device applications; and an example 
of such materials is lead zirconium titanate. 

(a) (b) 
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On the whole, surface parameter δ  is a crucial parameter to consider when making the 
choice of material for thin film fabrication in memory devices. However, it is beyond the 
scope of a phenomenological model to predict the value of δ from material properties; the 
type of surface parameter δ in a material could be determined theoretically, for example, by 
comparison of the film critical temperature with the bulk value. When the film critical 
temperature is lower than the bulk critical temperature, then the material is said to be of 
positive-δ material; and for the negative-δ material, the opposite is true.   
In our current work, we have restricted attention to materials in which the bulk phase 
transition is second order and the extension of our analysis to first-order materials is 
straightforward. The model presented here is concerned with single domain switching, as 
might occur in a sample of small lateral dimension. Lastly, since in reality, ferroelectric thin 
films are fabricated on conductive materials (such as SrRuO3) as electrodes, we have 
included the effects of misfit strain in the study of phase transition of epitaxial film of 
BaTiO3 (Ahmad and Ong, 2011a). The results showed that the order of transition is modified 
and the transition temperature has also been increased when the misfit strain is high. The 
extension of the model to the study of strain effect on switching phenomena is in our 
immediate plan and we anticipate the results from this study will provide more hints to 
resolve the current problems in memory device application. 
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1. Introduction  
Ferroelectric superlattices comprising two or more different layers have received immense 
attention due to their potential applications, as well as their striking new or enhanced 
behaviors (Nakagawara et al., 2000; Dawber et al., 2005). In those structures, the coupling at 
the interface between the two constituents has been demonstrated to play an important role 
in governing their properties (Bousquet et al., 2005). Theoretical study of interface coupling 
in ferroelectric superlattices was initially performed based on the Landau-like formulation 
by taking the continuum limit of the transverse Ising model (Qu et al., 1997). In their model, 
the extrapolation lengths describe the inhomogeneity of polarizations near the surfaces and 
an interface-related parameter gives the strength of the coupling at the interface. We have 
recently proposed a thermodynamic model with only one unknown parameter to study the 
effect of interface on polarization behaviours at the interface region between two bulk 
ferroelectrics (Chew et al., 2003; Tsang et al., 2004). The intrinsic ferroelectric coupling at the 
interface leads to variation of polarization across the interface of the heterostructures. 
In this contribution, we discuss some fundamental properties of the physics of interfaces in 
ferroelectric heterostructures and superlattices using the Landau-Ginzburg theory. The key 
issue that will be addressed is how the intrinsic ferroelectric coupling at the interface affects 
the physical properties of the hybrid structures such as phase transitions, polarization 
modulation profiles and dielectric susceptibilities. We begin with a discussion for 
heterostructure of interfaces between a bulk ferroelectrics and dielectrics, in which the 
influence of thickness is not significant. Explicit expressions describe the spatial profile of 
polarization at the interface region of the heterostructure are obtained (Chew et al., 2003). 
The influence of the intrinsic interface coupling on the inhomogeneity and discontinuity or 
continuity of polarization at the interface is illustrated.  
Since ferroelectric superlattice is an interesting system to study the interface effect, the 
influence of thickness on the polarization profiles of the superlattice is investigated. 
Analytical expressions of the polarization profile for superlattices are derived and discussed 
in detailed (Ishibashi et al., 2007; Chew et al., 2009). Explicit expressions for dielectric 
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susceptibilities in the paraelectric phase of the superlattice are also obtained (Chew et al., 
2008). Finally, we apply the model to epitaxial PbTiO3/SrTiO3 by incorporating the 
depolarization field and lattice strain in the free energy functional. Some calculated results 
are discussed with experimental data. We conclude the chapter with some remarks.  

2. Model of ferroelectric/dielectric heterostructure interfaces 
In this section, the essential details for deriving the formalism of the ferroelectric/dielectric 
heterostructure interface are presented (Chew et al., 2003). We assume a one-dimensional 
problem in which the polarizations and related physical quantities vary along the x-
direction perpendicular to the interface of the heterostructure. The total energy associates 
with the heterostructure can be expressed as 

 1 2 iF F F F= + + , (1) 

where 1F and 2F  are the total free energy density of the ferroelectric constituent A and 
dielectric constituent B,  respectively. iF  is the coupling energy at the interface between the 
two constituents.  
The total free energy density of the ferroelectric constituent A and dielectric constituent B 
are given by 
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which extend from x → −∞  to 0x = and 0x =  to x → ∞ , respectively. jf  denotes the 
Landau-Ginzburg free energy densities of consituent layer j , whereas '

jf  gives the energy 
density in the single domain state of constituent j.  
In the present study, the coupling energy iF  between the polarizations at the interface is 
described as 

 ( )2

2i i iF p q
λ= − , (3) 

where ip  and iq  are the interface polarizations at 0x = . λ is the coupling constant 
describing the strength of the interaction.   
The free energy density of the ferroelectric constituent A with 2 2

1 1bp p α β= = −  in the bulk 
( )x → −∞  is given by 
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  
. (4) 

For the dielectric constituent B, we have 0bq q= =  at x → ∞ , and the free energy density 
contribution from the dielectric constituent (with the higher order 4

2 / 4qβ  term truncated) is   

 
2

' 22 2
2 2 2 2

dq
f f q

dx
α κ  − = +  

 
, (5) 
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because '
2 0f =  for a non-polar dielectric. p and q are the order parameters of the 

ferroelectric and dielectric consituents, respectively. 1α  is a temperature-dependent 
parameter  

 ( )1 10 0T Tα α= − , (6) 

where 10 0α >  is a temperarature-independent parameter. 2 0α > , 1 0β > , 1 0κ >  and 1 0κ >  
are all temperature-independent coefficients. 
The equilibrium states of the heterostructures correspond to the minima of F with respect 
to variations of p and q. These are given by solving the Euler-Lagrange equations for p and 
q: 

 
0,

0,

F F
p x p

F F
q x q

  ∂ ∂ ∂− =  ′∂ ∂ ∂  


 ∂ ∂ ∂ − =  ′∂ ∂ ∂ 

 (7) 

with the boundary conditions  

 i

i

p p
q q

=
 =

 at 0x = , (8a) 

and 

 
and 0 at ,

  and 0 at ,

b

b

dp
p p x

dx
dq

q q x
dx

 = = → −∞

 = = → +∞


 (8b) 

where bp  and bq  are the bulk polarization of the ferroelectric constituent A (at x = -∞) and 
the dielectric constituent B (at x = ∞ ), respectively.  
For the present study of ferroelectric/dielectric heterostructure of interface, it turns out that 
the free energy F of eq. (1) can be rewritten in terms of the interface polarizations ip  and iq  
as order parameters. This gives F as a function of ip  and iq  without the usual integral form. 
Solving eqs. (1) and (7) simultaneously with the boundary conditions (i.e. eqs. (8a) and (8b)) 
imposed, and integrating once, the Euler-Lagrange equations becomes, 

 
2

2 2 2 41 1 1( ) ( )
2 4 2b b

dp
p p p p

dx
α β κ  − + − =  

 
, (9) 

and  

 
2

22 2
2 2

dq
q

dx
α κ  =  

 
. (10) 

By solving eq. (9), the polarization of the ferroelectric constituent  A becomes 
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 1tanh ( )
2b i

K
p p x x= − , (11) 

where  

 1
1

1
K

α
κ

= − . (12) 

For the dielectric constituent B, the solution of eq. (10) gives  

 2exp( ),iq q K x= −  (13) 

with  

 2
2

2
.K

α
κ

=  (14) 

If ip  is determined, ix  can be obtained from eq. (11). In eqs. (11) and (13), the magnitude of 
the interface polarizations ip  and iq  are determined by the interface coupling parameter λ .  
The total energy, eq. (1), of the heterostructure can be written in terms of ip  and iq  as 

 2 23 2 3 2 21 11 ( 3 2 ) ( ) .
3 2 2 2i i b b i i iF p p p p q p q

α κβ κ λ= − + + + −  (15) 

The equilibrium structure can be found from   

 2 21 1 ( ) ( ) 0
2 i b i i

i

F
p p p q

p
β κ λ∂ = − + − =

∂
, (16) 

and 

 2 2 ( ) 0i i i
i

F
q p q

q
α κ λ∂ = − − =

∂ . (17) 

Let us examine the variation of polarization across the interface and the total energy F  of 
the heterostructure for the particular conditions of 0λ =  and λ → ∞ . The variation of 
polarization across the interface can be examined by looking into the continuity or 
discontinuity in interface polarizations i ip q− . Without interface coupling ( 0λ = ), we find 
that i bp p=  and 0iq = . Thus, the mismatch of interface polarizations and the total energy of 
the heterostructure are found to be  

 i i bp q p− = , (18) 

and  

 0F = , (19) 

respectively.  
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For a strong interface coupling, i.e., λ → ∞ , we have i ip q= , implying that the polarization 
is continuos across the interface. In order to find i ip q= , it is convenient to write eq. (15) in 
term of only ip  as 

 2 23 2 3 21 11 ( 3 2 )
3 2 2i i b b iF p p p p p

α κβ κ= − + + , (20) 

and by minimizing it, we obtain 

 2 2 2 2

1 1 1 1

1 11
2 2i i bp q p

α κ α κ
α κ α κ

       = = + − − −      
       

, (21) 

which clearly indicates that the polarizations at the interface are determined by the 
intermixed properties of two constituents. 
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Fig. 1. Spatial dependence of polarization at the interface region of ferroelectric/dielectric 
heterostructures with 1 10λ− =  (top), 1 (middle) and 0  (bottom). In the curves, the 
parameters are: 1 1α = − , 2 1α = , 1 1β = , 1 4κ =  and 2 9κ = . Solid circles denote the 
polarization at interface. 

Figure 1 shows a typical example of a ferroelectric/dielectric heterostrucutre of interface 
with different strength of interface coupling λ . It is seen that the mismatch in the 
polarization across the interface is notable for a loose coupling at the interface 1 10λ− = . The 
mismatch in the interface polarization becomes smaller with increasing coupling strength. It 
is interesting to see that the coupling at the interface induces polarization in the dielectric 
consituent. This may be called the interface-induced polarization, and it extends into the 
bulk over a distance governed by the characteristic length of the material 1

2K− , which is 
governed by 2α  and 2κ .  
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Fig. 2. Mismatch in the polarization at the interface of ferroelectric/dielectric 
heterostructures as a function of 1λ− . Other parameters are the same as for Fig. 1. 
In Fig. 2, the mismatch in polarizations across the interface is examined under various 
strengths of interfacial coupling. The results clearly show that the mismatch in the interface 
polarizations is decreased with increasing interface coupling strength.  

3. Model of ferroelectric/dielectric superlattices 
We now consider a periodic superlattice composed of alternating ferroelectric layer and 
dielectric layer (ferroelectric/dielectic suprelattices), as shown in Fig. 3. Some key points are 
repeated here for clarity of discussion. Similarly, we assume that all spatial variation of 
polarization takes place along the x-direction. The thickness of ferroelectric layer and 
dielectric layer are L1 and L2, respectively. L is the periodic thickness of the superlattice. The 
two layers are coupled with each other across the interface. Periodic boudary conditions are 
used for describing the superlattices.  
By symmetry, the average energy density of the ferroelectric/dielectric superlattice F is 
(Ishibashi & Iwata, 2007; Chew et al., 2008; Chew et al., 2009) 

 ( )1 2 i
2

F F F F
L

= + + . (22) 

 

 
Fig. 3. Schematic illustration of a periodic ferroelectric superlattice composed of a 
ferroelectric and dielectric layers.   The thickness of ferroelectric layer A and dielectric layer 
B are L1 and L2,  respectively. L = L1 + L2  is the periodic thickness of the superlattice. 
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In eq. (22), the total free energy density of the ferroelectric layer 1F  is given by 

 1
2

/2 2 41 1 1
1 0

d
2 4 2 d

L p
F p p pE dx

x
α β κ   = + + −    

 , (23) 

whereas the total free energy densities of the paraelectric layer 2f  is  

 
1

2
/2 22 2

2 /2

d d
2 2 d

L

L

q
F q qE x

x
α κ  = + −  

   
 , (24)  

respectively. In eqs. (23) and (24), p and q are the order parameters of  the ferroelectric layer 
and paraelectric layer, respectively. E  denotes the external electric field. 
The coupling energy at the interface between the ferroelectric- and dielectric-layers is as 
shown in eq. (3).  In this case, the boundary conditions at the interface (x = L1/2) are 
described by 

 
( )

( )

i i
1

i i
2

d ,
d
d .
d

p
p q

x
q

p q
x

λ
κ

λ
κ

 = − −

 = −


 (25) 

3.1 Polarization modulation profiles  
We first look at the polarization modulation profiles of the ferroelectric/dielectric 
superlattice under the absence of an external electric field 0E = (Chew et al., 2009). The 
polarization profiles of p and q for the ferroelectric and dielectric layers, respectively, can be 
obtained using the Euler-Lagrange equation. For the dielectric layer, the Euler-Lagrange 
equation is  

 
2

2 22
d
d

q
q

x
κ α= , (26) 

and ( )q x  can be obtained as 

 c 2( ) cosh
2
L

q x q K x = − 
 

, (27) 

and at the interface, we have 

 2 2
ccosh

2i
K L

q q= , (28) 

where cq  is the q  value at d /d 0q x = .  
By integrating once, the Euler-Lagrange equation of the ferroelectric layer is 

 ( ) ( )
2

2 2 4 41 1 1
c c

d
2 d 2 4

p
p p p p

x
κ α β  = − + − 

 
, (29) 
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where cp  is the p value at d /d 0p x = . In this case, cp  is the maximum value of p at 0x = .   
Using ( )c( ) sinp x p xθ=  and 2

b 1 1/p α β= − , eq. (29) becomes 

 
1 i

1
2 2 2

1 /2

dd
(1 ) 1 sin

x

L

x
k k

θ

θ

α θ
κ θ−

− =
+ −

  , (30) 

where ( , )F kθ  and i( , )F kθ  are the elliptic integral of the first kind with the elliptic modulus 
k  given by 

 
2

2 c
2 2
b c2
p

k
p p

=
−

. (31) 

 

 
Fig. 4. Spatial dependence of polarization for a superlattice with 1 5L =  and 2 3L =  for 
various 1λ− . The parameters adopted for the calculation are: 1 1α = − , 2 0.1α = , 1 1β = , 

2 1β = , 1 4κ =  and 2 9κ = . In the curves, the values for 1λ− are: 100 (dot), 16 (dash-dot-dot), 
8 (dash-dot), 2 (dash), and 0 (solid). Dotted circles represent the interface polarizations 
(Chew et al., 2009). 

Let us discuss the polarization modulation profiles in a ferroelectric/dielectric superlattice 
using the explicit expressions. The characteristic lengths of polarization modulations in the 
ferroelectric layer near the transition point and the dielectric layer are given by 

1
1 1 1/K κ α− = − and 1

2 2 2/K κ α− = , respectively. Figure 4 illustrates an example of  
1λ− dependence of polarization modulation profiles. It is seen that the modulation of the 

polarization  is  obvious  in  the  ferroelectric  layer,  but  not  in the dielectric layer.  This  is 
because 1 1 1/ 2 / 2L κ α> − =  and 2 2 2/ 2 / 0.95L κ α< ≈ . For a loosely coupled 
superlattice of 1 100λ− = (dot lines), only a weak polarization is induced in the dielectric 
layer. As the strength of the interface coupling λ  increases, the polarization near the 
interface of the ferroelectric layer is slightly suppressed, whereas the induced-polarization 
of the soft dielectric layer increases.    
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3.2 Phase transitions 
Using the explicit expressions (as obtained in Sect. 3.1), the average energy density of the 
superlattice F (eq. (22)) can be written in terms of pc and qc as (Chew et al., 2009) 

 2 2 4 2 2 21 1 1 1 1
c c c c i c c c2

2 sin ,
2 4 2 2 21

L D
F Jp p p p Cp q q

L k
α κ α β λ θ

 −  = + + + − +  +    
 (32) 

where          

 ( )
i

2 2
i

2 2 2 2 2
2 2

2 2 2
/2

cosh sin ,
2

sinh cosh ,
2 2

cos 1 sin ,

K L
C

K L
D K L

J k d
θ

π

λ θ

α κ
λ

θ θ θ

  = ⋅   
  = +  

 
 = −




 (33) 

with ( )1
i i csin /p pθ −= . By utilizing ( )2 2 2

b/ 2ck p p≈  and 1K  (see eq. (12)) near the transition 
point, F becomes  

 ( )2 4 2
c c c c c

2 ,
2 2
A D

F p O p Cp q q
L
 = + − +  

 (34) 

where 

 1 1 2 1 1
1 1sin cos

2 2
K L

A K L
α κ

λ
−

= − + , (35) 

and O(pc4) indicates the higher order terms of pc4.   
From the equilibrium condition for qc, dF/dqc = 0, the condition of the transition point can 
be obtained as A - C2/D = 0, i.e., 

 1 1 2 1 1
1 1sin cos 0

2 2
K L

K L R
α κ−

− + = , (36) 

where 

 2 2
2 2, tanh

2
r K L

R r
r

λ α κ
λ

= =
+

. (37)  

In Fig. 5, we show the dependence of cp  and cq  on 1λ−  for different dielectric stiffness 2α .    
For a superlattice with a soft dielectric layer 2 0.1α =  and 1, cp remains almost the same as 
the bulk polarization c b~p p  for all 1λ− . For the case with 2 5α = , cp  is suppressed near the 
strong coupling regime 1 ~ 0λ− . If the dielectric layer is very rigid ( 2α = 10 and 50), we 
found that cp  is strongly suppressed with increasing interface coupling and cq  remains 
very weak. It is seen that the polarizations of the superlattices with rigid dielectric layers are 
completely disappeared at 1λ− ≈  0.0514 and 0.1189, respectively.  These transition points 
can be obtained using eq. (36).  
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Fig. 5. pc and qc as a function of 1λ− for various 2α , where 2α  is 0.1, 1, 5, 10, and 50. The 
other parameters are the same as Fig. 4 (Chew et al., 2009). 
As the temperature increases, the ferroelectric layer can be in the ferroelectric state or in the 
paraelectric state. Phase transition may or may not take place, depending on the model 
parameters. Let us examine the stability of superlattice in the paraelectric state by taking 
into account the polarization profile to appear in the ferroelectric state. Instead of the exact 
solutions obtained from the Euler-Lagrange equations, which are in term of the Jacobi 
Elliptic Functions, we use (Ishibashi & Iwata, 2007) 

 1coscp p K x= , (38) 

thus pi becomes 

 1 1cos
2i c

K L
p p= . (39) 

The Euler-Lagrange equation for q is given by eq. (26), which gives q(x) as expressed in eq. 
(27).  Substitution of eqs. (27) and (38) into eq. (22), F becomes 

 2 4 21 1 2
c c c c c

2 ,
2 4 2
a b a

F p p q cp q
L
 = + + −  

 (40) 

where 
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( )
2

2 21 1 1 1 1
1 1 1 1 1 1 1

1

1 1 1 1 1 1
1

1 1

22 2 2 2 2 2 2
2

2

1 1 2 2

1 sin cos ,
4 2

3 sin sin 2 ,
4 4 8

sinh cosh cosh ,
2 2 2

cos cosh .
2 2

K K L
a K L K L

K

L K L K L
b

K K

K L K L K L
a

K
K L K L

c

α κα κ λ

β

α λ

λ

  −  = + + +    
    

   = + +   


= +



=


 (41) 

Similarly, from the equilibrium condition for qc, dF/dqc = 0, we find eq. (40) can be reduced 
to a more simple form as  

 
*

2 41 1
c c

2
2 4
a b

F p p
L

 
= + 

  
, (42) 

where 

 
2

* 2 21 1 1 1 1 1
1 1 1 1 1 1

1 1
sin cos ,

4 2
L K K L

a K K L R
K L

α κα κ
 −= + + + 
  

 (43) 

where ( , )R rλ  is given by eq. (37). r is a function of 2α , 2κ and 2L . The transitions of the 
superlattice from a paraelectric phase to a ferroelectric state occurs when *

1 0a = . Note here 
that *

1a  consists of the physical parameters from both the ferroelectric and dielectric layers. 
It is seen that the influence of the dielectric layer via λ  becomes stronger with increasing 

2α , 2κ and 2L . However, the influence is limited at most to max 2 2r α κ= . Let us look at *
1a   

in more detail. By taking 
1

*
1

1
0

K k

a
K

=

∂ =
∂

, we obtain the wave number k. It is qualitatively 

 

 

 
Fig. 6. The dependence of the wave number k for various R/L1 when κ1 = 1 and L1 = 1/2. The 
curves show the cases 1) R/L1 = 0, 2) R/L1 = 2, 3) R/L1 = 20, 4) R/L1 = 200 and 5) R/L1 =∞. 
Dotted lines denote the transition point of each case (Ishibashi & Iwata, 2007). 
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obvious that k is small, implying a flat polarization profile, when the contribution from the 
dielectric layer R, is small, while 2kL  approaches π, implying a very weak interface 
polarization in the ferroelectric layer, when R is extremely large. The dependence of the 
wave number k  on 1α for various 1/R L is illustrated in Fig. 6. 

3.3 Dielectric susceptibilities  
In this section, we will discuss the dielectric susceptibility of the superlattice in the 
paraelectric phase (Chew et al., 2008). Since p(x) = q(x) = 0 in the paraelectric phase (if 0E = ), 
the modulated polarizations, p(x) and q(x), are the polarizations induced by the electric field 
E. The contribution from the higher-order term 4

1 / 4pβ  is neglected because we consider 
only the paraelectric phase. By solving the Euler-Lagrange equations, we found 

 

2

1 1 2

2

2 2 2

d ,
d
d ,
d

p
p E

x
q

q E
x

α κ

α κ


− =



 − =

 (44) 

with the condition that F (eq. (22)) including the interface energy (eq. (3)) takes the 
minimum value. Note that in the present system, the ferroelectric transition point cα  is 
negative. Thus, one must consider both cases 1 0α ≥  and 1 0α <  in the study of the dielectric 
susceptibility even in the paraelectric phase. In the present system, the dielectric 
susceptibility χ  is defined as 

 
1

1

/2 /2

0 /2

2 d d
L L

L
p x q x

LE
χ  = +    . (45) 

3.3.1 Case 1 0α ≥  
For the case of 1 0α ≥ , the exact solutions are 

 
c 1

1

c 2
2

cosh ,

cosh ,
2

E
p p E K x

L E
q q E K x

α

α

 = +



  = − +   

 (46) 

and 

 

1 1
i c

1

2 2
i c

2

cosh ,
2

cosh .
2

K L E
p p E

K L E
q q E

α

α

 = +

 = +


 (47) 

In this case, 1 1 1/K α κ=  and 2K is given by eq. (14). By utilizing eqs. (46) and (47), we can 
express F in terms of cp  and cq  as 
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 2 2 21 2
c c c c 1 c 2 c

2
2 2
a a

F p q cp q d p d q E
L
 = + − − − 
 

, (48) 

where 
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c
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d
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d
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α λ

λ

λ
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λ
α α


 = +


 = +


 =

  

= − −  
  
   = −   

 (49) 

Using the equilibrium conditions c c/ / 0F p F q∂ ∂ = ∂ ∂ = , we find  

 2 1 1
c 2 2

2 2 1 2

1 1cosh sinh ,
2 2

K L
p K L

a A K
λ α

α α
  −= −  
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 (50) 

and 

 1 2 2
c 1 1

2 1 1 2

1 1cosh sinh ,
2 2

K L
q K L

a A K
λ α

α α
  

= −  
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 (51) 

where 

 
2

1
2

c
A a

a
= − . (52) 

Based on eq. (45), the dielectric susceptibility for the present case is 

 c c1 1 1 2 2 2

1 1 2 2

2 2sinh sinh
2 2

p qK L L K L L
K L L K L L

χ
α α

= + + + . (53) 

3.3.2 Case 1 0α <  
In this case, the exact solutions of eq. (44) are 
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c 2
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2
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L E
q q E K x
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
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 (54) 
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where 1K  and 2K  are given by eq. (12) and (14), respectively. Thus, we have  

 

1 1
i c

1

2 2
i c

2
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2
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2

K L E
p p E

K L E
q q E

α

α

 = +

 = +
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  (55) 

Similarly, we find 

 2 2 21 2
c c c c 1 c 2 c

2
2 2
a a

F p q cp q d p d q E
L
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, (56) 

where 
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 (57) 

and the the values of pc and qc become 

 2 1 1
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K L
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λ α

α α
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and 
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α α
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 (59) 

with 

 
2

1
2

c
A a

a
= − . (60) 

Using eqs. (45), the dielectric susceptibility χ  for the present case of 1 0α <  is 

 c c1 1 1 2 2 2

1 1 2 2

2 2sin sinh
2 2

p qK L L K L L
K L L K L L

χ
α α

= + + + , (61) 
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where the phase transition point is given by 2
1 2/ 0A a c a= − = . Using 2

1 2/ 0A a c a= − = , 
the condition of the transition point is  

 
2

2 2
21 1 12

1 1
22 2 21 2 2

2

sin
2sin cos 0.

2 2sin cosh
2 2

K L
K LK

K L
K LK K L

K

αλ
α

α λ
+ =

+
 (62) 

It is interesting to note here that the transition temperature 1α  can be determined using eq. 
(62), which is exactly the same as eq. (43) (Ishibashi & Iwata, 2007). 
 

 
Fig. 7. Reciprocal susceptibility as a function of 2α . The parameter values are adopted as 

1L = , 1 2 1 / 2L L= = , 1 2 1κ κ= = , 2 1α = , for cases of: (1) 0λ = , (2) 0.3λ = , (3) 3λ =  
(Chew et al., 2008). 
 

 
Fig. 8. Spatial dependence of polarization for a superlattice with 1 2 3L L= = . The parameters 
adopted for the calculation are: 1 2 1κ κ= = , 2 1α = , 3λ = , for cases of (1) 1 0.1α = − , (2) 

1 0α = , (3) 1 0.2α =  (Chew et al., 2008). 

In Fig. 7, we show the reciprocal susceptibility 1 / χ  in various parameter values. It is found 
that the average susceptibility diverges at the transition temperature obtained from eq. (62). 
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The result indicates that the second-order phase transition is possible in our model of the 
superlattice structure. It is seen that the susceptibility is continuous at 1 0α = , though the 
susceptibility is divided into two different functions at 1 0α = . Taking the limit of 1 0α = ±  
from both the positive and negative sides, the explicit expression for the susceptibility at 

1 0α =  is    

 
2 2 22 3 2

1 2 1 1 1 2

2 1 2 2 2

cosh1 2 2
2 2 12 sinh

K L
L L L L L K

L K L
χ

α λ κ α

 
 += + + + 
 
 

, (63) 

implying that the susceptibility is always continuous at 1 0α = . It is worthwhile to look at 
the field-induced polarization profile at 1 0α =  because 1K  becomes zero at 1 0α = .  By 
taking the limit of 1 0α = ±  from both the positive and negative sides for the polarization p, 
the expressions for the polarization profiles in ( )p x and ( )q x  can be explicitly expressed as  

 ( ) ( )
2 2 2

2 2 1 2 1
1

1 2 2 2 2

cosh
24

8 2 sinh

K L
E EL EK L E

p x L x
K Lκ λ α α

= − + + + , (64) 

and   ( )
2 2

2 1
2

2 2 2 2

cosh
2 cosh

sinh 2

K L
EK L L E

q x K x
K Lα α

  = − +    
                             (65) 

Equation (64) depicts the polarization profile ( )p x that exhibits a parabolic modulation at 
1 0α = , as shown in Fig. 8. The polarization profile obtained near the transition point may 

coincide with the polarization modulation pattern of the ferroelectric soft mode in the 
paraelectric phase. 

3.4 Application of model to epitaxial PbTiO3/SrTiO3 superlattices 
Let us extend the model to study the ferroelectric polarization of epitaxial PbTiO3/SrTiO3 
(PT/ST) superlattices grown on ST substrate and under a short-circuit condition, as 
schematically shown in Fig. 9. Some key points from the previous sections are repeated here 
for clarity of discussion. 
In this study, we need to include the effects of interface, depolarization field and substrate-
induced strain in the model. By assuming that all spatial variation of polarization takes 
place along the z-direction, the Landau-Ginzburg free energy per unit area for one period of 
the PT/ST superlattice can be expressed as (Chew et al., unpublished) 

 PT ST IF F F F= + + , (66) 

where the free energy per unit area for the PT layer with thickness PTL  is 
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− 
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Fig. 9. Schematic illustration of a periodic superlattice composed of a ferroelectric and a 
paraelectric layers. The thicknesses of PbTiO3 (PT) and SrTiO3 (ST) layers are LPT and LST, 
respectively. L denotes the periodic thickness of the PT/ST superlattice. 

and the free energy per unit area for the ST layer with thickness STL  is 
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
 (68) 

where p  and q  corresponds to the polarization of PT and ST layers, respectively. For the 
superlattices with the polarizations perpendicular to the layer’s surfaces/interfaces, the 
inhomogeneity of polarization means that the depolarization field effect is essential. In eqs. 
(67) and (68), *

jα  and *
jβ  are expressed as  
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
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 (69) 

where jα , jβ  and jγ  are the Landau coefficients of layer j ( j : PT or ST), as usual. 11, js  and 
12, js  are the elastic compliance coefficients, whereas 12, jQ  is the electrostrictive constant. 

( ), /m j S j Su a a a= −  denotes the in-plane misfit strain induced by the substrate due to the 
lattice mismatch. ja  is the unconstrained equivalent cubic cell lattice constants of layer j and 

Sa  is the lattice parameter of the substrate. jκ  is the gradient coefficient, determining the 
energy cost due to the inhomogeneity of polarization. 
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With the assumption that the ferroelectric layers are insulators with no space charges, the 
depolarization field ,d je  in the PT and ST layers can be expressed by 

 
( ) ( )( )

( ) ( )( )

,
0

,
0

1 ,

1 ,

d PT

d ST

e z p z P

e z q z P

ε

ε

 = − −

 = − −


 (70) 

respectively. In eq. (70), 0ε  denotes the dielectric permittivity in vacuum. The second term 
describes the mean polarization of one-period superlattice  

 
0

0

1 ,
ST

PT

L

L

P pdz qdz
L −

 
 = +
 
 
   (71) 

with the periodic thickness PT STL L L= + . It is important to note here that ,d je  acts as the 
depolarization field, if its direction is opposite to the direction of ferroelectric polarization. If 

,d je  inclines in the same direction of polarization, it cannot be regarded as the 
depolarization field; thus, we denote ,d je  as “the internal electric field”. Hence, the average 
internal electric field of one-period superlattice is defined as  

 
0

, ,0

1 ( ) ( )ST

PT

L
d d PT d STL

E e z dz e z dz
L −
 = +    . (72) 

The intrinsic coupling energy between the polarizations at the interfaces 0z =  of the two 
layers is described as 

 ( )2

2I i iF p q
λ= − , (73) 

where ip  and iq  are the interface polarizations at 0z =  for the PT and ST layers, 
respectively. In eq. (73), the parameter λ  describes the strength of intrinsic interface 
coupling and it can be conveniently related to the dielectric permittivity in vacuum 0ε  as 

 0

0

λλ
ε

= , (74) 

where 0λ  denote the temperature-independent interface coupling constant. In this case, the 
existence of the interface coupling 0λ ≠  leads to the inhomogeneity of polarization near the 
interfaces, besides the effect of the depolarization field.  
In the calculations, it is assumed that 1 unit cell (u.c.) ≈ 0.4 nm and the thickness of ST layer is 
maintained at LST ≈ 3 u.c. The lattice constants in the paraelectric state are Aa  = 3.969 Å and 

Ba  = 3.905 Å for PT and ST layers, respectively. Based on the lattice constants, the lattice 
strains are obtained as ,m PTu  = −0.0164 and ,m STu  = 0.  
In Fig. 10, we show the average polarization P and internal electric fields dE  of PT/ST 
superlattices as a function of thickness ratio LPT/LST for different strength of interface 
coupling 0λ . It is seen that P and dE  decrease with increasing 0λ . As 0λ  increases, the 
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critical thickness ratio (at which P vanishes) shifts to a higher value. It is seen that there is 
a good agreement between the calculated and measured polarizations. The calculated 
polarizations using 0 10λ =  (black line) agree reasonably well with most of the 
experimental measurements for LPT/LST > 0.4, implying that the strength of interface 
coupling at this regime is strong. At the LPT/LST ≤  0.4 region, the predicted polarizations 
with 0 0.2λ =  (red line) and 0.05 (blue line) agree well with some of the experimental 
measurements. The dE  versus LPT/LST curves show a trend similar to P versus LPT/LST, 
e.g. dE  disappears at a critical thickness ratio. For each 0λ , the critical thickness ratio of 

dE  coincides with that of P. It is remarkable to see that for 0dE > ,  internal electric field is 
parallel to the direction of the ferroelectric polarization in PT layer, which enhances the 
polarization of the superlattice. 
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Fig. 10. Polarization and internal electric field as a function of thickness ratio LPT/LST of 
PT/ST superlattices at T = 300K. The values of 0λ are: 10 (▬), 0.2 (▬) and 0.05 (▬). Solid 
dots (●) represent experimental results from Dawber et al (Dawber et al., 2007). The insets 
in each figure show the corresponding curves in smaller scale (Chew et al., unpublished). 

4. Conclusion 
We have proposed a model to study the intrinsic interface coupling in ferroelectric 
heterostructure and superlattices. The layered structure is described using the Landau-
Ginzburg theory by incorporating the effect of coupling at the interface between the two 
constituents. Explicit analytical expressions describing the polarization at the interface 



  
Ferroelectrics - Characterization and Modeling 

 

392 

between bulk ferroelectrics and bulk dielectrics were derived and discussed. Here, we 
mainly discussed only cases where the transition of the ferroelectric constituent is of second 
order (Chew et al., 2003), though cases of heterostructure at the interfaces involving first-
order phase transition were also reported (Tsang et al., 2004).  
We further extend the model to investigate the ferroelectricity of superlattice by 
incorporating the thickness effect. Using the explicit expressions derived from the model, 
the polarization modulation profiles, phase transitions and dielectric susceptibilities of a 
superlattice are presented and discussed in detail (Ishibashi & Iwata, 2007; Chew et al., 2008; 
Chew et al., 2009). The effort to obtain the explicit analytical solutions using the continuum 
model of Landau-Ginzburg theory is worthwhile. This is because those expressions allow us 
to gain general insight on how the intrinsic polarization coupling at the interface influences 
the physical properties of those hybrid structures. Note that the effect of an applied electric 
field on the polarization behaviors of heterostructure at the interfaces (Chew et al., 2005; 
Chew et al., 2006) and superlattices (Chew et al., 2011; Chew et al., unpublished) is also very 
important. However, those studies were not discussed. We have also constructed a one-
dimensional model on the basis of the Landau-Ginzburg theory to investigate the 
polarization and dielectric behaviors (Chew et al., 2006; Chew et al., 2007), as well as the 
switching characteristics (Chew et al., unpublished).  
At the end of the discussion, we show how the present model can be applied to study the 
ferroelectric polarization of epitaxial PT/ST superlattices with the polarizations 
perpendicular to the surfaces/interfaces of the constituent layers (Chew et al., unpublished). 
The effects of interface, depolarization field and substrate-induced strain are required to 
include in the model. Our calculated polarizations (Chew et al., unpublished) agree 
reasonably well with recent experimental measurements (Dawber et al., 2007). From our 
study, it suggests that the recent experimental observation on the unusual recovery of 
ferroelectricity at thickness ratio of LPT/LST < 0.5 (Dawber et al., 2005) may be related to a 
weakening of ferroelectric coupling at the interface. It is certainly interesting to look at the 
dielectric susceptibilities and polarization reversals of the superlattices, which will be 
reported elsewhere. 
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1. Introduction

Since Cohen (Cohen & Krakauer, 1990; Cohen, 1992) proposed an origin for ferroelectricity in
perovskite oxides, investigations of ferroelectric materials using first-principles calculations
have been extensively studied (Ahart et al., 2008; Bévillon et al., 2007; Bousquet et al., 2006;
Chen et al., 2004; Diéguez et al., 2005; Furuta & Miura, 2010; Khenata et al., 2005; Kornev et
al., 2005; Miura & Tanaka, 1998; Miura, 2002; Miura et al., 2009; 2010a;b; Miura & Furuta, 2010;
Miura et al., 2011; Oguchi et al., 2009; Ricinschi et al., 2006; Uratani et al., 2008; Vanderbilt,
2000; Z. Wu et al., 2005). Currently, using the pseudopotential (PP) methods, most of the
crystal structures in ferroelectric perovskite oxides (ABO3) as well as perovskite-relatedoxides
can be precisely predicted. However, it is also known that the most stable structures of
ABO3 optimized by the first-principles PP methods are sometimes inconsistent with the
experimental results.
BaTiO3 is a well-known ferroelectric ABO3, and shows the tetragonal structure at room
temperature. However, even in this well-known material, the optimized structure by the
PP methods of first-principles calculations is strongly dependent on the choice of the Ti PPs,
i.e., preparation for Ti 3s and 3p semicore states in addition to Ti 3d and 4s valence states
is essential to the appearance of the tetragonal structure. This is an important problem for
ferroelectricity, but it has been generally recognized for a long time that this problem is within
an empirical framework of the calculational technics (Gonze et al., 2005).
It is known that ferroelectric state appears when the long-range forces due to the dipole-dipole
interaction overcome the short-range forces due to the Coulomb repulsions. Cohen (Cohen
& Krakauer, 1990; Cohen, 1992) proposed that the hybridization between Ti 3d state and
O 2p state (Ti 3d–O 2p) in BaTiO3 and PbTiO3, which weakens the short-range force of
the Coulomb repulsions between Ti and O ions, is origin of ferroelectricity. However,
it seems to be difficult to consider explicitly whether the long-range force due to the
dipole-dipole interaction can or cannot overcome the short-range force only with the
Ti 3d–O 2p hybridization. Investigations about the relationship between the Ti–O Coulomb
repulsions and the appearance of ferroelectricity were separately reported. Theoretically, we
previouly investigated (Miura & Tanaka, 1998) the influence of the Ti–Oz Coulomb repulsions
on Ti ion displacement in tetragonal BaTiO3 and PbTiO3, where Oz denotes the O atom to the
z-axis (Ti is displaced to the z-axis). Whereas the hybridization between Ti 3d state and Oz 2pz
state stabilize Ti ion displacement, the strong Coulomb repulsions between Ti 3s and 3pz
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2 Ferroelectrics

states and O 2pz states do not favourably cause Ti ion displacement. Experimentally, on the
other hand, Kuroiwa et al. (Kuroiwa et al., 2001) showed that the appearance of ferroelectric
state is closely related to the total charge density of Ti–O bondings in BaTiO3. As discussed
above, investigation about a role of Ti 3s and 3p states is important in the appearance of the
ferroelectric state in tetragonal BaTiO3 .
It has been generally known (Miura & Furuta, 2010) that the most stable structure of ABO3 is
closely related to the tolerance factor t,

t ≡ rA + rO√
2 ( rB + rO)

, (1)

where rA, rB, and rO denote the ionic radii of A, B, and O ions, respectively. Generally,
the most stable structure is tetragonal for t � 1, cubic for t ≈ 1, and rhombohedral or
orthorhombic for t � 1. In fact, BaTiO3 (t = 1.062) and SrTiO3 (t = 1.002) show tetragonal
and cubic structures in room temperature, respectively. However, under external pressure,
e.g., hydrostatic or in-plane pressure (Ahart et al., 2008; Fujii et al., 1987; Haeni et al., 2004),
the most stable structures of ABO3 generally change; e.g., SrTiO3 shows the tetragonal and
ferroelectric structure even in room temperature when the a lattice parameter along the [100]
axis (and also the [010] axis) is smaller than the bulk lattice parameter with compressive
stress (Haeni et al., 2004). Theoretical investigations of ferroelectric ABO3 under hydrostatic
or in-plane pressure by first-principles calculations have been reported (Bévillon et al., 2007;
Diéguez et al., 2005; Furuta & Miura, 2010; Khenata et al., 2005; Kornev et al., 2005; Miura et
al., 2010a; Ricinschi et al., 2006; Uratani et al., 2008; Z. Wu et al., 2005), and their calculated
results are consistent with the experimental results. However, even in BaTiO3, which are a
well-known lead-free ferroelectric and piezoelectric ABO3, few theoretical papers about the
piezoelectric properties with in-plane compressive stress have been reported.
Recently, we investigated the roles of the Ti–O Coulombrepulsions in the appearance of a
ferroelectric states in tetragonal BaTiO3 by the analysis of a first-principles PP method (Miura
et al., 2010a). We investigated the structural properties of tetragonal and rhombohedral
BaTiO3 with two kind of Ti PPs, and propose the role of Ti 3s and 3p states for ferroelectricity.
Moreover, we also investigated the structural, ferroelectric, and piezoelectric properties of
tetragonal BaTiO3 and SrTiO3 with in-plane compressive structures (Furuta & Miura, 2010).
We discussed the difference in the piezoelectric mechanisms between BaTiO3 and SrTiO3 with
in-plane compressive structures, which would be important for piezoelectric material design.
In this chapter, based on our previous reports (Furuta & Miura, 2010; Miura et al., 2010a),
the author discusses a general role of B–O Coulomb repulsions for ferroelectricity and
piezoelectricity in ABO3, especially in BaTiO3 and SrTiO3.

2. Calculations

Calculations of BaTiO3 and SrTiO3 were performed using the ABINIT package code (Gonze
et al., 2002), which is one of the norm-conserving PP (NCPP) methods. Electron-electron
interaction was treated in the local-density approximation (LDA) (Perdew & Wang, 1992).
Pseudopotentials were generated using the OPIUM code (Rappe, 2004):

(i) In order to investigate the role of Ti 3s and 3p states for BaTiO3, two kinds of Ti PPs were
prepared: one is the Ti PP with 3s, 3p, 3d and 4s electrons treated as semicore or valence
electrons (Ti3spd4s PP), and the other is the Ti PP with only 3d and 4s electrons treated as
valence electrons (Ti3d4s PP). The above seudopotentials were generated using the OPIUM
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code (Rappe, 2004), and the differences between the calculated result and the experimental
one are within 1.5 % of the lattice parameter and within 10 % of the bulk modulus in the
optimized calculation of bulk Ti in both PPs. Moreover, Ba PP with 5s, 5p and 6s electrons
treated as semicore or valence electrons, and O PPwith 2s and 2p electrons treated as semicore
or valence electrons, were also prepared. The cutoff energy for plane-wave basis functions was
set to be 50 Hartree (Hr). A 6×6×6Monkhorst-Pack k-point mesh was set in the Brillouin zone
of the unit cell. The number of atoms in the unit cell was set to be five, and positions of all
the atoms were optimized within the framework of the tetragonal (P4mm) or rhombohedral
(R3m) structure.

(ii) The ferroelectric and piezoelectric properties of SrTiO3 and BaTiO3 with compressive
tetragonal structures are investigated. Pseudopotentials were generated using the OPIUM
code (Rappe, 2004); 4s (5s), 4p (5p) and 5s (6s) electrons for Sr (Ba), 3s, 3p, 3d and 4s electrons
for Ti, and 2s and 2p electrons for O were treated as semicore or valence electrons. The cutoff
energy fo the plane wave basis functions was set to be 50 Hr. A 6×6×6 Monkhorst-Pack
k-point mesh was set in the Brillouin zone of the unit cell. The number of atoms in the ABO3
unit cell was set to be five, and the coordinations of all the atoms were optimized within a
framework of the tetragonal (P4mm) structure. An 6× 6× 6Monkhorst-Pack k-point sampling
was set in Brillouin zone of the unit cell.
In the present calculations, spontaneous polarizations and piezoelectric constants were also
evaluated, due to the Born effective charges (Resta, 1994) and density-functional perturbation
theory (Hamann et al., 2005; X. Wu et al., 2005). The spontaneous polarization of tetragonal
structures along the [001] axis, P3, is defined as,

P3 ≡ ∑
k

ec
Ω

Z∗33(k)u3(k) , (2)

where e, c, and Ω denote the charge unit, the lattice parameter of the unit cell along the [001]
axis, and the volume of the unit cell, respectively. u3(k) denotes the displacement along the
[001] axis of the kth atom, and Z∗33(k) denotes the Born effective charges (Resta, 1994) which
contributes to the P3 from the u3(k). The piezoelectric e constants, on the other hand, are
defined as

eαβ ≡
(

∂Pα

∂ηβ

)
u

+ ∑
k

(
∂Pα

∂uα(k)

)
η

∂uα(k)
∂ηβ

, (3)

where P, η, and u(k) denote the spontaneous polarization, the strain, and the displacement of
the kth atom, respectively. α and β denote the direction-indexes of the axis, i.e., 1 along the
[100] axis, 2 along the [010] axis, and 3 along the [001] axis, respectively. In eq. (3), the first
term of the right hand denotes the clamped term evaluated at vanishing internal strain, and
the second term denotes the relaxed term that is due to the relative displacements. According
to the eqs. (2) and (3), therefore, e33 or e31 can be especially written as,

e3β =

(
∂P3

∂ηβ

)

u

+∑
k

ec
Ω

Z∗33(k)
∂u3(k)

∂ηβ
(β = 3, 1) . (4)
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Fig. 1. Optimized calculated results as a function of a lattice parameters in tetragonal BaTiO3:
(a) c/a ratio and (b) δTi to the [001] axis. Blue lines correspond to the results with the
Ti3spd4s PP, and red lines correspond to those with the Ti3d4s PP. Results with arrows are
the fully optimized results, and the other results are those with c and all the inner
coordinations optimized for fixed a (Miura et al., 2010a).

Fig. 2. Total density of states (DOS) of fully optimized tetragonal BaTiO3 with the
Ti3spd4s PP (solid line) and cubic BaTiO3 with the Ti3d4s PP (red dashed line) (Miura et al.,
2010a).

3. Results and discussion

3.1 BaTiO3: Role of Ti 3s and 3p states for ferroelectricity
In this subsection, the author discusses the role of Ti 3s and 3p states for ferroelectricity for
ferroelectricity in tetragonal BaTiO3.
Figures 1(a) and 1(b) show the optimized results for the ratio c/a of the lattice parameters and
the value of the Ti ion displacement (δTi) as a function of the a lattice parameters in tetragonal
BaTiO3, respectively. Resultswith arrows are the fully optimized results, and the others results
are those with the c lattice parameters and all the inner coordinations optimized for fixed
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a. Note that the fully optimized sturucture of BaTiO3 is tetragonal with the Ti3spd4s PP,
whereas it is cubic (Pm3̄m) with the Ti3d4s PP. As shown in Fig. 1(a) and 1(b), c/a and δTi
show significantly different results for a � 3.7 whereas they show almost the same results for
a � 3.7 , for both Ti PPs. This result suggests that the optimized results of ABO3 with smaller
lattice parameters, e.g., under high pressure (Bévillon et al., 2007), are almost independent of
the choice of PP.

Fig. 3. Two-dimentional electron-density contour map on the xz-plane for tetragonal BaTiO3:
(a) with the Ti3spd4s PP, and (b) with the Ti3d4s PP. The optimized calculated results with a
fixed to be 3.8 are shown in both figures. The electron density increases as color changes from
blue to red via white. Contour curves are drawn from 0.4 to 2.0 e/3 with increments of
0.2 e/3 (Miura et al., 2010a).

The calculated results shown in Fig. 1 suggest that the explicit treatment of Ti 3s and 3p
semicore states is essential to the appearance of ferroelectric states in BaTiO3. In the following,
the author investigates the role of Ti 3s and 3p states for ferroelectricity from two viewpoints.
One viwpoint concerns hybridizations between Ti 3s and 3p states and other states. Figure 2
shows the total density of states (DOS) of tetragonal BaTiO3 with two Ti PPs. Both results are
in good agreement with previous calculated results (Chen et al., 2004; Khenata et al., 2005)
by the full-potential linear augmented plane wave (FLAPW) method. In the DOS with the
Ti3spd4s PP, the energy “levels", not bands, of Ti 3s and 3p states, are located at −2.0 Hr
and −1.2 Hr, respectively. This result suggests that the Ti 3s and 3p orbitals do not make any
hybridizations but only give Coulomb repulsionswith the O orbitals as well as the Ba orbitals.
In the DOS with the Ti3d4s PP, on the other hand, the energy levels of Ti 3s and 3p states are
not shown because Ti 3s and 3p states were treated as the core charges. This result means that
the Ti 3s and 3p orbitals cannot even give Coulomb repulsions with the O orbitals as well as
the Ba orbitals.
Another viwpoint is about the Coulomb repulsions between Ti 3s and 3px (y) states and
Ox (y) 2s and 2px (y) states in tetragonal BaTiO3. Figures 3(a) and 3(b) show two-dimentional
electron-density contour map on the xz-plane for tetragonal BaTiO3 with the Ti3spd4s PP, and
that with the Ti3d4s PP, respectively. These are the optimized calculated results with a fixed
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Fig. 4. Illustrations of the proposed mechanisms for the Coulomb repulsions between Ti 3s
and 3p states and O 2s and 2p states in BaTiO3: (a) anisotropic Coulomb repulsions between
Ti 3s and 3px (y) states and Ox (y) 2s and 2px (y) states, and between Ti 3s and 3pz states and
Oz 2s and 2pz states, in the tetragonal structure. (b) isotropic Coulomb repulsions between
Ti 3s and 3px (y) (z) states and Ox (y) (z) 2s and 2px (y) (z) states, in the rhombohedral
structure (Miura et al., 2010a).

to be 3.8 , and the electron density in Fig. 3(a) is quantitatively in good agreement with the
experimental result (Kuroiwa et al., 2001). The electron density between Ti and Ox ions in
Fig. 3(a) is larger than that in Fig. 3(b), which suggests that Ti ion displacement is closely
related to the Coulomb repulsions between Ti 3s and 3p states and O 2s and 2p states along
the [001] axis (the z-axis in this case).
The present discussion of the Coulomb repulsions is consistent with the previous reports. A
recent soft mode investigation (Oguchi et al., 2009) of BaTiO3 shows that Ba ions contribute
little to the appearance of Ti ion displacement along the [001] axis. This result suggests that Ti
ion displacement is closely related to the structural distortion of TiO6 octahedra. In the present
calculations, on the other hand, the only difference between BaTiO3 with the Ti3spd4s PP
and with the Ti3d4s PP is the difference in the expression for the Ti 3s and 3p states, i.e.,
the explicit treatment and including core charges. However, our previous calculation (Miura
& Tanaka, 1998) shows that the strong Coulomb repulsions between Ti 3s and 3pz states and
Oz 2s and 2pz states do not favour Ti ion displacement along the [001] axis. This result suggests
that the Coulomb repulsions between Ti 3s and 3px (y) states and Ox (y) 2s and 2px (y) states
would contribute to Ti ion displacement along the [001] axis, and the suggestion is consistent
with a recent calculation (Uratani et al., 2008) for PbTiO3 indicating that the tetragonal and
ferroelectric structure appears more favourable as the a lattice parameter decreases.
Considering the above investigations, the author proposes the mechanism of Ti ion
displacement as follows: Ti ion displacement along the z-axis appears when the Coulomb
repulsions between Ti 3s and 3px (y) states and Ox (y) 2s and 2px (y) states, in addition to the
dipole-dipole interaction, overcome the Coulomb repulsions between Ti 3s and 3pz states and
Oz 2s and 2pz states (Miura & Tanaka, 1998). An illustration of the Coulomb repulsions is
shown in Fig. 4(a). In fully optimized BaTiO3 with the Ti3spd4s PP, the Ti ion can be displaced
due to the above mechanism. In fully optimized BaTiO3 with the Ti3d4s PP, on the other
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hand, the Ti ion cannot be displaced due to the weaker Coulomb repulsions between Ti and
Ox (y) ions. However, since the Coulomb repulsion between Ti and Oz ions in BaTiO3 with the
Ti3d4s PP is also weaker than that in BaTiO3 with the Ti3spd4s PP, the Coulomb repulsions
between between Ti and Ox (y) ions in addition to the log-range force become comparable
to the Coulomb repulsions between Ti and Oz ions both in Ti PPs, as the lattice parameter
a becomes smaller. The above discussion suggests that the hybridization between Ti 3d and
Oz 2s and 2pz stabilizes Ti ion displacement, but contribute little to a driving force for the
appearance of Ti ion displacement.
It seems that the above proposed mechanism for tetragonal BaTiO3 can be applied to the
mechanism of Ti ion displacement in rhombohedral BaTiO3, as illustrated in Fig. 4(b). The
strong isotropic Coulomb repulsions between Ti 3s and 3px (y) (z) states and Ox (y) (z) 2s and
2px (y) (z) states yield Ti ion displacement along the [111] axis. On the other hand, when
the isotropic Coulomb repulsions are weaker or stronger, the Ti ion cannot be displaced and
therefore it is favoured for the crystal structure to be cubic.

Fig. 5. Optimized calculated results as a function of the fixed volumes of the unit cells in
rhombohedral BaTiO3: (a) 90−α degree and (b) δTi to the [111] axis. Blue lines correspond to
the results with the Ti3spd4s PP, and red lines correspond to those with the Ti3d4s PP.
Vrhombo denote the volume of the fully optimized unit cell with the Ti 3spd4s PP. Results with
arrows are the fully optimized results, and the other results are those with all the inner
coordinations optimized for fixed volumes of the unit cells (Miura et al., 2010a).

Let us investigate the structural properties of rhombohedral BaTiO3. Figures 5(a) and 5(b)
show the optimized results of the 90−α degree and δTi as a function of fixed volumes of
the unit cells in rhombohedral BaTiO3, respectively, where α denotes the angle between
two lattice vectors. In these figures, α denotes the angle between two crystal axes of
rhombohedral BaTiO3, and δTi denotes the value of the Ti ion displacement along the [111]
axis. Results with arrows are the fully optimized results; Vrhombo denote the volume of the
fully optimized unit cell with the Ti 3spd4s PP. The other results are those with all the inner
coordinations optimizedwith fixed volumes of the unit cells. The proposalmechanisms about
the Coulomb repulsions seem to be consistent with the calculated results shown in Fig. 5: For
V/Vrhombo � 0.9 or � 1.3, the isotropic Coulomb repulsions are weaker or stronger, and the
Ti ion cannot be displaced along the [111] axis and therefore the crystal structure is cubic for
both Ti PPs. For 0.9 � V/Vrhombo � 1.3, on the other hand, the isotropic Coulomb repulsions
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are strong enough to yield Ti ion displacement for both Ti PPs. However, since the magnitude
of the isotropic Coulomb repulsion is different in the two Ti PPs, the properties of the 90−α
degree and δTi are different quantitatively.

3.2 Role of the Ti–O Coulomb repulsions for piezoelectric SrTiO3 and BaTiO3
As discussed in the previous subsection, the Coulomb repulsions between Ti 3s and 3px (y)
states and Ox (y) 2s and 2px (y) states have an important role in the appearance of the
ferroelectric state in tetragonal BaTiO3. In this subsection, the author discusses the role of
the Ti–O Coulomb repulsions for piezoelectric SrTiO3 and BaTiO3.

Fig. 6. Optimized calculated results as a function of a lattice parameters in compressive
tetragonal SrTiO3 and BaTiO3: (a) c/a ratio and (b) P3, i.e., spontaneous polarization along
the [001] axis (Furuta & Miura, 2010).

Fig. 7. (a) P3 as a function of c/a ratios, and (b) c/a ratio as a function of P2
3 . These values are

derived from the calculated results as shown in Figs. 6(a) and (b). Dotted and dashed lines in
Fig. 7(b) serve as visual guides for SrTiO3 and BaTiO3, respectively (Furuta & Miura, 2010).

Figures 6(a) shows the optimized results for the ratio c/a as a function of the a lattice
parameters in tetragonal SrTiO3 and BaTiO3. These results are the fully optimized results
and the results with the c lattice parameters and all the inner coordinations optimized for
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fixed a. The fully optimized parameters of SrTiO3 (a = 3.84 : cubic) and BaTiO3 (a = 3.91
and c = 4.00 : tetragonal) are within 2.0% in agreement with the experimental results in room
temperature. Figures 6(b) shows the evaluated results for P3 as a function of the a lattice
parameters in tetragonal SrTiO3 and BaTiO3, where P3, which is evaluated by eq. (2), denotes
the spontaneous polarization along the [001] axis. Note that the tetragonal and ferroelectric
structures appear even in SrTiO3 when the fixed a lattice parameter is compressed to be
smaller than the fully-optimized a lattice parameter. As shown in Figs. 6(a) and 6(b), the
tetragonal and ferroelectric structure appear more favorable as the fixed a lattice parameter
decreases, which is consistent with previous calculated results (Miura et al., 2010a; Ricinschi
et al., 2006; Uratani et al., 2008). The results would be due to the suggestion discussed in the
previous section that the large Coulomb repulsion of Ti–O bondings along the [100] axis (and
the [010] axis) is a driving force of the displacement of Ti ions along the [001] axis, i.e., the large
Coulomb repulsion along the [100] axis (and the [010] axis) is essential for the appearance of
the tetragonal structure. Figure 7(a) shows the relationship between P3 and the ratio c/a,
where P3 and c/a are derived from the calculated results shown in Figs. 6(a) and 6(b). The
property of BaTiO3 in Fig. 7(a) is in qualitatively agreement with a previous calculational
result (Ricinschi et al., 2006). Figure 7(b) shows the relationship between the ratio c/a and
P2
3 . Note that c/a− 1 is proportional to P2

3 with alomost the same coefficients in both SrTiO3
and BaTiO3. Clearly, the ratio c/a is a good parameter in both tetragonal SrTiO3 and BaTiO3
with in-plane compressive stress. Therefore, in the following, the author uses the ratio c/a as
a parameter for the investigations of the piezoelectric properties.

Fig. 8. Evaluated piezoelectric constants as a function of c/a ratios in optimized tetragonal
SrTiO3 and BaTiO3: (a) e33 and (b) e31 (Furuta & Miura, 2010).

Figures 8(a) and 8(b) shows the piezoelectric properties of e33 and e31 as a function of the
ratio c/a in tetragonal SrTiO3 and BaTiO3. The ratio c/a is optimized value as shown in
Fig. 6(a) and e33 and e31 are evaluated values in their optimized structures. Note that e33
become larger at c/a ≈ 1, especially in SrTiO3. These properties seem to be similar to the
properties arond the Curie temperatures in piezoelectric ABO3; Damjanovic emphasized the
importance of the polarization extension as a mechanism of larger piezoelectric constants in
a recent paper (Damjanovic, 2010). Contrary to e33, on the other hand, the changes in e31
are much smaller than the changes in e33, but note that e31 shows negative in SrTiO3 while
positive in BaTiO3.
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Fig. 9. Evaluated Born effective charges Z∗33(k) as a function of c/a ratios: (a) SrTiO3 and
(b) BaTiO3. Ox and Oz denote oxygen atoms along the [100] axis and the [001] axis,
respectively (Furuta & Miura, 2010).

Fig. 10. Evaluated values of ∂u3(k)/∂η3 as a function of c/a ratios: (a) SrTiO3 and (b) BaTiO3.
“a.u." denotes the atomic unit (≈ 0.53) (Furuta & Miura, 2010).

As expressed in eq. (4), e3j is the sum of the contributions from the clamped term and the
relaxed term. However, it has been generally known that the contribution to e3j from the
clamped term is much smaller than that from the relaxed term; in fact, the absolute values of
the e33 clamped terms are less than 1 C/m2 in both SrTiO3 and BaTiO3. The author therefore
investigates the contributions to the relaxed term of e33 and e31 in detail. As expressed in
eq. (4), the relaxed terms of e3j are proportional to the sum of the products between the Z∗33(k)
and ∂u3(k)/∂ηj (j = 3 or 1) values. Let us show the evaluated results of Z∗33(k), ∂u3(k)/∂η3,
and ∂u3(k)/∂η1 in the following. Figures 9(a) and 9(b) show the Z∗33(k) values in SrTiO3
and BaTiO3, respectively. Properties of the Z∗33(k) values are quantitatively similar in both
SrTiO3 and BaTiO3. Therefore, the difference in the properties of e33 and e31 between SrTiO3
and BaTiO3 must be due to the difference in the properties of ∂u3(k)/∂ηj. Figures 10(a) and
10(b) show the ∂u3(k)/∂η3 values in SrTiO3 and BaTiO3, respectively. In these figures, Ox
and Oz denote oxygen atoms along the [100] and [001] axes, respectively, and η3 is defined as
η3 ≡ (c − c0)/c0, where c0 denotes the c lattice parameter with fully optimized structure.
Clearly, the absolute values of ∂u3(k)/∂η3 are different in between SrTiO3 and BaTiO3. On
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Fig. 11. Evaluated values of ∂u3(k)/∂η1 as a function of c/a ratios: (a) SrTiO3 and
(b) BaTiO3 (Furuta & Miura, 2010).

the other hand, Figs. 11(a) and 11(b) show the ∂u3(k)/∂η1 values in SrTiO3 and BaTiO3,
respectively; η1 is defined as η1 ≡ (a − a0)/a0, where a0 denotes the a lattice parameter
with fully optimized structure. The absolute values of ∂u3(k)/∂η1, especially for Ti, Ox, and
Oz, are different in between SrTiO3 and BaTiO3. As a result, the quantitative differences in
e33 and e31 in between SrTiO3 and BaTiO3 are due to the differences in the contribution of
the ∂u3(k)/∂ηj values. In the following, the author would like to discuss the reasons of the
quantitative differences in e33 and e31 in between SrTiO3 and BaTiO3.
Figure 12(a) shows the difference between the A–Ox distance (RA−Ox) and the sum of rA
and rOx

(rA + rOx
) on the (100) plane as a function of the ratio c/a, where the values of the

ionic radii are defined as Shannon’s ones (Shannon, 1976). Note that RA−Ox is smaller than
rA + rOx in both SrTiO3 and BaTiO3. However, the difference in absolute value between RA−Ox

and rA + rOx
in SrTiO3 is much smaller than the difference in BaTiO3 for 1.00 � c/a � 1.10.

This result suggests that the Sr–Ox Coulomb repulsion on the (100) plane in SrTiO3 is much
smaller than the Ba–Ox Coulomb repulsion in BaTiO3 and that therefore Sr and Ox ions of
SrTiO3 can be displaced more easily along the [001] axis than Ba and Ox ions of BaTiO3. This
would be a reason why the absolute values of ∂u3(k)/∂η3 of Sr and Ox ions in SrTiO3 are
larger than those of Ba and Ox ions in BaTiO3. Figure 12(b) shows the difference between the
Ti–Oz distance (RTi−Oz ) and rTi + rOz along the [001] axis as a function of the ratio c/a. Note
that RTi−Oz

is smaller than rTi + rOz
in both SrTiO3 and BaTiO3. However, the difference in

absolute value between RTi−Oz and rTi + rOz in SrTiO3 is smaller than the difference in BaTiO3
for 1.00 � c/a � 1.10. This result suggests that the Ti–Oz Coulomb repulsion along the [001]
axis in SrTiO3 is smaller than that in BaTiO3 and that therefore the Ti ion of SrTiO3 can be
displaced more easily along the [001] axis than that of BaTiO3. This would be a reason why
the absolute values of ∂u3(k)/∂η3 of Ti and Oz ions in SrTiO3 are larger than that in BaTiO3.
In the following, the author discusses the relationship between ∂u3(Ti)/∂η3 and the ratio
c/a in detail. Figure 13(a) shows the properties of the diffrences in the total energy (ΔEtotal)
as a function of uTi. In this figure, the properties of SrTiO3 with c/a = 1.021 (η = 0.011),
SrTiO3 with c/a = 1.093 (η = 0.053) and BaTiO3 with c/a = 1.022 as a reference, are shown.
Calculations of Etotal were performedwith the fixed crystal structures of previously optimized
structures except Ti ions. Figure 13(b) shows illustrations of ΔEtotal curves with deviations at
the minimum points of the ΔEtotal values, corresponding to the ΔEtotal curves of SrTiO3 in
Fig. 13(a). Clearly, as η3 becomes smaller, the deviated value at the minimum point of the
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Fig. 12. Evaluated values as a function of c/a ratios in optimized tetragonal SrTiO3 and
BaTiO3: (a) difference between the A–Ox distance (RA−Ox) and rA + rOx , and (b) difference
between the Ti–Oz distance (RTi−Oz ) and rTi + rOz , as a function of the ratio c/a. RA−Ox and
RTi−Oz

in ATiO3 are also illustrated; all the ionic radii are much larger, and A and Ti ions are
displaced along the [001] axis in real ATiO3 (Furuta & Miura, 2010).

ΔEtotal values becomes smaller, i.e., the Ti ion can be displaced more favourably. On the other
hand, as shown in Fig. 10(a), the absolute value of ∂u3(Ti)/∂η3 becomes larger as η3 becomes
smaller. Therefore, the Ti ion can be displaced more favourably as the deviated value at the
minimum point of the ΔEtotal values becomes smaller.
Next, let us discuss quantitative properties of e31, especially the reason why e31 in SrTiO3
shows negative while positive in BaTiO3. Figure 14(a) shows the difference between the
Ti–Ox distance (RTi−Ox

) and rTi + rOx
along the [100] axis as a function of the ratio c/a. Note

that RTi−Ox is smaller than rTi + rOx in both SrTiO3 and BaTiO3. However, the difference in
absolute value between RTi−Ox

and rTi+ rOx
in SrTiO3 is larger than that in BaTiO3, i.e., RTi−Ox

in SrTiO3 is smaller than RTi−Ox in BaTiO3. This result suggests that the Ti–Ox Coulomb
repulsion along the [100] axis in SrTiO3 is larger than that in BaTiO3 and that therefore Ti and
Ox ions of SrTiO3 can be displaced along the [001] axis more easily than those of BaTiO3,
as discussed in previous subsection. This would be a reason why the absolute values of
∂u3(k)/∂η1 of Ti and Ox ions in SrTiO3 are larger than those in BaTiO3. Therefore, each
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Fig. 13. (a) ΔEtotal as a function of uTi in tetragonal SrTiO3 and BaTiO3. (b) Illustration of the
ΔEtotal curves in tetragonal SrTiO3 (η = 0.011) and SrTiO3 (η = 0.053) with deviations at the
minimum point of ΔEtotal.

absolute value of Z∗Ti × ∂u3(Ti)/∂η1 (< 0) and Z∗Ox
× ∂u3(Ox)/∂η1 (> 0) in SrTiO3 is larger

than that in BaTiO3. Figure 14(b) shows the difference between the A–Oz distance (RA−Oz)
and rA + rOz

on the (001) plane as a function of the ratio c/a. Note that RA−Oz
is smaller

than rA + rOz
in both SrTiO3 and BaTiO3. However, the difference in absolute value between

RA−Oz and rA + rOz in BaTiO3 is larger than that in SrTiO3. This result suggests that the
Ba–Oz Coulomb repulsion on the (001) plane in BaTiO3 is larger than that in SrTiO3 and
that therefore Oz ion of BaTiO3 can be displaced along the [001] axis more easily than that of
SrTiO3, as discussed in previous subsection. This would be a reasonwhy the absolute value of
∂u3(k)/∂η1 of Oz ion in BaTiO3 is larger than that in SrTiO3. Therefore, the absolute value of
Z∗Oz

× ∂u3(Oz)/∂η1 (> 0) in BaTiO3 is larger than that in SrTiO3. Finally, as a result, the above
investigations suggest that the signature of e31 in SrTiO3 or BaTiO3 is closely related to the
difference in absolute values between Z∗Ti × ∂u3(Ti)/∂η1 and the sum of Z∗Ox

× ∂u3(Ox)/∂η1
and Z∗Oz

× ∂u3(Oz)/∂η1.

4. Summary

Using a first-principles calculation with optimized structures, the author has investigated
the role of the Coulomb repulsions between Ti 3s and 3p states and O 2s and 2p states
in ferroelectric BaTiO3. It has been found that the Coulomb repulsions between Ti 3s
and 3px (y) states and Ox (y) 2s and 2px (y) states are closely related to the appearance of
Ti ion displacement in tetragonal BaTiO3. This mechanism seems to be consistent with
the appearance of Ti ion displacement in rhombohedral BaTiO3. The present investigation
suggests that the Coulomb repulsions between Ti 3s and 3p states and O 2p states have
an important role in ferroelectricity. In addition to this suggestion, the author believes that
the present investigation will show a guideline for the choice of PPs when first-principles
calculations with PPmethods are performed. The author has also investigated the ferroelectric
and piezoelectric properties of SrTiO3 and BaTiO3 with in-plane compressive tetragonal
structures using a first-principles calculation. It has been found that the ferroelectric structure
even in SrTiO3 appears with in-plane compressive structures. The piezoelectric constant e33
drastically increases in SrTiO3 rather than that in BaTiO3 as the tetragonal ratio c/a (> 1) is
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Fig. 14. Evaluated values as a function of c/a ratios in optimized tetragonal SrTiO3 and
BaTiO3: (a) difference between the Ti–Ox distance (RTi−Ox) and rTi + rOx , as a function of the
ratio c/a, and (b) difference between the A–Oz distance (RA−Oz) and rA + rOz . RTi−Ox and
RA−Oz

in ATiO3 are also illustrated (Furuta & Miura, 2010).

close to 1. On the other hand, e31 shows negative in SrTiO3 while positive in BaTiO3, although
the changes in their absolute values are very small. The author has found that these properties
of e33 and e31 in SrTiO3 and BaTiO3 are closely related to the ionic distances.
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1. Introduction

A wide variety of molecular compounds are bound by Hydrogen bridges between the
molecular units. In these compounds cooperative proton tunneling along the bridges plays an
important role.(1) However, it is apparent that not only the proton behavior is relevant but also
that of their associatedmatrix, leading to awide range of possible behaviors. We are thus faced
with the consideration of two in principle coupled subsystems: the proton tunneling subunit
and the host lattice. Ubbelhode noted, in 1939,(2) that the nature of the H-bond changes
upon substitution of Deuterium (D) for H. In addition, many H-bonded compounds show
structural transitions that are strongly affected by deuteration.(3) The common assumption
that proton tunneling completely dominates the transitional physics, in a chemically and
structurally unchanged host, is an oversimplifiedmodel. Since the 1980’s, a number of authors
have noted in pressure studies that the changes in transition temperatures correlate well
with the H-bond parameters.(4) Thus, the proton’s (deuteron’s) dynamics and the host are
mutually determined. The host-and-tunneling system is not separable, and the physics of the
proton-tunneling systems must be revised.(5)
Typical examples are KH2PO4 (KDP) and its analogs.(6) They were discovered as a novel
family of ferroelectric (FE) compounds in the late 1930’s by Busch and Scherer.(7) It was
shown that KDP undergoes a paraelectric (PE) to FE transition at a critical temperature of
≈ 123 K. It was also found that upon substitution of Ammonium for Potassium the resulting
NH4H2PO4 (ADP) becomes antiferroelectric (AFE) below Tc = 148 K,(8) although chemically
the NH+

4 ion usually behaves similarly to the alkali metal ions, in particular K+ and Rb+.
The structures of the AFE phase of ADP and the FE phase of KDP are depicted schematically
from a top view in Fig. 1(a) and Fig. 1(c), respectively. Both materials exhibit strong H →
D isotope effects on their transition temperatures. In subsequent years KDP and ADP have
found extensive applications in electro-optical and laser spectroscopy. Nowadays, they are
widely used in controlling and modulating the frequency of laser radiation in optoelectronic
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devices, amongst other uses such as TV screens, electro-optic deflector prisms, interdigital
electrodes, light deflectors, and adjustable light filters.(6) Besides the technological interest
in these materials, they were also extensively studied from a fundamental point of view.
KDP is considered the prototype FE crystal for the wide family of the H-bonded ferroelectric
materials, while ADP is the analogous prototype for the AFE crystals belonging to this family.
What makes these materials particularly interesting is the possibility of growing quite large,
high-quality single crystals from solution, thus making them very suitable for experimental
studies. Indeed, a large wealth of experimental data has been accumulated during second half
of the past century. (4; 6; 9–13)

Fig. 1. Schematic representation of (a) AFE phase of ADP, (b) hypothetical FE phase in ADP,
and (c) FE phase of KDP. The structures are shown from a top (z-axis) view. Acid H-bonds
are shown by dotted lines while in case (a) short and long N-H· · ·O bonds are represented
by short-dashed and long-dashed lines, respectively. Fractional z coordinates of the
phosphate units are also indicated in (a).

The phosphates in KDP and ADP are linked through approximately planar H-bonds forming
a three-dimensional network. In the PE phase at high temperature, hydrogens occupy with
equal probability two symmetrical positions along the H-bond separated a distance δ (Fig.
2), characterizing the so-called disordered phase. Below the critical temperature in both
compounds, hydrogens fall into one of the symmetric sites, leading to the ordered FE phase
in KDP (see Fig. 2 and Fig. 1(c)), or the AFE phase in ADP (Fig. 1(a)). In KDP the spontaneous
polarization Ps appears perpendicular to the proton ordering plane (see Fig. 2), the PO4
tetrahedra becoming distorted. In ADP, there is an ordered AFE phase with dipoles pointing
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in alternating directions along chains in the basal plane (Fig. 1(a)). In both cases, each PO4 unit
has two covalently bonded and two H-bonded hydrogens, in accordance with the well-known
ice rules. The oxygen atoms that bind covalently to the acid H are called donors (O2 in Figs. 1
and 2), and those H-bonded are called acceptors (O1 in Figs. 1 and 2).
The proton configurations found around each phosphate in the AFE and FE phases of ADP
and KDP, respectively, are essentially different, as depicted in Fig. 1(a) and Fig. 1(c). The
low-temperature FE phase of KDP is characterized by local proton configurations around
phosphates called polar, with electric dipoles and a net spontaneous polarization pointing
along the z direction (Fig. 1(c)). There are two possible polar configurations which are built
with protons attached to the bottom or the top oxygens in the phosphate, and differ in the sign
of the corresponding dipoles along z. These are the lowest-energy configurations realized in
the FE phase of KDP. On the other hand, the low-temperature AFE phase of ADP has local
proton arrangements in the phosphates called lateral. In fact, these configurations have two
protons laterally attached to two oxygens, one at the top and the other at the bottom of the
phosphate units (Fig. 1(a)). There are four possible lateral configurations, which yields four
different orientations of the local dipoles along the basal plane. Another important feature of
the ADP structure is the existence of short and long N-H· · ·O bonds in the AFE phase, which
link the ammonium with different neighboring phosphates (Fig. 1(a)).

O
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O
O

2R

2

2

1
1

δ
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K
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33%
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44%

Fig. 2. Schematic lateral view of the atomic motions (solid arrows) happening upon
off-centering of the H-atoms which correspond to the FE mode pattern in KDP. Also shown
are the concomitant electronic charge redistributions (dotted curved arrows) and the
percentages of the total charge redistributed between different orbitals and atoms.

Although considerable progress has been made during the last century, a complete
understanding of the FE and AFE transition mechanisms in KDP and ADP is still lacking.
The six possible proton configurations obeying the ice rules observed in the low-temperature
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phases of KDP and ADP, polar and lateral arrangements respectively, were considered earlier
by Slater to develop an order-disorder local model for the phase transition in KDP. (14) Slater
assigned energies 0 and εs > 0 to the polar and lateral configurations respectively in his model
for KDP, and predicted a sharp first-order FE transition. But because it is a static model in its
original form, it is difficult to use it for understanding, in particular, dynamic properties, such
as electric transport and related protonic hopping in the low temperature FE phase. (15) Takagi
improved the theory by including the possibility of configurations with one or three protons
attached to the phosphate (Takagi configurations) with energy εt per phosphate, which is well
above those of the polar and lateral configurations. (16) These configurations violate the ice
rules and arise, e.g., when a proton from a H-bond common to two polar states moves to
the other bond side. This leads to the formation of a Takagi-pair defect in two neighboring
phosphates that finally remain with one and three protons. (17) The Takagi defects, which are
the basic elements of domain walls between regions of opposite polarization, may propagate
throughout the lattice and are relevant for the dynamic behavior of the system. (15)
On the other hand, a modification of the original order-disorder Slater model,(14) with
a negative Slater energy εs < 0 proposed by Nagamiya, was the first explanation of
antiferroelectricity in ADP. (18) This model favors the AFE ordering of lateral protonic
configurations in the O-H· · ·O bridges, with dipoles along the basal plane, over the FE
ordering of polar configurations with dipoles oriented in the z direction in ADP (see the
schematic representation of the hypothetical FE state in ADP, Fig. 1(b)). However, this
alone is insufficient to explain antiferroelectricity in ADP. Actually, FE states polarized in the
basal plane, not observed experimentally, have energies comparable to the AFE one.(19–21)
Ishibashi et al. introduced dipolar interactions in a four-sublattice version of the Slater model
to rule them out and predicted the observed first-order AFE transition.(19; 20) Although
the general characteristics of the AFE transition are well explained by their theory, the
transversal and longitudinal dielectric properties are not consistently determined. Using an
extended pseudospin model that takes into account the transverse polarization induced by
the proton displacements along the H-bonds, Havlin et al. were able to explain successfully
the dielectric-constant data.(22) The above model explanation of the AFE proton ordering
in the low-temperature phase of ADP (Fig. 1(a)) was confirmed by neutron diffraction
measurements.(23) Based on that structural data, Schmidt proposed an effective interaction
of acid protons across the NH+

4 ion providing the needed dipolar coupling that leads to
the AFE ordering. Although there is no clear microscopic justification for that specific
interaction, this model led to successful mean field simulations for ADP and the proton glass
Rb1−x(NH4)xH2PO4.(15; 24)
Strong experimental evidence for the coexistence of the FE and AFE domains as T approaches
the AFE transition from above has been obtained in EPR studies on ADP using the (AsO4)4−
radical as probe.(25; 26) This suggests that the FE state (Fig. 1(b)) is very close to the AFE
ground state (Fig. 1(a)), but there has been no further theoretical justification. Within a model
view, a delicate balance between the bare Slater energy and the dipolar interactions would
favor one of them.(20)
The strong H → D isotope effects exhibited by these materials on their FE or AFE transition
temperatures (the critical temperature Tc nearly doubles in the deuterated compounds)(6) are
still being debated. This giant effect was first explained by the quantum tunneling model
proposed in the early sixties. (27) Within the assumption of interacting, single-proton double
wells, this model proposes that individual protons tunnel between the two wells. Protons
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have a larger tunnel splitting and are more delocalized than deuterons, thus favoring the
onset of the disordered PE phase at a lower Tc. Improvements of the above model to
explain the phase transition in KDP include coupling between the proton and the K-PO4
dynamics. (28–33) These models have been validated a posteriori on the basis of their
predictions, although there is no direct experimental evidence of tunneling. Only very recent
neutron Compton scattering experiments seem to indicate the presence of tunneling.(34)
However, the connection between tunneling and isotope effect remains unclear, in spite of
recent careful experiments.(35)
On the other hand, a series of experiments carried out since the late eighties (4; 36–40)
provided increasing experimental evidence that the geometrical modification of the H-bonds
and the lattice parameters upon deuteration (Ubbelohde effect (2)) is intimately connected to
the mechanism of the phase transition. The distance δ between the two collective equilibrium
positions of the protons (see Fig. 2) was shown to be remarkably correlated with Tc.(4)
Therefore, it seems that proton and host cage are connected in a non-trivial way, and are
not separable.(5) These findings stimulated new theoretical work where virtually the same
phenomenology could be explained without invoking tunneling. (41–45) However, these
theories were developed at a rather phenomenological level.
Because of the fundamental importance of the FE and AFE phenomena, as well as from
the materials-engineering point of view, it was desirable to carry out quantum mechanical
calculations at the first principles (ab initio) level to understand the transition mechanism
as well as the isotope effects on the various properties of these materials. These approaches
have the advantage of allowing for a confident and parameter-free analysis of the microscopic
changes affecting the different phases in these H-bonded FE and AFE compounds. Such an
enterprise has recently been possible via the availability of efficient algorithms and large-scale
computational facilities. Thus we have carried out ab-initio quantum-theoretical calculations
on KDP, (17; 46–48) with particular emphasis on the H→ D isotope effect in the ferroelectric
transition temperature Tc, that shifts from 123 K in KDP to 224 K on deuteration.(6) It was
found that the Tc-enhancement can be ascribed to tunneling, but with an additional feed-back
effect on the O-H· · ·O potential wells.(47; 48)
Encouraged by the KDP results, we undertook a similar study on ADP, (21) because ADP and
its analogous AFE compounds such as NH4H2AsO4 (ADA) and their deuterated analogues
have received much less attention than KDP.(6; 15) Thus how the presence of the NH+

4 units
renders antiferroectricity to ADP and ADA has not been well understood.(15; 18–20) Our ab
initio results showed that the optimization of the N-H· · ·Obonds and the accompanying NH+

4
distortions lead to the stabilization of the AFE phase over the FE one in ADP.(21)
The purpose of the present contribution is to review and discuss the fundamental behavior of
the FE and AFE H-bonded materials KDP and ADP, as explained by our recent first-principles
calculations. The following questions are addressed: (i) What is the microscopic mechanism
leading to ferroelectricity in KDP and antiferroelectricity in ADP?, (ii) What is the quantum
mechanical explanation of the double-site distribution observed in the PE phases of KDP and
ADP?, (iii) How does deuteration produce geometrical effects?, (iv) What is the main cause of
the giant isotope effect: tunneling, the geometrical modification of the H-bonds, or both?
In the next Section 2 we provide details of the methodology and approximations used. Section
3 is devoted to the ab initio results. In Subsection 3.1 we present and compare the structural
results with the available experimental data for both KDP and ADP. In Subsection 3.2 we
describe the electronic charge flows involved in the instabilities of the systems. The question,
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why ADP turns out to be antiferroelectric, in contrast to KDP, is analyzed in Subsection 3.3.
Subsection 3.4 is devoted to the study of the energetics of several local polar configurations
embedded in the PE phase in both compounds. In Subsections 3.5 and 3.6 we present a
thorough study of quantum fluctuations, and the controversial problem of the isotope effects.
In particular, in Subsection 3.5 we analyze the geometrical effects and the issue of tunneling
at fixed potential and discuss important consequences for these compounds. We also provide
in Subsection 3.6 an explanation for the giant isotope effect observed in KDP by means of a
self-consistent quantum mechanical model based on the ab initio data. Similar implications
for ADP and other compounds of the H-bonded ferroelectrics family are also discussed.
In Subsection 3.7 we review additional ab initio results obtained for KDP: pressure effects,
structure and energetics of Slater and Takagi defects and the development of an atomistic
model. Finally, in Section 4 we discuss the above issues and present our conclusions.

2. Ab initio method and computational details

The first-principles calculations have been carried out within the framework of the density
functional theory (DFT), (49; 50) using the SIESTA program. (51; 52) This is a fully
self-consistent DFT method that employs a linear combination of pseudoatomic orbitals
(LCAO) of the Sankey-Niklewsky type as basis functions (53). These orbitals are strictly
confined in real space, what is achieved by imposing the boundary condition that they vanish
at a certain cutoff radius in the pseudoatomic problem (i.e. the atomic problem where the
Coulomb potential was replaced by the same pseudopotential that will be used in the solid
state). With this confinement condition, the solutions are slightly different from the free
atom case and have somewhat higher energy. In this approximation, the relevant parameter
is precisely the orbital confinement energy Ec which is defined as the difference in energy
between the eigenvalues of the confined and the free orbitals. We set in our calculations
a value of Ec=50 meV. By decreasing this value further we have checked that we obtain
total energies and geometries with sufficient accuracy. In the representation of the valence
electrons, we used double-zeta bases with polarization functions (DZP), i.e. two sets of
orbitals for the angular momenta occupied in the isolated atom, and one set more for the first
nonoccupied angular momentum (polarization orbitals). With this choice, we again obtain
enough accuracy in our calculations.(47; 48)
The interaction between ionic cores and valence electrons is represented by
nonlocal, norm-conserving pseudopotentials of the Troullier-Martins type.(54) The
exchange-correlation energy functional was computed using the gradient-corrected
Perdew-Burke-Ernzerhof (PBE) approximation.(55) This functional gives excellent results
for the equilibrium volume and bulk modulus of H-bonded ice Ih when compared to other
approximations.(56) On the other hand, the BLYP functional,(57; 58) which gives very
good results for molecular H-bonded systems,(59) yields results of quality inferior to PBE
when used in the solid state.(48) The real-space grid used to compute the Coulomb and
exchange-correlation numerical integrals corresponded to an equivalent energy cutoff of 125
Ry. These approximations, especially those related to the confinement of the pseudoatomic
orbitals, were also tested against results from standard pseudopotential plane-wave
calculations. (48)
The PE phases of KDP andADP have a body-centered tetragonal (bct) structurewith 2 formula
units (f.u.) per lattice site (16 atoms in KDP and 24 atoms in ADP). For the calculations
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that describe homogeneous distortions in KDP, we used the conventional bct cell (4 f.u.),
but doubled along the tetragonal c axis. This supercell comprises 8 f.u. (64 atoms). A
larger supercell is required to describe local distortions. To this end, we used the equivalent
conventional f ct cell (containing 8 f.u., and axes rotated through 45 degrees with respect to
the conventional bct cell), also doubled along the c-axis (128 atoms). For the different phases
studied for ADP (FE, AFE, PE), we used the equivalent conventional fct cell. In the following,
and unless we state the contrary, the calculations were conducted using a Γ-point sampling of
the Brillouin zone (BZ), which proved to be a good approximation due to the large supercells
used.(48) The calculations of local distortions in ADP were performed in a 16 f.u. supercell
using a 6 k-points BZ sampling, which proved sufficient for convergence.(60)

3. Ab initio results

3.1 Characterization of the structures of KDP and ADP
We have performed different computational experiments with the aim of characterizing all
phases of KDP and ADP. First, we optimized the PE phase structure of KDP. To this end,
we fixed the lattice parameters to the experimental values at Tc+5 K in the conventional bct
cell,(61) and constrained the H-atoms to remain centered in the O-H· · ·Obonds. The full-atom
relaxation in these conditions leads to what we call the centered tetragonal (CT) structure,
which can be interpreted as an average structure (HO’s centered in the H-bonds) of the true
PE phase.(48) Actually, neutron diffraction experiments have shown that the hydrogens in
this phase occupy with equal probability two equivalent positions along the H-bond distant
δ/2 from the center (Fig. 2).(4; 62) The results of the relaxations with the above constraint for
the H to maintain the PE phase show a satisfactory agreement of the structural parameters
compared to the experiment, except for the dOO distance which turns out to be too short (see
Table 1).
We also relaxed all the internal degrees of freedom, but now fixing the simulation cell to
the experimental orthorhombic structure at Tc − 10 K in the conventional f ct cell. (61) The
calculated geometrical parameters are shown in Table 1 compared to experimental data. In
general the agreement is quite reasonable, again with the exception of the O-O distance.
A detailed analysis revealed that the underestimation in the O-O bond length originates from
the approximate character of the exchange-correlation functional, although in the case of
the PE phase, it is due in part to the constraint imposed.(48) In fact, it is found in GGA
gas-phase calculations of H3O−2 an underestimation in dOO of ≈ 0.06 Å when compared
to quantum chemical calculations.(63) Moreover, first-principles test calculations indicate a
similar underestimation for the water dimer O-O distance compared to the experimental
values.(48; 64) On the other hand, the potential for protons or deuterons in the H-bond is very
sensitive to the O-O distance.(48) Thus, in order to avoid effects derived from this feature in
the following calculations, the O-O distances are fixed to the experimental values observed in
the PE phase, unless we state the contrary.
Using a similar procedure, we calculated the PE structure of ADP.(60) We found that the
agreement is good compared to the experimental data, as is shown in Table 1.(65; 66) In
a second step, we relaxed all atom positions but now fixing the lattice parameters to the
orthorhombic experimental cell of ADP.(65) In this case, we have also allowed the O-O
distance to relax, since we were interested in the overall structure. The relaxation in the
orthorhombic structure leads to an AFE phase in fair agreement with the experiment (see
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Table 1). Although the calculated P-O bonds are somewhat longer than the experimental
values, the degree of tetrahedra distortion measured by the difference between d(P-O2)
and d(P-O1) is well reproduced by the calculations. The calculated O-O distance is now
underestimated only by 1.5% in comparison to the experimental value, which is again due to
the approximation of the exchange-correlation functional as explained above. Although the
N-H· · ·O distance is in general well reproduced, the calculated geometry of NH+

4 turns out to
be a little expanded respect to the experiment. This could be ascribed to an underestimation
in the degree of covalency of the N-H bond due to the orbital-confinement approximation in
the first principles calculation with the SIESTA code. On the other hand, the proton shift δ/2
from the H-bond center turns out to be about half the value of that from the x-ray experiment
(see Table 1). However, high resolution neutron diffraction results of δ for ADP lie close to the
corresponding value for the isomorphic compound KDP,(62) which is≈ 0.34 Å at atmospheric
pressure, in fair agreement with the present calculations. Moreover, our calculated value of
δ is close to that found in ab initio calculations for KDP, (48) which is reasonable since the
H-bond geometry is expected to depend mostly on the local environment which is similar for
both compounds. Therefore, we conclude that the experimental value of δ in the AFE phase
of ADP, as is shown in Table 1, may be overestimated because of the low resolution of x-rays
to determine proton positions.(65)
In the calculated AFE structure arising from the all-atom relaxation (see the schematic plot
for the pattern of atom distortions in Fig. 3 (c)), the ammonium ion displaces laterally about
umin

N = 0.09 Å producing a dipole that reinforces that determined by the lateral arrangement
of acid protons in the phosphate. On the other hand, if we allow the system to relax following
the FE pattern in ADP as shown in Fig. 3(b), the relaxed structure is that plotted schematically
in Fig. 1 (b) with an energy slightly higher than that for the AFE minimum. (21) In this
calculated FE phase of ADP, the ammonium ion displaces along z about 0.05 Å reinforcing the
z dipoles produced by the arrangement of acid protons in the phosphates, which is analogous
to the behavior of the K+ ion in KDP (see FE mode in KDP as plotted in Fig. 2). (47; 48)

3.2 Charge redistributions associated with the instabilities in KDP and ADP
We have analyzed the charge redistributions produced by the ordered proton off-centering in
KDP (48) and ADP (60). To this aim, we computed the changes in the Mulliken orbital and
bond-overlap populations in going from the PE phases to the FE and AFE phases of KDP and
ADP, respectively. We have also performed the analysis of the charge redistributions in the
non-observed FE phase of ADP. The ordered phases for both compounds were calculated in
a hypothetical tetragonal structure in order to be able to compute charge differences related
to the PE phase. (46; 48) Mulliken populations depend strongly on the choice of the basis
set. Differences, however, are much less sensitive. The results are shown in Table 2 for the
atoms and bonds pertaining to the O-H· · ·O bridges and the phosphates in both materials
(also shown is the K atom population for KDP).
As a common feature for both compounds, we observe an increase of the charge localized
around O1 with the main contribution provided by a decrease in the O2 charge. This
is followed by an increase in the acid hydrogen population for ADP and minor charge
redistributions in the remaining atoms for both compounds. The significant enhancement
of the population of the O1 atom is also accompanied by an increase in the bond overlap
population of the O2-H, and O1-P bonds and a decrease of this magnitude in the O1 · · ·H and
O2-P bonds. The trends observed in Table 2 are confirmed by charge density difference plots
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PE AFE(ADP) FE(KDP)
Structural ADP KDP
parameters AI Exp AI Expc AI Expa AI Expc

a - 7.473 a - 7.426 - 7.503 - 10.546
b - 7.473 a - 7.426 - 7.512 - 10.466
c - 7.542 a - 6.931 - 7.488 - 6.926

d(O-O) - 2.481 a 2.407 2.483 2.462 2.50 2.446 2.497
d(O2-HO) 1.240 1.049 b 1.204 1.071 1.093 0.90 1.108 1.056

δ 0 0.377 b 0 0.341 0.277 0.70 0.230 0.385
d(P-O1) 1.541 1.538 b 1.592 1.543 1.572 1.522 1.572 1.516
d(P-O2) 1.541 1.538 b 1.592 1.543 1.618 1.566 1.618 1.579

<O1-P-O1 108.6 108.6 b 108.6 110.6 111.7 112.5 114.5 114.6
<O2-P-O2 108.6 108.6 b 108.6 110.6 104.6 104.7 107.6 106.7

<O1 · · ·H-O2 180.0 177.1 b 176.6 178.2 175.3 - 176.8 179.4
d(N-H1

N) 1.048 1.002 b - - 1.052 0.90 - -
d(N-H2

N) 1.048 1.002 b - - 1.042 0.83 - -
d(N-O1) 3.170 3.172 b - - 3.139 3.152 - -
d(N-O2) 3.170 3.172 b - - 3.182 3.152 - -

d(N-H1
N ...O1) 2.895 - - - 2.779 - - -

d(N-H2
N ...O2) 2.895 - - - 2.923 - - -

Table 1. Comparison of the ab initio (AI) calculated internal structure parameters of KDP and
ADP (Ref.(60)) with experimental data for the PE, AFE(ADP) and FE(KDP) phases
considered in the text. Distances in Å and angles in degrees.

a Ref. (65); b Ref. (66); c Ref. (61)

in these systems. (21; 46; 48) Thus, when the protons displace off-center and approach the O2
atom, the charge localizes mostly in the O1 atom and to a lesser extent in the O1-P orbitals.
This is accompanied by a weakening of the O1 · · ·H bond and a strengthening of the O1-P
bond, which shortens (see Table 1). On the other hand, the charge flows away from the O2
atom and the O2-P bond and localizes mostly in the O2-H bond which strengthens. Then,
the PO4 tetrahedron distortion as observed in Table 1 is a consequence of the strengthening
and weakening of the O1-P and O2-P bonds respectively, as the protons displace off-center
in the H-bonds. The overall effect of the acid H’s off-centering in the PO4 + acid H-bond
subsystem of ADP and KDP can be summarized as a flow of electronic charge from the O2
side of the phosphate tetrahedron towards the O1 side with a concomitant modification of
its internal geometry. Thus, the charge redistributions results for the acid H-bonds shown in
Table 2 enable us to conclude that the behavior for these bonds in both compounds are very
similar. (21; 46; 48) A schematic view of the displacements of the atoms along the FE mode in
KDP and the accompanying electronic charge redistributions produced upon off-centering of
the H-atoms is shown in Fig. 2.
We have also compared in ADP the behavior of the N-H· · ·O bonds between oxygen and
ammonium in the AFE phase with that in the hypothetical FE one (See the schematic lateral
view in Fig. 3(b)).(60) To this aim, we computed the changes in the Mulliken orbital
and bond-overlap populations for these bonds in going from the PE to the AFE and FE
configurations. The results are shown in Table 3. When the acid H’s are displaced with the
FE pattern of Fig. 3 (b), all HN ’s remain equivalent and the O· · ·HN bonds weaken. This
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Phase O1 O2 P H O1-P O2-P O1 · · · H O2-H K
FE(KDP) +82 -58 -8 -17 +46 -44 -91 +70 -3
AFE(ADP) +100 -151 +5 +35 +44 -33 -98 +91 -
FE(ADP) +93 -151 +2 +36 +52 -43 -91 +86 -

Table 2. Changes Δq = q(x)− q(PE) (x = AFE,FE for ADP or FE for KDP) in the Mulliken orbital and
bond overlap populations in going from the PE to the AFE and FE phases in ADP (60) or to the FE phase
in KDP (48). Shown are populations of the atoms and bonds belonging to the phosphates and the
O-H· · ·O bridges in both compounds. Also reported is the result for the K atom in KDP. Units in e/1000.

Phase N H2
N H1

N N-H1
N N-H2

N O1 · · · H1
N O2 · · · H2

N
AFE +7 +7 -9 -4 +4 +16 -14
FE +1 +1 +1 +3 +3 -7 -7

Table 3. Changes Δq = q(x)− q(PE) (x = AFE or FE) in the Mulliken orbital and bond overlap
populations in going from the PE to the AFE and FE phases in ADP (60). Shown are populations of the
atoms and bonds belonging to the NH+

4 ions and the N-H· · ·O bridges . Units in e/1000.

behavior is compatible with the decrease in the bond overlap population for this bond in
Table 3. On the contrary, with the AFE distortion (see Fig. 3(c)), the arising short and long
N-H· · ·O bonds behave in an opposite way. In fact, the long N-H2

N · · ·O2 bond suffers a
decrease in the O2 · · ·H2

N bond overlap population and a weakening of the bond while the
corresponding magnitude of the short N-H1

N · · ·O1 bond increases and the bond strengthens.
The charge variations are observed to be nearly twice the corresponding value for the
analogue magnitude in the FE phase. Similarly, in the AFE phase the N-H2

N bond strengthens
with a slight increment in the bond overlap population and the N-H1

N bond weakens with a
decrease in the localized charge. These charge redistributions in the ammonium tetrahedron
give rise to its distortion (see Table 1). As a consequence, we observe a charge flow from the
long to the short N-H· · ·O bonds which is concomitant to the ammonium distortion, absent in
the FE phase.(60) This behavior is also observed in charge density difference plots for ADP.(21)
In the next Section we discuss how the charge flow inside ammonium and its distortion are
related to the stabilization of the AFE phase over the FE one in ADP.(21)

3.3 Origin of antiferroelectricity in ADP
With the aim of studying the AFE and FE instabilities and their relative importance in ADP,
we have performed different calculations.(21) First we consider the joint displacement of N
and acid HO protons from their centered positions in the PE phase, denoted by uN and uHO

respectively. These are performed in two cases: (i) following the AFE pattern of distortion (see
Fig. 3(c)), and (ii) following the FE pattern (see Fig. 3(b)). The HN ’s of the ammonium and
P’s are allowed to relax (this is always the case unless we state the contrary), while the O’s
remain fixed for the reasons explained in Subsection 3.1. The ab-initio total-energy curve is
plotted in Fig. 3(a) as a function of uHO , for the concerted motion of HO and N corresponding
to each pattern. We observe that the calculated minimum-energy AFE state is only slightly
more stable than the FE counterpart, with a small energy difference of 3.6 meV/f.u. (f.u. =
formula unit). With the O’s relaxations the AFE state remains 1.25 meV/f.u. below the FE
one. If we additionally relax the lattice parameters according to the symmetries of each phase,
this difference grows to ≈ 3.8 meV/f.u. We have also determined recently the closeness in
energy to the AFE state of two other possible ordered phases with translational symmetry
and xy-polarized PO4 tetrahedra.(21) Thus, we confirm the closeness between the AFE and FE
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states in ADP, a fact that suports Ishibashi’s model (19; 20) and also provides an explanation
for the coexistence of AFE and FE microregions near the AFE transition.(25; 26)

Fig. 3. (a) Energy as a function of the acid H displacement uHO for different patterns of
atomic displacements corresponding to the FE and AFE distortions depicted in Figs. 3(b) and
3(c) respectively. umin

HO
denotes the HO displacement at the corresponding energy minimum.

In addition to the full FE or AFE modes, other curves show the effect of imposing different
constraints while performing the FE or AFE modes: N fixed or NH+

4 moved rigid as in the
PE phase. Lateral views of the ADP formula unit indicate the atomic displacements in the (b)
FE and (c) AFE modes. White arrows correspond to displacements imposed according to
each mode, dashed arrows to accompanying relaxations.

In order to determine the mechanism for the stabilization of the AFE vs FE state, we also
considered the energy contribution of the N and HO motion separately.(21) If we set uHO = 0,
a finite displacement uN along z (see Fig. 3(b)) does not contribute to any energy instability in
the FE case. Moreover, the N displacement along the xy-plane in the AFE case (see Fig. 3(c))
produces a very tiny instability (less than 1 meV/f.u.). Alternatively, we move the acid HO’s
and set uN = 0, i.e. N’s are fixed to their positions in the PE phase (see Figs. 3(b) and 3(c)). We
observe in this case a larger energy decrease for the FE pattern compared to the AFE one (see
circles in Fig. 3(a)). It is worth mentioning that here the HN ’s relaxations in the ammonium
are very small in contrast with the case where both N and HO’s are allowed to displace. In
the FE case, a further energy decrease of less than 10% of the total instability is achieved
when the N’s are allowed to move together with the HO’s (see open circles and squares at the
energy minima in Fig. 3(a)). The fact that the FE-pattern relaxation with uHO = 0 does not
produce any instability prompts us to conclude that the source of the FE instability in ADP
is the acid proton off-centering (uHO �= 0), similar to what is found in KDP.(48) The proton
off-centering also produces the AFE instability, but this motion alone is insufficient to explain
antiferroelectricity in ADP.(21)
Finally, we have considered the displacements of all atoms following the pattern of the AFE
mode, with the only constraint that the structure of the NH+

4 groups is kept rigidly symmetric
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as in the PE phase.(21) The energies obtained in this case are shown by solid diamonds in
Fig. 3(a), which have to be compared to those corresponding to the full relaxation of the FE
phase by open squares (in the last case HN relaxations in the NH+

4 groups are negligible).
We observe that the FE state is more stable than the AFE one as long as the NH+

4 tetrahedra
are not allowed to deform by relaxing their HN ’s. Notice that by not allowing the relaxation
of the ammonium, this ion behaves in the same way as the K+ ion in KDP, where the FE
phase is more stable than the AFE distortions.(48; 67) If we allow for the optimization of the
N-H· · ·O bridges by relaxing the NH+

4 , the stabilization of the AFE state against the FE one is
achieved. This energy decrease is visualized in Fig. 3(a) by the arrow between full diamonds
and squares at uHO/umin

HO
= 1. Therefore, the origin of antiferroelectricity in ADP is ascribed

to the optimal formation of N-H· · ·O bridges.(21) This conclusion is further supported by
a study of the energy variation produced by a global rigid rotation of the NH+

4 molecules
around the z-axis.(21)

3.4 Local instabilities and the nature of the PE phases of KDP and ADP
The observed proton double-occupancy in the PE phases of KDP and ADP,(38; 61; 62) is
an indication of the order-disorder character of the observed transitions. The origin of this
phenomenon can be ascribed either to static or thermally activated dynamic disorder, or to
tunneling between the two sites. The physics behind these scenarios is intimately connected
to the instabilities of the system with respect to correlated but localized H motions in the PE
phase, including also the possibility of heavy-ions relaxation.
We have analyzed localized distortions by considering increasingly larger clusters embedded
in a host PE matrix of KDP (47; 48) and ADP (60). For the reasons exposed above, the host is
modeled by protons centered between oxygens, and the experimental structural parameters
(including the O-O distances) of KDP andADP in their PE phases.(61; 65) In order to assess the
effect of the volume increase observed upon deuteration, we also analyzed the analogous case
of D in DKDP by expanding the host structural parameters to the corresponding experimental
values.(47; 48; 61) We also compared qualitatively the effect of volume expansion in ADP
by considering a larger equilibrium O-O distance in the lattice.(60) The trends are compared
qualitatively to the case of KDP, although we have to bear in mind that the instabilites in both
systems have a different character (FE in KDP and AFE in ADP).
First, we considered distortions for clusters comprising N hydrogens (deuteriums) in KDP:
(a) N=1 H(D) atom, (b) N=4 H(D) atoms which connect a PO4 group to the host, (c) N=7 H(D)
atoms localized around two PO4 groups, and (d) N=10 H(D) atoms localized around three
PO4 groups. The correlated motions follow the pattern for the FE mode shown in Fig. 2.
We represented the correlated pattern with a single collective coordinate x whose value
coincides with the H(D) off-center displacement δ/2 (see Fig. 2). Notice that this coordinate is
equivalent to that defined above as uHO for the proton off-centering. For the sake of simplicity,
we considered equal displacements along the direction of the O-O bonds for all the hydrogen
atoms in the cluster. Two cases were considered: (i) first, we imposed displacements only onH
atoms, maintaining all other atoms fixed, (ii) second, we also allowed for the relaxation of the
heavy ions K and P, which follow the ferroelectric mode pattern as expected (Fig. 2). In a next
step, we quantized the clustermotion in the corresponding effective potential to determine the
importance of tunneling in the disordered phase of KDP. Although, rigorously speaking, the
size dependence should be studied for larger clusters than those mentioned here, short-range
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quantum fluctuations in the PE phase are sufficiently revealing, especially far away from the
critical point.
We show in Fig. 4(a) and Fig. 4(b) the total ab initio energy as a function of the collective
coordinate x for the clusters considered in KDP and DKDP, respectively.(47; 48) In the case
of KDP, all the clusters considered are stable if only hydrogens are displaced. Actually, the
largest cluster calculated (N=10) is very stable, as indicated by the open circles in Fig. 4(a). In
the expanded lattice of DKDP, results indicate a small barrier of ∼ 6 meV for the N=7 move,
and a larger value of≈ 25 meV for the N=10 cluster (see open squares and circles respectively
in Fig. 4(b)).
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Fig. 4. Energy profiles for correlated local distortions in (a) KDP and (b) DKDP. Reported are
clusters of: 4 H(D) (diamonds), 7 H(D) (squares), and 10 H(D) (circles). Empty symbols and
dashed lines indicate that only the H(D) atoms move. Motions that involve also heavy atoms
(P and K) are represented by filled symbols and solid lines. Negative GS energies signaling
tunneling, are shown by dotted lines. Lines are guide to the eye only.

The energy profiles vary drastically when we allow the heavy atoms relaxations for the above
correlated motions in KDP.(47; 48) Now, clusters involving two or more PO4 units exhibit
instabilities in both KDP and DKDP. In the case of the N=10 cluster, the barrier in DKDP is
of the order of 150 meV. The appearance of these instabilities provides a measure of the FE
correlation length in the system. In the expanded DKDP lattice, the instabilities are much
stronger, and the correlation length is accordingly shorter than in KDP.
In the next step, we solved the Schrödinger equation for the collective coordinate x for each
cluster in the corresponding effective potentials of Fig. 4.(47; 48) To this aim, we calculated the
effective mass for the local collective motion of the cluster as μ = ∑i mia2i , where i runs over
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the displacing atoms and mi are their corresponding atomic masses. In this equation, ai is the
i-atom displacement at the minimum from its position in the PE phase, relative to the H(D)
displacement.
In the cases where only the N deuteriums are displaced in the unstable clusters of DKDP
(see Fig. 4(b)), all by the same amount, the calculated ground states (GS) energies lie above
the barriers. Thus, tunneling of H (D) alone seems to be precluded as an explanation of the
double site occupancy observed in the PE phases of KDP and DKDP, at least for clusters of up
to 10 hydrogens (deuteriums).(47; 48)
When the heavier atoms are allowed to relax, the effective masses per H(D) calculated for
these correlated motions in different clusters are about μH ≈ 2.3 (μD ≈ 3.0) proton masses
(mp) in KDP (DKDP), respectively. The resulting GS energy levels are quantized below
the barrier for all clusters including the heavy atoms motion in DKDP (see dotted lines in
Fig. 4(b)). Thus, there is a clear sign of tunneling for the correlated D motions involving
also the heavy ions.(47; 48) These collective motions can be understood as a local distortion
reminiscent of the global FE mode. (68) On the other hand, even the largest cluster considered
(N=10) in KDP, has the GS level quantized above the barrier. The critical cluster size where
the onset of tunneling is observed provides a rough indication of the correlation volume:
it comprises more than 10 hydrogens in KDP, but no more than 4 deuteriums in DKDP.
Thus, the dynamics of the order-disorder transition would involve fairly large H(D)-clusters
together with heavy-atom (P and K) displacements. The observed proton double-occupancy
is explained in our calculations by the tunneling of large and heavy clusters.(47; 48) This is
confirmed by the double-site distribution determined experimentally for the P atoms. (69; 70)
In the case of ADP, we have analyzed local cluster distortions embedded in its PE phase.(60)
We considered the experimental lattice in this phase,(65) and in order to vary the O-O
distance, the PO4 tetrahedra were rotated rigidly. We also let the ammonium relax to optimize
the N-H· · ·O bridges. We considered displacements of N=1 proton, and also clusters of
N=4 and N=7 simultaneously displaced acid protons from their centered positions in the
H-bonds while keeping fixed the rest of the atoms. In the cases of N=4 and N=7 protons
the displacement patterns correspond to the AFE mode (see Fig. 1(a) and Fig. 3(c)). We
calculated the total energy for each configuration. We plot in Fig. 5 the resulting potential
profiles for the protons along the bridges as a function of their off-center displacements uHO

from the middle of the H-bonds. We observe that the off-centering of a single proton leads
to an energy minimum, at variance with the case of KDP.(48; 67) This behavior in ADP has
to be ascribed to the energy contributions of N-H· · ·O bridges, which compensate the energy
increase due to the formation of Takagi pair defects. The variation of the O-O distance does not
affect this energy minimum, as well as the one observed at lower displacements for the N=4
and N=7 proton movements, thus confirming that it can be related to the N-H· · ·O bridges
in the three cases.(60) On the other hand, we observe that the second minimum at larger
distances is strongly dependent on the O-O distance. In fact, this minimum is incipient at
dOO=2.48 Å and is clearly seen at dOO=2.52 Å for the N=4 and N=7 proton displacements.
This instability is therefore ascribed to favorable lateral Slater configurations related to the
O-H· · ·O bonds.(17; 60) The same bonds favor the formation of local polar configurations
in KDP at a similar H off-centering distance δ/2 (see Fig. 4).(47; 48) This minimum becomes
deeper for larger proton clusters and is located at a H off-centering distance which approaches
the one corresponding to the global ordered phases in both compounds.(21; 47)

424 Ferroelectrics - Characterization and Modeling



Ab Initio Studies of H-bonded Systems: the Cases of Ferroelectric KH2PO4 and Antiferroelectric NH4H2PO4 15

Fig. 5. Energy profiles for correlated proton distortions along the acid H-bonds as a function
of the acid proton displacement uHO in ADP. The results are shown for different O-O
distances in the crystal: a) dOO=2.48 Å and b) dOO=2.52 Å. Reported are clusters of N=1 H
(squares), N=4 H (circles), and N=7 H (triangles).

3.5 Geometrical effect vs tunneling
Let us now address the origin of the huge isotope effect on Tc, observed in KDP and its
family. After the pioneering work of Blinc,(27) the central issue in KDP has been whether
tunneling is or is not at the root of the large isotope effect. However, this fact was never
rigorously confirmed, in spite of the large efforts made in this direction. Recently, a crucial set
of experiments done by Nelmes and coworkers indicated that the tunneling picture, at least in
its crude version, does not apply. Actually, by applying pressure and tuning conveniently the
D-shift parameter δ, they brought TDKDP

c almost in coincidence with TKDP
c , in spite of the mass

difference between D and H in both systems. (4; 38; 62) This indicates that the modification of
the H-bond geometry by deuteration – the geometrical effect – is the preponderant mechanism
that accounts for the isotope effects in the transition.
The tunnel splitting Ω tends to vanish as the cluster size grows (N→ ∞).(47; 48) On the other
hand, it is expected that for the nearly second-order FE transition in these systems,(71) only
the large clusters are relevant. For large tunneling clusters, the potential barriers are large
enough and the GS levels are sufficiently deep (see Fig. 4) that the relation h̄ΩH(D) � KBTc is
fulfilled so much for D as for H. The above relation implies, according to the tunneling model,
that a simple change of mass upon deuteration at fixed potential could not explain the near
doubling of Tc. Let us consider the largest cluster (N=10) in Fig. 4 for DKDP, which is larger
than the crossover length in this system. In this case, the GS level amounts to EGS = -107 meV
(calculated with a total effective mass of μD = 35.4 mp). This value is well below the central
barrier. The corresponding tunneling splitting is of the order of h̄ΩD = 0.34 K. If we maintain
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the potential fixed, and change the cluster effective mass to that for the non-deuterated case
(μH = 25.3 mp), the calculated tunnel splitting is now only slightly larger h̄ΩH = 1.74 K. As
TDKDP

c ≈ 229K, the relation h̄ΩH(D) � KBTc is clearly satisfied. As a consequence, a small
change in Tc should be expected by the sole change of Ω at fixed potential. This conclusion
agrees with the neutron diffraction results at high pressure,(4; 38; 62) where the isotope effect
in Tc appears to be very small at fixed structural conditions.
We plot in Fig. 6 (a) the calculated proton and deuteron wave functions (WF) in the DKDP
fixed potential for the N=7 cluster. The plot shows very slight differences between both WF.
Moreover, the distance between peaks as a function of the effective mass at fixed potential
remains almost unchanged, as can be seen by the square symbols in Fig. 6 (c). We conclude
that the geometric effect in the H-bond at fixed potential is very small.(47; 48)
In constrast to the case of DKDP, the proton WF for the N=7 cluster in the KDP potential
exhibits a broad single peak, as shown in Fig. 6 (a). Now, this question emerges: How can we
explain such a big geometric change in going fromDKDP to KDP? After this question, the first
observation comes from what is apparent in Fig. 4: energy barriers in DKDP are much larger
than those in KDP, implying that quantum effects are significantly reduced in the expanded
DKDP lattice. On the other hand, we observe in Fig. 6(a) that the protonWF in KDP has more
weight around the middle of the H-bond (δc ≈ 0, where δc is the collective coordinate) than
in DKDP. In other words, due to quantum delocalization effects the proton is more likely to
be found at the H-centered position between oxygens than the deuteron. Consequently, as the
proton is pushed to the H-bond center due to zero-point motion the covalency of the bond
becomes stronger. The mixed effect of quantum delocalization and gain in covalency leads
to a geometric change of the O-H· · ·O bridge, which in turn affects the crystal cohesion. In
fact, the increased probability of the proton to be midway between oxygens, strengthens the
O-H· · ·O covalent grip and pulls the oxygens together, causing a small shrinking of the lattice.
The effect of this shrinking is to decrease the potential depth, making the proton even more
delocalized. This produces again an increase in the covalency of the O-H· · ·O bond, pulling
effectively the oxygens together, an so on in a self-consistent way. We have identified this
self-consistent phenomenon as the one that shrinks the lattice from the larger classical value
to the smaller value found for KDP.(47; 48) Thus, the large geometrical effect in these systems
is attained by this self-consistent phenomenon, which in turn is triggered by tunneling. The
overall effect is eventually much larger than the deuteration effect obtained at fixed potential.
The upper limit to the effect described above was evaluated with additional classical electronic
calculations by looking at the effects of H-centering in the FE phase of KDP.(47; 48) It
was found that the lattice volume shrinks about 2.3 % upon centering the H’s. Moreover,
at the equilibrium volume, the proton centering creates an equivalent pressure of ≈ 20
kbar. However, the protons are equally distributed on both sides of the bond in the true
high-temperature PE phase, thus reducing the magnitude of the effect.

3.6 The nonlinear self-consistent phenomenon and the isotope effects
The large geometric effect observed due to deuteration may be explained, as discussed in
the previous subsection, by a self-consistent mechanism combining quantum delocalization,
the modification of the covalency in the bond, and the effect over the lattice parameters.
The mechanism is also capable of explaining, at least qualitatively, the increase in the order
parameter and Tc with deuteration. The origin of the self-consistent phenomenon is the
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Fig. 6. WF for the 7-H(D) cluster potential for (a) ab initio and (b) self-consistent model
calculations. Solid (dashed) lines are for D (H). Dotted line is for H in the DKDP potential. (c)
WF peak separation δp as a function of the cluster effective mass μ (given in units of the
proton mass) for the self-consistent model (circles) and for fixed DKDP potential (squares).
Lines are guides to the eye.

difference in tunneling induced by different masses, but is strongly amplified through the
geometric modification of the lengths and energy scales.
We have constructed a simple model which accounts for the non-linear self-consistent
behavior described above.(47; 48) To this aim, we considered the Schrödinger equation for
the clusters by adding to the underlying hydrogen potential a quadratic WF-dependent term.
The effective potential now reads:

Veff(x) = V0(x)− k|Ψ(x)|2, (1)

where x = δc/2 and V0(x) is a quartic double-well similar to those of Fig. 4. The quadratic
term |Ψ(x)|2 produces the non-linear feedback in the model. In fact, the enhancement of the
proton delocalization relative to the deuteron leads to an increase of |Ψ(x)|2 at the center
(increased probability to be found at the middle of the H-bond), which in turn produces a
decrease in the barrier for the effective potential, which further delocalizes the proton, and so
on until self-consistency is achieved. The bare potential is written as follows:

V0(x) = E0
b

⎡
⎣−2

(
2x

δ0min

)2

+

(
2x

δ0min

)4
⎤
⎦ , (2)
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in terms of its energy barrier E0
b and minima separation δ0min. We have chosen the parameters

values k = 20.2 meV Å, E0
b = 35 meV and δ0min = 0.24 Å to qualitatively reproduce the WF

profiles in the cases of KDP (broad single peak) and DKDP (double peak), for the same cluster
size.(47; 48) The WF self-consistent solutions depend only on the effective mass μ, once these
parameters are fixed. We show in Fig. 6 (b) the WF corresponding to μD (solid line) and μH
(dashed line), which are similar to those calculated from the ab initio potentials for the N=7
cluster (Fig. 6 (a)). Also shown in Fig. 6 (c) is the distance between peaks δp in the WF as a
function of μ. Starting from the finite value for μD (DKDP), Fig. 6 (c) shows how δp decreases
remarkably towards lower μ values for the self-consistent solution. This happens until it
vanishes near μH (KDP) (see circles in Fig. 6(c)). This behavior is in striking contrast with
the veryweak dependence obtained at fixedDKDP potential and geometry (square symbols in
Fig. 6(c)). The amplification in the self-consistent geometricalmodification of the H-bond, as is
evidenced by the large mass dependence of the WF in Fig. 6(c), can now explain satisfactorily
the large isotope effect found in KDP.(47; 48)
We have shown in Subsection 3.5 that the energy barriers for proton transfer in clusters of
different sizes embedded in the PE phase of ADP, are strongly dependent on the O-O distance
and the cluster sizes (Fig. 5). This behavior is similar to that found in KDP (see Fig. 4).(47; 48)
As in that case, it is expected that the H→D substitution in ADP, which implies an increase of
the D localization near the potential minimum along the O-O bond, will lead to its weakening
and a lattice expansion. The consequent barrier-height increase would couple selfconsistently
with tunneling in the way described above leading to the large isotope effect observed in
ADP.(62) This mechanism is expected to be universal for the family of H-bonded ferroelectrics
exhibiting large isotope effects.

3.7 Additional ab initio results for KDP
3.7.1 Pressure effects
Neutron diffraction experiments under pressure revealed in the late eighties the importance
of structural modifications due to deuteration.(4; 62) A remarkable correlation was found
between Tc and the separation δ between the two equivalent positions along the H-bond,
observed to be occupied by the H(D) atoms. Moreover, the critical temperature Tc of KDP
could be almost perfectly reproduced by compressing DKDP in such a way as to bring
the value of δ to that of KDP at ambient pressure. Furthermore, Tc appears to be linearly
proportional to δ for different H-bonded ferroelectric materials, deuterated or not, all of them
ending at a universal point δ0 ≈ 0.2 Å as Tc goes to zero and the FE phase is no longer
possible.(62) The experiments then suggest that the effects of deuteration can be reverted by
applying pressure. This prompted us to explore the connection between pressure and isotope
effects by means of first-principles calculations and the above described phenomenological
model. Deuterons, being heavier, have less probability than H to be found near the bond
center, where a collective double-well barrier exist (see Fig. 4). Thus they localize farther than
H from the bond center (larger δ). One might expect that by applying pressure to DKDP, thus
lowering the energy barrier at the bond center, the latter will be approached by the peak of the
D probability distribution. For the pressure at which the peak separation δ for DKDP coincides
with that of KDP, both would have the same Tc according to the observed phenomenology.(62)
Moreover, this Tc equality is observed for any pressure applied to KDP and correspondingly
higher pressure applied to DKDP such that their δ’s are brought in coincidence. However the δ
coincidence at the high pressures used in the experiments is achieved in our calculations only
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by taking into account the mutual self-consistent arrangement between D(H) distribution and
host structure (the geometrical effect), modeled as explained in Subsection 3.6 at the different
imposed pressures. More details on this analysis are given in Refs.(48; 72). These results give
further support to our self-consistent model explanation of the geometrical isotope effects.

3.7.2 Structure and energetics of Slater and Takagi defects
The observation by magnetic resonance experiments of deuterons jumping along the bridges
in the FE phase of DKDP,(73) allows for the appearance of phosphates with 2 latteral attached
D (called Slater defects) or a pair of neighboring phosphates, one with only 1 and the other
with 3 attached D’s (called Takagi defects, which violate the Ice rules). Slater and Takagi
defects have been accounted for in the modeling of domain-walls motion near the transition
in KDP and DKDP.(74; 75) The energies of these defects have been estimated from model
calculations in several compounds of the KDP-family.(76–79) Bymeans of ab initio calculations
we had obtained the structure and stability of the Slater and Takagi defects in the FE phase
of KDP.(17) We showed that the Slater defects are stabilized only in form of defect chains.
In contrast, the Takagi defects are not stable. Our result for the energy necessary to form
a Takagi-pair defect is ≈ 54 meV, in fair good agreement with previous phenomenological
estimations.(76–79) For the determination of the Slater defect energy we had followed two
procedures. One of them was just to calculate the energy per phosphate for the meta-stable
configuration of the Slater defect chain. We called this the correlated Slater defect energy, and
it has a value of 5 meV, in good agreement with the phenomenological estimations. The other
procedure was to displace the two hydrogens connecting three neighboring phosphates, in
such a way to leave two phosphates in Takagi configurations connected to an intermediate
phosphate in lateral Slater configuration. This allowed us to obtain an uncorrelated Slater
defect energy of ≈ 17 meV. These results suggest that the phenomenological estimation
involve correlations between configurations of different H2PO4 groups. We observed that
the formation of the Slater defect chains is accompanied by phosphate rotations, and a
concomitant lattice contraction in the basal plane. This allowed us to suggest that a lattice
contraction observed in the neighborhood of the phase transition (80; 81) can be ascribed to
an increase of the Slater defect population.

3.7.3 Developement of an atomistic model
The possibility of studying the FE-PE phase transition at a first-principles level requires
the formation of clusters of enough size to enable tunneling, as described in Section
3.4. This is precluded by the required sizes of the simulation supercells, which leads to
exceedingly demanding computations. Even more demanding is the consideration of the
proton (deuterium) quantum dynamics. Therefore, in order to address these issues we
developed an extended shell model of KDP capable of describing reasonably well the physical
properties of the system in its different phases.(67; 82) We paid particular attention to those
properties that are relevant to the FE-PE phase transition. Fairly good agreement with
first-principles and experimental resultswas achieved for the structural parameters, Γ-phonon
frequencies in both the PE and FE phases,(83) and the underlying potential energy for a single
H moving along the H-bond in the FE phase.(67) The total energies as a function of global
displacements with the FE mode pattern and as a function of local distortions in the PE phase
for the various cluster sizes analyzed in Section 3.4 in both KDP and DKDP, are also well
reproduced.(82)
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4. Discussion and conclusions

The described ab-initio calculations of the PE and ordered equilibrium phases of ADP and
KDP lead to structural parameters in good agreement with the experimental data obtained
by x-ray and neutron diffraction. The systematic underestimation of the O-O distances
compared to experiments in both compounds should be ascribed to the approximation in
the exchange-correlation functional. On the other hand, the apparent underestimation of
the acid hydrogen off-center distance δ/2 in the calculation for ADP could be ascribed to
the unreliability of the x-ray measurements of the proton position. The N-O distance in the
N-H· · ·O bridges of ADP is very close to the usual value≈ 2.8 Å for this kind of bonds.(84–86)
In addition, a somewhat overestimated N-H distance was found in our calculation when
compared to the neutron diffraction measurements. This could be ascribed to the local orbital
approximation for the valence electrons used in the SIESTA code. We have observed similar
discrepancies between SIESTA and plane wave pseudopotential calculations for KDP in the
calculation of the O-H distance in the O-H· · ·O bridges.(48)
The FE transition and the nature of the instability that leads to the onset of the spontaneous
polarization Ps in KDP have been extensively discussed in the past.(28; 87; 88) It was originally
assumed that Ps, which is oriented along the c-axis, was due to the displacements of K+

and P− ions along this axis, although the H(D) ordering, nearly parallel to the basal plane,
is undoubtedly correlated with the transition.(28) Within this model, the observed value
of Ps can only be explained if very large charges for the phosphorus ion are assumed.(87)
Another mechanism was that of Bystrov and Popova (87) who proposed that the source of Ps
could be the electron density shift in the P-O and P-O-H bonds in the polar direction, which
occurs when the protons order almost perpendicularly. However, model calculations cannot
determine this assumption for it is originated in the complex electronic interactions in the
system.(88)
Wewere able to overcome this model limitation bymeans of ab initio calculations. Actually, we
have shown that the FE instability in KDP has its origin on an electronic charge reorganization
within the internal P-O and P-O-H bonds of the phosphates, as the H-atoms order off-center
in the H-bonds. The overall effect produced by the H-ordering is an electronic charge flow
from the O2 side to the O1 side of the PO4 tetrahedron. This comes with a distortion of
the phosphates.(46; 48) The mechanism found agrees with the explanation given in Ref.
(87), and is also in accordance with the results obtained by another recent first-principles
calculation.(89)
We have found that the charge redistributions in the the acid proton bridges and phosphates
associated with the instabilities in ADP and KDP are very similar. In fact, as it happens in
KDP, the flow of charge from the O2 side to the O1 side of the PO4 tetrahedron is also verified
in ADP. However, this alone is insufficient to produce antiferroelectricity in ADP, as is shown
in an energy analysis of different possible distortions.(21) On the other hand, a differentiation
between two types of N-H· · ·O bridges, long and short, also occurs concomitant with the
ammonium tetrahedra distortions as the AFE instability takes place in ADP. We have also
verified by a Mulliken charge analysis the existence of an electronic charge flow from the long
to the short N-H· · ·O bridges which occurs simultaneously with the ammonium distortion.
This charge flow is absent in the hypothetical FE phase of ADP.(60) The above features found
in ADP are also confirmed by charge density difference plots.(21)
We have shown that the optimization of the N-H· · ·O bridges leads to the stabilization of
the AFE phase in ADP. This is consistent with the proposition of Schmidt that an effective
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acid-protons interaction mediated by the ammonium through the N-H· · ·O bonds plays an
important role.(15; 21) Actually, the strengthening of N-H· · ·O bonds which generates the
energy imbalance in favor of the AFE phase, also distorts the NH+

4 ion, repels the acid H that
is close to the stronger N-H· · ·O bond, involves significant charge transfers, and thus creates
dipole moments in the plane of the O-H· · ·O bonds, in full agreement with the neutron data
(23) and Schmidt’s conjecture (15).
There is a long controversy regarding the character of the FE transition in KDP. The coupled
proton-phonon model displaying essentially a displacive-like transition is supported by
some experimental facts.(90) The importance of the order-disorder character of the transition
originated in the H2PO4 unit dipoles is highlighted by other experiments, e.g. Raman
studies.(91; 92) Moreover, electron-nuclear double-resonance (ENDOR) measurements (93)
indicate that not only the H2PO4 group, but also the K atoms, are disordered over at least
two configurations in the paraelectric phase. Neutron scattering experiments show that the
P atom is distributed over at least two sites in DKDP. (69; 70) It is clear that, in spite of the
still unresolved character of the transition, local instabilities arising from the coupling of light
and heavy ions are very important in this system. This should be the case, irrespective of the
correlation length scale associated with the transition.
Our calculations in the PE phase of KDP showed that local proton distortions with the
FE mode pattern (Fig. 2) need to be accompanied by heavy ion relaxations in the PO4-K
group in order to produce significant instabilities,(47; 48) a fact which is in agreement with
experiments.(69; 70; 91–93) The correlation length associated with the FE instability is much
larger in KDP than in DKDP, suggesting that DKDP will behave more as an order-disorder
ferroelectric than KDP. We have also demonstrated the relevance of proton correlations and
the acid H-bond geometry in the energy scale of the local AFE instabilities inherent to the PE
phase of ADP.(60) This fact is found to be similar to that observed in KDP.
Undoubtedly, the huge isotope effect in the critical temperature and the order parameter of the
transition is the most striking feature not yet satisfactorily understood in these compounds.
As we have already mentioned, the first explanation was that proposed by the tunneling
model and later modifications.(27; 28) However, the vast set of experiments later carried out
by Nelmes and co-workers, (4; 10; 38; 62; 69; 70) and the comprehensive structural compilation
done by Ichikawa et al., (3; 36; 40) showed the importance of the so-called geometrical effect as
an alternative explanation. An overall and consistent explanation of the phenomenon became
more elusive when other experiments (34; 35; 91; 92; 94) and models (29; 30; 32; 33; 41; 43; 95)
favored one or the other vision, or even both. Still unanswered questions like: if tunneling
occurs, what are the main units that tunnel?, what is the connection between tunneling and
geometrical effects?, and what is the true microscopic origin of the latter?, are possibly some
of the reasons why a full explanation of the isotope effect is not yet available. In the present
review, we showed how the ab initio scheme have also helped to shed light onto the underlying
microscopic mechanism for the isotope effect.
We demonstrated in KDP that protons alone are not able to tunnel. In fact, distortions
involving only the light atoms display tiny double wells, and the particles are broadly
delocalized around the center of the H-bonds. We concluded that the simplified version of
the tunneling model, i.e. that of a tunneling proton, or even a collective proton soft-mode
alone, is not supported by our calculations.
Due to the correlation with heavier ions, we observe "tunneling clusters" with an effective
mass much larger than that of a single, or even several, protons (deuterons). The different sizes
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of these clusters correspond to different lengths and energy scales whose magnitudes differ
between KDP and DKDP and which compete in their PE phases. This view agrees with recent
neutron Compton scattering experiments where it is concluded that there is a mass-dependent
quantum coherence lenght in these compounds.(94) We found that the smallest tunneling
unit in DKDP is the KD2PO4 group. This is in accordance with the idea developed by Blinc
and Žekš of a tunneling model for the whole H2PO4 unit,(96) which helped to describe the
typical order-disorderphenomena observed in some experimental trends.(90) However, as we
reviewed in this work, the explanation for the isotope effect is even more complex than the
concept of an atom or molecular unit that is able to tunnel alone as its main cause.
It is clear that the larger clusters will prevail as the transition approaches, in spite of the
complex scenario existing in the PE phase due to the appearance of different length scales.
We showed that tunnel splittings in these clusters at fixed potential are much smaller than
the thermal energy at the critical temperature. Thus, if the potential remains fixed, tunneling
alone is not able to account for the large isotope effect in the system. However, the main effect
of replacing deuterons by protons is an enhancement of the quantum delocalization at the
bond center, which affects the chemical properties of the O-H· · ·O bond. This in turn shrinks
the lattice which further delocalizes the proton, and so on in a nonlinear loop.
We have shown with a simple model based on our ab initio results, how this feedback
effect strongly amplifies the geometrical modifications in the H(D)-bridge. The selfconsistent
phenomenon is triggered by tunneling, but, in the end, the geometrical effect dominates
the scenario and accounts for the huge isotope effect, in agreement with neutron scattering
experiments. (4; 62) Therefore, these aspects, which were largely debated in the past, here
appear as complementary and deeply connected to each other. (29; 30; 47; 48; 88)
The existence of tunneling units has been found in a large variety of molecular compounds
and biomolecules. Moreover, the importance of both, tunneling and structural changes,
has been well established in the reaction mechanisms of enzymes (97) and other biological
processes. It is clear that the nonlinear feedback between tunneling and structural
modifications, as discussed in this review, is a phenomenon of wider implications. As
one of the numerous examples where these features are observed, one can mention the FE
transition in CaAl2Si2O7(OH)2H2O (lawsonite), which was recently shown to be related to
the proton mobility.(98) Actually, the much smaller isotope effect observed for this compound
in comparison with that for KDP seems to be related with the absence of strong correlations
with the host, which are essential for the nonlinear mechanism discussed above.(47; 48; 98)
Therefore, our results for the H-bonded ferroelectrics support the conclusion that the general
theories of host-and-tunneling systems must be revised. (5)
We would now like to extend our methodology to different systems like the subset of systems
known as the ’proton glasses’ in which an alloy is made by mixing a ferroelectric compound
with an isomorphic antiferroelectric compound.(99; 100) These materials show the slow
dynamics of a glassy system, even though they are single crystals, and exhibit the H-D isotope
effect.(99; 100) Other interesting systems are those where the transitions could be classified
either of ’order-disorder’ or ’displacive’ type or where the order-disorder and the displacive
behaviors coexist.(33) In recent studies of the hydrogen-bonding properties of the NH+

4 cation,
ferroelectricity was discovered in a new class of magnetic compounds M3−x(NH4)xCrO8 (M
= Na, K, Rb, Cs).(101) It was found that the transition is of the order-disorder type, with a
critical temperature depending linearly on the composition variable x. This suggests that the
N-H· · ·O bond plays the central role in the FE instability of these new compounds, with a
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net effect reminiscent of the mechanism found in ADP,(21) although in the latter the AFE
ordering is favored. Ferroelectric properties were also recently found in a related novel
ammonium-based compound, Diammonium Hypodiphosphate (NH4)2H2P2O6, although
there is not yet a theoretical microscopic explanation of this phenomenom.(102) Therefore,
it would be also desirable to extend our first-principles calculations to the study and dessign
of new FE and AFE materials based on the H-bonding properties of the NH+

4 cation.
On the other hand, a promising perspective arises from the recently developed atomistic
model for KDP,(67) which was briefly described in subsection 3.7.3. As mentioned above,
it was fitted to reproduce first-principles structural, dynamical and energetic properties of
various stable and metastable structures to a very good extent.(67) This model will be useful to
study, in large systems, the nuclear quantum-dynamical and thermal fluctuations responsible
for the FE-PE phase transition and the isotope effects observed in KDP.
In summary, it has been shown that the H off-centering controls the instability proccess
in KDP. This ordering leads to an electronic charge redistribution and ionic displacements
that originate the spontaneous polarization of the FE phase. On the other hand, the origin
of antiferroelectricity in ADP is ascribed to the optimization of the N-H· · ·O bonds. The
closeness in energy found between the AFE and the hypothetical FE phases in ADP is in
accordance with the experimental observation of coexistence of AFE and FE microdomains
near the vicinity of the transition. The dynamics of protons alone in the PE phases of KDP
and ADP cannot explain the observed double-peaked proton distribution in the bridges. By
contrast, the importance of the correlations between protons and heavier ions displacements
within clusters has been demonstrated. Recent evidence of tunneling obtained fromCompton
scattering measurements supports our conclusions regarding the existence of tunneling
clusters. We have also shown that the huge isotope effect observed in KDP cannot be
explained by the quantum effects of a mass change obtained in a system at fixed geometry and
potential. We found that as a consequence of the modification of the covalency in the bridges,
structural changes arise producing a feedback effect on the tunneling that strongly enhances
the phenomenon. The resulting amplification in this nonlinear feedback of the geometrical
effect is in agreement with experimental data from neutron scattering.
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1. Introduction 
Various transitions among the phases of isotropic liquid (I), nematic (N) and smectic (SmA, 
SmC and SmC*) in liquid crystals have been studied extensively. The nematic-smectic A 
(NA) and the smectic A- smectic C (AC) or the smectic A-smectic C* (AC*) transitions are 
usually continuous and they are considered to belong to the three-dimensional XY 
universality class for the critical fluctuations (de Gennes, 1973). Experimentally, this requires 
a wide range of the nematic phase (Garland & Nounesis, 1994) for the NA transition, 
whereas at the AC transition the critical fluctuations are very large (Safinya et al., 1980).  
Ferroelectric liquid crystals exhibiting transitions from the isotropic liquid (I) to the nematic 
(N), smectic A and the smectic C or smectic C* (with optically active molecules), have also 
been studied extensively, in particular, those with high spontaneous polarization such as 4-
(3-methyl-2-chlorobutanoyloxy)- 4′ -heptyloxybiphenyl (A7). Experimental studies on the 
ferroelectric liquid crystals with high spontaneous polarization (Bahr & Heppke, 1986- 
Mercuri et al., 2003) have been reported in the literature. The AC (or AC*) transitions in the 
ferroelectric liquid crystals (Bahr & Heppke, 1990- Denolf et al., 2006) and in the 
antiferroelectric liquid crystals (Ema,, et al., 1996) have also been studied experimentally. 
Theoretical studies on the AC and AC* transitions have been reported in the literature 
(Musevic et al.,. 1983- Mukherjee, 2009). We have also studied the AC and AC* transitions in 
the ferroelectric liquid crystals (A7 and C7) theoretically by using the mean field models in 
our previous works (Salihoğlu et al., 1998- Yurtseven 2011). 
Among the various physical properties of the ferroelectric liquid crystals, the dielectric 
properties have been studied extensively close to the AC (or AC*) transitions (Bahr et al., 1987, 
Musevic et al., 1983, Yurtseven & Kilit, 2008, Kilit & Yurtseven, 2008, Benguigui, 1984). In an 
another ferroelectric liquid crystal known as DOBAMBC which shows a second order 
transition (Zeks, 1984, Indenbom et al., 1976, Carlsson & Dahl, 1983), the AC* transition is 
associated with an increase in the dielectric constant ε⊥  with decreasing temperature, as 
observed experimentally (Bahr et al., 1987). This increase in the ε⊥ has been attributed to the 
contributions from a soft mode and also a Goldstone mode of this ferroelectric material with 
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low spontaneous polarization. It has been observed experimentally that the ferroelectric liquid 
crystal 4-(3-methyl-2-chlorobutanoyloxy)- 4′ -heptyloxybiphenyl exhibits similar to the 
DOBAMBC an increase in the dielectric constant ε⊥ with decreasing temperature from SmA to 
SmC* at different voltages (Bahr et al., 1987). This increase in ε⊥ also occurs for the pure 
optically active compound, the 50% optically active mixture and the racemate at the SmA-I 
transition of 4-(3-methyl-2-chlorobutanoyloxy)- 4′ -heptyloxybiphenyl (Bahr et al., 1987). 
A first order or second order character of the phase transitions in the ferroelectric liquid 
crystals can be characterized by the critical behaviour of the order parameters which occurs 
as the temperature decreases from the isotropic liquid to the nematic and smectic phases. 
There is no order parameter in the isotropic liquid phase, whereas in the nematic and 
smectic phases there occur orientational order parameter ψ  (in the nematic and smectic 
phases). In the smectic phases of a ferroelectric liquid crystal, in addition to the orientational 
order parameter ψ , the spontaneous polarization P occurs. P can couple with ψ  since the 
symmetry is reduced as the temperature decreases in the smectic phase. This coupling 
between the spontaneous polarization P and the orientational order parameter ψ  can also 
occur in the crystal which contains optically active molecules such as 4-(3-methyl-2-
chlorobutanoyloxy)- 4′ -heptyloxybiphenyl (A7). In this ferroelectric liquid crystal, in 
particular, the optically active molecules can induce the phase transition which changes 
towards a second order (continuous) as the temperature decreases from the isotropic liquid 
to the smectic phase, whereas the racemic A7 can exhibit a first order (discontinuous) 
transition. 
In this study, a first order transition of the racemic A7 and the second order transition of the 
50% optically active compound are investigated by calculating the temperature dependence 
of the dielectric constant ε⊥  on the basis of the experimental results (Bahr et al., 1987). For 
this calculation, our mean field model which we have studied for the AC* transition (P2θ2 
coupling, θ is the tilt angle in the C* phase) previously (Salihoğlu et al., 1998), is used with 
the biquadratic 2 2P ψ  coupling between the spontaneous polarization P and the 
orientational order parameter ψ . For both 50% optically active compound and the racemic 
A7, the isotropic liquid-smectic A transition is studied by expanding the free energy in 
terms of the order parameters P and ψ  according to the Landau phenomenological model. 
With the 2 2P ψ  coupling, our mean field model considers quadrupolar interactions for the 
50% optically active compound and for the racemic A7 differently from the bilinear Pθ 
coupling which considers the dipole-dipole interactions as studied in a previous study (Bahr 
et al., 1988). The mean field models with the P2θ2 coupling have also been treated in some 
earlier theoretical studies (Zeks, 1984- Blinc, 1992).  
In section 2, we describe our mean field model for the SmA-I transition. Section 3 gives our 
calculations and results which are discussed in section 4. Finally, conclusions are given in 
section 5.  

2. Theory 

Close to the smectic A-isotropic liquid transition can be investigated by a mean field model. 
In the smectic A phase, the order parameters are the orientational order parameter ψ  and 
the spontaneous polarization P. So, the free energy in this phase can be expanded in terms of  
ψ  and P as given below: 
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 2 4 6 2 2 2 4

0 0

1 1 1 1 1
2 4 6 2 4

g b c P DP ePαψ ψ ψ ψ
χ ε

= + + + − +  (1) 

This expansion of the free energy has already been introduced in our earlier study 
(Salihoğlu et al., 1998). In Eq.(1) the coefficient α  is taken as the temperature dependent 
given by  

 ( )oa T Tα = −  (2) 

where a is constant and To is the transition temperature. When the smectic A-isotropic liquid 
(SmA-I) transition is considered as a first order, then b is negative in Eq.(1) with the 
additional 6ψ  term and the coefficients c, D and e are taken as positive. In Eq.(1) the other 
constants, 0ε  is the vacuum permittivity and 0χ  describes the susceptibility at 0ψ ψ= . We 
consider a quadratic coupling 2 2P ψ  in our mean field model to describe the quadrupolar 
interactions in the liquid crystalline system studied here. The last term to the power P4 in 
Eq.(1) stabilizes the system thermodynamically. Since there is no ordering in the isotropic 
liquid (order parameter is zero), we have  

 0IF =  (3) 

The free energy g (Eq.1) can be minimized with respect to the orientational order parameter 
ψ and the spontaneous polarization P, which gives  

 3 5 22 0b c DPαψ ψ ψ ψ+ + − =  (4) 

and  

 2 31 2 0
o o

P DP ePψ
χ ε

− + =  (5) 

Eq.(5) then gives  

 2 21 12
o o

P D
e

ψ
χ ε

 
= − 

 
 (6) 

By substituting this expression into Eq.(4), one gets  

 4 * 2 * 0c b dψ ψ+ + =  (7) 

with the definitions of the coefficients 

 
2

* 4D
b b

e
= −  (8) 

and 

 * 2( )o
o o

D
d a T T

eχ ε
= − +  (9) 



  
Ferroelectrics - Characterization and Modeling 

 

440 

When we substitute the spontaneous polarization P (Eq.6) into the free energy g (Eq.1), we 
then get  

 2 4 61 1 1
2 4 6

g b cα ψ ψ ψ′ ′ ′= + +  (10) 

where  

 2

o o

D
e

α α
χ ε

′ = +  (11) 

 
24D

b b
e

′ = −  (12)  

and  

 c c′ =  (13) 

In order to describe the SmA-I transition, the condition for a first order transition can be 
obtained according to the relation among the coefficients (Salihoğlu et al., 1998)  

 2
3

16
c

b
α′ ′

=
′

 (14) 

For a first order transition, a difference occurs between the transition temperature To and the 
observed Tc, which can be given in Eq.(2) as  

 ( )o ca T Tα = −  (15) 

at T=Tc. As we have already derived in our previous study (Salihoğlu et al., 1998), this 
temperature difference can be obtained using Eqs.(11-14) as  

 
23 2

16c o
o o

b D
T T

ac eaχ ε
′

= + −  (16) 

The inverse susceptibility 1χ −  can be derived from the free energy g (Eq. 10) according to 
the definition 

 1 2 2/gψχ ψ− = ∂ ∂  (17) 

This second derivative then gives  

 1 2 43 5b cχ α ψ ψ− ′ ′ ′= + +  (18) 

In Eq.(18) the coefficient α′  depends on the temperature through Eq.(11) by using Eq.(2). 
The coefficients b′  and c′  are taken as constants, as before. 
Since we expressed the inverse susceptibility 1χ −  to the powers of the orientational order 
parameter ψ  in Eq.(18), it will be determined by the temperature dependence of ψ . From 
the molecular field theory (Matsushita, 1976), the order parameter ψ  depends on the 
temperature according to the relation  
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 1/2[3(1 )]
c

T
T

ψ = − ,        0<(Tc –T)<<Tc  (19) 

with the critical exponent 1 / 2β = . By using this temperature dependence of ψ  (Eq.19) in 
Eq.(18), we obtain the inverse susceptibility 1χ −  or the dielectric constant ( 1χ ε= − ) as a 
function of temperature for the smectic A-isotropic liquid transition in our mean field model 
studied here.  

3. Calculations and results 

The inverse susceptibility 1χ −  was calculated here as a function of temperature according to 
Eq.(18) on the basis of the temperature dependence of the orientational order parameter ψ  
(Eq.19) for the ferroelectric phase of A7. We first calculated the temperature dependence of 
ψ  below Tc for the smectic A-isotropic liquid transition of A7. It was calculated (Eq.19) for 
the 50% optically active mixture (Tc=81.9oC) and for the racemate (Tc=82oC) at the smectic A-
isotropic liquid transition. 
In order to calculate the inverse susceptibility 1χ −  from the orientational order parameter 
ψ  as a function of temperature, we determined the coefficients α′ , b′  and c′  in Eq.(18). For 
this determination, the experimental data for the dielectric constant ε⊥  (Bahr et al., 1987) 
was used ( 1χ ε⊥= − ). In Eq.(18), the expression for α′  (Eq.11) through α  (Eq.15) can be 
used and the inverse susceptibility becomes  

 1 2 4
1 2

2( )o
o o

D
a T T a a

e
χ ψ ψ

χ ε
− = − + + +  (20) 

where the coefficients are 1 3a b′=  and 2 5a c′= . The second term as a constant in Eq.(20) can 
be computed from the value of the inverse susceptibility at the transition temperature (T=To) 
where the order parameter is zero (Figs. 1 and 2). This gives 

 1 2
oT T

o o

D
e

χ
χ ε

−
= =  (21) 

Values of this constant term were obtained from the experimental values of ε⊥  at T=Tc for 
the smectic A-isotropic liquid transition of the 50% mixture and the racemic A7 compound, 
as given in Table 1.  
 

A7 Tc (oC) a x 10-2 (oC-1) a1 a2 ε⊥  1χ −  2/c bα′ ′ ′  
50% mixture 81.9 5.88 1.224 3.63 5.21 0.238 1.88 

Racemic 82.0 0.48 0.152 -0.312 5.07 0.246 -11.97 

Table 1. Values of the coefficients a, a1 and a2 which were obtained by fitting Eq.(20) to the 
experimental data for the dielectric constant ε⊥  of the 50% mixture and the racemic A7 
(Bahr et al., 1987) for the smectic A phase (T<Tc) close to the SmA-I transition. The 
experimental values of ε⊥  (or 1χ − ) at the transition temperature Tc (Bahr et al., 1987) are 
given here. Values of the transition temperature To calculated from Eq.(16) are indicated for 
both compounds. The temperature difference TΔ  is also given here. 
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Fig. 1. The orientational order parameter ψ  calculated from the mean field theory (Eq.19) as 
a function of temperature for the smectic A phase of the 50% optically active mixture of A7 
(Tc=81.9oC). 
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Fig. 2. The orientational order parameter ψ  calculated from the mean field theory (Eq.19) as 
a function of temperature for the smectic A phase of the racemic A7 (Tc=82 oC). 
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Finally, the coefficients a, a1 and a2 given in Eq.(20) were determined from the temperature 
dependence of the orientational order parameter ψ  (Eq.19) as we plotted in Figs. 1 and 2 for 
the 50% mixture and racemic A7, respectively. For this determination of the coefficients a, a1 
and a2, we also used the experimental data for the dielectric constant ε⊥  of the 50% mixture 
and the racemic A7 (Bahr et al., 1987) in Eq.(20). By fitting Eq.(20) to the experimental data 
for  ε⊥  (or 1χ − ), the coefficients a, a1 and a2 were obtained for both  compounds (50% 
mixture and racemic A7), as given in Table 1. Figs. 3 and 4 give the dielectric constant ε⊥  
calculated (Eq.18) with the experimental data (Bahr et al., 1987) for the 50% mixture and the 
racemic A7, respectively, for the smectic A-isotropic liquid transition. 
The temperature dependence of the dielectric constant ε⊥  was also calculated in the 
isotropic liquid phase for the 50% mixture and the racemic A7 according to Eq.(20) where 
the orientational order parameter is zero (ψ =0). Eq.(20) then becomes  

 1

0 0

2( )c
D

a T T
e

χ
χ ε

− = − +  (22) 

for the inverse susceptibility (or the dielectric constant) in the isotropic liquid phase of A7. 
We first calculated the inverse susceptibility 1χ −  for the 50% mixture of A7 as a function of 
temperature by using in Eq.(22) the same value of the coefficient a (=5.88x10-2 oC -1) which 
we determined for the smectic A phase (Table 1). We also used in Eq.(22) our value of 

1

oT T
χ −

=
 (Eq.21) as given in Table 1. Our calculated values of ε⊥  are plotted in Fig.3 for the 

50% mixture in the isotropic phase at various temperatures.  
As we performed for the SmA phase, this time we followed the same procedure by fitting 
Eq.(22) to the experimental data for the 50% mixture in the isotropic liquid. We then 
determined the coefficient a for the isotropic liquid phase by keeping the value of 1

oT T
χ −

=
 

the same as before (Table 1). Table 2 gives the a value determined for the 50% mixture of A7. 
By means of this a value (Table 2), the dielectric constant ε⊥  was obtained (Eq.22), as 
plotted as a function of temperature for the isotropic liquid phase in Fig.3. 
 

A7 Tc (oC) a x 10-2 (oC-1) 1χ −  Tc (oC) 0 cT T TΔ = − (oC) 2/c bα′ ′ ′  
50% mixture 81.9 7.9 0.238 84.4 2.5 1.9 

Racemic 82.0 4.2 0.234 87.7 5.7 -11.3 

Table 2. Values of the coefficients a and 
0

1
T T

χ −
=

 (Eq.21), which were obtained by fitting 

(Eq.(22) to the experimental data for the dielectric constant ε⊥  of the 50% mixture and the 
racemic A7 for the isotropic liquid phase (T>Tc) close to the SmA-I transition. The temperature 
difference TΔ  and the ratio 2/c bα′ ′ ′  (Eq. 14) obtained for both compounds are given.  

For the racemic A7, we were unable to predict the observed ε⊥  data for the isotropic liquid 

phase from Eq.(22) by using the same values of the coefficient a and 1

oT T
χ −

=
, which we 

determined for the SmA phase (Table 1). Instead, we fitted Eq.(22) to the experimental data 
(Bahr et al., 1987) for the isotropic liquid phase and determined the values of the coefficient a 
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and 1

oT T
χ −

=
, as given in Table 2. We plot the ε⊥  values obtained in Fig. 4 as a function of 

temperature for the racemic A7 in the isotropic liquid phase.  
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Fig. 3. Values calculated from Eqs. (20) and (22) for the smectic A and the isotropic liquid 
phases, respectively, for the 50% mixture of A7. The ψ  values used in Eq.(20) were 
calculated from the mean field theory (Eq. 19). Calculated values (■) were obtained from 
fitting the Eq.(20) (SmA) and Eq.(22) (I) to the experimental data (Bahr et al., 1987) for the 
ε⊥ . Calculated values (▲) in the isotropic liquid phase were obtained by using the 
coefficients of the smectic A phase (Table 1) in Eq.(22). The observed data (Bahr et al., 1987) 
is also plotted here (Tc=81.9 oC). 

The transition temperature To can also be calculated from the experimental transition 
temperature Tc for the 50% mixture and the racemic A7. The To values were calculated by 
using the values of the coefficients a and 1

CT T
χ −

=
 (Table 2), b′  (or a1) and c (or a2) (Table 1) 

for the 50% mixture and the racemic A7, which we give in Table 2 for both compounds. The 
temperature range 0( )cT T TΔ = −  was determined for the 50% and the racemic A7, as 

tabulated in Table 2. We also obtained the ratio 2/c bα′ ′ ′  for both compounds, as given in 
Tables 1 and 2. We computed this ratio for the smectic A phase (Table 1) and for the 
isotropic liquid (Table 2) by using the coefficients for both the 50% mixture and the racemic 
A7. Finally, the slope ratio from the plots of the dielectric constant ε⊥  vs. temperature for 
the smectic A and isotropic liquid phases (SmA/I) was calculated for both the 50% mixture 
and the racemic A7. The slope ratio of SmA/I was computed close to the transition 
temperature for the 50% mixture (Fig.3) and for the racemic A7 (Fig. 4) in the temperature 
ranges, as given in Table 3.  
 

A7 Tc (oC) Slope ratio(SmA/I) Temperature range (SmA) Temperature range(I) 
50% mixture 81.9 0.4 ( ≈ 1/2) 81.7 < T < 81.974 82.051 < T < 82.195 

Racemic 82.0 13.8 ( ≈ 14) 80.451 < T < 81.724 82.27<T<82.622 

Table 3. The slope ratio (SmA/I) for the calculated ε⊥  vs. T plots of the 50% mixture (Fig.3) 
and of the racemic A7 (Fig.4) within the temperature interval indicated. 
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Fig. 4. Values calculated from Eqs. (20) and (22) for the smectic A and the isotropic liquid 
phases, respectively, for the racemic A7. The ψ  values used in Eq.(20) were calculated from 
the mean field theory (Eq. 19). Calculated values were obtained from the fitting Eq.(20) 
(SmA) and Eq.(22) (I) to the experimental data (Bahr et al., 1987) for the ε⊥ . The observed 
data (Bahr et al., 1987) is also plotted here (Tc=82oC). 

4. Discussion 
The temperature dependence of the dielectric constant ε⊥  was calculated here using our 
mean field model with the biquadratic coupling P2ψ2, as given by Eq.(1). For this calculation 
of ε⊥ or the inverse dielectric susceptibility 1χ −  (Eq.20), the orientational order parameter ψ 
was first calculated as a function of temperature from the mean field theory (Eq.19), as 
plotted in Figs.1 and 2 for the 50% optically active compound and the racemic 4-(3-methyl-2-
chlorobutanoyloxy)- 4′ -heptyloxybiphenyl, respectively. The temperature dependence of 
the spontaneous polarization P can also be calculated from Eq.(6) which gives similar critical 
behaviour as the orientational order parameter ψ. It decreases smoothly with increasing 
temperature in the SmA phase as the smectic A- isotropic liquid (SmA-I) transition 
temperature (Table 1) is approached for the 50% mixture and the racemic A7. 
By using the temperature dependence of the order parameter for the 50% optically active 
(Fig.1) and the racemic A7 (Fig.2), the dielectric constant ε⊥  was calculated in these 
compounds, as plotted in Figs. 3 and 4, respectively. This calculation was carried out for the 
smectic A phase ( 0ψ ≠ ) and for the isotropic liquid ( 0ψ = ) according to Eqs. (20) and (22), 
respectively, as stated above. Eqs. (20) and (22) were both fitted to the experimental data for 
the smectic A and the isotropic liquid phases with the coefficients  given in Tables 1 and 2. We 
also calculated the dielectric constant ε⊥  of the 50% mixture in the isotropic liquid by using 

the same values of a and the 1

CT T
χ −

=
 extracted for the smectic A phase (Table 1). Those 

calculated ε⊥  values are also in good agreement with the experimental data in the isotropic 
phase of the 50% mixture, as plotted in Fig.3. As seen from Fig.3, variation of the dielectric 
constant ε⊥  is continuous with the temperature so that the ε⊥  decreases continuously as the 
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temperature increases from the smectic A to the isotropic liquid phase for the 50% optically 
active A7. This continuous change in the dielectric constant ε⊥  indicates a second order 
transition between the smectic A and the isotropic liquid of the 50% mixture. In regard to the 
variation of the ε⊥  with the temperature for the racemic A7 (Fig.4),the smectic A-isotropic 
liquid transition in this compound is more likely closer to the first order transition. In the 
smectic A phase, the dielectric constant ε⊥  varies slightly within the temperature interval of 
nearly 2K (from about 80.5 to 82K) and then there occurs a kink just above 82K (at around 
82.25K) prior to the isotropic liquid (Fig. 4). When Eqs.(20) and (22) were fitted to the 
experimental data (Bahr et al., 1987) for the smectic A and the isotropic liquid phases, 
respectively, this kink that occurs in the racemic A7 was not studied in particular, which might 
be the pretransitional effect. As shown in Fig.4, Eqs. (20) and (22) are adequate to describe the 
observed behaviour of the smectic A and the isotropic liquid phases of the racemic A7, 
respectively. Above Tc in the isotropic liquid phase of the racemic A7, the dielectric constant 
ε⊥  exhibits closely a discontinuous behaviour. It drops more rapidly in a small temperature 
interval, as shown in Fig. 4. In fact, this first order behaviour is supported by a very large value 
of ≈-11 or -12 for the ratio 2/c bα′ ′ ′  extracted (Eq.14) by using the coefficients (Table 1 and 2) 
for the racemic A7 in comparison with the value of 1.9 for the 50% mixture. The first order 
character of the smectic A- isotropic liquid transition can also be seen from the temperature 
difference ( 0 cT T TΔ = − ) which is nearly 6K for the racemic A7 compared to the value of 2.5 K 
for the 50% mixture (Table 2). Another comparison for the first order (racemic A7) and the 
second order (50% mixture) character of the smectic A- isotropic liquid transition in both 
compounds can be made in terms of the slope ratio of the SmA/I, as given in Table 3. Again, a 
very large value of ≈14 for the racemic A7 also indicates a first order SmA-I transition in this 
compound in comparison to the value of 1 / 2  for the 50% mixture which can be considered 
to exhibit a second order SmA-I transition within the temperature intervals studied. This slope 
ratio can be used as a criterion to describe a first or second order transition  exhibited by the 
ferroelectric liquid crystals, which was used in particular for the smectic A-smectic C* (AC*) 
phase transition in A7 (Bahr et al., 1987),  and also in general for the ferroelectrics and related 
materials (Lines & Glass, 1979).  
The dielectric constant ε⊥ was calculated using the temperature dependence of the 
orientational order parameter ψ (Eq.19) from the mean field theory in Eq.(18), as stated 
above. According to the minimization condition, by taking the derivative of the free energy 
g (Eq.10) with respect to the ψ ( / 0g ψ∂ ∂ = ), a quadratic equation obtained in ψ2 can be 
solved, which also gives a similar functional form of the temperature dependence of ψ with 
the critical exponent of 1 / 2β =  from the mean field theory, as given by Eq.(19). This 
quadratic solution in ψ2 can also be used to calculate the temperature dependence of the 
spontaneous polarization P (Eq.6) and of the dielectric constant ε⊥ (or 1χ − ) (Eq.18). The 
calculated ε⊥ can then be compared with the experimental data (Bahr et al., 1987) for the 
SmA-I transition of 4-(3-methyl-2-chlorobutanoyloxy)- 4′ -heptyloxybiphenyl below Tc. 
As shown in Figs. (3) and (4), the observed behaviour of the dielectric constant  ε⊥  is 
described satisfactorily by our mean field model with the P2θ2 coupling which considers 
quadrupolar interactions in the 50% mixture and the racemic A7. Our results for the dielectric 
constant  ε⊥  (Figs. 3 and 4) indicate that the quadrupolar interaction ( 2 2P ψ  coupling) is the 
dominant mechanism for the first order (or a weak first order) transition in the racemic A7 and 
the second order (or close to a second order) transition in the 50% mixture. 
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5. Conclusions 
The dielectric constant ε⊥ of the ferroelectric 50% optically active and the racemic 
compounds of 4-(3-methyl-2-chlorobutanoyloxy)- 4′ -heptyloxybiphenyl was calculated as a 
function of temperature for the smectic A-isotropic liquid (SmA-I) transition. A mean field 
model with the biquadratic coupling P2ψ2 between the spontaneous polarization P and the 
orientational order parameter ψ of the smectic A (SmA) phase was used to calculate ε⊥ 
through the temperature dependence of the order parameter ψ. 
Our mean field model describes adequately the observed behaviour of ε⊥ for this liquid 
crystal with high spontaneous polarization close to the smectic A –isotropic liquid 
transition. It is indicated here that the 50% mixture exhibits a second order (or close to a 
second order) and that the racemic A7 exhibits a first order (or a weak first order) smectic A-
isotropic liquid transition.  
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1. Introduction

Motivated by the progress of a multi-scale approach in magnetic materials the dynamics
of the Ising model in a transverse field introduced by de Gennes (1963) as a basic model
for a ferroelectric order-disorder phase transition is reformulated in terms of a mesoscopic
model and inherent microscopic parameters. The statical and dynamical behavior of the Ising
model in a transverse field is considered as classical field theory with fields obeying Poisson
bracket relations. The related classical Hamiltonian is formulated in such a manner that the
quantum equations of motion are reproduced. In contrast to the isotropic magnetic system,
see Tserkovnyak et al. (2005), the ferroelectric one reveals no rotational invariance in the spin
space and consequently, the driving field becomes anisotropic. A further conclusion is that
the resulting excitation spectrum is characterized by a soft-mode behavior, studied by Blinc
& Zeks (1974) instead of a Goldstone mode which appears when a continuous symmetry
is broken, compare Tserkovnyak et al. (2005). Otherwise the underlying spin operators are
characterized by a Lie algebra where the total antisymmetric tensor plays the role of the
structural constants. Using symmetry arguments of the underlying spin fields and expanding
the driving field in terms of spin operators and including terms which break the time reversal
symmetry we are able to derive a generalized evolution equation for the moments. This
equation is similar to the Landau Lifshitz equation suggested by Landau& Lifshitz (1935) with
Gilbert damping, see Gilbert (2004). Alternatively, such dissipative effects can be included also
in the Lagrangian written in terms of the spin moments and bath variables Bose & Trimper
(2011). Due to the time reversal symmetry breaking coupling the resulting equation includes
under these circumstances a dissipative equation of motion relevant for ferroelectric material.
The deterministic equation is extended by stochastic fields analyzed by Trimper et al.
(2007). The averaged time dependent polarization offers three modes below the phase
transition temperature. The two transverse excitation energies are complex, where the
real part corresponds to a propagating soft mode and the imaginary part is interpreted as
the wave vector and temperature dependent damping. Further there exists a longitudinal
diffusive mode. All modes are influenced by the noise strength. The solution offers scaling
properties below and above the phase transition. The results are preferable and applicable for
ferroelectric order-disorder systems.
A further extension of the approach is achieved by a symmetry allowed coupling of the
polarization to themagnetization. The coupling is related to a combined space-time symmetry
due to the fact that the magnetization is an axial vector with �m(�x,−t) = −�m(�x, t) whereas
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the polarization is represented by a polar vector �p(−�x, t) = −�p(�x, t). Multiferroic materials
are characterized by breaking the combined space-time symmetry. Possible couplings are
considered. Introducing a representation of spin fields without fixed axis one can incorporate
spiral structures. Different to the previous system the ground state is in that case an
inhomogeneous one. The resulting spectrum is characterized by the conventional wave vector
q and a special vector Q characterizing the spiral structure.
Our studies can be grouped into the long-standing effort in understanding phase transitions
in ferroelectric and related materials, for a comprehensive review see Lines & Glass (2004).
To model such systems the well accepted discrimination in ferroelectricity of order-disorder
and displacive type is useful as discussed by Cano & Levanyuk (2004). Both cases are
characterized by a local double-well potential the depth of which is assumed to be V0.
Furthermore, the coupling between atoms or molecules at neighboring positions is denoted
by J0. The displacive limit is identified by the condition V0 � J0, i.e. the atoms are not
forced to occupy one of the minimum. Instead of that the atoms or molecular groups perform
vibrations around the minimum. The double-well structure becomes more important when
the system is cooled down. The particle spend more time in one of the minimum. Below
the critical temperature Tc the displacement of all atoms tends preferentially into the same
direction giving rise to elementary dipole moments, the average of which is the polarization.
The opposite limit V0 � J0 means the occurrence of high barriers between the double-well
structure, i.e. the particles will reside preferentially in one of the minimum. Above the critical
temperature the atoms will randomly occupy the minimum whereas in the low temperature
phase T < Tc one of the minimum is selected. The situation is sketched in Fig. 1. Following
de Gennes (1963) the double-well structure can be modeled by a conventional Ising model
where the eigenvalues of the pseudo-spin operator Sz specify the minima of the double-well
potential. The dynamics of the system is described by the kinetic energy of the particles which
leads to an operator Sx. Due to de Gennes (1963) and Blinc & Zeks (1972; 1974) the situation
is described by the model Hamiltonian (TIM)

H = −1
2 ∑
<ij>

JijSz
i Sz

j −∑
i

ΩSx
i , (1)

where Sx and Sz are components of spin- 12 operators. Notice that these operators have no
relation to the spins of the material such as KH2P04 (KDP). Therefore they are denoted as
pseudo-spin operators which are introduced to map the order-disorder limit onto a tractable
Hamiltonian. The coupling strength between nearest neighbors Jij is assumed to be positive
and is restricted to nearest neighbor interactions denoted by the symbol< ij >. The transverse
field is likewise supposed as positive Ω > 0. Alternatively the transverse field can be
interpreted as tunneling frequency. In natural units the time for the tunneling between both
local minimums is τt = Ω

−1 whereas the transport time between different lattice sites is given
by τi = (h̄J)−1. The high temperature limit is determined by τt < τi or Ω > h̄J. The tunnel
frequency is high and the behavior of the system is dominated by tunneling processes. With
other words, the kinetic energy is large which prevents the localization of the particles within
a certain minimum. The low temperature limit is characterized by a long or a slow tunneling
frequency or a long tunneling time τt > τi. The behavior is dominated by the coupling
strength J.
Since already the mean-field theory of the model Eq. (1), see Stinchcombe (1973) and also
Blinc & Zeks (1972), yields a qualitative agreement with experimental data, the model was
increasingly considered as one of the basic models for ferroelectricity of order-disorder type
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i
j

Jij

Ω

Ω

V0

V0

Fig. 1. Schematical representation of the physical situation in ferroelectric material. Jij is the
interaction between the atoms in the double-well potential at lattice site i and j, Ω is the
tunneling frequency and V0 the height of the barrier.

as analyzed by Lines & Glass (2004); Strukov & Levnyuk (1998). Whereas the displacive type
of ferroelectricity offers a mainly phonon-like dynamics, a relaxation dynamics is attributed
to the order-disorder type by Cano & Levanyuk (2004). The Ising model in a transverse field
allows several applications in solid state physics. Thus a magnetic system with a singlet
crystal field ground state discussed by Wang & Cooper (1968) is described by Eq. (1), where
Ω plays the role of the crystal field. The model had been extensively studied with different
methods by Elliot & Wood (1971); Gaunt & Domb (1970); Pfeuty & Elliot (1971), especially
a Green’s function technique was used by Stinchcombe (1971). It offers a finite excitation
energy and a phase transition. A more refined study using special decoupling procedures for
the Green’s function investigated by Kühnel et al. (1977) allows also to calculate the damping
of the transverse and longitudinal excitations as demonstrated by Wesselinowa (1984). Very
recently Michael et al. (2006) have applied successfully the TIM to get the polarization and
the hysteresis of ferroelectric nanoparticles and also the excitation and damping of such
nanoparticles, compare Michael et al. (2007) and also the review article by Wesselinowa et al.
(2010).
Despite the great progress in explaining ferroelectric properties based on the microscopic
model defined by Eq. (1), the ferroelectric behavior should be also discussed using classical
models. Especially, the progress achieved in magnetic systems, see Landau et al. (1980) and
for a recent review Tserkovnyak et al. (2005), has encouraged us to analyze the TIM in its
classical version capturing all the inherent quantum properties of the spin operators. The
classical spin is introduced formally by replacing �S → �S/(h̄S(S + 1)) in the limit h̄ → 0
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and S → ∞. Stimulated by the recent progress in studying ferromagnets reviewed by
Tserkovnyak et al. (2005), we are interested in damping effects, too. In the magnetic case
the classical magnetic moments obey the Landau-Lifshitz equation, see Landau et al. (1980).
It describes the precession of spins around a self-organized internal field, which can be traced
back to the interaction of the spins. The reversible evolution equation can be extended by
introducing dissipation which is phenomenologically proposed by Landau & Lifshitz (1935)
or alternatively the so called Gilbert-damping is introduced by Gilbert (2004). Usadel (2006)
has studied the temperature-dependent dynamical behavior of ferromagnetic nanoparticles
within a classical spin model, while a nonlinear magnetization in ferromagnetic nanowires
with spin current is discussed by He & Liu (2005). Even the magnetization of nanoparticles
in a rotating magnetic field is analyzed by Denisov et al. (2006) based on the Landau-Lifshitz
equation. The dynamics of a domain-wall driven by a mesoscopic current is inspected by Ohe
& Kramer (2006) as well as the thermally assisted current-driven domain-wall was considered
recently by Duine et al. (2007).
In the present chapter we follow the line offered by magnetic materials to extend the analysis
to ferroelectricity accordingly. The main difference as already mentioned above is that in
ferroelectric system the internal field is an anisotropic one and therefore, both the reversible
precession and the irreversible damping are changed.

2. Model

In this section the model and the basic equation will be discussed. Especially the differences
between isotropic magnets and anisotropic ferrolectrics are analyzed.

2.1 Hamiltonian
In this section we propose a classical Hamiltonian which is dynamical equivalent to the
quantum case introduced in Eq. (1). The Hamiltonian is constructed in such a manner that
it leads to the same evolution equations for the spins. The most general form is given by

H =
∫

ddx
(
−ΩμSμ +

1
2

Jμνκδ
∂Sμ

∂κ

∂Sν

∂δ
+

1
2

ΓμνSμSν

)
. (2)

Here summation over repeated indices is assumed. If the system is symmetric in spin space
the coupling tensor J is diagonal in the spin indices Jμνκδ = δμν J̃κδ In case that spin and
configuration space are independent one concludes the separation Jμνκδ = Ĵμν J̃κδ. The
anisotropic TIM is obtained by assuming �Ω = (0, 0,Ω), Ĵμν = Jδμzδνz, J̃κδ = δκδ, and
Γμν = Jzδμzδνz Here z is the coordination number. The Hamiltonian reads now

Hf =
∫

ddx
(
−ΩSx +

J
2
(∇Sz)2 − JzS2z

)
. (3)

The last equation represents the TIM on a mesoscopic level, i. e. the spin variables are
spatiotemporal fields �S(�x, t). The Hamiltonian Eq.(3) offers no continuous symmetry as the
corresponding magnetic one. For that case the magnetic Hamiltonian is written in terms of
spin fields�σ(�x, t) as Tserkovnyak et al. (2005)

Hm =
K
2

∫
ddx(∇�σ)2 . (4)
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Here K designates the exchange coupling. The last Hamiltonian is invariant under
spin-rotation. A further difference between the ferroelectric and the magnetic case is the form
of the internal field and the underlying dynamics which obeys the mesoscopic equation of
motion, compare Hohenberg & Halperin (1977):

∂Sα

∂t
= {H, Sα} . (5)

This equation will be discussed in the following subsection.

2.2 Poisson brackets
Because the Hamiltonian Eq. (2) is given in terms of classical fields the dynamics of the system
has to be formulated using Poisson brackets. They are defined for two arbitrary functionals of
an arbitrary field φ by

{A(φ), B(φ′)} =
∫

ddx ddx′ δA
δφα(x)

{φα(x), φβ(x′)} δB
δφβ(x′) .

In case that the arbitrary field φ is realized by the components of spin fields we get due to
Mazenko (2003)

{A(S), B(S)} =
∫

ddx εαβγSα(�x)
δA

δSβ(�x)
δB

δSγ(�x)
. (6)

Here we have applied the Poisson brackets for angular momentum fields

{Sα(�x, t), Sβ(�x′, t)} = εαβγSγ(�x, t) δ(�x−�x′) .

According to Eq. (6) the spin field satisfies the evolution equation

∂�S
∂t

= �B× �S , (7)

where the effective internal field �B is introduced by

Bα(�x, t) = −
δHf

δSα(�x, t)
. (8)

Using the Hamiltonian Eq. (3) the vector of the internal field is given by

�B = (Ω, 0, [Jz + J∇2]Sz) . (9)

Eqs. (7)-(8) coincide with the quantum mechanical approach based on the Heisenberg
equation of motions

ih̄
∂Sα

r
∂t

= [H, Sα
r ] ,

and the quantum model defined in Eq. (1), compare also the article by Trimper et al. (2007).
Because the quantum model is formulated on a lattice we have performed the continuum
limit. Eq. (7) describes the precession of the spin around the internal field �B defined in Eq. (8).
Notice that the Hamiltonian should be invariant against time reversal. From here we conclude
that the tunneling frequency Ω or alternatively the transverse field is changed to −Ω in case
of t → −t. As a consequence the self-organized internal field �B is antisymmetric under time
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reversal. In the magnetic case, represented by the Hamiltonian in Eq. (4), the internal field is
isotropic and is defined by

�B(m) = K∇2�σ . (10)

Directly from Eq. (7) it follows that the spin length�σ2 or even �S2 is conservedwhich is reflected
in the quantum language by the conservation of the total spin [H,�S2]− = 0. Vice versa one
concludes from the conservation of any vector, that �̇S · �S = 0, i.e. the time derivative of the
vector is perpendicular to the vector itself which is simply fulfilled by assuming �̇S ∝ �A × �S
for an arbitrary vector field �A. Insofar Eq. (7) is a consequence of the spin conservation. The
same is valid for the spin field�σ.

2.3 Dissipation
Eq. (7) is a reversible equation, i.e. it is invariant against time reversal. As demonstrated in
the next section Eq. (7) allows pseudo-spin-wave solutions. However, the excitation does not
tend to restore a continuous symmetry, i.e. the Goldstone theorem, for details see Mazenko
(2003), is not valid. Instead of that a soft mode behavior is observed. Normally, the excitation
modes are damped. It is the aim of the present section to extend the evolution equation by
including damping effects. From a microscopic point of view the damping can be traced back
to scattering processes of spin-wave excitations with different wave vectors emphasized by
Wesselinowa (1984) in second order of the interaction J. In principle this interaction effects are
included in the microscopic Hamiltonian. Recently, Wesselinowa et al. (2005) have studied the
influence of layer defects to the damping of the elementary modes in ferroelectric thin films.
Likewise the analysis can be generalized for ferroelectric nanoparticles, where the interaction
of those can also lead to finite life-times of the excitation modes as performed by Michael
et al. (2007). Otherwise, the damping of pseudo-spin-waves can be originated by a coupling
to lattice vibrations. Due to the coupling of the TIM to phonons the spin excitations can be
damped as detected by Wesselinowa & Kovachev (2007). Generally one expects that due to
attenuation the spin length is not conserved. On a mesoscopic level the inclusion of damping
effects are achieved by a generalized evolution in the form

∂�S(�x, t)
∂t

= �B(�x, t)× �S(�x, t) + �D(�S) . (11)

The origin of the damping term �D is a pure dynamic one, i.e. all possible static parts should
be subtracted. From Eq. (11) one finds

∂�S2

∂t
= �D · �S < 0 .

A non-trivial damping part is oriented into the direction of the effective field �B. Following
Hohenberg & Halperin (1977) and using the approach discussed by Trimper et al. (2007) we
make the ansatz

Dα = −Λαβ(�S)Bβ . (12)

In case the coefficient matrix Λαβ(�S) is positive and independent of the spin field Eq. (11)
corresponds to a pure relaxation dynamics for a non-conserved order parameter field. This
fact reflects another difference to the magnetic case, where the internal field is defined in
Eq. (10). The evolution equation for the Heisenberg spins�σ reads
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∂�σ(�x, t)
∂t

= �B(m)(�x, t)×�σ(�x, t) + ΛαβK∇2�σ .

Provided the coefficient matrix Λαβ is independent on �σ the damping effects are realized
by spin diffusion and hence the order parameter is conserved according to the classification
introduced by Hohenberg & Halperin (1977).
To proceed further in the ferroelectric model with non-conserved order parameter let us
expand the coefficient matrix Λαβ(�S) in terms of the spin field �S, where only terms are
included which break the time reversal symmetry. Denoting the field independent part as

Λ
(0)
αβ we get up to second order in �S

Λαβ(�S) = Λ
(0)
αβ + Λ

(1)
αβγδSγSδ + O(�S4) . (13)

Due to the spin algebra the tensor structure of the coefficients Λ are given in terms of the
structure constant of the underlying Lie-group, i.e. the complete antisymmetric tensor εαβγ

and unit tensor δαβ. The zeroth order term is

Λ
(0)
αβ ∝ εαμνεβμν .

From here we define
Λ
(0)
αβ =

1
τ1

δαβ , (14)

where τ1 plays the role of a relaxation time. Because the damping should be pointed to
the direction of the effective field and consequently the vector �D is perpendicular to the
propagating part �B× �S. Summarizing these conditions we make the ansatz

Λ
(2)
αβγδ =

1
2τ2

[
εαβρ εργδ + εαγρ ερβδ + εαδρ ερβγ

]
. (15)

In the conventional vector notation the complete equation of motion reads now

∂�S
∂t

= �B× �S− 1
τ1
�B− 1

τ2
�S× (�S× �B) . (16)

There appear two damping terms characterized by the relaxation times τ1 and τ2, the
determination of those is beyond the scope of a mesoscopic approach. They could
reflect the coupling to other degrees of freedom and become of the order of microscopic
spin-flip-processes. Eq. (16) reminds of the Landau-Lifshitz-Gilbert equation discussed in the
ferromagnetic case, see Tserkovnyak et al. (2005). The differences to the magnetic case are the
form of the internal field �B and the underlying symmetry. The consequences will be discussed
in the next section.

3. Excitation spectrum

In this section we investigate the spectrum of collective pseudo-spin-wave excitations and
their damping. The starting point is Eq. (16). Firstly we study the reversible precession part.

455Mesoscopic Modeling of Ferroelectric and Multiferroic Systems



8 Will-be-set-by-IN-TECH

3.1 Soft mode
Because no continuous symmetry is broken one expects a soft mode behavior, see Blinc & Zeks
(1974); Lines & Glass (2004), which is characterized by the temperature dependent excitation
energy ε(�q, T) offering the following behavior

lim
T→Tc

ε(�q = 0, T) = 0 . (17)

The situation is sketched schematically in Fig. 2 To compute the dispersion relation we insert

q

ε(
q
)

T = Tc

T1

T2

T1 < T2 < Tc

0

Fig. 2. Soft mode behavior: There is a gap for wave vector�q = 0, which tends to zero for
T → Tc , compare Eq. (17) .

the internal field �B defined in Eq. (9) into Eq. (7). In the frame of linear spin-wave theory the
spin field �S(�x, t) is splitted into a static and a dynamic part according to

�S(�x, t) = �p(�x) + �ϕ(�x, t) , (18)

where �p(�x) = (px, 0, pz) is a time-independent but temperature-dependent vector in the x− z
plane as suggested in Eq. (1). In case that �p is independent of the coordinates it describes
the homogeneous polarization whereas for multiferroic material, for a review compare Wang
et al. (2009), one finds a spiral structure of the form

�p(�x) = p0[ cos(�Q ·�x)�ex + sin(�Q ·�x)�ey ] + pz�ez . (19)

Here �Q characterizes the spiral structure.
Inserting the ansatz made in Eq. (18) into Eq. (7) the field �ϕ obeys in spin-wave approximation

�̇ϕ = �B1 × �p + �B0 × �ϕ ,
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with �B0 = (Ω, 0, Jzpz ), and �B1 = (0, 0, J(∇2 + z)ϕz ). The direction of the homogeneous
polarization is given by �p× �B0 = 0. The last relation has two solutions

(i) pz(T) �= 0 , px =
Ω

Jz
if T ≤ Tc

(ii) pz = 0 , px(T) �= Ω

Jz
if T > Tc . (20)

Here the phase transition temperature is obtained by pz(T = Tc) = 0. Moreover, the relation
px(Tc) = Ω/Jz should be fulfilled, i.e. px remains fixed and is temperature-independent
below Tc. In a quantum language it means that the quantization axis is oriented within the
x− z-plane in accordance with microscopic investigations, see for instance de Gennes (1963);
Kühnel et al. (1977). In the frame of a multi scale approach the temperature dependence of px
and pz is calculated based upon themicroscopic model Eq. (1). In the high temperature regime
px decreases with increasing temperature which can be estimated to be px ∝ Ω/T, compare
the book by Lines & Glass (2004). The quantity pz offers a behavior like pz ∝ (−τ)β where
τ = (T− Tc)/Tc is the relative distance to the phase transition temperature and β ≤ 1/2 is the
critical exponent of the polarization. The results are shown in Fig. 3. The subsequent analysis

p z
/p

0

Ω
Jz

p
x

T/Tc

Fig. 3. Static polarization pz(T) (blue line) and px(T) (red line) versus the ratio T/Tc.
Whereas pz vanishes at Tc according to a power law ∝ (−τ)β, px remains temperature
independent for T < Tc.

is performed for the low and the high temperature phase separately. For T < Tc, i. e. pz �= 0
one finds after Fourier transformation

ϕ̇x(�q, t) = −Jzpz ϕy(�q, t) , ϕ̇z(�q, t) = Ωϕy(�q, t)
ϕ̇y(�q, t) = Jzpz ϕx(�q, t)− [Ω− px Jκ(�q) ]ϕz(�q, t) . (21)
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Here we have used the abbreviation κ(�q) = z − q2. Notice that the lattice constant a is set
to unity and the approach is valid in the long wave length limit qa � 1. Notice that we set
a = 1. A non-trivial solution of Eqs. (21) is given by ϕα ∝ exp[iε(�q)t]. The eigenvalue of the
coefficient matrix leads to the excitation energy ε l(�q), which is in the low temperature phase
dominated by the coupling J as pointed out already in the introduction. It results

ε l(�q, T) = Jz

√
p2z + p2x

�q2

z
. (22)

This dispersion relation reveals the typical soft mode behavior characterized by Eq. (17) and
depicted in Fig. 2. Such a behavior is in accordance to the microscopic behavior, see Kühnel
et al. (1977); Stinchcombe (1973). The excitation field is found to be

�ϕ(�q, t) = Φl(�q)

(
Jzpzeiπ/2

ε l(�q)
, 1,

Ωe−iπ/2

ε l(�q)

)
exp[iε l(�q)t] , (23)

where Φl(�q) is the amplitude of the excitation mode determined by the initial condition.
The high temperature phase is characterized by pz = 0. For that case one gets a similar
dispersion relation as for T < Tc which can be written as

εh(�q, T) = Ω

√
px(T)
px(Tc)

�q2

z
+

px(Tc)− px(T)
px(Tc)

. (24)

Above the critical temperature the excitation energy is dominated by the tunneling field Ω.
This result corresponds to the discussion in the introduction concerning the relevance of the
different time scales. The dispersion relation Eq. (24) offers likewise a soft mode behavior
due to px(T = Tc) =

Ω

Jz according to Eq. (20). Furthermore, the relation px(T)/px(Tc) < 1 is
fulfilled as one can observe also in Fig. 2. Making a Taylor-expansion of the second term in
Eq. (24) the zero-wave vector mode satisfies in the vicinity of Tc the relation

εh(�q = 0) =

√√√√ JzΩ2

T2
c

[
1−

(
Ω

zJ

)2
]
(T − Tc)

1/2 , (25)

provided Ω < Jz. In the opposite case a phase transition is suppressed at finite temperatures.
The prefactor in front of the q2 term in the dispersion relation, Eq. (22) and (24), sometimes
called as stiffness parameter remains finite at Tc. This result is also different to the magnetic
case, where the stiffness constant tends to zero for T → Tc. The spin wave field �ϕ(�q) exhibits
in the high temperature phase a similar form as for T < Tc, but one has to set pz = 0 and ε l
has to be replaced by εh. As expected the field �ϕ is continuous at Tc.

3.2 Dynamic scaling
In the vicinity of a second order phase transition a system is usually characterized by critical
exponents and scaling relations, see Hohenberg & Halperin (1977). Especially there exist
characteristic energies (propagating and relaxation modes) which fulfill

εc(�q, T) = qz
c f1( qξ) ≡ ξ−zc f2(qξ) . (26)

Here zc means the dynamic scaling exponent, ξ is the correlation length which behaves near
to Tc as ξ ∝ (τ)−ν with the critical exponent ν and τ = (T − Tc)/Tc. As well f1 and f2 are
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scaling functions which depend only on the combination qξ. The domain of wave vector and
relative distance to the critical temperature τ is due to Hohenberg & Halperin (1977) shown
in Fig. 4. The critical regime denoted as region I is characterized by qξ >> 1 which is relevant

τ

phase transition

I

II− II+

Fig. 4. Domain of wave vector versus τ = (T − Tc)/Tc, I is the critical regime (green), I I± are
the hydrodynamic regimes above (red) and below Tc (blue). The bold and the dashed line
indicate the cross-over between the regimes.

for T ≈ Tc. The two other regimes I I+ and I I− are the hydrodynamic regimes relevant for
T > Tc and T < Tc, respectively. Our model exhibits propagating modes denoted as ε l ,
Eq. (22), and εh, Eq. (24). They play the role of the characteristic energy and obey the scaling
form of Eq. (26). So we get in the low temperature phase

ε l(�q, T) = qpx(T)J
√

z(1+ (qξl)−2 ). (27)

From here we conclude the dynamical exponent zc = 1, the correlation length below the phase
transition ξ−2l = zp2z/p2x and the scaling function fl(x) ∝

√
1+ x−2. The critical exponents

fulfill the relation ν = β, which is in accordance with the scaling law zc = β/ν. A similar
expression is found above Tc with the same dynamic exponent, but a different correlation
length ξ−2h = z(px(Tc)− px(T))/px(T).

3.3 Damping effect
For the complete Eq. (16) with damping we make the same ansatz as in Eq. (18) to find the
complex dispersion relation ω(�q, T). In the low temperature phase T ≤ Tc the system reveals
three complex modes

ω1,2(�q, T) = ±ε l(�q, T)− i
Γ1l(�q, T)

2τ1
− i

Γ2l(�q, T)
2τ2

,

ω3(�q, T) = −i
(Jzpz)2 J κ(�q)

ε2l (�q, T)τ1
≡ −iωd(�q, T) . (28)
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The spin-wave field �ϕ(�q, t) introduced in Eq. (18) behaves as

�ϕ1,2(�q, t) ∝ exp

[(
±iε l −

[
Γ1l
2τ1

+
Γ2l
2τ2

])
t

]
, ϕ3(�q, T) ∝ exp(−ωd(�q, T) t) .

Whereas the modes ω1,2 describe the propagation of pseudo-spin waves and their damping,
the mode ω3 = −iωd(�q, T) is a pure imaginary one, influenced only by τ1. Such a situation
is also known for magnets, see Hohenberg & Halperin (1977) with two complex transverse
modes and one diffusive longitudinal mode. Due to the different physical situation the pure
imaginary mode ω3 offers here a dispersion relation different to diffusion. The results in
Eq. (28) are valid in the long wave length limit q � 1 and in first order in τ−11,2 . In this
approximation the propagating part ε l(�q, T) remains unchanged in Eq. (22). Higher order
terms give rise to a slightly changed behavior. The finite life-time of the excitation is related
to the temperature and wave vector dependent damping terms which read

Γ1l(�q, T) =
Jκ(�q)Ω2

z ε2l (�q, T)
q2,

Γ2l(�q, T) =
ε2l (�q, T) + (Jzpz(T))2 + Ω

2

Jz
with κ(�q) = z− q2 . (29)

At the critical point the damping is continuously as demonstrated in Trimper et al. (2007).
While the life-time in the high temperature phase is only weakly temperature dependent,
it depends on T in the low temperature regime via pz which disappears at Tc according
to pz(T) ∝ (−τ)β with a critical exponent β ≤ 1/2. The temperature dependence of the
excitation energy and the relevant life-time (Γ2l)

−1 of the soft mode at �q = 0 are depicted in
Trimper et al. (2007). The damping function can be written in scaling form using the results
obtained in subsection (3.2). For simplicity we assume τ1 � τ2 ≡ τ0. Defining γ1l = Γ1l/2τo
and γ2l = Γ1l/2τo. In the long wave length limit it results

2τoγ1l
Jz

= ( qξl )
2 2τoγ2l

Jzp2x
= 1+

q2

z

[
1+ 2( qξl)

−2] (30)

Whereas the excitation energy ε l is dominated by a linear q-term, see Eq. (27), and disappears
for T → Tc at�q = 0, the damping is quadratic in q. In our case the life time remains fixed at Tc.
Apparently one finds the total damping γl = γ1l + γ2l satisfies in the vicinity of the critical
temperature

γ−1l (�q, Tc) < γ−1l (�q, T ≤ Tc) .
When the system is approaching the phase transition temperature, the elementary excitation
decays more rapidly for wave vector�q �= 0.
The corresponding damping parameters Γ1h and Γ2h can be also found in the high temperature
limit characterized by pz = 0 and px → 0, compare Fig. 3. The analytical expressions are
presented in Trimper et al. (2007). In that case we obtain εh(�q, T → ∞) = Ω, i.e the mode is
frozen in. A corresponding analysis for the damping shows that the system is overdamped
with εh � Γ1h.
The analysis can be performed likewise on a microscopic level using Eq. (1), cf. Michael et al.
(2006). In that case a more refined Green’s function technique enables us to calculate both
the excitation energy and its damping. The temperature dependence of both quantities is in
accordance to the present analysis and also in qualitative agreement with experimental results
as shown by Michael et al. (2007).
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4. Stochastic equation

The model defined by Eq. (16) can be extended by introducing stochastic forces. To that aim
we have two possibilities:
(i ) All the residual degrees of freedom, which are not taken into account so far, will be

incorporated into the model as an additive noise. If this stochastic force is denoted as
�η(�x, t) the evolution equation reads now

∂�S
∂t

= �B× �S− 1
τ1
�B − 1

τ2
�S× (�S× �B) +�η(�x, t) ,

〈
ηα(�x, t)ηβ(�x′, t′)

〉
= 2Tδαβδ(�x−�x′)δ(t− t′) , (31)

where for simplicity a Gaussian white noise is supposed.

(ii ) A second realization is given by assuming that the effective field �B, see Eq. (8), is
extended by a stochastic force, i.e. �B(�x, t) → �B(�x, t) + �η(�x, t). Such a situation leads to
a multiplicative noise and is already discussed for a magnet in Usadel (2006) studying
ferromagnetic resonance, and in Bose & Trimper (2010) including also colored noise.

Here we are interested in the model defined by Eqs. (31). The spin-wave fields obey in the low
temperature phase the relation

∂ϕα(�q, t)
∂t

= Wαβ(�q) ϕβ(�q, t) + ηα(�q, t) . (32)

Here W is a 3× 3 matrix

Wαβ =

⎛
⎜⎜⎝
−mz Al

τ2
−Al

mz Bl q2
Ωτ2

Al −Ω
2+A2

l
Jzτ2

− Bl q2
Ω

mzΩ

τ2
Ω − Jκ(�q)

τ1
− Bl q2

Jzτ2

⎞
⎟⎟⎠

with the coefficients Al = Jzpz and Bl = Ω
2/z. Eq. (32) is solved by the Green’s function

defined by

Gαβ(t− t′) = Θ(t− t′)
〈

δϕα(t)
δ ηβ(t′)

〉
.

Here Θ(t) is the Heavyside function. After Fourier transformation the Green’s function is
written in lowest order in τ−11,2 as

Gαβ(�q,ω) =
gαβ(�q ,ω)

[ω−ω1(�q, T )][ω−ω2(�q, T )][iω + ωd(�q, T )]
, (33)

where the excitation energies in the low temperature phase ω1,2 and ωd are already introduced
in Eqs. (28). The elements of the matrix gαβ(�q ,ω) are given by

g11 = −ω2 − iω

[
Ω + ε2l

Jzτ2
+

Jκ(�q)
τ1

]
+ Blq

2 , g22 = −ω2 − iω

[
ε2l

Jzτ2
+

Jκ(�q)
τ1

]
,

g33 = −ω2 − iω
2A2

l + Ω
2

Jzτ2
+ A2

l , g12 = Al [iω− Jκ

τ1
] = −g21 ,

g23 =
iωBlq2

Ω
= −Blq2g32

Ω2 , g13 =
Blq2

Ω

[
Al − iωpz

τ2

]
=

Blq2g31
Ω2 . (34)
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The real correlation function is defined conventionally by
〈

ϕα(�q,ω)ϕ†(�q,ω)
〉
= Cαβ(�q,ω)(2π)d+1 .

Using the solution for ϕ in terms of Green’s function in Eq. (33) and the relation for the
excitation energy ω∗1,2 = −ω2,1 the correlation function reads

Cαβ(�q,ω) =
2Tcαβ(�q,ω)

(ω2 −ω2
1)(ω

2 −ω2
2)((ω

2 + ω2
d)

cαβ(�q,ω) = gαμ(�q,ω)g∗μβ(�q,ω) (35)

The coefficents of the correlation function cαβ are obtained from the corresponding expressions
in Eq. (34). A direct calculation shows that the fluctuation-dissipation theorem is fulfilled

Cαβ(�q,ω) =
2T
ω
�Gαβ(�q,ω) .

In the context of the linear spin-wave approximation the stochastic equations with additive
noise term do not give more information as the conventional equations. The poles of the
Green’s function determine the excitation energy like in the microscopic case. The situation is
different for a multiplicative noise where the effective field �B is supplemented by a stochastic
force. This behavior is discussed for magnets by Bose & Trimper (2010).

5. Multiferroics

As already remarked there is a new class of materials, called multiferroics, see Eerenstein
et al. (2006); Fiebig (2005); Van den Brink & Khomskii (2008), which are classified as materials
possessing at least two ferroic orders such as ferromagnetic and ferroelectric order in a single
phase. For a recent review consult Wang et al. (2009). In this section we present a mesoscopic
model where the ferroelectric properties are described by the Hamiltonian Eq. (3) and the
magnetic part by non-linear sigma model defined in Eq. (4). The total Hamiltonian for such a
multiferroic system reads

H = Hf + Hm + Hf m (36)

The coupling term should be invariant against time reversal symmetry and space inversion.
Due to Mostovoy (2006) we use

Hf m =
∫

ddx λαβγδSασβ
∂σδ

∂xγ
, (37)

where the symmetry allowed coupling constant is

λαβγδ = λ1εαβμεμγδ + λ2δαβδγδ.

In case the magnetization field�σ fulfills ∇ ·�σ = 0, see Landau & Lifshitz (1935), the coupling
is

Hf m = λ1

∫
ddx �S · [�σ× (∇×�σ)] (38)
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Using the same procedure as before, i.e. defining the effective fields for the magnetic and for
the ferroelectric case, then the equations for the magnetic spin field �σ and the ferroelectric
pseudo-spin field �S are given by the following expressions

∂σα

∂t
= K(∇2�σ)α + λ1εαβγσβ

(
σμ

∂Sγ

∂xμ
− Sμ

∂σγ

∂xμ

)

∂Sα

∂t
= (�B× �S)α + λ1

(
�S× (�σ×∇×�σ)

)
α
. (39)

The internal field for the ferroelectric subsystem is defined in Eq. (9). Now let us discuss the
excitation energies for the magnetic and the ferroelectric system which are coupled mutually
due to the multiferroic effect. To this aim we set according to Eq. (18)

�S(�x, t) = �p(�x) + �ϕ(�x, t) , �σ(�x, t) = �m(�x) + �Φ(�x, t) .

For simplicity we consider excitations around a homogeneous ground state, i.e �p = (px, 0, pz)
and �m = (0, 0,mz). The magnetization �m points in the z-direction. Here we consider
the experimentally realized situation, compare the review article by Wang et al. (2009),
that lowering the temperature the system undergoes firstly at Tc a phase transition into a
ferroelectric phase characterized by pz �= 0 , px = Ω/(Jz) as well as mz = 0. This phase is
observable in the temperature regime Tm ≤ T < Tc, where Tm is the magnetic phase transition
temperature. A further reducing of the temperature leads at T = Tm < Tc to a transition into
the magnetic phase, characterized by mz �= 0. In the low temperature regime one observes the
multiferroic phase with mz �= 0, pz �= 0 and px = Ω/Jz. In this regime the excitation energy
offers a dispersion relation which depends on the parameters of the ferroelectric subsystem
( J, ω), the coupling strength of themagnetic system K as well as themutual coupling constant
λ1 between both systems. A tedious but straightforward calculation shows that the excitation
energy of the ferroelectric system ε l(�q, T) remains unchanged in first order expansion with
respect to the coupling λ1, i.e. in the interval Tm < T ≤ Tc the system reveals a soft mode
behavior characterized by the dispersion relation presented in Eq. (18). In the low temperature
phase T < Tm we get in lowest order in λ1 an excitation energy of the multiferroic system in
the following form

ε2f m(�q, T) = (Kmz(T)q)2
[
( q2x + (qy + Q)2 + q2z −Q2

]
. (40)

Here the parameter Q is defined by

Q =
λ1Ω

2JKz
.

This parameter reflects the influence of the ferroelectricity in the multiferroic phase. In
absence of a multiferroic coupling the dispersion relation yields the well known Goldstone
mode of the magnetic system εm = Kmzq2. The multiferroic mode ε f m remains a Goldstone
mode, i. e. ε f m(�q = 0) = 0, because at the magnetic transition a continuous symmetry is
broken. The wave vector Q indicates (probably) the presence of spiral structures, compare
Tokura & Seki (2010). Notice that we have considered only excitations with respect to the
homogeneous ground state characterized by �p = const. The result is altered in case one
studies an inhomogeneous static state given by Eq. (19) for instance. This point deserves
further studies.
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6. Conclusions

In this chapter we have discussed a mesoscopic modeling of ferroelectric materials. There
exists two limiting cases denoted as displacive and order-disorder ones. The last category
is often discussed in terms of an Ising model in a transverse field. Such a quantum model
can be studied using different techniques, especially Green’s function methods. Otherwise
ferroelectric systems offer a phase transition at finite temperatures. In this region the quantum
effects are not relevant and therefore, a mesoscopic description should be adequate. The
mesoscopic limit of the underlying quantum model is constructed in such a manner that the
evolution equations coincides, namely those based on the Heisenberg equation of motion and
on the Poisson bracket relations, respectively. The main effort in this region came from the
analysis of magnetic materials. Motivated by several theoretical activities in that field, we
have studied the basic model for describing the order-disorder transition in ferroelectrics.
To that aim we have brought forward the concept of mesoscopic evolution equations with
damping terms to one of the standard models for ferroelectricity. In doing so we followed
our paper, see Trimper et al. (2007), which is modified and extended accordingly. Whereas
the previous discussion was primarily focused on isotropic magnetic systems, we are able
to derive the mesoscopic evolution equation for a ferroelectric system under quite general
conditions as the behavior of the spin moments, a self-organized effective field and its
behavior under time reversal symmetry as well as the underlying Lie group properties of the
moments. In particular, we have demonstrated that the form of the damping terms is rather
universal, although the realization of the effective field in ferroelectric systems is distinct from
that of the ferromagnet ones. The reason consists of the different symmetry of the ferroelectric
system. While the classical Heisenberg model reflects the isotropic symmetry, the Ising model
in a transverse field is anisotropic. The differences are clearly indicated. Consequently
the differences lead to a totally different dynamic behavior which is observed in both the
reversible propagating part and its damping. Thus the ferroelectric mode becomes a massive
one and the life-time of the elementary excitation offers another temperature dependence.
In terms of a multi-scale approach the relevant incoming static quantities as the polarization
are calculated using the microscopic model. Our approach allows the investigation of both
the low and the high temperature phase. They are discussed within dynamic scaling theory.
As a further step we are interested in systems where magnetic and polarization behavior is
coupled leading to a new class of systems known as multiferroicity reviewed recently by
Wang et al. (2009). Such systems are characterized by the occurrence of spiral structures
manifested in an inhomogeneous ground state as shown in Eq. (19). In the quantum model
this phenomena can be described by spin operators without fixed quantization direction, as
studied by Michael & Trimper (2011). In this chapter we studied a simple model allowing a
sequence of phases, namely for T > Tc the system is paraelectric as well as paramagnetic.
Reducing the temperature the system offers a phase transition at Tc into a ferroelectric but
paramagnetic phase. When the temperature is lowered further there is at Tm a transition into
the magnetic phase which is due to the multiferroic coupling simultaneously characterized
by the parameters of the ferroelectric and the magnetic system. The multiferroic dispersion
relation suggests the occurrence of incommensurable structures which can be also interpreted
as spiral structure. A related more detailed approach using the mesoscopic formulation is
under progress.
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1. Introduction   
For a current density J and an applied voltage V, the experimentally observable Mott-
Gurney law J ~ V2 (Carbone et al., 2005; Coelho, 1979; Laha & Krupanidhi, 2002; Pope & 
Swemberg, 1998; Suh et al., 2000) for steady-state trap-free space-charge-limited conduction 
(SCLC) inside a plane-parallel dielectric capacitor is derived from three independent 
assumptions - (i) the presence of a single free-carrier type (i.e. injection of only p-type or n-
type free charge-carriers into the dielectric), (ii) the absence of an intrinsic (Ohmic) 
conductivity, and (iii) the existence of a constant dielectric permittivity ε (i.e. the material 
being a linear dielectric). Due to the limited applicability of the Mott-Gurney law, there has 
been the need to derive a more general SCLC formula that applies to cases (i) with the 
simultaneous presence of p-type and n-type free charge-carriers, (ii) with the presence of a 
small but finite intrinsic conductivity σin, as well as (iii) with any possible field dependence 
of the dielectric permittivity ε. In 2003, while we were searching for a theoretical explanation 
to the well-known experimental observation of polarization offsets (Schubring et al., 1992) in 
compositionally graded ferroelectric films, we employed the law of mass action to derive a 
general local conductivity expression for double-carrier-type SCLC in solid dielectrics and 
showed numerically that SCLC is a possible origin of the observation of polarization offsets 
in those graded ferroelectric films (Chan et al., 2004). In those graded films, there exist 
gradients of electric displacements and therefore, according to Gauss’ law, a corresponding 
presence of free space-charge. The local electrical conductivity is influenced, or even limited, 
by the presence of free space-charge and consequently becomes non-Ohmic. An important 
conclusion from this general local conductivity expression is the necessary dominance of a 
single free-carrier type at the limit of zero intrinsic conductivity, which links two of the three 
independent assumptions in the original derivation of the Mott-Gurney law. In a later study 
(Zhou et al., 2005a), we have employed this new conductivity expression to understand the 
origin of imprint effect in homogeneous ferroelectric films. In this Book Chapter, we will (i) 
review the original derivation of the Mott-Gurney law (Coelho, 1979; Pope & Swemberg, 
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1998), (ii) review the original problem of polarization offsets in compositionally graded 
ferroelectric films (Schubring et al., 1992) and explain why such a new local conductivity 
expression was needed in our theoretical investigation, (iii) review our original derivation of 
this general local conductivity expression (Chan et al., 2004), (iv) review our study on the 
limiting case of zero intrinsic conductivity (Chan et al., 2007; Zhou et al., 2005a), (v) supply 
the derivation of a general expression, via the mass-action approximation, for the 
corresponding local diffusion-current density (Chan, unpublished), which incorporates the 
Einstein relations and takes into account the possible presence of a temperature gradient, 
(vi) present an alternative derivation of this local conductivity expression (Chan, 
unpublished) with a detailed theoretical justification of the mass-action approximation, and 
(vii) discuss, in the concluding section, possible future work as to a better understanding of 
the mechanism of charge flow in a compositionally graded ferroelectric film as well as of the 
scope of applicability of the general local conductivity expression. 

2. Derivation of the Mott-Gurney law 
Space-charge-limited conduction (SCLC) in a solid dielectric occurs when free charge-
carriers are injected into the dielectric sample at relatively large electric fields (Carbone et 
al., 2005; Coelho, 1979; Laha & Krupanidhi, 2002; Pope & Swemberg, 1998; Suh et al., 2000). 
For the case of SCLC in a trap-free plane-parallel dielectric capacitor (Fig. 1), the current 
density J and the applied voltage V follow a scaling relation 
 

 

Fig. 1. Schematic diagram of a plane-parallel dielectric capacitor. V is the applied voltage, 
and x is the position from the electrode where the electric current flows into the dielectric 
sample. The positive direction of x is the flow direction of the electric current. 

 2J ~ V  (1) 

which can be observed experimentally (Carbone et al., 2005; Laha & Krupanidhi, 2002; Suh 
et al., 2000), and can be derived theoretically (Coelho, 1979) as follows: Consider the case of 
SCLC by only p-type free charge-carriers, and let this case be denoted by a subscript p in 
each of the quantities involved. Let the charge mobility μp > 0 and the dielectric permittivity 
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  > 0 be both independent of the position x from the electrode where the electric current 
flows into the dielectric sample. The flow direction of the electric current is then given by 
the positive direction of x. According to Gauss' law, the free-charge density is given by 

 
( )

( ) 0p
p

dE x
x

dx
    (2) 

where Ep(x) is the electric field along the positive direction of x. At steady states, the 
continuity equation  

 0pJ  


 (3) 

implies that the current density Jp is independent of the position x. At the absence of both 
intrinsic (Ohmic) conductivity and diffusion currents, this current density is given by  

 
2( )

( ) ( )
2
p p

p p p p

dE x
J x E x

dx

 
    (4) 

A spatial integration of Eq. (4) from 0 to x using the boundary condition Ep(0) = 0 yields   

 2( ) 0
2

p
p pJ E x

x

 
   (5) 

or equivalently   

 
2

( ) 0p
p

p

J x
E x

 
   (6) 

The present justification for the boundary condition Ep(0) = 0 is that, at the boundary x = 
0, any electric field along the positive direction of x, if it ever exists, would be 
`neutralized' by an electric field in the opposite direction as generated by the injected p-
type free carriers (Coelho, 1979). Here we provide a “quantitative explanation” for this: At 
x = 0, the electric field satisfies the inequality Ep(0) ≥ 0. But since, at this boundary, there is 
a step change of the free-charge density from zero to some finite positive value, the 
inequality Ep(0) ≤ 0 is also satisfied as any finite local electric field is also expected to be 
pointing along the negative direction of x. The simultaneous inequalities Ep(0) ≥ 0 and 
Ep(0) ≤ 0 together imply Ep(0) = 0. Using Kirchoff's loop law (i.e. Kirchoff's voltage law) 
and Eq. (6), we obtain   

 
1/2

3/2

0

8
( )

9

L
p

p
p

J
V E x dx L

 

 
  
 
 

  (7) 

Hence,    

 2 2
3

9
~

8
p

pJ V V
L

  
   
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 (8) 
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If n-type instead of p-type free carriers are injected into the dielectric sample, Eqs. (2) and (4) 
should be replaced by    

 ( )( ) 0n
n

dE x
x

dx
    (9) 

and     

 
2( )( ) ( )

2
n n

n n n n
dE x

J x E x
dx

       (10) 

respectively,  where μn > 0, and the subscript n denotes the case of SCLC by only n-type free 
carriers. Following a derivation similar to that for the case of p-type SCLC but with a 
consideration of the boundary condition En(L) = 0, we obtain     

 2 2
3

9 ~
8

n
nJ V V

L
    

 
 (11) 

It follows that the scaling relation J ~ V² holds regardless of whether the injected free carriers 
are p-type or n-type.  

3. Polarization offsets in graded ferroelectrics and the need for a general 
local conductivity expression 
Our theoretical investigation of SCLC began with a study of the well-known phenomenon of 
polarization offsets in compositionally graded ferroelectric films (Bao et al. 2000a, 2000b, 
2000c, 2001a, 2001b; Bouregba et al., 2003; Brazier et al., 1998; Chen et al., 1999; Mantese et 
al., 1997; Matsuzaki & Funakubo, 1999; Schubring et al., 1992). Ferroelectric materials are 
materials that generally exhibit nonlinear, hysteretic D-E or P-E relations, where D is the 
electric displacement, P is the polarization and E is the electric field. In contrast to the 
“normal” hysteresis loops, i.e. loops that are centred at the origin of the D-E or P-E plot, as 
observed for homogeneous ferroelectric films, it was first reported in Physical Review Letters 
(Schubring et al., 1992) that compositionally graded ferroelectric films can exhibit vertical 
displacements of their hysteresis loops along the polarization axis, i.e. polarization offsets, 
when driven by an alternating applied electric field and placed inside a Sawyer-Tower 
circuit (Chan et al., 2004; Sawyer & Tower, 1930) for typical D-E measurements of 
ferroelectric materials. This intriguing phenomenon, believed to have potential device 
applications in infrared detection, actuation and energy storage (Mantese & Alpay, 2005), 
has triggered much subsequent research in the ferroelectrics community into a theoretical 
understanding of its origin (Alpay et al., 2003; Bouregba et al., 2003; Brazier et al., 1999; 
Chan et al., 2004; Fellberg et al., 2001; Mantese & Alpay, 2005; Mantese et al., 1997; Okatan et 
al., 2010; Poullain et al., 2002).  
Such a phenomenon of polarization offsets in compositionally graded ferroelectric films is 
characterized by three key experimental observations: (i) The shift magnitude exhibits a 
strong dependence on electric field and temperature (Schubring et al., 1992). In particular, it 
typically exhibits a power 3 to 5 dependence on the magnitude of the applied electric field 
(Bao et al., 2000a, 2000b, 2000c, 2001b; Bouregba et al., 2003; Brazier et al., 1998; Mantese et 
al., 1997); (ii) The vertical hysteresis shift changes from upward to downward, or vice versa, 
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when the compositional gradient is inverted (Bouregba et al., 2003; Brazier et al., 1998; 
Mantese et al., 1997). (iii) A vertical polarization offset typically develops like the charging 
up of a capacitor, where the “time constant“ is of the order of magnitude as the product of 
the capacitance and input impedance of the reference capacitor in the Sawyer-Tower circuit. 
In the past two decades, various theoretical ideas and models have been proposed to 
account for the origin of this phenomenon: Originally, the vertical hysteresis shift, or 
“polarization offset”, was thought of as a static polarization developed across the graded 
ferroelectric film (Mantese et al., 1997), upon excitation by an alternating applied electric 
field. However, the experimental values of those “offsets” are at least an order of magnitude 
larger than the typical spontaneous polarization of the ferroelectric material, and therefore 
such a large static polarization component is deemed unlikely, if not impossible (Brazier et 
al., 1999). Other theoretical considerations include an interpretation of the vertical hysteresis 
shift as the result of a static voltage developed across the ferroelectric film (Brazier et al., 
1999), as a result of asymmetric electrical conduction by leakage currents in the film 
(Bouregba et al., 2003), and as an effect of space charge in a perfectly insulating ferroelectric 
film (Okatan et al., 2010). 
In our theoretical investigation where all of the key experimental observations mentioned 
above were reproduced theoretically (Chan et al., 2004), we proposed that the observation of 
polarization offsets in a compositionally graded ferroelectric film is a result of “time-
dependent“ space-charge-limited conduction inside the graded film, where the term “time-
dependent“ was used because the ferroelectric film was excited by an alternating applied 
electric field, in contrast to the abovementioned case of steady-state SCLC, in the absence of 
displacement currents, as described by the Mott-Gurney law. This central assumption was 
based on the following considerations: A similar phenomenon of polarization offsets was 
observed for homogeneous ferroelectric films in the presence of a temperature gradient 
(Fellberg et al., 2001), where the vertical hysteresis shift disappeared when the applied 
temperature gradient was removed. This suggests that, for this particular case, the shift is a 
result of thermally induced gradients in the polarization P (Alpay et al., 2003; Fellberg et al., 
2001), or more generally in the electric displacement D, where the latter implies the presence 
of free space-charge according to Gauss’ law. If the vertical hysteresis shifts that arise from 
compositional and thermal gradients are of the same origin, the observation of polarization 
offsets in compositionally graded ferroelectric films might be mainly a result of electrical 
conduction by free space-charge, i.e. SCLC. Here, we have deliberately aborted the 
assumption of a perfectly insulating ferroelectric film, as adopted by some other schools of 
thought (Alpay et al., 2003; Mantese & Alpay, 2005; Okatan et al., 2010), because 
experimental observations of small but finite leakage currents, as well as of SCLC currents, 
have been widely reported in the literature for ferroelectrics and other solid dielectrics 
(Bouregba et al., 2003; Carbone et al., 2005; Coelho, 1979; Laha & Krupanidhi, 2002; Pope & 
Swemberg, 1998; Poullain et al., 2002; Suh et al., 2000) and they form a subject of their own 
(Pope & Swemberg, 1998). 
For our consideration of SCLC in compositionally graded ferroelectric films, the Mott-
Gurney law J ~ V2 does not apply, due to the following reasons: (i)  In the case of a time-
varying applied voltage, there is also the presence of displacement currents so that the 
conduction current J , which now does not necessarily equal the total current, could be 
varying with position, i.e. Eq. (3) no longer holds. (ii) In many ferroelectric and dielectric 
materials, there exist two opposite types of free charge-carriers, p-type and n-type, with 
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the system behaving like a wide bandgap semiconductor. Such double-carrier cases are 
not considered by the Mott-Gurney law. (iii) The Mott-Gurney law offers no way to take 
into account any small but finite intrinsic conductivity of a ferroelectric or dielectric 
material. (iv) For non-linear dielectric materials, the dielectric permittivity ε is not a 
constant, usually field-dependent, and for ferroelectrics it is even time- or history-
dependent. And for inhomogeneous materials, e.g. compositionally graded ferroelectrics, 
ε typically exhibits a spatial variation. In view of these limitations, we have derived a new 
local conductivity expression (Chan et al., 2004) that is applicable to cases with the 
presence of both p-type and n-type free carriers, with a small but finite local conductivity, 
and with any possible dependence of the local dielectric permittivity ε on the system 
parameters. It is worth pointing out that a corresponding global conductivity expression, 
e.g. the Mott-Gurney law, must be obtained via the continuity condition in Eq. (3) and can 
only be derived with knowledge of the relation of ε with other system parameters. For 
example, in the derivation of the Mott-Gurney law, ε is a known quantity – it is taken as a 
constant, independent of any system parameter. In the following Section, we will review 
our original derivation (Chan et al., 2004) of this local conductivity expression, where the 
law of mass action was employed as an ad hoc approximation to describe the interactions 
between the two opposite types of free charge-carriers. A detailed justification of this 
mass-action approximation is provided in subsequent Sections.  

4. Original derivation of the general local conductivity expression 
For a time-varying applied voltage V(t), the local conduction-current density Jc(x,t), the local 
electric field E(x,t) as well as the local electric displacement D(x,t) are generally functions of 
the position x and the time t. The local conduction-current density is related to the local 
electric field via a generally time-dependent local conductivity σ(x,t):      

 ( , ) ( , ) ( , )cJ x t x t E x t  (12) 

Consider the simultaneous presence of p-type and n-type free charge-carriers with the 
position-dependent mobilities µp(x) and - µn(x), and of electric charges q and –q, respectively. 
Here we have chosen µp(x), µn(x) and q to all be positive quantities. Due to charge neutrality, 
the intrinsic number concentrations of the two opposite types of free carriers are equal, and 
they are here both denoted by the symbol Cin(x). The time-dependent conductivity can then 
be expressed as      

 
( , ) ( )[ ( ) ( , )]

[ ][ ( )][ ( ) ( , )]
p in

n in

x t q x C x p x t

q x C x n x t

 



  

    
 (13) 

where Δp(x,t) and Δn(x,t) are respectively the differences between the intrinsic and total 
number concentrations for each type of free carriers. Here we define a generally position-
dependent local intrinsic conductivity       

 ( ) [ ( ) ( )] ( )in p n inx q x x C x     (14) 

such that the time-dependent conductivity in Eq. (13) can be expressed as        

 ( , ) ( ) [ ( ) ( , ) ( ) ( , )]in p nx t x q x p x t x n x t         (15) 



A General Conductivity Expression for  
Space-charge-limited Conduction in Ferroelectrics and Other Solid Dielectrics 

 

473 

According to Gauss’ law, the density of free space-charge is given by       

 
( , ) [ ( ) ( , )] [ ][ ( ) ( , )]

[ ( , ) ( , )]

in in
D x t

q C x p x t q C x n x t
x

q p x t n x t


      


   

 (16) 

Since there generally exist interactions,  i.e. generation and recombination, between the two 
opposite types of free charge-carriers, the free-carrier concentrations Cin(x)+Δp(x,t) and 
Cin(x)+Δn(x,t) are not independent of each other, and should be described by an additional 
physical constraint       

 [ ( , ), ( , )] 0F p x t n x t    (17) 

As an ah hoc approximation, we regard any ferroelectric or dielectric material as a wide 
bandgap semiconductor and then employ the equilibrium law of mass action to be this 
additional physical constraint:      

 2( ) [ ( ) ( , )][ ( ) ( , )]in in inC x C x p x t C x n x t      (18) 

The physics described by Eq. (18) is as follows (Chan et al., 2007): In a wide bandgap 
semiconductor, there are the endothermic generation and exothermic recombination of 
free charge-carriers. If the energy released by free-carrier recombination is immediately 
used for free-carrier generation, i.e. a “heat balance“ condition, the rates of these 
endothermic and exothermic processes must be equal, and there would not be any net 
production of heat nor any net generation of free carriers. On the other hand, the rate of 
each of these processes can be assumed, as a first approximation, to be proportional to the 
product of the reactants’ concentrations, i.e. the number of ways per unit volume the different 
types of reactants can combine to undergo the process. Since, for a dielectric insulator, the 
concentration of the source particles for free-carrier generation (e.g. valence electrons or 
molecules) is by definition orders of magnitude larger than the concentrations of the free 
carriers, the concentration of source particles, and hence the rate of free-carrier 
generation, should only have an insignificant time fluctuation and should practically be a 
material-pertaining property. It follows that any rate of free-carrier recombination, which 
we have here assumed to be proportional to the product of the concentrations of p-type 
and n-type free carriers, can all be taken as equal to the same approximately time-
invariant rate of free-carrier generation, hence Eq. (18). 
Upon rewriting Eqs. (16) and (18) as       

 
1 ( , )( , ) ( , )D x t

p x t n x t
q x


   


 (19) 

and       

 ( )[ ( , ) ( , )] ( , ) ( , ) 0inC x p x t n x t p x t n x t        (20) 

respectively, it can be seen that two quadratic equations, for Δp(x,t) and Δn(x,t) respectively, 
can be obtained:  
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 2( , ) ( , ) ( , ) ( , ) 0p pp x t B x t p x t C x t      (21) 

and       

 2( , ) ( , ) ( , ) ( , ) 0n nn x t B x t n x t C x t      (22) 

where       

 1 ( , )( , ) 2 ( )p in
D x t

B x t C x
q x


  


 (23) 

 ( ) ( , )( , ) in
p

C x D x t
C x t

q x


 


 (24) 

 1 ( , )( , ) 2 ( )n in
D x t

B x t C x
q x


 


 (25) 

and 

 ( ) ( , )( , ) in
n

C x D x t
C x t

q x





 (26) 

It follows that  

 2

2

[ ( ) ( , ) ( ) ( , )]

{ ( )[ ( , ) ( , ) 4 ( , )]
2

( )[ ( , ) ( , ) 4 ( , )]}

p n

p p p p

n n n n

q x p x t x n x t

q
x B x t B x t C x t

x B x t B x t C x t

 





  

   

   

 (27) 

Using the definitions of the quadratic coefficients Bp(x,t), Cp(x,t), Bn(x,t) and  
Cn(x,t), as well as the definition of σin(x) in Eq. (14), the following relations can be 
obtained:   

 
[ ( ) ( , ) ( ) ( , )]

2
[ ( ) ( )] ( , ) ( )

2

p p n n

p n
in

q
x B x t x B x t

x x D x t
x

x

 

 


 

 
 



 (28) 

and    

 

2 2

2 2

2

( , ) 4 ( , ) ( , ) 4 ( , )
2 2

4 ( )1 ( , )
2 [ ( ) ( )]

p p n n

in

p n

q q
B x t C x t B x t C x t

xD x t
x x x


 

  

     

 (29) 

Using Eqs. (15), (28) and (29), Eq. (27) can be rewritten as  
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 2 2
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[ ( ) ( , ) ( ) ( , )]
[ ( ) ( )] ( , ) ( )

2
[ ( ) ( )] 4 ( )( , )

2 [ ( ) ( )]
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x x D x t
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x x xD x t
x x x

x t x

 

 


  
 

 

  

 
 



       

 

 (30) 

so that an expression for the time-dependent local conductivity σ(x,t) can be obtained:  
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2 2

2

[ ( ) ( )] ( , )( , )
2

[ ( ) ( )] ( , )
2

[ ( ) ( )] ( )
[ ( ) ( )]

p n

p n

p n in

p n

x x D x t
x t

x

x x D x t
x

x x x

x x

 


 

  

 

 




   
 

  
 




 (31) 

According to Eqs. (15), (16) and (31), for the case of Δp(x,t) = Δn(x,t) = 0, we have  

 ( , ) 0D x t
x





 (32) 

and   

 
[ ( ) ( )]

( , ) ( ) ( )
[ ( ) ( )]

p n
in in

p n

x x
x t x x

x x

 
  

 

 
 


 (33) 

where the latter implies that only the root of all upper positive signs in Eq. (31) is valid. 
Therefore, the correct expression for the time-dependent conductivity should be:  

 2
2

[ ( ) ( )] ( , )( , )
2

[ ( ) ( )] ( , ) ( )
2

p n

p n
in

x x D x t
x t

x

x x D x t
x

x

 


 


 




    
  

 (34) 

which describes a nonlinear relation between the space-charge density and the overall local 
conductivity in the presence of a non-zero intrinsic conductivity.  

5. Limiting case of zero intrinsic conductivity 
Consider a case where σin(x)  0 but σ(x,t) remains finite. According to Eq. (15), either µp(x) 
or µn(x) has to be non-zero for σ(x,t)  to remain finite. From the definition of the intrinsic 
conductivity in Eq. (14), for σin(x)  0 we must have Cin(x)  0, because the mobility sum 
[µp(x) + µn(x)] is finite. For Cin(x)  0, Eq. (20) becomes       
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 ( , ) ( , ) 0p x t n x t    (35) 

Multiplying both sides of Eq. (19) by Δp(x,t) or Δn(x,t) and then applying Eq. (35), we obtain  

 1 ( , )( , ) ( , ) 0D x t
p x t p x t

q x

 
     

 (36) 

and  

 1 ( , )( , ) ( , ) 0D x t
n x t n x t

q x

 
     

 (37) 

The solutions to Eqs. (36) and (37) are   

 1 ( , )( , ) 0, ( , ) D x t
p x t p x t

q x


   


 (38) 

and  

 1 ( , )( , ) 0, ( , ) D x t
n x t n x t

q x


    


 (39) 

respectively. According to Eq. (19), however, only the following combinations of solutions 
are allowed.    

 1 ( , )( , ) 0 ( , ) D x t
p x t and n x t

q x


    


 (40) 

and  

 1 ( , )( , ) 0 ( , ) D x t
n x t and p x t

q x


   


 (41) 

Since Cin(x)  0, the quantities Δp(x,t) and Δn(x,t) effectively become the total free-carrier 
concentrations and must therefore be non-negative. Eqs. (40) and (41) thus lead to an 
important conclusion: At the limit of zero intrinsic conductivity, either p-type or n-type free 
charge-carriers become dominant, with the cases of    

 ( , ) 0D x t
x





 (42) 

and  

 ( , ) 0D x t
x





 (43) 

corresponding to the dominance of p-type and n-type free charge-carriers, respectively. This 
conclusion provides a linkage between two of the three independent assumptions, i.e. the 
absence of an intrinsic conductivity and the presence of only a single type of free charge-
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carriers, in the original derivation of the Mott-Gurney law: Although Eqs. (40) and (41) only 
conclude that the simultaneous presence of p-type and n-type free carriers is locally 
forbidden, this conclusion also holds globally across a dielectric sample for the case of a 
plane-parallel dielectric capacitor as described by the Mott-Gurney law. In the absence of 
diffusion currents, the total-current density J is equal to the conduction-current density Jc, 
and they are both spatially continuous; For any non-zero total-current density J, the space-
charge density must be non-zero everywhere, otherwise there would be the case of J = Jc = 0 
somewhere in the sample. Globally, regions of positive space-charge density and regions of 
negative space-charge density cannot be present simultaneously in the dielectric sample, 
otherwise there would exist inter-regional boundaries of zero space-charge density at which 
J = Jc = 0. It follows that the space-charge density must be of the same sign across the 
dielectric sample as well, which implies that the simultaneous presence of p-type and n-type 
free charge-carriers is also globally forbidden.  
For σin(x)  0, Eq. (34) becomes 

 

[ ( ) ( )] ( , )( , )
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 
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 (44) 

If Eq. (42) holds, we have    

 

[ ( ) ( )] ( , )( , )
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 (45) 

Else if Eq. (43) holds, we have    
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2

[ ( ) ( )] ( , )
2

( , )( )
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x x D x t
x t
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x x D x t
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x

 


 



 



     


 



 (46) 

Eqs. (45) and (46) together verify that, in the case of σin(x)  0,  the charge mobility in the 
expression for the generally time-dependent local conductivity σ(x,t) is correctly equal to 
that of the dominant type of free carriers.   

6. Derivation of a general expression for the local diffusion-current density 
Apart from electrical conduction, i.e. the electric-field-driven flow of free charge-carriers, 
there also exists the possibility of charge diffusion due to the presence of a charge-density 
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gradient or a temperature gradient, where the latter is often being referred to as the 
thermoelectric effect. For any bulk dielectric sample, consider the ith infinitesimal volume 
with dimensions ∆x, ∆y and ∆z. Along the x-direction, for example, the net force acting on 
the p-type free carriers within this infinitesimal volume is given by   

 , , 1 , 1( )p i p i p iF P P y z      (47) 

where P and the subscript p denote the local pressure and p-type free charge-carriers, 
respectively. The total amount of charge carried by the p-type free carriers in this 
infinitesimal volume is    

 ,p i pQ qC x y z     (48) 

where     

 p inC C p    (49) 

is the total concentration of p-type free carriers for this infinitesimal volume. The 
corresponding force per unit charge, i.e. the mechanical counterpart of the electric field, is 
then given by      

 , , 1 , 1
,

,

( )p i p i p i
p i

p i p

F P P
E

Q qC x
 

  


  (50) 

And for the case of conduction by n-type free carriers, we have      

 , , 1 , 1
,

,

( )
( )

n i n i n i
n i

n i n

F P P
E

Q qC x
 
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 

  (51) 

where 

 n inC C n    (52) 

is the total concentration of n-type free carriers. In the continuum limit, Eqs. (50) and (51) 
can be replaced by      

 ( , )1( , )
( , )

p
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p

P x t
E x t

qC x t x


 


  (53) 

and      
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n
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P x t
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 
 

  (54) 

respectively. The diffusion-current density is then given by       
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Using an ideal-gas approximation for each of the two types of free charge-carriers, i.e.       

 ( , ) ( , ) ( , )p B pP x t k T x t C x t  (56) 

and      

 ( , ) ( , ) ( , )n B nP x t k T x t C x t  (57) 

where kB is the Boltzmann constant and T(x,t) is a generally position- and time-dependent 
local temperature, the diffusion-current density can be expressed as    
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 (58) 

where        
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x k T x t
D x t

q


  (59) 

and      
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n B

o n
x k T x t

D x t
q
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


 (60) 

are the Einstein relations for the local diffusion coefficients of p-type and n-type free 
charge-carriers, respectively. Using the definitions in Eqs. (49) and (52), Eq. (58) can be 
rewritten as 
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  
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 (61) 

From Eqs. (21) and (22), we obtain     

 2
2

1 ( , )( , ) ( )
2

1 ( , ) ( )
2

in

in

D x t
p x t C x

q x

D x t
C x

q x


  



 
   

 (62) 



 
Ferroelectrics - Characterization and Modeling 

 

480 

and      
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Differentiating Eqs. (62) and (63) with respect to x yields       
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respectively. Putting Eqs. (62) to (65) into Eq. (61), we obtain a general expression for the 
local diffusion-current density:        

 1 2( , ) ( , ) ( , )d d dJ x t J x t J x t   (66) 

where   
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and  
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 (68) 

Eq. (67) denotes a contribution to the diffusion current from the presence of a gradient in the 
space-charge density or in the intrinsic free-carrier concentration, while Eq. (68) denotes a 
contribution from the presence of a temperature gradient. At the limit of zero intrinsic 
conductivity, we have Cin(x)  0  as explained in the beginning of the previous section. Eqs. 
(67) and (68) are then reduced to         
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and  
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respectively. Similar to the case of Eq. (44), for Eqs. (69) and (70) we can also verify that in 
the case of σin(x)  0  the charge mobility is correctly equal to that of the dominant type of 
free carriers. Following Eqs. (69) and (70), if Eq. (42) is satisfied, we have       
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and  
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Else if Eq. (43) is satisfied, we have         

 

2

1 2

2

2

2

2

[ ( ) ( )] ( , ) ( , )( , )
2

( , ) ( , )
[ ( ) ( )] ( , )

( , )2

( ) ( , ) ( , )

p n B
d

p n B

n B

x x k T x t D x t
J x t

q x

D x t D x t
x x k T x t x x

D x tq
x

x k T x t D x t
q x

 

 



 
 



 
  

   


 


 (73) 

and  
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7. Alternative derivation of the general local conductivity expression 
We begin our alternative derivation of the general local conductivity expression in Eq. (34) 
by identifying the following quantities that appear in the conductivity expression:         
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The drift velocities of p-type and n-type free carriers can then be expressed as          

 ( , ) ( ) ( , ) '( ) ( , ) "( ) ( , )p pv x t x E x t x E x t x E x t      (77) 

and      
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 ( , ) ( ) ( , ) '( ) ( , ) "( ) ( , )n nv x t x E x t x E x t x E x t       (78) 

where          

 "( ) '( ) 0x x    (79) 

and  µ’(x) can be positive or negative. In this description, both p-type and n-type free carriers 
share the same velocity component µ’(x)E(x,t), with the presence of the additional velocity 
components µ“(x)E(x,t) and -µ“(x)E(x,t) for p-type and n-type free carriers, respectively. The 
generally time-dependent local electrical conductivity can then be expressed as a sum of 
contributions from the velocity components µ’(x)E(x,t) and ±µ“(x)E(x,t):           
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According to Gauss’ law, the density of free space-charge is given by            

 ( , )( , ) [ ( , ) ( , )]q p n
D x t

x t q C x t C x t
x
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
 (81) 

In the absence of free space-charge, i.e. ρq(x,t) = 0, both Cp(x,t) and Cn(x,t) are by definition 
equal to the intrinsic free-carrier concentration Cin(x), and the electrical conductivity σ(x,t) 
would then be equal to the intrinsic conductivity           

 ( ) 2 "( ) ( )in inx q x C x   (82) 

according to Eq. (80). 
Consider the reversible generation and recombination of p-type and n-type free carriers:  

        1 source particle        1 p-type free carrier    +    1 n-type free carrier  

As described right below Eq. (18), the rate of free-carrier generation is assumed to be equal 
to the rate of free-carrier recombination due to a “heat balance“ condition, and the rate of 
each of these processes is assumed to be proportional to the product of the “reactants“. 
Following these, for Cs(x,t) being the concentration of the source particles for free-carrier 
generation (e.g. valence electrons or molecules) we have           

 ( , ) ( , ) ( , )g s r p nK C x t K C x t C x t  (83) 

where Kg and Kr are, respectively, the rate constants for the generation and recombination of 
free carriers. If the conditions            

 ( , ) ( , )p sC x t C x t  (84) 

and            

 ( , ) ( , )n sC x t C x t  (85) 

hold for a dielectric insulator such that            
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 ( , ) ( )s sC x t C x  (86) 

i.e. the concentration of source particles for free-carrier generation has an insignificant 
fluctuation with time and is practically a material-pertaining property, we have           

 2( ) ( , ) ( , ) ( )g s r p n r inK C x K C x t C x t K C x   (87) 

which implies            

 2( , ) ( , ) ( )p n inC x t C x t C x  (88) 

As an example, we show that this mass-action approximation is valid for a dielectric 
insulator which has holes and free electrons as its p-type and n-type free charge-carriers, 
respectively, and which has valence electrons as its source particles: A hole is by definition 
equivalent to a missing valence electron. At anywhere inside the dielectric sample, the 
generation and annihilation of a hole correspond, by definition, to the annihilation and 
generation of a valence electron, respectively, and the flow-in and flow-out of a hole are, 
respectively, by definition equivalent to the flow-out and flow-in of a valence electron in the 
opposite directions. Therefore,             
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so that the total concentration of holes and valence electrons is given by              

 ( ) ( , ) ( , )p s p sC x C x t C x t    (90) 

Eq. (83) can then be written as            

 [ ( ) ( , )] ( , ) ( , )g p s p r p nK C x C x t K C x t C x t    (91) 

For the case of zero space charge where Cp(x,t) = Cn(x,t) = Cin(x), we have            

 2[ ( ) ( )] ( )g p s in r inK C x C x K C x    (92) 

Define a material paramter             
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and consider the limit of (x)  0 for the case of a dielectric insulator. Combining Eqs. (91) 
to (93), we obtain the mass-action relation in Eq. (88):            
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Going back to our derivation of the conductivity expression, we notice that Eqs. (81) and 
(88) together imply            
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from which we obtain             
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and             
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Using Eqs. (80) to (82) as well as Eq. (99), we obtain the following expression for the 
generally time-dependent local electrical conductivity:  

 2 2( , ) '( ) ( , ) [ "( ) ( , )] ( )q q inx t x x t x x t x         (100) 

By defining the reduced paramters   
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Eq. (100) can be expressed in a simpler form:   

 2( , ) ( ) ( , ) [ ( , )] 1q qx t x x t x t          (104) 

For the limiting case of zero intrinsic conductivity with Cin(x)  0, Eqs. (97) and (98) can be 
rewritten as 
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and 
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respectively, which imply the dominance of either type of free carriers: If ρq(x,t) > 0, we have 

 
( , )

( , ) ( , ) 0q
p n

x t
C x t and C x t

q


   (107) 

Else if ρq(x,t) < 0, we have 
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8. Conclusions and future work  
In this Chapter, a generalized theory for space-charge-limited conduction (SCLC) in 
ferroelectrics and other solid dielectrics, which we have originally developed to account for 
the peculiar observation of polarization offsets in compositionally graded ferroelectric films, 
is presented in full. The theory is a generalization of the conventional steady-state trap-free 
SCLC model, as described by the Mott-Gurney law, to include (i) the presence of two 
opposite types of free carriers: p-type and n-type, (ii) the presence of a finite intrinsic 
(Ohmic) conductivity, (iii) any possible field- and time-dependence of the dielectric 
permittivity, and (iv) any possible time dependence of the dielectric system under study. 
Expressions for the local conductivity as well as for the local diffusion-current density were 
derived through a mass-action approximation for which a detailed theoretical justification is 
provided in this Chapter. It was found that, in the presence of a finite intrinsic conductivity, 
both the local conductivity and the local diffusion-current density are related to the space-
charge density in a nonlinear fashion, as described by Eqs. (34), (66), (67) and (68), where the 
local diffusion-current density is generally described as a sum of contributions from the 
presence of a charge-density gradient and of a temperature gradient. At the limit of zero 
intrinsic conductivity, it was found that either p-type or n-type free carriers are dominant. 
This conclusion provides a linkage between the independent assumptions of (i) a single 
carrier type and (ii) a negligible intrinsic conductivity in the conventional steady-state SCLC 
model. For any given space-charge density, it was also verified that the expressions we have 
derived correctly predict the dominant type of free carriers at the limit of zero intrinsic 
conductivity. 
Future work should be carried out along at least three possible directions: (i) As a further 
application of this general local conductivity expression, further numerical investigations 
should be carried out on how charge actually flows inside a compositionally graded 
ferroelectric film. This would provide answers to interesting questions like: Does a graded 
ferroelectric system exhibit any kind of charge-density waves upon excitation by an 
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alternating electric field? What are the physical factors (dielectric permittivity, carrier 
mobility, etc.) that could limit or enhance the degree of asymmetry in the SCLC currents of a 
graded ferroelectric film? The latter question has been partially answered by ourselves 
(Zhou et al., 2005b), where we have theoretically found that the observation of polarization 
offsets, i.e. the onset of asymmetric SCLC, in a compositionally graded ferroelectric film is 
conditional upon the presence of relatively large gradients in the polarization and in the 
dielectric permittivity. Certainly, a detailed understanding of the mechanism of asymmetric 
electrical conduction in such a graded ferroelectric film would also provide insights into the 
designing of new types of electrical diodes or rectifiers. The recently derived expression for 
the local diffusion-current density, as first presented in this Book Chapter (Eqs. (66) to (68)), 
has also opened up a new dimension for further theoretical investigations: Using this 
expression, the effect of charge diffusion in the presence of a charge-density gradient or a 
temperature gradient can be taken into account as well, and a whole new range of problems 
can be studied. For example, it would be interesting to know whether asymmetric electrical 
conduction would also occur if a compositionally graded ferroelectric film is driven by a 
sinusoidal applied temperature difference instead of a sinusoidal applied voltage. In this 
case, one also needs to take into account the temperature dependence of the various system 
parameters like the remanent polarization and the dielectric permittivity. The theoretical 
predictions should then be compared against any available experimental results. (ii) 
Going back to the generalized SCLC theory itself, it would be important to look for 
possible experimental verifications of the general local conductivity expression, and to 
establish a set of physical conditions under which the conductivity expression and the 
corresponding mass-action approximation are valid. Theoretical predictions from the 
conductivity expression should be made for real experimental systems and then be 
compared with available experimental results. It would also be worthwhile to generalize 
the mass-action approximation, and hence the corresponding local conductivity 
expression, to other cases where the charge of the free carriers, or the stoichiometric ratio 
between the concentrations of p-type and n-type free carriers in the generation-
recombination processes, is different. (iii) In the derivation of the Mott-Gurney law J ~ V², 
the boundary conditions Ep(0) = 0 and En(L) = 0 were employed to describe the cases of 
conduction by p-type and n-type free carriers, respectively. If we keep Ep(0) or En(L) as a 
variable throughout the derivation, an expression of J as a function of Ep(0) or En(L) can be 
obtained and it can be shown that both the boundary conditions Ep(0) = 0 and En(L) = 0 
correspond to a state of maximum current density. As an example, for the case of 
conduction by p-type free carriers, we have (Fig. 2) 
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where ep(0) ≡ Ep(0)L/V. If we consider our general local conductivity expression which takes 
into account the presence of a finite intrinsic conductivity and the simultaneous presence of 
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p-type and n-type free carriers, it would be important to know whether this maximum-
current principle can be generally applied to obtain the system’s boundary conditions. 
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Fig. 2. Plot of jp against ep(0), showing a maximum of jp at ep(0) = 0. 
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1. Introduction 
Due to their electromechanical properties, piezoelectric materials are widely used as sensors 
and actuators [1-3]. Under low driving levels, their behavior remains linear and can be 
described by means of linear constitutive equations. A majority of the transducers is used on 
these levels. Increasing the levels of electric field or stress leads to a depoling that results in the 
degradation of the dielectric and piezoelectric performances. This latter phenomenon is 
usually considered to be due to the irreversible motion of the domain walls [4-11]. The 
resulting nonlinear and hysteretic nature of piezoelectric materials induces a power limitation 
for heavy duty transducers or a lack of controllability for positioners. Consequently, a 
nonlinear modeling including a hysteresis appears to be a key issue in order to obtain a good 
understanding of transducer behavior and to determine the boundary conditions of use. 
Several models have been proposed in the literature found understanding the hysteretic 
behavior of various materials.12–14. However, a majority of these phenomenological 
models is purely eclectic, and it is consequently difficult to interpret the results as a 
function of other parameters (stress and temperature) in order to obtain a clear physical 
understanding. 

2. Stress/electrical scaling in ferroelectrics 
2.1 Presentation of the scaling law 
In order to determine a scaling law between the electric field and the stress, one should start 
by following piezoelectric constitutive equations restricting them in one dimension. 
These equations can be formulated with stress and electric field as independent variables, 
thus giving 

 33 33( , ) ( , )EdS s E T dT d E T dE= +  (1) 
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where E, T, and S represent the electric field, the mechanical stress, and the strain, respectively. 
The constants 33

Tε , 33
Es , and 33d  correspond to the dielectric permittivity, the elastic 

compliance, and the piezoelectric constant, respectively. Here, the superscripts signify the 
variable that is held constant, and the subscript 3 indicates the poling direction. 
The coefficients are defined as 

 33
( , 0)dS E T

d
dE

= =  (2) 

 33
( 0, ) ( 0, )dD E T dP E T

d
dT dT

= == =  (3) 

From a given P:  

 ( , 0) ( 0, )dS E T dP E T
dE dT

= ==  (4) 

It can also be descried as following;  

 ( , 0) ( , 0) ( 0, )
( , 0)

dS E T dP E T dP E T
dP E T dE dT

= = ==
=

 (5) 

The interrelation between the strain (S) and the spontaneous polarization (P) is estimated 
using a global electrostrictive relationship, i.e., the strain is an even function of the 
polarization of the polarization, 

 
2

0
( , 0)

i n
i

i
i

S P E Tα
=

=
= =   with n∈Ν+ (6) 

Here, n is the polynomial order and αx is the electrostrictive coefficient of order x. 
The derivatives of the strain are 

 
2

1

1
. ( , 0) ( ( , 0))

( , 0)

i n
i

i
i

dS
i P E T h P E T

dP E T
α

=
−

=
= = = =

=   (7) 

Introducing the attest relationship in the previous calculations leads to: 

 
( , 0) ( 0, )( ( , 0)). dP E T dP E T

h P E T
dE dT

= == =  (8) 

 
( , 0) ( 0, )

( ( , 0))
dP E T dP E T

dE h P E T dT
= ==

=
 (9) 

 ( )
( , 0) ( 0, )

( ( , 0))
dP E T dP E T

dE d h P E T T
= ==

=
 (10) 

Thus,  
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 ( ( , 0))E h P E T TΔ ≡ = Δ  and 
( ( , 0))

E
T

h P E T
ΔΔ ≡

=
  (11) 

Thus, we consider that the term h(P)T plays the same role to the electric field E. This 
statement is fraught with consequence because this equivalence must be preserved for all 
cycles (P, S or coefficients). According to the equation (7), the function h(P) must be odd, so 
that the effect of "electric field" equivalent reversed with the sign of polarization. Moreover, 
we know experimentally that the polarization tends to zero when the compressive stress 
tends to infinity. Moreover, h(P) to zero when the stress tends to infinity for not polarised 
ceramics in the opposite direction. Precisely, the equivalence implies that the couple 

0
E Ec
P

= 
 = 

 is equivalent to the couple
0

T
P

= ∞ 
 = 

. Hence; 

lim ( )
T

h P T Ec
→∞

=  => lim ( )
T

Ec
h P

T→∞
= . 

As illustrated in the figure 1, the scaling law (1) can be used to derive the stress polarization 
P behavior from the ( )P f E= cycle or reciprocally to drive the polarization behavior versus 
the electrical field once the ( )P g T= cycle is known. As it can be seen of figure in the 

( )P g T=  can be obtained from the ( )P f E=  cycle by streching the x axis.  
 

 
Fig. 1. Schematic illustration of the law scaling (1). 

2.2 Determination of the parameters of the scaling law 
Considering physical symmetries in the materials, a similar polarization behavior (P) can be 
observed during variation of an electric field (E) or the mechanical stress (T). Both of these 
external disturbances are caused by the depoling of the sample. An explication concerning 
how to apply the scaling law is here given based on the equations developed in Sec. II. 
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Starting from Eq. (7), the entire derivation of strain by polarization can be calculated based 

on experimental data, ( ( , 0))
( , 0)

dS
h P E T

dP E T
= =

=
. In order to determine the right-hand 

term of Eq. (8)  i.e(h(P(E,T=0)), the strain was plotted as a function of the polarization with a 
variation in electric field. The famous strain—polarization hysteresis loop, shaped as a 
butterfly—was obtained. It can be approximated by the square of the polarization variation, 
and neglecting only a small amount of the hysteresis, quadratic electrostriction is obtained, 
as shown in Fig. 2. A model based on this assumption provides a simplified constitutive law 
that presents all of the switching behavior in the polarization relation. 
Table 1 shows the expression of h(P(E,T=0)) for various structure of ceramics. It is noticeable 
that the polynomials of h(P(E,T=0)) depend on the structure. The switching of domains and 
the variation in angles based on the structure (i.e., 90° and 180° for a tetragonal material and 
71° and 109° for a rhombohedral material) were believed to be the cause of the variation in 
the polynomials. Micromechanics models determine domain switching possibilities with an 
electromechanical energy criterion with an electrical and a mechanical parameter.12,17 
These parameters must be greater than the product of the coercive electric field and the 
critical value of the spontaneous polarization. The 180°, 71°, and 90° domains play different 
roles in minimizing the free energy. 
 

Material Structure Function h(P(E,T=0)) 
PMN-25PT Rhomohedral (R) 3 20.0589 0.0019 0.0017 0.0001P P P− + +  
PMN-40PT Tetragonal (T) 3 20.2933 0.0056 0.0392 0.0006P P P− + +  

P188 MPB (R+T) 0.056P  

Table 1. 
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Fig. 2. Strain-electric-displacement hysteresis loops during electric-field loading at zero 
stress for ferroelectric material. 
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2.3 Verification of the scaling law 
The viability of the proposed scaling law was explored using two distinct experiments on 
soft PZT. Starting from the experimental depoling under stress P=f(T), the depoling was 
plotted as a function of h[P(E=0,T)]T] giving [ ]{ }( ( 0, ) )P g h P E T T= =  and was compared to 
the direct measurement of P=g(E). The electric field dependence of polarizations P=g(E), 
was plotted as a function of [ ]{ }/ ( , 0)E h P E T =  (giving [ ]{ }( / ( , 0)P g E h P E T= =  and 
compared to the direct measurement of P= f(T). This is portrayed in Fig. 1. The second 
comparison was helpful in determining the appropriateness of the scaling law for fields 
close to the coercive field (Ec). In this area, a small portion of the curve P(E) produced a 
wide range of constraints on the line P(T) due to  T→∝ when E→Ec. These results are 
presented in Fig. 3   
In a general manner, the experimental and reconstructed cycles demonstrated reasonable 
agreements, with regard to both increasing and decreasing paths, for the soft PZT.  
This good agreement for both P(E) and P(T) cycles thus confirmed the viability of the scaling 
law for soft PZT. Only one parameter ruled the “scale” of the strain and the scale of the 
stress effect. This ease of conversion between P(E) and P(T) cycles by such a simple law 
gives numerous opportunities regarding the use of piezoelectric materials. It is possible to 
predict the depoling behavior over the entire stress cycle (compressive or tensile)/field 
plane. These results are important to the design and performance of actuators and sonar 
transducers. 
The proposed scaling law can be used for several electrical models in order to understand 
the hysteretic behaviour of piezoelectric materials [12-14]. This scaling law is interesting in 
order to introduce the stress as an equivalent electric field; the behavior of ferroelectric 
materials under a combined electric field (E) and stress (T) can thus be determined. It is also 
interesting to note that for practical use, the maximum stress can be determined from this 
scaling law. This result is presented in Fig. 3. The small variations of polarization were 
observed for applied electric field lower than EM (here, 0.7 kV/mm). Therefore polarizations 
undergo a rapid change in polarization. Based on this EM value, the equivalent stress (TM) 
can be directly obtained (40 MPa). As a consequence, the maximum stress for application 
can be obtained without stress experiment. 
 

 
Fig. 3. Experimental validation of the scaling law for soft PZT 
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3. Temperature/electric field scaling in ferroelectrics  
3.1 Presentation of the scaling law  
In order to determine a scaling law between the electric field and the temperature, one 
should start by following the piezoelectric constrictive equations, restricting them in one 
dimension. 
These equations can be formulated with the temperature and the electric field as 
independent variables; thus, giving 

 . . .d
d c d p dE

θ θ
θ

Γ = +  and 33
TdD dE pdε θ= +  (12) 

 0D E Pε= +  (13) 

D, P, E, θ  and Γ and G represent the electric displacement, the polarization, the electric field, 
the temperature and the entropy, respectively, and where c and p, respectively, correspond 
to the heat capacity and the pyroelectric coefficient. Here, the superscripts signify the 
variable that is held constant, and the subscript 3 indicates the poling direction. Since the 
polarization is large enough compared to 0Eε , 0P Eε>> , then D P≈ . 
The coefficients are defined as: 

 0( , )d E
p

dE
θΓ =  (14) 

 0 0( , ) ( , )dD E dP E
p

d d
θ θ

θ θ
= =  (15) 

For a given P:  

 0 0( , ) ( , )d E dP E
p

dE d
θ θ

θ
Γ = =   (16) 

which can also expressed as:  

 0 0 0

0

( , ) ( , ) ( , )
( , )

d E dP E dP E
p

dP E dE d
θ θ θ
θ θ

Γ = =   (17) 

Here, θ0 and E0 correspond to room temperature (298 K) and the initial electric field (0 
kV/mm), respectively. 
From a physical point of view, the entropy cannot depend on the polarization orientation in 
the ferroelectrics material. It means that the entropy must be an even function of 
polarization. Limiting the entropy expansion to the second order and ensuring 

 2.P Pα βΓ = +  (18) 

Here, α  and β are a two constant. 
The derivatives of the strain can be written as: 

 0
0

2 . ( , )
( , )
d

P E
dP E

α β θ
θ

Γ = +  (19) 
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Introducing Eq. (19) in the previous calculations leads to: 

 0 0
0

( , ) ( , )2. . ( , ). dP E dP E
P E p

dE d
θ θα β θ

θ
+ = =   (20) 

 0 0

0

( , ) ( , )
( 2. . ( , ))

dP E dP E
p

dE P E d
θ θ

α β θ θ
= =

+
  (21) 

The function 02. . ( , )P Eα β θ+ does not depend on temperature. 
Thus, Eq. 21 can be written as 

 
( )

0 0

0

( , ) ( , )
2. . ( , ).

dP E dP E
p

dE d P E
θ θ

α β θ θ
= =

+
 (22) 

According to Fig. 4, for a given value of polarization (P), we can write the following equality  
0 0( , ) ( , )P dP E dP Eθ θ= =  

Thus, 

 02. . ( , )).E P Eα β θ θΔ ≡ + Δ  and 
02. . ( , ))

E
P E

θ
α β θ

ΔΔ ≡
+

 (23) 

With; 0E E E EΔ ≡ − =  and 0θ θ θΔ = −  
The term 02. . ( , )).P Eα β θ θ+ Δ  can thereby be considered to play an equivalent role as that of 
the electric field (ΔE). Such a statement is fraught with a consequence, since this equivalence 
must be preserved for all cycles (P, Γ or coefficients). Moreover, 0( 2. . ( , )).P Eα β θ θ+ Δ  is 
equal to . Cα θΔ   ( , 0)C CE Pα θ× Δ = =  when the temperature tends to Curie temperature (θC). 

The equivalence thus precisely implies that the couple 
0

E Ec
P

= 
 = 

 is equivalent to the 

couple
0

C

P

θ θ=

=

 
  
 

. Hence; 

 0lim ( 2. . ( , )). )
C

CP E E
θ θ

α β θ θ
→

+ Δ = => 0lim ( 2. . ( , ))
C

C

C

E
P E

θ θ
α β θ α

θ→
+ = =

Δ
 (24) 

As illustrated in Fig. 4, the scaling law can be used to derive the behavior of the polarization as 
a function of the temperature P(θ) from P(E) cycle, or reciprocally to drive the polarization 
behavior versus the electrical field, once the P(E) cycle is known. 

3.2 Verification of the scaling law 
The effects of various electric fields and temperatures on the polarization profile are 
illustrated in Figure 5, where Figure 5(a) represents the polarization variation as a function 
of the temperature for an electric field E=0 V/mm. It was shown by Hajjaji et al [15] that the 
depolarization as a function of the temperature was mainly due to the decrease in the dipole 
moment and the fact that the variation in this dipole moment was reversible. In the vicinity 
of the ferroelectric to paraelectric transition, the temperature depolarization of the ceramics 
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Fig. 4. Schematic illustration of the temperature/electric field scaling law 

was the result of a 0–90° domain switching, whereas a 0–180° domain switching did not 
occur with temperature. The effects were thus quite obvious. At a fixed θ (cf. Fig. 2(b)), the 
polarization variation was minor for low applied electric fields. It then began to increase as 
E increased gradually from 350 V/mm (a value close to Ec). For the electric field, the 
depolarization of the ceramic was governed by the domain wall motion. As demonstrated 
by Pruvost et al.[27], the depolarization process under an electric field was more 
complicated than its counterpart under a compressed stress or temperature in the sense that 
the electric field depolarization involved more than one mechanism. For electric tetragonal 
ceramics; there existed three possibilities for domain switching: 0–90°, 90–180°, and 0–180°. 
It should be pointed out that the focus of the present study was to investigate the 
characteristics of the polarization variation when the sample was in a stable state. For this, 
the employed fields (E) were below 450 V/mm (E<Ec) and the temperature dependence 
took place below 373 K. 
Despite the difference between the mechanisms of depolarization as a function of electric 
field and temperature, we have try determining a law that links the two (electric field E and 
temperature θ) and to identify one from another. 
In order to obtain a suitable scaling relation for the ceramic, one can first follow the 
suggested scaling law given in Eq. (23). This enables a direct determination of the 
proportionality coefficients α and β from the experimental data. The coefficient α can be 

determined from the following equation (24) ( 4300)C

C

E α
θ

= =
Δ

. According to Fig 5(a and b), 

a plot of the eclectic field (ΔE) as a function of Δθ renders it possible to obtain the coefficient 
β (β=3000). Based on the plot in Figure 3, it was revealed that the experimental data could be 
fitted (with R2=0.99), within the measured uncertainty, by: 0( 2. . ( , )).E P Eα β θ θΔ = + Δ . 
In addition, the viability of the proposed scaling law was explored by way of two distinct 
experiments on soft PZT. Starting from the experimental depoling under temperature P(θ), 
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the depoling was plotted as a function of (α+2.β.P(E0,θ)×Δθ) (giving P(α+2.βP(E0,θ)×Δθ) and 
was compared to the direct measurement of P(E). The experimental result under an electric 

field, P(E), was plotted as a function of 
0( 2. . ( , ))

E
P Eα β θ+

 (giving
0

( )
2. . ( , )

E
P

P Eα β θ+
) and 

was compared to the direct measurement of P(θ). This is depicted in Figure4.  
The second comparison was helpful in determining the appropriateness of the scaling law 
for fields close to the coercive field (Ec). In this area, a small portion of the curve P(E) 
produced a wide range of temperatures on the line P(θ), due to θ→θC when E→Ec (cf. 
Figures 6 and 7). In a general manner, the experimental and reconstructed cycles were in 
reasonably good agreement, with regard to both increasing and decreasing paths. This 
decent correlation for both the P(E) and P(θ) cycles thus confirmed the viability of the 
scaling law.  
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Fig. 5. (a) Polarization versus electric field on Pb(Mg1/3Nb2/3)0.75Ti0.25O3 ceramic. (b) 
Polarization versus temperature on Pb(Mg1/3Nb2/3)0.75Ti0.25O3 ceramic 
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Fig. 6. Scaling of electric field against (Δθ) for Pb(Mg1/3Nb2/3)0.75Ti0.25O3 ceramic  
 

 
Fig. 7. Experimental validation of the scaling law for PMN-25PT ceramic 

EM 
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It is interesting to note that for purely electrical measurements, the presented law rendered 
it possible to determine the maximum temperature for practical use (cf. Figure 7). Small 
variations in polarization were observed for an applied electric field lower than EM (here, 
150 V/mm), leading to the conclusion that the polarizations underwent a rapid change. 
Based on the obtained EM value, one can determine the equivalent temperature (θM) 
corresponding to the maximum temperature used.  

The relationship 
02. . ( , )

E
P E

θ
α β θ

Δ =
+

 leads to both a negative, i.e., 

min
min

min 02. . ( , )
E
P E

θ
α β θ

Δ =
+

, and a positive, i.e., max
max

max 02. . ( , )
E
P E

θ
α β θ

Δ =
+

, bound. The 

absolute value of Δθmin can thus be considered to be much larger than Δθmax. Consequently, a 
symmetric electrical field cycle would give rise to a dissymmetric cycle in terms of 
temperature. Reciprocally, a symmetric temperature cycle would result in an asymmetric 
cycle in terms of the electrical field. 

4. Temperature/stress scaling in ferroelectrics  
4.1 Presentation of the scaling law  
In order to determine the general laws between the mechanical stress, electrical field, and 
the temperature, we are based on previous studies of Guyomar et al [7]. These studies were 
proposed a scaling effect between electric field and a term composed by the polarization 
multiplied by the stress:  

 0( , )E T P E TαΔ ≡ Δ ×  (25) 

Where α is the proportionality constant between ΔE and ΔT. Both ΔE and ΔT represent the 
electric field and the mechanical stress variation. P(E,T0) is the polarization at zero 
stress(T0=0MPa). 
In the other study Hajjaji et al proposed a scaling law between the electrical field and the 
temperature [16]. This law is expressed by the following expression.  

 0( 2 ( , ))E P Eχ β θ θΔ ≡ + × × Δ  (26) 

Here, χ  and β are a two constant. P(E, θ0) is the polarization at room temperature ( 
θ0=298K) and Δθ is the temperature variation. 
In most cases the coefficient χ  is negligible compared to 02 ( , )P Eβ θ× . Thus, the expression 
(26) becomes: 

 0(2 ( , ))E P Eβ θ θΔ ≡ × × Δ  and 
0(2 . ( , ))

E
P E

θ
β θ

ΔΔ ≡
×

 (27) 

With; 0E E E EΔ ≡ − =  and 0θ θ θΔ = −  
According to equations (25) and (27) we find the following expression: 

 0 0( , ) 2 ( , )E T P E T P Eα β θΔ ≡ Δ × ≡ ×  (28) 
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0 0( , ) ( , )P E T P E θ=  

 2Tα β θΔ ≡ Δ  (29) 

With; 0E T T TΔ ≡ − =  and 0θ θ θΔ = −   0( 298 )Kθ =  
Thus  

 T δ θ≡ × Δ  (30) 

As illustrated in figure 8, we determine P(T) and P(θ) from P(E) (steps 1 and 3), P(E) and 
P(θ) from P(T) (steps 1 and 2), and at the end we can determine P(E) and P(T) from P(θ) 
(steps 2 and 3),. 
 

 
Fig. 8. Schematic illustration of the scaling laws 



 
Nonlinearity and Scaling Behavior in a Ferroelectric Materials 

 

505 

4.2 Verification of the scaling law 

Figure 9 shows the relation between ΔT and 
0( , )

E
P E T

Δ  where good linear fits are apparent (R 

close to 1). This implies a power-law relation between the mechanical stress and electric 
field, i.e., ( 0( , )E T P E TαΔ ≡ Δ × , the exponent α can be extracted from the slope, i.e. 

0

( )( )
( , )
( )

E
d

P E T
d T

α

Δ

=
Δ

.  

The expression (25) allows expressing the mechanical stress as an equivalent electric field 
and the electric field as an equivalent stress. Thus, a good agreement between electrical field 
and mechanical stress proved that the proposed scaling law allows predicting the depoling 
behavior under stress using only purely electrical measurements. Reciprocally, the 
predictions of the depoling behaviour under an electrical field were permitted using only 
purely mechanical measurements. It was found that such an approach permitted the 
prediction of the maximal stress application from purely electrical measurements (i.e., 
measurements of S(E) and P(E)). The maximal stress for application is the stress that can be 
applied to materials without they lose their piezoelectric properties. 
 

 
Fig. 9. Experimental validation of the scaling law between electrical field and mechanical 
stress for PZT ceramic 

In the other study we proposed a scaling law between the electrical field and the 
temperature [16]. This law is expressed by the expression (25) ( 0(2 ( , )).E P Eβ θ θΔ ≡ × Δ ). 
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Figure 10 shows the relation between 
0( , )

E
P E θ

Δ  and θΔ  where good linear fits are apparent 

(R close to 1). This implies a power-law relation between the temperature and electric field, 
i.e., ( 0(2 ( , )).E P Eβ θ θΔ ≡ × Δ ), the exponent β can be extracted from the slope, i.e. 

0
( )

( , )2
( )

E
d

P E
d

θβ
θ

Δ

=
Δ

.  

According to this law, it is possible to determine the behavior of the polarization in function 
of temperature from the electrical measurements. Reciprocally, it is possible to determine 
the behavior of the polarization in function of the electric field from thermal measurements. 
It is interesting to note that for purely electrical measurements, the presented law rendered 
it possible to determine the maximum temperature for practical use. Small variations in 
polarization were observed for an applied electric field lower than EM (here, 150 V/mm), 
leading to the conclusion that the polarizations underwent a rapid change. Based on the 
obtained EM value, one can determine the equivalent temperature (θM) corresponding to the 
maximum temperature used. 
 

 
Fig. 10. Experimental validation of the scaling law between electrical temperature variations 
for PZT ceramic 

Considering physical symmetries, similar behaviors can be observed under stress or 
temperature. Indeed both external disturbances may result in depling of the sample. We 
consider here a scaling effect that is described with (equation 30): T δ θ≡ × Δ . 
Where T is the mechanical stress, θΔ  the temperature variation, and δ  the scaling 
parameter. We therefore explore the viability of this assumption using two distinct 
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experiments on the same PZT material. We record first the depoling under mechanical 
stress. In a second time, we record the depoling under temperature. We try to obtain the 
same depoling values under mechanical stress or temperature in order to compare therefore 
the scaling effect. Starting from the experimental depoling under mechanical stress P(T), we 

plot the depoling as a function of “ T
δ

” P( T
δ

) and is compared to direct measurement 

( )P θΔ . In the same manner the the experimental result under stress P( θΔ ) is plotted as a 
function of δ θ× Δ  (giving P( δ θ× Δ )) and compared to the direct measurement P(T). In 
figure 4 are shown these results. The agreement is outstanding considering the different 
natures of mechanical stress and temperature. The two external disturbances acts very 
differently on the domain configurations [8-11], but at the macroscopic scale, over an 
important averaging, it is shown here that a very sharp scaling law can be considered. It is 
important to note the consequences of such a scaling once it has been demonstrated 
experimentally. It is possible to predict the poling behavior over the entire 
stress/temperature plane as shown on figure 11. 
In order to confirm these results, we plotted the mechanical stress as a function to the 
temperature variation. Figure 12 shows the relation between Δθ and T, where good linear 
fits are apparent (R2  close to 1). This implies a power-law relation between the stress and 
temperature, i.e., ( T δ θ≡ × Δ ), the exponent δ  can be extracted from the slope, i.e. 

( )
( )
d T

d
δ

θ
=

Δ
. According to figure 12, the coefficient δ  is equal to 0.35×106. 

 

 
Fig. 11. Experimental validation of the scaling law for soft PZT ceramic. 

In the literature, a majority of these phenomenological models are purely electric, mechanic, 
or thermal [19-22]. Consequently, it is difficult to interpret the results as a function of the 
combined to two or three excitations (mechanical stress and temperature for example).  
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The proposed scaling law can be used for several models have been proposed in the 
literature for comprehending the hysteretic behavior of various materials, which renders it 
interesting for introducing the temperature as an equivalent to the mechanical stress, or 
reciprocally to introducing the mechanical stress as an equivalent to the temperature. 
The behavior of ferroelectric materials under a combined mechanical stress (T) and 
temperature (θ) can thus be determined, which will help in the identification and 
understanding of the effect of the simultaneous action of temperature and mechanical stress 
on ceramics.  
According to this law, it is possible to determine the behavior of the polarization in function 
of temperature from the mechanical measurements. Reciprocally, it is possible to determine 
the behavior of the polarization in function of the mechanical stress from thermal 
measurements. It is interesting to note that for purely mechanical measurements, the 
presented law rendered it possible to determine the maximum temperature for practical use, 
and reciprocally it is possible to determine the maximum stress for practical use from purely 
thermal measurements. 
 

 
Fig. 12. Experimental validation of the scaling law between mechanical stress and 
temperature variation for PZT ceramic 

5. Predictions of material behavior 
Due to their electromechanical properties, piezoelectric materials are widely employed as 
sensors and actuators [16-17]. Most of these piezoelectric materials are utilized under 
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different conditions (stress, electrical field, and temperature).It would thus be interesting to 
predict their behaviors under a variety of excitations without having to perform too much 
experimental work, i.e., just carrying out a single experiment and providing the other 
experimental values. For example, from a simple measurement of the polarization as a 
function of the electric field, one could predict the behavior of the polarization as a function 
of temperature negative and positive(step 2) and stress (compressive and tensile stress) (step 
1). In conclusion, we could determine P(T) and P(θ) from P(E) (steps 1 and 3),P(E) and P(θ) 
from P(T) (steps 1 and 2), and finally P(E) and P(T) from P(θ) (steps 2 and 3),. 
 

 
Fig. 13. Schematic illustration of the material behavior under excitations. 

6. Relationship between the coefficients d33 and ε33 
The proposed scaling law can also be applied to the minor cycles. This fact provides a great 
advantage for the problem of the relation between 33ε  and 33d  according to 

 33
P
E

ε ∂=
∂

 (2) 

 33
P

d
T

∂=
∂

 (3) 

It is quite difficult to experimentally obtain a real d33 corresponding to an exact ɛ33. During 
the experiment, the electrical field (E) was stopped at a certain level to obtain a value of the 
polarization (P), and the permittivity (ɛ33) could thus be defined. When E was stopped, d33 
was calculated based on the obtained33 and did consequently not correspond to thereal d33. 
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As illustrated in Fig. 14, the measuring point for P was not on the main cycle but slightly 
beside, on the minor cycle. This result was due to the difference of E0+ΔE from ɛ, not 
corresponding to that of T0+ΔT from d33. Resultantly, the calculation of d33 could not be 
based on an exact value. By using the proposed simple scaling law, on the other hand, it was 
possible to obtain an exact value for d33, 

 ( )P P
h P

T E
∂ ∂= −
∂ ∂

 (4) 

thus, 

 33 33( )d h P Pε= − . (5) 

Figure 15 depicts the prediction of the piezoelectric constant (d33) under a compressive 
stress. In this case, d33 was calculated from the function h[P(E,T=0)] and compared with 
experimental values. It could be observed that the experimental and calculated piezoelectric 
constants displayed a similar variation with the compressive stress. Such a good agreement 
between simulation and experiment proved that the proposed law scaling rendered it 
possible to predict the piezoelectric constant (d33) under stress using only purely electrical 
measurements. Reciprocally, predictions of the dielectric constant (ɛ33) under an electrical 
field were permitted using only purely mechanical measurements. 
 

 
Fig. 14. relation between ε33 et d33 

7. Conclusion 
The present chapter proposes a three simple scaling laws taking into account the electrical 
field, the stress, temperature, and the polarization of ferroelectric materials in the form of 

0( , )E T P E TαΔ ≡ Δ × , 0(2 ( , )).E P Eβ θ θΔ ≡ × Δ  and T δ θΔ ≡ × Δ . The nonlinear behavior was 
considered and compared to that predicted by a linear reversible constitutive law in order to 
demonstrate the range of validity of the linear assumptions. 
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Fig. 15. (Color online) Evolution of the piezoelectric coefficient under compressive stress 

The proposed scaling laws can be used for several models have been proposed in the 
literature for comprehending the hysteretic behavior of various materials, which renders it 
interesting to interpret the results as a function of the combined to two or three excitations 
(mechanical stress and temperature for example).The ease of conversion between P(E), P(θ) 
and P(T) cycles by such a simple laws gives numerous opportunities regarding the use of 
piezoelectric materials. It was possible to predict the depoling behavior over the entire stress 
cycle (compressive or tensile), or to predict the depoling behavior over the entire 
temperature cycle (negative or positive) from to the hysteresis cycle. Thus, one should note 
that applying a symmetric electrical field cycle leads to a dissymmetric cycle under stress 
and temperature.  Consequently, the polarization behaves differently as a function of 
compressive as opposed to tensile stresses. Moreover, the polarization behaves also 
differently as a function of positive and negative temperature. 
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Harmonic Generation in Nanoscale
Ferroelectric Films

Jeffrey F. Webb
Swinburne University of Technology, Sarawak Campus

Malaysia

1. Introduction

The presence of surfaces or interfaces causes the behavior of ferroelectric materials to
differ from that of the bulk, in a way analogous to that for magnetic and superconducting
materials(Tilley, 1993; 1996). Here we will be concerned with a theoretical model that takes
into account the influence of surfaces on a ferroelectric film. There is also experimental
evidence that indicates that size effects in ferroelectrics are observable (Gerbaux & Hadni,
1989; Gerbaux et al., 1989; Höchli & Rohrer, 1982; Kulkarni et al., 1988; Marquardt & Gleiter,
1982; Mishina et al., 2003; Scott & Araujo, 1989) ;more recently, the strong influence of
boundaries on ferroelectric behaviour has been demonstrated (Li et al., 1996; 1997).Due to
the advent of ferroelectric random access memories (Scott, 1998) size effects in ferroelectric
thin films are of increasing importance.
This chapter shows how the Landau-Devonshire theory of ferroelectrics can be applied to thin
films and how the dynamic response to incident electromagnetic radiation can be calculated.
One aim is to show how harmonic generation components that occur because of the nonlinear
response of the ferroelectric can found and in particular how they are reflected from the film.
This is done because it relates to reflection measurements that could be carried out on the film
to investigate the theoretical proposals experimentally. Since ferroelectrics are responsive in
the terahertz region, terahertz wavemeasurements, especially in the far infrared regionwould
be the most relevant. Another aim is to present a general theory that serves as a foundation
for other calculations involving ferroelectric films.
To begin with, the Landau-Devonshire theory for calculating the static polarization is
developed starting with a bulk ferroelectric and progressing from a semi-infinite film to one
of finite thickness. It is then shown how dynamical equations can be incorporated together
with a Maxwell wave equation in order to calculate the dynamic response. This in general
is a nonlinear problem and using a standard perturbation expansion technique it is shown
how the harmonic components can be isolated and calculated. Finally a specific example of
second harmonic generation for a ferroelectric film on a metal substrate is given in which the
reflection coefficient is calculated exactly under simplified boundary conditions.

2. Landau-Devonshire theory

The starting point of the Landau-Devonshire theory is the Gibbs free energy expressed as
a series expansion in powers of components of the polarization vector P. The equilibrium
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polarization is found from the minimum of the free energy function; the temperature
dependence is such that below the Curie temperature the minimum corresponds to a non-zero
polarization but above this temperature it is zero, thus representing one of the basic properties
of a ferroelectric. Also the property that the spontaneous polarization can be reversed by the
application of an external electric field is manifest in the theory by more than one minimum in
the free energy so that the polarization can be switched between different possible equilibrium
polarizations. We will need a free energy expression for a ferroelectric film. Here we
first develop the ideas for a bulk ferroelectric and a semi-infinite ferroelectric as this is an
instructive way to lead up to the thin film case.

2.1 Bulk ferroelectrics
For a bulk ferroelectric a Gibbs free energy of the following form is often used (Lines & Glass,
1977)

F =
1
2

AP2 +
1
4

BP4 +
1
6

CP6, (1)

where
A = a(T − TC0) (2)

and
P2 = P2

x + P2
y + P2

z . (3)

The equilibrium polarization for the bulk ferroelectric is given by the minimum of the free
energy, found by solving

∂F
∂P

= 0→ APB + BP3
B + CP5

B = 0. (4)

For first order transitions, which are discontinuous, B < 0 and C > 0. But for second order
transitions, where the magnitude of the polarization changes continuously from PB to zero as
the temperature is raised through TC0, the term in P6 can be dropped (C = 0) and B > 0. a is
always a positive constant. The theory is phenomenological so that the parameters described
take values that can be found from experiment, or which, in some cases, can be calculated
using first-principles methods based on microscopic models of ferroelectrics (Iniguez et al.,
2001).
Figure 1 illustrates the behaviour for the second-order case C = 0; for T > TC0 the minimum
of F is at P = 0, corresponding to no spontaneous polarization above TC0, the paraelectric
phase; and for T < TC0 minima occur at P = ±PB, where

PB =
|A|
B

. (5)

This represents the switchable spontaneous polarization that occurs in the ferroelectric phase.

The free energy in Landau theory is invariant under the symmetry transformations of the
symmetry group of the paraelectric phase. The expression in Equation (1) is therefore, in
general, only an approximation to the actual free energy. For example, for a cubic ferroelectric
such as barium titanate, the paraelectric phase has cubic symmetry and the terms P4

x + P4
y + P4

z

and P2
x P2

y + P2
y P2

z + P2
z P2

x are separately invariant and would need to be included in the free
energy. However, as brought out by Strukov & Lenanyuk (1998), for the simplest transition of
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F

P

T > TC

F

P
−P0 P0

T < TC

Fig. 1. Landau Free energy above and below TC0.

a perovskite ferroelectric from its cubic paraelectric phase to a tetragonal ferroelectric phase
Equation (1) has appropriate symmetry.

2.2 A semi-infinite film
We take the film surface to be in the xy plane of a Cartesian coordinate system, and assume
that the spontaneous polarization is in-plane so that depolarization effects (Tilley, 1996) do
not need to be taken into account. The spontaneous polarization due to the influence of the
surface, unlike in the bulk, may not be constant when the surface is approached. Hence we
now have P = P(z), and this implies that a term in |dP/dz|2 is present in the free energy
expansion together with a surface term (Chandra & Littlewood, 2007; Cottam et al., 1984),
and the free energy becomes

F =
∫∫

dxdy
∫

∞

0
dz

[
1
2

AP2 +
1
4

BP4 +
1
6

CP6 +
1
2

D
(

dP
dz

)2]
+

1
2

D
∫∫

dx dy P2(0)δ−1, (6)

so that the free energy per unit area where S is the surface area of the film is

F
S
=
∫

∞

0
dz

[
1
2

AP2 +
1
4

BP4 +
1
6

CP6 +
1
2

D
(

dP
dz

)2]
+

1
2

DP2(0)δ−1. (7)

The surface term includes a length δ which will appear in a boundary condition required
when the free energy is minimized to find the equilibrium polarization. In fact, finding
the minimum, due to the integral over the free energy expansion, is now the problem of
minimizing a functional. The well know Euler-Lagrange technique can be used which results
in the following differential equation

D
d2P
dz2

− AP− BP3 − CP5, (8)

with boundary condition
dP
dz
− 1

δ
P = 0, at z = 0. (9)

The solution of the Euler-Lagrange equation with this boundary condition gives the
equilibrium polarization P0(z). It can be seen from Equation (9) that δ is an extrapolation
length and that for δ < 0 the polarization increases at the surface and for δ > 0 it decreases at
the surface, as is illustrated in Figure 2.
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P0(z)

δ

δ < 0

z

P0(z)

δ

δ > 0

z

Fig. 2. Extrapolation length δ. For δ < 0 the polarization increases at the surface and for δ > 0
it decreases at the surface. The dotted lines have slopes given by [dP0/dz]z=0.

For first order transitions with C �= 0 the solution to Equation (9) must be obtained
numerically (Gerbaux & Hadni, 1990). However for second order transitions (C = 0) an
analytical solution can be found as will now be outlined. The equation to solve in this case,
subject to Equation (9), is

D
d2P
dz2

− AP− BP3. (10)

The first integral is
1
2

D
(

dP
dz

)2
− 1

2
AP2 − 1

4
BP4 = G, (11)

and since as z → ∞, P tends to its bulk value PB while dP/dz → 0,

G = (1/2)AP2
bulk − (1/4)BP4

bulk. (12)

For T < TC0, we take Pbulk = PB, where PB is given by Equation (5) and G = A2/4B.
Following Cottam et al. (1984), integration of Equation (11) then gives

P0(z) = PB coth[(z + z0)/
√
2ξ], for δ < 0, (13)

P0(z) = PB tanh[(z + z0)/
√
2ξ], for δ > 0, (14)

where ξ is a coherence length given by

ξ2 =
D
|A| . (15)

Application of the boundary condition, Equation (9), gives

z0 = (ξ
√
2 sinh−1(

√
2|δ|/ξ). (16)

Plots of Equations (13) and (14) are given by Cottam et al. (1984).
For the δ < 0 case in which the polarization increases at the surface it can be shown (Cottam
et al., 1984; Tilley, 1996), as would be expected, that the phase transition at the surface occurs
at a higher temperature than the bulk; there is a surface state in the temperature range TC0 <
T < TC. For δ > 0, the polarization turns down at the surface and it is expected that the
critical temperature TC at which the film ceases to become ferroelectric is lower than TC0, as
has been brought out by Tilley (1996) and Cottam et al. (1984).
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2.3 A finite thickness film
Next a finite film is considered. The thickness can be on the nanoscale, where it is expected
that the size effects would be more pronounced. The theory is also suitable for thicker films;
then it is more likely that in the film the polarization will reach its bulk value.
The free energy per unit area of a film normal to the z axis of thickness L, and with in-plane
polarization again assumed, can be expressed as

F
S
=
∫ 0

−L
dz

[
1
2

AP2 +
1
4

BP4 +
1
6

CP6 +
1
2

D
(

dP
dz

)2]
+

1
2

D
[

P2(−L)δ−11 + P2(0)δ−12

]
, (17)

which is an extension of the free energy expression in Equation (7) to include the extra
surface. Two different extrapolation lengths are introduced since the interfaces at z =
−L and z = 0 might be different—in the example below in Section 5.2 one interface is
air-ferroelectric, the other ferroelectric-metal. The Euler-Lagrange equation for finding the
equilibrium polarization is still given by Equation (8) and the boundary conditions are

dP
dz
− 1

δ1
P = 0, at z = −L, (18)

dP
dz

+
1
δ2

P = 0, at z = 0. (19)

With the boundary conditions written in this way it follows that if δ1, δ2 < 0 the polarization
turns up at the surfaces and for δ1, δ2 > 0, it turns down. When the signs of δ1 and δ2 differ, at
one surface the polarization will turn up; at the other it will turn down.
Solution of the Euler-Lagrange equation subject to Equations (18) and (19) has to be done
numerically(Gerbaux & Hadni, 1990; Tan et al., 2000) for first order transitions. Second order
transitions where C = 0, as for the semi-infinite case, can be found analytically, this time
in terms of elliptic functions (Chew et al., 2001; Tilley & Zeks, 1984; Webb, 2006). Again the
first integral is given by Equation (11). But now the second integral is carried out from one
boundary to the point at which (dP/dz) = 0, and then on to the next boundary, and, as will be
shown below, G is no longer given by Equation (12) . The elliptic function solutions that result
are different according to the signs of the extrapolation lengths. There are four permutations
of the signs and we propose that the critical temperature, based on the previous results for the
semi-infinite film, will obey the following:

δ1, δ2 > 0⇒ TC < TC0 (P increases at both surfaces), (20)

δ1, δ2 < 0⇒ TC < TC0 (P decreases at both surfaces), (21)

δ1 > 0, δ2 < 0, |δ2| ≶ |δ1| ⇒ TC ≶ TC0 (P decreases at z = −L, increases at z = 0 ), (22)

δ1 < 0, δ2 > 0, |δ1| ≶ |δ2| ⇒ TC ≶ TC0 (P increases at z = −L, decreases at z = 0 ). (23)

There will be surface states, each similar to that described for the semi-infinite film, for any
surfaces for which P increases provided that TC > TC0.
The solutions for the two cases δ1 = δ2 = δ < 0 and δ1 = δ2 = δ > 0 will be given first because
they contain all of the essential functions; dealing with the other cases will be discussed after
that. Some example plots of the solutions can be found in Tilley & Zeks (1984) and Tilley
(1996).
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2.3.1 Solution for δ1 = δ2 = δ > 0
Based on the work of Chew et al. (2001), after correcting some errors made in that work, the
solution to Equation (10) with boundary conditions (19) and (20) for the coordinate system
implied by Equation (17) is

P0(z) = P1 sn
[

K(λ)− z + L2
ζ

,λ
]
, (24)

where 0 < L2 < L1 and the position in the film at which dP/dz = 0 is given by z = −L2
(for a fixed L, the value of L2 uniquely defined by the boundary conditions); λ is the modulus
of the Jacobian elliptic function sn and K(λ) is the complete elliptic integral of the first kind
(Abramowitz & Stegun, 1972). Also,

P2
1 = −A

B
−
√

A2

B2 −
4G
B
, (25)

P2
2 = −A

B
+

√
A2

B2 −
4G
B
, (26)

λ =
P1
P2

, and ζ =
1
P2

√
2D
B

. (27)

Although this is an analytic solution, the constant of integration G is found by substituting it
into the boundary conditions; this leads to a transcendental equation which must be solved
numerically for G.

2.3.2 Solution for δ1 = δ2 = δ < 0
The equations in this section are also based on the work of Chew et al. (2001), with some errors
corrected.
In this case there is a surface state, discussed above when TC0 � T � TC and for T < TC0 the
whole of the film is in a ferroelectric state. In each of these temperature regions the solution
to Equation (10) is different.
For the surface state,

P0(z) =
P2

cn
[

z + L2
ζ1

,λ1

] , TC0 � T � TC, (28)

where

λ1 =

[
1−
(

P2
P1

)2 ]−1
, ζ1 =

λ

Q

√
2D
B

, and Q2 = −P2
1 , (29)

with P1, P2 and L2 as defined above. G (implicit in P1 and P2) has to be recalculated for the
solution in Equation (28) and again this leads to a transcendental equation that must be solved
numerically.

1 The reason for the notation L2, rather than say L1 is a matter of convenience in the description that
follows of how to apply the boundary conditions to find the integration constant G that appear via
Equations (25) and (26).
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When the whole film is in a ferroelectric state

P0(z) =
P2

sn
[

K(λ)− z + L2
ζ

,λ
] , T < TC, (30)

where K, λ and ζ are as defined above, and G is found by substituting this solution into the
boundary conditions and solving the resulting transcendental equation numerically.

2.3.3 Dealing with the more general case δ1 �= δ2
One or more of the above forms of the solutions is sufficient for this more general case. The
main issue is satisfying the boundary conditions. To illustrate the procedure consider the case
δ1, δ2 > 0. The polarization will turn down at both surfaces and it will reach a maximum
value somewhere on the interval −L < z < 0 at the point z = −L2; for δ1 �= δ2 this maximum
will not occur when L2 = L/2 (it would for the δ case considered in Section 2.3.2).
The main task is to find the value of G that satisfies the boundary conditions for a given value
of film thickness L. For this it is convenient to make the transformation z → z − L2. The
maximum of P0 will then be at z = 0 and the film will occupy the region −L1 � L � L2,
where L1 + L2 = L. Now the polarization is given by

P0(z) = P1 sn
[

K(λ)− z
ζ
,λ
]
. (31)

Transforming the boundary conditions, Equations (18) and (19), to this frame and applying
them to Equation (31) to the case under consideration (δ1, δ2 > 0) leads to

δ1
ζ(G)

cn
[

K(λ(G)) +
L1

ζ(G)
,λ
]
dn
[

K(λ(G)) +
L1

ζ(G)
,λ
]
= − sn

[
K(λ(G)) +

L1
ζ(G)

,λ
]

(bc1)

and

δ2
ζ(G)

cn
[

K(λ(G))− L2
ζ(G)

,λ
]
dn
[

K(λ(G))− L2
ζ(G)

,λ
]
= sn

[
K(λ(G))− L2

ζ(G)
,λ
]
. (bc2)

Here the G dependence of some of the parameters has been indicated explicitly since G is
the unknown that must be found from these boundary equations. It is clear that in term
of finding G the equations are transcendental and must be solved numerically. A two-stage
approach that has been successfully used by Webb (2006) will now be described (in that work
the results were used but the method was not explained).
The idea is to calculate G numerically from one of the boundary equations and then make
sure that the film thickness is correctly determined from a numerical calculation using the
remaining equation. For example, if we start with (bc1), G can be determined by any suitable
numerical method; however the calculation will depend not only on the value of δ1 but also
on L1 such that G = G(δ1, L1). To find the value of L1 for a given L that is consistent with
L = L1 + L2, (bc2) is invoked: here we require G = G(δ2, L2) = G(δ2, L− L1) = G(δ1, L1),
and the value of L1 to be used in G(δ1, L1) is that which satisfies (bc2). In invoking (bc2)
the calculation—which is also numerical of course—will involve replacing L2 by L − L1 =
L− L1[δ2,G(δ1, L1)]. The numerical procedure is two-step in the sense that the (bc1) numerical
calculation to find G(δ1, L1) is used in the numerical procedure for calculating L1 from (bc2)
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Fig. 3. Polarization versus distance for a film of thickness L according to Equation (31) with
boundary conditions (bc1) and (bc2). The following dimensionless variables and parameter
values have been used: PB0 = (aTC0/B)1/2, ζ0 = [2D/(aTC)]

1/2,
ΔT′ = (T − TC0)/TC0 = −0.4, L′ = L/ζ0 = 1, δ′1 = 4L′, δ′2 = 7L′,
G′ = 4GB/(a/TC0)

2 = 0.127, L′1 = L1/ζ0 = 0.621, L′1 = L2/ζ0 = 0.379.

(in which L2 is written as L− L1). In this way the required L1 is calculated from (bc2) and L2
is calculated from L2 = L− L2. Hence G, L1 and L2 have been determined for given values of
δ1, δ2 and L.
It is worth pointing out that once G has been determined in this way it can be used in the P0(z)
in Equation (24) since the inverse transformation z → z + L2 back to the coordinate system in
which this P(z) is expressed does not imply any change in G.
Figure 3 shows an example plot of P0(z) for the case just considered using values and
dimensionless variables defined in the figure caption.
A similar procedure can be used for other sign permutations of δ1 and δ2 provided that the
appropriate solution forms are chosen according to the following:

1. δ1, δ2 < 0: use the transformed (z → z− L2) version of Equation (28) for TC0 � T � TC, or
the transformed version of Equation (30) for T < TC.

2. δ1 > 0, δ2 < 0: for −L1 � L < 0 use Equation (31); for 0 � L � L2 follow 1.

3. δ1 < 0, δ2 > 0: for −L1 � L < 0 follow 1; for 0 � L � L2 use Equation (31).

3. Dynamical response

In this section the response of a ferroelectric film of finite thickness to an externally applied
electric field E is considered. Since we are interested in time varying fields from an incident
electromagnetic wave it is necessary to introduce equations of motion. It is the electric part
of the wave that interacts with the ferroelectric primarily since the magnetic permeability is
usually close to its free space value, so that in the film μ = μ0 and we can consider the electric
field vector E independently.
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An applied electric field is accounted for in the free energy by adding a term −P · E to the
expansion in the integrand of the free energy density in Equation (17) yielding

FE
S

=
∫ 0

−L
dz

[
1
2

AP2 +
1
4

BP4 +
1
6

CP6 +
1
2

D
(

dP
dz

)2
− P · E

]
+

1
2

D
[

P2(−L)δ−11 + P2(0)δ−12

]
.

(32)
In order to find the dynamical response of the film to incident electromagnetic radiation
Landau-Khalatnikov equations of motion (Ginzburg et al., 1980; Landau & Khalatnikov, 1954)
of the form

m
∂2P
∂t2

+ γ
∂P
∂t

= −∇δ FE = −
(

D
∂2P
∂z2

− AP− BP3 − CP5
)
+ E, (33)

are used. Here m is a damping parameter and γ a mass parameter;

∇δ = x̂
δ

δPx
+ ŷ

δ

δPy
+ ẑ

δ

δPz
, (34)

which involves variational derivatives, and we introduce the term variational
gradient-operator for it, noting that x̂, ŷ and ẑ are unit vectors in the positive directions of
x, y and z, respectively. These equations of motion are analogous to those for a damped
mass-spring system undergoing forced vibrations. However here it is the electric field E that
provides the driving impetus for P rather than a force explicitly. Also, the potential term
∇δFE|E=0 is analogous to a nonlinear force-field (through the terms nonlinear in P) rather
than the linear Hook’s law force commonly employed to model a spring-mass system. The
variational derivatives are given by

δF
δPx

=
(

A + 3BP2
0

)
Qx + B

(
2P0Q2

x + P0Q2 + Q2Qx

)
− D

∂2Qx

∂z2
− Ex (35)

and

δF
δPα

=
(

A + BP2
0

)
Qα + B

(
2P0QxQα + Q2Qα

)
− D

∂2Qα

∂z2
− Eα, α = y or z, (36)

where Q2 = Q2
x + Q2

y + Q2
z , and P has been written as a sum of static and dynamic parts,

Px(z, t) = P0(z) + Qx(z, t),

Py(z, t) = 0+ Qy(z, t) = Qy(z, t),

Pz(z, t) = 0+ Qz(z, t) = Qz(z, t).

(37)

In doing this we have assumed in-plane polarization P0(z) = (P0(z), 0, 0) aligned along the
x axis. This is done to simplify the problem so that we can focus on the essential features
of the response of the ferroelectric film to an incident field. It should be noted that if P0(z)
had a z component, depolarization effects would need to be taken in to account in the free
energy; a theory for doing this has been presented by Tilley (1993). The in-plane orientation
avoids this complication. The Landau Khalatnikov equations in Equation (33) are appropriate
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for displacive ferroelectrics that are typically used to fabricate thin films (Lines & Glass, 1977;
Scott, 1998) with BaTiO4 being a common example.
The equations of motion describe the dynamic response of the polarization to the applied
field. Also the polarization and electric field must satisfy the inhomogeneous wave equation
derived from Maxwell’s equations. The wave equation is given by

∂2Eα

∂x2
− ε∞

c2
∂2Eα

∂t2
=

1
c2ε0

∂Qα

∂t2
, α = x, y, or z. (38)

where, c is the speed of light in vacuum, ε0 is the permittivity of free space, and ε∞ is
the contribution of high frequency resonances to the dielectric response. The reason for
including it is as follows. Displacive ferroelectrics, in which it is the lattice vibrations that
respond to the electric field, are resonant in the far infrared and terahertz wave regions of
the electromagnetic spectrum and that is where the dielectric response calculated from the
theory here will have resonances. There are higher frequency resonances that are far from this
and involve the response of the electrons to the electric field. Since these resonances are far
from the ferroelectric ones of interest here they can be accounted for by the constant ε∞ (Mills,
1998).
Solving Equations (35) to (38) for a given driving field E will give the relationship between P
and E, and the way that the resulting electromagnetic waves propagate above, below, and in
the film can be found explicitly. However to solve the equations it is necessary to postulate a
constitutive relationship between P and E, as this is not given by any of Maxwell’s equations
(Jackson, 1998). Therefore next we consider the constitutive relation

4. Constitutive relations between P and E

4.1 Time-domain: Response functions
In the perturbation-expansion approach (Butcher & Cotter, 1990) that will be used here the
constitutive relation takes the form

Q = P− P0 = Q(1)(t) + Q(2)(t) + . . .+ Q(n)(t) + . . . , (39)

where Q(1)(t) is linear with respect to the input field, Q(2)(t) is quadratic, and so on for higher
order terms. The way in which the electric field enters is through time integrals and response
function tensors as follows (Butcher & Cotter, 1990):

Q(1)(t) = ε0

∫ +∞

−∞

dτ R(1)(τ) · E(t− τ) (40)

Q(2)(t) = ε0

∫ +∞

−∞

dτ1

∫ +∞

−∞

dτ2 R(2)(τ1, τ2) : E(t− τ1)E(t− τ2), (41)

and the general term, denoting an nth-order tensor contraction by
(n)
| , is

Q(n)(t) = ε0

∫ +∞

−∞

dτ1 · · ·
∫ +∞

−∞

dτn R(n)(τ1, . . . , τn)
(n)
| E(t− τ1) · · ·E(t− τn), (42)
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which in component form, using the summation convention, is given by

Q(n)
α (t) = ε0

∫ +∞

−∞

dτ1 · · ·
∫ +∞

−∞

dτn R(n)
αμ1···μn (τ1, . . . , τn)Eμ1 (t− τ1) · · · Eμn (t− τn), (43)

where α and μ take the values x, y and z. The response function R(n)(τ1, . . . , τn) is real and an

nth-order tensor of rank n + 1. It vanishes when any one of the τi time variables is negative,
and is invariant under any of the n! permutations of the n pairs (μ1, τ1), (μ2, τ2), . . . , (μn, τn).
Time integrals appear because in general the response is not instantaneous; at any given time
it also depends on the field at earlier times: there is temporal dispersion. Analogous to this
there is spatial dispersion which would require integrals over space. However this is often
negligible and is not a strong influence on the thin film calculations that we are considering.
For an in-depth discussion see Mills (1998) and Butcher & Cotter (1990).

4.2 Frequency-domain: Susceptibility tensors
Sometimes the frequency domain is more convenient to work in. However with complex
quantities appearing, it is perhaps a more abstract representation than the time domain.
Also, in the literature it is common that physically many problems start out being discussed
in the time domain and the frequency domain is introduced without really showing the
relationship between the two. The choice of which is appropriate though, depends on the
circumstances (Butcher & Cotter, 1990); for example if the incident field is monochromatic
or can conveniently be described by a superposition of such fields the frequency domain is
appropriate, whereas for very short pulses of the order of femtoseconds it is better to use the
time domain approach.
The type of analysis of ferroelectric films being proposed here is suited to a monochromatic
wave or a superposition of them and so the frequency domain and how it is derived from
the time domain will be discussed in this section. Instead of the tensor response functions we
deal with susceptibility tensors that arise when the electric field E(t) is expressed in terms of
its Fourier transform E(ω) via

E(t) =
∫ +∞

−∞

dω E(ω) exp(−iωt), (44)

(45)

where

E(ω) =
1
2π

∫ +∞

−∞

dτ E(τ) exp(iωτ). (46)

Equation (44) can be applied to the time domain forms above. The nth-order term in

Equation (42) then becomes,

Q(n)(t) = ε0

∫ +∞

−∞

dω1 · · ·
∫ +∞

−∞

dωn χ
(n)(−ωσ;ω1, . . . ,ωn)

(n)
| E(ω1) · · ·E(ωn) exp(−iωσt),

(47)
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where

χ(n)(−ωσ;ω1, . . . ,ωn) =
∫ +∞

−∞

dτ1 · · ·
∫ +∞

−∞

dτn R(n)(τ1, . . . , τn) exp

[
i

n

∑
j=1

ωjτj

]
, (48)

which is called the nth-order susceptibility tensor, and, following the notation of Butcher &
Cotter (1990),

ωσ = ω1 + ω2 + · · ·+ ωn. (49)

As explained by Butcher & Cotter (1990) intrinsic permutation symmetry implies that the

components of the susceptibility tensor are such that χ
(n)
αμ1···μn (−ωσ;ω1, . . . ,ωn) is invariant

under the n! permutations of the n pairs (μ1,ω1), (μ2,ω2), . . . , (μn,ωn).
The susceptibility tensors are useful when dealing with a superposition of monochromatic
waves. The Fourier transform of the field then involves delta functions, and the evaluation
of the integrals in Equation (47) is straightforward with the polarization determined by the
values of the susceptibility tensors at the frequencies involved. Hence, by expanding Q(t) in
the frequency domain,

Q(n)(t) =
∫ +∞

−∞

dω Q(n)(ω) exp(−iωt), (50)

where

Q(n)(ω) =
1
2π

∫ +∞

−∞

dτ Q(n)(τ) exp(iωτ), (51)

one may obtain, from Equation (47),

Q(n)(ω) = ε0

∫ +∞

−∞

dω1 · · ·
∫ +∞

−∞

dωn χ
(n)(−ωσ;ω1, . . . ,ωn)

(n)
| E(ω1) · · ·E(ωn)δ(ω−ωσ),

(52)
where we have used the identity (Butcher & Cotter, 1990)

1
2π

∫ +∞

−∞

dω exp[iω(τ − t)] = δ(τ − t), (53)

in which δ is the Dirac delta function (not to be confused with an extrapolation length). We
have expanded the Fourier component of the polarization Q at the frequency ωσ as a power
series, so

Q(ω) =
∞

∑
r

Q(r)(ω). (54)

The component form of Equation (52) is

[
Q(n)(ω)

]
α
= ε0

∫ +∞

−∞

dω1 · · ·
∫ +∞

−∞

dωn χ
(n)
αμ1···μn (−ω;ω1, . . . ,ωn)

× [E(ω1)
]

μ1
· · · [E(ωn)

]
μn

δ(ω−ωσ). (55)
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Again the summation convention is used so that repeated Cartesian-coordinate subscripts
μ1 · · · μn are to be summed over x, y and z.
Next the evaluation of the integrals in Equation (52) is considered for a superposition of
monochromatic waves given by

E(t) =
1
2 ∑

ω′�0

[
Eω′ exp(−iω′t) + E−ω′ exp(iω′t)

]
(56)

Here, since E(t) is real, E−ω′ = E∗ω′ . The Fourier transform of E(t) from Equation (44) is given

by

E(ω) =
1
2 ∑

ω′
�0

[
Eω′δ(ω−ω′) + E−ω′δ(ω + ω′)

]
. (57)

With E(t) given by Equation (56), the n-th order polarization term in Equation (47) can be

rewritten as

Q(n)(t) =
1
2 ∑

ω′�0

[
Q(n)

ω exp(−iωt) + Q(n)
−ω exp(iωt)

]
, (58)

where Q(n)
−ω =

(
Q(n)

ω

)∗
because Q(n)(t) is real.

By substituting Equation (57) into Equation (52) an expression for Q(n)
ω can be obtained.

The Cartesian μ-component following the notation of Ward (1969) and invoking intrinsic
permutation symmetry (Butcher & Cotter, 1990) can be shown to be given by
(

Q(n)
ωσ

)
α
= ε0 ∑

ω
K(−ωσ;ω1, . . . ,ωn)χ

(n)
αμ1···μn (−ωσ;ω1, . . . ,ωn)(Eω1 )μ1 · · · (Eωn )μn , (59)

which in vector notation is

Q(n)
ωσ

= ε0 ∑
ω

K(−ωσ;ω1, . . . ,ωn)χ
(n)(−ωσ;ω1, . . . ,ωn)

(n)
| Eω1 · · ·Eωn . (60)

Aswith Equation (55), the summation convention is implied; the ∑ω summation indicates that
it is necessary to sum over all distinct sets of ω1, . . . ,ωn. Although in practice, experiments
can be designed to avoid this ambiguity in which case there would be only one set and no
such summation. K is a numerical factor defined by

K(−ωσ;ω1, . . . ,ωn) = 2l+m−n p, (61)

where p is the number of distinct permutations of ω1, . . . ,ωn, n is the order of nonlinearity, m
is the number of frequencies in the set ω1, . . . ,ωn that are zero (that is, they are d.c. fields) and
l = 1 if ωσ �= 0, otherwise l = 0.
Equation (59) describes a catalogue of nonlinear phenomena (Butcher & Cotter, 1990; Mills,
1998). For harmonic generation of interest in this chapter, K = 21−n corresponding to n-th
order generation and −ωσ;ω1, . . . ,ωn → −nω;ω, . . . ,ω. For example second-harmonic
generation is described by K = 1/2 and −ωσ;ω1, . . . ,ωn → −2ω;ω,ω.
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5. Harmonic generation calculations

The general scheme for dealing with harmonic generation based on the application of the
theory discussed so far will be outlined and then the essential principles will be demonstrated
by looking at a specific example of second harmonic generation.

5.1 General considerations
The constitutive relations discussed in the previous section show how the polarization can
be expressed as a power series in terms of the electric field. The tensors appear because of
the anisotropy of ferroelectric crystals. However depending on the symmetry group some
of the tensor elements may vanish (Murgan et al., 2002; Osman et al., 1998). The tensor
components appear as unknowns in the constitutive relations. The Landau-Devonshire theory
approach provides a way of calculating the susceptibilities as expressions in terms of the
ferroelectric parameters and expressions that arise from the theory. The general problem for
a ferroelectric film is to solve the equations of motion in Equation (33) for a given equilibrium
polarization profile in the film together with the Maxwell wave equation, Equation (38), by
using a perturbation expansion approach where the expansion to be used is given by the
constitutive relations and the tensor elements that appear are the unknowns that are found
when the equations are solved. Terms that have like electric field components will separate
out so that there will be equations for each order of nonlinearity and type of nonlinear process.
Starting from the lowest order these equations can be solved one after the other as the order
is increased. However for orders higher than three the algebraic complexity in the general
case can become rather unwieldy. For nth-order harmonic generation, as pointed out in the
previous section, ωσ = nω corresponding to the the terms in Equation (59) given by

(
Q(n)

nω

)
α
= ε0K(−nω;ω, . . . ,ω)χ

(n)
αμ1···μn (−nω;ω, . . . ,ω)(Eω)μ1 · · · (Eω)μn , (62)

where the sum over distinct set of frequencies has been omitted but remains implied if it is
needed. For calculations involving harmonic generation only the terms in Equation (62) need
to be dealt with.
The equations of course can only be solved if the boundary conditions are specified and for
the polarization and it is assumed that equations of the form given above in Equation (9) will
hold at each boundary. Electromagnetic boundary conditions are also required and these are
given by continuity E and H at the boundaries, as demonstrated in the example that follows.

5.2 Second harmonic generation: an example
Here we consider an example of second harmonic generation and choose a simple geometry
and polarization profile that allows the essence of harmonic generation calculations in
ferroelectric films to be demonstrated whilst at the same time the mathematical complexity
is reduced. The solution that results will be applied to finding a reflection coefficient for
second harmonic waves generated in the film. This is of practical use because such reflections
from ferroelectric films can be measured. Since the main resonances in ferroelectrics are in the
far infrared region second harmonic reflections will be in the far infrared or terahertz region.
Such reflection measurements will give insight into the film properties, including the size
effects that in the Landau-Devonshire theory are modelled by the D term in the free energy
expressions and by the extrapolation lengths in the polarization boundary conditions. We will
consider a finite thickness film with a free energy given by Equation (17) and polarization
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boundary conditions given in Equations (18) and (19), but for the simplest possible case
in which the extrapolation lengths approach infinity which implies a constant equilibrium
polarization. We consider the ferroelectric film to be on a metal substrate. Assuming that
the metal has infinite electrical conductivity then allows a simple electromagnetic boundary
conditions to be employed consistent with E = 0 at the ferroelectric-metal interface. The
presence of the metal substrate has the advantage that the reflected waves of interest in
reflection measurements are greater that for a free standing film since there is no wave
transmitted to the metal substrate and more of the electromagnetic energy is reflected at the
metal interface compared to a free standing film that transmits some of the energy. The film
thickness chosen for the calculations is 40 nm in order to represent the behaviour of nanoscale
films.
Note that the focus is on calculating a reflection coefficient for the second harmonic waves
reflected from the film. The tensor components do not appear explicitly as we are dealing
with ratios of the wave amplitudes for the electric field. However the equations solved
provide expressions for the electric field and polarization and from the expressions for the
polarization the tensor components can be extracted if desired by comparison with the
constitutive relations. There are only a few tensor components in this example because of
the simplified geometry and symmetry chosen, as will be evident in the next section.

5.2.1 Some simplifications and an overview of the problem
The incident field is taken to be a plane wave of frequency ω with a wave number above the
film of magnitude q0 = ω/c, since the region above the film behaves like a vacuum in which
all frequencies propagate at c. We only consider normal incidence and note that the field is
traveling in the negative z direction in the coordinate system used here in which the top of the
film is in the plane z = 0, the bottom in the plane z = −L. Therefore q0 = q0(−ẑ) and the
incident field can be represented by

1
2
[
E0eiq0(−ẑ)·zẑe−iωt + E∗0eiq0(ẑ)·zẑeiωt] = 1

2
[
E0e−iq0ze−iωt + E∗0eiq0zeiωt], (63)

where
E0 = E0[(E0x/|E0|)x̂ + (E0y/|E0|)ŷ], (64)

written in this way because in general E0 is a complex amplitude. However, we will take it to
be real, so that other phases are measured relative to the incident wave, which, physically, is
no loss of generality.
Two further simplifications that will be used are: (i) The spontaneous polarization P0 will be
assumed to be constant throughout the film, corresponding to the limit as δ1 and δ2 approach
infinity in the boundary conditions of Equations (18) and (19). The equilibrium polarization
of the film is then the same as for the bulk described in Section 2.1, and considering a single
direction for the polarization, we take

P0(z) = P0 =

{
PB if T < TC,
0 if T > TC,

(65)

where PB is given by Equation (5) and TC = TC0. The coupled equations, Equations (35),
(36) and (38), can then be solved analytically. Insights into the overall behavior can still be
achieved, despite this simplification, and the more general case when P0 = P0(z), which
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implies a numerical solution, will be dealt with in future work. (ii) Only an x polarized
incident field will be considered (E0y = 0 in Equation (64)) and the symmetry of the film’s
crystal structure will be assumed to be uniaxial with the axis aligned with P0 = P0x̂. Under
these circumstances Eα = Qα = 0, α = y, z, meaning that the equations that need to be solved
are reduced to Equations (35), and (38) for α = z.
The problem can now be solved analytically. From Equations (39) to (41) it can be seen that,
for the single frequency applied field, there will be linear terms corresponding to frequency w
and, through Q(2) in Equation (41), there will be nonlinear terms coming from products of the
field components (only those involving E2

x for the case we are considering), each involving
a frequency 2ω—these are the second harmonic generation terms. It is natural to split the
problem in to two parts now: one for the linear terms at ω, the other for the second harmonic
generation terms at 2ω. Since we are primarily interested in second harmonic generation it
may seem that the linear terms do not need to be considered. However, the way that the
second harmonics are generated is through the nonlinear response of the polarization to the
linear applied field terms. This is expressed by the constitutive relation in Equation (39), from
which it is clear that products of the linear terms express the second harmonic generation,
which implies that the linear problem must be solved before the second harmonic generation
terms can be calculated. This will be much more apparent in the equations below. In
view of this we will deal with the problem in two parts one for the linear terms, the other
for the second harmonic generation terms. Also, since we have a harmonic incident field
(Equation (63)) the problem will be solved in the frequency domain.

5.2.2 Frequency domain form of the problem for the inear terms
For the linear terms at frequency ω, we seek the solution to the coupled differential equations,
Equations (35) and (38) with constitutive relations given by Equations (40) and (41), and a P0
given by Equation (69). This is expressed in the frequency domain through Fourier transform
given in Equations (65) and (66).
The resulting coupled differential equations are

D
d2Qω

dz2
+ M(ω)Qω + Eω = 0, (66)

d2Eω

dz2
+

ω2ε∞

c2
Eω +

ω2

ε0c2
Qω = 0, (67)

for −L � z � 0, where,

M(ω) = mω2 + iωγ− 2BP2
0 . (68)

Taking the ansatz eiqz for the form of the Qωand Eωsolutions, non trivial solutions (which are
the physically meaningful ones) are obtained providing that the determinant of the coefficient
matrix—generated by substituting the ansatz into Equations (66) and (67)—satisfies

∣∣∣∣∣
1 −Dq2 + M(ω)

−q2 + ω2ε∞

c2
ω2

ε0c2

∣∣∣∣∣ = 0. (69)
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This leads to a quadratic equation in q2 whose solution is

(qω
j )

2 =
g1(ω)(−1)j+1

√
g2(ω)

2D
, j = 1, 2, (70)

where

g1(ω) =
Dω2ε∞

c2
+ M(ω), (71)

g2(ω) = g21(ω)− 4Dω2

ε0c2
[ε∞ε0M(ω)− 1] , (72)

and the ω dependence of the q solutions has been made explicit with the superscript. The
general solution of the coupled equations, Equations (66) and (67) for the electric field is
therefore,

Eω(z) = a1E0e−iqω
1 z + a2E0eiqω

1 z + a3e−iqω
2 z + a4eiqω

2 z (73)

= E0

4

∑
j=1

aje
(−1)j iqω

nj
z
, (74)

where nj = �j/2	. It is convenient to include the incident amplitude E0 as a factor when
expressing the constants as this will cancel when the boundary conditions are applied so that
the a1 to a4 amplitudes are the wave amplitudes of these four waves in the film relative to
the incident amplitude. The first term on the right side of Equation (73) is a transmitted
wave traveling through the film towards the metal boundary (in the direction of −z in our
coordinate system), the second is the wave reflected from the metal boundary and traveling
back towards the top of the film corresponding to the wave vectors −qω

1 and qω
1 , respectively;

a similar pattern follows for the ±qω
2 modes of the last two terms. It is interesting to note that

the presence of both ±qω
1 and ±qω

2 modes is a direct result of the D term in the free energy
that is introduced to account for variations in the polarization. In this sense our calculation,
despite using a constant P0 value, is still incorporating the effects of varying polarization (the
full effects, as discussed above, involve numerical calculations which will be done in future
work). If there was no D term then only the ±qω

1 modes would be present and the character
of the solution would be different.
Above the film, alongside the incident wave there is a reflected wave. Thus we have

Eω
I (z) = E0e−iq0z + rE0eiq0z, z > 0 (75)

where r is the linear reflection coefficient (there will also be a wave from second harmonic
generation which is considered in the next section).
To complete the solution of the linear problem it remains to calculate the aj and r amplitudes
(five in total) by applying boundary conditions. The boundary conditions are the usual
electromagnetic boundary conditions of continuity of the electric and magnetic fields, and
here, we will express the continuity of the magnetic field as the continuity of dE/dz; this
follows from the electromagnetic induction Maxwell equation, ∇× E = −∂B/∂t (since the
film is nonmagnetic B = μ0H not only above the film but also in the film). The boundary
conditions on P in Equations (18) and (19) will also be used, in the limiting case of infinite
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extrapolation lengths. In fact, as discussed by Chandra & Littlewood (2007), an infinite
extrapolation length for the metal boundary may well be a value consistent with experimental
results on films with metal electrodes attached.
In view of the forgoing the required boundary conditions are:

Eω
I (0) = Eω(0),

dEω
I

dz

∣∣∣∣
z=0

=
dEω

dz

∣∣∣∣
z=0

,
dQω

dz

∣∣∣∣
z=0

= 0, (76)

for the top surface, and

Eω(−L) = 0,
dQω

dz

∣∣∣∣
z=−L

= 0, (77)

for the film-metal interface at the bottom. Note that the electric field boundary condition at
the bottom implies that the metal conductivity is infinite so that no electric field penetrates
the metal. This is a common approximation for metal boundaries and should be sufficient for
our purposes since the conductivity of the ferroelectric film is much smaller than for the metal
(Webb, 2006). Also the continuity of the magnetic field is not used at the bottom; it is not
required because, with five unknowns, five boundary conditions are sufficient to find them.
Applying the boundary conditions leads to a set of simultaneous equations, the solution of
which yields expressions for r and the aj in terms of the other parameters, and hence solves
the linear problem. These equations may be expressed in matrix form as

M(ω)alin = blin, (78)

where

M(ω) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 −1
qω
1 −qω

1 qω
2 −qω

2 q0
κω
1 κω

2 κω
3 κω

4 0

Δ
ω
1 Δ

ω
2 Δ

ω
3 Δ

ω
4 0

κω
1 Δ

ω
1 κω

2 Δ
ω
2 κω

3 Δ
ω
3 κω

4 Δ
ω
4 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
, (79)

alin =
(
a1, a2, a3, a4, r

)T , (80)

blin =
(
1, q0, 0, 0, r

)T , (81)

and we define

κω
j = (−1)jqω

nj

[
(qω

nj
)2 − ε∞q20

]
, Δ

ω
j = e(−1)

j+1iqnj L. (82)

The resulting symbolic solution is rather complicated andwill not be given here explicitly. It is
easily obtained, however, with a computer algebra program such as Maxima or Mathematica.
A more efficient approach for numerical plots is to compute numerical values of all known
quantities before solving the matrix equation, which is then reduced to a problem involving
the five unknowns multiplied by numerical constants.
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Fig. 4. Dimensionless plot of 
(qω
1 ) and 
(qω

2 ) (dotted line) versus frequency for
a = 6.8× 105 V K−1A−1s−1, D = 2.7× 10−21 A Kg−1m−1, m = 6.4× 10−21 kg m3A−1s−2,
L = 40 nm, T/Tc = 0.5, γ = 1.3× 10−9 A−1V−1m−3, and ε∞ = 3.0. These values are for
BaTiO4, and follow Chew et al. (2001).

The real parts of the dispersion relations in Equation (70) are plotted in Figure 4 for the qω
1

and qω
2 modes. The qω

1 mode is the usual mode found in dielectrics and the frequency region,
known as the reststrahl region, in which it is zero is where there are no propagating waves
for that mode. However, it is clear from the plot that the real part of the qω

2 mode is not zero
in this region and so there will be propagation leading to a different reflection coefficient than
what would be observed otherwise. This is due to the effect of the D term.
In Figure 5 the magnitude of the reflection coefficient r—available from the solution to the
linear problem—is plotted against frequency. With no D term the reflection coefficient would
take the value 1 in the reststrahl region. It is clear from the plot that there is structure in this
region that is caused by the qω

2 mode. So reflection measurements are a way of investigating
the varying polarization modeled through the D term. The plot is for a film thickness of
40 nm. So our model predicts that these effects will be significant for nanoscale films. It is
also expected that structure in this region will be found for the second harmonic generation
reflection, the calculation of which which we now turn to.

5.2.3 Frequency domain form of the problem for the nonlinear second harmonic generation
terms
The second harmonic generation terms come from the second order nonlinear terms, at
frequency 2ω and the coupled differential equations that need to be solved for these terms
are

D
d2Q2ω

dz2
+ M(2ω)Q2ω + E2ω = 3BP2

0 [Q
ω ]2, (83)

d2E2ω

dz2
+

(2ω)2ε∞

c2
E2ω +

(2ω)2

ε0c2
Q2ω = 0, (84)

for − L � z � 0.

It can be seen from this that there will be a homogeneous solution analogous to the linear
solution but now at frequency 2ω and in addition, due to the term involving [Qω ]2 in
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Fig. 5. Magnitude of linear reflection coefficient r versus dimensionless frequency. The lower
curve is a scaled down plot of the dispersion curve for qω

1 showing the reststrahl region.
Parameter values as in Figure 4.

Equation (83), there will be particular solutions. [Qω ]2 can be found from the solution to
the linear problem for Eω substituted into Equation (67), and thus the particular solutions to
Equations (83) and (84) can be determined. In this way the general solution can be shown to
be given by

E2
0Λ

4

∑
j=1

φje
(−1)j iq2ω

nj
z
+ E2

0

4

∑
j=1

4

∑
k=1

WjkeiBjkz, (85)

together with,

Wjk =
12BP2

0 Ajk

ε0
[
4q20ε∞ − B2

jk
][

DB2
jk −M(2ω)

] , (86)

Ajk = Snj Snk ajak, (87)

sj = (qω
j )

2 − ε∞ω/c2, (88)

Bjk = (−1)jqω
nj
+ (−1)kqω

nk
. (89)

It is convenient to include the factor E2
0 in Equation (85) since it will cancel out later when the

boundary conditions are applied. The factor Λ has been included to make the φj amplitudes
dimensionless so that they are on the same footing as the aj amplitudes in the linear problem.
Due to the second harmonic generation terms in the film there will also be a second harmonic
generation field transmitted from the film to the air above, but since this ultimately exists
because of the incident field the second harmonic generation wave above the film is a reflected
wave caused by the incident field. It is expressed by

E2ω
I (z) = E2

0Λρe2iq0z, z > 0, (90)

where ρ is the second harmonic generation reflection coefficient.
Again there are five unknowns: ρ and the φj, which are also found by applying the boundary
conditions. The particular solutions make the problem more complex algebraically, but in
principle the solution method is the same as for the linear case. Applying the conditions in
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Fig. 6. Second harmonic generation reflection coefficient ρ versus dimensionless frequency.
Parameter values are as in Figure 4.

Equations (76) and (77) leads to five simultaneous equations that can be expressed as

M(2ω)aSHG = bSHG, (91)

where

aSHG =
(
φ1, φ2, φ3, φ4, ρ

)T , (92)

bSHG =
(P1, P2, P3, P4, P5

)T , (93)

with

P1 = −(1/Λ)∑
jk

Wjk, P2 = (1/Λ)∑
jk

WjkBjk,

P3 = (1/Λ)∑
jk

WjkOjk, P4 = −(1/Λ)∑
jk

Wjkδjk,

P5 = (1/Λ)∑
jk

WjkOjkδjk,

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(94)

and

Ojk = Bjk
(
4ε∞q20 − B2

jk
)
, δjk = e−iBjk L. (95)

Now the unknowns for the second harmonic generation problem can be found by solving
Equation (91), in a similar way to what was done for the linear problem, and from this the
second harmonic generation reflection coefficient ρ can be found.
A plot of |ρ| versus frequency is given in Figure 6. A dramatic structure is evident and,
as with the linear reflection, is also present in the reststrahl region. So second harmonic
generation reflection measurements are expected to be a sensitive probe of size effects in
nanoscale ferroelectric thin films according to the model presented here.
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The numerical values calculated for the second harmonic generation reflection coefficient are
much smaller than for the linear one. This is to be expected since second harmonic generation
is a second-order nonlinear effect. This numerical result is consistent with that found by
Murgan et al. (2004), but their work did not include the mode due to the D term. Also the
general features of the second harmonic generation reflection coefficient are similar to a brief
second harmonic generation study that was done by Stamps & Tilley (1999) for a free standing
film. However the effect of the metal substrate considered here has made the second harmonic
generation reflection features more pronounced.
It is also of interest to compare the numerical values here with experimental studies. Many
second harmonic generation reflection experimental studies have covered optical frequencies
higher than the far-infrared frequencies that are relevant to the work in this paper. It is hoped
that our work will stimulate more experimental work in the far-infrared region. Detailed
numerical work that is now in progress can then be compared with such experiments.

6. Conclusion

This chapter has considered how Landau-Devonshire theory together with
Landau-Khalatnikov equations of motion can be used to model a ferroelectric film. A
fairly general theory encompassing size effect that cause the equilibrium polarization to
be influenced by surfaces together with the nonlinear dynamical response to incident
electromagnetic waves has been given. Then, a specific example of second harmonic
generation in ferroelectric films was presented with an emphasis on calculating the reflection
coefficient that is relevant to far infrared reflection measurements. It has been shown how the
theory suggests that such reflection measurements would enable the ferroelectric properties
of the film such as the size effects to be probed.
Some of the more general aspects of the theory are not really needed for this specific example
but an aim of presenting the more general formulae is to provide a foundation for the many
other calculations that could be done, both linear and nonlinear. A large number of different
nonlinear effects could be studied. Also the incorporation of a space varying equilibrium
polarization profile of the sort given in Sections 2.2 and 2.3 into the dynamical calculations
would be provide a more detailed study than the example given here. Also it would be of use
to find a general set of formula that expresses the set of equations that need to be solved for
the reflection problem due to general nth-order second harmonic generation. Currently the
set of equations for each order has to be derived for each case since no general formulae of for
this seems to exist in the literature. The generalization is not entirely trivial, but some progress
along those lines as been made by (Webb, 2003; 2009; Webb & Osman, 2003), but quite a lot
more needs to be done to produce the set of equations for the nth-order reflection problem.
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1. Introduction 
Ferroelectric materials, such as lead zirconate titanate (PZT), have been widely used in 
sensor, actuator, and energy conversion devices. In this paper, we are primarily interested in 
the electro-mechanical response of polarized ferroelectric ceramics subject to cyclic electric 
fields at various magnitudes and frequencies. There have been experimental studies on 
understanding the effect of electric fields and loading rates on the overall electro-mechanical 
response of PZT (see for examples Crawley and Anderson 1990, Zhou and Kamlah 2006). 
The electrical and mechanical responses of PZT are also shown to be time-dependent, 
especially under high electric field (Fett and Thun 1998; Cao and Evans 1993; Schaufele and 
Hardtl, 1996). Ben Atitallah et al. (2010) studied the hysteretic response of PZT5A and active 
PZT fiber composite at several frequencies and isothermal temperatures. They show the 
nonlinear and time-dependent piezoelectric constants of the PZTs and PZT fiber composites. 
In a review of nonlinear response of piezoelectric ceramics, Hall (2001) discussed 
experimental studies that show strong time-dependent and nonlinear behavior in the 
electro-mechanical response of ferroelectric ceramics. The time-dependent effect becomes 
more prominent at electric fields close to the coercive electric field of the ferroelectric 
ceramics and under high magnitude of electric fields a ferroelectric ceramics exhibits 
nonlinear electro-mechanical response. Furthermore, high mechanical stresses could result 
in nonlinear mechanical, electrical, and electro-mechanical responses of the ferroelectric 
materials. Within a context of a purely mechanical loading in viscoelastic materials, time-
dependent response is shown by a stress relaxation (or a creep strain). This results in stress-
strain hysteretic response when a viscoelastic material is subjected to a cyclic mechanical 
loading. There are different types of viscoelastic materials, such as polymers, biological 
tissues, asphalts, and geological materials. It is understood that these materials possess 
different microstructural characteristics at several length scales; however the macroscopic 
(overall)1 mechanical response of these materials, i.e. stress relaxation and hysteretic 
response, especially for a linear response, follows similar trends. Experimental studies have 
shown that there are similarities with regards to the macroscopic time-dependent (or 
                                                 
1 In this context, by observing the macroscopic response of materials we treat the bodies as continuous 
and homogeneous with respect to their mechanical response although there is no clear cut as at which 
length scale the bodies can be considered continuous and homogeneous.  
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frequency dependent) response of piezoelectric ceramics, i.e. electro-mechanical coupling, 
dielectric constant, and mechanical stress-strain relation, to the macroscopic time-dependent 
and hysteretic behaviors of viscoelastic materials although it is obvious that the 
microstructural morphologies of piezoelectric ceramics are completely different from the 
ones of viscoelastic materials mentioned above.  
The macroscopic response of materials depends upon their microstructural changes when 
these materials are subjected to various histories of external stimuli such as mechanical load 
and/or electric field.  Several constitutive models have been developed to examine the effect 
of electric field and mechanical stress on the overall hysteretic response of ferroelectric 
materials. These constitutive models can be classified as purely phenomenological models 
derived based on classical mechanics and thermodynamics framework and micromechanics 
based models that incorporate changes in the polycrystalline (micro) structure of 
ferroelectric ceramics with external stimuli. In the phenomenological models, changes in the 
microstructures of materials due to external stimuli are not explicitly modeled; however the 
effects of microstructural changes on the macroscopic response of materials can be 
incorporated by allowing the material parameters to vary with the external stimuli. It is also 
noted that any changes in micro- and macroscopic responses of materials occur in some 
finite period and in most cases these changes also depend upon how fast or slow the 
external stimuli are prescribed to the bodies, leading to what so called ‘rate-dependent 
response’. Changes in the microstructures of materials with external stimuli are rather 
complicated. It might not be possible to incorporate detailed mechanisms that trigger these 
changes in developing constitutive models, mainly due to the complexity of these 
microstructural changes that occur at various scales and it is not well understood how the 
interactions among different field variables at the microscopic scale affects the macroscopic 
response. Several micromechanics based models are derived with a motivation to 
incorporate some aspects of the microstructural characteristics in predicting macroscopic 
response of materials. These micromechanics models are of course based on some 
assumptions and hypotheses. For examples: Smith et al. (2003, 2006) developed a 
constitutive model for hysteretic polarization switching response based on free-energy of a 
single crystal structure. It is assumed that the free energy is related to dipole reorientation in 
each crystal structure. A stochastic homogenization approach is used to obtain macroscopic 
hysteretic response of polycrystal structures. Chan and Hagood (1994) modeled a 
polarization reversal behavior of a single-crystal piezoceramic by assuming that the single 
crystal can be polarized to six possible directions and the overall responses of the 
piezoceramics are obtained either by averaging the crystallite responses in a global 
coordinate system or by taking into account internal alignment of the crystallites. Chen and 
Lynch (1998) incorporated the effects of grain orientations and crystal structures, i.e. 
tetragonal and rhombohedral, on the macroscopic hysteretic response of piezoelectric 
ceramics. These various microstructural-based models that require different material 
parameters are shown capable of simulating nonlinear hysteretic macroscopic response of 
piezoelectric ceramics. In most cases, these material parameters are characterized from the 
macroscopic response of the materials. An attempt of using molecular dynamics simulations 
in predicting macroscopic nonlinear hysteretic response of ferroelectric materials has also 
been considered. Such studies can be found in Uludogan et al. (2008) and Fang and Sang 
(2009). All of the above models that to some extents include microstructural aspects of 
piezoelectric ceramics are derived with a motivation to explain and improve understanding 
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on the nonlinear hysteretic response; however it might be difficult if not possible to perform 
experiments that can trace detailed microstructural changes at various microscopic scales 
during the hysteretic response, not to mention incorporating the rate of these changes as 
well. A discussion on the development of constitutive models of ferroelectric materials can 
be found in Smith (2005) and Lines and Glass (2009). 
Bassiouny et al. (1988a and b, 1989) formulated a phenomenological model for predicting 
electromechanical hysteretic response of piezoelectric ceramics. They defined a 
thermodynamic potential in terms of reversible and irreversible parts of the polarization. 
The irreversible part is the energy associated with the residual electric polarization. This 
constitutive model leads to rate-independent equations for the electro-mechanical coupling 
in piezoelectric ceramics (in analogy to the flow rule plasticity model). Huang and Tiersten 
(1998a and b) used a phenomenological based model for describing electro-mechanical 
hysteretic behavior in ferroelectric ceramics. Their model can capture the overall nonlinear 
hysteretic response, but it does not incorporate the effect of frequencies on the overall 
hysteretic response. Another example of phenomenological models of nonlinear rate-
independent hysteretic response of piezoelectric ceramics is by Kamlah and Tsakmakis 
(1999). The nonlinearity is due to polarization switching when the piezoelectric ceramics are 
subjected to high electric field and compressive stress. Similar to the crystal plasticity model 
of Bassiouny et al. (1988a and b) Landis (2002) developed a phenomenological model for 
predicting polarization switching in ferroelectric materials. They used an idea of rate-
independent plasticity model and discussed an extension of the constitutive model to 
include a rate-dependent response. Tiersten (1971, 1993) developed a nonlinear electro-
elastic model for predicting response of polarized piezoelectric ceramics undergoing large 
electric driving fields and small strains. The constitutive model includes higher order terms 
of electric fields. Crawley and Anderson (1990) suggested that the nonlinear electric field 
can be incorporated by taking a linear piezoelectric constant to depend on the electric field. 
Massalas et al. (1994) and Chen (2009) presented nonlinear thermo-electro-mechanical 
constitutive equations for elastic materials with memory-dependent (viz. viscoelastic 
materials) that incorporate the effect of heat generation due to the dissipation of energy on 
the nonlinear thermo-electro-mechanical response of conductive materials. The advantages 
of the phenomenological models are in their relatively simple forms in which the material 
parameters can be easily characterized from macroscopic experiments, which are beneficial 
for designing structures consisting of piezoelectric ceramics. 
The electro-mechanical response of ferroelectric ceramics is shown to be time- (or rate-) 
dependent within a context of dielectric- and piezoelectric relaxation; however limited 
studies have been done on predicting time-dependent response of ferroelectric ceramics. We 
extend the concepts of response of viscoelastic solids to evaluate the nonlinear time-
dependent electro-mechanical (macroscopic) response of polarized ferroelectric materials, 
i.e. piezoelectric ceramics. General time-integral electro-mechanical phenomenological 
constitutive models based on multiple integral and nonlinear single integral forms are used. 
We assume that the dielectric and piezoelectric constants of the materials change with 
electric field and the rate of time-dependent polarization and strain responses can also 
change with the magnitude of the electric field. This manuscript is organized as follows. 
Section two discusses a nonlinear time-dependent constitutive model based on integral 
formulations for electro-mechanical response of piezoelectric ceramics, followed by 
numerical implementation and verification of the models in section three. Section four 
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presents analyses of piezoelectric bimorph actuators having time-dependent material 
properties. The last section is dedicated to a conclusion and a discussion of the proposed 
nonlinear time-integral models. 

2. Nonlinear time-dependent constitutive model for piezoelectric ceramics 
2.1 Nonlinear electro-elastic constitutive model 
A phenomenological constitutive model2 for polarized ferroelectric ceramics at an 
isothermal condition is described in terms of the following field variables: stress σ, strain ε, 
electric field E, electric flux (displacement) D. It is assumed that loading is within a quasi-
static condition such that the effect of inertia on the electro-mechanical response can be 
neglected.  The constitutive model for polarized ferroelectric ceramics can be obtained by 
defining a thermodynamic potential ( , )eψ ε E  (see Bassiouny et al. 1988a; Tiersten, 1993; 
Huang and Tiersten, 1998). The relations between the different field variables are obtained 
from: 

 e
ij

ij

ψ
σ

ε
∂

=
∂

E

       e
i

i

D
E

ψ∂
= −

∂
σ

 (2.1) 

The components of the electric field and strain are expresses as ,i iE ϕ= −  

and ( ), ,

1
2ij i j j iu uε = + , respectively; where ϕ  and iu are the electric potential and scalar 

component of the displacement, respectively. This study focuses on understanding response 
of piezoelectric ceramics undergoing large electric fields and the brittle nature of 
piezoelectric ceramics limits their deformation to small strains. The thermodynamic 
potential includes up to second order strain tensor and higher order electric field. Tiersten 
(1993) suggested the following free energy function at an isothermal condition: 

 1 1 1 1 . .
2 2 2 6e ijkl ij kl ijk jk i ij i j ijkl i j kl ijk i j kC e E E E b E E E E E H O Tψ ε ε ε κ ε χ= − − − − +  (2.2) 

where ijklC , ijke , ijκ , ijklb , and ijkχ  are the fourth-order elasticity tensor, third-order electro-
mechanical tensor (piezoelectric constant), second-order electric permeability (dielectric 
constant), fourth-order electro-mechanical tensor, and third-order electric permeability 
tensor, respectively. The above elasticity constants are measured at constant or zero electric 
field, while the electrical properties are measured at constant or zero strains. The stress and 
electric displacement are: 

 

1 ˆ
2

1ˆ
2

ij ijkl kl kij k klij k l

i ijk jk ij j ijk j k

C e E b E E

D e E E E

σ ε

ε κ χ

= − −

= + +
 (2.3) 

                                                 
2 We deal with a constitutive model for a continuous and homogeneous body, suitable for simulating 
response of a piezoelectric ceramic below its coercive electric field.  
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where 

 
1ˆ 2
2

ˆ

ijkl ijkl o ki lj ij kl

ij ij o ij ij

b b

ε

κ δ δ δ δ

κ κ κ δ κ

 = − − 
 

= = +
 (2.4) 

Here oκ  is the permittivity constant at free space and ijδ  is the delta Kronecker. Tiersten 
(1993) also discussed an alternative expression of the constitutive model with nonlinear 
electric field and small strain when stress, electric field, and temperature are taken as the 
independent field variables: 

 
1
2
1
2

ij ijkl kl kij k klij k l

i ijk jk ik k ijk j k

S d E f E E

D d E E Eσ σ

ε σ

σ κ χ

= + +

= + +
 (2.5) 

The elastic compliances,  ijklS , piezoelectric constant,  ijkd , and nonlinear electroelastic 
constants,  ijklf , are:  

 

1

ˆ

ijkl ijkl

ijk imn mnjk

ijkl ijmn mnkl

S C

d e S

f b S

−=
=

=

 (2.6) 

The second- and third-order electric permeability constants are measured at zero or constant 
stresses: 

 
ˆ

ij ij imn jmn

ijk ijk imn jkmn

e d

e f

σ

σ

κ κ
χ χ

= +

= +
 (2.7) 

2.2 Nonlinear time-dependent constitutive model 
In analogy to the time-dependent deformation of viscoelastic materials, we extend the 
nonlinear electro-elastic model developed by Tiersten (1993) to include time-dependent 
material parameters. There have been several integral models developed to describe 
nonlinear viscoelastic behavior: modified superposition principle (Findley and Lai, 1967), 
multiple integral model (Green and Rivlin 1957), finite strain integral models (Pipkins and 
Rogers 1968; Rajagopal and Wineman 2010), single integral models (Pipkins and Rogers 
1968; Schapery 1969), and quasi-linear viscoelastic model (Fung 1981). The work by Green 
and Rivlin (1957) provides the fundamental framework for nonlinear viscoelastic response 
using the principles of continuum mechanics. It is assumed that small changes in the input 
field variables cause only small changes in the corresponding output field variables; this can 
be approximated by using continuous functions by polynomials. For a nonlinear viscoelastic 
material, Green and Rivlin (1957) formed a sum of multiple integrals of the polynomial 
functions to incorporate history of input variables in predicting output at current time. The 
constitutive equations (2.3) and (2.5) are expressed in the polynomial functions of 
independent field variables. In analogy to the correspondence between elastic and 
viscoelastic materials, we extend the nonlinear electro-elastic equations of Tiersten (1993) to 
include the time-dependent effect (for non-aging materials): 
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 (2.8) 

It is also possible to include higher order terms of the electric field. In order to graphically 
visualize the linear and nonlinear kernel functions of time, let us consider a one-dimensional 
multiple integral forms (up to the second order): 

 1 2
1 2 1 2 1 2

1 20 0 0

( ) ( ) ( )( ) ( ) ( , )
t t tdI s dI s dI s

R t t s ds t s t s ds ds
ds ds ds

ϕ ϕ
− − −

= − + − −    (2.9) 

where R(t) is the corresponding output at current time t, I(s) is the input history prescribed 
at 0 s t− ≤ ≤ , 1( )tϕ and 2( , )t tϕ are the two kernel functions. When the kernels are assumed to 
increase with time, Fig. 2.1 illustrates the linear and second order kernel functions of time 
(see Findley et al. (1976) for a detailed explanation). It is also assumed that the material 
response is unaltered by an arbitrary shift of the time scale, so that 2 1 2 1( , ) ( , )t t s t s tϕ ϕ− = − . 
The following functions can be used for the two kernels in Eq. (2.9): 
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1 0 1

( )/ ( )/ ( )/ ( )/1 1 2 1 1 2 2 2
2 1 2 0 1 2
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λ λ λ λ
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ϕ
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− = + −
− − = + − − + − −

 (2.10) 

where A0, A1, B0, B1, B2, τ1, λ1, λ2 are the material parameters that need to be determined 
from experiments. A set of experiments may be performed by applying the input variables 
at different times, say at t=0 and t=s1. The main disadvantage of the multiple integral forms 
is in characterizing material parameters from experiments, even when only up to the second 
order kernel function is considered. The characterization of material parameters becomes 
even more complicated for the anisotropic and nonlinear time-dependent case, which is the 
case for piezoelectric ceramics. 
 

 
Fig. 2.1. Time-dependent kernel functions (see Findley et al., 1976) 
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It is also possible to include higher order terms of the electric field. In case of the third order 
term is included, the following third order kernel function can be considered: 

 
( )/ ( )/ ( )/1 1 2 1 3 1

3 1 2 3 0 1

( )/ ( )/ ( )/1 2 2 2 3 2
2

( , , ) (3. )
(1. )(1. )(1. )
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t s t s t s C C e e e

C e e e

η η η

η η η

ϕ − − − − − −

− − − − − −

− − − = + − − − +
− − −

 (2.11) 

It is also necessary that 3 1 3 1 3 1( , , ) ( , , ) ( , , )t t t s t s t t t t s tϕ ϕ ϕ− = − = − . 
To reduce complexity in analyzing nonlinear viscoelastic behavior and characterizing 
material properties a single integral with nonlinear integrand has been used and found 
capable of approximating nonlinear responses in viscoelastic materials. Such models are 
discussed in Findley and Lay (1966), Pipkins and Rogers (1968), and Schapery (1969). Chen 
(2009) derived a nonlinear thermo-electro-viscoelastic constitutive equation that 
incorporates heat generation due to the dissipation of energy3 and damage.  The Gibbs free 
energy is defined in terms of a functional of the histories of stress, temperature, temperature 
gradient and electric field in the reference configuration and damage is introduced as an 
internal state variable. This constitutive model is based on a single integral form that 
includes hysteresis, aging, and damage in the electro-active materials, written as: 
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 (2.12) 

where , , , , ,T sC Σ D E are the right Cauchy-Green stretch tensor, second Piola-Kirchoff stress 
tensor, electric displacement vector, electric field vector, temperature, and entropy, 
respectively; 0ρ is the mass density at a reference state; 0 0, ,L M N are the right Cauchy-Green 
stretch tensor, product of the entropy and mass density, and electric displacement tensor at 
a reference state; , , , , , gCJ α f η κ are the compliance, thermal expansion, piezoelectric 
constant, pyroelectric constant, dielectric, and heat capacity, respectively; 0T is the reference 
temperature; and d is the damage tensor. It is also necessary that each kernel in Eq. (2.12) 
satisfy the following condition: ( , , ) ( , , )t x t s t s t xϕ ϕ− − = − −d d . Chen (2009) also discussed 

                                                 
3 Viscoelastic materials are known to dissipate significant amount of energy during cyclic loading; an 
electric current flows through a piezoelectric materials also dissipate energy which is converted to heat. 
Thus, it is necessary to account for this heat generation in predicting time-dependent response of 
piezoelectric materials.  
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the time-dependent forms for each material property in Eq. (2.12) in order to incorporate 
aging and damage. 
If we follow an approach suggested by Crawley and Anderson (1990) in which the nonlinear 
electric field can be incorporated by taking a linear piezoelectric constant to depend on the 
electric field, a single integral model with nonlinear integrand as the first approximation for 
modeling the time-dependent electro-mechanical response with nonlinearity due to high 
electric field is expressed4 as: 

 0 0

0 0

( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( )

t t
ijkl k

ij ijkl
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t t
jk i k

i ijk
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σε
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− −

∂
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∂

∂= − + −
∂

 

 
 (2.13) 

where [ ]( ),ij kR E t s t−  and [ ]( ),i kF E t s t− are the scalar components of the time-dependent 
strain and electric displacement, respectively, at current time 0t ≥ due to an input history 
of ( )kE s . It is assumed that [ ] [ ]0, 0, 0ij iR t F t= = and [ ] [ ]( ), ( ), 0 0.0ij k i kR E t t F E t t t= = ∀ < . The 
following kernels can be used for the material parameters in the constitutive models in 
Eq. (2.13): 
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 (2.14) 

It can be seen that the above kernels reduce to time-independent functions by eliminating 
the second term from the material parameters. By choosing 

(0) (1) (0) (1)( (0)), ( (0)), ( (0)), ( (0))ij k ij k i k i kR E R E F E F E to vary linearly with the electric field, the above 
equation reduces to a linear time-dependent electro-mechanical coupling model. It is also 
possible to include more than one term for the time-dependent parts in Eq. (2.14). The time-
dependent compliance ( )ijklS t  and piezoelectric constants ( )ijkd t  in Eq. (2.14) can be 
characterized from creep test by applying constant stresses or from hysteretic response due 
to cyclic stress inputs at different frequencies. The components of strain ( )ijR t and electric 
displacement ( )iF t  can be determined from the hysteretic response due to sinusoidal electric 
field inputs at different amplitudes and frequencies. If the experimental setup permits for 
                                                 
4 This approach yields to a nonlinear single integral model of Pipkins and Rogers (1968). 
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applying a fixed electric field, then the time-dependent strain and electric displacement can 
also be determined from this test. It is noted that for a piezoelectric ceramic such as a 
polarized PZT (let x3 be the poling axis), only some of the components of the material 
parameters are nonzero, reducing the experimental effort in calibrating these parameters. 

2.3 Time-integration methods  
We present a numerical algorithm for determining time-dependent response of strain and 
electric displacement due to arbitrary stress and electric field inputs. We start with a 
numerical algorithm for one-dimensional single integral model with a nonlinear integrand 
and followed by an algorithm for multiple integral representations.  
Let [ ]( ),R I t s t− be the time-dependent response at current time 0t ≥ due to an input 
history ( )sI I s≡ . A general single integral representation for the response is: 

  0

0

[ , ] [ , ] [ , ] 0
t s

t s sR dI
R R I t R I t I t s ds t

I ds+

∂≡ = + − ≥
∂  (2.15) 

where 
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 (2.17) 

Here we use a superscript to denote the time-dependent variables. A recursive method is 
used for solving the above integral form. Substituting Eqs. (2.16) and (2.17) into Eq. (2.15) 
yields: 
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where 
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is the history variable, which can be approximated as: 
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 (2.20) 

The superscript t t− Δ denotes the previous time history. At initial time, 0 0.0tq q= =  and 
0 0

0( )R R I= . Equations (2.18) and (2.19) give the corresponding output due to an arbitrary 
input I(s). For the multi-axial constitutive relation, the approximate solution in Eq. (2.18) can 
be applied independently to each scalar component in Eq. (2.13).   
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The numerical algorithm for the multiple integral models (one-dimensional representation) 
in Eq. (2.9) with the kernels defined in Eq. (2.10) can be approximated by applying the 
recursive method as discussed above. The linear kernel is approximated as: 
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The second order kernel is rewritten as: 
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and it can be approximated by: 
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where the history variables 1 2 1 2, , ,t t t tf f g g  at  0.0t >  are given as: 
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 (2.25) 

At initial time, 0 0 0 0
1 2 1 2 0.0f f g g= = = = and 0 0(0) (0 ) (0 ) (0 )R A I B I I+ + += + . Thus, the 

corresponding response due to an arbitrary input obtained from the multiple integral model 
is approximated as: 
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For the multi-axial constitutive relation, the approximate solution in Eq. (2.26) can be 
applied independently to each scalar component in Eq. (2.8).   

3. Numerical implementation and parametricstudies 
We present a numerical implementation of the above time-dependent constitutive models. 
We include parametric studies on understanding the effects of different material parameters 
and input histories on the overall time-dependent response of polarized ferroelectric 
materials. Both nonlinear single integral and multiple integral models will be discussed.  

3.1 Single integral model  
This section deals with using a single integral model to simulate hysteretic response of a 
polarized ferroelectric, which focuses on PZTs, subject to a sinusoidal electric field input. Let 
x3 be the poling axis of the PZT and an electric field input 3 max( ) sinE s E tω=  is applied along 
the poling axis. We consider several case studies: linear time-dependent response at a stress 
free condition, nonlinear time-dependent response at a stress free condition, and response 
under a combine mechanical stress and electric field. The following material parameters are 
considered for the linear time-dependent electro-mechanical coupling and dielectric 
constant: 
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 (3.1) 

The first case considers sinusoidal electric field inputs at three different frequencies: 0.01, 
0.1, and 1 Hz and two amplitudes: 0.25 and 0.75 MV/m. Figure 3.1 illustrates the electric-
field and transverse strain (E3-ε11) response during the first quarter cycle. It is seen that the 
electric-field and strain curves show nonlinear behavior which is due to the delay (time-
dependent) response of the material. The nonlinearity is more pronounced as the frequency 
decreases. At the frequency 1Hz the curve shows almost a linear behavior as the electric 
field is applied relatively fast with regards to the characteristics time of the materials and 
thus only a little time is given for the material to experience a time-dependent (or relaxation) 
effect. From Eq. (3.1), the characteristics time of the electro-mechanical coupling 311d  is 2 
seconds. Thus, one should be very careful when interpreting an experimental data that 
involves nonlinear phenomena. As shown in Fig. 3.1, the response seems to suggest the 
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nonlinear relation between the electric field and transverse strain which can be attributed to 
the electric field (or strain) dependent material properties, but instead this nonlinearity is 
due to the linear time-dependent effect. Figure 3.2 shows a hysteretic response of a PZT 
material at frequency 0.1 Hz and maximum applied electric field of 0.25 MV/m. 
Experimental data are obtained from Crawley and Anderson (1990). The single integral 
model with time-dependent material parameter in Eq. (3.1) is shown to be capable of 
simulating the hysteretic response. 
 

 
Fig. 3.1. Transverse strain responses during the first quarter cycle of the sinusoidal input 
 

 
Fig. 3.2. Linear hysteretic response of a PZT at f=0.1 Hz 

 

 
Fig. 3.3. Linear hysteretic response of the axial and transverse strains 
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The effect of frequencies on the hysteretic response of the linear single integral model is 
illustrated in Fig. 3.3. It is noted that the strain along the poling axis is a compressive strain 
since the electric field is applied opposite to the poling direction to create elongation in the 
in-plane (transverse) direction. From Eq. (3.1) it can be seen that the characteristics time in 

311d is smaller than the one in 333d ; thus, the transverse strain exhibits faster relaxation when 
subjected to an electric field along the poling axis. When the rate of loading is comparable to 
the characteristics time, the effect of time-dependent material properties on the hysteretic 
response becomes significant, as shown by the response with a frequency of 0.1 Hz. When 
the rate of loading is relatively fast (or slow) with regards to the characteristics time, i.e. 
f=0.01 and 1 Hz, insignificant (less pronounced) time-dependent effect is shown, indicated 
by narrow ellipsoidal shapes. This is because under a relatively fast loading, the material 
does not have enough time to experience delay changes at the microstructures5; while under 
a relatively slow loading these delay changes at the microstructures are (nearly) complete. 
The creep functions in the electro-mechanical coupling results in a smaller slope of the 
electric field-strain curve when a lower frequency is considered. Figure 3.4 depicts the linear 
response at different magnitudes of electric fields, which show a perfect elliptical shape 
when saturated condition is reached.  
 

 
Fig. 3.4. The effect of the amplitude of the electric field on the linear hysteretic response 
(f=0.1 Hz) 

We use a single integral model with nonlinear integrands to illustrate the hysteretic 
response of a polarized PZT. The following nonlinear functions of the integral model in Eq. 
(2.13) are chosen for the electro-mechanical coupling E3-ε11: 

 ( ) ( ) ( ) ( )/2 12
11 3 3 3 3( ) 200 1 100 1 1. 10 /tt E E E E e C Nε α β − −= − + − + −  (3.2) 

Figure 3.5 illustrates the effect of different nonlinear parameters on the hysteretic electro-
mechanical response. We use nonlinear functions that vary linearly with electric field; it is 
also possible to pick different functions. We assume that the electro-mechanical coupling 
properties increase with increasing the magnitude of the electric field and we also assume 
                                                 
5 It is noted that we measure these time-dependent changes with respect to the laboratory 
(experimental) time at the macroscopic level.  
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that the material relaxes faster with increase in the magnitude of the electric field. The 
following material constants are used in the numerical simulations: 0.5 /m MVα β= = and 
the characteristics time varies with the magnitude of electric field as: 3(1 )2; 0.75Eγ γ+ = − .  
In this case, we are interested in the response of piezoceramics below the coercive electric 
field such that the piezoceramics does not experience polarization switching.  We also 
assume that applying electric fields along and opposite to the poling axis cause similar 
changes in the corresponding strains6. The nonlinear parameters show distortion in the 
hysteretic response from an ellipsoidal shape. As in the linear case, we also show the effect 
of the amplitude of the electric field on the nonlinear hysteretic response. All of the above 
nonlinear material parameters are incorporated in the numerical simulations. Figure 3.6 
shows the hysteretic response obtained from the nonlinear single integral model. The 
deviation from the ellipsoidal shape is more pronounced for the hysteretic response under 
the highest magnitude of the electric field, which is expected. Under relatively small 
amplitude of the electric field, the hysteretic response shows almost a perfect ellipse as the 
nonlinearity is less pronounced. 
In the third case study, we apply a constant stress input together with a sinusoidal electric 
field input: 

 33 3( ) 20 ( ) ( ) 0.75sin /t H t MPa E t tMV mσ ω= − = ±  (3.3) 

where H(t) is the Heaviside unit step input. The following time-dependent compliance and 
linear electro-mechanical coupling constant are considered7: 

 
( )/50 1

3333

/5 12
333

( ) 0.0122 1.5 0.5

( ) 380 150(1. ) 10 / ( / )

t

t

S t e GPa

d t e C N m V

− −

− −

= −

= + − ⋅  
 (3.4) 

The above compliance corresponds to the elastic (instantaneous) modulus E33 of 82 GPa. In 
the linear model the strain output due to the applied compressive stress can be superposed 
with the strain output due to the applied electric field. Under a relatively high compressive 
stress applied along the poling axis depoling of the PZT could occur, leading to nonlinear 
response. The scope of this manuscript is not on simulating a polarization reversal behavior 
and we assume that the superposition condition is applicable for the time-dependent strain 
outputs due to stress and electric field inputs. We allow the polarized PZT to experience 
creep when it is subjected to a stress. The creep response is described by the compliance in 
Eq. (3.4). A sinusoidal electric field with amplitude of 0.75 MV/m and frequency of 0.1 Hz is 
applied. Two cases regarding the history of the electric field input are considered: The first 
case starts with applying the electric field in the opposite direction to the poling 
axis, 3 (0 ) 0.0E + < . The second case starts with the electric field input in the direction of the 

                                                 
6 It is noted that the corresponding strain response in a polarized ferroelectric ceramics when the electric 
field is applied along the poling axis need not be the same as the strain output when the electric field is 
applied opposite to the poling axis. In most cases they are not the same, especially under a relative high 
magnitude of electric field as the process of polarization switching might occur even before it reaches 
the coercive electric field.  
7 The PZT is modeled as a viscoelastic solid with regards to its mechanical response. The creep 
deformation in a viscoelastic solid will reach an asymptotic value at steady state (saturated condition). 
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poling axis, 3 (0 ) 0.0E + > . When an electric field is applied opposite to the current poling axis, 
the PZT experiences contraction in the poling direction, indicated by a compressive strain. 
When the polarized PZT is subjected to an electric field in the poling direction, it 
experiences elongation in that direction. 
 

 

 
Fig. 3.5. The effect of nonlinear parameters on the hysteretic response 

 

 
Fig. 3.6. The effect of the amplitude of the electric field on the nonlinear hysteretic response 
(f=0.1 Hz) 

We examine the effect of the electric field input history on the corresponding strain output 
when the PZT undergoes creep deformation. Figure 3.7 illustrates the hysteretic response 
under the input field variables in Eq. 3.3. As expected, the creep deformation in the PZT due 
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to the compressive stress continuously shifts the hysteretic response to the left of the strain 
axis (higher values of the compressive strains) until steady state is reached for the creep 
deformation. At steady state, the hysteretic response should form an ellipsoidal shape. It is 
also seen that different hysteretic response is shown under the two histories of electric fields 
discussed above. When the electric field is first applied opposite to the poling axis, the first 
loading cycle forms a nearly elliptical hysteretic response. This is not the case when the 
electric field is first applied in the poling direction (Fig. 3.7b). The hysteretic response under 
a frequency of 1 Hz is also illustrated in Figs. 3.7c and d, which show an insignificant time-
dependent effect. This is due to the fact that the rate of loading under f=1 Hz is much faster 
as compared to the creep and time-dependent response of the material. It is also seen that 
under frequency 1 Hz, the strain- and electric field response is almost linear. Thus, under 
such condition it is possible to characterize the linear piezoelectric constants of materials, i.e. 

311 322 333 113 223, , , ,d d d d d from the electric field-strain curves. At this frequency of 1 Hz, the slope in 
the strain-electric field curves (Figs. 3.7c and d) remains almost unaltered with the history of 
the applied electric field. This study can be useful for designing an experiment and 
interpreting data in order to characterize the piezoelectric properties of a piezoelectric 
ceramics. 
 

 
 

 
Fig. 3.7. The corresponding hysteretic response under coupled mechanical and electric field 
inputs 

3.2 Multiple integral model  
This section presents a multiple integral model to simulate hysteretic response of a 
piezoelectric ceramics subject to a sinusoidal electric field. We consider up to the third order 
kernel function and we examine the effect of these kernel functions on the overall nonlinear 
hysteretic curve. The following material parameters are used for the simulation: 
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When only the first and third kernel functions are considered, the nonlinear hysteretic 
response at steady state under positive and negative electric fields is identical as shown by 
an anti-symmetric hysteretic curve in Fig. 3.8a. The hysteretic response under the amplitude 
of electric field of 0.25 MV/m shows nearly linear response. Including the second order 
kernel function allows for different response under positive and negative electric fields as 
seen in Fig. 3.8b. At low amplitude of applied electric field, nearly linear response is shown; 
however this hysteretic response does not show an anti-symmetric shape with respect to the 
strain and electric field axes. The contribution of each order of the kernel function depends 
on the material parameters. For example the material parameters in Eq. (3.5) yield to more 
pronounced contribution of the first order kernel function; while the contributions of the 
second and third order kernel functions are comparable.  
 

 
Fig. 3.8. The effect of the higher order terms on the hysteretic response (f=0.1 Hz) 

Intuitively, the corresponding strain response of a piezoelectric ceramics when an electric 
field is applied in the poling direction (positive electric field) need not be the same as when 
an electric field is applied opposite to the poling direction (negative electric field), especially 
for nonlinear response due to high electric fields. Depoling could occur in the piezoelectric 
ceramics when a negative electric field with a magnitude greater than the coercive electric 
field is considered. Thus, to incorporate the possibility of the depoling process, the even 
order kernel functions can be incorporated in the multiple time-integral model.  In order to 
numerically simulate the depolarization in the piezoelectric ceramics we apply a sinusoidal 
electric field input with amplitude of 1.5 MV/m. We consider the first and second order 
kernel functions and use the following material parameters so that the contributions of the 
first and second order kernel functions on the strain response are comparable: 

  

12 12
0 1

1

18 2 2
0 1 2

1 2

200 10 / ; 100 10 /
2sec

100 10 /
2sec; 5sec

A m V A m V

B B B m V

τ

λ λ

− −

−

= ⋅ = ⋅
=
= = = ⋅
= =

 (3.6) 



  
Ferroelectrics - Characterization and Modeling 

 

554 

Figure 3.9 illustrates the corresponding strain response from the multiple integral model 
having the first and second kernel functions. The response shows an un-symmetric 
butterfly-like shape. The un-symmetric butterfly-like strain-electric field response is 
expected for polarized ferroelectric materials undergoing high amplitude of sinusoidal 
electric field input. The nonlinear response due to the positive electric field is caused by 
different microstructural changes than the microstructural changes due to polarization 
switching under a negative electric field.  
 

 
Fig. 3.9. The butterfly-like shape of the electro-mechanical coupling response  

4. Analyses of piezoelectric beam bending actuators 
Stack actuators have been used in several applications that involve displacement 
controlling, such as fuel injection valves and optical positioning (see Ballas 2007 for a 
detailed discussion). They comprise of layers of polarized piezoelectric ceramics arranged in 
a certain way with regards to the poling axis of an individual piezoceramic layer in order to 
produce a desire deformation. In conventional bending actuators, a single layer 
piezoceramic requires a typical of operating voltage of 200 V or more. By forming a multi-
layer piezoceramic actuator, it is possible to reduce the operating voltage to less than 50 V. 
In this section, we examine the effect of time-dependent electro-mechanical properties of the 
piezoelectric ceramics on the bending deflections of an actuator comprising of two 
piezoelectric layers, known as a bimorph system. 
Consider a two dimensional bimorph beam consisting of two layers of polarized 
piezoelectric ceramics and an elastic layer, as shown in Fig. 4.1. In order to produce a 
bending deflection in the beam, the two piezoelectric layers should undergo opposite tensile 
and compressive strains. This can be achieved by stacking the two piezoelectric layers with 
the poling axis in the same direction and applying a voltage that produces opposite electric 
fields in the two layers or by placing the two piezoelectric layers with poling axis in the 
opposite direction and applying a voltage that produces electric fields in the same direction. 
The beam is fixed at one end and the other end is left free; the top and bottom surfaces are 
under a traction free condition. A potential is applied at the top and bottom surfaces of the 
beam and the corresponding displacement is monitored. We prescribe the following 
boundary conditions to the bimorph beam: 
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 (4.1) 

where 1u  and 2u  are the displacements in the x1 and x2 directions, respectively. The 
bonding between the different layers in the bimorph beam is assumed perfect; thus the 
traction and displacement continuity conditions are imposed at the interface layers. The 
beam has a length L of 100mm, width b of 1mm and the thickness of each piezoelectric layer 
is 1mm. Let us consider a bimorph beam without an elastic layer placed in between these 
piezoelectric layers. We assume that the beam is relatively slender so that it is sensible to 
adopt Euler-Bernoulli’s beam theory in finding the corresponding displacement of the 
bimorph beam; the calculated displacements are at the neutral axis of the beam and we shall 
eliminate the dependence of the displacements on the x2 axis, 1 1( , )u x t and 2 1( , )u x t . The 
kinematics concerning the deformations of the Euler-Bernoulli beam, with the 
displacements measured at the neutral axis of the beam is: 

 ( ) ( ) ( )
2

1 2
11 1 2 1 2 12

1 1

, , , ,u u
x x t x t x x t

x x
ε ∂ ∂= −

∂ ∂
  (4.2) 

 

 
Fig. 4.1. A bimorph beam 

Since we only prescribe a uniform voltage on the top and bottom surfaces of the beam, the 
problem reduces to a pure bending problem8: the internal bending moment depends only on 

                                                 
8 We shall only consider the longitudinal stress- and strain and the transverse displacement measured at 
the neutral axis of the beam. 
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time, M3(t)=M(t) and the longitudinal stress is independent on the x1, 11 2( , )x tσ . At each time 
t, the following equilibrium conditions must be satisfied: 
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As a consequence, the first term of the axial strain in Eq. (4.2) is zero and the curvature of the 
beam depends only on time. The constitutive relations for the piezoelectric layers are: 
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where the electric field at the piezoelectric layer with the thickness hp/2 is assumed 
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of the two piezoelectric layers are in the same direction. The axial stress becomes (hs=0): 
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Substituting the stress in Eq. (4.5) to the internal bending moment in Eq. (4.3) yields to: 
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Finally, the equation that governs the bending of the bimorph beam (pure bending 
condition) subject to a time varying electric potential is: 
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where I is the second moment of an area w.r.t. the neutral axis of the beam. Integrating Eq. 
(4.7) with respect to the x1 axis and using BCs in Eq. 4.1, the deflection of the beam is: 

 2
2 1 1

1( , ) ( )
2

u x t t x= Φ  (4.8) 

The following time-dependent properties of PZT-5A are used for the bending analyses of 
stack actuators: 
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A sinusoidal input of an electric potential with various frequencies are applied. Figure 4.2 
illustrates hysteresis response of the bending of the bimorph beam. The displacements are 
measured at the free end (x1=100mm). As discussed in Section 3.1, when the rate of loading 
is comparable to the characteristics time, the effect of time-dependent material properties on 
the hysteretic response becomes significant, as shown by the response with frequencies of 
0.05 Hz and 0.1 Hz. When the rate of loading is relatively fast (or slow) with regards to the 
characteristics time, i.e. f=0.01 Hz and 1 Hz, insignificant (less pronounced) time-dependent 
effect is shown, indicated by narrow ellipsoidal shapes. 
 

 

 
Fig. 4.2. The effect of input frequencies on the tip displacements of the bimorph beam 

5. Conclusions 
We have studied the nonlinear and time-dependent electro-mechanical hysteretic response 
of polarized ferroelectric ceramics. The time-dependent electro-mechanical response is 
described by nonlinear single integral and multiple integral models. We first examine the 
effect of frequency (loading rate) on the overall hysteretic response of a linear time-
dependent electro-mechanical response. The strain-electric field response shows a nonlinear 
relation when the time-dependent effect is prominent which should not be confused with 
the nonlinearity due to the magnitude of electric fields. We also study the effect of the 
magnitude of electric fields on the overall hysteretic response using both nonlinear single 
integral and multiple integral models. As expected, the nonlinearity due to the electric field 
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results in a distortion of the ellipsoidal hysteretic curve. We have extended the time-
dependent constitutive model for analyzing bending in a stack actuator due to an input 
electric potential at various frequencies. The presented study will be useful when designing 
an experiment and interpreting data that a nonlinear electro-mechanical response exhibits. 
This study is also useful in choosing a proper nonlinear time-dependent constitutive model 
for piezoelectric ceramics. 
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1. Introduction

The piezoelectric effect is a coupling between electrical and mechanical fields within certain
materials that has numerous applications ranging from ultrasound generation in medical
imaging and therapy via acceleration sensors and injection valves in automotive industry to
high precision positioning systems. Driven by the increasing demand for devices operating
at high field intensities especially in actuator applications, the field of hysteresis modeling for
piezoelectric materials is currently one of highly active research. The approaches that have
been considered so far can be divided into four categories:

(1) Thermodynamically consistent models being based on a macroscopic view to describe
microscopical phenomena in such a way that the second law of thermodynamics is
satisfied, see e.g., Bassiouny & Ghaleb (1989); Kamlah & Böhle (2001); Landis (2004);
Linnemann et al. (2009); Schröder & Romanowski (2005); Su & Landis (2007).

(2) Micromechanical models that consider the material on the level of single grains, see, e.g.,
Belov & Kreher (2006); Delibas et al. (2005); Fröhlich (2001); Huber (2006); Huber & Fleck
(2001); McMeeking et al. (2007).

(3) Phase field models that describe the transition between phases (corresponding to the motion
of walls between domains with different polarization orientation) using the Ginzburg
Landau equation for some order parameter, see e.g., Wang et al. (2010); Xu et al. (2010).

(4) Phenomenological models using hysteresis operators partly originating from the input-output
description of piezoelectric devices for control purposes, see e.g., Ball et al. (2007); Cimaa
et al. (2002); Hughes &Wen (1995); Kuhnen (2001); Pasco & Berry (2004); Smith et al. (2003).

Alsomultiscale coupling betweenmacro- andmicroscopic as well as phase fieldmodels partly
even down to atomistic simulations have been investigated, see e.g., Schröder & Keip (2010);
Zäh et al. (2010).

Whereas most of the so far existing models are designed for the simulation of polarization,
depolarization or cycling along the main hysteresis loop, the simulation of actuators requires
the accurate simulation of minor loops as well.
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Moreover, the physical behavior can so far be reproduced only qualitatively, whereas the
use of models in actuator simulation (possibly also aiming at simulation based optimization)
needs to fit measurements precisely.
Simulation of a piezoelectric device with a possibly complex geometry requires not only an
input-output model but needs to resolve the spatial distribution of the crucial electric and
mechanical field quantities, which leads to partial differential equations (PDEs). Therewith,
the question of numerical efficiency becomes important.
Preisach operators are phenomenological models for rate independent hysteresis that are
capable of reproducing minor loops and can be very well fitted to measurements, see e.g.,
Brokate & Sprekels (1996); Krasnoselskii & Pokrovskii (1989); Krejčí (1996); Mayergoyz (1991);
Visintin (1994). Moreover, they allow for a highly efficient evaluation by the application of
certain memory deletion rules and the use of so-called Everett or shape functions.
In the following, we will first describe the piezoelectric material behavior both on a
microscopic and macroscopic view. Then we will provide a discussion on the Preisach
hysteresis operator, its properties and its fast evaluation followed by a description of our
piezoelectric model for large signal excitation. In Sec. 4 we discuss the steps to incorporate
this model into the system of partial differential equations, and in Sec. 5 the derivation of a
quasi Newton method, in which the hysteresis operators are included into the system via
incremental material tensors. For this set of partial differential equations we then derive
the weak (variational) formulation and perform space and time discretization. The fitting
of the model parameters based on relatively simple measurements is performed directly
on the piezoelectric actuators in Section 6. The applicability of our developed numerical
scheme will be demonstrated in Sec. 7, where we present a comparison of measured and
simulated physical quantities. Finally, we summarize our contribution and provide an outlook
on further improvements of our model to achieve a multi-axial ferroelectric and ferroelastic
loading model.

2. Piezoelectric and ferroelectric material behavior

Piezoelectric materials can be subdivided into the following three categories

1. Single crystals, like quartz

2. Piezoelectric ceramics like barium titanate (BaTiO3) or lead zirconate titanate (PZT)

3. Polymers like PVDF (polyvinylidenfluoride).

Since categories 1 and 3 typically show a weak piezoelectric effect, these materials are mainly
used in sensor applications (e.g., force, torque or acceleration sensor). For piezoelectric
ceramics the electromechanical coupling is large, thus making them attractive for actuator
applications. These materials exhibit a polycrystalline structure and the key physical property
of these materials is ferroelectricity. In order to provide some physical understanding of
the piezoelectric effect, we will consider the microscopic structure of piezoceramics, partly
following the exposition in Kamlah (2001).
A piezoelectric ceramicmaterial is subdivided into grains consisting of unit cells with different
orientation of the crystal lattice. The unit cells consist of positively and negatively charged
ions, and their charge center position relative to each other is of major importance for the
electromechanical properties. We will call the material polarizable, if an external load, e.g.,
an electric field can shift these centers with respect to each other. Let us consider BaTiO3
or PZT, which have a polycrystalline structure with grains having different crystal lattice.
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Above the Curie temperature Tc – for BaTiO3 Tc ≈ 120 oC - 130 oC and for PZT Tc ≈ 250 oC
- 350 oC, these materials have the perovskite structure. The cube shape of a unit cell has
a side length of a0 and the centers of positive and negative charges coincide (see Fig. 1).
However, below Tc the unit cell deforms to a tetragonal structure as displayed in Fig. 1, e.g.,

Fig. 1. Unit cell of BaTiO3 above and below the Curie temperature Tc.

BaTiO3 at room temperature changes its dimension by (c0− a0)/a0 ≈ 1%. In this ferroelectric

Fig. 2. Orientation of the polarization of the unit cells at initial state, due to a strong external
electric field and after switching it off.

phase, the centers of positive and negative charges differ and a dipole is formed, hence the
unit cell posses a spontaneous polarization. Since the single dipoles are randomly oriented,
the overall polarization vanishes due to mutual cancellations and we call this the thermally
depoled state or virgin state. This state can be modified by an electric or mechanical loading
with significant amplitude. In practice, a strong electric field E ≈ 2 kV/mm will switch the
unit cells such that the spontaneous polarization will be more or less oriented towards the
direction of the externally applied electric field as displayed in Fig. 2. Now, when we switch
off the external electric field the ceramic will still exhibit a non-vanishing residual polarization
in the macroscopic mean (see Fig. 2). We call this the irreversible or remanent polarization and
the just described process is termed as poling.
The piezoelectric effect can be easily understood on the unit cell level (see Fig. 1), where it just
corresponds to an electrically or mechanically induced coupled elongation or contraction of
both the c-axes and the dipole. Macroscopic piezoelectricity results from a superposition of
this effect within the individual cells.
Ferroelectricity is not only relevant during the above mentioned poling process. To see this,
let us consider a mechanically unclamped piezoceramic disc at virgin state and load the
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electrodes by an increasing electric voltage. Initially, the orientation of the polarization within
the unit cells is randomly distributed as shown in Fig. 3 (state 1). The switching of the domains

Fig. 3. Polarization P as a function of the electric field intensity E.

starts when the applied electric field reaches the so-called coercitive intensity Ec
1. At this state,

the increase of the polarization is much faster, until all domains are switched (see state 2 in
Fig. 3). A further increase of the external electric loading would result in an increase of the
polarization with only a relatively small slope and the occurring micromechanical process
remains reversible. Reducing the applied voltage to zero will preserve the poled domain
structure even at vanishing external electric field, and we call the resulting macroscopic
polarization the remanent polarization Prem. Loading the piezoceramic disc by a negative
voltage of an amplitude larger than Ec will initiate the switching process again until we arrive
at a random polarization of the domains (see state 4 in Fig. 3). A further increase will orient
the domain polarization in the new direction of the external applied electric field (see state 5
in Fig. 3).
Measuring the mechanical strain during such a loading cycle as described above for the
electric polarization, results in the so-called butterfly curve depicted in Fig. 4, which is basically
a direct translation of the changes of dipoles (resulting in the total polarization shown in
Fig. 3) to the c-axes on a unit cell level. Here we also observe that an applied electric field
intensity E > Ec is required in order to obtain a measurable mechanical strain. The observed
strong increase between state 1 and 2 (or 7 and 2, respectively) is again a superposition of
two effects: Firstly, we achieve an increase of the strain due to a reorientation of the c-axes
into direction of the external electric field, which often takes place in two steps (90 degree
and 180 degree switching). Secondly, the orientation of the domain polarization leads to
the macroscopic piezoelectric effect yielding the reversible part of the strain. As soon as
all domains are switched (see state 2 in Fig. 4), a further increase of the strain just results
from the macroscopic piezoelectric effect. A separation of the switching (irreversible) and the
piezoelectric (reversible) strain can best be seen by decreasing the external electric load to zero.

1 It has to be noted that in literature Ec often denotes the electric field intensity at zero polarization.
According to Kamlah & Böhle (2001) we define Ec as the electric field intensity at which domain
switching occurs.

564 Ferroelectrics - Characterization and Modeling



Modeling and Numerical Simulation
of Ferroelectric Material Behavior Using Hysteresis Operators 5

Fig. 4. Mechanical strain S as a function of the electric field intensity E.

Alternatively or additionally to this electric loading, one can perform a mechanical loading,
which will also result in switching processes. For a detailed discussion on the occurring
so-called ferroelastic effects we refer to Kamlah & Böhle (2001).

3. Preisach hysteresis operators

Hysteresis is a memory effect, which is characterized by a lag behind in time of some output in
dependence of the input history. Figure 3, e.g., shows the curve describing the polarization P
of some ferroelectric material in dependence of the applied electric field E: As E increases from
zero to its maximal positive value Esat at state 2 (virgin curve), the polarization also shows a
growing behavior, that lags behind E, though. Then E decreases, and again P follows with
some delay. As a consequence, there is a positive remanent polarization Prem for vanishing
E, that can only be completely removed by further decreasing E until a critical negative value
is reached at state 4. After passing this threshold, a polarization in negative direction — so
with the same orientation as E — is generated, until a minimal negative value is reached. The
returning branch of the hysteresis curve ends at the same point (Esat, Psat) at state 2, where the
outgoing branch had reversed but takes a different path, which results in a gap between these
two branches and the typical closed main hysteresis loop. We write

P(t) = H[E](t)

with some hysteresis operator H. Normalizing input and output by their saturation values,
e.g., p(t) = P(t)/Psat and e(t) = E(t)/Esat, results in

p(t) = H[e](t) .

In the remainder of this section we assume that both the input e and the output p are
normalized so that their values lie within the interval [−1, 1], and give a short overview on
hysteresis operators following mainly the exposition in Brokate & Sprekels (1996) (see also
Krejčí (1996) as well as Krasnoselskii & Pokrovskii (1989); Mayergoyz (1991); Visintin (1994)).

565
Modeling and Numerical Simulation of
Ferroelectric Material Behavior Using Hysteresis Operators



6 Will-be-set-by-IN-TECH

Probably the most simple example of hysteresis is the behavior of a switch or relay (see Fig. 5),
that is characterized by two threshold values α > β. The output value p is either−1 or+1 and
changes only if the input value e crosses one of the switching thresholds α, β: If, at some time
instance t, e(t) increases from below to above α, the relay will switch up to +1, if e decreases
from above to below β, it will switch down to −1, in all other cases it will keep its value —
either plus or minus one, depending on the preceding history. Therefore, we just formally
define the relay operatorRβ,α by

Rβ,α[e] = p

according to the description above.

Rβ,α

←

↓

↑
→

Fig. 5. Hysteresis of an elementary relay.

A practically important phenomenological hysteresis model that was originally introduced in
the context of magnetism but plays a role also in many other hysteretic processes, is given by
the Preisach operator

H[e](t) =
∫∫

β≤α
℘(β, α)Rβ,α[e](t) d(α, β) , (1)

which is a weighted superposition of elementary relays. The initial values of the relays Rβ,α
(assigned to some “pre-initial” state e−1) are set to

Rβ,α[e−1] =
{−1 if α > −β
+1 else.

(2)

DeterminingH obviously amounts to determining the weight function ℘ in Equation (1). The
domain {(β, α) | β ≤ α} of ℘ is called the Preisach plane. Assuming that ℘ is compactly
supported and by a possible rescaling, we can restrict our attention to the Preisach unit
triangle {(β, α) | − 1 ≤ β ≤ α ≤ 1} within the Preisach plane (see Fig. 6), which shows
the Preisach unit triangle with the sets S+, S− of up- and down-switched relays at the initial
state according to Equation (2).
We would now like to start with pointing out three characteristic features of hysteresis
operators in general, and especially of Preisach operators (see Equation (1)), that will play
a role in the following:
Firstly, the output p(t) at some time t depends on the present as well as past states of the input
e(t), but not on the future (Volterra property).
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Fig. 6. Preisach plane at the initial state according to Equation (2).

Secondly, it is rate independent, i.e., the values that the output attains are independent
of the speed of the input in the sense that for any continuous monotonically increasing
transformation κ of the time interval [0, T] with κ(0) = 0, κ(T) = T, and all input functions e,
there holds

H[e ◦ κ] = H[e] ◦ κ . (3)

As a consequence, given a piecewise monotone continuous input e, the output is (up to the
speed in which it is traversed) uniquely determined by the local extrema of the input only,
i.e.,the values of e at instances where e changes its monotonicity behavior from decreasing to
increasing or vice versa.
The third important characteristic of hysteresis is that it typically does not keep the whole
input history in mind but forgets certain passages in the past. I.e., there is a certain deletion in
memory and it is quite important to take this into account also when doing computations: in
a finite element simulation of a system with hysteresis, each element has its own history, so in
order to keep memory consumption in an admissible range it is essential to delete past values
that are not required any more.
Deletion, i.e., the way in which hysteresis operators forget, can be described by appropriate
orderings on the set S of strings containing local extrema of the input, together with the above
mentioned correspondence to piecewise monotone input functions.

Definition 1. (Definition 2.7.1 in Brokate & Sprekels (1996))
Let 	 be an ordering (i.e., a reflexive, antisymmetric, and transitive relation) on S. We say that a
hysteresis operator forgets according to 	, if

s′ 	 s ⇒ H(s) = H(s′) ∀s, s′ ∈ S

Due to this implication, strings can be reduced according to certain rules. With the notation

[[e, e′]] := [min{e, e′},max{e, e′}]
the relevant deletion rules for Preisach operators with neutral initial state Equation (2) can be
written as follows (for an illustration see Fig. 7):

• Monotone deletion rule: only the local maxima and minima of the input are relevant.

(e0, . . . , eN) �→ (e0, . . . , ei−1, ei+1, . . . , eN)
if ei ∈ [[ei−1, ei+1]]

(4)
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Fig. 7. Illustration of deletion rules according to Equation (4) - Equation (7). Here the filled
boxes mark the dominant input values, i.e., those sufficing to compute output values after
time tc.

• Madelung rule: Inner minor loops are forgotten.

(e0, . . . , eN) �→ (e0, . . . , ei−1, ei+2, . . . , eN)
if [[ei, ei+1]] ⊂ [[ei−1, ei+2]] ∧ ei �∈ [[ei−1, ei+1]] ∧ ei+1 �∈ [[ei, ei+2]]

(5)

• Wipe out: previous absolutely smaller local maxima (minima) are erased from memory by
subsequent absolutely larger local maxima (minima).

(e0, . . . , eN) �→ (e1, . . . , eN)
if e0 ∈ [[e1, e2]]

(6)

• Initial deletion: a maximum (minimum) is also forgotten if it is followed by an minimum
(maximum) with sufficiently large modulus.

(e0, . . . , eN) �→ (e1, . . . , eN) if |e0| ≤ |e1| (7)

It can be shown that irreducible strings for this Preisach ordering with neutral initial state are
given by the set

S0 = {s ∈ S | s = (e0, . . . , eN) is fading and |e0| > |e1|}
where

s = (e0, . . . , eN) is fading ⇔(
s ∈ SA and |e0 − e1| > |e1 − e2| > |e2 − e3| > . . . > |eN−1 − eN |

)
.

Considering an arbitrary input string, the rules above have to be applied repeatedly to
generate an irreducible string with the same output value, which could lead to a considerable
computational effort. However, when computing the hysteretic evolution of some output
function by a time stepping scheme, we update the input string and apply deletion in each
time step and fortunately in that situation reduction can be done at low computational cost.
Namely, only one iteration per time step is required and there is no need to recursively
apply rules Equation (4)–Equation (7), see Lemma 3.3 in Kaltenbacher & Kaltenbacher (2006).
After achieving an irreducible string (e0, . . . , eN), the hysteresis operator can be applied very
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efficiently by just evaluation of a sum over the string entries

H(s) = h(−e0, e0) +
N

∑
k=1

h(ek−1, ek) ∀s = (e0, . . . , eN) (8)

instead of computing the integrals in Equation (1). In Equation (8) h is the so-called shape
function or Everett function (cf. Everett (1955)), which can be precomputed according to

h(eN−1, eN) = 2 sign(eN − eN−1)
∫∫

Δ(eN−1,eN)
℘(β, α) d(α, β) . (9)

4. Piezoelectric model

We follow the basic ideas discussed in Kamlah & Böhle (2001) and decompose the physical
quantities into a reversible and an irreversible part. For this purpose, we introduce the
reversible part Dr and the irreversible part Di of the dielectric displacement according to

D = Dr + Di . (10)

In our case, using the general relation between dielectric displacement D, electric field
intensity E, and polarization P we set Di = Pi (irreversible part of the electric polarization).
Analogously to Equation (10), the mechanical strain S is also decomposed into a reversible
part Sr and an irreversible part Si

S = Sr + Si . (11)

The decomposition of the strain S is done in compliance with the theory of elastic-plastic
solids under the assumption that the deformations are very small Bassiouny & Ghaleb (1989).
That assumption is generally valid for piezoceramic materials with maximum strains below
0.2%.
The reversible parts of mechanical strain Sr and dielectric displacement Dr are described by
the linear piezoelectric constitutive law.
Now, in contrast to the thermodynamicallymotivated approaches in, e.g., Bassiouny&Ghaleb
(1989); Kamlah & Böhle (2001); Landis (2004), we compute the polarization from the history
of the driving electric field E by a scalar Preisach hysteresis operatorH

Pi = H[E] eP , (12)

with the unit vector of the polarization eP, set equal to the direction of the applied electric
field. Taking this into consideration, we currently restrict our model to uni-axially loaded
actuators.

The butterfly curve for the mechanical strain could be modeled by an enhanced hysteresis
operator as well. The use of an additional hysteresis operator for the strain can be avoided
based on the following observation, though. As seen in Fig. 8, the mechanical strain S33
appears to be proportional to the squared dielectric polarization P3, i.e., the relation Si =
β · (H[E])2, with a model parameter β, seems obvious. To keep the model more general, we
choose the ansatz

Si = β1 · H[E] + β2 · (H[E])2 + ...+ βl · (H[E])l . (13)
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Similarly to Kamlah & Böhle (2001) we define the tensor of irreversible strains as follows

[Si] = 3
2

(
β1 · H[E] + β2 · (H[E])2 + · · ·+ βl · (H[E])l

) (
eP eP

T − 1
3 [I]

)
. (14)

The parameters β1 . . . βn need to be fitted to measured data.

Fig. 8. Measured mechanical strain S33 and squared irreversible polarization Pi
3 of a

piezoceramic actuator on different axis.

Moreover, the entries of the tensor of piezoelectric moduli are now assumed to be a function
of the irreversible electric polarization Pi. Here the underlying idea is that the piezoelectric
properties of the material only appear once the material is poled. Without any polarization,
the domains in the material are not aligned, and therefore coupling between the electric field
and the mechanical field does not occur. If the polarization is increased, the coupling also
increases. Hence, we define the following relation

[e(P)] =
|Pi|
Pi
sat

[e] . (15)

Herein, Pi
sat denotes the irreversible part of the saturation polarization Psat = Pr

sat + Pi
sat (see

state 2 in Fig. 3), [e] the tensor of constant piezoelectric moduli and [e(Pi)] the tensor of
variable piezoelectric moduli. Therewith, we model a uni-axial electric loading along a fixed
polarization axis.
Finally, the constitutive relations for the electromechanical coupling can be established and
written in e-form

S = Sr + Si ; Pi = H[E]eP (16)

σ = [cE] Sr − [e(Pi)]tE (17)

D = [e(Pi)] Sr + [εS] E + Pi (18)
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or equivalently in d-form

S = Sr + Si ; Pi = H[E]eP (19)

S = [sE] σ + [d(Pi)]tE + Si (20)

D = [d(Pi)] σ + [εσ] E + Pi . (21)

Due to the symmetry of the mechanical tensors, we use Voigt notation and write the
mechanical stress tensor [σ] as well as strain tensors [S] as six-component vectors (e.g.,
σ = (σxx σyy σzz σyz σxz σxy)t = (σ1 σ2 σ3 σ4 σ5 σ6)

t). The relations between the different
material tensors are as follows

[sE] = [cE]−1 ; [d]t = [cE]−1[e]t ; [εσ] = [εS] + [d]t[e] .

The governing equations for the mechanical and electrostatic fields are given by

ρü−Btσ − f = 0 ; ∇ ·D = 0 ; ∇× E = 0 , (22)

see, e.g., Kaltenbacher (2007). In Equation (22) ρ denotes the mass density, f some prescribed
mechanical volume force and ü = ∂2u/∂t2 the mechanical acceleration. Furthermore, the
differential operator B is explicitely written as

B =

⎛
⎜⎜⎜⎝

∂
∂x 0 0 0 ∂

∂z
∂

∂y

0 ∂
∂y 0 ∂

∂z 0 ∂
∂x

0 0 ∂
∂z

∂
∂y

∂
∂x 0

⎞
⎟⎟⎟⎠

t

. (23)

With the same differential operator, we can express the mechanical strain - displacement
relation

S = Bu . (24)

Since the curl of the electric field intensity vanishes in the electrostatic case, we can fully
describe this vector by the scalar electric potential ϕ, and write

E = −∇ϕ . (25)

Combining the constitutive relations Equation (16) - (18) with the governing equations as
given in Equation (22) together with Equation (24) and (25), we arrive at the following
non-linear coupled system of PDEs

ρü−BT
(
[cE]

(
Bu− Si

)
+ [e(Pi)]t∇ϕ

)
= 0 (26)

∇ ·
(
[e(Pi)]

(
Bu− Si

)
− [εS]∇ϕ + Pi

)
= 0 (27)

with

Pi = H[−∇ϕ]eP (28)

[Si] =

(
3
2

l

∑
i=0

βi (H[−∇ϕ])i

) (
eP eT

P −
1
3

I
)
. (29)
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5. FE formulation

A straight forward procedure to solve Equation (26) and (27) is to put the hysteresis dependent
terms (irreversible electric polarization and irreversible strain) to the right hand side and
apply the FE method. Therewith, one arrives at a fixed-point method for the nonlinear system
of equations. However, convergence can only be guaranteed if very small incremental steps
are made within the nonlinear iteration process. A direct application of Newton’s method is
not possible, due to the lack of differentiability of the hysteresis operator. Therefore, we apply
the so-called incremental material parameter method, which corresponds to a quasi Newton
scheme applying a secant like linearization at each time step. For this purpose, we decompose
the dielectric displacement D and the mechanical stress σ at time step tn+1 as follows

Dn+1 = Dn + ΔD; σn+1 = σn + Δσ . (30)

Since we can assume, that Dn and σn have fulfilled their corresponding PDEs (the first two
equations in Equation (22)) at time step tn, we have to solve

ρΔü−Bt
Δσ − Δf = 0 ∇ · ΔD = 0 . (31)

Now, we perform this decomposition also for our constitutive equations as given in Equation
(20) and (21)

Sn + ΔS = [sE] (σn + Δσ) + Si
n + ΔSi +

(
[dn]

t + [Δd]t
)
(En + ΔE) (32)

Dn + ΔD = ([dn] + [Δd]) (σn + Δσ) + [εσ] (En + ΔE) + Pi
n + ΔPi . (33)

Again assuming equilibrium at time step tn, we arrive at the equations for the increments

ΔS = [sE]Δσ + [dn+1]
t
ΔE + ΔSi + [Δd]tEn (34)

ΔD = [dn+1]Δσ + [εσ]ΔE + ΔPi + [Δd]σn . (35)

Now, we rewrite the two equations above as

ΔS = [sE]Δσ + [d̃n+1]
t
ΔE + [Δd]tEn (36)

ΔD = [dn+1]Δσ + [ε̃]ΔE + [Δd]σn , (37)

thus incorporating the hysteretic quantities in the material tensors. The coefficients of the
newly introduced effective material tensors compute as follows

ε̃ jj = εσ
jj +

ΔPi
j

ΔEj
j = 1, 2, 3 (38)

(
d̃31
)

n+1 = (d31)n+1 +
ΔSi1
ΔEz

;
(
d̃32
)

n+1 = (d32)n+1 +
ΔSi2
ΔEz

(39)

(
d̃33
)

n+1 = (d33)n+1 +
ΔSi3
ΔEz

;
(
d̃15
)

n+1 = (d15)n+1 . (40)

Since we need expressions for σ and D in order to solve Equation (31), we rewrite Equation
(36) and (37) and obtain
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Δσ = [cE]ΔS− [cE][d̃n+1]
t
ΔE− [cE][Δd]tEn (41)

ΔD = [dn+1][cE]ΔS +
(
[ε̃]− [dn+1][cE][d̃n+1]

t
)

ΔE− [dn+1][cE][Δd]tEn + [Δd]σn . (42)

To simplify the notation, we make the following substitutions

[en+1]
t = [cE][dn+1]

t ; [ẽn+1]
t = [cE][d̃n+1]

t

[Δe]t = [cE][Δd]t ; [˜̃ε] = [ε̃]− [dn+1][cE][d̃n+1]
t .

Substituting Equation (41) and (42) into Equation (31) results in

ρΔü−Bt[cE]BΔu−Bt[ẽn+1]
tB̃Δϕ = Δf + Bt[Δe]t∇ϕn (43)

∇ · [en+1]BΔu−∇ · [˜̃ε]∇Δϕ = −∇ · [dn+1][Δe]t∇ϕn −∇ · [Δd]σn . (44)

This coupled system of PDEs with appropriate boundary conditions for u and ϕ defines
the strong formulation for our problem. We now introduce the test functions v and ψ,
multiply our coupled system of PDEs by these test functions and integrate over the whole
computational domain Ω. Furthermore, by applying integration by parts2, we arrive at the
weak (variational) formulation: Find u ∈ (H1

0)
3 and ϕ ∈ H1

0 such that3

∫

Ω

ρ v · Δü dΩ +
∫

Ω

(Bv)t[cE]BΔudΩ +
∫

Ω

(Bv)t[ẽn+1]
t∇ΔϕdΩ (45)

=
∫

Ω

v · ΔfdΩ−
∫

Ω

(Bv)t[Δe]∇ϕn dΩ

∫

Ω

(∇ψ)t[en+1]BΔudΩ −
∫

Ω

(∇ψ)t[˜̃ε]∇ΔϕdΩ (46)

= −
∫

Ω

(∇ψ)t[dn+1][Δe]t∇ϕn dΩ

−
∫

Ω

(∇ψ)t[Δd]σn dΩ

for all test functions v ∈ (H1
0)

3 and ψ ∈ H1
0 . Now, using standard Lagrangian (nodal) finite

elements for the mechanical displacement u and the electric scalar potential ϕ (nn denotes the
number of nodes with unknown displacement and unknown electric potential)

Δu ≈ Δuh =
d

∑
i=1

nn

∑
a=1

NaΔuiaei =
nn

∑
a=1

NaΔua ; Na =

⎛
⎝Na 0 0

0 Na 0
0 0 Na

⎞
⎠ (47)

2 For simplicity we assume a zero mechanical stress condition on the boundary.
3 H1

0 is the space of functions, which are square integrable along with their first derivatives in a weak
sense, Adams (1975).
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Δϕ ≈ Δϕh =
nn

∑
a=1

NaΔϕa (48)

as well as for the test functions v and ϕ, we obtain the spatially discrete formulation

(
Muu 0
0 0

)(
Δü
Δϕ̈

)
+

(
Kuu K̃uϕ

Kϕu − ˜̃Kϕϕ

)(
Δu
Δϕ

)
=

(
f

u
f

ϕ

)
. (49)

In Equation (49) the vectors Δu and Δϕ contain all the unknown mechanical displacements
and electric scalar potentials at the finite element nodes. The FE matrices and right hand sides
compute as follows

Kuu =
ne∧

e=1
ke

uu ; ke
uu = [kpq] ; kpq =

∫

Ωe

Bt
p[c

E]Bq dΩ (50)

K̃uϕ =
ne∧

e=1
k̃e

uϕ ; k̃e
uϕ = [k̃pq] ; k̃pq =

∫

Ωe

Bt
p[ẽn+1]

tB̂q dΩ (51)

Kϕu =
ne∧

e=1
ke

ϕu ; ke
ϕu = [kpq] ; kpq =

∫

Ωe

B̂t
p[en+1]Bq dΩ (52)

˜̃Kϕϕ =
ne∧

e=1

˜̃ke
ϕϕ ; ˜̃ke

ϕϕ = [ ˜̃kpq] ; ˜̃kpq =
∫

Ωe

B̂t
p[˜̃ε]B̂q dΩ (53)

f
u
=

ne∧
e=1

f e
u
; f e

u
= [ f

p
] (54)

f
p
=
∫

Ωe

NpΔf dΩ−
∫

Ωe

Bt
p[Δen+1]B̂ψn dΩ

f
ϕ
=

ne∧
e=1

f e
ϕ
; f e

ϕ
= [ f

p
] (55)

f
p
= −

∫

Ωe

Bt
p[dn+1][Δe]tB̂ϕn dΩ−

∫

Ωe

B̂t
p[Δd]σn dΩ .

In Equation (50) - (55) ne denotes the number of finite elements,
∧
the FE assembly operator

(assembly of element matrices to global system matrices) and Bp, B̂p compute as

Bp =

⎛
⎜⎜⎜⎜⎝

∂Np
∂x 0 0 0 ∂Np

∂z
∂Np
∂y

0 ∂Np
∂y 0 ∂Np

∂z 0 ∂Np
∂x

0 0 ∂Np
∂z

∂Np
∂y

∂Np
∂x 0

⎞
⎟⎟⎟⎟⎠

t

B̂p =
(
∂Np/∂x, ∂Np/∂y, ∂Np/∂z

)t .
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Time discretization is performed by the Newmark scheme choosing respectively the values
0.25 and 0.5 for the two integration parameters β and γ to achieve 2nd order accuracy Hughes
(1987). Therewith, we arrive at a predictor-corrector scheme that involves solution of a
nonlinear system of algebraic equations of the form

(
K∗uu K̃uϕ(Δu,Δϕ)

Kϕu − ˜̃K∗ϕϕ(Δu,Δϕ)

)(
Δu
Δϕ

)
=

(
g

u
(Δu,Δϕ)

g
ϕ
(Δu,Δϕ)

)

with K∗uu,
˜̃K∗ϕϕ the effective stiffness matrices. The solution for each time step (n + 1) is

obtained by solving this fully discrete nonlinear system of equations of the form A(z)z = b(z)
by the iteration A(zk)zk+1 = b(zk) (often denoted as linearization by freezing the coefficients)
until the following incremental stopping criterion is fulfilled

||Δun+1
k+1 − Δun+1

k ||2
||Δun+1

k+1 ||2
+
||Δϕn+1

k+1
− Δϕn+1

k
||2

||Δϕn+1
k+1
||2

< δrel (56)

with k the iteration counter. In our practical computations (see Sec. 7) we have set δrel to 10−4.
For further details we refer to Kaltenbacher et al. (2010).

6. Fitting of material parameters

The determination of all material parameters for our nonlinear piezoelectric model is a quite
challenging task. Since we currently restrict ourselves to the uni-axial case, two experimental
setups suffice to obtain the necessary measurement data for the fitting procedure.
According to our ansatz (decomposition into a reversible and an irreversible part of
the dielectric displacement and mechanical strain) we have to determine the following
parameters:

• entries of the constant material tensors [sE], [d], [εσ] (see Equation (20) and Equation (21));

• weight function ℘ of the hysteresis operator (see Equation (1),

• polynomial coefficients β1, . . . βl for the irreversible strain (see Equation (13)).

The determination of the linear material parameters is performed by our enhanced inverse
scheme, Kaltenbacher et al. (2006); Lahmer et al. (2008). To do so, we carry out electric
impedance measurements on the actuator and fit the entries of the material tensors by full 3d
simulations in combinationwith the inverse scheme. Figure 9 displays the experimental setup,
where it can be seen that we electrically pre-load the piezoelectric actuator with a DC voltage.
The amplitude of the DC voltage source is chosen in such a way that the piezoelectric material
is driven into saturation. The reason for this pre-loading is the fact, that the irreversible
physical quantities show saturation and a further increase beyond saturation is just given
by the reversible physical quantities. These reversible quantities however, are modeled by the
linear piezoelectric equations using the corresponding material tensors.
The data for fitting the hysteresis operator and for determination of the polynomial
coefficients for the irreversible strain are collected by a second experimental setup as
displayed in Fig. 10. A signal generator drives a power amplifier to generate the necessary
input voltage. Thereby, we use a voltage driving sequence as shown in Fig. 10 to provide
appropriate data for identifying the hysteretic behavior Mayergoyz (1991). The first peak
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Fig. 9. Experimental setup for measuring the electric impedance at saturation of piezoelectric
actuators.

Fig. 10. Principle experimental setup for measuring the hysteresis curves of piezoelectric
actuators.

within the excitation signal guarantees the same initial polarization for every measurement.
The electric current i(t) to the actuator is measured by an ampere-meter, the electric voltage
u(t) at the actuator by a voltmeter and themechanical displacement x(t) by a laser vibrometer.
Now in the first step, we can compute the total electric displacement D3 by

D3(t) = Pi
rem +

1
A

t∫
0

i(τ) dτ = Pi
rem + Dm

3 (t) . (57)

In Equation (57) A denotes the surface of the electrode, Dm
3 the measurable electric

displacement and Pi
rem accounts for the fact, that for unipolar excitations the dielectric

displacement does not return to zero for zero electric field (instead it returns to the remanent
polarization, which cannot be determined by the current measurement but has to bemeasured
separately). Furthermore, we compute the electric field intensity E3 just by dividing the
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applied electric voltage u by the distance between the actuator’s electrodes. With the linear
material parameters d33 and εσ

33 we can now compute a first guess for the irreversible
polarization

Pi
3,init(t) = D3(t)− d33σ3(t)− εσ

33E3(t) . (58)

Here σ3 accounts for any mechanical preloading as in the case of the stack actuator or is set
to zero as in the case of the disc actuator (stress-free boundary conditions). In the case of a
clamped actuator, one will need an additional force sensor to determine σ3.
By simply iterating between the following two equations

d33(P3) =
Pi
3

Pi
sat

d33 (59)

Pi
3 = D3 − d33(Pi

3)σ3 − εσ
33E3 (60)

for each time instance t, we achieve at Pi
3(t) and d33(Pi

3(t)). Using Equation (20) we obtain the
irreversible strain

Si3(t) = S3(t)− sE33σ3(t)− d33(Pi
3(t))E3(t) , (61)

where S3(t) has been computed from the measured displacement x and the geometric
dimension of the actuator. Since Si3 is now a known quantity, we solve a least squares problem
to obtain the coefficients βi according to our relation for the irreversible strain (see Equation
(13))

min
(β1...βl)

nT

∑
i=1

⎛
⎝ l

∑
j=1

β j

(
Pi
3(ti)

)j − S3(ti)

⎞
⎠

2

(62)

collocated to nT discrete time instances ti. Once the input E3(t) and the output P3(t) of the
Preisach operator H are directly available, the problem of identifying the weight function ℘
amounts to a linear integral equation of the first kind

∫

S

℘(α, β)Rβ,α[E3](t) dα dβ = P3(t) t ∈
[
0, t̄
]
. (63)

Using a discretization of the Preisach operator as a linear combination of elementary hysteresis
operatorsHλ

H = ∑
λ∈Λ

aλHλ (64)

and evaluating the output at nT discrete time instances 0 ≤ t1 < t2 < · · · < tnT ≤ t̄, we
approximate the solution of Equation (63) by solving a linear least squares problem for the
coefficients a = (aλ)λ∈Λ

min
a

nT

∑
i=1

(
∑

λ∈Λ

aλHλ[E3](ti)− P3(ti)

)2

. (65)

In Equation (64),Hλ may be chosen as simple relays,

Hλ = Rβ j ,αi ,
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see Section 3. The solution of Equation (65) provides the coefficients aλ (see Fig. 11), which
corresponds to a piecewise constant approximation of the weight function. In that case,

Fig. 11. Discretization of the Preisach plane by piecewise constants aλ within each element.

obviously the set Λ consists of index pairs λ = (i, j) corresponding to different up- and
down-switching thresholds αi, β j and the array λ is supposed to be reordered in a column
vector to yield a reformulation of Equation (65) in standard matrix form.
For further details of the fitting procedure, we refer to Hegewald (2008); Hegewald et al.
(2008); Kaltenbacher & Kaltenbacher (2006); Rupitsch & Lerch. (2009).

7. Application

7.1 Piezoelectric disc actuator
In our first example we consider a simple disc actuator made of SP53 (CeramTec material)
with a diameter of 35mm and a thickness of 0.5mm (see Fig. 12(a)).

(a) (b)

Fig. 12. Geometric setup and axisymmetric geometry used for FE simulation: (a) Geometric
setup of the disc actuator; (b) FE model exploiting rotational symmetry as well as axial
symmetry (for display reasons not true to scale).

We exploit both rotational and axial symmetry and end up with a two-dimensional
axi-symmetric FE model (see Fig. 12(b)). Along the z-axis we set the radial and along the
r-axis the axial displacement to zero. Furthermore, we set the electric potential to zero along
the r-axis and apply half the measured electric voltage along the top electrode (since wemodel
the disc actuator just by its half thickness).
First we perform an impedance measurement of the piezoelectric disc with an electric
preloading (see Fig. 9) and apply our inverse scheme to obtain the entries of the material
tensors, Lahmer et al. (2008). Second, we do measurements according the experimental setup
in Fig. 10 and apply the fitting procedure as described in Sec. 6. The results for the constant

578 Ferroelectrics - Characterization and Modeling



Modeling and Numerical Simulation
of Ferroelectric Material Behavior Using Hysteresis Operators 19

s11 s33 s12 s13 s66
(m2/N) (m2/N) (m2/N) (m2/N) (m2/N)

1, 82 · 10−11 2, 04 · 10−11 −4, 85 · 10−12 −5, 71 · 10−12 6, 33 · 10−11

d31 d33 d15 ε11 ε33
(C/N) (C/N) (C/N) (F/m) (F/m)

−1, 74 · 10−10 4, 30 · 10−10 4, 87 · 10−10 7, 39 · 10−9 1, 68 · 10−8 (a)

ν βν / (m2 ·C−1)ν

1 1,13 · 10−2
2 2,33 · 10−1
3−8,70 · 100
4 7,06 · 101

(b)

Table 1. Model parameters for the single disc actuator: (a) Material parameters and
polynomial coefficients for the irreversible mechanical strain; (b) Logarithmic values of the
Preisach weight function for M = 25.

material parameters, the polynomial coefficients for approximating the irreversible strain and
the Preisach weight function are listed in Tab. 1.4

A FE simulation is performed with these fitted data, using the above described boundary
conditions and a triangular excitation voltage different from the one used for the fitting
procedure. The average number of nonlinear iterations within each time step to achieve
the stopping criterion of (56) with an accuracy of δrel = 10−4 was only about two and no
restriction on the time step size had to be imposed.
Figure 13 displays in detail the comparison of the measured and FE simulated data.
This example clearly demonstrates, that using the fitted model parameters our FE scheme
reproduces quite accurately the measured data in the experiment.

7.2 Piezoelectric revolving drive
The second practical example concerns a piezoelectric revolving motor as displayed in Fig. 14
Kappel et al. (2006). This drive operates in a large frequency range, and its main advantage
is the compact construction and the high moment of torque. The rotary motion of the drive
displayed in Fig. 14 results due to a sine-excitation of the two stack actuators with a 90 degree
phase shift. The construction of the drive guarantees that shaft and clutch driving ring have a
permanently contact at each revolving position.

4 M, the discretization parameter for the Preisach plane, defines the number of discrete Preisach weights
as M(M + 1)/2.
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(a) (b)

(c) (d)

Fig. 13. Comparison of the measured and FE simulated data for the piezoelectric disc
actuator: (a) Dielectric displacement over time; (b) Mechanical strain over time; (c) Dielectric
displacement over electric field intensity; (d) Mechanical strain over electric field intensity.

Fig. 14. Princple setup of the piezoelectric revolving drive Kappel et al. (2006)

The two stack actuators are of the same type, and their principle setup is displayed in Fig.
15(a). These stacks consists of 360 layers, each having a thickness of 80 μm and cross section
of 6.8× 6.8mm2. The overall length of the stack actuator is 30mm and it exhibits a maximal
stroke of 40 μm.
For the FE simulation we choose the full 3d setup and model the whole stack as one
homogenized block. Since we currently restrict ourselves to the uni-axial electric load case, it
makes no sense to fully resolve the inter-digital structure of the electrodes. Furthermore, we
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(a) (b)

Fig. 15. Geometric setup and FE model of stack actuator: (a) Geometric setup of the stack
actuator; (b) Computational grid.

set the electric potential at the top surface to the measured voltage multiplied by the number
of layers, since we do not resolve the layered structure.
Again, we do an impedance measurement at the electrically preloaded stack actuator and use
our inverse scheme to get all entries of the material tensors. Next we use our measurement
setup according to Fig. 10 and excite the stack actuator with a triangular signal. The material
tensor entries as well as the polynomial coefficients for the irreversible strain and the Preisach
weight function for the hysteresis operator are provided in Tab. 2.
Now in a second step, we use the fitted material parameters for our advanced piezoelectric
material model and set up a FEmodel for the piezoelectric revolving drive as displayed in Fig.
16(a). For the clutch driving ring and plunger we apply standard material parameters of steel,

(a) (b)

Fig. 16. Piezoelectric revolving drive: (a) FE grid; (b) Strongly scaled (factor of about 150)
mechanical deformation for a characteristic time step, when the left actuator is at maximal
load.

and we do not model the shaft and its contact to the clutch driving ring. For the excitation we
apply DC-shifted cosine- and sine-signals. The DC-shift guarantees, that the stack actuators
are in an unipolar operating mode. The maximal achieved electric field intensity is about
2 kV/mm. In addition to the simulation, an experimental lab setup has been designed, where
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s11 s33 s12 s13 s66
(m2/N) (m2/N) (m2/N) (m2/N) (m2/N)

1, 29 · 10−11 2, 54 · 10−11 −3.72 · 10−12 −5, 85 · 10−12 3, 39 · 10−11

d31 d33 d15 ε11 ε33
(C/N) (C/N) (C/N) (F/m) (F/m)

−8, 09 · 10−11 2, 83 · 10−10 2, 52 · 10−10 5, 82 · 10−9 0, 81 · 10−8 (a)

ν βν / (m2 ·C−1)ν

1 1,79 · 10−2
2 6,60 · 10−2
3 8,13 · 10−1
4−1,91 · 101

(b)

Table 2. Model parameters for the stack actuator: (a) Material parameters and polynomial
coefficients for the irreversible mechanical strain; (b) Logarithmic values of the Preisach
weight function for M = 30.

the shaft has also been neglected, Hegewald (2008). The displacements in x- and y-direction
have been measured with a laser vibrometer.
In Fig. 16(b) we show the mechanical deformation of the whole considered setup for a
characteristic time step, when the left stack actuator is at maximal stroke. A comparison
between measured and simulated displacements both in x- and y-direction is displayed in
Fig. 17. The fit for the displacement in x-direction is almost perfect; in y-direction there is
some small difference.
Furthermore, in Fig. 18 we show the trajectory of one point on the ring. One observes that
the resulting trajectory differs from a perfect circle. We also performed a simulation with a
linear piezoelectric material model and obtained a perfect circle for the trajectory. Hence, the
deviation from a perfect circle is clearly a result of the nonlinear (hysteretic) behavior of the
stack actuators.

8. Summary and outlook

We have discussed a nonlinear piezoelectric model based on Preisach hysteresis operators
and explained in detail the efficient solution of the governing partial differential equations by
a quasi Newton scheme within the FE method. Moreover, we have described a procedure
for determining the model parameters from measurements. Practical applications have
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(a) (b)

Fig. 17. Comparison between measurement and simulation: (a) displacement in x-direction;
(b) displacement in y-direction.

Fig. 18. Trajectory of one point of the ring obtained from measurements and simulation.

demonstrated, that the model is very well capable to provide qualitatively and quantitatively
correct simulations.

Currently, we are investigating the extension of our model to also take ferroelastic loading into
account. Such an approach can, e.g., be found in Ball et al. (2007). A very interesting option for
modelling both ferroelectricity and ferroelasticity in a thermodynamically consistent manner
is enabled by so-called hysteresis potentials, see Krejčí (2010).
Referring to Equation (28), Equation (29), we finally describe a possible extension to a
multi-axial piezoelectric model. First of all, we have to apply a vector Preisach hysteresis
model (see, e.g Mayergoyz (1991)), which for each electric field intensity vector E provides a
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vector for the irreversible polarization Pi

Pi = H(E) . (66)

Furthermore, we compute the coupling tensor [e(Pi)] as in Equation (15) and rotate it in the
direction of the irreversible polarization Pi. Similarly as in the scalar case, we define the
irreversible strains by

[Si] = 3
2

(
β1 · |H[E]|+ β2 · |H[E]|2 + · · ·+ βn · |H[E]|n

) (
eP eP

T − 1
3 [I]

)
(67)

with the unit vector of the irreversible polarization defined by eP = Pi/|Pi| .
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