


ELECTROCHEMICAL 
IMPEDANCE SPECTROSCOPY 



THE ELECTROCHEMICAL SOCIETY SERIES 

ECS-The Electrochemical Society 
65 South Main Street 
Pennington, NJ 08534-2839 
http://w.electrochem.org 

A complete list of the titles in this series appears at the end of this volume. 



ELECTROCHEMICAL 
IMPEDANCE SPECTROSCOPY 

MARK E. ORAZEM 
University of Florida 

BERNARD TRIBOLLET 
Universitt Pierre et Marie Curie 

WILEY 

A JOHN WILEY & SONS, INC., PUBLICATION 



Copyright 0 2008 by John Wiley & Sons, Inc. All rights reserved. 

Published by John Wiley & Sons, Inc., Hoboken, New Jersey. 
Published simultaneously in Canada. 

No part of this publication may be reproduced, stored in a retrieval system, or transmitted in any form or by 
any means, electronic, mechanical, photocopying, recording, scanning, or otherwise, except as permitted under 
Section 107 or 108 of the 1976 United States Copyright Act, without either the prior written permission of the 
Publisher, or authorization through payment of the appropriate per-copy fee to the Copyright Clearance Center, 
Inc., 222 Rosewood Drive, Danvers, MA 01923, (978) 750-8400, fax (978) 750-4470, or on the web at 
www.copyright.com. Requests to the Publisher for permission should be addressed to the Permissions 
Department, John Wiley & Sons, Inc., 11 1 River Street, Hoboken, NJ 07030, (201) 748-601 I ,  fax (201) 748- 
6008, or online at http://www.wiley.com/go/permission. 

Limit of LiabilityiDisclaimer of Warranty: While the publisher and author have used their best efforts in 
preparing this book, they make no representations or warranties with respect to the accuracy or completeness of 
the contents of this book and specifically disclaim any implied warranties of merchantability or fitness for a 
particular purpose. No warranty may be created or extended by sales representatives or written sales materials. 
The advice and strategies contained herein may not be suitable for your situation. You should consult with a 
professional where appropriate. Neither the publisher nor author shall be liable for any loss of profit or any 
other commercial damages, including but not limited to special, incidental, consequential, or other damages. 

For general information on our other products and services or for technical support, please contact our 
Customer Care Department within the United States at (800) 762-2974, outside the United States at (317) 572- 
3993 or fax (3 17) 572-4002. 

Wiley also publishes its books in a variety of electronic formats. Some content that appears in print may not be 
available in electronic format. For information about Wiley products, visit our web site at www.wiley.com. 

Libraiy of Congress Cataloging-in-Publication Data is available. 

ISBN 978-0-470-04140-6 

Printed in the United States of America. 

10 9 8 7 6 5 4 3 2 1 



Contents 

Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

The Blind Men and the Elephant . . . . . . . . . . . . . . . . . . . . . . .  

History of Impedance Spectroscopy . . . . . . . . . . . . . . . . . . . . .  

I Background 

1 Complex Variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

1.1 Why Imaginary Numbers? . . . . . . . . . . . . . . . . . . . . . . .  
1.2 Terminology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

1.2.1 The Imaginary Number . . . . . . . . . . . . . . . . . . . .  
1.2.2 Complex Variables . . . . . . . . . . . . . . . . . . . . . . .  

1.3 Operations Involving Complex Variables . . . . . . . . . . . . . .  

1.3.3 Properties of Complex Variables . . . . . . . . . . . . . . .  
Elementary Functions of Complex Variables . . . . . . . . . . . . .  
1.4.1 Exponential . . . . . . . . . . . . . . . . . . . . . . . . . . .  

1.4.3 Polynomial . . . . . . . . . . . . . . . . . . . . . . . . . . .  

1.2.3 Conventions for Notation in Impedance Spectroscopy . . 

1.3.1 Multiplication and Division of Complex Numbers . . . . .  
1.3.2 Complex Variables in Polar Coordinates . . . . . . . . . . .  

1.4 

1.4.2 Logarithmic . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

xv 

xix 

xxi 

xxv 

1 

3 

3 
4 
4 
4 
5 
5 
6 
9 

13 
13 
15 
16 
19 
20 



vi CONTENTS 

2 Differential Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . .  23 

2.1 Linear First-Order Differential Equations . . . . . . . . . . . . . .  23 
2.2 Homogeneous Linear Second-Order Differential Equations . . . .  26 

2.5 Differential Equations with Complex Variables . . . . . . . . . . .  32 
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  34 

2.3 Nonhomogeneous Linear Second-Order Differential Equations . . 28 
2.4 Partial Differential Equations by Similarity Transformations . . .  29 

3 Statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  35 

3.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  35 
3.1.1 Expectation and Mean . . . . . . . . . . . . . . . . . . . . .  35 
3.1.2 Variance, Standard Deviation. and Covariance . . . . . . .  35 
3.1.3 Normal Distribution . . . . . . . . . . . . . . . . . . . . . .  36 
3.1.4 Probability . . . . . . . . . . . . . . . . . . . . . . . . . . . .  38 
3.1.5 Central-Limit Theorem . . . . . . . . . . . . . . . . . . . . .  39 

3.2 Error Propagation . . . . . . . . . . . . . . . . . . . . . . . . . . . .  43 
3.2.1 Linearsystems . . . . . . . . . . . . . . . . . . . . . . . . .  43 
3.2.2 Nonlinear Systems . . . . . . . . . . . . . . . . . . . . . . .  44 

3.3 Hypothesis Tests . . . . . . . . . . . . . . . . . . . . . . . . . . . .  47 
3.3.1 Terminology . . . . . . . . . . . . . . . . . . . . . . . . . . .  48 
3.3.2 Student’s t-Test for Equality of Mean . . . . . . . . . . . . .  49 
3.3.3 F-test for Equality of Variance . . . . . . . . . . . . . . . . .  50 
3.3.4 Chi-Squared Test for Equality of Variance . . . . . . . . . .  56 
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  58 

4 Electrical Circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  61 

4.1 Passive Electrical Circuits . . . . . . . . . . . . . . . . . . . . . . .  61 
4.1.1 Circuit Elements . . . . . . . . . . . . . . . . . . . . . . . .  61 
4.1.2 Parallel and Series Combinations . . . . . . . . . . . . . . .  64 

4.2 Fundamental Relationships . . . . . . . . . . . . . . . . . . . . . .  66 
4.3 Nested Circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  68 
4.4 Mathematical Equivalence of Circuits . . . . . . . . . . . . . . . .  69 
4.5 Graphical Representation of Circuit Response . . . . . . . . . . . .  70 

Problems..  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  72 

5 Electrochemistry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  73 

5.1 Resistors and Electrochemical Cells . . . . . . . . . . . . . . . . . .  73 

5.3 Polarization Behavior for Electrochemical Systems . . . . . . . . .  76 
5.3.1 Zero Current . . . . . . . . . . . . . . . . . . . . . . . . . .  76 
5.3.2 Kinetic Control . . . . . . . . . . . . . . . . . . . . . . . . .  78 
5.3.3 Mass-Transfer Control . . . . . . . . . . . . . . . . . . . . .  79 

5.2 Equilibrium in Electrochemical Systems . . . . . . . . . . . . . . .  74 



CONTENTS vii 

5.4 Definitions of Potential . . . . . . . . . . . . . . . . . . . . . . . . .  
5.5 Rate Expressions . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

5.5.1 Law of Mass Action . . . . . . . . . . . . . . . . . . . . . .  
5.5.2 Generalized Electrode Kinetics . . . . . . . . . . . . . . . .  

5.6 Transport Processes . . . . . . . . . . . . . . . . . . . . . . . . . . .  
5.6.1 Primary Current and Potential Distributions . . . . . . . .  
5.6.2 Application to Blocking Electrodes . . . . . . . . . . . . . .  
5.6.3 Secondary Current and PotentialDistributions . . . . . . .  
5.6.4 Tertiary Current and Potential Distributions . . . . . . . .  
5.6.5 Mass-Transfer-Controlled Current Distributions . . . . . .  

5.7 Potential Contributions . . . . . . . . . . . . . . . . . . . . . . . . .  
5.7.1 Ohmic Potential Drop . . . . . . . . . . . . . . . . . . . . .  
5.7.2 Surface Overpotential . . . . . . . . . . . . . . . . . . . . .  
5.7.3 Concentration Overpotential . . . . . . . . . . . . . . . . .  

5.8 Capacitance Contributions . . . . . . . . . . . . . . . . . . . . . . .  
5.8.1 Double-Layer Capacitance . . . . . . . . . . . . . . . . . . .  
5.8.2 Dielectric Capacitance . . . . . . . . . . . . . . . . . . . . .  
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

6 Electrochemical Instrumentation . . . . . . . . . . . . . . . . . . . . . .  

6.1 The Ideal Operational Amplifier . . . . . . . . . . . . . . . . . . .  
6.2 Elements of Electrochemical Instrumentation . . . . . . . . . . . .  
6.3 Electrochemical Interface . . . . . . . . . . . . . . . . . . . . . . . .  

6.3.1 Potentiostat . . . . . . . . . . . . . . . . . . . . . . . . . . .  
6.3.2 Galvanostat . . . . . . . . . . . . . . . . . . . . . . . . . . .  
6.3.3 Potentiostat for EIS Measurement . . . . . . . . . . . . . .  
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

I I Experimental Considerations 

7 Experimental Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

7.1 
7.2 
7.3 

7.4 

Steady-State Polarization Curves . . . . . . . . . . . . . . . . . . .  
Transient Response to a Potential Step . . . . . . . . . . . . . . . .  
Analysis in Frequency Domain . . . . . . . . . . . . . . . . . . . .  
7.3.1 Lissajous Analysis . . . . . . . . . . . . . . . . . . . . . . .  
7.3.2 Phase-Sensitive Detection (Lock-in Amplifier) . . . . . . .  
7.3.3 Single-Frequency Fourier Analysis . . . . . . . . . . . . . .  
7.3.4 Multiple-Frequency Fourier Analysis . . . . . . . . . . . .  
Comparison of Measurement Techniques . . . . . . . . . . . . . .  
7.4.1 Lissajous Analysis . . . . . . . . . . . . . . . . . . . . . . .  
7.4.2 Phase-Sensitive Detection (Lock-in Amplifier) . . . . . . .  
7.4.3 Single-Frequency Fourier Analysis . . . . . . . . . . . . . .  
7.4.4 Multiple-Frequency Fourier Analysis . . . . . . . . . . . .  

80 
81 
81 
83 
85 
87 
88 
89 
90 
90 
90 
90 
90 
91 
91 
91 
95 
96 

97 

97 
99 

101 
101 
102 
103 
105 

107 

109 

109 
109 
110 
111 
117 
119 
121 
122 
122 
122 
123 
123 



CONTENTS viii 

7.5 Specialized Techniques . . . . . . . . . . . . . . . . . . . . . . . . .  123 
7.5.1 Transfer Function Analysis . . . . . . . . . . . . . . . . . .  123 
7.5.2 Local Electrochemical Impedance Spectroscopy . . . . . .  124 
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  128 

8 Experimental Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  129 

8.1 CellDesign . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  129 
8.1.1 Reference Electrodes . . . . . . . . . . . . . . . . . . . . . .  129 
8.1.2 Flow Configurations . . . . . . . . . . . . . . . . . . . . . .  131 
8.1.3 Current Distribution . . . . . . . . . . . . . . . . . . . . . .  132 

8.2 Experimental Considerations . . . . . . . . . . . . . . . . . . . . .  133 
8.2.1 Frequency Range . . . . . . . . . . . . . . . . . . . . . . . .  133 
8.2.2 Linearity . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  134 
8.2.3 Modulation Technique . . . . . . . . . . . . . . . . . . . . .  146 
8.2.4 Oscilloscope . . . . . . . . . . . . . . . . . . . . . . . . . . .  147 

8.3 Instrumentation Parameters . . . . . . . . . . . . . . . . . . . . . .  147 
8.3.1 Improve Signal-to-Noise Ratio . . . . . . . . . . . . . . . .  147 
8.3.2 Reduce Bias Errors . . . . . . . . . . . . . . . . . . . . . . .  149 
8.3.3 Improve Information Content . . . . . . . . . . . . . . . . .  151 
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  152 

1 1 1  Process Models 153 

9 Equivalent Circuit Analogs . . . . . . . . . . . . . . . . . . . . . . . . .  155 

9.1 General Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . .  155 
9.2 Current Addition . . . . . . . . . . . . . . . . . . . . . . . . . . . .  156 

9.2.1 Impedance at the Corrosion Potential . . . . . . . . . . . .  156 
9.2.2 Partially Blocked Electrode . . . . . . . . . . . . . . . . . .  157 

9.3 Potential Addition . . . . . . . . . . . . . . . . . . . . . . . . . . .  158 
9.3.1 Electrode Coated with an Inert Porous Layer . . . . . . . .  158 

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  162 
9.3.2 Electrodecoated withTwoInert PorousLayers . . . . . .  159 

10 Kinetic Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  163 

10.1 Electrochemical Reactions . . . . . . . . . . . . . . . . . . . . . . .  163 

10.2 Reaction Dependent on Potential Only . . . . . . . . . . . . . . . .  164 
10.3 ReactionDependentonPotentialandMassTransfer . . . . . . . .  169 

10.4 Coupled Reactions Dependent on Potential and Surface Coverage 173 
10.5 Reactions Dependent on Potential, Surface Coverage, and Transport 176 

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  180 



CONTENTS ix 

11 Diffusion Impedance . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  183 

11.1 Uniformly Accessible Electrode . . . . . . . . . . . . . . . . . . . .  
11.2 General Mathematical Framework . . . . . . . . . . . . . . . . . .  
11.3 Stagnant Diffusion Layer . . . . . . . . . . . . . . . . . . . . . . . .  
11.4 Diffusion through a Solid Film . . . . . . . . . . . . . . . . . . . .  

11.4.1 Region of Film Diffusion Control . . . . . . . . . . . . . . .  
11.4.2 Film Impedance Response . . . . . . . . . . . . . . . . . . .  

11.5 Coupled Diffusion Impedance . . . . . . . . . . . . . . . . . . . . .  

11.6.1 Fluid Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
11.6.2 Mass Transfer . . . . . . . . . . . . . . . . . . . . . . . . . .  
11.6.3 Classification of Models for Convective Diffusion . . . . .  

11.7.1 Fluid Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
11.7.2 Mass Transfer . . . . . . . . . . . . . . . . . . . . . . . . . .  

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

11.6 Rotating Disk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

11.7 Submerged Impinging Jet . . . . . . . . . . . . . . . . . . . . . . .  

11.8 Rotating Cylinders . . . . . . . . . . . . . . . . . . . . . . . . . . .  

12 Semiconducting Systems . . . . . . . . . . . . . . . . . . . . . . . . . .  

12.1 Semiconductor Physics . . . . . . . . . . . . . . . . . . . . . . . . .  
12.1.1 Electrons and Holes as Species . . . . . . . . . . . . . . . .  
12.1.2 Doping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
12.1.3 Deep-Level States . . . . . . . . . . . . . . . . . . . . . . . .  
12.1.4 Shockley-Read-Hall Processes . . . . . . . . . . . . . . . .  

12.2 Steady-State Models . . . . . . . . . . . . . . . . . . . . . . . . . .  

12.2.2 Space-Charge Region . . . . . . . . . . . . . . . . . . . . . .  

12.3 Impedance Models . . . . . . . . . . . . . . . . . . . . . . . . . . .  
12.3.1 Equivalent Electrical Circuits . . . . . . . . . . . . . . . . .  
12.3.2 Mott-Schottky Analysis . . . . . . . . . . . . . . . . . . . .  

12.1.5 Interfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

12.2.1 Mass Transfer . . . . . . . . . . . . . . . . . . . . . . . . . .  

12.2.3 Application to Electrolyte-Semiconductor Junctions . . . .  

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

13 Time-Constant Dispersion . . . . . . . . . . . . . . . . . . . . . . . .  

13.1 Constant-Phase Elements . . . . . . . . . . . . . . . . . . . . . . .  
13.1.1 2-D and 3-D Distributions . . . . . . . . . . . . . . . . . . .  
13.1.2 Determination of Capacitance . . . . . . . . . . . . . . . . .  
13.1.3 Limitations to the Use of the CPE . . . . . . . . . . . . . . .  

13.2 Convective Diffusion Impedance at Small Electrodes 
13.2.1 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
13.2.2 Local Diffusion Convective Impedance 
13.2.3 Global Convective Diffusion Impedance 

. . . . . . .  

. . . . . . . . . . .  
. . . . . . . . . .  

184 
185 
189 
191 
191 
194 
198 
198 
199 
200 
201 
205 
206 
206 
207 
210 

211 

211 
212 
214 
216 
217 
218 
219 
219 
220 
221 
223 
223 
225 
230 

233 

233 
234 
236 
236 
237 
238 
239 
242 



CONTENTS X 

13.3 Geometry-Induced Current and Potential Distributions . . . . . .  
13.3.1 Mathematical Development . . . . . . . . . . . . . . . . . .  
13.3.2 Global and Local Impedances . . . . . . . . . . . . . . . . .  

13.4 Porous Electrodes . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
13.5 Oxide Layers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

14 Generalized Transfer Functions . . . . . . . . . . . . . . . . . . . . . . .  

14.1 Multi-Input/Multi-Output Systems . . . . . . . . . . . . . . . . .  

14.1.2 Current or Potential Are the Input Quantity 
14.1.3 Experimental Quantities . . . . . . . . . . . . . . . . . . . .  

14.2.1 Ring-Disk Impedance Measurements . . . . . . . . . . . .  

14.1.1 Current or Potential Are the Output Quantity . . . . . . .  
. . . . . . . .  

14.2 Transfer Functions Involvirig Exclusively Electrical Quantities . . 

14.2.2 Multifrequency Measurements for Double-Layer Studies . 
14.3 Transfer Functions Involving Nonelectrical Quantities . . . . . . .  

14.3.1 Thermoelectrochemical (TEC) Transfer Function . . . . . .  
14.3.2 Photoelectrochemical Impedance Measurements . . . . . .  

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
14.3.3 Electrogravimetry Impedance Measurements . . . . . . . .  

15 Electrohydrodynamic Impedance . . . . . . . . . . . . . . . . . . . . . .  

15.1 Hydrodynamic Transfer Function . . . . . . . . . . . . . . . . . . .  
15.2 Mass-Transport Transfer Function . . . . . . . . . . . . . . . . . .  

15.2.1 Asymptotic Solution for Large Schmidt Numbers . . . . .  

15.3 Kinetic Transfer Function for Simple Electrochemical Reactions . 
15.2.2 Asymptotic Solution for High Frequencies 

15.4 Interface with a 2-D or 3-D Insulating Phase . . . . . . . . . . . . .  
15.4.1 Partially Blocked Electrode . . . . . . . . . . . . . . . . . .  

. . . . . . . . .  

15.4.2 Rotating Disk Electrode Coated by a Porous Film . . . . .  
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

IV Interpretation Strategies 

16 Methods for Representing Impedance . . . . . . . . . . . . . . . . . . .  

16.1 ImpedanceFormat . . . . . . . . . . . . . . . . . . . . . . . . . . .  
16.1.1 Complex-Impedance-Plane Representation . . . . . . . . .  
16.1.2 Bode Representation . . . . . . . . . . . . . . . . . . . . . .  
16.1.3 Electrolyte-Resistance-Corrected Bode Representation . . 
16.1.4 Impedance Representation . . . . . . . . . . . . . . . . . .  

16.2 Admittance Format . . . . . . . . . . . . . . . . . . . . . . . . . . .  
16.2.1 Admittance-Plane Representation . . . . . . . . . . . . . .  
16.2.2 Admittance Representation . . . . . . . . . . . . . . . . . .  

243 
244 
246 
252 
260 
263 

265 

265 
269 
270 
272 
273 
273 
275 
278 
278 
282 
283 
284 

285 

287 
290 
293 
294 
295 
296 
296 
299 
306 

307 

309 

311 
312 
314 
316 
317 
319 
320 
321 



CONTENTS xi 

16.2.3 Electrolyte-Resistance-Corrected Representation . . . . . .  

16.3.1 Complex-Capacitance-PlaneRepresentation . . . . . . . .  
16.3 Complex-Capacitance Format . . . . . . . . . . . . . . . . . . . . .  

16.3.2 Complex-Capacitance Representation . . . . . . . . . . . .  
16.4 Effective Capacitance . . . . . . . . . . . . . . . . . . . . . . . . . .  

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

17 Preliminary Graphical Methods . . . . . . . . . . . . . . . . . . . . . . .  

17.1 Application to a Randles Circuit . . . . . . . . . . . . . . . . . . .  
17.1.1 Traditional Representation of Data . . . . . . . . . . . . . .  
17.1.2 Phase Angle and Modulus Corrected for Ohmic Resistance 

17.1.4 Effective High-Frequency Capacity or CPE Coefficient . . 
17.1.3 Real and Imaginary Components . . . . . . . . . . . . . . .  

17.2 Application to Blocking Electrodes . . . . . . . . . . . . . . . . . .  
17.2.1 Nyquist and Bode Representations . . . . . . . . . . . . . .  
17.2.2 Imaginary Component . . . . . . . . . . . . . . . . . . . . .  
17.2.3 Effective CPE Coefficient . . . . . . . . . . . . . . . . . . .  

17.3 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

18 Model-Based Graphical Methods . . . . . . . . . . . . . . . . . . . . . .  

18.1 MassTransfer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
18.1.1 Scaled Plots of Impedance . . . . . . . . . . . . . . . . . . .  
18.1.2 Asymptotic Behavior at Low-Frequency . . . . . . . . . . .  

18.2 Reaction Kinetics: Arrhenius Relations . . . . . . . . . . . . . . . .  
18.3 Mott-Schottky Plots . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

19 Complex Nonlinear Regression . . . . . . . . . . . . . . . . . . . . . . .  

19.1 Concept . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
19.2 Objective Functions . . . . . . . . . . . . . . . . . . . . . . . . . . .  
19.3 Formalism of Regression Strategies . . . . . . . . . . . . . . . . . .  

19.3.1 Linear Regression . . . . . . . . . . . . . . . . . . . . . . . .  
19.3.2 Nonlinear Regression . . . . . . . . . . . . . . . . . . . . .  

19.4 Regression Strategies for Nonlinear Problems . . . . . . . . . . . .  
19.4.1 Gauss-Newton Method . . . . . . . . . . . . . . . . . . . .  
19.4.2 Method of Steepest Descent . . . . . . . . . . . . . . . . . .  
19.4.3 Levenberg-Marquardt Method . . . . . . . . . . . . . . . .  
19.4.4 Downhill Simplex Strategies . . . . . . . . . . . . . . . . .  

19.5 Influence of Data Quality on Regression . . . . . . . . . . . . . . .  
19.5.1 Presence of Stochastic Errors in Data . . . . . . . . . . . . .  
19.5.2 Ill-Conditioned Regression Caused by Stochastic Noise . . 
19.5.3 Ill-Conditioned Regression Caused by Insufficient Range . 

324 
324 
325 
326 
328 
331 

333 

334 
334 
337 
338 
340 
342 
342 
344 
345 
348 
351 

353 

353 
353 
355 
357 
360 
362 

363 

363 
365 
367 
367 
368 
370 
370 
371 
371 
372 
373 
373 
375 
375 



xii CONTENTS 

19.6 Initial Estimates for Regression 
19.7 Regression Statistics . . . . . . . . . . . . . . . . . . . . . . . . . .  380 

. . . . . . . . . . . . . . . . . . . .  380 

19.7.1 ConfidenceIntervals for Parameter Estimates . . . . . . .  381 
19.7.2 StatisticalMeasure of the RegressionQuality . . . . . . . .  382 
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  382 

20 Assessing Regression Quality . . . . . . . . . . . . . . . . . . . . . . . .  385 

20.1 Methods to Assess Regression Quality . . . . . . . . . . . . . . . .  
20.1.1 Quantitative Methods . . . . . . . . . . . . . . . . . . . . .  385 
20.1.2 Qualitative Methods . . . . . . . . . . . . . . . . . . . . . .  386 

20.2 Application of Regression Concepts . . . . . . . . . . . . . . . . .  386 

385 

20.2.1 Finite-Diffusion-Length Model . . . . . . . . . . . . . . . .  388 
20.2.2 Measurement Model . . . . . . . . . . . . . . . . . . . . . .  393 
20.2.3 Convective-Diffusion-Length Model . . . . . . . . . . . . .  395 
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  402 

V Statistical Analysis 405 

21  Error Structure of Impedance Measurements . . . . . . . . . . . . . .  407 

21.1 Error Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . .  407 
21.2 Stochastic Errors in Impedance Measurements . . . . . . . . . . .  408 

21.2.1 Stochastic Errors in Time-Domain Signals . . . . . . . . . .  409 
21.2.2 Transformation from Time Domain to Frequency Domain 411 
21.2.3 Stochastic Errors in Frequency Domain . . . . . . . . . . .  413 

21.3 Bias Errors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  414 
21.3.1 Instrument Artifacts . . . . . . . . . . . . . . . . . . . . . .  415 
21.3.2 Ancillary Parts of the System under Study . . . . . . . . .  415 

21.3.4 Time Scales in Impedance Spectroscopy Measurements . . 416 
21.4 Incorporation of Error Structure . . . . . . . . . . . . . . . . . . . .  418 
21.5 Measurement Models for Error Identification . . . . . . . . . . . .  420 

21.5.1 Stochastic Errors . . . . . . . . . . . . . . . . . . . . . . . .  422 
21.5.2 Bias Errors . . . . . . . . . . . . . . . . . . . . . . . . . . . .  423 
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  425 

21.3.3 Nonstationary Behavior . . . . . . . . . . . . . . . . . . . .  415 

22 The Kramers-Kronig Relations . . . . . . . . . . . . . . . . . . . . . . .  427 

22.1 Mathematical Origin . . . . . . . . . . . . . . . . . . . . . . . . . .  427 
22.1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . .  428 
22.1.2 Application of Cauchy’s Theorem . . . . . . . . . . . . . .  432 
22.1.3 Transformation from Real to Imaginary . . . . . . . . . . .  432 
22.1.4 Transformation from Imaginary to Real . . . . . . . . . . .  435 
22.1.5 Application of the Kramers-Kronig Relations . . . . . . . .  436 

22.2 The Kramers-Kronig in an Expectation Sense . . . . . . . . . . . .  439 



CONTENTS xiii 

22.2.1 Transformation from Real to Imaginary . . . . . . . . . . .  439 
22.2.2 Transformation from Imaginary to Real . . . . . . . . . . .  440 

442 
22.3.1 Direct Integration of the Kramers-Kronig Relations . . . .  442 
22.3.2 Experimental Assessment of Consistency . . . . . . . . . .  443 
22.3.3 Regression of Process Models . . . . . . . . . . . . . . . . .  443 
22.3.4 Regression of Measurement Models . . . . . . . . . . . . .  444 
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  445 

22.3 Methods for Application . . . . . . . . . . . . . . . . . . . . . . . .  

VI Overview 447 

23 An Integrated Approach to Impedance Spectroscopy . . . . . . . . . .  449 

23.1 Flowcharts for Regression Analysis . . . . . . . . . . . . . . . . . .  449 
23.2 Integration of Measurements. Error Analysis. and Model . . . . .  450 

451 
452 

23.2.3 Regression Analysis in Context of Error Structure . . . . .  453 
23.3 Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  453 

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  459 

23.2.1 Impedance Measurements Integrated with Error Analysis 
23.2.2 Process Models Developed Using Other Observations . . .  

VII Reference Material 461 

A Complex Integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  463 

A.l Definition of Terms . . . . . . . . . . . . . . . . . . . . . . . . . . .  463 
A.2 Cauchy-Riemann Conditions . . . . . . . . . . . . . . . . . . . . .  465 
A.3 Complex Integration . . . . . . . . . . . . . . . . . . . . . . . . . .  467 

A.3.1 Cauchy’s Theorem . . . . . . . . . . . . . . . . . . . . . . .  467 
A.3.2 Improper Integrals of Rational Functions . . . . . . . . . .  471 
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  473 

B Tables of Reference Material . . . . . . . . . . . . . . . . . . . . . . . .  475 

C List of Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  477 

List of Symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  481 

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  495 

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  518 



Preface 

This book is intended for use both as a professional reference and as a textbook 
suitable for training new scientists and engineers. As a textbook, this work is suit- 
able for graduate students in a variety of disciplines including electrochemistry, 
materials science, physics, electrical engineering, and chemical engineering. As 
these audiences have very different backgrounds, a portion of the book reviews 
material that may be known to some students but not to others. There are many 
short courses offered on impedance spectroscopy, but formal courses on the topic 
are rarely offered in university settings. Accordingly, this textbook is designed to 
accommodate both directed and independent learning. 

Organization 

The textbook has been prepared in seven parts: 

Part I Background 

This part provides material that may be covered selectively depending on the back- 
ground of the students. The subjects covered include complex variables, differen- 
tial equations, statistics, electrical circuits, electrochemistry, and instrumentation. 
The coverage of these topics is limited to what is needed to understand the core of 
the textbook, which is covered in the subsequent parts. 

Part I I Experimental Considerations 

This part introduces methods used to measure impedance and other transfer func- 
tions. The chapters in this section are &tended to provide an understanding of 
frequency-domain techniques and the approaches used by impedance instrumen- 
tation. This understanding provides a basis for evaluating and improving experi- 
mental design. The material covered in this section is integrated with the discus- 
sion of experimental errors and noise. The extension of impedance spectroscopy 
to other transfer-function techniques is developed in Part 111. 
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Part 1 1 1  Process Models 

This part demonstrates how deterministic models of impedance response can be 
developed from physical and kinetic descriptions. When possible, correspondence 
is drawn between hypothesized models and electrical circuit analogues. The treat- 
ment includes electrode kinetics, mass transfer, solid-state systems, time-constant 
dispersion, models accounting for two- and three-dimensional interfaces, gener- 
alized transfer functions, and a more specific example of a transfer-function tech- 
nique.in which the rotation speed of a disk electrode is modulated. 

Part IV Interpretation Strategies 

This part describes methods for interpretation of impedance data, ranging from 
graphical methods to complex nonlinear regression. The material covered in this 
section is integrated with the discussion of experimental errors and noise. Bias 
errors are shown to limit the frequency range useful for regression analysis, and 
the variance of stochastic errors is used to guide the weighting strategy used for 
regression. 

Part V Statistical Analysis 

This part provides a conceptual understanding of stochastic, bias, and fitting er- 
rors in frequency-domain measurements. A major advantage of frequency-domain 
measurements is that real and imaginary parts of the response must be internally 
consistent. The expression of this consistency takes different forms that are known 
collectively as the Kramers-Kronig relations. The Kramers-Kronig relations and 
their application to spectroscopy measurements are described. Measurement mod- 
els, used to assess the error structure, are described and compared with process 
models used to extract physical properties. 

Part VI Overview 

The final chapter in this book provides a philosophy for electrochemical impe- 
dance spectroscopy that integrates experimental observation, model development, 
and error analysis. This approach is differentiated from the usual sequential model 
development for given impedance spectra by its emphasis on obtaining support- 
ing observations to guide model selection, use of error analysis to guide regression 
strategies and experimental design, and use of models to guide selection of new ex- 
periments. These concepts are illustrated with examples taken from the literature. 
This chapter is intended to illustrate that selection of models, even those based 
on physical principles, requires both error analysis and additional experimental 
verification. 



PEDAGOGICAL APPROACH xvii 

Part VI I Reference Material 

The reference material includes an appendix on complex integration needed to 
follow the derivation of the Kramers-Kronig relations, a list of tables, a list of ex- 
amples, a list of symbols, and a list of references. 

Pedagogical Approach 

The material is presented in a manner that facilitates sequential development of 
understanding and expertise either in a course or in self-study. Illustrative exam- 
ples are interspersed throughout the text to show how the principles described are 
applied to common impedance problems. These examples are in the form of ques- 
tions, followed by the solution to the question posed. The student can attempt to 
solve the problem before reading how the problem is solved. Homework prob- 
lems, suitable either for self-study or for study under direction of an instructor, are 
developed for each chapter. Important equations and relations are collected in ta- 
bles, which can be easily accessed. Important concepts are identified and set aside 
at the bottom of pages as they appear in the text. Readily identifiable icons are 
used to distinguish examples and important concepts. 

As can be found in any field, the notation used in the impedance spectroscopy 
literature is inconsistent. In treatments of diffusion impedance, for example, the 
symbol 0 is used to denote the dimensionless oscillating concentration variable; 
whereas, the symbol 0 used in kinetic studies denotes the fractional surface cover- 
age by a reaction intermediate. Compromises were necessary to create a consistent 
notation for this book. For example, the dimensionless oscillating concentration 
variable was given the symbol 8, and y was used to denote the the fractional sur- 
face coverage by a reaction intermediate. As discussed in Section 1.2.3, the book 
deviates from the IUPAC convention for the notation used to denote the imaginary 
number and the real and imaginary parts of impedance. 

This book is intended to provide a background and training suitable for appli- 
cation of impedance spectroscopy to a broad range of applications, such as corro- 
sion, biomedical devices, semiconductors and solid-state devices, sensors, batter- 
ies, fuel cells, electrochemical capacitors, dielectric measurements, coatings, elec- 
trochromic materials, analytical chemistry, and imaging. The emphasis is on gen- 
erally applicable fundamentals rather than on detailed treatment of applications. 
The reader is referred to other sources for discussion of specific applications of 
impedance .I4 

m R e m e m b e r !  0.1 The elephant at left is used to identzfy important concepts for  
each chapter. It is intended to remind the student of the parable of the blind men and the 
elephant. 
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The active participation in related short courses demonstrates a rising interest 
in impedance spectroscopy. As discussed in the preliminary section on the history 
of the technique, the number of papers published that mention use of electrochem- 
ical impedance spectroscopy has increased dramatically over the past 10 years. 
Nevertheless, the question may be raised: Why teach a f i l l  semester-long course on 
impedance spectroscopy? It is, after all, just an experimental technique. In our view, im- 
pedance spectroscopy represents the confluence of a significant number of disci- 
plines, and successful training in the use and interpretation of impedance requires 
a coherent education in the application of each of these disciplines to the subject. In 
addition to learning about impedance spectroscopy, the student will gain a better 
understanding of a general philosophy of scientific inquiry. 

Mark E. Orazem Bernard Tribollet 
Gainesville, Florida Paris, France 

July, 2008 
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The Blind Men and the Elephant 

Impedance spectroscopy is a complicated area of research that has been subject to 
significant controversy. As we begin a study of this subject it is well to remem- 
ber the Buddhist parable of the blind men and the elephant. American poet John 
Godfrey Saxe (1816-1887) based the following poem on the fable.5 

The Blind Men and the Elephant 

John Godfrey Saxe 

It was six men of Indostan 
To learning much inclined, 
Who went to see the Elephant 
(Though all of them were blind), 
That each by observation 
Might satisfy his mind. 

The First approached the Elephant, 
And happening to fall 
Against his broad and sturdy side, 
At once began to bawl: 
God bless me! but the Elephant 
Is very like a wall! 

The Second, feeling of the tusk, 
Cried, Ho! what have we here 
So very round and smooth and sharp? 
To me 'tis mighty clear 
This wonder of an Elephant 
Is very like a spear! 

The Third approached the animal, 
And happening to take 
The squirming trunk within his hands, 
Thus boldly up and spake: 
I see, quoth he, the Elephant 
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Is very like a snake! 

The Fourth reached out an eager hand, 
And felt about the knee. 
What most this wondrous beast is like 
Is mighty plain, quoth he; 
'Tis clear enough the Elephant 
Is very like a tree! 

The Fifth, who chanced to touch the ear, 
Said: Een the blindest man 
Can tell what this resembles most; 
Deny the fact who can, 
This marvel of an Elephant 
Is very like a fan!? 

The Sixth no sooner had begun 
About the beast to grope, 
Than, seizing on the swinging tail 
That fell within his scope, 
I see, quoth he, the Elephant 
Is very like a rope! 

And so these men of Indostan 
Disputed loud and long, 
Each in his own opinion 
Exceeding stiff and strong, 
Though each was partly in the right, 
And all were in the wrong! 

Moral: 
So oft in theologic wars, 
The disputants, I ween, 
Rail on in utter ignorance 
Of what each other mean, 
And prate about an Elephant 
Not one of them has seen! 

The logo for the 2004 International Symposium on Impedance Spectroscopy, 
shown in Figure 1, was intended to evoke the lessons of the blind men and the 
elephant. The multiple loops resemble the Nyquist plots obtained in some cases for 
the impedance of corroding systems influenced by formation of surface films. The 
low-frequency inductive loop was deformed to evoke the image of the elephant's 
trunk, and the capacitive loops resemble the head and body of the elephant. 

Impedance spectroscopy is, of course, not a religion, but an application of a 
frequency-domain measurement to a complex system that cannot be easily visu- 
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Figure 1: The logo for the 2004 International Symposium on Impedance Spectroscopy, held in 
Cocoa Beach, Florida. 

alized. The quantities measured, e.g., current and potential for electrochemical or 
electronic systems and stress and strain for mechanical systems, are macroscopic 
values that represent the spatial average of individual events. These quantities are 
influenced by the desired physical properties, such as diffusivity, rate constants, 
and viscosity, but do not provide a direct measure of them. 

Application of impedance spectroscopy is very much like feeling an elephant 
that we cannot see. Measurement of current and potential under a steady state 
yields some information concerning a given system. By adding frequency depen- 
dence to the macroscopic measurements, impedance spectroscopy expands the 
information that can be extracted from the measurements. Impedance measure- 
ments, however, are not sufficient. Additional observations are needed to gain 
confidence in the model identification. 



History of 
l pect rosco 

Impedance 

PY 

Impedance spectroscopy is an electrochemical technique with broad applications that 
is growing in importance. As seen in Figure 2, the number of papers published in 
this area has doubled roughly every four or five years. In 2006, over 1,200 journal 
articles were published that mention the use of electrochemical impedance spec- 
troscopy. 

Timeline 

By his application of Laplace transforms to the transient response of electrical cir- 
cuits, Oliver Heaviside created the foundation for impedance spectroscopy. Heav- 
iside coined the words inductance, capacitance, and impedance and introduced these 
concepts to the treatment of electrical circuits. His papers on the subject, published 
in The Electrician beginning in 1872, were compiled by Heaviside in book form in 
1894.6t7 From the perspective of the application to physical systems, however, the 
history of impedance spectroscopy begins in 1894 with the work of Nernst.8 

Nernst applied the electrical bridge invented by Wheats t~ne~t '~  to the mea- 
surement of the dielectric constants for aqueous electrolytes and different organic 
fluids. Nernst's approach was soon employed by others for measurement of di- 
electric propertiesl1Jl2 and the resistance of galvanic cells.13 Finkelstein14 applied 
the technique to the analysis of the dielectric response of oxides. W a r b ~ r g l ~ . ' ~  
developed expressions for the impedance response associated with the laws of dif- 
fusion, developed almost 50 years earlier by Fick,17 and introduced the electrical 
circuit analogue for electrolytic systems in which the capacitance and resistance 
were functions of frequency. The concept of diffusion impedance was applied by 
Kriiger to the capacitive response of mercury electrodes.18 

In the 1920s, impedance was applied to biological systems, including the resis- 
tance and capacitance of cells of vegetables19 and the dielectric response of blood 
suspensions.20-22 Impedance was also applied to muscle fibers, skin tissues, and 
other biological  membrane^.^^!^^ The capacitance of the cell membranes was found 
to be a function of frequency,25 and Fricke observed a relationship between the 
frequency exponent of the impedance and the observed constant phase angle.26 
In 1941, brothers Cole and Cole showed that the frequency-dependent complex 
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1960 1970 1980 1990 2000 2010 

Year 

Figure 2: Number of journal articles on electrochemical impedance spectroscopy identified 
on October 3, 2007 using the Engineering Village search engine. The key words used were 
"(((impedance or admittance) and (Electrochemical)), Journal article only). 

dielectric constant can be represented as a depressed semicircle in a complex ad- 
mittance plane plot and suggested a formula, consistent with Fricke's lawF6 now 
known as a constant-phase element.27 

In 1940, FrumkinZ8 explored the relationships among the double-layer structure 
on mercury electrodes, the capacitance measured by use of a Wheatstone bridge, 
and the surface tension, following the theoretical underpinnings of the Lippmann 
equation. Grahame29t30 expanded this treatment of the mercury electrode, provid- 
ing a fundamental understanding of the structure of the electrical double layer. 
Dolin and Ershler applied the concept of an equivalent circuit to electrochemical 
kinetics for which the circuit elements were independent of freq~ency.~' Randles 
developed an equivalent circuit for an ideally polarized mercury electrode that ac- 
counted for the kinetics of adsorption reactions.32 

In the early 1950s, impedance began to be applied to more complicated reaction 
In subsequent years, Epelboin and Loric addressed the role of reac- 

tion intermediates in causing low-frequency inductive loops?6 de Levie developed 
transmission line models for the impedance response of porous and rough elec- 
t r o d e ~ ? ~  and Newman showed that the nonuniform current and potential distri- 
bution of disk electrodes can result in high-frequency time-constant d i~pe r s ion .~~  
Levart and S ~ h u h m a n n ~ ~  developed a model for the diffusion impedance of a ro- 
tating disk that accounted for the influence of homogeneous chemical reactions. 
Kinetic models accounting for reaction intermediates were addressed in greater 
detail in publications by Armstrong et al.40 and Epelboin et 

Nonlinear complex regression techniques, developed in the early 1970s,42t43 
were applied to impedance data by Macdonald et al.44t45 and B ~ u k a m p . ~ ~  The 
regression approaches were based on use of equivalent electrical circuits, which 
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became the predominant method for interpretation of impedance data. The ex- 
perimental investigations turned increasingly toward those associated with tech- 
nical applications, such as electrodeposition and corrosion.4749 Gabrielli et al. 
introduced the concept of a generalized transfer function for impedance spec- 
t r o s ~ o p y . ~ ~ ~ ~  During this time, the Kramers-Kronig relations, developed in the late 
1920~,5~! 54 were applied for the validation of electrochemical impedance data.55 
Aganval et al.56 described an approach that eliminated problems associated with 
direct integration of the Kramers-Kronig integral equations and accounted explic- 
itly for stochastic errors in the impedance measurement. 

Several authors have described methods for generalized deconvolution of im- 
pedance data.57r58 Stoynov and co-workers developed a robust method in which 
calculation of the local derivatives of the impedance with respect to frequency 
allows visualization of the distribution of time constants for a given spectrum 
without a-priori assumption of a distribution f~nct ion .~~r~O Stoynov and Savova- 
Stoynov described a graphical method of estimating instantaneous impedance pro- 
jections from consecutive series of impedance diagrams obtained during the time 
of system evolution.61 

A conference dedicated to the development of electrochemical impedance spec- 
troscopy techniques was initiated in 1989 in Bombannes, France. The subsequent 
meetings, held every three years, took place in California (1992), Belgium (1995), 
Brazil (1998), Italy (2001), Florida (2004), and France (2007). The special issues as- 
sociated with these conferences provide unique triennial snapshots of the state of 
impedance research.6247 One driving concern reflected in these volumes is the 
heterogeneity of electrode surfaces and the correspondence to the use and misuse 
of constant phase elements. Local impedance spectroscopy, developed by Lillard 
et a1.,68 may prove to be a useful method for understanding this relationship. 

Areas of Investigation 

A historical perspective on impedance spectroscopy is presented in Table 1. A 
brief listing of advances in this field cannot be comprehensive, and many impor- 
tant contributions are not mentioned. The reader may wish to explore other his- 
torical perspectives, such as that provided by M a ~ d o n a l d . ~ ~  Chapters written by 
Sluyters-Rehbach and Sluyters70 and by Lasia7* provide excellent overviews of the 
field. Nevertheless, Table 1 provides a useful guide to the trends in areas related 
to electrochemical impedance spectroscopy. These areas include the types of sys- 
tems investigated, the instrumentation used to make the measurements, including 
changes in the accessible frequency range, the methods used to represent the re- 
sulting data, and the methods used to interpret the data in terms of quantitative 
properties of the system. 
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Experimental Systems 

The early applications of what we now know as impedance spectroscopy were to 
the dielectric properties of fluids and metal oxides. Impedance measurements per- 
formed on mercury electrodes emphasized development of a fundamental under- 
standing of the interface between the electrode and the electrolyte. The mercury 
drop electrodes were ideal for this purpose because they provided a uniform and 
easily refreshed interface that could be considered to be ideally polarizable over 
a broad range of potential. The impedance technique was used to identify an in- 
terfacial capacitance that could be compared to the theories for diffuse electrical 
double layers. In the 1920s, considerable effort was placed on biological systems, 
including the dielectric properties of blood and the impedance response of cell 
membranes. In the 1950s, impedance began to be used for studies of anodic dis- 
solution. One may identify a trend from ideal surfaces suitable for fundamental 
studies to ones associated with technical materials. Impedance became useful for 
studying processes such as corrosion, deposition of films, and other electrochem- 
ical reactions. It became clear that the solid electrode surfaces were not uniform, 
and this complicated interpretation of impedance spectra in terms of meaning- 
ful physical properties. Recently, local impedance spectroscopy has emerged as a 
means of studying heterogeneous electrode surfaces. 

Measurement Techniques 

Early experimental techniques relied on use of Wheatstone bridges. The bridge is 
based on a nulling technique that requires manipulation of an adjustable resistor 
and capacitor at each frequency to obtain an effective frequency-dependent resis- 
tance and capacitance of the cell, from which can be derived an impedance. In 
time, the mechanical signal generator was replaced by an electronic signal gen- 
erator, but the frequency range remained limited to acoustic frequencies (kHz to 
Hz). The ability to record time-domain signals on an oscilloscope enabled mea- 
surement to subacoustic frequencies (on the order of mHz). Subsequent develop- 
ment of digital signal analysis allowed automated recording of impedance spectra. 
These techniques are described in Chapter 7. Development of microelectrodes en- 
abled local measurement of current density and local impedance spectra. These 
techniques are also described in Chapter 7. 

A parallel development has taken place for related transfer-function methods. 
For electrochemical systems, impedance spectroscopy, which relies on measure- 
ment of current and potential, provides the general system response. As described 
in Chapters 14 and 15, transfer-function methods allow the experimentalist to iso- 
late the portion of the response associated with specific inputs or outputs. 

Impedance Representation 

The methods used to plot impedance data began with plots of effective resistance 
and capacitance, reflecting the use of bridges for measurement. These plots gave 
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way to Nyquist and Bode plots, which remain the traditional means of represent- 
ing impedance data. More recently, authors have promoted the use of Bode plots 
corrected for Ohmic resistance and the use of logarithmic plots of the imaginary 
impedance as a function of frequency. As described in Chapter 17, such plots pro- 
vide limited yet quantitative interpretation of impedance spectra. 

Mathematical Analysis 

The impedance response associated with diffusion in an infinite domain and in a 
solid film was developed in the very early twentieth century. Similarly quantita- 
tive models were developed in the 1940s for the capacitive behavior of the double 
layer. In the middle of the twentieth century, models were being developed that 
accounted for heterogeneous reactions and adsorbed intermediates. In the 1960s 
and 1970s, such models were being generalized to account for homogeneous reac- 
tions and reactions on porous electrodes. The development of quantitative models 
is presented in Part 111. 

These models provided a quantitative relationship between physicochemical 
parameters and impedance response, but the application of interpretation strate- 
gies did not keep pace with the model development. Interpretation was based on 
graphical examination of plotted data. In simple cases, plots could be used di- 
rectly as described in Chapter 18. For more complicated cases, simulations could 
be compared graphically to data to reveal qualitative agreement. 

Nonlinear regression analysis, described in Chapters 19 and 20, was developed 
for impedance spectroscopy in the early 1970s. The models were cast in the form 
of electrical circuits with mathematical formulas added to account for the diffusion 
impedance associated with simplified geometries. 

There were significant difficulties associated with fitting models to impedance 
data. The electrochemical systems frequently did not conform to the assump- 
tions made in the models, especially those associated with electrode uniformity. 
Constant-phase elements (CPEs), described in Chapter 13, were introduced as a 
convenient general circuit element that was said to account for distributions of 
time constants. The meaning of the CPE for specific systems was often disputed. 

In addition, the variance of impedance measurements depends strongly on fre- 
quency, and this variation needs to be addressed by the regression strategies em- 
ployed. An assumed dependence of the variance of the impedance measurement 
on impedance values was employed in early stages of regression analysis, and this 
gave rise to some controversy over what assumed error structure was most ap- 
propriate. An experimental approach using measurement models, described in 
Chapter 21, was later developed, which eliminated the need for assumed error 
structures. 

The long time required to make impedance measurements in the acoustic to 
subacoustic frequency range caused the resulting impedance to be influenced by 
changes in the system properties during the course of the measurement. The 
Kramers-Kronig relations, described in Chapter 22, were employed to determine 
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whether impedance spectra were corrupted by nonstationary behavior. This ap- 
proach, too, was controversial due to the need to evaluate the Kramers-Kronig in- 
tegrals over a frequency range extending from 0 to infinity, requiring extrapolation 
of the measured data. The use of a measurement model allowed assessment of the 
degree of consistency with the Kramers-Kronig relations without use of integration 
procedures. 

Access to powerful computers and to commercial partial-differential-equation 
(PDE) solvers has facilitated modeling of the impedance response of electrodes 
exhibiting distributions of reactivity. Use of these tools, coupled with development 
of localized impedance measurements, has introduced a renewed emphasis on the 
study of heterogenous surfaces. This coupling provides a nice example for the 
integration of experiment, modeling, and error analysis described in Chapter 23. 
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Chapter 1 

Complex Variables 

A working understanding of complex variables is essential for the analysis of ex- 
periments conducted in the frequency domain, such as impedance spectroscopy. 
The objective of this chapter is to introduce the subject of complex variables at 
a level sufficient to understand the development of interpretation models in the 
frequency domain. Complex variables represent an exciting and important field in 
applied mathematics, and textbooks dedicated to complex variables can extend the 
introduction provided here.72t73 The overview presented in this chapter is strongly 
influenced by the compact treatment presented by Fong et al.74 

1.1 Why Imaginary Numbers? 

The terminology used in the study of complex variables, in particular the term 
imagina y number, is particularly unfortunate because it provides an unnecessary 
conceptual barrier to the beginning student of the subject. Complex variables are 
ordeEd pairs of numbers, where the imaginary part represents the solution to a 
particular type of equation. As suggested by Cain in his introduction to complex 
variables,” complex numbers can be compared to other ordered pairs of numbers. 

Rational numbers, for example, are defined to be ordered pairs of integers. For 
example, (3,8) is a rational number. The ordered pair (n, m) can be written as (5). 
Thus the rational number (3,8) can be represented as well by 0.375. 

Two rational numbers (n, m) and (p, 9) are defined to be equal whenever n9 = 
pm. The sum of (n, m) and (p, 9) is given by 

Subtraction and division are defined to be the inverses of the addition and multi- 
plication operations, respectively. 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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Irrational numbers were introduced because the set of rational numbers could 
not provide solutions to such equations as z = a. As seen in the subsequent sec- 
tion, the set of real numbers, which encompasses rational and irrational numbers, 
is not adequate to provide solutions to yet other classes of equations. Thus, com- 
plex numbers were introduced, which can be seen in the following sections to be 
defined as ordered pairs ( x ,  y) of real and imaginary numbers." 

1.2 Terminology 

The concept of complex variables is used widely in mathematical and engineering 
analysis. Some definitions and concepts commonly encountered in the field of 
impedance spectroscopy are presented in this section. 

1.2.1 The Imaginary Number 

The imaginary number j = is the solution to the algebraic equation 

22 = -1 (1.3) 

which yields z = kj. The imaginary number arises as well in the solution to 
differential equations such as 

which, as shown in Chapter 2, has the characteristic equation 

with solution 
m = A- = kj& 

The homogeneous solution to equation (1.4) is given by 

y = ~1 exp ( j h x )  + ~ 2 e x p  ( - j f i x )  

Some useful identities for the complex number j are presented in Table 1.1. 

1.2.2 Complex Variables 

The solution to the quadratic equation 

az2 + bz + c = 0 (1.13) 

(1.14) 

given as 
-bf  d- 

2a 
Z =  
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is a complex number if the argument b2 - 4ac < 0. The complex variables can be 
written as 

z = Z r  -I- j z j  (1.15) 

where Zr and Z j  are real numbers that represent the real and imaginary parts of z, 
respectively. Often the notations Re{z} and Im{z} are used to designate real and 
imaginary components of the complex number z, respectively. 

1.2.3 

The IUPAC convention, as described in the overview by Sl~yters-RehbachT~ is that 
fl should be denoted by the symbol i. To avoid confusion with current density., 
given the symbol i, we have chosen here to follow the electrical engineering con- 
vention in which - is given the symbol j. 

We also depart from the IWAC convention in the notation used to denote real 
and imaginary parts of the impedance. The WPAC convention is that the real part 
of the impedance is given by Z' and the imaginary part is given by Z". We consider 
that the IUPAC notation can be confused with the use of primes and double primes 
to denote first and second derivatives, respectively. Thus, we choose to identify the 
real part of the impedance by Zr and the imaginary part of the impedance by Zj. 

Conventions for Notation in Impedance Spectroscopy 

1.3 Operations Involving Complex Variables 

As z is a single value with real and imaginary components, z can be represented 
as a point on a complex plane, as shown in Figure 1.1. The complex conjugate of a 
complex number z = Z r  + j z j  is defined to be Z = Z r  - j z j .  Thus, in Figure 1.1, Z is 
seen to be the reflection of z about the real axis. 

As is evident in the graphical representation of a complex number in Figure 
1.1, two complex numbers are equal if and only if both the real and the imaginary 
parts are equal. Thus, an equation involving complex variables requires that two 
equations are satisfied, one involving the real terms, and one involving the imag- 
inary terms. Commutative, associative, and distributive laws hold for complex 

Table 1.1: Identities for the complex number j .  

(1.8) 

(1.91 
(1.10) 

(1.11) 
(1.12) 
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"It 
z = z, + j z j  I 

Figure 1.1: Argand diagram showing the position of a complex number and its complex con- 
jugate on a complex plane. 

numbers. Some useful relationships for complex variables are presented in Table 
1.2, which demonstrate the commutative, associative, and distributive properties. 

The commutative property states that, in addition and multiplication, terms 
may be arbitrarily interchanged. Thus, equation (1.16) applies for addition and 
equation (1.17) applies for multiplication of complex numbers z and w. The dis- 
tributive property is demonstrated by equation (1.18), and the associative property 
is demonstrated by equation (1.19). 

1.3.1 

Equations (1.20)-(1.24) illustrate the manner in which mathematical operations are 
carried out in terms of real and imaginary components. These results provide a 
foundation for the followings series of examples. 

Multiplication and Division of Complex Numbers 

! 
&b Example 1.1 Multiplication of Complex Numbers: Does the imaginary part 
of the product of two complex numbers equal the product of the imaginary parts? 

Solution: Consider two numbers z = Zr + jzj and w = Wr + jwj. The multiplication of 

~ 

Remember! 1.1 Complex numbers are ordered pairs ( x ,  y) ofreal and imagina y 
numbers that represent the solution to a class o f  problems that cannot be solved using 
rational and irrational numbers. 
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Table 1.2: Relationships for complex variables z = Zr  + jzj and w = Wr + jwj. 

z + w  = w + z  

a(z  + w )  = az + aw 
a(zw) = (az)w 

zw = wz 

z + w = (2, + wr) + j(zj + W j )  

z - w = (2,  - wr) + j(zj - wj) 
zw = (ZrWr - zjwj) + j(zrwj + Zjwr) 

2 2  w z  = wr + wj 

(1.16) 

(1.18) 
(1.17) 

(1.19) 

(1.20) 

(1.21) 

(1.22) 

(1.23) 

(1.24) 

z and w follms equation (1.22), i.e., 

zw = (2 ,  + jzj) (Wr + jwj) 

= (zrwr + j2zjwj) + j (zrwj + wrzj) (1.25) 

= (zrwr - zjwj) + j (ZrWj + W r Z j )  

The imaginary part of zw is (ZrWj + WrZj) ,  which is not equal to the product of the imagi- 
nary parts, i.e., 

(zrwj + WrZj)  # zjwj (1.26) 

Thus, the imaginary part of the product of two complex numbers does not equal the product 
of the imagina ry parts. 

L E x a m p l e  1.2 Division of Complex Numbers: In a new experimental tech- 
nique developed by Antafio-Lopez et an approximate formula for capacitance was 
used; i.e., 

w 
(1.27) 

mRemember! 1.2 The notation used in this text provides that j = fl and that 
real and imaginary parts of complex numbers are denoted by subscripts r and j ,  respec- 
tively. 
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where Y is the complex admittance Y = Z-I ,  and w is angular frequency. At  frequencies 
sufficiently high to eliminate the contribution of Faradaic resistance, the capacitance is 
shown in Section 16.4 to be obtained correctlyfrom 

where Z j  is the imagina y part of the complex impedance Z .  
0. Under what conditions will equation (1.27) be accurate? 

(1.28) 

For capacitive systems, Zj < 

Solution: Equation (1.27) would agree with equation (1.28) if 

yj = h(z-1) = ? -z)? (1.29) 

To test the validity of equation (1.29), consider the inverse of the complex number Z = 
Zr + jZ j .  

(1.30) 

Divisirm is possible only afer the denominator is converted into a real, rather than complex, 
number. Both the numerator and the denominator are multiplied by the complex conjugate 
(see equations (1.23)) and (1.24)). 

ThUS, 

(1.31) 

(1.32) 

Equation (1.29) is satisfied only if Z ,  = 0. As discussed in Chapter 10, the real part of 
the impedance Z ,  approaches the electrolyte resistance at high frequencies. The capacitance 
obtained by Antaffo-Lupez et ~ 1 . ~ ~  is correct at high frequencies only if the electrolyte 
resistance can be neglected, i.e., 2: << Z!. 

mRemember l l . 3  The impedance is a complex number defined to be the ratio of 
complex potential and complex current. 
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rsin( 6) 

1 
I . / i  

+ j z j  

Figure 1.2: Argand diagram showing relationships among complex impedance, magnitude, and 
phase angle. 

& Example 1.3 Rectangular Coordinates: The impedance of a parallel combina- 
tion of a resistor and a capacitor can be expressed as 

R 
1 + jw-r 

Z =  (1.33) 

where 7 is the time constant -r = RC. Express equation (2.33) in rectangular coordinates, 
i.e.,find the real and imaginary components of Z. 

Solution: To express equation (2.33) in rectangular coordinates, the denominator must be 
converted into a real, rather than complex, number. Both the numerator and the denomi- 
nator are multiplied by the complex conjugate (see equations (1.23) and (2.24)). 

R 

Thus, 

1.3.2 Complex Variables in Polar Coordinates 

(1.35) 

The transformation from rectangular to polar coordinates is shown schematically 
in Figure 1.2. The variable r is the modulus or absolute value 121, which always has 
a positive value. The phase angle is written as 8 = arg(z). The angle arg(z) has 
an infinite number of possible values because any multiple of 275 radians can be 
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Table 1.3: Relationships between polar and rectangular coordinates for the complex variable 
z = Zr + jzj .  

(1.36) 
(1.37) 

=+:+z; (1.38) 

e = tm-1 (z) 
121 = G 

z = r (cOs(8) + jsin(0)) 
z" = r" (cos(n8) + j sin(n0)) 

(1.39) 

(1.40) 

(1 -41) 

(1 .a) 
8 2nk 0 2nk 

2''" = r1In [cos (i + 7) +jsin (i + --)I ; k = O , l , .  . .,n - 1 (1.43) 

added to it without changing the value of z. The value of 0 that lies between -n 
and n is called the principal value of arg (2). 

Some useful relationships between polar and rectangular coordinates for com- 
plex variables are summarized in Table 1.3. Equation (1.42) is known as DeMoivres 
theorem. It is valid for all rational values of n. 

Example 1.4 Polar Coordinates: The impedance of a parallel combination of a 
resistor and a capacitor can be expressed as 

R 
1 + jw7 

Z =  

where 7 is the time constant 7 = RC. Express equation (1.44) in polar coordinates; i.e., 
find the modulus and phase angle for Z.  

Solution: As shown in Example 1.3, equation (1.44) can be expressed in rectangular 
coordinates by 

(1.45) 

Equations (1.38) and (1.39) can be used to convert equation (1 -45) into polar coordinates. 
Thus, 

(1.46) 
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(1.48) 

The phase angle 0 is afunction only offrequency w and the time constant z. The modulus 
r depends on the value of R as well as on thefrequency w and the time constant z. 

The solution can be obtained mure rapidly by casting the impedance in terms of admit- 
tance (see Section 16.2). The admittance can be expressed as 

1 l+ jwz  
Z -  R 

y = - -  

The modulus of the admittance is given by 

IyI = J’Y 
~y = tan-l(wz) 

and the argument is given by 

(1.49) 

(1.50) 

(1.51) 

The modulus of the impedance and the corresponding argument can be deduced immedi- 
ately as 

(1.52) 
1 

IZI = IYJ 
and 

0 = -Oy 

respectively. 

(1.53) 

! 
&b Example 1.5 De Moivre’s Theorem: Calculate (1 + j)’OO. 

Solution: Following equations (2.38), (1.39), and (1.41)/ the polar form of (1 + j )  is 
expressed as 

1 + j = f i  (cos (f) + jsin (f)) 
From equation (1.42) 

(1.54) 

(1.55) 

AS sin(25n) = 0 and cos(25n) = -1, (1 + j)1W = -250. 
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1 .o 

0.5 

-0.5 

-1 .o 

-1.0 -0.5 0.0 0.5 1.0 

Figure 1.3: Argand diagram showing 1 + j (A) and the five roots of (1 + j)'15 (0) as calculated 
in Example 1.6. 

! 
&b Example 1.6 n* Roots of Complex Variables: Calculate (1 + j)'15 

Solution: The polar form of z = 1 + j is expressed as 

z = di (cos (f) + jsin (:)) (1.56) 

From equation (1 -43) 

z115 = 2'"' (cos (5 + T) + jsin (5 + T)) ; ; k = 0,. . .,4 (1.57) 

As shown in Figure 1.3, the n roots lie on a circle of radius & 
1.07177. 

&W Example 1.7 Square Roots of Complex Variables: The Warburg impedance 
associated with difision in an infinite medium takes the fm Z = l/*. Find the 
roots of Z .  

Solution: The polar form of z = l/jw.r = -j/w-c is expressed as 

, ie . ,  r = 2'"' = ( )'In 

! 

1 
= - u7 (cos (F) + j sin (7) ) (1.58) 
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1 .o 

0.5 

0.0 

-0.5 

-1 .o 

-1.0 -0.5 0.0 0.5 1.0 

zr 

Figure 1.4: Argand diagram showing the angle associated with l / j w z  and the two roots 
1/* as calculated in Example 1.7. 

From equation (1.43) 

z1I2 = a (cos ( y  +kn) + jsin (F + kn)) ; k = 0,l  (1.59) 

The roots of 1/ @ are shown in Figure 1.4. The root with k = 0 can be rejected using 
the physical reasoning that the resistance associated with diffusion cannot have a negative 
sign. Thus, the Warburg impehnce can be expressed in rectangular coordinates as 

(1.60) 

The real and the negative imaginary components have the same magnitude and increase 
according to as frequency tends toward zero. 

1.3.3 Properties of Complex Variables 

Some useful properties of the complex conjugates of z = Zr + jzj and w = Wr + jwj 
are presented in Table 1.4, and some relationships for the absolute value of z = 
Zr + j z j  and w = Wr + jwj are presented in Table 1.5. 

1.4 Elementary Functions of Complex Variables 

The definition of many elementary functions can be extended to complex variables. 
Polynomial, exponential, and logarithmic functions are discussed here. 
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Table 1.4: Properties for the complex conjugates of z = zr + jzi and w = wr + jwj.  

(1.61) 

(1.62) 

(1.63) 

Table 1.5: Properties for the absolute value of  z = zf + jzj and w = wf + jwj.  

(1.65) 

(1.66) 
(1.67) 
(1.68) 

(1.69) 

(1.70) 

(1.71) 
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1.4.1 Exponential 

The exponential function ez is of fundamental importance in impedance spec- 
troscopy. The exponential function is defined such that it retains the properties 
of the real function ex that 

1. eZ, with argument z = x + jy, is single-valued and analytic (see Appendix 
A.U, 

2. dez/dz = 8, and 

3. ez + ex, when y + 0. 

As a consequence of the above requirements, the exponential function with argu- 
ment z = x + jy can be shown to conform to 

ez = eX+iY 

= ex [cos(y) + j sin(y)] (1.72) 

Equation (1.72) can be considered to be the definition of ez, which can be readily 
shown to meet the requirements expressed above. 

Equation (1.72) is written in the standard polar form, equation (1.41), in which 
the modulus of 8 is 

(1.73) r = le'l = ex 

and the argument, or phase angle, is given by 

8 = arg (e') = y (1.74) 

It is evident, then, that the exponential function is periodic, i.e., 

ez = ez+j2kn (1.75) 

for integer values of k. 

and y = 8, application of equation (1.72) yields 
Any complex number can be written in exponential form. For example, if x = 0 

cos(e) +jsin(e) = eie (1.76) 

In addition, 

Equations (1.76) and (1.77) yield the Euler formulas 

(1.77) 

(1.78) 
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and 

These can be extended for x # 0 as 

& + e-iz 
2 

cos(2) = 

and 

(1.79) 

(1.80) 

(1.81) 

Equations (1.80) and (1.81) provide relationships between complex variables and 
trigonometric functions. These can be manipulated to find relationships with hy- 
perbolic function. Some important definitions and identities are presented in Table 
1.6. 

1.4.2 Logarithmic 

Given 
W z = e  (1.99) 

where z and w = u + jv are complex numbers, the natural logarithm can be defined 
as 

w = ln(z) (1 .loo) 

(1.101) 

As w = u + jv, equation (1.99) can be expressed as 

z = eu [cos(v) + jsin(v)] 

The modulus of equation (1.101) is given as 

( z I  = e' (1.102) 

and the phase angle is given by 

arg(z) = v (1.103) 

The complex number z can therefore be expressed as 

or 
ln(z) = ln( JzI) + j arg(z) = ln(eu) + jv (1.105) 

m R e m e m b e r !  1.4 7'he exponential representation of a complex number plays an 
important role in impedance analysis. Remember that e*ie = cos(8) f j sin(@). 
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Table 1.6: Trigonometric and hyperbolic relationships for the complex variable z = zr + jzj. 

d sin(z) -- - cos(2) 
dz 

d cos(2) 
= -sin(z) 

dz 
sin( 2) 

tan(2) = - 
cos(2) 
cos(z) 

cot(2) = - 
sin(z) 

cos2 z + sin2 z = 1 
cos(z1 f z2) = cos(z1) cos(z2) F sin(z1) sin(z2) 
sin(z1 f 22) = sin(z1) cos(z2) f cos(z1) sin(z2) 

sinh(z) = (e' - e-') /2 
cosh(z) = (e' + e-') /2 
tanh(2) = sinh(2) 

cosh( z )  
cosh( z )  
Sinh(2) 

coth(2) = 

cos(z) = cos(x) cosh(y) - jsin(x) sinh(y) 
sin(z) = sin(x) cosh(y) +jcos(x) sinh(y) 

cosh(z) = cosh(x) COS(Y) + j s i n h ( x )  sin(y) 
sinh(z) = sinh(x) COS(Y) +jcosh(x) sin(y) 

(1.84) 

(1.85) 

(1.86) 

(1.88) 
(1.89) 
(1.90) 
(1.91) 
(1.92) 

(1.93) 

(1.94) 

(1.95) 
(1.96) 

(1.98) 
(1.97) 
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Figure 1.5: Representation of the domain D in which h ( z )  is analytic. 

There are an infinite number of values of ln(z) because arg(z) can differ by mul- 
tiples of 277. The principal value of ln(z) is defined for the principal value of arg(z), 
both designated by initial capital letters. Thus, 

where 
-77 < Arg(z) 5 77 (1.107) 

The function Ln(z) is not defined at z = 0 and is not continuous anywhere on the 
negative real axis z = x + Oj, where x < 0. The negative real axis is a line of discon- 
tinuity because, on that line, the imaginary part of Ln(z) has a jump discontinuity 
of 277. If a cut is made, as shown in Figure 1.5, to remove the origin and the nega- 
tive real axis, Ln(z) is analytic in the resulting domain, and the derivative of Ln(z) 
is given by 

(1.108) 

The derivative of h(z )  is also given by equation (1.108) because Ln(z) and h ( z )  
differ by a constant, 277kj. 

Some functional relationships commonly used in impedance spectroscopy are 
presented in Table 1.7. 

&b Example 1.8 Exponential Form: Show that a time-dependent variable i (  t ) ,  ex- 
pressed in t e m s  of the steady-state value ; and a sinusoidal time-dependent contribution 

i ( t )  = 3 + Jil cos ( w t  + q)  (1.1 15) 
as 

can be expressed as 

where 

i ( t )  = i+Re{Aiexp ( j u t ) }  

Ai = lil exp ( jq)  

(1.1 16) 

(1.1 17) 
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Table 1.7: Functional relationships of complex variables commonly encountered in impedance 
spectroscopy, where x and y are real numbers, and z = x + jy. 

exp(jx) = cos(x) + js in(x)  (1.109) 

exp(j(x + Y )  1 = exp(jx) - exp(jy) (1.110) 
(1.11 1) 

= Re {exp(jq) .  exp(jwt)} (1.112) 
cos(wt + q) = Re {exp(j(wt + a ) ) }  

Re{In(z)} = In IzI (1.11 3) 
Im{In(z)} = arg(z) (1.114) 

is a complex numberfir q # 0. Equation (1.116) is commonly used in the development 
of mathematical models for the transferfunction, or impedance, response of electrochemical 
systems. 

Solution: From equation ( H o g ) ,  the oscillating component of equation (1.116) can be 
expressed in terms of an exponential as 

lil cos (wt + q)  = lit exp (j(wt + q) )  - jlil sin (wt + q) (1.118) 

or 
lil cos (wt + q)  = Aiexp ( j u t )  - jlil sin (wt + q) (1.119) 

where Ai, given by equation (1.117), is a complex number for q # 0. The quantity on 
the lejtl-hand side of equation (1.117) must be a real number. Equation (1.119) is formally 
equivalent to 

lil cos ( o t  + q) = Re { lil cos (wt + q) }  = (1.120) 

Re {Aiexp (jwt) - jsin (wt + q ) }  

The imaginary term jsin (wt + q) does not contribute to the real part of the complex 
number inside the brackets; thus, 

lil cos ( u t  + q) = Re {Aiexp ( j o t ) }  (1.121) 

The above development could be considered to be a verification of equation (1.112) and 
just@es the treatment of the current and potential response of electrical circuits expressed 
as equation (4.8). 

1.4.3 Polynomial 

A polynomial function of degree n is defined to be 

pn(z) = anz" + an-1zn-l + . . . + alz + a0 (1.122) 
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where a, # 0, an-l, . . ., a0 are all complex constants. The rational algebraic func- 
tion 

(1.123) 

is defined where P ( z )  and Q ( z )  are polynomials. 
A continued overview of complex variables is presented in Appendix A in the 

context of the complex integration used to establish the Kramers-Kronig relations. 

Problems 

1.1 For z = 1 + j and w = 5 - 2j, perform the following operations: 
(a) w + z 
(b) w - Z  

(c) wz 
(4 w / z  

Calculate the phase angle and modulus for the following: 
(a) z = 1/( jwC) 
(b) z = R 

The impedance associated with a single electrochemical reaction on a uni- 
form surface can be expressed as 

1.2 

1.3 

(1.124) 

where Re is the electrolyte resistance, Rt is the charge-transfer resistance, and 
cdl is the capacity of the double layer. 
(a) Find expressions for the real and imaginary parts of the impedance as a 

function of frequency. 
(b) Find expressions for the magnitude and phase angle of the impedance. 
(c) Find expressions for the real and imaginary parts of the admittance as 

a function of frequency. 

The impedance associated with an ideally polarized (blocking) electrode can 
be expressed as 

1.4 

1 

Z ( W )  = Re + 
jWCdZ 

(1.125) 

where Re is the electrolyte resistance and cdl is the capacity of the double 
layer. 
(a) Find expressions for the real and imaginary parts of the impedance as a 

function of frequency. 
(b) Find expressions for the magnitude and phase angle of the impedance. 
(c) Find expressions for the real and imaginary parts of the admittance as 

a function of frequency. 
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1.5 The impedance associated with a constant phase element can be expressed 
as 

1 

Z(W)  = Re + 
(j4’Q 

(1.126) 

where a and Q are parameters associated with a constant-phase element 
(CPE). When 1y = 1, Q has units of a capacitance, i.e., pFcm-2, and represents 
the capacity of the interface. When a # 1, the system shows behavior that 
has been attributed to surface heterogeneity, oxide films, or to continuously 
distributed time constants for charge-transfer reactions. 
(a) Find expressions for the real and imaginary parts of the impedance as a 

function of frequency. 
(b) Find expressions for the magnitude and phase angle of the impedance. 
(c) Find expressions for the real and imaginary parts of the admittance as 

a function of frequency. 

Consider a situation where the impedance of one layer is given by 1.6 

and the impedance of a second layer is given by 

(1.127) 

(1.128) 

Add the two impedances to find the overall impedance of the two layers. 



Chapter 2 

Differential Equations 

Development of models for impedance requires solution of differential equations. 
The method of solution requires two steps. In the first, a steady-state solution is 
obtained, which generally requires solution of ordinary differential equations. 

In the second, a solution is obtained for the sinusoidal steady state. Generally, 
through transformations of the type discussed in Example 1.8, this too requires so- 
lutions of ordinary differential equations. While in some cases numerical solution 
is required, analytic solutions are possible for a large number of problems. An- 
alytic solutions to some typical equations are reviewed in this chapter. For more 
details, see standard textbooks on engineering math.74#n 

2.1 Linear First-Order Differential Equations 

The general form of a linear first-order differential equation can be expressed as 

The homogeneous equation corresponding to equation (2.1), for which Q ( x )  = 0, 
is given by 

9 + P ( x ) y  = 0 
d x  

which has the solution 
@ ( x )  = exp (- / P ( x ) d x )  

@ ( x )  is sometimes referred to as being an integrating factor, used to convert equa- 
tion (2.1) to an exact differential equation.78 

The solution of the heterogeneous equation (2.1) can be written in the form 

Y = @ ( x ) W  (2.4) 

After simplification, equation (2.1) becomes 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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The solution to equation (2.1) can be given as 

The right-hand side is a function of only x and can be integrated, and C is the 
constant of integration determined from the boundary condition. 

The method for solving linear first-order differential equations involves the fol- 
lowing steps: 

1. Derive the solution to the homogeneous equation @ ( x )  . 

2. Derive a new unknown function h(x) such that y = @(x)h(x) ,  using numer- 

3. Develop the expression for y. 

ical integration if a formal analytic solution is not possible. 

The method is illustrated in the following examples. 

b Example 2.1 Linear First-Order Differential Equation: In the development 
of bounda y-layer mass transfer to a planar electrode, a similarity transfmation variable 
(see Section 2.4) can be ident$ed through solution of 

! 

B(x)$g’ + ; m 3  = -! (2.8) 

where .t is a constant and g ( 0 )  = 0. Find an expression for g ( x ) .  

Solution: Equation (2.8) can be placed in the f m  of equation (2.1) by introducing a new 
variable f ( x )  = g ( ~ ) ~  such that 

where P ( x )  = 3/3’(x)/2/3(x) and Q ( x )  = 34?//3(x). The solution to the homogeneous 
equation can be expressed, following equation (2.3), as 

mlZernember! 2.1 The general solution to nonhomogeneous linear first-order dif- 
&ential equations can be obtained as the product of function to be determined and the 
solution to the homogeneous equation. 
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Following equation (2.5), the governing equation for h(x) ,  defined by f = @ ( x ) h ( x ) ,  is 

or 
dA  
a x  
- = 3 q 3 ( X ) ' / *  

with solution 
h(x)  = I X 3 e p ' / 2 a x  + c 

As f ( x )  = g ( ~ ) ~  = cP(x)h(x), 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

The constant of integration C is evaluatedfrom the requirement that g(0) = 0, and thus, 
f ( 0 )  = 0. 7'he constant of integration has a value C = 0. Thus, 

(2.15) 

This example demonstrates the use of a simple variable transformation to convert a difer- 
ential equation into a form suitable for application of the methods discussed in this section. 

Example 2.2 Convective Diffusion Equation: The material balance equation 
near a rotating disk electrode in an electrolyte solution where the migration can be neglected 
can be written as 

d 2 C  dc 
dz2 dz 

D- - vZ-  = 0 

n3'2 2 wherev, = - a T z  = -az2. ~ h u s ,  

d 2 C  ,dc 
D-+az - = o  

dz2 dz 

(2.16) 

(2.17) 

Find an expression for the concentration c. 

Solution: Equation (2.17) is homogeneous. By introducing the newfunction h defined as 
h = g, the second-order d#mential equation becomes an equation offirst order written as 

dh 
dz 

D- + az2A = 0 (2.18) 

 he solution is A = A exp (-$) where A is a constant. The solutionfor concentration 
c is 

c ( z )  = 1' Aexp (-$) dz + c(0) (2.19) 

This expression for concentration is the starting point for the development of the h i c h  
equation for the mass-transfer-limited current to a disk electrode. 
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2.2 Homogeneous Linear Second-Order Differential Equations 

The general homogeneous linear second-order differential equation with constant 
coefficients can be written as 

(2.20) 

Consider here the special case of linear second-order differential equations with 
constant coefficients, written in general form as 

UY” + by’ + CY = 0 

This equation can be written using operator notation as 

where 

(aD2 + bD + C) y = O 

dY Dy= - 
d x  

(2.21) 

(2.22) 

(2.23) 

A trial solution for equation (2.21) can be written as 

(2.24) mx y = e  

where m is a constant to be determined. Substitution into equation (2.21) yields 

(am2+bm+c)emx=0 (2.25) 

Equation (2.25) can be satisfied if and only if 

( am2+bm+c)  = O  (2.26) 

Equation (2.26) is known as the characteristic or auxiliary equation of equation 
(2.21). As equation (2.26) takes the same form as equation (2.22), the usual practice 
is to write the differential operator form of the equation and solve for coefficients 
letting the symbol D play the role of m. The solution to the quadratic equation 
(2.26) 

-b f d n  
2a 

m =  

provides values for ml and m2. The solution to equation (2.21) is therefore 

(2.27) 

y = Clemlx + C2emzx (2.28) 

where C1 and C2 are constants to be determined from boundary conditions. If 
ml = m2, equation (2.28) cannot provide a complete solution to equation (2.21). In 
this case, the solution can be shown to take the form 

y = Clemlx + C2xemlx (2.29) 
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In some cases, the roots can be complex. When the roots of the characteristic equa- 
tion are complex, the general solution takes the form 

y = Cle(P+iq)x + c2e(P-jq)x (2.30) 

where ml = p + jq and m2 = p - jq. It is usually convenient to use the Euler 
relations (1.78) and (1.79) to express the solution as 

y = ePx (C1 cos(qx) + C2 sin(qx))  (2.31) 

where C1 and Cz are real constants to be determined from boundary conditions. 

Example 2.3 Complex Roots for an ODE: Find the roots f i r  the d#2rential 
equation 

-+by=O d2Y 
d X 2  

discussed in Section 1.2.1. 

Solution: Equation (2.32) has the characteristic equation 

2 m = - b  

with solution 
m = k G  = kjdi 

The homogeneous solution to equation (2.32) is given by 

(2.32) 

y = ~1 exp ( j d i x )  + ~2 exp ( - j h x )  (2.35) 

A Example 2.4 Diffusion in a Finite Domain: The steady-state consmation 
equation for diffusion of species i in anfinite medium can be expressed as 

with boundary conditions 

(2.36) 

(2.37) 

We seek an expression for the concentration profile. 

Solution: The solution to equation (2.36) can be obtained by direct integration to be 

Ci  = AZ + B (2.38) 
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where A and B are constants of integration. Application of the boundary conditions (2.37) 
yields 

Z 
ci = ci(O) + - (ci,a, - ci(O)) 6 

for z < 6 

C i  = Ci,a, for z 2 S (2.39) 

The development of the impedance response is presented in Section 11.4.2. 

2.3 Nonhomogeneous Linear Second-Order Differential Equations 

The nonhomogeneous linear second-order differential equations with constant co- 
efficients can be written in general form as 

ay“ + by’ + cy = f (x) (2.40) 

If f ( x )  = 0, the equation is called homogeneous. If f ( x )  # 0, the equation is called 
nonhomogeneous. The general solution to equation (2.40) is given as the product 

Y = @(x)h(x) (2.41) 

where @ ( x )  is the solution to the homogeneous equation. 

in Section 2.2. The unknown function A( x )  is defined such that 
The homogeneous solution @ ( x )  can be obtained using the methods described 

Y = @ ( x ) A ( x )  (2.42) 

Y’’ = @(x)”A(x) + 2@(x)’A(x)’ + @ ( x ) A ( x ) ”  (2.44) 

y’ = @(x)’A(x) + @(x)A(x)’ (2.43) 

Equation (2.40) becomes 

a (@”A + 2@’A’ + @A”) + b (@’A + @A’) + c (@A) = f (2.45) 

As @ is the solution to the homogeneous equation, equation (2.46) is reduced to 

a (2@’A’ + @A”) + b (@A’) = f (2.46) 

Equation (2.46) can be solved by a reduction of order technique, i.e., by letting 
p = A‘, such that 

$a@ + p (2a@’ + b@) = f (2.47) 

m R e m e m b e r !  2.2 The general solution to nonhomogeneous linear secondin-der 
difwential equations with constant coefficients can be obtained as the product offunction 
to be determined and the solution to the homogeneous equation (see equation (2.41)). 
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The resulting first-order equation may be solved numerically if analytic solutions 
are not available. 

The method described here is general and can be applied to higher-order dif- 
ferential equations. The method provides an attractive alternative to the use of 
particular solutions obtained using trial solutions based on the form of the func- 
tion f ( x )  and, in some cases, on the form of the homogeneous solution.74 

2.4 Partial Differential Equations by Similarity Transformations 

Partial differential equations are generally solved by finding a transformation that 
allows the partial differential equation to be converted into two ordinary differ- 
ential equations. A number of techniques are available, including separation of 
variables, Laplace transforms, and the method of characteristics. 

A similarity transformation may be used when the solution to a parabolic par- 
tial differential equation, written in terms of two independent variables, can be 
expressed in terms of a new independent variable that is a combination of the 
original independent variables. The success of this transformation requires that: 

0 the governing partial differential equation can be expressed as an ordinary 
differential equation in terms of the similarity variable, 

0 the three boundary conditions for the original partial differential equation 
collapse to form two boundary conditions in terms of the similarity variable, 
and 

0 the original independent variables appear in neither the transformed ordi- 
nary differential equation nor the transformed and collapsed boundary con- 
ditions. 

Similarity transformations are often used when the same condition applies when 
one independent variable is equal to zero and the other independent variable tends 
toward infinity. 

The classic problem of diffusion in an infinite medium can be solved by use 
of a similarity transformation. The associated impedance response is discussed 
in Section 11.3. A general method for finding the time-dependent concentration 
profile is presented here in the form of an example. 

m R e m e m b e r !  2.3 Similarity transfirmations may be used for parabolic partial dif- 
ferential equations when the same condition applies when one independent variable is equal 
to zero and the other independent variable tends toward infinity. 
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f 
&3u Example 2.5 Diffusion in an Infinite Domain: The conservation equation for 
di&swn of species i in an infinite medium can be expressed as 

with bounda y conditions 

(2.48) 

(2.49) 

We seek an expression for the time-dependent concentration profile. 

Solution: The method for solving partial difmential equations generally involvesfinding 
a method to express them as coupled ordina y diBentia1 equations. A similarity trans- 
fomtion is possible if Ci  can be expressed as a function of only a new variable. This 
requirement implies that equation (2.48) can be expressed as afunction of only the new 
variable, and that the three conditions (2.49) in time and position can collapse into two 
conditions in the n m  variable. 

The observation that the same condition for C i  applies at t = 0 and z -+ 60 suggests 
that, through a transformation variable of the form 7 = f ( z )  /g (  t ) ,  the two bounda y 
conditions at z = 0 and z + 00 and the initial condition at t = 0 could collapse into 
bounday conditions at 7 = 0 (corresponding to z = 0) and 7 4 60 (corresponding to 
both t = 0 and z --$ 00). 

As a trial transformation, let 7 be given by 

Application of the chain rule yields 

and 

i3z2 d? 
-=-(  d dci ) l a 7  a2ci 

Introduction of equations (2.50) and (2.53) into equation (2.48) yields 

(2.50) 

(2.51) 

(2.52) 

(2.53) 
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Equation (2.54) will be afunction of only 7 i f g  satisfies 

(2.55) 

where A is a constant to be determined. 
The problem now consists offinding the solution to two ordinary dzjjierential equations. 

(2.56) 

and equation (2.55). The boundary condition for equation (2.55) is that g = 0 for t = 0. 
This will allow the conditions at z -+ bo and t = 0 to apply for 7 = bo. The boundary 
conditions for equation (2.56) are 

(2.57) 

Equation (2.55) is a linearfirst-order diflerential equation. It can be solved by use of a 
variable transformation h = 9 such that 

Thus 

dh d 9  dg 
dt dt - 28;?1 - - _ - -  

dh 
dt 
- = 2DiA 

(2.58) 

(2.59) 

which can be integrated directly to obtain 

h '2 = 2DiAt+ C (2.60) 

The requirement that g = 0 for t = 0 yields C = 0; thus, 

g = Jz&G (2.61) 

z and 

'I'dmJ7 
(2.62) 

In this case, equation (2.58) could be solved by a straightforward direct integration. Some 
other cases will require use of the integrating factor discussed in Section 2.1. 

Equation (2.56) is a linear second-order diferential equation. It can be solved by re- 
duction of order. Let 

d Ci p = -  
drl 

such that 
dP - + AqP = 0 
drl 

(2.63) 
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Integration yields 
p = Ae-h’2/2 (2.65) 

where A is a constant of integration. A second integration performed aper substitution of 
equation (2.63) into equation (2.65) yields 

(2.66) 

where B is a constant of integration. The integrals can be placed in standardform by 
allowing the arbitrary constant to have a value h = 2. Evaluation of conditions (2.57) 
yields 

or 

(2.67) 

(2.68) 

The ratio of integrals appearing here is tabulated and is known as the errorfunction, erf. 

(2.69) 

This is the solution presented in Section 11.3. 

2.5 Differential Equations with Complex Variables 

In the course of developing models for the impedance response of physical sys- 
tems, differential equations are commonly encountered that have complex vari- 
ables. For equations with constant coefficients, solutions may be obtained using 
the methods described in the previous sections. For equations with variable coef- 
ficients, a numerical solution may be required. The method for numerical solution 
is to separate the equations into real and imaginary parts and to solve them simul- 
taneously. 

& Example 2.6 Foundation for Warburg Impedance: Thefillowing d@irential 
equation appears in the treatment of impedance associated with diffusion: 

An example is provided to illustrate the method. 

(2.70) 

m R e m e m b e r !  2.4 7 7 ~  methodfir numerical solution of d@rential equations with 
complex variables is to separate the equations into real and imaginary parts and to solve 
them simultaneously. 
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where 8i is a dimensionless complex number representing the oscillating contribution to 
concentration, c is a dimensionless position, and Ki is a frequency made dimensionless 
using the diffusion coefficient for species i. The complete developmentfor this equation can 
be found in Chapter 1 1. 

Solution: Equation (2.70) is a linear second-order homogeneous differential equation with 
constant coefficients. It can be solved using the characteristic equation 

(2.71) 2 m - j K i = O  

with solution 

The corresponding solution takes thefbmz 

m = & m  (2.72) 

where constants Ai and Bi are to be determined so as to satisfi the bounda y conditions. 
For diffusion in an infinite medium, the bounda y conditions are 

8 i = O  at t + o o  (2.74) 

(2.75) 

Condition (2.74) requires that Ai = 0, and condition (2.75) provides that Bi = 1. Thus, 

ei = e - t a  (2.76) 

For diffusion in afinite domain, condition (2.74) is replaced by 

8i=O at c = 1  (2.77) 

In this case, application of conditions (2.75) and (2.77) provides that 

0 = + B i e - a  

and 

The resulting solution is 

1 = Ai + Bi 

8i = sinh (<c - 1) f l) 
S i I l h ( - r n  

Bi = 0 

(2.78) 

(2.79) 

for C < 1 

for C 2 1 (2.80) 

As an exercise, the reader can verify that equation (2.73) satisfies both real and imagina y 
parts ofequation (2.70). This development represents the starting point for both the War- 
burg impedance associated with di&sion in a stationary medium of infinite depth and the 
di@sion impedance associated with a stationa y medium offinite depth. 
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Problems 

2.1 Find the general solution for c as a function of y for: 
(a) $ + k c  = o 
(b) @ +kc = 0 

(c) @ + a $ + k c = O  

(4 + UG + kc = b 

Show that equation (2.73) satisfies both real and imaginary parts of equation 
(2.70). 

Verify that equation (2.80) represents the solution for equation (2.70) for dif- 
fusion in a finite domain. 

Verify that equation (2.76) represents the solution for equation (2.70) for dif- 
fusion in an infinite domain. 

d2c dc 

2.2 

2.3 

2.4 



Chapter 3 

Statistics 

A working understanding of statistics is essential for the analysis of experiments 
conducted in the frequency domain, such as impedance spectroscopy. The objec- 
tive of this chapter is to provide an overview of concepts and definitions used in 
statistics at a level sufficient to understand the interpretation of frequency domain 
data. 

3.1 Definitions 

Some basic statistical concepts are defined in this section. For a more comprehen- 
sive treatment, the reader is directed to standard statistical texts.79 

3.1.1 Expectation and Mean 

The expectation or mean of a quantity Xk, sampled k = 1.. . n, times, is given as 

The quantity x is called a variate and has values Xk that are randomly distributed. 
Some useful properties of the expectations of constants and variates are given in 
Table 3.1. 

3.1.2 

The variance of a quantity Xk, sampled k = 1 . . . n, times, is given as 

Variance, Standard Deviation, and Covariance 

In terms of expectations, the variance is given as 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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Table 3.1: Properties of the expectation where c is a constant and x and y are random variates. 

E{c} = c ( 3 4  
E{x+c) = E{x} + C  (3.3) 

E{cx} = cE{x} (3.4) 

E{x + Y) = E{x) + E{Y) (3.5) 

(3.6) E{ ( x  + y)’) = E{x)’ + E{y}‘ + 2E{x}E{y} 

Table 3.2: Properties of the variance where c is a constant and x and y are random variates. 

2 ( c )  = 0 

2 ( x + c )  = ~ 

2 ( c x )  = c’4  

$ ( x  + y) = ~ + 6 + ux,y 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

As n,  + 00, n , / ( n ,  - 1) + 1 in equation (3.8). 
The standard datiation is given by the square root of the variance, i.e., 

a, = du; (3.9) 

Both the standard deviation and variance are positive definite. The standard m o r  

a, s, = - 
6 

(3.10) 

is the standard deviation scaled by the square root of the sample size n,. 
The moss-covariance can be defined to be 

(3.11) 

Unlike the variance, the cross-covariance may have positive or negative values. If 
x1 and x2 are not correlated, a,,, = 0. The techniques discussed in Section 3.2 can 
be used to demonstrate the properties of the variance given in Table 3.2. 

n,  
n ,  - 1 flX*XZ = -E { ( X l , k  - E { x d )  (Q,k - E {xz))) 

3.1.3 Normal Distribution 

The normal distribution is a function of the mean p,, given by equation (3.1), and 
the standard deviation u,, given by equation (3.9), i.e., 

(3.17) 
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Figure 3.1: The standard normal distribution function, equation (3.17) with mean equal to zero 
and standard deviation equal to one: 68.26 percent of the distribution lies within fa (shown as 
the light gray region); 95.44 percent of the distribution lies within k2a (shown as the sum of 
the light and dark gray regions): and 99.73 percent of the distribution lies within f 3 a .  

The normal distribution function can be written as N ( p x , a ; ) .  If x has a normal 
distribution with parameters p x  and u;, the variable transformation 

wiU follow the standard nomaZ distributions0 

(3.18) 

(3.19) 

With respect to equation (3.17), the standard normal distribution function has a 
mean value p x  = 0 and a standard deviation ax = 1. The area under a standard 
normal distribution is equal to unity. The standard normal distribution function 
can be written as N( 0,l). 

The standard normal distribution function, with standard deviation equal to 1 
and mean equal to zero, is presented in Figure 3.1. The confidence interval defined 
for an experimental set of data X I , .  . . , XN by p x  f ax means that there is a 68.26 
percent probability (see Section 3.1.4) that the correct value lies within the interval. 
There is a 95.44 percent probability that the correct value lies within the interval 
confidence interval p x  f 2vx. The Central-Limit Theorem described in Section 3.1.5 
is often invoked to justify using the normal distribution as a basis for interpreting 
experimental data. 
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Figure 3.2: Probability distributions: a) x > a,  equation (3.20); b) x < b, equation (3.21); 
and c) u < x < b, equation (3.22). 

3.1.4 Probability 

The probability is obtained by integrating the distribution function over the appro- 
priate limits. For example, for x being a normal random variable with mean p, 
and standard deviation a,, the probability that x > a can be expressed as 

W 

P(x > a )  = - 1 / exp (- ( x  ;;'I2) d x  
g X f i  

(3.20) 

The probability P(x > a )  is shown as the shaded area in Figure 3.2(a). The proba- 
bility that x < b can be expressed as 

(3.21) 

as shown in Figure 3.2(b), and the probability that a < x < b can be expressed as 

b 

P(a < x < b )  = - exp (- ( x  - p ~ ) ~ )  dx 
UX fi 2 4  

(3.22) 
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as shown in Figure 3.2(c). Tables of cumu2ative standard normal distributions 

(3.23) 

are available in reference books and statistics textbooks.81t82 

3.1.5 Central-Limit Theorem 

The Central-Limit Theorem states that the sampling distribution of the mean, for any 
set of independent and identically distributed random variables, will tend toward 
the normal distribution, equation (3.17)) as the sample size becomes large.80 

Theorem 3.1 (Central-Limit Theorem) Let S represent a sequence of independent dis- 
crete random variables. Let XI, X2,. . . , Xi,. . . , Xn represent n subsets of S ,  such that each 
set Xi contains nx values, has a mean value pxi ,  and has a variance The mean value 
for the global set S is ps and the variance is a:. 

and pxi is distributed according to 

or 

(3.25) 

(3.26) 

The Central-Limit Theorem gives rise to the following important observations: 

0 The mean of the sampling distribution of means is equal to the mean of the 
population from which the samples were drawn. 

0 The variance of the sampling distribution of means is equal to the variance 
of the population from which the samples were drawn divided by the size of 
the samples. 

0 If the original population is distributed normally (i.e., it is bell shaped), the 
sampling distribution of means will also be normal. Even if the original pop- 
ulation is not normally distributed, the sampling distribution of means will 
increasingly approximate a normal distribution as sample size increases. 

As an illustration of the Central-Limit Theorem, consider the distribution of 
5,000 random numbers presented in Figure 3.3. The distribution shown in Figure 
3.3 represents a global set S that is centered about zero and clearly does not follow 
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Figure 3.3: The histogram and a cumulative normal distribution plot for 5,000 uniformly dis- 
tributed random numbers with mean )cs = -8.06 x and standard deviation us = 0.28736. 
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Figure 3.4: The histogram and a cumulative normal distribution plot for the means of subsets 
of the data shown in Figure 3.3. Each subset contained 10 points. The mean of the subset 
means is equal to px = -8.06 x loT4 and standard deviation ux = 0.09015. 
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Figure 3.5: Standard deviations ax for the means of subsets of the data shown in Figure 3.3 
as a function of 1/&, where n, is the number of samples in each subset Xi. 

a normal distribution. The mean value is ps = -8.06 x and the standard 
deviation is us = 0.28736. The global set S can be subdivided into 500 subsets X I O , ~ ,  
each containing 10 values. The distribution of the means pxi ,  shown in Figure 3.4, 
appears to be normally distributed. The distribution, shown on normal cumulative 
probability scales, follows a straight line, thus confirming that the distribution of 
the sample means is normal. The mean of the subset means is equal to the mean of 
the original global set S ,  i.e., px = p s  = -8.06 x The standard deviation of 
the subsets is equal to ax = 0.09015. 

The standard deviation of the sample means is smaller than that of the global 
set S and is a function of the number of data n, in each subset according to vx = 
us / 6. A plot of standard deviation as a function of 1 / f i  yields a straight line, 
shown in Figure 3.5. 

Thus, the sampling distribution of the mean becomes approximately normal re- 
gardless of the distribution of the original variable, and the sampling distribution 
of the mean is centered at the population mean of the original variable. In addi- 
tion, the standard deviation of the sampling distribution of the mean approaches 
U S S / f i .  

m R e m e m b e r !  3.1 The Central-Limit Theorem is often invoked to just& using 
the normal distribution as a basis for interpreting expmhental liata. 
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3.2 Error Propagation 

Analytic expressions are available for assessing the propagation of errors through 
linear systems. Such approaches can be used as well when the variances are suffi- 
ciently small that the system can be linearized about its expectation value. Numer- 
ical techniques are generally needed to assess the propagation of errors through 
nonlinear systems. 

3.2.1 Linear Systems 

Under the assumption that the system is linear, i.e., that derivatives of second and 
higher order can be neglected, a Taylor series expansion about the expectation 
value yields the kth observation of a function f = f ( x 1 ,  x2, . . .) as 

In the limit that N --f 00, 
.; = E { (fk - E{fH2} 

and the variance of f = f( X I ,  ~ 2 , .  . .) can be expressed as 

(3.28) 

Equation (3.29) can be expanded in terms of the variances of respective compo- 
nents as 

$ = E { "f}?d1 + E  { "f}242 3x2 +2E { "f}E 3x1 { "f} 3x2 axIx2 +. . . (3.30) 
3x1 

Thus, the variance of a general function f can be expressed in terms of the variance 
of its components as 

(3.31) 

If the errors are not correlated, i.e., if the cross-covariance terms are equal to zero, 
the variance off can be expressed as 

2 .; Edl ( g + d 2  (g) f . . .  (3.32) 

! 
&b Example 3.1 Error Propagation: As discussed in Chapter 15, regression to ekc- 
trohydrodynamic impedance data can be used to obtain values for the Schmidt number. If 



44 STATISTICS CHAPTER 3 

the Schmidt number for reduction of oxygen in 0.5 M NaCl was found to be equal to 
510 f 25, and the kinematic viscosity is equal to 0.89 x f 0.05 x cm2s-’, cal- 
culate the difusivity and the standard deviation.83 

Solution: The Schmidt number is expressed as SCQ = v /  Dq;  thus Doz = v / S c ~ .  
Equation (3.32) yields 

Upon inserting the numerical values, 

0.89 x 
o-& (0.05 x lo-’)’ (&) -I- (25)2 ( (510)2 ) 

(3.33) 

(3.34) 

= 1.7 x 

The result is D q  = 1.75 f 0.13 x cm2s-1. 

The estimate provided in Example 3.1 for the standard deviation may be approxi- 
mate because the function is not linear with respect to Sc. The influence of nonlin- 
earity is explored in the subsequent section. 

3.2.2 Nonlinear Systems 

Propagation of errors through nonlinear systems poses three issues. The first is 
that higher-order derivatives in the Taylor series expansion may make significant 
contribution to the error analysis. A second issue, demonstrated in Figure 3.6, is 
that the nonlinear relationships can distort the distributions such that the resulting 
variable is not normally distributed. The meaning of the variance calculated under 
these conditions can be questioned. The third is that correlation among parameters 
may lead to a reduction in the error propagated as compared to that calculated 
under the assumption that sources of error are not correlated. 

Analytic means do not exist to solve the problem of propagation of errors 
through nonlinear systems. Monte Carlo simulations can be used to assess the 
magnitude and distribution of propagated errors. 

A 
Example 3.2 Continuation of Example 3.1: Estimate the error in the assess- 

ment of the standard dm’ation for oxygen difusivity obtained in Example 3.1. 

mlZemember! 3.2 Fur linear systems with uncorrelated errors, the variance of a 
function of independent variables can be estimated by summing the variances of the inde- 
pendent variables weighted by the square of the derivative of thefunction with respect to 
the in@endent variable; see equation (3.32). 
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sc 

Figure 3.6: Diffusion coefFicient as a function of Schmidt number for Example 3.1. The uneven 
spacing of diffusiviv obtained for an even spacing of Schmidt number shows that a normal 
distribution of Schmidt number values would result in a distorted distribution of diffusivities. 

Solution: Monte Carlo simulations were perfomzed using two independent sets of 1,000 
normally distributed random numbers, onejbr each of the independent parameters. The 
values used to introduce noise for the Schmidt number had a standard deviation of 25, and 
the values used to introduce noise for the kinematic viscosity had a standard deviation of 
0.05 x cm2s-1. A scatter plotfor the resulting calculations is shown in Figure 3.7. 
The resulting histogramfor the difusivity, shown in Figure 3.8, shows that the resulting 
distribution is normal. The mean value for the difusivity obtained by use ofMonte Carlo 
simulations to assess propagation of errors was 1.751 x cm2s-l, and the standard 
deziation was 1.3 x cm2s-l. These results are in excellent agreement with those 
obtained in Example 3.1. 

&b Example 3.3 Continuation of Example 3.2 Estimate the m o r  in the assess- 
ment of the standard deviation for oxygen difisivity obtained in Example 3.1 with the 
exception that the estimated standard d&tion for Schmidt number is increased by a fac- 
tor of 10 such that %2 = 510 f 250. 

Solqtiin: Note that the 95.4 percent (2u) confidence interval for the Schmidt number 
does not quite include zero, so one may imagine that this value is statistically significant. 
In practice, the experimentalist should not be satisfied with this level of uncertainty and 
would want to devise a better experiment or a better model. 

Monte Carlo simulations were p e r f i d  using two independent sets of 1,000 normally 
distributed random numbers, one for each of the independent parameters. The values used 
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Figure 3.7: Scatter plot showing the use of  Monte Carlo simulations for calculation of  the 
diffusion coefficient. Kinematic viscosity is presented as a function of Schmidt number for 
Example 3.2. 
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Figure 3.8: Distribution for the oxygen diffusion coefficient obtained by use of  Monte Carlo 
simulations t o  assess propagation of errors for Example 3.2. The mean value for the diffusivity 
was 1.751 x cm2s-I, and the standard deviation was 1.3 x cm2s-l. 
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Figure 3.9: Scatter plot showing the use of Monte Carlo simulations for calculation of  the 
diffusion coefFicient. Diffusivity is presented as a function of Schmidt number for Example 3.3. 

to introduce noise for the Schmidt number had a standard deviation of 250, and the values 
used to introduce noise for  the kinematic viscosity had a standard deviation of 0.05 x 

crn2s-I. A scatter plot f i r  the resulting calculations is shmn in Figure 3.9. The 
calculations clearly trace the nonlinear portion of the curve given in Figure 3.6, and the 
occasional negative values for Schmidt number yield negative values for the difisivity. 

The resulting histogram for the difisivity, shmn in Figure 3.10, shows that the 
resulting distribution is not normal. The mean value for the calculated dijhsivity is 
0s = -1.03 x cm2s-1, but neither the mean nor the standard deui- 
ation estimated for this distribution has statistical meaning. 

f 1.1 x 

3.3 Hypothesis Tests 

A hypothesis test is a procedure for determining whether an  assertion about a 
characteristic of a population is reasonable. The statistical tests described in this 
section cannot be used to prove a hypothesis, but rather, within a specified level of 
confidence, to disprove the hypothesis. 

Often, the question at hand is whether two distributions have the same mean 
or the same variance. The question can be posed as: Are the observed diferences in 
mean or variance statistically sign$cant? The Student's t-test and the F-test can be 
used respectively to resolve these questions. 
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Figure 3.10: Distribution for the oxygen diffusion coefficient obtained by use of Monte Carlo 
simulations to assess propagation of  errors for Example 3.1. The distribution is not normal, 
and the standard deviation estimated for such a distribution has no statistical meaning as a 
confidence interval. 

3.3.1 Terminology 

There is a specific terminology used for hypothesis tests. One might ask, for exam- 
ple, whether the rate of corrosion obtained for an aged steel coupon immersed in 
seawater is equal to that found in city drinking water. 

0 The null hypothesis is the original assertion. In this case, the null hypothesis 
is that the rate of corrosion obtained for an aged steel coupon immersed in 
seawater is equal to that found in city drinking water. The notation used is 
Ho: p1 = p2. 

0 There are three possibilities for the alternative hypothesis HI: p1 > p2, p1 < p2, 
and p1 # p2. 

0 The significance level a: is a number between 0 and 1 that represents the proba- 
bility of incorrectly rejecting the null hypothesis when it is actually true. For 
a typical significance level of 5 percent, the notation is a: = 0.05. For this 
significance level, the probability of incorrectly rejecting the null hypothe- 
sis when it is actually true is 5 percent. A smaller value of a: provides more 
protection from this error. 

0 The p-value is the probability of observing the given sample result under the 
assumption that the null hypothesis is true. In other words, p is the value 
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of LY that will yield the observed statistical test value. Example 3.4 provides 
an illustration of the relationship among the t-test parameter, LY and p. If the 
p-value is less than LY, the null hypothesis can be rejected. The converse is not 
true. If the p-value is greater than LY, the null hypothesis cannot be accepted. 

3.3.2 

The Student‘s t-distribution was developed by William Sealy Gosset, 1876-1937, an 
English statistician, who published his distribution in 1908 under the pseudonym 
Student.8Q Student’s t-test deals with the problems associated with inference based 
on small samples. The question is to determine the extent to which the calculated 
mean and standard deviation based on a small sample may, by chance, differ from 
the mean and standard deviation that would be obtained from a large distribution. 
Gosset developed these statistical methods during his employment in the Guin- 
ness brewery in Dublin. The experimental verification of his theories, however, 
was derived from published measurements of the heights and left-middle-finger 
lengths of 3,000 criminals.84 

Student’s t-Test for Equality of Mean 

The Student’s probability distribution function is given by 

where v, the number of degrees of freedom, must be a positive integer. As v + 
M, Student’s probability distribution function approaches the normal distribution. 
The limiting values for equation (3.35) are A(Olv) = 0 and A(oolv) = 1. 

The value of t obtained from equation (3.35) can be compared with the value 
obtained from the experimental observations, i.e., 

(3.36) 

with v = n, - 1 degrees of freedom, where n, is the number of experimental data 
points, and a,/ 6 represents the standard error for the data set. The correspond- 
ing expression for comparison of unpaired variates is given as 

(3.37) 

with v = n,, + n,, - 2 degrees of freedom. 

m R e m e m b e r !  3.3 Statistical tests cannot be used to prove a given hypothesis. 
These tests can be used to identify conditions where the data do not support the hypothesis. 
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Table 3.3: Student’s t-test values. 

VIP 
3 
4 
5 
10 
15 
20 
25 
30 
35 
40 
45 
50 
55 
60 
65 
70 
75 
80 
85 
90 
95 
100 
200 
500 

0.5 

0.7407 
0.7267 
0.6998 
0.6912 
0.6870 
0.6844 
0.6828 
0.6816 
0.6807 
0.6800 
0.6794 
0.6790 
0.6786 
0.6783 
0.6780 
0.6778 
0.6776 
0.6774 
0.6772 
0.6771 
0.6770 
0.6757 
0.6750 

b.7649 
0.4 

0.9785 
0.9410 
0.9195 
0.8791 
0.8662 
0.8600 
0.8562 
0.8538 
0.8520 
0.8507 
0.8497 
0.8489 
0.8482 
0.8477 
0.8472 
0.8468 
0.8464 
0.8461 
0.8459 
0.8456 
0.8454 
0.8452 
0.8434 
0.8423 

0.3 
1.2498 
1.1896 
1.1558 
1.0931 
1.0735 
1.0640 
1.0584 
1.0547 
1.0520 
1.0500 
1.0485 
1.0473 
1 . a 6 3  
1.0455 
1.0448 
1.0442 
1.0436 
1.0432 
1.0428 
1.0424 
1.0421 
1.0418 
1.0391 
1.0375 

0.2 
1.6377 
1.5332 
1.4759 
1.3722 
1.3406 
1.3253 
1.3163 
1.3104 
1.3062 
1.3031 
1.3006 
1.2987 
1.2971 
1.2958 
1.2947 
1.2938 
1.2929 
1.2922 
1.2916 
1.2910 
1.2905 
1.2901 
1.2858 
1.2832 

0.1 
2.3534 
2.1318 
2.0150 
1.8125 
1.7531 
1.7247 
1.7081 
1.6973 
1.6896 
1.6839 
1.6794 
1.6759 
1.6730 
1.6706 
1.6686 
1.6669 
1.6654 
1.6641 
1.6630 
1.6620 
1.661 1 
1.6602 
1.6525 
1.6479 

0.05 
3.1824 
2.7764 
2.5706 
2.2281 
2.1314 
2.0860 
2.0595 
2.0423 
2.0301 
2.0211 
2.0141 
2.0086 
2.0040 
2.0003 
1.9971 
1.9944 
1.9921 
1.9901 
1.9883 
1.9867 
1.9853 
1.9840 
1.9719 
1.9647 

0.01 
5.8409 
4.6041 
4.0321 
3.1693 
2.9467 
2.8453 
2.7874 
2.7500 
2.7238 
2.7045 
2.6896 
2.6778 
2.6682 
2.6603 
2.6536 
2.6479 
2.6430 
2.6387 
2.6349 
2.6316 
2.6286 
2.6259 
2.6006 
2.5857 

A comparison of means of paired samples is used when an external factor in- 
fluences the data sets in a way that is point-by-point identical: 

where n,, = nxz = n, and with v = n, - 1 degrees of freedom. Such a test may 
be used, for example, for a comparison of two variables obtained as a function of 
frequency in the same experiment, where frequency may be expected to have the 
same influence on the two variables. Table 3.3 is useful for assessing the Student’s 
t-test for equality of mean. 

3.3.3 

The F-test is used to test the null hypothesis that the two population variances 
corresponding to the two samples are Within each sample, the values 

F-test for Equality of Variance 
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are assumed to be independent and to have the identical normal distribution (i.e., 
the same mean and variance). In addition, the two samples are assumed to be 
independent of each other. 

The value for F is obtained from the experimentally determined variances as 

(3.39) 

such that F > 1, i.e., a: > a;. The null hypothesis is that the two variances are 
from the same population, i.e., they are not statistically different. 

The sigruficance level at which the hypothesis that the variances are not equal 
can be rejected is given by 

with v1 = n,, - 1 and v2 = nxz - 1 degrees of freedom, respectively. Tables are 
provided for the value of F corresponding to a given number of degrees of freedom 
and for a given confidence level. If the calculated F is greater than the table value, 
then the null hypothesis must be rejected. Numerical values useful for assessing 
the F-test for equality of variance with samples of identical degree of freedom are 
presented in Table 3.4. 

Example 3.4 Evaluation of Impedance Data: 7’he question ofwhether the real 
and imaginary parts of impedance measurements have the same variance or standard de- 
viation has generated significant controversy in the impedance literature. Consider the 
standard deviations reported by Orazem et aLg5 for their impedance data obtainedfor the 
reduction offmicyanide on a Pt rotating disk electrode. The methods of Agarwal et al.56186 
were used tojllter minor lack of replicacyfrom 26 repeated impedance experiments. Nu- 
merical values are presented in Table 3.5. The results, presented graphically in Figure 3.1 1, 
suggest that the standard deviations of the imaginary and real impedance values are equal. 
The question here is whether this apparent equality has statistical significance. 

Solution: The standard h a t i o n s  are clearly strong functions of frequency. Thus, the 
appropriate Student’s t-test is that for paired variates, equation (3.38). The calculated t- 
value is texp = 1.710. An interpolated table Oft-test values is presented as Table 3.6. The 
significance level at a degree offreedom v = n - 1 = 73 corresponding to te, = 1.710 
is p = 0.0915. The value oft corresponding to the LY = 0.05 level is t0.05 = 1.993. As 
texp < t0.05, at the 0.05 significance level, the two means are not significantly diferent. 

A second approach is to consider the F-test for comparison of variance at eachfrequency. 
As there were 26 repeated measurements, the degree offieedomfw the two calculations of 
variance is v = 26 - 1 = 25. A t  the 1y = 0.05 level, a value of 1.955 is obtainedfrom 
Table 3.4, and a value of 2.604 is obtained at the LY = 0.01 level. These critical values can be 
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Table 3.4: F-Test values for comparison of variance of samples with equal degrees of freedom, 
i.e., v1 = v2 = v .  

V I P  
4 
5 
10 
15 
20 
25 
30 
35 
40 
45 
50 
55 
60 
65 
70 
75 
80 
85 
90 
95 
100 
150 
200 
1000 

0.4 
1.310 
1.269 
1.179 
1.142 
1.122 
1.108 
1.098 
1.090 
1.084 
1.079 
1.075 
1.071 
1.068 
1.065 
1.063 
1.060 
1.058 
1.057 
1.055 
1.054 
1.052 
1.042 
1.037 
1.016 

0.3 
1.753 
1.641 
1.406 
1.318 
1.268 
1.236 
1.213 
1.196 
1.182 
1.170 
1.161 
1.153 
1.146 
1.140 
1.134 
1.129 
1.125 
1.121 
1.117 
1.114 
1.111 
1.090 
1.077 
1.034 

0.2 
2.483 
2.228 
1.732 
1.558 
1.466 
1.406 
1.364 
1.332 
1.308 
1.287 
1.271 
1.256 
1.244 
1.233 
1.224 
1.216 
1.208 
1.201 
1.195 
1.189 
1.184 
1.148 
1.127 
1.055 

0.1 
4.107 
3.453 
2.323 
1.972 
1.794 
1.683 
1.606 
1.550 
1.506 
1.470 
1.441 
1.416 
1.395 
1.377 
1.361 
1.346 
1.334 
1.322 
1.312 
1.302 
1.293 
1.233 
1.199 
1.084 

0.05 
6.388 
5.050 
2.978 
2.403 
2.124 
1.955 
1.841 
1.757 
1.693 
1.642 
1.599 
1.564 
1.534 
1.508 
1.486 
1.466 
1.448 
1.432 
1.417 
1.404 
1.392 
1.309 
1.263 
1.110 

0.01 
15.977 
10.967 
4.849 
3.522 
2.938 
2.604 
2.386 
2.231 
2.114 
2.023 
1.949 
1.888 
1.836 
1.792 
1.754 
1.720 
1.690 
1.663 
1.639 
1.618 
1.598 
1.465 
1.391 
1.159 

0.005 
23.155 
14.940 
5.847 
4.070 
3.318 
2.898 
2.628 
2.438 
2.296 
2.185 
2.097 
2.024 
1.962 
1.910 
1.864 
1.824 
1.789 
1.758 
1.730 
1.704 
1.681 
1.526 
1.442 
1.177 
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6 / 0 i j  

1.21933 
1.64949 
1.20271 
1.28603 
1.07226 
0.88497 
1.00068 
1.31536 
1.40209 
0.63707 
0.86524 
1.18989 
0.51463 
2.78387 
2.30823 
2.67563 
0.82375 
0.87747 
1.21583 
1.75491 
0.93517 
0.72848 
2.34811 
5.54426 
0.81897 
0.62978 
1.50346 
2.75322 
0.96178 
0.70865 
0.9089 
6.64847 
2.39524 
0.61162 
0.37827 
2.33978 
2.30361 

53 

#l 

38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 

Table 3.5: Standard deviations reported by Orazem et for their impedance data obtained 
for the reduction of ferricyanide on a Pt rotating disk electrode. The methods of Agawal  et 
al.56*86 were used to filter minor lack of replicacy from 26 repeated impedance experiments. 
- 

# 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 

- 

- 

flfi 
0.02154 
0.02592 
0.03141 
0.03805 
0.04610 
0.05585 
0.06767 
0.08198 
0.09932 
0.12033 
0.14578 
0.17662 
0.21398 
0.25924 
0.31408 
0.38051 
0.461 
0.55851 
0.6767 
0.81979 
0.9932 
1.2033 
1.4578 
1.7662 
2.1398 
2.5924 
3.1408 
3.8051 
4.61 
5.5851 
6.767 
8.198 
9.932 
12.033 
14.578 
17.662 
21.398 

U Z P  

0.35649 
0.37169 
0.39259 
0.2963 
0.32867 
0.27794 
0.25963 
0.23957 
0.22973 
0.16701 
0.17592 
0.17040 
0.13790 
0.15611 
0.15208 
0.12977 
0.09682 
0.07737 
0.06474 
0.08 196 
0.05799 
0.06719 
0.10232 
0.11819 
0.06228 
0.06154 
0.06852 
0.06907 
0.03973 
0.04068 
0.04501 
0.05002 
0.04242 
0.03215 
0.02422 
0.03756 
0.03679 

uzj /n 
0.32284 
0.28941 
0.35798 
0.26128 
0.31740 
0.29545 
0.25954 
0.20889 
0.19401 
0.20924 
0.18912 
0.15621 
0.19223 
0.09356 
0.10010 
0.07933 
0.10667 
0.08260 
0.05871 
0.06187 
0.05996 
0.07872 
0.06678 
0.05019 
0.06882 
0.07755 
0.05589 
0.04163 
0.04051 
0.04832 
0.04721 
0.0194 
0.02741 
0.04111 
0.03938 
0.02455 
0.02424 

f / f i  
25.924 
31.408 
38.051 
55.851 
67.67 
81.98 
120.32 
145.78 
176.62 
213.98 
259.24 
314.08 
380.51 
461 
558.51 
676.7 
819.8 
993.2 
1,203.3 
1,457.8 
1,766.2 
2,139.8 
2,592.4 
3,140.8 
3,805.1 
4,610 
5,585.1 
6,766.5 
8,198 
9,932 
12,033 
14,578 
17,662 
21,397 
25,924 
31,407 
38,051 

UZ, /n 
0.02548 
0.02631 
0.04043 
0.03552 
0.01624 
0.02826 
0.03647 
0.02404 
0.01793 
0.02879 
0.03131 
0.02308 
0.00862 
0.01852 
0.02876 
0.02394 
0.01462 
0.01562 
0.02378 
0.02292 
0.01015 
0.00779 
0.01460 
0.01076 
0.00618 
0.00974 
0.01138 
0.00700 
0.00222 
0.00551 
0.00613 
0.00405 
0.00133 
0.00455 
0.00456 
0.00129 
0.01032 

u z j m  
0.05162 
0.04885 
0.02609 
0.04002 
0.04298 
0.03509 
0.02799 
0.03468 
0.03444 
0.02481 
0.01092 
0.02322 
0.03234 
0.02867 
0.01917 
0.02158 
0.02766 
0.02486 
0.0132 
0.01167 
0.02118 
0.01814 
0.01261 
0.01371 
0.01626 
0.01076 
0.00427 
0.00569 
0.00743 
0.00396 
0.00475 
0.00796 
0.0091 
0.00646 
0.00226 
0.0035 
0.00567 

Gr /Uij 
0.24363 
0.29019 
2.40076 
0.78771 
0.14275 
0.64860 
1.69838 
0.48056 
0.27096 
1.34668 
8.21824 
0.98868 
0.07106 
0.41707 
2.25168 
1.23128 
0.27936 
0.39474 
3.24432 
3.85855 
0.22967 
0.18415 
1.33987 
0.61607 
0.14425 
0.8183 
7.09199 
1.50972 
0.08963 
1.92994 
1.66243 
0.25897 
0.02151 
0.49491 
4.08208 
0.13629 
3.31491 

Table 3.6: Student's t-test values for the hypothesis that the standard deviations for real and 
imaginary parts of the impedance, shown in Table 3.5, are equal. See Example 3.4. 

V l R  

70 
73 
75 
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Figure 3.11: Standard deviations reported by Orazem et 
for the reduction of ferricyanide on a Pt rotating disk electrode. 

for their impedance data obtained 

compared with the ratio presented in Table 3.5. Ordinarily, the F-test parameter is arranged 
such that the larger variance is divided by the smaller. A s  is e v i h t  in Figure 3.11, the 
variance of the real part of the impedance is sometimes larger and sometimes smaller than 
the variance of the imagina y part. One approach is to plot the ratio of variances on a 
logarithmic scale, as shown in Figure 3.12. While the ratio is scattered about unity, a 
frequency-by-frequency comparison of the calculated F-test values to the criteria obtained 
from Table 3.4 suggests that the hypothesis that the variances are equal can be rejected at 
the 0.05 sign9cance level on an intermittent basis, but with the variance o f  the real part 
occasionally larger than that o f  the imagina y part, and the variance o f  the imagina y part 
occasionally larger than that of the real part. 

As the uncertainty in the assessment of the variance appears to be large, the Student’s 
t-test may represent the best assessment of the statistics of the error analysis described in 
Figure 3.11. A Student’s t-test can be used to c o n f m  that the ratio shown in Figure 3.12 
has a mean value of unity. A comparison of the mean of log,, ($/52 to the expected 
value of zero (equation (3.36)) yields t,, = -0.628. The correspondence of this value to 
critical values of t0.05 is seen in Table 3.7. The sign9cance level corresponding to t,,, = 
0.628 at a degree offreedom v = n - 1 = 73 is p = 0.532. The value o f t  corresponding 
to the 1y = 0.05 level is to.05 = 1.993. At the 0.05 significance level, the mean is not 
significantly differentfrom a value of zero. 

The statistical tests described here cannot prove that the variances for real and imagi- 
nary parts of the impedance are equal. They show only that, for the given data, the hypoth- 
esis that the variances for real and imagina y parts of the impedance are equal cannot be 
rejected. 

1 
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v/a: 
70 

55 

0.6 0.532 0.05 
0.527 fi 4 
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\ 

N L  
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73 
75 

1 o2 

10’ 

1 oo 

1 0’ 

1 o-2 
lo-’ 10‘ loo  10’ l o 2  lo3  lo4  lo5  

Frequency I Hz 

=+ 0.628 1.993 
0.527 0.628 1.992 

Figure 3.12: Ratio of the variance of the real part of  the impedance t o  the variance o f  the 
imaginary part of the impedance for the data for the reduction of ferricyanide on a Pt rotating 
disk e1ectrode.l Dashed lines represent the F-value corresponding to  0.05 significance level and 
i ts  inverse. 

Table 3.7: Student’s t-test values for Example 3.4 for a test of loglo (U?/U: = 0. ) 
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3.3.4 Chi-Squared Test for Equality of Variance 

The x2 test is used to evaluate the probability that v random normally distributed 
variables of unit variance would have a sum of squares greater than x2. 

(3.41) 

If the x2 statistic originates from comparison of a model to experiment, the degree 
of freedom is given by 

v = Ndat - Np - 1 (3.42) 

where &at represents the number of observations and N p  is the number of ad- 
justed parameters. Tables are provided for the value of x2 corresponding to a given 
number of degrees of freedom and for a given confidence level. If the calculated 
F is greater than the table value, then the null hypothesis must be rejected. Nu- 
merical values useful for assessing the X2-test for equality of mean are presented 
in Table 3.8. 

Example 3.5 Evaluation of Chi-Squared Statistics: Consider that,@ agiven 
measurement, regression of a model to real and imagina y parts of impedance data yielded 
x2 = 130. Measurements were conducted at 7Ofrequencies. The regressed parameters 
needed to model the data included the solution resistance and 9 Voigt elements, resulting 
in use of 19 parameters. Under assumption that the variances used in the evaluation of x2 
were obtained independently, evaluate the hypothesis that the x2 value cannot be reduced 
by rqfnement of the model. 

Solution: As thefit was to both real and imaginary parts of the data, the degree offreedom 
for this problem is v = n - p = 140 - 19 - 1 = 120. The x2 value corresponding to a 0.05 
signijicance level can be obtained from Table 3.8 to be equal to 146.6, and the probability 
corresponding to the measured x2 value is 0.25. Thus there is a 25 percent probability that 
the x2 statistic could exceed the obsmed value by chance, men for a correct model. 

m R e m e m b e r !  3.4 The numerical value of the x2 statistic for a weighted regression 
+ends on the estimated variance of the data. The numerical value has no meaning if the 
variance of the data is unknown. 
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Table 3.8: X2-test values for degree of freedom v and confidence level p. 

VIP 
5 
10 
15 
20 
25 
30 
35 
40 
45 
50 
55 
60 
65 
70 
75 
80 
85 
90 
95 
100 
120 
150 

0.5 
4.35 
9.34 
14.34 
19.34 
24.34 
29.34 
34.34 
39.34 
44.34 
49.33 
54.33 
59.33 
64.33 
69.33 
74.33 
79.33 
84.33 
89.33 
94.33 
99.33 
119.33 
149.33 

0.4 
5.13 
10.47 
15.73 
20.95 
26.14 
31.32 
36.47 
41.62 
46.76 
51.89 
57.02 
62.13 
67.25 
72.36 
77.46 
82.57 
87.67 
92.76 
97.85 
102.95 
123.29 
153.75 

0.3 
6.06 
11.78 
17.32 
22.77 
28.17 
33.53 
38.86 
44.16 
49.45 
54.72 
59.98 
65.23 
70.46 
75.69 
80.91 
86.12 
91.32 
96.52 
101.72 
106.91 
127.62 
158.58 

0.2 
7.29 
13.44 
19.31 
25.04 
30.68 
36.25 
41.78 
47.27 
52.73 
58.16 
63.58 
68.97 
74.35 
79.71 
85.07 
90.41 
95.73 
101.05 
106.36 
111.67 
132.81 
164.35 

0.1 
9.24 
15.99 
22.31 
28.41 
34.38 
40.26 
46.06 
51.81 
57.51 
63.17 
68.80 
74.40 
79.97 
85.53 
91.06 
96.58 
102.08 
107.57 
113.04 
118.50 
140.23 
172.58 

0.05 
11.07 
18.31 
25.00 
31.41 
37.65 
43.77 
49.80 
55.76 
61.66 
67.50 
73.31 
79.08 
84.82 
90.53 
96.22 
101.88 
107.52 
113.15 
118.75 
124.34 
146.57 
179.58 

0.01 
15.09 
23.21 
30.58 
37.57 
44.31 
50.89 
57.34 
63.69 
69.96 
76.15 
82.29 
88.38 
94.42 
100.43 
106.39 
112.33 
118.24 
124.12 
129.97 
135.81 
158.95 
193.21 
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850C 
z, n Zi n 

0.17117 -0.041791 
0.18236 -0.043494 
0.18606 -0.044666 
0.18941 -0.045946 

Table 3.9: Replicated impedance collected at a frequency of 1 Hz on the same Polymer Elec- 
trolyte Membrane (PEM) fuel cell using two different sets of instrumentation, the 850C provided 
by Scribner Associates and the FC350 provided by Gamry Instruments. 

FC350 
zr n Zj  f.3 

0.167993 -0.038176 
0.173985 -0.040603 
0.176629 -0.041786 
0.1827 -0.044806 

Replicate 

4 

Problems 

3.1 The steady-state mass-transfer-limited current density for a rotating disk (see 
Section 11.6) can be expressed as 

(3.43) 

where q(m)  is the concentration of the limiting reacting species i far from 
the disk, Di is the diffusivity of the reacting species i, v is the kinematic 
viscosity, and n is the rotation speed for the disk. Consider that ih = 
60 f 0.5 mA/cm2, q(m)  = 0.1 f 0.005 M, v = f low4 cm2/s, and 

= 1,000 f 1 rpm. Find the value and standard deviatian for the diffu- 
sivity of species i in units of cm2/s. 

The Schmidt number is expressed as Sci = v /  Di; Find the value and standard 
deviation for the Schmidt number if the kinematic viscosity is v = f 

Estimate the 95.4 percent confidence interval for the equivalent circuit model 
given in Figure 4.2(b) over the frequency range of 10 mHz to 10 kH.z if the 
regressed parameter values are expressed as Re = 10 f 1 ncm2, Rt = 100 f 

Consider the replicated impedance measurements presented in Table 3.9 for 
a 5 cm2 Polymer Electrolyte Membrane (PEM) fuel cell operating at a cur- 
rent of l A. The measurements were collected at a frequency of l Hz on the 
same cell using two different sets of instrumentation, the 850C provided by 
Scribner Associates and the FC350 provided by Gamry Instruments. 
(a) Test the hypothesis that the impedance values obtained by the two in- 

struments are not distinguishable. 
(b) Test the hypothesis that the variances obtained by the two instruments 

are not distinguishable. 

Consider the replicated impedance measurements presented in Table 3.10 for 
a 5 cm2 PEM fuel cell operating at a current of 1 A. The measurements were 
collected at a frequency of 10 Hz on the same cell using a serpentine channel 

3.2 

cm2/s and the diffusivity of species i is Di = low5 f cm2/s. 

3.3 

15 firm2, and 7 = RtCdl = 0.01 f 0.001 s. 

3.4 

3.5 
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Replicate 
1 
2 
3 
4 

Serpentine Interdigitated 
Zr n Zj n Zr Zj 

0.055822 -0.048797 0.073113 -0.039505 
0.05831 80 - 0.053851 0.074073 - 0.040 12 
0.05861 -0.05494 0.074244 -0.040369 
0.058842 -0.055843 0.074362 -0.040548 

and an interdigitated channel that is believed to be more efficient but also 
more susceptible to flooding. 
(a) Test the hypothesis that the impedance values obtained by the two in- 

struments are not distinguishable. 
(b) Test the hypothesis that the variances obtained by the two instruments 

are not distinguishable. 



Chapter 4 

Electrical Circuits 

Transfer function approaches are general and can be applied to a large variety of 
electrical, mechanical, and optical systems. For this reason, it is not surprising 
that the behavior of one system will resemble that of another. Electrochemists take 
advantage of this similarity by comparing the behavior of electrochemical systems 
to that of known electrical circuits. 

A review of Chapter 1 may be useful. Summaries of relationships among com- 
plex impedance, real and imaginary parts of the impedance, and the phase angle 
and magnitude are found in Tables 1.1, 1.2, and 1.3. A more complete discussion 
of the use of graphical methods is presented in Chapters 16,17, and 18. 

4.1 Passive Electrical Circuits 

Passive circuit elements are components that do not generate current or potential. 
A passive electrical circuit is composed only of passive elements. Only an element 
with two contacts is considered here, which is analyzed by considering the current 
flowing through and the potential difference between the contacts, shown as open 
circles in Figure 4.1. 

4.1.1 Circuit Elements 

Electrical circuits can be constructed from the passive elements shown in Figure 
4.1. The fundamental relationship between current and potential for the resistor 

(a) Resistor (b) Inductor (c) Capacitor 

Figure 4.1: Passive elements that serve as components of an electrical circuit. 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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(Figure 4.l(a)) is 
V ( t )  = RI( t )  

where the value of the resistance R represents the fundamental property of the 
resistor and I is the current. In the notation of this text, I represents the current in 
units of A and i represents the current density in units of A/cm2. At each point 
in time, the potential difference between the resistor clamps is proportional to the 
current flowing through the resistor. The steady-state current flowing through a 
resistor is finite and can be obtained from equation (4.1). 

The relationship between current and potential difference for the inductor (Fig- 
ure 4.1cb)) is 

which is the defining equation for the inductor. Under steady-state conditions, 
d I ( t ) / d t  = 0, and, according to equation (4.2), V ( t )  = 0. Thus, the inductor is 
equivalent to a short circuit under steady-state conditions. 

A capacitor (Figure 4.l(c)) is defined by 

where q ( t )  is the electric charge. The current flowing through the capacitor is ob- 
tained from the derivative of charge with respect to time, i.e., 

Then, from equations (4.3) and (4.4): 

which provides the relationship between current and potential for the capacitor. 
Under steady-state condition dV/dt  = 0, and, according to equation (4.5), I (  t)  = 0. 
The capacitor is equivalent to an open circuit under steady-state conditions. 

The impedance response of electrochemical systems is often normalized to the 
effective area of the electrode. Such a normalization applies only if the effective 
area can be well defined, and is not used in this chapter on the impedance response 
of electrical circuits. The capacitance used in this chapter, therefore, has units of 
F rather than F/cm2, the resistance has units of hz rather than cm2, and the 
inductance has units of H rather than H cm2. 

Response to a Sinusoidal Signal 

The response in current of the passive elements to a pure sinusoidal potential mod- 
ulation 

V ( t )  = IAVI cos(wt) (4.6) 
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can now be considered. The current response is given by 

According to the complex number properties described in Table 1.7, e.g., equations 
(1.109)-(1.112), equation (4.7) can be written as 

where AI = IAII exp(jq). Due to the fact that 

{ d -Re { f (t)} = Re - 
at (4.9) 

where f is a continuous function of t, then 

-- dI(t) - Re { jwAI exp(jwt)} (4.10) 
at 

In the same way, 

-- - Re {jwAVexp(jot)} (4.11) 
at 

According to expression (4.2), the response of an inductive element is given by 

Re { AV exp(jwt)} = LRe {jwAI exp(jwt)} (4.12) 

As j = exp (jn/2) (see equation (1.72)), 

Re {AVexp(jwt)} = LRe {wAlexp (j(wt + 7r/2))} (4.13) 

Equation (4.13) shows that the potential difference is out of phase with the current. 
From expression (4.12), 

AV = jwLAI (4.14) 

which provides the potential response of an inductor to a sinusoidal signal. 
Following equation (4.5), the response of a capacitor is given by 

Re { AI exp(jwt)} = CRe {jwAV exp(jwt)} (4.15) 

or 
Re{AIexp(jwt)} = CRe{wAVexp (j(wt + n/2))}  (4.16) 

m R e m e m b e r !  4.1 under steady-state conditions, the inductor is equivalent to a 
short circuit, the capacitor is equivalent to an open circuit, and the resistor allows current 
in proportion to a potential driving force. 
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The current is out of phase with the potential difference. From expression (4.15), 
the frequency domain current response to a sinusoidal potential input for a capac- 
itor is given by 

AI = jCwAV (4.17) 

The corresponding expression for a resistor, according to equation (4.1), can be 
written as 

AV = RAI (4.18) 

The current and potential relationships obtained here are used in the subsequent 
section to establish the impedance response for each type of circuit element. 

impedance Response of Passive Circuit Elements 

The impedance of a circuit element is defined to be 

AV z = -  
AI 

(4.19) 

For a pure resistor, equation (4.19) yields 

Zresistor = R (4.20) 

For a capacitor 
1 

jwC Zcapacitor = - 

and for an inductor 
zinductor = jwL 

(4.21) 

(4.22) 

The impedance responses for resistors, capacitors, and inductors are used to con- 
struct the impedance response of circuits. 

4.1.2 Parallel and Series Combinations 

For two passive elements in series, the same current must flow through the two 
elements, and the overall potential difference is the sum of the potential difference 
for each element. Thus, according to the definition of impedance given as equation 
(4.19), the impedance for the series arrangement shown in Figure 4.2(a) is given by 

z = z1+ z2 (4.23) 

For two passive elements in parallel, the overall current is the sum of the current 
flowing in each element, and the potential difference is the same for each dipole. 

m R e m e m b e r !  4.2 AZZ physical time-dependant quantities, such as I ( t ) ,  V (  t ) ,  
dI(  t ) l d t ,  and dV(t) /dt ,  are real quantities. 
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Figure 4.2: Combinations of passive elements: a) in series; and b) in parallel. 

Figure 4.3: Electrical circuit consisting of a) a solution resistance in series with a capacitor; 
and b) a solution resistance in series with a Voigt element. 

Then, according to the impedance definition, the impedance for the parallel ar- 
rangement shown in Figure 4.2(b) is given by 

-1 

z =  [$+&I (4.24) 

Impedance contributions are additive for elements in series, whereas the inverse 
of the impedance, or the admittance, is additive for elements in parallel. 

Example 4.1 Impedance in Series: Derive an expression for the impedance of 
the electrical circuit shown in Figure 4.3(a). 

Solution: The contribution of the resistance term to the impedance is Re, and the impe- 
dance of the capacitor is given by equation (4.21). Following equation (4.231, the impedance 

mIZemember! 4.3 Impedance contributions are additive for elements in series; 
whereas, the admittance is additive for elements in parallel. 
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of the circuit is therqore given by 

which can be rearranged to the form 

ELECTRICAL CIRCUITS CHAPTER 4 

(4.25) 

(4.26) 

The real part of the impedance is equal to Re and is independent offrequency. The imag- 
inary part tends toward --do as frequency tends toward zero. The dc (zero-frequency) 
current is equal to zero at any applied potential, and the current at infinitefrequency is 
equal to V/Re. 

Example 4.2 Impedance in Parallel: Derive an expression for the impedance 
of the electrical circuit shown in Figure 4.3(b). 

Solution: The contribution of the resistance terms to the impedance are Re and Rt, respec- 
tively. The impedance of the capacitor is given by equation (4.21). Following equations 
(4.23) and (4.24), the impedance of the circuit is therqore given by 

which can be rearranged to the form 

(4.27) 

(4.28) 

Note that w is in units of s-l, and that RtCd represents the characteristic time constant 
for the system. The dc (zero-frequency) current is equal to V/(R, + Rt) at potential V, 
and the current at infinitefrequency is equal to V/  Re. 

Examples 4.1 and 4.2 illustrate the manner in which the impedance response of 
complex arrangements of circuit elements can be derived. In addition to provid- 
ing an intuitive understanding of the response to a sinusoidal input, these simple 
circuits often form the basis for a preliminary interpretation of impedance results 
for electrochemical systems. 

4.2 Fundamental Relationships 

The impedance response can be described as having real and imaginary compo- 
nents, i.e., 

Z = Z, + iZj (4.29) 
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Figure 4.4: Phasor diagram showing relationships among complex impedance, magnitude, and 
phase angle. 

When the input and output are in phase, as shown in equation (4.20), the imagi- 
nary part of the impedance has a value of zero, and the impedance has only a real 
contribution, Zr. When the input and output are out of phase, as shown in equa- 
tions (4.21) and (4.22), the real part of the impedance has a value of zero, and the 
impedance has only imaginary contribution, Zj. 

The relationship between the complex impedance and the phase angle is shown 
more clearly in the use of phasor diagrams and relationships. The impedance can 
be expressed as 

z = lZl exp (H) (4.30) 

where IZI represents the magnitude of the impedance vector and $ represents the 
phase angle. The relationships among complex impedance, magnitude, and phase 
angle are shown in Figure 4.4. The magnitude of the impedance can be expressed 
in terms of real and imaginary components as 

or through geometric relationships that are evident in Figure 4.4, i.e., 

Zr(w> = IZ(w>I cos ($(w>> 

(4.31) 

(4.32) 

(4.33) 

(4.34) 
and 
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The representation of impedance in terms of magnitude and phase angle as h c -  
tions of frequency on a logarithmic scale are called Bode plots.87 

Example 4.3 Bode Representation of Elemental Circuits: Derive an expres- 
sion for the magnitude and phase angle for the circuit elements shown in Figure 4.1. 

Solution: Resistor. The impedance for a resistor is given by Z = R + Oj;  ther#ore, the 
magnitude is given by IZI = R and the phase angle is given by 4 = tan-l(O) = 0. 

Solution: Capacitor. The impedance fm a capacitor is given by Z = 0 - j&; ther#ore, 
the magnitude is given by IZ( = & and the phase angle is given by 4 = tan-l( -m) = 
- r t / 2 .  The phase angle for a capacitor is -90 degrees. 

Solution: Inductor. The impedancefir an inductor is given by Z = 0 + jwL; therqore, 
the magnitude is given by I Z 1 = wL and the phase angle is given by 4 = tan-l (bo) = 
n/2. The phase angle for a capacitor is +90 degrees. 

The term constant-phase element (CPE) is applied to a general circuit element 
that shows a constant phase angle. Thus, the resistor, capacitor, and inductor can 
all be considered to be constant-phase elements. 

4.3 Nested Circuits 

The impedance response of more complicated circuits can be readily calculated 
using combinations of equations (4.23) and (4.24). 

Example 4.4 Impedance Expression for a Nested Circuit: Derive an expres- 
sion for the impedance response of the circuit shown in Figure 4.5(a), and give expressions 
for the dc current and the current at infinitefrequency fm an applied potential V .  

Solution: The circuit can be visualized, in a manner following Figure 4.2, to be a nested 
series of boxes, as seen in Figure 4.5(b). The parallel arrangement of 2 3  and 2 4  can be 
combined in terms of Z3,4 (Figure 4.5(c)). Thus, the impedance of the circuit shown in 
Figure 4.5(c) can be expressed as 

[A z2+z3,4 1-1 z=zo+ -+ 

where, following Figure 4.5(b), 

(4.35) 

-1 

z 3 p =  [$+4 (4.36) 
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C. 

R, 

Figure 4.5: Circuits demonstrating the calculation of the impedance of nested circuit elements: 
a) circuit with resistor and capacitor elements; b) reconstruction of the circuit in terms of the 
generic impedance zk; and c) secondary reconstruction to  facilitate calculation. 

The next step is to introduce the impedance for each individual unit, i.e., Zo = Re, Z1 = 
l / ( j w C l ) ,  Z2 = R1,Z3 = l / ( j w C ~ ) ,  and Z4 = Rz.  

(4.37) 

or 

In terms ofcircuit parameters, 

(4.38) 

(4.39) 

At  zerofrequency the impedance is equal to (Re + R1+ R z ) ,  and at injnitefrequency the 
impedance is equal to Re. 

4.4 Mathematical Equivalence of Circuits 

Different electrical circuits possessing the same number of time constants can yield 
a mathematically equivalent frequency response. For example, the three circuits 
presented in Figure 4.6 arise from very different physical models and yet can have 
the same frequency response. Circuit 4.6(a) can describe two resistive layers and 
has been used as a measurement model, as described in Chapter 21. Circuit 4.6(b) 
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Figure 4.6: Three mathematically equivalent electrical circuits. 

can describe a reaction mechanism comprising two electrochemical steps or a sys- 
tem consisting of a coated electrode. Development of such models is discussed in 
Chapter 10. As discussed in Chapter 12, circuit 4.6(c) has been used to describe a 
solid-state Schottky diode with a leakage current and deep-level electronic states. 

The lack of uniqueness of circuit models creates ambiguity when interpreting 
impedance response using regression analysis. A good fit does not, in itself, vali- 
date the model used. As discussed in Chapter 23, impedance spectroscopy is not a 
standalone technique. Additional observations are needed to validate a model. 

4.5 Graphical Representation of Circuit Response 

The impedance response of a resistor in parallel to a capacitor is shown in Figure 
4.7 as a function of frequency f in units of Hz. When plotted as a function of 
frequency w in units of s-l (the upper axis), the minimum in the imaginary part 
of the impedance appears clearly at a characteristic frequency of wc = 1/7c. The 
dashed line corresponds to the characteristic frequency of 1 s-l. When plotted 
against frequency in units of Hertz, the characteristic frequency is shifted by a 
factor of 2rc, i.e., fc = 1/2mC. 

The corresponding Bode representation of the impedance response is shown in 
Figure 4.8 as a function of frequency f in units of Hz and frequency w in units of 
s-l. When plotted as a function of frequency w in units of s-l, the phase angle 
reaches an inflection point (-45 degrees) at a characteristic frequency wc = 1/rc. 

IR)Remember! 4.4 Electrical circuits are not unique. A good fit to experimental 
data is not suficient to validate a model. 
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Figure 4.7: Real and imaginary parts of the impedance response for a 10 Cl resistor in parallel 
with a 0.1 F capacitor. The characteristic time constant for the element is 1 s. 

Figure 4.8: Bode representation of the impedance response for a 10 Cl resistor in parallel with 
a 0.1 F capacitor. The characteristic time constant for the element is 1 s. 
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Again, when plotted against frequency in units of Hz, the characteristic frequency 
is shifted by a factor of 275. 

Problems 

4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

Show that equation (4.12) for an inductor can lead to equation (4.13). Show 
that this result demonstrates that current and potential signals are out-of- 
phase for an inductor. 

Follow the development leading to equation (4.16), and verify that equation 
(4.16) demonstrates that current and potential signals are out-of-phase for a 
capacitor. 

Develop an expression for the impedance response of the circuit presented 
as Figure 4.6(a). 

Develop an expression for the impedance response of the circuit presented 
as Figure 4.6(b). 

Develop an expression for the impedance response of the circuit presented 
as Figure 4.6(c). 

The use of inductors to model low-frequency inductive loops in an impe- 
dance response is somewhat controversial. Demonstrate that the circuit pre- 
sented as Figure 4.6(b) with negative R and C in the nested element can be 
mathematically equivalent to a circuit containing an inductor. 

Use a spreadsheet program to plot the impedance response of the circuit pre- 
sented as Figure 4.3(a) using Re = 10 n and Cdl = 20 pF/cm2. 
(a) Plot the real and imaginary parts of the impedance as a function of fre- 

quency. 
(b) Plot the results in Bode format (magnitude and phase angle as a func- 

tion of frequency). 

Use a spreadsheet program to plot the impedance response of the circuit pre- 
sented as Figure 4.3(b) using Re = 10 n, Cdl = 20 pF/cm2, and Rt = 100 n. 
(a) Plot the real and imaginary parts of the impedance as a function of fre- 

quency. 
(b) Plot the results in Bode format (magnitude and phase angle as a func- 

tion of frequency). 



Chapter 5 

Electrochemistry 

A number of excellent texts are available that provide a thorough discussion of 
electrochemical principles. N e ~ m a n ~ ~ ~ ~ ~  provides a comprehensive and mathe- 
matically detailed treatment of electrochemical engineering. Prenticego provides 
slightly greater emphasis on applications. Bard and Faulknerg1 emphasize analyti- 
cal methods, and Bockris and Reddy92t93 provide a very approachable introduction 
to electrochemical processes. Gileadi94 provides an excellent treatment of electrode 
kinetics, and Brett and Brett95 provide a treatment that includes fundamentals as 
well as applications, including impedance spectroscopy. 

5.1 Resistors and Electrochemical Cells 

As Gileadi observes, the distinguishing feature of electrochemical reactions is that 
an electrical current is observed as a nonlinear function of electrode potential.94 
Consider, for example, the 2 R resistor represented in Figure 5.l(a). If a potential 
difference of 1 V is applied across the resistor, the resulting current would have a 
value of 1 A. The relationship between current and potential is linear, such that 

I = V / R  

as seen in Figure 5.2. 

(5.1) 

Figure 5.1: Systems through which current is passed: a) 1 Cl resistor; and b) an electrochemical 
cell with an effective electrolyte resistance of 1 Cl. 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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Figure 5.2: Polarization curves for a 1 n resistor and for a symmetric electrochemical cell with 
1 0 solution resistance and inert electrodes such as gold or platinum. 

The behavior of the electrochemical cell is strikingly different. Consider, for ex- 
ample, the electrochemical cell shown schematically in Figure 5.l(b). Imagine that 
the electrodes are made of an inert material such as gold or platinm, and that the 
electrolyte consists of Na2S04 in distilled water. The current flowing through the 
cell is influenced, not only by the Ohmic resistance of the cell, but also by the poten- 
tial required to drive charge-transfer reactions. If electrochemical reactions cannot 
occur, current will not flow. In the cell envisioned here, the only electrochemical 
reactions that can take place involve decomposition of the water into hydrogen 
and oxygen. To conserve charge, the hydrogen evolution reaction 

(5.2) 
1 
2 

H20 + e- S -H2 + OH- 
must be balanced by oxygen evolution 

(5.3) 
1 
2 

HzO S -02 + 2H+ + 2e- 
The experimental observation, as shown in Figure 5.2, is that a critical cell potential 
must be exceeded before current can flow. This critical potential is called a standard 
cell potential and has a value, for the reactions (5.2) and (5.3), of 1.229 V. No current, 
therefore, should flow over a broad range of potential. The result indicates that the 
polarization curve for the electrochemical cell is distinctly nonlinear. 

If the inert electrodes were replaced by copper or if electroactive species were 
placed in the electrolyte, the current would flow more readily in the cell, but the 
resulting polarization curve would still be nonlinear. 

5.2 Equilibrium in Electrochemical Systems 

The electrochemical system shown in Figure 5.l(b) can be described as consisting 
of several phases, including the metal phase of the wire attached to the left elec- 
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RE 

Right 
electrode 

RW 

Wire 

Figure 5.3: Representation of phases associated with the electrochemical system shown in 
Figure 5.l(b). 

trode, the metal phase of the left electrode, the electrolyte, the metal phase of the 
right electrode, and the metal phase of the wire attached to the right electrode. 
These phases are represented schematically in Figure 5.3. Equality of thermody- 
namic properties between these phases can be used to describe the equilibrium 
condition of this system. Thermal equilibrium requires that temperatures of ad- 
joining phases are equal, e.g., 

(5.4) TLW = TLE = TE = TRE = TRW 

Mechanical equilibrium requires that the pressures of adjoining phases are equal, 

Chemical equilibrium requires that, if species exist in adjoining phases, their elec- 
trochemical potentials must be equal, e.g., for electrons 

and 
R E =  RW 

Pe- Pe-  

(5.6) 

(5.7) 

The electrochemical potential can be considered to be a generalization of the chem- 
ical potential that applies to charged species. For an isothermal system, a gradient 
of electrochemical potential, for example, within the electrolyte, will drive the mo- 
tion of chemical species. 

Relationships such as those expressed in equation (5.6) cannot be employed for 
species that are in chemical equilibrium but do not exist in the adjoining phases. 
Electrons, for example, are present in the metal of the electrode (phase LE) and 
in chemical equilibrium with ionic species in the electrolyte (phase E), but are not 
present in the electrolyte. An equilibrium relationship between the electrons and 
ionic species can be expressed, however, in terms of electrochemical reactions, and 

Remember! 5.1 Electrochemical reactions, which transfer charge between elec- 
trons and soluble species, are required fm current tojlow in an electrochemical cell. 
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Figure 5.4: Polarization curves for a system with mass-transfer control a t  cathodic potentials: 
a) broad range of potential with regions of behavior identified; and b) expanded representation 
of the zero-current region with cathodic and anodic current contributions identified. 

the equilibrium condition for an electrochemical reaction can be expressed in terms 
of the equality of electrochemical potentials. For reaction (5.2), the condition of 
equilibrium is expressed as 

Similar equilibrium relationships can be developed for homogeneous reactions in- 
volving species that exist in a given phase. 

For isothermal systems, expressions of phase and chemical equilibrium, such 
as are given in equations (5.6) and (5.8), provide the foundation for the derivation 
of equilibrium cell potentials in terms of electrolyte and electrode compositions. 
The reader is referred to other textbooks, e.g., N e ~ m a n , @ ~ ~  for methods used to 
derive equilibrium cell potentials. 

5.3 Polarization Behavior for Electrochemical Systems 

The nonlinear current-voltage behavior associated with an electrochemical system 
is illustrated in Figure 5.4(a). In the case shown here, the anodic (positive) current 
has an exponential dependence on potential; whereas, the cathodic (negative) cur- 
rent displays an influence of mass-transfer limitations. Regions are identified for 
which the current has a value equal to zero, the current is controlled by reaction 
kinetics, and the current is controlled by mass transfer. 

5.3.1 Zero Current 

An expanded representation of the zero-current region of Figure 5.4(a) is presented 
as Figure 5.4@). The positive current contributed by the anodic reaction is balanced 
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by the negative current contributed by the cathodic reaction. If the anodic and ca- 
thodic reactions represent forward and backward rates of the same reaction, a zero 
current can be obtained under the condition of reaction equilibrium. If the anodic 
and cathodic reactions represent forward and backward rates of different reactions, 
a true equilibrium is not reached as neither reaction is equilibrated. Thus, the net 
current may have a value equal to zero under either equilibrium or nonequilibrium 
conditions. 

Equilibrium 

If the current corresponds to a single electrochemical reaction, a zero current is 
observed if the forward and backward rates for the reaction are equal. For example, 
if the forward (or anodic) reaction is given by 

cu --t CU’+ + 2e- (5.9) 

the backward (or cathodic) reaction is given by 

CU’+ + 2e- + cu (5.10) 

If a current ia is assigned to reaction (5.9), and a current i, is assigned to reaction 
(5.10), the net current will be given by 

i = ia + i, (5.11) 

where ia  > 0 and i, < 0. At equilibrium, ia = -ic, and i = 0. The potential at 
which the current for a single electrochemical reaction is equal to zero is termed 
the equilibrium potential. The value for the equilibrium potential can be calculated 
using thermodynamic a r g u m e n t ~ . ~ ~ # ~ ~  

Nonequili brium 

If the zero current condition arises through a balancing of different reactions, equi- 
librium is not achieved because the net rate for each reaction is not equal to zero. 
For example, if the corrosion of iron 

Fe t Fez+ + 2e- (5.12) 

is balanced by reduction of oxygen 

0 2  + 2H20 + 4e- + 40H- (5.13) 

the net current can be equal to zero while dissolution of iron continues and oxygen 
is consumed. This is clearly not an equilibrium condition. 

The potential at which the current for multiple electrochemical reactions is 
equal to zero is termed the mixed potential or, in the case of metal dissolution, the 
corrosion potential. Concepts of thermodynamics, kinetics, and transport must be 
applied to calculate values for the mixed or corrosion potential. 
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5.3.2 Kinetic Control 

The region of kinetic control of electrochemical reactions is characterized by cur- 
rent densities that are exponential functions of potential. For a single reversible 
reaction, the Butler-Volmer equation 

i = io { exp ((I i$nFrls) - exp ( -mqs)} anF 
(5.14) 

is commonly used to describe the influence of potential on the current density. 
Here, io is the exchange current density, so defined because at qS = 0, i, = -i, = io. 
The surface overpotential vS represents the departure from an equilibrium poten- 
tial such that, at qs = 0, the total current i = i, + i, is equal to zero. The symmetry 
factor a is the fraction of the surface overpotential potential that promotes the ca- 
thodic reaction. Usually, a is assumed to have the value close to 0.5 and must have 
a value between 0 and 1. 

As shown in Chapter 10, electrochemical kinetics plays a major role in the in- 
terpretation of impedance spectra. To streamline the discussion of electrochemical 
kinetics, a more compact notation will be used in which 

(1 - a)nF 
RT 

b, = 

for anodic reactions and 
anF 

b, = - 
RT 

(5.15) 

(5.16) 

for cathodic reactions where b, and b, have units of inverse potential. Thus, equa- 
tion (5.14) can be written 

i = io {exp (bur ls )  - exp ( - - b c V s ) }  (5.17) 

The parameters b, and b, are closely related to the Tafel slope, e.g., 

= 2.303/bC 
2.303 RT 

"= anF 
(5.18) 

which has units of V/decade. 
The current density presented in Figure 5.4@) can be described as being a linear 

function of potential over a narrow range of potential near the zero-current poten- 
tial. Taylor series expansions of the exponential terms in equation (5.14) yield 

nioF 
RT 

i = -qs 

In the compact notation introduced in equations (5.15) and (5.16), 

(5.19) 

i = io (b ,  + b,) qs (5.20) 

A similar linear regime can be identified when the zero-current condition arises 
from the balancing of different anodic and cathodic reactions. 
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Figure 5.5: Polarization curves on a logarithmic scale reveal straight lines with slope of l l b e t a .  

At very positive potentials, the cathodic term is negligible, and the current den- 

(5.21) 
sity can be expressed by 

At very negative potentials, the anodic term can be neglected, and 
i = io exp (baqs)  

i = 4 0  exp ( -bcqs) (5.22) 

Equations (5.21) and (5.22) are examples of Tafel equations in which the current is 
an exponential function of potential. The Tafel behavior is illustrated in Figure 5.5. 
The intersection of the extrapolated lines for anodic and cathodic currents yields 
the equilibrium potential and the exchange current density. 

5.3.3 Mass-Transfer Control 

The rate of the electrochemical reactions may be limited by the finite rate at which 
reacting species may be carried to the electrode surface. Such a case is illustrated 
in Figure 5.4(a) at negative values of potential. In this case, the exchange current 
density is proportional to the concentration at the interface of the reacting species 
i with a power JSiJ, where S i  is the stoichiometric coefficient. With Si = 1, the 
cathodic current density can be written as 

i = -kcnFci(O) exp ( -bcqs) (5.23) 

The current density corresponds to the flux density of the reacting species, i.e., 

(5.24) 

By assuming a linear concentration gradient in the diffusion layer of thickness Si, 
equation (5.24) becomes 

(5.25) ci( m) - ci (0) 
4 

i = -nFDi 



80 ELECTROCHEMISTRY CHAPTER 5 

Where ci (m) is the concentration of species i in the bulk solution. 
A formal treatment for determination of the value of Si requires solution of the 

convective-diffusion equations, as described in Chapter 11. By eliminating C i ( 0 )  
from equations (5.23) and (5.25), the value of the current density is obtained as 

(5.26) 

where iE, = -nFDiCi (m) / S i  is the mass-transfer-limited current density and ik = 
-k,nFci(m) exp( -b,vs) is the kinetic current based on the bulk concentration. The 
numerical value for the mass-transfer-limited current density is influenced by the 
bulk concentration and diffusivity of the limiting reactant, by the extent of convec- 
tion, and by the cell geometry. The student is referred to Problems 5.3 and 5.4. 

5.4 Definitions of Potential 

The potential of the electrode U is defined to be the difference between the po- 
tential of the working electrode @m and the potential of a reference electrode @ref 

located in the bulk of the electrolyte solution, i.e., 

U = @m - @'ref (5.27) 

The cell potential can be expressed in terms of the potential in the electrolyte adja- 
cent to the electrode 00 as 

u = (am - @o) + (00 - @ref) (5.28) 

The position at which 00 is evaluated is generally taken to be the inner limit of the 
electrically neutral diffusion layer, shown in Figure 5.6(b). In this way, the interface 
is assumed to incorporate the detailed structure of the double layer, including the 
diffuse region of charge and the inner Helmholtz plane associated with specifically 
adsorbed charged species. 

Equation (5.28) can be written as 

U = V+iRe (5.29) 

where the interfacial potential V is defined by: 

V = (@m -00) (5.30) 

and the Ohmic potential drop in the electrolyte is given as 

The surface overpotential vs for a given reaction k is given by 

v s  = v - VOJC 

(5.31) 

(5.32) 

where VOJC is the equilibrium potential difference that depends on the electrode 
reaction under consideration. The definitions of potentials used in electrochemical 
systems are summarized in Table 5.1. 
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Table 5.1: Definitions and notation for potentials used in electrochemical systems. 

V 
VO,k 

U 

'IS 

'Ic 

@m 

iR, 

Interfacial potential for the working electrode, V = @m - @o. 
Interfacial potential at equilibrium for a given reaction k, VO,k = 

( o m  - @o)o,k. 
Electrode potential with respect to a reference electrode, U = 
@In - @ref. 
Surface overpotential for a given reaction k, vS = V - VO,k. 
Concentration overpotential defined by equation (5.75). 
Electrode potential with respect to an unspecified but common 
reference potential. 
Potential of the electrolyte adjacent to the working electrode 
with respect to an unspecified but common reference potential. 
Potential of a reference electrode with respect to an unspecified 
but common reference potential. 
Ohmic potential drop between the solution adjacent to the 
working electrode and the location of a reference electrode, i.e., 

5.5 Rate Expressions 

The rates of electrochemical reactions can be expressed in terms of concentration 
and potential. 

5.5.1 Law of Mass Action 

The electrochemical oxidation of ferrocyanide to form ferricyanide 

Fe(CN)i- 2 Fe(CN)i- + e- (5.33) 

is represented schematically in Figure 5.6(a). The rate of the reaction can be ex- 
pressed in terms of current density as 

i 
nF 

r = -  (5.34) 

where i is the current density and n is the number of electrons transferred. In 
the case of reaction (5.33), n = 1. The rate of the reaction depends on the nature 
and preparation of the interface, the composition of the electrolyte adjacent to the 
electrode, the electrode potential, and temperature. 

A kinetic expression for reaction (5.33) can be developed, following the laws of 
mass action generally applied for chemical or non-electrochemical systems. Thus, 

= k:cFe(a)t- ('1 - kZcFe(CN)i- ('1 (5.35) 

where k,* and kr are rate constants for the anodic and cathodic reactions, respec- 
tively. The concentrations CFe(CN)4- (0) and cFe(cN):- (0) are generally taken to be at 
the inner limit of the diffusion layer as shown in Figure 5.6@). 

6 
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Figure 5.6: Schematic representation of an electrochemical reaction: a) oxidation of ferro- 
cyanide to form ferricyanide; and b) proposed doublelayer structure revealing the components 
included as part of the interface where ihp refers to the inner Helmholtz plane and ohp refers 
to the outer Helmholtz plane. 

The rate constants k: and kr are expressed in terms of activation free energies 
as 

and 

k; = ka,o exp (-g) 
kr = k , o  exp (-g ) 

(5.36) 

(5.37) 

respectively. The activation energies are shown in the reaction coordinate diagram 
presented as Figure 5.7. All electrochemical reactions, such as reactions (5.2) and 
(5.3), have an electron as a reactant. One consequence is that, unlike most chemical 
reactions, the reaction must take place at an interface with an electrode that is a 
conductor of electrons. A second consequence is that the energy of the electrons 
participating in the reaction can be influenced by changing the electrical poten- 
tial. The activation energy AGd, for example, can be separated into chemical and 
electrical contributions such that 

The terms AG:,elK and AGcFle 4 can be expressed in terms of potential as 

and 

AGcFlec $ = anF(V - V t )  

(5.38) 

(5.39) 

(5.40) 

respectively, where V t  is a reference potential at which the chemical contribution is 
evaluated, and a represents a symmetry factor which has meaning as the fractional 
probability that a molecule at the activated complex energy will proceed in the 
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Figure 5.7: Free energy as a function of  reaction coordinate for an elementary singlestep 
reaction. 

forward direction. Thus, an electrochemical reaction can be expected to have an 
exponential dependence on potential, as seen in Section 5.3. 

5.5.2 Generalized Electrode Kinetics 

A generalized expression for reaction k can be expressed as 

(5.41) 
i 

where sih is the stoichiometric coefficient for species i and Mi represents the species 
i .  The rate of reaction k can be expressed as 

where for Si,k = 0, the species i is not a reactant and pi,k = 0 and qi,k = 0; for 
Si,k > 0, species z' is a reactant for reaction k and pi,k = Si,k and qih = 0; and for 
Sih < 0, species i is a product of reaction k and pib = 0 and qih = -S i ,k .  

The rate expression given as equation (5.42) raises questions concerning the 
location at which concentrations and potentials are measured. The concentration 
of reacting species, for example, should be that measured at the inner limit of the 

Remember! 5.2 Kinetic expressions of the law of mass action provide the founda- 
tion f0-f modeling the charge-transfer resistance commonly encountered in electrochemical 
impedance spectroscopy. 
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Figure 5.8: Concentration profile near an electrode surface showing the presence of a concen- 
tration diffusion layer. 

diffusion layer, as shown in Figure 5.8. Similarly, the potential V given in equation 
(5.42) represents the potential difference between the electrode and the solution 
adjacent to the electrode. 

The equilibrium potential can be expressed as 

(5.43) 

where the interfacial concentration Ci(0) is equal to the bulk concentration C i ( W ) .  

The surface overpotential can be expressed as a departure of V from its equilibrium 
value, e.g., 

Equation (5.42) can be expressed in terms of the Butler-Volmer equation (5.14) as 

17s = v - VO,k (5.44) 

i = io { exp ((I ,nFvs) - exp ( -mqs)} rwnF 
(5.45) 

Here, a, the symmetry factor, is generally assigned a value of 0.5. As concentra- 
tions ci(0)  are measured at the electrode surface, the exchange current density is a 
function of applied potential. 

&w Example 5.1 Rate Expression for Copper Dissolution: Develop expressions 
corresponding to equations (5.41-5.46) for the reaction 

! 

cu s CU’+ + 2e- (5.47) 

where cupper is assumed to dissolve directly to form the cupric ion. 
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Solution: For the reaction (5.47), the stoichiometric coflcients are scU = +1, sCuz+ = 
-1, and n = 2. Thus, equation (5.41) is expressed 

cu + cu2+ + 2e- 

The corresponding expression for the reaction rate (5.42) is given as 

rcu = - icu 2F = k,exp (:T -V ) - k,exp ( -- ;Tv) c c U z + ( o )  

with the value of n as given above. The equilibrium potential can be expressed as 

and the exchange current density can be written as 

io = 2Fk~/2k~/2ccu~+ ( 0 )  

(5.48) 

(5.49) 

(5.50) 

(5.51) 

A different expression is obtained if the reaction to fm cupric ion is considered to consist 
of two elementary reactions in which copper react to fm cuprous ions and the cuprous 
ions subsequently reacts to form cupric ions. 

5.6 Transport Processes 

In the bulk of a well-stirred electrolytic solution, potential is governed by Laplace’s 
equation, i.e., 

V2@ = 0 (5.52) 

where c9 is the potential and V is the vector differential operator. Equation (5.52) 
applies to all coordinate systems, and is written in rectangular coordinates as 

(5.53) 

The current density i is given by Ohm’s Law 

i = -KV@ (5.54) 

where K is the electrolyte conductivity. Equation (5.54) applies to all coordinate 
systems, and is written in rectangular coordinates as 

i = --K (g + + 2) (5.55) 

For dilute solutions, the electrolyte conductivity can be expressed as a sum of con- 
tributions from each of the ionic species as 

(5.56) 
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Cation zi Di/Cm2S-l 
H+ +1 9.312 x low5 
Na+ +1 1 . 3 3 4 ~  lo-’ 
K+ +1 1 . 9 5 7 ~  lo-’ 
Ag+ +1 1 . 6 4 8 ~  lo-’ 
Mg2+ +2 0.7063 x lo-’ 
Cu2+ +2 0.72 x lo-’ 

Anion zi Di/cm2s-’ 
OH- -1 5.260 x 
C1- -1 2.032 x lo-’ 
NO, -1 1.902 x lo-’ 
SO2- 4 -2 1.065 x 
Fe(CN)3- -3 0.896 x lo-’ 
Fe(CN)i- -4 0.739 x lo-’ 

where Di is the diffusion coefficient for species i, Zi is the charge on species i, Ui 

is the mobility, and F is Faraday’s constant. The mobility can be related to the 
diffusion coefficient by the Nernst-Einstein equation 

Di = RTui (5.57) 

Typical values of diffusion coefficients for ions at infinite dilution in water at 25 “C 
are presented in Table 5.2. 

The current density satisfies conservation of charge; therefore, 

V . i = O  (5.58) 

Equation (5.52) applies when the conductivity is uniform and there are no concen- 
tration gradients for ionic species. 

The assumption that there are no concentration gradients is not valid near elec- 
trode surfaces. For example, oxygen reduction at an electrode surface causes the 
pH at the surface of the electrode to reach 10 or 11, even when the pH in the bulk 
electrolyte is equal to 7. 

A more general description of transport is based on conservation of species, as 
given b p  

(5.59) 

where Ci is the concentration of species i, Ni is the net flux vector for species i, and 
Ri is the rate of generation of species i. In a dilute solution, the flux for any species 
can be written in terms of contributions from convection, diffusion, and migration, 
i.e., 

Ni = VCi - DiVCi - ZiUiFCiV@ (5.60) 

Remember! 5.3 electrolyte resistance commonly encountered in electro- 
chemical impedance spectroscopy arises from transport processes in the bulk electrolyte. 
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Solution 
Primary 
Secondary 
Tertiary 
Mass-transfer-limited 

87 

Ohmic Kinetic Mass-Transfer 
Resistance Resistance Resistance 

J X X 

J J X 

J J J 
X X J 

where z, is the fluid velocity. The current density i is given by the s u m  of contribu- 
tions from the flux of each ionic species, i.e., 

Conservation of charge, equation (5.58), and electroneutrality, 

(5.61) 

(5.62) 

requires that 
V * ( K V ~ )  + F CziV * (DiVci )  = o (5.63) 

i 

Laplace’s equation (5.52) does not apply in the presence of concentration gradi- 
ents because the conductivity K is not a constant and because the right-hand term 
in equation (5.63) is not equal to zero. In the absence of concentration gradients 
and with a uniform value of K, equation (5.63) reduces to equation (5.52). Thus, a 
series of approximate solutions may be obtained, as summarized in Table 5.3 and 
discussed in the subsequent sections. 

5.6.1 

The impedance response can be strongly influenced by the distribution of current 
and potential at the electrode under study. Some general guidelines can be estab- 
lished to help determine conditions under which a nonuniform distribution can 
arise. 

Under the assumption that the concentrations are uniform within the elec- 
trolyte, potential is governed by Laplace’s equation (5.52). Under these conditions, 
the passage of current through the system is controlled by the Ohmic resistance 
to passage of current through the electrolyte and by the resistance associated with 
reaction kinetics. The primary distribution applies in the limit that the Ohmic re- 
sistance dominates and kinetic limitations can be neglected. The solution adjacent 
to the electrode can then be considered to be an equipotential surface with value 
Q>o. The boundary condition for insulating surfaces is that the current density is 
equal to zero. 

Primary Current and Potential Distributions 
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Figure 5.9: Behavior of the primary current distribution following equation (5.64) near the edge 
of an electrode: a) i ---t 0 for 8 < n/2; b) i is finite for 8 = n/2; and c) i + 00 for 8 > n/2. 

The primary current distribution generally represents a worse-case scenario for 
electrode design. At boundaries between an electrode and an insulator, the current 
density can be shown to approach 

o( r ( ~ - 2 e ) / ~  (5.64) 

where r is the radial distance from the point of intersection and 8 is the angle be- 
tween the electrode and insulator measured in radians. As shown in Figure 5.9, 
equation (5.64) shows that the current tends toward zero for angles 8 < n/2, to- 
ward infinity for angles 8 > n/2, and is uniform only if 8 = n/2. 

For a disk of radius ro, embedded in an insulating plane and with a counter- 
electrode infinitely far away, the primary current density is given by 

i 1 
(5.65) 

where (i) represents the area-averaged current density. The normalized primary 
current distribution depends only on the electrode geometry. The current density 
tends toward infinity at the periphery of the disk. The corresponding primary 
resistance is given by 

1 
1 

Re = - 
4 ~ r 0  

The dimensionless primary resistance can be written as ReKrO = 1 /4. 

(5.66) 

5.6.2 Application to Blocking Electrodes 

Some electrochemical systems can be described as blocking electrodes for which no 
Faradaic reaction can occur. At steady state, the current density for such a system 
must be equal to zero. The transient response of a blocking electrode is due to 
the charging of the double layer. At short times or high frequency, the interfacial 
impedance tends toward zero, and the solution adjacent to the electrode can then 
be considered to be an equipotential surface. The short-time or high-frequency 
current distribution, therefore, follows the primary distribution described in the 
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Figure 5.10: Secondary current distribution for linear polarization at a disk electrode. (Taken 
from Huang e t  ,lag7) 

previous section. At intermediate frequencies, the solution potential adjacent to 
the electrode is not uniform, and the resulting current distribution deviates from 
the primary distribution. 

5.6.3 

The secondary distribution applies when kinetic limitations cannot be neglected. 
The solution adjacent to the electrode can no longer be considered to be an equipo- 
tential surface. The condition at the electrode can be replaced by 

Secondary Current and Potential Distributions 

(5.67) 

where y is the coordinate normal to the electrode surface and f (qs)  is a general 
function that could be given by the Butler-Volmer equation (5.14). At sufficiently 
small overpotentials, equation (5.14) can be linearized such that 

(5.68) 

where J = nioF/xRT (see Problem 5.5). The parameter J is a dimensionless ex- 
change current density that is the inverse of the Wagner number?6 The resulting 
current distributions, obtained by numerical solution of Laplace's equation, are 
presented in Figure 5.10. The parameter J represents a ratio of Ohmic resistance to 
kinetic resistance. When J + 00, the Ohmic resistance dominates, and the current 
density follows that of the primary distribution given as equation (5.65). 
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5.6.4 

Tertiary distributions apply when Laplace’s equation is replaced by a series of n 
equations of the form (5.59) coupled with electroneutrality (5.62) where n repre- 
sents the number of ionic species in the system. Thus, tertiary distributions relax 
the assumption that concentrations are uniform. Ohmic, kinetic, and mass-transfer 
resistances all play a role. 

Tertiary Current and Potential Distributions 

5.6.5 Mass-Transfer-Controlled Current Distributions 

Mass-transfer-controlled distributions apply under the assumptions that Ohmic 
and kinetic resistances can be neglected. 

5.7 Potential Contributions 

The cell potential can be decomposed into contributions corresponding to different 
loss terms within the cell. For example, the difference in potential between two 
electrodes can be expressed as 

m u  - VC) = (V, - <pop) + (<pop - + (<po,c - VC) (5.69) 

where OO,, represents the potential at the inner limit of the diffusion layer at the 
anode and 00,~ represents the potential at the inner limit of the diffusion layer at 
the cathode. The terms collected in the right-hand side of equation (5.69) are de- 
veloped in terms of Ohmic and kinetic contributions in sections 5.7.1 and 5.7.2, 
respectively. This book employs a formalism that does not require use of the con- 
centration overpotential. To place this approach into perspective with a commonly 
used approach, the concentration overpotential is discussed briefly in Section 5.7.3. 

5.7.1 Ohmic Potential Drop 

The term (@op - represents the potential drop through the electrolyte. As 
defined here, the numerical evaluation of the potential drop requires accounting 
for the variation in electrolyte conductivity within the diffusion layer. An alterna- 
tive approach is to define the Ohmic potential drop as being that calculated using 
Laplace’s equation with a uniform solution conductivity. In this case, an additional 
term is required to account for the influence of the conductivity variation w i t h  
the diffusion layer on the measured potential. This is incorporated into a concen- 
tration overpotential, discussed in Section 5.7.3. 

5.7.2 Surface Overpotential 

The term (V, - <po,,) can be expressed in terms of the surface overpotential, noting 
that 

Vsp = (VU - (pop) - (VU - @op)o (5.70) 
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where (Va - @o,a)o is the equilibrium difference between the electrode potential 
and the potential of the electrolyte adjacent to the electrode, generally taken to be 
at the inner limit of the diffusion layer. If the equilibrium potential is measured at 
the composition existing at the inner limit of the diffusion layer, Ci(O), then 

If, instead, the equilibrium potential is measured at the composition Ci(m) of the 
bulk electrolyte, then an additional term is needed to account for influence of the 
diffusion layer on the measured potential. This is incorporated into a concentration 
overpotential, discussed in Section 5.7.3. 

5.7.3 Concentration Overpotential 

A concentration overpotential is often invoked to account for the influence of con- 
centration distribution on potential. Consider for example, that the concentration 
at the inner limit of the diffusion layer is Ci,o. Consistent with equation (5.23), the 
current for a single anodic reaction can be expressed as 

i = kanFci(0) exp (baqs) (5.72) 

Equation (5.72) can be written in terms of the bulk concentration as 

or 

where 

(5.73) 

(5.74) 

(5.75) 

The concentration overpotential is not needed if the concentrations used in the 
kinetic expressions are those evaluated at the electrode surface. 

5.8 Capacitance Contributions 

In electrochemical systems, the capacitance may arise due to charge redistribution 
at interfaces or to dielectric phenomena. The charge redistribution takes place at 
an electrolytic double layer. 

5.8.1 Double- Layer Capacitance 

Away from solid surfaces, the electrolyte can be said to be electrically neutral, and, 
in the absence of concentration gradients, equation (5.62) is satisfied exactly. If 
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Figure 5. 1: Potential distribution for a cell at  open circuit consisting o 
electrodes. 

ideally polarized 

concentration gradients exist for species of differing diffusion coefficients, equa- 
tion (5.62) is satisfied approximately, but the charge is so small that equation (5.62) 
can be used. This can be seen from a rearrangement of Poisson’s equation as 

(5.76) 

where E is the dielectric constant of the medium and E O  is the permittivity of a 
vacuum ( E O  = 8.8542 x C/V cm). The constant E E O / F  
is very small and typically has a value on the order of equiv/V cm. Thus, for 
moderate values of V2@, C, ZiCi  M 0. 

The situation is fundamentally different near an interface due to a significant 
redistribution of charge. Consider, for example, the potential distribution in an 
electrochemical cell at open circuit. Consider that a potential can be applied be- 
tween the two metal electrodes such that no current flows. A situation like this is 
described in Section 5.1. The electrodes can be considered to be ideally polarized 
since a potential can be applied without passage of current. 

The corresponding potential distribution is given in Figure 5.11. As no current 
flows in the cell, the potential must be uniform in the electrolytic solution. The 
only place where the potential can change in the cell is at the electrode-electrolyte 
interface. In this region, the second derivative of potential with respect to position 
d z @ / d y 2  must be very large. Equation (5.76) suggests that a substantial redistribu- 
tion of charge is required to accommodate the abrupt change in potential. 

A redistribution of charge is possible because the electrons that accumulate 
near the metal surface have associated with them a charge. In addition, some 
ionic species may have a tendency to accumulate preferentially at the electrode- 

F/cm or 8.8542 x 

IR Remember! 5.4 capacitance commonly encountered in electrochemical im- 
pedance spectroscopy may arise from charge redistribution at interfaces or from dielectric 
phenomena. 
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Figure 5.12: Double-layer capacitance obtained by G r a h a ~ n e ~ ~  for a mercury electrode in con- 
tact with a NaCl electrolyte at a temperature of 25OC. Potentials are referenced to the electro- 
capillary maximum or potential of zero charge. 

electrolyte interface. Finally, as the interface taken as a whole must be electrically 
neutral, a diffuse region of charge may be present in the electrolyte adjacent to the 
electrode. 

Experimental measurements on mercury electrodes have contributed sigrufi- 
cantly to the understanding of the nature of the electrical double layer. The double- 
layer capacitance obtained by Grahame29 for a mercury electrode in contact with 
a NaCl electrolyte at a temperature of 25°C is presented in Figure 5.12 where PO- 
tentials are referenced to the electrocapillary maximum or potential of zero charge. 
The capacitance values range between 14 and 50 pF/m2 and are seen to be strong 
functions of potential. This range of values and dependence of potential is typi- 
cal of the results reported by Grahame for mercury electrodes immersed in other 
ele~trolytes.~~ 

Numerous models of the electrodeelectrolyte interface have been developed. 
The simplest of these is the Helmholtz double-layer model, which posits that the 
charge associated with a discrete layer of ions balances the charge associated with 
electrons at the metal surface. The Helmholtz double-layer model predicts incor- 
rectly that the interfacial capacitance is independent of potential. Nevertheless, 
current models of the charge redistribution at electrode-electrolyte interfaces owe 
their terminology to the original Helmholtz model. 

A schematic representation of an electrical double layer is presented as Figure 
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Figure 5.13: The structure of the electrical double layer 

5.13. A plane (m) is associated with an excess concentration of electrons near the 
physical surface of the electrode, represented by a solid line. The inner Helmholtz 
plane (ihp) is associated with ions that are specifically adsorbed onto the metal 
surface. The outer Helmholtz plane (ohp) is the plane of closest approach for solvated 
ions that are free to move within the electrolyte. The ions within the electrolyte 
near the electrode surface contribute to a dzfise region of charge. The diffuse region 
of charge has a characteristic Debye length, 

(5.77) 

which is typically on the order of 10 A for electrolytic solutions. 
The charge held in each of the layers must cancel such that 

where q m  is the charge of electrons at the electrode surface, qihp is the charge asso- 
ciated with adsorbed ions, and q d  is the charge held in the diffuse region. There 
is no plane of charge associated with the outer Helmholtz plane as this represents 
only an inner limit to the diffuse region of charge. 

The potential of the metal referenced to an electrode located outside the diffuse 
region of charge can be expressed as 
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Table 5.4: Typical ranges of values for capacitance. 

System 
Double layer on bare metal 

A1203 oxide98 
Fez03 oxide99 
Ni2O5 oxide 

Asphalt coatings 
Epoxy cast resin 

E - - 
6.7 
7 

42 
2.6 
3.6 

- 
120 
30 
30 

5 x 107 
5 x 106 

C / pFcm-2 
10-50 

0.5 
2 
2 

5 x 10-7 
6 x 

The capacitance of the interface is defined to be the derivative of charge density 
with respect to electrode potential at fixed electrochemical potential pi and tem- 
perature T, i.e., 

C =  (2) 
PijT 

(5.80) 

Thus, following equation (5.79), the capacitance of the interface can be expressed 
in terms of respective contributions as 

(5.81) 

As seen in equation (5.81), the capacitance of an interface is dominated by the part 
with the smaller capacitance. For this reason, the capacitance of semiconductor 
electrodes can be expressed as consisting only of the capacitance of the space- 
charge region. 

5.8.2 Dielectric Capacitance 

The capacitance associated with oxide layers and polymeric coatings can be ex- 
pressed as 

(5.82) 

where 6 is the film thickness, E is the dielectric constant of the material, and EO 

is the permittivity of vacuum EO = 8.8542 x F/cm. The capacitance of such 
oxide and polymeric layers is typically sufficiently small that the contribution of an 
electrolytic double layer in series can be generally neglected. Some typical values 
for capacitance are presented in Table 5.4. 
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Problems 

5.1 Estimate the electrolyte resistance for a 0.25 cm radius disk electrode in 0.1 M 
NaCl solution at 25°C. 

Use a Taylor's series expansion in terms of potential to obtain a relationship 
for the charge-transfer resistance in the Tafel regime. 

Show that the concentration of a reactant at the surface of an electrode can be 
expressed as a function of current density as 

5.2 

5.3 

(5.83) 

5.4 Following equation (5.83), use a spreadsheet program to plot the current den- 
sity as a function of surface overpotential for b, = 20 V-' and ilim equal to 
0.1, 1.0, and 10 mA/cm2. 

Use a Taylor's series expansion about the equilibrium potential to obtain a 
relationship for the charge-transfer resistance in terms of the parameter J = 
nioF/KRT. 

Estimate the capacitance for an oxide layer on a steel surface that is 50 A 
thick. 

Estimate the surface area for an electrode in a 0.1 M NaCl solution if the 
capacitance is measured to be 120 )IF. What might be a reasonable confidence 
interval for this estimate? 

5.5 

5.6 

5.7 



Chapter 6 

Electrochemical Instrumentation 

Operational amplifiers provide the foundation for electrochemical instrumenta- 
tion. The aim of this chapter is to describe the main properties of an operational 
amplifier so as to understand the principles of potentiostats and galvanostats and 
to understand how they can be used for impedance measurements. 

6.1 The Ideal Operational Amplifier 

For the purpose of this text, an operational amplifier consists of a series of solid- 
state components designed to have certain functional characteristics. A schematic 
representation of an operational amplifier, given in Figure 6.l(a), shows 5 leads 
attached to the operational amplifier. The vertical leads, marked Vs+ and V,- ,  
provide power to the amplifier and are connected to a direct-current power supply. 
The two leads on the left, termed the noninverting (+) and the inverting (-) input, 
have potentials V+ and V-, respectively. The output potential is VO. 

The amplifier is designed to sense the difference between the voltage signals 
applied at its two input terminals, to multiply this by a number A,,, and to cause 
the output voltage to be 

VO = Aop (V+ - V-)  (6.1) 

A typical response for an operational amplifier is given in Figure 6.l(b). The output 
potential VO must have a value between V,+ and Vs-. For an ideal operational 
amplifier, the open-loop gain A,, is very large (ideally infinite), such that 

Remember! 6.1 Operational ampl@ers provide thefbundation for electrochemi- 
cal instrumentation. 
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Positive saturatlon -7 
v1,=v, -v. A 

Negative saturation / 1 ,,, 
Linear region 

Y 

Figure 6.1: The ideal operational amplifier: a) the circuit symbol for an Operational amplifier 
showing the five principal terminals and b) output potential as a function of input potential. 
The linear range for the output potential is very small. 

The open-loop gain A ,  for typical operational amplifiers is on the order of 104 to 
lo6; thus, for supply voltages Vs of 10 to 15 V, the input voltage difference in the 
linear regime can be on the order of 1 mV and can be as small as a few )tV. 

The requirement for operation within the linear regime is that 

As A ,  is very large, the linear region of operation is correspondingly very small. 
The characteristics of an ideal operational amplifier are that: 

0 The constant A ,  is very large such that the voltage difference V+ - V- M 0. 

0 The input impedances are very large such that the currents at the noninvert- 
ing (+) and the inverting (-) inputs are equal to zero. 

0 The output potential at saturation is V’+ or VS- . 
0 The output potential in the linear regime is given by equation (6.1). 

The equations that govern the ideal operational amplifier are expressions of current 
balances. For the operational amplifier shown in Figure 6.l(a), the current balance 
is given as 

i+ + i- + io + is+ + is- = 0 (6.4) 

As the input impedance is large, i+ = i- = 0, and 

io + is+ + is- = 0 (6.5) 

To reduce clutter in circuit diagrams, it is common to omit the power terminals, for 
example, as shown in Figure 6.2. The presence of power terminals is nevertheless 
assumed. 
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Figure 6.2: The circuit symbol for an operational amplifier showing input and output terminals, 
but omitting the power terminals. The presence of power terminals is nevertheless assumed. 

io Ro 
_.* 

I 

Figure 6.3: Negative feedback: inverting voltage amplifier. 

6.2 Elements of Electrochemical Instrumentation 

As shown in Figure 6.l(b), the output of the operational amplifier under open-loop 
conditions tends to be in the saturation region. Operation within the linear region 
is made possible by inclusion of feedback loops, leading to operational character- 
istics important for electrochemical instrumentation. This is termed operation under 
closed-loop conditions. 

Example 6.1 Negative Feedback: Find the electrical characteristics of an ideal 
operational amplifier with negative feedback, shown schematically in Figure 6.3. 

Solution: Due to the fact that the input current is equal to zero, the currentsflowing 
through RA and Ro are equal; i = i A  = io and 

V- is equal to zero, due to the fact that the potential of the input + is at the ground. Thus, 

The output voltage has an opposite sign with respect to the input voltage VA. 
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Figure 6.4: The current follower. 

The quantity Ro / RA is called the closed-loop gain. The requirement for operation 
within the linear regime for the inverting amplifier is that 

The effect of the feedback is to reduce the overall gain, to permit correspondingly 
larger input voltages without saturation, and to replace the open-loop gain with a 
gain that depends only on passive resistors. The open-loop gain of an operational 
amplifier depends strongly on temperature and varies from unit to unit. Thus, use 
of a feedback circuit improves control over the gain of an amplifier. The require- 
ments are that the open-loop gain must be large as compared to the closed loop 
gain and equation (6.8) should be satisfied, i.e., the system must not be driven to 
saturation. 

The output potential VO has the opposite sign as the input potential VA. A 
noninverthg amplifier is presented in Problem 6.3. 

&u Example 6.2 Current Follower. Find the operational characteristics of an ideal 
current follower, shown schematically in Figure 6.4. 

Solution: This circuit is very similar to an inverting voltage amplifier without resistance 
RA in the input line. The input point A is at a virtual ground potential, and Vo is propor- 
tional to the current; i.e., Vo = Roi. 

A E x a m p l e  6.3 Voltage Adder: Find the operational characteristics of an ideal 
voltage adder, shown schematically in Figure 6.5. 

Solution: The example is given with the sum of two voltages, but obviously a larger 
number of potentials can be added following the same principle. The currents il and i2  are 
equal respectively to V1/ R1 and V2 / R2. Thus, the output voltage is given by 

Vo = -Ro(Vl/Rl+ V2/R2) (6.9) 
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Figure 6.5: The voltage adder. 

Diferent applications can be developedfollowing the relative values of Ro, R1, and R2. In 
particular, fm Ro = R1 = R2, the output takes the form 

v, = -(V1 + V*) (6.10) 

6.3 Electrochemical Interface 

Electrochemical interfaces consist of potentiostats and galvanostats. These devices 
can be described in terms of combinations of operational amplifiers and resistors. 

6.3.1 Potentiostat 

The aim of a potentiostat is to maintain a constant potential difference between the 
working electrode WE and a reference electrode REF. In the simplest scheme the 
reference electrode is connecting to the inverting input of the operational amplifier 
as shown in Figure 6.6(a). The potential of the working electrode is at ground 
potential, and the potential of the reference electrode is held at a potential VWt, also 
referenced to the ground potential. Thus, the potentiostat shown in Figure 6.6(a) 
controls the potential difference between the working and reference electrodes. 

The potentiostat requires as well a means of measuring the current. One ap- 
proach is to measure the potential difference across a resistance as shown in Figure 
6.6(b). The current is given by I = V,/R,. In the second approach, the current is 
measured in the working electrode circuit by means of a current follower (Figure 
6.6(c)). In this last case, the working electrode is not directly at the ground but at a 
virtual ground potential. 

*Remember! 6.2 A basic potentiostat can consist of two operational amplifiers: 
one to control potential and one to follow current. 
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V+ V. V* V. 

Figure 6.6: The potentiostat: a) simple scheme for controlling the potential of a working 
electrode with respect to a reference electrode, b) potentiostat with current measurement by 
potential drop across a measuring resistor, and c) potentiostat with current measurement by 
use of a current follower. 

In each of the different configurations of Figure 6.6, the potential of the working 
electrode is controlled with respect to the reference electrode. The WE is at the 
ground, and the potential V between the + entry of the operational amplifier and 
the ground is the difference of potential between the reference electrode and the 
WE. There is no potential difference between the entry + and the entry -. The 
operational amplifier delivers the current through the countereledrode to have the 
corresponding difference of potential between the reference electrode and the WE. 

6.3.2 Galvanostat 

A scheme of a galvanostat is given in Figure 6.7. The point A and then the working 
electrode is at a virtual ground potential. The current I is given by the relation 
I = V/R. The current value could be adjusted by varying either R or V. The 
potential can be easily measured between the reference electrode and the working 
electrode. 

Remember! 6.3 A basic potentiostat jin- impedance measurements requires a 
voltage adder to superimpose the sinusoidal signal onto an imposed potential. 
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Figure 6.7: A simple scheme for controlling the current through a working electrode. 

6.3.3 Potentiostat for EIS Measurement 

Impedance measurements may be made under potentiostatic regulation by mak- 
ing the small modifications to the potentiostat shown as Figure 6.6(c). In the ex- 
ample given as Figure 6.8, a voltage adder is introduced to sum the dc potential 
corresponding to the polarization point and the ac potential delivered by the gen- 
erator of the frequency function analyzer. With a judicious choice of Ro, R1 , and 
R2 in equation (6.9), it could be easy to have an ac input with a potential divided 
by 100 (e.g., Ro = R1 = 100R2). 
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V+ I v. 

Figure 6.8: Potentiostat for EIS measurement. 
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Figure 6.9: Schematic representation of a noninverting amplifier. 

Problems 

6.1 

6.2 

6.3 

6.4 

Devise a circuit for adding a steady baseline potential, a ramped potential, 
and a sinusoidal perturbation. 

Estimate the maximum error in the term V - Oref if the operational amplifiers 
used in Figure 6.8 had an  open-loop gain of lo5 and power source of f10 V. 

Show that the output potential for the noninverting amplifier shown in Fig- 
ure 6.9 can be expressed as 

(6.11) 

Devise a system similar to that shown in Figure 6.8 in which impedance mea- 
surements are performed under galvanostatic regulation. 
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Chapter 7 

Experimental Methods 

Impedance experiments involve the conversion of timedomain input and output 
signals into a complex quantity that is a function of frequency. As seen in Figure 
6.8, a signal generator is used to drive a potentiostat to induce a perturbed signal. 
The input signal and the resulting output signal is processed by instrumentation 
to yield a frequency-dependent transfer function. If the transfer function takes the 
form of a ratio of potential over current, the transfer function is called an impe- 
dance. The nature of the instrumentation used to generate the transfer function is 
described in the following section. 

7.1 Steady-State Polarization Curves 

Steady-state polarization curves, such as that presented in Figure 5.4(a), provide a 
means of identifying such important electrochemical parameters as exchange cur- 
rent densities, Tafel slopes, and diffusion coefficients. The influence of exchange 
current density and Tafel slopes on the steady-state current density can be seen in 
equations (5.17) and (5.18), and the influence of mass transfer and diffusivities on 
the current density is described in Section 5.3.3. Steady-state measurements, how- 
ever, cannot provide information on the RC time constants of the electrochemical 
process. Such properties must be identified by using transient measurements. 

7.2 Transient Response to a Potential Step 

A calculated transient current response to a 10 mV step in potential, introduced 
at time to, is presented in Figure 7.1 for the electrical circuit inserted in the figure. 
The time constants for the circuit under the conditions of the simulation were 71 = 
0.0021 s (76 Hz) and ~2 = 0.02 s (8 Hz). The potential dependence of parameter 
R1 is consistent with the behavior of the charge-transfer resistance described in 
Chapter 10. 

The calculated current increases instantaneously and then decreases rapidly. 
On the linear scale presented in Figure 7.1, it is evident that precise current mea- 
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Current response 5 - 
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Figure 7.1: The current response of  an electrochemical system t o  a 10 mV step change in applied 
potential from 0.09 V to  0.1 V for the inserted electrical circuit with parameters Ro = 1 R, 
R1 = 1&v/o.060 n, C1 = 10 )tF, R2 = 103 R, and C2 = 20 )tF. The potential dependence 
of parameter R1 is consistent with the behavior of the chargetransfer resistance described in 
Chapter 10. 

surement is needed to observe the features associated with the RC elements in 
Figure 7.1. Presentation in a logarithmic format, as shown in Figure 7.2, allows 
a clearer representation of the distinct features of the circuit presented in Figure 
7.1. The dashed lines show the deconvolution of the current response into the 
components presented in Figure 7.1. The results presented in Figures 7.1 and 7.2 
demonstrate that use of step-transient experiments for identification of the phe- 
nomena that govern an electrochemical system requires accurate measurements of 
current in a very short period of time. 

Frequency-domain measurements provide an attractive alternative to transient 
techniques involving steps in potential or current because their capability to make 
repeated measurements at a single frequency improves the signal-to-noise ratio 
and extends the range of characteristic frequencies sampled. These measurements 
are a type of transient measurement in which the input signal is cyclic. 

7.3 Analysis in Frequency Domain 

Fourier analysis and phase-sensitive detection are commonly used to convert time- 
domain signals into the frequency domain. For contextual purposes, the mathe- 
matical transformations used by Fourier analysis and phasesensitive detection in- 
struments are reviewed in the following subsections. Such systems have replaced 
the Lissajous analysis described in Section 7.3.1. The Lissajous analysis is useful, 
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Figure 7.2: The current response in a logarithmic scale of  an electrochemical system t o  a 
10 mV step change in applied potential from 0.09 V t o  0.1 V applied to  the circuit presented in 
Figure 7.1. The dashed lines show the deconvolution of the current response into components 
associated with the different circuit elements. 

however, for providing real-time assessment of the quality of impedance measure- 
ments and for developing an appreciation for impedance measurements. 

7.3.1 Lissajous Analysis 

The electronics associated with measurement of the impedance response of a sys- 
tem is presented schematically in Figure 6.8. The input signal can be represented 
by 

V = v + AVcos (2nft) (7.1) 
where V is an applied bias potential and AV is the amplitude of the sinusoidal per- 
turbation. The current response is dependent on the characteristics of the system 
under study. For example, following the discussion in Section 5.3.2, the Faradaic 
current density can be expressed as 

if = nFk,exp(b,V) -nFkcexp(-bcV) (7.2) 

The current density associated with the capacitive charging of the electrode can be 
expressed as 

(7.3) 
dV 

ic = - C d l z  = 2nfAVCdl Sin (27Cft) 

where the sign accounts for the difference in the direction of the potential differ- 
ence between that used for the Faradaic and charging currents. As suggested in 
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Figure 7.3: Schematic representation of an electrode interface demonstrating the contribution 
of charging and Faradaic current densities. 

Figure 7.3, the total current density is the sum of the Faradaic and charging contri- 
butions. 

The simulation results presented in this section were obtained by solution of 
equations (7.1)-(7.3) with parameters cd l  = 31 pF/cm2, nFka = 0.5 mA/cm2, 
nFk, = 0.5 mA/cm2, ba = 19.5 V-l, b, = 19.5 V-l, v = 0 V, and AV = 1 mV. 
The value of the charge-transfer resistance, given by 

(7.4) 
1 

(banFka exp(baV) + b,nFk, exp( -bcV)) 
Rt = 

had a value of 51.28 ncm2, yielding a characteristic frequency fc = (27rRtCdl)-' = 
100 Hz. The current response to the input potential is presented for different ap- 
plied frequencies in Figure 7.4 as functions of time where the solid line represents 
the potential input and the dashed line represents the resulting current density. 
The signals presented in Figure 7.4 were scaled by the amplitude of the perturba- 
tion. 

At frequencies much below the characteristic frequency, i.e., 1 mHz, the cur- 
rent density is in phase with the potential perturbation, as shown in Figure 7.4(a). 
At the characteristic frequency, Figure 7.4(b), the current signal lags the potential 
input by 45". At the characteristic frequency, the amplitude of the out-of-phase 
charging current is equal to the amplitude of the in-phase Faradaic current for a 
linear system. As shown in Figure 7.4(c), the current response lags the potential 
input by 90" at frequencies much higher than the characteristic frequency. 

The phase behavior of the input and output signals is seen more clearly in a Lis- 
sajou plot in which the output signal is plotted as a function of the input signal. A 
Lissajou representation of the signals presented in Figure 7.4 is given in Figure 7.5 
with frequency as a parameter. The signals were normalized by the perturbation 
amplitude such that the values for current and potential ranged between fl. At 
low frequencies, e.g., 1 mHz, the current density is in phase with the potential per- 
turbation, yielding a straight line in Figure 7.5. At large frequencies, e.g., 10 &, 
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Figure 7.4: The current density response to a sinusoidal potential input for a system with 
- parameters C,-J = 31 pF/cm2, nFk, = nFk, = 0.5 mA/cm2, b, = 19.5 V-l, b, = 19.5 V-l, 
V = 0 V,  and AV = 1 mV: a) 1 mHz; b) 100 Hz; and c) 10 kHz. The solid line represents the 
potential input and the dashed line represents the resulting current density. 
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Figure 7.5: Lissajous representation of the signals presented in Figure 7.4 with frequency as a 
parameter. The signals were normalized by the perturbation amplitude such that the values for 
current and potential ranged between fl .  

the current is dominated by the charging current, which is out of phase with the 
potential. The resulting Lissajous trace appears as a circle in Figure 7.5 where both 
the potential and current values were normalized. At the characteristic frequency 
(100 Hz), the Lissajous plot takes the shape of an ellipse. 

The magnitude of the time-domain signals and the shape of the ellipse provide 
information concerning the magnitude of the transfer function and the correspond- 
ing phase angle between input and output signals. The method for extracting the 
impedance response from the Lissajous plot is illustrated using the labeled posi- 
tions given in Figure 7.6. The frequency is given by the time required to complete 
a cycle, i.e., 

1 - = f  
fcycle 

(7.5) 

where f has units of Hz. In frequency domain, the ratio of the potential over the 
current takes the form of an impedance. The magnitude of the impedance transfer 
function is therefore obtained by 

AV OA AY 
A1 OB AX 

IZI = - = - = - 

The phase angle is obtained from 

or 

OD 
OA 

sin(@) = -- 

(7.6) 

(7.7) 

(7.8) 

where the lengths OD, OA, and OB are defined in Figure 7.6. 
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Figure 7.6: The interpretation of a Lissajous plot of timedomain signals in terms of impedance. 

Example 7.1 Lissajous Analysis: Use a Lissajous plot tojind the impedance at 
afrequency of 100 Hz  for a linear system with capacity cdl  = 31 pF/cm2, charge-transfer 
resistance Rt = 51.34 ncm2, and a potential perturbation AV = 0.01 V. 

Solution: The time required@ a single cycle is T = 1/100 Hz = 0.01 s. The potential 
over this period of time is given by 

V = A V c o s ( 2 ~ f t )  (7.9) 

77ze Faradaic current density fm a linear system can be expressed as 

. v  
If = j& (7.10) 

and the current density associated with the capacitive charging of the electrode can be 
expressed by equation (7.3). The results are presented in Figure 7.7. The magnitude of the 
impedance can be found as 

10 mV 
= 36.4 nm2 "' = 0.275 mAcm2 

and the phase angle is given by 

(7.11) 

(7.12) 

The results presented in Figure 7.7 correspond to the characteristicfrequencyfor the given 
values of capacitance and charge-transfer resistance of 100 Hz. At thisfreqmcy, the phase 
angle is equal to 45". 
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Figure 7.7: The interpretation of a Lissajous plot of time-domain signals in terms of impedance 
for Example 7.1. 

As illustrated in Section 21.2.2, Lissajous plots can be used to explain the mech- 
anism whereby the frequency-domain analysis yields transfer functions with ex- 
tremely large signal-to-noise ratios, even when the time-domain signals contain 
a significant level of noise. By measuring the signals over many cycles, the res- 
olution of the ellipse improves by an averaging process, thereby yielding a small 
stochastic error in the calculated transfer function. 

The Lissajous plots presented in Figure 7.5 correspond to the interfacial impe- 
dance of a system and do not account for Ohmic resistance. This is the reason 
that the current-potential trace appears as a circle at high frequencies. In fact, 
the current corresponding to charging the interfacial capacitance is proportional 
to frequency, as expressed by equation (7.3). The influence of the Ohmic resistance 
is to limit the magnitude of the charging current at high frequencies. The result- 
ing Lissajous plots are given in Figure 7.8 for a system with an Ohmic resistance 
Re = 10 firmz, effective charge-transfer resistance Rt = 26 sZcm2, and capacitance 
Cd = 20 pF/cm2. The input potential perturbation AV was 10 mV, yielding a value 
of b,AV = 0.19 and conforming to a linear response following the criteria devel- 
oped in Example 8.1. The characteristic frequency for this system was 302 Hz. The 
Lissajous plot reveals a straight line at low frequency where the current and po- 
tential signals are in phase and a straight line again at high frequencies where the 
current and potential signals are again in phase. The slopes of these lines differ 
at high and low frequencies because, at low frequencies, the effective resistance is 
given by Re + Rt, whereas at high frequencies the effective resistance is given by Re. 
Comparison of Figures 7.5 and 7.8 illustrates the manner in which the Ohmic re- 
sistance obscures the behavior of the interfacial processes at high frequencies. This 
concept motivates the use of the Ohmic-resistance-corrected Bode plots discussed 
in Section 17.1.2. 

It is useful to include in the experimental setup an oscilloscope capable of dis- 
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Figure 7.8: Lissajous representation for time-domain signals corresponding to a system with 
an Ohmic resistance Re = 10 ncm2,  exchange current density nFka = nFk, = 1 mA/cm2, 
&a = 19 V-l, b, = 19 V-l, = 0 V, AV = 10 mV, and capacitance Cd = 20 pF/cm2. 
The effective chargetransfer resistance was equal to Rt = 26 h);cm2, and the characteristic 
frequency for this system was 302 Hz. 

playing a Lissajous plot. As discussed in Chapter 8, distortions of the elliptical 
shape can be used to signal nonlinear behavior associated with an input pertur- 
bation that is too large. Scatter in the results reveals that the timedomain data 
may be excessively noisy, reflecting perhaps the need to adjust the instrumental 
parameters. 

7.3.2 Phase-Sensitive Detection (Lock-in Amplifier) 

A lock-in amplifier uses phase-sensitive detection, in conjunction with a potentio- 
stat, to measure the complex impedance. The algorithm is fundamentally different 
from that of the Fourier-based analyzers. These analyzers perform an assessment 
of the Fourier coefficients of the input and output signals, whereas the lock-in am- 
plifier measures the amplitudes of the two signals and the phase angle of each 
signal with respect to some reference signal. Thus, the impedance is measured in 
polar, rather than Cartesian, coordinates. 

A reference square wave of unity amplitude is generated at the same frequency 
as the sinusoidal signal 

(7.13) X = AXsin(d + q ~ )  

mRemember!  7.1 While use of Lissajous plots for numerical evaluatwn of impe- 
dance can be considered obsolete, it is u e l  to include an oscilloscope capable of displaying 
a Lissajous plot in the expm'mental setup. 
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to be analyzed. The square wave can be represented by the Fourier series 

sin [(2n + 1) wt + cps] 
4 0 °  1 

7-t n=O 
S=-C 

2n + 1 
(7.14) 

where cps is the phase angle of the reference signal. The measured and reference 
signals are multiplied, resulting in 

sin (wt + cpx) sin [(2n + 1) wt + $4 (7.15) 
4AX O0 1 x s = - c -  

2n + 1 7-t n=O 

Equation (7.15) can be rewritten, using trigonometric identities, as 

{ cos [ -2nw + c p ~  - (2n + 1) @s] 
2AX 

(2n + 1) rt 
xs = c 

n=O 
(7.16) 

- cos [(2n + 2) wt + c p ~  + (271 + 1) cps]} 

The product of the signals can be expanded using the trigonometric identity for the 
cosine of the sum of two angles and integrated over each cycle. Only the leading 
term of the series has a nonzero value, thus, 

2AX w 2 ~ w x s d i  = - cos (ox - cps) 
27-t m 

0 

(7.17) 

The integral in equation (7.17) has a maximum value when the phase angle of the 
square wave is equal to the phase angle of the measured signal. In practice, the 
phase angle of the generated square wave is adjusted such that the integral is max- 
imized. The phase angle of the square wave at the maximum value of the integral 
yields the phase angle of the measured signal. In addition, the maximum value of 
the integral can be used to determine the amplitude of the measured signal. 

The same procedure is used to analyze the second signal 

Y = AY sin(wt + h) (7.18) 

yielding 

2AY 
27-t 7-t 

0 

(7.19) 

The phase angle of the generated square wave is adjusted such that the integral 
is maximized. The phase angle of the square wave at the maximum value of the 
integral yields the phase angle of the measured signal, and the maximum value of 
the integral is used to determine the amplitude of the measured signal. 

The magnitude of the impedance can be obtained from the ratio of the ampli- 
tudes. i.e.. , ,  

AY 
IZI = (7.20) 



7.3 ANALYSIS IN FREQUENCY DOMAIN 119 

and the corresponding phase angle can be obtained as the difference between the 
phase angles of the output and input signals, i.e., 

(7.21) 

Carson et a1.lW showed that phase-sensitive detection measurements with a sin- 
gle reference signal biases the error structure of the impedance data due to errors 
introduced when the square-wave reference signal is in phase with the measured 
signal. Modern phase-sensitive detection instruments employ more than one ref- 
erence signal and may thereby avoid this undesired correlation. 

7.3.3 Single-Frequency Fourier Analysis 

Single-frequency Fourier analyzers make use of the orthogonality of sines and 
cosines to determine the complex impedance representing the ratio of the response 
to a single-frequency input signal. A brief outline of the approach is presented in 
this section. 

Consider that a periodic function of time can be expressed as a Fourier series, 
e.g.,’4p101 

W 

f ( t )  = uo + C ( a n  cos (nut )  + bn sin (nwt)) 
n=l 

(7.22) 

The trigonometric functions can be expressed in terms of exponentials following 
equations (1.82) and (1.83) to yield 

00 

f ( t )  = Fo + C (G exp (jnwt) + F-n exp (-jnwt>) (7.23) 
n=l 

where the coefficients i?n are complex numbers, related to the coefficients a n  and bn 
of equation (7.22) by 

or 

Equation (7.23) can be written in more compact form as 

f(t> = 
W 

C Fn exp (jnwt) 

(7.24) 

(7.25) 

(7.26) 

(7.28) 
n = - w  
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where n may take values ranging from -w to +w, and the coefficients Fn can be 

evaluated from m 

(7.29) 

where T represents the period of an  integer number of cycles at frequency w .  Us- 
ing equation (1.109), Equation (7.29) can be expressed in terms of trigonometric 
functions as 

m. 

f ( t )  (cos (nwt) - js in(nwt))  dt  (7.30) 
0 

Equation (7.30) provides the basis for single-frequency Fourier analysis for impe- 
dance measurement. 

Linear sinusoidal input and output signals can be expressed in terms of equa- 
tion (7.22) with n = l. For example, for an input potential 

V(t) = AVcos (wt)  (7.31) 

the output current can be expressed by 

I ( t )  = AICOS (wt + $)I) (7.32) 

or 
I ( t )  = a1 cos (wt)  + bl sin (wt)  (7.33) 

The constant coefficients A I  and AV represent the amplitudes of the respective 
signals and the parameter $1 represents the phase lag of the current signal with 
reference to the input potential signal. 

The mapping of the time-domain signals (7.32) and (7.31) to the frequency do- 
main is done via a Fourier complex representation.24 For signals expressed in 
terms of a cosine, the in-phase or real part of the current signal can be expressed as 

T 

and the imaginary part of the current signal is 

T 
1 
T 

Ij  (w)  = -- J I ( t )  sin(wt)dt 
0 

The real part of the voltage signal is 

1 

1 v, ( w )  = T J V(f) cos(wt)df 
0 

(7.34) 

(7.35) 

(7.36) 
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and the imaginary part of the voltage signal is 
m 

(7.37) 

The integration converts the time-domain quantities into the respective frequency- 
domain quantities. Integration is carried out over a period T comprising an integer 
number of cycles. This serves to filter errors in the measurement. The complex 
current Ir + j I j  and potential Vr + j V ,  are the coefficients of the Fourier series 
expressed as equation (7.30). 

tions of the output signal to the input signal. Thus, 
The impedance is calculated as the complex ratio 

and 

of the complex representa- 

(7.38) 

(7.39) 

The real and imaginary parts of the impedance are thereby extracted from the same 
ratio of complex numbers. 

&Example 7.2 Fourier Analysis: Apply the Fourier analysis to the calculations 
presented in Section 7.3.1. 

Solution: For the calculations presented in Section 7.3.1 where potential is the input sig- 
nal with a phase lag @V = 0, equation (7.36) yields Vr = A V / 2  and equation (7.37) 
yields t;. = 0. The impedance response obtained by Fourier analysis is given in Figure 7.9. 
Because the perturbation magnitude was sufficiently small, the results are in good agree- 
ment with the expected value for the given kinetic parameters. The zero-frequency asymp- 
totic value for the real impedance is in excellent agreement with the value of 51.28 ncm2 
obtainedfrom equation (7.4). 

7.3.4 Multiple-Frequency Fourier Analysis 

Impedance transfer functions may be determined through use of an input signal 
containing more than a single frequency. Such signals may be a tailored multi-sine 

mRemember!  7.2 The input and output signals used to generate impedance spec- 
tra arefunctions of time, notfrequency. Thefrequency dependence of the impedance results 
from the processing of time-domain signals. 
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Figure 7.9: The impedance response obtained by Fourier analysis for the calculations presented 
in Section 7.3.1 (symbols) as compared t o  the theoretical value (solid line). 

signal or a signal containing white noise. If the signal amplitude is sufficiently 
small that the response is linear, the system output response will also be a signal 
containing the same frequencies as found in the input signal. A fast Fourier trans- 
form algorithm may be used to extract the frequency-dependent transfer function. 
Because all frequencies are measured at the same time, the multifrequency ap- 
proach allows completion of a spectrum in a shorter time than is required for a 
stepped single-frequency approach. 

7.4 Comparison of Measurement Techniques 

Each of the frequency-response analysis methods described in the previous section 
has its place in the experimental arsenal. Their relative merits are summarized in 
the following sections. 

7.4.1 Lissajous Analysis 

Lissajous analysis, as an experimental approach for impedance measurement, is 
obsolete and has been replaced by methods using automated instrumentation. Lis- 
sajous plots, however, have great pedagogical value as a means of learning impe- 
dance spectroscopy. In addition, as discussed in Section 8.2, use of oscilloscopes 
is recommended for monitoring the progress of impedance measurements, and 
oscilloscopes capable of displaying Lissajous plots are particularly useful. 

7.4.2 Phase-Sensitive Detection (Lock-in Amplifier) 

Phase-sensitive detection is accurate and can be relatively inexpensive. Modern 
instrumentation uses more than one reference signal and can mitigate the bias in 
the error structure. 
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7.4.3 Single-Frequency Fourier Analysis 

Sequential measurement of impedance by Fourier analysis provides good accuracy 
for stationary systems. The sequence of frequencies can be arbitrarily selected, and 
therefore frequency intervals of A f / f , considered to be the most economical use 
of frequencies, can be employed. Because the measurements at each frequency are 
independent of each other, frequencies found to be inconsistent with the Kramers- 
Kronig relations can be deleted. 

7.4.4 Multiple-Frequency Fourier Analysis 

Multifrequency fast  Fourier analysis yields good accuracy for stationary systems and 
has the advantage that it can be performed more rapidly than an equivalent single- 
sine measurement. Frequency intervals of Af and dense sampling at high fre- 
quency are required to get good resolution at low frequency. The spectra obtained 
are always consistent with the Kramers-Kronig relations, so the Kramers-Kronig 
relatiop cannot be used to determine whether the measurement was corrupted 
by instrument artifacts or nonstationary behavior. A correlation coefficient can be 
calculated and used to determine whether the spectrum is inconsistent with the 
Kramers-Kronig relations. 

7.5 Specialized Techniques 

The methods described in this chapter and this book apply to electrochemical 
impedance spectroscopy. Impedance spectroscopy should be viewed as being a 
specialized case of a transfer-function analysis. The principles apply to a wide 
variety of frequency-domain measurements, including non-electrochemical mea- 
surements. The application to generalized transfer-function methods is described 
briefly with an introduction to other sections of the text where these methods are 
described in greater detail. Local impedance spectroscopy, a relatively new and 
powerful electrochemical approach, is described in detail. 

7.5.1 Transfer Function Analysis 

While the emphasis of this book is on electrochemical impedance spectroscopy, the 
methods described in Section 7.3 for converting time-domain signals to frequency- 
domain transfer functions clearly are general and can be applied to any type of 
input and output. Some generalized transfer-function approaches are described in 
Chapters 14 and 15. 

Remember! 7.3 The techniques described here for measuring impedance spectra 
are, in fact, very general and can be used to measure any transferfunction. 
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Fixed Variable Input Output 
Rotation speed Current Potential 
Rotation speed Potential Current 

Current Rotation speed Potential 

Potential Rotation speed Current 

Transfer Function 
Impedance 
Admittance 

Electrohydrodynamic 
impedance 

Electrohydrodynamic 
impedance 

Four state variables may be defined, for example, for the rotating disk de- 
scribed in Chapter ll. These may include the rotation speed, the temperature, 
the current, and the potential. At a fixed temperature, three variables remain from 
which a transfer function may be calculated. As shown in Table 7.1, the general- 
ized transfer functions include impedance, admittance (see Chapter 16), and two 
types of electrohydrodynamic impedance (see Chapter 15). 

7.5.2 Local Electrochemical Impedance Spectroscopy 

Local impedance measurements represent another form of generalized transfer- 
function analysis. In these experiments, a small probe is placed near the electrode 
surface. The probe uses either two small electrodes or a vibrating wire to allow 
measurement of potential at two positions. Under the assumption that the elec- 
trolyte conductivity between the two points of potential measurement is uniform, 
the current density at the probe can be estimated from the measured potential dif- 
ference AVprobe by 

(7.40) 

where d is the distance between the potential sensing probes and K is the conduc- 
tivity of the electrolyte. 

A schematic representation of the electrode-electrolyte interface is given as Fig- 
ure 7.10, where the block used to represent the local Ohmic impedance reflects the 
complex character of the Ohmic contribution to the local impedance response. The 
impedance definitions presented in Table 7.2 were proposed by Huang et a1.Io2 for 
local impedance variables. These differ in the potential and current used to calcu- 
late the impedance. To avoid confusion with local impedance values, the symbol y 
is used to designate the axial position in cylindrical coordinates. 

Remember! 7.4 Local Electrochemical Impehnce Spectroscopy (LEIS) is a rela- 
tively new and underutilized technique that is us&lfOr exploring the i n f m c e  qfsuTface 
heterogeneities on the impedance response. 
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Figure 7.10: The location of current and potential terms that make up definitions of global 
and local impedance. 

Table 7.2: Definitions and notation for local impedance variables. 

Meaning 
Global impedance (equation (7.41)) 
Real part of global impedance 
Imaginary part of global impedance 
Global interfacial impedance (equation (7.48)) 
Real part of global interfacial impedance 
Imaginary part of global interfacial impedance 
Global Ohmic impedance (equation (7.50)) 
Real part of global Ohmic impedance 
Imaginary part of global Ohmic impedance 
Local impedance (equation (7.43)) 
Real part of local impedance 
Imaginary part of local impedance 
Local interfacial impedance (equation (7.45)) 
Real part of local interfacial impedance 
Imaginary part of local interfacial impedance 
Local Ohmic impedance (equation (7.46)) 
Real part of local Ohmic impedance 
Imaginary part of local Ohmic impedance 
Spatial average of potential 
Time average or steady-state value of potential 
Spatial average of current density 
Time average or steady-state value of current density 
Axial position variable 
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Global Impedance 

The global impedance is defined to be 

v 
Z = -  

I 

where the complex current contribution for a disk electrode is given by 

(7.41) 

(7.42) 

The use of an uppercase letter signifies that Z is a global value. The global impe- 
dance may have real and imaginary values designated as Z, and Zj, respectively. 
The total current could also be represented by = nri < T( T )  > where the brackets 
signify the area-average of the current density. 

Local impedance 

The term local impedunce traditionally involves the potential of the electrode mea- 
sured relative to a reference electrode far from the electrode s u r f a ~ e . ~ $ ~ ~ ~  Thus, the 
local impedance is given by 

(7.43) 

The use of a lowercase letter signifies that z is a local value. The local impedance 
may have real and imaginary values designated as zr and Zj, respectively. 

The global impedance can be expressed in terms of the local impedance as 

Equation (7.44) is consistent with the treatment of Bmg et a1.Im in which the ad- 
mittance of the disk electrode was obtained by integration of a local admittance 
over the area of the disk. 

Local interfacial impedance 

The local intetfacial impedance involves the potential of the electrode measured rel- 
ative to a reference electrode OO(r) located at the outer limit of the diffuse double 
layer. Thus, the local interfacial impedance is given by 

(7.45) 

The use of a lowercase letter again signifies that zo is a local value, and the subscript 
0 signifies that zo represents a value associated only with the surface. The local 
interfacial impedance may have real and imaginary values designated as ZO,, and 
ZOJ, respectively. 
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Local Ohmic Impedance 

The local Ohmic impedance involves the potential of a reference electrode <Po(r) lo- 
cated at the outer limit of the diffuse double layer and the potential of a reference 
electrode located far from the electrode &(m) = 0; see Figure 7.10. Thus, the local 
Ohmic impedance is given by 

&0(r) 

w Ze = - (7.46) 

The use of a lowercase letter again signifies that Ze is a local value, and the subscript 
e signifies that Ze  represents a value associated only with the Ohmic character of 
the electrolyte. The local Ohmic impedance may have real and imaginary values 
designated as Ze,r and Ze,j, respectively. The local impedance 

Z = ZO + Ze (7.47) 

can be represented by the sum of local interfacial and local Ohmic impedances. 
The representation of an Ohmic impedance as a complex number represents a 

departure from standard practice. As will be shown in subsequent sections, the 
local impedance has inductive features that are not seen in the local interfacial 
impedance. As the calculations assumed an ideally polarized blocking electrode, 
the result is not influenced by Faradaic reactions and can be attributed only to the 
Ohmic contribution of the electrolyte. 

Global Interfacial Impedance 

The global inte$acial impedance is defined to be 

-1 
ZO = 27-c (J" --rdr) 1 

0 zo(r) 
or 

zo = (&)-' 

(7.48) 

(7.49) 

The use of a n  uppercase letter sigmfies that ZO is a global value. The global inter- 
facial impedance may have real and imaginary values designated as Zo,r and Zo,j ,  
respectively. 

Global Ohmic Impedance 

The global Ohmic impedance is defined to be 

Ze = Z - ZO (7.50) 

The use of an uppercase letter signifies that Z is a global value. As will be shown 
in subsequent sections, the global Ohmic impedance has a complex behavior in 
a midfrequency range near K = 1 (see equation (13.47)). The global Ohmic impe- 
dance may have real and imaginary values designated as Ze,r and Zed, respectively. 
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Figure 7.11: Schematic representation of a disk electrode corresponding to Problem 7.5 with 
bare metal exposed from the origin to a radius to and coated metal surface from radius TO to T I .  

Problems 
The following problems require use of a spreadsheet program such as Microsoft 
Excel@ or a computational programming environment such as Matlab@. 

7.1 

7.2 

Reproduce the results presented in Figures 7.4 and 7.5. 

Use a Lissajous plot to calculate the phase angle and magnitude of the im- 
pedance for the system described in Example 7.1 at frequencies of 1 Hz and 
10 kHz. This approach requires calculating the potential perturbation, the 
charging current, and the Faradaic current as functions of time. 

Calculate the ratio of the amplitude of the charging current to the amplitude 
of the Faradaic current for the system described in Example 7.1 at frequencies 
of 1 Hz, 100 Hz, and 10 kHz. 

Use a Fourier analysis to calculate the impedance as a function of frequency 
for the system described in Example 7.1. Compare your results to the theo- 
retical value obtained using the methods described in Chapter 4. 

Consider the disk electrode shown in Figure 7.11 with bare metal exposed 
from the origin to a radius ro and coated metal surface from radius ro to r l .  

Estimate the global interfacial impedance response of this electrode for the 
following geometries if the coating consists of an organic material of 100 pm 
thickness and the charge-transfer resistance on the bare metal is 100 ncm2. 
Hint: Guidelines for estimation of capacitance are given in Table 5.4. 
(a) TO = 0.25 cm and r1 = 1.0 cm. 
(b) rg = 0.5 cm and r1 = 1.0 cm. 
(c) ro = 0.75 cm and TI  = 1.0 cm. 

Develop an expression for the error in the global interfacial impedance re- 
sponse of the bare metal referenced in Problem 7.5 as a function of the rela- 
tive area of the coated metal </ti and the coating property E / B .  

7.3 

7.4 

7.5 

7.6 



Chapter 8 

Experimental Design 

Impedance measurements are often used to identify physical phenomena that con- 
trol an electrochemical reaction and to determine the corresponding physical prop- 
erties. This chapter provides guidelines for the design of experimental cells, for 
selection of appropriate impedance parameters, and for selection of appropriate 
instrument controls. 

8.1 Cell Design 

Proper cell design is essential to reduce the uncertainty of the interpretation. Ref- 
erence electrodes can be used to isolate the impedance of cell components, well- 
defined convective systems can be employed to quantify the role of mass transfer, 
and electrode configurations can be selected to minimize the role of current and 
potential distributions across the surface of the electrodes. 

8.1.1 Reference Electrodes 

As discussed in Section 5.7, the potential drop across an electrochemical cell can be 
expressed as the sum of contributions 

VW - VCE = (VW - @O,WE) + (@O,WE - @O,CE) - (VCE - @O,CE) (8.1) 

Reference electrodes are used to isolate influence of electrodes and membranes. 
Some typical cell configurations are shown schematically in Figure 8.1. In the two- 
electrode configuration represented in Figure 8.l(a), the impedance 

mlZememberl 8.1 R$mmce electrodes can be used to isolate the impedance of cell 
components. 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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Figure 8.1: Schematic illustration of cell configurations employing reference electrodes t o  isolate 
the impedance response of working electrodes and membranes. a) 2-electrode; b) %electrode; 
and c) Celectrode cell design. 

includes the impedance response associated with the working electrode interface, 
the counterelectrode interface, and the electrolyte between the working and the 
counterelectrodes. The three-electrode configuration shown in Figure 8.l(b) allows 
measurement of three impedances; i.e., equation (8.2), 

at the working electrode interface and 

at the counterelectrode interface. The impedance measurements are related by 

Thus, only two of the impedance measurements are independent. For systems 
containing a membrane separating the working and counterelectrodes, it is useful 
to use a four-electrode configuration as shown in Figure 8.l(c). The impedance of 
the membrane can be obtained as 

The impedance measurements are related by 

where Z ~ , I  is the impedance of the working electrode measured with reference 
Ref1 and &E,2 is the impedance of the counterelectrode measured with reference 
Ref2. Only three of the impedance measurements are independent. 
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8.1.2 Flow Configurations 

Use of well-defined convective systems allows the influence of mass transfer to be 
treated explicitly and quantitatively; thus the interpretation of impedance data in 
terms of interfacial processes can be emphasized. Several experimental systems 
are commonly employed. 

Rotating Disk 

The rotating disk electrode, described in Section 11.6, has the advantage that the 
fluid flow is well defined and that the system is compact and simple to use. The 
rotation of the disk imposes a centrifugal flow that in turn causes a radially uni- 
form flow toward the disk. If the reaction on the disk is mass-transfer controlled, 
the associated current density is uniform, which greatly simplifies the mathemat- 
ical description. As discussed in sections 5.6.1 and 8.1.3, the current distribution 
below the mass-transfer-limited current is not uniform. The distribution of current 
and potential associated with the disk geometry has been demonstrated to cause 
a frequency dispersion in impedance results. The rotating disk is therefore ideally 
suited for experiments in which the disk rotation speed is modulated while un- 
der the mass-transfer limited condition. Such experiments yield another type of 
impedance known as the elecfrohydrodynamic impedance, discussed in Chapter 15. 

Disk under Submerged Impinging Jet 

The disk subjected to a submerged impinging jet, described in Section 11.7, has, 
under certain geometric constraints, the same attributes as the rotating disk with 
the exceptions that the electrode is stationary and the experimental system requires 
a pump and a flow loop. For electrodes that are within the stagnation region of the 
impinging flow, the flow is well-defined and has been modeled. The flow to the 
electrode surface is radially uniform; thus, at the mass-transfer-limited condition, 
the current density is uniform. The geometry induces a current and potential dis- 
tribution that is similar to that observed for the rotating disk. 

Rotating Cylinders 

Rotating cylinders, described in Section 11.8, are popular experimental systems be- 
cause the system setup is relatively simple to use and, at moderate rotation speeds, 
the flow is turbulent and yields a uniform mass-transfer-controlled current den- 
sity. Empirical correlations are available that relate the cylinder rotation speed to 
the mass-transfer coefficient.lo5 

Rotating Hemispherical Electrode 

The rotating hemispherical electrode, introduced by Chin,lo6 has a uniform pri- 
mary current distribution and would therefore be a suitable configuration for ex- 
periments conducted under conditions such that the current distribution is not in- 
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fluenced by the nonuniform accessibility to mass transfer. Nisancioglu and New- 
manlo’ showed that the current distribution in the rotating hemispherical electrode 
is uniform so long as the average current density has a value smaller than 68 per- 
cent of the average mass-transfer-limited value. A refined mathematical model for 
the convective-diffusion impedance of a rotating hemispherical electrode, devel- 
oped by Barcia et a1.,lo8 provided an excellent match to experimental impedance 
measurements conducted under these conditions. 

While a disk electrode under a submerged impinging jet has flow character- 
istics that resemble those of a rotating disk electrode, the flow experienced by a 
hemispherical electrode under jet impingement differs greatly from that of a ro- 
tating hemisphere. Shukla and Orazem showed through calculations and experi- 
ments that boundary-layer separation is observed at an colatitude angle of 54.8 de- 
g r e e ~ . ~ ~ ! ~ ~ ~  A subsequent analysis of the current distribution below the mass- 
transfer-limited current indicated that the current distribution on the stationary 
hemispherical electrode under submerged jet impingement should be uniform so 
long as the average current density was less than 25 percent of the mass-transfer- 
limited value.ll1 The appearance of boundary-layer separation suggests that the 
hemispherical electrode under jet impingement is not an appropriate system for 
electrochemical studies. 

8.1.3 Current Distribution 

The distribution of impedance along the surface of an electrode greatly compli- 
cates the interpretation of the resulting spectra. Such an impedance distribution 
may result from a variation of surface properties caused, for example, by differ- 
ences of grain orientation in a polycrystalline material, residual stresses associated 
with fabrication, or nonuniform distributions of surface films. A distribution of 
impedance may also be attributed to the current and potential distributions asso- 
ciated with the electrode geometry. 

The uncertainty associated with the interpretation of the impedance response 
can be reduced by using an electrode for which the current and potential distri- 
bution is uniform. There are two types of distributions that can be used to guide 
electrode design. As described in Section 5.6.1, the primary distribution accounts 
for the influence of Ohmic resistance and mass-transfer-limited distributions ac- 
count for the role of convective diffusion. The secondary distributions account for 
the role of kinetic resistance which tends to reduce the nonuniformity seen for a 
primary distribution. Thus, if the primary distribution is uniform, the secondary 

Remember! 8.2 Impedance measurements are sensitive to nonuniform surface 
reactivity, which m y  be caused by surface heterogeneities, nonunform mass transfer, or 
geometry-induced current and potential distributions. 
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System 
Rotating disk 
Disk under submerged impinging jet 
Partial rotating cylinder 
Complete rotating cylinder 
Rotating hemisphere 
Hemisphere under Submerged Jet 
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Primary Mass-TransferControlled 
Distribution Distribution 
Not uniform uniform 
Not uniform Uniform 
Not uniform Uniform 

Uniform Uniform 
uniform Not uniform 
Uniform Not uniform 

current distributions will also be uniform. The guidelines illustrated in equation 
(5.64) and Figure 5.9 can be used to assess the uniformity of current on different 
electrode geometries. The results are given in Table 8.1. As discussed in Section 
13.3, the frequency dispersion associated with a nonuniform primary or secondary 
current distribution for elementary reactions is not evident at frequencies below a 
critical value. Thus, the influence of geometry-induced nonuniform current and 
potential distributions can be avoided by designing experiments for frequencies 
below the critical value. Figure 13.7 provides a convenient guide for selecting a 
disk electrode size that will avoid the frequency dispersion effects associated with 
the geometry-induced current and potential distributions. 

8.2 Experimental Considerations 

The experimental design parameters described in this section are influenced by the 
system under investigation, the objective of the investigation, and the capabilities 
of the instrumentation. The objective is to maximize the information content of the 
measurement while minimizing bias and stochastic errors. 

8.2.1 Frequency Range 

The objective of impedance measurements is typically to capture the frequency 
response of the system under study. To that end, the measured frequency range 
should include frequencies sufficiently large and frequencies sufficiently small to 
reach asymptotic limits in which the imaginary impedance tends toward zero. In 
some cases, for example, blocking electrodes, the low-frequency asymptotic behav- 
ior does not exist. In other cases, a true dc limit is not achievable due to nonstation- 

Remember! 8.3 Impedance measurements entail a compromise balance between 
minimizing bias errors, minimizing stochastic errors, and maximizing the infirmation 
content of the resulting spectrum. The optimal instrument settings and experimental pa- 
rameters are not universal and must be selected for each system under study. 
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ary behavior of the system. Instrument artifacts may limit the performance at high 
frequency. While experimentalists often routinely base the frequency range on the 
limits of the instrument, it is important to choose a frequency range that meets 
the dynamic response of the system under study. The considerations described in 
Section 13.3 may also constrain the frequency range. 

8.2.2 Linearity 

As discussed in Section 5.3.2, linearity in electrochemical systems is controlled by 
potential. The use of a low-amplitude perturbation allows application of a linear 
model for interpretation of spectra. The correct amplitude represents a compro- 
mise between the desire to minimize nonlinear response (by using a small ampli- 
tude) and the desire to minimize noise in the impedance response (by using a large 
amplitude). The amplitude depends on the system under investigation. For sys- 
tems exhibiting a linear current-voltage curve, a very large amplitude can be used. 
For systems exhibiting very nonlinear current-voltage curves, a much smaller am- 
plitude is needed.112-114 

! 
&b Example 8.1 Guideline for Linearity: We wish to establish a guideline for the 
perturbation amplitude needed to maintain linearity under potentwstatic regulation. An 
electrochemical system that fbllows a Tafel law is polarized at a potential 7. I f  a large 
potential sinusoidal modulation is superimposed, write the current response in the form of 
a Taylor series and calculate the complete expression of the dc current. By considering only 
thefirst three terms of t k  Taylor series, write the expression of the current under the f m  
of thefirst three harmonics. 

Solution: For a system that follows Tafel behavior, the current density response to a po- 
tential perturbation 

V ( t )  = 8+ AVcos(wt) (8-8) 

is given by 

Thus, 

i ( t )  = Kexp(bV(t)) 

i ( t )  = Kexp (b(v + AVcoswt)) 

or 
i ( t )  = ioexp(bAVcoswt) 

(8.9) 

(8.10) 

(8.11) 

m R e m e m b e r !  8.4 The optimal perturbation amplitude depends on the polarization 
curve for the system under study. 
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where 

A Taylor series expansion yields 

io = K exp (bP)  

b2AV2 cos2 wt  
2! 

b3AV3 cos3 w t  
3! + 1+ bAVcoswt+ + 

+...) bnAVn cosn o t  
n! 

... + 
The mean value of the current i( t )  is, for T equal to an integer number of cycles, 

T 

By taking into account thefirmula 

- J c o F 2 x d x  xs inx  + - 1 
COSnXdX = - J n n 

and observing that sin T = 0, 

T T 

C0S"XdX = - 1 cosn-2xdx 
* - 

n 
0 0 

Ifn is an even number, 
T 

n - l n - 3  1 i n n - 2  2 
~ 0 s "  xdx = -- . . . -T 

0 

(8.12) 

(8.13) 

(8.14) 

(8.15) 

(8.16) 

and if n is an odd number, the value of the integral is equal to zero. Thus, the mean value 
of i ( t )  is 

(8.18) 

To have a variation of the dc current lower than 1 percent, A V must be lower than 0.2/ b. 

troduction of the tripnometric expressions 
Evaluation of the harmonics of the nonlinear current response can be achieved by in- 

(8.19) 

cos3x=4cos3x-3cosx (8.20) 

cos2x = 2c0s2x - 1 

and 

By considm'ng only thefirst three tems of the Taylor series, i( t )  becomes 

i ( t ) = i o ( ( 1 + T ) + ( b A V +  b2AV2 3b3AV3) 24 cos(u t )  (8.21) 

b2AV2 cos(2wt) + - b3AV3 cos(3wt)) 24 +- 
4 
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The limitation to thefirst three t m s  of the Taylor series gives for the mean value only the 
first term of the series (see equation (8.18)). 

Equation (8.21) shows that the dc current is given by 

b2AV2 
io (1 + T )  

and the first harmonic or fundamental is given by 

(8.22) 

(8.23) 

For AV smaller than 0.2 /b ,  the variation of the dc current is smaller than 1 percent and 
the variation of thefindamental is smaller than 0.22 percent. 

Example 8.1 demonstrates that application of a large-amplitude potential per- 
turbation to a nonlinear system results in harmonics that appear at frequencies cor- 
responding to multiples of the fundamental or applied frequency. A second result 
of Example 8.1 is the observation that application of a large-amplitude potential 
perturbation to a nonlinear system changes both the steady-state current density 
and the fundamental current response. The implication of this result is that the 
impedance response will also be distorted by application of a large-amplitude po- 
tential perturbation. 

The influence of large potential perturbations on the impedance response can 
be illustrated by an extension of the analysis presented in Section 7.3 for large- 
amplitude perturbations. The current density response to a 40 mV-amplitude 
(b,AV = 0.78) sinusoidal potential input is presented in Figure 8.2 for the sys- 
tem presented in Section 7.3 with parameters cd l  = 31 pF/cm2, nFk, = nFk, = 
0.14 mA/cm2, b, = 19.5 V-l, b, = 19.5 V-I, and v = 0.1 V. Following equation 
(7.4), these parameters yield a value of charge-transfer resistance Rt = 51.28 ncm2 
and a characteristic frequency of 100 Hz. The potential and current signals were 
scaled by the maximum value of the signal. 

The current response associated with a 1 mHz 40 mV potential perturbation is 
given in Figure 8.2(a). The indication that the response is nonlinear is given by 
the observation that the current density is not symmetric about zero, whereas the 
current response to a 1 mHz 1 mV potential perturbation, given in Figure 7.4(a), is 
symmetric about zero. A similar indication is evident at 10 Hz (Figure 8.2(b)). At 
the characteristic frequency of 100 Hz, a shift in the phase lag is apparent, as seen 
in Figure 8.2(c). The shape of the current signal is clearly distorted as compared 
to the results presented in Figure 7.4(b) for a 100 Hz 1 mV potential perturbation. 
At frequencies much higher than the characteristic frequency, however, the linear 
charging current dominates over the nonlinear Faradaic current, and the resulting 
current response shows a linear behavior as seen in Figure 8.2(d) for a 10 kHz 
40 mV potential perturbation. These results resemble closely the results presented 
in Figure 7.4(c) for a 10 kHz 1 mV potential perturbation. 
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Figure 8.2: The current density response to a sinusoidal potential input with AV = 40 mV 
for the system presented in Section 7.3 with parameters Cd = 31 pF/cm2, nFk, = nFk, = 
0.14 mA/cm2, b, = 19.5 V-l, b, = 19.5 V-l, and v = 0.1 V: a) 1 mHz; b) 10 Hz; c) 100 Hz; 
and d) 10 kHz. The solid line represents the potential input and the dashed line represents the 
resulting current density. 
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Figure 8.3: Lissajous plots for the system presented in Figure 8.2 with potential perturbation 
amplitude AV as a parameter: a) 1 mHz; b) 10 Hz; c )  100 Hz; and d) 10 kHz. baAV = 0.0195 
for AV = 1 mV, baAV = 0.39 for AV = 20 mV, and baAV = 0.78 for AV = 40 mV. 
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The resulting Lissajous plots are presented in Figure 8.3. The value of b,AV 
was 0.0195 for AV = 1 mV, 0.39 for AV = 20 mV, and 0.78 for AV = 40 mV. A per- 
turbation amplitude of 10 mV yields b,AV = 0.195, which is consistent with the 
guideline developed in Example 8.1. The influence of a large-amplitude potential 
perturbation is most evident at low frequencies, e.g., Figures 8.3(a) and (b), where 
the Faradaic current is much larger than the charging current. At the characteristic 
frequency for this system of 100 Hi, the Faradaic and charging currents are of the 
same magnitude. Careful examination of Figure 8.3(c) shows that the shapes of the 
loops are distorted from being elliptical, but the effect is not as evident as it is in 
Figures 8.3(a) and (b). At frequencies higher than the characteristic frequency, as 
shown in Figure 8.3(d), all curves are superposed. The nonlinear behavior arises 
from the nonlinear behavior of the Faradaic current. The charging current, in con- 
trast, is linear. The system behaves as a linear system at high frequencies where 
the charging current dominates. 

The impedance can be calculated from the potential and current time-domain 
signals using the Fourier analysis presented in Section 7.3.3. The resulting impe- 
dance spectra are presented in Nyquist format in Figure 8.4(a). The use of an exces- 
sive potential perturbation amplitude causes an error in the impedance response. 
The error arises from the nonlinear behavior of the Faradiac current, which is in 
phase with the applied potential. This effect is seen most clearly in the real part 
of the impedance shown in Figure 8.4(b). Nevertheless, as seen in Figure 8.4(c), an 
error is also seen in the imaginary part of the impedance due to the corresponding 
shift in the characteristic frequency to larger values. 

The percent error in the low-frequency impedance asymptote associated with 
use of a large-amplitude potential perturbation is given in Figure 8.5 with buAV as 
a parameter. At a value of b,AV = 0.2, the error in the low-frequency impedance 
asymptote is 0.5 percent. This value can also be calculated using equation (8.21) of 
Example 8.1. 

&b Example 8.2 Influence of Ohmic Resistance on Linearity: As an extension 
of Example 8.1, establish aguideline for the perturbation amplitude needed to maintain lin- 
earity under potentiostatic regulation for a system with a nonnegligible Ohmic resistance. 

Solution: The presence of an Ohmic resistance will reduce the portion of the potential 
perturbation experienced by the inferfacial reactions and double-layer charging. This can 
be seen in the expressionfir the impedance of the circuit given in Figure 8.6, i.e., 

(8.24) 

7’he potential drop across the resistor is given by iR, and the potential drop across the in- 
terface qs is given by i /  (& + jwCdl). At large frequencies, the interfacial impedance 
tends toward zero and the linear Ohmic resistance dominates. A t  low frequency, the ca- 
pacitive charging has negligible @ct and the interfacial impedance is dominated by the 
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Figure 8.4: Impedance results obtained for the timedomain results presented in Figure 8.3 
by use of the Fourier analysis presented in Section 7.3.3 with potential perturbation amplitude 
AV as a parameter: a) Nyquist representation; b) real part of the impedance as a function of 
frequency; and c) imaginary part of the impedance as a function of frequency. 
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0.01 0.1 0.2 1 

AV b 

Figure 8.5: The error in the low-frequency impedance asymptote associated with use of a 
large-amplitude potential perturbation. 

Figure 8.6: Electrical circuit showing the distribution of potential across the Ohmic resistance 
and the interface. 
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Figure 8.7: Lissajous representation for current and applied potential timedomain signals 
corresponding to a system presented in Figure 7.8 but with a potential perturbation amplitude 
AV = 100 mV. 

Faradaic contribution Zf. This result supports the observation presented in Figure 8.3, 
which indicates that the nonlinear effects are most significant at lowfrequency. 

The guidelines for the potential perturbation can therqore be de tmined  by the behav- 
ior at low frequency. If the goal is to achieve b,AV 5 0.2, this can be achieved by 

b,AU- Rt 5 0.2 
Re + Rt 

(8.25) 

Thus, the injluence of Ohmic resistance is to increase the allowable magnitude for the po- 
ten tial perturbation. 

The Lissajous plot corresponding to the influence of a large (100 mV) potential 
perturbation is given in Figure 8.7 for the system presented in Figure 7.8. The 
influence of the nonlinear response is clearly evident as a distortion in the straight 
lines at low frequency. The response at high frequencies, which are dominated by 
the Ohmic resistance, is linear. 

The reason for the linear response at high frequency can be seen in the Lissajous 
plot of surface overpotential as a function of applied potential, given in Figure 8.8. 
At low frequencies, the surface overpotential is large and is scaled by R t / ( R t  + 
Re) ,  whereas at high frequencies the surface overpotential tends toward zero. It is 
interesting to note that, at low frequencies, the surface overpotential is influenced 
by the nonlinearity associated with the faradaic reaction. 

The frequency dependence of the surface overpotential is shown more clearly 
in Figure 8.9, where the magnitude of the surface overpotential is presented as a 
function of frequency with the magnitude of the applied potential perturbation as a 
parameter. The approach to unity at low frequencies for small perturbations shows 
that the surface overpotential is properly scaled by Rt / (Rt + Re) .  For larger per- 
turbation amplitudes, the nonlinear response reduces the effective charge-transfer 
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Figure 8.8: Lissajous representation for surface overpotential and applied potential timedomain 
signals corresponding to a system presented in Figure 8.7. 
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Figure 8.9: The magnitude of the surface overpotential as a function of frequency with the 
magnitude of the applied potential perturbation as a parameter for the system presented in 
Figure 8.7. 
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resistance, leading to an asymptotic low-frequency value that is less than unity. 
At higher frequencies, the 10 mV and 100 mV lines converge, indicating that the 
high-frequency response is linear for both perturbation amplitudes. The system is 
controlled by two characteristic frequencies. The characteristic frequency associ- 
ated with the Faradaic reaction, 1/(2nRtCdl), indicates the frequency at which the 
charging and Faradaic currents are equal, and the characteristic frequency associ- 
ated with the Ohmic resistance, 1/ (27&Cdl), indicates the frequency at which the 
capacitive current becomes limited by the Ohmic resistance. 

Example 8.3 Influence of Capacitance on Linearity: While the capacitance 
for a coated surface may be independent of applied potential, as shown in Figure 5.12, the 
capacitance for a bare electrode may be afunction of potential. Explore the influence of a 
potential dependent capacitance on the linearity of the impedance response. 

Solution: The potential dependence of capacitance will play the largest role at highfre- 
quencies where the current is due to the charging of the interface. The role of a potential- 
dependent capacitance will therejbre be most visible in the absence of an Ohmic resistance. 
To consider the influence of potential-dependent capacitance, allow the capacitance tofollow 

c = CO(~ + av) (8.26) 

where a = 1.61 V-l. This allows a linear change in capacitance of 32 percent for a 
&lo0 mV perturbation, which is consistent with the experimental results reported in Fig- 
ure 5.12. All other parameters are the same as developed for Figure 8.2. The resulting 
Lissajous plots are similar to those presented in Figure 8.2 with the exception that, as seen 
in Figure 8.10, a distortion is evident at highji-equencies. As shown in Figures 8.11(a) 
and (b), the gect  on the impedance response, however, is minimal. As shown in Figure 
8.11(a), the real part of the impedance response at lowfrequencies shows a dependence on 
potential perturbation amplitude that is consistent with that observed in Figure 8.4(b) for 
a constant capacitance. The imagina y part of the impedance, shown in Figure 8.11 (b), is 
similar to that shown in Figure 8.4(c)for a constant capacitance. As shown in Figure 8.12, 
the estimation of the capacitance following equation (1 6.41) yields the correct value for the 
potential v about which the impedance measurement is made. 

The optimal perturbation amplitude may be best determined experimentally. 
Distortions in Lissajous plots at low frequency (see Figure 8.3) may be attributed 
to a nonlinear response. If the shape is distorted from an ellipse, one should re- 
duce the amplitude. A second approach is to compare the impedance response for 
several amplitudes as demonstrated in Figure 8.4. If the magnitude of the impe- 
dance at low frequencies depends on amplitude of perturbation, the perturbation 
amplitude is too large. 
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Figure 8.10: Lissajous plot for a capacitance dependent on potential following equation (8.26) 
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Figure 8.11: Impedance results obtained for the electrochemical system used t o  generate Figure 
8.3 but with an interfacial capacitance that follows equation (8.26) with potential perturbation 
amplitude AV as a parameter: a) normalized real part of the impedance as a function of 
frequency: and b) imaginary part of  the impedance as a function of frequency. 
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Figure 8.12: The effective capacitance calculated using equation (16.41) and the imaginary 
impedance given in Figure 8,11(b), 

8.2.3 Modulation Technique 

Electrochemical impedance measurements are often performed under potentio- 
static regulation. In these measurements the potential is a fixed value with a su- 
perimposed (often sinusoidal) perturbation of fixed amplitude. This approach is 
attractive because, as discussed in Section 8.2.2, linearity in electrochemical sys- 
tems is controlled by potential. 

Galvanostatic regulation is required, however, when the system is to be stud- 
ied under constant current density. For example, the evaluation of the resistance 
of skin to iontophoresis is typically done under constant current because the de- 
livery of therapeutic drugs is more directly governed by current density than by 
potential. Galvanostatic control is also preferred for the use of impedance spec- 
troscopy as a noninvasive tool for periodically observing the condition of a metal 
coupon held at the corrosion potential for a long period of time. As illustrated by 
the arrows in Figure 8.13, a drift in the open-circuit potential during the course of 
the measurement of a impedance spectrum will, in the case of potentiostatic regu- 
lation, result in application of a potential that is anodic (or, depending on the di- 
rection of the drift, cathodic) to the true open-circuit potential, thus perturbing the 
long-term measurement at the zero-current condition. Under galvanostatic con- 
trol, the desired zero-current condition is maintained throughout the impedance 
measurement. 

The difficulty with galvanostatic measurements with a fixed amplitude for the 
current perturbation is that such measurements can result in severe swings in po- 
tential, especially at low frequencies where the impedance is large. The amplitude 
of the potential variation associated with a perturbation of current is given by 

A V  = Af(Z(w)(  (8.27) 

A current perturbation as small as 10 pA can result in potential swings of 1 V for 
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Figure 8.13: The error in the low-frequency impedance asymptote associated with use of a 
largeamplitude potential perturbation. 

systems with a polarization resistance of 105n, a value typical of many membranes 
and some slowly corroding systems. Nonlinear behavior of skin has, for example, 
been reported for impedance measurements conducted under galvanostatic regu- 
lation. An algorithm for a variable amplitude galvanostatic modulation has been 
described by Wocjik et al.115t116 

8.2.4 Oscilloscope 

It is strongly advised to use an oscilloscope while making impedance measure- 
ments. It is useful to monitor the timedomain signals that are processed in the 
impedance instrumentation. It is particulary useful to monitor the signals in the 
form of a Lissajous plot as discussed in Section 7.3.1. 

8.3 Instrumentation Parameters 

The contributions to the error structure of impedance measurements are described 
in Section 21.1. Impedance measurements entail a compromise between minimiz- 
ing bias errors, minimizing stochastic errors, and maximizing the information con- 
tent of the resulting spectrum. The parameter settings described in this section 
may not apply to all impedance instrumentation. 

8.3.1 Improve Signal-to-Noise Ratio 

The following steps may be taken to reduce the role of stochastic errors (see Section 
21.2) in impedance measurements. 
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0 Use the optimal current measuring range: Current is converted to a potential sig- 
nal through circuitry in the potentiostat. Potentiostats may employ a version 
of a current follower, for example, as described in Example 6.2. A mismatch 
between the measured current and the range set in the potentiostat can cause 
either excessive stochastic noise (if the set range is too high) or bias errors 
caused by current overloads (if the set range is too low). Some instrumenta- 
tion vendors require that the user guess the correct current measuring range. 
Estimating the current range is not difficult for experiments conducted under 
a dc current. Under open-circuit conditions, the desired current range will 
vary considerably with frequency. Automatic selection of current measuring 
range is discouraged if the approach imposes a current on the system that 
may induce a change in system properties. An algorithm for a noninvasive 
approach for estimating the current at a given frequency has been described 
by Wojik et al.l15*l16 

0 Increase the integration time/cycles: As described in Section 7.3, impedance 
measurements involve the conversion of timedomain signals to a complex 
value for each frequency. Stochastic errors in this measurement can be re- 
duced by increasing the time allowed for integration at each frequency. As 
shown in Figure 21.6(a), the number of cycles required to achieve a set er- 
ror level at each frequency depends on the frequency of the measurement. 
Many cycles are required at high frequencies, but only three or four cycles 
are needed at low frequency. Some instruments allow setting autointegra- 
tion modes in which the system determines the number of cycles needed to 
converge to a given criterion. The noise levels can be reduced by selecting 
the tighter convergence criterion. This choice is termed long/short integration 
on some instrumentation. 

0 Increase the amplitude of modulated signal: As described in Section 8.2.2, the 
polarization curve for a given system dictates the size of the modulation am- 
plitude that may be used while retaining a linear system response. Many 
high-impedance systems are characterized by a relatively large linear range 
of potential. In such cases, the stochastic errors can be reduced significantly 
by using a large modulation amplitude. 

0 Introduce a delay time: Impedance measurements are taken at the sinusoidal 
steady state, meaning that the sinusoidal response to the sinusoidal input 
is unchanging with respect to time. A transient is observed as the system 
responds to a change from one frequency to another, and this transient is 
incorporated into the integrated value of the impedance. Pollard and Compte 
have shown that this transient can introduce as much as a 4 percent error in 
the impedance response measured by integration over the first cycle.l17 To 
avoid this undesired error caused by the transient, it is better to introduce a 
delay of one or two cycles between the change of frequency and impedance 
measurement. 
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0 Ignore the first frequency measured: The impedance measured at the first fre- 
quency of measurement is often corrupted by a startup transient. The best 
option is to ignore the first measured frequency when regressing models to 
the data. 

0 Avoid the linefrequency and hamonics: Modern impedance instruments pro- 
vide very effective filters for stochastic noise, but these filters are generally 
inadequate for measurements conducted at the line frequency. The resulting 
measurements generally appear as outliers in an impedance spectrum, and 
such outliers have a profound impact on nonlinear regression used to extract 
parameters from the data. Measurement of impedance should be avoided at 
line frequency and its first harmonic, i.e., 60 f 5 Hz and 120 f 5 Hz in the 
United States and 50 f 5 Hz and 100 f 5 Hz in Europe. 

0 Avoid external electricFeZds: External devices such as electric motors, pumps, 
and fluorescent lighting emanate electric fields that can contribute signifi- 
cantly to the apparent noise in a system. This influence, seen most easily 
in high-impedance systems, can be mitigated by use of a Faraday cage, de- 
scribed in the following section. 

8.3.2 Reduce Bias Errors 

The steps described in this section may be taken to reduce the role of system- 
atic bias errors (see Section 21.3) in impedance measurements. Bias errors asso- 
ciated with nonstationary effects have greatest impact at low frequencies where 
each measurement requires a significant amount of time. 

Nonstationary Effects 

A systematic change in system properties will have a significant influence on mea- 
surements made at low frequencies. The time required for measurements at each 
frequency is discussed in Figures 21.6 and 21.7. 

0 Reduce timefor measurement: The total time required to measure an impedance 
spectrum can be reduced by reducing the time allowed for integration at each 
frequency, thereby increasing the magnitude of stochastic errors in the mea- 
surement. In effect, this approach requires accepting more stochastic noise 
to achieve a smaller bias error. A second approach is to reduce the number 
of measured frequencies by reducing the frequency range or the number of 
frequencies measured per decade. As the greater number of measured fre- 
quencies yields better parameter estimates, this approach requires accepting 
a lesser ability for model discrimination to achieve a smaller bias error. 

0 Introduce a delay time: As discussed above, the transient seen as the system ad- 
justs to a changed modulation frequency yields a bias error in the measured 
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impedance. This undesired error can be avoided by introducing a delay of 
one or two cycles between the change of frequency and impedance measure- 
ment. 

0 Avoid the linefrequency and harmonics: As discussed above, measurements 
made at the line frequency or its first harmonic typically have a significant 
error that will appear as an outlier when compared to the rest of the spec- 
trum. Measurement within f 5  Hz of the line-frrequency and its first harmonic 
should be avoided. 

0 Select an appropriate modulation technique: Proper selection of modulation tech- 
nique, discussed in Section 8.2.3, can have a significant impact on presence 
of bias errors. Use of potentiostatic modulation for a system in which the 
potential changes with time can increase measurement time on autointegra- 
tion. The user should consider what should be held constant (e.g., current 
or potential). 

Instrument Bias 

Instrument bias errors are often seen at high frequencies, especially for systems 
exhibiting a small impedance. 

0 Use afastcr potentiostat: The influence of high-frequency bias errors can be 
mitigated by proper selection of potentiostat. The capability of potentiostats 
to perform measurements at high frequency differs from brand to brand. 

0 Use short shielded leads: High-frequency bias errors can be seen when the cell 
impedance is of the same order as the internal impedance of the instrumen- 
tation. Under these circumstances, it is essential to minimize the impact of 
ancillary pieces such as wires. Use of short shielded cables is highly recom- 
mended. 

0 Use a Faraday cage: A Faraday cage consists of a metallic conductor that sur- 
rounds the cell under study and is intended to shield the cell from the influ- 
ence of external electric fields. The conductor may be in the form of a fine 
wire mesh or metal sheets. Typically the cage is grounded. It is important to 
avoid placing electrical components such as motors inside the Faraday cage 
because such devices can induce the electric fields that the cage is intended to 
shield. Faraday cages are essential for high-impedance systems that are char- 
acterized by a small electrical current. The wires act as an antenna, collecting 
stray electric fields, which induce a supplementary current. This current may 
be a significant portion of the signal if the cell current is small. 

0 Check the results: The presence of instrument bias errors can be difficult to 
discern. The Kramers-Kronig relations may provide a suitable guide, but as 
discussed in Chapter 22, some instrument-imposed bias errors are Kramers- 
Kronig transformable. If possible, high-frequency asymptotic values should 
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be compared to independently obtained parameters. A third and highly rec- 
ommended approach is to measure the impedance response of an electrical 
circuit exhibiting the same impedance magnitude and characteristic frequen- 
cies as seen in the measured impedance response. Systematic instrument 
errors should be evident in the measured response. 

8.3.3 Improve Information Content 

The information content of the impedance spectrum can be enhanced by increas- 
ing the frequency range, increasing the number of measured frequencies, reducing 
the magnitude of the bias and stochastic errors, and optimizing the measured fre- 
quencies. 

0 Broaden thefrequency range: As described in Section 19.5.3, an insufficient fre- 
quency range will reduce the ability to identify system characteristics by re- 
gression. Typically, an increase in frequency range is constrained at high fre- 
quencies by instrument limitations and at low frequencies by nonstationary 
behavior. 

0 Include morefrequencies per decade: The quality of a regression is generally en- 
hanced by increasing the number of measured frequencies, thereby increas- 
ing the degree of freedom for the regression. An increased number of mea- 
sured frequencies requires an increase in the time required for the impedance 
measurement, thus increasing the potential for nonstationary behavior. 

0 Reduce bias and stochastic mors: The efforts described in Sections 8.3.1 and 
8.3.2 to reduce bias and stochastic errors will also improve the information 
content of the data. 

0 Optimize measuredfrequencies: The information content of a regression can be 
enhanced by ensuring the measurements are made at frequencies at which 
the measurements are sensitive to model parameters. For example, model 
discrimination will be poor if almost all the impedance data are collected 
at high frequencies where the impedance approaches an asymptotic value 
and few measurements are made at lower frequencies that are sensitive to 
kinetic and transport parameters. There is general agreement that a loga- 
rithmic spacing of frequencies maximizes the ability to discriminate between 
models and to extract model parameters. 
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Problems 

EXPERIMENTAL DESIGN CHAPTER 8 

8.1 

8.2 

8.3 

8.4 

8.5 

8.6 

8.7 

Following the discussion presented in Example 8.2, estimate the effect a n  
Ohmic resistance has on the maximum potential perturbation amplitude that 
can be applied to an electrochemical system while satisfying the guidelines 
presented in Example 8.1. 

Estimate the maximum amplitude one should use for a potential perturba- 
tion for a system under Tafel kinetics with: 
(a) A Tafel slope of 60 mV/decade and negligible Ohmic resistance. Keep 

in mind the relationsip between Tafel slope /3 and Tafel constant b given 
in equation (5.18). 

(b) A Tafel slope of 120 mV/decade and negligible Ohmic resistance. 
(c) A Tafel slope of 60 mV/decade, an exchange current density equal to 1 

mA/cm2, an applied potential of 100 mV, and an Ohmic resistance of 
10 ncm2. 

(d) A Tafel slope of 60 mV/decade, an exchange current density equal to 1 
mA/cm2, an applied potential of 200 mV, and an Ohmic resistance of 
10 ncm2. 

Use the methods described in Section 3.2 to estimate the error in the real part 
of the impedance associated with a 0.22 percent error in the fundamental 
current response. 

Should the same potential perturbation amplitude be applied for all parts of 
the polarization curve? Give examples to demonstrate your answer. 

Will a spatial distribution of capacitance lead to a nonlinear current response 
to a sinusoidal potential input? 

Reproduce the results presented in Figures 8.3 and 8.4. This problem re- 
quires use of a spreadsheet program such as Microsoft Excel@ or a computa- 
tional programming environment such as Matlab@. 

Researchers have reported that, for impedance measurements on human skin 
under fixed-amplitude galvanostatic modulation, significant changes in skin 
properties were observed that could be attributed to the impedance measure- 
ment. The magnitude of the skin impedance varied from about 10 ncm2 at 
high frequency to 100 kncm2 at low frequency. The perturbation amplitude 
was 0.1 mA on an exposed skin sample of 1 cm2 area. Explain the reasons for 
their observation and suggest an improved experimental protocol. 
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Chapter 9 

Equivalent Circuit Analogs 

As described in the subsequent chapters in Part III, models for the impedance re- 
sponse can be developed from proposed hypotheses involving reaction sequences 
(e.g., Chapters 10 and 12), mass transfer (e.g., Chapters 11 and 15), and physical 
phenomena (e.g., Chapters 13 and 14). These models can often be expressed in the 
mathematical formalism of electrical circuits. Electrical circuits can also be used to 
construct a framework for accounting for the phenomena that influence the impe- 
dance response of electrochemical systems. A method for using electrical circuits 
is presented in this chapter. 

9.1 General Approach 

The first step in developing an equivalent electrical circuit for an electrochemical 
system is to analyze the nature of the overall current and potential. For example, 
in the simple case of the uniformly accessible electrode shown in Figure 9.l(a), 
the overall potential is the sum of the interfacial potential V plus the Ohmic drop 
R,i. Accordingly, the overall impedance is the sum of the interfacial impedance 
ZO plus the electrolyte resistance Re. At the interface itself, shown in Figure 9.1@), 
the overall current is the sum of the Faradaic current if plus the charging current 
ic through the double layer capacitor cdl.  Thus, the interfacial impedance results 
from the double-layer capacity in parallel with the Faradaic impedance Z f .  

Boxes are used in Figure 9.1 to designate impedances that cannot be generally 
described in terms of passive elements such as resistors and capacitors. In the case 
of a single reaction on a uniform electrode, the Faradaic impedance Z f  shown in 
Figure 9.l(b) can be represented as a charge-transfer resistance. The representation 
is, however, more complicated for the interfacial response of coupled reactions, 
reactions involving mass transfer, reactions involving adsorbed species, and reac- 
tions on nonuniform surfaces. 

Nevertheless, Figure 9.1 illustrates the procedure to be used in more compli- 
cated situations. When the current flowing through circuit elements is the same, 
but the potential drop is different, the respective impedances must be added in se- 
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Figure 9.1: Electrical circuit corresponding to a single reaction on a uniformly accessible elec- 
trode: a) series combination of the electrolyte resistance and the interfacial impedance; and 
b) parallel combination of the Faradaic impedance and the doublelayer capacitance, which 
comprise the interfacial impedance. 

ries. This case is illustrated in Figure 9.l(a). When the current flowing through 
circuit elements is different, but the potential drop is the same, the respective 
impedances must be added in parallel. This case is illustrated in Figure 9.l(b). 
See Section 4.1.2 for a review of methods for parallel and series addition of circuit 
components. 

The physical understanding of the current paths and potential drops in the 
system serves to guide the structure of the corresponding electrical circuit. The 
mathematical expression for the interfacial impedance can be obtained following 
the development presented in the subsequent chapters. Several examples are given 
in the following sections to illustrate the procedure. 

9.2 Current Addition 

Figure 9.l(b) provides an example of the case where the circuit development is 
based on the addition of current contributions. The examples provided in this 
section illustrate the application of the principle to more complex situations. 

9.2.1 

The electrical circuit corresponding to a freely corroding electrode can be devel- 
oped in two steps. As shown in Figure 9.l(a), the electrolyte resistance will be in 
series with an interfacial impedance. The interfacial impedance can be developed 
considering the diagram shown in Figure 9.2. As is the case described in Figure 

Impedance at the Corrosion Potential 

mRemernber!  9.1 In an equivalent electrical circuit, boxes should be used to des- 
ignate impedances that cannot be generally described in t m s  of passive elements. 
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I 
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I 

Figure 9.2: Equivalent electrical circuit of the interfacial impedance at the corrosion potential, 
where ic represents the charging current and ic represents the cathodic current. 

9.l(b), the total current consists of the sum of charging and Faradaic currents. At 
the corrosion potential, the sum of the anodic and cathodic Faradaic currents is 
equal to zero, i.e., i, + i, = 0. The Faradaic impedance must, therefore, be a par- 
allel combination of Z, and Z,. The contribution of the double-layer capacitance is 
added in parallel. Expressions for the impedances Z, and Z, must be developed 
separately according to proposed reaction mechanisms (see Chapter 10). 

9.2.2 Partially Blocked Electrode 

Partial coverage of an electrode by a surface film, e.g., a n  oxide layer, may block 
passage of Faradaic current. In some cases, the fractional coverage of the surface 
is influenced by the modulation of potential and must be treated by the methods 
presented in sections 10.4 and 10.5. 

The case considered here is one where the blocked surface is independent of 
the potential. As shown in Figure 9.3, the blocked site is assumed to be a perfect 
insulator with fractional coverage 7, and the fractional area of active surface is (1 - 
7). If the system is not mass-transport limited, the effect of the partial coverage is 
simply to reduce the active area. The Faradaic impedance is inversely proportional 
to the active area; thus, if the capacity of the covered surface can be neglected with 
respect to the double-layer capacity of the active surface, all impedance values 
are inversely proportional to (1 - 7). The normalized impedance Z j  (w ) / Z j  (0) is 

*Remember! 9.2 Electrical circuit components must be added in parallel when the 
total current is the sum of individual current contributions. Electrical circuit components 
must be added in series when the total potential drop is the sum of individual contributions. 
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Figure 9.3: Equivalent electrical circuit for a partially blocked surface. 

therefore independent of surface coverage 7. 

will be the area-weighted sum of capacitances for coated and uncoated areas, i.e., 
If the capacity of the covered surface cannot be neglected, the overall capacity 

This impedance technique was used to follow the surface coverage of an electrode 
by a scale deposit during a short immersion time.lls If the system is limited by 
mass-transport, the effect of the partial coverage is more complex and no analytic 
solution exists for the general case. Electrohydrodynamic (EHD) impedance, dis- 
cussed in Chapter 15, provides an appropriate technique to analyze this problem. 

9.3 Potential Addition 

Figure 9.l(a) provides an example of the case where the circuit development is 
based on the addition of potential contributions. The examples provided in this 
section illustrate the application of the principle to more complex situations. 

9.3.1 

Surface films commonly form in electrochemical studies, and these films can influ- 
ence the impedance response. The electrode coated with an inert porous layer may 
be considered to be an extension of the case described in Section 9.2.2 in which the 
film is thicker and the fractional surface coverage approaches unity. 

The layer shown in Figure 9.4 is considered to be porous with electrochemical 
reactions occurring only on the exposed electrode surface at the end of the pore. 
The Faradaic impedance is the same as discussed in Section 9.2.2. However, in the 

Electrode Coated with an Inert Porous Layer 
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Figure 9.4: Equivalent electrical circuit of the impedance for a electrode coated by a porous 
layer. 

kinetic model, it could be necessary to take into account the fact that in the pore, 
the concentration of the different species involved in the reaction could differ from 
the bulk concentration. 

The equivalent circuit corresponding to the scheme of the coated electrode is 
presented in Figure 9.4.lI9 At the interface localized at the end of the pore, the 
corresponding impedance is the parallel combination of Z j  and cdl. Within the 
pore length, the electrolyte resistance is Re, and the insulating part of the coating 
can be considered to be a capacitor Ce, which is in parallel with the impedance in 
the pore. The capacitance can be related to the permittivity and thickness of the 
coating according to equation (5.82) with typical values presented in Table 5.4. 

The electrolyte resistance Re is added in series with the previous impedance. 
If the electrochemical reaction is mass-transport limited, the previous equivalent 
circuit is still valid, but the Faradaic impedance includes a diffusion impedance Zd 
as described in Chapter 11. 

9.3.2 Electrode Coated with Two Inert Porous Layers 

In corrosion systems, a salt film may cover an electrode that is itself covered by 
a porous oxide layer. If two different layers are superimposed, the geometrical 
analysis shows that the equivalent circuit corresponds to that described in Section 
9.3.1 with an additional series R&2 circuit to take into account the effect of the 
second porous layer. The circuit shown in Figure 9.5 is approximate because it 
assumes that the boundary between the inner and outer layers can be considered to 
be an equipotential plane. This plane will, however, be influenced by the presence 
of pores. The circuit shown in Figure 9.5 will provide a good representation for 
systems with an outer layer that is much thicker than the inner layer and with an 
inner layer that has relatively few pores. 
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Figure 9.5: Equivalent electrical circuit of the impedance for a electrode coated by two super- 
imposed porous layers. 



9.3 POTENTIAL ADDITION 161 

Figure 9.6: Equivalent electrical circuit for a electrode coated by two superimposed porous layers 
with the capacitance Cn indicated by dashed lines t o  denote its experimental inaccessibility. 

Example 9.1 Time-Dependent Ohmic Resistance: It is sometimes observed 
that the impedance of the outer layer in a system similar to that shown in Figure 9.5 is 
negligible, but that the Ohmic resistance increased with time. Explain this phenomenon. 

Solution: The characteristicfrequency of the outer porous layer shown in Figure 9.5 is 

27l 
f e 2  = - 

Re2Ce2 
(9.2) 

The capacitance can be estimated using equation (5.82). With a dielectric constant &e2 = 
10 and coating thickness Se2 = 100 pm, the capacitance takes the value of C a  = 9 x 

F/cm2. The resistance can be estimatedfrom 

Re2 = 4 2  / ~ e 2  (9.3) 

where KQ is the flective coating conductivity. For a salt film, the value will be on the order 
O f K e  = 10-~ n-lcm-l.  

s, and the corresponding 
characteristic frequency will be f e z  = 7 x lo8 Hz or 700 MHz. This frequency is well 
above the capabilities of electrochemical impedance instrumentation. Thus, the capacitive 
loop corresponding to the outer layer will not be observed experimentally. The resistance 
of the layer influences measurements at all frequencies; thus, the presence of a growing 
layer thickness will be manifested as an apparent increase of the Ohmic resistance. For 
the situation described in this example, the circuit shown in Figure 9.5 should be amended 
as shown in Figure 9.6.lZ0 The ability to measure the capacitive loop associated with the 
outer porous layer does not depend on layer thickness, but it is sensitive to the flective 
conductivity of the layer. The flective conductivity of paints and polymerfilms is much 

The corresponding time constant will be ~ e 2  = 9 x 

IR)Remember! 9.3 While all resistance contributions to an electrical circuit can be 
observed at lowfrequencies, the inability to measure at suficiently highfrequencies may 
m a k  it impossible to obtain all capacitance values. 
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Figure 9.7: Schematic representation for the electrode coated by two superimposed porous 
layers discussed in Problem 9.1. 

lower, resulting in a smaller characteristic fequency that is closer to the experimentally 
accessible range offequencies. 

Problems 

9.1 Consider the schematic representation of a coated electrode presented in 
Figure 9.7. Develop the corresponding equivalent electrical circuit. 

Is the circuit developed for Problem 9.1 mathematically equivalent to that 
developed for Section 9.3.2? 

Show that the characteristic frequency for the impedance of the outer porous 
layer of the system shown in Figure 9.5 is independent of film thickness. 
Show the influence of layer thickness on the resistance of the layer. 

Estimate the characteristic frequency for the impedance response of the outer 
porous layer of the system shown in Figure 9.5 for the following materials: 
(a) Salt film with effective conductivity K = f2-lcm-l 
(b) Polymer coating with effective conductivity K = n-lcm-' 
(c) Epoxy coating with effective conductivity K = lov9 f2-'cm-l 

9.2 

9.3 

9.4 



Chapter 10 

Kinetic Models 

The electrical circuits developed in Chapter 9 made use of boxes and undefined 
transfer functions Zf to account for the impedance associated with interfacial re- 
actions. In some cases, the interfacial impedance may be described in terms of 
such circuit elements as resistors and capacitors, but the nature of the impedance 
response depends on the proposed reaction mechanism. The objective of this chap- 
ter is to explore the relationship between proposed reaction mechanisms and the 
interfacial impedance response. 

10.1 Electrochemical Reactions 

The current density corresponding to a Faradaic reaction can be expressed as a 
function of an interfacial potential V, as presented in equation (5.30), the surface 
concentration of bulk species Ci,o, and the surface coverage of adsorbed species 7 k  
as 

if = f (v, ci,O, Yk) (10.1) 

where the interfacial potential can be considered to be the difference between the 
potential of the electrode am and the potential in the electrolyte adjacent to the 
electrode 00, measured with respect to the same reference electrode as used to 
measure the cell potential U (see equation (10.18)). The current density can be 
expressed in terms of a steady, time-independent value and an oscillating value 
(see equation (1.121)) as 

(10.2) 

where $ is a complex number that is a function only of position. A Taylor series 
expansion about the steady value can be written as 

if = if + Re (5dUt} 

where v, 6,0, and 7k are assumed to have a small magnitude such that the higher- 
order terms can be neglected. Equation (10.3) represents a general result that can 
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Figure 10.1: Schematic representation of a metal dissolution reaction. 

be applied to any electrochemical reaction. 
The general expression (10.3) guides development of impedance models from 

proposed reaction sequences. The reaction mechanisms considered here include 
reactions dependent only on potential, reactions dependent on both potential and 
mass transfer, coupled reactions dependent on both potential and surface cover- 
age, and coupled reactions dependent on potential, surface coverage, and mass 
transfer. The proposed reaction sequence has a major influence on the frequency 
dependence of the interfacial Faradaic impedance described in Chapter 9. 

10.2 Reaction Dependent on Potential Only 

Consider the dissolution of metal in an aqueous medium 

represented schematically in Figure 10.1. The steady Faradaic current associated 
with this reaction can be expressed in terms of Tafel kinetics as (5.21) 

where K L  is equal to YZMF~M with units of current density, and b M  is L Y M ~ M F / R T  
where IZM is the number of electrons transferred per mole of reacting species in 
reaction (10.4), F is Faraday's constant (96,487 Coulombs/equivalent), k~ is the 
rate constant for the reaction, LYM is the symmetry factor, R is the universal gas 
constant (8.3147 J/mol K), T is temperature in absolute units, V is the interfacial 
potential, and VO,M represents the interfacial equilibrium potential as discussed in 
Section 5.4. 

For systems involving single reactions, it is convenient to incorporate the inter- 
facial equilibrium potential VO,M into the effective rate constant as 

i M  = Kh exp ( -~MVO,M) exp ( ~ M V )  (10.6) 

or 

i M  = KM exp ( ~ M V )  (10.7) 
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where KM = K& exp (-bMVO,M). Under the assumption that the reaction is not 
influenced by the presence of adsorbed intermediates or layers of corrosion prod- 
ucts, the concentration of the reactant can be considered to be a constant embedded 
within the effective rate constant k~ for the reaction. The current density given in 
equation (10.5) is a function only of potential. The steady current density increases 
exponentially as the potential V becomes more positive. 

The Faradaic current response to a potential perturbation can be expressed as: 

(10.8) 

where v represents the perturbation of potential. A charge-transfer resistance for 
this reaction can be identified such that 

(10.9) 

Equation (10.9) corresponds to equation (10.3) with only the first term of the ex- 
pression. 

The charge-transfer resistance is defined in terms of kinetic parameters as 

(1 0.1 0) 

The charge-transfer resistance is a function of the steady-state potential v. Equa- 
tion (10.5) can be expressed in terms of the Tafel slope 

as 
iM = KM exp (2.303V/&) 

(10.11) 

(10.12) 

The potential dependence of the charge-transfer resistance can be expressed in 
terms of the Tafel slope as 

or 
- iM = P M  

2.303Rt,~ 

(10.13) 

(1 0.14) 

Equations (10.13) and (10.14) represent a very important result because the charge- 
transfer resistance obtained from impedance measurements is related to two well- 
defined steady-state variables: the steady-state current density and the Tafel slope. 

In order to obtain the impedance response for this reaction, an expression for 
the total current density is needed in terms of the Faradaic and charging current 
density, i.e., 

(10.15) 
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Table 10.1: Some useful relationships for the development of the impedance response associated 
with Faradaic reactions. 

zi 
Z(w) = 

i 

(1 0.22) 

(1 0.23) 

(10.24) 

where cdl represents the double-layer capacitance. The addition of charging and 
Faradaic currents is illustrated in Figure 9.l(b). Under the convention that 

(1 0.16) 

(10.17) 

The relationship between the potential evaluated at the electrode surface and the 
potential measured with respect to a reference electrode some distance away from 
the electrode is given by 

U = iR, + V (10.18) 

which leads to 

Insertion of equation (10.9) into equation (10.17) yields 

i i = T R , + V  

- 1 
i = Q (- Rt,M + jwcdl) 

The cell impedance, corresponding to reaction (10.4), is given by 

(10.19) 

(10.20) 

(10.21) 

Equations (10.17), (10.19), and (10.21) are extremely useful relationships for the 
development of the impedance response associated with Faradaic reactions. As 
they are used repeatedly in this chapter, generalized forms of these equations are 
summarized in Table 10.1. 

Introduction of equation (10.20) yields 

(10.25) 

An electrical circuit that yields the impedance response equivalent to equation 
(10.25) for a single Faradaic reaction is presented in Figure 10.2. Such a circuit may 
provide a building block for development of circuit models as shown in Chapter 9 
for the impedance response of a more complicated system involving, for example, 
coupled reactions or more complicated 2- or 3-dimensional geometries. 
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Cd I 

Figure 10.2: Electrical circuit providing the equivalent to the impedance response for a single 
electrochemica I reaction. 

& Example 10.1 Iron in Anaerobic Solutions: Consider the anodic reaction cor- 
responding to the corrosion of iron at the corrosion potential in an anaerobic aqueous 
medium: 

Fe -+ Fe2' + 2e- (1 0.26) 

and consider as cathodic reaction the water electrolysis: 

1 
H 2 0  + e- + ? H 2  +OH- (10.27) 

Find an expression for the Faradaic impedance response. 

Solution: According to equation (10.5) or equation (5.21) and equation (5.22), the steady- 
state anodic current density and the steady-state cathodic current aregiven by 

jFe = KFe exp (bFev) (10.28) 

(10.29) 

respectively, where the effective rate constants K F ~  and K H ~  include the respective equilib- 
rium potentials for the corrosion and hydrogen evolution reactions. 

At the corrosion potential, ke + &HZ = 0, and the overall oscillating component qf the 
current density is given by ?= i F e  + ?&. The steady potential and the oscillating potential 
are the same for both reactions; thus, 

(10.30) 

m R e m e m b e r !  10.1 While some Faradaic impedances can be expressed in terms of 
passive elements, the development of such models from proposed reaction sequences pro- 
vides insight and physical meaning to the circuit parameters. 
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cd I 

Figure 10.3: Electrical circuit providing the equivalent to the impedance response for a single 
electrochemical reaction. 

or, with the impedance notation, 

z-1 = z-1+ H z  z-1 Fe (10.31) 

The oscillating form of the anodic and cathodic current density can be expressed as 

(10.33) 

(10.34) 

and 
z H 2  = Rt,Hz = [KHzbHz exp (-bHzV)] -' (10.35) 

The relationships presented in Table 10.2 (equations (10.22)-(10.24)) can be introduced to 
obtain the overall impedance: 

(10.36) 

where Z is given by equation (10.32). In the present example, Z is a pure resistance. 
An equivalent circuit providing the impedance response at corrosion potential is given in 
Figure 10.3. This circuit shows the two parallel impedances corresponding to the anodic 
process and to the cathodic process, but, on an experimental point of view, only the overall 
charge-transfer resistance Rt can be obtained. 

Each charge-transfer resistance can be written by using the Tafel slope (see equation 
(20.13)) as 

(10.37) 

and 

(1 0.38) 
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Figure 10.4: Schematic representation of metal dissolution by reaction with an electrolytic 
species. 

where both / 3 ~ ~  and 1~~ are negative. A t  the corrosion potential, !corr = ? F ~  = -?H~. The 
overall charge-transfer resistance is given by: 

(10.39) 

From this last equation, IcOrr can be obtained if the Tafel slopes and the overall charge- 
transfm resistance are measured. This relation was first dmeloped by Stern and Gearyl*' 
and is applied by some industrial instrumentation to determine the corrosion rate. 

10.3 Reaction Dependent on Potential and Mass Transfer 

Many electrochemical reactions are influenced by the rate of transport of reactants 
to the electrode surface. Formal treatment of the impedance response for such a 
system requires both the kinetic analysis presented in this chapter and considera- 
tion of mass transfer as presented in Chapter 11. 

Consider, as an example, the corrosion of a metal in an aqueous medium where 
the metal reacts with a species A as shown in Figure 10.4. The reaction mechanism 
is given as 

M + A  + h 4 A n M A +  +rime- (10.40) 

The steady-state current density is given by 

(10.41) 

where K m  is equal to nmFJcM exp (-bmVO,m) and K ~ Z A , O  has the units of a 
current density. The current density is a function of both concentration of species A 
at the electrode surface and the potential difference between the electrode and the 
solution adjacent to the electrode. Oxidation of a species A on an inert electrode 
such as platinum or gold gives the same equation for the current. 

The oscillating component of the current density is given by 

(10.42) 
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where  FA,^ represents the oscillating component of the concentration of species A 
evaluated at the electrode surface. Equation (10.42) takes the form of equation 

A second equation is needed in order to evaluate the oscillating component 
of the current density with respect to the oscillating component of the interfacial 
potential, i.e., 

(10.3) With yk = 0. 

which can be expressed in terms of the oscillating contributions as 

(10.43) 

(10.44) 

The approximation of a linear concentration gradient used in equation (5.25) can 
apply only for the steady-state condition, and cannot be employed for equation 
(10.44). It can be convenient to write equation (10.44) in terms of dimensionless 
position 5 = y/S, and dimensionless concentration 6~ = FA/~?A,o as 

(10.45) 

where gi (0) is the derivative of 
less position C. 

to obtain 

at the electrode with respect to the dimension- 

The surface concentration FA,O can be eliminated in equations (10.42) and (10.45) 

where 

(10.46) 

(10.47) 

is the convective-diffusion impedance, and the charge-transfer resistance for reac- 
tion (10.40) is defined in terms of kinetic parameters to be 

(10.48) 

Remember! 10.2 Transjiifunctions - such as impedance provide the relationship 
between two oscillating variables, e.g., i and v. When the expression for ?is given in 
terms of two or more oscillating variables, additional relationships must be found to relate 
the additional variables to ?or to v. 
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Figure 10.5: Electrical circuit providing the equivalent to the impedance response for a single 
electrochemical reaction coupled with a mass transfer impedance. 

The relationships presented in Table 10.1 (equations (10.22)-(10.24)) can be intro- 
duced to obtain a relationship for impedance in terms of capacitance and elec- 
trolyte resistance as 

(10.49) 

The electrical circuit presented in Figure 10.5 yields the impedance response equiv- 
alent to equation (10.49) for a single Faradaic reaction coupled with a mass transfer. 
This circuit is known as the Randles Such a circuit may provide a building 
block for development of circuit models as shown in Chapter 9 for the impedance 
response of a more complicated system involving, for example, coupled reactions 
or more complicated 2- or 3dimensional geometries. 

Example 10.2 Iron in Aerobic Solutions: Consider a system at open circuit in 
an aerobic aqueous medium in which the anodic reaction corresponds to the corrosion of 
iron, i.e. , 

Fe --+ Fez+ + 2e- (10.50) 

and the cathodic reaction is the reduction of oxygen 

0 2  + 2H20 + 4e- + 40H- (10.51) 

Find an expression for the impedance response. 

Solution: The steady-state anodic current density is given by equation (10.28). According 
to equation (10.42), the steady-state cathodic current is given by 

iQ = -K& 2rO exP ( - b d  (10.52) 

A t  the corrosion potential, &e + = 0, and the overall oscillating component of the 
current density is ?= Ge + 7%. The steady potential and the oscillating potential are the 
samefor both reactions; thus, - -  I 

(10.53) 
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Figure 10.6: Electrical circuit providing the equivalent t o  the impedance response for iron 
dissolution and oxygen reduction. 

or with the impedance notation 

z-1 = z-1+ z-1 (10.54) 9 Fe 

The oscillatingfom of the anodic current density is given by equation (10.32), and the 
oscillatingfom of the cathodic current density is given by 

Then, the impedancefor the iron dissolution is given by equation (10.34), and 

and 

(10.55) 

(1 0.56) 

(10.57) 

(10.58) 

The relationships presented in Table 10.1 (equations (10.22)-(10.24)) can be introduced to 
obtain the overall impedance as 

(10.59) 

where Z is given by equation (10.54). An equivalent circuit providing the impedance re- 
sponse at corrosion potential is given in Figure 10.6. This circuit shows the two parallel 
impedances corresponding to the anodic and the cathodic processes. 
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Figure 10.7: Schematic representation of metal dissolution through an adsorbed intermediate. 

10.4 Coupled Reactions Dependent on Potential and Surface Coverage 

Consider a hypothetical reaction sequence shown in Figure 10.7 in which a metal 
M dissolves through an adsorbed intermediate X following 

M-,X+e- (10.60) 

which reacts in a second electrochemical step 

X + P + e -  (10.61) 

to form the final product P. Adsorption of reaction intermediate X obeys a Lang- 
muir isotherm and is characterized by a surface coverage TX. The steady-state 
current density associated with reaction (10.60) is given by 

(10.62) 

where yx represents the fractional surface coverage by the intermediate X. The 
steady-state current density associated with reaction (10.61) is given by 

Zx = K X Y ~  exp ( b x q  (10.63) 

where the rate constant Kx includes the maximum surface concentration of the 
intermediate X, defined in equation (10.64) as r. 

The variation of the surface coverage by the intermediate X is given by the 
expression 

(10.64) 

Under a steady-state condition, dyx/dt = 0 and i~ = &. By using the corre- 
sponding equations (10.62) and (10.63), an expression for the steady-state surface 
coverage Tx is obtained as 

(10.65) 
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Examination of equation (10.65) reveals that, if KM exp (hv) >> Kx exp (bxv), 
then Tx -+ 1. If KM exp (hv) << KX exp (bxv), then Tx ---t 0. An expression for 
the total steady-state current density is then given by 

(10.66) 

The oscillating component of the current density for each reaction is given re- 

(10.67) 
spectively by - 

iM = Rt,M-'v - KM eXp (hv) YX 

(1 0.68) 

where the charge-transfer resistances are defined by 

(1 0.70) 

According to equation (10.64), the oscillating component of the surface coverage 
can be expressed as 

rFjw% = (Rt,M-' - Rt3-l)  v - (Kxexp (bxv) + K ~ e x p  (hv)) YX (10.71) 

yielding 

(10.72) 
( ~ t , M - l -  Rt3-I) 

rFjw + (Kx exp (bxv) + KM exP (hv) ) 7x = 

The net Faradaic current density, given by the sum of contributions from reac- 
tions (10.60) and (10.61), is a function of 7~ and V, i.e., 

if = f (rx,V> (10.73) 

Thus, the oscillating current density is given by 

(10.74) 

In the present case, this oscillating current can be expressed as: 

The expression of the impedance is 

z-1= ff 
v (1 0.76) 
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Figure 10.8: Electrical circuit providing the equivalent to the impedance response for two 
coupled reactions with surface coverage: a) case of an inductive impedance where A > 0; and 
b) case of a capacitive impedance where A < 0. 

or 

where 

The impedance given in equation (10.77) can be expressed in the form 

Rt-l = R t , ~ - l  + Rt,X-' 

A 
jw + B 

z-' = R -1 + - t 

(10.78) 

(10.79) 

where A can have a positive or negative sign according to the constant parameter 
values and the potential. If A is positive, the electrical circuit providing the impe- 
dance response equivalent to equation (10.79) is a charge-transfer resistance Rt in 
parallel with an inductance in series with a resistance (Figure 10.8(a)). This induc- 
tance has a value of 1/A and the resistance has a value of AIB. If A is negative, 
the impedance can be written under the following expression: 

(10.80) 

The electrical circuit providing the impedance response equivalent to the same 
equation (10.79) is a charge-transfer resistance in series with a Voigt element com- 
posed of a capacitance in parallel with a resistance (Figure 10.8(b)). The capacitance 
has a value of -1IARt and the resistance has a value of -ARt2/(B + ARt). 

It is easy to show that ( B  + A&) always has a positive value. The easiest way to 
determine whether the low-frequency loop is inductive or capacitive is to calculate 
( Z - l -  R r l )  at zero frequency. If the value is positive, an inductive loop is present; 
if the value is negative, a capacitive loop appears. Thus the same impedance ex- 
pression (10.77) can yield two completely different equivalent circuits according to 
the potential and the constant parameter values. 
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To illustrate the previous calculation, some typical simulation results are pro- 
vided in Figure 10.9. Points A, B, and C labeled on the current-potential curve 
given in Figure 10.9(a) correspond to potentials at which impedance simulations 
were performed. Two capacitive loops are observed in Figure 10.9(b) for a poten- 
tial V = -0.5 V. At a slightly higher potential, the two capacitive loops merge into 
a single loop as shown in Figure 10.9(c). A high-frequency capacitive loop coupled 
with a low-frequency inductive loop is evident at still higher potentials (Figure 
10.9(d)). 

Kinetic models such as that presented in this section are superior to the use of 
electrical circuit analogues because the same model can account for the broad range 
of behavior shown in Figure 10.9. A second advantage is that the examination of 
the variables such as the surface coverage shown in Figure 10.10 can give insight 
into the reaction mechanism. In this case, the low-frequency loops are evident 
when the surface coverage is small. 

10.5 Reactions Dependent on Potential, Surface Coverage, and Trans- 
Port 

The approach developed in the previous sections can be applied to situations such 
as that shown in Figure 10.11 in which an ionic product species diffuses from the 
surface and reacts through a backward reaction with the intermediate adsorbed 
species. This situation resembles the one presented in Section 10.4 with the excep- 
tion that the mass transfer of product species affects the current. 

Example 10.3 Corrosion of Magnesium: Consider that the corrosion of mag- 
nesium proceeds according to the two-step reaction sequence in which 

(10.81) 

involves production of an adsorbed reaction intermediate (Mg,+,,), which reacts further to 
form the divalent M$+ ion, i.e., 

(10.82) 

7'he product M g f  difises through a porous layer of Mg(OH)2 that has a thickness of 6. 
Find the impedance response for this reaction sequence. 

m R e m e m b e r !  10.3 The easiest way to determine whether the Im-frequency loop 
is inductive or capacitive is to calculate ( Zdl - R t l )  at zero frequency. If the value is 
positive an inductive loop is present, and, ifthe value is negative, a capacitive loop appears. 
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Figure 10.9: Calculated steady-state and impedance response for coupled reactions dependent 
on potential and surface coverage. a) Simulated current-potential curve following equation 
(10.66) with the kinetic parameters KM = 4F A/cm2, b M  = 36 V-', K x  = 10-6F A/cm2, 
b, = 10 V-I, r = 2 x mol/cm2, and cdl = 20pF/cm2. The points A, B and C correspond 
t o  the simulated impedance. b) impedance diagram simulated a t  the point A (V = -0.65 V); 
c) impedance diagram simulated a t  the point B (V = -0.585 V); and d) impedance diagram 
simulated at the point C (V = -0.50 V). 
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Figure 10.10: Calculated surface coverage 7 corresponding t o  Figure 10.9. 
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Figure 10.11: Schematic representation of mass-transfer controlled reaction by an ionic species 
formed through an adsorbed intermediate. 

Solution: On the basis of the reaction model (equations (20.81) and (20.82)), the impe- 
dance can be derived under the assumption that the adsorbate Mg,+d, obeys a Langmuir 
isotherm and that the rate constants ofelectrochemical reactions are exponentially depen- 
dent on potential (e.g.,fillowing Tafel’s law). Each reaction with index i has a normalized 
rate constant Ki corresponding to its rate constant ki by 

Ki = k i F e x p  (-bjV) (10.83) 

Under the assumption that the maximum number of sites per surface unit that can be oc- 
cupied by the adsorbate Mg,+ds is r, the mass and charge balances are expressed in function 
o f  thefraction of the surface coverage by the adsorbed species 7 as 

r e  = K l ( 1 -  7) e x p  (b lV)  - K y y e x p  (b2V) (10.84) 
dt 

+KZCMg2+ (0) (1 - 7) e x p  ( -bZV) 

where the normalized rate constants K1, K2, and K z  include the maximum coverage r. A 
material balance on M8’ under the steady-state condition yields 

DM$+ch@+ (O)  
= K z y e x p  (b2V) - K22cM$+ ( 0 )  e x p  ( - b z V )  

6 
(10.85) 

The total Faradaic current If can be expressed as 

If = A [K1 - 7) + K 2 7  - K z C M $ +  (O)] (10.86) 

where A is the electrode surfwe area, 6 is the thickness of the Nemst diffusion layer, If 
is the Faradic current, and cM8+ (0 )  is the concentration o f  the M8+ ion at the electrode 

Remember! 10.4 Low-frequency inductive loaps in the impedance response can 
be attributed to Faradaic reactions that involve adsorbed intermediate species. Such sys- 
tems can be described in terms ofelectrical circuits that involve inductances. 
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interface. A t  the steady state, 7 and cMgz+ (0)  are thus given by 

and 

(10.87) 

(10.88) 

respectively. The faradic impedance Zp is thus calculated by linearizing the mathematical 
expressions (1 0.85), (10.85), and (10.86) for small sine wave perturbations to obtain 

(10.89) (FTjw + Ki + K z )  7 = 

[ (1 - 7) Kibi - ~ K z ~ z  C M ~ +  ( O ) K Z Z ~ Z ~ ]  Q & Z F M ~ +  (0) 

and 
- 
I - = (Kz - K1)  
A (10.90) 

+ [(I - 7) Klbl + yK2b2 + cM$+ (O)K22bz] - Kzzr&!+ (0) 

Equation (10.91) has the form of the general expression (10.3). 
Since the specie M 2 +  diffuses toward the electrode surface, the resulting concentration 

perturbation F'?+ (0 )  is obtained from the finite-length dzfusion impedance, represented 
by - 1 / 9L2+ (0)  and given in equation (1 1.70). The resulting impedance response is given 

with r1 = (1 - 7) Klbl and r2 = Kzb27 + K22b22cMgz+(0). An example of a simulated 
diagram is given in Figure 10.22. The impedance response is characterized by three loops: 
a charge-transfer resistance loop at highfrequency, a diffusion impedance loop proportional 
to -l/O&+, and an inductive loop at lowfrequency. 

a model developed by Baril et a1.122 who included an additional reaction 
The reaction sequence described in Example 10.3 represents a simplification of 

2Mg' + 2H20 4 2Mg2+ + 20H- + HZ (10.92) 

Reaction (10.92) is a chemical reaction that results in hydrogen evolution at poten- 
tials associated with Mg dissolution. Due to the anomalous production of hydro- 
gen at anodic rather than cathodic potentials, this reaction was termed the Negative 
diference effect (NDE). The result presented in Example 10.3 can be obtained from 
that presented by Baril et a1.lZ2 by setting their k3 from reaction (10.92) equal to 
zero. 
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Figure 10.12: Simulated impedance diagram following the expression given in equation (10.91) 
for the Faradaic impedance. This Faradaic impedance is simulated in parallel with a high- 
frequency capacitance. (Taken from Baril et and reproduced with permission of The 
Electrochemical Society.) 

Problems 

10.1 Develop an expression for the Faradaic impedance for the reaction 

Ag + Ag+ + e- (10.93) 

10.2 Develop an expression for the Faradaic impedance for the reaction 

Ag+ + e- + Ag (1 0.94) 

in which the concentration of Ag+ is influenced by mass transfer. Use a 
spreadsheet program to plot the current density as a function of potential. 
Use the same estimated parameters to plot the impedance response at a po- 
tential corresponding to 1/4, 1/2, and 3/4 of the mass-transfer-limited cur- 
rent density. 

10.3 Consider the reaction sequence 

M+A+MA;&+e- (10.95) 

where MA:& is an adsorbed intermediate that reacts according to 

(10.96) 

Derive the Faradaic impedance taking into account the mass-transfer limita- 
tion to the species A. 
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10.4 Derive the Faradaic impedance for the anodic dissolution of copper at low 
overpotential in a chloride medium where the reactions proceed according 
to 

Cu + C1- 2 cuclad, + e- (10.97) 

where CuClad, is an adsorbed intermediate that reacts with chloride ions to 
form CuCl;, i.e., 

cuclad, + c1- c u c l l  (10.98) 

The mass-transfer limitation is due only to CuC1;. 

Rederive the Faradaic impedance developed in Example 10.3 taking into 
account the NDE reaction (10.92). 

10.6 Perform the calculations needed to generate Figure 10.9. 

10.7 Explain why K&, defined in equation (10.5), has a value that is independent 
of the reference electrode. 

10.8 If Vrefl - VRf2 = 0.4 V, give the expression of K~,re f ; !  with respect to 
where KM,=fi is the value corresponding to an experiment performed with 
reference electrode refi. Show that the value of the charge-transfer resistance 
Rt is independent of the reference electrode used. 

10.5 



Chapter 11 

Diffusion Impedance 

The development of kinetic models presented in Sections 10.3 and 10.5 required 
expressions for the concentrations of reacting species at the electrode surface. The 
development was expressed in terms of an inverse dimensionless concentration 
gradient given as -l/p(O). The objective of this chapter is to explore conditions 
and systems for which expressions for - l / @ ( O )  can be developed. 

Experimental systems used for electrochemical measurements should be se- 
lected to take maximum advantage of well-understood phenomena such as mass 
transfer so as to focus attention on the less-understood phenomena such as elec- 
trode kinetics. For example, the study of electrochemical reactions in stagnant en- 
vironments should be avoided because concentration and temperature gradients 
give rise to natural convection, which has an effect on mass transfer that is diffi- 
cult to characterize. It is better to engage in such experimental investigations in 
systems for which mass transfer is well defined. To simplify interpretation of the 
impedance data, the electrode should be uniformly accessible to mass transfer. 

Some issues pertaining to mass transfer to electrodes are described in Section 
5.6, and the associated issues for cell design are considered further in Section 8.1.2. 
In many cases, a uniformly accessible electrode cannot be used. The time-constant 
dispersion that can arise as a result of nonuniform mass transfer is discussed in 
Section 13.2. 

Remember! 11.1 Experimmtal systems used f ir  electrochemical measurements 
should be selected to t a k  maximum advantage of well-understood phenomena such as mass 
transfir so as to focus attention on the less-understood phenomena such as electrode kinet- 
ics. 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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11.1 Uniformly Accessible Electrode 

A uniformly accessible electrode is an electrode where, at the interface, the flux 
and the concentration of a species produced or consumed on the electrode are in- 
dependent of the coordinates that define the electrode surface. The mass flux at the 
interface is obtained by solving the material balance equation. If migration can be 
neglected, the material balance equation for dilute electrolytic solutions is reduced 
to the convective-diffusion equation. For an axisymmetric electrode, the concen- 
tration derivatives with respect to the angular coordinate 0 are equal to zero, and 
the convectivediffusion equation can be expressed in cylindrical coordinates as 

with the boundary conditions: 

(11.1) 

(11.2) 

where Ci is the concentration of the species i and Di is the corresponding diffusion 

coefficient. The condition that f Ci(O),  $fj = 0 is imposed, not only by the 

electrochemical reaction taking place at the electrode surface, but also by the type 
of regulation imposed, e.g., galvanostatic or potentiostatic. This condition corre- 
sponds generally to a fixed concentration or a fixed concentration gradient at the 
electrode surface. 

If a flow exists with axial velocity vy independent of the radial coordinate and if 
the boundary condition at y = 0 is also independent of the radial coordinate, then 
the concentration is only a function of y and the convectivediffusion equation is 
reduced to 

[ I,=J 

(11.3) 

Equation (11.3) represents a uniformly accessible electrode because the concentra- 
tion is a function only of time t and the axial position variable y. 

The simplest uniformly accessible electrode is a planar electrode under con- 
ditions where the convection can be neglected. When the convection cannot be 
neglected, it is necessary to impose a flow that yields, with respect to the elec- 
trode surface, a uniform normal velocity component. Since the work of Levich,lZ3 
the rotating disk system has been well known to provide a uniformly accessible 
electrode. Electrodes placed in some other flow geometries, such as within the 
stagnation region of a submerged impinging jet cell or as a rotating cylinder, can 
also be uniformly accessible. Electrodes placed in the above flow geometries can 
have more complex electrode/solution interfaces and yet can still be considered to 
be uniformly accessible. Examples include an electrode coated by a porous layer 
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or an electrode in the presence of a viscosity gradient. For a uniformly accessible 
electrode the problem is reduced to one dimension: the distance to the interface. 

11.2 General Mathematical Framework 

A generalized heterogeneous reaction mechanism can be expressed in symbolic 
form as 

(11.4) 

where the stoichiometric coefficient si has a positive value for a reactant, has a neg- 
ative value for a product, and is equal to zero for a species that does not participate 
in the reaction. Thus, the boundary condition at the electrode is 

(11.5) 

The Faradaic current density is expressed as a function of interfacial concentration 

if = f (V,Ci(O)) (11.6) 

Thus, the concentration at the surface is dependent on applied potential through a 
reaction mechanism leading to equation (lf.6). 

All oscillating quantities, such as concentration, current, or potential, can be 
written in the form 

as 

X = x + Re { % j w t }  (11.7) 

where the overbar represents the steady value, j is the imaginary number G, 
w is the frequency, and the tilde denotes a complex variable that is a function of 
frequency. 

If the magnitude of the oscillating terms is sufficiently small to allow lineariza- 
tion of the governing equation, then 

(11.8) 

Equation (11.8) represents a special case of the more general equation (10.3). Fol- 
lowing the approach presented in Chapter 10, the charge-transfer resistance is de- 
fined to be 

Thus, 

(11.9) 

(1 1.1 0) 
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Equation (11.10) can be expressed in terms of interfacial potential as 

(1 1.1 1) 

The oscillating concentration gradient at the electrode can be expressed in function 
of the oscillating part of the Faradaic current from equation (11.5) 

(1 1.12) 

Equation (1 1.11) becomes 

or 

where 
(1 1.15) 

Equation (11.15) is the convection diffusion impedance. The electrode potential 
measured with respect to the potential of a reference electrode, following equation 
(1 0.18), is given by 

U = Rei + V (1 1.16) 

Equation (11.16) can be written in terms of oscillating variables as 

0 = R,T+ V (1 1.17) 

If the current density consists of contributions from Faradaic reactions and charg- 
ing of the double layer as 

(1 1.18) 
dV 

i = if + C d l X  

then equation (11.18) can be written in terms of oscillating variables as 
- -  
i = if + j u c d l V  (1 1.19) 

Equations (11.14), (11.17), and (11.19) result in 

(1 1.20) 

Equation (11.20) represents a generalized form of the impedance response of a uni- 
formly accessible electrode. Note that, in the limit that Rt > > Z D ,  equation (11.20) 
yields the impedance response of a single electrochemical reaction as discussed in 
Chapter 10. 
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! 
&b Example 11.1 Diffusion with First-Order Reaction: Develop an expression 
for the impedance response for the reduction of ferncyanide at potentials suficiently ca- 
thodic to allow the anodic reaction to be ignored, yet suficiently anodic to avoid reduction 
of oxygen (as a side reaction). Under these conditions, the reaction 

(1 1.21) 

provides an example of a first-order reaction involving only one mass-transfer-limited 
species. 

Solution: For a simplefirst-order reaction where only one species is involved, the Faradaic 
current can be written as 

Fe(CN)z- + e- + Fe(CN)i- 

'Fe(CN);- ('1 
CFe(CN);-,w 

Fe(CN)3- exp ( bFe(CN):- ') 'Fe(CN):- = (1 1.22) 

where, as described in equation (5.18), bFe(m);- is related to the Tafel slope. Following 
equation (1 1.9), the charge-transfer resistance is given by 

1 - 
't,Fe(CN);- - - 

iFe (CN):- bFe (CN)i- 
(11.23) 

and with equation (1 1.15) the expression of the convective-diffusion impedance is reduced 
to 

where 
71 y=o 

The impedance is given by equation (1 1-20), i.e., 

(1 1.24) 

(1 1.25) 

Equation (1 1.26) contains explicit parameters Z D  (0) ,  Cdl, Rt,F,(CNI6 3- ,  and Re in addition 
to parameters that influence the value of 

dy ly=o 

(11.27) 

The term Z o ( 0 )  is +en treated as an adjustable parameter, but, as shown in equation 
(1 1.25), it has explicit meaning in temzs of kinetic parameters. 
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! 
&Example 11.2 Diffusion of Two Species: At suficiently high overpotentials, 
the deposition of zincfrom zincate solutions can be assumed tofollow a simplified reaction 
scheme as a chemical step 

Zn(0H):- F! Zn(OH), +OH- (11.28) 

fillowed by an electrochemical step 

Zn(OH), + 2e- + Zn + 30H- (1 1.29) 

Under the assumption that reaction (11.28) is fast, an empirical relation has been estab- 
lishedfor zinc depositionfrom basic media at the equlibrium potential as124 

%(OH), 

COH- 
ia = K a  (1 1.30) 

Dmelop an expression for the impedance response, taking into account difusion of the 
reactant Zn(0H); toward the electrode and of the product OH- awayfrom the electrode. 

Solution: Theformal dependence of equation (1 1.30) on potential can be obtained under 
the assumption Ofa Tafeel behavior, e.g., 

Following equation (10.3), 

The charge-transfer resistance can be obtained, following equation (1 1.9), as 

- 1 

or 

By taking into account the expressionsfor difusion of Zn(0H); 

(11.31) 

(1 1.32) 

(11.33) 

(11.34) 

(1 1.35) 
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Similarly fm OH-, 

189 

(11.36) 

Following equation (22.25), the expression of the convective-difision impedance can be 
found to be 

ZD = ZD,Z~(OH); + ZD,(OH)- (11.37) 

and 

(1 1.39) 

Thus, the impedance response is given by 

Rt + ZD,Z~(OH)- 3 + ZD,(OH)- 
Z = & +  

jWCdl ( Rt + z ~ , ~ ( ~ ~ ) i  + %(OH)-) 

(1 1.40) 

11.3 Stagnant Diffusion Layer 

In stagnant environments, if natural convection can be ignored, the convective- 
diffusion equation is reduced to 

(11.41) 

which is known as Fick‘s second law. The boundary conditions may be given as 

(11.42) 

No steadystate solution is possible. As shown in Example 2.5, the concentration 
is given in terms of a similarity variable as1= 

(11.43) 

In principle, impedance measurements are possible only for stationary systems, 
i.e., those systems for which a steady solution is possible. However, after a suf- 
ficient time, the concentration profile near the electrode can be considered to be 
stationary with respect to the time required for the impedance measurement. 
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Following equation (11.7), the concentration is given by 

Ci = Ti + Re { 6ejwt} (11.44) 

Substitution of the definition for concentration (equation (11.44) into the expres- 
sion for conservation of species i (equation (11.41)) yields 

Upon cancellation of the steady-state terms and division by the term ejwt, 

(11.45) 

(11.46) 

In terms of the dimensionless concentration &(y) = q/c(O), equation (11.46) be- 
comes 

The general solution to equation (11.47) is given by: 

ei = A e y f l  - Be -Y@ 

and the boundary conditions are: 

Thus, A = 0 and 
8i = e - Y f i  

The inverse of the derivative with respect to position y is given by: 

-1 3 

and, following equation (11.27) and the definition of 8i, 

(1 1.47) 

(1 1.48) 

(1 1.49) 

(11.50) 

(1 1.51) 

(1 1.52) 

Equation (11.52) is known as the Wurburg impedunce.l5 The expression of the cell 
impedance is obtained by inserting equation (11.52) into equation (11.20). 
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11.4 Diffusion through a Solid Film 

Diffusion through a stagnant layer of finite thickness can also yield a uniformly ac- 
cessible electrode. The diffusion impedance response of a coated (or film-covered) 
electrode, under the condition that the resistance of the coating to diffusion is much 
larger than that of the bulk electrolyte, is approximated by the diffusion impedance 
of the coating. This problem is also analyzed in Section 15.4.2. 

11.4.1 

On a film-covered rotating disk electrode, for example, the concentration of a mass- 
transfer-limited species is given by126 

Region of Film Diffusion Control 

(1 1.53) 

in the coating (0 < y < Sf), and 

in the bulk region (Sf < y < ao). The concentration distribution through the sta- 
tionary film and the bulk region is controlled by two parameters, i.e., 

(1 1.55) 

and the ratio of diffusion lengths, S N / S ~ .  Under the assumption that the diffusivity 
within the film of porosity e is related to the bulk diffusivity 

Df = Dc'.~ (1 1.56) 

equation (11.55) can be expressed as 

(11.57) 

Thus, concentration profiles within the coating and the bulk region can be seen to 
be controlled by the coating porosity c and by the ratio of diffusion lengths SN/bf. 

I(mr(ememberl11.2 The Warburg impedance, equation U1.52), applies for d@- 
sion in an infinite stagnant domain. This expression applies as a high-frequency limit for 
diffusion in afinite domain. 
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Figure 11.1: Concentration distribution for a coated rotating disk electrode: a) results obtained 
for S ~ / b f  = 2 with coating porosity as a parameter; b) results obtained for a porosity E = 0.3 
and relative coating thickness 6 ~ / 6 f  as a parameter. 

The concentration distributions obtained for a film-covered rotating disk elec- 
trode are presented in Figure ll.l(a) for d ~ / d f  = 2 and with coating porosity as a 
parameter. As the coating porosity tends toward zero, the resistance of the coating 
to diffusion dominates, and the concentration at the interface between the coat- 
ing and the bulk solution is equal to the bulk concentration cm. In this case, the 
diffusion impedance for the electrochemical system is given by that developed in 
Section 11.4.2 for a stagnant layer of finite thickness. At larger values of coating 
porosity, both convective diffusion and diffusion through the film are important 
and should be treated. The manner of treating coupled diffusion impedances is 
discussed in Section 11.5. 

The coating on the electrode can be deposited (e.g., a polymer coating) or it can 
be produced by the electrochemical reactions. For many electrochemical systems, 
the growth of a porous film causes it to become the dominant resistance to mass 
transfer, as is shown in Figure ll.l(b) for a porosity e = 0.3 and with relative film 
thickness d ~ / S f  as a parameter. The position variable is scaled to SN to emphasize 
the changing dimension of the coating layer. 

Example 11.3 Diffusion through a Film with Porosity = 1: Does the lack of 
an abrupt change in slope for a coating porosity equal to 1.0 in Figure I l . l ( a )  mean that 
the role of a coating can be ignored when calculating theflux and difusion impedance? 
Note that some coatings, for example, those formed by microbiological organisms, have a 
porosity approaching 1.0.128 

Solution: While the concentration profile shown for e = 1.0 in Figure I l . l ( a )  resembles 
that for an uncoated rotating disk, theflux is affected by the fact that, within the coating, the 
velocity is equal to zero. Theflux to the surface can be given in terms of the concentration 
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Figure 11.2: Concentration at  the interface between the coating and the bulk solution as a 

function of JI = g. 
f 

at the coating/bulk solution interface as 

(1 1.58) 
Ci,+ Ni = DE'*~- 
bf 

or, for e = 1 

(11.59) 

For a given film thickness bf, the important parameter is the concentration at the film 
surface. If this concentration tends toward m o ,  thejilm has a negligible infuence on mass 
transfer. Othenuise, the influence of thefilm cannot be neglected. 

The concentration at the interface between the film and the bulk electrolyte 
indicates whether the diffusion impedance of the system can be assumed to be 
that of the stationary film. The interface concentration, given by 

Ci,+ Ni = D- 
bf 

(1 1 -60) 

is a function only of I) = Orb. / Dbf . Regions of mass-transfer control can be iden- 
tified, as shown in Figure 11.2. When the dimensionless interface concentration 
approaches 1, the film diffusion impedance discussed in Section 11.4.2 dominates. 
When the dimensionless interface concentration approaches 0, the film diffusion 
impedance can be neglected, and the convective-diffusion response discussed in 
Section 11.6 dominates. In the intermediate region, both convective diffusion and 
diffusion through the film are important, as discussed in Section 11.5. 
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&b Example 11.4 Continuation of Example 11.3: Can the d f i s i o n  impedance of 
afilm with E: = 1.0 be ignored? 

Solution: As seenfrom equation (11.59)/ for a given film thickness Sf, the important 
parameter is the concentration at thefilm suface. If this concentration tends toward zero, 
thefilm has a negligible influence on mass transfer. Otherwise, the influence of t k f i l m  
cannot be neglected. As 

(11.61) 

the role of afilm offixed thickness of E: = 1.0 depends solely on the rotation speed of the disk. 
As the disk speed increases, SN decreases, and thefilm dijfusion becomes more important. 

11.4.2 Film Impedance Response 

Equation (11.41) governs the diffusion response of a stationary film. The steady- 
state boundary conditions are applied at y = df and y = 0 as 

(11.62) 

and the steady-state solution is given as 

Equation (11.63) represents an asymptotic limit for the solution presented as equa- 
tions (11.53) and (11.54). 

Equation (11.41) can be written in terms of the oscillating concentration and 
dimensionless position as 

where 

and 

represents a dimensionless frequency for species i. 
The general solution to equation (11.64) is given by 

(11.64) 

(1 1.65) 

(11.66) 

(1 1.67) 
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Figure 11.3: Oscillating concentration profiles for a finite stagnant diffusion layer: a) imaginary 
part; b) real part. 

The appropriate boundary conditions for a diffusion layer of finite thickness are 
that 

(1 1.68) 

0 i = O  at ~ 2 1  (1 1.69) 

The oscillating concentration variables are given in Figure 11.3 as a function of 
dimensionless position. The behavior of 0, (C) for high frequencies, e.g., Ki = 100, 
resembles that obtained for a stagnant medium of infinite dimension, whereas the 
behavior at low frequencies, eg., Ki < 10, is influenced by the finite extent of the 
diffusion layer. 

It is perhaps more instructive to explore the behavior of the concentration, 
given by equation (11.44). The oscillating contribution to the concentration, given 
by Re { cejwt} ,  is presented in Figures 11.4(a) and (b) for dimensionless frequencies 
of 100 and 1, respectively, with dimensionless time as a parameter. At the higher 
frequency, the concentration perturbation does not extend to the limits of the dif- 
fusion layer. At the lower frequency, the perturbation extends to the limit of the 
diffusion layer, and an abrupt change is seen at = 1, the limit of the stagnant 
film. 

The concentration profile expected for a system at one-half of the mass-transfer- 
limited current and for a concentration perturbation of 20 percent at the interface 
(see equation (11.44)) is presented in Figure 11.5 with dimensionless time as a pa- 
rameter. At the higher frequency, the propagation of the disturbance away from 
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Figure 11.4: Oscillating concentration as a function of position with time as a parameter for a 
finite stagnant diffusion layer: a) K=100; b) K=l. 
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Figure 11.5: Concentration as a function of position with time as a parameter for a finite 
stagnant diffusion layer: a) K=100; b) K=l. 
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Figure 11.6: Oscillating concentration as a function of time with position as a parameter for a 
finite stagnant diffusion layer. 

the electrode surface lags behind the perturbation at the surface. At lower frequen- 
cies, the concentration far from the surface responds with almost no phase lag. In 
the limit that Ki + 0, the phase lag tends toward zero and, correspondingly, the 
imaginary part of the impedance tends toward zero. 

The concentration perturbation for Ki = 100 is given in Figure 11.6 as a func- 
tion of time with dimensionless position as a parameter. The extent to which the 
concentration at any position lags behind the concentration at the surface is a func- 
tion of position. The variation of phase lag with position is consistent with the 
propagation of a wave through a dissipating medium. 

The reciprocal of the derivative with respect to position C is given by 

-1 t a n h ( G )  

0; (0) - a -- (1 1.70) 

Equation (11.70) can be considered to be a finite-length diffusion impedance. As 
tanh(m) = 1, the impedance response asymptotically approaches the response for 
an infinite domain at high frequencies, i.e., 

(11.71) 

Equation (11.71) is the Warburg impedance. The impedance response for a stag- 
nant layer is often imposed incorrectly for situations where convective diffusion 
takes place. The more correct approach is to account explicitly for the role of con- 
vection. 
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11.5 Coupled Diffusion Impedance 

As shown in Figure 11.2, there exists a significant parameter space for film-covered 
electrodes in which the diffusion impedance must account for both convective dif- 
fusion associated with the external imposed flow and diffusion through a stagnant 
layer. Following Deslouis et a1.,126 the net diffusion impedance can be expressed 
as being composed of contributions from film and convective-diffusion terms 

(1 1.72) 

where the inner term Z D , ~  is the finite-length diffusion impedance corresponding 
to a porous layer of thickness Sf, and the outer term ZD may correspond to either 
a stagnant or a convective region of finite thickness SN. In this case, the effective 
diffusion impedance ZD,,,. is a function of the time constant 7f = S j / D f ,  the ratio 
D S f / D f & ,  and the Schmidt number Sc. The coupling of film and convective- 
diffusion impedances is also developed in Section 15.4.2 for electrohydrodynamic 
impedance measurements. 

&Example 11.5 Diffusion Impedances in Series: Ifi as is shown in equation 
(4.23), the impedance corresponding to two resistors in sm*es is equal to the sum of the 
resistances, why is it incorrect to treat difision through two layers by adding two diDsion 
impedances? 

Solution: The issue is that the condition at the interface between the two difusion layers 
is not treated correctly when difusion impedances, such as presented in equation (1 1.70), 
are added. The solutions to the two sets of equations are coupled by the continuity of 
concentration at the interface/ as seen in Figure 22.1.  

11.6 Rotating Disk 

A schematic illustration of the flow field generated by a rotating disk is presented 
in Figure 11.7. The rotation of the disk causes a spiral movement of the fluid, seen 
in Figure 11.7(a), which results in a net velocity toward the disk and in the radial 
direction. A projection of the trajectories onto a plane at a fixed axial position, 

m R e m e m b e r !  11.3 The impedance associated with dms ion  through a series of 
layers cannot be modeled by adding the difision impedances f i r  each individual layer. 
Such a treatment does not account correctly for the conditions at the interface between the 
Zayers. 



11.6 ROTATING DISK 199 

Figure 11.7: Flow patterns associated with a rotating disk: a) a three-dimensional represen- 
tation of flow trajectories that lead to  a net flow toward the disk and in the radial direction. 
The axial scale was expanded greatly in order t o  allow visualization of the flow trajectories. b) 
a projection of the flow trajectories onto a plane a t  a fixed axial position. 

shown in Figure 11.7@), shows that the dominant velocity component is in the 
Odirection. The corresponding radial and axial velocities are much smaller. The 
rotating disk, therefore, can be regarded to be an inefficient pump that draws fluid 
toward the disk surface and ejects it in the radial direction. The popularity of the 
rotating disk electrode in the use of frequency-domain techniques has motivated 
development of sophisticated models for interpretation of experimental data. 

11.6.1 Fluid Flow 

The steady flow created by an infinite disk rotating at a constant angular velocity 
in a fluid with constant physical properties was first studied by von K B r m i i t ~ . ~ ~ ~  
The solution was sought by using a separation of variables using a dimensionless 
distance 

3 = y f i  (1 1.73) 

and dimensionless radial velocity 

v,. = rfiF(3) (1 1.74) 

angular velocity 

and axial velocity 

ve = raG(5) 

vy = G H ( 3 )  

where v is the kinematic viscosity and fi the rotation speed. 

(1 1.75) 

(1 1.76) 
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Upon introduction of equations (11.74), (11.75), and (11.76), the equation of 
continuity and the Navier-Stokes equations can be solved n u m e r i ~ a l l y . ~ ~ ~ ~ ~ ~  As 
shown by Cochran,130 the variables F ,  G, and H can be written as two sets of series 
expansions for small and large values of 3, respectively. The series solutions for 
small values of are especially relevant to the mass-transfer problem. In particular, 
the derivatives at 3 = 0 are essential in order to determine the first coefficient of the 
series expansions. The other coefficients are deduced from the first one by using 
the equation of continuity and the Navier-Stokes equations, 

H = - ~ 3 ~  + - g3 + ,34 b +. . . 
3 

(1 1.77) 

(1 1.78) 

(1 1.79) G = 1 + bg + 3c3 +. . . 
where a = 0.51023 and b = -0.61592. The contribution of the second and third 
terms in the velocity expansion becomes more significant farther from the disk 
electrode. 

1 

11.6.2 Mass Transfer 

The mathematical models for the convective-diffusion impedance associated with 
convective diffusion to a disk electrode are developed here in the context of a gen- 
eralized framework in which a normalized expression accounts for the influence 
of mass transfer. 

Substitution of the definition for concentration (equation (11.44)) into the ex- 
pression for conservation of species i (equation (11.3)) in one dimension yields 

The solution to the steady-state equation 

with boundary conditions given as equation (11.42), is given as 

(11.81) 

(1 1.82) 

where the axial velocity can be expressed in terms of the expansion presented as 
equation (11.77).88 
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Upon cancellation of the steady-state terms and division by the term eiwf, equa- 
tion (11.80) can be expressed as 

(1 1.83) 

Following Tribollet and Newrnan,l3I the dimensionless form of the equation gov- 
erning the contribution of mass transfer to the impedance response of the disk 
electrode is developed here in terms of dimensionless position 

t’s, Y (1 1.84) 

where 

(1 1.85) 

is a characteristic distance for mass transport of species i, and dimensionless fre- 
quency 

(1 1.86) 

By introducing the dimensionless concentration Bi (t) = 6/6(0), equation (11.83) 
becomes 

ws2 
sp3 = I 

Di 

where three terms were included in the expansion for axial velocity given as equa- 
tion (11.77). 

A solution to equation (11.87) can be found that satisfies the boundary condi- 
tions 

(11.88) 

The approaches made to obtain such a solution differ in the types of assumptions 
made concerning the velocity expansions. 

11.6.3 Classification of Models for Convective Diffusion 

A significant effort has been expended to identlfy analytic solutions for equation 
(11.87). These differ primarily in the manner in which the convective contribu- 
tion is approximated. The different models and their influence on the impedance 
response are described in this section. 

The classification of models for convective diffusion to a rotating disk electrode 
may be understood in the context of the solution to the steady-state equation (11.3). 
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Figure 11.8: Distribution of axial velocity for a region near a rotating disk. The characteristic 
length for mass transfer is indicated by dashed lines for Schmidt numbers of 10,000, 1,000, and 
100, respectively. 

The current density can be expressed in terms of the gradient of dimensionless 
concentration at the electrode surface as132 

1 0.62045S~-~/~ 
sc --o’(O) = 

1 + 0.2980S~-~/~ + 0.14514S~-~’~ + O(Sc-’) 
(1 1.89) 

The corrections to the current density were obtained by accounting for additional 
terms in the velocity expansion given as equation (11.77). 

The influence of the accuracy of the velocity expansion is illustrated in Figure 
11.8. The characteristic length for mass transfer to a disk electrode is given by 
3 / c  = ( ?)-‘I3 . For Sc = 10,000, the characteristic length for mass transfer is 
0.084 of that for the velocity boundary layer. The error associated with using only 
the first term in the velocity expansion (11.77) is -0.02 percent of the free-stream 
velocity 0.88447 (or -5 percent of the local value). For Sc = 1,000, the characteristic 
length for mass transfer is 0.18 of that for the velocity boundary layer. The error 
associated with using only the first term in the velocity expansion is -0.2 percent 
of the free-stream velocity (or -12 percent of the local value). For Sc = 100, the 
characteristic length for mass transfer is 0.39 of that for the velocity boundary layer. 
The error associated with using only the first term in the velocity expansion is 
-2 percent of the free-stream velocity (or -29 percent of the local value). Most 
electrolytic systems have a Schmidt number on the order of 1,000. The error in 
equation (11.89) caused by neglecting the second and higher terms in the velocity 
expansion is less than 3 percent. The errors have been shown to be significantly 
larger for frequency-domain calculations. 
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Nernst Hypothesis 

Within the Nernst hypothesis, the diffusion impedance is assumed to be that for a 
stagnant film of effective thickness 6N,i that is related to velocity by 

(1 1.90) 

The impedance response is given by equation (11.70), where the film thickness is 
replaced by the effective thickness SN,i. As shown in Figure 11.5, a nonphysical 
abrupt change in the concentration is seen at 5 = 1. Such an abrupt change may 
be expected for diffusion through a truly stagnant medium such as a solid, but 
should not be expected for a convective-diffusion problem. This lack of agreement 
with the physics of the system causes the Nernst hypothesis to yield incorrect re- 
sults at low frequencies, although the asymptotic behavior at large frequencies is 
in agreement with that obtained by a correct solution for the convective-diffusion 
impedance. 

Assumption of an Infinite Schmidt Number 

Under the assumption that the Schmidt number is infinitely large, the axial ve- 
locity can be approximated by the first term of the expansion given as equation 
(11.77). Under steady-state conditions, neglect of higher-order terms in the ex- 
pansion causes an error on the order of about 3 percent in the value of the mass- 
transfer-limited current density. As discussed later, the errors caused by neglecting 
higher-order terms in the expansion can be significantly larger in the frequency do- 
main. 

The convective-diffusion equation (11.87) is reduced to: 

(1 1.91) 

Many authors have given analytic solutions with differing degrees of accuracy. 
Deslouis et al.133 developed a method that, after an approximation, reduces the 
problem to the canonical equation for Airy functions. Tribollet and NewmanIM 
gave a solution under the form of two series: one for K < 10 and one for K > 10. 
The two series overlapped well. 

Treatment of a Finite Schmidt Number 

For a Schmidt number of 1,000, use of an infinite Schmidt number approximation 
in the evaluation of the Schmidt number from impedance data resulted in 24.4 

~~ 

m R e m e m b e r !  11.4 The formula for impedanceobtained under the Nernst hypothe- 
sis, as given by equation (22,70), provides a poor model for convective-diffusion impedance. 
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percent error in the estimation of S C . ' ~ ~  The consequence of neglecting higher- 
order terms in the velocity expansion is therefore much more significant than is 
seen for the steady-state case. The complete solution for the convective-diffusion 
impedance requires, in general, a numerical solution. The discussion here follows 
that presented by Tribollet and Newrnan.l3l 

Several authors have addressed the influence of a finite value of the Schmidt 
number on expressions for the convective-diffusion impedance. Levart and Schuh- 
mann136 showed that the concentration term could be expressed as a series expan- 
sion in sc1j3, i.e., 

where &o, &I,  and &,2 are the solutions of the corresponding coupled differential 
equations 

(11.93) 

(1 1.94) 

and 

subject to boundary conditions 

8i,o + 0; 8i,l + 0; and @,2 + 0 as t + do 

8i = 1; Oi,l = 0; and ei,2 = 0 at t = 0 (1 1.96) 

The convective-diffusion impedance can be tabulated directly as a function of the 
Schmidt number as 

(1 1.97) 

Tabulated values of Z(o), Zp), and Zp) have been presented by Tribollet and New- 
man as a function of pSc113 where p is the frequency made dimensionless by 
the steady rotation rate of the disk electrode, p = u/fi.131 In terms of p, Ki = 
3.258~Sc'/~. The relative contributions of the terms can be seen in Figure 11.9. 

A similar development was provided by Tribollet and Newman13' for electro- 
hydrodynamic impedance. The use of look-up tables facilitates regression of mod- 
els to experimental data that take full account of the influence of a finite Schmidt 
number on the convective-diffusion impedance. Use of only the first term in equa- 
tion (11.97) yields a numerical solution for an infinite Schmidt number. Tribollet 
and Newman report use of the first two terms in equation (11.97).131 The low level 
of stochastic noise in experimental data justifies use of the three-tern expansion 
reported here. 
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Figure 11.9: Values for dimensionless contributions Z ( Q ,  Z(l), and Z ( 2 )  t o  the diffusion impe  

dance (see equation (11.97)) as a function of PSC''~: a) real part; and b) imaginary part.131 

Figure 11.10: A disk electrode subjected to  a submerged impinging jet: a) schematic illustra- 
tion; b) identification of flow regimes. 

11.7 Submerged Impinging Jet 

The axisymmetric impinging jet, shown in Figure ll.lO(a), is a very attractive, if 
somewhat underemployed, system for electrochemical investigations. Within the 
stagnation region, shown in Figure l l . l O ( b ) ,  the axial velocity is independent of 
radial position and convective diffusion to the disk is uniform, much as is seen for 
the rotating disk e l e ~ t r o d e . ~ ~ ~ - ~ ~ ~  Because the mass-transfer rate is uniform for an  
electrode that lies entirely within the stagnation region, differential mass-transfer 
cells are not established. Thus, the impinging jet has the attractive uniform acces- 
sibility to mass transfer seen for the rotating disk. In contrast to the rotating disk, 
the electrode is stationary and is therefore suitable for in-situ o b ~ e r v a t i o n . ~ ~ " ~ ~ ~  
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11.7.1 Fluid Flow 

The fluid flow within the region of the electrode in an impinging jet cell is well- 
defined.14*147 The submerged impinging jet geometry can be made to give uni- 
form mass-transfer rates across a disk electrode within the stagnation region. The 
stagnation region is defined to be the region surrounding the stagnation point in 
which the axial velocity, given by 

is independent of radial position, and the radial velocity is given by 

(1 1.98) 

(1 1.99) 

where UIJ is the hydrodynamic constant that is a function only of geometry and 
fluid velocity, r and y are the radial and axial positions, respectively, v is the kine- 
matic viscosity, and (P is the stream function that is given in terms of dimensionless 
axial position v = y m  as147 

(1 1.100) 
1 
3 

(P ( v )  = 1.352~’ - -q3 + 7.2888 x + . . . 
Esteban et al. used ring electrodes to find that the stagnation region extends to 
a radial distance roughly equal to the inside radius of the nozzle.13 A refined 
analysis by Baleras et al. showed that the stagnation region becomes smaller at 
large values of the ratio of nozzle height h to nozzle diameter d.14* 

Within the stagnation region, the surface shear stress 7v is given by 

(1 1.101) 

where p and p are the viscosity and density of the fluid, respectively. The hydrody- 
namic constant UIJ can be determined experimentally using ring or disk electrodes 
at the mass-transfer-limited condition and is proportional to the jet velocity. 

11.7.2 Mass Transfer 

The equation that governs steady-state mass transfer to the impinging jet electrode 
is equation (11.81), the same as that for the rotating disk. The boundary conditions 
are given as equation (11.42), and the solution is given as equation (11.82). The 
only difference between the solution presented for the rotating disk and here for 
the impinging jet is that the axial velocity for the disk is expressed as equation 
(11.77), whereas the expansion for the impinging jet system is given as equation 

Under the assumption that the electrode is uniformly accessible, the equation 
(1 1 .loo). 

governing mass transfer in the frequency domain is given by 
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where 
w5cy3 1/3 

K i = % (  UIJ (1.352)' ) = 1.70123- UIJ (1 1.103) 

represents a dimensionless frequency, and 5 = y/6i is a dimensionless position 
where 

Si = ( &)'I3 = 1.180- (1 1.104) 

Following Tribollet and Newman,131 the concentration term could be expressed 

sc1/3 1 E  
is a characteristic length for transport of species i. 

as a series expansion in sc-'l3 as 

6 =&,o+-+&+..  &,l & 2  (1 1.105) 

where &A represents the solution to 

(1 1.106) 

The convectivediffusion impedance can be tabulated directly as a function of the 
Schmidt number as 

(1 1.109) 

Tabulated values of Z(o), Zp), and Z(2) were found as a function of pSc1I3 where 
p is the frequency made dimensionless by the hydrodynamic constant, p = w / q .  
The relative contributions of the terms can be seen in Figure 11.11. 

11.8 Rotating Cylinders 

The rotating cylinder is a popular tool for electrochemical research because it is 
convenient to use and both the primary and mass-transfer-limited current distri- 
butions are uniform.149 A schematic representation of the rotating cylinder is pre- 
sented in Figure 11.12. At very low rotation speeds, the fluid flows in concentric 
circles around the rotating cylinder, satisfying a no-slip condition at the rotating 
inner cylinder and at the stationary outer cylinder. Since there is no velocity com- 
ponent in the radial direction, there is no convective enhancement to mass transfer. 
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Figure 11.11: Values for dimensionless contributions Z ( Q ,  Z(1), and Z(2) t o  the diffusion 

impedance (see equation (11.109)) as functions of ~5''~; a) real part; and b) imaginary part.131 

Figure 11.12: Schematic representation of a rotating cylinder electrode; a) entire cylinder used 
as working electrode. This geometry provides a uniform current and potential distribution at and 
below the mass-transfer-limited current. b) band-shape cylindrical coupon used as a working 
electrode. This geometry is useful for studies conducted at the open-circuit condition. 
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This simple flow pattern becomes unstable at higher rotation speeds, and a cellular 
flow pattern (termed Taylor vortices) is observed. Taylor vortices provide an irregu- 
lar enhancement to mass transfer. At still higher rotation speeds, the flow becomes 
fully turbulent. Mass-transfer studies with rotating cylinders are conducted in the 
turbulent flow regime because the flow provides a uniform enhancement to mass 
transfer. 

Two configurations have been described in the literature. When the electrode 
encompasses the entire length of the inner cylinder, as shown in Figure 11.12(a), 
the mass-transfer-controlled and primary current distributions are both uniform at 
any applied potential. Often, such a geometry is not practical, and a coupon elec- 
trode (see Figure 11.12(b)) is used that has insulating cylinders above and below 
the active surface. The mass-transfer-controlled current distribution for the geom- 
etry of Figure 11.12(b) is still uniform, but the primary distribution is not uniform. 
The nonuniform primary distribution poses no significant problem for corrosion 
experiments conducted at the open-circuit condition because the Ohmic potential 
drop is insignificant when the net current is equal to zero. 

Analytic expressions cannot be derived for the turbulent flow regime, but em- 
pirical correlations are available that relate the cylinder rotation speed to the mass- 
transfer coefficient for a given geometry. The correlation of Eisenberg et al.Io5 is 
given by 

Sh = 0.0791 Re- Scp.356 (1 1.1 10) ( i;) OS7 

where d R  is the diameter of the inner, rotating cylinder, dL is the diameter of the 
cylinder at which the current is limited by mass transfer (usually the inner cylin- 
der), Sh is the Sherwood number, related to the mass-transfer coefficient k M  by 
Sh = k M d / D i ,  Re is the Reynolds number for the cylinder geometry given by 
Re = ad; /2v, and Sci is the Schmidt number given by Sci = v / Di. 

In principle, development of the convective-diffusion impedance for this sys- 
tem requires solution in the frequency domain to 

(1 1.1 11) 

where Df(r )  represents the eddy diffusivity that arises from the enhancement to 
mass transfer caused by turbulent eddies. The dependence of Df ( r )  on position 
can be estimated from comparison to the universal velocity profile established for 
turbulent flow in pipes. As a result of the approximate character of the treatment 
of mass transfer, the rotating cylinder is used primarily for cases where qualitative 
comparisons are satisfactory, for example, in the ranking of corrosion in different 
environments. 



210 DIFFUSION IMPEDANCE CHAPTER 11 

Problems 

11.1 Starting with the material balance equation, develop the expression for the 
impedance response for mass transfer through a stagnant film. 

11.2 Plot, on an impedance plane format, the impedance obtained for a Nernst 
stagnant diffusion layer and the impedance obtained for a rotating disk elec- 
trode under assumption of an infinite Schmidt number. Show that, while the 
behaviors of the two models at high and low frequencies are in agreement, 
the two models do not agree at intermediate frequencies.150 Explain. 



Chapter 12 

Semiconducting Systems 

Just as was presented in Chapters 10 and 11 respectively for kinetics and mass 
transfer in electrolytic systems, mathematical models for the impedance response 
of semiconductors require development of a steady-state model followed by devel- 
opment of a model treating the sinusoidal perturbation of voltage or current about 
the steady-state values. A key difference between the treatment of semiconducting 
systems and that of electrochemical systems is that the capacity associated with the 
diffuse region of charge is treated explicitly. In other respects, the analysis of semi- 
conductors parallels that of electrochemical systems. The electrostatic potential 
and the concentrations of charged species, e.g., electrons, holes, and ionized defect 
states, become dependent variables for this system. Shallow-level doping species 
are usually assumed to be completely ionized at room temperatures and thus con- 
tribute to a fixed concentration of charge. The approach presented in this chapter is 
relevant to the impedance response of both solid-state systems and semiconductor 
electrodes. 

12.1 Semiconductor Physics 

Treatment of solid-state systems and semiconductor electrodes requires a basic un- 
derstanding of solid-state physics. A brief simplified review of the physics of semi- 
conductors is presented here. For a more complete treatment, the reader is referred 
to other te~tbooks. '~~~ 152 

IR)Remember! 12.1 The development of impedance models for semiconductors is 
similar to thatfir electrolytic systems with the exception that the capacity associated with 
the dif ise region of charge is modeled explicitly. 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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Figure 12.1: Schematic representation for the quantum mechanical energy band structure of a 
semiconductor: a) intrinsic semiconductor without dopants or deep-level states; b) semiconduc- 
tor showing energy levels for electron donors Ed and electron acceptors E,;  and c) semiconductor 
with deep-level states of energy Et as presented in Section 12.1.3. 

12.1.1 

Electrons have a spin of 1/2 and follow Fermi-Dirac statistics. The occupancy of a 
state of energy E is given by 

Electrons and Holes as Species 

(12.1) 

where k is Boltzmann’s constant in units of eV/K and EF represents the F m i  En- 
ergy, in units of eV, at which the probability of occupancy of a state is 1/2. The 
probability of occupancy tends toward unity a few kT below EF and tends toward 
zero a few kT above EF. The energies used in equation (12.1) can also be expressed 
in units of J/mol, e.g., 

1 

(12.2) 

The change of units serves to emphasize the similarities between the analysis of 
semiconductors and electrolytic systems (see, e.g., Chapter 5). The Fermi energy 
EF is closely related to the electrochemical potential of electrons introduced in Sec- 
tion 5.2. Statistical mechanical arguments have been used to show that, under 
equilibrium conditions, the Fermi energy is equal to the electrochemical potential 
of At equilibrium, a single value of Fermi energy is sufficient to 
define the state of the system. Under nonequilibrium conditions, a separate Fermi 
energy can be defined for electrons and holes. 

A schematic representation of the quantum mechanical energy band structure 
with energies near the band edges is presented in Figure 12.l(a) for an intrinsic 
semiconductor without dopants or deep-level states. The lower edge of the con- 
duction band is at energy Ec, and the upper edge of the valence band is at energy 
E,. The energy gap between the valence and conduction-band energies is 

€8 = Ec - E,  (12.3) 
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The number of electrons within the conduction band can be expressed as an inte- 
gral over the occupied states, i.e., 

00 

n = / f ( E ) N ( E ) d E  
EC 

(12.4) 

where N ( E )  is the number density of available states at energy E.  The number of 
electrons within the valence band can be expressed as an integral over the occupied 
states, i.e., 

n, = T f ( E ) N ( E ) d E  (12.5) 

where N ( E )  is the number density of available states at energy E.  It is convenient 
to work in terms of the vacant states within the valence band, which are termed 
holes, i.e., 

-eJ 

(12.6) 
-00 

The limit of m in equation (12.4) could be replaced by the upper energy of the 
conduction band, and the limit of -m in equation (12.6) could be replaced by the 
lower energy of the valence band. 

At moderate temperatures, electrons in the conduction band have energies 
close to E,, and holes in the valence band have energies close to E,. Under the 
assumption that the Fermi energy is not close to the band edges, the Fermi-Dirac 
distribution, equation (12.1), can be approximated by Boltzmann distribution func- 
tions. The concentration of conduction-band electrons can be expressed as 

n = Ncexp (+) EF - 

and the concentration of valence-band holes can be expressed by 

(12.7) 

(12.8) 

where Nc and N, are the effective density of states for the conduction and valence 
band, respectively. 

Under conditions such that equations (12.7) and (12.8) apply, the product of the 
electron and hole concentration is independent of Fermi energy, i.e., 

(12.9) 

2 = ni 

where ni is the intrinsic concentration. Equation (12.9) is consistent with the laws of 
mass action. 
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Figure 12.2: Electron and hole concentrations at  the flat-band potential as a function of doping 
level for an n-type GaAs semiconductor. Physical properties of GaAs are presented in Table 12.1. 

12.1.2 Doping 

The properties of semiconductors can be modified by addition of dopants, which 
contribute electrons or holes to the semiconductor. The energies associated with 
electron acceptors and donors are shown schematically in Figure 12.1@). The en- 
ergy levels are such that the dopants can be completely ionized at room temper- 
atures. Electron acceptors exist at energies just above the valence-band edge E,. 
The resulting semiconductor will have an increased concentration of holes and 
is called a p-type semiconductor. Electron donors exist at energies just below the 
conduction-band edge E,. The resulting semiconductor will have an increased con- 
centration of electrons and is called an n-type semiconductor. The charge density 
of the semiconductor is given by 

(12.10) 

where Nd and Nu are the concentrations of ionized electron donors and acceptors, 
respectively. 

The potential at which, under equilibrium conditions, the charge density is 
equal to zero is called the flat-band potential. An increase in electron donor con- 
centration results in a decrease in the concentration of holes and an increase in the 
concentration of conduction-band electrons. 

The scale of the variables used to describe semiconductors can be appreciated 
by examining the properties of the technologically important GaAs. The concentra- 
tions of electrons and holes at the flat-band condition are presented in Figure 12.2 
for an n-type GaAs semiconductor. The concentrations of electrons and holes pre- 
sented in Figure 12.2 were obtained by solving equations (12.9) and (12.10) with 
psc = 0. At low doping levels, the concentration of electrons and holes are equal. 
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Table 12.1: Physical properties for GaAs at  300 K extracted from B1akem0re . l~~ 
Bandgap energy, E, 1.423 eV 

1.37 x lo5 T/mol 
Intrinsic carrier concentration, ni 

Effective conduction-band density of states, Nc 

Effective valence-band density of states, Nv 

Dielectric constant (static), E 

Mobility of electrons, pn 
Diffusion coefficient of electrons, D, 
Mobility of holes, p p  
Diffusion coefficient of holes, D, 

2.25 x 1 0 G - 3  
3.74 x mol/cm3 

4.21 x cm-3 
6.99 x mol/cm3 

9.51 x 10l8 cm-3 
1.58 x mol/cm3 

12.85 
8000 cm2/V s 

207 cm2/s 
320 cm2/V s 

8.3 cm2/s 

At larger doping levels, the concentration of majority carriers (electrons, for n-type 
semiconductors) is equal to the doping level, and the concentration of minority 
carriers (holes, for n-type semiconductors) is established by equation (12.9). 

Some relevant physical properties of GaAs are presented in Table 12.1. The 
properties are given both in the units generally used for semiconductor physics 
and in the units that are used for electrolytic systems. The bandgap energy, for 
example, has a value of 1.423 eV or 137 kJ/mol. The concentrations n, p ,  N,, N,, 
and ni presented in equations (12.4) to (12.9) are generally expressed in units of 
~ m - ~ .  Division by Avogadro’s number NA = 6.0221367 x mol-l yields a 
concentration in units of mol/cm3. The values presented for concentrations in 
Table 12.1 show that the concentrations of charged species in semiconductors are 
quite small as compared to that in even dilute electrolytic solutions. 

The Fermi energy of the semiconductor under given doping levels can be ob- 
tained by solving equations (12.7) and (12.8), i.e., 

or 

(12.11) 

(12.12) 

The Fermi energy obtained from the calculated concentrations of electrons and 
holes presented in Figure 12.2 is presented in Figure 12.3 as a function of doping 
level for an n-type GaAs semiconductor. The bandgap energy for GaAs is 1.424 eV. 
At low doping levels, the Fermi energy lies in the middle of the bandgap. As the 
doping level increases, the Fermi energy approaches the conduction-band energy. 
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Figure 12.3: Fermi energy at  the flat-band potential, referenced to the valence band energy, as 
a function of doping level for an n-type GaAs semiconductor. The corresponding concentrations 
of electrons and holes are presented in Figure 12.2. 

12.1.3 Deep-Level States 

Deep-level states play an important role in solid-state devices through their be- 
havior as recombination centers.156 For example, deep-level states are undesirable 
when they facilitate electronic transitions that reduce the efficiency of photovoltaic 
cells. In other cases, the added reaction pathways for electrons result in desired 
effects. Electroluminescent panels, for example, rely on electronic transitions that 
result in emission of photons. The energy level of the states caused by introduction 
of dopants determines the color of the emitted light. Interfacial states are believed 
to play a key role in electroluminescence, and commercial development of this 
technology will hinge on understanding the relationship between fabrication tech- 
niques and the formation of deep-level states. Deep-level states also influence the 
performance of solid-state varistors. 

The position of a deep-level state with energy Et with respect to the bandgap 
is illustrated in Figure 12.1(c). Under equilibrium conditions, the occupancy of the 
state is governed by the Fermi-Dirac distribution function, equation (12.1). In the 
absence of illumination, the deep-level state will influence the impedance response 
of the semiconductor only if the probability of occupancy of the state is close to 1/2, 
i.e., if the state energy is close to the Fermi energy. If, for example, the probability of 
occupancy is essentially zero, the unfavorable energetics of the transition prevent 
the electrical excitation from moving electrons into the state. On the other hand, if 
the probability of occupancy is essentially unity, the need to satisfy Pauli exclusion 
prohibits transfer of electrons into the state. 

The impact of deep-level states can be significant, even in concentrations that 
are very low by normal chemical standards. Several states can be associated with a 
chemical species, and such states may also appear as a result of vacancies or other 
crystalline defects. Traditional chemical means of detection, therefore, do not pro- 
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Figure 12.4: Schematic representation of electronic transitions, including Shockley-Read-Hall 
processes for a deeplevel state. 

vide complete identification of deep-level electronic states. The techniques com- 
monly employed to detect deep-level states tend to be electrical in nature since it 
is through their electronic behavior that these states influence device performance. 

12.1.4 Shockley-Read-Hall Processes 

The influence of deep-level states or traps on the statistics of electron-hole re- 
combination was first described by Shockley and Read157 and Hall.158 Deep-level 
states, as their name implies, lie close to the middle of the energy bandgap of the 
semiconductor. Due to the large energy separation from the valence-band and 
conduction-band edges, deep-level states are not fully ionized at room tempera- 
ture. In contrast, shallow-level states are those considered to be fully ionized at 
room temperature due to thermal excitation. 

The interaction between a deep-level state and electrons and holes can be de- 
scribed by processes 1 to 4 represented in Figure 12.4. Process 1 involves the 
emission of a valence-band electron to the deep-level state after receiving energy 
( E t  - Ev). This can also be thought of as hole emission from the deep-level state 
to the valence band since an electron vacant deep-level state has been filled by a 
valence-band electron, thus leaving a hole in the valence band. 

Process 2 is the capture of a deep-level-state electron by the valence band. 
Valence-band electrons are more tightly bound to the crystal atom than are the 
conduction-band electrons, which have a much larger radius of travel (of several 
lattice constants). This allows the analogy that conduction-band electrons can be 
considered to be negative charges floating in a sea of fixed positive nuclei (lattice 
sites) as in a metal. Valence-band electrons are held in a tight sphere about a nu- 
cleus and can move only if the neighboring nucleus has an electron-vacant site that 
it can jump into. Once the electron moves into this vacant site, it leaves a net posi- 
tive charge behind. This positive charge will appear to be an entity, a hole, moving 
in a direction opposite that of the valence-band electron. Thus, it is feasible to con- 
sider process 2 as being the capture of a valence-band hole. For a deep-level-state 
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electron to be captured by the valence band, it must lose an amount of energy equal 
to ( Et - E v ) ,  or likewise, for a valence-band hole to be captured by the trap, it must 
gain the same amount of energy. 

Process 3 involves a trapped electron being emitted to the conduction band 
after receiving an amount of energy equal to (E, - Et ) from optical or thermal ex- 
citation. Process 4 involves a conduction-band electron that comes in the vicinity 
of a deep-level state and is "trapped" by it. In order for this electron to be trapped, 
it must lose an amount of energy equal to ( E ,  - Et) by radiative (photon) or non- 
radiative (phonon) processes. 

Process 5 represents excitation of a valence-band electron to the conduction 
band, thus producing an electron and a hole. The reverse process 6 can be consid- 
ered to be recombination of an electron and hole. Processes 5 and 6 do not require 
presence of deep-level states. 

12.1.5 Interfaces 

At an interface with a dissimilar material, a redistribution of charged species oc- 
curs which results in the formation of a space-charge region in the semiconductor, 
which is the solid-state analog to the diffuse region of charge described in connec- 
tion with Figure 5.6(b) and associated with an electrolytic double layer. A space- 
charge region can be formed at an interface with a metal, another semiconductor, 
or an electrolyte. In polycrystalline materials, a space-charge region can also be 
formed at a grain boundary. Within the space-charge region, the electron energy 
for the valence band, the conduction band, and the deep-level state can be de- 
scribed as varying with reference to a fixed Fermi energy. Thus the probability of 
occupancy of the deep-level state is a function of position, and, since the degree of 
band bending is determined by the potential applied to the system, the degree of 
occupancy is a function of applied potential. 

A schematic representation of the band bending at an interface is presented 
in Figure 12.5. The probability of occupancy of a state is equal to 1/2 at the Fermi 
energy. The band bending shown in Figure 12.5 causes the deep-level state to make 
the transition from being fully occupied far from the interface to being fully vacant 
at the interface. 

The spatial dependence of the energy bands can be described in terms of a 
single potential variable. In terms of a potential referenced to the potential in the 
electrically neutral region of the semiconductor, the valence-band energy can be 
expressed as 

E D  = E: - €0 (12.13) 

where energies are given in units of J/mol and E: represents the valence-band en- 
ergy within the electrically neutral region where the potential is uniform. Similarly, 
the conduction-band energy can be expressed as 

E, = Er - F 0  = E; + E g  - €0 (12.14) 
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Figure 12.5: Schematic representation of band bending a t  an interface between a metal phase 
and an n-type semiconductor. Filled circles represent electron-occupied states and open circles 
represent vacant states. 

As shown by equations (12.13) and (12.14), variations in conduction and valence- 
band energies are linked to the variation of the electrical potential. 

12.2 Steady-State Models 

Development of mathematical models for the impedance response of semicon- 
ducting systems generally takes place in two steps: development of a steady-state 
model followed by development of a model treating the sinusoidal perturbation of 
voltage or current about the steady-state values. Since the species of interest have 
a charge associated with them, both the electrical potential and species concentra- 
tions must be treated. Thus, the electrostatic potential and the concentrations of 
electrons, holes, and ionized defect states become dependent variables for this sys- 
tem. The shallow-level doping species are usually assumed to be completely ion- 
ized at room temperatures and thus contribute to a fixed concentration of charge. 

12.2.1 Mass Transfer 

The mathematical development presented here is intended to emphasize the simi- 
larities between the analysis of transport in semiconductors and that in electrolytic 
systems as presented in Chapter 5. In doing so, concentrations of electrons and 
holes, typically presented on an atomistic basis, e.g., in units of are given in 
a molar basis. 

The electrochemical potential pi of a given species i, introduced in Section 5.2 
for electrolytic systems, can be applied to electrons and holes in a semiconductor. 
The electrochemical potential can be arbitrarily separated into terms representing 
a secondary reference state pi, a chemical contribution, and an electrical contribu- 
tion, i.e., 

(12.15) = pi + RTIn(Cifi) + z ~ F Q  
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where C i  is the volumetric concentration of species i, f i  is the activity coefficient, 
zi is the charge number, and @ is a potential that characterizes the electrical state 
of the system and can be defined in many ways. This treatment is identical to the 
definition of an electrochemical potential for ionic species and is entirely analogous 
to the definition of chemical potentials as used for electrically neutral systems. The 
usual chemical potential is recovered for the case where Zi  is equal to zero. 

The flux Ni of species i is governed by the gradient of the electrochemical po- 
tential, given in one dimension by 

(1 2.16) 

where U i  is the mobility of species i. If the semiconductor is nondegenerate, the 
electron and hole activity coefficients fi can be considered to be constant, and 
equation (12.15) can be substituted into equation (12.16) to give the dilute solution 
trans~ort exmession 

(12.17) 

where the transport properties Di and U i  are related through the Nernst-Einstein 
equation; i.e., 

Di = RTui (12.18) 

According to equation (12.17), the fluxes of electrons and holes are driven by con- 
centration and potential gradients. This distinction is a result of the separation of 
the chemical and electrical contributions given in equation (12.15). If desired, de- 
generate semiconductor conditions can be modeled by calculating the value of the 
activity coefficients fi for electrons and holes as described by Hwang and Brews159 
and Bonham and Orazem.160 The flux expression for species i is constrained by the 

(12.19) 

Usually electrons in interband defect states are considered to be immobile; the rate 
of change of the concentration of ionized interband states is equal to their (position- 
dependent) rate of production, Gi. 

12.2.2 Space-Charge Region 

For most electrochemical systems, the separation of charge associated with interfa- 
cial regions can be treated simply as contributing to rate constants associated with 

m R e m e m b e r !  12.2 Expressions for transport of electrons and holes in a semicon- 
ductor can be treated in terms of gradients of the corresponding electrochemical potential. 
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electrode kinetics. This is not appropriate for a semiconductor because this separa- 
tion of charge is integral to the operation of electronic devices. Poisson’s equation, 

(12.20) 

can be used to relate the electrostatic potential <p to the charge held within the 
semiconductor. The scaling length for this system, found by making the governing 
equations dimensionless, is given by the Debye length, 

(12.21) 

The term (Nd - Nu) includes the charge associated with partially ionized mid- 
bandgap acceptors (which may be a function of applied potential) as well as the 
completely ionized dopant species (which may have an arbitrary distribution, but 
is usually assumed to be independent of operating conditions). 

12.2.3 Application to Electrolyte-Semiconductor Junctions 

Formation of an  interface with an electrolyte perturbs the potential distribution 
in the semiconductor, and this perturbation creates the junction necessary for the 
photovoltaic effect in solar cells. Examination of the potential distribution pro- 
vides insight into the forces driving the cell. Orazem and Newman calculated the 
potential distribution in an n-type GaAs semiconductor in contact with an elec- 
trolyte containing a selenium redox couple.161 Interfacial reactions were assumed 
to be fast such that the potential and concentration distributions could be con- 
trolled by mass transport and generation of electrons and holes. The resulting 
potential distribution is presented in Figure 12.6. The potential is referenced to 
the potential at the Ohmic contact located far from the electrolytesemiconductor 
interface. The potential was nearly uniform in the electrolyte but varies within 
the semiconductor in response to the distribution of charge associated with the 
electrolytesemiconductor interface. This is consistent with the band-bending de- 
scribed in Figure 12.5. In the context of Figure 12.6, thepat-band potential is the 
applied potential required to achieve a uniform potential in the semiconductor. 

In the absence of illumination and at open circuit (curve a in Figure 12.6) the 
interface is equilibrated. The potential difference between the interface and the 
Ohmic contact located far from the interface represents the available photovoltaic 

Remember! 12.3 The redistribution of charge at the semiconductor-electrolyte 
intet$ace creates a space-charge region in the semiconductor that is generally much thicker 
than that found in the electrolyte. 
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Figure 12.6: Potential distribution for an n-GaAs electrode in contact with a selenium redox 
couple with fast interfacial reactions: curve a in the absence of illumination; curve b at open 
circuit with 882 W/m2 illumination; and curve c under illumination near the short-circuit con- 
dition (-23.1 mA/cm2). The Debye length in the electrolyte was 0.2 nm, and the Debye length 
in the semiconductor was 70 nm. (Taken from Orazem and Newman.161) 

driving force. Under illumination at open-circuit (curve b in Figure 12.6), electron- 
hole pairs generated by the light are separated by the electric field, resulting in 
a straightening of the bands. The accumulation of electrons and holes creates an 
electric field that tends to oppose the field formed at equilibrium. The difference 
between the potential at equilibrium and under illumination at open-circuit rep- 
resents the driving force for flow of electrical current. The potential distribution 
under illumination and near the short-circuit condition (curve c in Figure 12.6) 
tends to approach the equilibrium distribution. All the variation in potential takes 
place within the semiconductor. The potential drop across the electrolyte is com- 
paratively insignificant. 

The selection of a reference potential at the Ohmic contact is arbitrary and was 
chosen to emphasize the degree of band bending and straightening in the semi- 
conductor. The development of Mott-Schottky theory in Section 12.3.2 employs a 
potential referenced to the Ohmic contact. A difference in sign will be seen if the 
potential is referenced instead to a reference electrode located in the electrolyte. 
The potential of the electrolyte has been found to be independent of current and 
illumination intensity when referenced to an external quantity such as the Fermi 
energy of an electron in vacuum.162*163 This concept has proved useful for predict- 
ing the interaction between semiconductors and a variety of redox couples. The 
IUPAC standard for photoelectrochemical systems, in fact, is that the potential is 
referred to a reference electrode in the ele~trolyte.l@t~~~ 

The potential distributions in Figure 12.6 can be interpreted in terms of the asso- 
ciated concentration distributions for electrons and holes presented in Figure 12.7. 
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The linear scale presented in Figure 12.7(a) emphasizes the depletion of electrons 
near the interface and the corresponding increase in hole concentrations. The log- 
arithmic scale presented in Figure 12.7(b) emphasizes the change in electron and 
hole concentrations over many orders of magnitude. 

Under equilibrium conditions (curve a in Figure 12.7), the hole concentration 
is very small far from the interface but increases near the negatively charged inter- 
face. Conduction-band electrons are depleted near the interface but reach a value 
close to the net dopant concentration (Nd - N o )  in the electrically neutral region 
far from the interface. As shown by curve a in Figure 12.7, the equilibrated semi- 
conductor can be described as having an inversion region from the interface to 
y /hsc  = 3, in which the minority carrier concentration exceeds that of the majority 
carrier, a depletion region from y / h s ,  = 3 to y/h, ,  = 8, in which the scaled ma- 
jority carrier concentration is smaller than unity, and an electrically neutral region 
extending beyond y /h , ,  = 8. These positions can be compared to the potential 
distribution given by curve a in Figure 12.6. 

As shown by curve b in Figure 12.7, illumination at the open-circuit condition 
produces electron-hole pairs that are separated by the potential gradient associ- 
ated with the interface. The concentration of holes increases at all positions within 
the semiconductor, and the concentration of electrons increases in the space-charge 
region, thus straightening the equilibrium potential variation. As the system ap- 
proaches the short-circuit condition under illumination (curve c in Figure 12.7), the 
concentrations of electrons and holes tends toward the equilibrium distributions. 

12.3 Impedance Models 

Numerical solutions have been presented for the impedance response of semicon- 
ducting systems that account for the coupled influence of transport and kinetic 
phenomena, see, e.g., Bonham and Orazem.166r167 Simplified electrical-circuit 
analogues have been developed to account for deep-level electronic states, and 
a graphical method has been used to facilitate interpretation of high-frequency 
measurements of capacitance. The simplified approaches are described in the fol- 
lowing sections. 

12.3.1 Equivalent Electrical Circuits 

Sah and coworkers have developed a quasi-analytic calculation that can be ex- 
pressed as a detailed equivalent electrical This development is sum- 
marized by Jansen et al.17’ and used to justify the application of the simplified 
equivalent circuit shown in Figure 12.8 to the analysis of the impedance response 
of semiconductors containing deep-level electronic states. This circuit was used to 
analyze the impedance data presented in Section 18.2 (see, e.g., Figure 18.4). In 
Figure 12.8, C, is the space-charge capacitance, R, is a resistance that accounts for 
a small but finite leakage current,17s175 and the parameters R1 . . . Rk and C1 . . . ck 
are attributed to the response of discrete deep-level energy states. 
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Figure 12.7: Concen-.ation distributions for electrons (solid lines) and holes (dashed lines) for 
an n-GaAs electrode in contact with a selenium redox couple with fast interfacial reactions: 
curve a in the absence of illumination; curve b a t  open circuit with 882 W/m2 illumination; and 
curve c under illumination near the short-circuit condition (-23.1 mA/cm2). Concentrations 
were scaled t o  the net dopant concentration (Nd - Na): a) concentrations given in a linear scale; 
and b) concentrations given in a logarithmic scale. (Taken from Orazem and Newman.161) 



12.3 IMPEDANCE MODELS 225 
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Figure 12.8: Electrical circuit corresponding t o  the model presented by Jansen et  in 
which Cn is the spacecharge capacitance, Rn is a resistance that accounts for a small but finite 
leakage current, and the parameters R1 . . . Rk and C1 . . . ck are attributed t o  the response of 
discrete deep-level energy states. 

Similar circuits have been used to account for both h o m o g e n e o ~ s ' ~ ~ ~ ~ ~  and in- 
terfacial electronic s t a t e ~ . ~ ~ ~ ~ ~ ~ ~  The circuit shown in Figure 12.8 cannot be used to 
distinguish between surface and bulk deep-level states. It is possible to distinguish 
the two types of states by means of the Mott-Schottky plots described in Sections 
12.3.2 and 18.3. 

12.3.2 Mott-Schottky Analysis 

Graphical techniques can be applied for single-frequency measurements when the 
frequency selected excludes the contributions of confounding phenomena. For ex- 
ample, impedance measurements on a semiconductor diode at a sufficiently high 
frequency exclude the influence of leakage currents and of electronic transitions 
between deep-level and band-edge states. Thus, as discussed in Section 16.4, the 
capacitance can be extracted from the imaginary part of the impedance as 

1 

(12.22) 

The problem is reduced to one of identifying the relationship between semicon- 
ductor properties and the capacitance as a function of applied potential. 

The capacitance of the space-charge region C is determined through 

(12.23) 

where the charge density of the space-charge region qx is related to potential 
through Poisson's equation (12.20). Solution of equation (12.20) is facilitated by 
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expressing the concentration of electrons and holes in terms of potential through 
insertion of equations (12.14) and (12.13) into the Boltzmann distributions for elec- 
trons and holes, equations (12.7) and (12.8), respectively. Thus, Poisson's equation 
can be expressed as 

(1 2.24) 

where @ is the electrostatic potential, (Nd - Nu) is the doping level, and P and N 
are the hole and electron concentrations, respectively, at the flat-band potential. 
Deep-level states were not included in the expression for charge density. The occu- 
pancy of deep-level states is a function of potential, and a similar development can 
be made to take such states into account.180 The charge density used in equation 
(12.24) 

p,(@) = F [Pe-FOlRT - NeFQ/RT + (Nd - NU)] (12.25) 

is now an explicit function of potential rather than position. Equation (12.25) can 
be compared to the definition provided as equation (12.10). 

Integration of Poisson's equation is facilitated by posing equation (12.24) in 
terms of the electric field 

dY 
(12.26) 

The second derivation of potential with respect to position can be expressed in 
terms of a derivative with respect to potential as 

d2@ dE d E d @  dE 1dE2 
(12.27) - = -- = --- = E- = -- 

dy* dy a@ dy a@ 2 d@ 

Thus, 
d E2 2 - = - -px(@) 
d@ EEO 

(12.28) 

Integration yields 
9 

J px(@)d@ (12.29) 

9 f b  

where the flat-band potential @fi is the potential in the electrically neutral region 
far from the interface. 

2 
EEO 

E2 = -- 

The charge held within the space-charge region is given by 

(12.30) 

m R e m e m b e r !  12.4 Mott-Shottky theory provides a relationship between the ex- 
pm'mentally measured capacitance, the doping level, and theflat-band potential. 
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Under the assumption that there are no surface states or specific adsorption of 
charged species, the space charge 4% in a semiconductor in contact with an elec- 
trolyte is balanced by the charge in the diffuse part of the double layer q d ;  thus, 
4% = q d .  Gauss's law can therefore be used to provide 
the electric field at the surface of the semiconductor as 

Thus 
qsc = E E O E ( @ ( O ) )  

The space-charge capacitance is given by 

or 

a boundary condition for 

(12.31) 

(12.32) 

(12.33) 

(12.34) 

Equation (12.34) provides a relationship between the capacitance of the space- 
charge region of the semiconductor, the electric field at the interface, and the charge 
density at the interface. 

Under the convention that the potential is referenced to the flat-band potential 
@h, i.e., the potential is equal to zero far from the interface where the electric field 
is also equal to zero, integration of equation (12.29) yields 

A general expression for capacity can be found to be 

The values for N and P can be evaluated at the flat-band potential under the as- 
sumptions of equilibrium (i.e., np  = n;) and electroneutrality (i.e., psc = 0). 

(12.37) 

and 

P =  2 [- ( N d -  Na) + 4-1 (12.38) 

Equations (12.37) and (12.38) can be inserted into equation (12.36) to provide a n  
expression for capacitance as a function of potential, with doping level as a param- 
eter. 
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Figure 12.9: Calculated capacitance for a GaAs Schottky diode (see Table 12.1 for relevant 
parameten for GaAs semiconductors): a) capacitance as a function of potential referenced to 
the flat-band potential for an intrinsic semiconductor: and b) l/C:c as a function of potential 
referenced to the flat-band potential for a lightly doped p-type semiconductor. 

The capacitance is presented in Figure 12.9(a) for an intrinsic GaAs semicon- 
ductor diode. Some relevant physical properties of GaAs are presented in Table 
12.1. The capacitance is symmetric with respect to potential referenced to the flat- 
band potential. At modest doping levels, as shown in Figure 12.9(b) for p-type 
semiconductors, the plot of 1/C& has a significant linear portion with respect to 
potential. At more positive potentials, the plot deviates from a straight line due to 
the contribution of minority carriers. 

Mott-Shottky plots of 1 /C& as a function of potential are particularly useful at 
larger doping levels. Calculated values for l /C& are presented in Figure 12.10(a) 
for a GaAs diode with potential referenced to the Ohmic contact, as was used in 
Figure 12.6. The corresponding values are presented in Figure 12.10(b) for poten- 
tials referenced to a reference electrode located in the electrolyte in accordance with 
the IUPAC convention for semiconductor e l e c t r o d e ~ . ~ ~ / ~ ~ ~  The principal distinc- 
tion between the two plots is that the positive slopes correspond to a p-type semi- 
conductor in Figure 12.10(a) and to an n-type semiconductor in Figure 12.10(b). All 
concentration terms were included in the analysis. 

As seen in Figure 12.10, l /C& is linear over a broad range of potential. The 
linear portion for Figure 12.10(a) is given by 

(12.39) 1 2(@(0) - + RT/F) - = -  
CL &&OF(% - Nu) 

for an n-type semiconductor and by 

(12.40) 
1 - 2(@(0) - @fi - RT/F) - _ -  
C& &EOF(Nd - Nu) 

for a p-type semiconductor. 
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Figure 12.10: Mott-Schottky plot of l /C& as a function of potential referenced t o  the flat- 
band potential for a GaAs Schottky diode: a) potential referenced t o  the Ohmic contact; and b) 
potential referenced to  a reference electrode located in the electrolyte according to  the IUPAC 
convention for semiconductor 165 

Example 12.1 Mott-Schottky Plots: Beginning with equation (22.36), derive 
equation (22.39) for an n-type semiconductor. 

Solution: For an n-type semiconductor, (Nd - Na) is positive and much larger than the 
intrinsic concentration ni; thus, N + (Nd - Na) and P -+ 0. In the denominator, 
Pexp(-F@(O)/RT) can be neglected. In the numerator, P (exp(-F@(O)/RT) - 1) 
can also be neglected. The linear portion of the cume lies at negative potentials, referenced 
to thefiat-band potential; thus, exp(F@(O)/RT) --t 0 and 

N(exp(-F@(O)/RT) - 1) M - (Nd - Na) (12.41) 

Equation (22.36) can be expressed as 

(12.42) 

(12.43) 

A similar development at positive potentials will yield equation (22.40). 

The assumptions implicit in the Mott-Schottky theory are: 

0 The potential is restricted to the range where both the majority (in this case, 
electrons) and the minority carriers (holes) are negligible as compared to the 
doping level. These constraints are violated at small and large magnitudes of 
potential (referenced to the flat-band potential), respectively. This potential 
range becomes increasingly restrictive as the doping level decreases, and the 
technique is unusable for semi-insulating materials. 
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0 The semiconductor electrode must be ideally polarizable over the potential 
range of interest. This means that there is no leakage current or Faradaic reac- 
tion to allow charge transfer across the semiconductor-electrolyte interface. 
This restriction is not too important if measurements are taken at sufficiently 
high frequency that the effects of Faradaic reactions are suppressed. 

0 Electron and hole concentrations follow a Boltzmann distribution, i.e., activ- 
ity coefficient corrections can be neglected. 

Equations (12.39) and (12.40) form the basis of a method, described in Section 18.3, 
used to extract doping levels and flat-band potentials for semiconducting materi- 
als. 

Problems 

12.1 Develop the relationship needed to convert the mobility given in Table 12.1, 
e.g., pn, to diffusivity. 

12.2 Calculate the Debye length in units of pm expected for an n-type GaAs semi- 
conductor with a dopant concentration of Compare the value you ob- 
tain to the Debye length obtained for an electrolytic system with a NaCl con- 
centration of 0.1 M. 

12.3 Plot the equilibrium concentration and potential distribution in the space- 
charge region of an n-type GaAs semiconductor (doped cmd3) if the 
electron concentration at the surface is 20 orders of magnitude less than the 
bulk concentration. Use semilogarithmic plots for concentration and linear 
plots for potential. 

12.4 The capacity of the space-charge region can be related to the dopant con- 
centration (or fixed charge) in a semiconductor. The space-charge region is 
essentially equivalent to the diffuse double layer treated in electrolytes with 
the exception that ionized impurities are present that, at room temperatures, 
are immobile. For this case, Poisson’s equation becomes 

(12.44) 

Show that the capacity can be related to doping level (Nd - N a )  and potential 
by the Mott-Schottky relationship 

(12.45) 

12.5 Deviations from straight lines in Mott-Schottky plots can be attributed to 
the influence of potential-dependent charging of surface or bulk states. This 
interpretation is supported by analytic calculations of the contribution of de- 
fects to the space charge as a function of applied potential. In principle, the 
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12.6 

12.7 

12.8 

12.9 

effect of applied potential of the state of charge of defects can be used to de- 
termine the distribution of defects within the space-charge region. Apply the 
Fermi-Dirac distribution function to the defects to obtain a relationship for 
the space-charge capacitance for a semiconductor that is sufficiently n-type 
that the contribution of holes to the charge can be regarded to be negligible. 

Changes in space-charge capacity can be used to observe the effect of charg- 
ing and discharging of electronic states in a semiconductor subject to sub- 
bandgap illumination. Show that the change in observed capacity caused by 
illumination can be referenced to the unilluminated case by 

(12.46) 

where A c i  is the change in the state of charge of the interband state caused 
by illumination. It is clear from this problem that identification of defects by 
this method requires excellent resolution for moderate doping levels and that 
the concentration measured in this way is the change in the state of charge of 
the defect, not the actual defect concentration. 

The capacity of the electrolytic diffuse double layer is often ignored when 
Mott-Schottky plots are used to characterize semiconductor-electrolyte in- 
terfaces. Under what conditions is this assumption justified? 

Mott-Schottky plots are often generated by using measurements at a single 
frequency, often 1 kHz. Explain the limitations of this approach. 

A claim is made in Section 12.3.1 that Mott-Schottky plots may be used to 
distinguish between surface and bulk deep-level states. Explain how this 
may be accomplished. 



Chapter 13 

Time- Constant Dispersion 

The impedance models developed in Chapters 9,10,11, and 12 are based on the 
assumption that the electrode behaves as a uniformly active surface where each 
physical phenomenon or reaction has a single-valued time constant. The asswnp- 
tion of a uniformly active electrode is generally not valid. Time-constant disper- 
sion can be observed due to variation along the electrode surface of reactivity or 
of current and potential. Such a variation is described in Section 13.1.1 as resulting 
in a 2-dimensional distribution. Time-constant dispersion can also be caused by a 
distribution of time constants that reflect a local property of the electrode, resulting 
in a 3dimensional distribution. 

The presence of time-constant (or frequency) distribution is frequently mod- 
eled by use of a constant-phase-element (CPE), discussed in Section 13.1. As dis- 
cussed in Section 13.1.3, use of a CPE assumes a specific distribution of time con- 
stants that may apply only approximately to a given system. The objective of this 
chapter is to describe specific situations for which time-constant dispersion can be 
predicted based on fundamental phenomena such as are associated with distribu- 
tions of mass-transfer rates and Ohmic currents. 

13.1 Constant-Phase Elements 

The impedance response of electrodes rarely show the ideal response expected for 
single electrochemical reactions. The impedance response typically reflects a dis- 
tribution of reactivity that is commonly represented in equivalent electrical circuits 
as a constant phase element (CPE).3g71g'04 For a blocking electrode, the impedance 
can be expressed in terms of a CPE as 

1 

(13.1) 

The impedance associated with a simple Faradaic reaction without diffusion can 
be expressed in terms of a CPE as 

Rt 
1 + ( jW)aQRt  

Z ( W )  = Re + (13.2) 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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Figure 13.1: Schematic representation of an impedance distribution for a blocking disk electrode 
where ze(r )  represents the local Ohmic impedance, Co(r) represents the interfacial capacitance, 
and Qo(r)  and &(r) represent local CPE parameters: a) 2-dimensional distribution; and b) 
combined 2-dimensional and 3-dimensional distribution. 

In both equations (13.1) and (13.2), the parameters a: and Q are independent of 
frequency. When a: = 1, Q has units of a capacitance, i.e., F/cm2, and represents 
the capacity of the interface. When a # 1, Q has units of sa/ncm2 and the sys- 
tem shows behavior that has been attributed to surface or to 
continuously distributed time constants for charge-transfer rea~tions.l~*'~~ Inde- 
pendent of the cause of CPE behavior, the phase angle associated with a CPE is 
independent of frequency. 

Different expressions for a CPE have been presented in the literature,ls8 e.g., 

1 
Z ( W )  = Re + - (13.3) 

(iW.ro)" 

where the parameter 70 is a characteristic time constant for the distribution. Brug 
et al.lM used a formula in which Q was defined to be in the numerator of equa- 
tion (13.1) rather than the denominator. The formulas presented in this chapter as 
equations (13.1) and (13.2) have the advantages that Q is proportional to the active 
area and the definition of Q for a: = 1 is simply the capacitance. 

13.1.1 2-D and 3-0 Distributions 

Time-constant dispersion leading to CPE behavior can be attributed to distribu- 
tions of time constants along either the area of the electrode (involving only a 
2-dimensional surface) or along the axis normal to the electrode surface (involv- 
ing a 3-dimensional aspect of the electrode). A 2-D distribution could arise from 
surface heterogeneities such as grain boundaries, crystal faces on a polycrystalline 
electrode, or other variations in surface properties. As shown in Section 13.3, the 
time-constant dispersion associated with geometry-induced nonuniform current 
and potential distributions results from a 2-D distribution. 

A schematic representation of a 2-D distribution for an ideally polarized disk 
electrode is presented in Figure 13.1(a). For a 2-D distribution, the circuit parame- 
ters, e.g., capacitance and Ohmic resistance, could be a function of radial position 
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along the electrode. The global admittance is obtained by integration of the admit- 
tance associated with these circuit elements over the electrode area, i.e., 

(13.4) 

where A is the electrode area, Y is the global admittance, Z is the global impe- 
dance, and z is the local impedance. Depending on the nature of the local distri- 
bution, equation (13.4) may yield a global impedance with a CPE behavior. The 
local impedance, in the case of a 2-D distribution, would, however, show ideal RC 
behavior. 

CPE behavior may also arise from a variation of properties in the direction 
that is normal to the electrode surface. Such variability may be attributed, for 
example, to changes in the conductivity of oxide layers189-191 (see Section 13.5) or 
from porosity or surface roughness (see Section 13.4).192g193 This CPE behavior is 
said to arise from a 3-dimensional distribution, with the third direction being the 
direction normal to the plane of the electrode.lg4 

A 3-D distribution of blocking components in terms of resistors and constant- 
phase elements is presented in Figure 13.1@). Such a system will yield a local im- 
pedance with a CPE behavior, even in the absence of a 2-D distribution of surface 
properties. If the 3-D system shown schematically in Figure 13.l@) is influenced by 
a 2-D distribution, the local impedance should reveal a variation along the surface 
of the electrode. Thus, local impedance measurements can be used to distinguish 
whether the observed global CPE behavior arises from a 2-D distribution, from a 
3-D distribution, or from a combined 2-D and 3-D distribution. 

Equations (13.1) and (13.2) embody an implicit assumption that the RC time 
constant is not, in fact, a constant but, rather, a parameter that follows a specific 
distribution. Equation (13.1), for example, can be imagined as arising from a 2-D 
distribution of time constants q = (ReCo)i, e.g., 

1 .  00 
1 1 -,- 

If T is a continuous function, equation (13.5) can be written ado4 

(13.5) 

(13.6) 

where G(z) is the distribution function of 7, which represents a normal distribu- 
tion of a function of In(.r/.ro), i.e., 

1 Sin( lYTC) 
G(7)  = - 

2TC7 cosh [ (1 - a )  In($)] - COS(IYTC) 
(13.7) 

A similar development can be made for equation (13.2), also leading to equation 
(13.7). 
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13.1.2 Determination of Capacitance 

It is incorrect to equate the CPE parameter Q to the interfacial capacitance. A num- 
ber of researchers have explored the relationship between CPE parameters and the 
interfacial capacitance. Hsu and Mansfeldlg5 proposed 

(13.8) 

where urnax (or Kmm) is the characteristic frequency at which the imaginary part 
of the impedance reaches its maximum magnitude and Ceff is the estimated inter- 
facial capacitance. Brug et developed a relationship for a blocking electrode 
between the interfacial capacitance and the CPE coefficient Q as 

(13.9) 

A similar relationship between the interfacial capacitance and the CPE coefficient 
Q was developed for a Faradaic system as 

a-1) l / a  (a-1) l / a  

C ef f -  - [ Q (ie -+-  it)( ] = [Q($ ( I+?))  ] (13.10) 

For CPE behavior caused by 2-D distributions of current and potential on a disk 
electrode, equations (13.9) and (13.10) provided the most reliable estimate for in- 
terfacial capacitance (see Section 13.3).97 Similar formulas for 3-D distributions do 
not exist. 

13.1.3 Limitations to the Use of the CPE 

As compared to a parallel combination of a resistor and capacitor, the CPE is able 
to provide a much better fit to most impedance data. The CPE can achieve this 
fit using only three parameters, which is only one parameter more than a typical 
RC couple. Some investigators allow 1y to take values from -1 to 1, thus treating 
the CPE as an extremely flexible fitting element. For a: = 1, the CPE behaves as a 
capacitor; for 1y = 0, the CPE behaves as a resistor; and for 1y = -1 the CPE behaves 
as an inductor (see Section 4.1.1). 

It must be emphasized that the mathematical simplicity of equations (13.1) and 
(13.2) is the consequence of a specific time-constant distribution. As shown in 
this chapter, time-constant distributions can result from nonuniform mass trans- 
fer, geometry-induced nonuniform current and potential distributions, electrode 
porosity, and distributed properties of oxides. At first glance, the associated im- 
pedance responses may appear to have a CPE behavior, but the frequency depen- 
dence of the phase angle shows that the time-constant distribution differs from 
that presented in equation (13.7). 

There are, therefore, two primary concerns with the use of the CPE for model- 
ing impedance data: 
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1. While assumption that the time constant is distributed can be better than as- 
suming that the time constant has a single value, the physical system may not 
follow the specific distribution implied in equation (13.7). The examples pre- 
sented in the subsequent sections illustrate systems for which a time-constant 
dispersion results that resem'bles that of a CPE, but with different distribu- 
tions of time constants. 

2. A satisfactory fit of a CPE to experimental data may not necessarily be corre- 
lated to the physical processes that govern the system. As shown in Section 
4.4, models for impedance are not unique; thus, an excellent fit to the data 
does not in itself guarantee that the model describes correctly the physics of 
a given system. 

The graphical methods described in Chapter 17 can be used to determine whether 
a system follows CPE behavior in a given frequency range. 

13.2 Convective Diffusion Impedance at Small Electrodes 

Small electrodes are currently used to study fast electrochemical kinetics or as flow 
measurement devices in chemical engineering systems. In the latter case, the first 
experimental and theoretical studies appeared in the early fifties. The goal of these 
studies was to achieve probes sensitive to the local wall velocity gradient 

avx 
B Y  = ay (13.1 1) 

The well-known property of those probes is that the limiting diffusion current is 
proportional to under steady-state conditions.196 For use in electrochemical 
engineering, an increasing interest is now focused on the nonsteady behavior of 
those small electrodes under conditions of fluctuating velocity gradient By ( t )  . 

Theoretical developments show that it is possible to deduce hydrodynamic 
information from the limiting current measurement, either in quasi-steady state 
where I( t )  cx &I3 ( t )  or, at higher frequency, in terms of spectral analysis. In the lat- 
ter case, it is possible to obtain the velocity spectra from the mass-transfer spectra, 
where the transfer function between the mass-transfer rate and the velocity per- 
turbation is known. However, in most cases, charge transfer is not infinitely fast, 
and the analysis also requires knowledge of the convective-diffusion impedance, 
i.e., the transfer function between a concentration modulation at the interface and 
the resulting flux of mass under steady-state convection. 

IR)Remember! 13.1 While use of a CPE may lead to improved regressions, the 
meaning can be ambiguous, and the physical system may not follow the specific distri- 
bution implied in the CPE model. 
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Figure 13.2: Schematic representation of flow past a small electrode where the coordinate y is 
in the direction perpendicular t o  the plane of the electrode (x,y). 

13.2.1 Analysis 

A schematic representation of a small electrode embedded in an insulating wall is 
given in Figure 13.2 on which a fast electrochemical reaction occurs under mass- 
transport limitation, i.e., ci(0) = 0. The length of this electrode in the mean flow 
direction is small enough that the diffusion layer thickness Si is very small, thus 
minimizing the effect of the normal velocity component. The normal velocity is 
proportional to y2, whereas the longitudinal velocity component is proportional to 
y, where y is the coordinate normal to the wall. Under these conditions, the bound- 
ary layer approximations apply. Using a local frame of reference ( x ,  y) attached to 
the electrode, the mass conservation equation governing the concentration distri- 
bution Ci of a species transported by convective diffusion can be expressed as 

(13.12) 

where v, = BYy. For simplification, the electrode can be considered to be suffi- 
ciently small that the flow is uniform in the diffusion layer and By is independent 
of the space coordinates. The time-average solution for the concentration distribu- 
tion has been given by L h 4 q ~ e . l ~ ~  As shown in Example 2.2, the concentration in 
the diffusion layer can be expressed as 

(1 3.13) 

where 32/3r(4/3)4 represents the local value of the diffusion layer thickness with 
Si = ( D ~ X / B ~ ) ' / ~ ,  0 5 x 5 L, and Ci(W) is the concentration in the bulk. On a 
small rectangular electrode of width W, the steady flwc is 

- L azi 31'3 (Ci(m) - Ci(0)) Di 213 By 1 / 3 ~ 2 / 3 w  

(1 3.14) 
2r (4/3) 

Ni = W I Di-dx = 
a Y  

or 
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Equation (13.15) shows that the steady mass-transfer-controlled flux of a reacting 
species is proportional to the cube root of the velocity gradient, i.e., Ni cx 

A E x m p l e  13.1 Flux on a Small Circular Electrode: Derive an expression for 
the steadyflux on a circular small electrode of radius R. 

Solution: Equation (13.13) can be used to calculate theflux on a circular small electrode 
by summing along z, the efect of elementary rectangular strips. In this case, x contained 
in the definition of Si must be replaced by ( x  - XI), which actually corresponds in the local 
Cartesianframe of r&ence to the distanceporn the leading edge of any elementary strip. 
The position of the leading edge x1 (z) is afunction of R and z as 

- 

X I  ( 2 )  = R - d R 2  - z2 (13.16) 

Thus, the expression 4 theflux is 

(13.17) 

or 
2/3 1/3 2 ~ ) 5 / 3  

(13.18) 

Comparison with equation (13.14) reveals that theflux at a circular electrode is 84 percent 
smaller than that at a square electrode with L = W = 2R. 

- 3ll3 (c i (m)  - C i ( 0 ) )  Di By ( 
2 r  (4/3) 

Ncix = 0.84 

13.2.2 Local Diffusion Convective Impedance 

The nonsteady part of the mass balance equation (13.12) may be written as: 

The boundary conditions for the nonsteady equations are 

6 = G(0) for y = 0 and x 2 XI 

- = O  for y = O  and x 2 x1 

6 = 0 for y 4 0 0  and all x 

A dimensionless concentration 8i can be defined such that 

aG 
aY 

The dimensionless normal distance to the wall can be defined to be 

(13.19) 

(13.20) 

(13.21) 

(13.22) 
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where x1 is the coordinate of the leading edge of the electrode as shown in Figure 
13.2. Equation (13.22) represents a similarity variable (see Section 2.4). Introduc- 
tion of q into equation (13.19) results in definition of a dimensionless position- 
dependent frequency given by 

In terms of equations (13.21) to (13.23), equation (13.19) becomes 

(13.23) 

(1 3.24) 

The spatial dependence of the sinusoidal perturbation is evident in the definition 

As Kx,i contains a dependence on the space coordinates, it is necessary to derive 
of Kx,i. 

first the local solution. A solution in the form of a series can be obtained as 

(13.25) 

For this solution the number of terms that play a role in the series increases with 
the frequency. Generally the solution given by equation (13.25) is used for the low- 
frequency solution, and the high-frequency solution is derived by another method. 

Low-Frequency Solution 

The elementary functions hm ( q  ) are real and obey 

and 

(13.26) 

(13.27) 

The boundary conditions at q = 0 are @(O) = 1, ei,o(O) = 1, and &,,(O) = 0 for 
all m > 0. The boundary condition at q + 00 is h ( m )  = 0. In fact, since the only 
observable quantity is the interfacial flux, only its expression is needed, i.e., 

(13 -28) 

The terms dOi,m/dq(o are tabulated by Deslouis et al.I9’ for 0 5 m 5 79. 
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Figure 13.3: Local normalized diffusion impedance for the small electrode given in Figure 13.2. 
The solid line represents the low-frequency solution (equation (13.28)), and the dashed line 
represents the high-frequency solution (equation (13.31)). Overlap is obtained for 6 5 K , i  5 
13, with the dimensionless frequency K, i  given by equation (13.23). (Taken from Delouis e t  

and reproduced with permission of The Electrochemical Society.) 

High-Frequency Solution 

Since the concentration modulation is rapidly damped close to the wall at high 
frequencies, the convective term can be disregarded and equation (13.24) becomes 

(13.29) 

The solution to equation (13.29) can be found using the methods described in Sec- 
tion 2.2. 

Due to the boundary conditions (Oi = 0 when 7 + 00 and Oi = 1 when 7 = 0), 
the analytic solution is, as given for equation (11.46), 

The local dimensionless impedance is obtained as 

(13.30) 

(13.31) 

which is a normalized Warburg impedance as described in Section 11.3. As seen 
in Figure 13.3, the high-frequency solution (13.28) and the low-frequency solution 
(13.31) present a satisfactory overlap for 6 I K , i  5 13. 
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13.2.3 Global Convective Diffusion Impedance 

The dimensionless impedance of a small electrode can be defined by summing the 
effects of the local convective-diffusion impedance, i.e., 

For a rectangular electrode of length L and of width W, the expression of the im- 
pedance is given by 

By using the dimensionless frequency 

equation (13.33) can be expressed as 

with 

(13.33) 

(13.34) 

(13.35) 

(13.36) 

In the low-frequency range, the expression of H ( K i )  is obtained from the series 

(13.37) 

In the high-frequency range, the integration must be split in two parts since the 
leading edge of an electrode will be always under a low-frequency regime. In- 
deed, the local thickness of the diffusion layer, equal to 3 2 / 3 r ( 4 / 3 ) 4 ( x )  and thus 
proportional to x1l3,  is very small at the leading edge, and K,,i remains there al- 
ways small even for high values of w / 2 n .  Thus, 

(13.38) 

The first integral corresponds to the low-frequency regime and the second one 
to the high-frequency regime where equations (13.28) and (13.31) must be used, 
respectively. Equation (13.38) becomes 

(13.39) 
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Figure 13.4: Normalized global convectivediffusion impedance for a small rectangular elec- 
trode. The solid line represents the low-frequency solution (equation (13.37)), and the 
dashed line represents the high-frequency solution (equation (13.40)). Overlap is obtained 
for 6 5 Ki 5 13, with the dimensionless frequency Ki given by equation (13.34). (Taken from 
Delouis et and reproduced with permission of The Electrochemical Society.) 

The term B (0-1) has been calculated for 0-1 5 13, and B (q ) was found to be constant 
and equal to 0.25j in the frequency range 6 5 ~1 5 13. This result means that 
equation (13.39) is valid for Ki 2 6 and therefore can be written as 

+ (jKi)1’2 
0.25j 

H(Ki) = -- 
Ki 

(13.40) 

As a consequence, a fair overlap between equation (13.37) and equation (13.40) is 
obtained for 6 5 Ki 5 13 as shown in Figure 13.4. 

13.3 Geometry-Induced Current and Potential Distributions 

The geometry of an electrode frequently constrains the distribution of current den- 
sity and potential in the electrolyte adjacent to the electrode in such a way that 
both cannot simultaneously be uniform. The primary and secondary current and 
potential distributions associated with a disk embedded in an insulating plane, 
originally developed by Newman,198n199 are presented in Section 5.6. The poten- 
tial distribution on the disk electrode is not uniform under conditions where the 
current density is uniform and, conversely, the current distribution is nonuniform 
under the primary condition where the solution potential is uniform. 

The nonuniform current and potential distribution associated with the disk 
geometry influences the transient and the impedance response. Nisancioglu and 

m R e m e m b e r !  13.2 Not all time-constant distributions give rise to a CPE. 
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Newman200j201 modeled the transient response of a disk electrode to step changes 
in current. The solution to Laplace’s equation was performed using a transforma- 
tion to rotational elliptic coordinates and a series expansion in terms of Lengendre 
polynomials. Antohi and Scherson expanded the solution to the transient problem 
by expanding the number of terms used in the series expansion.202 

The geometry-induced current and potential distributions cause a frequency 
or time-constant dispersion that distorts the impedance response of a disk elec- 
trode.38~2039204 Huang et al?7~1021205 have shown that current and potential dis- 
tributions induce a high-frequency pseudo-CPE behavior in the global impedance 
response of a disk electrode with a local ideally capacitive behavior, a blocking disk 
electrode exhibiting a local CPE behavior, and a disk electrode exhibiting Faradaic 
behavior. 

13.3.1 Mathematical Development 

The mathematical development presented here follows that presented by New- 
man.” The development in terms of rotational elliptic coordinates, i.e., 

Y = rot7 (13.41) 

and 
r = rod- (13.42) 

was summarized by Huang et al. for blocking e l e c t r o d e ~ . l ~ ~ # ~ ~ ~  
The problem was solved for two kinetic regimes. Under linear kinetics, follow- 

ing Newman” and N i s a n c i ~ g l u ~ ~ ~ ~ ~ ~  the current density at the electrode surface 
could be expressed as 

(V - QO) 
a ( v  - oo) + (aa +ac)   OF 

a t  RT 
i = Co (13.43) 

- - 

The assumption of linear kinetics applies for f << io. Under assumption of Tafel 
kinetics, the current density at the electrode surface could be expressed as 

(13.44) 

- - 

where the current in the Tafel regime was assumed to be cathodic. A similar ex- 
pression can be developed under assumption of anodic currents. The results pre- 
sented here are general because the impedance results do not depend on whether 
the current is anodic or cathodic. 
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The flux boundary conditions (13.43) or (13.44) apply at the electrode surface 
(g = 0). The boundary conditions (13.43) or (13.44) were written in the frequency- 
domain as 

for linear kinetics and 

(13.45) 

(13.46) 

for Tafel. Here Vr represents the imposed perturbation in the electrode potential 
referenced to an electrode at infinity, and K is the dimensionless frequency 

Under the assumption of linear kinetics, valid for 
defined to be 

(&a + ac) Fioro 
RTK J =  

For Tafel kinetics, valid for i >> io, the parameter 
of radial position on the electrode surface as 

(13.47) 

i << io, the parameter J was 

(13.48) 

J was defined to be a function 

(13.49) 

where i( 7) was obtained from the steady-state solution as 

The local charge-transfer resistance for linear kinetics can be expressed in terms 
of parameters used in equation (13.48) as 

(13.51) 

The local charge-transfer resistance for Tafel kinetics can be expressed in terms of 
parameters used in equation (13.49) as 

(13.52) 

For linear kinetics, Rt is independent of radial position, but, under Tafel kinetics, 
as shown in equation (13.52), Rt depends on radial position. From a mathematical 
perspective, the principal difference between the linear and Tafel cases is that J 
and Rt are held constant for linear polarization; whereas, for the Tafel kinetics, 
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J and Rt are functions of radial position determined by solution of the nonlinear 
steady-state problem. 

The relationship between the parameter J and the charge-transfer and Ohmic 
resistances can be established using the high-frequency limit for the Ohmic resis- 
tance to a disk electrode obtained by Newman,lg8 i.e., 

(13.53) 

where Re has units of ncm2. The parameter J can therefore be expressed in terms 
of the Ohmic resistance Re and charge-transfer resistance Rt as 

(13.54) 

Large values of J are seen when the Ohmic resistance is much larger than the 
charge-transfer resistance, and small values of J are seen when the charge-transfer 
resistance dominates. 

13.3.2 Global and Local Impedances 

Following Huang et a1.;O2 a notation is presented in Section 7.5.2 that addresses 
the concepts of a global impedance, which involved quantities averaged over the 
electrode surface; a local interfacial impedance, which involved both a local current 
density and the local potential drop - &(r) across the diffuse double layer; a 
local impedance, which involved a local current density and the potential of the 
electrode referenced to a distant electrode; and a local Ohmic impedance, which 
involved a local current density and potential drop 5 0  ( r )  from the outer region of 
the diffuse double layer to the distant electrode. The corresponding list of symbols 
is provided in Table 7.2. 

The local impedance z can be represented by the sum of local interfacial impe- 
dance zo and local Ohmic impedance Ze as 

Z = ZO + Z e  (13.55) 

Huang et al.1021205 demonstrated for blocking disk electrodes that, while the lo- 
cal interfacial impedance represents the behavior of the system unaffected by the 
current and potential distributions along the surface of the electrode, the local im- 
pedance shows significant time-constant dispersion. The local and global Ohmic 
impedances were shown to contain the influence of the current and potential dis- 
tributions. 

While the calculations presented here were performed in terms of solution of 
Laplace's equation for a disk geometry, the nature of the electrode-electrolyte in- 
terface can be understood in the context of the schematic representation given in 
Figure 13.5. Under linear kinetics, both CO and Rt can be considered to be indepen- 
dent of radial position, whereas, for Tafel kinetics, 1 / Rt varies with radial position 
in accordance with the current distribution presented in Figure 5.10. The calcu- 
lated results for global impedance, local impedance, local interfacial impedance, 
and both local and global Ohmic impedances are presented in this section. 
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Figure 13.5: Schematic representation of an impedance distribution for a disk electrode where 
Ze represents the local Ohmic impedance, Co represents the interfacial capacitance, which in this 
case can be considered to be associated with the doublelayer, and Rt represents the charge- 
transfer resistance. (Taken from Huang et ,Isg7 and reproduced with permission of T h e  Elec- 
trochemical Society.) 

Global Impedance 

The calculated real and imaginary parts of the global impedance response are 
shown in Figures 13.6(a) and (b), respectively. At low frequencies, values for the 
real part of the impedance differ for impedance calculated under the assumptions 
of linear and Tafel kinetics, whereas, the values of the imaginary impedance cal- 
culated under the assumptions of linear and Tafel kinetics are superposed for all 
frequencies. The slopes of the lines presented in Figure 13.6(b) are equal to +1 at 
low frequencies but differ from -1 at high frequencies. As discussed in Section 
17.1.3, the slope of these lines in the high-frequency range can be related to the 
exponent 1y used in models for CPE behavior.206 

Following the definition of 1 given in equation (13.49), the curves for 1 = 0 in 
Figures 13.6(a) and (b) correspond to an ideally capacitive blocking electrode. The 
steady-state solution for the current distribution at a blocking electrode is that the 
current is equal to zero. The primary current distribution given as equation (5.65) 
therefore applies, not at the steady state, but at infinite frequency. For the special 
case of a Faradaic system with an Ohmic resistance that is much larger than the 
kinetic resistance, J + 00, and equation (5.65) provides the steady-state current 
distribution. 

Two characteristic frequencies are evident in Figure 13.6. The characteristic fre- 
quency K = 1 is associated with the influence of current and potential distributions 
and can be expressed in terms of the capacitance Co and the Ohmic resistance to a 
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Figure 13.6: Calculated representation of the impedance response for a disk electrode under 
assumption of Tafel kinetics with J as a parameter. The value J = 0 corresponds to an ideally 
capacitive blocking electrode: a) real part; and b) imaginary part. 

disk electrode given in equation (13.53) as 

(13.56) 

The characteristic frequency K/J  = 1 is associated with the RtCo-time constant for 
the Faradaic reaction. 

The frequency K = 1 at which the current and potential distributions begin to 
influence the impedance response can be expressed as 

K f=s 
or, in terms of electrolyte resistance, as 

(13.57) 

(13.58) 

The frequency K = 1 at which the current distribui,m influences the apedance 
response is shown in Figure 13.7 with K/CO as a parameter. As demonstrated in Ex- 
ample 13.2, the influence of high-frequency geometry-induced he-constant dis- 
persion can be avoided for reactions that do not involve adsorbed intermediates 
by conducting experiments below the characteristic frequency given in equation 
(13.57). The characteristic frequency can be well within the range of experimental 
measurements. The value K/CO = lo3 cm/s, for example, can be obtained for a 
capacitance CO = 10 pF/cm2 (corresponding to the value expected for the dou- 
ble layer on a metal electrode) and conductivity K = 0.01 S/cm (corresponding 
roughly to a 0.1 M NaCl solution). Equation (13.57) suggests that time-constant 
dispersion should be expected above a frequency of 600 Hz on a disk with radius 
10 = 0.25 cm. 
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r,, / cm 

Figure 13.7: The frequency K = 1 at which the current distribution influences the impe- 
dance response with K / C O  as a parameter. (Taken from Huang et and reproduced with 
permission of The Electrochemical Society.) 

Example 13.2 Characteristic Frequency: Consider an experimental system in- 
volving a Pt disk in 0.1 M NaCl solution at room temperature for which impedance mea- 
surements are desired to a maximumfrequency of 10 kHz. Estimate the maximum radius 
for a disk electrode that will avoid the influence of high-frequency geomet y-induced time- 
constant dispersion. 

Solution: The characteristic frequency given in equation (13.57) depends on the ratio 
K/CO. The conductivity can be estimated using equation (5.56) and values of difisivity 
takmfrom Table 5.2. The conductivity can be estimated to be K = 0.013 (ncm)-l. The 
double-layer capacitance for a bare electrode is of the order of CO = 10 pF/cm2. Thus, 
K/CO = 1.3 x lo3 cm/s, and, following 

(13.59) 

the maximum disk radius is 0.02 cm. This result can also be obtainedfrom Figure 13.7. 

Local Interfacial Impedance 

For the linear kinetics calculation, where I is independent of radial position, the 
scaled real part of the local interfacial impedance follows 

ZO,rK - I -- 
r0n n(J2+K2)  

and the imaginary part of the local interfacial impedance follows 

zo,F - -K -- 
ron n(J2+K2)  

(13.60) 

(13.61) 
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Figure 13.8: Calculated representation of the local impedance response for a disk electrode as 
a function of dimensionless frequency K under assumptions of Tafel kinetics with J = 1. (Taken 
from Huang e t  al.97 and reproduced with permission of The Electrochemical Society.) 

The local interfacial impedance is that associated with the boundary at the elec- 
trode surface. For a simple Faradaic system, the local interfacial impedance is that 
of an resistor in parallel connection to a capacitor and includes no Ohmic resis- 
tance. For an ideally capacitive electrode, the local interfacial impedance is that of 
a capacitor with no real component. 

Local Impedance 

The calculated local impedance is presented in Figure 13.8 for Tafel kinetics with 
J = 1 and with radial position as a parameter. The impedance is largest at the ten- 

ter of the disk and smallest at the periphery, reflecting the greater accessibility of 
the periphery of the disk electrode. Similar results were also obtained for J = 0.1, 
but the differences between radial positions were much less significant. Inductive 
loops are observed at high frequencies, and these are seen in both Tafel and linear 
calculations for J = 0.1 and J = l.0?7 

Local Ohmic Impedance 

The local Ohmic impedance ze accounts for the difference between the local inter- 
facial and the local impedances. The calculated local Ohmic impedance for Tafel 
kinetics with J = 1.0 is presented in Figure 13.9 in Nyquist format with normalized 
radial position as a parameter. The results obtained here for the local Ohmic im- 
pedance are very similar to those reported for the ideally polarized electrode and 
for the blocking electrode with local CPE b e h a v i ~ r . l ~ ~ # ~ ~ ~  At the periphery of the 
electrode, two time constants (inductive and capacitive loops) are seen, whereas at 
the electrode center only an inductive loop is evident. These loops are distributed 
around the asymptotic real value of 1 /4. 

The representation of an Ohmic impedance as a complex number represents a 
departure from standard practice. As shown in previous sections, the local impe- 
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Figure 13.9: Calculated representation of the local Ohmic impedance response for a disk 
electrode as a function of dimensionless frequency K under assumptions of Tafel kinetics with 
J = 1. (Taken from Huang e t  and reproduced with permission of  The Electrochemical 
Society.) 

dance has inductive features that are not seen in the local interfacial impedance. 
These inductive features are implicit in the local Ohmic impedance. As similar 
results were obtained for ideally polarizedlo2 and blocking electrodes with local 
CPE behavior?O5 the result cannot be attributed to Faradaic reactions and can be 
attributed only to the Ohmic contribution of the electrolyte. 

Global Interfacial and Global Ohmic Impedance 

The global interfacial impedance for linear kinetics is independent of radial posi- 
tion and is given by 

Rt 
1 + jwCoRt 

zo = (13.62) 

The global Ohmic impedance Ze is obtained from the global impedance Z by the 
expression 

Ze = Z - ZO ( 13.63) 

The real part of Ze, obtained for linear kinetics, is given in Figure 13.10(a), and 
the imaginary part of Ze is given in Figure 13.10(b) as functions of dimensionless 
frequency K with J as a parameter. In the low-frequency range ZeK/ron is a pure 
resistance with a numerical value that depends weakly on J. All curves converge 
in the high-frequency range such that Z , ~ / r o n  tends toward 1/4. The imaginary 
part of the global Ohmic impedance shows a non-zero value in the frequency range 
that is influenced by the current and potential distributions. 

m)Remember! 13.3 The Ohmic impedance is a complex quantity that is influenced 
by geometry-induced current and potential distributions. 
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Figure 13.10: Calculated global Ohmic impedance response for a disk electrode as a function of 
dimensionless frequency for linear kinetics with J as a parameter: a) real part; and b) imaginary 
part. 

At high and low-frequency limits, the global Ohmic impedance defined in this 
section is consistent with the accepted understanding of the Ohmic resistance to 
current flow to a disk electrode. The global Ohmic impedance approaches, at 
high frequencies, the primary resistance for a disk electrode (equation (13.53)) de- 
scribed by Newman.19* This result was obtained as well for ideally polarizedloZ 
and blocking electrodes with local CPE behavior.z05 The global Ohmic impedance 
approaches, at low frequencies, the value for the Ohmic resistance calculated by 
Newman% for a disk electrode. Again/ this result was seen as well for blocking 
 electrode^.^^^^^^^ The complex nature of the global and local Ohmic impedances is 
seen at intermediate frequencies. This complex value is the origin of the inductive 
features calculated for the local impedance and the quasi-CPE behavior found at 
high frequency for the global impedance. 

13.4 Porous Electrodes 

Porous electrodes are used in numerous industrial applications because they have 
the advantage of an increased effective active area. A porous electrode can be ob- 
tained by such different techniques as pressing metal powder or dissolution.19z 
This type of porous electrode structure is also observed on some corroded elec- 
t r o d e ~ . ~ ~ ~  It is important to recognize that a porous electrode is not the same as a 
porous layer. The structure may be the same, but, while the pore walls are elec- 
troactive for a porous electrode, the pore walls are inert for a porous layer. 

The random structure of the porous electrode, illustrated in Figure 13.11(a), 
leads to a distribution of pore diameters and lengths. Nevertheless, the porous 
electrode is usually represented by the simplified single-pore model shown in Fig- 
ure 13.11(b) in which pores are assumed to have a cylindrical shape with a length t 
and a radius r.  The impedance of the pore can be represented by the transmission 
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Figure 13.11: Schematic representations of a porous electrode: a) porous electrode with irreg- 
ular channels between particles of electrode material; and b) transmission line inside a cylindrical 
pore. 

line presented in Figure 13.11(b) where Ro is the electrolyte resistance for one-unit 
length pore, with units of ncm-l, ZO is the interfacial impedance for a unit length 
pore, with units of ncm, r is the pore radius in cm, and .t is the pore length in cm. 
The specific impedances Ro and ZO can be expressed in function of the pore radius 
as 

Ro = - P (13.64) 
m - 2  

and 
7 

(13.65) 

respectively, where Zeq is the interfacial impedance per surface unit, with units of 
nun2, and p is the electrolyte resistance, with units of Ocm. 

In the general case, Zo and Ro are functions of the distance x .  This dependence 
is due to the potential distribution or/and to the concentration distribution in the 
pore. The general solution can be obtained only by a numerical calculation of the 
corresponding transmission line. For example, the impedance of a porous elec- 

Remember! 13.4 A porous electrode is not the same as a porous layer. The struc- 
ture may be the same, but, while the pore walls are electroactive for a porous electrode, the 
pore walls are inertfir a porous layer. 
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trode in the presence of a concentration gradient was numerically studied by Ked- 
dam et a1.208 but only a totally irreversible charge-transfer reaction was considered 
and the Ohmic drop in the pore was neglected. A complete numerical calculation 
in the presence of a concentration gradient and a potential drop in the pores was 
developed later by Lasia.209 

With the restrictive assumption that ZO and Ro are independent of the distance 
x ,  de L e ~ i e ~ ~  calculated analytically the impedance of one pore to be 

(1 3 -66) 

The derivation of the de Levie impedance, given in equation (13.66), is presented 
in Example 13.3. The impedance of the overall electrode is obtained by accounting 
for the ensemble of n pores and for the electrolyte resistance outside the pore, i.e., 

(1 3.67) 

The set of equations (13.64)-(13.67) yields an expression for the impedance of the 
porous electrode Z that is a function of three geometrical parameters t ,  r, and n as 

(13.68) 

The shape of the pores influences the value of the but, in the high- 
frequency range, this geometrical influence disappears and the impedance is pro- 
portional to (Zeq)’l2 

Example 13.3 Derivation of the de Levie Formula: Derive the de h i e  for- 
mula given as equation (13.66). 

Solution: The transmission line corresponding to transport within a pore is given in 
Figure 13.11 (b). At a distance x from the pore edge, the potential is u ( x )  and the current 
crossing a resistance Rodx is i ( x ) .  7’he diference of potential at the edges of the resistance 
is 

d u ( x )  = Roi(x)dx (13.69) 

The currentflowing through the impedance Zoldx is given by 

d i (x )  = -dx 
ZO 

From equations (13.69) and (13.70), the diferential equation 

d2u Ro 
d X 2  Zo 
- - - -u 

(13.70) 

(13.71) 
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is obtained. The solution of equation (13.71) is 

For x = 0, i = 0; thus, A = B. The overall current is given by 

(13.72) 

and the overall impedance is obtained as 

(13.74) 

Equation (13.74) is the de h i e  impedance given in equation (13.66). 

Several limiting behaviors can be seen in equation (13.68). For example, recog- 

lim coth(x) = 1 (13.75) 
nizing that 

X-mJ 

when the argument to the coth function, e ,/- is sufficiently large, 

coth(td2plrZeq) -, 1 (13.76) 

and 
(13.77) 

In this particular case, the pores behave as though they are semi-infinitely deep. 
The parameters r and n cannot be determined separately by regression analysis. 
Only the product (r3l2n) can be obtained. Other limiting behaviors of equation 
(13.68) are explored in Problems 13.8 and 13.9. 

t 
& Example 13.4 Corrosion of Cast Iron in Drinking Water: The internal cor- 
rosion rate of drinking water pipes is very small and, in itselfi corrosion is generally not 
a problem. Butfree chlorine (FCU (the sum of hypochlorous acid HOCl and hypochlorite 
ions C10-) introduced in water at the treatment plant in order to maintain microbiolog- 
ical quality, gradually disappears throughout the distribution system, which necessitates 
rechlorination. In order to optimize rechlorination procedures, the diferent sources of chlo- 
rine consumption must be identified. The most @en invoked and investigated causes of 
chlorine decay are the chemical bulk oxidation of organic compounds dissolved in water 
and the reactions with biofilms on the pipe surface. Furthermore, chlorine reacts with the 
pipe materials themselves in the corrosion process of cast iron pipes. The corrosion has 
been invoked as an important source of chlorine decay and thus the corrosion rate must be 
evaluated.2o7 Derive a model for the impedance response of an iron electrode, taking into 
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account the material presented in Chapters 9,1 0, and 11 and treating the iron as a porous 
electrode with poresfilled with corrosion product as shown in Section 9.3.2. 

Solution: Free chlorine can be directly involved in the corrosion process and reduced at 
the metal-water interface, following the electrochemical reaction, given for acidic pH by 

HOCl + Hf + 2e- 2 C1- + H20 (13.78) 

coupled with the anodic dissolution of ferrous material 

Fe 2 Fez+ + 2e- (13.79) 

On the other hand, chlorine can be chemically reduced by ferrous ions produced by reaction 
(13.79), according to the homogeneous reaction (in acidic media) 

2Fe2+ + HOCl + H+ F! 2Fe3+ + C1- + H20 (13.80) 

In aerated and chlorinated waters, the rate of reaction (13.78) can be considered to be neg- 
ligibly small, and the single cathodic process coupled with the dissolution of iron is the 
reduction of dissolved oxygen, written in acidic media as 

1 
-02 2 + 2H+ + 2e- 2 H2O (13.81) 

The analysis of the corrosion products suggests the scheme presented in Figure 13.12 for 
the cast iron-drinking water interface: 

On top, the red rust layer explains the absence of hydrodynamic gects  after two days 
of immersion. This layer, which is an electronic insulator but an ionic conductor, does 
not play any role on the kinetics. 

Below the reddish layer, an electronically conductive layer of black rust, pictured as 
an arrangement of macropores, covers the metal except at the end of the pores. The 
flattened aspect of the diagrams rqflects the presence of this macroporous layer. 

The black rust is covered by a very compact microporous layer, made up of green 
rust and calcium carbonates. This film influences the high-frequency loop of the 
impedance diagrams. 

From this physical model, an electrical model of the interface can be given. Free corrosion 
is the association of an anodic process (iron dissolution) and a cathodic process (electrolyte 
reduction). %@ore, as discussed in Section 9.2.1, the total impedance of the system near 
the corrosion potential is equivalent to an anodic impedance Z, in parallel with a cathodic 
impedance Z ,  with a solution resistance Re added in series as shown in Figure 13.13(a). 
The anodic impedance Z ,  is simply depicted by a double-layer capacitance in parallel with 
a charge-transfer resistance (Figure 13.1 3(b)). The cathodic branch is described, following 
the method of de by a distributed impedance in space as a transmission line in 
the conducting macropore (Figure 13.12). The interfacial impedance of the microporous 
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Figure 13.12: Schematic representation of the cast iron - water interface. (Taken from Frateur 
e t  a I .207) 

Figure 13.13: Equivalent circuit for: a) the total impedance of the cast iron-water interface; 
b) the anodic impedance; and c) the interfacial impedance of the microporous layer. 
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layer ZO is given in Figure 13.13(c). The term R f  represents the Ohmic resistance of the 
electrolyte through thefilm, and the term C f  represents thefilm capacitance. The Ohmic 
resistance R f  is in series with the parallel arrangement of the cathodic double-layer capaci- 
tance Cil and the Faradaic branch consisting of a cathodic charge-transfer resistance RF in 
series with a diffusion impehnce Z D  (see also Figure 9.4). The term Z D ,  which describes 
the radial diffusion in the macropores, i.e., through the red rust, is given by equation 
(1 1.70). 

Thus, the anodic surface corresponds to the end of the macropores, whereas the cathodic 
reaction occurs at the end of the micropores, which are located at the walls of the macropores. 
I t  should be noted that this physicaklectrical model describes the behavior of cast iron at 
any time of immersion. 

The calculation gives, for the cathodic impedance, the general form 

with 

(13.82) 

(1 3.83) 

and where t is the mean length of the macropores and h is the penetration depth of the 
electrical signal. When t is small with respect to A, the macropores respond like afzat 
electrode and the cathodic impedance tends to Z o / t .  In this case, the angle made by the 
diffusion impedance is equal to 45". When t / h  becomes large, the macropores behave as 
though they were semi-infinitely deep. Thus, coth(t/h) tends to unity, and Z, equals 
a, which gives an angle of about 22.5" in the so-called Warburg domain. 

With the model illustrated in Figures 13.12 and 13.13, the impedance diagrams were 
analyzed by using a nonlinear least-squares regression procedure to extract physically 
meaningful parameters. For each time of immersion, the electrolyte resistance was mea- 
sured separately andfixed in order to decrease the number of unknown parameters. The 
error structures ident$ed by means of the measurement model described in Chapter 21 
were used to weight the data during regression of the physical model. 

The results of thefitting for water containing 2 mg I-' of FC1 after 3, 7, and 28 days 
of immersion are presented in Figures 13.14(a), (b), and (c), respectively. The model fits 
the experimental data very well, even under conditions where the diffusion loop is badly 
dejhed (i.e., at long times of immersion). Therefore, despite the large number of param- 
eters imposed by the physical model, each parameter could be determined with a narrow 
confidence interval. The calculated diagrams show that the HF loop is, in fact, composed 
of two capacitive loops: one related to the microporous film and the other to the cathodic 
charge transfer. Due to the similar values of the time constants RfCil and R f C f ,  the two 
corresponding half-circles were nearly indistinguishable. 7'he low-frequency loop charac- 
terizes the diffusion of the solute as well as the anodic charge transfer. After 28 days of 
immersion, the theoretical diagram makes an angle of 45" in the very-high-frequency range 
and the angle of the diffusion impedance is 22.5", which means that the pores behave as 
though they are semi-infinitely deep at thesefrequencies. 
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Figure 13.14: Regression results for the impedance diagrams of the cast iron rotating disk 
electrode after (a) 3, (b) 7, and (c) 28 days of immersion in Evian water with 2 mg 1-l of FC1. 
( 0 )  Experimental data and (0) fitted values using the equivalent circuits given in Figure 13.13. 
(Taken from Frateur et aIs2O7) 
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Figure 13.15: Equivalent circuit corresponding to an electrode covered by an oxide layer. 

The anodic charge-transfer resistance could be extracted from the fitting procedure. 
Thus the method provided a reliable value ofthe corrosion current and rate. This corrosion 
rate is about 10 micrometers per year, which is not negligible if the chlorine consumption 
is considered. 

13.5 Oxide Layers 

The electrochemical impedance of an oxide layer reveals a n  apparent CPE behav- 
ior in the high-frequency range, and the origin of the CPE behavior is generally 
attributed to a distribution of time constants. The influence of a distribution of 
time constants along the electrode surface (i.e., a 2-D distribution) was discussed 
in Section 13.3. A time-constant dispersion can also be attributed to a distribution 
along the dimension normal to the electrode surface (i.e., a 3-D distribution). The 
LEIS technique described in Section 7.5.2 can be used to distinguish between a 2-D 
and a 3-D distrib~ti0n.I~~ With the LEIS technique, a 2-D distribution is charac- 
terized at high frequencies by pure capacitance behavior, and a 3-D distribution 
is characterized by an apparent CPE behavior. Of course, a local CPE behavior 
characteristic of a 3-D distribution can be also be involved in a 2-D current and 
potential distribution as discussed in Section 13.3.205 For an oxide layer, the distri- 
bution in the direction normal to the electrode surface can be due to varying oxide 
composition. 

In a first approximation, the equivalent circuit presented in Figure 13.15 can 
be used to represent the electrode in which the interfacial impedance between the 
oxide and the electrolyte was assumed to be negligible as compared to the coating 
impedance. The impedance of the oxide layer can be considered to correspond to a 

I(mRemember! 13.5 Not all depressed semicircles correspond to a CPE behavior. 
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Figure 13.16: Equivalent circuit corresponding to an oxide layer with an axial distribution of 
dielectric and resistive properties. 

large number of Voigt elements as represented in Figure 13.16. The capacity C( x )  is 
the capacity of a dielectric with a thickness dx, and the resistance R( x )  corresponds 
to a layer of same thickness d x  with a conductivity K ( x )  . 

The local impedance is obtained by integration along the distance x from 0 to 
the coating thickness d,  i.e., 

(13.84) 

As shown in Table 5.4, the dielectric constant E varies in a narrow range for a metal 
oxide. Thus, to a first approximation, E can be considered to be independent of x,  
and the conductivity K may be assumed to be a function of x .  

assumed that the nonstoichiometry of the oxide 
layer resulted in an exponential variation of the conductivity with the normal dis- 
tance to the electrode as 

~ ( x )  = ~ ( 0 )  exp ( - x / d )  (13.85) 

The Young impedance for the gradient presented in equation (13.85) can be ex- 
pressed as 

For an oxide layer, 

(13.86) 

where Cy = &oeS/d  is the oxide film capacity, and IT = RCy = E O E / K ( O )  is the time 
constant.191 
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Figure 13.17: Young impedance given by equation (13.86) and obtained with Cy = 
1.25 pF/cm2, 6 / d  = 0.26, and T = 2.11 x s.: a) Nyquist representation; b) phase 
angle as a function of frequency; and c) imaginary impedance as a function of frequency on a 
logarithmic scale. 

An example of the Young impedance is plotted in Figure 13.17 in different coor- 
dinates. In Figure 13.17(a), the Young impedance appears as a depressed semicir- 
cle, similar to what is obtained for a resistance in parallel with a CPE (see Section 
13.1). The phase angle is given in Figure 13.17@) as a function of frequency. Clearly 
no constant phase angle is found, but, in spite of the depressed semicircle of Figure 
13.17(a), the phase angle approaches -90 degrees at high frequencies. The slope of 
the lines in Figure 13.17(c) confirms that the CPE exponent 1y is not independent of 
frequency and approaches a value of unity at large frequencies. However, if only 
a limited frequency range is considered, the data can be described by a CPE with 
1y < 1. 

In this case, a CPE could be used to describe the experimental data obtained 
in a limited frequency range, but, when a physical model is assumed, as for the 
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Young impedance, true CPE behavior is not found. It should be noted that the 
CPE model corresponds to a specific distribution of time constants that may or 
may not correspond to a given physical situation. Local impedance measurements 
can give information about the nature of this distribution, whether 2-D, 3-D, or 
both. This example shows that not all depressed semicircles correspond to a CPE 
behavior. 

Problems 

13.1 

13.2 

13.3 

13.4 

13.5 

13.6 

13.7 

13.8 

13.9 

Provide an analytic solution to equations (13.26) and (13.27), and write ex- 
plicitly the equation corresponding to m = 1. 

Consider a 0.25 cm radius Pt disk in a 0.1 M NaCl solution at room temper- 
ature. Estimate the frequency above which geometry-induced time-constant 
dispersion will influence the impedance response. 

Consider a 0.25 cm radius steel disk covered with a native oxide layer. The 
electrolyte is a 0.1 M NaCl solution at room temperature. Estimate the fre- 
quency above which geometry-induced time-constant dispersion will influ- 
ence the impedance response. 

Consider a 0.25 cm radius steel disk covered with a polymer coating that 
has a thickness of 100 pm. The electrolyte is a 0.1 M NaCl solution at room 
temperature. Estimate the frequency above which geometry-induced time- 
constant dispersion will influence the impedance response. 

Time-constant distributions were described in Section 13.1.1 as having either 
a 2-D or a 3-D character. Under what conditions could a system show CPE 
behavior resulting from a distribution in only the axial direction? 

Find the equations that are necessary to solve the response of a small elec- 
trode to a rotation speed modulation. 

A thin layer cell is comprised of an isolated plane at a very short distance 
E from a working electrode. By considering the system with a cylindrical 
symmetry, calculated the impedance of a disk electrode in this configuration. 

Explore the limiting behavior of equation (13.68) when I , / -  is very 
small. What independent parameters or combinations of parameters can be 
obtained by regression of this model to experimental data? To what geome- 
try does this limit conform? 

Explore the behavior of equation (13.68) when I , / -  is neither very 
small nor very large. What independent parameters or combinations of pa- 
rameters can be obtained by regression of this model to experimental data? 



Chapter 14 

Generalized Transfer Functions 

Electrochemical measurements are generally designed either to analyze an inter- 
facial mechanism by kinetic characterization and chemical identification of the re- 
action intermediates or to estimate a parameter characteristic of some process (i.e., 
corrosion rate, deposition rate, and state of charge of a battery) from the measure- 
ment of a well-defined quantity. 

Electrical techniques are extremely efficient for disentangling the coupling be- 
tween mass-transport and chemical and electrochemical reactions or for perform- 
ing a test, because they allow in situ study of the electrochemical system. The 
techniques placed at the electrochemist’s disposal are founded on an application 
of signal processing to electrochemistry. By using a small-amplitude sine-wave 
perturbation, electrochemical systems can be considered to be linear, and they can 
be investigated on the basis of a frequency analysis of a transfer function involving 
at least one electrical quantity (current or potential). So far, most significant results 
have been obtained by measurements of the electrochemical impedance, which 
leads to kinetic characterization of the phenomena in terms of process rates (mass 
transport, electrochemical, or chemical reaction). More recently, use of nonelectri- 
cal quantities has been introduced in impedance spectroscopy, which complements 
those obtained by measuring the electrochemical impedance. 

The object of this chapter is to provide a framework for the variety of electri- 
cal and nonelectrical impedance techniques that have emerged and to provide a 
consistent set of notations that can be used to describe the results of these mea- 
surements. The presentation follows the treatment of Gabrielli and Tr ib~l le t .~~  

14.1 Multi-lnput/Multi-Output Systems 

During the last 30 years, the measurement of the impedance of an electrode has 
become a technique widely used for investigating numerous interfacial processes. 
The interpretation of this quantity is based on models obtained from the equations 
governing the coupled transport and kinetic processes, which may include hetero- 
geneous and/or homogeneous reaction steps. Although these models are able to 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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Figure 14.1: Schematic representation of an electrochemical system with input, output, and 
state variables. (Taken from Gabrielli and T r i b ~ l l e t . ~ ~ )  

explain many complex behaviors, they can be questioned so long as they are not 
supported by additional experimental evidence. 

Unfortunately, in situ analytical identification of reaction intermediates or of 
surface layers remains extremely difficult. Therefore, it is convenient to comple- 
ment the impedance measurement, which relates only electrical quantities, with 
the measurement of complex transfer functions of different natures, which involve 
other types of quantities. In fact, the modeling of these new quantities is carried 
out on the same basis as those that govern the electrochemical impedance. As an 
example, the ac impedance measured on the diffusion plateau of the anodic dis- 
solution of metal is often very difficult to analyze because of the close coupling 
between kinetics and mass transport. By perturbing the rotation speed of the elec- 
trode and measuring the current, the electrohydrodynamic ( E m )  impedance is 
obtained (see Chapter 15). EHD impedance reveals directly the influence of mass 
transport on surface phenomena and thereby gives additional information on the 
process. The model that expresses the coupling between surface kinetics and mass 
transport can be tested against both the EHD impedance and the electrochemical 
impedance. 

For any electrochemical system, the state of the electrochemical interface is de- 
fined by three classes of quantities that are shown in Figure 14.1: 

1. The input quantities or constraints Wj impose the experimental conditions. 
These may include the electrode potential U (or overall current I), the tem- 
perature T ,  the pressure p ,  the rotation velocity of the electrode hz, and the 
magnetic field B. 

2. The values of state quantities Xi fix the state of the system. These may include 
the concentration of the reacting species Ci ,  the coverage of the electrode by 
the intermediate species Ti, and the local interfacial potential V( x,  y ,  2 ) .  

m R e m e m b e r !  14.1 Measurement of dflerent transferfunctions provides a conve- 
nient in-situ method to probe electrochemical systems. 
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3. The output quantities Yk allow observation of the state of the system. These 
may include the current I (or potential U), the reflective power of the elec- 
trode surface R, the mass added or removed from the electrode M, and the 
current flowing through a secondary electrode (often a concentric ring to a 
disk electrode) Iring. 

Each output quantity Yk can be considered to be a function, which is often very 
complicated, of the constraints or input quantities. 

Yk = G(Wj) (14.1) 

Equation (14.1) may be called the input-output reZationship. In order to write equa- 
tion (14.1), different steps involving the evolution equation of the state quantities 
generally have to be considered, i.e., 

(for J’ and k = 1, 2 . . .) 

d X i  
- = H i ( X , , W j )  at 

(for i, I, and j = 1, 2 ...) 

Yk = Fk(X i ,Wi )  (for k, i, and j = 1, 2 ...) 

(14.2) 

(14.3) 

The set of equations (14.2) governs the time change of the state quantities. The set 
of equations (14.3) allows the output quantities to be obtained. Equations (14.3) 
can be called the observation equations. 
h general, the functions Hi and Fk are nonlinear. These nodinearities are usu- 

ally due to the exponential activation of the electrochemical rate constants by the 
potential (see Section 5.5). In addition, even for time-invariant electrochemical 
systems, equations (14.2) can comprise either differential equations, when only ki- 
netic equations are considered to be involved at the interface, or partial differential 
equations, when distributed processes occur in the bulk of the solution (such as 
may result from transport of the reacting species or a temperature gradient in the 
solution). 

A general time-dependent solution of the set of differential equations given 
by equations (14.2) and (14.3) is usually impossible or very difficult to obtain. 
This general solution corresponds, for example, to cyclic voltammetry or step re- 
sponses. The steady-state solution of this set of equations obtained for d X i / d t  = 0 
can be derived more easily, and then, if a small perturbation of the input quantities 
dWj(t) about the steady-state value TVj is imposed, a small change of the output 
quantities dYk(t) about the steady value Pk is observed. A linearization of equa- 
tions (14.2) and (14.3), for example, by neglecting the expansions above the first 
order, gives an approximate description of the real system in the time domain 

(14.4) 

(14.5) 

ax 
- = A d X  + BdW 
at 
dY = C d X  + DdW 

where A, B, C, and D are matrixes whose components are equal to 

(14.6) 
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(14.7) 

(14.8) 

(14.9) 

respectively, and dX, dY, and dW are column vectors whose components are dXi, 
dYk, and dWm respectively. 

When a small-amplitude sine wave perturbation is added to one input quan- 
tity, under linear conditions, each state quantity and each output quantity can be 
written formally for the quantity of interest x as 

where Re(x} represents the real part of x ,  and x ( w )  is generally a complex quan- 
tity independent of the time but depending on the frequency, i.e., 

where q is the phase shift. With the previous notation, the perturbation of the 
quantity x in the time domain, d x ( t ) ,  is related to the perturbation of the same 
quantity in the frequency domain, x(w),  by 

d x ( t >  = Re(X(4 e x p ( j W  (14.12) 

Equations (14.6), (14.7), (14.8), and (14.9), which describe the system in the time 
domain, become, in the frequency domain, 

jug = A x  + B m  (14.13) 

and 
F = CZ+Dm (14.14) 

- -  - I  

where X, Y, and are column vectors, with components Xi, Yk, and m m .  

By eliminating 2, the output quantity is obtained as a function of the input 

F = ( ~ ( j w j  - A ) - ~ B  + ~ ) f i  (14.15) 

The matrix (C(jwJ - A)-lB + D) is the generalized transfer function of the electro- 
chemical interface considered as a multi-input Wj/mdti-output Yk system. Each 
term of the matrix is an elementary transfer function and J is the identity matrix. 
The transfer function may be analyzed as a function of the static property space, 
which represents a linearized characterization of the system. The same information 
is obtained as would be obtained by analyzing the entire nonlinear electrochemical 
system, which is much more complex. As an example, for the electrical quantities 

quantity m 
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the measurement of the impedance about each polarization point of the steady- 
state current-voltage curve leads to an exhaustive analysis of the electrochemical 
interface. No information is lost as compared to a large-amplitude perturbation 
technique such as cyclic voltammetry. It is equivalent to carrying out several im- 
pedance measurements all along the current-voltage curve or cyclic voltammetry 
at different sweep rates, but the mathematical analysis of the impedance measure- 
ments is much simpler due to the linearity of the equations. 

If the kh row of the matrix that gives the transfer function is developed, 

(1 4.1 6) 

where Zj,k is the elementary transfer function between Yk and Wj. Each elementary 
transfer function is generally a complex quantity, but, when the frequency tends 
toward zero, zj,k tends toward aYk/awj/wi, which is the partial derivative of the 
steady-state solution yk with respect to T V j  (e.g., polarization resistance au/a1lwi 
for the electrical quantities). 

The proliferation of different and conflicting sets of notation for different impe- 
dance techniques makes necessary a unified approach for describing the transfer 
function resulting from all impedance measurements. A unified notation is pre- 
sented in the following section for cases where the electrical properties (current or 
potential) are the measured output quantity and where the input forcing function 
is nonelectrical. A subsequent section addresses cases for which the input forcing 
function is electrical. 

14.1.1 Current or Potential Are the Output Quantity 

As I and U play a particular role in an electrochemical system, and both can be 
considered to be either input or output quantities, according to the type of regula- 
tion of the polarization (potentiostat or galvanostat), Tand 0 appear in either the 
input or the output vector columns. According to equation (14.16) 

(14.17) 

(14.18) 

m R e m e m b e r !  14.2 The small-signal transferfunction may be analyzed at d@ierent 
values of the static property space, which represents a linearized characterization of the 
system. The same information is obtained as would be obtained by analyzing the entire 
nonlinear electrochemical system using a large-amplitude perturbation technique such as 
cyclic voltammet y, but the analysis is simpler. 
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where Z is the usual electrochemical impedance, ZI,, is the elementary transfer 
function between the current response to the perturbation of the m* input quantity, 
and Zu,m is the elementary transfer function between the overvoltage response to 
the perturbation of the m* input quantity. 

Equations (14.17) and (14.18) are simultaneously satisfied; therefore, by replac- 
ing fi in equation (14.17) by its value given by equation (14.18), 

(14.19) 

i.e., 
C(Zu,mZ-l+ Z r , m ) f i m  = 0 (14.20) 
m 

Thus, for any input quantity m 

Zu,m z-' + Zr,m = 0 (14.21) 

Therefore, the elementary transfer functions that give the response of current and 
potential to the perturbation of the mth input quantity are related by the electro- 
chemical impedance. For a given experiment, only one input quantity is sinu- 
soidally modulated around a mean value, and all others are maintained constant 
by different regulations. 

The notation such as the ratio ? k / m m  means that all input quantities Wi (with 
i # m) are fixed. Then equation (14.21) can be written as 

(14.22) 

According - -  to this notation, ( 8 / f i m )  is obtained in galvanostatic regulation (7 - -  = 0), 
U/I is the usual electrochemical impedance Z obtained for Em = 0, and (I/Wm) 
is obtained in potentiostatic regulation (fi = 0). Equation (14.22) has been given 
previously in the particular cases of the speed modulation of a rotating disk elec- 
trode:" of a magnetic field modulation,lZ4 and for a temperature modulation.212 

The experimental arrangement devised for the transfer-function measurements 
involving electrical input and output quantities is illustrated in Figure 14.2. The 
transfer-function analyzer generates the perturbing signal d E ( t )  and the control 
device of the electrical quantity delivers the responses d l (  t )  or dLI( t) of the current 
or potential to channel 1 of the analyzer. As shown in Figure 14.2, a sensor adapted 
to the observed output quantity Y2 allows measurement of the response dY2( t) of 
this ouQut quantity. The analyzer measures the transfer function between Y2 and 
LI (?2/U) or between Y2 and I, i.e., ( ? 2 / T ) .  

14.1.2 

For any output k, if a galvanostatic regulation is considered, equation (14.16) can 
be written as 

Current or Potential Are the Input Quantity 

(14.23) 
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Figure 14.2: The experimental arrangement devised for the transfer function measurements 
involving nonelectrical input quantity and electrical output quantity. 

where Zk,i  is the elementary transfer function between the response of the k* out- 
put quantity and the perturbation of the current and Z k , m  is the elementary transfer 
function between the response of the k* output and the perturbation of the mth in- 
put quantity. 

If only the input I is modulated, the output Y k  and U can be written 

y k  = z k , I T  (14.24) 

D = Z T  (14.25) 

Then 

(14.26) 

- -  
where U /  I is the usual electrochemical impedance Z ,  y k  / T  is the transfer function 
between Y k  and I ,  and y k / a  is the transfer function between Y k  dnd U. Note that 
the only difference between equation (14.22) and equation (14.26) is a minus sign 
coming from the implicit function derivation. 

The experimental arrangement devised for the transfer-function measurements 
involving a nonelectrical output quantity, the current or the potential being the 

m R e m e m b e r !  14.3 Equation (1 4.22) provides the relationship between the usual 
electrochemical impedance response and the transfer function for cases where current or 
potential is the output. Equation (14.26) provides the corresponding relationship for cases 
where current or potential is the input. Equation (14.22) and equation (14.26) are distin- 
guished by a minus sign resultingfrom the implicit function derivation. 
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Figure 14.3: Principles of the experimental arrangement used for transfer-function measure 
ments where current or potential is the input quantity. 

input quantity is illustrated in Figure 14.3. The transfer-function analyzer gener- 
ates the perturbing signal d E ( t )  and the control device of the electrical quantity 
delivers the responses dZ( t )  and d U ( t )  of the current and potential to channels 1 
and 2 of the transfer-function analyzer. A sensor adapted to the observed output 
quantity Y3 allows the response dY3(t) of this output quantity (see Figure 14.3). 
The transfer-function analyzer simultaneously measures the electrochemical im- 
pedance U/Z and the transfer function between Y3 and U ?s/o and between Y3 
and I 73/r If required, a second sensor, also shown in Figure 14.3, can measure 
the response dY4 ( t )  of a second output quantity. This last feature makes this multi- 
transfer-function technique very flexible. The simultaneous measurement of the 
electrochemical impedance U / Z and of the transfer function ?3 / 7 requires the use 
of a four-channel transfer-function analyzer. 

- -  

- -  

14.1.3 Experimental Quantities 

It is necessary to notice that the interfacial potential V and the Faradaic current Zf 
are state quantities generally related to the observable experimental quantities U 
and I by 

U = V + ReZ (14.27) 

and 

(14.28) 
dV 
dt 

z = If + cdl- 

where Re is the electrolyte resistance and cdl  is the doublelayer capacitance. 
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From a modeling point of view, the kinetic equations and the evolution equa- 
tions generally involve If and V, so, in a first step, it is more convenient to write 
the different equations by considering If and V to be the observable quantities (in- 
put or output) and, at the end, to use equations (14.27) and (14.28) to write the final 
relation with I and U. 

14.2 Transfer Functions Involving Exclusively Electrical Quantities 

The examples of transfer functions presented here involve exclusively electrical 
quantities, but are distinct from the usual impedance measurements described in 
other parts of this book. 

14.2.1 Ring-Disk Impedance Measurements 

In the late sixties, Albery et al.213 investigated extensively the rotating ring-disk elec- 
trode (rrde). The extension to the dynamic regime, in principle, can, by studying the 
species collected on the ring, yield information on changes with time and potential 
of the number of species trapped on the disk surface during the electrode process. 
This approach was extended to the study of the collection efficiency response to a 
sine wave perturbation to the disk potential.214 

The principle of an rrde is the following: 

1. The species A transforms electrochemically into B at the disk, e.g., 

A + B + ndiske- (14.29) 

where the charges carried by A and B are such that reaction (14.29) is electri- 
cally balanced. 

2. The species B leaves the disk and is transported by convective diffusion to 
the ring. 

3. The species B reacts at the ring and is transformed into P, e.g., 

B 4 I? + nrhge- (14.30) 

The product I? may be identical to A, the initial species, as in the case of a 
redox system, or may be different. 

The number of electrons concerned in reaction (14.29) or (14.30), i.e., n&sk or nrhg, 
is positive for an anodic and negative for a cathodic process. It can be seen that 
the rrde operates in three distinct processes: electrochemical reaction at the disk, 
coupling between the disk and the ring through the convective diffusion, and col- 
lection at the ring. 

At the steady state, the collection efficiency is defined to be 
- 
Iring 

ldisk 
g = r  (14.31) 
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In a similar way, the collection efficiency under an ac signal at the angular fre- 
quency w is defined by: - 

(14.32) 

As the disk and the ring current are linked through three distinct steps, N ( w )  can 
hence be split as the product of three transfer functions, i.e., 

hing 

zdisk 
N ( w )  = -- 

- - - 
- N & k ( w ) n / , ( w ) / N h g ( w )  (14.33) 

k n g  &disk NB,ring i h g  N(w)  = -- = --- - - - - 
ldisk idisk NB,disk NB,ring 

where NB,disk is the flux of species B at the disk interface and NB,ring is the flux of 
species B at the ring interface. In equation (14.33), Nring(w) = NB,ring/ ihg  is the 
kinetic efficiency of the ring process. If this process is sufficiently fast that it is 
controlled entirely by convective diffusion, then Nhg (w)  = 1 /nhgF, where F is 
Faraday's constant. The applicability of the rrde is in fact closely dependent on the 
possibility of finding a suitable ring material and electrochemical system for which 
Nring (w)  can be considered constant. 

The term Nt(w) = NB,hg/&&,& is determined completely by mass transport, 
and, therefore, Nt (w)  can be reduced by the dimensionless frequency pSc1j3 (see 
Chapter 11). No analytic expression is available, and a numerical solution must be 
derived for each geometry. 

The term &sk (w ) = RB,di& /&k is the kinetic emission efficiency, which de- 
pends only on the kinetics at the disk electrode. At the steady state, 

- - 

- 

1 

(14.34) 

In the transient regime, a fraction of the disk current :disk may be stored at the disk 
surface as the charge ij, implied in the Faradaic process through the formation of 
adsorbed intermediate species (2-D) or of films (3-D). From the conservation of 

idisk = ndiskFGB,disk -k jwq (14.35) 
electrical charge, - 

Equation (14.35) becomes 

(14.36) 

By introducing the Faradaic impedance of the disk electrode Zdkk, the transfer 
function can be written as 

where 
(14.38) 
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Figure 14.4: Schematic diagram showing the different values of the double-layer capacitance 
in the presence of a surface coverage. 

The transfer function q/v can be determined from the Faradaic impedance Zdkk 

and the transfer function N ( w ) .  It is an important kinetic parameter that allows 
evaluation of the frequency dependence of the amount of charge stored at the elec- 
trode surface. 

14.2.2 

The Faradaic impedance is linked in parallel to the double-layer capacitance c d l  

and then to the solution resistance Re as illustrated in Figure 9.1. The double-layer 
capacitance is in general considered to be constant. It is frequently observed, how- 
ever, that c d l  changes with the dc current at which the impedance measurements 
were carried out. The capacitance c d l  has been observed, for example, to increase 
with increasing current density. 

The double-layer capacitance c d l  may be assumed to be linked to the surface 
coverage Ti, where c d l  is a function of frequency due to the frequency dependence 
of 71. The kinetic description of electrochemical impedance involving the surface 
coverage of intermediates was especially promoted by Epelboin et al.215 They con- 
sidered that, for a reaction mechanism involving few reactions, some reaction inter- 
mediates adsorb following a Langmuir isotherm and are characterized by a surface 
coverage 7i. In this framework, all the loops except the diffusion ones are semicir- 
cles centered on the real axis. These semicircles could be capacitive or inductive 
loops. To explore the role of surface coverage in the modulation of double-layer 
capacitance, a new technique was invented to measure this frequency dependence, 
and in this way to verify directly the theory developed a long time ago.216 

As suggested by Figure 14.4, the double-layer capacitance at the bare surface 
and at a surface covered by the reaction intermediate can be given as and 
Cdl,?, respectively. Under the assumption that these double-layer capacitances are 
different, the effective capacitance can be given by 

Multifrequency Measurements for Double-Layer Studies 

(14.39) 

A capacitance transfer function based on the total double-layer capacitance can be 
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shown to be a linear function of the surface coverage 7 as 

(14.40) 

This conceptual approach can be illustrated for a simple system involving ad- 
sorbed intermediates such as is described in Section 10.4. 

For a system without mass-transport dependence, if = f( V, r), and, according 
to equation (10.3), the admittance is 

The overall impedance is given by 

(14.41) 

(14.42) 

where c d l  is a function of 7i according to equation (14.39). At high enough frequen- 
cies UHF, the contribution of the Faradaic imnedance to the overall impedance be- 
comes negligible, and the current response i (wm)  to a potential perturbing signal 
O(UHF) is expressed as 

(14.43) 

The transfer function yi/v and the transfer function c d l / v  can be neglected at 
this frequency. Thus the capacitance c d l  may be considered to have its steady- 
state value. If Re can be neglected with respect to l/(jWHFCdl), the capacitance is 
obtained from the expression 

(14.44) 

in which ~ ( ( W H F )  is the perturbing c~uantiv, and, therefore, ~ ( W H F )  has a real 
value. As c d l  is also a real number, ~(OHF)  must have an imaginary value. For 
a high frequency UHF, c d l  is directly proportional to I ~ W H F ) ~ .  If two additive 
perturbing signals ~ ( W H F )  and o ( w )  are superimposed, one gets the linear (first- 
order) response of current ?as the sum of the elementary currents at frequencies 
WHF and w 

(14.45) 

If the capacitance measured at high frequency WHF using equation (14.44) is mod- 
ulated at a lower frequency w, ?(urn) will also be modulated at the frequency w.  
This approach can yield simultaneous measurement of Z(w)  and &(U)/O(w). 



14.2 TRANSFER FUNCTIONS INVOLVING EXCLUSIVELY ELECTRICAL QUANTITIES 

ACdt(W) Frequency Response Ch3 

Analyzer AI(o) 
Chi a 

Ch2 0 Au(0) Generator 

277 

0 - 0 Outofphase 

In 'Passa  +- + 
Filter Lock- In 

Amplifier 

LOW- 

4 
Generator 

1 

Al(0 )  + A~(WHF) 

CE a 

Potentiostat Ref 0 

WE 0 + 

Figure 14.5: Experimental setup used to determine the variation of interface capacitance with 
a low frequency perturbing signal. 

An original experimental setup was devised by Antaiio-Lopez et a1.216 to de- 
termine simultaneously the transfer functions Z(w) and c d ( w ) / o ( w ) .  The ex- 
perimental setup simultaneously measured o(w),  T(w), and (w).  A lock-in 
amplifier determined the latter signal with the reference frequency w m  as illus- 
trated in Figure 14.5. The sine-wave generator of the lock-in amplifier delivered 
a perturbing signal AE(wHF) to the voltage adder of the potentiostat. The gen- 
erator of the frequency response analyzer delivered a perturbing signal A E ( w )  to 
the voltage adder of the potentiostat. Electronic summation of the two signals by 
the potentiostat synthesized the composite perturbation ( A E ( w )  + A E ( w m ) ) .  The 
electrochemical cell was connected as usual to the potentiostat. The potentiostat 
outputs two ac signals, AU and AI, both containing a composite ac signal pro- 
duced by superposition of the frequencies UHF and w. A low-pass filter eliminated 
the high frequency signal at frequency w m  and both signals were sent back to the 
frequency response analyzer; A E ( w m )  to input channel ch2 and A I ( w )  to input 
chl. The current output signal was also sent to the input of the lock-in amplifier. 
The out-of-phase component of the current response at frequency UHF was linked 
through the low-pass filter to input ch3 of the frequency response analyzer. By 
correlation at frequency w, the frequency reyonse analyzer calculated two transfer 
functions, Z (w ) from channels 1 and 2 and Cdl (w ) /a( w ) from channels 3 and 2. In 
fact, the transfer function cdl(w)/U(w) must be corrected by the transfer function 
F(w) corresponding to the instrumental frequency response of the built-in filters of 
the lock-in amplifier. This method was applied to the anodic dissolution of iron.216 
The authors verified experimentally the close correlation between the relaxations 
of the interface capacitance and that of Faradaic current. 
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14.3 Transfer Functions Involving Nonelectrical Quantities 

The principle of the experimental arrangement devised for the transfer-function 
measurements involving a nonelectrical input quantity was given previously in 
Figures 14.2 and 14.3. In this section, a few examples are presented. The transfer 
function corresponding to the response of the electrochemical system to a pertur- 
bation of the rotation speed of a rotating disk electrode is given in Chapter 15. 

14.3.1 Thermoelectrochemical (TEC) Transfer Function 

The technique introduced by Citti et al.217 and then by Rotenberg218 used a ver- 
tical electrode heated by a laser beam or by an infrared diode. In this case, the 
same order of magnitude is obtained for the free convection and the thermal con- 
vection, and experiments can be performed with a sufficient accuracy. A fast redox 
reaction at a heated vertical electrode is considered. The motion of the solution 
is spontaneous and arises due to forces originating from heterogeneous reactions. 
Such forces result from density variation in the solution produced by both thermal 
and concentration gradients near the electrode. 

A perturbation of the electrode temperature generates a perturbation of the 
velocity field and then a perturbation of the concentration field near the electrode. 
According to Fick’s law 

(14.46) 

the TEC transfer function corresponding to the Faradaic current can be divided in 
two terms 

(14.47) 

in agreement with the theory developed by Aaboubi et a1.212 and by Rotenberg21s 
Taking into account the temperature dependence of the diffusion coefficient in 
which Di cx exp ( - A i / R T ) ,  the first term becomes Ai i j /RT2,  where Ai is the acti- 
vation energy for diffusion. The second term is frequency dependent and is limited 
by mass transport. Rotenberg introduced a term corresponding to the response of 
the charging current to a temperature perturbation: 7~ = j u ( q / F ) .  The transfer 
function corresponding to the overall current is the sum of three terms, i.e., 

(14.48) 

m R e m e m b e r !  14.4 Transfer functions m e  to isolate the influence of specific in- 
dependent variables that contribute to the electrochemical impedance response of a system. 
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Motion of the solution in thermal laminar free convection is spontaneous and 
arises due to forces originating from heterogeneous reactions and from the release 
of heat from the electrode. Such forces follow the modification of the solution den- 
sity caused by two phenomena. The concentration in the proximity of the reaction 
surface changes in the course of heterogeneous reaction and leads to changes in the 
density of solution. In addition, the release of heat induces variations of solution 
density from point to point as a result of nonuniform changes in the temperature 
of the solution. The density of the solution is a function of concentration and tem- 
perature and can be expressed by 

(14.49) 

where co, To, and po are the concentration of reacting species, the temperature, and 
the density, respectively, measured in the bulk solution. 

The body force acting on a unit of fluid volume is equal to pg and changes from 
point to point in the solution. It is natural to consider that most of the change in 
concentration occurs in a very thin layer and most of the change in temperature 
occurs in a larger, but still thin layer. The changes in temperature and in concen- 
tration are the causes of fluid motion. Therefore, one can safely assume that fluid 
motion also occurs in this layer. Thus, the theories for the hydrodynamic boundary 
layer can also be applied to fluid motion in thermal free convection. In this case, 
the hydrodynamic boundary layer coincides with the thermal diffusion layer. 

The concentration distribution of the electroactive species is determined from 
the solution of the convective-diffusion equation 

ac 
- = -v ( D ( y ) V c + V c )  at 

(14.50) 

(14.51) 

with the boundary conditions: for y = 0, c = 0; and for y + 00, c = CO. 

The diffusion coefficient D(y) is a function of temperature, and it varies with 
position near the electrode according to the local temperature variation. However, 
as the thermal layer thickness is about five times larger than the diffusion layer 
thickness, the diffusion coefficient has in fact a variation that can be assumed to be 
negligible within the mass-transfer diffusion layer corresponding to the integration 
domain of equation (14.51). Thus, in the following development, D(y) = D, and 
aD/ay = 0. 

The tangential and normal velocity components are, respectively, vx and vy. 
According to Marchiano and Arvia?l9 the velocity components can be expressed 
as a function of dimensionless coordinate 

8 1/4 x1/2 I 
v x  = 4v(+ 4v f ( A  (14.52) 
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and 
(14.53) 

where p = (g/4v2)ll4, v is the kinematic viscosity, g is the acceleration of gravity, 
and f ( p )  can be written as a series development in )I, which can be limited near 
the electrode to the first term: f( p) = d( T ) p 2 .  

The expression of the steady-state local flux at a vertical electrode under simul- 
taneous effects of concentration and thermal gradients is given by 

(14.54) 

As the electrode temperature is larger than the bulk temperature, a modulation of 
the temperature of the electrochemical interface induces a modulation of the ther- 
mal gradient in the solution while the bulk temperature is kept constant. Then the 
temperature-dependent parameters, like buoyancy forces, are modulated inside 
the thermal diffusion layer adjacent to the surface and, consequently, a modula- 
tion of the velocity is induced near the electrode. Therefore, the transient material 
balance equation may be written as 

(14.55) 

with the boundary conditions that, for y = 0, F( 0) = 0; and, for y -+ 00, F = 0. 
Equation (14.55) is a partial differential equation in two-dimensions that can be 

solved by following the method described in Section 13.2.2. The first step is to use 
a set of dimensionless variables that can be defined as a dimensionless normal dis- 
tance from the electrode c = y/6(x) and an x-dependent dimensionless frequency 
K, = us2 ( x )  / D. Equation (14.55) can be written as 

(14.56) 

The material balance equation is written as a partial differential equation of two 
variables: and K,. In the low-frequency range, a solution exists in the form of a 
series 

00 

(14.57) 
m=O 

The solution for hm (c)  is obtained by a method similar to that presented in Section 
13.2.2. 

In the high-frequency range, the temperature perturbation is rapidly damped 
close to the wall; thus, the convective term can be disregarded, and equation (14.55) 
reduces to 

(14.58) 



14.3 TRANSFER FUNCTIONS INVOLVING NONELECTRICAL QUANTITIES 281 

r I 1 I 

I I I I I I 
0 2 4 6 8 

Real Part (pA / K) 

Figure 14.6: Experimental TEC transfer function compared with the model: 0 represents the 
theoretical points and the experimental points. (Taken from Aaboubi et 

Since the frequency is large, the distance over which a temperature perturbation 
prevails is small and some simplifications can be made to facilitate analytic solu- 
tion of this last equation. 

The series corresponding to the low-frequency solution needs a number of 
terms that increases with frequency; thus, the number of terms was chosen to pro- 
vide a sufficient overlap between the low- and high-frequency solutions. In the 
present case, 80 terms were used to provide an overlap for 8 5 K, 5 11. These 80 
terms are given by Aaboubi et a1.212 

The previous equations allow determination of the local flw. To obtain the 
response of the electrode itself, it is necessary to integrate the local fln over the 
electrode surface. For a rectangular electrode, 

and, for a circular electrode, 

(14.59) 

(14.60) 

The experimental TEC transfer function is compared with the model in Figure 14.6. 
The three terms of equation (14.48) appear clearly in this figure. 
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Figure 14.7: Experimental device for the measurement of impedance obtained by IMPS 
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14.3.2 Photoelectrochemical Impedance Measurements 

Analyzer 
Ch2 

Modulation of light intensity provides an attractive method for probing the re- 
sponse of photoactive materials and systems. The required sinusoidal modulation 
of the intensity of the incident light is achieved by using the apparatus shown 
in Figure 14.7, and the technique is referred to as intensity-modulated photocurrent 
spectroscopy (IMPS).22o The intensity of the incident laser beam is modulated by an 
acousto-optic modulator driven by the dc-biased output of a frequency response 
analyzer. Up to now, measurements have been made only under potentiostatic 
control. The complex ratio of the ac component of the photocurrent to the incident 
modulated light flux is obtained by deriving a reference signal from a fast photo- 
diode that samples the laser beam. The time-dependent flux of minority carriers 
into the surface follows the excitation profile with a delay less than 1 ns, so the 
transfer function between the flux of minority carriers and the illumination can be 
considered to be a real number. The net photocurrent response, which is made up 
of the instantaneous minority carrier flux and the coupled majority carrier flux, 
can be derived. Finally, the output current response is determined by taking into 
account the cell transfer function, which is determined by the combination of the 
space-charge capacitance C, and the solution resistance Re. 

The general transfer function appears as the product of three transfer functions, 
i.e., 

dl 
-+ Potentiostat 

(14.61) 
nv fminority fmajority 

where the first transfer function is a real number, hV is the input quantity, Tminority 

and Fmajority are state quantities, and Tis the output quantity. 
This frequency-response analysis offers unique insights into complex photo- 
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electrode processes. The analysis of surface recombination and photocurrent mul- 
tiplication has shown that it is possible to deconvolute the contributions to the 
photocurrent of minority, majority, and injected carriers. The dependence of the 
rates of surface processes on potential, solution composition, and surface orien- 
tation and preparation can now be studied in detail. The systems investigated 
include the reduction of oxygen at p-Gas, the photooxidation of Si in w F F 2 O  and 
the anodic dissolution of Inp.221 

14.3.3 Electrogravimetry Impedance Measurements 

The use of a quartz microbalance to measure the mass loading on one face of a 
quartz crystal through the change of its resonance frequency (often of the order of 
6 MHz) in electrolytic medium was introduced at the beginning of the 1980s. If 
the electrode is polarized in a potentiostatic circuit, the microbalance can be used 
to measure the change of the mass of the reacting species involved in a reaction 
occurring on the electrode. The sensitivity reached (w g cm-2) is sufficient to 
allow determination of mass changes associated with adsorbed reaction interme- 
diates or ion insertion in films coating the electrode. 

Under steady-state or quasi-steady-state operation, the mass change as a func- 
tion of time is followed by measuring directly the frequency fw of the quartz 0s- 
cillator by means of a frequency counter. The use of this microbalance in a sinu- 
soidal regime is carried out by measuring the difference between the frequencies 
fw of the working oscillator and fo of a reference oscillator in air. This difference 
df = f w  - fo, which is proportional to the mass change and sinusoidal in linear 
regime, is converted to a voltage by means of a converter. The resulting signal 
can be simultaneously analyzed by the transfer-function analyzer with the current 
response 7 to a potential perturbation AE generated by the analyzer. The elec- 
trochemical response between 0 and 7 is simultaneously measured, which allows 
measurement of the mass relaxation at the interface between the electrolyte and 
the electrode coating the quartz crystal.214 

A schematic representation of the system is given in Figure 14.8. In this case, 
the output quantities are the current Y1 = I and the mass Y2 = M. In addition to 
the charge and mass balances the equation governing the change of mass can be 
established 

(14.62) 
dM 
- = H(&, cj, U) 
dt 

The usual derivation based on the linearization procedure allows calculation of the 
electrochemical impedance and the a/ 0 transfer function. Two types of behavior 
occur, depending on whether the average mass of the electrode changes continu- 
ously with time. 

1. When the mass increases or decreases (e.g., for deposition or dissolution of a 
metal) at a constant current, the low-frequency limit of a/ 0 tends to infinity. 

2. When the mass does not change (e.g., a polymer film at zero current), the 
low-frequency limit of a/ 0 tends to a finite value. 
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Figure 14.8: Experimental device for the measurement of the electrogravimetric transfer func- 
tion. 

The simultaneous measurement of the impedance and mass/potential transfer 
function leads to new information on the kinetics of the processes involved. It 
may lead to chemical identification of the species involved in the intermediate re- 
action steps by allowing the atomic masses of the adsorbed intermediates of the 
multistep reaction mechanisms to be estimated. 

Problems 

14.1 Derive the steady-state concentration gradient corresponding to equation 
(14.55). 

14.2 Derive the high-frequency solution corresponding to equation (14.59) and, in 
particular, show that the phase shift is constant and equal to - 135". 



Chapter 15 

Electrohydrodynamic Impedance 

Electrohydrodynamic (EHD) impedance provides a practical example of a general- 
ized transfer function involving nonelectrical quantities. In this chapter, a rotating 
disk electrode is considered. The current is a function of the rotation speed, which 
means that the current is totally or partially limited by mass transport. This mea- 
surement technique, based on the analysis of the current response to a rotation 
speed perturbation, was proposed at the beginning of the seventies by Brucken- 
stein et a1."2 Very early, these authors suggested application of sinusoidal hydro- 
dynamic modulations. Bruckenstein et a1.222 derived the first theoretical analysis 
of the problem by considering the response of the mass-transfer rate to a modula- 
tion of the angular velocity of a rotating disk electrode such thap3 

(15.1) 

where w is the modulation frequency. 
The concept that the response to a modulation of rotation speed n should be 

seen as a modulation of the square root of n was naturally supported by the results 
of the Levich theory in steady-state conditions.lZ3 However, due to the fact that 
i = f(n) = kn1/2, 

(15.2) 

Equation (15.2) shows that the transfer function corresponding to a modulation of 
the angular velocity is directly proportional to the transfer function corresponding 
to a modulation of the square root of the angular velocity, and the coefficient of 
proportionality is $Y1l2. Therefore, after the pioneer works of Bruckenstein et 
al., 222~223 a direct modulation of the angular velocity was considered. With the in- 
creasing development of impedance techniques, aided by development of increas- 
ingly sophisticated instrumentation,50 Deslouis and Tribollet promoted the use of 
impedance concept for this type of perturbation and introduced the ezectrohydrody- 
namic ( E m )  impedance.224 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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Input State output 
quantity quantities quantities 

Figure 15.1: Schematic representation of the difFerent transfer functions existing between the 
input quantity and the output quantities. 

The EHD impedance is useful for analysis of electrochemical systems that are 
either partially or completely limited by mass transport. For a rotating disk elec- 
trode, the input quantities are, at least, one electrical quantity, e.g., overall current 
or electrode potential, and one nonelectrical quantity, i.e., the rotation speed of the 
rotating disk electrode n. For EHD impedance, the input quantity is the rotation 
speed. Under galvanostatic regulation, the output quantity is the electrode poten- 
tial; under potentiostatic regulation, the output quantity is the overall current. To 
analyze this problem, the mass conservation equation must be considered with the 
normal velocity vy near the electrode and the concentration of the involved species 
ci (0) as state quantities. 

A perturbation of the rotation speed induces a perturbation of the normal 
velocity vy, which, in turn, induces a perturbation of the concentration field of the 

electroactive species and in particular of ci (0) and I . These last interfacial state 
quantities are linked to the surface-averaged Faradaic current density if  and to the 
interfacial potential V by the kinetic equations. Finally, by taking into account the 
double-layer capacitance and the electrolyte resistance, these last electrical quan- 
tities are linked to the output quantities of the average current density i and the 
electrode potential U. The relationship among input, state, and output quantities is 
shown schematically in Figure 15.1. The transfer functions associated with several 
applications of electrohydrodynamic impedance are developed in the subsequent 
sections. 

Y O  

Remember! 15.1 EHD provides a means to isolate the influence of mass transfu 
the electrochemical impehnce response of a system. 
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15.1 Hydrodynamic Transfer Function 

Through the von Karman transformation, the steady-state Navier-Stokes equations 
for a rotating disk can be expressed in terms of three coupled, nonlinear, ordinary 
differential equations as89 

2F + HI = 0 (15.3) 

~2 - ~2 + HF‘ - F I I  = 0 (15.4) 

and 
2FG + HGI - GI’ = 0 (15.5) 

where F, H ,  and G represent the dimensionless radial, angular, and axial velocity 
components, respectively. Equations (15.3), (15.4), and (15.5) are functions only of 
the axial dimensionless distance [ = y a  and can be solved subject to bound- 
ary conditions 

F(0)  = H ( 0 )  = 0 (15.6) 

G ( 0 )  = 1 (15.7) 

and 
F(m) = G ( m )  = 0 (15.8) 

The steady flow field created by an infinite disk rotating at a constant angular 
velocity in a fluid with constant physical properties was presented in Chapter 11. 

For the unsteady situation, the instantaneous value of rotation speed SZ can be 
defined by 

n = fi+ Re{fiexpjwt} (15.9) 

where w / 2 n  is the modulation frequency and fi = An is a real number. Large- 
amplitude modulations induce a nonlinear flow r e ~ p o n s e . ~ ~ . ~ ~ ~  This nonlinear 
problem is outside the scope of an impedance study, which is defined here to be 
based on a linearized system response. A periodic flow generated by small os- 
cillations of a body in a fluid at rest involves nonlinearities in the mass-transport 
problem or in the secondary flow and is therefore also outside the scope of this 
presentation. The electrohydrodynamic impedance concept is developed here fol- 
lowing the work of Tribollet and NewmanZ7 for small-amplitude modulation such 
that (An << fi). Under these conditions, the system response is linear. 

Following the development in Chapters 10 and 11 for a current or potential 
response to a perturbation, the radial, angular, and axial velocity components can 
be expressed as 

(15.10) 
An 

vr = rfi[F([) + =Re{Texpjwt}] n 

and 

An 
n ve = r f i [ G ( 3 )  + =Re{gexpjwt}] 

An 
n vy = rfi[H([) + ,Re{xexpjwt}] 

(15.11) 

(15.12) 
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where g, and 6 are complex functions. The equation of continuity and the un- 
steady Navier-Stokes equations are linearized, i.e., the quadratic terms, propor- 
tional to (A12/a)2, are neglected. 

The time-dependent forms of equations (15.3), (15.4), and (15.5) may be written 
as 

27+P = 0 (1 5.13) 

(15.14) j 7 p  + 2F7- 2Gg+ El? + F% = f” 

(1 5.15) 

where p = w / n  is the dimensionless modulation frequency. Equations (15.13), 
(15.14)/ and (15.15) may be solved subject to the boundary conditions 

T(0) = X(0) = 0 (15.16) 

g(0) = 1 (15.17) 

and 
7(m) = 0 (15.18) 

As discussed in Section 1.2.2, each complex function may be written as the sum of 
a real function and an imaginary function. The set of the three coupled equations 
(15.13), (15.14)/ and (15.15) then becomes a set of six coupled linear ordinary differ- 
ential equations. By using Newman’s a numerical solution for the six 
equations can be obtained for each dimensionless frequency. 

In a manner similar to that developed for the steady-state solution in Chapter 
11, the complex functions 5 g, and can be written in terms of series expansions 
for small values of 3. Of particular importance is the derivative F ( 0 )  obtained 
from equations (15.13), (15.14), and (15.15) and given in Table 15.1 for different val- 
ues of dimensionless frequency p. The real and imaginary parts of the derivative 
T ( 0 )  are also presented in Figure 15.2 as a function of p = w / n .  These deriva- 
tives are essential to determination of the first coefficients of the series expansions. 
The other coefficients are deduced from the first one by using the set of equations 
(15.13), (15.14), and (15.15). In particular, 

where 6 represents the complex function associated with the axial velocity. 

(15.19) 

mRemernberl 15.2 The methods described in this section allow the numerical cal- 
culation of generalizedfunctions that can be used, via a look-up table, to model any EHD 
response. 
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Table 15.1: Calculated values for real and imaginary parts of j ' ( 0 )  as a function of  dimensionless 
frequency p .  (Taken from Deslouis and T r i b ~ l l e t . ~ ~ ~ )  

p = w / n  
0.0631 
0.1000 
0.1585 
0.2512 
0.3981 
0.6310 
1.0000 
1.5849 
2.5119 
3.9811 
6.3095 
10.000 

R e ( m - 9  1 
0.7652 
0.7650 
0.7645 
0.7630 
0.7579 
0.7410 
0.6943 
0.6020 
0.4832 
0.3748 
0.2906 
0.2272 

Dimensionless Frequency p=dn 

(4 

ImtP(0) 1 
-0.0130 
-0.0206 
-0.0329 
-0.0527 
-0.0849 
-0.1356 
-0.2035 
-0.2642 
-0.2842 
-0.2652 
-0.2297 
-0.1922 

Dimensionless Frequency p=dn 

(b) 

Figure 15.2: Dimensionless function f'(0) in Bode representation: a) modulus versus 
dimensionless frequency p ;  and b) phase shift versus the dimensionless frequency p .  

the 
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By using the results of Sparrow and Gregg?% who solved the nonsteady flow 
problem, the low-frequency expression of 7 can be obtained following the present 
notation as 

7 = (0.765345 - 0.023112p2) - 0.204835pj (15.20) 

As the frequency modulation tends toward zero, r s  tends toward the derivative 
of Vr with respect to fi (see equation 15.10) and 3 tends toward zero. Therefore, 
?(O) = 4 8 lo  = 0.765345. S h a m ~ a ~ ~ I  obtained an asymptotic solution for f" ap- 
propriate for high frequencies as 

(15.21) 

From this expression and as shown in Figure 15.2@), the phase shift of f '  tends 
toward -45" as p tends toward infinity. Equation (15.20) may be used with an 
accuracy better than 1 percent for p < 0.1. Equation (15.21) may be used with an 
accuracy better than 1 percent for p > 7. Between these two p values, Table 15.1 
must be used. 

The hydrodynamic transfer function is given by 

(1 5.22) 

Equation (15.22) is implicit in the subsequent development of transfer functions 
involving concentrations of reacting species. 

15.2 Mass-Transport Transfer Function 

The mass-transfer problem for a rotating disk electrode at a constant rotation speed 
is presented in Section 11.6.2. Under modulation of the rotation speed of the elec- 
trode, equation (11.80) becomes 

where the second-order term iYype2jwt is neglected in agreement with the hypoth- 
esis of linearity. The solution oythe steady-state equation (11.81) was given by 
equation (11.82). Upon cancelation of the steady-state terms and division by ejWt, 
equation (15.23) becomes 

(1 5.24) 

IR)Remember! 15.3 The phase shift of the hydrodynamic transfzrfunctwn f '  tends 
toward -45" as the dimensionlessfrequency p = w / n  tends toward infinity. 
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By using the same dimensionless position and the same dimensionless frequency 
Ki as was used to solve equation (11.83), equation (15.24) can be written in the form 

(15.25) 

where only the two first terms of the velocity expansion were considered. 
The solution of equation (15.25) can be obtained by the technique of reduction 

of order by setting 6 = h(c)ei(C), where &(g) is a solution of the homogeneous 
equation satisfying the boundary conditions (11.88) (see Section 11.6) and h satis- 
fies 

Integration gives 

(15.26) 

(15.27) 

where K1 and K2 are integration constants. The boundary condition &(O) = 1 
at g = 0 yields the value of K2 = q(0). The value of K1 can be obtained from 
the boundary condition that 6 approaches zero as C approaches infinity, with the 
results 

where 

(15.28) 

(1 5.29) 

is a dimensionless quantity whose value is worth recording. 
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Table 15.2: Coefficients for the calculation of Wi with a Schmidt number correction.229 

psc'/3 
0 

0.1000 
0.1585 
0.2512 
0.3981 
0.6310 
1.0000 
1.5849 
2.5119 
3.9811 
6.3095 
10.0000 
15.8488 
25.11 87 
39.8104 
63.0952 
100.000 

tl  
0.6533 
0.6513 
0.6484 
0.6410 
0.6230 
0.5807 
0.4905 
0.3325 
0.1380 

-0.0036 
-0.0483 
-0.0385 
-0.0218 
-0.0112 
-0.0056 
-0.0028 
-0.0014 

t 2  
0 

- 0.039 7 
-0.0626 
-0.0983 
-0.1525 
- 0.229 1 
-0.3204 
-0.3873 
-0.3680 
-0.2576 
- 0.1352 
-0.0600 
-0.0263 
-0.0122 
-0.0059 
-0.0029 
-0.0014 

t3 
0.7788 
0.7729 
0.7639 
0.7418 
0.6888 
0.5696 
0.3404 
0.0251 
- 0.1905 
-0.1686 
-0.0562 
-0.0054 
0.0008 
0.0003 
0.0001 

0 
0 

t4 
0 

-0.0830 
-0.1307 
-0.2037 
-0.3098 
-0.4437 
-0.5541 
-0.5181 
-0.2833 
-0.0415 
0.0334 
0.0169 
0.0035 
0.0006 
0.0001 

0 
0 

t5  
-0.5961 
-0.5939 
-0.5907 
-0.5828 
-0.5634 
-0.5181 
-0.4218 
-0.2556 
-0.0586 
0.0664 
0.0787 
0.0435 
0.0178 
0.0068 
0.0026 
0.0010 
0.0004 

f6 
0 

0.0408 
0.0644 
0.1010 
0.1564 
0.2341 
0.3245 
0.3834 
0.3442 
0.2101 
0.0807 
0.0195 
0.0035 
0.0006 
0.0001 

0 
0 

The expansion for 8i is given by equation (11.92) in terms of powers of pSc113. 
The expansion for Wi is more complicated because, while the expansion of 8i de- 
pends on pSc113, f"'(p) depends on p without Sc113. The expansion for Wi takes the 
form 

(15.30) 

where the functions tk, given in Table 15.2 as function of pSc113, are calculated from 
the following definitions: 

1 
wi = .?(PI ( t l +  j t 2 )  + [j'(p) (t3 + j t 4 )  + t 5  + j t b ]  

(15.31) 

(15.32) 

00 

t3 = / C2Re { dg (15.33) 
a 

0 

(15.34) 
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Figure 15.3: Dimensionless mass-transport transfer-function Z, in Bode representation: a) 
modulus versus the dimensionless frequency pSc1l3; and b) phase shift versus the dimensionless 
frequency ~ S C ' / ~ .  

and 

(15.35) 

(15.36) 

The concentration gradient at the wall is obtained from equation (15.28) where 
K2 = G (0), 6; (0) = 1, and K1 is given by equation (15.28). The general result of this 
section is therefore a relationship between the concentration and the concentration 
derivative, both evaluated at the electrode surface. In terms of the dimensional 
distance y, this can be expressed as 

(15.37) 

where - l / O f ( O )  is the dimensionless convective diffusion impedance as given in 
equation (11.97). 

15.2.1 

When the Schmidt number is infinitely large, Wj is reduced to ?( p )  (tl + j t 2 )  and 
appears as the product of a hydrodynamic transfer function F ( p )  and a mass- 
transport transfer function Z, = tl + j t 2 .  The mass-transport transfer function 
Z, is presented in Figure 15.3. It is easily verified that Wi approaches 0.5 when 
the frequency tends toward zero, in agreement with the exponent of the rotation 
speed in the Levich equation. This value of 0.5 is also verified if the complete 
expression of Wi is used. The complex function 2Wi is presented in Figure 15.4 in 

Asymptotic Solution for Large Schmidt Numbers 
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Figure 15.4: Dimensionless EHD impedance Wi in Bode representation with Schmidt number 
as a parameter: a) modulus versus the dimensionless frequency pSc113; and b) phase shift versus 
the dimensionless frequency pSc113. 

Bode format as a function of dimensionless frequency pSC1I3 with Schmidt number 
Sc as a parameter. 

15.2.2 

When the perturbation frequency is large, the distance over which a concentra- 
tion wave proceeds is small. Thus, exp( -g3) can be considered to be equal to one, 
and, the velocity modulation being rapidly damped close to the wall, the convec- 
tive term can be disregarded in the homogeneous part of equation (15.25), which 
becomes 

(15.38) 

The solution of the homogeneous equation is 8 = exp ( - ( jKi)’”g)  and the solu- 
tion of equation (15.38) may be written as 

Asymptotic Solution for High Frequencies 

dz6  Ahz3f”’(p)c2 dZi 

a -I d t o  
- - jKiei = -_ 
dc2 

where 

and 

(15.39) 

(15.40) 

(15.41) 
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At high frequencies, the derivative 2 I is proportional to the two complex quan- 

tities T ( p )  and (jKi)-1'5, and the phase shift is the sum of the phase shift of each 
complex quantity. The phase shift of T ( p )  tends toward -45" when the dimen- 
sionless frequency p tends toward infinity (see equation (15.21)) and the phase 
shift of ( jKi ) -1 .5  has a value of -135". Thus, the phase shift of 2 1 tends toward 
-180" when the dimensionless frequency tends toward infinity. In the same way, 
the modulus of T ( p )  decreases with frequency with a slope of -0.5 in logarith- 
mic coordinates (see Figure 15.2(a)), and the modulus of (jKi)-1'5 decreases with a 
slope of -1.5. Thus, the modulus of 2 1 decreases with a slope of -2 as shown in 
Figure 15.4(a). 

Y O  

Y O  

Y O  

15.3 Kinetic Transfer Function for Simple Electrochemical Reactions 

Under the assumption that the interface is uniformly reactive, Ci(0) is independent 
of the radial coordinate. A single electrode reaction can be written in symbolic 
form as 

C s i M ?  + ne- (15.42) 

Following the treatment presented in Section 10.3, the Faradaic current can be writ- 
ten in the form 

i f  = f ( v , c i ( O ) )  (15.43) 

For minor species, in the presence of supporting electrolyte and with neglect of 
double-layer adsorption of these minor species, the concentration gradient is re- 
lated to the Faradaic current density by 

i 

(15.44) 

Following equation (10.3), a Taylor series expansion about the steady value can be 
written as 

V+L W )  (1 5.45) 

Following the discussion presented in Chapter 10, the usual charge-transfer resis- 
tance Rt can be identified as the reciprocal of ( a f / a V ) , i ( o ) .  Combination of equa- 
tions (15.37), (15.44), and (15.45) yields 

- 
if  =, (') ci(0) i (26~) v,cj(o),j+i 

or 
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where 

(15.48) 

The term Z D  represents the convective-diffusion impedance with its dimensionless 
form - l / O ; ( O )  (see Chapter 11). Considering now equations (14.27), (14.28) and 
(15.47), one obtains the relation between observable quantities corresponding to 
the general form of equation (14.22), i.e., 

where 
(1 5.50) 

The term Z represents the impedance of the usual Randles equivalent circuit (see 
Figure 10.5). 

15.4 Interface with a 2-D or 3-D Insulating Phase 

The main hypotheses for developing the EHD impedance theory are that the elec- 
trode interface is uniformly accessible and the electrode surface has uniform reac- 
tivity. However, in many cases, real interfaces deviate from this ideal picture due, 
for example, either to incomplete monolayer adsorption leading to the concept of 
partial blocking (2-D adsorption) or to the formation of layers of finite thickness 
(3-D phenomena). These effects do not involve the interfacial kinetics on bare por- 
tions of the metal, which, for simplification, will be assumed to be inherently fast. 
The changes will affect only the local mass transport toward the reaction sites. Be- 
fore presenting an application of practical interest, the theoretical EHD impedance 
for partially blocked electrodes and for electrodes coated by a porous layer will be 
analyzed. 

15.4.1 Partially Blocked Electrode 

Integration of the nonstationary material balance equation requires that the steady- 
state concentration distribution be known. This is achieved by solving the steady- 
state part of 

(15.51) 

WRernember! 15.4 E H D  provides a means to reveal and quantzfy the influence of 
partially blocked electrodes and electrodes coated by porous layers. 
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Figure 15.5: Concentration field over a partially blocked electrode. The active parts of the 
electrode are displayed in gray and the concentration is dimensionless 8 = c/c(m). (Taken from 
Caprani et 

where vx = v; + v2 is the longitudinal velocity and vy = By ( t)y2 is the normal 
velocity. The steady-state iso-concentration lines, deduced from a numerical so- 
1~t ion:~~ are plotted in Figure 15.5. The boundary conditions are that ci = 0 for 
y = 0 on the active surfaces (shown in gray in Figure 15.5) and aci/ay = 0 on the 
insulating surfaces. The concentration profiles shown in Figure 15.5 correspond 
to the effect of two neighboring microelectrodes. Such an arrangement describes 
locally a periodical distribution of active and passive sites. It appears that the con- 
centration profiles of the two leading edges coincide reasonably well and one may 
assume that the memory effect on the concentration distribution is lost over one or 
a few active sites. The iso-concentration lines are parallel to the electrode surface 
at large values of y (far from the electrode). This condition is the same as seen for 
a uniformly accessible disk electrode. The iso-concentration lines close to the elec- 
trode are similar to the iso-concentration lines of an isolated microelectrode (see 
Section 13.2). 

For a partially blocked electrode, the diagrams show two characteristic fre- 
quencies and, whatever the mean rotation speed a, fall onto a single curve when 
plotted versus a dimensionless frequency p = @/a, where w/27r is the frequency 
modulation. The high-frequency domain is characteristic of the response of the 
sum of the active sites, as if they were not coupled by their diffusion layers. 

This result is phenomenologically based on the theoretical analysis given by 
Deslouis et al.233 for the frequency response of a small electrode to a flow mod- 
ulation. The response of a partially blocked electrode surface was obtained from 
numerical calculations.232 The main result of this approach is that, at variance 
with the case of a uniform active disk electrode, such a surface shared between 
active and passive sites displays two characteristic frequencies, one in the low- 

c 
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Figure 15.6: Phase shift of the EHD impedance corresponding t o  the ferricyanide reduction on 
a platinum electrode (area 0.38 cm2) coated with a photoresist on which an array of circular 
sites of diameter dad was patterned. dad = 649 pm, hz = 96 rpm (V) and 375 rpm (A).  
Theoretical curve for a single microelectrode (dashed line), or for the active disk electrode (solid 
line). (Taken from Deslouis and T r i b ~ l l e t . ~ ~ ~ )  

frequency range corresponding to the uniform active disk response and one in 
the high-frequency range corresponding to the response of individual active sites, 
which are then assumed to behave without interactions. 

The average active site dimension dact was deduced from the two characteristic 
frequencies corresponding respectively to the high-frequency behavior and to the 
low-frequency behavior, ~ H F  and ~ L F  respectively, i.e., 

(15.52) 

where R is the electrode radius, and pw and PLF are obtained from the intercept 
on the EHD amplitude Bode diagrams of the low-frequency horizontal plateau and 
the two lines characterizing the high-frequency behaviors of the disk electrode and 
of the microelectrodes, respectively. 

Experimental verification of the calculation was provided by Silva et a1.234 with 
arrays of microelectrodes prepared by photolithography. A very good agreement 
was found between the common microelectrode dimension measured by SEM mi- 
croscopy and calculated from applications of equation (15.52). The phase-shift 
response of the microelectrode array in Figure 15.6 clearly shows that two time 
constants are resolved: one in the low-frequency range approaches the active disk 
response and the other at higher frequency fairly coincides with the microelectrode 
response. This approach was further extended to a fully active rough surface by 
phenomenological analogy where the dimensions of a single protrusion in the elec- 
trode plane played the same role as the characteristic dimension of a plane active 

-3/2 
dact = 2.13/2~ (pHF/pLF) 
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Figure 15.7: Schematic representation of  an electrode covered by a porous layer: c5f is the 
porous layer thickness, BN is the Nernst diffusion layer, c is the concentration of the electroactive 
species which reacts a t  the interface and diffuses through the porous layer and through the 
e I ect ro I yte . 

site in the 2-D frame.236 

15.4.2 

Porous nonreacting layers covering reacting metallic interfaces may slow down the 
mass transfer of diffusing species. This decrease includes the effect of the diffusiv- 
ity Df, as well as that of the layer thickness b f .  This problem was discussed in a 
more general way in Chapter 11. 

A schematic representation of the system under investigation is presented in 
Figure 15.7. The concentration gradient is distributed between the fluid and the 
porous layer. In addition, the metal-layer interface is assumed to be uniformly 
reactive. 

Rotating Disk Electrode Coated by a Porous Film 

Two material balance equations can be written as follows: 

1. In the porous layer, the concentration distribution is determined only by 
molecular diffusion following 

(15.53) 

2. In the fluid, the concentration distribution d2) is governed by convective dif- 

m l t e m e m b e r !  15.5 For a partially blocked electrode, all diagrams obtained at dif- 
fment rotation speeds merge on one diagram by using the normalized amplitude and the 
dimensionlessfrequency p .  This is not obsmed for a coated electrode. 
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fusion, i.e., 

(15.54) 

For simplicity, the origin of the coordinate y is taken to be at the metal-layer inter- 
face and that of yf is at the layer-fluid interface @f = y - df). 

Associated with equations (15.53) and (15.54) are boundary conditions that ex- 
press the continuity of the concentration fields and of the fluxes for the steady state 
as well as for the time-dependent quantities. For y = df or yf = 0, 

C ‘ ” ( 6 f )  = C q o )  (15.55) 

and 

Steady-State Solutions 

Equation (15.53) is reduced to the simple form 

a2z(1) - = o  
a Y2 

which leads to 
d 1 )  (df ) - dl) (0) 

6f 
I = Df 

If a reaction of first order is assumed 

= k d l )  (0) 

The flux in the electrolyte is given by 

(15.56) 

(15.57) 

(15.58) 

(15.59) 

(15.60) 

(15.61) 

mRemernber! 15.6 In contrast to Reminder 25.5, for an electrode coated by a 
porous film, all diagrams obtained at difment rotation speeds do not co2lapse to one di- 
agram by using the normalized amplitude and the dimensionlessfrequency p .  
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By eliminating dl) (0) and d2) (0) between these last three equations, one obtains 

(15.62) 

which can be written in the form 

I-' = + JL1 + J& (15.63) 

The physical meanings of the quantities appearing in this equation are: Jk is 
the kinetic flux equal to kcw, J L  = Dc(oo)/S~ is the limiting diffusion flux on a 
metallic surface, free from porous layer, and Jn+w = Dfc( o) /Sf is the limiting 
flux when the entire concentration gradient is located within the porous layer, i.e., 
when o. 

as 
a function of must be a straight line parallel to the line corresponding to 
Levich's result for the mass-transfer-limited case, which passes through the origin. 
The ordinate value of the intercept of this straight line at = 0 is J-' k + J;Lw. 
In the particular case of a very fast reaction, 1;' -+ 0 and the value of the intercept 

The interest of using reciprocal values is that the experimental plot of 

is Df/Sf. 

Impedances: AC and EHD 

In the porous layer, the fluctuating part of equation (15.53) may be written as 

The solution is: 

(15.64) 

(15.65) 

where M and N are integration constants obtained from the boundary conditions. 
At the fluid-porous layer interface (yf = 0), the relationship (15.37) can be 

applied since there is no additional process in the fluid, i.e., 

(15.66) 

Then, from the boundary conditions at y = Sf, the constants M and N may be 
eliminated and the general expression is obtained: 
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Figure 15.8: Concentrostatic EHD impedance as a function of the dimensionless frequency 
p with rotation speed as a parameter. (Taken from Deslouis et The line marked Z, 
represents the EHD impedance on a bare electrode: a) dimensionless modulus; and b) phase 
shift. 

where ZD = - l / O ’ ( O )  is the dimensionless convective diffusion in the solution 
(see equation (11.70)) and 

(15.68) 

is the dimensionless diffusion impedance for a finite stagnant diffusion layer (see 
equation (11.70)). For An = 0, equation (15.67) becomes similar to the result for a 
rotating disk presented as equation (11.72). 

It may be easily verified that when the layer effect is gradually decreased (i.e., 
bf -+ 0 and Df -+ 0) one finds again the relation (15.37). At the opposite extreme, 
when n do, then 6 + 0, the relation becomes 

(15.69) 

In Figures 15.8(a) and (b), the amplitude and the phase shift corresponding to equa- 
tion (15.67) for different angular velocities show that, in contrast with the simple 
behavior of a bare electrode, the data are no longer reducible by the dimensionless 
frequency p .  In fact % l o  /An contains both W and (-l/O’(O)), which depend 

on p ,  for a given Schmidt number, and also a function of jwb;/Df .  And so, an 
increase of n produces a shift of the Bode diagrams toward smaller p values, other 
parameters being kept constant. Frequency analysis provides both the diffusion 
time constant b j / D f  and the speed of diffusion D f / b f .  Thus, independent esti- 
mates can be obtained for bj and Dj. 
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Example 15.1 2-D and 3-D Blocking: Apply the concepts of electrohydrody- 
namic impedance to scale deposit in seawater. This system shows behavior associated with 
both partially blocked surfaces and difusion through porous layers. 

Solution: Cathodic protection is widely used to protect immersed metallic structuresfrom 
corrosion. When this technique is applied, in the range of -0.8 to -1.2 V (SCE), dissolved 
oxygen from seawater reduces onto metallic surface according to 

0 2  + 2H20 + 2e- + H202 + 20H- (15.70) 

and 

In addition, hydrogen evolution takes place following 

H202 + 2e- + 20H- (15.71) 

H20 + 2e- + H2 + 20H- (15.72) 

The production of hydroxyl ions OH- by reactions (15.70), (15.71)/ and (15.72) allows 
precipitation of magnesium hydroxide 

M2' + 20H- S Mg(OH)2 4 (1 5.73) 

Moreover, these reactions lead to changes in inorganic carbonic equilibrium at the metallic 
interface 

20H- + HCO, S H20 + C0:- (1 5.74) 

and allow precipitation of CaC03, ie., 

Ca2+ + CO:- + C ~ C O ~  (15.75) 

Calcareous deposition (CaC03 and Mg(OH)2) on the metallic surface creates a dzfusional 
bawier toward oxygen and thus decreases the energy needed to maintain g c i e n t  protec- 
tion. Knowledge of theformation time and characteristics of such layers are then essential 
to improve cathodic protection monitoring. 

Studies in seawater have been carried out with a gold rotating disk electrode. The EHD 
impedances were recorded during the calcareous deposition for diflment potentials and dif- 
ferent values of mean velocity. As an example, diagrams corresponding to -1.2 V(SCE) 
and 360 rpm are presented in Figure 15.9 as the logarithm of normalized modulus as a 
function of the logarithm of dimensionless frequency p .  The corresponding dc current is 
indicated as afraction of 10, the dc current for a bare surface. 

The time constant with calcareous deposits was found to be the same as for a bare surface 
in the low-frequency range with a slight ship of diagrams to lower reduced frequencies 
when the deposition time increases. A t  high frequency (above p = l), a second time 
constant appeared. Both these features characterized the presence of a partially blocked 
surface with a moderate value of the active fraction of the electrode. The slight separation 
of the EHD diagrams observed in the low-frequency region, when the deposition time is 
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Dimensionless Frequency p = d R  

Figure 15.9: Modulus of the EHD impedance during the calcareous formation at -1.2 V(SCE) 
and 360 rpm. The solid line corresponds to 1 = Zo; 1 /10  = 0.95 (o), 0.87 (A), 0.72 (V), 0.55 
(+), 0.31 (d), and 0.13 (b). (Taken from Deslouis and T r i b ~ l l e t . ~ ~ ~ )  

increasing, accounted for the existence of di@sion through a porous layer. This correspond 
to the area covered by the Mg(OH)2 layer. 

The average crystal size d was calculatedfrom EHD diagrams obtained for calcareous 
deposits formed at different applied potentials and at 360 rpm (Figure 15.10(a)) and for 
calcareous deposits formed at -1.2 V(SCE) and different electrode rotation speeds (Figure 
15.10(b)). When analyzing these results, it seems that the applied potential does not affect 
the value of d .  The crytal size is around 15 pm at the beginning of the scale formation and 
increases to around 30-40 pmfor 1 / 1 0  M 0.5. The values obtained at the end of deposition 
increase to 200 pm. The influence of stirring is clearly d$ned (Figure 15.10(b)) and is 
consistent with prwious work on CaC03 alone.237 

In a general way, the values of the crystal dimension d are in good agreement with the 
crystal size shown in SEM pictures (Figure 15.11). The crystal sizes are close to 15 pm 
at the beginning of deposition and stabilize at around 30 pm at the end of theirfirmation. 
In the present case, the dimension d would therqore allow the determination of the size 
of crystals at the beginning of calcareous formation, when they are randomly distributed 
on the surface and do not coalesce. The growth of crystals can then be observed until 
approximately I = 0.510. 

For smaller I l l 0  values, i.e., when rate of calcareous formation is larger, the d values 
increase very rapidly. Intuitively, one may suppose that this corresponds to overlapping of 
calcium carbonate crystals. The dimension d would then give the average distance between 
areas that remain active, and, therejbre, the size of CaCO3 aggregates. However, the cor- 
responding theoy is not yet available, and the above interpretation is speculative for the 
variations of d in the range 0 < I / I o  < 0.5. 
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Figure 15.10: Variation of average crystal sized during the calcareous formation: a) a t  360 rpm 
and different potentials; and b at -1.2 V(SCE) and different electrode rotation speeds. (Taken 
from Deslouis and Tribollet. 23k) 

Figure 15.11: Calcareous deposit formed a t  -1.2 V(SCE) and 1200 rpm, Z/Zo = 0.7. (Taken 
from Deslouis and T r i b ~ l l e t * ~ ~  and reproduced with permission of  Elsevier, Inc.) 
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Electrohydrodynamic impedance characterization of calcareous deposits showed mainly 
partially blocked electrode behavior and allowed the estimation of the average size of char- 
acteristic sites of the interface. These results have been confirmed by ex-situ SEM images. 

Problems 

15.1 From equation (15.37), deduce the expressions (14.21) and (14.22). 

15.2 Derive the EHD impedance for the anodic dissolution of copper in a chloride 
medium where the reactions proceed according to 

where CuClads is an adsorbed intermediate that reacts to form CuC1; by 

The mass-transfer limitation is due only to CuC1,. 
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Chapter 16 

Methods for Repiesenting 
Impedance 

Impedance data are presented in different formats to emphasize specific classes of 
behavior. The impedance format emphasizes the values at low frequency, which 
typically are of greatest importance for electrochemical systems that are influenced 
by mass transfer and reaction kinetics. The admittance format, which emphasizes 
the capacitive behavior at high frequencies, is often employed for solid-state sys- 
tems. The complex capacity format is used for dielectric systems in which the 
capacity is often the feature of greatest interest. 

The method of representing impedance data has great impact on the use of 
graphical methods to visualize and interpret data. The material presented in this 
chapter supports the subsequent chapters on graphical methods. In Chapter 17, 
graphical methods are presented that require no specific model of the system under 
investigation. In Chapter 18, graphical methods are presented that have a basis in 
a deterministic model for a given process. 

The methods for representing impedance data are illustrated here for the two 
simple RC electrical circuits shown in Table 16.1. A review of Chapters 1 and 4 
may be useful. The summary of relationships among complex impedance, real 
and imaginary parts of the impedance, and the phase angle and magnitude found 
in Tables 1.1,1.2, and 1.3 may also be useful. 

m R e m e m b e r !  16.1 The impedance representation emphasizes values at low fre- 
quency and is often used fm electrochemical systemsfor which information is sought re- 
garding mass transfm and reaction kinetics. 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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Table 16.1: Summary of complex impedance, admittance, and capacitance characteristics for 
simple blocking and reactive circuits. 

Circuit 

Classification 

Complex impedance 

Zr 

Li 

Time constant 

Complex admittance 

yr 

Yi 

Time constant 

Complex capacitance 

Cr 

Ci 

Time constant 

Capacitance 
c=--  1 

wzj 

Time constant 

blocking; 

Re 
1 -z 

none 

w c  
1 + (wReC)’ 

C 
l+(wReC)’ 

Rew(C)’ 
I f  (wReC) 

C 

none 

C 

R 

reactive 

R 

- wCRZ 
Re + l+(wRC)Z 

l+(wRC)‘ 

RC 

1 c+ m 
RC 
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16.1 Impedance Format 

The impedance can be expressed as the complex ratio of potential and current con- 
tributions, i.e., 

(16.1) 

As discussed in Section 4.1.2, the impedance for a series arrangement of passive 
elements is additive. The impedance for the parallel arrangement of impedances 
Z1 and 2 2  is given by equation (4.24). 

For a resistor Re and capacitor C in series, shown in Table 16.1(a), the impe- 
dance is given by 

(16.2) 
1 

Z = Re- j- 
WC 

The real part of the impedance is independent of frequency, and the imaginary part 
of the impedance tends to -m as frequency tends toward zero according to l / w .  
In fact, 

(16.3) 
1 -wz. - - 

1 -  C 
for all frequencies w. 

The system comprising the resistor Re and capacitor C in series provides an 
example of a class of systems for which, at the zero-frequency or dc limit, current 
cannot pass. Such systems are considered to have a blocking or ideally polariz- 
able electrode. Depending on the specific conditions, batteries, liquid mercury 
electrodes, semiconductor devices, passive electrodes, and electroactive polymers 
provide examples of systems that exhibit such blocking behavior. 

For a resistor Re in series with the parallel combination of R and capacitor C, 
shown in Table 16.1@), the impedance is given by 

or 

R 
1 + jwRC 

Z = R e +  

wCR2 - R 
Z = R e +  

1 + (wRC)’ ’1 + (wRC)’ 

(16.4) 

(16.5) 

The real part of the impedance tends toward Re + R as frequency tends toward 
zero. The imaginary part of the impedance tends toward zero as frequency tends 
toward zero such that 

(16.6) 

A characteristic angular frequency WRC = 1 / (RC)  can be identified for which the 
imaginary part of the impedance has a maximum value 
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The real part of the impedance tends toward Re as frequency tends toward 60, and 
the imaginary part of the impedance tends toward zero such that 

1 
- lim wZj = 

W+a, 
(16.8) 

The high-frequency limit for the imaginary part of the impedance given in equa- 
tion (16.8) is identical to that given for the series arrangement as equation (16.3) for 
all frequencies. 

The reactive system shown in Table 16.l(b) may be considered to be an exam- 
ple of a class of systems for which, at the zero-frequency or dc limit, the resistance 
to passage of current is finite, and current can pass. Many electrochemical and 
electronic systems exhibit such nonblocking or reactive behavior. Even though the 
impedance response of the systems represented in this chapter is extremely simple 
as compared to that of typical electrochemical and electronic systems, the blocking 
and nonblocking systems comprise a broad cross-section of electrochemical and 
electronic systems. The concepts described can therefore be easily adapted to ex- 
perimental data. 

The resistor R and capacitor C shown in Table 16.1 can take on different mean- 
ings for different electrochemical systems. The resistance may, for example, be as- 
sociated with the charge-transfer resistance of an electrochemical reaction, with the 
resistance of an oxide or porous layer, or with the electronic resistance of a semicon- 
ductor. The capacitor C may be associated with the double layer for an electrode 
in electrolyte, with surface capacitance of a film, or with the space-charge region of 
a semiconductor. The resistor Re may be associated with the Ohmic resistance of 
the electrolyte or with the frequency-independent resistance of a solid. 

16.1.1 Complex-Impedance-Plane Representation 

Impedance data are often represented in complex-impedance-plane or Nyquist for- 
mat, as shown in Figure 16.1. The data are presented as a locus of points, where 
each data point corresponds to a different measurement frequency. One disadvan- 
tage of the complex-impedance-plane format is that the frequency dependence is 
obscured. This disadvantage can be mitigated somewhat by labeling some charac- 
teristic frequencies. In fact, characteristic frequencies should always be labeled to 
allow a better understanding of the time constants of the underlying phenomena. 

The asymptotic limits of the real part of the impedance for the reactive circuit 
of Table 16.l(b) are Re at high frequencies and Re + R at low frequencies. These 
limits are indicated in the complex-impedance-plane plot, and the characteristic 

Remember! 16.2 Complex-impedance-plane plots should have orthonormal 
axes, and characteristic frequencies should be labeled. 
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Z, / cm2 

Figure 16.1: lmpedanceplane or Nyquist representation of impedance data for Re = 10 ficm2, 
R = 100 and C = 20 )tF/cm2. The blocking system of Table 16.l(a) is represented by 
A and dashed lines, and the reactive system of Table 16.l(b) is represented by 0 and solid 
lines. 

frequency for the system is shown at the peak where the negative imaginary im- 
pedance reaches a maximum value. For the system chosen here, f ~ c  = 79.6 Hz. 
The maximum value of the imaginary part of the impedance is equal to R / 2  for a 
single RC circuit. 

The real part of the impedance for the blocking circuit shown in Table 16.l(a) is 
equal to Re for all frequencies. The tendency of the imaginary part to approach 
--oo as frequency tends toward zero appears as a vertical line in the complex- 
impedance-plane plot. 

Complex-impedance-plane plots are very popular because the shape of the lo- 
cus of points yields insight into possible mechanisms or governing phenomena. 
If the locus of points traces a perfect semicircle, for example, the impedance re- 
sponse corresponds to a single activation-energy-controlled process. A depressed 
semicircle indicates that a more detailed model is required, and multiple peaks 
provide clear indication that more than one time constant is required to describe 
the process. The significant disadvantages are that the frequency dependence is 
obscured, that low impedance values are obscured, and that apparent agreement 
between model and experimental data in impedance-plane format may obscure 
large differences in frequency and at low impedance values. 
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10' 

lo5  

10' 

10' 

Figure 16.2: Bode representation of impedance data for Re = 10 &m2, R = 100 ncm2,  and 
C = 20 pF/cm2. The blocking system of Table 16.l(a) is represented by dashed lines, and 
the reactive system of Table 16.l(b) is represented by solid lines. Characteristic frequencies are 
noted as f ~ c  = (27rRC)-' and fc = (2nReC)-*;  a) magnitude and b) phase angle. 

16.1.2 Bode Representation 

The functionality with respect to frequency is seen more clearly in the Bode repre- 
sentation shown in Figures 16.2(a) and (b) for the magnitude and phase angle, 
respectively. Frequency is generally presented on a logarithmic scale to reveal 
the important behavior seen at lower frequencies. Note that, following customary 
practice, the frequency f given in Figure 16.2 has units of Hz (cycles/s); whereas 
the angular frequency w used in the mathematical development has units of s-' 
(radians/s). The conversion is given by w = 27rf. 

The magnitude of the impedance of the blocking circuit of Table 16.la can be 
expressed as 

(16.9) 

The magnitude tends toward Re as frequency tends toward 00 and toward 00 as 
l / w  as frequency tends toward zero. The magnitude is usually presented on a 
logarithmic scale as a function of frequency on a logarithmic scale, as shown in 
Figure 16.2(a). The slope of the line at low frequencies, therefore, has a value of 
-1 for the blocking electrode considered here. A value with magnitude smaller 
than unity could provide an indication of a blocking electrode with a distribution 
of characteristic time constants. Such systems are described in Chapter 17. 

The magnitude of the impedance of the reactive system of Table 16.lb can be 
expressed as 

R 

1 + ( w R C ) ~  
(16.10) 



16.1 IMPEDANCE FORMAT 315 

The magnitude tends toward Re as frequency tends toward co and toward Re + R 
as frequency tends toward zero. The transition between low frequency and high 
frequency asymptotes has a slope of -1 on a log-log scale. 

Following equation (4.32), the phase angle for the blocking configuration can 
be expressed as 

(16.11) 

The phase angle tends toward -90"s at low frequencies and toward zero at high 
frequencies. The phase angle at the characteristic angular frequency wc = (ReC)-l 
is equal to -45" (see equation (16.11)). 

The phase angle for the reactive configuration can be expressed as 

wR2C 
( R  + Re (1 + ( w R C ) ~ )  

(P = tan-' (1 6.12) 

The phase angle tends toward zero at low frequencies, indicating that the current 
and potential are in phase. The phase angle tends toward zero at high frequencies 
as well, due to the influence of the leading resistor Re in equation (16.12). Note 
that, while the characteristic angular frequency for this circuit is WRC = (RC)-l ,  
the phase angle at the characteristic angular frequency WRC is given by 

(16.13) 

which is equal to 45" only if R J R  = 0. The characteristic angular frequency for 
which the phase angle is equal to 45" can be expressed as 

wc = -2- 2ReC (1 * /(1+%)) 
but this expression is valid only if 

(16.14) 

(1 6.15) 

For the case presented here, the phase angle reaches 45" at frequencies of 100 and 
696 Hz, values that have no direct correspondence to the characteristic frequency 
based on R of f ~ c  = 79.6 Hz or based on Re of fc = 796 Hz. The peak in the phase 
angle is seen at a characteristic frequency 

(16.16) 

which has a value of 264 Hz. 
The popularity of the Bode representation stems from its utility in circuits anal- 

ysis. The phase angle plots are sensitive to system parameters and, therefore, pro- 
vide a good means of comparing model to experiment. The modulus is much less 
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sensitive to system parameters, but the asymptotic values at low and high frequen- 
cies provide values for the dc and electrolyte resistance, respectively. 

For electrochemical systems, however, the Bode representation has drawbacks. 
The influence of electrolyte resistance confounds the use of phase angle plots such 
as shown in Figure 16.2(b) to estimate characteristic frequencies. In addition, Fig- 
ure 16.2(b) shows that the current and potential are in phase at high frequencies; 
whereas, at high frequencies, the current and surface potential are exactly out of 
phase. This result is seen because, at high frequencies, the impedance of the surface 
tends toward zero, and the Ohmic resistance dominates the impedance response. 
The electrolyte resistance, then, obscures the behavior of the electrode surface in 
the phase angle plots. 

16.1.3 Electrolyte-Resistance-Corrected Bode Representation 

If an accurate estimate for electrolyte resistance Re,est is available, a modified Bode 
representation is possible as 

lZladj = /- 
and 

for the blocking configuration, and 

(1 6.17) 

(1 6.18) 

1 2 +  ( wCR2 ) 2  (16.19) 
R 

1 + ( w R C ) ~  1 + ( w R C ) ~  

and 

(16.20) 

for the reactive configuration. The results are presented in Figures 16.3(a) and 
(b) for magnitude and phase angle, respectively. The current and potential for 
the blocking electrode are shown correctly in Figure 16.3(b) to be out of phase at 
all frequencies. The current and potential for the reactive configuration is shown 
to be in phase at low frequencies and out of phase at high frequencies, and the 
phase angle has a value of -45" at the characteristic angular frequency WRC. This 
approach is applied for more complicated systems in Sections 17.1.2, 17.2.1, and 
Example 17.1. 

Caution should be used when interpreting the electrolyte-resistance-corrected 
Bode plots. As seen in equation (16.20), nonzero values for (Re - R,,t) can give 
the appearance of an additional high-frequency relaxation process. When possible, 
an assessment of Re,at should be made independently of the regression. 
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Figure 16.3: Electrolyteresistancecorrected Bode representation of impedance data for Re = 
10 ncm’, R = 100 ncm’, and C = 20 )tF/cm2. The blocking system of Table 16.l(a) is 
represented by dashed lines, and the reactive system of Table 16.l(b) is represented by solid 
lines. The characteristic frequency is given as f ~ c  = (2xRC)-’;)  a) magnitude and b) phase 
angle. 

16.1.4 Impedance Representation 

Plots of the real and imaginary components of the impedance as functions of fre- 
quency are presented in Figures 16.4(a) and (b), respectively. The impedance rep- 
resentation has the significant advantage that the characteristic frequencies can be 
readily identified. Following equation (16.5), the real part of the impedance of the 
reactive configuration has a value of Re + R / 2  at ORC. The magnitude of the imag- 
inary part has a maximum value at WRC, and this value is equal to R/2.  The imag- 
inary part of the impedance for the blocking circuit shows no characteristic time 
constant in this representation, and the real part of the impedance is independent 
of frequency. 

The behavior at lower impedance values is emphasized when the impedance 
components are plotted on a logarithmic scale, as shown in Figures 16.5(a) and (b) 
for real and imaginary parts of the impedance, respectively. Figure 16.5(b) in par- 
ticular provides a rich source of insight into the experimental system. As in Figure 
16.4(b), the maximum value is seen at the characteristic frequency. The slopes at 
low and high frequency are +1 and -1, respectively, for the simple reactive sys- 
tem presented in Table 16.1(b). Departure from f l  provides an indication of dis- 
tributed processes. Observation of multiple maxima shows that the data must be 
interpreted in terms of more than one process. Interpretation of Figures 16.4(b) and 
16.5(b) in terms of characteristic frequencies is not confounded by the electrolyte 
resistance, as was seen for the Bode plots of phase angle. 

As discussed in Chapter 21, the variances of stochastic errors are equal for real 
and imaginary parts of the impedance. Thus, another advantage of presenting real 
and imaginary parts of the impedance as a function of frequency is that compari- 
son between data and levels of stochastic noise can be easily represented. 
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Figure 16.4: Real and imaginary parts of the impedance as a function of frequency for Re = 
10 n u n 2 ,  R = 100 ncm2, and C = 20 pF/cm2. The blocking system of Table 16.l(a) is 
represented by dashed lines, and the reactive system of Table 16.l(b) is represented by solid 
lines. The characteristic frequency is given as f ~ c  = (27rRC)-*; a) real part of impedance and 
b) imaginary part of impedance. 
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Figure 16.5: Real and imaginary parts of the impedance on a logarithmic scale as a function 
of frequency for Re = 10 R = 100 hZcm2, and C = 20 pF/cm2. The blocking system 
of Table 16.l(a) is represented by dashed lines, and the reactive system of Table 16.l(b) is 
represented by solid lines. The characteristic frequency is given as f ~ c  = (27rRC)-'; a) real 
part of  impedance and b) imaginary part of impedance. 
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16.2 Admittance Format 

The admittance can be expressed as the complex ratio of current and potential 
contributions, i.e., 

(16.21) 

As discussed in Section 4.1.2, the admittance for a parallel arrangement of passive 
elements is additive. 

Following equation (1.24), the admittance can be expressed in terms of real and 
imaginary components of the impedance as 

Z, . Zi 
(16.22) 

For the blocking system shown in Table 16.1(a), the impedance follows equation 
(4.26), and 

Re (wc)' WC 
Y =  

1 + (wReC)' ''1 + (wReC)' 
(16.23) 

As angular frequency w tends toward zero, the real admittance tends toward zero 
according to w2 such that 

The imaginary admittance tends 

yr lim - = ReC2 
w-0 w2 

toward zero according to w such that 

(1 6.24) 

As angular frequency w tends toward 00, the real admittance tends toward 1 /Re, 
and the imaginary admittance tends toward zero according to 1 / w  such that 

(16.26) 

The maximum value for the imaginary part of the admittance is found at a charac- 
teristic angular frequency w, = (ReC)-' to be Yj(wc) = (2Re)-'. 

I(R)Remember! 16.3 The admittance representation emphasizes values at high fre- 
quency and is often usedfor solid-state systems for which information is sought regarding 
system capacitance. The admittanceformat has the advantage that it has afinite value for 
all frequencies, even for blocking electrodes. 
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The corresponding development for the reactive system shown in Table 16.l(b) 
is somewhat more complicated. The admittance can be expressed as 

As angular frequency w tends toward zero, the real part of the admittance tends 
toward 1 /(Re + R), and the imaginary part of the admittance tends toward zero 
according to w such that 

(16.28) 

As angular frequency w tends toward co, the real admittance tends toward l /Re,  
and the imaginary admittance tends toward zero according to l / w  such that 

1 

(16.29) 

The high-frequency limit is the same as is found for the series combination of the 
resistance Re and capacitance C shown as equation (16.26). The parallel resistance 
R does, however, influence the value obtained for the imaginary part of the admit- 
tance at the characteristic angular frequency wc = (R,C)-', i.e., 

I 

(16.30) 

In addition, the value of the characteristic angular frequency is shifted slightly to 
larger values, i.e., 

wc = - 

The maximum value for the imaginary admittance is given by 

(16.31) 

(16.32) 

Thus, in the admittance plane, the locus of points for both the blocking and the 
single RC reactive system describes a semicircle. 

16.2.1 Admittance-Plane Representation 

Admittance-plane plots are presented in Figure 16.6 for the series and parallel cir- 
cuit arrangements shown in Figure 4.3(a). The data are presented as a locus of 
points, where each data point corresponds to a different measurement frequency. 
As discussed for the impedance-plane representation (Figure 16.1), the admittance- 
plane format obscures the frequency dependence. This disadvantage can be miti- 
gated somewhat by labeling some characteristic frequencies. 
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Figure 16.6: Admittance-plane representation for Re = 10 a m 2 ,  R = 100 O m 2 ,  and 
C = 20 )tF/cm2. The blocking system of Table 16.l(a) is represented by A and dashed lines, 
and the reactive system of Table 16.l(b) is represented by 0 and solid lines. 

The high-frequency asymptote for the real part of the admittance is equal to 
1 /Re for both blocking and reactive systems. The zero-frequency asymptote for the 
real part of the admittance is equal to zero for the blocking system and to 1 / (Re + 
R )  for the reactive system. It is interesting to note that both the blocking and the 
reactive systems show a finite value at low frequencies. In contrast, the imaginary 
part of the impedance for the blocking circuit tends toward --oo as frequency tends 
toward zero in the impedance-plane plot shown in Figure 16.1. The presence of 
blocking behavior is revealed in Figure 16.6 by a high-frequency asymptote equal 
to zero for both real and imaginary parts of the impedance. 

The maximum value for the imaginary part of the admittance is equal to 1 /2Re 
for the blocking system, and the characteristic angular frequency at the maximum 
is equal to wc = 1/R,C. 

16.2.2 Adrni ttance Representation 

The real and imaginary parts of the admittance are presented as functions of fre- 
quency in Figures 16.7(a) and (b), respectively. The low- and high-frequency lim- 
its can be interpreted in terms of the relationship between impedance and admit- 
tance for the respective circuit. The corresponding plots in logarithmic format are 
presented as Figures 16.8(a) and (b), respectively. Presentation of admittance on 
linear or logarithmic scales as functions of frequency shows the dependence on 
frequency, and as compared to impedance, has the advantage that the imaginary 
part of the admittance for a blocking circuit has a finite value at low frequencies. 
On a logarithmic scale, deviations from the expected slopes of f l  in Figure 16.8(b) 
or +2 for the blocking circuit in Figure 16.8(a) provide indications of processes 
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f l H z  

(b) 

Figure 16.7: Real and imaginary parts of the admittance as a function of  frequency for Re = 
10 ncm2,  R = 100 ncm2, and C = 20 pF/cm2. The blocking system of Table 16.l(a) is 
represented by dashed lines, and the reactive system of Table 16.l(b) is represented by solid 
lines. Characteristic frequencies are noted as f ~ c  = ( 2 x R C ) - l  and fc = (2xReC)-';  a) real 
part of admittance and b) imaginary part of admittance. 
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Figure 16.8: Real and imaginary parts of the admittance on a logarithmic scale as a function 
of frequency for Re = 10 n u n 2 ,  R = 100 ncm2, and C = 20 pF/cm2. The blocking 
system of Table 16.l(a) is represented by dashed lines, and the reactive system of Table 16.l(b) 
is represented by solid lines. Characteristic frequencies are noted as f ~ c  = (27rRC)-' and 
fc = (2xReC)-'; a) real part of  admittance and b) imaginary part of admittance. 
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Figure 16.9: Electrical circuit analogue developed t o  account for the influence of two Shockley- 
Read-Hall electronic transitions through deep-level states. See the discussion of Figure 12.8. 

characterized by distributed or multiple time constants. 
The characteristic frequency evident as a peak for the imaginary part of the 

admittance in Figures 16.7@) and 16.8(b) has a value corresponding exactly to 
f, = (2nR,C)-' for the blocking system. As shown by equation (16.31), the pres- 
ence of a Faradaic process confounds use of graphical techniques to assess this 
characteristic frequency. 

The admittance format is not particularly well suited for analysis of electro- 
chemical and other systems for which identification of Faradaic processes parallel 
to the capacitance represents the aim of the impedance experiments. When plotted 
in impedance format, the characteristic time constant is that corresponding to the 
Faradaic reaction. When plotted in admittance format, the characteristic time con- 
stant is that corresponding to the electrolyte resistance, and that is obtained only 
approximately when Faradaic reactions are present. 

As shown in Example 16.1, the admittance format is ideally suited for analysis 
of dielectric systems for which the leading resistance can be neglected entirely. 

! 
&b Example 16.1 Admittance of Dielectrics: Find an expression for the admit- 
tance of the electrical circuit shown in Figure 26.9. Identi& the characteristicfrequencies. 

Solution: The circuit corresponds to the dielectric response of a semiconductor datice. 
The term C,, represents the space-charge capacitance, and the terms Rt,l, Ct,l, Rt,2, and 
Ct,2 account for the potential-dependent occupancy of deep-level electronic states, which 
typically have a small concentration. The temz RL accounts for the leakage current, which 
would be equal to zero for an ideal dielectric. 
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The admittance can be expressed as 

(16.33) 

AS w + 0, Yr + ~ / R L  and Yj + CQ. AS w -+ CQ, Yr -+ ~ / R L  + 1/Rt,1 + 1/Rt,2 
and yi -+ 0. The characteristic angular frequencies are Wtl = (Rt,lCt,l)-l and 0t2 = 

(Rt,2Ct,2)-l. The characteristic angularfrequencies could be easily identijiedfrom plots of 
real and imaginary parts of the admittance asfunctions offrequency. 

The complex capacitance representation for this type of system is particularly interest- 
ing. See the discussion in Section 16.3 and Example 16.2. 

16.2.3 Electrolyte-Resistance-Corrected Representation 

If the electrolyte resistance Re is removed from the expression for the admittance, 
the admittance is simplified to 

Y=O+jwC (16.34) 

for the series configuration resulting in only C and 

(16.35) Y = - + j w C  

for the parallel (reactive) configuration of R and C. The resulting real and imag- 
inary parts of admittance are presented in Figures 16.10(a) and (b), respectively. 
The imaginary components of admittance for the series and parallel configura- 
tions, equations (16.34) and (16.35) respectively, are identical and can be used to 
recover the capacitance at any given frequency. The use of the admittance format 
to obtain the capacitance for dielectric systems motivates the development of anal- 
ysis in terms of complex capacitance, as presented in the subsequent section. 

1 
R 

16.3 Complex-Capacitance Format 

The complex capacitance, defined to be 

(16.36) 

Remember! 16.4 Like the admittance representation, the complex-capacitance 
representation emphasizes values at high frequency and is often used for solid-state and 
dielectric systems for which information is sought regarding system capacitance. 
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Figure 16.10: Real and imaginary parts of  the electrolyte-resistance-corrected admittance on 
a logarithmic scale as a function of  frequency for Re = 10 acm2, R = 100 hZcm2, and 
C = 20 pF/cm2. The blocking system o f  Table 16.l(a) is represented by dashed lines, and 
the reactive system of Table 16.l(b) is represented by solid lines. Characteristic frequencies are 
noted as f ~ c  = (27rRC)-l and fc = (2zReC)-'; a) real part of  admittance and b) imaginary 
part of admittance. 

has the advantage of being related to a physical property, the effective double-layer 
capacitance. For the blocking system of Table 16.1(a), the complex capacitance 
follows 

C - Rew (c)' C(w) = 
1 + (wReC)* '1 + (wReC)2 

(16.37) 

The characteristic angular frequency for the blocking circuit is wc = l /ReC,  the 
same as is found for the admittance of the blocking circuit. At the characteristic 
angular frequency, the real part of the capacitance is equal to half the double-layer 
capacitance, and the imaginary part is equal to minus one-half of the double-layer 
capacitance. The complex-capacitance plot for the blocking circuit traces a semicir- 
cle. 

The corresponding development for the reactive system of Table 16.lb yields 

ReR ( w C ) ~  + 1 + $ 
(16.38) 

C 

I C(w) = 
( 1  + %)'+ (WReC)' -'Rw [ ( 1  + %)'+ (WReC)' 

The characteristic angular frequency for which Cr = C/2 is given by equation 
(16.31), and the imaginary impedance at low frequencies tends toward -m. 

16.3.1 Complex-Capacitance-Plane Representation 

The complex-capacitance-plane plot is presented in Figure 16.11. The data are pre- 
sented as a locus of points, where each data point corresponds to a different mea- 
surement frequency. As discussed for the impedance- and admittance-plane rep- 
resentations (Figures 16.1 and 16.6, respectively), the complex-capacitance-plane 
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Figure 16.11: Complex-capacitanceplane plots for Re = 10 ncm2,  R = 100 ncm2,  and 
C = 20 pF/cm2. The blocking system of Table 16.l(a) is represented by A and dashed lines, 
and the reactive system of Table 16.l(b) is represented by 0 and solid lines. 

format obscures the frequency dependence. This disadvantage can be mitigated 
by labeling some characteristic frequencies. 

The double-layer capacitance of the blocking electrode can be obtained from the 
zero-frequency asymptote. The asymptotic value for the reactive system is scaled 
by the term (1 + R e / R ) - 2 .  

16.3.2 Complex-Capacitance Representation 

The real and imaginary parts of the complex-capacitance are presented as functions 
of frequency in Figures 16.12(a) and (b), respectively. The low-frequency limit can 
be interpreted in terms of an effective double-layer capacitance. This relationship 
is exact for the blocking circuit of Table 16.1(a). The corresponding plots in loga- 
rithmic format are presented as Figures 16.13(a) and (b), respectively. 

The characteristic frequency evident as a peak for the imaginary part of the 
complex-capacitance in Figures 16.12(b) and 16.13(b) has a value corresponding 
exactly to fc = ( 2 7 ~ R Q - l  only for the blocking system. As found for data pre- 
sentation in admittance format, the presence of a Faradaic process confounds use 
of graphical techniques to assess this characteristic frequency. Like the admittance 
format, the complex capacitance is not particularly well suited for analysis of elec- 
trochemical and other systems for which identification of Faradaic processes par- 
allel to the capacitance represents the aim of the impedance experiments. It is 
particularly well suited for analysis of dielectric systems for which the electrolyte 
resistance can be neglected. 
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Figure 16.12: Real and imaginary parts of  the complex capacitance as a function of frequency 
for Re = 10 ncm2,  R = 100 f2cm2, and C = 20 pF/cm2. The blocking system of Table 
16.l(a) is represented by dashed lines, and the reactive system of Table 16.l(b) is represented 
by solid lines. Characteristic frequencies are noted as f ~ c  = (2nRC)-' and fc = (2nReC)-*;  
a) real part of complex capacitance and b) imaginary part of complex capacitance. 
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16.13: Real and imaginary parts of the complex capacitance on a logarithmic scale - .  

as a function of frequency for Re = 10 ncm2,  R = 100 nun2, and C = 20 pF/cm2. The 
blocking system of Table 16.l(a) is represented by dashed lines, and the reactive system of Table 
16.l(b) is represented by solid lines. Characteristic frequencies are noted as f ~ c  = (27rRC)-' 
and fc = (2zReC)-';  a) real part of complex capacitance and b) imaginary part of  complex 
capacitance. 
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f 
&Example 16.2 Complex Capacitance of Dielectrics: Find an expression for 
the complex capacitance for the electrical circuit shown in Figure 16.9 and discussed in 
Example 16.2. Identify the limits and characteristicfrequencies. 

Solution: Insertion of equation (2 6.34) into the definition for complex capacitance 

Y 
C ( 0 )  = - 

iw 

yields 

(16.39) 

(16.40) 

As w -, 0, C, -+ C,, + Ct, + CQ. As w + cy), C, + Csc. The characteristic angular 
frequencies are wtl = ( Rt,lC,1)-' and wt2 = (Rt,2Ct,2)-'. The characteristicfrequencies 
could be identified easilyfrom plots of real and imaginary parts of the complex capacitance 
as functions of frequency. 

16.4 Effective Capacitance 

A more attractive representation of effective capacitance for electrochemical sys- 
tems may be obtained directly from the imaginary part of the impedance as 

(16.41) 

In contrast to the complex capacitance described in Section 16.3, the effective ca- 
pacitance described in equation (16.41) is defined to be a real number. 

For the series circuit, 

and for the reactive circuit, 

ceff = c (16.42) 

(16.43) 

Linear and logarithmic plots of effective capacitance are presented as functions of 
frequency in Figures 16.14(a) and (b), respectively. The high-frequency asymptote 

1 
w2R2C 

ceff = c + - 

mRemernber!  16.5 The effective capacitance proVides a means of quantitatively 
determining the interfacial capacitance of a system. 
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Figure 16.14: Effective capacitance as a function of frequency for Re = 10 n c m 2 ,  R = 
100 n c m 2 ,  and C = 20 pF/cm2. The blocking system of Table 16. l (a)  is represented by dashed 
lines, and the reactive system of Table 16.l(b) is represented by solid lines. The characteristic 
frequencies noted arefRC = (2nRC)-' and fc = (2xReC)-'; a) linear scale and b) logarithmic 
scale. 

provides correct values for the double-layer capacitance for both blocking and re- 
active circuits. The characteristic angular frequency for the reactive system is seen 
in equation (16.43) to be wc = (ReC)-', and at this value, a factor of 2 (or 100 per- 
cent) error is seen for identification of double-layer capacitance. As seen in Figure 
16.15, the error is diminished at frequencies larger than the characteristic frequency 
fRc = (2nRC)- ' .  At frequencies only one order of magnitude larger than f ~ c ,  the 
error in assessment of double-layer capacitance is only 1 percent. Measurement 
at several different frequencies should be used to emure that the capacitance is 
obtained at a frequency sufficiently larger than the largest characteristic relaxation 
frequency for the system. 

Example 16.3 Evaluation of Double-Layer Capacitance: Find the meaning 
of the qffective capacitance obtained using equation (16.42) for the convective-difision 
impedance expressed as equation (21.20), i.e., 

(16.44) 

where & ( w )  is a complexfunction offiequency that tends toward zero asfrequency tends 
toward m. 

Solution: At high-frequencies, all models for convective difusion to a rotating disk ap- 
proach the Warburg impedance, given as equation (11.52). Thus, the convective difision 
impedance can be expressed as Z D  (w ) = Z D  ( 0 )  / @. Following Example 1.7, which 
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Figure 16.15: Error in assessment of the double-layer capacitance for the reactive system of Ta- 
ble 16.l(b) as a function of frequency scaled by the characteristic frequency f ~ c  = (2nRC)-’. 

provides a demonstration of methods used to determine the square root of complex numbers, 

(1 - j )  = A(w) (1 - j )  
0.7071 

zD(w)  = ZD(0)- &E 
The impedance can be expressed as 

or 

(16.45) 

(16.46) 

(16.47) 

After multiplying by the complex conjugate, the real and imagina y contributions are ob- 
tained as 

and 
A ( w )  + WCdl (A’(w)  + (Rf + A(W))’) 

(1 + WCdlA(W))’ + w2C& (Rt + A(w) )2  
zj = - (16.49) 

respectively, Following equation (1 6.4l), the flective capacitance that can be obtained at 
the high-frequency limit is given as 

cd l  (16.50) 

Thus, the high-frequency limit of the flective capacitance can be used to obtain the double- 
layer capacitance for even quite complicated systems. The reason this approach works is 
that, at high frequencies, the Faradaic current is blocked, and all current passes through 
the double-layer capacitor. 
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Problems 

16.1 Consider the electrical circuit given as Figure 4.6(a). Use a spreadsheet pro- 
gram to plot the results for Ro = lOn, R1 = 50n, C1 = 20pF, RZ = 500Q 
and C1 = 10pF in the following representations: 
(a) Impedance 
(b) Admittance 
(c) Complex capacitance 

16.2 Use a spreadsheet program to plot the results of Problem 10.6 in the follow- 
ing representations: 
(a) Impedance 
(b) Admittance 
(c) Complex capacitance 

16.3 Consider the equation used for a so-called constant phase element, e.g., 

Rt 
1 + Gw)" RtQ 

Z ( W )  = Re + (16.51) 

Plot the model results using the formats presented in this chapter, letting 
Re = 10 ncm', Rt = 100 ncm2, and Q = 20 pFsa-l/cmdZ. Allow ar to be a 
parameter such that 1 > ar > 0.5. 

16.4 Verify equation (16.50) in Example 16.3. 



Chapter 17 

Preliminary Graphical Methods 

Graphical methods provide a first step toward interpretation and evaluation of im- 
pedance data. An outline of graphical methods is presented in Chapter 16 for sim- 
ple reactive and blocking circuits. The same concepts are applied here for systems 
that are more typical of practical applications. The graphical techniques presented 
in this chapter do not depend on any specific model. The approaches, therefore, 
can provide a qualitative interpretation. Surprisingly, even in the absence of spe- 
cific models, values of such physically meaningful parameters as the double-layer 
capacitance can be obtained from high- or low-frequency asymptotes. 

The methods for graphical representation and interpretation of impedance data 
are presented here for impedance data characteristic of active and blocking elec- 
trodes. The material presented here is based on a paper by Orazem et a1.206 The 
classification of active systems is represented by a Randles circuit, as presented 
in Figure 17.1(a). The classification of blocking systems is represented by the cir- 
cuit presented in Figure 17.1@). The mathematical development was presented 
in previous chapters in terms of angular frequency w.  As experimental data are 
generally presented in terms of frequency f = w/27r, the graphical approaches 
developed in this chapter are presented in terms of frequency f .  

Figure 17.1: Equivalent circuits used to  demonstrate the graphical representation of reactive 
impedance data: a) Randles circuit; and b) blocking circuit. 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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100 
100 
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100 109.97 0.7 1 1,000 
100 398.94 0.5 1 1,000 

Table 17.1: Randles circuit parameters used for simulations. 

17.1 Application to a Randles Circuit 

A Randles circuit is used here to demonstrate the graphical representation for re- 
active (nonblocking) systems. The impedance of the Randles circuit presented in 
Figure 17.l(a) is given by 

(17.1) 

where the convective-diffusion impedance Z,(f) was given by the expression for 
a finite stagnant diffusion layer of thickness Si as described in Section 11.4.2, i.e., 

(17.2) 

where ZD is the time constant for diffusion given by TD = S:/Di. The parame- 
ters ci and Qdl are associated with a constant-phase element (CPE) as discussed 
in Section 13.1.3~71~104 When a: = 1, Qdl has units of a capacitance, e.g., pFcm-2, 
and represents the capacity of the double layer. When a: # 1, the system shows 
behavior that has been attributed to surface heterogeneityls19 182 or to continuously 
distributed time constants for charge-transfer reacti~ns.l~*~~’ The phase angle as- 
sociated with a CPE is independent of frequency. 

The parameter values used for the simulations presented here are given in Ta- 
ble 17.1. The parameters were chosen such that the high-frequency CPE element 
would have a characteristic frequency f ~ c  of 100 Hz, corresponding to a time con- 
stant of 1.59 ms. 

The Randles circuit provides an example of a class of systems for which, at the 
zero-frequency or dc limit, the resistance to passage of current is finite, and current 
can pass. Many electrochemical and electronic systems exhibit such nonblocking 
or reactive behavior. Even though the impedance response of the system presented 
in this section is relatively simple as compared to that of typical electrochemical 
and electronic systems, the nonblocking systems comprise a broad cross-section 
of electrochemical and electronic systems. The concepts described in this chapter 
therefore can be easily adapted to experimental data. 

17.1.1 Traditional Representation of Data 

As discussed in Section 16.1, impedance data are often represented in complex- 
impedance-plane or Nyquist formats accompanied with Bode representations in 
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which the modulus and phase angle are presented as function of frequency. Such 
traditional representations of impedance data are given in Figure 17.2 for the circuit 
presented as Figure 17.1(a). 

The complex-impedance-plane or Nyquist format is shown in Figure 17.2(a) for 
the Randles circuit. The data are presented as a locus of points, where each data 
point corresponds to a different measurement frequency. The asymptotic limits of 
the real part of the impedance for the reactive circuit shown in Figure 17.2(a) are Re 
at high frequencies and Re + Z, (0) + Rt at low frequency. Complex-impedance- 
plane plots are very popular because the shape of the locus of points yields insight 
into possible mechanisms or governing phenomena. If the locus of points traces 
a perfect semicircle, for example, the impedance response corresponds to a sin- 
gle activation-energy-controlled process. A depressed semicircle indicates that a 
more detailed model is required, and the multiple loops shown in Figure 17.2(a) 
provide clear indication that more than one time constant is required to describe 
the process. The significant disadvantages are that the frequency dependence is 
obscured, that low impedance values are obscured, and that apparent agreement 
between model and experimental data in complex-impedance-plane format may 
obscure large differences in frequency and at low impedance values. 

The dependence on frequency is seen more clearly in the Bode representation 
shown in Figures 17.2(b) and (c) for the magnitude and phase angle of the Ran- 
dles circuit. Frequency is generally presented on a logarithmic scale to reveal the 
important behavior seen at lower frequencies. For a process described by single 
RC element, the characteristic frequency is readily identified by inflections in the 
magnitude and phase angle plots. The magnitude of the impedance of the sin- 
gle RC reactive system tends toward Re as frequency tends toward do and toward 
Re + Rt as frequency tends toward zero. The phase angle has a value of -45" at 
the characteristic frequency f ~ c  = 1/(2nRC). The slope of the transition between 
low frequency and high frequency asymptotes can provide useful information con- 
cerning the nature of the impedance response if the characteristic time constants 
are well separated. 

The phase angle, expressed as 

q = tan-1 ( Z )  (17.3) 

tends toward zero at low frequencies, indicating that the current and potential are 
in phase. The phase angle tends toward zero at high frequencies as well, due to 
the influence of the leading resistor Re in the value of Z, used in equation (17.3). 
Dashed lines in Figures 17.2(b) and (c) indicate the characteristic frequencies asso- 
ciated with the time constants of the synthetic impedance data of Table 17.1. No 
clear correspondence is seen between the Bode plots and the time constants of the 
impedance data. 

The popularity of the Bode representation stems from its utility in circuits anal- 
ysis. The phase angle plots are sensitive to system parameters and, therefore, pro- 
vide a good means of comparing model to experiment. The modulus is much less 
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Figure 17.2: Traditional representation of impedance data for the Randles circuit presented as 
Figure 17.l(a) with 1y. as a parameter. a) complex-impedance-plane or Nyquist representation 
(symbols are used to  designate decades of frequency.); b) Bode representation of  the magnitude 
of the impedance; and c) Bode representation of  the phase angle. (Taken from Orazem et 
and reproduced with permission of The Electrochemical Society.) 
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sensitive to system parameters, but the asymptotic values at low and high frequen- 
cies provide values for the dc and electrolyte resistance, respectively. 

For electrochemical systems exhibiting an Ohmic or electrolyte resistance, how- 
ever, the Bode representation has serious drawbacks. The influence of electrolyte 
resistance confounds the use of phase angle plots, such as shown in Figure 17.2(c), 
to estimate characteristic frequencies. In addition, Figure 17.2(c) shows that the 
current and electrode potential are in-phase at high frequencies; whereas, at high 
frequencies, for LY = 1, the current and interfacial potential are exactly out of phase. 
Even when LY # 1, the current and interfacial potential are not in-phase at high fre- 
quencies. The electrolyte resistance, then, obscures the behavior of the electrode 
surface in the phase angle plots. 

17.1.2 

If an accurate estimate for electrolyte resistance Re,mt is available, a modified Bode 
representation is possible, following the development in Section 16.1.3, as 

Phase Angle and Modulus Corrected for Ohmic Resistance 

(17.4) 

and 

Izladj = J(zr - Re&)' -k (zj)' (17.5) 

The results are presented in Figures 17.3(a) and (b) for magnitude and phase angle, 
respectively. 

The slope of the corrected modulus yields valuable information concerning the 
existence of CPE behavior that is obscured in the traditional Bode presentation. 
At high frequencies, the corrected modulus is dominated by the contribution of 
the imaginary part of the impedance. The corrected modulus approaches zero 
according to Izladj N f-"; thus, the slope on a log-log plot has a value of -& at 
high frequencies. 

As seen in Figure 17.3(b), systems exhibiting purely capacitive behavior, i.e., 
where 1y = 1, the current and potential are in-phase at low frequencies and out-of- 
phase at high frequencies. The phase angle has an inflection point at the character- 
istic frequency f R c  = 100 Hz and reaches a value of -90" at high frequency. Under 
conditions that CPE behavior is evident, i.e., , when a # 1, the phase angle reaches 
a high-frequency asymptote such that 

&ij(m) = -9Oa (17.6) 

mRernember!  17.1 Interpretation of the phase angle in terms of interfacial pruper- 
ties is confounded by the contribution of the Ohmic resistance. The adjusted phase angle, 
given in equation (1 7.4), reveals the behavior of the interface. 
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Figure 17.3: Bode plots with IY. as a parameter for the Randles circuit presented as Figure 
17.l(a) adjusted for the electrolyte resistance following equations (17.4) and (17.5): a) modulus; 
and b) phase angle. (Taken from Orazem et and reproduced with permission of The 
Electrochemical Society.) 

The corrected phase angle plots yield valuable information concerning the exis- 
tence of CPE behavior that is obscured in the traditional Bode presentation. 

As mentioned in Section 16.1.3, caution should be used when interpreting the 
electrolyte-resistance-corrected Bode plots. Incorrect estimates for R e p t  can give 
the appearance of an additional high-frequency relaxation process. When possi- 
ble, an assessment of Remt should be made independently of the regression. In 
addition, noise in the experimental data can obscure the behavior of the corrected 
phase angle at high frequencies. At high frequencies, Z, + &,at. Thus, the argu- 
ment to the inverse tangent in equation (17.4) will have a sign controlled by noise 
in the denominator, and the phase calculated from equation (17.4) will have val- 
ues scattered about f & d j  (co). This scatter will of course be evident as well in the 
Ohmic-resistance-corrected magnitude plots. Nevertheless, Bode plots corrected 
for Ohmic resistance are useful as a pedagogical tool and for determining whether 
CPE behavior is evident in the data. 

17.1.3 Real and Imaginary Components 

The difficulty with using the Ohmic-resistance-corrected Bode plots presented in 
the previous section is that an accurate estimate is needed for the electrolyte re- 
sistance and that, at high frequencies, the difference Z, - R,,t is determined by 
stochastic noise. As discussed in Section 16.1.4, these difficulties can be obviated 
by plotting the real and imaginary components of the impedance. 

The real part of the impedance, shown in Figure 17.4(a), provides the same 
information as is available from the modulus plots presented in Figure 17.2@). 
The high frequency asymptote reveals the Ohmic electrolyte resistance, and the 
low frequency asymptote reveals the sum of the polarization impedance and the 
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Figure 17.4: Real and imaginary parts of the impedance as a function of frequency with rt as 
a parameter for the Randles circuit presented as Figure 17.1(a): a) real part; and b) imaginary 
part. (Taken from Orazem et and reproduced with permission of The Electrochemical 
Society.) 

electrolyte resistance. The imaginary part of the impedance, presented in Fig- 
ure 17.4(b), has the significant advantage that the characteristic frequencies can 
be readily identified at the peak values. The imaginary part of the impedance 
is independent of electrolyte resistance, so correction for Ohmic resistance is not 
needed. 

The behavior at lower impedance values is emphasized when the impedance 
components are plotted on a logarithmic scale, as shown in Figure 17.5. Figure 
17.5 provides a rich source of insight into the experimental system. As in Figure 
17.4(b), a characteristic frequency can be defined to exist at the maximum value. 
The slopes at low and high frequency are +a and -1y, respectively. Departure from 
fl provides an indication of distributed processes. Observation of multiple max- 
ima shows that the data must be interpreted in terms of more than one process. In- 
terpretation of Figure 17.5 in terms of characteristic frequencies is not confounded 
by the electrolyte resistance, as was seen for the Bode plots of phase angle. 

As discussed in Section 21.2, the variances of stochastic errors are equal for real 
and imaginary parts of the impedance. Thus, another advantage of presenting real 
and imaginary parts of the impedance as functions of frequency is that comparison 
between data and levels of stochastic noise can be easily represented. 

m R e m e m b e r !  17.2 As shown in Figure 17.5, the slope of the magnitude of the 
imagina y part of the impedance as afunction offiequency in logarithmic coordinates yields 
the exponent of a CPE. 



340 PRELIMINARY GRAPHICAL METHODS CHAPTER 17 

hl 

E 
0 

1 o3 

1 o2 

1 o1 

1 oo 

1 0-1 

1 o 2  

1 

f l  Hz 

Figure 17.5: Imaginary part of the impedance as a function of frequency with 1y. as a param- 
eter for the Randles circuit presented as Figure 17.1(a). (Taken from Orazem et a1.*06 and 
reproduced with permission of The Electrochemical Society.) 

17.1.4 

An effective capacitance, or, when 1y # 1, an effective CPE coefficient may be ob- 
tained directly from the imaginary part of the impedance as 

Effective High-Frequency Capacity or CPE Coefficient 

-1 
Qeff = sin (7) Zj(f) (27Tf)a (17.7) 

When 1y = 1, the CPE coefficient Q becomes a capacitance, and equation (17.7) can 
be written 

(17.8) 

In contrast to the complex capacitance described in Section 16.3, the effective ca- 
pacitance described in equation (17.8) is defined to be a real number. 

The ratio of effective CPE coefficient to the expected value is given in Fig- 
ure 17.6. The high-frequency asymptote is seen to provide correct values for the 
double-layer CPE coefficient. The assessment should be made at frequencies sig- 
nificantly larger than the largest characteristic relaxation frequency for the system. 
At frequencies only one order of magnitude larger than fRc, the error in assessment 
of double-layer CPE coefficient is only one percent. Measurement at several dif- 
ferent frequencies should be used to ensure that the CPE coefficient is obtained at 
a frequency sufficiently larger than the largest characteristic relaxation frequency 
for the system. 
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1 

Figure 17.6: Effective CPE coefFicient defined by equation (17.7), scaled by the input value 
of the doublelayer CPE coefficient, as a function of frequency with 1y as a parameter for the 
Randles circuit presented as Figure 17,1(a). (Taken from Orazem et and reproduced with 
permission of The Electrochemical Society.) 

The high-frequency asymptote provides correct values for the double-layer ca- 
pacitance for both blocking and reactive circuits. The percent error in the assess- 
ment of Qe* is presented in Figure 17.7, which represents an extension of Figure 
16.15. As seen in Figure 17.7, the error is diminished at frequencies larger than 
the characteristic frequency f ~ c  = (27cRfCdl) -'. At frequencies only one order of 
magnitude larger than f ~ c ,  the error in assessment of double-layer capacitance is 
one percent for M = 1, but measurement at larger values of f / f ~ c  is required to 
achieve similar accuracy for values of M less than 1. Measurement at several dif- 
ferent frequencies should be used to ensure that the capacitance is obtained at a 
frequency sufficiently larger than the largest characteristic relaxation frequency for 
the system. 

m)Remember! 17.3 Calculation of an qffctive capacitance or CPE coqfFcient ac- 
cording to equation (1 7.7) yields, in the high-frequency limit, properties associated with 
the electrode under study. 
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Figure 17.7: Error in assessment of the doublelayer capacitance for the reactive system of Table 
-1 

16. lb  as a function of frequency scaled by the characteristic frequency f ~ c  = (2nRfCd')  
with 1y as a parameter. 

17.2 Application to Blocking Electrodes 

The impedance of the blocking circuit presented in Figure 17.l(b) is given by 

(17.9) 

The parameter values Re, a, and Q used for the simulations presented here are the 
same as those given for the Randles circuit in Table 17.1. 

17.2.1 Nyquist and Bode Representations 

The complex impedance plane or Nyquist representation of the impedance for the 
blocking electrode of Figure 17.l(b) is presented in Figure 17.8(a). For 1y = 1, the 
real part of the impedance for the blocking circuit is equal to Re for all frequencies. 
The tendency of the imaginary part to approach -m as frequency tends toward 
zero appears as a vertical line in the impedance plane plot given as Figure 17.8(a). 
For LY # 1, the real and imaginary parts tend toward +oo and -00, respectively, 
showing that, in contrast to the impedance of reactive systems, a finite dc limit is 
not seen. Under DC conditions, current cannot pass. The high-frequency limit, not 
visible on the scale presented, has a value of Re for all values of 1y. 

The Bode representation is presented in Figures 17.8(b) and (b) for modulus and 
phase angle, respectively. The traditional values of modulus and phase angle are 
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Figure 17.8: Nyquist and Bode representations of impedance data for the blocking circuit 
presented as Figure 17.l(b) with 1y as a parameter. a) complex-impedance-plane or Nyquist 
representation (symbols are used t o  designate decades of frequency): b) Bode representation 
of the magnitude of impedance; and c) Bode representation of the phase angle. (Taken from 
Orazem et  and reproduced with permission of The Electrochemical Society.) 
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Figure 17.9: Imaginary part of the impedance as a function of frequency with dl as a param- 
eter for the blocking circuit presented as Figure 17.1(b). (Taken from Orazem et and 
reproduced with permission of The Electrochemical Society.) 

compared to the values adjusted for the electrolyte resistance following equations 
(17.4) and (17.5). 

The magnitude, presented in Figure 17.8(b), tends toward Re as frequency tends 
toward do and toward do as frequency tends toward zero. The slope of the line at 
low frequencies has a value of -a for the blocking electrode. Slopes with values 
smaller than unity could provide an indication of a blocking electrode with a dis- 
tribution of characteristic time constants. The slope of the modulus corrected for 
Ohmic resistance is equal to -a for all frequencies. 

The phase angle for the blocking configuration, shown in Figure 17.8(c), tends 
toward a constant value of -90a" at low frequencies and toward zero at high fre- 
quencies. As seen for the reactive system in Figure 17.2(c), the behavior at high 
frequencies is attributed to the confounding influence of the electrolyte resistance. 
The corrected phase angle is constant for all frequencies, with a value of -90a" as 
is shown in Figure 17.8(c). Again, accurate estimates for the Ohmic resistance are 
needed to generate the corrected plots. 

17.2.2 Imaginary Component 

The logarithm of the imaginary part of the impedance is presented in Figure 17.9. 
The imaginary part of the impedance presented in Figure 17.9 is identical to the 
Ohmic-resistance-corrected modulus presented in Figure 17.8(b), but has the ad- 
vantage that it can be obtained directly without need for an estimate of the elec- 
trolyte resistance. The slope of the imaginary part of the impedance on a log-log 
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Figure 17.10: Effective CPE coefFicient defined by equation (17.7), scaled by the input value 
of the doublelayer CPE coefficient, as a function of frequency with 1y as a parameter for the 
blocking circuit presented as Figure 17.1(b). (Taken from Orazem et and reproduced 
with permission of The Electrochemical Society.) 

plot is independent of frequency and has a value of -a. 

17.2.3 Effective CPE Coefficient 

The ratio of effective CPE coefficient, calculated using equation (17.7), to the ex- 
pected value is given in Figure 17.10. The effective CPE coefficient is seen to be 
independent of frequency. 

! 
Example 17.1 Plots for Mg Alloys: C o n s i h  the global impedance response for 

an as-cast magnesium alloy AZ91 presented in Figure 17.1 1 for the AZ91 alloy at the cor- 
rosion potential afier diflerent immersion times in 0.1 M NaCl.122*238 What quantitative 
infirmation can be obtained without considering a detailed process model such as discussed 
in Example 10.3? 

Solution: The imagina y part of the impedance is plotted on a logarithmic scale in Figure 
17.12. A line with slope -0.856 f 0.007 is shown, which wasfitted to the high-frequency 
data for t = 0.5 h of immersion. This slope has the value of -a, and departure from 
-1 provides an indication of distributed processes. The low-frequency portion of the high- 
frequency capacitive loop has a slope of 0.661 f 0.008. The lack of symmetry suggests that 
the high-frequency capacitance is in parallel with other reactive processes. Observation of 
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Figure 17.11: Traditional representation of impedance data obtained for the AZ91 alloy at the 
corrosion potential after difFerent immersion times in 0.1 M NaCI: a) complex-impedanceplane 
or Nyquist representation (the lines represent the measurement model fit t o  the complex data 
sets); b) Bode representation of  the magnitude of the impedance as a function of frequency; 
and c Bode representation of the phase angle as a function of frequency. (Taken from Orazem 
et a l j w  and reproduced with permission of The Electrochemical Society.) 
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Figure 17.12: Imaginary part of  the impedance as a function of  frequency for the AZ91 alloy 
a t  the corrosion potential after different immersion times in 0.1 M NaCI. The line with slope 
-0.857f 0.007 was fitted to  the high-frequency data for t = 0.5 h o f  immersion time. (Taken 
from Orazem e t  and reproduced with permission of The Electrochemical Society.) 

Table 17.2: Values for high-frequency component obtained from asymptotic values for the  
corrosion of an AZ91 Mg alloy.206 

ImmersionTime / h 1 0.5 1 1:1 6.0 
LY / dimensionless 0.856 0.872 0.877 
Q e ~  /MW1cm-2sK 22.7 18.5 

Re / ncm2 10.65 10.45 11.4 

multiple maxima also shows that the data must be interpreted in terms of more than one 
process. 

The slopes at the high-frequency asymptotes appear to be in good agreement for the 
three data sets, but a more detailed analysis reveals some trending. Values for the CPE 
exponent are provided in Table 17.2. A small increase in the value of LY is evident as the 
immersion time increases. 

The value of LY can be used in equation (17.7) to obtain an apparent CPE co@cient 
Q e ~ .  The resulting values of Qe* are presented in Figure 17.13. The absence of a clearly 
identifable asymptote may be attributed to high-frequency instrumental artifacts. The 
values for the CPE co@cient provided in Table 17.2 represent the average over the values 
for the 10 highest frequencies. A small reduction in the value of Qeff is evident as the 
immersion time increases. 

The value of LY obtained from Figure 17.12 can also be used to find the solution resis- 
tance Re used in equation (1 7.4) to yield the expected asymptotic value for adjusted phase 
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Figure 17.13: Effective CPE coefficient defined by equation (17.7) for the AZ91 alloy at  the 
corrosion potential after different immersion times in 0 .1  M NaCI. (Taken from Orazem et 
and reproduced with permission of The Electrochemical Society.) 

angle given by equation (17.4). The resulting Ohmic-resistance-corrected phase angle and 
magnitude are given in Figure 17.14. The slope of the high-frequenb asymptotefor mag- 
nitude corrected for electrolyte resistance has a value of -&. Values for the electrolyte 
resistance are provided in Table 17.2. 

17.3 Overview 

The graphical representations presented here are intended to enhance analysis and 
to provide guidance for the development of appropriate physical models. While 
visual inspection of data alone cannot provide all the nuance and detail that can, in 
principle, be extracted from impedance data, the graphical methods described in 
this chapter can provide both qualitative and quantitative evaluation of impedance 
data. 

The impedance plane or Nyquist plots presented as Figures 17.2(a), 17.8(a), and 
17.11(a) provide a sense of the type of processes that govern the low-frequency be- 
havior of the system. The shape of the low-frequency loop in Figure 17.2(a) is typ- 

m R e m e m b e r !  17.4 The graphical methods described in this chapter are general 
and can be applied to both reactive and blocking systems. 
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Figure 17.14: Ohmic-resistance-corrected Bode plots for the AZ91 alloy a t  the corrosion po- 
tential after different immersion times in 0.1 M NaCI, with values adjusted for the electrolyte 
resistance following equation (17.4): a) phase angle; and b) modulus. (Taken from Orazem et 

and reproduced with permission of The Electrochemical Society.) 

ically associated with mass-transfer effects, although the shape is clearly distorted 
by the CPE behavior for 1y < 1. A blocking behavior is suggested by the absence of 
a low-frequency dc limit in Figure 17.8(a). Three time constants are clearly evident 
in Figure 17.11(a). 

Aside from values for asymptotic limits for the real part of the impedance, it 
is difficult to extract meaningful information from the traditional Bode plots when 
the Ohmic resistance is not negligible. In contrast, the Bode plots of magnitude and 
phase angle corrected for Ohmic resistance can be used to identify CPE behavior 
at high frequencies. Following equation (17.6), the high-frequency limit for the 
phase angle (Figures 17.3(b) and 17.14(a)) can be used to extract values for the CPE 
coefficient a. The Ohmic-resistance-corrected phase angle for the blocking system 
shown in Figure 17.8(c) is constant for all frequencies. The slope of the corrected 
modulus (Figures 17.3(a), 17.8(b), and 17.14(b)) can also be used to extract values 
for the CPE coefficient a. 

The plots of the imaginary part of the impedance on a log-log scale shown 
in Figures 17.5 and 17.12 are particularly helpful. The slopes of the lines at low 
and high frequency in Figure 17.5 indicate clearly that two time constants can be 
discerned, that the high-frequency feature has CPE characteristics, and that the 
CPE characteristic extends to the low-frequency feature. This result indicates that 
the two time constants are coupled through a double-layer capacitive or constant- 
phase element. Log-log plots of imaginary impedance can be used to distinguish 
between a depressed impedance-plane semicircle caused by a continuous distribu- 
tion of time constants associated with a CPE and that caused by contributions of 
discrete processes with closely overlapping but discrete time constants. 

For the AZ91 data, the log of the imaginary part of the impedance shown in Fig- 
ure 17.12 indicated a CPE behavior, meaning that the high-frequency feature had 
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the characteristic of a distributed time constant rather than several discrete time 
constants. The absence of symmetry for the high-frequency feature suggested that 
the capacitive behavior was in parallel to other reactive processes. The decrease in 
a with immersion time suggests that the surface became more homogeneous with 
the growth of corrosion product layers. 

For the blocking system, the plot of the imaginary part of the impedance on 
a log-log scale shown in Figure 17.9 yields the same information as the Ohmic- 
resistance-corrected modulus presented in Figure 17.8@). The advantage of using 
Figure 17.9 is that no estimate is needed for the electrolyte resistance. 

The effective CPE coefficient representation in Figures 17.6 and 17.13 yields, 
for a = 1, information concerning the high-frequency capacitance of the system. 
In the case that 1y < 1, Figures 17.6 and 17.13 yield an effective CPE coefficient Qefi 
that can be related to the film capacitance through a model of the distributed time 
constants following Brug et al.IM 

The plots presented here have general application. They have been useful for 
evaluating the high-frequency behavior associated with local impedance measure- 
ments, where low-frequency measurements were not reliable and the frequency 
range was therefore not sufficient to allow regression analysis with a more detailed 
mathematical mode1.1g4 The graphical analysis showed that, while high-frequency 
CPE behavior was evident in global impedance measurements for a Mg AZ91 al- 
loy disk electrode, the local impedance measured near the center of the disk exhib- 
ited ideal RC behavior. The CPE behavior was thereby attributed to a 2-D radial 
distribution of the charge-transfer resistance. The capacitance extracted from high- 
frequency asymptotic behavior was used to estimate the area sampled by the local 
impedance technique. 

As shown in Section 13.3, logarithmic plots of the imaginary part of the im- 
pedance can be used to show the high-frequency pseudo-CPE behavior caused 
by nonuniform current distribution. A graphical analysis similar to that demon- 
strated in Example 17.1 was employed by Huang et al.*05 to obtain values for 
parameters Re, a, and Q associated with the impedance of a glassy carbon disk 
in KC1 solutions and an oxide-covered stainless steel electrode in 0.05 M NaCl + 
0.005 M Na2S04 electrolyte. 
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Figure 17.15: Equivalent circuit for Problem 17.1 

Problems 

17.1 

17.2 

17.3 

Consider the circuit presented in Figure 17.15. Upon choosing appropriate 
parameters that will yield time constants in a measurable frequency range, 
develop plots similar to Figures 17.2-17.6. 

Develop plots similar to Figures 17.2-17.6 for the impedance data of the cir- 
cuits given in Figure 17.l(a) with data presented in admittance rather than 
impedance format. 

Consider the circuit presented in Figure 9.4 for an electrode covered by a 
film. Upon choosing appropriate parameters that will yield time constants 
in a measurable frequency range, develop plots similar to Figures 17.2-17.6. 



Chapter 18 

Model-Based Graphical Methods 

Under certain limiting conditions, graphical methods for analysis of impedance 
data can be based on the physics of the system under study. Use of such methods 
does not provide the detailed information that may be available from use of regres- 
sion techniques, presented in Chapter 19. The graphical methods may, however, 
complement the development of detailed process models by identifying frequency 
ranges in which the process model must be improved. 

The techniques presented here each involve analysis of data collected as a func- 
tion of a system parameter such as temperature, potential, or disk rotation speed. 

18.1 Mass Transfer 

Graphical methods can be used to extract information concerning mass transfer if 
the data are collected under well-controlled hydrodynamic conditions. The sys- 
tems described in Chapter 11 that are uniformly accessible with respect to convec- 
tive diffusion would be appropriate. The analysis would apply to data collected 
on a rotating disk electrode as a function of disk rotation speed, or an impinging 
jet as a function of jet velocity. 

18.1.1 Scaled Plots of Impedance 

The experimental data presented in Figure 18.l(a) correspond to reduction of fer- 
ricyanide on a Pt rotating disk e l e ~ t r o d e . ~ ~ ! ~ ~ ~  The electrolyte consisted of 0.01 M 
K3Fe(CN)6 and 0.01 M &Fe(CN), in 1 M KC1. The temperature was controlled 
at 25 f 0.1"C. The electrode diameter was 5 mm, yielding a surface area of 0.1963 
cm2. A polishing technique was selected for the Pt disk electrode that provided the 
maximum steady mass-transfer-limited current. The electrode was polished with 
a 1,200-grit emery cloth, washed in deionized water, polished with alumina paste, 
and subjected to ultrasound cleaning in a 1:l solution of water and ethyl alcohol. 
Experiments were conducted at 1 /2 of the mass-transfer-limited current. 

The part of the impedance influenced by mass transfer can be isolated by sub- 
tracting the electrolyte resistance. The data presented in Figure 18.l(a) were then 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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Figure 18.1: Impedance data as a function of frequency for reduction of ferricyanide on a 
rotating P t  disk electrode with rotation speed as a parameter: a) raw data and b) scaled data. 
(Taken from Durbha et aI.851239) 
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Figure 18.2: Impedance data from Figure 18.1 as a function of scaled frequency p = u/a for 
reduction of ferricyanide on a rotating Pt  disk electrode; a) the real part of the impedance and 
b) the imaginary part of the impedance. 

scaled by the zero frequency asymptotic value for the real part of the impedance, 
as seen in Figure 18.1(b). The superposition of impedance spectra is striking, but, 
in itself, does not constitute a proof that the impedance data were controlled by 
mass transfer. Scaled plots of impedance such as shown in Figure 18.l(b) provide, 
however, a useful means of identifying systems where the impedance has changed 
but the underlying physical phenomena are unchanged. 

A more direct evaluation of the role of mass transfer is obtained by plotting 
the scaled impedance values as a function of dimensionless frequency p = w / n, 
which is scaled by the rotation speed. The real and imaginary parts of the scaled 
impedance, shown in Figures 18.2(a) and (b), respectively, are superposed at low 
frequencies. Thus, the impedance values are, at low frequencies, controlled by con- 
vective mass transfer to the rotating disk. Differences are seen at higher frequencies 
that can be attributed to electrode kinetics. 

18.1.2 Asymptotic Behavior at Low-Frequency 

A graphical method was reported by Tribollet et al. that can be used to extract 
Schmidt numbers from experimental data in which the convective-diffusion im- 
pedance dominates.135 The technique accounts for the finite value of the Schmidt 

e R e m e m b e r !  18.1 Scaled plots of impedance provide a useful means of identfy- 
ing systems where the impedance has changed but the underlying physical phmomena are 
unchanged. 
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Figure 18.3: Illustration of the use of the method described by Tribollet et t o  extract 
the Schmidt number from the low-frequency portion of the scaled measurement. Impedance 
data were taken from Figure 18.1: a) scale showing the approach t o  linearity as frequency tends 
toward zero; and b) regression of the linear portion of the plot shown in part a. The slope of 
the line was -13.52, resulting in a Schmidt number equal t o  1,091. 

number. The concept is based on the observation that 

Thus, the quantity ~ S C ' / ~  may be obtained by plotting Re{Z} as a function of 
p Im{ Z}, and the straight line of slope s = ~ S C ' / ~  is fitted to the low frequency 
data. The constant h was obtained taking into account the above development. 

dRe -- 
h = lim { ' ' to) I ) = 1.2261 + O.~~SC- ' /~  + 0.63S~-'/~ (18.2) 

The value of the Schmidt number is then obtained by solving the equation 

1.2261S~'/~ + (0.84 - S) Sc1l3 + 0.63 = 0 (18.3) 

This approach is attractive because d Re { Z} / d p  Im { Z} is constant over a substan- 
tial frequency range. 

An illustration of the asymptotic technique is presented in Figure 18.3 for the 
data presented in Figure lB.l(a). The scale presented in Figure 18.3(a) shows the 
approach to linearity as frequency tends toward zero. The data collected at dif- 
ferent rotation speeds are superposed in Figure 18.3(a). Regression of the linear 
portion of the plot, shown in Figure 18.3@), yields a slope of -13.52. Solution of 
equation (18.3) yields a Schmidt number equal to 1,091, in good agreement with 
the expected value of 1,100 for this system. 
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Regression of a process model for this system, reported by Orazem et a1.,85 
yielded values for the Schmidt number that appeared to be a function of rotation 
speed. While the value obtained at 120 rpm of 1,114 was in good agreement with 
the value obtained by use of the low-frequency asymptotic relation, much larger 
values were obtained at higher rotation speeds. A regressed value of 1,222, for 
example, was reported for a rotation speed of 2,400 rpm. The superposition, at 
low frequencies, of data collected at all rotation speeds in Figure 18.3(a) suggests 
that the process model used by Orazem et al. did not account properly for a phe- 
nomenon evident at higher frequencies and that errors in fitting data at higher 
frequencies were propagated to lower frequencies in the form of an incorrect as- 
sessment of Schmidt number. The use of the asymptotic method can complement 
development of complete process models. 

18.2 Reaction Kinetics: Arrhenius Relations 

Systems that are governed by reaction kinetics show well-defined behaviors as a 
function of temperature and potential. If the system can be described as being 
controlled by a single activation-energy-controlled process, graphical methods can 
be used to cause the data to superpose. 

The excitation of electrons in semiconducting systems, as described in Chapter 
12, follows an Arrhenius temperature dependence, e.g., 

(18.4) 

where ko is a constant. As Rt o( l /ko ,  for a system showing a single potential- 
dependent reaction, the charge-transfer resistance can be expected to follow 

Rt = RF exp (g) (18.5) 

Under the assumption that the capacitance is independent of temperature, the 
characteristic time constant for the system should follow the same Arrhenius tem- 
perature dependence, i.e., 

(18.6) 

Impedance data taken at different temperatures for systems governed by single- 
step activation-energy-controlled processes may be expected to superpose when 
properly normalized. 

Graphical techniques based on application of an Arrhenius relationship are il- 
lustrated here for an n-GaAs single crystal diode with a Ti Schottky contact and 
a Au, Ge, Ni Schottky contact at the eutectic composition. This material has been 
well characterized in the literature and, in particular, has a well-known EL2 deep- 
level state that lies 0.83 to 0.85 eV below the conduction band edge.156 Experimen- 
tal details are provided by Jansen et al.172~240 
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Figure 18.4: Impedance data as a function of frequency for an n-GaAs/Ti Schottky diode 
with temperature as a parameter: a) the real part of impedance; and b) the imaginary part of 
impedance. (Taken from Jansen et 

The experimental data are presented in Figures 18.4(a) and (b) for the real and 
imaginary parts of the impedance, respectively, for data collected at temperatures 
ranging from 320 to 400 K. The logarithmic scale used emphasizes the scatter seen 
in the imaginary impedance at low frequencies. The impedance response is seen to 
be a strong function of temperature. The impedance plane plots shown in Figure 
18.5, for data collected at 320 and 340 K, show the classic semicircle associated with 
a single relaxation process. 

The reduced presentation of the data given in Figure 18.6 shows that the im- 
pedance response is dominated by a single relaxation process with an activation 
energy near 0.83 eV. The impedance data collected at different temperatures were 
normalized by the maximum mean value of the real part of the impedance and 
plotted against a normalized frequency defined by 

(18.7) 

where E was given a value of 0.827 eV, and the characteristic frequency f O was 
given a value of 2.964 x 1014 Hz such that the imaginary part of the normalized 
impedance values reached a peak value near f* = 1. The data collected at differ- 
ent temperatures are reduced to a single line. The extent to which the data are 
superposed is seen more clearly on the logarithmic scale shown in Figure 18.7. 

Remember! 18.2 Reduced presentation of impedance data in terms of scaledfre- 
quency (given, eg., in Figures 18.2 and 18.6) provides verijication of the origin of the 
impedance response. 



18.2 REACTION KINETICS: ARRHENIUS RELATIONS 359 

I I I I I 1 
lm -n Qb I 

1 
-4 

-2 

I I I 

0 2 4 6 a 10 

Z / M a  

Figure 18.5: Impedance data in impedanceplane format for an n-GaAs/Ti Schottky diode with 
temperature as a parameter. (Taken from Jansen et  
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Figure 18.6: Impedance data from Figure 18.4 collected for an n-GaAslTi Schottky diode as a 
function of frequency f' = f. exp (E/kT): a) real part of impedance; and b) imaginary part of 

impedance. (Taken from Orazem and T r i b ~ l l e t * ~ l  and reproduced with permission of  Elsevier, 
Inc.) 
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Figure 18.7: Impedance data from Figure 18.4 collected for an n-GaAslTi Schottky diode as a 
function of frequency f* = f. exp ( E / k T ) :  a) real part of impedance; and b) imaginary part of 

impedance. (Taken from Orazem and T r i b ~ l l e t * ~ ~  and reproduced with permission of Elsevier, 
Inc.) 

It is worth noting that, while the data do superpose nicely in Figures 18.6 
and 18.7, the impedance data do in fact contain information on minor activation- 
energy-controlled electronic  transition^.^'^^ 240 The information concerning these 
transitions can be extracted by regression of an appropriate process model using a 
weighting strategy based on the error structure of the measurement. 

18.3 Mott-Schottky Plots 

Graphical techniques can be applied for single-frequency measurements when the 
frequency selected excludes the contributions of confounding phenomena. For ex- 
ample, impedance measurements on a semiconductor diode at a sufficiently high 
frequency exclude the influence of leakage currents and of electronic transitions 
between deep-level and band-edge states. Thus, the capacitance can be extracted 
from the imaginary part of the impedance as 

1 C=--  
W Z j  

(18.8) 

The problem is reduced to one of identifying the relationship between semiconduc- 
tor properties and the capacitance as a function of applied potential. The mathe- 
matical development is presented in Section 12.3.2. 

Mott-Shottky plots of 1/C2 as a function of potential are particularly useful 
at larger doping levels. As seen in Figure 12.10(a), l / C z  is linear over a broad 
range of potential. The slope of 1/C2 with respect to potential is negative for an 
n-type semiconductor and positive for a p-type semiconductor. The linear portion 
is given by equation (12.39) for an n-type semiconductor and by equation (12.40) 
for a p-type semiconductor. 
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Figure 18.8: Mott-Schottky plot for an n-GaAslTi Schottky diode: 1/C2 as a function of 
applied 

An example of the use of Mott-Schottky plots is presented in Figure 18.8. The 
capacitance was measured at a frequency of 1 MHz applied across the semicon- 
ductor sample described in Figure 18.4 as a function of reverse bias with a DLTS 
spectrometer.*** Deep-level states are not expected to influence the signal at such 
a high frequency; thus, the slope can be interpreted in terms of the doping level. 

Deviations from straight lines in Mott-Schottky plots are frequently attributed 
to the influence of potential dependent charging of surface or bulk states. While 
deviations can also be attributed to nonuniform dopant concentrations, this inter- 
pretation is supported by analytic and numerical calculations of the contribution 
of defects to the space charge as a function of applied potential (see, e.g., Dean and 
Stimming’*O or Bonham and Ora~em~~’) .  

Remember! 18.3 Deviationsfrom ideal behavior can give important clues to the 
physical phenomena governing an experimental system. 
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Table 18.1: Experimental diffusion impedance data obtained at a rotation speed of 600 rpm. 

fl& 
0.07942 

0.1 
0.1258 
0.1584 
0.1996 
0.2512 
0.316 
0.398 
0.502 
0.63 
0.794 

1 
1.258 
1.584 
1.994 
2.52 

Z, / ncmZ 
997.9 
992.2 
99 1 
973 
967 
940 
920 
882 
831 
764 
692 
613 
544 
470 
409 
356 

Zj/ncm2 
-65.1 
-85.2 
-97.8 
-118 
- 149 
-190 
-231 
-263 
-320 

-324.6 
-347 
-354 
-342 
-348 
-328 
-303 

f /HZ 
3.16 
3.98 
5.02 
6.3 
7.94 
10 

12.58 
15.84 
19.94 
25.12 
31.624 
39.812 
50.12 
79.43 
100 

Z, /nm2 
309 

270.6 
239 

208.6 
188.8 
165.2 
147.3 
131.9 
116.3 
103.7 
91.9 
82.3 
73.14 
59.7 
52.11 

Zj /nun2 
-273 

-253.7 
-259.2 
-197.9 
-179.1 
-159.1 
-141.6 
-126.4 
-112.8 
-100.4 
-89.04 
-79.43 
-70.85 
-57.6 
-50.11 

Problems 

18.1 The value of the Schmidt number may be used to determine which species 
participate in an electrochemical reaction. Estimate the value for the Schmidt 
number that could be expected to be determined by impedance measure- 
ments at 25 "C for the system 0.01 M &Fe(CN)6, 0.01 M &Fe(CN)6, 1 M 
KC1: 
(a) At the open circuit potential 
(b) At the cathodic mass-transfer-limited current 
(c) At the anodic mass-transfer-limited current 

18.2 The experimental diffusion impedance data presented in Table 18.1 were 
obtained at a rotation speed of 600 rpm. Find the numerical value of the 
Schmidt number by using equation (18.3). 

18.3 For simple reactions, the charge-transfer resistance may be given as a func- 
tion of potential by equation (10.10). Develop a means of superposing im- 
pedance data taken at different potentials for such a system where the impe- 
dance response is given by equation (10.25). 

18.4 Show how a linear dependence of capacitance on potential would influence 
the superposition developed in Problem 18.3. 



Chapter 19 

Complex Nonlinear Regression 

Complex nonlinear least-squares (CNLS) regression techniques, with application 
to impedance measurements, were developed in the late 1 9 6 0 ~ . ~ ~ *  The CNLS ap- 
proach provides a significant improvement over ordinary nonlinear least-squares 
(NLS) because a common set of parameters can be estimated by simultaneous re- 
gression of the model to both real and imaginary data.243 Since the Kramers-Kronig 
relations constrain the real and imaginary parts of the complex quantity, the appro- 
priate regression strategy should allow for the correlation of the real and imaginary 
parts of the complex model through the Kramers-Kronig relations. This chapter 
provides an overview of issues associated with regression. For a more detailed 
discussion of the mechanics of the regression techniques, the reader is ,referred to 
standard t e x t b o ~ k s . ~ ~ ~ ~ ~ ~ ~ ’  The discussion by Press et al.248 is also helpful. 

19.1 Concept 

Macdonald provides a perspective on historical trends in the application of regres- 
sion techniques to impedance spectro~copy.~~~ The regression of models to impe- 
dance data generally employs a complex nonlinear application of the method of 
least Complex nonlinear least-squares regression techniques were 
developed in the late 1960s as a n  extension of nonlinear least squares (NLS) re- 
gression t e c h n i q ~ e s . ~ ~ , ~ ~  The use of CNLS is consistent with the expectation that 
real and imaginary components of impedance data satisfy the constraints of the 
Kramers-Kronig The CNLS approach provides an improvement 
over NLS techniques because a combined model parameter set is estimated by 
simultaneous regression of the model to both real and imaginary parts of the mea- 
sured spectrum. Weighted CNLS was first applied to impedance data by Mac- 
donald et al.44r45 The concept of weighting is critical for impedance spectroscopy 
because the impedance is a strong function of f r e q ~ e n c y . ~ ~ ~ . ~ ~ ~  

The regression of a complex function ẑ  to complex data Z can be expressed in 
a least-squares sense as the minimization of the sum of squares 

T 
s = (z - 2(wlP)) v-I (z - z^(wlP)) (19.1) 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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where V is a symmetric positive-definite variance-covariance matrix of the exper- 
imental stochastic errors, Z represents the complex impedance data measured at 
frequencies w, and z^(wlP) represents the complex model calculated for frequency 
w as a function of a parameter vector P.245~247 Under the assumption that the co- 
variance terms in V can be neglected, i.e., that V is a diagonal matrix, and under 
the additional assumption that residual errors are uncorrelated, equation (19.1) can 
be replaced by 

Ndat S=C 
k=l 

(19.2) 

where &at represents the number of measured values, Vr,k and 5,k represent the 
real and imaginary components, respectively, of the variance of the stochastic er- 
rors, Z r ( W k )  and Zj(wk) represent the real and imaginary parts of the impedance 
data measured at frequency wk, and Z r  (wk (P) and 2j (wk 1 P) represent the real and 
imaginary parts of the model value calculated for frequency wk as a function of a 
parameter vector P. 

The statement that the covariance terms in V can be neglected implies both 
that stochastic errors at one frequency are uncorrelated with errors at another fre- 
quency and that errors in real and imaginary parts of the impedance at a given 
frequency are not correlated. Use of equation (19.2) is therefore predicated on the 
assumption that errors in real and imaginary parts of the impedance are not corre- 
lated. If equation (19.2) is used under conditions where the error covariance terms 
cannot be neglected, the incorrect error structure will be reflected in the param- 
eter estimates. Carson et a1.% used numerical simulations to show that, when 
a Frequency Response Analyzer algorithm was used to obtain the impedance re- 
sponse from time-domain signals containing normally distributed errors, the real 
and imaginary parts of the impedance were uncorrelated. In contrast, use of a 
phase-sensitive-detection algorithm yielded correlation between real and imagi- 
nary components of the impedance.255 

IR)Remember! 19.1 The weighting used for nonlinear regression employs an esti- 
mate for the variance of the data. As the variance of impedance data is strongly dependent 
onfrequency, an independent a s s e s s m t  of the error structure is needed. 
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19.2 Objective Functions 

The regression procedure involves minimization of equation (19.2), which can be 
expressed as 

j,k LJ k = l  U -  k = l  r,k 

where the minimized value of S (P) can be regarded to be the x2 statistic. An objec- 
tive function of this type has the attractive feature of emphasizing data for which 
the confidence is high and deemphasizing data for which the confidence is low. 
Methods to assess the variance of the measurement are discussed in Chapter 21. 

The objective function, equation (19.3), is presented in Figure 19.l(a) for an RC 
circuit as a function of parallel resistor and RC-time-constant values. The circuit 
parameters were R = 1 ncm2, and 7RC = 1 s (see, e.g., Figure 4.3(b) and the 
corresponding Example 4.2). The synthetic data were calculated for frequencies 
ranging from 1 to lo5 Hz at a spacing of 10 points per decade, and the noise was 
determined by machine precision. 

The objective of the regression procedure is to identify the parameter values 
that minimize equation (19.3). The objective function, given as a response surface 
in Figure 19.1(a), was found to be equal to zero at the set parameter values. Solid 
lines have been drawn on the bottom contour map to indicate the values for which 
the function is minimized. 

Several features of the optimization problem are apparent in Figure 19,1(a). The 
model is nonlinear with respect to parameters; nevertheless, the objective function 
is well behaved near the solution where it can be approximated by a quadratic 
function. The contours projected onto the base of the plot have an elliptical shape. 
The major axis of the ellipse does not lie along either axis. 

Each of the function-minimization procedures involves some assessment of the 
objective function contour in parameter space. This contour is easily visualized in 
three dimensions, as shown in Figure 19.1(a), but the large number of adjustable 
parameters used in typical regressions makes graphical visualization cumbersome 
if not impossible. Numerical methods, such as those described in this chapter, are 
therefore required. 

Example 19.1 Nonlinear Models: Show that the equationfbr the impedance of 
a Voigt element is nonlinear with respect to parameters. 

Solution: The impedance of a Voigt element can be given as 

(19.4) 
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Figure 19.1: The objective function, equation (19.3), for an RC circuit as a function of parallel 
resistor and capacitor values. The circuit parameters were R1 = 1 hz, and TI = 1 s. The 
synthetic data were calculated for frequencies ranging from 1 to  105 Hz at a spacing of  10 
points per decade, and the noise was determined by machine precision. The objective function 
a t  the set parameter values was found to  be equal t o  zero: a) 3-D perspective drawing of  the 
contour surface; b) 2-D representation of the contour surface. 
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Calculate first and second derivatives with respect to parameters. 

az 
aR0 

1; -= a2z - 
aR; = O  

a2z 
aR; 
- = o  

367 

(19.5) 

(19.6) 

The second derivatives of Z with respect to Ro and Rk are equal to zero; thus, Z is linear 
with respect to the resistance parameters. The second derivatives of Z with respect to Tk are 
not equal to m o ;  thus, Z is nonlinear with respect to the time constant Tk. 

19.3 Formalism of Regression Strategies 

The nonlinear regression techniques discussed in Section 19.3.2 are extensions of 
the linear regression formalism described below. A more detailed description is 
provided by Press et al.256 

19.3.1 Linear Regression 

Consider a general model of the form 

(19.8) 

where X k ( x )  are arbitrary fixed functions of x called the basis functions and N p  
represents the number of adjustable parameters Pk in the model. Equation (19.8) is 
linear with respect to parameters Pk even if xk ( x )  are nonlinear with respect to x .  

A least-squares regression involves minimization of the objective function 

(19.9) 

where y i  represents the measured values and ui represents the standard deviation 
of measurement i. At the minimum value, the derivative with respect to the pa- 
rameters Pk vanishes. Thus, 

i=l  "i 

Equation (19.10) represents a set of N p  equations of the form 

(19.10) 

(19.11) 
i 
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where 
Ndst ( y i x k ( x i ) )  

p k =  i=l c U; 

and 

In vector form, equation (19.11) can be written 

tY.P=/? 

or 

(19.12) 

(19.13) 

(19.14) 

(1 9.15) 

The inverse matrix C = l y - l  provides an estimate for the confidence intervals for 
the estimated parameters. The diagonal elements of [C] are the variances of the 
fitted parameters, i.e., 

dj = Cj,j (19.16) 

The Off-diagOnal elements of c, Cj,k, are the COVarianCeS between parameters Pj 
and Pk, which show the extent of correlation among parameters. This correlation 
is undesirable for a regression. It can appear when too many parameters are be- 
ing sought in the regression, but correlation among parameters may sometimes be 
unavoidable due to the structure of the model. 

19.3.2 Nonlinear Regression 

Consider a general function f(P) = 0 that is nonlinear with respect to parameters 
pk. Under the assumption that f(P) is twice continuously differentiable, a Taylor- 
series expansion about a parameter set PO yields 

Equation (19.17) is second order with respect to parameter increments Api and 
therefore describes a parabolic hypersurface. The assumption that, in the neigh- 
borhood of the minimum, the objective function can be described as a parabolic 
hypersurface, is supported by the results presented in Figure 19.1. 

The optimal value for P is found when f(P) has a minimum value. At the min- 
imum, derivatives with respect to the parameter increments APi should be equal 
to zero; thus, 

(19.18) 
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Equation (19.18) represents a set of N p  equations of the form 

where 

and 

(1 9.19) 

(19.20) 

(19.21) 

where II: and /3 are generally functions of parameters P. In vector form, equation 
(19.19) can be written 

p=II:*AP (19.22) 

or 

(19.23) 

The general formulation described above can now be applied to the nonlinear 
least-squares problem. 

A least-squares regression involves minimization of the objective function 

(19.24) 

where Zi represents the measured values, z^(XilP) represents the model, which 
now may be nonlinear with respect to the parameter vector P, and Ui represents the 
standard deviation of measurement i. Under the understanding that the function f 
to be minimized is given by equation (19.24), the gradient of the objective function 
with respect to parameters P is given by 

or 

(19.25) 

(19.26) 

The components of equation (19.25) can be written in vector form as Vx2(Po). 
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The second derivative of the objective function with respect to the parameters 
P is given by 

(19.27) 

1 a2z^(XilP) 
- ( Z k  - z(xilp)) apiapk 

i=l  1 

or V2x2(Po). Equation (19.27) is called the Hessian matrix, which involves both 
first and second derivatives of the model with respect to parameters. The matrix 6: 

is equal to one-half of the Hessian matrix, i.e., 

The second derivatives of the Hessian matrix are typically neglected in evaluation 
of equation (19.28), an action that is justified on two grounds. The first justifica- 
tion is that second derivatives are often small as compared to the first derivatives. 
For a linear problem, the second derivatives are identically equal to zero. The sec- 
ond justification is that the term is multiplied by (yk - y(xilP)), a term that, for 
a successful regression, should be uncorrelated with respect to xi or to the model 
y(xilP). Thus, the second derivative terms should tend to cancel when summed 
over all observations i. Accordingly, 

(19.29) 

is used in the nonlinear regression algorithms described in Section 19.4. 
Equations (19.24) to (19.29) can be applied for complex nonlinear least-squares 

regression by concatenating the real and imaginary impedance data Zi to form a 
data vector with length equal to twice the number of measured frequencies. A 
similar concatenation applies for the model values z^( xi I P). Press et aLX6 provide 
a very approachable discussion of the least-squares methods and their implemen- 
tation. 

19.4 Regression Strategies for Nonlinear Problems 

Some common regression strategies are summarized in this section. For a more 
detailed discussion, the reader is referred to standard t e ~ t b o o k s . ~ ~ ~ ~ ~ ~ ~ ~  

19.4.1 Gauss-Newton Method 

The Gauss-Newton Method for solving the nonlinear set of equations (19.18) can be 
expressed as 

Pj,e+l = Pi,! + * (19.30) 
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where ! is the interation counter, /3 is evaluated following equation (19.26), and a: is 
evaluated following equation (19.29). The Gauss-Newton Method is characterized 
by quadratic convergence near the solution, but convergence can be very slow far 
from the solution. Quadratic convergence has the characteristic that the number 
of significant digits in the solution doubles at every iteration. In some cases, the 
Gauss-Newton Method diverges and fails to yield a solution. Due to its extreme 
efficiency near the solution, the Gauss-Newton Method provides the basis for most 
methods of nonlinear optimization. 

19.4.2 Method of Steepest Descent 

The Method of Steepest Descent seeks a minimum value of the objective function by 
following the gradient of the objective function, i.e., 

where /3 is evaluated following equation (19.26), and h is a constant chosen to be 
sufficiently small as to avoid overrunning the minimum. A comparison of equa- 
tions (19.30) and (19.31) shows that the matrix 1y in the Gauss-Newton Method 
modifies the Method of Steepest Descent by accounting for the curvature of the 
objective function surface. For this reason, a is called the curnature matrix. 

The Method of Steepest Descent tends to be quite efficient far from the solu- 
tion, but convergence can be painfully slow near the solution. Slow convergence 
is likely where the contours are attenuated and banana-shaped, i.e., where the 
method tends to change direction often with minimal changes in objective func- 
tion value. 

19.4.3 Levenberg-Marquardt Method 

The Levenberg-Marquardt Method described in this section represents a compromise 
between the Gauss-Newton Method described in Section 19.4.1 and the Method 
of Steepest Descent described in Section 19.4.2. The Method of Steepest Descent 
is used far from the converged value, moving smoothly to the Gauss-Newton 
Method as the solution is approached. 

The critical concepts encompassed by the Levenberg-Marquardt Method are 
the selection of the scaling factor for the Method of Steepest Descent and an ap- 
proach for making a smooth transition from one method to the other. The curva- 
ture matrix 1y is replaced by 1y' such that 

The equation solved is 

Pj,e++l = Pj,t + (a'>-' * /3 

(19.32) 

(19.33) 
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Figure 19.2: Schematic representation of the simplex algorithm. New points are denoted by 
closed circle 0 ,  and the vector mean of a l l  except the highest value is denoted by an open 
circle 0: a) a reflection from the point with the highest value through the vector-mean of the 
remaining points; b) an expansion along the same line, taken if the resulting point yields a result 
that is lower than that seen at all other points; c) a contraction along the same line, taken if 
the reflection point yields a result that is worse than that seen a t  all other points; and d) a 
contraction among all dimensions toward the low point, taken if none of the actions taken yields 
a result that is better than than the highest value. 

When A is large, a' is diagonally dominant, and the method approaches that de- 
scribed in equation (19.31). When A is small, the method approaches that described 
in equation (19.31). 

19.4.4 Downhill Simplex Strategies 

The simplex method requires evaluations only of the objective function to be min- 
imized. It does not require evaluation of the derivatives and does not require in- 
version of a matrix that may have a zero determinant. The simplex method can 
therefore be more robust than the strategies described in Sections 19.4.1, 19.4.2, 
and 19.4.3. 

A schematic representation of the downhill simplex algorithm is presented in 
Figure 19.2. 

0 The objective function is evaluated at N + 1 points in parameter space, where 
N is the number of adjustable parameters. The geometrical figure that is 
formed is called a simplex. 

0 The function is evaluated at the reflection of the point with highest value 
through the vector-average of opposing surface, as shown in Figure 19.2(a) 
for an optimization in three parameters. If the new point gives a result better 
than the highest value, but not better than the lowest value, the highest point 
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is replaced with the new point. The reflections are designed such that the 
volume of the simplex is conserved. 

0 If the new point gives a result better than all other points, a further extrapo- 
lation is made along this line, as shown in Figure 19.2(b). Again, if the new 
point gives a result better than the highest value, but not better than the low- 
est value, the highest point is replaced with the new point. 

0 If the new point gives a result that is worse than the highest point, a contrac- 
tion is performed along this line, as shown in Figure 19.2(c). If the new point 
gives a result better than the highest value, but not better than the lowest 
value, the highest point is replaced with the new point. 

0 If none of the actions taken yields a result that is better than the highest value, 
a contraction is performed among all dimensions toward the low point, as 
shown in Figure 19.2(d). The new simplex is shown as a shaded volume. 

Convergence can be slow, especially if the minimum exists in a long narrow valley 
in parameter space. Press et a1.24s describe several more efficient multidimension 
optimization strategies. 

19.5 Influence of Data Quality on Regression 

Regression procedures can be sensitive to presence of singular or near-singular 
matrixes. In such cases, the normal set of equations does not have a unique solu- 
tion, and collineurity is said to exist. A regression problem is called iZl-conditioned 
if a small change in data causes large changes in estimates. Ill-conditioning is un- 
desirable in regression analysis because it leads to unreliable parameter estimates 
with large variances and covariance~.~~~ 

Regression problems in impedance spectroscopy may become ill-conditioned 
due to improper selection of measurement frequencies, excessive stochastic errors 
(noise) in the measured values, excessive bias errors in the measured values, and 
incomplete frequency ranges. The influences of stochastic errors and frequency 
range on regression are demonstrated by examples in this section. The issue of 
bias errors in impedance measurement is discussed in Chapter 22. The origin of 
stochastic errors in impedance measurements is presented in Chapter 21. 

19.5.1 Presence of Stochastic Errors in Data 

The regression procedure is strongly influenced by stochastic errors or noise in the 
measurement. One effect is illustrated in comparison of Figure 19.1 to Figure 19.3, 
in which stochastic noise with a standard deviation equal to 1 percent of the mod- 
ulus was added to the synthetic data. Solid lines have been drawn on the bottom 
contour map to indicate the values for which the function is minimized. The pres- 
ence of stochastic errors in the data does not introduce roughness in the parabolic 
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Figure 19.3: The objective function, equation (19.3), for an RC circuit as a function of parallel 
resistor and RC-time constant values. The circuit was the same as presented in Figure 19.1 with 
the exception that stochastic noise was added t o  the synthetic data with a standard deviation 
equal t o  1 percent of  the modulus. a) 3-0 perspective drawing of the contour surface; b) 2-D 
representation of the contour surface. 
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hypersurface, which is a function of parameter. The noise has the effect of increas- 
ing the value of the minimum that can be found from zero to a number typically 
larger than the degree of freedom of the problem. The hypersurface presented in 
Figure 19.3 has been scaled by the number of data points, and has a minimum 
value between 1 and 2. The parabolic shape of the surface is more apparent and 
the approach to the minimum has a steeper slope, as is evident in change in scale 
from 0 to 0.1 in Figure 19.l(b) to 1 to 300 in Figure 19.3(b). 

19.5.2 

The presence of stochastic errors can impede sensitivity to minor parameters. The 
response surface for a Voigt circuit with Ro = 1 ncm2, R1 = 100 ncm2, 71 = 
0.001 s, R 2  = 200 ncm2, 72 = 0.01 s, R 3  = 5 ncm2, and 7 3  = 0.05 s is presented 
in Figure 19.4(a) as a function of log,, ( R 3 )  and log,, ( ~ 3 ) .  The synthetic impedance 
data were calculated for frequencies from 1 to lo5 Hz at a spacing of 10 measure- 
ments per decade. The response surface is presented as a function of logarithm of 
parameters to extend the range of parameters seen. 

Even though the line-shape corresponding to R 3  and 7 3  is not discernible from 
the impedance data shown in Figure 19.5, a minimum in the objective function for 
noise-free data is seen clearly in Figure 19.4(a). Thus, values for R 3  and 7 3  could be 
obtained by regression to noise-free data. 

Addition of stochastic noise with standard deviation equal to 1 percent of the 
modulus (see symbols in Figure 19.5) is sufficient to obscure the effect of R 3  and 
7 3  in the impedance data. A broad minimum is seen in Figure 19.4(b). Figure 
19.4(a) yields a finite confidence interval for parameters R 3  and 7 3 ;  whereas, Figure 
19.4(b) yields confidence intervals that extend over several orders of magnitude 
imd, therefore, includes zero. Statistically significant values for R 3  and 7 3 ,  there- 
fore, could not be obtained by regression to the noisy data. Thus, even though the 
parameters R 3  and 7 3  were used to generate the synthetic data, these parameters 
could not be recovered by regression to the noisy data. 

Ill-Conditioned Regression Caused by Stochastic Noise 

19.5.3 

The frequency range of the measurement also has a direct impact on the number of 
parameters that can be identified by regression. Two impedance data sets are pre- 
sented in Figure 19.6. The circles represent synthetic impedance data calculated for 
frequencies from to 1@ Hz at a spacing of 10 measurements per decade, and 
the triangles represent synthetic impedance data calculated for frequencies from 1 

Ill-Conditioned Regression Caused by Insufficient Range 

Remember! 19.2 The presence of noise in data can have a direct impact on model 
identijication and on the confidence interval for the regressed parameters. The correctness 
of the model alone does not determine the number of parameters that can be obtained. 
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Figure 19.4: The objective function, equation (19.3), for a Voigt circuit with Ro = 1 ncm2,  
R1 = 100 n u n 2 ,  TI = 0.001 s, R2 = 200 Clcm2, TI = 0.01 s, R3 = 5 ncm2,  and TI = 
0.05 s, presented as a function of R3 and ~ 3 .  The synthetic impedance data were calculated 
for frequencies from 1 to  105 Hz a t  a spacing of 10 measurements per decade: a) noise level 
determined by machine precision; and b) stochastic noise added t o  the synthetic data with a 
standard deviation equal to 1 percent of the modulus. 
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Z, / cm2 

Figure 19.5: The impedance data used for Figure 19.4 in impedanceplane format. The solid 
line represents the noisefree data, and the symbols represent the data with added stochastic 
noise with a standard deviation equal t o  1 percent of the modulus. Note that the third l i ne  
shape, with parameters R3 = 5 ncm2 and q = 0.05 s, is not readily seen, even for the noisefree 
solid line. 

"E 
0 -100 

0 
0 100 200 300 400 

Z, I n cm2 

Figure 19.6: The impedance data for a Voigt circuit with Ro = 1 hZcm2, R1 = 100 hZcm2, 
71 = 0.01 s, R2 = 200 nun2, q = 0.1 s, R3 = 100 ncm2,  and TI = 10 s. These data, with 
a standard deviation equal t o  1 percent of  the modulus, were used t o  generate Figure 19.7: 0) 
synthetic impedance data calculated for frequencies from to  1@ Hz a t  a spacing of  10 
measurements per decade: and A) synthetic impedance data calculated for frequencies from 1 
to  lo5 Hz a t  a spacing of 10 measurements per decade. 
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Figure 19.7: The objective function, equation (19.3), for the impedance data presented in 
Figure 19.6: a) synthetic impedance data collected from t o  lo5 Hz a t  a spacing of 10 
measurements per decade; and b) synthetic impedance data collected from 1 to lo5 Hz at a 
spacing of 10 measurements per decade. 

to lo5 Hz at the same spacing of 10 measurements per decade. The impedance data 
were calculated for a Voigt circuit with Ro = 1 ncm2, R1 = 100 sZcm2, TI = 0.01 s, 
R2 = 200 ncm2, z2 = 0.1 s, R3 = 100 ncm2, and 5 = 10 s. Noise with a standard 
deviation equal to 1 percent of the modulus was added. 

The corresponding response surfaces are presented as functions of parameters 
loglo(R3) and loglo(z3) in Figure 19.7(a) for the extended data set to lo5 Hz) 
and in Figure 19.7@) for the truncated data set (1 to lo5 Hz). The parameters R3 

and z3 can be readily identified from the response surface in Figure 19.7(a), but 
cannot be identified from Figure 19.7(b). 

The response surfaces presented in this chapter have been given as a function 
of resistance and RC-time constant. Plots presented as functions of R and C have a 
similar appearance. The objective function, equation (19.3), is presented in Figure 
19.8 for an RC circuit as a function of parallel resistor and capacitor values. The cir- 
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Figure 19.8: The objective function, equation (19.3), for an RC circuit as a function of parallel 
resistor and capacitor values. The circuit parameters were Ro = 1 ncm’, R1 = 100 f’lcrn2, 
and C1 = 1 x F/cm2. a) noise level determined by machine precision; and b) noise added 
with a standard deviation equal t o  1 percent of the modulus. 
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cuit parameters were Ro = 1 ncm2, R1 = 100 ncrn2, and C1 = 1 x F/cm2 (see 
Figure 4.3(b) and the corresponding Example 4.2). The objective of the regression 
procedure is to identify the parameter values that minimize the objective function. 
Solid lines have been drawn on the bottom contour map to indicate the values for 
which the function is minimized. 

19.6 Initial Estimates for Regression 

The complex nonlinear least-squares regression requires initial estimates for the 
parameter values. As shown in the contour plots given, for example, in Figures 
19.4(a), 19.7(a), and 19.8, the objective function is insensitive to the parameters 
when the parameter value is far from the correct converged value. Good starting 
values will facilitate convergence, and poor starting values may result in conver- 
gence to a local minimum that does not represent the physics of the system. 

Selection of an appropriate initial value for the time constant zk is critical for 
regression of the Voigt model (see equation (20.5)) to impedance data. Inductive 
loops can be modeled by the Voigt model by allowing the resistance values Rk to be 
negative while forcing the time constant q to be positive. It is important in this case 
that the time constant for the element with a negative resistance be consistent with 
the frequency range that shows inductive behavior. The time constant rk should 
be large, for example, to capture features at small frequencies. 

Physical insight may provide good guidelines for selection of initial estimates 
for parameters used in process models such as diffusion coefficients and interfacial 
capacities. Another approach, described, for example, by Draper and is 
to substitute into the postulated model a subset of the data equal to the number 
of parameters to be regressed and then solve the resulting equations for the pa- 
rameters. The data points chosen should be spaced in frequency so as to capture 
the influence of each of the parameters. It can be helpful to explore the asymptotic 
limiting behavior where some of the parameters may have negligible influence on 
the impedance response. This approach ignores the scatter of the data, but the 
parameters so obtained can be used as initial guesses for the nonlinear regression. 

19.7 Regression Statistics 

The fitting procedure should provide three pieces of information: 

0 Parameter estimates 

0 Confidence intervals for the parameter estimates 

m R e m e m b e r !  19.3 The frequency range of the data can have a direct impact on 
model identification. 
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0 A statistical measure of the quality of the regression 

The statistical measure of the quality of the regression is used to determine whether 
the model provides a meaningful representation of the data. The parameter esti- 
mates are reliable only if the model provides a statistically adequate representation 
of the data. The evaluation of the quality of the regression requires an independent 
assessment of the stochastic errors in the data, information that may not be avail- 
able. In such cases, visual inspection of the fitting results may be useful. Issues 
associated with assessment of regression quality are discussed further in Section 
19.7.2 and Chapter 20. 

19.7.1 Confidence Intervals for Parameter Estimates 

For linear regressions, the standard deviations for a parameter estimate Pi are 
given by 

uj = fi (19.34) 

as described in Section 19.3.1. This result applies under the assumption that the 
fitting errors are normally distributed. As described in Chapter 21, the fitting errors 
comprise stochastic measurement errors, biased measurement errors, and errors 
associated with the inability of the model to describe the data. 

Under the assumptions that the regression can be treated as being linear in the 
region of the x2 minimum and that fitting errors are normally distributed, equa- 
tion (19.34) provides the standard deviation for parameter estimates in nonlinear 
regressions. Most commercial regression programs available for impedance spec- 
troscopy provide both parameter estimates and the confidence interval based on 
the linear hypothesis. The size of the confidence interval relative to the parameter 
estimate can be used to determine the statistical significance of a parameter esti- 
mate. As described in Section 3.1.3, the probability is 67 percent that the parameter 
Pi lies within Pj f uj and the probability is 95.4 percent that the parameter Pj lies 
within Pj f 2 ~ j .  Generally, the regression for a parameter is deemed not statistically 
meaningful if the confidence interval for that parameter includes zero. 

A second and more generally applicable approach for determining the confi- 
dence interval for parameters is to create a surface of constant x& + Ax2. These 
surfaces resemble, for two parameters, the contours presented in Figure 19.1. The 
confidence level for a given Ax2 can be obtained by Monte Carlo simulations, and 
the confidence interval for a specific parameter can be obtained by the projection 
of the Ax2 onto the appropriate domain. Methods are described by Press et al.256 

m R e m e m b e r !  19.4 The model identification problem is intricately linked to the 
error identification problem. Analysis of data requires analysis of the m o r  structure ofthe 
measurement. 
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19.7.2 

The minimum value of the x2 statistic is commonly used to provide a figure of 
merit for the quality of regression. As shown in equation (19.9), the x2 statistic 
accounts for the variance of the experimental data. In principle, for a model that 
well describes the data, the minimum value of the x2 statistic has a mean value of 
the degree of freedom v with standard deviation a'. Thus, for a good fit, 

Statistical Measure of the Regression Quality 

h=l*6 2 

V 
(19.35) 

The use of equation (19.35) to assess the quality of a regression is valid only for an 
accurate estimate of the variance of the stochastic errors in the impedance data. 

An independent method to identify the stochastic errors of impedance data is 
described in Chapter 21. An alternative approach has been to use the method of 
maximum likelih~od:~ in which the regression procedure is used to obtain a joint 
estimate for the parameter vector P and the error structure of the data.253p257 The 
maximum likelihood method is recommended under conditions where the error 
structure is u n k n ~ w n , ~  but the error structure obtained by simultaneous regres- 
sion is severely constrained by the assumed form of the error-variance model. In 
addition, the assumption that the error variance model can be obtained by min- 
imizing the objective function ignores the differences among the contributions to 
the residual errors shown in Chapter 21. Finally, the use of the regression proce- 
dure to estimate the standard deviation of the data precludes use of the x2 statistic 
as a quantitative assessment of the quality of the regression. 

Problems 

19.1 

19.2 

Create a synthetic data set for a system with a constant-phase element as 
given in equation (13.2) with parameters Re = 10 Clcm2; Rt = lo3 ncm2; Q = 
100 slY/Mncm2; and 1y. = 0.7 with frequencies ranging from - 104 Hz 
spaced logarithmically with 10 measurements per decade. Use a commercial 
regression software or create your own to regress a Voigt model (see, e.g., 
equation (4.28)) to the data using modulus weighting. Find the maximum 
number of Voigt elements that can be added without including zero in the 
2u (95.4 percent) confidence interval. 

Generate the synthetic data described in Problem 19.1, adding independent 
normally distributed random numbers N(0,u)  to both real and imaginary 
parts of the impedance where u = a 1 Z I and the value of a is given below: 

Generate the synthetic data set for a = 0.01. Perform the regression us- 
ing modulus weighting for which u = 0.01 I Z I. Identify the value of the 
resulting x2 statistic and the number of parameters that can be obtained 
without including zero in the 2u (95.4 percent) confidence interval. 
Generate the synthetic data set for a = 0.05. Perform the regression us- 
ing modulus weighting for which u = 0.01 1 Z I. Identify the value of the 
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resulting x2 statistic and the number of parameters that can be obtained 
without including zero in the 2u (95.4 percent) confidence interval. 

19.3 Generate the synthetic data described in Problem 19.1, adding independent 
normally distributed random numbers N(0,  a) to both real and imaginary 
parts of the impedance where u = 0.011ZI. 
(a) Truncate the synthetic data set by removing the data below a frequency 

of 1 Hz. Perform the regression using modulus weighting for which 
u = 0.01)ZJ. Identify the value of the resulting x2 statistic and the 
number of parameters that can be obtained without including zero in 
the 20. (95.4 percent) confidence interval. 

(b) Truncate the synthetic data set by removing the data below a frequency 
of 10 Hz. Perform the regression using modulus weighting for which 
u = 0.011ZI. Identify the value of the resulting x2 statistic and the 
number of parameters that can be obtained without including zero in 
the 2u (95.4 percent) confidence interval. 

19.4 Perform the regression for the data presented in Problem 19.2(a), but use a 
weighting based on u = 0.051 Z I. Compare the resulting value of the x2 statis- 
tic and the number of parameters that can be obtained without including 
zero in the 2u (95.4 percent) confidence interval to that obtained for Problem 
19.2(a). 



Chapter 20 

Assessing Regression Quality 

The chapters presented in Part I11 describe development of mathematical models 
that can be used for interpretation of impedance measurements. These models may 
be regressed to data using the approaches presented in Chapter 19. A systematic 
approach is presented in this chapter to determine whether the model provides a 
statistically adequate description of the data. 

20.1 Methods to Assess Regression Quality 

Both quantitative and qualitative approaches may be used to assess the quality of 
a regression. 

20.1.1 Quantitative Methods 

As discussed in Section 19.7.2, the weighted x2 statistic defined in equation (19.24) 
provides a useful single numerical value for assessing the quality of a regression. 
As the differences between the observed and modeled values diminish, the x2 
statistic becomes smaller. For a successful regression, the x2 statistic approaches 
the degree of freedom for the regression v,  given by equation (3.42). This assess- 
ment, however, requires an independent assessment of the stochastic errors in the 
impedance measurement. The influence of an inaccurate error analysis is illus- 
trated in Section 20.2.1. The utility of an accurate error structure is illustrated in 
Sections 20.2.2 and 20.2.3. 

In some cases, the models used for impedance are strictly defined. Others, such 
as the Voigt model, allow use of an arbitrary number of parameters. The fit of a 
Voigt model can be improved by sequentially adding RC elements, and the best 
model is achieved when the xz statistic reaches a minimum value. 

One potential concern is that there may be an inadequate sensitivity of the x 2 / v  
statistic for identifying overfitting of data. Other criteria, such as the Akaike in- 
formation  riter ria:^^'^' provide additional penalties for adding parameters to a 
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model. The Akaike performance index is given by 

The related Akaike information criterion is given by 

(20.1) 

(20.2) 

As was discussed for the x2 statistic, the maximum number of parameters obtain- 
able by regression is found where the Akaike information criteria reach minimum 
values. 

Another quantitative assessment is obtained from the estimated confidence in- 
tervals for the regressed parameters, discussed in Section 19.7.1. The estimated 
confidence intervals, given by equation (19.34) under the assumptions that the re- 
gression can be treated as being linear in the region of the x2 minimum and that 
fitting errors are normally distributed, do not indicate the quality of the regression, 
but they do indicate whether the values obtained for a specific parameter are statis- 
tically significant. The probability is 95.4 percent that the parameter Pj lies within 
Pi f 2gj. Generally, the regression for a parameter is not statistically meaningful 
if the confidence interval for that parameter includes zero. Observation that the 
95.4 percent confidence interval includes zero provides a third means of determin- 
ing whether the model has too many parameters. Generally, all three approaches 
provide the same number of statistically significant parameters. 

20.1.2 Qualitative Methods 

The quality of a regression can also be assessed by visual inspection of plots. Of 
course, some plots are more sensitive than others to the level of agreement between 
model and experiment. As will be demonstrated in this chapter, the plot types can 
be categorized as given in Table 20.1. The comparison of plot types is presented in 
the subsequent sections for regression of models to a specific impedance data set. 

20.2 Application of Regression Concepts 

The data used for the present analysis were obtained by D ~ r b h a . ~ ~ ~  The electrolyte 
contained 0.01 M potassium ferricyanide, 0.01 M potassium ferrocyanide, and 1 M 
KC1 in distilled water. A 5-mm-diameter Pt rotating disk was used as the working 
electrode, a Pt mesh was used as the counterelectrode, and a saturated calomel 
electrode was used as a reference electrode. The disk was rotated by a high-speed, 
low-inertia rotating disk apparatus developed at the CNRS.261 The temperature 
of the electrolyte was controlled at 25.0fO.l"C. The surface-polishing treatment 
followed wet polishing with 1,200-grit emery cloth, polishing with alumina paste, 
and ultrasonic cleaning. This was the procedure that gave the largest value for the 
mass-transfer-limited current and was therefore assumed to result in the smallest 
amount of surface blocking. 
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Table 20.1: Characterization of impedance plot types in terms of sensitivity t o  discrepancies 
between model and experimental values. 

Poor Sensitivity 
Modulus 

Real 

Modest Sensitivity 
Complex-impedance-plane 

Imaginary 

Log-imaginary 

Phase angle 

Modified phase angle 

Excellent Sensitivity 
Residual error plots 

The Bode magnitude representation is sin- 
gularly incapable of distinguishing between 
impedance models unless they provide ex- 
tremely poor fits to impedance data. 

The real impedance representation is simi- 
larly insensitive to fit quality. 

These plots are sensitive only for large im- 
pedance values. Impedance data at high- 
frequency values are typically obscured. 

The imaginary impedance representation is 
modestly sensitive to fit quality. 

These plots emphasize small values, and Val- 
ues of the slope that differ from kl may sug- 
gest the need for new models. 

The high-frequency behavior in these plots is 
counterintuitive due to the role of solution re- 
sistance. 

Ohmic-resistance-corrected phase angle 
plots may confirm the existence of a CPE. 

Appearance of trending indicates a need to 
improve the model or to remove data that 
are inconsistent with the Kramers-Kronig re- 
lations. 
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Figure 20.1: Electrical circuit corresponding t o  convective diffusion t o  a disk electrode. 

The potentials and currents were measured and controlled by a Solatron 1286 
potentiostat, and a Solatron 1250 frequency response analyzer was used to apply 
the sinusoidal perturbation and to calculate the transfer function. The impedance 
data analyzed in this section were taken after 12 hours of immersion and were 
found by the methods described in Chapter 22 to be consistent with the Kramers- 
Kronig relations. 

For the purpose of demonstrating the means of assessing regression quality, 
three models were applied for the analysis of the impedance data: 

1. A Nernst stagnant-diffusion-layer model was used to account for the diffu- 
sion impedance. This model is often used to account for mass transfer in 
convective systems, even though it is well known that this model cannot ac- 
count accurately for the convective diffusion associated with a rotating disk 
e1ectrode.la 

2. Following Agarwal et a1.,56*86g262 a measurement model based on the Voigt 
series was used to assess the error structure. 

3. A refined process model was used that correctly accounts for convective dif- 
fusion to a rotating disk electrode under the assumption that the surface is 
uniformly accessible. This model also employs a constant-phase element to 
address complexities seen at high frequency.85 

20.2.1 Finite-Diffusion-Length Model 

The equivalent circuit presented in Figure 20.1 was regressed to the impedance 
data. The mathematical formulation for the model is given as 

(20.3) 

where, under assumption of a Nernst stagnant diffusion layer (as shown in equa- 
tion (11.70)), 

(20.4) 

The regression was weighted by the error structure for the measurement deter- 
mined using the measurement model approach described in Chapter 21. 
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Estimated Noise Level: 3 YO 1 Yo 

x2/v 0.97 8.7 
Model for u 0.03)21 0.01121 

0.1 % Measured 

870 1,820 
0.001~2~ 9 x 10-61212 

Quantitative Assessment 

Due to the appearance of the variance in equation (19.24), the x2 statistic provides 
a useful measure of the quality of a fit only if the variance of the measurement is 
known. The techniques described in Chapter 21 may be used to assess the stan- 
dard deviation of an impedance measurement as a function of frequency. In the 
absence of such an assessment, researchers have used assumed error structures, 
but, in this case, the numerical value of the x2 statistic cannot be used to assess the 
quality of a regression. This situation is illustrated in Table 20.2, where the value of 
x2 /v  is presented as a function of the assumed error structure for the regression of 
the model presented in equations (20.3) and (20.4) to the experimental data. Under 
the assumption that the standard deviation of the measurement was 3 percent of 
the modulus, x2 /v  = 0.97. This value would indicate that the fitting errors were 
of the order of the noise in the measurement, indicating that the model provides 
an excellent fit to the data. On the other hand, assumption that the standard devi- 
ation of the measurement was 0.1 percent of the modulus yields x 2 / v  = 870. This 
value would indicate that the fitting errors were much larger than the noise in the 
measurement, indicating that the model provides an inadequate representation of 
the data. Thus, depending on the assumed error structure, the x2 statistic can be 
used to support or reject the model. In fact, for this regression and using the exper- 
imentally determined stochastic error structure, x2/v = 1,820. The fitting errors 
were indeed much larger than the noise in the measurement. 

Visual Inspection 

A qualitative assessment of the fit quality can be obtained in the comparison of the 
calculated to experimental values shown in complex-impedance-plane or Nyquist 
format in Figure 20.2. The results at high frequency are not visible in Nyquist plots, 
but a clear discrepancy is evident at lower frequencies where the impedance values 
are larger and therefore more visible. 

The discrepancy is not evident, however, in the Bode magnitude plot presented 
in Figure 20.3(a). In fact, the Bode magnitude representation is singularly incapable 

m R e m e m b e r !  20.1 lfthe experimental m o r  structure is not known, the numerical 
value of the x2 statistic cannot be used to assess the quality of a regression. 
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Figure 20.2: Comparison in complex-impedanceplane format of the model presented in Figure 
20.1 to  impedance data obtained for reduction of ferricyanide on a Pt rotating disk electrode. 
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Figure 20.3: Comparison in Bode format of  the model presented in Figure 20.1 t o  impedance 
data obtained for reduction of ferricyanide on a P t  rotating disk electrode: a) modulus: and b) 
phase angle. 



20.2 APPLICATION OF REGRESSION CONCEPTS 391 

200 - 

150 - 
c: . 
N- 100 - 

50 - 
0 -  I 

I I 1 I I I 

l o 2  10.' l o o  10' lo2  lo3  10' 

(b) 

f I H z  

Figure 20.4: Comparison in impedance format of the model presented in Figure 20.1 t o  i m p e  
dance data obtained for reduction of ferricyanide on a Pt rotating disk electrode: a) real; and 
b) imaginary. 

of distinguishing between impedance models unless they provide extremely poor 
fits to impedance data. The Bode phase-angle representation in Figure 20.3(b) is 
more sensitive and, for the present example, reveals discrepancies at both high 
and intermediate frequencies. 

The sensitivity of the impedance representation, presented in Figures 20.4(a) 
and (b) for real and imaginary parts respectively, is somewhat comparable to that 
seen for the Bode representation. The real part of the impedance is as insensitive to 
model quality as is the Bode modulus, and the imaginary impedance plots show a 
discrepancy between model and experiment at intermediate frequencies. 

The greatest sensitivity is observed for plots of residual errors. Residual er- 
rors normalized by the value of the impedance are presented in Figures 20.5(a) 
and (b), respectively, for the real and imaginary parts of the impedance. The ex- 
perimentally measured standard deviation of the stochastic part of the measure- 
ment is presented as dashed lines in Figure 20.5. The interval between the dashed 
lines represents the 95.4 percent confidence interval for the data (A2u). Significant 
trending is observed as a function of frequency for residual errors of both real and 
imaginary parts of the impedance. 

The plot of the absolute value of the imaginary part of the impedance with 
respect to frequency on a logarithmic scale, shown in Figure 20.6, shows discrep- 
ancies at small impedance values, in particular at high frequency. As described in 
Section 17.1.3, the imaginary part of the impedance at high frequency appears as 

m R e m e m b e r !  20.2 The Bode magnitude and real impedance plots are relatively 
insensitive to the quality of thefit of a model to impedance data. 
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Figure 20.5: Normalized residual errors for the fit of the model presented in Figure 20.1 to  
impedance data obtained for reduction of ferricyanide on a P t  rotating disk electrode: a) real; 
and b) imaginary. 
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Figure 20.6: Comparison in log-imaginary-impedance format of the model presented in Figure 
20.1 to  impedance data obtained for reduction of ferricyanide on a Pt rotating disk electrode. 
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a straight line in Figure 20.6, but the slope of this line differs from the value of -1 
constrained by the model. This result suggests that the high-frequency capacitive 
loop may be modeled as a CPE. 

20.2.2 Measurement Model 

The measurement model method for distinguishing between bias and stochastic 
errors is based on using a generalized model as a filter for nonreplicacy of impe- 
dance data. The measurement model is composed of a superposition of line-shapes 
that can be arbitrarily chosen subject to the constraint that the model satisfies the 
Kramers-Kronig relations. The model presented in Figure 21.8, composed of Voigt 
elements in series with a solution resistance, i.e., 

(20.5) 

has been shown to be a useful measurement model. With a sufficient number of pa- 
rameters, the Voigt model is able to provide a statistically significant fit to a broad 
variety of impedance spectra.56 In the context of the present chapter, it provides a 
fit quality that can be the goal for model development. 

Quantitative Assessment 

The measurement comprised real and imaginary parts of the impedance for 70 
frequencies; thus, the vector of data for complex regression included 140 data. The 
measurement model with 11 Voigt elements (23 parameters) yielded the smallest 
value of x2, the smallest value of the Akaike information criteria, and the largest 
number of parameters with 95.4 percent confidence intervals that did not include 
zero. The degree of freedom for this problem was v = 140 - 23 = 117. The 
regression was weighted according to the error structure obtained from repeated 
impedance measurements and using the measurement model (Section 21.5) to filter 
imperfect replication. The x2 statistic for this regression yielded a value of x2 l v  = 
1.22 with standard deviation = 0.13, which suggests that the residual errors 
are nearly of the same order as the stochastic errors. 

Visual Inspection 

The fit of the measurement model with 11 Voigt elements is presented in complex- 
impedance-plane format in Figure 20.7. The discrepancies evident in Figure 20.2 
for the model presented in Section 20.2.1 are not apparent in Figure 20.7. 

An excellent agreement is seen as well for the Bode format plots in Figures 
20.8(a) and (b). As discussed in Section 20.2.1, however, a good agreement between 
model and experiment in modulus plots does not provide a reliable assessment of 
fit quality. The agreement between model and experiment in Figure 20.8(b) is better 
than that seen in Figure 20.3@). 
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Figure 20.7: Comparison in complex-impedanceplane format of  the measurement model t o  
impedance data obtained for reduction of ferricyanide on a P t  rotating disk electrode. 
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Figure 20.8: Comparison in Bode format of the measurement model t o  impedance data obtained 
for reduction of  ferricyanide on a P t  rotating disk electrode: a) modulus: and b) phase angle. 
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Figure 20.9: Comparison of the measurement model t o  impedance data obtained for reduction 
of ferricyanide on a Pt rotating disk electrode: a) Ohmic-resistancecorrected phase angle; and 
b) log-i ma g i n a ry i m ped a nce. 

The Ohmic-resistance-corrected phase-angle plot, discussed in Section 17.1.2, 
provides confirmation of the conclusion, drawn from Figure 20.6, that CPE behav- 
ior is evident at high frequencies. The constant phase-angle shown in Figure 20.9(a) 
reaches a value of 67" at high frequency, corresponding to a CPE exponent value 
of a: = 0.75. The value of the slope in the high-frequency range of the data shown 
in Figure 20.6 is -0.75, also corresponding to a: = 0.75. The measurement model is 
seen to be fully capable of representing the CPE behavior evident in Figure 20.9(b). 

The real and imaginary parts of the impedance are presented in Figures 20.10(a) 
and (b), respectively. An excellent agreement between model and experiment is 
observed, but, as discussed in Section 20.2.1, a good agreement between model 
and experiment in real impedance plots does not provide a reliable assessment of 
fit quality. 

The residual errors are presented in Figures 20.11(a) and (b) for the real and 
imaginary parts of the impedance, respectively. The dashed lines represent the 
experimentally determined noise level of the measurement. The scales used to 
present the results in Figure 20.11 are in stark contrast to the scales used in Fig- 
ure 20.5. The residual error plots show that the measurement model provides a 
substantially better fit to the data than does the finite-diffusion-length model. 

20.2.3 Convective-Diffusion-Length Model 

The quantitative and qualitative analysis presented in Section 20.2.1 demonstrates 
that the finite-diffusion-layer model provides an inadequate representation for the 
impedance response associated with a rotating disk electrode. The presentation in 
Section 20.2.2 demonstrates that a generic measurement model, while not provid- 
ing a physical interpretation of the disk system, can provide an adequate represen- 
tation of the data. Thus, an improved mathematical model can be developed. 
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Figure 20.10: Comparison in impedance format of  the measurement model t o  impedance data 
obtained for reduction of ferricyanide on a P t  rotating disk electrode: a) real; and b) imaginary, 
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Figure 20.11: Normalized residual errors for the fit of the convectivediffusion models presented 
in Figure 20.12 to  impedance data obtained for reduction of ferricyanide on a P t  rotating disk 
electrode: a) real; and b) imaginary. 
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Figure 20.12: Electrical circuit corresponding to  convective diffusion to  a disk electrode with 
high-frequency CPE behavior. 

Refined models for mass transfer to a disk electrode are presented in Section 
11.6. The equivalent circuit presented in Figure 20.12 was regressed to the im- 
pedance data. The mathematical formulation for the model is given as equation 
(17.1). Four models were considered for the convective-diffusion term Z D  (f): 

1. The finitediffusion model given as equation (20.4) 

2. The one-term convectivediffusion model consisting of the first term in equa- 
tion (11.97) 

equation (1 1.97) 

equation (11.97) 

3. The two-term convective-diffusion model consisting of the first two terms in 

4. The three-term convectivediffusion model consisting of all terms given in 

The three-term convective-diffusion model provides the most accurate solution to 
the one-dimensional convective-diffusion equation for a rotating disk electrode. 
The onedimensional convective-diffusion equation applies strictly, however, to 
the mass-transfer-limited plateau where the concentration of the mass-transfer- 
limiting species at the surface can be assumed to be both uniform and equal to 
zero. As described e l s e ~ h e r e , ~ ~ ~ . ~ ~  the concentration of reacting species is not 
uniform along the disk surface for currents below the mass-transfer-limited cur- 
rent, and the resulting nonuniform convective transport to the disk influences the 
impedance r e s p o n ~ e . ~ ~ , ~ ~ ~  

Quantitative Assessment 

The regression was weighted by the variance of the measurement, determined 
from experimental data using the measurement model analysis described in Sec- 
tion 21.5. Because the weighting was based on the experimental stochastic error 
structure, the x2/v statistic presented in Table 20.3 provides a meaningful quanti- 
tative assessment of the quality of the regression. Ideally, as discussed in Section 
19.7.2, x2/v should have a value of unity for an excellent regression. The x2/v 
statistic had a value of 1820 for the regression using the finite-diffusion model de- 
scribed in Section 20.2.1. Inclusion of a CPE to describe the high-frequency ca- 
pacitive loop improved the value to x2/v = 107. The large values of x2/v are 
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Table 20.3: x 2 / v  values for the regression of the models presented in Figure 20.1 t o  impedance 
data obtained for reduction of ferricyanide on a Pt rotating disk electrode. 

' Finite i Finite I l-Term I 2-Term I 3-Term Model 
135 I 134 I 134 I 134 I 134 117 

Model: 1 NoCPE I With CPE I Voigt 

x 2 / v  I 1820 I 107 I 46.7 I 46.2 I 46.2 1 1.22 

consistent with the understanding that these models are not accurate because they 
describe diffusion through a stagnant layer of fluid and do not account for the 
distribution of axial velocity within the diffusion layer. 

The one-term numerical convective-diffusion model, which treats the Schmidt 
number as being infinitely large, shows significant improvement, yielding x2 / v  = 
46.7. Addition of a second term yields a slightly smaller number, i.e., x 2 / v  = 
46.2, but addition of yet another term makes no improvement in the quality of the 
regression. Nevertheless, it was possible to obtain a x 2 / v  statistic with value close 
to unity. The regression of a Voigt measurement model, which has no particular 
physical interpretation, yielded x 2 / v  = 1.22. It is important to note that each of 
the four models employing a CPE has the same number of adjustable parameters. 
The difference between the models is due to the different accuracy of the solution 
to the one-dimensional convective-diffusion equation. 

The result obtained with the Voigt measurement model shows that it is possible 
to obtain a regression using passive elements that describes the data to within the 
noise level of the measurement. The observation that the three-term model did not 
improve the regression shows that the regression cannot be improved by refining 
the solution to the one-dimensional convective-diffusion equation. Instead, the 
assumption of radial uniformity, implicit in the one-dimensional model, must be 
relaxed. 

Visual Inspection 

As described in Sections 20.2.1 and 20.2.2, the quality of the regressions can be 
assessed to varying degrees of success by inspection of plots. The Nyquist or 
complex-impedance-plane representation given in Figure 20.13 reveals the differ- 
ence between the finite-diffusion-length model and the models based on numerical 
solution of the convective-diffusion equation, but cannot be used to distinguish the 
models based on one-term, two-term, and three-term expansions. 

The logarithmic plot presented in Figure 20.14 cannot be used to distinguish the 

Remember! 20.3 Careful examination of the regression statistics and residual 
errors can guide model development. 
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Figure 20.13: Comparison in complex-impedanceplane format of the convective-diffusion mod- 
els presented in Figure 20.12 to  impedance data obtained for reduction of ferricyanide on a P t  
rotating disk electrode. 
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Figure 20.14: Comparison in log-imaginary-impedance format of the convectivediffusion mod- 
els presented in Figure 20.12 to impedance data obtained for reduction of  ferricyanide on a P t  
rotating disk electrode. 
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Figure 20.15: Comparison in Bode format of the convective-diffusion models presented in 
Figure 20.12 to impedance data obtained for reduction of ferricyanide on a Pt rotating disk 
electrode: a) modulus; and b) phase angle. 

model based on finite-stagnant-diffusion layer or the convective-diffusion models 
based on one-term, two-term, and three-term expansions. The logarithmic presen- 
tation in Figure 20.14 does show that each of the models considered used a CPE to 
account for high-frequency dispersion. 

As shown in Figure 20.15(a), plots of the magnitude of the impedance cannot 
distinguish any of the models considered in this section, whereas the difference 
between the finite-diffusion-length model and the models based on numerical so- 
lution of the convectivediffusion equation are apparent in plots of the phase angle 
(Figure 20.15(b)). Figure 20.15(b) cannot be used, however, to distinguish the mod- 
els based on one-term, two-term, and three-term expansions. 

As shown in Figure 20.16(a), plots of the real part of the impedance cannot 
distinguish any of the models considered in this section, whereas the difference 
between the finite-diffusion-length model and the models based on numerical so- 
lution of the convective-diffusion equation are apparent in plots of the imaginary 
part of the impedance (Figure 20.16(b)). Figure 20.16(b) cannot be used, however, 
to distinguish the models based on one-term, two-term, and three-term expan- 
sions. 

As described in Sections 20.2.1 and 20.2.2, plots of the residual errors provide 
the most sensitive assessment of fit quality. The normalized residual errors for the 
regressions treated in the section are presented in Figures 20.17(a) and (b) for the 
real and imaginary parts of the impedance, respectively. The distinction between 
the finite-diffusion-length model and the models based on numerical solution of 
the convective-diffusion equation are readily apparent. The differences between 
the models based on numerical solution of the convective-diffusion equation are 
not so apparent on the scale presented in Figures 20.17(a) and (b). 

The distinction among the models based on numerical solution of the one- 
dimensional convective-diffusion equation are also not very evident in the plots 
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Figure 20.16: Comparison in impedance format of the convective-diffusion models presented 
in Figure 20.12 to  impedance data obtained for reduction of ferricyanide on a P t  rotating disk 
electrode: a) real; and b) imaginary. 

0.10 

N' 0.05 

0.04 

.a J 0.02 a . \ 
h 

2 0  
0 

f 
B 

! 
?f -0.02 

1 M* -0.05 

-0.10 

v Y. -0.04 

-0.06 

10" 10' loo 10' fd 10' lo4 lo4  10" loo to' 10' lo3  10' 

f l H z  

(4 

fl Hz 

(b) 

Figure 20.17: Normalized residual errors for the fit of the convective-diffusion models presented 
in Figure 20.12 to  impedance data obtained for reduction of  ferricyanide on a P t  rotating disk 
electrode: a) real: and b) imaginary. 
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Figure 20.18: Normalized residual errors for the f i t  of the convectivediffusion models presented 
in Figure 20.12 to impedance data obtained for reduction of ferricyanide on a P t  rotating disk 
electrode: a) real; and b) imaginary. 

of the real and imaginary normalized residual errors for the models based on one- 
term, two-term, and three-term expansions presented in Figures 20.18(a) and @), 
respectively. The distinction between an excellent fit and a poor fit can be seen by 
comparison between the residual errors presented in Figure 20.18, which are based 
on solution of the one-dimensional convective-diffusion equation, and those pre- 
sented in Figure 20.11, which are based on regression by a Voigt measurement 
model. The normalized residual errors in Figure 20.18 show significant trending, 
whereas the normalized residual errors in Figure 20.11 do not. This assessment, 
which is based on visual inspection of the plots of normalized residual errors, is 
reflected as well in the quantitative assessment provided by the x 2 / v  statistic pre- 
sented in Table 20.3. 

Problems 

20.1 

20.2 

20.3 

Compare the plots described in Table 20.1 for the regression mentioned in 
Problem 19.2. 

Plot x 2 / v  as a function of the number of Voigt elements for the regressions 
mentioned in Problem 19.2. 

Statistics textbooks show different ways to visualize residual errors. A use- 
ful alternative representation involves scaling the residual errors by the stan- 
dard deviation. Create such plots for the regression mentioned in Problem 
19.2. 
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20.4 Monte Carlo simulation can be used to explore the influence of random noise 
on the parameter estimation. Consider the following protocol: 

1. Use a measurement model to identify error structure. 

2. Use a measurement model on Kramers-Kronig-consistent data set to get a 
model for data. 

3. Add to the model values obtained in the previous step a normally distributed 
random error with an experimentally determined standard deviation. 

4. Fit the resulting model to each synthetic data set, and obtain a distribution of 
parameter values. 

Contrast this approach to that presented in Examples 3.2 and 3.3. 
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Chapter 21 

Error Structure of Impedance 
Measurements 

The regression procedures described in Chapter 19 require, in addition to an ad- 
equate deterministic model, a quantitative assessment of measurement charac- 
teristics. The weighting strategy should generally account for the magnitude of 
stochastic errors. In addition, the regressed data set either should include only 
data that have not been corrupted by bias errors, or, as an alternative approach, 
could incorporate bias errors into the weighting strategy. 

While the nature of the error structure of the measurements is often ignored 
or understated in electrochemical impedance spectroscopy, recent developments 
have made possible experimental identification of error structure. Quantitative 
assessment of stochastic and experimental bias errors has been used to filter data, 
to design experiments, and to assess the validity of regression assumptions. 

21.1 Error Contributions 

The error contributions to an impedance measurement can expressed in terms of 
the difference between the observed value Zob (w)  and a model value Zmod (w)  as 

where E~~ represents the residual error, &fit(w) is the systematic error that can be 
attributed to inadequacies of the model, eStoch(w) is the stochastic error with expec- 
tation E { cStoch (w)  } = 0, and &bias (w)  represents the systematic experimental bias 
error that cannot be attributed to model inadequacies. Typically, the impedance is 
a strong function of frequency and can vary over several orders of magnitude over 
the experimentally accessible frequency range. The stochastic errors of the impe- 
dance measurement are strongly heteroscedastic, which, in this case, means that 
the variance of the stochastic errors is a strong function of frequency. Selection of 
an appropriate weighting strategy is, therefore, critical for interpretation of data. 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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Figure 21.1: A schematic representation of the propagation of  timedomain errors through an 
electrochemical cell and impedance instrumentation to  the frequency domain. 

A distinction is drawn in equation (21.1) between stochastic errors that are ran- 
domly distributed about a mean value of zero, errors caused by the lack of fit of a 
model, and experimental bias errors that are propagated through the model. The 
problem of interpretation of impedance data is therefore defined to consist of two 
parts: one of identification of experimental errors, which includes assessment of 
consistency with the Kramers-Kronig relations (see Chapter 22), and one of fitting 
(see Chapter 19), which entails model identification, selection of weighting strate- 
gies, and examination of residual errors. The error analysis provides information 
that can be incorporated into regression of process models. The experimental bias 
errors, as referred to here, may be caused by nonstationary processes or by instru- 
mental artifacts. 

21.2 Stochastic Errors in Impedance Measurements 

While the error terms given in equation (21.1) are functions of frequency, it is im- 
portant to note that the signals used to generate impedance are functions of time, 
not frequency. The schematic representation shown as Figure 21.1 illustrates the 
process. The error e s t d  ( w )  arises from an integration of time-domain signals that 
contain noise originating from instrumental sources, thermal fluctuations of resis- 
tivity, thermal fluctuations of the concentration of species and the rates of electro- 
chemical reactions, and macroscopic events such as pitting and bubble nucleation. 
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urrent Measurement 

Counterelectrode 

Electrochemical 

Figure 21.2: A schematic representation of an electrochemical cell under potentiostatic regu- 
lation, with sources of potential noise indicated as shaded circles and sources of current noise 
indicated as shaded double circles (see Gabrielli et 

21.2.1 

Following Gabrielli et a1.,266 the potential imposed between the working electrode 
and the reference electrode 

(21.2) 

contains a stochastic noise ureg. The noise in the regulation signal contains contri- 
butions from both potential and current sources that are identified in Figure 21.2. 
These noise contributions can be expressed conveniently in the frequency domain 
as 

Stochastic Errors in Time-Domain Signals 

- 
Ureg = Ureg + ureg 

(21.3) 

{ Av [ve + ' ~ p  + Rsin.5 + vmf] - VR, - WE - (Rm + ZCE) ( i  - in6) + Rmin;!} 

where ZWE is the impedance of the working electrode, ZCE is the impedance of the 
counterelectrode, Z,, is the impedance of the counterelectrode, A,  is the gain of 
the operational amplifier, R m  is the resistance of the current measurement circuit, 
R, is the resistance of the potential control circuit, v,, vp, v,f, VR,, and VCE rep- 
resent voltage noise contributions shown as shaded circles in Figure 21.2, and i, 

IR)Rememberl21.1 The stochastic errors in impedance measurements arise from an 
integration of time-domain signals that contain noise originatingfrorn the electroihemical 
cell and the instrumentation. 
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inl, i d ,  in5 and in6 represent current noise contributions shown as shaded double 
circles in Figure 21.2. The electrochemical noise i arises from molecular-scale fluc- 
t u a t i o n ~ . ~ ~ ~ # ~ ~ *  The current noise contributions act through resistors R m  and R, to 
generate voltage noise contributions. 

Under the assumptions that the gain of the operational amplifier A,, is large 
and that the reference electrode impedance Z,f is small, the dominant stochastic 
error in the regulation signal consists of additive contributions from the reference 
electrode and the operational amplifier as 

As equation (21.4) is not a function of frequency, it applies to both time and fre- 
quency domains. 

The regulation noise induces, through the electrochemical cell impedance, a 
parasitic current fluctuation i,, ( t )  that can be calculated from 

ireg(t) = EFT {Fm{ureg(t)}/z(w)} (21.5) 

where the notation IFFT{ x }  represents the inverse Fourier transform of the function 
x,  and FFT{x} represents the Fourier transform of the function x .  The potential 
difference across the inputs to the current follower is given as 

where 
Sm = Vm + VR, + R m  ( i  + i,, - i d  - in6) (21.7) 

The response of the current measurement channel is given by Eout = GmSm, and 
the noise in the current measurement channel is given by 

eout = G m  [vm + VR, + R m  (i + i,, - id - in6)] (21.8) 

Thus, the noise in both current and potential measurement channels consists of 
sums of noise contributions. A similar development has been presented for zero- 
resistance ammeters.269 

The investigation of noise sources suggests that instrumental and electrochemi- 
cal noise can be represented by stochastic signals added to the time-averaged mea- 
sured and controlled signals. The instrumental noise sources can be assumed to 
have a very high frequency; thus the evaluations of the instrumental noise at any 
two instances in time, t and t + T, are uncorrelated. The added signals should be 
statistically independent with the exception of the term i q (  t), which is correlated 
with both ereg (t) and ire, ( t  + 7). 

For most potentiostats, the assumption A,, >> 1 becomes invalid at frequen- 
cies above 1 to 10 kHz. In this case, the noise terms are still additive, but the 
interaction between the gain of the operational amplifier and the cell impedance 
results in additional correlation between the input and output channels. 
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Figure 21.3: The current density response to  a sinusoidal potential input for the system pre- 
sented in Section 7.3 with parameters cdl = 31 )tF/cm2, nFk, = nFk, = 0.14 mA/cm2, 
b, = 19.5 V-l, b, = 19.5 V-', and v = 0.1 V: a) 1 mHz; b) 10 Hz; c) 100 Hz; and d) 10 kHz. 
The signals include normally distributed additive errors with a magnitude of  10 percent of the 
magnitude of the respective signal. The solid line represents the potential input and the dashed 
line represents the resulting current density. 

21.2.2 Transformation from Time Domain to Frequency Domain 

The influence of noise on the impedance response can be illustrated by an exten- 
sion of the analysis presented in Section 7.3. The current density response to a 
10-mV-amplitude (b,AV = 0.19) sinusoidal potential input is presented in Figure 
21.3 for the system presented in Section 7.3 with parameters cd l  = 31 pF/cm2, 
Fk, = nFk, = 0.14 mA/cm2, b, = 19.5 V-', b, = 19.5 V-l, and v = 0.1 V. These 
parameters yield a value of charge-transfer resistance Rt = 51.08 ncm2 and a char- 
acteristic frequency of 100 &. The potential and current signals were scaled by 
the maximum value of the signal. The results presented in Figure 21.3 can be com- 
pared to the results presented in Figure 7.4 for a linear response to a 1 mV potential 
perturbation and to Figure 8.2 for a nonlinear response to a 40 mV potential per- 
turbation. The slight phase shift evident in Figure 8.2(b) for a 10 Hz input signal 
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Figure 21.4: Lissajous plots for the system presented in Figure 21.3: a) 1 mHz; b) 10 Hz; c )  
100 Hz; and d) 10 kHz. 

is almost obscured by the noise in Figure 21.3(b). The larger phase shift associated 
with higher frequencies, e.g., Figures 8.2(c) and (d) for frequencies of 100 Hz and 
10 kHz, respectively, can be discerned in Figures 21.3(c) and (d). 

While the presence of additive errors obscures the phase differences in the sig- 
nals presented in Figure 21.3, repeated sampling at a given frequency allows identi- 
fication of the transfer-function response, as shown in the corresponding Lissajous 
plots presented in Figure 21.4. The linear response presented in Figure 21.4(a) for 
measurement at 1 mHz can be compared to the slightly broader Lissajous plot 
presented in Figure 21.4(b) for 10 Hz. An elliptical shape can be seen at the char- 
acteristic frequency of 100 Hz in Figure 21.4(c), and a perfectly circular response 
is evident for 10 kHz in Figure 21.4(d). The ideal Lissajous response for these fre- 
quencies is given by the 1 mV curves in Figure 8.3. 

Figures 21.3 and 21.4 illustrate the transformation of time-domain stochastic 
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errors to the frequency domain. The impedance can be calculated, for example, 
by the phase-sensitive-detection methods presented in Section 7.3.2 or the Fourier 
analysis presented in Section 7.3.3. The nature of the errors in the frequency do- 
main will be influenced by the characteristics of the methods used to transform the 
time-domain signals to the frequency domain. 

21.2.3 

The magnitude of the stochastic errors in impedance measurements depends on 
the selection of experimental parameters as detailed in Chapter 8. The simulation 
results described by Carson et al.100j2%~255 in particular provide insight into dif- 
ferences between commonly used impedance instrumentation, including methods 
based on Fourier analysis2% and on phase-sensitive detection.255 

Some general properties for stochastic errors have been established for impe- 
dance measurements through experimental observation and simulations. The re- 
sults described here correspond to additive time-domain errors. The comparison 
between simulations and experimental results obtained via Fourier analysis sup- 
ports the suggestion266 that the nature of experimental time-domain errors is likely 
to be additive rather than proportional:254 

Stochastic Errors in Frequency Domain 

0 Impedance measurements are, in general, heteroscedastic, which means that 
the variance of the stochastic errors is a strong function of frequency. It is im- 
portant, therefore, to use a weighting strategy that accounts for the frequency 
dependence of the stochastic errors. 

0 The measurement technique may introduce undesired correlation in the im- 
pedance results. Carson et al.255 showed that a phase-sensitive detection 
technique employing only one reference signal yielded significant correla- 
tion between the real and imaginary parts of the stochastic error structure of 
the impedance. In a companion paper, Carson et al.lm showed that the dif- 
ferent statistical properties obtained with phase-sensitive-detection (lock-in 
amplifier) simulations could be attributed in part to bias errors introduced 
when the square-wave reference signal was in phase with the measured sig- 
nal. Modern phase-sensitive-detection instruments employ more than one 
reference signal and may thereby avoid this undesired correlation. 

0 When time-domain errors are additive, Fourier analysis techniques provide 
statistical properties that are intrinsic to transfer-function measurements. 

0 In the absence of instrument-induced correlations, stochastic errors in the 
frequency-domain are normally distributed. The appearance of a normal 
distribution of frequencydomain stochastic errors can be regarded to be a 
consequence of the Central Limit Theorem applied to the methodology used 
to measure the complex impedance.270 This result validates an essential as- 
sumption routinely used during regression analysis of impedance (and other 
frequency-domain) data. 
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Table 21.1: Statistical properties of impedance values obtained by Fourier analysis tech- 
niques.254 

(21.9) 

(21.10) 

(21.11) 

(21.12) 

0 In the absence of bias errors, the errors in the real and imaginary impedance 
are uncorrelated and the variances of the real and imaginary parts of the 
complex impedance are equal. Some specific identities are given in Table 
21.1. 

In a general sense, the frequency-domain error structure is determined by the 
nature of errors in the time-domain signals and by the method used to process 
the timedomain data into the frequency domain. The cell impedance influences 
the frequency-dependence of the variance of the measurements, but the cell impe- 
dance does not influence whether the variances of real and imaginary components 
are equal or whether errors in the real and imaginary components are uncorrelated. 

The statistical properties described above for frequency-domain stochastic er- 
rors are based on the equations for the instruments actually used for the measure- 
ment of complex quantities. While the statistical properties are developed here for 
electrochemical impedance spectroscopy, they are also valid for measurement of 
other complex quantities so long as the complex quantities are measured through 
similar physical principles. 

21.3 Bias Errors 

Bias errors are systematic errors that do not have a mean value of zero and that 
cannot be attributed to an inadequate descriptive model of the system. Bias er- 
rors can arise from instrument artifacts, parts of the measured system that are not 
part of the system under investigation, and nonstationary behavior of the system. 
Some types of bias errors lead the data to be inconsistent with the Kramers-Kronig 
relations. In those cases, bias errors can be identified by checking the impedance 
data for inconsistencies with the Kramers-Kronig relations. As some bias errors 
are themselves consistent with the Kramers-Kronig relations, the Kramers-Kronig 
relations cannot be viewed as providing a definitive tool for identification of bias 
errors. 
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21.3.1 Instrument Artifacts 

Limitations of instruments such as potentiostats can influence the measured im- 
pedance response. Such influences can be expected at impedance extremes. For 
example, the impedance response of low-impedance systems such as fuel cells and 
batteries shows artifacts at high frequency. High-frequency artifacts have also been 
attributed to reference electrodes. In many cases, instrument artifacts lead to in- 
consistencies with the Kramers-Kronig relations; however, this is not always the 
case. As discussed in Section 8.3.2, the experimentalist is encouraged to confirm 
the high-frequency behavior of electrochemical systems by measuring the impe- 
dance of an electrical circuit exhibiting the measured response and by compar- 
ing the high-frequency response to limiting values obtained by other experimental 
methods. 

21.3.2 Ancillary Parts of the System under Study 

The impedance response of low-impedance systems may include the finite impe- 
dance behavior of wires and connectors. These may be considered, from the per- 
spective of model identification, as yielding artifacts in the measured response. 
Such artifacts may be simply resistive, but may also exhibit a capacitive or even an 
inductive frequency dependence. Such artifacts will be generally consistent with 
the Kramers-Kronig relations. 

21.3.3 Nonstationary Behavior 

Most electrochemical systems show some nonstationary behavior due, for exam- 
ple, to growth of surface films, changes in concentrations of reactants or products 
in the electrolyte, or changes in surface reactivity. As discussed in Section 21.3.4, 
the issue is not whether a system is perfectly stationary, but, rather, whether the 
system has changed substantially during the course of the impedance measure- 
ment. The Kramers-Kronig relations are particularly useful for identification of 
artifacts introduced by nonstationary behavior. These artifacts are most visible at 
low frequencies, but can be seen at all frequencies if the system change is suffi- 
ciently rapid. 

m R e m e m b e r !  21.2 Bias errors in impedance measurements can arisefrom instru- 
ment artifacts, parts of the measured system that are not part of the system under investi- 
gation, and nonstationary behavior of the system. 
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Figure 21.5: A series of three repeated impedance measurements. The data were collected for 
reduction of ferricyanide on a rotating P t  disk electrode. 

21.3.4 

When envisioning a family of impedance measurements, three measurement time 
scales become evident. The first time scale is that required for measuring a set of 
replicated measurements. Such a set of measurements is shown in Figure 21.5 for 
reduction of ferricyanide on a rotating Pt disk electrode. The time required for the 
set of three measurements was 3581 s (1 h). 

The time required to measure a set of N replicated measurements can be given 

Time Scales in Impedance Spectroscopy Measurements 

N 

%et = Tmeas,k 
k = l  

(2 1.13) 

where Tmeas,k is the time required for each individual scan. The characteristic fre- 
quency for the series of impedance scans is given by 

(21.14) 
1 

fset = - 
Get 

Systems containing stochastic errors with frequency much smaller than fset may 
appear to be stationary on the time scale of the impedance measurements. 

The time required for each frequency scan can be seen in Figure 21.6(a). The 
average time required for each scan was 1194 s (0.33 h). The time required for a 
measurement at each individual frequency is illustrated in Figure 21.6(b). At low 
frequencies, the time required generally corresponds to three or four cycles, but 
at high frequencies, a much larger number of cycles is needed to account for the 
smaller signal-to-noise level. 

The time required to measure a complete spectrum is given by 

(21.15) 
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Figure 21.6: Elapsed time for the measurements presented in Figure 21.5: a) elapsed time; and 
b) time required for measurement at each frequency. The standard deviation reflects variability 
among the three impedance measurements. 

where Nk represents the number of cycles needed to make the measurement at 
frequency fk. The characteristic frequency corresponding to an impedance scan is 
given by 

1 
fmeas = - 

zmeas 
(21.16) 

Stochastic errors with frequency larger than fmem and smaller than f~~ will gen- 
erate a bias error in the measurement. The resulting spectrum will show inconsis- 
tencies with the Kramers-Kronig relations (see Chapter 22). Stochastic errors with 
frequency much smaller than fmem may also generate data that are inconsistent 
with the Kramers-Kronig relations. 

The time required for measurement at each frequency depends on the type of 
measurement made and on the experimental parameters. For example, the time 
required for a measurement at each individual frequency is illustrated in Figure 
21.7 for EHD measurements (see Chapter 15). The extreme noise level observed 
at high frequencies increases greatly the time required to achieve a given closure 
error in the measurements. 

If AJf cycles are needed for the measurement at frequency f, the characteristic 
frequency for an impedance measurement at a given frequency is given by 

(2 1.17) 

Stochastic errors with frequency much larger than f r ~ r  will appear as a stochastic 
error in the measurement; whereas, stochastic errors with frequency much smaller 
than f~~ will appear as a bias error in the measurement. The significance of the 
bias error will depend on the comparison between the error frequency and the 
characteristic frequency of the entire measurement of the spectrum. 



418 ERROR STRUCTURE OF IMPEDANCE MEASUREMENTS CHAPTER 21 

1000 

100 
v) 

m&% 
\ 

a 

10 

1 
0.1 1 10 

f l H z  

Figure 21.7: Time required for measurement at each frequency for EHD measurements. The 
standard deviation reflects variability between two measurements. The data were collected for 
reduction of ferricyanide on a rotating Pt disk electrode. 

If the system is evolving very rapidly, changes can occur during the time in 
which one data point is collected. Impedance spectroscopy may not be a feasi- 
ble experimental technique for such systems. For systems showing a slower rate 
of change, the impedance at each frequency may be measurable, but significant 
change can occur between the start and end of a complete frequency scan. These 
types of non-stationarities result in the data being inconsistent with the Kramers- 
Kronig relations. The issues arising out of these inconsistencies are discussed in 
Chapter 22. At a still slower rate of evolution, the change in the system during one 
complete scan may be small enough to be ignored, but nonnegligible differences 
can be seen between successive spectra. Such pseudo-stationary impedance scans 
are typically observed for even the most stationary electrochemical systems. 

21.4 Incorporation of Error Structure 

Three approaches have been documented in the literature for incorporating the er- 
ror structure of impedance data into interpretation strategies. One approach has 
been to assume a standard form for the stochastic errors. Two models are com- 
monly used. Zol to~ski~’~  and B ~ u k a m p ~ ~ * ~ ”  advocated use of modulus weight- 
ing. Use of a modulus weighting strategy invokes an assumption that the standard 
deviation is proportional to the frequency-dependent modulus IZ (w)  I of the im- 
pedance, i.e., 

flZ,(w) = vZj(w) = aMlz(w)I (21.18) 

where o-z,(w) and uzj(w) represent the standard deviation of the real and imag- 
inary parts of the impedance, respectively. The parameter &M is assumed to be 
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independent of frequency and is often arbitrarily assigned a value based on an as- 
sumed noise level of the measurement. Macdonald et a1.243t253g257 advocated use 
of a modified proportional weighting strategy, i.e., 

&w) = a2 + 2  IF’(w,e)/2c (21.19) 

and 
d j ( W )  = a2 + 2 lFyw,e)12c (21.20) 

where a, a, and 3 are error structure parameters, F’(w,O) and F”(w,O) are real 
and imaginary parts of the model immittance function, respectively, and 8 is a 
vector of model parameters. The immittance is a general term that can represent 
either the admittance or impedance of a n  electrical circuit. There are fundamental 
differences between the two commonly used standard weighting strategies. Under 
equation (21.18), uz, = uzj, whereas equations (21.19) and (21.20) state that, in 
general, UZ, # uzj unless errors are assumed to be independent of frequency (i.e., 
u = 0) or unless F’ (w, 0 )  = F”( w, 0). 

A second approach has been to use the regression procedure to obtain an esti- 
mate for the error structure of the data.253t257 A sequential regression is employed 
in which the parameters for an assumed error structure model, e.g., equations 
(21.19) and (21.20), are obtained directly from regression to the data.253 In more 
recent work, the error variance model was replaced by 

&,(w) = a2 + lF’(w,e)12c (21.21) 

and 
d j ( W )  = a2+ IF’/(w,e)12c (21.22) 

where parameters a and 3 are obtained by regression, and an extension of mod- 
ulus weighting can be obtained by replacing the functions F’(w, e) and F”(w, e) 
with IF(W,O)~ .~”  Independent of the assumed form of the error variance model, 
the assumption that the error variance model can be obtained by minimizing the 
objective function ignores the differences among the contributions to the residual 
errors shown in equation (21.1). The error structure obtained by simultaneous re- 
gression is also severely constrained by the assumed form of the error-variance 
model. 

The third approach is to use experimental methods to assess the error struc- 
ture. Independent identification of error structure is the preferred approach, but 
even minor nonstationarity between repeated measurements introduces a signif- 
icant bias error in the estimation of the stochastic variance. Dygas and Breiter 
report on the use of intermediate results from a frequency-response analyzer to es- 
timate the variance of real and imaginary components of the im~edance.2~~ Their 
approach allows assessment of the variance of the stochastic component without 
the need for replicate experiments. The drawback is that their approach cannot 
be used to assess bias errors and is specific to a particular commercial impedance 
instrumentation. Van Gheem et a1.275~276 have proposed a structured multi-sine 
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Figure 21.8: A schematic representation of a Voigt circuit used by Agarwal et ai.56,863262 as 
a measurement model. 

signal that can be used to assess stochastic and bias errors without use of repli- 
cated measurements. 

Measurement models, developed for impedance spectroscopy by Agarwal et 
a1.,56~86~262 are generally applicable and can be used to estimate both stochastic 
and bias errors of a measurement from imperfectly replicated impedance mea- 
surements. Orazem et a1.2n used a measurement model approach to show that 
a general model for the error structure could take the form 

(21.23) 

where a, B,7, and 6 are constants to be determined for a specific potentiostat, set 
of measurement parameters, and electrochemical system. Standard deviations for 
practical systems have been reported that are on the order of 0.2 to 0.04 percent of 
the modulus.85 The drawback of the measurement model approach is that repli- 
cated measurements are required. The measurement model approach is presented 
in Section 21.5. 

21.5 Measurement Models for Error Identification 

The measurement model method for distinguishing between bias and stochastic 
errors is based on using a generalized model as a filter for nonreplicacy of impe- 
dance data. The measurement model is composed of a superposition of line-shapes 
that can be arbitrarily chosen. The model shown in Figure 21.8, composed of Voigt 
elements in series with a solution resistance, has been shown to be a useful and 
general measurement model. 

While the line-shapes parameters may not be unequivocally associated with a 
set of deterministic or theoretical parameters for a given system, the measurement 
model approach has been shown to adequately represent the impedance spectra 
obtained for a large variety of electrochemical systems.56 The line-shape models 
represent the low-frequency stationary components of the impedance spectra (in 
a Fourier sense). Regardless of their interpretation, the measurement model rep- 
resentation can be used to filter and thus identify the nonstationary (drift) and 
high-frequency (noise) components contained in the same impedance spectrum. 
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At first glance, it may not be obvious that such an approach should work. It is 
well known, for example, that the impedance spectrum associated with an electro- 
chemical reaction limited by the rate of diffusion through a stagnant layer (either 
the Warburg or the finite-layer diffusion impedance) can be approximated by an 
infinite number of RC circuits in series (the Voigt model). In theory, then, a mea- 
surement model based on the Voigt circuit should require an infinite number of 
parameters to adequately describe the impedance response of any electrochemical 
system influenced by mass transfer. 

In practice, stochastic errors (or noise) in the measurement limit the number of 
Voigt parameters that can be obtained from experimental data. An infinite number 
of Voigt parameters cannot be obtained even from synthetic data because round- 
off errors limit the information content of the cal~ulation.~~ The residual errors 
associated with fitting a Voigt model to experimental impedance data that are in- 
fluenced by mass transfer can, with appropriate weighting, be made to be of the 
order of the stochastic noise in the measurement. A Voigt circuit, or any equivalent 
circuit, can therefore yield an appropriate measurement model for electrochemical 
impedance spectra. It is evident that the measurement model composed of Voigt 
elements may not be the most parsimonious or efficient model for a given spec- 
trum. In effect, by using the measurement model, one takes advantage of the noise 
present in any measurement, which limits the number of parameters that can be re- 
solved, and the large number of measured frequencies as compared to the number 
of resolvable parameters. 

Thus the Voigt circuit can provide an adequate description of impedance data 
influenced by mass transfer or by distributed-time-constant phenomena such as is 
described in Chapter 13. In addition, inductive loops can be fitted by a Voigt circuit 
by using a negative resistance and capacitance in an element. Such an element 
will have a positive RC time constant. The Voigt circuit serves as a convenient 
generalized measurement model. 

The use of measurement models to check for the consistency of the experi- 
mental data with the Kramers-Kronig relations was first proposed by Agarwal et 
al.56*278 Boukamp and Macdonald described the use of distributed relaxation time 
models (DRT) as measurement models for assessing consistency of data with the 
Kramers-Kronig relations.279 The approach taken was similar to that of Agarwal 
et al. with the exception that assumed rather than experimentally measured error 
structures were used to weight the regressions. A linearized application of mea- 
surement models was suggested by Boukamp that eliminated the need for sequen- 
tial increase in the number of line-shape parameters at the expense of using one 
line-shape for every frequency measured.280 The application of such a linearized 
model is also constrained by the need for an independent assessment of the level 
of noise in the measurement. 

The use of measurement models to identify consistency with the Kramers- 
Kronig relations is equivalent to the use of Kramers-Kronig transformable circuit 
analogues. An important advantage of the measurement model approach is that 
it identifies a small set of model structures that are capable of representing a large 
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variety of observed behaviors or responses. The problem of model discrimination 
is therefore significantly reduced. The inability to fit an impedance spectrum by a 
measurement model can be attributed to the failure of the data to conform to the 
assumptions of the Kramers-Kronig relations rather than the failure of the model. 
The measurement model approach, however, does not eliminate the problem of 
model multiplicity or model equivalence over a given frequency range. The re- 
duced set of model structures identified for the measurement model makes it fea- 
sible to conduct studies aimed at identification of the error structure, the propaga- 
tion of error through the model and through the Kramers-Kronig transformation, 
and issues concerning parameter sensitivity and correlation. 

Another significant advantage of the measurement model approach is that the 
resulting models can be transformed analytically (in the Kramers-Kronig sense). 
This means that, in contrast to the other approaches for evaluation of consistency 
(e.g., fitting to polynomials), the real and imaginary parts of the impedance are 
related through a finite set of common parameters. The measurement models can 
therefore be used as statistical observers; that is, adequate identification and esti- 
mation of the model parameters over a given experimental region, e.g., a range of 
frequencies in the imaginary domain, will allow the description (or observation) of 
the behavior of the system over another region, i.e., the real domain. The selection 
of experimental region used for this evaluation will take advantage of the relative 
parameter sensitivity in the real and imaginary domains. 

It should be noted that the error analysis methods using measurement models 
are sensitive to data outliers. Occasionally, outliers can be attributed to external in- 
fluences. Most often, outliers appear near the line frequency and at the beginning 
of an impedance measurement. Data collected within f 5  Hz of the line frequency 
and its first harmonic (e.g., 50 and 100 Hz in Europe or 60 and 120 Hz in the United 
States) should be deleted. Startup transients cause some systems to exhibit a de- 
tectable artifact at the first frequency measured. This point, too, should be deleted. 

21.5.1 Stochastic Errors 

If a single model were to be regressed to all spectra showing nonstationary behav- 
ior, the resulting residual error would include contributions from the drift between 
scans as well as the lack of fit of the model, instrumental bias errors, and stochastic 
errors, i.e., 

&res(W) = % ( W )  -k &inst(W) -k &drift(W) -k &stoch(W) (21.24) 

Direct calculation of the variance of the resulting residual errors would lead to a 
value that includes the contribution of the changing baseline. 

Remember! 21.3 The error analysis methods using measurement models are sen- 
sitive to data outliers. 
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To eliminate the contribution of the changing baseline, a measurement model 
is regressed to each scan using the maximum number of parameters that can be re- 
solved from the data. The parameters for the measurement model for each data set 
will be slightly different because the system changes from one experiment to the 
other. Hence, by regressing the measurement model to individual data sets sepa- 
rately, the effects of the change of the experimental conditions from one experiment 
to another are incorporated into the measurement model parameters. The variance 
of the real and imaginary residual errors can therefore be obtained as a function of 
frequency and provide a good estimate for the variance of the stochastic noise in 
the measurement. Thus, 

(21.25) 

where ~,,k,k represents the residual error for scan k obtained from a model k. 
Shukla and Orazem have shown that the estimate for the variance of the stochastic 
noise obtained in this way is independent of the measurement model used.281 

21.5.2 Bias Errors 

There are several ways to assess consistency with the Kramers-Kronig relations. In 
principle, since the Voigt model is itself consistent with the Kramers-Kronig rela- 
tions, the ability to fit this model to data within the noise level of the measurement 
should indicate that the data are consistent. An ambiguity exists when the data 
are not fully consistent, because the lack of fit of the model could be due to causes 
other than inconsistency with the Kramers-Kronig relations. Some other possible 
causes could be that the number of frequencies measured was insufficient to al- 
low regression with a large enough number of Voigt parameters or that the initial 
guesses for the nonlinear regression could be poorly chosen. 

While in principle a complex fit of the measurement model could be used to 
assess the consistency of impedance data, sequential regression to either the real 
or the imaginary provides greater sensitivity to lack of consistency. The optimal 
approach is to fit the model to the component that contains the greatest amount 
of information. The decision as to which component to fit is constrained by two 
conflicting considerations: 

1. The standard deviations of the real and imaginary parts of the impedance 
are equal; therefore, the noise level represents a large percentage of the imag- 
inary part of the impedance in the asymptotic limits where the imaginary 
impedance tends toward zero. In some cases, the value of the imaginary 
impedance can fall below the signal-to-noise threshold. 

2. The imaginary part of the impedance is much more sensitive to contributions 
of minor line-shapes than is the real part of the impedance. Typically, more 
Voigt line-shapes can be resolved when fitting to the imaginary part of the 
impedance than can be resolved when fitting to the real part. 
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The solution resistance cannot be obtained by fitting the measurement model to the 
imaginary part of the impedance. The solution resistance is treated as an arbitrarily 
adjustable parameter when fitting to the imaginary part of the impedance. 

Regression to one component with subsequent prediction of the other compo- 
nent provides a more sensitive method to assess consistency. A procedure for this 
analysis is described below: 

1. Perform a fit to the imaginary part of the spectrum using error structure 
weighting. Increase the number of line-shapes used until the maximum num- 
ber of statistically significant parameters is obtained. Ideally, the ratio of the 
sum of squares to the noise level should be within the F-test bounds given by 
the program. 

2. Use a Monte Carlo simulation to identify the frequency-dependent confi- 
dence interval for the model prediction. 

3. Examine the imaginary residual errors to determine whether they fall within 
the error structure. Should a few points lie outside the error structure at 
intermittent frequency values, do not be concerned. Assess prediction of the 
real part of the impedance by examining real residual plots with confidence 
intervals displayed. Real residual data points that are outside the confidence 
interval are considered to be inconsistent with the Kramers-Kronig relations 
and should be removed from the data set. 

4. Typically, the number of line-shapes that can be determined in a complex 
fit will increase when data inconsistent with the Kramers-Kronig relations 
are removed. Deletion of data that are strongly influenced by bias errors 
increases the amount of information that can be extracted from the data. 
In other words, the bias in the complete data set induces correlation in the 
model parameters, which reduces the number of parameters that can be iden- 
tified. Removal of the biased data results in a better-conditioned data set that 
enables reliable identification of a larger set of parameters. 

Experimental data can, therefore, be checked for consistency with the Kramers- 
Kronig relations without actually integrating the equations over frequency, avoid- 
ing the concomitant quadrature errors. The use of measurement models does re- 
quire an implicit extrapolation of the experimental data set, but the implications 
of the extrapolation procedure are quite different from extrapolations reported in 
the literature. The extrapolations done with measurement models are based on a 
common set of parameters for the real and imaginary parts and on a model struc- 
ture that has been shown to adequately represent the observations. The confidence 
in the extrapolation using measurement models is, therefore, higher. For the ap- 
plication to a preliminary screening of the data, the use of measurement models 
is superior to the use of more specific electrical circuit analogues, because one can 
determine whether the residual errors are due to an inadequate model, to failure of 
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data to conform to the Kramers-Kronig assumptions, or to experimental noise. The 
algorithm proposed by Agarwal et a1.,56~86~262 in conjunction with error structure 
weighting, provides a robust way to check for consistency of impedance data. 

It should be emphasized that the approach presented in this section is part of 
an overall assessment of measurement errors. The measurement model is used as 
a filter for lack of replicacy to obtain a quantitative value for the standard deviation 
of the measurement as a function of frequency. The mean error identified in this 
way is equal to zero; thus, the standard deviation of the measurement does not 
incorporate the bias errors. In contrast, the standard deviation of repeated impe- 
dance measurements typically includes a significant contribution from bias errors 
because perfectly replicate measurements can rarely be made for electrochemical 
systems. Since the line-shapes of the measurement model satisfy the Kramers- 
Kronig relations, the Kramers-Kronig relations then can be used as a statistical 
observer to assess the bias error in the measurement. 

Problems 

21.1 

21.2 

21.3 

21.4 

21.5 

Consider a system with a single electrochemical reaction with Re = 10 a, 
Rt = 100 a, and R& = 1 s. The noise level of the measurement is often 
assumed to follow equation (21.18) with u = 0.03 IZI. 
(a) Plot the standard deviation of the real and imaginary parts of the impe- 

dance measurement as functions of frequency. 
(b) Plot the normalized standard deviation of the real and imaginary parts 

of the impedance measurement, scaled to the respective impedance 
component, as functions of frequency. 

(c) Plot the weighting factor w = l /u2  for the real and imaginary parts of 
the impedance measurement as functions of frequency. 

Use Figure 21.6 to estimate the time required for an impedance measurement 
from 100 kHz to 0.1 Hz with 8 measurements per decade. How does this 
value change if the measurement requires 10 measurements per decade? 

Use Figure 21.6 to estimate the time required for an impedance measurement 
from 100 kHz to 0.1 mHz with 8 measurements per decade. How does this 
value change if the measurement requires 3 measurements per decade? 

Use a spreadsheet program such as Microsoft Excel@ or a computational pro- 
gramming environment such as Matlab@ to reproduce the results presented 
in Figures 21.3 and 21.4. 

Add normally distributed stochastic errors to the time-domain potential and 
current signals for the system described in Example 7.1. Then apply the 
Fourier analysis to calculate the impedance response at the characteristic fre- 
quency. Repeat this process, refreshing the random numbers used, so as to 
calculate the standard deviation of the resulting impedance. How does this 
result depend on the number of cycles used for the integration? 



Chapter 22 

The Kramers- Kronig Relations 

The Kramers-Kronig are integral equations that constrain the real and imaginary 
components of complex quantities for systems that satisfy conditions of linearity, 
causality, and stability. These relationships, derived independently by Kr0ni83f252 
and Kramers,”t282 were initially developed from the constitutive relations asso- 
ciated with the Maxwell equations for description of an electromagnetic field at 
interior points in matter.283 

The fundamental constraints are that the system be stable, in the sense that per- 
turbations to the system do not grow, that the system responds linearly to a pertur- 
bation, and that the system be causal in the sense that a response to a perturbation 
cannot precede the perturbation. The Kramers-Kronig relationships were found 
to be entirely general with application to all frequency-domain measurements that 
could satisfy the above constraints. Bode extended the concept to electrical impe- 
dance and tabulated various extremely useful forms of the Kramers-Kronig rela- 
t i o n ~ . ~ ~  

22.1 Mathematical Origin 

The development presented here for the complex impedance, Z = Z, + jZj, is gen- 
eral and can be applied, for example, to the complex refractive index, the complex 
viscosity, and the complex permittivity. The derivation for a general transfer func- 
tion G follows that presented by Nus~enzve ig .~~~  The development for the subse- 
quent analysis in terms of impedance follows the approach presented by Bode.87 

m)Remember! 22.1 The Kraws-Kronig relations amly  for systems that are linear, 
causal, and stable. The condition of stationarity is implicit in the requirement of causality. 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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22.1.1 Background 

The fundamental constraints for the system transfer functions associated with the 
assumptions of linearity, casuality, and stability are described in this section. 

Theorem 22.1 (Linearity) The output is a linear function of the input. A general 
outputfunction x(  t )  can be expressed as a linearfunction ofthe input f( t )  as 

Cm 

x ( t )  = / g (t,t’) f(t’)dt’ (22.1) 
-m 

where g( t, t‘) provides the relationship between input and outputfunctions. 

Theorem 22.2 (Time-Translation Independence) The output depends only on the 
input. This means that, ifthe input signal is advanced or delayed by a time increment, the 
output will be advanced or delayed by the same time increment. Thus, x( t + z) corresponds 
to f ( t  + z) such that g( t,  t’) can depend only on the diference between t and t’. Equation 
(22.1) can be written 

+? 
x ( t )  = ] g ( t  - t’) f (t’)dt’ (22.2) 

-W 

where g( t - t‘) provides the relationship between input and output functions. The as- 
sumption of time-translation independence can be considered to be a consequence of the 
assumption of primitive causality, discussed in Theorem 22.3. 

The function g( t  - t’) can be expressed in terms of frequency through use of 
the Fourier integral transform,n i.e., 

+m 

G ( u )  = / g ( z )  exp (-jwz) dz 
-m 

Similarly, the input can be expressed as 

-m 

and the output can be expressed as 

Cm 

X ( w )  = ~ ( 7 )  exp (- jwz) dz 
-m 

(22.3) 

(22.4) 

(22.5) 

The Fourier transform can be written with either negative or positive arguments 
in the exponential. The positive argument yields a positive imaginary impedance 
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for the response of a capacitor to a potential perturbation, whereas the negative ar- 
gument yields a negative imaginary impedance. The form used here yields results 
that are consistent with the electrical engineering conventions. 

In frequency domain, the output can be expressed as a function of the input as 

X ( w )  = G ( w ) F ( w )  (22.6) 

where G ( w )  acts as a transfer function. Equation (22.3) can be expressed as 

+@J 

(22.7) 
--co 

For a real-valued time-domain function g(T), the function G has conjugate sym- 
metry (see Section 1.3) such that 

G( -0) = Gr + jGj = C(W) = G, - jGj (22.8) 

Thus, Gr(-W) = Gr(W) and Gj(-w) = -Gj(w).  The real part of G, Gr, is an even 
function of frequency, and the imaginary part Gj is an odd function of frequency. 

The above development, expressed for general input, output, and transfer func- 
tions, can be presented in terms of impedance Z ( w ) .  The results stemming from 
equation (22.7) indicate that the impedance Z ( w )  has conjugate symmetry and can 
be expanded in powers of frequency according to 

(22.9) Z ( W )  = Z,O + jZj,ow + Zr,1W2 + j z j p 3  + . 
and 

(22.10) 

where w is the frequency and Z d ,  Zjo, Zr,m, and Zj,-,. . . are coefficients in the cor- 
responding power series expansion. Equations (22.9) and (22.10) apply to electrical 
circuits such as the Voigt circuit used by Agarwal et al. as a measurement 

&Example 22.1 Verification of Equations (22.9) and (22.10): Show that the 
assumption that the real part of the impedance is an men function of frequency and the 
imagina y is an odd function of frequency is consistent with the impedance response of a 
Voigt series. 

Solution: The impedance response can be expressed in terms of resistance Rk and capaci- 
tance ck by 

! 

The real and imaginary parts of the impedance can be written as 

(22.11) 

(22.12) 
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and 

(22.13) 

respectively. The real part of the impedance is an evenfunction of w, and the imaginary 
part is an oddfunction ofw. In the low-frequency limit (w + 0), 

n n 

and 
n n 

(22.14) 

(22.15) 

The sum of equations (22.24) and (22.25) yields thefirst four terms of equations (22.9). 
In the high-frequency limit (w --+ oo), 

and 

(22.16) 

(22.17) 

The sum of equations (22.26) and (22.27) yields thefirst three terms of equation (22.20). 

Example 22.2 Application of Equations (22.9) and (22.10): Using a Voigt 
mode1,find values for the four terms of equation (22.9) and for the four terms of equation 
(22.20). 

Solution: The sum of equations (22.24) and (22.25) yields thefirst four terms of equation 
(22.9): 

and 

n 

k=l  

n 

(22.19) 

(22.20) 

(22.21) 

The sum of equations (22.26) and (22.27) yields thefirst three terms of equation (22.20): 

Z r p  = RO (22.22) 
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and 

k = l  k 

431 

(22.23) 

(22.24) 

The fourth term is not given by equations (22.1 6 )  and (22.1 7). It can be obtained from 
equation (22.13) for large value of w, i.e., 

= -L- 1 
k = l  uck + w~CZR: 

Thus, 

and 
n 1  

k = l  C3 k R2 k 
z;l = C - 

(22.25) 

(22.26) 

(22.27) 

which is thefourth term in equation (22.10). 

Theorem 22.3 (Primitive Causality) The output response to a perturbation cannot 
precede the input perturbation. Iff ( t )  = 0 for t < 0, then x ( t )  = 0 for t < 0. This 
implies that g(z) < 0 for t < 0. Thus, equation (22.3) can be written 

(22.28) 

This important result means that G is analytic and continuous within the negative imagi- 
nayfrequency plane. 

The assumptions presented above, including equation (22.28), are not sufficient 
for derivation of dispersion relations. The value of the function G(w) must be 
constrained as w -+ 0. In order for G to represent a causal transform, G must 
satisfy283 

lim G ( w )  -+ 0 (22.29) 
w-+m 

A function G that satisfies equation (22.29) can be shown, by use of Cauchy’s Inte- 
gral Formula (Theorem A.3), to be a causal transform. The properties of G implicit 
in Theorems 22.1-22.3 and equation (22.29) allow derivation of dispersion relations 
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such as the Kramers-Kronig relations. Equation (22.29), however, does not apply 
for impedance or related electrochemical transfer functions. A weaker restriction 
can be applied, as discussed in Theorem 22.4. 

Theorem 22.4 (Stability) The output response to an input impulse cannot increase 
with time. This statement can be expressed as requiring that the total output energy 
cannot exceed the total input energy.283 A consequence of this statement is that G(w) is 
bounded, i.e., 

IG(w)12 5 A (22.30) 

where A is a constant. 

The function G that satisfies Theorem 22.4 is not a causal transform because the 
imaginary part of G does not contain all the information needed to obtain the 
real part. An additive constant cannot be determined by the transformation. By 
subtracting an  additive constant, a modified function is obtained that is a causal 
transform. 

22.1.2 Application of Cauchy’s Theorem 

As shown in equation (22.10), the real part of the impedance tends toward a finite 
value as frequency tends toward infinity. The transfer function Z ( x )  - ZT,OO tends 
toward zero with increasing frequency. As Z( x )  is analytic, Cauchy’s integral the- 
orem, given in Appendix A as Theorem (A.2), can be written as 

f ( Z ( X >  - Z,,,) d x  = 0 (22.31) 

where x is an independent and continuous variable that represents the complex 
frequency. 

The first step in the analysis is to combine Z with some other function in such 
a way that the result vanishes as rapidly as 1 /w2  as w tends to infinity. In this 
way, the contribution of the large semicircular path to the contour integral (see, 
e.g., Figure 22.1) can be neglected. 

22.1.3 

In order to evaluate the real or imaginary part of impedance at a particular fre- 
quency, a pole is created at w, as shown in Figure 22.1. From considerations of 
symmetry, a complementary pole is created at -w. If Z,(w), the value assumed by 
Z, at x = w, is subtracted from Z, the resulting contour integral can be written as: 

Transformation from Real to Imaginary 

(22.32) 

Note that the constant used in equation (22.31), Z,,-, cancels in the integrand such 
that 

X d o O  X 
(22.33) 
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Figure 22.1: Domain of integration for application of Cauchy's integral formula. Poles are 
placed a t  frequencies fw on the real frequency axis. 

according to 1/x3 rather than l / x  (see Theorem (A.5)). Equation (22.32) is equal to 
zero because, following the condition of causality, the integrand is analytic in the 
domain considered and the path of integration (as shown in Figure 22.1) is a closed 
loop (see Theorem (A.2)). The contributions to equation (22.32) are given as 

(22.34) 

where, as shown in Figure 22.1, integration at 71 and 7 2  refers to semicircular paths 
centered at -W and +w, respectively, and integration at r refers to integration 
along the large semicircle of radius R. 

The concepts developed in Section A.3.2 can be used to evaluate the contribu- 
tions to equation (22.35). Under the assumption that Z ( x )  - Z ( W )  approaches a 
finite value as x + 00, 

(22.35) 
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where R is the radius of the semicircular path shown in Figure 22.1. Therefore, the 
non-zero contributions to the integral in equation (22.32) result from the path of 
integration along the real frequency axis and at the two small semicircular inden- 
tations. 

If the radii ~1 and ~2 of the semicircular paths 71 and 7 2  approach zero, the 
term 1/ ( x  + w )  dominates along path 71, and 1 / ( x  - w) is the dominant term 
along path 7 2 .  From an application of Cauchy’s Integral Formula, Theorem (A.3), 
to a half-circle, 

= -jrc ( z ( - w )  - Z r ( 0 ) )  (22.36) 
Z ( X )  - Zr(w)dx -/ x + w  

71 

and 

(22.37) 
72 

Since Zj(w)  and Zr(w) are odd and even functions of frequency, respectively, the 
value of Z ( x )  evaluated at w is 

lim Z ( X )  = Zr(w)  + j Z j ( w )  (22.38) 
X - W  

and the value at -w is given by 

Thus, equation (22.35) takes the form 

(22.39) 

(Zr(x)  + j Z j ( x ) )  - Zr(w) - (Zr (x )  +jzj(x)) - Z r ( w )  ) d x  (22.40) 
X - - 0  X + W  

-OJ 

= -2nZj(w) 

$00 

where f f ( x ) d x  represents the Cauchy principal value of the integral, defined in 

equation (A.26). 
-aJ 

Equation (22.35) can be expressed as 

-OJ 

The integral from --oo to +60 can be separated as 

(22.41) 

7I 

w 
= --Zj(W) 
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The odd and even properties of the imaginary and real components of Z ( x )  are 
again used to yield 

(22.43) 

Evaluation of the integral at x ---f w poses no particular problem because, by 
l'H6pital's rule, 

(22.44) Zr(x) - Zr(u)  - 1 d z r ( x )  - 1 a&(%) 
2x dx  2dln(x) 

- -- - -- lim 
X--*W x 2 - w 2  

A similar development can be used to obtain the real part of the impedance as a 
function of the imaginary part. 

22.1.4 

As shown in equation (22.10), the real part of the impedance tends toward a finite 
value as frequency tends toward infinity. To allow the integrand to tend toward 
zero with increasing frequency according to 1/w2, the integral is written in terms 
of 

Z* (X)  = Z ( X )  - Zrp (22.45) 

Thus, an equation corresponding to equation (22.32) can be written as 

Transformation from Imaginary to Real 

d x  = 0 (22.46) 1 xZ* ( x )  - jwZj (w)  xZ*(X)  - jwZj(w) 
X + W  

- 

where poles are created at fw, as shown in Figure 22.1. The contribution around 
the contour of radius R vanishes as R ---f 00. 

The integrals along the semicircular paths 71 and 7 2  yield 

xZ*(X)  - jwZj(w)dx 
= -jn ( ( - ~ ) Z * ( - W )  - jwZ j (w) )  (22.47) - J  x + w  

71 

and 
xZ*(X)  - jwZj(w)dx 

= jn ( ~ Z * ( W )  - jwZj(w))  s x - w  
(22.48) 

7 2  

respectively. 

the value of xZ* ( x )  at fw, i.e., 
The odd and even character of the imaginary and real parts are used to obtain 

lim x Z * ( X )  = WZr(w) - WZr,w + jwZj(w) (22.49) 
X+W 

and the value at --w is given by 

lim xZ* ( X )  = -wZr ( - w )  + WZrp - jwZj ( -w) 
X'-W 

(22.50) 
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Thus, equation (22.46) takes the form 

x Z * ( X )  - j W Z j ( W )  x Z * ( X )  - j w Z  w 
X + W  

- 1' ) ) d x  

Equation (22.51) can be expressed as 

(22.51) 

(22.52) 

The integral from --oo to +bo can be expressed as the sum of integrals from -m to 
0 and 0 to +ao. The odd and even properties of the imaginary and real components 
of Z ( x )  are again used to yield 

(22.53) 

Evaluation of the integral of equation (22.53) at x + w poses no particular problem 
because, by l'H6pital's rule, 

X Z j ( X )  - W Z j ( W )  1 x d Z j ( x )  1 d x Z j ( x )  
- _ -  (22.54) - -- 

2 d l n ( x )  
lim 
x-+w X2  - W2 2x dx 

Through equation (22.53), the imaginary part of the impedance can be used to 
obtain the real part of the impedance if the asymptotic value at high frequency is 
knOWTl. 

22.1.5 

Some different forms of the Kramers-Kronig relations are presented in Table 22.1. 
Equations (22.55) and (22.56), called the Plemeljformulas, are obtained directly from 
consideration of causality in a linear system. Equations (22.57) and (22.58) are 
mathematically equivalent to equations (22.59) and (22.60), respectively because 

Application of the Kramers-Kronig Relations 

(22.67) 

A series of equations have been developed to relate the phase angle to the modulus, 
represented by equations (22.61), (22.62), (22.63), and (22.64). Equations (22.65) 
and (22.66) were developed by Ehm et aLm in terms of the natural logarithm of 
the complex impedance. Some key relationships among the real and imaginary 
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Table 22.1: Compilation of various forms of the Kramers-Kronig relations. 

-W 

--a, 

W 

d x  
2 n  

(22.55) 

(22.56) 

(22.57) 

(22.58) 

(22.59) 

(22.60) 

(22.61) 

(22.62) 

(22.63) 

(22.64) 
-W 

a, 

1m{h(Z(X)Hdx (22.65) 
R e { h ( Z ( w ) ) }  = R e { l n ( Z ( O ) ) } + @ f  n 0 x ( x 2  - w2) 

(22.66) 
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Figure 22.2: The integrand of equation (22.59) as a function of  frequency for a single Voigt 
element (Ro = 10 R, R1 = 1000 R, C1 = F). Symbols represent synthetic impedance 
data collected a t  5 points per decade over a frequency range of O.l-lO,OOO Hz. The equations 
are evaluated a t  a frequency of 1 Hz. The box identifies the region of  the plot expanded as 
Figure 22.3. 

components of the natural logarithm of the complex impedance and phase angle 
are given as equations (1.113) and (1.114) in Table 1.7. 

The Kramers-Kronig relations are extremely general and have been applied to 
a wide variety of research areas. In the field of optics, for which the validity of the 
Kramers-Kronig is not in question, the relationship between real and imaginary 
components has been exploited to complete optical spectra. In other areas where 
data cannot be assumed to satisfy the requirements of the Kramers-Kronig rela- 
tions, the equations presented in Table 22.1 have been used to check whether real 
and imaginary components of complex variables are internally consistent. Failure 
of the Kramers-Kronig relations is assumed to correspond to a failure within the 
experiment to satisfy one or more of the constraints of linearity, stability, or causal- 
ity. 

There are inherent difficulties in the direct application of the Kramers-Kronig 
relations to experimental data. Some of these difficulties are evident in Figure 22.2 
where the integrand of equation (22.59) is given as a function of frequency for a 
single Voigt element. The major difficulty in applying this approach is that the 
measured frequency range may not be sufficient to allow integration over the fre- 
quency limits of zero to infinity. Therefore, discrepancies between experimental 
data and the impedance component predicted through application of the Kramers- 
Kronig relations could be attributed to use of a frequency domain that is too narrow 
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as well as to failure to satisfy the constraints of the Kramers-Kronig equations. 
A second issue is that the integral equations do not account explicitly for the 

stochastic character of experimental data. This requires solution of the Kramers- 
Kronig relations in an expectation sense, as discussed in the following section. 
The methods used to address the incomplete sampled frequency range will be de- 
scribed in a subsequent section. 

22.2 The Kramers-Kronig in an Expectation Sense 

The contribution of stochastic error E ( W )  to the observed value of the impedance 
at any given frequency o can be expressed as 

(22.68) 

where Z(w), Zr(w), and Zj(w) represent the error-free values of the impedance 
that conform exactly to the Kramers-Kronig relations. The measurement error E ( W )  

is a complex stochastic variable such that 

E ( W )  = Er(W) + i E j ( W )  (22.69) 

At any frequency w the expectation of the observed impedance E ( z&(w) ) ,  de- 
fined in equation (3.1), is equal to the value consistent with the Kramers-Kronig 
relations, i.e., 

E {zob(w)} = z ( w )  (22.70) 

if and only if both 
E {er(w)} = 0 (22.71) 

and 
E { E j ( W ) }  = 0 (22.72) 

Equations (22.71) and (22.72) are satisfied for errors that are stochastic and do not 
include the effects of bias. 

zob(w) = z ( w )  +E(m) = ( zr (w)  + & r ( W ) )  + i ( z j ( w )  + E j ( W ) )  

22.2.1 Transformation from Real to  Imaginary 

Equation (22.43) can be applied to obtain the imaginary part from the real part of 
the impedance spectrum only in an expectation sense, i.e., 

IR)Remember! 22.2 Impedance data that do not satisfy the Kramers-Kronig rela- 
tions must violate at least one of the required conditions of stability, linearity, and causal- 
ity. Satisfaction of the Kramers-Kronig relations is a necessary but not suficient condition 
for meeting conditions of stability, linearity, and causality. 
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For a given evaluation of equation (22.73), 

0 J 

where Z y  (w ) represents the value of the imaginary part of the impedance obtained 
by evaluation of the Kramers-Kronig integral equation and E ~ ( w )  represents the 
error in the evaluation of the Kramers-Kronig relations caused by the second inte- 
gral on the right-hand side. 

It is evident from equation (22.74) that, for the expected value of the observed 
imaginary component to approach its true value in the Kramers-Kronig sense, it is 

necessary that E E . (w)  = 0. Thus, the requirements are that equation (22.71) be 
satisfied and that 

{ Y  1 
(22.75) 

Requirements (22.71) and (22.75) place well-defined constraints on the evaluation 
of the Kramers-Kronig integral equations. 

For the first condition to be met, it is necessary that the process be stationary in 
the sense of replication at every measurement frequency. 

The second condition can be satisfied in two ways. In the hypothetical case 
where all frequencies can be sampled, the expectation can be carried to the inside 
of the integral, and equation (22.75) results directly from equation (22.71). 

In the more practical case where the impedance is sampled at a finite number 
of frequencies, E r ( X )  represents the error between an interpolated function and the 
"true" impedance value at frequency x .  This error is seen in Figure 22.3, where 
a region of Figure 22.2 was expanded to demonstrate the discrepancy between a 
straight-line interpolation between data points and the model that conforms to the 
interpolation of the data. This error is composed of contributions from the quadra- 
ture and/or interpolation errors and from the stochastic noise at the measurement 
frequency w. Effectively, equation (22.75) represents a constraint on the integration 
procedure. In the limit that quadrature and interpolation errors are negligible, the 
residual errors Er ( x )  should be of the same magnitude as the stochastic noise Er (w).  

22.2.2 Transformation from Imaginary to Real 

The Kramers-Kronig relations for obtaining the real part from the imaginary part of 
the spectrum can be expressed as equation (22.53), which, in terms of expectations, 
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Figure 22.3: A region of Figure 22.2 is expanded to demonstrate the discrepancy between a 
straight-line interpolation between data points and the model that conforms t o  the interpolation 
of the data. System parameters are as given in Figure 22.2. 

becomes 

For a given evaluation of equation (22.76), 

(22.77) 

Following the discussion of equation (22.74), the necessary conditions for appli- 
cation of the Kramers-Kronig relations are that equation (22.72) be satisfied and 
that 

(22.78) 

Under the assumption that the impedance is sampled at a finite number of frequen- 
cies, E j ( X )  represents the error between an interpolated function and the "true" 
impedance value at frequency x .  This term is composed of contributions from 
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the quadrature and/or interpolation errors and from the stochastic noise at the 
measurement frequency w. As does equation (22.75), equation (22.78) provides a 
well-defined constraint on the integration procedure. 

22.3 Methods for Application 

In principle, the Kramers-Kronig relations can be used to determine whether the 
impedance spectrum of a given system has been influenced by bias errors caused, 
for example, by instrumental artifacts or time-dependent phenomena. Although 
this information is critical to the analysis of impedance data, the Kramers-Kronig 
relations have not found widespread use in the analysis and interpretation of elec- 
trochemical impedance spectroscopy data due to difficulties with their application. 
The integral relations require data for frequencies ranging from zero to infinity, but 
the experimental frequency range is necessarily constrained by instrumental limi- 
tations or by noise attributable to the instability of the electrode. 

The Kramers-Kronig relations have been applied to electrochemical systems 
by direct integration of the equations, by experimental observation of stability and 
linearity, by regression of specific electrical circuit models, and by regression of 
generalized measurement models. 

22.3.1 Direct Integration of the Kramers-Kronig Relations 

Direct integration of the Kramers-Kronig relations involves calculating one compo- 
nent of the impedance from the other, e.g., the real component of impedance from 
the measured imaginary component. The result is compared to the experimental 
values obtained. The integral equations, for example, equation (22.60), require in- 
tegration from 0 to m. One difficulty in applying this approach, as shown in Figure 
22.2, is that the measured frequency range may not be sufficient to allow integra- 
tion over the frequency limits of zero to infinity. Therefore, discrepancies between 
experimental data and the impedance component predicted through application of 
the Kramers-Kronig relations could be attributed to the use of a frequency domain 
that is too narrow, as well as to the failure to satisfy the constraints of the Kramers- 
Kronig equations. An interpolation function is required to allow extrapolation of 
the integrand into the experimentally inaccessible frequency regime. 

A second issue is that the interpolation function must satisfy equations (22.75) 
or (22.78). It is clear that a suboptimal interpolation, such as the straight-line inter- 
polation shown in Figure 22.3, will bias the estimate of the impedance through the 
Kramers-Kronig relations. 

Two approaches for interpolation function have been used. In one, polynomi- 
als, e.g., in powers of wn, are fit to impedance data. Usually, a piecewise regression 
is required. While piecewise polynomials are excellent for smoothing, the best 
example being splines, they are not very reliable for extrapolation and result in a 
relatively large number of parameters. A second approach is to use interpolation 
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formulas based on the expected asymptotic behavior of a typical electrochemical 
system. 

22.3.2 Experimental Assessment of Consistency 

Experimental methods can be applied to check whether impedance data conform 
to the Kramers-Kronig assumptions. A check for linear response can be made 
by observing whether spectra obtained with different magnitudes of the forcing 
function are replicates or by measuring higher-order harmonics of the impedance 
response (see Section 8.2.2). Stationary behavior can be also be identified exper- 
imentally by replication of the impedance spectrum. Spectra are replicates if the 
spectra agree to within the expected frequency-dependent measurement error. If 
the experimental frequency range is sufficient, the extrapolation of the impedance 
spectrum to zero frequency can be compared to the corresponding values obtained 
from separate steady-state experiments. The experimental approach to evaluat- 
ing consistency with the Kramers-Kronig relations shares constraints with direct 
integration of the Kramers-Kronig equations. Because extrapolation is required, 
the comparison of the dc limit of impedance spectra to steady-state measurement 
is possible only for systems for which a reasonably complete spectrum can be 
obtained. Experimental approaches for verifying consistency with the Kramers- 
Kronig relations by replication are further limited in that, without an a priori es- 
timate for the confidence limits of the experimental data, the comparison is more 
qualitative than quantitative. A method is therefore needed to evaluate the error 
structure, or frequencydependent confidence interval, for the data that would be 
obtained in the absence of nonstationary behavior. Such methods are described in 
Chapter 21. 

22.3.3 Regression of Process Models 

Electrical circuits consisting of passive and distributed elements can be shown to 
satisfy the Kramers-Kronig relations. Therefore, successful regression of an elec- 
trical circuit analogue to experimental data implies that the data must also satisfy 
the Kramers-Kronig relations. This approach has the advantage that integration 
over an infinite frequency domain is not required; therefore a portion of an incom- 
plete spectrum can be identified as being consistent without use of extrapolation 
algorithms. 

Perhaps the major problem with the use of electrical circuit models to deter- 
mine consistency is that interpretation of a poor fit is ambiguous. A poor fit could 

IR)Remember! 22.3 An insufti’cient experimental frequency range makes direct in- 
tegration of the Kramers-Kronig relations problematic. Regression-based approaches, such 
as use of a measurement moa21, are preferrea. 
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be attributed to inconsistency of the data with the Kramers-Kronig relations or to 
use of an inadequate model or to regression to a local rather than global minimum 
(perhaps caused by a poor initial guess). A second unresolved issue deals with the 
regression itself, i.e., selection of the weighting to be used for the regression, and 
identification of a criterion for a good fit. A good fit could be defined by residual 
errors that are of the same size as the noise in the measurement, but, in the absence 
of a means of determining the error structure of the measurement, such a criterion 
is speculative at best. 

22.3.4 Regression of Measurement Models 

The concept of the measurement model as a tool for assessment of the error struc- 
ture was applied to impedance spectroscopy initially by Agarwal et al.56r86~262 The 
measurement model is described in greater detail in Chapter 21. 

From the perspective of the approach proposed here, the use of measurement 
models to identify consistency with the Kramers-Kronig relations is equivalent to 
the use of Kramers-Kronig transformable circuit analogues, discussed in Section 
22.3.3. An important advantage of the measurement model approach is that it 
identifies a small set of model structures that are capable of representing a large 
variety of observed behaviors or responses. The problem of model discrimina- 
tion is therefore significantly reduced. The inability to fit an impedance spectrum 
by a measurement model can be attributed to the failure of the data to conform 
to the assumptions of the Kramers-Kronig relations rather than the failure of the 
model. The measurement model approach, however, does not eliminate the prob- 
lem of model multiplicity or model equivalence over a given frequency range. The 
reduced set of model structures identified by the measurement model makes it fea- 
sible to conduct studies aimed at identification of the error structure, the propaga- 
tion of error through the model and through the Kramers-Kronig transformation, 
and issues concerning parameter sensitivity and correlation. 

The use of measurement models is superior to the use of polynomial fitting 
because fewer parameters are needed to model complex behavior and because 
the measurement model satisfies the Kramers-Kronig relations implicitly. Exper- 
imental data can, therefore, be checked for consistency with the Kramers-Kronig 
relations without actually integrating the equations over frequency, avoiding the 
concomitant quadrature errors. The use of measurement models does require an 
implicit extrapolation of the experimental data set, but the implications of the ex- 
trapolation procedure are quite different from extrapolations reported in Section 
22.3.1. The extrapolation done with measurement models is based on a common 
set of parameters for the real and imaginary parts and on a model structure that 
has been shown to adequately represent the observations. The confidence in the 
extrapolation using measurement models is, therefore, higher. 

The use of measurement models is superior to the use of more specific elec- 
trical circuit analogues because one can determine whether the residual errors are 
due to an inadequate model, to failure of data to conform to the Kramers-Kronig 
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assumptions, or to experimental noise. 

Problems 

22.1 Use a circuit with Re = 10 ncm2, & = 100 ncm2, and cd l  = 20 pF/cm2 
to verify the equations given in Table 22.1. This problem requires use of a 
spreadsheet program such as Microsoft Excel@ or a computational program- 
ming environment such as Matlab@. 
(a) Equation (22.55) 
(b) Equation (22.56) 
(c) Equation (22.57) 
(d) Equation (22.58) 
(el Equation (22.59) 
(f) Equation (22.60) 
(g) Equation (22.61) 
(h) Equation (22.62) 
(i) Equation (22.63) 
(j) Equation (22.64) 
(k) Equation (22.65) 
(1) Equation (22.66) 

22.2 Verify that the impedance response that includes a CPE, following equation 
(13.2), satisfies the Kramers-Kronig relations. 

22.3 Using the results of Problem 8.6, explore whether the Kramers-Kronig rela- 
tions can be used to detect a nonlinearity in the impedance response. Discuss 
the implication of your result on experimental design. 

22.4 Why are the assumptions of linearity, causality, and stability necessary for 
the derivation of the Kramers-Kronig relations? 

22.5 What is a causal transform? Why is the impedance Z not a causal transform? 

22.6 It is sometimes said that a finite impedance is needed in order for application 
of the Kramers-Kronig relations to an electrochemical system. Yet, blocking 
electrodes do not have a finite impedance. Do the Kramers-Kronig relations 
apply for blocking electrodes? If so, how can they be applied? 
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Chapter 23 

An I n tegrated Approach to 
Impedance Spectroscopy 

The foundation of this textbook is a philosophy that integrates experimental ob- 
servation, model development, and error analysis. This approach is differentiated 
from the usual sequential model development for given impedance spectra3g4 by 
its emphasis on obtaining additional supporting observations to guide model se- 
lection, use of error analysis to guide regression strategies and experimental de- 
sign, and use of models to guide selection of new experiments. 

23.1 Flowcharts for Regression Analysis 

While impedance spectroscopy can be a sensitive tool for analysis of electrochem- 
ical and electronic systems, an unambiguous interpretation of spectra cannot be 
obtained by examination of raw data. Instead, interpretation of spectra requires 
development of a model that accounts for the impedance response in terms of the 
desired physical properties. Model development should take into account both 
the impedance measurement and the physical and chemical characteristics of the 
system under study. 

It is useful to envision a flow diagram for the measurement and interpreta- 
tion of experimental measurements such as impedance spectroscopy. Barsoukov 
and Macdonald proposed such a flow diagram for a general characterization pro- 
cedure consisting of two blocks comprising the impedance measurement, three 
blocks comprising a physical (or process) model, one block for an equivalent elec- 
trical circuit, and blocks labeled curve fitting and system ~haracterization.~*~ They 
suggested that impedance data may be analyzed for a given system by using ei- 
ther an exact mathematical model based on a plausible physical theory or a com- 
paratively empirical equivalent circuit. The parameters for either model can be 
estimated by complex nonlinear least-squares regression. The authors observed 
that ideal electrical circuit elements represent ideal lumped constant properties, 
whereas the physical properties of electrolytic cells are often distributed. The dis- 

Electrochemical Impedance Spectroscopy 
by Mark E. Orazem and Bernard Tribollet 

Copyright 02008 John Wiley& Sons, Inc. 
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tribution of cell properties motivates use of distributed impedance elements such 
as constant-phase elements (CPE). An additional problem with equivalent circuit 
analysis, which the authors suggest is not shared by the direct comparison to the 
theoretical model, is that circuit models are ambiguous and different models may 
provide equivalent fits to a given spectrum. The authors suggest that identification 
of the appropriate equivalent circuit can be achieved only by employing physical 
intuition and by carrying out several sets of measurements with different condi- 
tions. 

A similar flow diagram was presented by Huang et aLZs5 for solid-oxide fuel 
cells (SOFCs). The diagram accounts for the actions of measuring impedance data, 
modeling, fitting the model, interpreting the results, and optimizing the fuel cell 
for power generation. The authors emphasize that the interpreting action depends 
more on the electrochemical expertise of the researchers than on a direct mapping 
from model parameters to SOFC properties. 

While helpful, the flow diagrams proposed by Barsoukov and Macdonald4 and 
Huang et al.285 are incomplete because they do not account for the role of inde- 
pendent assessment of experimental error structure and because they do not em- 
phasize the critical role of supporting experimental measurements. Orazem et al. 
proposed a flow diagram consisting of three elements: experiment, measurement 
model, and process The measurement model was intended to assess the 
stochastic and bias error structure of the data; thus, their diagram accounts for the 
independent assessment of experimental error structure. Their diagram does not, 
however, account for supporting nonimpedance measurements, and the use of re- 
gression analysis, while implied, is not shown explicitly. The object of this chapter 
is to formulate a comprehensive approach that can be applied to measurement and 
interpretation of impedance spectra. 

23.2 Integration of Measurements, Error Analysis, and Model 

A refined philosophical approach toward the use of impedance spectroscopy is 
outlined in Figure 23.1, where the triangle evokes the concept of an operational 
amplifier for which the potential of input channels must be equal. Sequential steps 
are taken until the model provides a statistically adequate representation of the 
data to within the independently obtained stochastic error structure. The different 
aspects that comprise the philosophy are presented in this section. 

Remember! 23.1 The philosophical approach of this textbook integrates experi- 
mental observation, model development, and error analysis. 
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I =  Observations 

E2  EIS Experiment 

I 1 1  I .- I 

' I  

1 Error Analysis 

Figure 23.1: Schematic flowchart showing the relationship between impedance measurements, 
error analysis, supporting observations, model development, and weighted regression analysis. 
(Taken from Orazern and T r i b ~ l l e t ' ~ ~  and reproduced with permission of Elsevier, Inc.) 

23.2.1 impedance Measurements Integrated with Error Analysis 

All impedance measurements should begin with measurement of a steady-state 
polarization curve. The steady-state polarization curve is used to guide selection 
of an appropriate perturbation amplitude and can provide initial hypotheses for 
model development. The impedance measurements can then be made at selected 
points on the polarization curve to explore the potential dependence of reaction 
rate constants. Impedance measurements can also be performed at different values 
of state variables such as temperature, rotation speed, and reactant concentration. 
Impedance scans measured at different points of time can be used to explore tem- 
poral changes in system parameters. Some examples include growth of oxide or 
corrosion-product films, poisoning of catalytic surfaces, and changes in reactant or 
product concentration. 

The impedance measurements should also be conducted in concert with er- 
ror analysis with emphasis on both stochastic and systematic bias errors. The 
bias errors can be defined to be those that result in data that are inconsistent with 
the Kramers-Kronig relations. An empirical error analysis can be undertaken us- 
ing the measurement model approach suggested by Aganval et al.56~86~262~287 It 
should be noted, however, that this approach is not definitive, because Kramers- 
Kronig-consistent artifacts can be caused by electrical leads and the electronics. 
Use of dummy cells can help identify artifacts that are consistent with the Kramers- 
Kronig relations. As an alternative approach for identification of the stochastic part 
of the error structure, Dygas and Breiter have shown that impedance instrumenta- 
tion could, in principle, provide standard deviations for the impedance measure- 
ments at each frequency.288 

The feedback loop shown in Figure 23.1 between €IS experiment and error anal- 
ysis indicates that the error structure is obtained from the measured data and that 
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knowledge of the error structure can guide improvements to the experimental de- 
sign. The magnitude of perturbation, for example, should be selected to minimize 
stochastic errors while avoiding inducing a nonlinear response. The frequency 
range should be selected to sample the system time constants, while avoiding bias 
errors associated with nonstationary phenomena. In short, the experimental pa- 
rameters should be selected so as to minimize the stochastic error structure while, 
at the same time, allowing for the maximum frequency range that is free of bias 
errors. 

23.2.2 Process Models Developed Using Other Observations 

The model identified in Figure 23.1 represents a process model intended to account 
for the hypothesized physical and chemical character of the system under study. 
From the perspective embodied in Figure 23.1, the objective of the model is not 
to provide a good fit with the smallest number of parameters. The objective is 
rather to use the model to gain a physical understanding of the system. The model 
should be able to account for, or at least be consistent with, all experimental ob- 
servations. The supporting measurements therefore provide a means for model 
identification. The feedback loop shown in Figure 23.1 between model and 0 t h  ob- 
servations is intended to illustrate that the supporting measurements guide model 
development and the proposed model can suggest experiments needed to validate 
model hypotheses. The supporting experiments can include both electrochemical 
and nonelectrochemical measurements. 

Numerous scanning electrochemical methods such as scanning reference elec- 
trodes, scanning tunneling microscopy, and scanning electrochemical microscopy 
can be used to explore surface heterogeneity. Scanning vibrating electrodes and 
probes can be used to measure local current distributions. Local electrochemical 
impedance spectroscopy provides a means of exploring the distribution of surface 
reactivity. Measurements can be performed across the electrode at a single fre- 
quency to create an image of the electrode or, alternatively, performed at a given 
location to create a complete spectrum. Other experiments may include in-situ and 
ex-situ surface analysis, chemical analysis of electrolytes, and both in-situ and ex- 
situ visualization and/or microscopy. Transfer-function methods such as electro- 
hydrodynamic (EHD) impedance spectroscopy allow isolation of the phenomena 
that influence the electrochemical impedance response.52 

Remember! 23.2 Impedance spectroscopy is not a standalone technique. Other 
observations are required to validate a given interpretation of the impedance spectra. 
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23.2.3 Regression Analysis in Context of Error Structure 

The goal of the operation represented by the triangle in Figure 23.1 is to develop 
a model that provides a good representation of the impedance measurements to 
within the noise level of the measurement. The error structure for the measure- 
ment clearly plays a critical role in the regression analysis. The weighting strategy 
for the complex nonlinear least-squares regression should be based on the vari- 
ance of the stochastic errors in the data, and the frequency range used for the re- 
gression should be that which has been determined to be free of bias errors. In 
addition, knowledge of the variance of the stochastic measurement errors is essen- 
tial to quantify the quality of the regression. 

Sequential steps are taken until the model provides a statistically adequate rep- 
resentation of the data to within the independently obtained stochastic error struc- 
ture. The comparison between model and experiment can motivate modifications 
to the model or to the experimental parameters. 

23.3 Application 

Two systems are described in the following examples that illustrate the approach 
outlined in Figure 23.1. 

&b Example 23.1 Model Identification: 7 b o  models have been proposed for data 
collected fm an n-GaAs Schottky diode at diferent temperatures. One model uses a CPE 
that accountsfor implicit distributed relaxation processes.lg7 This model fits the data very 
well with a minimal number of parameters. A second model accounts for discrete energy 
levels and provides a f i t  of equivalent regression quality at each t e m p e r a t ~ r e . ~ ’ ~ * ~ ~  Which 
model provides the betterfitfir the measurements? 

Solution: Orazem et aL2@ and Jansen et ~ 1 . l ~ ~  described the impedance response for an 
n-type GaAs Schottky diode with temperature as a parameter. The system consisted of an n- 
GaAs single c ystal  with a Ti Schottky contact at one end and a Au,  Ge, N i  Schottky contact 
at the eutectic composition at the other end. This material has been well characterized in 
the literature and, in particular, has a well-known EL2 deep-level state that lies 0.83 to 
0.85 eV below the conduction band edge.156 Experimental details are provided by Jansen et 
.a1.172 

The experimental data are presented in Figures 18.4(a) and (b)for the real and imag- 
inay parts of the impedance, respectively, fm temperatures ranging from 320 to 400 K. 

m)lememberl23.3 The object of modeling is not to provide a good fit with the 
smallest number of parameters. The object is rather to use the model to learn about the 
physics and chemisty of the system under study. 
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The logarithmic scale used in Figure 18.4 emphasizes the scatter seen in the imaginary 
impedance at lowfrequencies. The impedance response is seen to be a strongfunction of 
temperature. The impedance-plane plots shown in Figure 18.5, f i r  data collected at 320 
and 340 K, show the classic semicircle associated with a single relaxation process. 

Jansen and Orazem showed that the impedance data could be superposed as given in 
Figure 18.6.172 The impedance data collected at d i f i e n t  temperatures were normalized by 
the maximum mean value of the real part of the impedance and plotted against a normalized 
frequency dgcined by equation (18.7) where E = 0.827 eV, and the characteristicfrequency 
f” was assigned a value of 2.964 x 1014 Hz such that the imaginary part of the normalized 
impedance values reached a peak value near f * = 1. The data collected at diferent temper- 
atures are reduced to a single line. The extent to which the data are superposed is seen more 
clearly on the logarithmic scale shown in Figure 18.7. The superpositions shown in Figures 
18.6 and 18.7 suggest that the system is controlled by a single-activation-energy-controlled 
process. 

A closer examination of Figure 18.6(b) reveals that the maximum magnitude of the 
scaled imagina y impedance is slightly less than 0.5, whereas the corresponding value for a 
single-activation-energy-controlled process should be identically 0.5. Regression analysis 
using the traditional weighting strategies under which the standard deviation of the ex- 
perimental values was assumed to be proportional to the modulus of the impedance, a, = 
uj = aIZI, to the magnitude of the respective components of the impedance, a, = a, IZ, 1 
and Uj = ajlZjl, or independent offrequency, a, = Uj = a, yielded one dominant RC time 
constant with only a hint that other parameters could be extracted. Jansen et al.172~240 used 
the measurement model approach described by Agarwal et al.56186*2621287 to identijij the sto- 
ichastic error structure for the impedance data. When the data were regressed using this 
error structure for a weighting strategy, additional parameters could be resolved, revealing 
additional activation energies. Thus, while the data do superpose nicely in Figures 18.6 
and 18.7, the impedance data do in fact contain information on minor activation-energy- 
controlled electronic  transition^.^^^.^^ The information concerning these transitions could 
be extracted by regression of an appropriate process model using a weighting strategy based 
on the error structure ofthe measurement. 

Two models have been proposed for the data presented above. Macdonald proposed a 
distributed-time-constant model that accounts for distributed relaxation processes.lg7 This 
model fits the data very well and has the advantage that it requires a minimal number of 
parameters. A second model, presented in Figure 23.2, accounts for discrete energy levels 
and provides a fit o f  equivalent regression quality at each t e m p e r a t ~ r e . ~ ~ ~ * ~ ~  In Figure 
23.2, Cn is the space-charge capacitance, Rn is a resistance that accounts for a small but 
finite leakage current, and the parameters R1. . . Rk and C1. . . ck are attributed to the 
response of discrete deep-level energy states. Parameters corresponding to deep-level states 
were added sequentially to the model, subject to the constraint that the 2u (95.4 percent) 
confidence interval for each of the regressed parameters may not include zero. Including 
the space-charge capacitance and leakage resistance, four resistor-capacitor pairs could be 
obtained from the impedance data collected at 300,320, and 340 K; three resistor-capacitor 
pairs could be obtainedfrom the data collected at 360, 380, and 400 K; and two resistor- 
capacitor pairs could be obtained from the data collected at 420 K.’” This model has the 
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states 

Figure 23.2: Electrical circuit corresponding t o  the model presented by Jansen et in 
which C, is the spacecharge capacitance, R, is a resistance that accounts for a small but finite 
leakage current, and the parameters R1.. . Rk and C1.. . ck are attributed t o  the response of 
discrete deep-level energy states. (Taken from Orazem and T r i b ~ l l e t ~ ~ l  and reproduced with 
permission of Elsevier, Inc.) 

disadvantage that up to eight parameters are required, depending on the temperature, as 
compared to the three parameters required for the distributed-time-constant model. The 
question to be posed, then, is “which is the better model for the measurements?” 

I f  the goal of the regression is to provide the most parsimonious model for the data, 
the model with the smallest number of parameters and a continuous distribution of acti- 
vation energies is the best model. I f  the goal of the regression is to provide a quantitative 
physical description of the system for which the data were obtained, additional measure- 
ments are needed to determine whether the activation energies are discrete or continuously 
distributed. In this case, deep-level transient spectroscopy (DLTS) measurements in- 
dicated that the n-GaAs diode contained discrete deep-level states. In addition, the energy 
levels and state concentrations obtained by regression of the second model were consistent 
with the results obtained by DLTS.172 Thus, the second model with a larger number of pa- 
rameters provides the more us@l description of the GaAs diode. The choice between the 
two models could not be made without the added experimental evidence. 

Example 23.1 demonstrates the importance of coupling experimental observa- 
tion, model development, and error analysis. The measurements conducted at dif- 
ferent temperatures allowed identification of discrete activation energies for elec- 
tronic transitions. Use of a weighting strategy based on the observed stochastic 
error structure increased the number of parameters that could be obtained from 
the regression analysis. Thus, four discrete activation-energy-controlled processes 
could be identified, but at the expense of a corresponding model that required eight 
parameters. A regression of almost the same quality could be obtained under the 
assumption of a continuous distribution of activation energies, and this model re- 
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Figure 23.3: Electrochemical impedance results obtained for a singlecell P E M  fuel cell with 
current density as a parameter. (Taken from Roy et and reproduced with permission of 
The Electrochemical Society.) 

quired only three parameters. Discrimination between the two models requires 
additional experimental observations, such as the DLTS identification of electronic 
transitions involving discrete deep-level states. 

&&P Example 23.2 Models to Propose Experiments: Impedance data obtained for 
PEMfuel cells ofen reveal low-frequency inductive loops that have been attributed to par- 
asitic reactions in which the Pt catalyst reacts to form PtO and subsequently forms Pt+ 
ions.289 Suggest experiments that could be used to support or reject this model. 

Solution: Low-frequency inductive f e a t ~ r e s ~ ~ ~ ~ ~ ~  are commonly seen in impedance spec- 
tra for PEMfuel cells. Mawlaria et ~ 1 . ~ ”  suggested that side reactions and intermediates 
involved in the fuel cell operation can be possible causes of the inductive loop seen at low 
frequency. However, such low-frequency inductive loops could also be attributed to non- 
stationary behavior, or, due to the time required to make measurements at lowfrequencies, 
nonstatwnary behavior could influence the shapes of the low-frequency features. 

A typical result is presented in Figure 23.3 for the impedance response of a single 
5 cm2 PEMFC with hydrogen and air as reactants.293 The measurements were conducted 
in galavanostatic mode for afrequency range of 1 ldiz to 1 mHz with a 10 mA peak-to-peak 
sinusoidal perturbation. Roy and O r a ~ e m ~ ~ ~  used the measurement model approach devel- 
oped by Aganoal et al.56186t262f1287 to demonstrate that, for thefuel cell under steady-state 
operation, the low-frequency inductive loops seen in Figure 23.3 were consistent with the 
Kramers-Kronig relations. Therefore, the low-frequency inductive loops could be attributed 
to process characteristics and not to nonstationary artifacts. 

Roy et al.293 proposed that the low-frequency inductive loops observed in PEMfuel 
cells could be caused by parasitic reactions in which the Pt catalyst reacts to form PtO 
and subsequently forms Pt+ ions. They also showed that a reaction involving formation of 
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Figure 23.4: Comparison of the impedance response for a PEM fuel cell operated at 0.2 
A/cm2 to model predictions generated using a reaction sequence involving formation of  hydrogen 
peroxide and a reaction sequence involving formation of  PO. (Taken from Roy et al.293 and 
reproduced with permission of The Electrochemical Society.) 

hydrogen peroxide could yield the same inductive features. A comparison between the two 
models and the expmhmtal results is shown in Figure 23.4, and the corresponding values 
for the real and imaginary parts of the impedance are presented as afunction offrequency 
in Figures 23.5(a) and (b), respectively. The model calculations were not obtained by re- 
gression but rather by simulation using approximate parameter values. Regression was 
not used because the model was based on the assumption of a uniform membrane-electrode 
assembly (MEA), whereas the use of a serpentineflow channel caused the reactivity of the 
MEA to be very nonuniform. The parameters werefirst selected to reproduce the current- 
potential curve and then the same parameters were used to calculate the impedance response 
for each value of current density. The potential (or current) dependence of model parame- 
ters was that associated with the Tafel behavior assumed for the electrochemical reactions. 

While reaction parameters were not identified by regression to impedance data, the 
simulation presented by Roy et al.293 demonstrates that side reactions proposed in the 
literature can account for low-frequency inductive loops. Indeed, the results presented in 
Figures 23.4 and 23.5 show that both models can account for low-frequency inductive loops. 
Other models can also account for low-frequency inductive loops so long as they involve 
potential-dependent adsorbed intermediates.215 I t  is generally understood that equivalent 
circuit models are not unique and have therejbre an ambiguous relationship to physical 
properties of the electrochemical cell. As shown by Roy et al.,293 even models based on 
physical and chemical processes are ambiguous. In the present case, the ambiguity arises 
from uncertainty as to which reactions are responsible for the low-frequency inductive fea- 
tures. 

Resolution of this ambiguity requires additional experiments. The processes and re- 
actions hypothesized for a given model can suggest experiments to support or reject the 
underlying hypothesis. For example, the proposed formation of PtO is consistent with a 
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Figure 23.5: Comparison of the impedance response for a PEM fuel cell operated at 0.2 
A/cm* to model predictions generated using a reaction sequence involving formation of hydrogen 
peroxide and a reaction sequence involving formation of PtO: a) Real part of impedance; and 
b) imaginary part of impedance. (Taken from Roy et and reproduced with permission of 
The Electrochemical Society.) 

decrease in the active catalytic suface area and u loss of Pt ions in the f l u e n t .  Cyclic 
voltammetry after diferent periods of fuel cell operation could be used to explore reduc- 
tion in electrochica2ly active urea. Inductively coupled plasma mass spectroscopy 
(ICPMS) could be used to detect residual Pt ions in thefuel cell fluent, and ex-situ tech- 
niques could detect formation of PtO in the catalyst layer. A different set of experiments 
could be petformed to explore the hypothesis that peroxide fomzation is responsiblefor the 
inductive loops. Platinum dissolution has been observed in PEMfuel and perox- 
idefirmation has been implicated in the degradation of PEM ~ n e m b r a n e s . ~ ~ ~ ~ ~ ~  Thus, it is 
likely that both reactions are taking place and contributing to the observed low-frequency 
inductive loops. 

Example 23.2 demonstrates the utility of the error analysis for determining con- 
sistency with the Kramers-Kronig relations. In this case, the low-frequency in- 
ductive loops were found to be consistent with the Kramers-Kronig relations at 
frequencies as low as 0.001 Hz so long as the system had reached a steady-state 
operation. The mathematical models that were proposed to account for the low- 
frequency features were based on plausible physical and chemical hypotheses. 
Nevertheless, the models are ambiguous and require additional measurements 
and observations to identify the most appropriate for the system under study. 

The philosophy described here and embodied in Figure 23.1 cannot always be 
followed to convergence. Often the hypothesized model is inadequate and can- 
not reproduce the experimental results. Even if the proposed reaction sequence 
is correct, surface heterogeneities may introduce complications that are difficult to 
model. The accessible frequency range may be limited at high frequency for sys- 
tems with a very small impedance. The accessible frequency range may be limited 
at low frequency for systems subject to significant nonstationary behavior. The ex- 
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perimentalist may need to accept a large level of stochastic noise for a system with 
a large impedance. In cases where the models are unable to explain all features of 
the experiment, the graphical methods presented in Chapter 17 can nevertheless 
yield quantitative information. 

Problems 

23.1 

23.2 

23.3 

23.4 

Suggest supporting experiments that could be used to support or reject the 
model described in: 
(a) Example 10.1 
(b) Example 10.2 
(c) Problem 10.3 
(d) Problem 10.4 
(e) Problem 10.5 
(f) Example 23.1 

Several prominent leaders in impedance research have proposed creating a 
catalog of impedance spectra with unique interpretations associated with dif- 
ferent shapes of the impedance diagrams. Discuss the potential and limita- 
tions of such a catalog. 

Explain the role of error analysis in: 
(a) Experimental design 
(b) Regression analysis 
(c) Model identification 

Why is impedance spectroscopy not a standalone technique? Can other elec- 
trochemical techniques such as cyclic voltammetry be considered standalone 
techniques? Explain your answers. 
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Appendix A 

Complex Integrals 

Chapter 1 provides a framework for the analysis of complex variables. This sec- 
tion provides a summary of important definitions before describing complex in- 
tegration in greater detail. This work provides support for the discussion of the 
Kramers-Kronig relations in Chapter 22. For more detailed analysis, the reader is 
directed to t e x t b ~ o k s . ~ ~ - ’ ~ ~ ~  

A . l  Definition of Terms 

Definition A.1 (Limit) The limit ofafunction f (z)  at z + 20, 

lim f(2) = e 
z+zo 

means that, given an E > 0, there exists a 6 such that If(z) - el < E when 0 < Iz - 201 < 
6. 

Note that z may approach zo from any direction in the complex plane, and the 
value of the limit 1 is independent of the direction of approach. 

Definition A.2 (Continuous Function) Afunction f (z)  is continuous at zo if 

Afunctwn f ( 2 )  is continuous if it is continuous at m q  point of its domain. 

Definition A.3 (Derivative of a Function) The derivative ofafunction f(z) at zo is 

I f f ( z )  has a derivative at 20, f (z )  is differentiable at 20. 
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Figure A. l :  Representation of the &neighborhood of the point zo within set S. 

Definition A.4 (Neighborhood of a Point) The set of all points z that satisfy the in- 
equality 

is called the &neighborhood of the point 20. 

I Z - Z o (  < 6 04.4) 

A &neighborhood of the point zo is illustrated in Figure A.l.  

Definition A.5 (Set) A point zo is an interior point of a set S if there exists some neigh- 
borhood of zo that contains only points of s. A point zo is an exterior point of the set S if 
there exists some neighborhood of zo that contains only points that are not in set S .  Ifzo is 
neither an exterior nor an interior point of S ,  it must be a boundary point of S. 

Definition A.6 (Open and Closed Sets) An open set contains only interior points. I f  
a set contains its boundary points, it is a closed set. 

Definition A.7 (Curve) A curve C is described by afunction 

z = z r ( t )  + j z j ( t )  (A.5) 

where z r ( t )  and q ( t )  are continuous functions of parameter t dejined for a 5 t 5 b. I f  
z ( a )  = z(b) ,  cume C is closed. Ifcurve C does not cross itse2f, curve C is simple. 

Definition A.8 (Connected Sets) An open set is connected if m q  pair of points z 
and w can be joined by a polygonal line that exists entirely within S .  

Two open sets are shown in Figure A.2. Set A is connected because a continuous 
line can be drawn between any two points within the set. Set B is not connected 
because it consists of two separated sections across which a continuous line cannot 
be drawn. Similarly, the set of all points that do not lie on the closed curve JzI = 1 
is an open set which is not connected. 

Definition A.9 (Domain) An open set that is connected is a domain. 
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Figure A.2: Representation of two open sets. Set A is connected because a continuous line 
can be drawn between any two points within the set. Set B is not connected because it consists 
of two separated sections across which a continuous line cannot be drawn. 

The set A is a domain, whereas B is not because set B is not connected. 

Definition A.10 (Region) A domain, together with or without its boundary points, is 
a region. I f  the region contains all the domain and its boundary points, it is a closed 
region. 

The set A, with or without its boundary points, is a region; whereas B is not 
because set B is not a domain. 

Delinition A.11 (Analytic Function) Ifafunction f (2) is difmentiable at every point 
within a neighborhood ofzo, f(z) is analytic at 20. 

Analytic functions are also called regular and holomorphic. I f  f(z) is analytic for 
all finite values of z, it is an entirefunction. I f  f(z) is not analytic at a point 20, the 
point zo is a singular point. 

A.2 Cauchy-Riemann Conditions 

The Cauchy-Riemann conditions describe the criteria under which a complex func- 
tion is analytic. 

Theorem A.1 (Cauchy-Riemann Conditions) The complex function 

is analytic in a region G ifand only ifdu/dx, du/dy, dv/dx, and dv/dy are continuous 
and satisz 
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I XO real 

Figure A.3: Representation of two paths approaching 20. The function f ( z )  is presented in the 
form of a contour map as a function of real and imaginary parts of the complex independent 
variable z .  

in the region G .  

Following Definition A.11, the function f(z) is analytic at zo if it is differen- 
tiable at every point in the neighborhood of zo. Definitions A.1 and A.3 state that 
the value of the derivative should be independent of the path chosen. A general 
complex function f(z) is presented in Figure A.3 in the form of a contour map as 
a function of real and imaginary parts of the complex independent variable z. The 
derivative along the real axis d f l d x  at constant y is given by 

where Az = Ax. Equation (A.8) can be written 

mRemember l  A.l The concept of an analyticfunction is critical to the derivation 
of the Kramers-Kronig relations as given in Section 22.1. 
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Figure A.4: The concept of connectedness: a) a simply connected domain; b) a doubly con- 
nected domain; and c) a doubly connected domain that has been converted into a simply 
connected domain by introducing a pair of cuts. 

For the derivative along the imaginary axis at constant x, Az = jAy. Thus, 

or 
.au a v  

f’(Z0) = -1- + - aY aY 

(A.10) 

(A.11) 

As the values obtained for f’(z0) should be independent of direction, equation 
(A.7) must be satisfied. The additional requirement is that partial derivatives be 
continuous. 

A.3 Complex Integration 

An understanding of the use of the Kramers-Kronig relations requires an under- 
standing of integration in a complex plane. While the subject leads to the very 
powerful tool of conformal mapping, the discussion is limited here to that needed 
to understand the derivation of the Kramers-Kronig relations. 

A.3.1 Cauchy’s Theorem 

Definition A.12 (Simply Connected Domain) A domain is simply connected feu- 
ery simple closed curve C in the domain encloses onZy points of the domain. 

The meaning of Definition A.12 is more readily understood with the aid of Fig- 
ure A.4. A simply connected domain is shown in Figure A.4(a). The simply con- 
nected domain of Figure A.4(a) was converted into a doubly connected domain 
by introducing a hole in the domain (see Figure A.4(b)). The doubly connected 
domain of Figure A.4(b) can be converted into a simply connected domain by in- 
troducing a pair of cuts, as shown in Figure A.4(c). 
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A 

Figure A.5: Demonstration of the path independence for the value of the integral of an analytic 
function between two points in a simply connected domain. 

Theorem A.2 (Cauchy’s Theorem) Iff ( z )  is analytic in a simply connected domain D, 
and ifC is a simple closed contour that lies in D, then 

f ( z )dz  = 0 (A. 12) 
J 
C 

The integral around the closed contour is also designated $ f ( z ) d z .  A major 
consequence of Cauchy’s theorem is that the value of the integral from one point 
to another is independent of the path. Two paths C1 and C2 between points A and 
B are shown in Figure A.5. The contour directions are the same; thus, 

J f  (z)dz  = Jf ( 4 d z  + J f  (z>dz 
C c1 c2 

In order to have the direction of integration be from A to B for both contours, 
the direction of integration along contour C2 is changed by integrating along -C2. 
Thus, from equation (A.12), 

(A.13) 

(A.14) 

The value of the integral depends only on the end points of the integration. 
As shown in Figure A.4, a multiply connected domain can be transformed into 

a singly connected domain by making suitable cuts. The integral around the closed 
contour of the new simply connected domain is expressed as the sum of contribu- 
tions from the curves making up the boundary of the domain. An example is 

m)Remember! A.2 The derivation offhe Kramers-Kronig relations in Section 22.1 
makes use of Cauchy‘s Theorem, given as 7’heorem A.2. 
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Figure A.6: Demonstration of the integration for a doubly connected domain that has been 
transformed into a simply connected domain. 

shown in Figure A.6. The integration path encompasses contours C1, L1, L2, and 
c,. Thus, 

J f ( z ) d z  = J f ( z ) d z +  J f ( Z ) d Z +  J f ( Z ) d z + J f ( z ) d Z  
C c1 L1 c2 L2 

(A.15) 

As the directions of integration along contours L1 and LZ are opposite, their contri- 
butions will cancel. Thm, 

/ f ( z ) d z  = - I f ( z ) d z  = f ( z ) d z  (A.16) 

Example A.1 Application of Cauchy’s Theorem: Find the numerical value 
for the integral $(z - a)-ldz for the case where z = a is outside the domain. 

Solution: I f  the point z = a lies outside the domain, thefunction (z - a)- l  is analytic 
everywhere. Thus, via Cauchy’s Theorem (Theorem A.2), $(z - a)-ldz = 0. 

Example A.2 Special Case of Cauchy’s Integral Formula: Find the numeri- 
cal value for the integral $(z - a) - ldz  for the case where z = a is inside the domain. 

Solution: Ifthe point z = a lies inside the domain, thefunction ( z  - a) - l  has a singu- 
larity at z = a. It can be enclosed by a circle of radius E centered at z = a such that, on the 
boundary of the domain, thefunction is analytic (see Figure A.6). From equation (A.16), 

1 z d z  = 1 L d z  z - a  z - a  
c1 - c2 
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To evaluate the integral around the singularity, let 

The integral around C2 becomes 

1 
z - a  

Thus, 
J -dz = 2jn 

C1 

This result is a special case of Cauchy's Integral Formula. 

(A.18) 

(A.19) 

(A.20) 

Theorem A.3 (Cauchy's Integral Formula) Iff ( z )  is analytic in a simply connected 
domain D, and i fC is a simple positively oriented (counterclockwise) closed contour that 
lies in D,  then, for any point zo that lies interior to C, 

J f o d z  = 2njf (20) 
z - 20 

C 

(A.21) 

Definition A.13 (Residue) Ifzo is an isolated singular point off ( z ) ,  then there exists a 
Laurent series 

oi) 

(A.22) 

valid for 0 < Iz - 201 < R, fm some positive value of R. The coqfficient b-1 of ( z  - ZO)-' 
is the residue off (z) at 20, designated as Res Lf(z), 201. IfC is a positively oriented simple 
closed curve in 0 < Iz - 201 < R that contains 20, then 

1 
2nj  

b-1 = - J f ( z )dz  
C 

(A.23) 

Theorem A.4 (Cauchy's Residue Theorem) Iff ( 2 )  is analytic in a simply connected 
domain D, except at a finite number of singular points 21,. . . , Zk and if C is a simple 
positively oriented (counterclockwise) closed contour that lies in D,  then 

k 

n=l 
J f ( z )dz  = 2nj  Res Lf(z) ,zn]  (A.24) 
C 

m R e m e m b e r !  A.3 The derivation of the Kramers-Kronig relations in Section 22.1 
makes use of Cauchy's Integral Formulafir evaluation of afunction at a singularity, given 
as Example A.2. 
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a R -R -a 0 

Figure A.7: Demonstration of integration for a domain with two poles on the real axis. 

A.3.2 

Definition A.14 (Cauchy Principal Value of Integral) For real x,  i f f ( x )  is a contin- 
uousfunction on -00 < x < +00, the improper integral o f f ( x )  over [-60, +m] is 

Improper Integrals of Rational Functions 

co 0 
f ( x ) d x  = u+-w lim J f ( x ) d x +  la+w lim J l a f ( x ) d x  0 L (A.25) 

provided the limits exist. The Cauchy principal value of the integral over the interval 
[ -00, +00] is given as 

(A.26) 
-w 

Theorem A.5 (Evaluation of the Cauchy Principal Value of an Integral) Ifafunc- 
tion f ( z )  is analytic in a simply connected domain D, except at afinite number ofsingular 
points 21,. . . ,Zk, i f f ( x )  = P ( x ) / Q ( x )  where P ( x )  and Q ( x )  are polynomials, Q ( x )  has 
no zeros, and the degree of P ( x )  is at least two less than the degree of Q ( x ) ,  and i f C  is u 
simple positively oriented (counterclockwise) closed contour that lies in D, then 

where 21,. . . , zk are poles off ( z )  that lie in the upper half-plane. 

t 
&Example A.3 Poles on a Real Axis: Evaluate the integral s_",(z2 - u2)- ldx 
where a is a real number. 

Solution: Thefunction has two poles on the real axis located at x = a and x = -a, 
respectively. The integration will be performed on the contour shown in Figure A.7. The 
contour is chosen to avoid the singular points a and -a, and integration in the imaginary 
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plane is at a value of R sujiciently large that it encircles all poles in the domain. A semicir- 
cle of radius E is placed at the poles. The integral over the entire contour can be expressed 
as 

-a-e 1 
dz + lawe - ax+ 

1 
J - d z = J - R  z2 - a2 x 2 - a 2  -a+€ ~2 - a2 
C 71 

1 = 2nj  2 Res [-,".I 
n = l  

= O  

For suficiently large R, 
r 1  

J 2 %  dz - 0  
r 

Thus, in the limit that R -+ ca and E -+ 0, equation (A.28) becomes 

(A.28) 

(A.29) 

(A.30) 
71 72 

Thus, the integral along the real axis can be evaluated by evaluating the integrals along the 
contours that skirt the poles. 

To evaluate the integral at 71, let 

z =  -a+Ede (A.31) 

To evaluate the integral at 72,  let 

Thus, 

z = a + d e  

Equation (A.30) can be expressed as 

(A.32) 

(A.33) 

(A.35) 

(A.36) 
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Imaginary 
? Frequency,xj 
I Real 
I +a Frequency, x, 
I 

I 

4-- --• 

I + 
Figure A.8: Domain of integration for development application of Cauchy's integral formula. 
A pole is placed at frequency +w on the real frequency axis. 

Problems 

A.1 Show that ez is an analytic function in any domain. 

A.2 Show that the exponential of the complex conjugate ez is not an analytic func- 
tion in any domain. 

(A.37) 

derive equations (22.55) and (22.56). The domain r is shown in terms of 
complex frequency x in Figure A.8. 
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The following tables provide equations, constants, physical properties, and statis- 
tical values that may be useful for the student. 

Complex Variables 

Table 1.1 
Table 1.3 

Table 1.3 

Table 1.4 

Table 1.5 
Table 1.6 

Table 1.7 
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10 
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random variates. 
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Physical Properties 

Table 5.2 Typical values of diffusion coefficients for ions at infinite dilution 
in water at 25 "C. 

Table 5.4 Typical ranges of values for capacitance. 
Table 12.1 Physical properties for GaAs at 300 K. 

Selected Electrochemical Notation 

Table 5.1 

Table 7.2 

Definitions and notation for potentials used in electrochemical 
systems. 
Definitions and notation for local impedance variables. 

Relationships for Impedance 

Table 10.1 Some useful relationships for the development of the impedance 
response associated with Faradaic reactions. 

Table 16.1 Summary of complex impedance, admittance, and capacitance 
characteristics for simple blocking and reactive circuits. 

Table 21.1 Statistical properties of impedance values obtained by Fourier 
analysis techniques. 

Table 22.1 Compilation of various forms of the Kramers-Kronig relations. 
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a 
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AIC 

aIJ 

AOP 

API 

A, 

B 

B 

b 

b 

C 

c 
C 

CO 

temperature-dependent coefficient used in the development for thermo- 
electrochemical impedance, see Section 14.3.1 

lumped parameter in expression for impedance response of a reaction de- 
pendent on potential and surface coverage, equation (10.79) 

constant used for the velocity expansion for a rotating disk, LI = 0.51023, 
see Section 11.6.1 

activation energy for diffusion, see Section 14.3.1 

Akaike information criterion, see equation (20.2) 

constant used for the velocity expansion for an impinging jet with value 
determined by experiment, see Section 11.7.1 

open-loop gain for an operational amplifier, see Section 6.1 

Akaike performance index, see equation (20.1) 

gain of the operational amplifier, see Figure 21.2 and equation (21.4) 

lumped parameter in expression for impedance response of a reaction de- 
pendent on potential and surface coverage, equation (10.79) 

magnetic field, T, see Section 14.1 

constant used for the velocity expansion for a rotating disk, b = -0.61592, 
see Section 11.6.1 

kinetic parameter defined in equation (5.15), V-l 

covariance matrix for regression analysis, see equation (19.16) 

complex capacitance, see equation (16.36), F or F/cm2 

capacitance, F/cm2 or F (1F = 1C/V) 

interfacial capacitance, F/cm2 
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c d l  

CE 

Ceff 

C i  

CY 

d 

dact 

Eout 

ElJ 

F 

7 

F 

F 

double-layer capacitance, F/cm2 or F (1F = 1C/V) 

counterelectrode, see Figure 6.6 

effective capacitance, see equation (16.41), F or F/cm2 

volumetric concentration of species i, mol/cm3 

oxide capacitance associated with the Young impedance, equation (13.86), 
F / cm2 

distance between potential sensing electrodes in the sensor used for local 
impedance spectroscopy measurements, see equation (7.40), cm 

average diameter of the active portion of a partially blocked electrode, see 
equation (15.52) 

diffusion coefficient for species i, cm2/s 

electronic energy, eV 

conduction-band energy, eV 

Fermi energy, eV 

noise in the output from the current follower, V, see Figure 21.2 and equa- 
tion (21.8) 

potential output from the current follower, V 

valence-band energy, eV 

statistic used for testing equality of variances, see Section 3.3.3 

complex oscillating variable used in expression for radial velocity for a 
rotating disk electrode, see equation (15.10) 

Faraday’s constant, 96,487 C/equiv 

dimensionless radial component of velocity for laminar flow to a disk elec- 
trode, see equation (11.74) 

frequency, f = w/2n, Hz 

general frequency-dependent input function, see equation (22.4) 

general time-dependent input function, see equation (22.1) 

dimensionless probability of occupancy of a state of energy E 

activity coefficient for species i, dimensionless 
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characteristic frequency for measurement comprising a range of perturba- 
tion frequencies, see equation (21.16), Hz 

characteristic frequency for measurement of impedance at a frequency f 
using N cycles, see equation (21.17), Hz 

characteristic frequency for measurement of a series of spectra, see equa- 
tion (21.14), Hz 

normalized frequency, see equation (18.7) 

complex oscillating variable used in expression for angular velocity for a 
rotating disk electrode, see equation (15.11) 

dimensionless angular component of velocity for laminar flow to a disk 
electrode, see equation (1 1.75) 

gravitational acceleration, cm/s2 

general transfer function, see equation (22.3) 

generic transfer function relating input and output quantities for an elec- 
trochemical system, see equation (14.1) 

free energy of activation, see, e.g., equation (5.38) 

chemical contribution to the free energy of activation, see, e.g., equation 
(5.38) 

electrical contribution to the free energy of activation, see, e.g., equation 
(5.38) 

rate of generation of species i, e.g., holes or electrons in a semiconductor, 
(cm3s>-’ 

distribution function for time constants used in developing the formula 
for a CPE, see equation (13.7) 

function showing a linear relationship between input and output func- 
tions, see equation (22.1) 

hypothesis, see Section 3.3 

complex oscillating variable used in expression for axial velocity for a ro- 
tating disk electrode, see equation (15.12) 

dimensionless ’axial component of velocity for laminar flow to a disk elec- 
trode, see equation (11.76) 

Planck constant, h = 6.626 x J s 
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Hi 

Fk 

lprobe 

iR, 

generic transfer function relating the time derivative of state quantities for 
an electrochemical system to the state and input quantities, see equation 
(14.2) 

generic transfer function relating the output quantities for an electrochem- 
ical system to the state and input quantities, see equation (14.3) 

current, A 

current density, mA/cm2 

exchange current density, see equation (5.14), mA/cm2 

output current for an operational amplifier, see Figure 6.l(a), A 

anodic current density, mA/cm2 

charging current density, mA/cm2 

cathodic current density, mA/cm2 

amplitude of sinusoidal current signal, see, e.g., equation (4.7), A 

Faradaic current density, mA/cm2 

kinetically controlled current density, i k  = -k,nFci(m) exp( -b,vs), see 
equation (5.26), mA/cm2 

mass-transfer-limited current density, ilim = -nFDici (m) /Si, see equation 
(5.26),mA/cm2 

current noise contribution from differential amplifiers, A, see Figure 21.2 
and equation (21.4) 

current noise contribution from differential amplifiers, A, see Figure 21.2 
and equation (21.4) 

current noise contribution from differential amplifiers, A, see Figure 21.2 
and equation (21.4) 

current noise contribution from differential amplifiers, A, see Figure 21.2 
and equation (21.4) 

current density measured by a small local-impedance-spectroscopy sen- 
sor located near an electrode, see equation (7.40), mA/cm2 

Ohmic potential drop between the solution adjacent to the working elec- 
trode and the location of a reference electrode, i.e., iR, = @O - @ref, see 
Table 5.1, V 
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b e g  

IS 

J 

J 

i 
Ji 

K 

K 

k 

K* 

k* 

k 

Ki 

k M  

K , i  

e 

L 

L 

M 

Mi 

N 

N 

parasitic current noise arising from noise in the voltage control, A, see 
Figure 21.2 and equation (21.5) 

power current for an operational amplifier, see Figure 6.l(a), A 

identity matrix 

dimensionless exchange current density, see e.g., equation (5.68) 

imaginary number, j = a 
local mass-transfer flux, see Example 13.2, mol/cm2s 

dimensionless frequency associated with the geometry of a disk electrode, 
see equation (13.47) 

lumped-parameter rate constant for an electrochemical reaction which in- 
cludes the equilibrium potential difference, see equation (10.7), mA/cm2 

Boltzmann constant k = 8.617 x lop5 eV/K 

lumped-parameter rate constant for an electrochemical reaction, see, eg., 
equation (10.6), mA/cm2 

rate constant for electrochemical reaction that includes the exponential de- 
pendence on potential, see equation (5.36) 

rate constant for electrochemical reaction that excludes the exponential 
dependence on potential, see, e.g., equation (5.42) 

dimensionless frequency associated, for example, with convective diffu- 
sion of species i, see, e.g., equations (11.66) and (13.34) 

mass-transfer coefficient, cm/s 

dimensionless position-dependent frequency associated with diffusion of 
species i, see equation (13.23) 

depth of a pore, cm 

inductance, H (1H = 1Vs2/C) 

length of an electrode, cm 

mass, g 

symbol for the chemical formula of species i, see equation (5.41) 

normal distribution function, see Section 3.1.3 

collection efficiency for a ring-disk electrode, see equation (14.31) 
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n 

n 

P 

P 

P 

A P  

Pi,k 

Q 

Q 

9 

9i,k 

R 

R 

electron concentration, cmp3 

number of electrons transferred in electrochemical reaction, see equation 
(5.14), dimensionless 

effective density of conduction-band states, cmp3 

number of measured values, see equation (19.2) 

number of cycles for an impedance measurement, see equation (21.17) 

flux of species i, mol/cm2s 

intrinsic concentration, see equation (12.9), cm-3 

number of parameters, see equation (19.8) 

electron concentration in deep-level states, ~ m - ~  

effective density of valence-band states, cmp3 

sample size used to calculate the standard error of sample distribution x ,  
see equation (3.10) 

parameter vector used in regression analysis, see equation (19.1) 

probability, see Section 3.1.4 

probability of observing the given sample result under the assumption 
that the null hypothesis is true, see Section 3.3.1 

dimensionless frequency, p = w / Sz 

hole concentration, cmp3 

pressure, atm 

parameter vector for nonlinear regression analysis, see equation (19.19) 

reaction order for anodic reactants i in reaction k, see equation (5.42) 

significance level at which the hypothesis that the variances are not equal 
can be rejected, see equation (3.40) 

CPE coefficient, see equation (13.2), s' /Szcm2 

charge, C / cm2 

reaction order for cathodic reactants i in reaction k, see equation (5.42) 

resistance, Szcm2 or Sz (IR = 1Vs/C) 

universal gas constant, 8.3143 J/mol K 
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Y 

r 

YO 

Re 

Re 

REF 

R m  

Rs 

Rt 

S 

S 

sc 

Sh 

Si,k 

S m  

Sm 

Sm 

S X  

t 

T 

T 

t 

tCyCle 

ti 

radial coordinate, cm 

rate of reaction, mol/cm2s 

radius of a disk electrode, cm 

Reynolds number, Re = pv2R/p, dimensionless 

electrolyte or Ohmic resistance, l2 or &m2 

reference electrode, see Figure 6.6 

resistance of the current measurement circuit, a, see Figure 21.2 and equa- 
tion (21.4) 

resistance of the potential control circuit, l2, see Figure 21.2 and equation 
(21.4) 

charge-transfer resistance, Ckm2 

weighted sum of squares, see equation (19.1) 

slope defined by equation (18.1) 

Schmidt number, Sc = v /Di ,  dimensionless 

Sherwood number, Sh = k M d / D ,  dimensionless 

stoichiometric coefficient for species i in reaction k, see equation (5.41) 

potential difference across the inputs to the current follower, V, see equa- 
tion (21.6) 

gain of the current follower, see Figure 21.2 

noise in the potential difference across the inputs to the current follower, 
V, see Figure 21.2 and equation (21.6) 

standard error of sample distribution x, see equation (3.10) 

statistic used for testing equality of means, see Section 3.3.2 

temperature, K 

time corresponding to an integer number of cycles, s 

time, s 

period of a cycle at frequency f, s 

transfer function defined by equations (15.31) to (15.36) 
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U 

Mi 

V 

V 

V 

V 

v+ 

V- 

VO 

VO,k 

VCE 

AV 

Ve 

vP 

Vref 

VR, 

VS 

W 

WE 

wi 

wk 

LIST OF SYMBOLS 

electrode potential with respect to a reference electrode, U = Qm - Qref, 

see Table 5.1, V 

mobility of species i, related to diffusivity by equation (5.57) 

variance-covariance matrix used in regression analysis, see equation (19.1) 

interfacial potential for the working electrode, see Table 5.1, V 

potential, V 

velocity, cm/ s 

potential at the positive input terminal for an operational amplifier, see 
Figure 6.l(a), V 

potential at the negative input terminal for an operational amplifier, see 
Figure 6.l(a), V 

output potential for an operational amplifier, see Figure 6.l(a), V 

interfacial potential under equilibrium conditions for a given reaction k, 
V O , ~  = (Qm - Q o ) ~  k ,  see Table 5.1, V 

voltage noise contribution, V, see Figure 21.2 and equation (21.4) 

amplitude of sinusoidal potential signal, see, eg., equation (4.6), V 

voltage noise contribution, V, see Figure 21.2 and equation (21.4) 

voltage noise contribution, V, see Figure 21.2 and equation (21.4) 

voltage noise contribution, V, see Figure 21.2 and equation (21.4) 

voltage noise contribution, V, see Figure 21.2 and equation (21.4) 

potential of the power leads for an operational amplifier, see Figure 6.l(a), 
V 

width of an electrode, cm 

working electrode, see Figure 6.6 

transfer function associated with the electrohydrodynamic impedance for 
species i, see equation (15.29) 

generic input quantities for an electrochemical system, see Figure 14.1 

X ( w )  

x (  t )  

general frequency-dependent output function, see equation (22.5) 

general time-dependent output function, see equation (22.1) 
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generic state quantities for an electrochemical system, see Figure 14.1 

admittance, Y = 1/Z, 1/ncm2 

normal coordinate, cm 

generic output quantities for an electrochemical system, see Figure 14.1 

global impedance, see Table 7.2, ncm2 

local impedance, see Table 7.2, ncm2 

global interfacial impedance, see Table 7.2, ncm2 

local interfacial impedance, see Table 7.2, ncm2 

mass-transport transfer function defined in Section 15.2.1 

diffusion impedance, ncm2 

global Ohmic impedance, see Table 7.2, ncm2 

local Ohmic impedance, ncm2 

interfacial impedance per unit pore area defined by equation (13.21) 

Faradaic impedance, ncm2 

charge associated with species i 

tabulated dimensionless values for diffusion impedance where k = 1,2,3, 
see equation (11.97) for a rotating disk electrode and equation (11.109) for 
a submerged impinging jet 

Young impedance, equation (13.86), Rcm2 

CPE exponent, see equations (13.1) and (13.2), dimensionless 

probability of incorrectly rejecting the null hypothesis when it is actually 
true, see Section 3.3.1 

symmetry factor used in electrode kinetics, see equation (5.14), dimen- 
sionless 

tensor corresponding to the second derivative of the objective function 
with respect to parameter, see equation (19.21) 

Tafel slope, see, e.g., equation (5.18), V/decade of current 

vector corresponding to the first derivative of the objective function with 
respect to parameter, see eauation (19.20) 
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B Y  

r 

7, 

s 

& 

& 

&bias 

&drift 

EO 

&fit 

&inst 

Cstoch 

5 

' IC 

'I 

'Is 

Oi 

di 

K 

h 

h 

h 

P 

Pi 

P X  

V 

local wall velocity gradient, see equation (13.11) 

maximum surface coverage, mol/cm2 

fractional surface coverage 

thickness, cm 

porosity 

dielectric constant 

bias error, see equation (21.1), R 

bias error associated with nonstationary behavior, see equation (21.24), R 

permittivity of vacuum, 8.8542 x 

error associated with model inadequacy, see equation (21.1), R 

bias error associated with instrumental artifacts, see equation (21.24), R 

stochastic error, see equation (21.1), R 

dimensionless position, = tjm 

concentration overpotential defined by equation (5.75), see Table 5.1, V 

dimensionless axial position, 'I = y m  

surface overpotential for a given reaction k, rs = V - VO,~, see Table 5.1, V 

dimensionless concentration, see equation (1 1.43) 

dimensionless oscillating part of the concentration, &(y) = G / c  (0) 

conductivity, see, e.g., equation (5.56), S/cm 

Debye length, see equation (5.77), cm 

constant used for analysis of impedance at low frequency, see equation 
(18.2) 

F/cm, see Section 5.8 

constant used for regression analysis in the method of steepest descent, 
equation (19.31), and the Levenberg-Marquardt methods, equation (19.32) 

fluid viscosity, g/cm s 

electrochemical potential of species i, J/mol 

mean value of sample distribution x defined by equation (3.1) 

degree of freedom 
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kinematic viscosity, v = p / p ,  cm2 /s 

wave number, see Section 14.3.2 

dimensionless position 

x = 3.141592654 

fluid density, g/cm3 

charge density for a semiconductor, see equation (12.10), C/cm3 

standard deviation of sample distribution x, see equation (3.9) 

cross-covariance of sample distributions XI and x2, see equation (3.11) 

variance of sample distribution x, see equation (3.7) 

time constant, e.g., 7 = RC, s 

characteristic RC time constant, s 

shear stress, N/cm2 

time required to measure a complete spectrum, see equation (21.15), s 

time required to measure a series of spectra, see equation (21.13), s 

potential, V 

dimensionless steam function for flow to a submerged impinging jet, see 
equations (1 1.98) and (1 1.99) 

phase angle for impedance, see equation (4.32) 

potential of the electrolyte adjacent to the working electrode with respect 
to an unspecified but common reference potential, see Table 5.1, V 

electrode potential with respect to an unspecified but common reference 
potential, see Table 5.1, V 

potential of a reference electrode with respect to an unspecified but com- 
mon reference potential, see Table 5.1, V 

phase lag, see, e.g., equation (4.7) 

sum of squares used in regression analysis, see Sections 3.3.4 and 19.2 

dimensionless parameter defined by equation (11.55) 

rotation speed, s-l 

angular frequency, w = 27-c f, s-l 
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WC 

General Notation 

characteristic angular frequency, wc = 1/RC, s-l 

imaginary part of X 

real part of X 

steady-state or time-averaged part of X( t ) ,  see equation (11.7) 

complex conjugate of a complex number z, = zy - Z j  of X( t) 

spatially averaged value of X 

oscillating part of X ( t ) ,  see equation (11.7) 

expectation of X ( t ) ,  see equation (3.1) and Table 3.1 

model value for Z ,  see equation (19.1) 

first derivative of X( t )  with respect to position 

pertaining to the angular direction 

Subscripts 

0 

adj 

a 

C 

CE 

cell 

d 

dl 

HF 

i 

ihp 

IJ 

i 
e 

located at the inner limit of the diffuse double layer 

pertaining to terms corrected for the Ohmic resistance 

pertaining to anodic reactions 

pertaining to cathodic reactions 

pertaining to the counterelectrode, see Figure 6.6 

pertaining to the electrochemical cell, see Section 8.1.1 

associated with the diffuse region of charge, see Figure 5.13 

double layer 

high frequency 

pertaining to chemical species i 

located at the inner Helmholtz plane, see Figure 5.13 

impinging jet, see Section 11.7 

imaginary 

pertaining to a porous layer, see, e.g., Figure 9.4 



LIST OF SYMBOLS 493 

LF 

m 

mod 

ob 

OhP 

r 

r 

ref 

WE 

Y 

Zi 

z, 

low frequency 

located at the electrode surface, see Figure 5.13 

model value 

observed value 

located at the outer Helmholtz plane, see Figure 5.13 

pertaining to the radial direction 

real 

pertaining to a reference electrode, see Figure 6.6 

pertaining to the working electrode, see Figure 6.6 

pertaining to the axial direction 

pertaining to the imaginary part of the impedance 

pertaining to the real part of the impedance 
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activation energy 
controlled process, 313,453e 
diffusion, 278 
electrochemical, 82,267 
graphical method, 357-360 

dielectrics, 323e 

reaction intermediates 

admittance, 319 

adsop tion 

history, xxvi 
kinetics, 165 , 176e, 173-1 79,180 , 

181p, 265,266,274-277,306p1 
456e 

specific 
absence of, 227,295 
history, xxvi 
partial blocking, 296 

Argand diagram, 5,12,13 
axisymmetric electrode, 184,205 

bias error, 133,147,149-151,407,414- 

blind men, see elephant, parable of 
Boltzmann 

418,450 

constant, 212 
distribution, 213,225-230 

Butler-Volmer kinetics, 78/11 1 

capacitance transfer function, 275-277 
Cauchy’s integral formula, 469e 
Cauchy’s theorem, 469e 
Central Limit Theorem, 37,39,39-42 

charge 
dielectric , 95 
double layer, 80,91-95 
electric, 62, 74 

reaction, 21p, 74,163-179,234 
resistance, 20p, 96p, 112p, 136p, 

155,165 , 188e, 245-246 

charge-transfer 

chemical potential, 75 
chi-squared test, 56 
circuit calculations 

Bode representation, 68e 
nested elements, 68e 
parallel, 66e 
series, 65e 

capacitance, 95,128~ 
EHD response, 299-302,303e 
impedance, 158-159, 161e, 162p, 

l91,192e, 194e, 194-197,256e, 
283 

coating 

complex capacitance, 325 
dielectrics, 328e 

complex integration 
Cauchy’s integral formula, 469e 
Cauchy’s theorem, 469e 
poles, 471e 

complex number, 5 
de Moivre’s theorem, l l e  
division, 7e 
exponential, 18e 
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multiplication, 6e 
polar coordinates, 10e 
rectangular coordinates, 9e 
roots, 12e 
square roots, 12e 

complex variables, 4-20 
constant-phase-element (CPE) 

application, 233-237,334-350,382~, 
450 

concept, 68 
formula, 21p, 234 
history, xxvi, xxix 
regression, 395-402 

impinging jet, 207 
rotating cylinder, 209 
rotating disk, 201-204 

nonuniformly accessible electrode, 

rotating cylinder, 209 

cast iron, 255e 
copper, 77,84e, 181p, 306p 
iron, 77 

convective diffusion impedance 

convective-diffusion impedance 

237-243 

corrosion 

aerobic, 171e 
anaerobic, 167e 

magnesium, 176e, 181p, 345e 
silver, 180p 
with salt films, 159,16le, 162p 

cross-covariance, 36 
current distribution 

mass-transfer-controlled, 90 
nonuniform, 131,209,243 
primary, 87-88 
secondary, 89 
tertiary, 90 

current follower, 100e 

deposition 

dielectric, 95 
dielectrics 

zinc, 188e 

admittance, 323e 

complex capacitance, 328e 

complex roots, 27e 
diffusion, 25e, 27e, 30e 
diffusion impedance, 32e 
homogeneous, 23/24! 25e, 26-28 
linear ODE, 24e 
nonhomogeneous, 23,24e, 28-29 

diffusion impedance 
convective 

207 

differential equation 

finite Schmidt number, 203-204, 

impinging jet, 207 
infinite Schmidt number, 203 
Nernst hypothesis, 203 
nonuniformly accessible electrode, 

rotating cylinder, 209 
rotating disk, 201-204 

237-243 

finite-length, 179e, 191-197,421 
nonuniformly accessible electrode, 

rotating cylinder, 209 
Warburg, xxv, 12e, 30e, 34p, 189- 

237-243 

190,241,258,329,421 
distributed time constant 

geometry-induced, 249e 
mass transfer, 239e 
porous electrode, 254,255e 

Central Limit Theorem, 37,39,39- 
42 

current, see current distribution 
normal, 37 
standard normal, 37 

distribution 

double layer, 80,91-95 

effective capacitance, 329e 
electrical double layer, 80,91-95 
electrochemical 

reaction, 74, 163-179, 188e, 234, 
245-246 

electrochemical interface, 101-103 
electrochemical kinetics, 84e 
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electrochemical potential, 75 
electrons, 212,219-220 
equilibrium, 75,95,212 
expression, 219 
gradient, 219-220 
relation to Fermi energy, 212 

axisymmetric, 184,205 
impinging jet 

electrode 

diffusion impedance, 207 
fluid mechanics, 206 
mass transfer, 206-207 
properties, 131 

nonuniformly accessible, 237-243 
ring-disk, 273-275 
rotating cylinder 

diffusion impedance, 209 
fluid mechanics, 207-209 
mass transfer, 209 
properties, 131 

diffusion impedance, 201-204 
fluid mechanics, 199-200 
mass transfer, 200-201 
properties, 131 
state variables, 123 

rotating hemisphere 
properties, 131 

rotating disk 

electrogravimetry transfer function, 283- 

electrohydrodynamic impedance 

electrohydrodynamic transfer function, 

electroneutrality, 87,90,91,227 
elephant, parable of, xxi-xxii 
error propagation, 43-47,58p 

284 

blocking, 303e 

293 

linear, 43,44e 
nonlinear, 45e 

bias, 133,147, 149-151,407,414- 

fitting, 407 
propagation, 43-47,58p 

errors 

418,450 

residual, 407 
stochastic, 116, 133, 147-149, 204, 

408414,439442,450,453 
exchange current density, 78, 79, 84, 

85e, 89,109,152~ 
expectation, 35,35,43,407,439442 
experimental systems 

317,338,339,364,373-375,407, 

calcareous deposits, 303e 
cathodic protection, 303e 
corrosion 

cast iron, 255e 
copper, 77,84e, 181p, 306p 
iron, 77,167e, 171e 
magnesium, 176e, 181p, 345e 
silver, 18Op 
with salt films, 159, 161e, 162p 

zinc, 188e 
deposition 

dielectrics, 323e 
ferricyanide reduction 

diffusion with first-order reac- 
tion, 187e 

electrohydrodynamic impedance, 
298,417 

error structure, 51e 
kinetics, 81e 
rotating disk, 353-357,362p, 386- 

402,416 
ferrocyanide oxidation 

kinetics, 81e 
rotating disk, 362p 

GaAs, 214,230~ 
deep-level states, 223-225,453e 
photoelectrochemical cells, 221- 

223 
Schottky diode, 357-361,453e 

hydrogen evolution, 74 
oxygen evolution, 74/77 
PEM fuel cell, 456e 
porous layers 

transdermal drug delivery, 152p 
circuit model, 158-159 
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F-test, 50-56,58,59p 
Faraday 

cage, 149,150 
constant, 86,164,274 

Fermi energy, see electrochemical po- 

Fermi-Dirac distribution, 212,231~ 
ferricyanide reduction 

diffusion with first-order reaction, 
187e 

electrohydrodynamic impedance, 
298 

error structure , 5 1 e 
kine tics , 81 e 
rotating disk, 353-357,362p, 386- 

402 

417 

tential, 212,213 

electrohydrodynamic impedance, 

impedance, 416 
ferrocyanide oxidation 

kinetics , 8 1 e 
rotating disk, 362p 

finite-length diffusion impedance, 179e, 

fitting error, 407 
fluid mechanics 

191-197,421 

impinging jet, 206 
rotating cylinder, 207-209 
rotating disk, 199-200 

GaAs, 230p 
galvanostat, 102 
generalized transfer function, 265-269 
graphical analysis 

admittance, 323e 
complex capacitance, 328e 
corrosion of Mg, 345e 
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