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Preface

This book is intended for use both as a professional reference and as a textbook
suitable for training new scientists and engineers. As a textbook, this work is suit-
able for graduate students in a variety of disciplines including electrochemistry,
materials science, physics, electrical engineering, and chemical engineering. As
these audiences have very different backgrounds, a portion of the book reviews
material that may be known to some students but not to others. There are many
short courses offered on impedance spectroscopy, but formal courses on the topic
are rarely offered in university settings. Accordingly, this textbook is designed to
accommodate both directed and independent learning.

Organization

The textbook has been prepared in seven parts:

Part | Background

This part provides material that may be covered selectively depending on the back-
ground of the students. The subjects covered include complex variables, differen-
tial equations, statistics, electrical circuits, electrochemistry, and instrumentation.
The coverage of these topics is limited to what is needed to understand the core of
the textbook, which is covered in the subsequent parts.

Part Il Experimental Considerations

This part introduces methods used to measure impedance and other transfer func-
tions. The chapters in this section are intended to provide an understanding of
frequency-domain techniques and the approaches used by impedance instrumen-
tation. This understanding provides a basis for evaluating and improving experi-
mental design. The material covered in this section is integrated with the discus-
sion of experimental errors and noise. The extension of impedance spectroscopy
to other transfer-function techniques is developed in Part III.
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Part |1l Process Models

This part demonstrates how deterministic models of impedance response can be
developed from physical and kinetic descriptions. When possible, correspondence
is drawn between hypothesized models and electrical circuit analogues. The treat-
ment includes electrode kinetics, mass transfer, solid-state systems, time-constant
dispersion, models accounting for two- and three-dimensional interfaces, gener-
alized transfer functions, and a more specific example of a transfer-function tech-
nique.in which the rotation speed of a disk electrode is modulated.

Part IV Interpretation Strategies

This part describes methods for interpretation of impedance data, ranging from
graphical methods to complex nonlinear regression. The material covered in this
section is integrated with the discussion of experimental errors and noise. Bias
errors are shown to limit the frequency range useful for regression analysis, and
the variance of stochastic errors is used to guide the weighting strategy used for
regression.

Part V Statistical Analysis

This part provides a conceptual understanding of stochastic, bias, and fitting er-
rors in frequency-domain measurements. A major advantage of frequency-domain
measurements is that real and imaginary parts of the response must be internally
consistent. The expression of this consistency takes different forms that are known
collectively as the Kramers-Kronig relations. The Kramers-Kronig relations and
their application to spectroscopy measurements are described. Measurement mod-
els, used to assess the error structure, are described and compared with process
models used to extract physical properties.

Part VI Overview

The final chapter in this book provides a philosophy for electrochemical impe-
dance spectroscopy that integrates experimental observation, model development,
and error analysis. This approach is differentiated from the usual sequential model
development for given impedance spectra by its emphasis on obtaining support-
ing observations to guide model selection, use of error analysis to guide regression
strategies and experimental design, and use of models to guide selection of new ex-
periments. These concepts are illustrated with examples taken from the literature.
This chapter is intended to illustrate that selection of models, even those based
on physical principles, requires both error analysis and additional experimental
verification.
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Part VIl Reference Material

The reference material includes an appendix on complex integration needed to
follow the derivation of the Kramers-Kronig relations, a list of tables, a list of ex-
amples, a list of symbols, and a list of references.

Pedagogical Approach

The material is presented in a manner that facilitates sequential development of
understanding and expertise either in a course or in self-study. Illustrative exam-
ples are interspersed throughout the text to show how the principles described are
applied to common impedance problems. These examples are in the form of ques-
tions, followed by the solution to the question posed. The student can attempt to
solve the problem before reading how the problem is solved. Homework prob-
lems, suitable either for self-study or for study under direction of an instructor, are
developed for each chapter. Important equations and relations are collected in ta-
bles, which can be easily accessed. Important concepts are identified and set aside
at the bottom of pages as they appear in the text. Readily identifiable icons are
used to distinguish examples and important concepts.

As can be found in any field, the notation used in the impedance spectroscopy
literature is inconsistent. In treatments of diffusion impedance, for example, the
symbol 6 is used to denote the dimensionless oscillating concentration variable;
whereas, the symbol 6 used in kinetic studies denotes the fractional surface cover-
age by a reaction intermediate. Compromises were necessary to create a consistent
notation for this book. For example, the dimensionless oscillating concentration
variable was given the symbol 6, and -y was used to denote the the fractional sur-
face coverage by a reaction intermediate. As discussed in Section 1.2.3, the book
deviates from the IUPAC convention for the notation used to denote the imaginary
number and the real and imaginary parts of impedance.

This book is intended to provide a background and training suitable for appli-
cation of impedance spectroscopy to a broad range of applications, such as corro-
sion, biomedical devices, semiconductors and solid-state devices, sensors, batter-
ies, fuel cells, electrochemical capacitors, dielectric measurements, coatings, elec-
trochromic materials, analytical chemistry, and imaging. The emphasis is on gen-
erally applicable fundamentals rather than on detailed treatment of applications.
The reader is referred to other sources for discussion of specific applications of
impedance.!™

MRemember! 0.1 The elephant at left is used to identify important concepts for
each chapter. It is intended to remind the student of the parable of the blind men and the
elephant.
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The active participation in related short courses demonstrates a rising interest
in impedance spectroscopy. As discussed in the preliminary section on the history
of the technique, the number of papers published that mention use of electrochem-
ical impedance spectroscopy has increased dramatically over the past 10 years.
Nevertheless, the question may be raised: Why teach a full semester-long course on
impedance spectroscopy? It is, after all, just an experimental technique. In our view, im-
pedance spectroscopy represents the confluence of a significant number of disci-
plines, and successful training in the use and interpretation of impedance requires
a coherent education in the application of each of these disciplines to the subject. In
addition to learning about impedance spectroscopy, the student will gain a better
understanding of a general philosophy of scientific inquiry.

Mark E. Orazem Bernard Tribollet
Gainesville, Florida Paris, France

July, 2008
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The Blind Men and the Elephant

Impedance spectroscopy is a complicated area of research that has been subject to
significant controversy. As we begin a study of this subject it is well to remem-
ber the Buddhist parable of the blind men and the elephant. American poet John
Godfrey Saxe (1816-1887) based the following poem on the fable.?

The Blind Men and the Elephant
John Godfrey Saxe

It was six men of Indostan

To learning much inclined,

Who went to see the Elephant
(Though all of them were blind),
That each by observation

Might satisfy his mind.

The First approached the Elephant,
And happening to fall

Against his broad and sturdy side,
At once began to bawl:

God bless me! but the Elephant

Is very like a wall!

The Second, feeling of the tusk,

Cried, Ho! what have we here

So very round and smooth and sharp?
To me ‘tis mighty clear

This wonder of an Elephant

Is very like a spear!

The Third approached the animal,
And happening to take

The squirming trunk within his hands,
Thus boldly up and spake:

I see, quoth he, the Elephant
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Is very like a snake!

The Fourth reached out an eager hand,
And felt about the knee.

What most this wondrous beast is like
Is mighty plain, quoth he;

“Tis clear enough the Elephant

Is very like a tree!

The Fifth, who chanced to touch the ear,
Said: Een the blindest man

Can tell what this resembles most;
Deny the fact who can,

This marvel of an Elephant

Is very like a fan!?

The Sixth no sooner had begun
About the beast to grope,

Than, seizing on the swinging tail
That fell within his scope,

I see, quoth he, the Elephant

Is very like a rope!

And so these men of Indostan
Disputed loud and long,

Each in his own opinion

Exceeding stiff and strong,

Though each was partly in the right,
And all were in the wrong!

Moral:

So oft in theologic wars,

The disputants, I ween,

Rail on in utter ignorance

Of what each other mean,
And prate about an Elephant
Not one of them has seen!

The logo for the 2004 International Symposium on Impedance Spectroscopy,
shown in Figure 1, was intended to evoke the lessons of the blind men and the
elephant. The multiple loops resemble the Nyquist plots obtained in some cases for
the impedance of corroding systems influenced by formation of surface films. The
low-frequency inductive loop was deformed to evoke the image of the elephant’s
trunk, and the capacitive loops resemble the head and body of the elephant.

Impedance spectroscopy is, of course, not a religion, but an application of a
frequency-domain measurement to a complex system that cannot be easily visu-
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2004

Figure 1. The logo for the 2004 International Symposium on Impedance Spectroscopy, held in
Cocoa Beach, Florida.

alized. The quantities measured, e.g., current and potential for electrochemical or
electronic systems and stress and strain for mechanical systems, are macroscopic
values that represent the spatial average of individual events. These quantities are
influenced by the desired physical properties, such as diffusivity, rate constants,
and viscosity, but do not provide a direct measure of them.

Application of impedance spectroscopy is very much like feeling an elephant
that we cannot see. Measurement of current and potential under a steady state
yields some information concerning a given system. By adding frequency depen-
dence to the macroscopic measurements, impedance spectroscopy expands the
information that can be extracted from the measurements. Impedance measure-
ments, however, are not sufficient. Additional observations are needed to gain
confidence in the model identification.



History of Impedance
Spectroscopy

Impedance spectroscopy is an electrochemical technique with broad applications that
is growing in importance. As seen in Figure 2, the number of papers published in
this area has doubled roughly every four or five years. In 2006, over 1,200 journal
articles were published that mention the use of electrochemical impedance spec-
troscopy.

Timeline

By his application of Laplace transforms to the transient response of electrical cir-
cuits, Oliver Heaviside created the foundation for impedance spectroscopy. Heav-
iside coined the words inductance, capacitance, and impedance and introduced these
concepts to the treatment of electrical circuits. His papers on the subject, published
in The Electrician beginning in 1872, were compiled by Heaviside in book form in
1894.57 From the perspective of the application to physical systems, however, the
history of impedance spectroscopy begins in 1894 with the work of Nernst.?

Nernst applied the electrical bridge invented by Wheatstone®1? to the mea-
surement of the dielectric constants for aqueous electrolytes and different organic
fluids. Nernst’s approach was soon employed by others for measurement of di-
electric properties!”1? and the resistance of galvanic cells.!®> Finkelstein!'* applied
the technique to the analysis of the dielectric response of oxides. Warburg!® 16
developed expressions for the impedance response associated with the laws of dif-
fusion, developed almost 50 years earlier by Fick,!” and introduced the electrical
circuit analogue for electrolytic systems in which the capacitance and resistance
were functions of frequency. The concept of diffusion impedance was applied by
Kriiger to the capacitive response of mercury electrodes.’®

In the 1920s, impedance was applied to biological systems, including the resis-
tance and capacitance of cells of vegetables!® and the dielectric response of blood
suspensions.?*22 Impedance was also applied to muscle fibers, skin tissues, and
other biological membranes.?>2* The capacitance of the cell membranes was found
to be a function of frequency,?® and Fricke observed a relationship between the
frequency exponent of the impedance and the observed constant phase angle.?
In 1941, brothers Cole and Cole showed that the frequency-dependent complex
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Figure 2: Number of journal articles on electrochemical impedance spectroscopy identified
on October 3, 2007 using the Engineering Village search engine. The key words used were
"(((impedance or admittance) and (Electrochemical)), Journal article only).

dielectric constant can be represented as a depressed semicircle in a complex ad-
mittance plane plot and suggested a formula, consistent with Fricke’s law,® now
known as a constant-phase element.”’

In 1940, Frumkin?® explored the relationships among the double-layer structure
on mercury electrodes, the capacitance measured by use of a Wheatstone bridge,
and the surface tension, following the theoretical underpinnings of the Lippmann
equation. Grahame? % expanded this treatment of the mercury electrode, provid-
ing a fundamental understanding of the structure of the electrical double layer.
Dolin and Ershler applied the concept of an equivalent circuit to electrochemical
kinetics for which the circuit elements were independent of frequency.’! Randles
developed an equivalent circuit for an ideally polarized mercury electrode that ac-
counted for the kinetics of adsorption reactions.*?

In the early 1950s, impedance began to be applied to more complicated reaction
systems.?*3> In subsequent years, Epelboin and Loric addressed the role of reac-
tion intermediates in causing low-frequency inductive loops,* de Levie developed
transmission line models for the impedance response of porous and rough elec-
trodes,®” and Newman showed that the nonuniform current and potential distri-
bution of disk electrodes can result in high-frequency time-constant dispersion.*
Levart and Schuhmann® developed a model for the diffusion impedance of a ro-
tating disk that accounted for the influence of homogeneous chemical reactions.
Kinetic models accounting for reaction intermediates were addressed in greater
detail in publications by Armstrong et al.* and Epelboin et al.#!

Nonlinear complex regression techniques, developed in the early 1970s,4243
were applied to impedance data by Macdonald et al.*** and Boukamp.?® The
regression approaches were based on use of equivalent electrical circuits, which
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became the predominant method for interpretation of impedance data. The ex-
perimental investigations turned increasingly toward those associated with tech-
nical applications, such as electrodeposition and corrosion.#’#° Gabrielli et al.
introduced the concept of a generalized transfer function for impedance spec-
troscopy.®®52 During this time, the Kramers-Kronig relations, developed in the late
1920s,%%5¢ were applied for the validation of electrochemical impedance data.’
Agarwal et al.? described an approach that eliminated problems associated with
direct integration of the Kramers-Kronig integral equations and accounted explic-
itly for stochastic errors in the impedance measurement.

Several authors have described methods for generalized deconvolution of im-
pedance data.5”-*® Stoynov and co-workers developed a robust method in which
calculation of the local derivatives of the impedance with respect to frequency
allows visualization of the distribution of time constants for a given spectrum
without a-priori assumption of a distribution function.>®%® Stoynov and Savova-
Stoynov described a graphical method of estimating instantaneous impedance pro-
jections from consecutive series of impedance diagrams obtained during the time
of system evolution.®!

A conference dedicated to the development of electrochemical impedance spec-
troscopy techniques was initiated in 1989 in Bombannes, France. The subsequent
meetings, held every three years, took place in California (1992), Belgium (1995),
Brazil (1998), Italy (2001), Florida (2004), and France (2007). The special issues as-
sociated with these conferences provide unique triennial snapshots of the state of
impedance research.2%’ One driving concern reflected in these volumes is the
heterogeneity of electrode surfaces and the correspondence to the use and misuse
of constant phase elements. Local impedance spectroscopy, developed by Lillard
et al.,%® may prove to be a useful method for understanding this relationship.

Areas of Investigation

A historical perspective on impedance spectroscopy is presented in Table 1. A
brief listing of advances in this field cannot be comprehensive, and many impor-
tant contributions are not mentioned. The reader may wish to explore other his-
torical perspectives, such as that provided by Macdonald.®’ Chapters written by
Sluyters-Rehbach and Sluyters”? and by Lasia’! provide excellent overviews of the
field. Nevertheless, Table 1 provides a useful guide to the trends in areas related
to electrochemical impedance spectroscopy. These areas include the types of sys-
tems investigated, the instrumentation used to make the measurements, including
changes in the accessible frequency range, the methods used to represent the re-
sulting data, and the methods used to interpret the data in terms of quantitative
properties of the system.
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Experimental Systems

The early applications of what we now know as impedance spectroscopy were to
the dielectric properties of fluids and metal oxides. Impedance measurements per-
formed on mercury electrodes emphasized development of a fundamental under-
standing of the interface between the electrode and the electrolyte. The mercury
drop electrodes were ideal for this purpose because they provided a uniform and
easily refreshed interface that could be considered to be ideally polarizable over
a broad range of potential. The impedance technique was used to identify an in-
terfacial capacitance that could be compared to the theories for diffuse electrical
double layers. In the 1920s, considerable effort was placed on biological systems,
including the dielectric properties of blood and the impedance response of cell
membranes. In the 1950s, impedance began to be used for studies of anodic dis-
solution. One may identify a trend from ideal surfaces suitable for fundamental
studies to ones associated with technical materials. Impedance became useful for
studying processes such as corrosion, deposition of films, and other electrochem-
ical reactions. It became clear that the solid electrode surfaces were not uniform,
and this complicated interpretation of impedance spectra in terms of meaning-
ful physical properties. Recently, local impedance spectroscopy has emerged as a
means of studying heterogeneous electrode surfaces.

Measurement Techniques

Early experimental techniques relied on use of Wheatstone bridges. The bridge is
based on a nulling technique that requires manipulation of an adjustable resistor
and capacitor at each frequency to obtain an effective frequency-dependent resis-
tance and capacitance of the cell, from which can be derived an impedance. In
time, the mechanical signal generator was replaced by an electronic signal gen-
erator, but the frequency range remained limited to acoustic frequencies (kHz to
Hz). The ability to record time-domain signals on an oscilloscope enabled mea-
surement to subacoustic frequencies (on the order of mHz). Subsequent develop-
ment of digital signal analysis allowed automated recording of impedance spectra.
These techniques are described in Chapter 7. Development of microelectrodes en-
abled local measurement of current density and local impedance spectra. These
techniques are also described in Chapter 7.

A parallel development has taken place for related transfer-function methods.
For electrochemical systems, impedance spectroscopy, which relies on measure-
ment of current and potential, provides the general system response. As described
in Chapters 14 and 15, transfer-function methods allow the experimentalist to iso-
late the portion of the response associated with specific inputs or outputs.

Impedance Representation

The methods used to plot impedance data began with plots of effective resistance
and capacitance, reflecting the use of bridges for measurement. These plots gave
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way to Nyquist and Bode plots, which remain the traditional means of represent-
ing impedance data. More recently, authors have promoted the use of Bode plots
corrected for Ohmic resistance and the use of logarithmic plots of the imaginary
impedance as a function of frequency. As described in Chapter 17, such plots pro-
vide limited yet quantitative interpretation of impedance spectra.

Mathematical Analysis

The impedance response associated with diffusion in an infinite domain and in a
solid film was developed in the very early twentieth century. Similarly quantita-
tive models were developed in the 1940s for the capacitive behavior of the double
layer. In the middle of the twentieth century, models were being developed that
accounted for heterogeneous reactions and adsorbed intermediates. In the 1960s
and 1970s, such models were being generalized to account for homogeneous reac-
tions and reactions on porous electrodes. The development of quantitative models
is presented in Part IIL

These models provided a quantitative relationship between physicochemical
parameters and impedance response, but the application of interpretation strate-
gies did not keep pace with the model development. Interpretation was based on
graphical examination of plotted data. In simple cases, plots could be used di-
rectly as described in Chapter 18. For more complicated cases, simulations could
be compared graphically to data to reveal qualitative agreement.

Nonlinear regression analysis, described in Chapters 19 and 20, was developed
for impedance spectroscopy in the early 1970s. The models were cast in the form
of electrical circuits with mathematical formulas added to account for the diffusion
impedance associated with simplified geometries.

There were significant difficulties associated with fitting models to impedance
data. The electrochemical systems frequently did not conform to the assump-
tions made in the models, especially those associated with electrode uniformity.
Constant-phase elements (CPEs), described in Chapter 13, were introduced as a
convenient general circuit element that was said to account for distributions of
time constants. The meaning of the CPE for specific systems was often disputed.

In addition, the variance of impedance measurements depends strongly on fre-
quency, and this variation needs to be addressed by the regression strategies em-
ployed. An assumed dependence of the variance of the impedance measurement
on impedance values was employed in early stages of regression analysis, and this
gave rise to some controversy over what assumed error structure was most ap-
propriate. An experimental approach using measurement models, described in
Chapter 21, was later developed, which eliminated the need for assumed error
structures.

The long time required to make impedance measurements in the acoustic to
subacoustic frequency range caused the resulting impedance to be influenced by
changes in the system properties during the course of the measurement. The
Kramers-Kronig relations, described in Chapter 22, were employed to determine
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whether impedance spectra were corrupted by nonstationary behavior. This ap-
proach, too, was controversial due to the need to evaluate the Kramers-Kronig in-
tegrals over a frequency range extending from 0 to infinity, requiring extrapolation
of the measured data. The use of a measurement model allowed assessment of the
degree of consistency with the Kramers-Kronig relations without use of integration
procedures.

Access to powerful computers and to commercial partial-differential-equation
(PDE) solvers has facilitated modeling of the impedance response of electrodes
exhibiting distributions of reactivity. Use of these tools, coupled with development
of localized impedance measurements, has introduced a renewed emphasis on the
study of heterogenous surfaces. This coupling provides a nice example for the
integration of experiment, modeling, and error analysis described in Chapter 23.
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Chapter 1

Complex Variables

A working understanding of complex variables is essential for the analysis of ex-
periments conducted in the frequency domain, such as impedance spectroscopy.
The objective of this chapter is to introduce the subject of complex variables at
a level sufficient to understand the development of interpretation models in the
frequency domain. Complex variables represent an exciting and important field in
applied mathematics, and textbooks dedicated to complex variables can extend the
introduction provided here.”>”3 The overview presented in this chapter is strongly
influenced by the compact treatment presented by Fong et al.”*

1.1 Why Imaginary Numbers?

The terminology used in the study of complex variables, in particular the term
imaginary number, is particularly unfortunate because it provides an unnecessary
conceptual barrier to the beginning student of the subject. Complex variables are
ordered pairs of numbers, where the imaginary part represents the solution to a
particular type of equation. As suggested by Cain in his introduction to complex
variables,” complex numbers can be compared to other ordered pairs of numbers.

Rational numbers, for example, are defined to be ordered pairs of integers. For
example, (3, 8) is a rational number. The ordered pair (n, m) can be written as (L ).
Thus the rational number (3, 8) can be represented as well by 0.375.

Two rational numbers (n,m) and (p, q) are defined to be equal whenever ng =
pm. The sum of (n,m) and (p, q) is given by

(n,m)+ (p,q) = (nq + pm, mq) (1.1)

and the product by
(n,m)(p,q) = (np,mq) 1.2)

Subtraction and division are defined to be the inverses of the addition and multi-
plication operations, respectively.
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Irrational numbers were introduced because the set of rational numbers could
not provide solutions to such equations as z = v/2. As seen in the subsequent sec-
tion, the set of real numbers, which encompasses rational and irrational numbers,
is not adequate to provide solutions to yet other classes of equations. Thus, com-
plex numbers were introduced, which can be seen in the following sections to be
defined as ordered pairs (x,y) of real and imaginary numbers.”

1.2 Terminology

The concept of complex variables is used widely in mathematical and engineering
analysis. Some definitions and concepts commonly encountered in the field of
impedance spectroscopy are presented in this section.

1.2.1 The Imaginary Number

The imaginary number j = 4/—1 is the solution to the algebraic equation
22 = -1 (1.3)

which yields z = %j. The imaginary number arises as well in the solution to
differential equations such as
d%y
dx?

which, as shown in Chapter 2, has the characteristic equation

+by=0 (1.4)

m* = —b (1.5)

with solution

m=+v—b=+jVb (1.6)

The homogeneous solution to equation (1.4) is given by
y=Crexp (j\/Ex) + Cyexp (—j\/gx) (1.7)

Some useful identities for the complex number j are presented in Table 1.1.

1.2.2 Complex Variables

The solution to the quadratic equation

az? +bz4+c=0 (1.13)
given as
- 2 _
= b+ vb% —4ac (1.14)

2a
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is a complex number if the argument b? — 4ac < 0. The complex variables can be
written as

z=1z,+jz (1.15)

where 2z, and z; are real numbers that represent the real and imaginary parts of z,
respectively. Often the notations Re{z} and Im{z} are used to designate real and
imaginary components of the complex number z, respectively.

1.2.3 Conventions for Notation in Impedance Spectroscopy

The IUPAC convention, as described in the overview by Sluyters—Rehbach,75 is that
v/—1 should be denoted by the symbol i. To avoid confusion with current density,
given the symbol i, we have chosen here to follow the electrical engineering con-
vention in which /1 is given the symbol j.

We also depart from the IUPAC convention in the notation used to denote real
and imaginary parts of the impedance. The [UPAC convention is that the real part
of the impedance is given by Z’ and the imaginary part is given by Z". We consider
that the [IUPAC notation can be confused with the use of primes and double primes
to denote first and second derivatives, respectively. Thus, we choose to identify the
real part of the impedance by Z, and the imaginary part of the impedance by Z;.

1.3 Operations Involving Complex Variables

As z is a single value with real and imaginary components, z can be represented
as a point on a complex plane, as shown in Figure 1.1. The complex conjugate of a
complex number z = z, + jz; is defined to be Z = z, — jz;. Thus, in Figure 1.1, Z is
seen to be the reflection of z about the real axis.

As is evident in the graphical representation of a complex number in Figure
1.1, two complex numbers are equal if and only if both the real and the imaginary
parts are equal. Thus, an equation involving complex variables requires that two
equations are satisfied, one involving the real terms, and one involving the imag-
inary terms. Commutative, associative, and distributive laws hold for complex

Table 1.1: Identities for the complex number j.

j=v-1 (1.8)
F=-1 (1.9)
P=-i (1.10)
=1 (1.11)

1/j=—j (1.12)
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z=z,+Jz;

Figure 1.1: Argand diagram showing the position of a complex number and its complex con-
jugate on a complex plane.

numbers. Some useful relationships for complex variables are presented in Table
1.2, which demonstrate the commutative, associative, and distributive properties.

The commutative property states that, in addition and multiplication, terms
may be arbitrarily interchanged. Thus, equation (1.16) applies for addition and
equation (1.17) applies for multiplication of complex numbers z and w. The dis-
tributive property is demonstrated by equation (1.18), and the associative property
is demonstrated by equation (1.19).

1.3.1 Muitiplication and Division of Complex Numbers

Equations (1.20)—(1.24) illustrate the manner in which mathematical operations are
carried out in terms of real and imaginary components. These results provide a
foundation for the followings series of examples.

\
Example 1.1 Multiplication of Complex Numbers: Does the imaginary part
of the product of two complex numbers equal the product of the imaginary parts?

Solution: Consider two numbers z = 2z, + jz; and w = w, + jw;. The multiplication of

m Remember! 1.1 Complex numbers are ordered pairs (x,y) of real and imaginary
numbers that represent the solution to a class of problems that cannot be solved using
rational and irrational numbers.
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Table 1.2: Relationships for complex variables z = z, + jz; and w = w, + jw;.

Z+w=w+z (1.16)
2w = wz (1.17)
a(z + w) = az + aw (1.18)
a(zw) = (az)w (1.19)
z+w = (2r +wr) +j(zj +w;) (1.20)
z—w= (2, —wr) + j(zj — wj) (1.21)
zw = (Z,wy — zjw;) + j(zrw;j + zjwy) (1.22)
Wi = w} +w} (1.23)

z W

w wo
_ (zyw, + zjwj)2+ j(:ijw, - Z,w;) (1.29)

w? + wj

z and w follows equation (1.22), i.e.,

zw = (2, + jz;) (wy + jw;)

= (zrw, + j2zjw;j) + j (zwj + wyz)) (1.25)

= (zrwr — zjwj) +j (zrw;j + wrz;)
The imaginary part of zw is (z,w; + w,z;), which is not equal to the product of the imagi-
nary parts, i.e.,

(zrw; + wyzj) # zjw; (1.26)

Thus, the imaginary part of the product of two complex numbers does not equal the product
of the imaginary parts.

\

Example 1.2 Division of Complex Numbers: In a new experimental tech-

nique developed by Antafio-Lopez et al.,”® an approximate formula for capacitance was

used; i.e.,

Y;(w)
w

C= (1.27)

m Remember! 1.2 The notation used in this text provides that j = +/—1 and that
real and imaginary parts of complex numbers are denoted by subscripts r and j, respec-
tively.
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where Y is the complex admittance Y = Z~1, and w is angular frequency. At frequencies
sufficiently high to eliminate the contribution of Faradaic resistance, the capacitance is
shown in Section 16.4 to be obtained correctly from

1

€= —wZ,-(w)

(1.28)

where Z; is the imaginary part of the complex impedance Z. For capacitive systems, Z; <
0. Under what conditions will equation (1.27) be accurate?

Solution: Equation (1.27) would agree with equation (1.28) if

2
Y, =Im{Z7 '} = -Z; 1 (1.29)

To test the validity of equation (1.29), consider the inverse of the complex number Z =
Z, +jZ;.
1 1

2= : 1.30

Division is possible only after the denominator is converted into a real, rather than complex,
number. Both the numerator and the denominator are multiplied by the complex conjugate
(see equations (1.23)) and (1.24)).

2=z {z=2 )
Z \z+jzi J \Z - jz;

_ Zr—jZ
=757 (1.31)
7 . Z
vz 'z
Thus,
Y;=Im{Z 1} = - Zi P (1.32)
4 Z2+22 Z; '

Equation (1.29) is satisfied only if Z, = 0. As discussed in Chapter 10, the real part of
the impedance Z, approaches the electrolyte resistance at high frequencies. The capacitance
obtained by Antafio-Lopez et al.”® is correct at high frequencies only if the electrolyte
resistance can be neglected, i.e., Z? < Z]?.

MRemember! 1.3 The impedance is a complex number defined to be the ratio of
complex potential and complex current.
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Figure 1.2: Argand diagram showing relationships among complex impedance, magnitude, and
phase angle.

\
Example 1.3 Rectangular Coordinates: The impedance of a parallel combina-
tion of a resistor and a capacitor can be expressed as

R
T 14 jwt

(1.33)
where T is the time constant T = RC. Express equation (1.33) in rectangular coordinates,
i.e., find the real and imaginary components of Z.

Solution: To express equation (1.33) in rectangular coordinates, the denominator must be
converted into a real, rather than complex, number. Both the numerator and the denomi-
nator are multiplied by the complex conjugate (see equations (1.23) and (1.24)).

Z= - >
1+jwt ) (1-jwT

_ R—jwRT

T 14 w?T? (1.34)
___R . wRr
T Ttwi? T ee
Thus, R R
wRT
Re{Z} = 1oy ™2t =—1750 (1.35)

1.3.2 Complex Variables in Polar Coordinates

The transformation from rectangular to polar coordinates is shown schematically
in Figure 1.2. The variable r is the modulus or absolute value |z|, which always has
a positive value. The phase angle is written as § = arg(z). The angle arg(z) has
an infinite number of possible values because any multiple of 27 radians can be



10 COMPLEX VARIABLES CHAPTER 1

Table 1.3: Relationships between polar and rectangular coordinates for the complex variable
z =1z, +jzj.

z, = rcos(6) (1.36)
zj = rsin(6) (1.37)
r=|z|
=./22+ 2} (1.38)
6 = tan" C—’) (1.39)
lz| = V2z (1.40)
z =r(cos(f) + jsin()) (1.41)
2" = 1" (cos(n6) + jsin(nf)) (1.42)

Z/m = fl/n [cos <9+ E"—k) +jsin (9+ 2—"")] ; k=0,1,...,n—1 (1.43)
n n n n

added to it without changing the value of z. The value of 8 that lies between —7
and 7 is called the principal value of arg(z).

Some useful relationships between polar and rectangular coordinates for com-
plex variables are summarized in Table 1.3. Equation (1.42) is known as De Moivre’s
theorem. It is valid for all rational values of n.

\
Example 1.4 Polar Coordinates: The impedance of a parallel combination of a
resistor and a capacitor can be expressed as

z=_=X
1+ jwt

(1.44)

where T is the time constant T = RC. Express equation (1.44) in polar coordinates; i.e.,
find the modulus and phase angle for Z.

Solution: As shown in Example 1.3, equation (1.44) can be expressed in rectangular
coordinates by
R wRT

Re{Z} = gm ™2 =775

— AT (1.45)

Equations (1.38) and (1.39) can be used to convert equation (1.45) into polar coordinates.

Thus,
R 2 wRT 2
r= V (1+w21’2) +(1+w21'2) (146)
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R2
r=A\ 1T (1.47)

or

0= tan-1 | _@RT 1+ w??
- 1+w?2t? R
= tan"} (~wT) (1.48)

The phase angle 6 is a function only of frequency w and the time constant T. The modulus
r depends on the value of R as well as on the frequency w and the time constant 7.

The solution can be obtained more rapidly by casting the impedance in terms of admit-
tance (see Section 16.2). The admittance can be expressed as

1 1+4+jwt

Y= R

(1.49)

z
The modulus of the admittance is given by

1+ w??
Y[ =1/ Rz (1.50)

fy = tan~}(wT) (1.51)

and the argument is given by

The modulus of the impedance and the corresponding argument can be deduced immedi-

ately as

1Z| = Il_l (1.52)

and
6 = —6y (1.53)

respectively.

\
Example 1.5 De Moivre’s Theorem: Calculate (1 + j)'%.
Solution: Following equations (1.38), (1.39), and (1.41), the polar form of (1 + j) is

expressed as
1+j=v2 (cos (7743) + jsin (-g-)) (1.54)
From equation (1.42)
(14 )10 = 210072 (cos (10:7[) + jsin (104&1-)) (1.55)

As sin(257) = 0 and cos(257) = —1, (1 +j)10 = 2%,
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Figure 1.3: Argand diagram showing 1+ (A) and the five roots of (1+ 7)1/ (e) as calculated
in Example 1.6.

\
Example 1.6 n'" Roots of Complex Variables: Calculate (1 + j)1/5.

Solution: The polar form of z = 1 + j is expressed as

z=\/§(cos(4)+]sm(2)) (1.56)
From equation (1.43)

2kt 2kt
1/5 _ »1/10 i si el =
zV° =2 (cos(20+ 5 )+] (20+ 5 )), ; k=606,...,4 (1.57)

1/
As shown in Figure 1.3, the n roots lie on a circle of radius (\/i) n, ie,r = 21710 =
1.07177.

\

Example 1.7 Square Roots of Complex Variables: The Warburg impedance
associated with diffusion in an infinite medium takes the form Z = 1//jwt. Find the
roots of Z.

Solution: The polar form of z = 1/ jwT = —j/wT is expressed as

z= Zzl? (cos (32 ) + jsin (%)) (1.58)
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Figure 1.4: Argand diagram showing the angle associated with 1/jwT and the two roots
1/+/jwT as calculated in Example 1.7.

From equation (1.43)

/ 1 3n 3n
1/2 i si — : = 9
A = (COS ( +k71') +]sm ( kn)) ; k 0,1 (15 )

The roots of 1/ /jwT are shown in Figure 1.4. The root with k = O can be rejected using
the physical reasoning that the resistance associated with diffusion cannot have a negative
sign. Thus, the Warburg impedance can be expressed in rectangular coordinates as

1T . [1
2=\ e~ e @

The real and the negative imaginary components have the same magnitude and increase
according to v/1/w as frequency tends toward zero.

1.3.3 Properties of Complex Variables

Some useful properties of the complex conjugates of z = z, + jz; and w = wy + jw;
are presented in Table 1.4, and some relationships for the absolute value of z =
zy + jzj and w = w, + jw; are presented in Table 1.5.

1.4 Elementary Functions of Complex Variables

The definition of many elementary functions can be extended to complex variables.
Polynomial, exponential, and logarithmic functions are discussed here.
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Table 1.4: Properties for the complex conjugates of z = z, + jz; and w = w, + jw;.

Z+w=2z2+w (1.61)
ZW = ZW (1.62)
TiT _1
[E} =3 (1.63)
Z=1z (1.64)
Table 1.5: Properties for the absolute value of z = z; + jz; and w = w; + jw;.
lz| = |2 (1.65)
7z = |z|2 (1.66)
zr < |z (1.67)
zj < |z (1.68)
|zw| = |2||w]| (1.69)
1 1
| = Tz—l’ 2#0 (1.70)

|z 4+ w| < |z| + |w| (1.71)
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1.4.1 Exponential

The exponential function e is of fundamental importance in impedance spec-
troscopy. The exponential function is defined such that it retains the properties
of the real function e* that

1. €%, with argument z = x + jy, is single-valued and analytic (see Appendix
Al),

2. de*/dz = ¢*,and
3. ¢ — e*, wheny — 0.

As a consequence of the above requirements, the exponential function with argu-
ment z = x + jy can be shown to conform to

et = ex+jy
= e* [cos(y) + jsin(y)] (1.72)

Equation (1.72) can be considered to be the definition of e*, which can be readily
shown to meet the requirements expressed above.
Equation (1.72) is written in the standard polar form, equation (1.41), in which
the modulus of €% is
r=|ef| =¢* (1.73)

and the argument, or phase angle, is given by
0=arg(e’) =y (1.74)
It is evident, then, that the exponential function is periodic, i.e.,
&% = e*Hi%kr (1.75)

for integer values of k.
Any complex number can be written in exponential form. For example, if x = 0
and y = 6, application of equation (1.72) yields

cos(6) + jsin(9) = e (1.76)
In addition,

e = cos(—0) + jsin(—0)
= cos(f) — jsin(P) (1.77)

Equations (1.76) and (1.77) yield the Euler formulas

e/f + o7

cos(f) = 7

(1.78)
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e sin(8) = &2 =" (1.79)
== .
These can be extended for x # 0 as
cos(z) = Ejz—-;—e;ji (1.80)
e sin(z) = &= " (1.81)
== .

Equations (1.80) and (1.81) provide relationships between complex variables and
trigonometric functions. These can be manipulated to find relationships with hy-
perbolic function. Some important definitions and identities are presented in Table
1.6.

1.4.2 Logarithmic

Given
z=¢e" (1.99)

where z and w = u + jv are complex numbers, the natural logarithm can be defined
as
w = In(z) (1.100)

As w = u + juv, equation (1.99) can be expressed as
z = €* [cos(v) + jsin(v)] (1.101)

The modulus of equation (1.101) is given as

|z| = e* (1.102)
and the phase angle is given by
arg(z) =v (1.103)
The complex number z can therefore be expressed as
z = |z]e/*802) = |z]e (1.104)
or
In(z) = In(|z|) + jarg(z) = In(e*) + jv (1.105)

m Remember! 1.4 The exponential representation of a complex number plays an
important role in impedance analysis. Remember that e/ = cos(6) + jsin(8).
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Table 1.6: Trigonometric and hyperbolic relationships for the complex variable z = z, + JZj-

sin(z) = (ejz —e‘jz) /2j
cos(z) = (eiz +e"jz) /2

___ds;r;(z) = cos(z)
2ez) — _sin(z)
=228
cot(z) = Z;T((z))

cos?z +sin’z =1
cos(z1 £ 23) = cos(z1) cos(zz) F sin(z; ) sin(zy)
sin(z; £ z;) = sin(2;) cos(z;) + cos(z1) sin(zy)
sinh(z) = (¢ —e™?) /2
cosh(z) = (e* +e7%) /2

tanh(z) = :omsi‘l(é%
cosh(z)
coth(z) = Snh(2)

cos(z) = cos(x) cosh(y) — jsin(x) sinh(y)
sin(z) = sin(x) cosh(y) + j cos(x) sinh(y)
cosh(z) = cosh(x) cos(y) + jsinh(x) sin(y)
sinh(z) = sinh(x) cos(y) + j cosh(x) sin(y)

(1.82)
(1.83)

(1.84)
(1.85)

(1.86)

1.87)

(1.88)
(1.89)
(1.90)
(1.91)
(1.92)

(1.93)

(1.94)

(1.95)
(1.96)

(1.97)
(1.98)
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)

v

Figure 1.5: Representation of the domain D in which Ln(z) is analytic.

There are an infinite number of values of In(z) because arg(z) can differ by mul-
tiples of 27t. The principal value of In(z) is defined for the principal value of arg(z),
both designated by initial capital letters. Thus,

Ln(z) = In(|z|) + jArg(z) (1.106)

where
~-T<Arg(z) <7 (1.107)

The function Ln(z) is not defined at z = 0 and is not continuous anywhere on the
negative real axis z = x + 0j, where x < 0. The negative real axis is a line of discon-
tinuity because, on that line, the imaginary part of Ln(z) has a jump discontinuity
of 27t. If a cut is made, as shown in Figure 1.5, to remove the origin and the nega-
tive real axis, Ln(z) is analytic in the resulting domain, and the derivative of Ln(z)
is given by
din(z) 1
iz z

(1.108)

The derivative of In(z) is also given by equation (1.108) because Ln(z) and In(z)
differ by a constant, 27tkj.

Some functional relationships commonly used in impedance spectroscopy are
presented in Table 1.7.

\
Example 1.8 Exponential Form: Show that a time-dependent variable i(t), ex-
pressed in terms of the steady-state value i and a sinusoidal time-dependent contribution
as

i(t) =1+ |i] cos (wt + @) (1.115)

can be expressed as
i(t) = i+ Re {Aiexp (jwt)} (1.116)

where
Ai = |i| exp (jo) (1.117)
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Table 1.7: Functional relationships of complex variables commonly encountered in impedance
spectroscopy, where x and y are real numbers, and z = x + jy.

exp(jx) = cos(x) + jsin(x) (1.109)
exp(j(x +y)) = exp(jx) - exp(jy) (1.110)
cos(wt + @) = Re {exp(j(wt + ¢))} (1.111)
= Re {exp(jp) - exp(jrt)} (1112)

Re{ln(z)} =In|z| (1.113)
Im{In(z)} = arg(z) (1.114)

is a complex number for ¢ # 0. Equation (1.116) is commonly used in the development
of mathematical models for the transfer function, or impedance, response of electrochemical
systems.

Solution: From equation (1.109), the oscillating component of equation (1.116) can be
expressed in terms of an exponential as

|i] cos (wt + @) = |i| exp (j(wt + @)) — j|i] sin (wt + @) (1.118)

or
|i] cos (wt + @) = Aiexp (jwt) — jli| sin (wt + @) (1.119)

where Ai, given by equation (1.117), is a complex number for ¢ # 0. The quantity on
the left-hand side of equation (1.117) must be a real number. Equation (1.119) is formally
equivalent to

|i] cos (wt + @) = Re {]i| cos (wt + @)} = (1.120)
Re {Aiexp (jwt) — jsin (wt + @)}

The imaginary term jsin (wt + @) does not contribute to the real part of the complex
number inside the brackets; thus,

|i] cos (wt + @) = Re {Aiexp (jwt)} (1.121)

The above development could be considered to be a verification of equation (1.112) and
justifies the treatment of the current and potential response of electrical circuits expressed
as equation (4.8).

1.4.3 Polynomial

A polynomial function of degree n is defined to be

Pu(z) = ap2" + an_12" 1+ ...+ mz+ao (1.122)
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where a, # 0, ay_1, - .., 4o are all complex constants. The rational algebraic func-

tion
_ P(z)

“®=26
is defined where P(z) and Q(z) are polynomials.

A continued overview of complex variables is presented in Appendix A in the
context of the complex integration used to establish the Kramers-Kronig relations.

(1.123)

Problems

11 Forz =1+ jand w = 5 — 2j, perform the following operations:

@ w+z
b w-z
(©0 wz
d w/z

1.2 Calculate the phase angle and modulus for the following:
@ z=1/(jwC)
) z=R

1.3 The impedance associated with a single electrochemical reaction on a uni-

form surface can be expressed as
Z(w) =R+ (1.124)

where R, is the electrolyte resistance, R; is the charge-transfer resistance, and

C, is the capacity of the double layer.

(@) Find expressions for the real and imaginary parts of the impedance as a
function of frequency.

(b) Find expressions for the magnitude and phase angle of the impedance.

(c) Find expressions for the real and imaginary parts of the admittance as
a function of frequency.

14 The impedance associated with an ideally polarized (blocking) electrode can

be expressed as
1

Z(w) = Ret jwCa

(1.125)

where R, is the electrolyte resistance and Cy is the capacity of the double

layer.

(@) Find expressions for the real and imaginary parts of the impedance as a
function of frequency.

(b) Find expressions for the magnitude and phase angle of the impedance.

() Find expressions for the real and imaginary parts of the admittance as
a function of frequency.
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1.5

1.6

The impedance associated with a constant phase element can be expressed

as
Z w Ize . 1-126

where « and Q are parameters associated with a constant-phase element

(CPE). When a = 1, Q has units of a capacitance, i.e., #Fcm™2, and represents

the capacity of the interface. When a # 1, the system shows behavior that

has been attributed to surface heterogeneity, oxide films, or to continuously

distributed time constants for charge-transfer reactions.

(a) Find expressions for the real and imaginary parts of the impedance as a
function of frequency.

(b) Find expressions for the magnitude and phase angle of the impedance.

(¢) Find expressions for the real and imaginary parts of the admittance as
a function of frequency.

Consider a situation where the impedance of one layer is given by

Ry

and the impedance of a second layer is given by
Z(w) = 77 oG (1.128)

Add the two impedances to find the overall impedance of the two layers.
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Chapter 2

Differential Equations

Development of models for impedance requires solution of differential equations.
The method of solution requires two steps. In the first, a steady-state solution is
obtained, which generally requires solution of ordinary differential equations.

In the second, a solution is obtained for the sinusoidal steady state. Generally,
through transformations of the type discussed in Example 1.8, this too requires so-
lutions of ordinary differential equations. While in some cases numerical solution
is required, analytic solutions are possible for a large number of problems. An-
alytic solutions to some typical equations are reviewed in this chapter. For more
details, see standard textbooks on engineering math.”*77

2.1 Linear First-Order Differential Equations

The general form of a linear first-order differential equation can be expressed as
d
L+ P(y = Q) @1)

The homogeneous equation corresponding to equation (2.1), for which Q(x) =0,
is given by

Y 1 Px)y =0 (22)
which has the solution
®(x) = exp <— / P(x)dx) 2.3)

®(x) is sometimes referred to as being an integrating factor, used to convert equa-
tion (2.1) to an exact differential equation.”®
The solution of the heterogeneous equation (2.1) can be written in the form

y = (x)A(x) | (24)

After simplification, equation (2.1) becomes

o) % = Q) 2.5)
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with solution

Alx) = / [Q(x)exp [/ P(x)dx” dx+C (2.6)
The solution to equation (2.1) can be given as

_ [ Q(x)exp [[ P(x)dx] dx C

B exp [ [ Pdx] + exp [ [ Pdx] @7)

The right-hand side is a function of only x and can be integrated, and C is the
constant of integration determined from the boundary condition.

The method for solving linear first-order differential equations involves the fol-
lowing steps:

1. Derive the solution to the homogeneous equation ®(x).

2. Derive a new unknown function A(x) such that y = ®(x)A(x), using numer-
ical integration if a formal analytic solution is not possible.

3. Develop the expression for y.
The method is illustrated in the following examples.
Example 2.1 Linear First-Order Differential Equation: In the development

of boundary-layer mass transfer to a planar electrode, a similarity transformation variable
(see Section 2.4) can be identified through solution of

1
B(x)g’8’ + 5B/ (x)g> = £ (28)
where £ is a constant and g(0) = 0. Find an expression for g(x).

Solution: Equation (2.8) can be placed in the form of equation (2.1) by introducing a new
variable f(x) = g(x)3 such that

f 38'(x) f=
" 28(x) ﬁ(X)

where P(x) = 3B'(x)/2B(x) and Q(x) = 3£/B(x). The solution to the homogeneous
equation can be expressed, following equation (2.3), as

®(x) = exp (— Ox iﬂﬁl((;))> = exp (—g 1nﬁ> = g3/2 (2.10)

.9)

m Remember! 2.1 The general solution to nonhomogeneous linear first-order dif-
ferential equations can be obtained as the product of function to be determined and the
solution to the homogeneous equation.
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Following equation (2.5), the governing equation for A(x), defined by f = ®(x)A(x), is
given by

1 dA 3¢
S = B0 (2.11)
or JA
- = 3£B(x)/? (2.12)
with solution .
Alx) = /o 3061/%4x + C 2.13)
As f(x) = g(x)* = D(x)A(x),
flx) = 2 / 3081 24x + ﬁf/z (2.14)

The constant of integration C is evaluated from the requirement that g(0) = 0, and thus,
f(0) = 0. The constant of integration has a value C = 0. Thus,

2(x) = \_}—E [ /0 ) 3€ﬁ1/2dx]1/3 2.15)

This example demonstrates the use of a simple variable transformation to convert a differ-
ential equation into a form suitable for application of the methods discussed in this section.

\
Example 2.2 Convective Diffusion Equation: The material balance equation

near a rotating disk electrode in an electrolyte solution where the migration can be neglected
can be written as 2 p
c c
Do — 03— = 2.1
a2 " g =0 (2.16)
where v, = —a-‘%%z-zz = —az?. Thus,

d’c ,dc

Dd 5 +az"— 7 =0 (2.17)

Find an expression for the concentration c.

Solution: Equation (2.17) is homogeneous. By introducing the new function A defined as
A= dc , the second-order differential equation becomes an equation of first order written as

dA 2
- = 2,
Ddz +az°A=0 (2.18)

The solution is A = A exp ( ) where A is a constant. The solution for concentration
cis

z az’
= [ Aew (—53) dz +c(0) 219)

This expression for concentration is the starting point for the development of the Levich
equation for the mass-transfer-limited current to a disk electrode.
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2.2 Homogeneous Linear Second-Order Differential Equations

The general homogeneous linear second-order differential equation with constant
coefficients can be written as

¥ +P(x)y +Q(x)y=0 (2.20)

Consider here the special case of linear second-order differential equations with
constant coefficients, written in general form as

ay’ +by' +cy=0 (2.21)
This equation can be written using operator notation as
(aD*+bD +c)y =0 (2.22)

where p
=4
Dy = Ix (2.23)

A trial solution for equation (2.21) can be written as
y=e™ (2.24)
where m is a constant to be determined. Substitution into equation (2.21) yields
(am?+bm +c)e™ =0 (2.25)
Equation (2.25) can be satisfied if and only if
(am® +bm+c) =0 (2.26)

Equation (2.26) is known as the characteristic or auxiliary equation of equation
(2.21). As equation (2.26) takes the same form as equation (2.22), the usual practice
is to write the differential operator form of the equation and solve for coefficients
letting the symbol D play the role of m. The solution to the quadratic equation

(2.26)

. b=+ \/zl;z —4ac (2.27)
provides values for m; and mjy. The solution to equation (2.21) is therefore

y = C1e™* 4 Cre™* (2.28)

where C; and C, are constants to be determined from boundary conditions. If
mj = my, equation (2.28) cannot provide a complete solution to equation (2.21). In
this case, the solution can be shown to take the form

y = C1e™* 4 Coxe™* (2.29)
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In some cases, the roots can be complex. When the roots of the characteristic equa-
tion are complex, the general solution takes the form

y = Cle(P'f‘ifI)x + Cze(p"jq)x (2_30)

where m; = p+ jqg and my = p — jg. It is usually convenient to use the Euler
relations (1.78) and (1.79) to express the solution as

y = eP* (C; cos(gx) + Casin(gx)) (2.31)
where C; and C; are real constants to be determined from boundary conditions.

\

Exam le 2.3 Complex Roots for an ODE: Find the roots for the differential
§ % P
equation

d%y

m + by =0 (2.32)
discussed in Section 1.2.1.

Solution: Equation (2.32) has the characteristic equation
m* = —b (2.33)

with solution

m=+v—b==xjVbh (2.34)
The homogeneous solution to equation (2.32) is given by

y=Ciexp (j\/gx) + Crexp (— j\/Ex) (2.35)

\

Example 2.4 Diffusion in a Finite Domain: The steady-state conservation
equation for diffusion of species i in an finite medium can be expressed as

dzci

Digz

=0 (2.36)

with boundary conditions

Ci — Cioo for z=94
cg=ci(0) at z=0 (2.37)

We seek an expression for the concentration profile.
Solution: The solution to equation (2.36) can be obtained by direct integration to be

¢i=Az+B (2.38)
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where A and B are constants of integration. Application of the boundary conditions (2.37)
yields

ci =¢;(0) + ;— (Ciw—ci(0)) for z< 4
Ci=Cie fOr z2>96 (2.39)

The development of the impedance response is presented in Section 11.4.2.

2.3 Nonhomogeneous Linear Second-Order Differential Equations

The nonhomogeneous linear second-order differential equations with constant co-
efficients can be written in general form as

ay” + by +cy = f(x) (2.40)

If f(x) = 0, the equation is called homogeneous. If f(x) # 0, the equation is called
nonhomogeneous. The general solution to equation (2.40) is given as the product

y = d(x)A(x) (2.41)

where @(x) is the solution to the homogeneous equation.
The homogeneous solution ®(x) can be obtained using the methods described
in Section 2.2. The unknown function A(x) is defined such that

¥ = A (242)
¥y = O(x)Alx) + d(x)A(x) (2.43)
Y = O(x)"A(x) +2&(x)'A(x) + D(x)A(x)” (2.44)
Equation (2.40) becomes
a(D"A+20'A + @A) + b (PA+ D) +c(PA) = f (2.45)

As @ is the solution to the homogeneous equation, equation (2.46) is reduced to
a2’V +®A") +b (@A) = f (2.46)

Equation (2.46) can be solved by a reduction of order technique, ie., by letting
u = A/, such that
#Wad+u (229 +b®) = f (2.47)

m Remember! 2.2 The general solution to nonhomogeneous linear second-order
differential equations with constant coefficients can be obtained as the product of function
to be determined and the solution to the homogeneous equation (see equation (2.41)).
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The resulting first-order equation may be solved numerically if analytic solutions
are not available.

The method described here is general and can be applied to higher-order dif-
ferential equations. The method provides an attractive alternative to the use of
particular solutions obtained using trial solutions based on the form of the func-
tion f(x) and, in some cases, on the form of the homogeneous solution.”*

2.4 Partial Differential Equations by Similarity Transformations

Partial differential equations are generally solved by finding a transformation that
allows the partial differential equation to be converted into two ordinary differ-
ential equations. A number of techniques are available, including separation of
variables, Laplace transforms, and the method of characteristics.

A similarity transformation may be used when the solution to a parabolic par-
tial differential equation, written in terms of two independent variables, can be
expressed in terms of a new independent variable that is a combination of the
original independent variables. The success of this transformation requires that:

o the governing partial differential equation can be expressed as an ordinary
differential equation in terms of the similarity variable,

o the three boundary conditions for the original partial differential equation
collapse to form two boundary conditions in terms of the similarity variable,
and

o the original independent variables appear in neither the transformed ordi-
nary differential equation nor the transformed and collapsed boundary con-
ditions.

Similarity transformations are often used when the same condition applies when
one independent variable is equal to zero and the other independent variable tends
toward infinity.

The classic problem of diffusion in an infinite medium can be solved by use
of a similarity transformation. The associated impedance response is discussed
in Section 11.3. A general method for finding the time-dependent concentration
profile is presented here in the form of an example.

MRemember! 2.3 Similarity transformations may be used for parabolic partial dif-
ferential equations when the same condition applies when one independent variable is equal
to zero and the other independent variable tends toward infinity.
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\
Example 2.5 Diffusion in an Infinite Domain: The conservation equation for
diffusion of species i in an infinite medium can be expressed as

. 2,
% _ Di% -0 (2.48)

with boundary conditions

C; — Cio for z— o0
ci=c(0) at z=0 (2.49)
Ci=Cio at t=0

We seek an expression for the time-dependent concentration profile.

Solution: The method for solving partial differential equations generally involves finding
a method to express them as coupled ordinary differential equations. A similarity trans-
formation is possible if c; can be expressed as a function of only a new variable. This
requirement implies that equation (2.48) can be expressed as a function of only the new
variable, and that the three conditions (2.49) in time and position can collapse into two
conditions in the new variable.

The observation that the same condition for c; applies at t = 0 and z — oo suggests
that, through a transformation variable of the form y = f(z)/g(t), the two boundary
conditions at z = 0 and z — oo and the initial condition at t = 0 could collapse into
boundary conditions at § = 0O (corresponding to z = 0) and 1 — oo (corresponding to
both t = 0 and z — oo).

As a trial transformation, let n be given by

A
n= E(—tj (2.50)

Application of the chain rule yields

9i _dedyn _de( zdg
ot dnot  dy ( g% dt 251)
o, _ dadn _ e (1
oz dnoz dy\g (2.52)
and ) ,
Fo_ d (de) 19y _de (1
322 dy (dn) gaz dn? (gz) 259

Introduction of equations (2.50) and (2.53) into equation (2.48) yields

d%c;  gg de;
217—2 + 'I—J-I-T]W =0 (2.54)
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Equation (2.54) will be a function of only n if g satisfies

848 _
D dt (2.55)
where A is a constant to be determined.
The problem now consists of finding the solution to two ordinary differential equations.
d2C,' _L_i_C_l .

-— + Ay

o 7 = (2.56)

and equation (2.55). The boundary condition for equation (2.55) is that g = O for t = 0.
This will allow the conditions at z — oo and t = 0 to apply for § = oo. The boundary
conditions for equation (2.56) are

Ci — Ciw for n — o0

ci=c(0) at 5=0 (2.57)

Equation (2.55) is a linear first-order differential equation. It can be solved by use of a
variable transformation h = g* such that

dn _ dg? _ dg
@~ (258

Thus i
= = 2DiA (2.59)

which can be integrated directly to obtain
h=g=2DiAt+C | (2.60)

The requirement that g = 0 for t = 0 yields C = O; thus,

g = \/2DiAt 2.61)

and
z

T V2D
In this case, equation (2.58) could be solved by a straightforward direct integration. Some
other cases will require use of the integrating factor discussed in Section 2.1.
Equation (2.56) is a linear second-order differential equation. It can be solved by re-
duction of order. Let

(2.62)

_de

P (2.63)

such that
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Integration yields
P = Ae~M/2 (2.65)

where A is a constant of integration. A second integration performed after substitution of
equation (2.63) into equation (2.65) yields
1
G=A / e=A /23y 4 B (2.66)
0

where B is a constant of integration. The integrals can be placed in standard form by
allowing the arbitrary constant to have a value A = 2. Evaluation of conditions (2.57)
yields

—_p2
(Cm—ci(0)) [ Tdy
or (=c(0)
¢ — ci(0 / 268
(Ci0 — Ci (0 \/_ 268)
The ratio of integrals appearing here is tabulated and is known as the error function, erf.

(ci = ci(0) 2
o —c0) — e’f<f—4z>it)

This is the solution presented in Section 11.3.

(2.69)

2.5 Differential Equations with Complex Variables

In the course of developing models for the impedance response of physical sys-
tems, differential equations are commonly encountered that have complex vari-
ables. For equations with constant coefficients, solutions may be obtained using
the methods described in the previous sections. For equations with variable coef-
ficients, a numerical solution may be required. The method for numerical solution
is to separate the equations into real and imaginary parts and to solve them simul-
taneously.
An example is provided to illustrate the method.

Example 2.6 Foundation for Warburg Impedance: The following differential
equation appears in the treatment of impedance associated with diffusion:
d%6;

a7 Kb =0 (2.70)

m Remember! 2.4 The method for numerical solution of differential equations with
complex variables is to separate the equations into real and imaginary parts and to solve
them simultaneously.
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where 0; is a dimensionless complex number representing the oscillating contribution to
concentration, & is a dimensionless position, and K; is a frequency made dimensionless
using the diffusion coefficient for species i. The complete development for this equation can
be found in Chapter 11.

Solution: Equation (2.70) is a linear second-order homogeneous differential equation with
constant coefficients. It can be solved using the characteristic equation

m? —jK; =0 (2.71)
with solution
m = +/jK; 2.72)
The corresponding solution takes the form
6; = AiebViKi 1 Be=Viki (2.73)

where constants A; and B; are to be determined so as to satisfy the boundary conditions.
For diffusion in an infinite medium, the boundary conditions are

;=0 at §— o0 (2.74)
and
;=1 at =0 (2.75)
Condition (2.74) requires that A; = 0, and condition (2.75) provides that B; = 1. Thus,
9; = eSViKi (2.76)

For diffusion in a finite domain, condition (2.74) is replaced by
6;=0 at (=1 (2.77)

In this case, application of conditions (2.75) and (2.77) provides that

0= AeViK 4 Be~ViKi (2.78)
and
1=A;+B; (2.79)

The resulting solution is

0; = Sm:ﬂsl(f(: 1}]%)]?) for <1

6;=0 for &>1 (2.80)

As an exercise, the reader can verify that equation (2.73) satisfies both real and imaginary
parts of equation (2.70). This development represents the starting point for both the War-
burg impedance associated with diffusion in a stationary medium of infinite depth and the
diffusion impedance associated with a stationary medium of finite depth.
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Problems
2.1 Find the general solution for c as a function of y for:
@ £+ke=0
®) £ +ke=0
(©) %§+a§§+kc =0
@ £5+af+ke=b
2.2 Show that equation (2.73) satisfies both real and imaginary parts of equation
(2.70).

2.3  Verify that equation (2.80) represents the solution for equation (2.70) for dif-
fusion in a finite domain.

2.4 Verify that equation (2.76) represents the solution for equation (2.70) for dif-
fusion in an infinite domain.
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Chapter 3

Statistics

A working understanding of statistics is essential for the analysis of experiments
conducted in the frequency domain, such as impedance spectroscopy. The objec-
tive of this chapter is to provide an overview of concepts and definitions used in
statistics at a level sufficient to understand the interpretation of frequency domain
data.

3.1 Definitions

Some basic statistical concepts are defined in this section. For a more comprehen-
sive treatment, the reader is directed to standard statistical texts.”
3.1.1 Expectation and Mean
The expectation or mean of a quantity xi, sampled k = 1...n, times, is given as
1 &
E{x}=pr=—) % (3.1)
Mz k21

The quantity x is called a variate and has values x that are randomly distributed.
Some useful properties of the expectations of constants and variates are given in
Table 3.1.

3.1.2 Variance, Standard Deviation, and Covariance

The variance of a quantity xi, sampled k = 1...#n, times, is given as

Ny

‘73 = 1_ 1 :_Exl (xk - Vx)z (37)

In terms of expectations, the variance is given as

o} = EE{ (- E{x})’} 8

ny—1
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Table 3.1: Properties of the expectation where ¢ is a constant and x and y are random variates.

E{c} =c¢ (3.2)
E{x+c} =E{x}+c¢ (3.3)
E{cx} = cE{x} (3.4)

E{x +y} =E{x} + E{y} (3.5)
E{(x+¥)*} = E{x}* + E{y}* + 2E{x}E{y} (36)

Table 3.2: Properties of the variance where ¢ is a constant and x and y are random variates.

o*(c) =0 (3.12)
(x+¢) = o2 (3.13)
o?(cx) = c?o? (3.14)
F(x+y) =0+ 0y +0uy (3.15)
(3.16)

As ny — o0, ny/(nz — 1) — 1in equation (3.8).
The standard deviation is given by the square root of the variance, i.e.,

Ox = /02 (3.9)
Both the standard deviation and variance are positive definite. The standard error
Ox
X \/n_x ( )

is the standard deviation scaled by the square root of the sample size 7.
The cross-covariance can be defined to be

Oriry = 2B (11~ E {n}) (22 ~E{:2})) (311)

Unlike the variance, the cross-covariance may have positive or negative values. If
x1 and x; are not correlated, 0y, x, = 0. The techniques discussed in Section 3.2 can
be used to demonstrate the properties of the variance given in Table 3.2.

3.1.3 Normal Distribution

The normal distribution is a function of the mean py, given by equation (3.1), and
the standard deviation oy, given by equation (3.9), i.e.,

exp (——E————-—Hx—)z) (3.17)

202

y(x) = ijﬁ
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Figure 3.1: The standard normal distribution function, equation (3.17) with mean equal to zero
and standard deviation equal to one: 68.26 percent of the distribution lies within o (shown as
the light gray region); 95.44 percent of the distribution lies within 20 (shown as the sum of
the light and dark gray regions); and 99.73 percent of the distribution lies within +3c.

The normal distribution function can be written as N(yx,af). If x has a normal
distribution with parameters y, and ¢?, the variable transformation

i (3.18)

Oy

Xnorm =

will follow the standard normal distribution®0

2

1
ynorm(xnorm) = \/ﬁ exp (_:_xn_;r_m_) (3.19)

With respect to equation (3.17), the standard normal distribution function has a
mean value y, = 0 and a standard deviation 0y = 1. The area under a standard
normal distribution is equal to unity. The standard normal distribution function
can be written as N(0, 1).

The standard normal distribution function, with standard deviation equal to 1
and mean equal to zero, is presented in Figure 3.1. The confidence interval defined
for an experimental set of data x;,...,xy by puy £ 0 means that there is a 68.26
percent probability (see Section 3.1.4) that the correct value lies within the interval.
There is a 95.44 percent probability that the correct value lies within the interval
confidence interval y, =+ 20y. The Central-Limit Theorem described in Section 3.1.5
is often invoked to justify using the normal distribution as a basis for interpreting
experimental data.
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Figure 3.2: Probability distributions: a) x > a4, equation (3.20); b) x < b, equation (3.21);
and c) a < x < b, equation (3.22).

3.1.4 Probability

The probability is obtained by integrating the distribution function over the appro-
priate limits. For example, for x being a normal random variable with mean p,
and standard deviation oy, the probability that x > a4 can be expressed as

exp ( ——:ny—)z) dx (3.20)

X

P(x>a)= \/_

The probability P(x > a) is shown as the shaded area in Figure 3.2(a). The proba-
bility that x < b can be expressed as

P(x<b) =

b
1 (x "Vx)z
o \/E_w exp ( —2 5 ) dx (3.21)

as shown in Figure 3.2(b), and the probability that a < x < b can be expressed as

( (x— "") )dx (3.22)

b
Pla<x<b)=
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as shown in Figure 3.2(c). Tables of cumulative standard normal distributions

®(x \/E / exp ( n°fm> dnomm (3.23)

are available in reference books and statistics textbooks.81/82

3.1.5 Central-Limit Theorem

The Central-Limit Theorem states that the sampling distribution of the mean, for any
set of independent and identically distributed random variables, will tend toward
the normal distribution, equation (3.17), as the sample size becomes large.®’

Theorem 3.1 (Central-Limit Theorem) Let S represent a sequence of independent dis-
crete random variables. Let X1,X3,...,Xi, ..., X, represent n subsets of S, such that each
set X; contains ny values, has a mean value ux;, and has a variance 0,2(1,. The mean value
for the global set S is g and the variance is 02.

b
- HX, — Bs _ 1 _a?
nh_l}.}oP (a < ox < b) =7 a/ exp ( 5 ) dx (3.24)

and uy, is distributed according to

0.2
lim px, = N(us, -2) (3.25)
n—oo nx
or }4 —u
li 5 —N(0,1 3.26
n—n}; O / \/ﬁ ( ) ( )

The Central-Limit Theorem gives rise to the following important observations:

e The mean of the sampling distribution of means is equal to the mean of the
population from which the samples were drawn.

¢ The variance of the sampling distribution of means is equal to the variance
of the population from which the samples were drawn divided by the size of
the samples.

o If the original population is distributed normally (i.e., it is bell shaped), the
sampling distribution of means will also be normal. Even if the original pop-
ulation is not normally distributed, the sampling distribution of means will
increasingly approximate a normal distribution as sample size increases.

As an illustration of the Central-Limit Theorem, consider the distribution of
5,000 random numbers presented in Figure 3.3. The distribution shown in Figure
3.3 represents a global set S that is centered about zero and clearly does not follow
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Figure 3.3: The histogram and a cumulative normal distribution plot for 5,000 uniformly dis-
tributed random numbers with mean pg = —8.06 x 10~4 and standard deviation o5 = 0.28736.
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Figure 3.4: The histogram and a cumulative normal distribution plot for the means of subsets
of the data shown in Figure 3.3. Each subset contained 10 points. The mean of the subset

means is equal to uy = —8.06 X 10~4 and standard deviation ox = 0.09015.
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Figure 3.5 Standard deviations oy for the means of subsets of the data shown in Figure 3.3
as a function of 1/,/ny, where ny is the number of samples in each subset X;.

a normal distribution. The mean value is ys = —8.06 x 10~ and the standard
deviation is og = 0.28736. The global set S can be subdivided into 500 subsets X ;,
each containing 10 values. The distribution of the means yx,, shown in Figure 3.4,
appears to be normally distributed. The distribution, shown on normal cumulative
probability scales, follows a straight line, thus confirming that the distribution of
the sample means is normal. The mean of the subset means is equal to the mean of
the original global set S, i.e., ux = ps = —8.06 x 10~%. The standard deviation of
the subsets is equal to ox = 0.09015.

The standard deviation of the sample means is smaller than that of the global
set S and is a function of the number of data n;, in each subset according to ox =
0s/+/Nx. A plot of standard deviation as a function of 1/,/n, yields a straight line,
shown in Figure 3.5.

Thus, the sampling distribution of the mean becomes approximately normal re-
gardless of the distribution of the original variable, and the sampling distribution
of the mean is centered at the population mean of the original variable. In addi-
tion, the standard deviation of the sampling distribution of the mean approaches

os//n.

m Remember! 3.1 The Central-Limit Theorem is often invoked to justify using
the normal distribution as a basis for interpreting experimental data.
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3.2 Error Propagation

Analytic expressions are available for assessing the propagation of errors through
linear systems. Such approaches can be used as well when the variances are suffi-
ciently small that the system can be linearized about its expectation value. Numer-
ical techniques are generally needed to assess the propagation of errors through
nonlinear systems.

3.2.1 Linear Systems

Under the assumption that the system is linear, i.e., that derivatives of second and
higher order can be neglected, a Taylor series expansion about the expectation
value yields the kth observation of a function f = f(x1,x2,...) as

ﬂ=EU?+E{%£}&m Efnn+E{af}uu E{n))+... (2)

In the limit that N — o0,
o2 =E{(i~E{f}?*} (3.28)
and the variance of f = f(x,xy,...) can be expressed as
2

0?= {E{aaf}E{xlk—E{x1}}+E{aaf}E{x2,k E{x}}+.. ] (3.29)

Equation (3.29) can be expanded in terms of the variances of respective compo-
nents as

#:E{%}}zafl+E{%} ofz+2E{ f} {%}lexz+--- (3.30)

ax1

Thus, the variance of a general function f can be expressed in terms of the variance
of its components as

o} g2 (%>2+a§2 (‘gfz‘)z+...+0'x1,x2 (%) (:—i) +... (3.31)

If the errors are not correlated, i.e., if the cross-covariance terms are equal to zero,
the variance of f can be expressed as

et ()« (35) + o2

Example 3.1 Error Propagation: As discussed in Chapter 15, regression to elec-
trohydrodynamic impedance data can be used to obtain values for the Schmidt number. If



44 STATISTICS CHAPTER 3

the Schmidt number for reduction of oxygen in 0.5 M NaCl was found to be equal to
510 + 25, and the kinematic viscosity is equal to 0.89 x 10~2 £ 0.05 x 102 cm?s!, cal-
culate the diffusivity and the standard deviation.33

Solution: The Schmidt number is expressed as Sco, = v/Do,; thus Do, = v/Sco,.
Equation (3.32) yields

2
~ 1)? %
ob,, 07 ( SCOZ) + 0%, <5c§) 2) (3.33)
Upon inserting the numerical values,
1)\? 0.89 x 10-2\ 2
~ 252 [ 1 2
ag% =~ (0.05 x 1072) (510) + (25) ( 5102 ) (3.34)
=17 x 10712

The result is Do, = 1.75 £ 0.13 x 107% em?s 1.

The estimate provided in Example 3.1 for the standard deviation may be approxi-
mate because the function is not linear with respect to Sc. The influence of nonlin-
earity is explored in the subsequent section.

3.2.2 Nonlinear Systems

Propagation of errors through nonlinear systems poses three issues. The first is
that higher-order derivatives in the Taylor series expansion may make significant
contribution to the error analysis. A second issue, demonstrated in Figure 3.6, is
that the nonlinear relationships can distort the distributions such that the resulting
variable is not normally distributed. The meaning of the variance calculated under
these conditions can be questioned. The third is that correlation among parameters
may lead to a reduction in the error propagated as compared to that calculated
under the assumption that sources of error are not correlated.

Analytic means do not exist to solve the problem of propagation of errors
through nonlinear systems. Monte Carlo simulations can be used to assess the
magnitude and distribution of propagated errors.

\

Example 3.2 Continuation of Example 3.1: Estimate the error in the assess-
ment of the standard deviation for oxygen diffusivity obtained in Example 3.1.

MRemember! 3.2 For linear systems with uncorrelated errors, the variance of a
function of independent variables can be estimated by summing the variances of the inde-
pendent variables weighted by the square of the derivative of the function with respect to
the independent variable; see equation (3.32).
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Figure 3.6: Diffusion coefficient as a function of Schmidt number for Exampie 3.1. The uneven
spacing of diffusivity obtained for an even spacing of Schmidt number shows that a normal
distribution of Schmidt number values would result in a distorted distribution of diffusivities.

Solution: Monte Carlo simulations were performed using two independent sets of 1,000
normally distributed random numbers, one for each of the independent parameters. The
values used to introduce noise for the Schmidt number had a standard deviation of 25, and
the values used to introduce noise for the kinematic viscosity had a standard deviation of
0.05 x 102 cm?s™1. A scatter plot for the resulting calculations is shown in Figure 3.7.
The resulting histogram for the diffusivity, shown in Figure 3.8, shows that the resulting
distribution is normal. The mean value for the diffusivity obtained by use of Monte Carlo
simulations to assess propagation of errors was 1.751 x 1075 cm?s™1, and the standard
deviation was 1.3 x 1076 cm2s~1. These results are in excellent agreement with those

obtained in Example 3.1.

\

Example 3.3 Continuation of Example 3.2: Estimate the error in the assess-
ment of the standard deviation for oxygen diffusivity obtained in Example 3.1 with the
exception that the estimated standard deviation for Schmidt number is increased by a fac-
tor of 10 such that Sco, = 510 = 250.

Solution: Note that the 95.4 percent (20) confidence interval for the Schmidt number
does not quite include zero, so one may imagine that this value is statistically significant.
In practice, the experimentalist should not be satisfied with this level of uncertainty and
would want to devise a better experiment or a better model.

Monte Carlo simulations were performed using two independent sets of 1,000 normally
distributed random numbers, one for each of the independent parameters. The values used
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Figure 3.8: Distribution for the oxygen diffusion coefficient obtained by use of Monte Carlo

simulations to assess propagation of errors for Example 3.2. The mean value for the diffusivity

was 1.751 x 1075 ¢cm?s~?, and the standard deviation was 1.3 x 106 ecm?2s—1.
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Figure 3.9: Scatter plot showing the use of Monte Carlo simulations for calculation of the
diffusion coefficient. Diffusivity is presented as a function of Schmidt number for Example 3.3.

to introduce noise for the Schmidt number had a standard deviation of 250, and the values
used to introduce noise for the kinematic viscosity had a standard deviation of 0.05 x
102 cm?s~1. A scatter plot for the resulting calculations is shown in Figure 3.9. The
calculations clearly trace the nonlinear portion of the curve given in Figure 3.6, and the
occasional negative values for Schmidt number yield negative values for the diffusivity.

The resulting histogram for the diffusivity, shown in Figure 3.10, shows that the
resulting distribution is not normal. The mean value for the calculated diffusivity is
Do, = —1.03 x 1075 + 1.1 x 1073 cm?s™1, but neither the mean nor the standard devi-
ation estimated for this distribution has statistical meaning.

3.3 Hypothesis Tests

A hypothesis test is a procedure for determining whether an assertion about a
characteristic of a population is reasonable. The statistical tests described in this
section cannot be used to prove a hypothesis, but rather, within a specified level of
confidence, to disprove the hypothesis.

Often, the question at hand is whether two distributions have the same mean
or the same variance. The question can be posed as: Are the observed differences in
mean or variance statistically significant? The Student’s t-test and the F-test can be
used respectively to resolve these questions.
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Figure 3.10: Distribution for the oxygen diffusion coefficient obtained by use of Monte Carlo
simulations to assess propagation of errors for Example 3.1. The distribution is not normal,
and the standard deviation estimated for such a distribution has no statistical meaning as a
confidence interval.

3.3.1 Terminology

There is a specific terminology used for hypothesis tests. One might ask, for exam-
ple, whether the rate of corrosion obtained for an aged steel coupon immersed in
seawater is equal to that found in city drinking water.

o The null hypothesis is the original assertion. In this case, the null hypothesis
is that the rate of corrosion obtained for an aged steel coupon immersed in
seawater is equal to that found in city drinking water. The notation used is

Ho: py1 = po.

o There are three possibilities for the alternative hypothesis Hy: p1 > pa, 1 < p2,
and p # ya.

e The significance level « is a number between 0 and 1 that represents the proba-
bility of incorrectly rejecting the null hypothesis when it is actually true. For
a typical significance level of 5 percent, the notation is « = 0.05. For this
significance level, the probability of incorrectly rejecting the null hypothe-
sis when it is actually true is 5 percent. A smaller value of & provides more
protection from this error.

o The p-value is the probability of observing the given sample result under the
assumption that the null hypothesis is true. In other words, p is the value
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of « that will yield the observed statistical test value. Example 3.4 provides
an illustration of the relationship among the t-test parameter, « and p. If the
p-value is less than &, the null hypothesis can be rejected. The converse is not
true. If the p-value is greater than &, the null hypothesis cannot be accepted.

3.3.2 Student’s t-Test for Equality of Mean

The Student’s t-distribution was developed by William Sealy Gosset, 1876-1937, an
English statistician, who published his distribution in 1908 under the pseudonym
Student.® Student’s t-test deals with the problems associated with inference based
on small samples. The question is to determine the extent to which the calculated
mean and standard deviation based on a small sample may, by chance, differ from
the mean and standard deviation that would be obtained from a large distribution.
Gosset developed these statistical methods during his employment in the Guin-
ness brewery in Dublin. The experimental verification of his theories, however,
was derived from published measurements of the heights and left-middle-finger
lengths of 3,000 criminals.?
The Student’s probability distribution function is given by

1 t o\ —(v+1)/2

Alt) =1-a= \/‘11: Eg)( 5. / (1 + %) dx (3.35)

where v, the number of degrees of freedom, must be a positive integer. Asv —
oo, Student’s probability distribution function approaches the normal distribution.
The limiting values for equation (3.35) are A(0|v) = 0 and A(oo|v) = 1.

The value of t obtained from equation (3.35) can be compared with the value
obtained from the experimental observations, i.e.,

_ Bx — Ptest
= Y, \,/71—x (3.36)

with v = n, — 1 degrees of freedom, where n, is the number of experimental data
points, and 0y / 1/, represents the standard error for the data set. The correspond-
ing expression for comparison of unpaired variates is given as

t= Bxy — Uxy (3.37)
\/("xl—l)vzﬁ("xz‘”‘”%z (F++)
Nz g, —2 fzy My

with v = ny, + ny, — 2 degrees of freedom.

MRemember! 3.3 Statistical tests cannot be used to prove a given hypothesis.
These tests can be used to identify conditions where the data do not support the hypothesis.




50 STATISTICS CHAPTER 3

Table 3.3: Student's t-test values.

v/ip| 05 0.4 0.3 0.2 0.1 0.05 0.01
3 07649 | 0.9785 | 1.2498 | 1.6377 | 2.3534 | 3.1824 | 5.8409
4 | 0.7407 | 0.9410 | 1.1896 | 1.5332 | 2.1318 | 2.7764 | 4.6041
5 | 07267 | 0.9195 | 1.1558 | 1.4759 | 2.0150 | 2.5706 | 4.0321
10 | 0.6998 | 0.8791 | 1.0931 | 1.3722 | 1.8125 | 2.2281 | 3.1693
15 | 0.6912 | 0.8662 | 1.0735 | 1.3406 | 1.7531 | 2.1314 | 2.9467
20 | 0.6870 | 0.8600 | 1.0640 | 1.3253 | 1.7247 | 2.0860 | 2.8453
25 | 0.6844 | 0.8562 | 1.0584 | 1.3163 | 1.7081 | 2.0595 | 2.7874
30 | 0.6828 | 0.8538 | 1.0547 | 1.3104 | 1.6973 | 2.0423 | 2.7500
35 | 0.6816 | 0.8520 | 1.0520 | 1.3062 | 1.6896 | 2.0301 | 2.7238

40 | 0.6807 | 0.8507 | 1.0500 | 1.3031 | 1.6839 | 2.0211 | 2.7045
45 | 0.6800 | 0.8497 | 1.0485 | 1.3006 | 1.6794 | 2.0141 | 2.6896
50 | 0.6794 | 0.8489 | 1.0473 | 1.2987 | 1.6759 | 2.0086 | 2.6778
55 | 0.6790 | 0.8482 | 1.0463 | 1.2971 | 1.6730 | 2.0040 | 2.6682
60 | 0.6786 | 0.8477 | 1.0455 | 1.2958 | 1.6706 | 2.0003 | 2.6603
65 | 0.6783 | 0.8472 | 1.0448 | 1.2947 | 1.6686 | 1.9971 | 2.6536
70 | 0.6780 | 0.8468 | 1.0442 | 1.2938 | 1.6669 | 1.9944 | 2.6479
75 | 0.6778 | 0.8464 | 1.0436 | 1.2929 | 1.6654 | 1.9921 | 2.6430
80 | 0.6776 | 0.8461 | 1.0432 | 1.2922 | 1.6641 | 1.9901 | 2.6387
85 | 0.6774 | 0.8459 | 1.0428 | 1.2916 | 1.6630 | 1.9883 | 2.6349
90 | 0.6772 | 0.8456 | 1.0424 | 1.2910 | 1.6620 | 1.9867 | 2.6316
95 | 0.6771 | 0.8454 | 1.0421 | 1.2905 | 1.6611 | 1.9853 | 2.6286

100 | 0.6770 | 0.8452 | 1.0418 | 1.2901 | 1.6602 | 1.9840 | 2.6259

200 | 0.6757 | 0.8434 | 1.0391 | 1.2858 | 1.6525 | 1.9719 | 2.6006

500 | 0.6750 | 0.8423 | 1.0375 | 1.2832 | 1.6479 | 1.9647 | 2.5857

A comparison of means of paired samples is used when an external factor in-
fluences the data sets in a way that is point-by-point identical:

. (3.38)
\/Ek ixllf"‘zrk (7"‘1 "‘*2))

nz(ny—1)

where ny, = ny, = n, and with v = n, — 1 degrees of freedom. Such a test may
be used, for example, for a comparison of two variables obtained as a function of
frequency in the same experiment, where frequency may be expected to have the
same influence on the two variables. Table 3.3 is useful for assessing the Student’s
t-test for equality of mean.

3.3.3 F-test for Equality of Variance

The F-test is used to test the null hypothesis that the two population variances
corresponding to the two samples are equal.”” Within each sample, the values
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are assumed to be independent and to have the identical normal distribution (i.e.,
the same mean and variance). In addition, the two samples are assumed to be
independent of each other.

The value for F is obtained from the experimentally determined variances as

2
0
F=1 3,

22 (3.39)

such that F > 1, ie, 0 > 02. The null hypothesis is that the two variances are
from the same population, i.e., they are not statistically different.

The significance level at which the hypothesis that the variances are not equal
can be rejected is given by

v2/ (va+v1 F)
I'((v1 +1)/2) /211 /21
T(1/2)T (12/2) PET - (340)

Q(Flvy,v2) =

with v = ny, — 1 and v, = ny, — 1 degrees of freedom, respectively. Tables are
provided for the value of F corresponding to a given number of degrees of freedom
and for a given confidence level. If the calculated F is greater than the table value,
then the null hypothesis must be rejected. Numerical values useful for assessing
the F-test for equality of variance with samples of identical degree of freedom are
presented in Table 3.4.

\

Example 3.4 Evaluation of Impedance Data: The question of whether the real
and imaginary parts of impedance measurements have the same variance or standard de-
viation has generated significant controversy in the impedance literature. Consider the
standard deviations reported by Orazem et al.®® for their impedance data obtained for the
reduction of ferricyanide on a Pt rotating disk electrode. The methods of Agarwal et al.56:36
were used to filter minor lack of replicacy from 26 repeated impedance experiments. Nu-
merical values are presented in Table 3.5. The results, presented graphically in Figure 3.11,
suggest that the standard deviations of the imaginary and real impedance values are equal.
The question here is whether this apparent equality has statistical significance.

Solution: The standard deviations are clearly strong functions of frequency. Thus, the
appropriate Student’s t-test is that for paired variates, equation (3.38). The calculated t-
value is texp = 1.710. An interpolated table of t-test values is presented as Table 3.6. The
significance level at a degree of freedom v = n — 1 = 73 corresponding t0 texp = 1.710
is p = 0.0915. The value of t corresponding to the & = 0.05 level is too5 = 1.993. As
texp < to.05, at the 0.05 significance level, the two means are not significantly different.

A second approach is to consider the F-test for comparison of variance at each frequency.
As there were 26 repeated measurements, the degree of freedom for the two calculations of
variance is v = 26 — 1 = 25. At the « = 0.05 level, a value of 1.955 is obtained from
Table 3.4, and a value of 2.604 is obtained at the « = 0.01 level. These critical values can be
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Table 3.4: F-Test values for comparison of variance of samples with equal degrees of freedom,
e, 11 =1 =v

v/ip | 04 0.3 0.2 01 | 005 [ 0.01 | 0.005
4 |1310( 1.753 | 2483 | 4.107 | 6.388 | 15.977 | 23.155
5 | 1269 | 1.641 | 2.228 | 3.453 | 5.050 | 10.967 | 14.940
10 | 1.179 | 1.406 | 1.732 | 2.323 | 2.978 | 4.849 | 5.847
15 | 1.142 | 1.318 | 1.558 | 1.972 | 2.403 | 3.522 | 4.070

20 | 1.122 | 1.268 | 1.466 | 1.794 | 2.124 | 2.938 | 3.318
25 | 1.108 | 1.236 | 1.406 | 1.683 | 1.955 | 2.604 | 2.898
30 | 1.098 | 1.213 | 1.364 | 1.606 | 1.841 | 2.386 | 2.628
35 | 1.090 | 1.196 | 1.332 | 1.550 | 1.757 | 2.231 | 2.438
40 | 1.084 | 1.182 | 1.308 | 1.506 | 1.693 | 2.114 | 2.296
45 | 1.079 | 1.170 | 1.287 | 1470 | 1.642 | 2.023 | 2.185
50 |1.075 | 1.161 | 1.271 | 1.441 | 1.599 | 1.949 | 2.097
55 | 1.071 | 1.153 | 1.256 | 1.416 | 1.564 | 1.888 | 2.024
60 | 1.068 | 1.146 | 1.244 | 1.395 | 1.534 | 1.836 | 1.962
65 | 1.065 | 1.140 | 1.233 | 1.377 | 1.508 | 1.792 | 1.910
70 [1.063 | 1.134 | 1.224 | 1.361 | 1.486 | 1.754 | 1.864
75 11060 | 1.129 | 1.216 | 1.346 | 1.466 | 1.720 | 1.824
80 | 1.058 | 1.125| 1.208 | 1.334 | 1.448 | 1.690 | 1.789
8 | 1057 | 1.121 | 1.201 | 1.322 | 1.432 | 1.663 | 1.758
90 | 1.055 | 1.117 | 1.195 | 1.312 | 1.417 | 1.639 | 1.730
95 | 1.054 | 1.114 | 1.189 | 1.302 | 1.404 | 1.618 | 1.704

100 | 1.052 | 1.111 | 1.184 | 1.293 | 1.392 | 1.598 | 1.681

150 | 1.042 | 1.090 | 1.148 | 1.233 | 1.309 | 1.465 | 1.526

200 | 1.037 | 1.077 | 1.127 | 1.199 | 1.263 | 1.391 | 1.442

1000 | 1.016 { 1.034 | 1.055 | 1.084 | 1.110 | 1.159 | 1.177
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Table 3.5: Standard deviations reported by Orazem et al.8% for their impedance data obtained
for the reduction of ferricyanide on a Pt rotating disk electrode. The methods of Agarwal et
al.56:86 were used to filter minor lack of replicacy from 26 repeated impedance experiments.

# | f/Hz | 07,/Q | 02,/Q cr%f/o%j # | f/Hz | 07,/Q | 07,/Q U%r/ﬂ%j
1 | 0.02154 | 0.35649 | 0.32284 | 1.21933 || 38 | 25.924 | 0.02548 | 0.05162 | 0.24363
2 | 0.02592 | 0.37169 | 0.28941 | 1.64949 {| 39 | 31.408 | 0.02631 | 0.04885 | 0.29019
3 | 0.03141 | 0.39259 | 0.35798 | 1.20271 || 40 | 38.051 | 0.04043 | 0.02609 | 2.40076
4 | 0.03805 | 0.2963 | 0.26128 | 1.28603 || 41 | 55.851 | 0.03552 | 0.04002 | 0.78771
5 | 0.04610 | 0.32867 | 0.31740 | 1.07226 {| 42 | 67.67 | 0.01624 | 0.04298 | 0.14275
6 | 0.05585 | 0.27794 | 0.29545 | 0.88497 || 43 | 81.98 | 0.02826 | 0.03509 | 0.64860
7 | 0.06767 | 0.25963 | 0.25954 | 1.00068 || 44 | 120.32 | 0.03647 | 0.02799 | 1.69838
8 | 0.08198 | 0.23957 | 0.20889 | 1.31536 || 45 | 145.78 | 0.02404 | 0.03468 | 0.48056
9 | 0.09932 | 0.22973 | 0.19401 | 1.40209 || 46 | 176.62 | 0.01793 | 0.03444 | 0.27096
10 | 0.12033 | 0.16701 | 0.20924 | 0.63707 || 47 | 213.98 | 0.02879 | 0.02481 | 1.34668
11 | 0.14578 | 0.17592 | 0.18912 | 0.86524 |} 48 | 259.24 | 0.03131 | 0.01092 | 8.21824
12 | 0.17662 | 0.17040 | 0.15621 | 1.18989 || 49 | 314.08 | 0.02308 | 0.02322 | 0.98868
13 | 0.21398 | 0.13790 | 0.19223 | 0.51463 {| 50 | 380.51 | 0.00862 | 0.03234 | 0.07106
14 | 0.25924 | 0.15611 | 0.09356 | 2.78387 || 51 461 0.01852 | 0.02867 | 0.41707
15 | 0.31408 | 0.15208 | 0.10010 | 2.30823 || 52 | 558.51 | 0.02876 | 0.01917 | 2.25168
16 | 0.38051 | 0.12977 | 0.07933 | 2.67563 || 53 | 676.7 | 0.02394 | 0.02158 | 1.23128
17 | 0.461 0.09682 | 0.10667 | 0.82375 || 54 | 819.8 | 0.01462 | 0.02766 | 0.27936
18 | 0.55851 | 0.07737 | 0.08260 | 0.87747 || 55 | 993.2 | 0.01562 | 0.02486 | 0.39474
19 | 0.6767 | 0.06474 | 0.05871 | 1.21583 || 56 | 1,203.3 | 0.02378 | 0.0132 | 3.24432
20 | 0.81979 | 0.08196 | 0.06187 | 1.75491 || 57 | 1,457.8 | 0.02292 | 0.01167 | 3.85855
21 | 0.9932 | 0.05799 | 0.05996 | 0.93517 || 58 | 1,766.2 | 0.01015 | 0.02118 | 0.22967
22 | 1.2033 | 0.06719 | 0.07872 | 0.72848 || 59 | 2,139.8 | 0.00779 | 0.01814 | 0.18415
23 | 1.4578 | 0.10232 | 0.06678 | 2.34811 |{ 60 | 2,592.4 | 0.01460 | 0.01261 | 1.33987
24 | 1.7662 | 0.11819 | 0.05019 | 5.54426 || 61 | 3,140.8 | 0.01076 | 0.01371 | 0.61607
25 | 2.1398 | 0.06228 | 0.06882 | 0.81897 || 62 | 3,805.1 | 0.00618 | 0.01626 | 0.14425
26 | 25924 | 0.06154 | 0.07755 | 0.62978 || 63 | 4,610 | 0.00974 | 0.01076 | 0.8183
27 | 3.1408 | 0.06852 | 0.05589 | 1.50346 || 64 | 5585.1 | 0.01138 | 0.00427 | 7.09199
28 | 3.8051 | 0.06907 | 0.04163 | 2.75322 || 65 | 6,766.5 | 0.00700 | 0.00569 | 1.50972
29 461 0.03973 | 0.04051 | 0.96178 |} 66 | 8,198 | 0.00222 | 0.00743 | 0.08963
30 | 5.5851 | 0.04068 | 0.04832 | 0.70865 || 67 | 9,932 | 0.00551 | 0.00396 | 1.92994
31 6.767 0.04501 | 0.04721 | 0.9089 68 | 12,033 | 0.00613 | 0.00475 | 1.66243
32 | 8198 | 0.05002 | 0.0194 | 6.64847 (| 69 | 14,578 | 0.00405 ; 0.00796 | 0.25897
33| 9.932 | 0.04242 | 0.02741 | 2.39524 || 70 | 17,662 | 0.00133 | 0.0091 [ 0.02151
34 | 12.033 | 0.03215 | 0.04111 | 0.61162 || 71 | 21,397 | 0.00455 | 0.00646 | 0.49491
35 | 14578 | 0.02422 | 0.03938 | 0.37827 || 72 | 25,924 | 0.00456 | 0.00226 | 4.08208
36 | 17.662 | 0.03756 | 0.02455 | 2.33978 || 73 | 31,407 | 0.00129 | 0.0035 | 0.13629
37 | 21.398 | 0.03679 | 0.02424 | 2.30361 || 74 | 38,051 | 0.01032 | 0.00567 | 3.31491

Table 3.6: Student’s t-test values for the hypothesis that the standard deviations for real and

imaginary parts of the impedance, shown in Table 3.5, are equal. See Example 3.4.

v/ae | 01 1| 0.0915 | 0.05
70 | 1.667 T |
73 = 1.710 | 1.993
75 | 1.665 | 1.709 | 1.992
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Figure 3.11: Standard deviations reported by Orazem et al.85 for their impedance data obtained
for the reduction of ferricyanide on a Pt rotating disk electrode.

compared with the ratio presented in Table 3.5. Ordinarily, the F-test parameter is arranged
such that the larger variance is divided by the smaller. As is evident in Figure 3.11, the
variance of the real part of the impedance is sometimes larger and sometimes smaller than
the variance of the imaginary part. One approach is to plot the ratio of variances on a
logarithmic scale, as shown in Figure 3.12. While the ratio is scattered about unity, a
frequency-by-frequency comparison of the calculated F-test values to the criteria obtained
from Table 3.4 suggests that the hypothesis that the variances are equal can be rejected at
the 0.05 significance level on an intermittent basis, but with the variance of the real part
occasionally larger than that of the imaginary part, and the variance of the imaginary part
occasionally larger than that of the real part.

As the uncertainty in the assessment of the variance appears to be large, the Student’s
t-test may represent the best assessment of the statistics of the error analysis described in
Figure 3.11. A Student’s t-test can be used to confirm that the ratio shown in Figure 3.12
has a mean value of unity. A comparison of the mean of log,, (0,2/ (7].2) to the expected
value of zero (equation (3.36)) yields texp = —0.628. The correspondence of this value to
critical values of tos is seen in Table 3.7. The significance level corresponding t0 texp =
0.628 at a degree of freedom v = n — 1 = 73 is p = 0.532. The value of t corresponding
to the & = 0.05 level is toos = 1.993. At the 0.05 significance level, the mean is not
significantly different from a value of zero.

The statistical tests described here cannot prove that the variances for real and imagi-
nary parts of the impedance are equal. They show only that, for the given data, the hypoth-
esis that the variances for real and imaginary parts of the impedance are equal cannot be
rejected.



3.3 HYPOTHESIS TESTS 55

1 0-2 L i | 1 il 1 1

102 10" 10° 10" 10* 10° 10* 10°
Frequency / Hz
Figure 3.12. Ratio of the variance of the real part of the impedance to the variance of the
imaginary part of the impedance for the data for the reduction of ferricyanide on a Pt rotating

disk electrode.85 Dashed lines represent the F-value corresponding to 0.05 significance level and
its inverse.

Table 3.7: Student’s t-test values for Example 3.4 for a test of log;, (0,2/0].2) =0.

v/a| 0.6 |0532] 0.05
70 | 0527 | 1 T
73 | = |0.628 | 1.993
75 | 0.527 | 0.628 | 1.992
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3.3.4 Chi-Squared Test for Equality of Variance

The x? test is used to evaluate the probability that v random normally distributed
variables of unit variance would have a sum of squares greater than x2.

Q(x?|v) = %%) / e~ttV/2 gt (3.41)
5

If the x? statistic originates from comparison of a model to experiment, the degree
of freedom is given by
v = Ngat — Np — 1 (3.42)

where Ny, represents the number of observations and N, is the number of ad-
justed parameters. Tables are provided for the value of x2 corresponding to a given
number of degrees of freedom and for a given confidence level. If the calculated
F is greater than the table value, then the null hypothesis must be rejected. Nu-
merical values useful for assessing the x?-test for equality of mean are presented
in Table 3.8.

\

Example 3.5 Evaluation of Chi-Squared Statistics: Consider that, for a given
measurement, regression of a model to real and imaginary parts of impedance data yielded
x? = 130. Measurements were conducted at 70 frequencies. The regressed parameters
needed to model the data included the solution resistance and 9 Voigt elements, resulting
in use of 19 parameters. Under assumption that the variances used in the evaluation of x*
were obtained independently, evaluate the hypothesis that the x* value cannot be reduced
by refinement of the model.

Solution: As the fit was to both real and imaginary parts of the data, the degree of freedom

for this problem isv = n — p = 140 — 19 — 1 = 120. The x? value corresponding to a 0.05
significance level can be obtained from Table 3.8 to be equal to 146.6, and the probability
corresponding to the measured x* value is 0.25. Thus there is a 25 percent probability that
the x? statistic could exceed the observed value by chance, even for a correct model.

m Remember! 3.4 The numerical value of the x? statistic for a weighted regression
depends on the estimated variance of the data. The numerical value has no meaning if the
variance of the data is unknown.




3.3 HYPOTHESIS TESTS

Table 3.8 x?-test values for degree of freedom v and confidence level p.

v/ip| 05 0.4 0.3 0.2 0.1 0.05 0.01
5 4.35 513 6.06 7.29 924 | 11.07 | 15.09
10 934 | 1047 | 1178 | 1344 | 1599 | 1831 | 23.21
15 | 1434 | 1573 | 17.32 | 19.31 | 22.31 | 25.00 | 30.58
20 | 1934 | 2095 | 22.77 | 25.04 | 28.41 | 31.41 | 37.57
25 | 2434 | 26.14 | 2817 | 30.68 | 34.38 | 37.65 | 44.31
30 | 2934 | 31.32 | 33.53 | 36.25 | 40.26 | 43.77 | 50.89
35 | 3434 | 3647 | 38.86 | 41.78 | 46.06 | 49.80 | 57.34
40 | 39.34 | 41.62 | 44.16 | 47.27 | 51.81 | 55.76 | 63.69
45 | 4434 | 46.76 | 4945 | 5273 | 57.51 | 61.66 | 69.96
50 | 49.33 | 51.89 | 54.72 | 58.16 | 63.17 | 67.50 } 76.15
55 | 54.33 | 57.02 | 59.98 | 63.58 | 68.80 | 73.31 | 82.29
60 | 59.33 | 62.13 | 6523 | 68.97 | 7440 | 79.08 | 88.38
65 | 6433 | 67.25 | 7046 | 7435 | 79.97 | 84.82 | 94.42
70 | 69.33 | 7236 | 75.69 | 79.71 | 85.53 | 90.53 | 10043
75 | 7433 | 7746 | 8091 | 85.07 | 91.06 | 96.22 | 106.39
80 | 79.33 | 8257 | 86.12 | 90.41 | 96.58 | 101.88 | 112.33
85 | 8433 | 87.67 | 91.32 | 9573 | 102.08 | 107.52 | 118.24
90 | 8933 | 92.76 | 96.52 | 101.05 | 107.57 | 113.15 | 124.12
95 | 94.33 | 97.85 | 101.72 | 106.36 | 113.04 | 118.75 | 129.97
100 | 99.33 | 102.95 | 106.91 | 111.67 | 118.50 | 124.34 | 135.81
120 | 119.33 | 123.29 | 127.62 | 132.81 | 140.23 | 146.57 | 158.95
150 | 149.33 | 153.75 | 158.58 | 164.35 | 172.58 | 179.58 | 193.21

57
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Table 3.9: Replicated impedance collected at a frequency of 1 Hz on the same Polymer Elec-
trolyte Membrane (PEM) fuel cell using two different sets of instrumentation, the 850C provided
by Scribner Associates and the FC350 provided by Gamry Instruments.

850C FC350
Replicate | Z, Q) Z; Q) Z, Q) Z;i Q)

1 0.17117 | —0.041791 | 0.167993 | —0.038176
2 0.18236 | —0.043494 | 0.173985 | —0.040603
3 0.18606 | —0.044666 | 0.176629 | —0.041786
4 0.18941 | —0.045946 | 0.1827 | —0.044806

Problems

3.1

3.2

33

34

3.5

The steady-state mass-transfer-limited current density for a rotating disk (see
Section 11.6) can be expressed as

ilim = 0.62nFc;(00) D?/3y~1/6031/2 (3.43)

where c;(c0) is the concentration of the limiting reacting species i far from
the disk, D; is the diffusivity of the reacting species i, v is the kinematic
viscosity, and Q) is the rotation speed for the disk. Consider that ij, =
60 = 0.5 mA/cm?, c;j(00) = 0.1+£0.005M, v = 1072 £ 10~ cm?/s, and
() = 1,000 £ 1 rpm. Find the value and standard deviation for the diffu-
sivity of species i in units of cm?/s.

The Schmidt number is expressed as Sc; = v/ D;; Find the value and standard
deviation for the Schmidt number if the kinematic viscosity is v = 1072 +
10~* cm?/s and the diffusivity of species i is D; = 1075 + 107 cm?/s.

Estimate the 95.4 percent confidence interval for the equivalent circuit model
given in Figure 4.2(b) over the frequency range of 10 mHz to 10 kHz if the
regressed parameter values are expressed as R, = 10+ 1 Qcm?, Ry = 100 +
15 Qcm?, and T = RyCy = 0.01 & 0.001 s.

Consider the replicated impedance measurements presented in Table 3.9 for

a 5 cm? Polymer Electrolyte Membrane (PEM) fuel cell operating at a cur-

rent of 1 A. The measurements were collected at a frequency of 1 Hz on the

same cell using two different sets of instrumentation, the 850C provided by

Scribner Associates and the FC350 provided by Gamry Instruments.

(@) Test the hypothesis that the impedance values obtained by the two in-
struments are not distinguishable.

(b) Test the hypothesis that the variances obtained by the two instruments
are not distinguishable.

Consider the replicated impedance measurements presented in Table 3.10 for
a 5 cm? PEM fuel cell operating at a current of 1 A. The measurements were
collected at a frequency of 10 Hz on the same cell using a serpentine channel
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Table 3.10: Replicated impedance collected at a frequency of 10 Hz on the same PEM fuel cell
but using two flow channels.

Serpentine Interdigitated
Replicate Z: Q) Z; Q) Z,Q Z; Q)
1 0.055822 | —0.048797 | 0.073113 | —0.039505
2 0.0583180 | —0.053851 | 0.074073 | —0.04012
3 0.05861 | —0.05494 | 0.074244 | —0.040369
4 0.058842 | —0.055843 | 0.074362 | —0.040548

and an interdigitated channel that is believed to be more efficient but also

more susceptible to flooding.

(@) Test the hypothesis that the impedance values obtained by the two in-
struments are not distinguishable.

(b) Test the hypothesis that the variances obtained by the two instruments
are not distinguishable.
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Chapter 4

Electrical Circuits

Transfer function approaches are general and can be applied to a large variety of
electrical, mechanical, and optical systems. For this reason, it is not surprising
that the behavior of one system will resemble that of another. Electrochemists take
advantage of this similarity by comparing the behavior of electrochemical systems
to that of known electrical circuits.

A review of Chapter 1 may be useful. Summaries of relationships among com-
plex impedance, real and imaginary parts of the impedance, and the phase angle
and magnitude are found in Tables 1.1, 1.2, and 1.3. A more complete discussion
of the use of graphical methods is presented in Chapters 16, 17, and 18.

4.1 Passive Electrical Circuits

Passive circuit elements are components that do not generate current or potential.
A passive electrical circuit is composed only of passive elements. Only an element
with two contacts is considered here, which is analyzed by considering the current
flowing through and the potential difference between the contacts, shown as open
circles in Figure 4.1.

4.1.1 Circuit Elements

Electrical circuits can be constructed from the passive elements shown in Figure
4.1. The fundamental relationship between current and potential for the resistor

e £

(a) Resistor (b) Inductor (c) Capacitor

Figure 4.1: Passive elements that serve as components of an electrical circuit.



62 ELECTRICAL CIRCUITS CHAPTER 4

(Figure 4.1(a)) is
V() = RI(t) (4.1)

where the value of the resistance R represents the fundamental property of the
resistor and [ is the current. In the notation of this text, I represents the current in
units of A and i represents the current density in units of A/cm?. At each point
in time, the potential difference between the resistor clamps is proportional to the
current flowing through the resistor. The steady-state current flowing through a
resistor is finite and can be obtained from equation (4.1).

The relationship between current and potential difference for the inductor (Fig-

ure 4.1(b)) is

V() = L‘%&Q 42)

which is the defining equation for the inductor. Under steady-state conditions,
dI(t)/dt = 0, and, according to equation (4.2), V(t) = 0. Thus, the inductor is
equivalent to a short circuit under steady-state conditions.

A capacitor (Figure 4.1(c)) is defined by

O] 43)

where 4(t) is the electric charge. The current flowing through the capacitor is ob-
tained from the derivative of charge with respect to time, i.e,,

1) = d‘;—f) 44)

Then, from equations (4.3) and (4.4):

v (t)
Tt

which provides the relationship between current and potential for the capacitor.
Under steady-state condition dV /dt = 0, and, according to equation (4.5), I(t) = 0.
The capacitor is equivalent to an open circuit under steady-state conditions.

The impedance response of electrochemical systems is often normalized to the
effective area of the electrode. Such a normalization applies only if the effective
area can be well defined, and is not used in this chapter on the impedance response
of electrical circuits. The capacitance used in this chapter, therefore, has units of
F rather than F/cm?, the resistance has units of Q rather than Q cm?, and the
inductance has units of H rather than H cm?.

It)=C (4.5)

Response to a Sinusoidal Signal

The response in current of the passive elements to a pure sinusoidal potential mod-
ulation
V(t) = |AV|cos(wt) (4.6)
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can now be considered. The current response is given by
I(t) = |Al| cos(wt + @) 4.7)

According to the complex number properties described in Table 1.7, e.g., equations
(1.109)—(1.112), equation (4.7) can be written as

I(t) = Re {|AI| exp(j@) exp(jwt)}
= Re {Al exp(jwt)} (4.8)

where AI = |Al| exp(j@). Due to the fact that

R ()} = Re {df(t)} 4.9)
where f is a continuous function of ¢, then
%l = Re {jwAIexp(jwt)} (4.10)
In the same way,
d_\;it_) = Re {jwAV exp(jwt)} (4.11)

According to expression (4.2), the response of an inductive element is given by
Re {AV exp(jwt)} = LRe {jwAI exp(jwt)} (4.12)
As j = exp (jr/2) (see equation (1.72)),
Re {AVexp(jwt)} = LRe {wAlexp (j(wt+ m/2))} (4.13)

Equation (4.13) shows that the potential difference is out of phase with the current.
From expression (4.12),
AV = jwLAI (4.14)

which provides the potential response of an inductor to a sinusoidal signal.
Following equation (4.5), the response of a capacitor is given by

Re {Alexp(jwt)} = CRe {jwAV exp(jwt)} (4.15)

or
Re {Alexp(jwt)} = CRe {wAV exp (j(wt + 7/2))} (4.16)

MRemember! 4.1 Under steady-state conditions, the inductor is equivalent to a
short circuit, the capacitor is equivalent to an open circuit, and the resistor allows current
in proportion to a potential driving force.
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The current is out of phase with the potential difference. From expression (4.15),
the frequency domain current response to a sinusoidal potential input for a capac-
itor is given by

Al = jCwAV (4.17)

The corresponding expression for a resistor, according to equation (4.1), can be
written as
AV = RAI (4.18)

The current and potential relationships obtained here are used in the subsequent
section to establish the impedance response for each type of circuit element.

Impedance Response of Passive Circuit Elements

The impedance of a circuit element is defined to be

AV
Z= AT (4.19)
For a pure resistor, equation (4.19) yields
Zresistor = R (4-20)
For a capacitor
1
anpacitor = ]—C-U—E (4.21)
and for an inductor
Zinductor = ] wL (4.22)

The impedance responses for resistors, capacitors, and inductors are used to con-
struct the impedance response of circuits.

4.1.2 Parallel and Series Combinations

For two passive elements in series, the same current must flow through the two
elements, and the overall potential difference is the sum of the potential difference
for each element. Thus, according to the definition of impedance given as equation
(4.19), the impedance for the series arrangement shown in Figure 4.2(a) is given by

Z=71+12; (423)

For two passive elements in parallel, the overall current is the sum of the current
flowing in each element, and the potential difference is the same for each dipole.

MRemember! 4.2 All physical time-dependant quantities, such as I(t), V(¢t),
dI(t)/dt, and dV (t)/dt, are real quantities.
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z1

o— z % [0
ZZ
(@ ®)

Figure 4.2: Combinations of passive elements: a) in series; and b) in paraliel.

C
1
Re CdI ”
Re
—AN\—
R:
(@) (®)

Figure 4.3: Electrical circuit consisting of a) a solution resistance in series with a capacitor;
and b) a solution resistance in series with a Voigt element.

Then, according to the impedance definition, the impedance for the parallel ar-
rangement shown in Figure 4.2(b) is given by

1 1717t
Z= [7{ + Z] (4.24)

Impedance contributions are additive for elements in series, whereas the inverse
of the impedance, or the admittance, is additive for elements in parallel.

\

Example 4.1 Impedance in Series: Derive an expression for the impedance of
the electrical circuit shown in Figure 4.3(a).

Solution: The contribution of the resistance term to the impedance is R, and the impe-
dance of the capacitor is given by equation (4.21). Following equation (4.23), the impedance

m Remember! 4.3 Impedance contributions are additive for elements in series;
whereas, the admittance is additive for elements in parallel.
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of the circuit is therefore given by

1
= 4.25
Z =R, + 7Car (4.25)
which can be rearranged to the form
Z=R,- L (4.26)
T TwCy ‘

The real part of the impedance is equal to R, and is independent of frequency. The imag-
inary part tends toward —oo as frequency tends toward zero. The dc (zero-frequency)
current is equal to zero at any applied potential, and the current at infinite frequency is
equal to V/R,.

\

Example 4.2 Impedance in Parallel: Derive an expression for the impedance
of the electrical circuit shown in Figure 4.3(b).

Solution: The contribution of the resistance terms to the impedance are R, and R;, respec-
tively. The impedance of the capacitor is given by equation (4.21). Following equations
(4.23) and (4.24), the impedance of the circuit is therefore given by

1

Z=R;+-—"—— (4.27)
i % +jwCa
which can be rearranged to the form
Z=R.+ T+jwRiCa (4.28)

Note that w is in units of s~1, and that R,Cyq) represents the characteristic time constant
for the system. The dc (zero-frequency) current is equal to V/ (R, + R;) at potential V,
and the current at infinite frequency is equal to V /R..

Examples 4.1 and 4.2 illustrate the manner in which the impedance response of
complex arrangements of circuit elements can be derived. In addition to provid-
ing an intuitive understanding of the response to a sinusoidal input, these simple
circuits often form the basis for a preliminary interpretation of impedance results
for electrochemical systems.

4.2 Fundamental Relationships

The impedance response can be described as having real and imaginary compo-
nents, i.e.,

Z =7, +jZ (4.29)
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3n/2

Figure 4.4: Phasor diagram showing relationships among complex impedance, magnitude, and
phase angle.

When the input and output are in phase, as shown in equation (4.20), the imagi-
nary part of the impedance has a value of zero, and the impedance has only a real
contribution, Z,. When the input and output are out of phase, as shown in equa-
tions (4.21) and (4.22), the real part of the impedance has a value of zero, and the
impedance has only imaginary contribution, Z;.

The relationship between the complex impedance and the phase angle is shown
more clearly in the use of phasor diagrams and relationships. The impedance can
be expressed as

Z = |Z|exp (j¢) (430)

where |Z| represents the magnitude of the impedance vector and ¢ represents the
phase angle. The relationships among complex impedance, magnitude, and phase
angle are shown in Figure 4.4. The magnitude of the impedance can be expressed
in terms of real and imaginary components as

2(@)] = Y Zi (@)’ +Zj(w)? @31)
The phase angle can be obtained from
Zj(w)
— tan-1 [ £
¢(w) = tan ( 7, (w)) (4.32)
or through geometric relationships that are evident in Figure 4.4, i.e,,
Zy(w) = |Z(w)| cos (p(w)) (4.33)

and
Zj(w) = |Z(w)|sin (¢p(w)) (4.34)
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The representation of impedance in terms of magnitude and phase angle as func-
tions of frequency on a logarithmic scale are called Bode plots.%”

\

Example 4.3 Bode Representation of Elemental Circuits: Derive an expres-
sion for the magnitude and phase angle for the circuit elements shown in Figure 4.1.

Solution: Resistor. The impedance for a resistor is given by Z = R + 0j; therefore, the
magnitude is given by | Z| = R and the phase angle is given by ¢ = tan=1(0) = 0.

Solution: Capacitor. The impedance for a capacitor is given by Z = 0 — j 1= therefore,
the magnitude is given by |Z| = L~ and the phase angle is given by ¢ = tan~!(—o0) =
—1t/2. The phase angle for a capacitor is —90 degrees.

Solution: Inductor. The impedance for an inductor is given by Z = 0 + jwL; therefore,
the magnitude is given by |Z| = wL and the phase angle is given by ¢ = tan~1(o0) =
7t/ 2. The phase angle for a capacitor is 490 degrees.

The term constant-phase element (CPE) is applied to a general circuit element
that shows a constant phase angle. Thus, the resistor, capacitor, and inductor can
all be considered to be constant-phase elements.

4.3 Nested Circuits

The impedance response of more complicated circuits can be readily calculated
using combinations of equations (4.23) and (4.24).

\

Example 4.4 Impedance Expression for a Nested Circuit: Derive an expres-
sion for the impedance response of the circuit shown in Figure 4.5(a), and give expressions
for the dc current and the current at infinite frequency for an applied potential V.

Solution: The circuit can be visualized, in a manner following Figure 4.2, to be a nested
series of boxes, as seen in Figure 4.5(b). The parallel arrangement of Z3 and Z4 can be
combined in terms of Z34 (Figure 4.5(c)). Thus, the impedance of the circuit shown in
Figure 4.5(c) can be expressed as

1 1 -1
Z =17 _—— 4.35
0t [Z1+Zz+za,4] (4.35)

where, following Figure 4.5(b),

Z3s = [— + —] B (4.36)
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C1
—|

C,

(@) (b)

Z 1 %a

(©)

Figure 4.5: Circuits demonstrating the calculation of the impedance of nested circuit elements:
a) circuit with resistor and capacitor elements; b) reconstruction of the circuit in terms of the
generic impedance Z;; and c) secondary reconstruction to facilitate calculation.

The next step is to introduce the impedance for each individual unit, i.e., Zo = R,, Z; =
1/(ij1), Zz = R1, Za = 1/(ij2), and Z4 = Rz.

1 -1
Z3s = |jwCo+ — 4.3
34 [] 2 Rz] (4.37)
or R
- 2
Z3y = T+ j0RG (4.38)

In terms of circuit parameters,

-1
——1R—-] (4.39)
R, + m

At zero frequency the impedance is equal to (R, + Ry + R2), and at infinite frequency the
impedance is equal to R,.

Z=R.+ [ij1+

4.4 Mathematical Equivalence of Circuits

Different electrical circuits possessing the same number of time constants can yield
a mathematically equivalent frequency response. For example, the three circuits
presented in Figure 4.6 arise from very different physical models and yet can have
the same frequency response. Circuit 4.6(a) can describe two resistive layers and
has been used as a measurement model, as described in Chapter 21. Circuit 4.6(b)
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Mmmg

(b)
—\W
|

()II l__

Figure 4.6: Three mathematically equivalent electrical circuits.

can describe a reaction mechanism comprising two electrochemical steps or a sys-
tem consisting of a coated electrode. Development of such models is discussed in
Chapter 10. As discussed in Chapter 12, circuit 4.6(c) has been used to describe a
solid-state Schottky diode with a leakage current and deep-level electronic states.
The lack of uniqueness of circuit models creates ambiguity when interpreting
impedance response using regression analysis. A good fit does not, in itself, vali-
date the model used. As discussed in Chapter 23, impedance spectroscopy is not a
standalone technique. Additional observations are needed to validate a model.

4.5 Graphical Representation of Circuit Response

The impedance response of a resistor in parallel to a capacitor is shown in Figure
4.7 as a function of frequency f in units of Hz. When plotted as a function of
frequency w in units of s~! (the upper axis), the minimum in the imaginary part
of the impedance appears clearly at a characteristic frequency of w, = 1/7.. The
dashed line corresponds to the characteristic frequency of 1 s~!. When plotted
against frequency in units of Hertz, the characteristic frequency is shifted by a
factor of 27, i.e., fe = 1/2117,.

The corresponding Bode representation of the impedance response is shown in
Figure 4.8 as a function of frequency f in units of Hz and frequency w in units of
s~1. When plotted as a function of frequency w in units of s71, the phase angle
reaches an inflection point (—45 degrees) at a characteristic frequency w, = 1/7..

m Remember! 4.4 Electrical circuits are not unique. A good fit to experimental
data is not sufficient to validate a model.
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Figure 4.7: Real and imaginary parts of the impedance response for a 10 (2 resistor in parallel
with a 0.1 F capacitor. The characteristic time constant for the element is 1 s.
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Figure 4.8: Bode representation of the impedance response for a 10 {1 resistor in parallel with
a 0.1 F capacitor. The characteristic time constant for the element is 1 s.
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Again, when plotted against frequency in units of Hz, the characteristic frequency
is shifted by a factor of 27z.

Problems

41

4.2

43

44

4.5

4.6

4.7

4.8

Show that equation (4.12) for an inductor can lead to equation (4.13). Show
that this result demonstrates that current and potential signals are out-of-
phase for an inductor.

Follow the development leading to equation (4.16), and verify that equation
(4.16) demonstrates that current and potential signals are out-of-phase for a
capacitor.

Develop an expression for the impedance response of the circuit presented
as Figure 4.6(a).

Develop an expression for the impedance response of the circuit presented
as Figure 4.6(b).

Develop an expression for the impedance response of the circuit presented
as Figure 4.6(c).

The use of inductors to model low-frequency inductive loops in an impe-
dance response is somewhat controversial. Demonstrate that the circuit pre-
sented as Figure 4.6(b) with negative R and C in the nested element can be
mathematically equivalent to a circuit containing an inductor.

Use a spreadsheet program to plot the impedance response of the circuit pre-

sented as Figure 4.3(a) using R, = 10 Q and Cy = 20 yF/cm?.

(a) Plot the real and imaginary parts of the impedance as a function of fre-
quency.

(b) Plot the results in Bode format (magnitude and phase angle as a func-
tion of frequency).

Use a spreadsheet program to plot the impedance response of the circuit pre-

sented as Figure 4.3(b) using R, = 10 O3, Cz = 20 #F/cm?, and R; = 100 Q.

(a) Plot the real and imaginary parts of the impedance as a function of fre-
quency.

(b) Plot the results in Bode format (magnitude and phase angle as a func-
tion of frequency).
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Chapter 5

Electrochemistry

A number of excellent texts are available that provide a thorough discussion of
electrochemical principles. Newman®® provides a comprehensive and mathe-
matically detailed treatment of electrochemical engineering. Prentice®® provides
slightly greater emphasis on applications. Bard and Faulkner®! emphasize analyti-
cal methods, and Bockris and Reddy®*?3 provide a very approachable introduction
to electrochemical processes. Gileadi® provides an excellent treatment of electrode
kinetics, and Brett and Brett® provide a treatment that includes fundamentals as
well as applications, including impedance spectroscopy.

5.1 Resistors and Electrochemical Cells

As Gileadi observes, the distinguishing feature of electrochemical reactions is that
an electrical current is observed as a nonlinear function of electrode potential.®*
Consider, for example, the 1 (2 resistor represented in Figure 5.1(a). If a potential
difference of 1 V is applied across the resistor, the resulting current would have a
value of 1 A. The relationship between current and potential is linear, such that

I=V/R (.1)

as seen in Figure 5.2.

o—/\;v\/—ol\\ R=10 J

(a) (b)

Figure 5.1: Systems through which current is passed: a) 1 Q) resistor; and b) an electrochemical
cell with an effective electrolyte resistance of 1 (2.
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Figure 5.2: Polarization curves for a 1 Q) resistor and for a symmetric electrochemical cell with
1 Q) solution resistance and inert electrodes such as gold or platinum.

The behavior of the electrochemical cell is strikingly different. Consider, for ex-
ample, the electrochemical cell shown schematically in Figure 5.1(b). Imagine that
the electrodes are made of an inert material such as gold or platinum, and that the
electrolyte consists of Na;SOy in distilled water. The current flowing through the
cell is influenced, not only by the Ohmic resistance of the cell, but also by the poten-
tial required to drive charge-transfer reactions. If electrochemical reactions cannot
occur, current will not flow. In the cell envisioned here, the only electrochemical
reactions that can take place involve decomposition of the water into hydrogen
and oxygen. To conserve charge, the hydrogen evolution reaction

H0+e S %Hz +OH- (5.2)

must be balanced by oxygen evolution

H,0s -;-02 +2H' 4 2e” (5.3)

The experimental observation, as shown in Figure 5.2, is that a critical cell potential
must be exceeded before current can flow. This critical potential is called a standard
cell potential and has a value, for the reactions (5.2) and (5.3), of 1.229 V. No current,
therefore, should flow over a broad range of potential. The result indicates that the
polarization curve for the electrochemical cell is distinctly nonlinear.

If the inert electrodes were replaced by copper or if electroactive species were
placed in the electrolyte, the current would flow more readily in the cell, but the
resulting polarization curve would still be nonlinear.

5.2 Equilibrium in Electrochemical Systems

The electrochemical system shown in Figure 5.1(b) can be described as consisting
of several phases, including the metal phase of the wire attached to the left elec-
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Figure 5.3: Representation of phases associated with the electrochemical system shown in
Figure 5.1(b).

trode, the metal phase of the left electrode, the electrolyte, the metal phase of the
right electrode, and the metal phase of the wire attached to the right electrode.
These phases are represented schematically in Figure 5.3. Equality of thermody-
namic properties between these phases can be used to describe the equilibrium
condition of this system. Thermal equilibrium requires that temperatures of ad-
joining phases are equal, e.g.,

TLW = TLE = TE — TRE — TRW (54)

Mechanical equilibrium requires that the pressures of adjoining phases are equal,
e.g.,

PV = pLE — pE — ,RE _ JRW (5.5)
Chemical equilibrium requires that, if species exist in adjoining phases, their elec-
trochemical potentials must be equal, e.g., for electrons

p = pet (5.6)

and

Hew = Hew (5.7)
The electrochemical potential can be considered to be a generalization of the chem-
ical potential that applies to charged species. For an isothermal system, a gradient
of electrochemical potential, for example, within the electrolyte, will drive the mo-
tion of chemical species.

Relationships such as those expressed in equation (5.6) cannot be employed for
species that are in chemical equilibrium but do not exist in the adjoining phases.
Electrons, for example, are present in the metal of the electrode (phase LE) and
in chemical equilibrium with ionic species in the electrolyte (phase E), but are not
present in the electrolyte. An equilibrium relationship between the electrons and
ionic species can be expressed, however, in terms of electrochemical reactions, and

MRemember! 5.1 Electrochemical reactions, which transfer charge between elec-
trons and soluble species, are required for current to flow in an electrochemical cell.
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Figure 5.4: Polarization curves for a system with mass-transfer control at cathodic potentials:
a) broad range of potential with regions of behavior identified; and b) expanded representation
of the zero-current region with cathodic and anodic current contributions identified.

the equilibrium condition for an electrochemical reaction can be expressed in terms
of the equality of electrochemical potentials. For reaction (5.2), the condition of
equilibrium is expressed as

1
HH,0 + Me- = 7 HH, + pon- (5.8)

Similar equilibrium relationships can be developed for homogeneous reactions in-
volving species that exist in a given phase.

For isothermal systems, expressions of phase and chemical equilibrium, such
as are given in equations (5.6) and (5.8), provide the foundation for the derivation
of equilibrium cell potentials in terms of electrolyte and electrode compositions.
The reader is referred to other textbooks, e.g., Newman,3:8? for methods used to
derive equilibrium cell potentials.

5.3 Polarization Behavior for Electrochemical Systems

The nonlinear current-voltage behavior associated with an electrochemical system
is illustrated in Figure 5.4(a). In the case shown here, the anodic (positive) current
has an exponential dependence on potential; whereas, the cathodic (negative) cur-
rent displays an influence of mass-transfer limitations. Regions are identified for
which the current has a value equal to zero, the current is controlled by reaction
kinetics, and the current is controlled by mass transfer.

5.3.1 Zero Current

An expanded representation of the zero-current region of Figure 5.4(a) is presented
as Figure 5.4(b). The positive current contributed by the anodic reaction is balanced
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by the negative current contributed by the cathodic reaction. If the anodic and ca-
thodic reactions represent forward and backward rates of the same reaction, a zero
current can be obtained under the condition of reaction equilibrium. If the anodic
and cathodic reactions represent forward and backward rates of different reactions,
a true equilibrium is not reached as neither reaction is equilibrated. Thus, the net
current may have a value equal to zero under either equilibrium or nonequilibrium
conditions.

Equilibrium

If the current corresponds to a single electrochemical reaction, a zero current is
observed if the forward and backward rates for the reaction are equal. For example,
if the forward (or anodic) reaction is given by

Cu — Cu®" 4 2e” (5.9)
the backward (or cathodic) reaction is given by
Cu?t +2¢~ — Cu (5.10)

If a current i, is assigned to reaction (5.9), and a current i, is assigned to reaction
(5.10), the net current will be given by

i - ia + ic (5.11)

where i; > 0 and i, < 0. At equilibrium, i{; = —i;, and i = 0. The potential at
which the current for a single electrochemical reaction is equal to zero is termed
the equilibrium potential. The value for the equilibrium potential can be calculated
using thermodynamic arguments.5%8°

Nonequilibrium

If the zero current condition arises through a balancing of different reactions, equi-
librium is not achieved because the net rate for each reaction is not equal to zero.
For example, if the corrosion of iron

Fe — Fe?* +2e~ (5.12)
is balanced by reduction of oxygen
O; +2Hy0 + 4e~ — 40OH™ (5.13)

the net current can be equal to zero while dissolution of iron continues and oxygen
is consumed. This is clearly not an equilibrium condition.

The potential at which the current for multiple electrochemical reactions is
equal to zero is termed the mixed potential or, in the case of metal dissolution, the
corrosion potential. Concepts of thermodynamics, kinetics, and transport must be
applied to calculate values for the mixed or corrosion potential.
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5.3.2 Kinetic Control

The region of kinetic control of electrochemical reactions is characterized by cur-
rent densities that are exponential functions of potential. For a single reversible
reaction, the Butler-Volmer equation

.. 1—a)nF anF

i=ip {exp (-(——ﬁ)——rys) — exp (— RT r]s)} (5.14)
is commonly used to describe the influence of potential on the current density.
Here, iy is the exchange current density, so defined because at 7, = 0, i; = —i; = io.

The surface overpotential #; represents the departure from an equilibrium poten-
tial such that, at #s = 0, the total current i = i; + i, is equal to zero. The symmetry
factor a is the fraction of the surface overpotential potential that promotes the ca-
thodic reaction. Usually, « is assumed to have the value close to 0.5 and must have
a value between 0 and 1.

As shown in Chapter 10, electrochemical kinetics plays a major role in the in-
terpretation of impedance spectra. To streamline the discussion of electrochemical
kinetics, a more compact notation will be used in which

_(1—a)nF
b, = RT (5.15)
for anodic reactions and F
an

for cathodic reactions where b, and b. have units of inverse potential. Thus, equa-
tion (5.14) can be written

i = ig {exp (batfs) — exp (—bcts) } (5.17)
The parameters b, and b, are closely related to the Tafel slope, e.g.,
2.303RT
Be =~ —— = 2.303/b. (5:18)
which has units of V/decade.

The current density presented in Figure 5.4(b) can be described as being a linear
function of potential over a narrow range of potential near the zero-current poten-
tial. Taylor series expansions of the exponential terms in equation (5.14) yield

. nioP

In the compact notation introduced in equations (5.15) and (5.16),
i == i() (ba + bc) 775 (5-20)

A similar linear regime can be identified when the zero-current condition arises
from the balancing of different anodic and cathodic reactions.
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Figure 5.5: Polarization curves on a logarithmic scale reveal straight lines with slope of 1/ beta.

At very positive potentials, the cathodic term is negligible, and the current den-
sity can be expressed by

i =igexp (bans) (5.21)
At very negative potentials, the anodic term can be neglected, and
i = —igexp (—bens) (5.22)

Equations (5.21) and (5.22) are examples of Tafel equations in which the current is
an exponential function of potential. The Tafel behavior is illustrated in Figure 5.5.
The intersection of the extrapolated lines for anodic and cathodic currents yields
the equilibrium potential and the exchange current density.

5.3.3 Mass-Transfer Control

The rate of the electrochemical reactions may be limited by the finite rate at which
reacting species may be carried to the electrode surface. Such a case is illustrated
in Figure 5.4(a) at negative values of potential. In this case, the exchange current
density is proportional to the concentration at the interface of the reacting species

i with a power |[s;|, where s; is the stoichiometric coefficient. With s; = 1, the
cathodic current density can be written as
i = —k.nFc;(0) exp (—bcHs) (5.23)
The current density corresponds to the flux density of the reacting species, i.e.,
i = —nFD; dei (5.24)
dy y=0

By assuming a linear concentration gradient in the diffusion layer of thickness §;,
equation (5.24) becomes

i _npDiEi(°°__)(;_Cl'(_°) (5.25)
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Where c;(o0) is the concentration of species i in the bulk solution.

A formal treatment for determination of the value of §; requires solution of the
convective-diffusion equations, as described in Chapter 11. By eliminating c;(0)
from equations (5.23) and (5.25), the value of the current density is obtained as

it=i1 447! (5.26)

where ij;, = —nFDjc;(00)/é; is the mass-transfer-limited current density and i =
—knFc;(o0) exp(—bcs) is the kinetic current based on the bulk concentration. The
numerical value for the mass-transfer-limited current density is influenced by the
bulk concentration and diffusivity of the limiting reactant, by the extent of convec-
tion, and by the cell geometry. The student is referred to Problems 5.3 and 5.4.

5.4 Definitions of Potential

The potential of the electrode U is defined to be the difference between the po-
tential of the working electrode ®,, and the potential of a reference electrode @,
located in the bulk of the electrolyte solution, i.e.,

U=y — et (5.27)

The cell potential can be expressed in terms of the potential in the electrolyte adja-
cent to the electrode ®g as

U = (Om — Do) + (Do — Pret) (5-28)

The position at which @ is evaluated is generally taken to be the inner limit of the
electrically neutral diffusion layer, shown in Figure 5.6(b). In this way, the interface
is assumed to incorporate the detailed structure of the double layer, including the
diffuse region of charge and the inner Helmholtz plane associated with specifically
adsorbed charged species.

Equation (5.28) can be written as

U=V+iR, (5.29)
where the interfacial potential V is defined by:
V = (®p — Do) (5.30)
and the Ohmic potential drop in the electrolyte is given as
iRe = (Po — Pres) (5.31)
The surface overpotential #; for a given reaction k is given by
s =V —Vox (5.32)

where Vp is the equilibrium potential difference that depends on the electrode
reaction under consideration. The definitions of potentials used in electrochemical
systems are summarized in Table 5.1.
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Table 5.1: Definitions and notation for potentials used in electrochemical systems.

V | Interfacial potential for the working electrode, V = &, — @y.
Vo | Interfacial potential at equilibrium for a given reaction k, Vpx =
(Pm — <I)O)O,k'

U | Electrode potential with respect to a reference electrode, U =
Dy — Dyt

s | Surface overpotential for a given reaction k, s = V — V1.

e | Concentration overpotential defined by equation (5.75).
@, | Electrode potential with respect to an unspecified but common
reference potential.
@, | Potential of the electrolyte adjacent to the working electrode
with respect to an unspecified but common reference potential.
&®,¢ | Potential of a reference electrode with respect to an unspecified
but common reference potential.
iR, | Ohmic potential drop between the solution adjacent to the
working electrode and the location of a reference electrode, i.e.,
iR, = Oy — Dy

5.5 Rate Expressions

The rates of electrochemical reactions can be expressed in terms of concentration
and potential.

5.5.1 Law of Mass Action
The electrochemical oxidation of ferrocyanide to form ferricyanide
Fe(CN)4~ 2 Fe(CN)3~ +e” (5.33)

is represented schematically in Figure 5.6(a). The rate of the reaction can be ex-
pressed in terms of current density as
o
~ nF
where i is the current density and 7 is the number of electrons transferred. In
the case of reaction (5.33), n = 1. The rate of the reaction depends on the nature
and preparation of the interface, the composition of the electrolyte adjacent to the
electrode, the electrode potential, and temperature.

A kinetic expression for reaction (5.33) can be developed, following the laws of
mass action generally applied for chemical or non-electrochemical systems. Thus,

where k and k} are rate constants for the anodic and cathodic reactions, respec-
tively. The concentrations cg, - (0) and Cre(CN)2- (0) are generally taken to be at
the inner limit of the diffusion layer as shown in Figure 5.6(b).

r (5.34)
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Figure 5.6: Schematic representation of an electrochemical reaction: a) oxidation of ferro-
cyanide to form ferricyanide; and b) proposed double-layer structure revealing the components
included as part of the interface where ihp refers to the inner Helmholtz plane and ohp refers
to the outer Helmholtz plane.

The rate constants k} and k} are expressed in terms of activation free energies
as

1
ki = ks 0exp (— ARC;,“ ) (5.36)
and ;
) AG
k; = kcoexp (—- RTC > (5.37)

respectively. The activation energies are shown in the reaction coordinate diagram
presented as Figure 5.7. All electrochemical reactions, such as reactions (5.2) and
(5.3), have an electron as a reactant. One consequence is that, unlike most chemical
reactions, the reaction must take place at an interface with an electrode that is a
conductor of electrons. A second consequence is that the energy of the electrons
participating in the reaction can be influenced by changing the electrical poten-
tial. The activation energy AG}, for example, can be separated into chemical and
electrical contributions such that

AGE=AGH,  +AGH (5.38)

a,chem a,elec

The terms AG} ,__and AG?,__ can be expressed in terms of potential as

aelec celec
AG oo = — (1 —a)nF(V — V¥) (5.39)
and
AG} 4o = anF(V — V¥) (5.40)

respectively, where V¥ is a reference potential at which the chemical contribution is
evaluated, and a represents a symmetry factor which has meaning as the fractional
probability that a molecule at the activated complex energy will proceed in the
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Figure 5.7: Free energy as a function of reaction coordinate for an elementary single-step

reaction.

forward direction. Thus, an electrochemical reaction can be expected to have an
exponential dependence on potential, as seen in Section 5.3.

5.5.2 Generalized Electrode Kinetics

A generalized expression for reaction k can be expressed as

Esi,kMi — ne” (5.41)
i

where s;; is the stoichiometric coefficient for species i and M; represents the species
i. The rate of reaction k can be expressed as

= kg exp <( a)nI—" )Hc”’*(o —keexp (——V) H c*0) (542

where for s;; = 0, the species i is not a reactant and p;x = 0 and g;; = 0; for
s;x > 0, species i is a reactant for reaction k and p;x = s;x and g;x = 0; and for
six < 0, species i is a product of reaction k and p;x = 0 and g;x = —s;.

The rate expression given as equation (5.42) raises questions concerning the
location at which concentrations and potentials are measured. The concentration
of reacting species, for example, should be that measured at the inner limit of the

m Remember! 5.2 Kinetic expressions of the law of mass action provide the founda-
tion for modeling the charge-transfer resistance commonly encountered in electrochemical

impedance spectroscopy.
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Figure 5.8: Concentration profile near an electrode surface showing the presence of a concen-
tration diffusion layer.

diffusion layer, as shown in Figure 5.8. Similarly, the potential V given in equation
(5.42) represents the potential difference between the electrode and the solution
adjacent to the electrode.

The equilibrium potential can be expressed as

ke
Vo= =1 [ln (&) +Z =0 lnc,-(oo>] 549

where the interfacial concentration ¢;(0) is equal to the bulk concentration c¢;(0).
The surface overpotential can be expressed as a departure of V from its equilibrium
value, e.g.,

s =V — Vox (5.44)
Equation (5.42) can be expressed in terms of the Butler-Volmer equation (5.14) as
, . 1—a)nF anF
i=ig {eXP <(R—:r)'75> —exp (— RT ﬂs)} (5.45)
where
ip = nFk—2ka [ e+ (o) (5.46)
i

Here, a, the symmetry factor, is generally assigned a value of 0.5. As concentra-
tions ¢;(0) are measured at the electrode surface, the exchange current density is a
function of applied potential.

\

Example 5.1 Rate Expression for Copper Dissolution: Develop expressions
corresponding to equations (5.41-5.46) for the reaction

Cu = Cu?t +2e” (5.47)

where copper is assumed to dissolve directly to form the cupric ion.
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Solution: For the reaction (5.47), the stoichiometric coefficients are scy, = +1, s+ =
—1, and n = 2. Thus, equation (5.41) is expressed

Cu — Cu?t +2e~ (5.48)

The corresponding expression for the reaction rate (5.42) is given as

i F F
rcu = 2CI? = kg exp ( ) —kcexp <~ﬁv) ccu2+(0) (5.49)
with the value of n as given above. The equilibrium potential can be expressed as
RT k
Vocu = °F [ln ( kc) + Incey2+ (00)] (5.50)

and the exchange current density can be written as
ip = 2FkY/ 2k} 2cc 24 (0) (5.51)

A different expression is obtained if the reaction to form cupric ion is considered to consist
of two elementary reactions in which copper react to form cuprous ions and the cuprous
ions subsequently reacts to form cupric ions.

5.6 Transport Processes

In the bulk of a well-stirred electrolytic solution, potential is governed by Laplace’s
equation, i.e.,
Ve =0 (5.52)

where @ is the potential and V is the vector differential operator. Equation (5.52)
applies to all coordinate systems, and is written in rectangular coordinates as

82<I> 82<I> 62<I>
ayz
The current density i is given by Ohm’s Law

=0 (5.53)

i=—xVd (5.54)

where « is the electrolyte conductivity. Equation (5.54) applies to all coordinate
systems, and is written in rectangular coordinates as

. od oJP  IP
1=—K (ﬁ + W + g) (555)

For dilute solutions, the electrolyte conductivity can be expressed as a sum of con-
tributions from each of the ionic species as

x=FY 22uc; = — Zz Dic; (5.56)
;
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Table 5.2: Typical values of diffusion coefficients for ions at infinite dilution in water at 25 °C,

Cation z; D;/cm?s~! | Anion z;  D;/cm?s™1
HT +1 9.312x107° | OH- -1 5260 x 107
Nat  +1 1.334x1075|Cl- -1 2.032x1075
K* +1 1957 x107° | NOy -1 1.902 x 1075
Agt 41  1.648x 1075 | SO~ -2 1.065 x 1075
Mg?t  +2 0.7063 x 1075 | Fe(CN)3~ -3 0.896 x 10~°
Cu?* +2  0.72x107° | Fe(CN);~ —4 0.739 x 1075

where D; is the diffusion coefficient for species i, z; is the charge on species i, u;
is the mobility, and F is Faraday’s constant. The mobility can be related to the
diffusion coefficient by the Nernst-Einstein equation

D; = RTy; (5.57)

Typical values of diffusion coefficients for ions at infinite dilution in water at 25 °C
are presented in Table 5.2.
The current density satisfies conservation of charge; therefore,

V.i=0 (5.58)

Equation (5.52) applies when the conductivity is uniform and there are no concen-
tration gradients for ionic species.

The assumption that there are no concentration gradients is not valid near elec-
trode surfaces. For example, oxygen reduction at an electrode surface causes the
pH at the surface of the electrode to reach 10 or 11, even when the pH in the bulk
electrolyte is equal to 7.

A more general description of transport is based on conservation of species, as
given by®

aCi

ot
where ¢; is the concentration of species i, N; is the net flux vector for species i, and
R; is the rate of generation of species i. In a dilute solution, the flux for any species
can be written in terms of contributions from convection, diffusion, and migration,
ie.,

=—(V-N)+R (5.59)

N; = vec; — DiVCi - ziu,-Pc,-VCD (5.60)

MRemember! 5.3 The electrolyte resistance commonly encountered in electro-
chemical impedance spectroscopy arises from transport processes in the bulk electrolyte.
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Table 5.3: Hierarchy of current distribution model assumptions.

Ohmic Kinetic Mass-Transfer
Solution Resistance | Resistance Resistance
Primary v X X
Secondary v v X
Tertiary v v v
Mass-transfer-limited X X v

where v is the fluid velocity. The current density i is given by the sum of contribu-
tions from the flux of each ionic species, i.e.,

i=FY zN (5.61)
i

Conservation of charge, equation (5.58), and electroneutrality,

EZ,‘C,‘ =0 (5.62)
i

requires that
V. (xV®)+F) zV-(DiVe) =0 (5.63)
i

Laplace’s equation (5.52) does not apply in the presence of concentration gradi-
ents because the conductivity x is not a constant and because the right-hand term
in equation (5.63) is not equal to zero. In the absence of concentration gradients
and with a uniform value of x, equation (5.63) reduces to equation (5.52). Thus, a
series of approximate solutions may be obtained, as summarized in Table 5.3 and
discussed in the subsequent sections.

5.6.1 Primary Current and Potential Distributions

The impedance response can be strongly influenced by the distribution of current
and potential at the electrode under study. Some general guidelines can be estab-
lished to help determine conditions under which a nonuniform distribution can
arise.

Under the assumption that the concentrations are uniform within the elec-
trolyte, potential is governed by Laplace’s equation (5.52). Under these conditions,
the passage of current through the system is controlled by the Ohmic resistance
to passage of current through the electrolyte and by the resistance associated with
reaction kinetics. The primary distribution applies in the limit that the Ohmic re-
sistance dominates and kinetic limitations can be neglected. The solution adjacent
to the electrode can then be considered to be an equipotential surface with value
®(. The boundary condition for insulating surfaces is that the current density is
equal to zero.
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Figure 5.9: Behavior of the primary current distribution following equation (5.64) near the edge
of an electrode: a) i — 0 for 6 < 71/2; b) i is finite for § = m/2; and ¢) i — oo for 6 > /2.

The primary current distribution generally represents a worse-case scenario for
electrode design. Atboundaries between an electrode and an insulator, the current
density can be shown to approach

i o p(m=28)/m (5.64)

where 7 is the radial distance from the point of intersection and 6 is the angle be-
tween the electrode and insulator measured in radians. As shown in Figure 5.9,
equation (5.64) shows that the current tends toward zero for angles 8 < 71/2, to-
ward infinity for angles 8 > 7/2, and is uniform only if 8 = 7r/2.
For a disk of radius rp, embedded in an insulating plane and with a counter-
electrode infinitely far away, the primary current density is given by
L S (5.65)

where (i) represents the area-averaged current density. The normalized primary
current distribution depends only on the electrode geometry. The current density
tends toward infinity at the periphery of the disk. The corresponding primary

resistance is given by
1

¢ 4KTO

The dimensionless primary resistance can be written as R.xro = 1/4.

(5.66)

5.6.2 Application to Blocking Electrodes

Some electrochemical systems can be described as blocking electrodes for which no
Faradaic reaction can occur. At steady state, the current density for such a system
must be equal to zero. The transient response of a blocking electrode is due to
the charging of the double layer. At short times or high frequency, the interfacial
impedance tends toward zero, and the solution adjacent to the electrode can then
be considered to be an equipotential surface. The short-time or high-frequency
current distribution, therefore, follows the primary distribution described in the
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Figure 5.10: Secondary current distribution for linear polarization at a disk electrode. (Taken
from Huang et al.%7)

previous section. At intermediate frequencies, the solution potential adjacent to
the electrode is not uniform, and the resulting current distribution deviates from
the primary distribution.

5.6.3 Secondary Current and Potential Distributions

The secondary distribution applies when kinetic limitations cannot be neglected.
The solution adjacent to the electrode can no longer be considered to be an equipo-
tential surface. The condition at the electrode can be replaced by

. a_? _
i=—x ay‘Fo £ (1) G67)

where vy is the coordinate normal to the electrode surface and f (75) is a general
function that could be given by the Butler-Volmer equation (5.14). At sufficiently
small overpotentials, equation (5.14) can be linearized such that

2l =
ay y=0 ?

where | = nigF /xRT (see Problem 5.5). The parameter | is a dimensionless ex-
change current density that is the inverse of the Wagner number.*® The resulting
current distributions, obtained by numerical solution of Laplace’s equation, are
presented in Figure 5.10. The parameter | represents a ratio of Ohmic resistance to
kinetic resistance. When | — oo, the Ohmic resistance dominates, and the current
density follows that of the primary distribution given as equation (5.65).

(5.68)
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5.6.4 Tertiary Current and Potential Distributions

Tertiary distributions apply when Laplace’s equation is replaced by a series of n
equations of the form (5.59) coupled with electroneutrality (5.62) where n repre-
sents the number of ionic species in the system. Thus, tertiary distributions relax
the assumption that concentrations are uniform. Ohmic, kinetic, and mass-transfer
resistances all play a role.

5.6.5 Mass-Transfer-Controlled Current Distributions

Mass-transfer-controlled distributions apply under the assumptions that Ohmic
and kinetic resistances can be neglected.

5.7 Potential Contributions

The cell potential can be decomposed into contributions corresponding to different
loss terms within the cell. For example, the difference in potential between two
electrodes can be expressed as

(Va - Vc) = (Va - <I)O,a) + (CDO,a - <I>O,C) + (q)O,c - Vc) (5-69)

where @, represents the potential at the inner limit of the diffusion layer at the
anode and @y, represents the potential at the inner limit of the diffusion layer at
the cathode. The terms collected in the right-hand side of equation (5.69) are de-
veloped in terms of Ohmic and kinetic contributions in sections 5.7.1 and 5.7.2,
respectively. This book employs a formalism that does not require use of the con-
centration overpotential. To place this approach into perspective with a commonly
used approach, the concentration overpotential is discussed briefly in Section 5.7.3.

5.7.1 Ohmic Potential Drop

The term (®g; — Po,c) represents the potential drop through the electrolyte. As
defined here, the numerical evaluation of the potential drop requires accounting
for the variation in electrolyte conductivity within the diffusion layer. An alterna-
tive approach is to define the Ohmic potential drop as being that calculated using
Laplace’s equation with a uniform solution conductivity. In this case, an additional
term is required to account for the influence of the conductivity variation within
the diffusion layer on the measured potential. This is incorporated into a concen-
tration overpotential, discussed in Section 5.7.3.

5.7.2 Surface Overpotential

The term (V; — ®p,4) can be expressed in terms of the surface overpotential, noting
that

Nsa = (Va— Do) — (Vo — Poa)yg (5.70)
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where (V; — ®q,), is the equilibrium difference between the electrode potential
and the potential of the electrolyte adjacent to the electrode, generally taken to be
at the inner limit of the diffusion layer. If the equilibrium potential is measured at
the composition existing at the inner limit of the diffusion layer, c;(0), then

(Va - Vc) = sa+ (Va - q’Oﬂ)O + (¢0,a - <I)O,C) — s, — (Vc - q’O,c)o (5'71)

If, instead, the equilibrium potential is measured at the composition c;(e0) of the
bulk electrolyte, then an additional term is needed to account for influence of the
diffusion layer on the measured potential. This is incorporated into a concentration
overpotential, discussed in Section 5.7.3.

5.7.3 Concentration Overpotential

A concentration overpotential is often invoked to account for the influence of con-
centration distribution on potential. Consider for example, that the concentration
at the inner limit of the diffusion layer is c;o. Consistent with equation (5.23), the
current for a single anodic reaction can be expressed as

i = kanFc;(0) exp (bans) (5.72)
Equation (5.72) can be written in terms of the bulk concentration as

ci(0)

i= kanFci(oo)m exp (bas) (5.73)
or
i = kanFc;(o0) exp (bs (s +1c)) (5.74)
where
o= () o7

The concentration overpotential is not needed if the concentrations used in the
kinetic expressions are those evaluated at the electrode surface.

5.8 Capacitance Contributions

In electrochemical systems, the capacitance may arise due to charge redistribution
at interfaces or to dielectric phenomena. The charge redistribution takes place at
an electrolytic double layer.

5.8.1 Double-Layer Capacitance

Away from solid surfaces, the electrolyte can be said to be electrically neutral, and,
in the absence of concentration gradients, equation (5.62) is satisfied exactly. If
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Metal Electrolyte Metal

Figure 5.11: Potential distribution for a cell at open circuit consisting of ideally polarized
electrodes.

concentration gradients exist for species of differing diffusion coefficients, equa-
tion (5.62) is satisfied approximately, but the charge is so small that equation (5.62)
can be used. This can be seen from a rearrangement of Poisson’s equation as

Y zici = _%Tovzq, (5.76)
1

where ¢ is the dielectric constant of the medium and ¢ is the permittivity of a

vacuum (g9 = 8.8542 x 10~ F/cm or 8.8542 x 10~14 C/V cm). The constant eeg/ F

is very small and typically has a value on the order of 10716 equiv/V em. Thus, for

moderate values of V2, ¥; zic; ~ 0.

The situation is fundamentally different near an interface due to a significant
redistribution of charge. Consider, for example, the potential distribution in an
electrochemical cell at open circuit. Consider that a potential can be applied be-
tween the two metal electrodes such that no current flows. A situation like this is
described in Section 5.1. The electrodes can be considered to be ideally polarized
since a potential can be applied without passage of current.

The corresponding potential distribution is given in Figure 5.11. As no current
flows in the cell, the potential must be uniform in the electrolytic solution. The
only place where the potential can change in the cell is at the electrode-electrolyte
interface. In this region, the second derivative of potential with respect to position
d?®/dy? must be very large. Equation (5.76) suggests that a substantial redistribu-
tion of charge is required to accommodate the abrupt change in potential.

A redistribution of charge is possible because the electrons that accumulate
near the metal surface have associated with them a charge. In addition, some
ionic species may have a tendency to accumulate preferentially at the electrode—

m Remember! 5.4 The capacitance commonly encountered in electrochemical im-
pedance spectroscopy may arise from charge redistribution at interfaces or from dielectric
phenomena.
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Figure 5.12: Double-layer capacitance obtained by Grahame?? for a mercury electrode in con-
tact with a NaCl electrolyte at a temperature of 25°C. Potentials are referenced to the electro-
capillary maximum or potential of zero charge.

electrolyte interface. Finally, as the interface taken as a whole must be electrically
neutral, a diffuse region of charge may be present in the electrolyte adjacent to the
electrode.

Experimental measurements on mercury electrodes have contributed signifi-
cantly to the understanding of the nature of the electrical double layer. The double-
layer capacitance obtained by Grahame? for a mercury electrode in contact with
a NaCl electrolyte at a temperature of 25°C is presented in Figure 5.12 where po-
tentials are referenced to the electrocapillary maximum or potential of zero charge.
The capacitance values range between 14 and 50 uF/cm? and are seen to be strong
functions of potential. This range of values and dependence of potential is typi-
cal of the results reported by Grahame for mercury electrodes immersed in other
electrolytes.?

Numerous models of the electrode—electrolyte interface have been developed.
The simplest of these is the Helmholtz double-layer model, which posits that the
charge associated with a discrete layer of ions balances the charge associated with
electrons at the metal surface. The Helmholtz double-layer model predicts incor-
rectly that the interfacial capacitance is independent of potential. Nevertheless,
current models of the charge redistribution at electrode—electrolyte interfaces owe
their terminology to the original Helmholtz model.

A schematic representation of an electrical double layer is presented as Figure
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Figure 5.13: The structure of the electrical double layer.

5.13. A plane (m) is associated with an excess concentration of electrons near the
physical surface of the electrode, represented by a solid line. The inner Helmholtz
plane (ihp) is associated with ions that are specifically adsorbed onto the metal
surface. The outer Helmholtz plane (ohp) is the plane of closest approach for solvated
ions that are free to move within the electrolyte. The ions within the electrolyte
near the electrode surface contribute to a diffuse region of charge. The diffuse region
of charge has a characteristic Debye length,

eegRT
A= | == 5.77
\ F2Y " zfci(e0) ©77)
i
which is typically on the order of 10 A for electrolytic solutions.
The charge held in each of the layers must cancel such that
Gm + Jinp + 94 =0 (5.78)

where g1, is the charge of electrons at the electrode surface, g;4, is the charge asso-
ciated with adsorbed ions, and g, is the charge held in the diffuse region. There
is no plane of charge associated with the outer Helmholtz plane as this represents
only an inner limit to the diffuse region of charge.

The potential of the metal referenced to an electrode located outside the diffuse
region of charge can be expressed as

U— Py = (lI - (Dihp) + (cpihp - ¢ref) (5.79)
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Table 5.4: Typical ranges of values for capacitance.

System e | 6/A | C/uFem2
Double layer on bare metal | — — 10-50
Al,O; oxide 67 | 120 0.5
Fe,O3 oxide?® 7 30 2
NiyOs oxide 42 30 2
Asphalt coatings 26 | 5x107 | 5x1077
Epoxy cast resin 36 | 5x10°| 6x107°

The capacitance of the interface is defined to be the derivative of charge density
with respect to electrode potential at fixed electrochemical potential y; and tem-

perature T, i.e,,
9q )
C= (— (5.80)
ou #i,T

Thus, following equation (5.79), the capacitance of the interface can be expressed
in terms of respective contributions as

1 1 1
2= + = 5.81
C= Comp ' Ca 81

As seen in equation (5.81), the capacitance of an interface is dominated by the part
with the smaller capacitance. For this reason, the capacitance of semiconductor
electrodes can be expressed as consisting only of the capacitance of the space-
charge region.

5.8.2 Dielectric Capacitance

The capacitance associated with oxide layers and polymeric coatings can be ex-

pressed as

_
C== (5.82)

where § is the film thickness, ¢ is the dielectric constant of the material, and gg
is the permittivity of vacuum gy = 8.8542 x 10~ F/cm. The capacitance of such
oxide and polymeric layers is typically sufficiently small that the contribution of an
electrolytic double layer in series can be generally neglected. Some typical values
for capacitance are presented in Table 5.4.
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Problems

5.1

5.2

5.3

5.4

5.5

5.6

5.7

Estimate the electrolyte resistance for a 0.25 cm radius disk electrode in 0.1 M
NaCl solution at 25°C.

Use a Taylor’s series expansion in terms of potential to obtain a relationship
for the charge-transfer resistance in the Tafel regime.

Show that the concentration of a reactant at the surface of an electrode can be
expressed as a function of current density as

=1- — (5.83)

Following equation (5.83), use a spreadsheet program to plot the current den-
sity as a function of surface overpotential for b, = 20 V! and i), equal to
0.1,1.0, and 10 mA/cm?.

Use a Taylor’s series expansion about the equilibrium potential to obtain a
relationship for the charge-transfer resistance in terms of the parameter | =
nigF /xRT.

Estimate the capacitance for an oxide layer on a steel surface that is 50 A
thick.

Estimate the surface area for an electrode in a 0.1 M NaCl solution if the
capacitance is measured to be 120 yF. What might be a reasonable confidence
interval for this estimate?
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Chapter 6

Electrochemical Instrumentation

Operational amplifiers provide the foundation for electrochemical instrumenta-
tion. The aim of this chapter is to describe the main properties of an operational
amplifier so as to understand the principles of potentiostats and galvanostats and
to understand how they can be used for impedance measurements.

6.1 The Ideal Operational Amplifier

For the purpose of this text, an operational amplifier consists of a series of solid-
state components designed to have certain functional characteristics. A schematic
representation of an operational amplifier, given in Figure 6.1(a), shows 5 leads
attached to the operational amplifier. The vertical leads, marked Vs+ and V;-,
provide power to the amplifier and are connected to a direct-current power supply.
The two leads on the left, termed the noninverting (4) and the inverting (—) input,
have potentials V. and V_, respectively. The output potential is V.

The amplifier is designed to sense the difference between the voltage signals
applied at its two input terminals, to multiply this by a number Agp, and to cause
the output voltage to be

Vo= Aop (V+ - V—) (6.1)

A typical response for an operational amplifier is given in Figure 6.1(b). The output
potential V; must have a value between Vy+ and Vs-. For an ideal operational
amplifier, the open-loop gain Aop is very large (ideally infinite), such that

Vie-V.= Vo

= ~0 6.2
A 62)

MRemember! 6.1 Operational amplifiers provide the foundation for electrochemi-
cal instrumentation.
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Figure 6.1: The ideal operational amplifier: a) the circuit symbol for an operational amplifier
showing the five principal terminals and b) output potential as a function of input potential.
The linear range for the output potential is very small.

The open-loop gain Agp for typical operational amplifiers is on the order of 10* to
10; thus, for supply voltages Vs of 10 to 15 V, the input voltage difference in the
linear regime can be on the order of 1 mV and can be as small as a few uV.

The requirement for operation within the linear regime is that

Vs

Vi —V_| < (6.3)

As Aoy is very large, the linear region of operation is correspondingly very small.
The characteristics of an ideal operational amplifier are that:

o The constant Ay is very large such that the voltage difference V, — V_ =~ 0.

¢ The input impedances are very large such that the currents at the noninvert-
ing (+) and the inverting (-) inputs are equal to zero.

o The output potential at saturation is Vg+ or V;-.
¢ The output potential in the linear regime is given by equation (6.1).

The equations that govern the ideal operational amplifier are expressions of current
balances. For the operational amplifier shown in Figure 6.1(a), the current balance
is given as

iy +i-+ip+is+ +is- =0 (6.4)

As the input impedance is large, i, = i_ =0, and
ig+igr +ig- =0 (6.5)

To reduce clutter in circuit diagrams, it is common to omit the power terminals, for
example, as shown in Figure 6.2. The presence of power terminals is nevertheless
assumed.
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Figure 6.2: The circuit symbol for an operational amplifier showing input and output terminals,

but omitting the power terminals. The presence of power terminals is nevertheless assumed.
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Figure 6.3: Negative feedback: inverting voltage amplifier.

6.2 Elements of Electrochemical Instrumentation

As shown in Figure 6.1(b), the output of the operational amplifier under open-loop
conditions tends to be in the saturation region. Operation within the linear region
is made possible by inclusion of feedback loops, leading to operational character-
istics important for electrochemical instrumentation. This is termed operation under
closed-loop conditions.

\

Example 6.1 Negative Feedback: Find the electrical characteristics of an ideal
operational amplifier with negative feedback, shown schematically in Figure 6.3.

Solution: Due to the fact that the input current is equal to zero, the currents flowing
through R4 and Ro are equal; i = i4 = ig and

Vo—Va _ V-V

x, X (6.6)

i=

V- is equal to zero, due to the fact that the potential of the input + is at the ground. Thus,
Vo=—5-Va (6.7)

The output voltage has an opposite sign with respect to the input voltage V4.
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Figure 6.4: The current follower.

The quantity Ro/ R4 is called the closed-loop gain. The requirement for operation
within the linear regime for the inverting amplifier is that

Vs
Ro/R4

The effect of the feedback is to reduce the overall gain, to permit correspondingly
larger input voltages without saturation, and to replace the open-loop gain with a
gain that depends only on passive resistors. The open-loop gain of an operational
amplifier depends strongly on temperature and varies from unit to unit. Thus, use
of a feedback circuit improves control over the gain of an amplifier. The require-
ments are that the open-loop gain must be large as compared to the closed loop
gain and equation (6.8) should be satisfied, i.e., the system must not be driven to
saturation.

The output potential Vj has the opposite sign as the input potential V4. A
noninverting amplifier is presented in Problem 6.3.

\

Example 6.2 Current Follower: Find the operational characteristics of an ideal
current follower, shown schematically in Figure 6.4.

Ve —V_| < 6.8)

Solution: This circuit is very similar to an inverting voltage amplifier without resistance
R in the input line. The input point A is at a virtual ground potential, and V;, is propor-
tional to the current; i.e., V, = Ryi.

\

Example 6.3 Voltage Adder: Find the operational characteristics of an ideal
voltage adder, shown schematically in Figure 6.5.

Solution: The example is given with the sum of two voltages, but obviously a larger
number of potentials can be added following the same principle. The currents iy and i are
equal respectively to V1 /Ry and V2 / Ry. Thus, the output voltage is given by

Vo = —Ro(V1/R1 + V2/Ry) (6.9)
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Figure 6.5: The voltage adder.

i

Different applications can be developed following the relative values of Ro, Ry, and Rp. In
particular, for Ry = Ry = Ry, the output takes the form

Vo=—(W+W) (6.10)

6.3 Electrochemical Interface

Electrochemical interfaces consist of potentiostats and galvanostats. These devices
can be described in terms of combinations of operational amplifiers and resistors.

6.3.1 Potentiostat

The aim of a potentiostat is to maintain a constant potential difference between the
working electrode WE and a reference electrode REF. In the simplest scheme the
reference electrode is connecting to the inverting input of the operational amplifier
as shown in Figure 6.6(a). The potential of the working electrode is at ground
potential, and the potential of the reference electrode is held at a potential Vi, also
referenced to the ground potential. Thus, the potentiostat shown in Figure 6.6(a)
controls the potential difference between the working and reference electrodes.

The potentiostat requires as well a means of measuring the current. One ap-
proach is to measure the potential difference across a resistance as shown in Figure
6.6(b). The current is given by I = Vy;/Rp. In the second approach, the current is
measured in the working electrode circuit by means of a current follower (Figure
6.6(c)). In this last case, the working electrode is not directly at the ground but at a
virtual ground potential.

m Remember! 6.2 A basic potentiostat can consist of two operational amplifiers:
one to control potential and one to follow current.
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Figure 6.6: The potentiostat: a) simple scheme for controlling the potential of a working
electrode with respect to a reference electrode, b) potentiostat with current measurement by
potential drop across a measuring resistor, and c) potentiostat with current measurement by
use of a current follower.

In each of the different configurations of Figure 6.6, the potential of the working
electrode is controlled with respect to the reference electrode. The WE is at the
ground, and the potential V between the + entry of the operational amplifier and
the ground is the difference of potential between the reference electrode and the
WE. There is no potential difference between the entry + and the entry —. The
operational amplifier delivers the current through the counterelectrode to have the
corresponding difference of potential between the reference electrode and the WE.

6.3.2 Galvanostat

A scheme of a galvanostat is given in Figure 6.7. The point A and then the working
electrode is at a virtual ground potential. The current I is given by the relation
I = V/R. The current value could be adjusted by varying either R or V. The
potential can be easily measured between the reference electrode and the working
electrode.

MRemember! 6.3 A basic potentiostat for impedance measurements requires a
voltage adder to superimpose the sinusoidal signal onto an imposed potential.
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Figure 6.7: A simple scheme for controlling the current through a working electrode.

6.3.3 Potentiostat for EIS Measurement

Impedance measurements may be made under potentiostatic regulation by mak-
ing the small modifications to the potentiostat shown as Figure 6.6(c). In the ex-
ample given as Figure 6.8, a voltage adder is introduced to sum the dc potential
corresponding to the polarization point and the ac potential delivered by the gen-
erator of the frequency function analyzer. With a judicious choice of Ry, R; , and
R; in equation (6.9), it could be easy to have an ac input with a potential divided
by 100 (e.g., Ro = R; = 100Ry).
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Figure 6.8: Potentiostat for EIS measurement.
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Figure 6.9: Schematic representation of a noninverting amplifier.
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Problems

6.1

6.2

6.3

6.4

Devise a circuit for adding a steady baseline potential, a ramped potential,
and a sinusoidal perturbation.

Estimate the maximum error in the term V — @, if the operational amplifiers
used in Figure 6.8 had an open-loop gain of 10° and power source of +10 V.

Show that the output potential for the noninverting amplifier shown in Fig-
ure 6.9 can be expressed as

Vo=Vyu (Rl n Rz) (6.11)

Devise a system similar to that shown in Figure 6.8 in which impedance mea-
surements are performed under galvanostatic regulation.
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Chapter 7

Experimental Methods

Impedance experiments involve the conversion of time-domain input and output
signals into a complex quantity that is a function of frequency. As seen in Figure
6.8, a signal generator is used to drive a potentiostat to induce a perturbed signal.
The input signal and the resulting output signal is processed by instrumentation
to yield a frequency-dependent transfer function. If the transfer function takes the
form of a ratio of potential over current, the transfer function is called an impe-
dance. The nature of the instrumentation used to generate the transfer function is
described in the following section.

7.1 Steady-State Polarization Curves

Steady-state polarization curves, such as that presented in Figure 5.4(a), provide a
means of identifying such important electrochemical parameters as exchange cur-
rent densities, Tafel slopes, and diffusion coefficients. The influence of exchange
current density and Tafel slopes on the steady-state current density can be seen in
equations (5.17) and (5.18), and the influence of mass transfer and diffusivities on
the current density is described in Section 5.3.3. Steady-state measurements, how-
ever, cannot provide information on the RC time constants of the electrochemical
process. Such properties must be identified by using transient measurements.

7.2 Transient Response to a Potential Step

A calculated transient current response to a 10 mV step in potential, introduced
at time fg, is presented in Figure 7.1 for the electrical circuit inserted in the figure.
The time constants for the circuit under the conditions of the simulation were 7, =
0.0021 s (76 Hz) and 1, = 0.02 s (8 Hz). The potential dependence of parameter
R; is consistent with the behavior of the charge-transfer resistance described in
Chapter 10.

The calculated current increases instantaneously and then decreases rapidly.
On the linear scale presented in Figure 7.1, it is evident that precise current mea-
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Figure 7.1: The current response of an electrochemical system to a 10 mV step change in applied
potential from 0.09 V to 0.1 V for the inserted electrical circuit with parameters Ry = 1 (),
Ry = 104-V/0080 () C; = 10 uF, Ry = 103 (1, and C = 20 uF. The potential dependence
of parameter Ry is consistent with the behavior of the charge-transfer resistance described in
Chapter 10.

surement is needed to observe the features associated with the RC elements in
Figure 7.1. Presentation in a logarithmic format, as shown in Figure 7.2, allows
a clearer representation of the distinct features of the circuit presented in Figure
7.1. The dashed lines show the deconvolution of the current response into the
components presented in Figure 7.1. The results presented in Figures 7.1 and 7.2
demonstrate that use of step-transient experiments for identification of the phe-
nomena that govern an electrochemical system requires accurate measurements of
current in a very short period of time.

Frequency-domain measurements provide an attractive alternative to transient
techniques involving steps in potential or current because their capability to make
repeated measurements at a single frequency improves the signal-to-noise ratio
and extends the range of characteristic frequencies sampled. These measurements
are a type of transient measurement in which the input signal is cyclic.

7.3 Analysis in Frequency Domain

Fourier analysis and phase-sensitive detection are commonly used to convert time-
domain signals into the frequency domain. For contextual purposes, the mathe-
matical transformations used by Fourier analysis and phase-sensitive detection in-
struments are reviewed in the following subsections. Such systems have replaced
the Lissajous analysis described in Section 7.3.1. The Lissajous analysis is useful,
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Figure 7.2: The current response in a logarithmic scale of an electrochemical system to a
10 mV step change in applied potential from 0.09 V to 0.1 V applied to the circuit presented in
Figure 7.1. The dashed lines show the deconvolution of the current response into components
associated with the different circuit elements.

however, for providing real-time assessment of the quality of impedance measure-
ments and for developing an appreciation for impedance measurements.

7.3.1 Lissajous Analysis

The electronics associated with measurement of the impedance response of a sys-
tem is presented schematically in Figure 6.8. The input signal can be represented
by

V =V + AV cos (27ft) (7.1)
where V is an applied bias potential and AV is the amplitude of the sinusoidal per-
turbation. The current response is dependent on the characteristics of the system
under study. For example, following the discussion in Section 5.3.2, the Faradaic
current density can be expressed as

if = nFkyexp (b,V) — nFk.exp (—b.V) (7.2)

The current density associated with the capacitive charging of the electrode can be
expressed as
1%
ic = —Cdl% = 2 fAVCy sin (27ft) (7.3)

where the sign accounts for the difference in the direction of the potential differ-
ence between that used for the Faradaic and charging currents. As suggested in
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Figure 7.3: Schematic representation of an electrode interface demonstrating the contribution
of charging and Faradaic current densities.

Figure 7.3, the total current density is the sum of the Faradaic and charging contri-
butions.

The simulation results presented in this section were obtained by solution of
equations (7.1)~(7.3) with parameters Cy; = 31 uF/cm?, nFk, = 0.5 mA/cm?,
nFk, = 0.5 mA/cm?, b, = 195V, b, =195V, V =0V, and AV = 1 mV.
The value of the charge-transfer resistance, given by

1
(banFkgexp(b,V) + benFk exp(—b.V))

Ri= (7.4)

had a value of 51.28 Qcm?, yielding a characteristic frequency f, = (2nR;Cq;) ™! =
100 Hz. The current response to the input potential is presented for different ap-
plied frequencies in Figure 7.4 as functions of time where the solid line represents
the potential input and the dashed line represents the resulting current density.
The signals presented in Figure 7.4 were scaled by the amplitude of the perturba-
tion.

At frequencies much below the characteristic frequency, i.e., 1 mHz, the cur-
rent density is in phase with the potential perturbation, as shown in Figure 7.4(a).
At the characteristic frequency, Figure 7.4(b), the current signal lags the potential
input by 45°. At the characteristic frequency, the amplitude of the out-of-phase
charging current is equal to the amplitude of the in-phase Faradaic current for a
linear system. As shown in Figure 7.4(c), the current response lags the potential
input by 90° at frequencies much higher than the characteristic frequency.

The phase behavior of the input and output signals is seen more clearly in a Lis-
sajous plot in which the output signal is plotted as a function of the input signal. A
Lissajous representation of the signals presented in Figure 7.4 is given in Figure 7.5
with frequency as a parameter. The signals were normalized by the perturbation
amplitude such that the values for current and potential ranged between 1. At
low frequencies, e.g., 1 mHz, the current density is in phase with the potential per-
turbation, yielding a straight line in Figure 7.5. At large frequencies, e.g., 10 kHz,
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Figure 7.4: The current density response to a sinusoidal potential input for a system with
parameters Cy4y = 31 uF/cm?, nFk, = nFk, = 0.5 mA/cm?, by = 195 V-1, b, = 19.5 V-1,
V=0V, and AV =1 mV: a) 1 mHz; b) 100 Hz; and c) 10 kHz. The solid line represents the
potential input and the dashed line represents the resulting current density.
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Figure 7.5: Lissajous representation of the signals presented in Figure 7.4 with frequency as a
parameter. The signals were normalized by the perturbation amplitude such that the values for
current and potential ranged between £1.

the current is dominated by the charging current, which is out of phase with the
potential. The resulting Lissajous trace appears as a circle in Figure 7.5 where both
the potential and current values were normalized. At the characteristic frequency
(100 Hz), the Lissajous plot takes the shape of an ellipse.

The magnitude of the time-domain signals and the shape of the ellipse provide
information concerning the magnitude of the transfer function and the correspond-
ing phase angle between input and output signals. The method for extracting the
impedance response from the Lissajous plot is illustrated using the labeled posi-
tions given in Figure 7.6. The frequency is given by the time required to complete
a cycle, teycles 1€,

1
tcycle
where f has units of Hz. In frequency domain, the ratio of the potential over the
current takes the form of an impedance. The magnitude of the impedance transfer
function is therefore obtained by

=f 7.5)

AV _ 04 _ AY

12l =37 = 0B " 2% 76)
The phase angle is obtained from
. _ 0D
sin(¢) = —52 7.7)
. OD
—gin-1{ 2~
¢ =sin ( 5 A) (7.8)

where the lengths OD, OA, and OB are defined in Figure 7.6.
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Figure 7.6: The interpretation of a Lissajous plot of time-domain signals in terms of impedance.

\
Example 7.1 Lissajous Analysis: Use a Lissajous plot to find the impedance at
a frequency of 100 Hz for a linear system with capacity Cq = 31 uF/cm?, charge-transfer
resistance R; = 51.34 Qcm?, and a potential perturbation AV = 0.01 V.

Solution: The time required for a single cycle is T = 1/100 Hz = 0.01 s. The potential
over this period of time is given by
V = AV cos (27 ft) (7.9)

The Faradaic current density for a linear system can be expressed as

.,V

ir=g (7.10)
and the current density associated with the capacitive charging of the electrode can be
expressed by equation (7.3). The results are presented in Figure 7.7. The magnitude of the

impedance can be found as
10 mV

|Z] = ———— = 36.4 Qem? (7.11)
0.275 mAcm
and the phase angle is given by
¢ = sin™? (-Zi%z) = —45° (7.12)

The results presented in Figure 7.7 correspond to the characteristic frequency for the given
values of capacitance and charge-transfer resistance of 100 Hz. At this frequency, the phase
angle is equal to 45°.
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Figure 7.7: The interpretation of a Lissajous plot of time-domain signals in terms of impedance
for Example 7.1.

As illustrated in Section 21.2.2, Lissajous plots can be used to explain the mech-
anism whereby the frequency-domain analysis yields transfer functions with ex-
tremely large signal-to-noise ratios, even when the time-domain signals contain
a significant level of noise. By measuring the signals over many cycles, the res-
olution of the ellipse improves by an averaging process, thereby yielding a small
stochastic error in the calculated transfer function.

The Lissajous plots presented in Figure 7.5 correspond to the interfacial impe-
dance of a system and do not account for Ohmic resistance. This is the reason
that the current-potential trace appears as a circle at high frequencies. In fact,
the current corresponding to charging the interfacial capacitance is proportional
to frequency, as expressed by equation (7.3). The influence of the Ohmic resistance
is to limit the magnitude of the charging current at high frequencies. The result-
ing Lissajous plots are given in Figure 7.8 for a system with an Ohmic resistance
R, = 10 Qem?, effective charge-transfer resistance R; = 26 Qcm?, and capacitance
Cq1 = 20 uF/cm?. The input potential perturbation AV was 10 mV, yielding a value
of b,AV = 0.19 and conforming to a linear response following the criteria devel-
oped in Example 8.1. The characteristic frequency for this system was 302 Hz. The
Lissajous plot reveals a straight line at low frequency where the current and po-
tential signals are in phase and a straight line again at high frequencies where the
current and potential signals are again in phase. The slopes of these lines differ
at high and low frequencies because, at low frequencies, the effective resistance is
givenby R, + R;, whereas at high frequencies the effective resistance is given by R,.
Comparison of Figures 7.5 and 7.8 illustrates the manner in which the Ohmic re-
sistance obscures the behavior of the interfacial processes at high frequencies. This

concept motivates the use of the Ohmic-resistance-corrected Bode plots discussed
in Section 17.1.2.

It is useful to include in the experimental setup an oscilloscope capable of dis-
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Figure 7.8: Lissajous representation for time-domain signals corresponding to a system with
an Ohmic resistance R, = 10 Qcm?, exchange current density nFk, = nFk, = 1 mA/cmz,
by =19Vl b, =19V, V=0V, AV = 10 mV, and capacitance Cg; = 20 uF/cm?,
The effective charge-transfer resistance was equal to R; = 26 Qcm?, and the characteristic
frequency for this system was 302 Hz.

playing a Lissajous plot. As discussed in Chapter 8, distortions of the elliptical
shape can be used to signal nonlinear behavior associated with an input pertur-
bation that is too large. Scatter in the results reveals that the time-domain data
may be excessively noisy, reflecting perhaps the need to adjust the instrumental
parameters.

7.3.2 Phase-Sensitive Detection (Lock-in Amplifier)

A lock-in amplifier uses phase-sensitive detection, in conjunction with a potentio-
stat, to measure the complex impedance. The algorithm is fundamentally different
from that of the Fourier-based analyzers. These analyzers perform an assessment
of the Fourier coefficients of the input and output signals, whereas the lock-in am-
plifier measures the amplitudes of the two signals and the phase angle of each
signal with respect to some reference signal. Thus, the impedance is measured in
polar, rather than Cartesian, coordinates.
A reference square wave of unity amplitude is generated at the same frequency
as the sinusoidal signal
X = AXsin(wt + ¢x) (7.13)

m Remember! 7.1 While use of Lissajous plots for numerical evaluation of impe-
dance can be considered obsolete, it is useful to include an oscilloscope capable of displaying
a Lissajous plot in the experimental setup.
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to be analyzed. The square wave can be represented by the Fourier series

4 X 1
S_EZZn+1

n=0

sin [(2n + 1) wt + ¢s] (7.14)

where ¢s is the phase angle of the reference signal. The measured and reference
signals are multiplied, resulting in

AX & 1 ,
XS =— E?_n“sm(wt+¢x)sm[(2n+1)wt+¢s] (7.15)

Equation (7.15) can be rewritten, using trigonometric identities, as

2 2AX
rg) en+1)rm
—cos [(2n +2) wt + ¢px + (2n + 1) ¢s]}

XS {cos[-2nw + ¢x — (2n + 1) ¢s) (7.16)

The product of the signals can be expanded using the trigonometric identity for the
cosine of the sum of two angles and integrated over each cycle. Only the leading
term of the series has a nonzero value, thus,

e 28X
w
= 0/ XSdt = === cos (¢x — ¢s) (7.17)

The integral in equation (7.17) has a maximum value when the phase angle of the
square wave is equal to the phase angle of the measured signal. In practice, the
phase angle of the generated square wave is adjusted such that the integral is max-
imized. The phase angle of the square wave at the maximum value of the integral
yields the phase angle of the measured signal. In addition, the maximum value of
the integral can be used to determine the amplitude of the measured signal.

The same procedure is used to analyze the second signal

Y = AY sin(wt + ¢y) (7.18)

yielding
2n/w
w

20Y
— 0/ YSdt = = cos (¢v — ¢s) (7.19)

The phase angle of the generated square wave is adjusted such that the integral
is maximized. The phase angle of the square wave at the maximum value of the
integral yields the phase angle of the measured signal, and the maximum value of
the integral is used to determine the amplitude of the measured signal.

The magnitude of the impedance can be obtained from the ratio of the ampli-

tudes, i.e., AY
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and the corresponding phase angle can be obtained as the difference between the
phase angles of the output and input signals, i.e.,

¢ = (¢y — ¢s) — (x — ¢s) (7.21)

Carson et al.!® showed that phase-sensitive detection measurements with a sin-
gle reference signal biases the error structure of the impedance data due to errors
introduced when the square-wave reference signal is in phase with the measured
signal. Modern phase-sensitive detection instruments employ more than one ref-
erence signal and may thereby avoid this undesired correlation.

7.3.3 Single-Frequency Fourier Analysis

Single-frequency Fourier analyzers make use of the orthogonality of sines and
cosines to determine the complex impedance representing the ratio of the response
to a single-frequency input signal. A brief outline of the approach is presented in
this section.

Consider that a periodic function of time can be expressed as a Fourier series,

e. g.’74, 101

f(t)=ao+ i (an cos (nwt) + by sin (nwt)) (7.22)

n=1

The trigonometric functions can be expressed in terms of exponentials following
equations (1.82) and (1.83) to yield
00
f(t) =%+ Y (Cnexp (jnwt) +E_pexp (—jnwt)) (7.23)
n=1

where the coefficients ¢, are complex numbers, related to the coefficients a, and by
of equation (7.22) by

Gy = “"—_z-lb—" (7.24)
or
g, = E’L‘zﬂ (7.25)
e = “"—“;’—b" (7.26)
and
Co = ap (7.27)

Equation (7.23) can be written in more compact form as

ft)= i Cn exp (jnwt) (7.28)

n=-—0oo
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where n may take values ranging from —oo to 400, and the coefficients ¢, can be
evaluated from

T
& = % 0/ £(t) exp (—jnwt) dt (7.29)

where T represents the period of an integer number of cycles at frequency w. Us-
ing equation (1.109), Equation (7.29) can be expressed in terms of trigonometric
functions as

T
Cn = %/f(t) (cos (nwt) ~ jsin (nwt)) dt (7.30)
0

Equation (7.30) provides the basis for single-frequency Fourier analysis for impe-
dance measurement.

Linear sinusoidal input and output signals can be expressed in terms of equa-
tion (7.22) with n = 1. For example, for an input potential

V(t) = AV cos (wt) (7.31)
the output current can be expressed by
I(t) = Al cos (wt + ¢1) (7.32)

or
I(t) = ay cos (wt) + by sin (wt) (7.33)

The constant coefficients AI and AV represent the amplitudes of the respective
signals and the parameter ¢; represents the phase lag of the current signal with
reference to the input potential signal.

The mapping of the time-domain signals (7.32) and (7.31) to the frequency do-
main is done via a Fourier complex representation.?* For signals expressed in
terms of a cosine, the in-phase or real part of the current signal can be expressed as

L (w)=

3l =

T
/I(t) cos(wt)dt (7.34)
0
and the imaginary part of the current signal is
1 T
(@)= -7 / I(#) sin(wt)dt (7.35)
0
The real part of the voltage signal is

T
Ve (w) = —,},—/V(t) cos(wt)dt (7.36)
0
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and the imaginary part of the voltage signal is

T
Vi (w) = —% [ v sin(wi)a 7.37)
0

The integration converts the time-domain quantities into the respective frequency-
domain quantities. Integration is carried out over a period T comprising an integer
number of cycles. This serves to filter errors in the measurement. The complex
current I, + jI; and potential V; + jV; are the coefficients ¢1 of the Fourier series
expressed as equation (7.30).

The impedance is calculated as the complex ratio of the complex representa-
tions of the output signal to the input signal. Thus,

o (VY
and Vot iV
() = r 1Y

Zi(w) Im{ A } (7.39)

The real and imaginary parts of the impedance are thereby extracted from the same
ratio of complex numbers.

\

Example 7.2 Fourier Analysis: Apply the Fourier analysis to the calculations
presented in Section 7.3.1.

Solution: For the calculations presented in Section 7.3.1 where potential is the input sig-
nal with a phase lag ¢v = 0, equation (7.36) yields V; = AV /2 and equation (7.37)
yields V; = 0. The impedance response obtained by Fourier analysis is given in Figure 7.9.
Because the perturbation magnitude was sufficiently small, the results are in good agree-
ment with the expected value for the given kinetic parameters. The zero-frequency asymp-
totic value for the real impedance is in excellent agreement with the value of 51.28 Qcm?
obtained from equation (7.4).

7.3.4 Multiple-Frequency Fourier Analysis

Impedance transfer functions may be determined through use of an input signal
containing more than a single frequency. Such signals may be a tailored multi-sine

m Remember! 7.2 The input and output signals used to generate impedance spec-
tra are functions of time, not frequency. The frequency dependence of the impedance results
from the processing of time-domain signals.
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Figure 7.9: The impedance response obtained by Fourier analysis for the calculations presented
in Section 7.3.1 (symbols) as compared to the theoretical value (solid line).

signal or a signal containing white noise. If the signal amplitude is sufficiently
small that the response is linear, the system output response will also be a signal
containing the same frequencies as found in the input signal. A fast Fourier trans-
form algorithm may be used to extract the frequency-dependent transfer function.
Because all frequencies are measured at the same time, the multifrequency ap-
proach allows completion of a spectrum in a shorter time than is required for a
stepped single-frequency approach.

7.4 Comparison of Measurement Techniques

Each of the frequency-response analysis methods described in the previous section
has its place in the experimental arsenal. Their relative merits are summarized in
the following sections.

7.4.1 Lissajous Analysis

Lissajous analysis, as an experimental approach for impedance measurement, is
obsolete and has been replaced by methods using automated instrumentation. Lis-
sajous plots, however, have great pedagogical value as a means of learning impe-
dance spectroscopy. In addition, as discussed in Section 8.2, use of oscilloscopes
is recommended for monitoring the progress of impedance measurements, and
oscilloscopes capable of displaying Lissajous plots are particularly useful.

7.4.2 Phase-Sensitive Detection (Lock-in Amplifier)

Phase-sensitive detection is accurate and can be relatively inexpensive. Modern
instrumentation uses more than one reference signal and can mitigate the bias in
the error structure.
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7.4.3 Single-Frequency Fourier Analysis

Sequential measurement of impedance by Fourier analysis provides good accuracy
for stationary systems. The sequence of frequencies can be arbitrarily selected, and
therefore frequency intervals of Af/f, considered to be the most economical use
of frequencies, can be employed. Because the measurements at each frequency are
independent of each other, frequencies found to be inconsistent with the Kramers-
Kronig relations can be deleted.

7.4.4 Multiple-Frequency Fourier Analysis

Multifrequency fast Fourier analysis yields good accuracy for stationary systems and
has the advantage that it can be performed more rapidly than an equivalent single-
sine measurement. Frequency intervals of Af and dense sampling at high fre-
quency are required to get good resolution at low frequency. The spectra obtained
are always consistent with the Kramers-Kronig relations, so the Kramers-Kronig
relations cannot be used to determine whether the measurement was corrupted
by instrument artifacts or nonstationary behavior. A correlation coefficient can be
calculated and used to determine whether the spectrum is inconsistent with the
Kramers-Kronig relations.

7.5 Specialized Techniques

The methods described in this chapter and this book apply to electrochemical
impedance spectroscopy. Impedance spectroscopy should be viewed as being a
specialized case of a transfer-function analysis. The principles apply to a wide
variety of frequency-domain measurements, including non-electrochemical mea-
surements. The application to generalized transfer-function methods is described
briefly with an introduction to other sections of the text where these methods are
described in greater detail. Local impedance spectroscopy, a relatively new and
powerful electrochemical approach, is described in detail.

7.5.1 Transfer Function Analysis

While the emphasis of this book is on electrochemical impedance spectroscopy, the
methods described in Section 7.3 for converting time-domain signals to frequency-
domain transfer functions clearly are general and can be applied to any type of
input and output. Some generalized transfer-function approaches are described in
Chapters 14 and 15.

m Remember! 7.3 The techniques described here for measuring impedance spectra
are, in fact, very general and can be used to measure any transfer function.
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Table 7.1: Generalized transfer functions for a rotating disk electrode at fixed temperature.

Fixed Variable Input Output Transfer Function
Rotation speed Current Potential Impedance
Rotation speed Potential Current Admittance
Current Rotation speed | Potential | Electrohydrodynamic
impedance
Potential Rotation speed | Current | Electrohydrodynamic
impedance

Four state variables may be defined, for example, for the rotating disk de-
scribed in Chapter 11. These may include the rotation speed, the temperature,
the current, and the potential. At a fixed temperature, three variables remain from
which a transfer function may be calculated. As shown in Table 7.1, the general-
ized transfer functions include impedance, admittance (see Chapter 16), and two
types of electrohydrodynamic impedance (see Chapter 15).

7.5.2 Local Electrochemical Impedance Spectroscopy

Local impedance measurements represent another form of generalized transfer-
function analysis. In these experiments, a small probe is placed near the electrode
surface. The probe uses either two small electrodes or a vibrating wire to allow
measurement of potential at two positions. Under the assumption that the elec-
trolyte conductivity between the two points of potential measurement is uniform,
the current density at the probe can be estimated from the measured potential dif-

ference AVjrope by

. K
Iprobe = AVprobeE (7.40)

where d is the distance between the potential sensing probes and « is the conduc-
tivity of the electrolyte.

A schematic representation of the electrode-electrolyte interface is given as Fig-
ure 7.10, where the block used to represent the local Ohmic impedance reflects the
complex character of the Ohmic contribution to the local impedance response. The
impedance definitions presented in Table 7.2 were proposed by Huang et al.1%? for
local impedance variables. These differ in the potential and current used to calcu-
late the impedance. To avoid confusion with local impedance values, the symbol y
is used to designate the axial position in cylindrical coordinates.

m Remember! 7.4 Local Electrochemical Impedance Spectroscopy (LEIS) is a rela-
tively new and underutilized technique that is useful for exploring the influence of surface
heterogeneities on the impedance response.
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Figure 7.10: The location of current and potential terms that make up definitions of giobal

and local impedance.

Table 7.2: Definitions and notation for local impedance variables.

Symbol | Meaning Units

Z Global impedance (equation (7.41)) Qor Ocm?
Z Real part of global impedance Q or Qcm?
Z; Imaginary part of global impedance Q or Qcm?
Zy Global interfacial impedance (equation (7.48)) Q or Ncm?
Zos Real part of global interfacial impedance Q or Qcm?
Zy, Imaginary part of global interfacial impedance 0 or Qem?
Z, Global Ohmic impedance (equation (7.50)) Q) or Qcm?
Zey Real part of global Ohmic impedance Q or Qem?
Z,; Imaginary part of global Ohmic impedance Q or Qcm?
z Local impedance (equation (7.43)) Qcm?

zr Real part of local impedance Qcm?

z Imaginary part of local impedance Qcm?

20 Local interfacial impedance (equation (7.45)) Qcm?

20, Real part of local interfacial impedance Qcm?

Zg,j Imaginary part of local interfacial impedance Qcm?

Ze Local Ohmic impedance (equation (7.46)) Qcm?

Zer Real part of local Ohmic impedance Qcm?

Zg Imaginary part of local Ohmic impedance Qcm?

(®) Spatial average of potential \'

d Time average or steady-state value of potential \%

(i) Spatial average of current density A/cm?

1 Time average or steady-state value of current density | A/cm?

Y Axial position variable cm
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Global impedance
The global impedance is defined to be

Z= Z,- (7.41)
I
where the complex current contribution for a disk electrode is given by
~ i
I= / D'z'(r)27rrdr (7.42)
0

The use of an uppercase letter signifies that Z is a global value. The global impe-
dance may have real and imaginary values designated as Z, and Z;, respectively.
The total current could also be represented by T = 773 < 7(r) > where the brackets
signify the area-average of the current density.

Local Impedance

The term local impedance traditionally involves the potential of the electrode mea-
sured relative to a reference electrode far from the electrode surface.®®%® Thus, the
local impedance is given by

(7.43)

The use of a lowercase letter signifies that z is a local value. The local impedance
may have real and imaginary values designated as z, and z;, respectively.
The global impedance can be expressed in terms of the local impedance as

2= (1) ”

Equation (7.44) is consistent with the treatment of Brug et al.1® in which the ad-
mittance of the disk electrode was obtained by integration of a local admittance
over the area of the disk.

Local Interfacial Impedance

The local interfacial impedance involves the potential of the electrode measured rel-
ative to a reference electrode ®o(r) located at the outer limit of the diffuse double
layer. Thus, the local interfacial impedance is given by

V —®(r)

The use of a lowercase letter again signifies that zg is a local value, and the subscript
0 signifies that zp represents a value associated only with the surface. The local
interfacial impedance may have real and imaginary values designated as zp, and
Zp,j, respectively.

(7.45)
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Local Ohmic Impedance

The local Ohmic impedance involves the potential of a reference electrode ®y(r) lo-
cated at the outer limit of the diffuse double layer and the potential of a reference
electrode located far from the electrode & (o) = 0; see Figure 7.10. Thus, the local
Ohmic impedance is given by

_ @0(7‘)

T 1(r)

The use of a lowercase letter again signifies that z, is a local value, and the subscript
e signifies that z, represents a value associated only with the Ohmic character of
the electrolyte. The local Ohmic impedance may have real and imaginary values
designated as z., and z, ;, respectively. The local impedance

(7.46)

Z=20+Ze (7.47)

can be represented by the sum of local interfacial and local Ohmic impedances.

The representation of an Ohmic impedance as a complex number represents a
departure from standard practice. As will be shown in subsequent sections, the
local impedance has inductive features that are not seen in the local interfacial
impedance. As the calculations assumed an ideally polarized blocking electrode,
the result is not influenced by Faradaic reactions and can be attributed only to the
Ohmic contribution of the electrolyte.

Global Interfacial Impedance

The global interfacial impedance is defined to be

Zo=2n ( /0 K %%rdr) o (7.48)
or 1
Zo = <z01T> (7.49)

The use of an uppercase letter signifies that Zp is a global value. The global inter-
facial impedance may have real and imaginary values designated as Z, and Z,
respectively.

Global Ohmic impedance
The global Ohmic impedance is defined to be
Ze=7Z-12 (7.50)

The use of an uppercase letter signifies that Z is a global value. As will be shown
in subsequent sections, the global Ohmic impedance has a complex behavior in
a midfrequency range near K = 1 (see equation (13.47)). The global Ohmic impe-
dance may have real and imaginary values designated as Z,, and Z, j, respectively.
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Figure 7.11: Schematic representation of a disk electrode corresponding to Problem 7.5 with
bare metal exposed from the origin to a radius g and coated metal surface from radius g to ;.

Problems
The following problems require use of a spreadsheet program such as Microsoft
Excel® or a computational programming environment such as Matlab®.

7.1
7.2

7.3

74

7.5

7.6

Reproduce the results presented in Figures 7.4 and 7.5.

Use a Lissajous plot to calculate the phase angle and magnitude of the im-
pedance for the system described in Example 7.1 at frequencies of 1 Hz and
10 kHz. This approach requires calculating the potential perturbation, the
charging current, and the Faradaic current as functions of time.

Calculate the ratio of the amplitude of the charging current to the amplitude
of the Faradaic current for the system described in Example 7.1 at frequencies
of 1 Hz, 100 Hz, and 10 kHz.

Use a Fourier analysis to calculate the impedance as a function of frequency
for the system described in Example 7.1. Compare your results to the theo-
retical value obtained using the methods described in Chapter 4.

Consider the disk electrode shown in Figure 7.11 with bare metal exposed
from the origin to a radius 7y and coated metal surface from radius rg to r;.
Estimate the global interfacial impedance response of this electrode for the
following geometries if the coating consists of an organic material of 100 um
thickness and the charge-transfer resistance on the bare metal is 100 Qcm?,
Hint: Guidelines for estimation of capacitance are given in Table 5.4.

(@) rg=025cmandr; =1.0cm.

(b) ro=05cmandr; =1.0cm.

(0 rp=075cmandr; = 1.0 cm.

Develop an expression for the error in the global interfacial impedance re-
sponse of the bare metal referenced in Problem 7.5 as a function of the rela-
tive area of the coated metal 72 /r% and the coating property /4.
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Chapter 8

Experimental Design

Impedance measurements are often used to identify physical phenomena that con-
trol an electrochemical reaction and to determine the corresponding physical prop-
erties. This chapter provides guidelines for the design of experimental cells, for
selection of appropriate impedance parameters, and for selection of appropriate
instrument controls.

8.1 Cell Design

Proper cell design is essential to reduce the uncertainty of the interpretation. Ref-
erence electrodes can be used to isolate the impedance of cell components, well-
defined convective systems can be employed to quantify the role of mass transfer,
and electrode configurations can be selected to minimize the role of current and
potential distributions across the surface of the electrodes.

8.1.1 Reference Electrodes

As discussed in Section 5.7, the potential drop across an electrochemical cell can be
expressed as the sum of contributions

Vwe — Vg = (Vwe — Qowe) + (Powe — Poce) — (Ve — Poce) (8.1)

Reference electrodes are used to isolate influence of electrodes and membranes.
Some typical cell configurations are shown schematically in Figure 8.1. In the two-
electrode configuration represented in Figure 8.1(a), the impedance
Viwe — Vi
Zeen = e XF i <k (8.2)

M Remember! 8.1 Reference electrodes can be used to isolate the impedance of cell
components.




130 EXPERIMENTAL DESIGN CHAPTER 8

Working Working Working
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| Ref1
Ref 1 -
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Counterelectrode Counterelectrode Counterelectrode
(a) (b) (c)

Figure 8.1: Schematic illustration of cell configurations employing reference electrodes to isolate
the impedance response of working electrodes and membranes. a) 2-electrode; b) 3-electrode;
and c) 4-electrode cell design.

includes the impedance response associated with the working electrode interface,
the counterelectrode interface, and the electrolyte between the working and the
counterelectrodes. The three-electrode configuration shown in Figure 8.1(b) allows
measurement of three impedances; i.e., equation (8.2),

Vg — @
ZwE = _WETLf 8.3)

at the working electrode interface and

_ VCE - &)ref

Zcg = = (8.4)

at the counterelectrode interface. The impedance measurements are related by
Zeen = Zwe + ZcE (8.5)

Thus, only two of the impedance measurements are independent. For systems
containing a membrane separating the working and counterelectrodes, it is useful
to use a four-electrode configuration as shown in Figure 8.1(c). The impedance of
the membrane can be obtained as

<I>tﬂef,2 - <I>ref,l

Zip= (8.6)
The impedance measurements are related by
Zeel = Zwe,1 + Zcgp + 212 (8.7)

where Zyg, is the impedance of the working electrode measured with reference
Refl and Zcg is the impedance of the counterelectrode measured with reference
Ref2. Only three of the impedance measurements are independent.
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8.1.2 Flow Configurations

Use of well-defined convective systems allows the influence of mass transfer to be
treated explicitly and quantitatively; thus the interpretation of impedance data in
terms of interfacial processes can be emphasized. Several experimental systems
are commonly employed.

Rotating Disk

The rotating disk electrode, described in Section 11.6, has the advantage that the
fluid flow is well defined and that the system is compact and simple to use. The
rotation of the disk imposes a centrifugal flow that in turn causes a radially uni-
form flow toward the disk. If the reaction on the disk is mass-transfer controlled,
the associated current density is uniform, which greatly simplifies the mathemat-
ical description. As discussed in sections 5.6.1 and 8.1.3, the current distribution
below the mass-transfer-limited current is not uniform. The distribution of current
and potential associated with the disk geometry has been demonstrated to cause
a frequency dispersion in impedance results. The rotating disk is therefore ideally
suited for experiments in which the disk rotation speed is modulated while un-
der the mass-transfer limited condition. Such experiments yield another type of
impedance known as the electrohydrodynamic impedance, discussed in Chapter 15.

Disk under Submerged Impinging Jet

The disk subjected to a submerged impinging jet, described in Section 11.7, has,
under certain geometric constraints, the same attributes as the rotating disk with
the exceptions that the electrode is stationary and the experimental system requires
a pump and a flow loop. For electrodes that are within the stagnation region of the
impinging flow, the flow is well-defined and has been modeled. The flow to the
electrode surface is radially uniform; thus, at the mass-transfer-limited condition,
the current density is uniform. The geometry induces a current and potential dis-
tribution that is similar to that observed for the rotating disk.

Rotating Cylinders

Rotating cylinders, described in Section 11.8, are popular experimental systems be-
cause the system setup is relatively simple to use and, at moderate rotation speeds,
the flow is turbulent and yields a uniform mass-transfer-controlled current den-
sity. Empirical correlations are available that relate the cylinder rotation speed to
the mass-transfer coefficient.!%°

Rotating Hemispherical Electrode

The rotating hemispherical electrode, introduced by Chin,% has a uniform pri-
mary current distribution and would therefore be a suitable configuration for ex-
periments conducted under conditions such that the current distribution is not in-
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fluenced by the nonuniform accessibility to mass transfer. Nisancioglu and New-
man'% showed that the current distribution in the rotating hemispherical electrode
is uniform so long as the average current density has a value smaller than 68 per-
cent of the average mass-transfer-limited value. A refined mathematical model for
the convective-diffusion impedance of a rotating hemispherical electrode, devel-
oped by Barcia et al.,!® provided an excellent match to experimental impedance
measurements conducted under these conditions.

While a disk electrode under a submerged impinging jet has flow character-
istics that resemble those of a rotating disk electrode, the flow experienced by a
hemispherical electrode under jet impingement differs greatly from that of a ro-
tating hemisphere. Shukla and Orazem showed through calculations and experi-
ments that boundary-layer separation is observed at an colatitude angle of 54.8 de-
grees.1®110 A subsequent analysis of the current distribution below the mass-
transfer-limited current indicated that the current distribution on the stationary
hemispherical electrode under submerged jet impingement should be uniform so
long as the average current density was less than 25 percent of the mass-transfer-
limited value.!!! The appearance of boundary-layer separation suggests that the
hemispherical electrode under jet impingement is not an appropriate system for
electrochemical studies.

8.1.3 Current Distribution

The distribution of impedance along the surface of an electrode greatly compli-
cates the interpretation of the resulting spectra. Such an impedance distribution
may result from a variation of surface properties caused, for example, by differ-
ences of grain orientation in a polycrystalline material, residual stresses associated
with fabrication, or nonuniform distributions of surface films. A distribution of
impedance may also be attributed to the current and potential distributions asso-
ciated with the electrode geometry.

The uncertainty associated with the interpretation of the impedance response
can be reduced by using an electrode for which the current and potential distri-
bution is uniform. There are two types of distributions that can be used to guide
electrode design. As described in Section 5.6.1, the primary distribution accounts
for the influence of Ohmic resistance and mass-transfer-limited distributions ac-
count for the role of convective diffusion. The secondary distributions account for
the role of kinetic resistance which tends to reduce the nonuniformity seen for a
primary distribution. Thus, if the primary distribution is uniform, the secondary

m Remember! 8.2 Impedance measurements are sensitive to nonuniform surface
reactivity, which may be caused by surface heterogeneities, nonuniform mass transfer, or
geometry-induced current and potential distributions.
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Table 8.1: Current distribution characteristics for different electrode designs.

Primary Mass-Transfer-Controlled
System Distribution Distribution
Rotating disk Not uniform Uniform
Disk under submerged impinging jet | Not uniform Uniform
Partial rotating cylinder Not uniform Uniform
Complete rotating cylinder Uniform Uniform
Rotating hemisphere Uniform Not uniform
Hemisphere under Submerged Jet Uniform Not uniform

current distributions will also be uniform. The guidelines illustrated in equation
(5.64) and Figure 5.9 can be used to assess the uniformity of current on different
electrode geometries. The results are given in Table 8.1. As discussed in Section
13.3, the frequency dispersion associated with a nonuniform primary or secondary
current distribution for elementary reactions is not evident at frequencies below a
critical value. Thus, the influence of geometry-induced nonuniform current and
potential distributions can be avoided by designing experiments for frequencies
below the critical value. Figure 13.7 provides a convenient guide for selecting a
disk electrode size that will avoid the frequency dispersion effects associated with
the geometry-induced current and potential distributions.

8.2 Experimental Considerations

The experimental design parameters described in this section are influenced by the
system under investigation, the objective of the investigation, and the capabilities
of the instrumentation. The objective is to maximize the information content of the
measurement while minimizing bias and stochastic errors.

8.2.1 Frequency Range

The objective of impedance measurements is typically to capture the frequency
response of the system under study. To that end, the measured frequency range
should include frequencies sufficiently large and frequencies sufficiently small to
reach asymptotic limits in which the imaginary impedance tends toward zero. In
some cases, for example, blocking electrodes, the low-frequency asymptotic behav-
ior does not exist. In other cases, a true dc limit is not achievable due to nonstation-

m Remember! 8.3 Impedance measurements entail a compromise balance between
minimizing bias errors, minimizing stochastic errors, and maximizing the information
content of the resulting spectrum. The optimal instrument settings and experimental pa-
rameters are not universal and must be selected for each system under study.




134 EXPERIMENTAL DESIGN CHAPTER 8

ary behavior of the system. Instrument artifacts may limit the performance at high
frequency. While experimentalists often routinely base the frequency range on the
limits of the instrument, it is important to choose a frequency range that meets
the dynamic response of the system under study. The considerations described in
Section 13.3 may also constrain the frequency range.

8.2.2 Linearity

As discussed in Section 5.3.2, linearity in electrochemical systems is controlled by
potential. The use of a low-amplitude perturbation allows application of a linear
model for interpretation of spectra. The correct amplitude represents a compro-
mise between the desire to minimize nonlinear response (by using a small ampli-
tude) and the desire to minimize noise in the impedance response (by using a large
amplitude). The amplitude depends on the system under investigation. For sys-
tems exhibiting a linear current-voltage curve, a very large amplitude can be used.
For systems exhibiting very nonlinear current-voltage curves, a much smaller am-
plitude is needed.!!>114

\

Example 8.1 Guideline for Linearity: We wish to establish a guideline for the
perturbation amplitude needed to maintain linearity under potentiostatic regulation. An
electrochemical system that follows a Tafel law is polarized at a potential V. If a large
potential sinusoidal modulation is superimposed, write the current response in the form of
a Taylor series and calculate the complete expression of the dc current. By considering only
the first three terms of the Taylor series, write the expression of the current under the form
of the first three harmonics.

Solution: For a system that follows Tafel behavior, the current density response to a po-
tential perturbation

V(t) =V + AV cos(wt) (8.8)
is given by
i(t) = Kexp(bV (t)) (8.9)
Thus,
i(t) = Kexp (b(V + AV cos wt)) (8.10)
or
i(t) = igexp(bAV cos wt) (8.11)

m Remember! 8.4 The optimal perturbation amplitude depends on the polarization
curve for the system under study.
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where
ip = Kexp(bV) (8.12)
A Taylor series expansion yields

2AV2 cos? BAV3 cncd
i(t) = i (1 +bAV coswt + 2BV — wt  TAV 3C,°s Wy @13)
b"AV™ cos™ wt )
...
n!
The mean value of the current i(t) is, for T equal to an integer number of cycles,
1 7
i(t) = T / i(t)dt (8.14)
0
By taking into account the formula
/ cosxdx = %cos"‘1 xsinx + nT——l / cos” 2xdx (8.15)
and observing that sin T = 0,
T 1 T
/ cosxdx = = " / cos™2xdx (8.16)
0 0
If n is an even number,
r 1n-3 1
n —_— ~—
nydy = -~ 2
/cos xdx = " n—2”'2T (8.17)

0
and if n is an odd number, the value of the integral is equal to zero. Thus, the mean value

of i(t) is
_ -] bZnAv2n
i(t) =i |1+ —_— 8.18
( ) 0 ( ; (2"71!)2 ) ( )
To have a variation of the dc current lower than 1 percent, AV must be lower than 0.2/b.

Evaluation of the harmonics of the nonlinear current response can be achieved by in-
troduction of the trigonometric expressions

cos2x = 2cos’x — 1 (8.19)
and
cos3x = 4cos®x — 3cos x (8.20)
By considering only the first three terms of the Taylor series, i(t) becomes

2212 3AY/3
i(t) =g ((1 + b iV ) + (bAV+ 3bziV ) cos(wt) (8.21)

2712 313
b iV cos(2wt) + b 2A4V cos(3wt))

+
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The limitation to the first three terms of the Taylor series gives for the mean value only the
first term of the series (see equation (8.18)).
Equation (8.21) shows that the dc current is given by

2 2
io (1 4 iV ) (8.22)

and the first harmonic or fundamental is given by

3AY3
o (bAV+ AV )

i (8.23)

For AV smaller than 0.2/b, the variation of the dc current is smaller than 1 percent and
the variation of the fundamental is smaller than 0.22 percent.

Example 8.1 demonstrates that application of a large-amplitude potential per-
turbation to a nonlinear system results in harmonics that appear at frequencies cor-
responding to multiples of the fundamental or applied frequency. A second result
of Example 8.1 is the observation that application of a large-amplitude potential
perturbation to a nonlinear system changes both the steady-state current density
and the fundamental current response. The implication of this result is that the
impedance response will also be distorted by application of a large-amplitude po-
tential perturbation.

The influence of large potential perturbations on the impedance response can
be illustrated by an extension of the analysis presented in Section 7.3 for large-
amplitude perturbations. The current density response to a 40 mV-amplitude
(bsAV = 0.78) sinusoidal potential input is presented in Figure 8.2 for the sys-
tem presented in Section 7.3 with parameters Cgy = 31 yF/cm?, nFk, = nFk, =
0.14 mA/cm?, b, = 19.5 V™1, b = 195 V-1, and V = 0.1 V. Following equation
(7.4), these parameters yield a value of charge-transfer resistance R; = 51.28 Qcm?
and a characteristic frequency of 100 Hz. The potential and current signals were
scaled by the maximum value of the signal.

The current response associated with a 1 mHz 40 mV potential perturbation is
given in Figure 8.2(a). The indication that the response is nonlinear is given by
the observation that the current density is not symmetric about zero, whereas the
current response to a 1 mHz 1 mV potential perturbation, given in Figure 7.4(a), is
symmetric about zero. A similar indication is evident at 10 Hz (Figure 8.2(b)). At
the characteristic frequency of 100 Hz, a shift in the phase lag is apparent, as seen
in Figure 8.2(c). The shape of the current signal is clearly distorted as compared
to the results presented in Figure 7.4(b) for a 100 Hz 1 mV potential perturbation.
At frequencies much higher than the characteristic frequency, however, the linear
charging current dominates over the nonlinear Faradaic current, and the resulting
current response shows a linear behavior as seen in Figure 8.2(d) for a 10 kHz
40 mV potential perturbation. These results resemble closely the results presented
in Figure 7.4(c) for a 10 kHz 1 mV potential perturbation.
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Figure 8.2: The current density response to a sinusoidal potential input with AV = 40 mV
for the system presented in Section 7.3 with parameters Cyq = 31 yF/cmz, nFk, = nFk, =
0.14 mA/cm?, b, = 195V~1, b, =195 V-1, and V = 0.1 V: a) 1 mHz; b) 10 Hz; c) 100 Hz;

and d) 10 kHz. The solid line represents the potential input and the dashed line represents the
resulting current density.
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Figure 8.3: Lissajous plots for the system presented in Figure 8.2 with potential perturbation
amplitude AV as a parameter: a) 1 mHz; b) 10 Hz; ¢) 100 Hz; and d) 10 kHz. b,AV = 0.0195
for AV =1 mV, b;AV =0.39 for AV =20 mV, and b;AV = 0.78 for AV = 40 mV.
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The resulting Lissajous plots are presented in Figure 8.3. The value of b,AV
was 0.0195 for AV = 1 mV, 0.39 for AV = 20 mV, and 0.78 for AV = 40 mV. A per-
turbation amplitude of 10 mV yields b,AV = 0.195, which is consistent with the
guideline developed in Example 8.1. The influence of a large-amplitude potential
perturbation is most evident at low frequencies, e.g., Figures 8.3(a) and (b), where
the Faradaic current is much larger than the charging current. At the characteristic
frequency for this system of 100 Hz, the Faradaic and charging currents are of the
same magnitude. Careful examination of Figure 8.3(c) shows that the shapes of the
loops are distorted from being elliptical, but the effect is not as evident as it is in
Figures 8.3(a) and (b). At frequencies higher than the characteristic frequency, as
shown in Figure 8.3(d), all curves are superposed. The nenlinear behavior arises
from the nonlinear behavior of the Faradaic current. The charging current, in con-
trast, is linear. The system behaves as a linear system at high frequencies where
the charging current dominates.

The impedance can be calculated from the potential and current time-domain
signals using the Fourier analysis presented in Section 7.3.3. The resulting impe-
dance spectra are presented in Nyquist format in Figure 8.4(a). The use of an exces-
sive potential perturbation amplitude causes an error in the impedance response.
The error arises from the nonlinear behavior of the Faradiac current, which is in
phase with the applied potential. This effect is seen most clearly in the real part
of the impedance shown in Figure 8.4(b). Nevertheless, as seen in Figure 8.4(c), an
error is also seen in the imaginary part of the impedance due to the corresponding
shift in the characteristic frequency to larger values.

The percent error in the low-frequency impedance asymptote associated with
use of a large-amplitude potential perturbation is given in Figure 8.5 with b,AV as
a parameter. At a value of bAV = 0.2, the error in the low-frequency impedance
asymptote is 0.5 percent. This value can also be calculated using equation (8.21) of
Example 8.1.

\

Example 8.2 Influence of Ohmic Resistance on Linearity: As an extension
of Example 8.1, establish a guideline for the perturbation amplitude needed to maintain lin-
earity under potentiostatic regulation for a system with a nonnegligible Ohmic resistance.

Solution: The presence of an Ohmic resistance will reduce the portion of the potential
perturbation experienced by the inferfacial reactions and double-layer charging. This can
be seen in the expression for the impedance of the circuit given in Figure 8.6, i.e.,

1

Z=R,+——"-—"——
¢ Zlf+]de1

(8.24)
The potential drop across the resistor is given by iR, and the potential drop across the in-
terface 5 is given by i/ (%f + ijdl). At large frequencies, the interfacial impedance
tends toward zero and the linear Ohmic resistance dominates. At low frequency, the ca-
pacitive charging has negligible effect and the interfacial impedance is dominated by the
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Figure 8.4: Impedance results obtained for the time-domain results presented in Figure 8.3
by use of the Fourier analysis presented in Section 7.3.3 with potential perturbation amplitude
AV as a parameter: a) Nyquist representation; b) real part of the impedance as a function of
frequency; and c) imaginary part of the impedance as a function of frequency.
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Figure 8.6: Electrical circuit showing the distribution of potential across the Ohmic resistance

and the interface.
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Figure 8.7: Lissajous representation for current and applied potential time-domain signals
corresponding to a system presented in Figure 7.8 but with a potential perturbation amplitude
AV =100 mV.

Faradaic contribution Zg¢. This result supports the observation presented in Figure 8.3,
which indicates that the nonlinear effects are most significant at low frequency.

The guidelines for the potential perturbation can therefore be determined by the behav-
ior at low frequency. If the goal is to achieve b,AV < 0.2, this can be achieved by

R; '
— <0 .
b"AuRe ] S 0.2 (8.25)
Thus, the influence of Ohmic resistance is to increase the allowable magnitude for the po-
tential perturbation.

The Lissajous plot corresponding to the influence of a large (100 mV) potential
perturbation is given in Figure 8.7 for the system presented in Figure 7.8. The
influence of the nonlinear response is clearly evident as a distortion in the straight
lines at low frequency. The response at high frequencies, which are dominated by
the Ohmic resistance, is linear.

The reason for the linear response at high frequency can be seen in the Lissajous
plot of surface overpotential as a function of applied potential, given in Figure 8.8.
At low frequencies, the surface overpotential is large and is scaled by R;/(R¢ +
R.), whereas at high frequencies the surface overpotential tends toward zero. It is
interesting to note that, at low frequencies, the surface overpotential is influenced
by the nonlinearity associated with the faradaic reaction.

The frequency dependence of the surface overpotential is shown more clearly
in Figure 8.9, where the magnitude of the surface overpotential is presented as a
function of frequency with the magnitude of the applied potential perturbation as a
parameter. The approach to unity at low frequencies for small perturbations shows
that the surface overpotential is properly scaled by R;/(R; + R.). For larger per-
turbation amplitudes, the nonlinear response reduces the effective charge-transfer
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Figure 8.8: Lissajous representation for surface overpotential and applied potentia! time-domain
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resistance, leading to an asymptotic low-frequency value that is less than unity.
At higher frequencies, the 10 mV and 100 mV lines converge, indicating that the
high-frequency response is linear for both perturbation amplitudes. The system is
controlled by two characteristic frequencies. The characteristic frequency associ-
ated with the Faradaic reaction, 1/(27R;Cq;), indicates the frequency at which the
charging and Faradaic currents are equal, and the characteristic frequency associ-
ated with the Ohmic resistance, 1/(27tR.Cy; ), indicates the frequency at which the
capacitive current becomes limited by the Ohmic resistance.

\

Example 8.3 Influence of Capacitance on Linearity: While the capacitance
for a coated surface may be independent of applied potential, as shown in Figure 5.12, the
capacitance for a bare electrode may be a function of potential. Explore the influence of a
potential dependent capacitance on the linearity of the impedance response.

Solution: The potential dependence of capacitance will play the largest role at high fre-
quencies where the current is due to the charging of the interface. The role of a potential-
dependent capacitance will therefore be most visible in the absence of an Ohmic resistance.
To consider the influence of potential-dependent capacitance, allow the capacitance to follow

C = Co(1+aV) (8.26)

where a = 1.61 V-1, This allows a linear change in capacitance of 32 percent for a
+100 mV perturbation, which is consistent with the experimental results reported in Fig-
ure 5.12. All other parameters are the same as developed for Figure 8.2. The resulting
Lissajous plots are similar to those presented in Figure 8.2 with the exception that, as seen
in Figure 8.10, a distortion is evident at high frequencies. As shown in Figures 8.11(a)
and (b), the effect on the impedance response, however, is minimal. As shown in Figure
8.11(a), the real part of the impedance response at low frequencies shows a dependence on
potential perturbation amplitude that is consistent with that observed in Figure 8.4(b) for
a constant capacitance. The imaginary part of the impedance, shown in Figure 8.11(b), is
similar to that shown in Figure 8.4(c) for a constant capacitance. As shown in Figure 8.12,
the estimation of the capacitance following equation (16.41) yields the correct value for the
potential V about which the impedance measurement is made.

The optimal perturbation amplitude may be best determined experimentally.
Distortions in Lissajous plots at low frequency (see Figure 8.3) may be attributed
to a nonlinear response. If the shape is distorted from an ellipse, one should re-
duce the amplitude. A second approach is to compare the impedance response for
several amplitudes as demonstrated in Figure 8.4. If the magnitude of the impe-
dance at low frequencies depends on amplitude of perturbation, the perturbation
amplitude is too large.
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at a frequency of 10 kHz.

r T L) 13 T L] 102
1.0 pemmm===e==x 1100 Hz .
..................... ) ]
08 i . 10’
: e
[
P : A §
x c
- S—
N 04 i 4 & 107
[
02F ---20mv i "
..... 40 mv : 10
00l ——-100mv |
1 k. i l 'y L 104 1 L i l 'l L
10 10" 10° 10" 10* 10° 10* 10° 102 10" 10° 10" 10* 10° 10 10°
f/Hz f/Hz
(a) (b)

Figure 8.11: Impedance results obtained for the electrochemical system used to generate Figure
8.3 but with an interfacial capacitance that follows equation (8.26) with potential perturbation
amplitude AV as a parameter: a) normalized real part of the impedance as a function of
frequency; and b) imaginary part of the impedance as a function of frequency.
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Figure 8.12; The effective capacitance calculated using equation (16.41) and the imaginary
impedance given in Figure 8.11(b).

8.2.3 Modulation Technique

Electrochemical impedance measurements are often performed under potentio-
static regulation. In these measurements the potential is a fixed value with a su-
perimposed (often sinusoidal) perturbation of fixed amplitude. This approach is
attractive because, as discussed in Section 8.2.2, linearity in electrochemical sys-
tems is controlled by potential.

Galvanostatic regulation is required, however, when the system is to be stud-
ied under constant current density. For example, the evaluation of the resistance
of skin to iontophoresis is typically done under constant current because the de-
livery of therapeutic drugs is more directly governed by current density than by
potential. Galvanostatic control is also preferred for the use of impedance spec-
troscopy as a noninvasive tool for periodically observing the condition of a metal
coupon held at the corrosion potential for a long period of time. As illustrated by
the arrows in Figure 8.13, a drift in the open-circuit potential during the course of
the measurement of a impedance spectrum will, in the case of potentiostatic regu-
lation, result in application of a potential that is anodic (or, depending on the di-
rection of the drift, cathodic) to the true open-circuit potential, thus perturbing the
long-term measurement at the zero-current condition. Under galvanostatic con-
trol, the desired zero-current condition is maintained throughout the impedance
measurement.

The difficulty with galvanostatic measurements with a fixed amplitude for the
current perturbation is that such measurements can result in severe swings in po-
tential, especially at low frequencies where the impedance is large. The amplitude
of the potential variation associated with a perturbation of current is given by

AV = AIZ(w)| (8.27)

A current perturbation as small as 10 A can result in potential swings of 1 V for
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Figure 8.13: The error in the low-frequency impedance asymptote associated with use of a
large-amplitude potential perturbation.

systems with a polarization resistance of 10°(), a value typical of many membranes
and some slowly corroding systems. Nonlinear behavior of skin has, for example,
been reported for impedance measurements conducted under galvanostatic regu-
lation. An algorithm for a variable amplitude galvanostatic modulation has been
described by Wocjik et al.11%116

8.2.4 Oscilloscope

It is strongly advised to use an oscilloscope while making impedance measure-
ments. It is useful to monitor the time-domain signals that are processed in the
impedance instrumentation. It is particulary useful to monitor the signals in the
form of a Lissajous plot as discussed in Section 7.3.1.

8.3 Instrumentation Parameters

The contributions to the error structure of impedance measurements are described
in Section 21.1. Impedance measurements entail a compromise between minimiz-
ing bias errors, minimizing stochastic errors, and maximizing the information con-
tent of the resulting spectrum. The parameter settings described in this section
may not apply to all impedance instrumentation.

8.3.1 Improve Signal-to-Noise Ratio

The following steps may be taken to reduce the role of stochastic errors (see Section
21.2) in impedance measurements.
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o Use the optimal current measuring range: Current is converted to a potential sig-

nal through circuitry in the potentiostat. Potentiostats may employ a version
of a current follower, for example, as described in Example 6.2. A mismatch
between the measured current and the range set in the potentiostat can cause
either excessive stochastic noise (if the set range is too high) or bias errors
caused by current overloads (if the set range is too low). Some instrumenta-
tion vendors require that the user guess the correct current measuring range.
Estimating the current range is not difficult for experiments conducted under
a dc current. Under open-circuit conditions, the desired current range will
vary considerably with frequency. Automatic selection of current measuring
range is discouraged if the approach imposes a current on the system that
may induce a change in system properties. An algorithm for a noninvasive

approach for estimating the current at a given frequency has been described
by Wodjik et al.115116

Increase the integration time/cycles: As described in Section 7.3, impedance
measurements involve the conversion of time-domain signals to a complex
value for each frequency. Stochastic errors in this measurement can be re-
duced by increasing the time allowed for integration at each frequency. As
shown in Figure 21.6(a), the number of cycles required to achieve a set er-
ror level at each frequency depends on the frequency of the measurement.
Many cycles are required at high frequencies, but only three or four cycles
are needed at low frequency. Some instruments allow setting autointegra-
tion modes in which the system determines the number of cycles needed to
converge to a given criterion. The noise levels can be reduced by selecting
the tighter convergence criterion. This choice is termed long/short integration
on some instrumentation.

Increase the amplitude of modulated signal: As described in Section 8.2.2, the
polarization curve for a given system dictates the size of the modulation am-
plitude that may be used while retaining a linear system response. Many
high-impedance systems are characterized by a relatively large linear range
of potential. In such cases, the stochastic errors can be reduced significantly
by using a large modulation amplitude.

Introduce a delay time: Impedance measurements are taken at the sinusoidal
steady state, meaning that the sinusoidal response to the sinusoidal input
is unchanging with respect to time. A transient is observed as the system
responds to a change from one frequency to another, and this transient is
incorporated into the integrated value of the impedance. Pollard and Compte
have shown that this transient can introduce as much as a 4 percent error in
the impedance response measured by integration over the first cycle.!’” To
avoid this undesired error caused by the transient, it is better to introduce a
delay of one or two cycles between the change of frequency and impedance
measurement.
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o Ignore the first frequency measured: The impedance measured at the first fre-
quency of measurement is often corrupted by a startup transient. The best
option is to ignore the first measured frequency when regressing models to
the data.

o Avoid the line frequency and harmonics: Modern impedance instruments pro-
vide very effective filters for stochastic noise, but these filters are generally
inadequate for measurements conducted at the line frequency. The resulting
measurements generally appear as outliers in an impedance spectrum, and
such outliers have a profound impact on nonlinear regression used to extract
parameters from the data. Measurement of impedance should be avoided at
line frequency and its first harmonic, i.e., 60 = 5 Hz and 120 & 5 Hz in the
United States and 50 &+ 5 Hz and 100 &+ 5 Hz in Europe.

o Avoid external electric fields: External devices such as electric motors, pumps,
and fluorescent lighting emanate electric fields that can contribute signifi-
cantly to the apparent noise in a system. This influence, seen most easily
in high-impedance systems, can be mitigated by use of a Faraday cage, de-
scribed in the following section.

8.3.2 Reduce Bias Errors

The steps described in this section may be taken to reduce the role of system-
atic bias errors (see Section 21.3) in impedance measurements. Bias errors asso-
ciated with nonstationary effects have greatest impact at low frequencies where
each measurement requires a significant amount of time.

Nonstationary Effects

A systematic change in system properties will have a significant influence on mea-
surements made at low frequencies. The time required for measurements at each
frequency is discussed in Figures 21.6 and 21.7.

o Reduce time for measurement: The total time required to measure an impedance
spectrum can be reduced by reducing the time allowed for integration at each
frequency, thereby increasing the magnitude of stochastic errors in the mea-
surement. In effect, this approach requires accepting more stochastic noise
to achieve a smaller bias error. A second approach is to reduce the number
of measured frequencies by reducing the frequency range or the number of
frequencies measured per decade. As the greater number of measured fre-
quencies yields better parameter estimates, this approach requires accepting
a lesser ability for model discrimination to achieve a smaller bias error.

o Introduce a delay time: As discussed above, the transient seen as the system ad-
justs to a changed modulation frequency yields a bias error in the measured
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impedance. This undesired error can be avoided by introducing a delay of
one or two cycles between the change of frequency and impedance measure-
ment.

o Avoid the line frequency and harmonics: As discussed above, measurements

made at the line frequency or its first harmonic typically have a significant
error that will appear as an outlier when compared to the rest of the spec-
trum. Measurement within +5 Hz of the linefrequency and its first harmonic
should be avoided.

Select an appropriate modulation technique: Proper selection of modulation tech-
nique, discussed in Section 8.2.3, can have a significant impact on presence
of bias errors. Use of potentiostatic modulation for a system in which the
potential changes with time can increase measurement time on autointegra-
tion. The user should consider what should be held constant (e.g., current
or potential).

Instrument Bias

Instrument bias errors are often seen at high frequencies, especially for systems
exhibiting a small impedance.

o Use a faster potentiostat: The influence of high-frequency bias errors can be

mitigated by proper selection of potentiostat. The capability of potentiostats
to perform measurements at high frequency differs from brand to brand.

Use short shielded leads: High-frequency bias errors can be seen when the cell
impedance is of the same order as the internal impedance of the instrumen-
tation. Under these circumstances, it is essential to minimize the impact of
ancillary pieces such as wires. Use of short shielded cables is highly recom-
mended.

Use a Faraday cage: A Faraday cage consists of a metallic conductor that sur-
rounds the cell under study and is intended to shield the cell from the influ-
ence of external electric fields. The conductor may be in the form of a fine
wire mesh or metal sheets. Typically the cage is grounded. It is important to
avoid placing electrical components such as motors inside the Faraday cage
because such devices can induce the electric fields that the cage is intended to
shield. Faraday cages are essential for high-impedance systems that are char-
acterized by a small electrical current. The wires act as an antenna, collecting
stray electric fields, which induce a supplementary current. This current may
be a significant portion of the signal if the cell current is small.

Check the results: The presence of instrument bias errors can be difficult to
discern. The Kramers-Kronig relations may provide a suitable guide, but as
discussed in Chapter 22, some instrument-imposed bias errors are Kramers-
Kronig transformable. If possible, high-frequency asymptotic values should
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be compared to independently obtained parameters. A third and highly rec-
ommended approach is to measure the impedance response of an electrical
circuit exhibiting the same impedance magnitude and characteristic frequen-
cies as seen in the measured impedance response. Systematic instrument
errors should be evident in the measured response.

8.3.3 Improve Information Content

The information content of the impedance spectrum can be enhanced by increas-
ing the frequency range, increasing the number of measured frequencies, reducing
the magnitude of the bias and stochastic errors, and optimizing the measured fre-
quencies.

e Broaden the frequency range: As described in Section 19.5.3, an insufficient fre-
quency range will reduce the ability to identify system characteristics by re-
gression. Typically, an increase in frequency range is constrained at high fre-
quencies by instrument limitations and at low frequencies by nonstationary
behavior.

e Include more frequencies per decade: The quality of a regression is generally en-
hanced by increasing the number of measured frequencies, thereby increas-
ing the degree of freedom for the regression. An increased number of mea-
sured frequencies requires an increase in the time required for the impedance
measurement, thus increasing the potential for nonstationary behavior.

o Reduce bias and stochastic errors: The efforts described in Sections 8.3.1 and
8.3.2 to reduce bias and stochastic errors will also improve the information
content of the data.

o Optimize measured frequencies: The information content of a regression can be
enhanced by ensuring the measurements are made at frequencies at which
the measurements are sensitive to model parameters. For example, model
discrimination will be poor if almost all the impedance data are collected
at high frequencies where the impedance approaches an asymptotic value
and few measurements are made at lower frequencies that are sensitive to
kinetic and transport parameters. There is general agreement that a loga-
rithmic spacing of frequencies maximizes the ability to discriminate between
models and to extract model parameters.
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Problems

8.1

8.2

8.3

8.4

8.5

8.6

8.7

Following the discussion presented in Example 8.2, estimate the effect an
Ohmic resistance has on the maximum potential perturbation amplitude that
can be applied to an electrochemical system while satisfying the guidelines
presented in Example 8.1.

Estimate the maximum amplitude one should use for a potential perturba-

tion for a system under Tafel kinetics with:

(@) A Tafel slope of 60 mV/decade and negligible Ohmic resistance. Keep
in mind the relationsip between Tafel slope B and Tafel constant b given
in equation (5.18).

(b) A Tafel slope of 120 mV /decade and negligible Ohmic resistance.

() A Tafel slope of 60 mV/decade, an exchange current density equal to 1
mA /cm?, an applied potential of 100 mV, and an Ohmic resistance of
10 Qcm?.

(d) A Tafel slope of 60 mV/decade, an exchange current density equal to 1
mA /cm?, an applied potential of 200 mV, and an Ohmic resistance of
10 Qem?.

Use the methods described in Section 3.2 to estimate the error in the real part
of the impedance associated with a 0.22 percent error in the fundamental
current response.

Should the same potential perturbation amplitude be applied for all parts of
the polarization curve? Give examples to demonstrate your answer.

Will a spatial distribution of capacitance lead to a nonlinear current response
to a sinusoidal potential input?

Reproduce the results presented in Figures 8.3 and 8.4. This problem re-
quires use of a spreadsheet program such as Microsoft Excel® or a computa-
tional programming environment such as Matlab®.

Researchers have reported that, for impedance measurements on human skin
under fixed-amplitude galvanostatic modulation, significant changes in skin
properties were observed that could be attributed to the impedance measure-
ment. The magnitude of the skin impedance varied from about 10 Qcm? at
high frequency to 100 kQcm? at low frequency. The perturbation amplitude
was 0.1 mA on an exposed skin sample of 1 cm? area. Explain the reasons for
their observation and suggest an improved experimental protocol.
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Chapter 9

Equivalent Circuit Analogs

As described in the subsequent chapters in Part III, models for the impedance re-
sponse can be developed from proposed hypotheses involving reaction sequences
(e.g., Chapters 10 and 12), mass transfer (e.g., Chapters 11 and 15), and physical
phenomena (e.g., Chapters 13 and 14). These models can often be expressed in the
mathematical formalism of electrical circuits. Electrical circuits can also be used to
construct a framework for accounting for the phenomena that influence the impe-
dance response of electrochemical systems. A method for using electrical circuits
is presented in this chapter.

9.1 General Approach

The first step in developing an equivalent electrical circuit for an electrochemical
system is to analyze the nature of the overall current and potential. For example,
in the simple case of the uniformly accessible electrode shown in Figure 9.1(a),
the overall potential is the sum of the interfacial potential V plus the Ohmic drop
R.i. Accordingly, the overall impedance is the sum of the interfacial impedance
Zy plus the electrolyte resistance R,. At the interface itself, shown in Figure 9.1(b),
the overall current is the sum of the Faradaic current i; plus the charging current
ic through the double layer capacitor Cg;. Thus, the interfacial impedance results
from the double-layer capacity in parallel with the Faradaic impedance Z;.

Boxes are used in Figure 9.1 to designate impedances that cannot be generally
described in terms of passive elements such as resistors and capacitors. In the case
of a single reaction on a uniform electrode, the Faradaic impedance Z; shown in
Figure 9.1(b) can be represented as a charge-transfer resistance. The representation
is, however, more complicated for the interfacial response of coupled reactions,
reactions involving mass transfer, reactions involving adsorbed species, and reac-
tions on nonuniform surfaces.

Nevertheless, Figure 9.1 illustrates the procedure to be used in more compli-
cated situations. When the current flowing through circuit elements is the same,
but the potential drop is different, the respective impedances must be added in se-
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Figure 9.1: Electrical circuit corresponding to a single reaction on a uniformly accessible elec-
trode: a) series combination of the electrolyte resistance and the interfacial impedance; and
b) parallel combination of the Faradaic impedance and the double-layer capacitance, which
comprise the interfacial impedance.

ries. This case is illustrated in Figure 9.1(a). When the current flowing through
circuit elements is different, but the potential drop is the same, the respective
impedances must be added in parallel. This case is illustrated in Figure 9.1(b).
See Section 4.1.2 for a review of methods for parallel and series addition of circuit
components.

The physical understanding of the current paths and potential drops in the
system serves to guide the structure of the corresponding electrical circuit. The
mathematical expression for the interfacial impedance can be obtained following
the development presented in the subsequent chapters. Several examples are given
in the following sections to illustrate the procedure.

9.2 Current Addition

Figure 9.1(b) provides an example of the case where the circuit development is
based on the addition of current contributions. The examples provided in this
section illustrate the application of the principle to more complex situations.

9.2.1 Impedance at the Corrosion Potential

The electrical circuit corresponding to a freely corroding electrode can be devel-
oped in two steps. As shown in Figure 9.1(a), the electrolyte resistance will be in
series with an interfacial impedance. The interfacial impedance can be developed
considering the diagram shown in Figure 9.2. As is the case described in Figure

m Remember! 9.1 In an equivalent electrical circuit, boxes should be used to des-
ignate impedances that cannot be generally described in terms of passive elements.
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Figure 9.2: Equivalent electrical circuit of the interfacial impedance at the corrosion potential,
where i represents the charging current and i. represents the cathodic current.

9.1(b), the total current consists of the sum of charging and Faradaic currents. At
the corrosion potential, the sum of the anodic and cathodic Faradaic currents is
equal to zero, i.e., i; + i = 0. The Faradaic impedance must, therefore, be a pat-
allel combination of Z; and Z.. The contribution of the double-layer capacitance is
added in parallel. Expressions for the impedances Z; and Z; must be developed
separately according to proposed reaction mechanisms (see Chapter 10).

9.2.2 Partially Blocked Electrode

Partial coverage of an electrode by a surface film, e.g., an oxide layer, may block
passage of Faradaic current. In some cases, the fractional coverage of the surface
is influenced by the modulation of potential and must be treated by the methods
presented in sections 10.4 and 10.5.

The case considered here is one where the blocked surface is independent of
the potential. As shown in Figure 9.3, the blocked site is assumed to be a perfect
insulator with fractional coverage 1y, and the fractional area of active surface is (1 —
7). If the system is not mass-transport limited, the effect of the partial coverage is
simply to reduce the active area. The Faradaic impedance is inversely proportional
to the active area; thus, if the capacity of the covered surface can be neglected with
respect to the double-layer capacity of the active surface, all impedance values
are inversely proportional to (1 — 7). The normalized impedance Z¢(w)/Z¢(0) is

m Remember! 9.2 Electrical circuit components must be added in parallel when the
total current is the sum of individual current contributions. Electrical circuit components
must be added in series when the total potential drop is the sum of individual contributions.
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Figure 9.3 Equivalent electrical circuit for a partially blocked surface.

therefore independent of surface coverage «.
If the capacity of the covered surface cannot be neglected, the overall capacity
will be the area-weighted sum of capacitances for coated and uncoated areas, i.e.,

C=7C+(1-17)Ca 9.1)

This impedance technique was used to follow the surface coverage of an electrode
by a scale deposit during a short immersion time.!!8 If the system is limited by
mass-transport, the effect of the partial coverage is more complex and no analytic
solution exists for the general case. Electrohydrodynamic (EHD) impedance, dis-
cussed in Chapter 15, provides an appropriate technique to analyze this problem.

9.3 Potential Addition

Figure 9.1(a) provides an example of the case where the circuit development is
based on the addition of potential contributions. The examples provided in this
section illustrate the application of the principle to more complex situations.

9.3.1 Electrode Coated with an Inert Porous Layer

Surface films commonly form in electrochemical studies, and these films can influ-
ence the impedance response. The electrode coated with an inert porous layer may
be considered to be an extension of the case described in Section 9.2.2 in which the
film is thicker and the fractional surface coverage approaches unity.

The layer shown in Figure 9.4 is considered to be porous with electrochemical
reactions occurring only on the exposed electrode surface at the end of the pore.
The Faradaic impedance is the same as discussed in Section 9.2.2. However, in the
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Figure 9.4: Equivalent electrical circuit of the impedance for a electrode coated by a porous
layer.

kinetic model, it could be necessary to take into account the fact that in the pore,
the concentration of the different species involved in the reaction could differ from
the bulk concentration.

The equivalent circuit corresponding to the scheme of the coated electrode is
presented in Figure 9.4.1%° At the interface localized at the end of the pore, the
corresponding impedance is the parallel combination of Z¢ and C4. Within the
pore length, the electrolyte resistance is Ry, and the insulating part of the coating
can be considered to be a capacitor C,, which is in parallel with the impedance in
the pore. The capacitance can be related to the permittivity and thickness of the
coating according to equation (5.82) with typical values presented in Table 5.4.

The electrolyte resistance R, is added in series with the previous impedance.
If the electrochemical reaction is mass-transport limited, the previous equivalent
circuit is still valid, but the Faradaic impedance includes a diffusion impedance Z;
as described in Chapter 11.

9.3.2 Electrode Coated with Two Inert Porous Layers

In corrosion systems, a salt film may cover an electrode that is itself covered by
a porous oxide layer. If two different layers are superimposed, the geometrical
analysis shows that the equivalent circuit corresponds to that described in Section
9.3.1 with an additional series Ry Cy, circuit to take into account the effect of the
second porous layer. The circuit shown in Figure 9.5 is approximate because it
assumes that the boundary between the inner and outer layers can be considered to
be an equipotential plane. This plane will, however, be influenced by the presence
of pores. The circuit shown in Figure 9.5 will provide a good representation for
systems with an outer layer that is much thicker than the inner layer and with an
inner layer that has relatively few pores.
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Figure 9.5: Equivalent electrical circuit of the impedance for a electrode coated by two super-
imposed porous layers.
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Figure 9.6: Equivalent electrical circuit for a electrode coated by two superimposed porous layers
with the capacitance Cy, indicated by dashed lines to denote its experimental inaccessibility.

\

Example 9.1 Time-Dependent Ohmic Resistance: It is sometimes observed
that the impedance of the outer layer in a system similar to that shown in Figure 9.5 is
negligible, but that the Ohmic resistance increased with time. Explain this phenomenon.

Solution: The characteristic frequency of the outer porous layer shown in Figure 9.5 is

= 9.2
for RoCh (0.2)
The capacitance can be estimated using equation (5.82). With a dielectric constant €5, =
10 and coating thickness 8y = 100 um, the capacitance takes the value of Cpp = 9 X
10~ F/cm?. The resistance can be estimated from

Rpp =bp/%p2 (9.3)

where Ky, is the effective coating conductivity. For a salt film, the value will be on the order
of kg = 1074 Q~lem™1.

The corresponding time constant will be T, = 9 x 1077 s, and the corresponding
characteristic frequency will be fy, = 7 x 108 Hz or 700 MHz. This frequency is well
above the capabilities of electrochemical impedance instrumentation. Thus, the capacitive
loop corresponding to the outer layer will not be observed experimentally. The resistance
of the layer influences measurements at all frequencies; thus, the presence of a growing
layer thickness will be manifested as an apparent increase of the Ohmic resistance. For
the situation described in this example, the circuit shown in Figure 9.5 should be amended
as shown in Figure 9.6.2° The ability to measure the capacitive loop associated with the
outer porous layer does not depend on layer thickness, but it is sensitive to the effective
conductivity of the layer. The effective conductivity of paints and polymer films is much

MRemember! 9.3 While all resistance contributions to an electrical circuit can be
observed at low frequencies, the inability to measure at sufficiently high frequencies may
make it impossible to obtain all capacitance values.
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Figure 9.7. Schematic representation for the electrode coated by two superimposed porous
layers discussed in Problem 9.1.

lower, resulting in a smaller characteristic frequency that is closer to the experimentally
accessible range of frequencies.

Problems

9.1 Consider the schematic representation of a coated electrode presented in
Figure 9.7. Develop the corresponding equivalent electrical circuit.

9.2 Is the circuit developed for Problem 9.1 mathematically equivalent to that
developed for Section 9.3.2?

9.3 Show that the characteristic frequency for the impedance of the outer porous
layer of the system shown in Figure 9.5 is independent of film thickness.
Show the influence of layer thickness on the resistance of the layer.

9.4 Estimate the characteristic frequency for the impedance response of the outer
porous layer of the system shown in Figure 9.5 for the following materials:
(a) Salt film with effective conductivity x = 10~¢ Q~lem!
(b) Polymer coating with effective conductivity x = 10~ Q~lem~!
(¢) Epoxy coating with effective conductivity x = 10~° Q~lcm™?
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Chapter 10

Kinetic Models

The electrical circuits developed in Chapter 9 made use of boxes and undefined
transfer functions Zy to account for the impedance associated with interfacial re-
actions. In some cases, the interfacial impedance may be described in terms of
such circuit elements as resistors and capacitors, but the nature of the impedance
response depends on the proposed reaction mechanism. The objective of this chap-
ter is to explore the relationship between proposed reaction mechanisms and the
interfacial impedance response.

10.1 Electrochemical Reactions

The current density corresponding to a Faradaic reaction can be expressed as a
function of an interfacial potential V, as presented in equation (5.30), the surface
concentration of bulk species c;, and the surface coverage of adsorbed species
as

ir=f(V,cio ) (10.1)

where the interfacial potential can be considered to be the difference between the
potential of the electrode ¢, and the potential in the electrolyte adjacent to the
electrode ¢, measured with respect to the same reference electrode as used to
measure the cell potential U (see equation (10.18)). The current density can be
expressed in terms of a steady, time-independent value and an oscillating value
(see equation (1.121)) as

if =17 +Re {irel'} (10.2)

where ;} is a complex number that is a function only of position. A Taylor series
expansion about the steady value can be written as

7= (57) () (5
= 2L V+ 0+ T (10.3)
! (aV Ci0/ Tk E ac‘o ViCo i 1 Z 07k V.Cio e 65k

where V, Cio, and 7 are assumed to have a small magnitude such that the higher-
order terms can be neglected. Equation (10.3) represents a general result that can
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Figure 10.1: Schematic representation of a metal dissolution reaction.

be applied to any electrochemical reaction.

The general expression (10.3) guides development of impedance models from
proposed reaction sequences. The reaction mechanisms considered here include
reactions dependent only on potential, reactions dependent on both potential and
mass transfer, coupled reactions dependent on both potential and surface cover-
age, and coupled reactions dependent on potential, surface coverage, and mass
transfer. The proposed reaction sequence has a major influence on the frequency
dependence of the interfacial Faradaic impedance described in Chapter 9.

10.2 Reaction Dependent on Potential Only
Consider the dissolution of metal in an aqueous medium
M — M™+ 4 e (10.4)

represented schematically in Figure 10.1. The steady Faradaic current associated
with this reaction can be expressed in terms of Tafel kinetics as (5.21)

im = Kjpexp (bm (V - Vo.m)) (10.5)

where K}, is equal to nyFky with units of current density, and by is amynmF/RT
where 7y is the number of electrons transferred per mole of reacting species in
reaction (10.4), F is Faraday’s constant (96,487 Coulombs/equivalent), ky is the
rate constant for the reaction, ay is the symmetry factor, R is the universal gas
constant (8.3147 J/mol K), T is temperature in absolute units, V is the interfacial
potential, and Vj m represents the interfacial equilibrium potential as discussed in
Section 5.4.

For systems involving single reactions, it is convenient to incorporate the inter-
facial equilibrium potential Vj » into the effective rate constant as

i = Kjy exp (—bmVo.m) exp (bmV) (10.6)

or
im = Kmexp (bmV) (10.7)
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where Ky = K} exp (—bmVom). Under the assumption that the reaction is not
influenced by the presence of adsorbed intermediates or layers of corrosion prod-
ucts, the concentration of the reactant can be considered to be a constant embedded
within the effective rate constant ky for the reaction. The current density given in
equation (10.5) is a function only of potential. The steady current density increases
exponentially as the potential V becomes more positive.

The Faradaic current response to a potential perturbation can be expressed as:

?M = KM exp (bMV) bMV (10.8)

where V represents the perturbation of potential. A charge-transfer resistance for
this reaction can be identified such that

~

~ |4

M= m (10.9)

Equation (10.9) corresponds to equation (10.3) with only the first term of the ex-
pression.
The charge-transfer resistance is defined in terms of kinetic parameters as

Ry = [Knexp (bmV) by] ™ (10.10)

The charge-transfer resistance is a function of the steady-state potential V. Equa-
tion (10.5) can be expressed in terms of the Tafel slope

Bm = 2.303 /b (10.11)

as
M = Karexp (2.303V/ ) (10.12)

The potential dependence of the charge-transfer resistance can be expressed in
terms of the Tafel slope as

Bm
Rip = —2M 10.13
WM 3087y (1013)
or ﬁ
o M
™M = 2 303R;m (10.14)

Equations (10.13) and (10.14) represent a very important result because the charge-
transfer resistance obtained from impedance measurements is related to two well-
defined steady-state variables: the steady-state current density and the Tafel slope.

In order to obtain the impedance response for this reaction, an expression for
the total current density is needed in terms of the Faradaic and charging current
density, i.e.,

.. av
i=im+ Cdl-E (10.15)
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Table 10.1: Some useful relationships for the development of the impedance response associated
with Faradaic reactions.

i=1;+ jwCqyV (10.22)

U=1R.+V (10.23)

Z(w) =4 (10.24)
1

where Cy; represents the double-layer capacitance. The addition of charging and
Faradaic currents is illustrated in Figure 9.1(b). Under the convention that

V=V+Re {Vej“’t} (10.16)

i= ?M + ijle (10.17)

The relationship between the potential evaluated at the electrode surface and the
potential measured with respect to a reference electrode some distance away from
the electrode is given by

U=iR,+V (10.18)
which leads to o _
U=iR,+V (10.19)
Insertion of equation (10.9) into equation (10.17) yields
i=V (—1— + ijdl) (10.20)
Rim

The cell impedance, corresponding to reaction (10.4), is given by

~

—R+¥ (10.21)
1

Y <

Iy(w) =

-

Equations (10.17), (10.19), and (10.21) are extremely useful relationships for the
development of the impedance response associated with Faradaic reactions. As
they are used repeatedly in this chapter, generalized forms of these equations are
summarized in Table 10.1.

Introduction of equation (10.20) yields

Rem
Zy(w) =R, + m‘; (10.25)
An electrical circuit that yields the impedance response equivalent to equation
(10.25) for a single Faradaic reaction is presented in Figure 10.2. Such a circuit may
provide a building block for development of circuit models as shown in Chapter 9
for the impedance response of a more complicated system involving, for example,
coupled reactions or more complicated 2- or 3-dimensional geometries.
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Figure 10.2: Electrical circuit providing the equivalent to the impedance response for a single
electrochemical reaction.

\

Example 10.1 Iron in Anaerobic Solutions: Consider the anodic reaction cor-
responding to the corrosion of iron at the corrosion potential in an anaerobic aqueous
medium:

Fe — Fe?** 4+ 2e~ (10.26)

and consider as cathodic reaction the water electrolysis:
H,O+e — 2H + OH- (1027)
Find an expression for the Faradaic impedance response.

Solution: According to equation (10.5) or equation (5.21) and equation (5.22), the steady-
state anodic current density and the steady-state cathodic current are given by

ipe = Kpe exp (breV) (10.28)

and
iy, = —Ku, exp (=by,V) (10.29)
respectively, where the effective rate constants Kge and Ky, include the respective equilib-
rium potentials for the corrosion and hydrogen evolution reactions.
At the corrosion potential, ige + iz, = 0, and the overall oscillating component of the
current density is given by 1 = Tre + i3, The steady potential and the oscillating potential
are the same for both reactions; thus,

iy

19

+ (10.30)

i
<

<t =4
<y

m Remember! 10.1 While some Faradaic impedances can be expressed in terms of
passive elements, the development of such models from proposed reaction sequences pro-
vides insight and physical meaning to the circuit parameters.




168 KINETIC MODELS CHAPTER 10

Cal

Re Rt,Fe
W\

ReH,

Figure 10.3: Electrical circuit providing the equivalent to the impedance response for a single
electrochemical reaction.

or, with the impedance notation,
Z7 =275+ Zg! (10.31)

The oscillating form of the anodic and cathodic current density can be expressed as

ire = Kre exp (bre V) bre V (10.32)
and _ _ _
i, = K, exp (—bm, V) by, V (10.33)
respectively. Then,
= 1-1
Zre = Rype = [Kpebre exp (breV)] (10.34)

and

Zn, = Ry, = [Kesgbw, exp (=big, V)] ™ (10.35)
The relationships presented in Table 10.1 (equations (10.22)-(10.24)) can be introduced to
obtain the overall impedance:

4

Zr(w) =R, + m&;

(10.36)
where Z is given by equation (10.31). In the present example, Z is a pure resistance.
An equivalent circuit providing the impedance response at corrosion potential is given in
Figure 10.3. This circuit shows the two parallel impedances corresponding to the anodic
process and to the cathodic process, but, on an experimental point of view, only the overall
charge-transfer resistance Ry can be obtained.

Each charge-transfer resistance can be written by using the Tafel slope (see equation
(10.13)) as

. (10.37)
2.303ig,
and
Ry, = —’5‘1&—- (10.38)
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Figure 10.4: Schematic representation of metal dissolution by reaction with an electrolytic
species.

where both By, and iy, are negative. At the corrosion potential, icorr = ipe = —ipy,. The
overall charge-transfer resistance is given by:

- "ﬁ Hp .BFe
2.303icorr (Bre — B,)

R (10.39)

From this last equation, .o can be obtained if the Tafel slopes and the overall charge-
transfer resistance are measured. This relation was first developed by Stern and Geary'?!
and is applied by some industrial instrumentation to determine the corrosion rate.

10.3 Reaction Dependent on Potential and Mass Transfer

Many electrochemical reactions are influenced by the rate of transport of reactants
to the electrode surface. Formal treatment of the impedance response for such a
system requires both the kinetic analysis presented in this chapter and considera-
tion of mass transfer as presented in Chapter 11.

Consider, as an example, the corrosion of a metal in an aqueous medium where
the metal reacts with a species A as shown in Figure 10.4. The reaction mechanism
is given as

M+ A — MA™AT L nyae” (10.40)

The steady-state current density is given by
ima = Kmataoexp (bmaV) (10.41)

where Ky, is equal to nyaFkma exp (—bmaVoma) and KmaCa o has the units ofa
current density. The current density is a function of both concentration of species A
at the electrode surface and the potential difference between the electrode and the
solution adjacent to the electrode. Oxidation of a species A on an inert electrode
such as platinum or gold gives the same equation for the current.

The oscillating component of the current density is given by

?MA = KmabMmaCa o exp (bMAV) V+ Kwma exp (bMAV) CAD (10.42)
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where ¢ o represents the oscillating component of the concentration of species A
evaluated at the electrode surface. Equation (10.42) takes the form of equation
(10.3) with 74 = 0.

A second equation is needed in order to evaluate the oscillating component
of the current density with respect to the oscillating component of the interfacial
potential, i.e.,
dca

iMa = —nMaFDp —= (10.43)
which can be expressed in terms of the oscillating contributions as
iMa = —nmaFDy =2 4 (10.44)

The approximation of a linear concentration gradient used in equation (5.25) can
apply only for the steady-state condition, and cannot be employed for equation
(10.44). It can be convenient to write equation (10.44) in terms of dimensionless
position § = y/64 and dimensionless concentration 85 = Cy /€ap as

Tva = —nMAPDA";"eA(o) (10.45)

where 8, (0) is the derivative of 8, at the electrode with respect to the dimension-
less position §.

The surface concentration € ¢ can be eliminated in equations (10.42) and (10.45)
to obtain

~

~ 1%
T A— 10.46
™A Rima + ZpMa ( )
where
N 1 1
Z = — 10.47
OMA = MAFDACA0 bua ( 0%(0)) (1047)

is the convective-diffusion impedance, and the charge-transfer resistance for reac-
tion (10.40) is defined in terms of kinetic parameters to be

Rima = [KMAbMAEA,O exp (bMAV)] -1 (10.48)

m Remember! 10.2 Transfer functzons such as impedance promde the relationship
between two oscillating variables, e.g., i and V. When the expression for 1 is given in
terms of two or more oscillating variables, additional relationships must be found to relate
the additional variables toior to V.
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Figure 10.5: Electrical circuit providing the equivalent to the impedance response for a single
electrochemical reaction coupled with a mass transfer impedance.

The relationships presented in Table 10.1 (equations (10.22)—(10.24)) can be intro-
duced to obtain a relationship for impedance in terms of capacitance and elec-
trolyte resistance as

_ RtMA + ZDMA ((U)

Zwa(w) = Re+ 7 + jw (Rema + Zpma(w)) Car (1049)
The electrical circuit presented in Figure 10.5 yields the impedance response equiv-
alent to equation (10.49) for a single Faradaic reaction coupled with a mass transfer.
This circuit is known as the Randles circuit.3? Such a circuit may provide a building
block for development of circuit models as shown in Chapter 9 for the impedance
response of a more complicated system involving, for example, coupled reactions
or more complicated 2- or 3-dimensional geometries.

\

Example 10.2 Iron in Aerobic Solutions: Consider a system at open circuit in
an aerobic aqueous medium in which the anodic reaction corresponds to the corrosion of
iron, i.e.,

Fe — Fe?t 4 2e~ (10.50)
and the cathodic reaction is the reduction of oxygen
O; +2H,O 4+ 4e™ — 40H™ (10.51)

Find an expression for the impedance response.

Solution: The steady-state anodic current density is given by equation (10.28). According
to equation (10.41), the steady-state cathodic current is given by

io, = —Ko,Co,0exp (—bo,V) (10.52)

At the corrosion potential, ige +io, = 0, and the overall oscillating component of the
current density is i = ipe + io,. The steady potential and the oscillating potential are the
same for both reactions; thus,

e | 10 (10.53)
A

<t =2
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Figure 10.6: Electrical circuit providing the equivalent to the impedance response for iron
dissolution and oxygen reduction.

or with the impedance notation
zl =275+ zg] (10.54)

The oscillating form of the anodic current density is given by equation (10.32), and the
oscillating form of the cathodic current density is given by

o, = Ko,Co,0b0,exp (=bo, V)V (10.55)
— Ko, exp (—bo,V) Co,0

Then, the impedance for the iron dissolution is given by equation (10.34), and

Zoz = Rt,Oz + ZD,O; (10.56)
with
= =11
Rio, = [Ko,To,0bo, exp (—bo,V)] (10.57)
and
bo, 1 1
oo = Fp 5\ "5 10.58
D,0; 4F DOzCOz,O boz ( 96 , (0)) ( )

The relationships presented in Table 10.1 (equations (10.22)—(10.24)) can be introduced to
obtain the overall impedance as

Z(w)

Zr(w) = Re+ 77 jwZ(w)Cq

(10.59)

where Z is given by equation (10.54). An equivalent circuit providing the impedance re-
sponse at corrosion potential is given in Figure 10.6. This circuit shows the two parallel
impedances corresponding to the anodic and the cathodic processes.
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Figure 10.7: Schematic representation of metal dissolution through an adsorbed intermediate.

10.4 Coupled Reactions Dependent on Potential and Surface Coverage

Consider a hypothetical reaction sequence shown in Figure 10.7 in which a metal
M dissolves through an adsorbed intermediate X following

M- X+e™ (10.60)
which reacts in a second electrochemical step
X—=P+e” (10.61)

to form the final product P. Adsorption of reaction intermediate X obeys a Lang-
muir isotherm and is characterized by a surface coverage yx. The steady-state
current density associated with reaction (10.60) is given by

im = Km (1 —7x) exp (bmV) (10.62)

where yx represents the fractional surface coverage by the intermediate X. The
steady-state current density associated with reaction (10.61) is given by

ix = KxTx exp (bxV) (10.63)

where the rate constant Kx includes the maximum surface concentration of the
intermediate X, defined in equation (10.64) as I'.

The variation of the surface coverage by the intermediate X is given by the
expression

a¢  F F
Under a steady-state condition, dyx/dt = 0 and iy = ix. By using the corre-
sponding equations (10.62) and (10.63), an expression for the steady-state surface
coverage Yy is obtained as

-~ Kmexp (bmV)
Tx = Ky exp (bmV) + Kxexp (bxV) (10.65)

dx _ M _ K (10.64)
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Examination of equation (10.65) reveals that, if Ky exp (tMV) > Kxexp (bxV),
then 7y — 1. If Kyexp (bMV) < Kxexp (bxV), then 7x — 0. An expression for
the total steady-state current density is then given by

{_i.- +17 . 2KMexp(bMV)Kxexp(be)
FE M Kvexp(bmV), +Kx exp(bxV)

The oscillating component of the current density for each reaction is given re-
spectively by

(10.66)

i = Rem ™V — Kyrexp (V) Fx (10.67)
and 5 _
ix = Ryx~V + Kx exp (bxV) ¥x (10.68)
where the charge-transfer resistances are defined by
Rom = [Km (1= ) buexp (bmV)] ™ (10.69)
and o
Rix = [Kx’_)"xbx exp (be)] (10.70)

According to equation (10.64), the oscillating component of the surface coverage
can be expressed as

TFjwix = (R = Rex™!) ¥ = (Kxexp (5xV) + Kmexp (5mV)) 7 (10.71)
yielding

(Rt,M_l - Rt,x—l) 7

| TFjw + (Kxexp (bxV) + Kmexp (bmV))

The net Faradaic current density, given by the sum of contributions from reac-
tions (10.60) and (10.61), is a function of yx and V, i.e,,

~

X

(10.72)

if=f (1 V) (10.73)
Thus, the oscillating current density is given by
~ _of | -~ | of| &
ir= 2| Fx+==| V (10.74)
I x|y T v,

In the present case, this oscillating current can be expressed as:
i = ix +ix (10.75)
= (Rt,M"1 + Rt,x_l) V+ (Kxexp (bxV) — Kmexp (bmV)) ¥x

The expression of the impedance is

<

zZ1l= (10.76)
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(b)

Figure 10.8: Electrical circuit providing the equivalent to the impedance response for two
coupled reactions with surface coverage: a) case of an inductive impedance where A > 0; and
b) case of a capacitive impedance where A < 0.

or
71— R4 (Kxexp (bxV) — Kmexp EE’MV)) (Rt,M_l - Rt,X—l) 1077
TFjw + (Kxexp (bxV) + Kpexp (bmV))
where
Ry ' =Rim™ P+ Rix7? (10.78)
The impedance given in equation (10.77) can be expressed in the form
z7 =R+ ].w‘i 5 (10.79)

where A can have a positive or negative sign according to the constant parameter
values and the potential. If A is positive, the electrical circuit providing the impe-
dance response equivalent to equation (10.79) is a charge-transfer resistance R; in
parallel with an inductance in series with a resistance (Figure 10.8(a)). This induc-
tance has a value of 1/A and the resistance has a value of A/B. If A is negative,
the impedance can be written under the following expression:
—AR
Z =R+ _ DAk (10.80)

5iax; +1

The electrical circuit providing the impedance response equivalent to the same
equation (10.79) is a charge-transfer resistance in series with a Voigt element com-
posed of a capacitance in parallel with a resistance (Figure 10.8(b)). The capacitance
has a value of —1/AR; and the resistance has a value of —AR;?/ (B+ ARy).

It is easy to show that (B + AR;) always has a positive value. The easiest way to
determine whether the low-frequency loop is inductive or capacitive is to calculate
(Z~! — R;!) at zero frequency. If the value is positive, an inductive loop is present;
if the value is negative, a capacitive loop appears. Thus the same impedance ex-
pression (10.77) can yield two completely different equivalent circuits according to
the potential and the constant parameter values.



176 KINETIC MODELS CHAPTER 10

To illustrate the previous calculation, some typical simulation results are pro-
vided in Figure 10.9. Points A, B, and C labeled on the current-potential curve
given in Figure 10.9(a) correspond to potentials at which impedance simulations
were performed. Two capacitive loops are observed in Figure 10.9(b) for a poten-
tial V = —0.5 V. At a slightly higher potential, the two capacitive loops merge into
a single loop as shown in Figure 10.9(c). A high-frequency capacitive loop coupled
with a low-frequency inductive loop is evident at still higher potentials (Figure
10.9(d)).

Kinetic models such as that presented in this section are superior to the use of
electrical circuit analogues because the same model can account for the broad range
of behavior shown in Figure 10.9. A second advantage is that the examination of
the variables such as the surface coverage shown in Figure 10.10 can give insight
into the reaction mechanism. In this case, the low-frequency loops are evident
when the surface coverage is small.

10.5 Reactions Dependent on Potential, Surface Coverage, and Trans-
port

The approach developed in the previous sections can be applied to situations such
as that shown in Figure 10.11 in which an ionic product species diffuses from the
surface and reacts through a backward reaction with the intermediate adsorbed
species. This situation resembles the one presented in Section 10.4 with the excep-
tion that the mass transfer of product species affects the current.

\

O Example 10.3 Corrosion of Magnesium: Consider that the corrosion of mag-
nesium proceeds according to the two-step reaction sequence in which

Mg 5 Mg, +e” (10.81)

involves production of an adsorbed reaction intermediate (Mg_', ), which reacts further to
form the divalent Mg?* ion, i.e.,

k2
Mgl ﬁ Mg?t + e~ (10.82)

The product Mg?* diffuses through a porous layer of Mg(OH); that has a thickness of 6.
Find the impedance response for this reaction sequence.

m Remember! 10.3 The easiest way to determine whether the low-frequency loop
is inductive or capacitive is to calculate (Z=1 — R;') at zero frequency. If the value is
positive an inductive loop is present, and, if the value is negative, a capacitive loop appears.
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Figure 10.9: Calculated steady-state and impedance response for coupled reactions dependent
on potential and surface coverage. a) Simulated current-potential curve following equation
(10.66) with the kinetic parameters Kyy = 4F A/ecm?, by = 36 V-1, Kx = 107°F A/cm?,
by =10V~1, T =2x 1072 mol/cm?, and Cg; = 20uF/cm?. The points A, B and C correspond
to the simulated impedance. b) impedance diagram simulated at the point A (V = —0.65 V);
¢) impedance diagram simulated at the point B (V = —0.585 V); and d) impedance diagram
simulated at the point C (V = —0.50 V).
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Figure 10.10: Calculated surface coverage v corresponding to Figure 10.9.
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Figure 10.11: Schematic representation of mass-transfer controlled reaction by an ionic species
formed through an adsorbed intermediate.

Solution: On the basis of the reaction model (equations (10.81) and (10.82)), the impe-
dance can be derived under the assumption that the adsorbate Mg/,  obeys a Langmuir
isotherm and that the rate constants of electrochemical reactions are exponentially depen-
dent on potential (e.g., following Tafel’s law). Each reaction with index i has a normalized
rate constant K; corresponding to its rate constant k; by

K,' = k,‘F exp (—b,'V) (10.83)

Under the assumption that the maximum number of sites per surface unit that can be oc-
cupied by the adsorbate Mg?,_ is T, the mass and charge balances are expressed in function
of the fraction of the surface coverage by the adsorbed species vy as

d
2T = Ki(1 - 1) exp (b1V) — Kevexp (b2V) (10.84)

dt
+K2epmg2+ (0) (1 — 7) exp (—b2V)

where the normalized rate constants Ky, Ky, and Ky include the maximum coverage T. A
material balance on Mg®" under the steady-state condition yields

DMg“ CMgz+ (0)
6

The total Faradaic current Iy can be expressed as

= Kayexp (b2V) — Kaacpgz+ (0) exp (—b22V) (10.85)

[ =A [Kl (1= 7) + Ko — Knacpyae (0)] (10.86)

where A is the electrode surface area, & is the thickness of the Nernst diffusion layer, I,
is the Faradic current, and Cyy 2+ (0) is the concentration of the Mg2" ion at the electrode

m Remember! 10.4 Low-frequency inductive loops in the impedance response can
be attributed to Faradaic reactions that involve adsorbed intermediate species. Such sys-
tems can be described in terms of electrical circuits that involve inductances.
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interface. At the steady state, -y and Chmg2+ (0) are thus given by

Ki (Dyg+ /6 +Knn

v = (10.87)
K (DMg2+ /6+ Kzz) + K2DM82+ /6
and K
_ TR2
Crgt+ (0) = _——DMgH 75+ Koy (10.88)

respectively. The faradic impedance Zy, is thus calculated by linearizing the mathematical
expressions (10.85), (10.85), and (10.86) for small sine wave perturbations to obtain

(FTjw + K1 + Ka) ¥ = (10.89)
[(1 — 1) Kiby — 7Kaby — ey (O)Kzzbzz] V + Knyya+ (0)

and

T ~

+ [(1 — ) Kiby + 7Kaba + G2+ (O)Kzzbzz] V- Kpptyye2+(0)

Equation (10.91) has the form of the general expression (10.3).

Since the specie Mg?" diffuses toward the electrode surface, the resulting concentration
perturbation Cy,.2+ (0) is obtained from the finite-length diffusion impedance, represented
by —1/6), 2 (0) and given in equation (11.70). The resulting impedance response is given

_ 1+Kn (~1/8,.0) (1 - i) 051

A ( rl—]‘r3+x12;1<21 +(r + rz))

withry = (1 =) Kiby and r; = Kabyy + KzzbngMgz+ (0). An example of a simulated
diagram is given in Figure 10.12. The impedance response is characterized by three loops:
a charge-transfer resistance loop at high frequency, a diffusion impedance loop proportional
to —1/6), Y and an inductive loop at low frequency.

Zs=

—~ <t

The reaction sequence described in Example 10.3 represents a simplification of
a model developed by Baril et al.1?2 who included an additional reaction

2Mg™* + 2H,0 — 2Mg?* + 20H™ + H; (10.92)

Reaction (10.92) is a chemical reaction that results in hydrogen evolution at poten-
tials associated with Mg dissolution. Due to the anomalous production of hydro-
gen at anodic rather than cathodic potentials, this reaction was termed the Negative
difference effect (NDE). The result presented in Example 10.3 can be obtained from
that presented by Baril et al.!?? by setting their k3 from reaction (10.92) equal to
zero.
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Figure 10.12: Simulated impedance diagram following the expression given in equation (10.91)

for the Faradaic impedance.

This Faradaic impedance is simulated in parallel with a high-

frequency capacitance. (Taken from Baril et al.122 and reproduced with permission of The
Electrochemical Society.)

Problems
10.1 Develop an expression for the Faradaic impedance for the reaction
Ag — Agt +e” (10.93)
10.2 Develop an expression for the Faradaic impedance for the reaction
Agt+e” — Ag (10.94)

10.3

in which the concentration of Ag™ is influenced by mass transfer. Use a
spreadsheet program to plot the current density as a function of potential.
Use the same estimated parameters to plot the impedance response at a po-
tential corresponding to 1/4, 1/2, and 3/4 of the mass-transfer-limited cur-
rent density.

Consider the reaction sequence

M+A - MAS +e” (10.95)
where MA,_ is an adsorbed intermediate that reacts according to
MA} +A — MAY" +e” (10.96)

Derive the Faradaic impedance taking into account the mass-transfer limita-
tion to the species A.
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10.4

10.5

10.6
10.7

10.8

Derive the Faradaic impedance for the anodic dissolution of copper at low
overpotential in a chloride medium where the reactions proceed according
to

Cu+Cl” 2 CuClys + e~ (10.97)

where CuCl, 4, is an adsorbed intermediate that reacts with chloride ions to
form CuCly, ie.,
CuClgs + Cl™ 2 CuCly (10.98)

The mass-transfer limitation is due only to CuCl; .

Re-derive the Faradaic impedance developed in Example 10.3 taking into
account the NDE reaction (10.92).

Perform the calculations needed to generate Figure 10.9.

Explain why K},, defined in equation (10.5), has a value that is independent
of the reference electrode.

If Vet = Vierz = 0.4V, give the expression of Ky ey With respect to Kpjref1
where Ky efi is the value corresponding to an experiment performed with
reference electrode refi. Show that the value of the charge-transfer resistance
R; is independent of the reference electrode used.
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Chapter 11

Diffusion Impedance

The development of kinetic models presented in Sections 10.3 and 10.5 required
expressions for the concentrations of reacting species at the electrode surface. The
development was expressed in terms of an inverse dimensionless concentration
gradient given as —1/6(0). The objective of this chapter is to explore conditions
and systems for which expressions for —1/6'(0) can be developed.

Experimental systems used for electrochemical measurements should be se-
lected to take maximum advantage of well-understood phenomena such as mass
transfer so as to focus attention on the less-understood phenomena such as elec-
trode kinetics. For example, the study of electrochemical reactions in stagnant en-
vironments should be avoided because concentration and temperature gradients
give rise to natural convection, which has an effect on mass transfer that is diffi-
cult to characterize. It is better to engage in such experimental investigations in
systems for which mass transfer is well defined. To simplify interpretation of the
impedance data, the electrode should be uniformly accessible to mass transfer.

Some issues pertaining to mass transfer to electrodes are described in Section
5.6, and the associated issues for cell design are considered further in Section 8.1.2.
In many cases, a uniformly accessible electrode cannot be used. The time-constant
dispersion that can arise as a result of nonuniform mass transfer is discussed in
Section 13.2.

MRemember! 11.1 Experimental systems used for electrochemical measurements
should be selected to take maximum advantage of well-understood phenomena such as mass
transfer so as to focus attention on the less-understood phenomena such as electrode kinet-
ics.
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11.1 Uniformly Accessible Electrode

A uniformly accessible electrode is an electrode where, at the interface, the flux
and the concentration of a species produced or consumed on the electrode are in-
dependent of the coordinates that define the electrode surface. The mass flux at the
interface is obtained by solving the material balance equation. If migration can be
neglected, the material balance equation for dilute electrolytic solutions is reduced
to the convective-diffusion equation. For an axisymmetric electrode, the concen-
tration derivatives with respect to the angular coordinate 6 are equal to zero, and
the convective-diffusion equation can be expressed in cylindrical coordinates as

aC,' aC,' aCi__ ) la % azc,-
gt—+v,$+vyﬁ—Dl{r$<rar)+ay2} (11.1)

with the boundary conditions:

Ci = Cio for y-— oo
aC,'

f [Ci(O)I ay

where c; is the concentration of the species i and D; is the corresponding diffusion

] =0 for y=0 (11.2)
y=0

=0
electrochemical reaction taking place at the yelectrode surface, but also by the type
of regulation imposed, e.g., galvanostatic or potentiostatic. This condition corre-
sponds generally to a fixed concentration or a fixed concentration gradient at the
electrode surface.

If a flow exists with axial velocity v, independent of the radial coordinate and if
the boundary condition at y = 0 is also independent of the radial coordinate, then
the concentration is only a function of y and the convective-diffusion equation is
reduced to

coefficient. The condition that f [ci(O), %’j‘ ] = 0 is imposed, not only by the

ac; dc; 9%c;

a—tl + 'Uya—yl — DiW;
Equation (11.3) represents a uniformly accessible electrode because the concentra-
tion is a function only of time ¢ and the axial position variable y.

The simplest uniformly accessible electrode is a planar electrode under con-
ditions where the convection can be neglected. When the convection cannot be
neglected, it is necessary to impose a flow that yields, with respect to the elec-
trode surface, a uniform normal velocity component. Since the work of Levich,!23
the rotating disk system has been well known to provide a uniformly accessible
electrode. Electrodes placed in some other flow geometries, such as within the
stagnation region of a submerged impinging jet cell or as a rotating cylinder, can
also be uniformly accessible. Electrodes placed in the above flow geometries can
have more complex electrode/solution interfaces and yet can still be considered to
be uniformly accessible. Examples include an electrode coated by a porous layer

=0 (11.3)
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or an electrode in the presence of a viscosity gradient. For a uniformly accessible
electrode the problem is reduced to one dimension: the distance to the interface.

11.2 General Mathematical Framework

A generalized heterogeneous reaction mechanism can be expressed in symbolic
form as

Y siMP S e (11.4)
i

where the stoichiometric coefficient s; has a positive value for a reactant, has a neg-
ative value for a product, and is equal to zero for a species that does not participate
in the reaction. Thus, the boundary condition at the electrode is

ac; sil f
, — —_— t =0 .
Yy~ W Y (11.5)
The Faradaic current density is expressed as a function of interfacial concentration
as

i; = f (V,ci(0)) (11.6)

Thus, the concentration at the surface is dependent on applied potential through a
reaction mechanism leading to equation (11.6).
All oscillating quantities, such as concentration, current, or potential, can be
written in the form
X =7+Re{}~(ej“”} (11.7)

where the overbar represents the steady value, j is the imaginary number v/ —1,
w is the frequency, and the tilde denotes a complex variable that is a function of

frequency.
If the magnitude of the oscillating terms is sufficiently small to allow lineariza-
tion of the governing equation, then

7= (g_{,)p £33 (a—j%))%%f(o) 118)

Equation (11.8) represents a special case of the more general equation (10.3). Fol-
lowing the approach presented in Chapter 10, the charge-transfer resistance is de-

fined to be .
R = [if- ] (11.9)
¢;(0)

aV
- 1 of 5
=gVt ; (aC;(O) )V,Cj,ﬁeiCI(O) (11.10)
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Equation (11.10) can be expressed in terms of interfacial potential as
~ = of ~
V =Riif — Ry <—) ci(0) (11.11)
f ; aCl(O) V.cj iz l

The oscillating concentration gradient at the electrode can be expressed in function
of the oscillating part of the Faradaic current from equation (11.5)

dc; Sin
— = 11.12
dy y=0 nEFD; ( )
Equation (11.11) becomes
~ ~ of si  —6(0)
V=Rif+R), ( _ ) (11.13)
i dc;(0) V.eijsi MFD; TQ\]/_O
or
= ?f (Re+ Zp) (11.14)
where
_ of si_—€i(0)
Zp = Rt; (5?::'_(0—)) — (11.15)

. dg;(0
Ve nED; —gg—l'y \y—O

Equation (11.15) is the convection diffusion impedance. The electrode potential
measured with respect to the potential of a reference electrode, following equation
(10.18), is given by

U=R;i+V (11.16)

Equation (11.16) can be written in terms of oscillating variables as
U=Ri+V (11.17)

If the current density consists of contributions from Faradaic reactions and charg-
ing of the double layer as

d
i=1if+Cy—- d‘t/ (11.18)
then equation (11.18) can be written in terms of oscillating variables as
i=1; +jwCqV (11.19)

Equations (11.14), (11.17), and (11.19) result in

B _l:l_ _ Rt + ZD(w)
Z(w) = 7= 1+ jwCq (Rt + Zp(w))

Equation (11.20) represents a generalized form of the impedance response of a uni-
formly accessible electrode. Note that, in the limit that R; >> Zp, equation (11.20)
yields the impedance response of a single electrochemical reaction as discussed in
Chapter 10.

(11.20)
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Example 11.1 Diffusion with First-Order Reaction: Develop an expression
for the impedance response for the reduction of ferricyanide at potentials sufficiently ca-
thodic to allow the anodic reaction to be ignored, yet sufficiently anodic to avoid reduction
of oxygen (as a side reaction). Under these conditions, the reaction

Fe(CN)3~ + e~ — Fe(CN)&™ (11.21)

provides an example of a first-order reaction involving only one mass-transfer-limited
species.

Solution: For a simple first-order reaction where only one species is involved, the Faradaic
current can be written as

Cre(cnyz-(0)

lFe(CN)S' — “\Fe(CN exp (bFe(CN)g_ V) (11.22)

¢ CRe(CN)2-,00
where, as described in equation (5.18), bFe(CN)g_ is related to the Tafel slope. Following
equation (11.9), the charge-transfer resistance is given by

1

R, o= = = (11.23)
HFe(CN); pe(cN)2-Pre(cNyz-

and with equation (11.15) the expression of the convective-diffusion impedance is reduced
to

(0)
Zp(w) =Z (O)T:fcs:_)—ﬁ- (11.24)
U
where
KFe(CN)3‘
Zp(0) = ———=%—exp (b 3-V (11.25)
)
The impedance is given by equation (11.20), i.e.,
R 3- + Zp(w)
Z(w) = Re + HEe(CN (11.26)

1+ jwCat (Repecg- + Z0(@))

Equation (11.26) contains explicit parameters Zp(0), Cai, Ry pe(cryz-» and Re in addition
to parameters that influence the value of

Zp (w) _EFe(CN)3‘ (0)

ZD (0) Fe (CNy2-
dy

(11.27)

y=0

The term Zp(0) is often treated as an adjustable parameter, but, as shown in equation
(11.25), it has explicit meaning in terms of kinetic parameters.
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\

Example 11.2 Diffusion of Two Species: At sufficiently high overpotentials,
the deposition of zinc from zincate solutions can be assumed to follow a simplified reaction
scheme as a chemical step

Zn(OH)?~ = Zn(OH); + OH" (11.28)

followed by an electrochemical step

Zn(OH); +2e~ — Zn+30H™ (11.29)
Under the assumption that reaction (11.28) is fast, an empirical relation has been estab-
lished for zinc deposition from basic media at the equlibrium potential as?
c -
e = Kgn—2O0H)3 (11.30)
CoH-

Develop an expression for the impedance response, taking into account diffusion of the
reactant Zn(OH); toward the electrode and of the product OH™ away from the electrode.

Solution: The formal dependence of equation (11.30) on potential can be obtained under
the assumption of a Tafel behavior, e.g.,

izn = Kznﬁ‘o— exp (bzaV) (11.31)
Following equation (10.3),
- 1 o Kz .
iz = EV + o exp (bzaV) Czn(0m); (11.32)
C
Kzn 2ol 7 €Xp (bZn_) CoH-
(COH—

The charge-transfer resistance can be obtained, following equation (11.9), as

Rizn = ap—) ! (11.33)

KZHTH:?ar exp (bZnV) bZn

or
Rizn = _L (11.34)
iznbzn
By taking into account the expressions for diffusion of Zn(OH)5
4C2n(0m);

iz0 = ~2FD om); _d(_y)i (11.35)

y=0
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Similarly for OH™,
> 2 dCoy-
izn = +=FDgy- —SH
OH dy y=0

3
Following equation (11.15), the expression of the convective-diffusion impedance can be
found to be

(11.36)

Zp = Zp zn0n); + Zp,(0n)- (11.37)
where
K bznV) €. ; (0
ZD,Zn(OH); = Rt,mzﬁz:lf?g)g:(ol)_ ﬁ:é:}_l)s( ) (11.38)
3 __d_a-
y=0
and
Kzn exp (bzaV) Tzniom); (0) —380p- (0
Zpou- = Rizn e 3 Oy = O © (11.39)
2F (Zon-(0))” Dou- —%i—’ .
y=
Thus, the impedance response is given by
Ri+Z -+Z -
Z=R.+ {7 ZDzn(OH); T 7D/(OH) (11.40)

1+ ijdl (Rt + ZD,Zn(OH)a_ + ZD,(OH)—)

11.3 Stagnant Diffusion Layer

In stagnant environments, if natural convection can be ignored, the convective-
diffusion equation is reduced to

aCi 82c,-
T

which is known as Fick’s second law. The boundary conditions may be given as

=0 (11.41)

€ = Ci for y— oo
ci=c(0) at y=0 (11.42)
Ci=Cio at t=0

No steady-state solution is possible. As shown in Example 2.5, the concentration

is given in terms of a similarity variable as'®®
ci(y) — ci(0) ( y )
P e = 1 —_ f ,43

In principle, impedance measurements are possible only for stationary systems,
i.e., those systems for which a steady solution is possible. However, after a suf-
ficient time, the concentration profile near the electrode can be considered to be
stationary with respect to the time required for the impedance measurement.
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Following equation (11.7), the concentration is given by
c; =7C; +Re {E’iej“’t} (11.44)

Substitution of the definition for concentration (equation (11.44) into the expres-
sion for conservation of species i (equation (11.41)) yields

dZEi

d2¢;

jwEel — Dj=—s — D,-d—yz-ej“’t =0 (11.45)

Upon cancellation of the steady-state terms and division by the term e/*,

2~

jwe; — D,a?i =0 (11.46)

In terms of the dimensionless concentration 6;(y) = ¢;/¢;(0), equation (11.46) be-

comes
w d2 91'

The general solution to equation (11.47) is given by:
0 = aV'B _ g B (11.48)
and the boundary conditions are:

i =0 as y— o
;=1 at y=0 (11.49)
Thus, A = 0 and
6, = e VB (11.50)
The inverse of the derivative with respect to position y is given by:

-1 1

— = (11.51)
%0 . fig
and, following equation (11.27) and the definition of 6;,

Zp(0) %?yx

y=0 \/;g‘

Equation (11.52) is known as the Warburg impedance.> The expression of the cell
impedance is obtained by inserting equation (11.52) into equation (11.20).
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11.4 Diffusion through a Solid Film

Diffusion through a stagnant layer of finite thickness can also yield a uniformly ac-
cessible electrode. The diffusion impedance response of a coated (or film-covered)
electrode, under the condition that the resistance of the coating to diffusion is much
larger than that of the bulk electrolyte, is approximated by the diffusion impedance
of the coating. This problem is also analyzed in Section 15.4.2.

11.4.1 Region of Film Diffusion Control

On a film-covered rotating disk electrode, for example, the concentration of a mass-
transfer-limited species is given by!2

Coo y
Ci = DN 5 (1153)
(1 n -D%) of

in the coating (0 < y < J¢), and

N ¥I(4/3) 1
Ci—Coo{ 1 (1+%5fN):|erf( . )+(1+%>} (11.54)

in the bulk region (§y < y < o). The concentration distribution through the sta-
tionary film and the bulk region is controlled by two parameters, i.e.,

_ Dson

b5, (11.55)

and the ratio of diffusion lengths, 55 /6¢. Under the assumption that the diffusivity
within the film of porosity € is related to the bulk diffusivity by381%”

Ds = De"® (11.56)

equation (11.55) can be expressed as
= ON (15 (11.57)
of

Thus, concentration profiles within the coating and the bulk region can be seen to
be controlled by the coating porosity € and by the ratio of diffusion lengths dn /5.

MRemember! 11.2 The Warburg impedance, equation (11.52), applies for diffu-
sion in an infinite stagnant domain. This expression applies as a high-frequency limit for
diffusion in a finite domain.
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Figure 11.1: Concentration distribution for a coated rotating disk electrode: a) results obtained
for n/6f = 2 with coating porosity as a parameter; b} results obtained for a porosity € = 0.3
and relative coating thickness (SN/(Sf as a parameter.

The concentration distributions obtained for a film-covered rotating disk elec-
trode are presented in Figure 11.1(a) for én/6; = 2 and with coating porosity as a
parameter. As the coating porosity tends toward zero, the resistance of the coating
to diffusion dominates, and the concentration at the interface between the coat-
ing and the bulk solution is equal to the bulk concentration c. In this case, the
diffusion impedance for the electrochemical system is given by that developed in
Section 11.4.2 for a stagnant layer of finite thickness. At larger values of coating
porosity, both convective diffusion and diffusion through the film are important
and should be treated. The manner of treating coupled diffusion impedances is
discussed in Section 11.5.

The coating on the electrode can be deposited (e.g., a polymer coating) or it can
be produced by the electrochemical reactions. For many electrochemical systems,
the growth of a porous film causes it to become the dominant resistance to mass
transfer, as is shown in Figure 11.1(b) for a porosity € = 0.3 and with relative film
thickness dy /Jy as a parameter. The position variable is scaled to y to emphasize
the changing dimension of the coating layer.

\
Example 11.3 Diffusion through a Film with Porosity = 1: Does the lack of
an abrupt change in slope for a coating porosity equal to 1.0 in Figure 11.1(a) mean that
the role of a coating can be ignored when calculating the flux and diffusion impedance?
Note that some coatings, for example, those formed by microbiological organisms, have a
porosity approaching 1.0.1%8

Solution: While the concentration profile shown for € = 1.0 in Figure 11.1(a) resembles
that for an uncoated rotating disk, the flux is affected by the fact that, within the coating, the
velocity is equal to zero. The flux to the surface can be given in terms of the concentration
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Figure 11.2: Concentration at the interface between the coating and the bulk solution as a

function of ¢ = %—gfi

at the coating/bulk solution interface as

C.
N; = Del5 2% (11.58)
of
or,fore =1
c.
N, =D~ (11.59)
f

For a given film thickness &y, the important parameter is the concentration at the film
surface. If this concentration tends toward zero, the film has a negligible influence on mass
transfer. Otherwise, the influence of the film cannot be neglected.

The concentration at the interface between the film and the bulk electrolyte
indicates whether the diffusion impedance of the system can be assumed to be
that of the stationary film. The interface concentration, given by

ci,&f _ 1

Ci,00 o 1+ IP
is a function only of ¢ = D¢dn/DJy. Regions of mass-transfer control can be iden-
tified, as shown in Figure 11.2. When the dimensionless interface concentration
approaches 1, the film diffusion impedance discussed in Section 11.4.2 dominates.
When the dimensionless interface concentration approaches 0, the film diffusion
impedance can be neglected, and the convective-diffusion response discussed in

Section 11.6 dominates. In the intermediate region, both convective diffusion and
diffusion through the film are important, as discussed in Section 11.5.

(11.60)



194 DIFFUSION IMPEDANCE CHAPTER 11

\

Example 11.4 Continuation of Example 11.3: Can the diffusion impedance of
a film with € = 1.0 be ignored?

Solution: As seen from equation (11.59), for a given film thickness &y, the important
parameter is the concentration at the film surface. If this concentration tends toward zero,
the film has a negligible influence on mass transfer. Otherwise, the influence of the film
cannot be neglected. As

D f5N ON

the role of a film of fixed thickness of € = 1.0 depends solely on the rotation speed of the disk.
As the disk speed increases, Sy decreases, and the film diffusion becomes more important.

11.4.2 Film Impedance Response

Equation (11.41) governs the diffusion response of a stationary film. The steady-
state boundary conditions are applied aty = §fandy = O as

Ci =Ci at y=5f
¢Gi=cip at y=0 (11.62)
and the steady-state solution is given as
& =ci(0)+ %f (cipo — ci(0)) for y <&
Ci=Ciw for y2>9J5 (11.63)

Equation (11.63) represents an asymptotic limit for the solution presented as equa-
tions (11.53) and (11.54).

Equation (11.41) can be written in terms of the oscillating concentration and
dimensionless position as

d20;
d—gg —jKi6; =0 (11.64)
where
e=2 (11.65)
o5
and
K w&}
i= 5 (11.66)

represents a dimensionless frequency for species i.
The general solution to equation (11.64) is given by

0; = A V& _ Bie=tVIKi (11.67)



11.4 DIFFUSION THROUGH A SOLID FILM 195

0.2 T 1.0
0.8
K=1000 k=100
~ 0 [ T —n = 0.6
S —_— K=1
QR = — R
k=1 < =10
0.2 g 5
0.2 K=100
k=10 T
o4 K=1000
. 4 0.2 s
0 0.5 1.0 0.0 0.5 1.0
&/8 &5
(a) b)

Figure 11.3: Oscillating concentration profiles for a finite stagnant diffusion layer: a) imaginary
part; b) real part.

The appropriate boundary conditions for a diffusion layer of finite thickness are
that

6, =0 at F=1

;=1 at =0 (11.68)
Thus,
_sinh ((§ - 1) //K))
0; = smh(—\/]K) at ¢<1
;=0 at {>1 (11.69)

The oscillating concentration variables are given in Figure 11.3 as a function of
dimensionless position. The behavior of 6; (¢) for high frequencies, e.g., K; = 100,
resembles that obtained for a stagnant medium of infinite dimension, whereas the
behavior at low frequencies, e.g., K; < 10, is influenced by the finite extent of the
diffusion layer.

It is perhaps more instructive to explore the behavior of the concentration,
given by equation (11.44). The oscillating contribution to the concentration, given
by Re {¢;¢/“*}, is presented in Figures 11.4(a) and (b) for dimensionless frequencies
of 100 and 1, respectively, with dimensionless time as a parameter. At the higher
frequency, the concentration perturbation does not extend to the limits of the dif-
fusion layer. At the lower frequency, the perturbation extends to the limit of the
diffusion layer, and an abrupt change is seen at § = 1, the limit of the stagnant
film.

The concentration profile expected for a system at one-half of the mass-transfer-
limited current and for a concentration perturbation of 20 percent at the interface
(see equation (11.44)) is presented in Figure 11.5 with dimensionless time as a pa-
rameter. At the higher frequency, the propagation of the disturbance away from
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Figure 11.4: Oscillating concentration as a function of position with time as a parameter for a
finite stagnant diffusion layer: a) K=100; b) K=1.
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Figure 11.5: Concentration as a function of position with time as a parameter for a finite
stagnant diffusion layer: a) K=100; b) K=1.
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Figure 11.6: Oscillating concentration as a function of time with position as a parameter for a
finite stagnant diffusion layer.

the electrode surface lags behind the perturbation at the surface. At lower frequen-
cies, the concentration far from the surface responds with almost no phase lag. In
the limit that K; — 0, the phase lag tends toward zero and, correspondingly, the
imaginary part of the impedance tends toward zero.

The concentration perturbation for K; = 100 is given in Figure 11.6 as a func-
tion of time with dimensionless position as a parameter. The extent to which the
concentration at any position lags behind the concentration at the surface is a func-
tion of position. The variation of phase lag with position is consistent with the
propagation of a wave through a dissipating medium.

The reciprocal of the derivative with respect to position { is given by

- tanh (4/jK;
7 = (. x) (11.70)
6; (0) VIiKi
Equation (11.70) can be considered to be a finite-length diffusion impedance. As

tanh(co) = 1, the impedance response asymptotically approaches the response for
an infinite domain at high frequencies, i.e.,

-1 1
lim —— = —— 11.71

Equation (11.71) is the Warburg impedance. The impedance response for a stag-
nant layer is often imposed incorrectly for situations where convective diffusion
takes place. The more correct approach is to account explicitly for the role of con-
vection.
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11.5 Coupled Diffusion Impedance

As shown in Figure 11.2, there exists a significant parameter space for film-covered
electrodes in which the diffusion impedance must account for both convective dif-
fusion associated with the external imposed flow and diffusion through a stagnant
layer. Following Deslouis et al.,}? the net diffusion impedance can be expressed
as being composed of contributions from film and convective-diffusion terms

)
zD+D23,§sz
ZpsZp (l“’DL) + D‘&N

where the inner term Zp is the finite-length diffusion impedance corresponding
to a porous layer of thickness & r and the outer term Zp may correspond to either
a stagnant or a convective region of finite thickness dy. In this case, the effective
diffusion impedance Zp et is a function of the time constant 7y = 5%/D ¢, the ratio
Dé¢/Dgdn, and the Schmidt number Sc. The coupling of film and convective-
diffusion impedances is also developed in Section 15.4.2 for electrohydrodynamic
impedance measurements.

\

Example 11.5 Diffusion Impedances in Series: If, as is shown in equation
(4.23), the impedance corresponding to two resistors in series is equal to the sum of the
resistances, why is it incorrect to treat diffusion through two layers by adding two diffusion
impedances?

(11.72)

ZD,net -

Solution: The issue is that the condition at the interface between the two diffusion layers
is not treated correctly when diffusion impedances, such as presented in equation (11.70),
are added. The solutions to the two sets of equations are coupled by the continuity of
concentration at the interface, as seen in Figure 11.1.

11.6 Rotating Disk

A schematic illustration of the flow field generated by a rotating disk is presented
in Figure 11.7. The rotation of the disk causes a spiral movement of the fluid, seen
in Figure 11.7(a), which results in a net velocity toward the disk and in the radial
direction. A projection of the trajectories onto a plane at a fixed axial position,

MRemember! 11.3 The impedance associated with diffusion through a series of
layers cannot be modeled by adding the diffusion impedances for each individual layer.
Such a treatment does not account correctly for the conditions at the interface between the
layers.
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(@) )

Figure 11.7: Flow patterns associated with a rotating disk: a) a three-dimensional represen-
tation of flow trajectories that lead to a net flow toward the disk and in the radial direction.
The axial scale was expanded greatly in order to allow visualization of the flow trajectories. b)
a projection of the flow trajectories onto a plane at a fixed axial position.

shown in Figure 11.7(b), shows that the dominant velocity component is in the
-direction. The corresponding radial and axial velocities are much smaller. The
rotating disk, therefore, can be regarded to be an inefficient pump that draws fluid
toward the disk surface and ejects it in the radial direction. The popularity of the
rotating disk electrode in the use of frequency-domain techniques has motivated
development of sophisticated models for interpretation of experimental data.

11.6.1 Fluid Flow

The steady flow created by an infinite disk rotating at a constant angular velocity
in a fluid with constant physical properties was first studied by von K&rmé4n.!%
The solution was sought by using a separation of variables using a dimensionless

distance
T=yyQ/v (11.73)

and dimensionless radial velocity

vy = rQF(Z) (11.74)
angular velocity
ve = rQQG() (11.75)
and axial velocity
v, = VVOH({) (11.76)

where v is the kinematic viscosity and ) the rotation speed.
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Upon introduction of equations (11.74), (11.75), and (11.76), the equation of
continuity and the Navier-Stokes equations can be solved numerically.?%1% As
shown by Cochran,!® the variables F, G, and H can be written as two sets of series
expansions for small and large values of {, respectively. The series solutions for
small values of { are especially relevant to the mass-transfer problem. In particular,
the derivatives at { = 0 are essential in order to determine the first coefficient of the
series expansions. The other coefficients are deduced from the first one by using
the equation of continuity and the Navier-Stokes equations,

2 ga b4
H=-al’+ 2+ 00+ (11.77)
P—ag——f—9§3+ (11.78)
= > =30+ :
c=1+bg+-;-g3+... (11.79)

where 2 = 0.51023 and b = —0.61592. The contribution of the second and third
terms in the velocity expansion becomes more significant farther from the disk
electrode.

11.6.2 Mass Transfer

The mathematical models for the convective-diffusion impedance associated with
convective diffusion to a disk electrode are developed here in the context of a gen-
eralized framework in which a normalized expression accounts for the influence
of mass transfer.

Substitution of the definition for concentration (equation (11.44)) into the ex-
pression for conservation of species i (equation (11.3)) in one dimension yields

R dg; | dE % a%;
jweet + v,,d—y‘ + yd—y‘efwf - Did—y; - D,-d—yi’e"‘” =0 (11.80)
The solution to the steady-state equation
de: 2z,
vy;l% — D,-Z—ycz' =0 (11.81)

with boundary conditions given as equation (11.42), is given as

(11.82)

y
o _ G =a() _ !
! Ci,oo — Ci(O) ©

/

where the axial velocity can be expressed in terms of the expansion presented as
equation (11.77).88
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Upon cancellation of the steady-state terms and division by the term e/**, equa-
tion (11.80) can be expressed as

dc; d%c;

oG+ vy gy ~ Dy

=0 (11.83)
Following Tribollet and Newman,'*! the dimensionless form of the equation gov-

erning the contribution of mass transfer to the impedance response of the disk
electrode is developed here in terms of dimensionless position

&= 51 (11.84)
1
where "™ "
5= (3 L= (3T L L (11.85)
av Q a scl/3YV Q
is a characteristic distance for mass transport of species i, and dimensionless fre-
quency
w( W\ w9\ 15 ws
P e R et = e— — —_— ———— 1.
K; a (azD,-> O (u2> Sc D, (11.86)

By introducing the dimensionless concentration 6; (§) = ¢;/¢;(0), equation (11.83)
becomes

2; 2 (3\P 2 b3\ & \de
d—gz+(3¢‘(a—4) sr=§(3) )T ome=0 @)

where three terms were included in the expansion for axial velocity given as equa-
tion (11.77).

A solution to equation (11.87) can be found that satisfies the boundary condi-
tions

0;—0 as §— o
;=1 at ¢=0 (11.88)

The approaches made to obtain such a solution differ in the types of assumptions
made concerning the velocity expansions.

11.6.3 Classification of Models for Convective Diffusion

A significant effort has been expended to identify analytic solutions for equation
(11.87). These differ primarily in the manner in which the convective contribu-
tion is approximated. The different models and their influence on the impedance
response are described in this section.

The classification of models for convective diffusion to a rotating disk electrode
may be understood in the context of the solution to the steady-state equation (11.3).
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Figure 11.8: Distribution of axial velocity for a region near a rotating disk. The characteristic
length for mass transfer is indicated by dashed lines for Schmidt numbers of 10,000, 1,000, and
100, respectively.

The current density can be expressed in terms of the gradient of dimensionless
concentration at the electrode surface as!>2

B 0.620455¢ /3
1+ 0.2980Sc™/3 +0.145145¢~2/3 + O(Sc~?)

1,
5@ (0)

(11.89)

The corrections to the current density were obtained by accounting for additional
terms in the velocity expansion given as equation (11.77).

The influence of the accuracy of the velocity expansion is illustrated in Figure
11.8. The characteristic length for mass transfer to a disk electrode is given by

/¢ = (%)-1/3. For Sc = 10,000, the characteristic length for mass transfer is
0.084 of that for the velocity boundary layer. The error associated with using only
the first term in the velocity expansion (11.77) is —0.02 percent of the free-stream
velocity 0.88447 (or —5 percent of the local value). For Sc = 1, 000, the characteristic
length for mass transfer is 0.18 of that for the velocity boundary layer. The error
associated with using only the first term in the velocity expansion is —0.2 percent
of the free-stream velocity (or —12 percent of the local value). For Sc = 100, the
characteristic length for mass transfer is 0.39 of that for the velocity boundary layer.
The error associated with using only the first term in the velocity expansion is
—2 percent of the free-stream velocity (or —29 percent of the local value). Most
electrolytic systems have a Schmidt number on the order of 1,000. The error in
equation (11.89) caused by neglecting the second and higher terms in the velocity
expansion is less than 3 percent. The errors have been shown to be significantly
larger for frequency-domain calculations.
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Nernst Hypothesis

Within the Nernst hypothesis, the diffusion impedance is assumed to be that for a
stagnant film of effective thickness dy ; that is related to velocity by

3\'2 1 [v
i

The impedance response is given by equation (11.70), where the film thickness is
replaced by the effective thickness dy ;. As shown in Figure 11.5, a nonphysical
abrupt change in the concentration is seen at § = 1. Such an abrupt change may
be expected for diffusion through a truly stagnant medium such as a solid, but
should not be expected for a convective-diffusion problem. This lack of agreement
with the physics of the system causes the Nernst hypothesis to yield incorrect re-
sults at low frequencies, although the asymptotic behavior at large frequencies is
in agreement with that obtained by a correct solution for the convective-diffusion
impedance.

Assumption of an Infinite Schmidt Number

Under the assumption that the Schmidt number is infinitely large, the axial ve-
locity can be approximated by the first term of the expansion given as equation
(11.77). Under steady-state conditions, neglect of higher-order terms in the ex-
pansion causes an error on the order of about 3 percent in the value of the mass-
transfer-limited current density. As discussed later, the errors caused by neglecting
higher-order terms in the expansion can be significantly larger in the frequency do-
main.
The convective-diffusion equation (11.87) is reduced to:
d29,' 2 d 91' .

Many authors have given analytic solutions with differing degrees of accuracy.
Deslouis et al.1*® developed a method that, after an approximation, reduces the
problem to the canonical equation for Airy functions. Tribollet and Newman!3
gave a solution under the form of two series: one for K < 10 and one for K > 10.
The two series overlapped well.

Treatment of a Finite Schmidt Number

For a Schmidt number of 1,000, use of an infinite Schmidt number approximation
in the evaluation of the Schmidt number from impedance data resulted in 24.4

MRemember! 11.4 The formula for impedance obtained under the Nernst hypothe-
sis, as given by equation (11.70), provides a poor model for convective-diffusion impedance.




204 DIFFUSION IMPEDANCE CHAPTER 11

percent error in the estimation of Sc.!3% The consequence of neglecting higher-
order terms in the velocity expansion is therefore much more significant than is
seen for the steady-state case. The complete solution for the convective-diffusion
impedance requires, in general, a numerical solution. The discussion here follows
that presented by Tribollet and Newman.3!

Several authors have addressed the influence of a finite value of the Schmidt
number on expressions for the convective-diffusion impedance. Levart and Schuh-
mann!36 showed that the concentration term could be expressed as a series expan-
sion in Sc'/3, i.e.,

01 (5, K) | 6i2(6,K
0; (¢,Sc,K) = 0,0 (&, K) + SC(1/3 ) + Siz/e’ ) +... (11.92)
where 0;, 0;1, and 6;, are the solutions of the corresponding coupled differential
equations

d2e; do; .

7 Cléo + 352 déo — Ko =0 (11.93)
d2g; de; . 3\° 5db;
dglél 3¢? dgl jKibiy = (F) 53759 (1194

and

d26; , A6, . b (3\Y? a8, 3\3 ,d6;,
d€2+3g 77 -JKle,,z_g(E> €7E+(a_4> gd—g (11.95)

subject to boundary conditions

6io—0; 6,;—0 and 6,,—0 as §— o
6, =1; 9,',1 =0; and 91',2 =0 at {=0 (11.96)

The convective-diffusion impedance can be tabulated directly as a function of the
Schmidt number as
-1 20 . 2o

70 Zoy+ st gan (11.97)

Tabulated values of Z(O), Zyy, and Z ) have been presented by Tribollet and New-

man as a function of pSc!/® where p is the frequency made dimensionless by
the steady rotation rate of the disk electrode, p = w/Q.1% In terms of p, K; =
3.258pSc!/3. The relative contributions of the terms can be seen in Figure 11.9.

A similar development was provided by Tribollet and Newman!?! for electro-
hydrodynamic impedance. The use of look-up tables facilitates regression of mod-
els to experimental data that take full account of the influence of a finite Schmidt
number on the convective-diffusion impedance. Use of only the first term in equa-
tion (11.97) yields a numerical solution for an infinite Schmidt number. Tribollet
and Newman report use of the first two terms in equation (11.97).13! The low level
of stochastic noise in experimental data justifies use of the three-term expansion
reported here.
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Figure 11.9: Values for dimensionless contributions Z(g), Z(7), and Z(3) to the diffusion impe-
dance (see equation (11.97)) as a function of pSc'/3: a) real part; and b) imaginary part.13!
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Figure 11.10: A disk electrode subjected to a submerged impinging jet: a) schematic illustra-
tion; b) identification of flow regimes.

11.7 Submerged Impinging Jet

The axisymmetric impinging jet, shown in Figure 11.10(a), is a very attractive, if
somewhat underemployed, system for electrochemical investigations. Within the
stagnation region, shown in Figure 11.10(b), the axial velocity is independent of
radial position and convective diffusion to the disk is uniform, much as is seen for
the rotating disk electrode.’®-1% Because the mass-transfer rate is uniform for an
electrode that lies entirely within the stagnation region, differential mass-transfer
cells are not established. Thus, the impinging jet has the attractive uniform acces-
sibility to mass transfer seen for the rotating disk. In contrast to the rotating disk,
the electrode is stationary and is therefore suitable for in-situ observation.}3%-142
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11.7.1 Fluid Flow

The fluid flow within the region of the electrode in an impinging jet cell is well-
defined.*>147 The submerged impinging jet geometry can be made to give uni-
form mass-transfer rates across a disk electrode within the stagnation region. The
stagnation region is defined to be the region surrounding the stagnation point in
which the axial velocity, given by

vy = — /g (1) (11.98)

is independent of radial position, and the radial velocity is given by

_ agrde (1)

U= p (11.99)
where ajj is the hydrodynamic constant that is a function only of geometry and
fluid velocity, r and y are the radial and axial positions, respectively, v is the kine-
matic viscosity, and ¢ is the stream function that is given in terms of dimensionless

axial position 7 = y/ay /v as*¥’
¢ () = 1.352¢% — %;73 +7.2888 x 107345 + ... (11.100)

Esteban et al. used ring electrodes to find that the stagnation region extends to
a radial distance roughly equal to the inside radius of the nozzle.!® A refined
analysis by Baleras et al. showed that the stagnation region becomes smaller at
large values of the ratio of nozzle height k to nozzle diameter d.148

Within the stagnation region, the surface shear stress 7, is given by

Ty = —1312r(up)a} (11.101)

where y and p are the viscosity and density of the fluid, respectively. The hydrody-
namic constant ayy can be determined experimentally using ring or disk electrodes
at the mass-transfer-limited condition and is proportional to the jet velocity.

11.7.2 Mass Transfer

The equation that governs steady-state mass transfer to the impinging jet electrode
is equation (11.81), the same as that for the rotating disk. The boundary conditions
are given as equation (11.42), and the solution is given as equation (11.82). The
only difference between the solution presented for the rotating disk and here for
the impinging jet is that the axial velocity for the disk is expressed as equation
(11.77), whereas the expansion for the impinging jet system is given as equation
(11.100).

Under the assumption that the electrode is uniformly accessible, the equation
governing mass transfer in the frequency domain is given by

d2§i ) 3 1/3 €3 dé; -
@+(3¢ —(1.3524) S| G - K =0 (11.102)
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where s
SC}/s

=9 (2 ) sc3 = 1701234 (11.103)

ag \ (1.352) ay
represents a dimensionless frequency, and { = y/4; is a dimensionless position
where s

3 1 1/ 1 V

51' = (1352) SC1/3 aI] =1 1808 173 a (11104)

is a characteristic length for transport of species i.
Following Tribollet and N ewman,m1 the concentration term could be expressed

as a series expansion in Sc™ /3 o
6; 1 6i2
6; _e,o+scl/3+§’m+... (11.105)
where 6; represents the solution to
20,0 . .d0py . =
y C‘z + 3¢ dlg —jKifip=0 (11.106)
~ ~ 1/3
d%6; ,d61 .~ 3 3d6,o
= +3 = — Kby = | ——— 11.107
dcz c dg ] V4,1 (1'352)4 ‘: g ( )
and
20, 2402 o = 3 3d91
” +3 % Ke — —_—— ’ 11.108
dgz g d‘: JRiUi2 (1.352)4 g dg ( )

The convective-diffusion impedance can be tabulated directly as a function of the
Schmidt number as

1 Zq)

- 2o
s =20+ a5t gant (11.109)

Tabulated values of Z (g, Z(1), and Z ;) were found as a function of pSc!/® where

p is the frequency made dimensionless by the hydrodynamic constant, p = w/ay.
The relative contributions of the terms can be seen in Figure 11.11.

11.8 Rotating Cylinders

The rotating cylinder is a popular tool for electrochemical research because it is
convenient to use and both the primary and mass-transfer-limited current distri-
butions are uniform.** A schematic representation of the rotating cylinder is pre-
sented in Figure 11.12. At very low rotation speeds, the fluid flows in concentric
circles around the rotating cylinder, satisfying a no-slip condition at the rotating
inner cylinder and at the stationary outer cylinder. Since there is no velocity com-
ponent in the radial direction, there is no convective enhancement to mass transfer.
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Figure 11.11: Values for dimensionless contributions Zg), Z(1), and Z;) to the diffusion

impedance (see equation (11.109)) as functions of pSc'/3; a) real part; and b) imaginary part.131
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Figure 11.12: Schematic representation of a rotating cylinder electrode; a) entire cylinder used
as working electrode. This geometry provides a uniform current and potential distribution at and
below the mass-transfer-limited current. b) band-shape cylindrical coupon used as a working
electrode. This geometry is useful for studies conducted at the open-circuit condition.
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This simple flow pattern becomes unstable at higher rotation speeds, and a cellular
flow pattern (termed Taylor vortices) is observed. Taylor vortices provide an irregu-
lar enhancement to mass transfer. At still higher rotation speeds, the flow becomes
fully turbulent. Mass-transfer studies with rotating cylinders are conducted in the
turbulent flow regime because the flow provides a uniform enhancement to mass
transfer.

Two configurations have been described in the literature. When the electrode
encompasses the entire length of the inner cylinder, as shown in Figure 11.12(a),
the mass-transfer-controlled and primary current distributions are both uniform at
any applied potential. Often, such a geometry is not practical, and a coupon elec-
trode (see Figure 11.12(b)) is used that has insulating cylinders above and below
the active surface. The mass-transfer-controlled current distribution for the geom-
etry of Figure 11.12(b) is still uniform, but the primary distribution is not uniform.
The nonuniform primary distribution poses no significant problem for corrosion
experiments conducted at the open-circuit condition because the Ohmic potential
drop is insignificant when the net current is equal to zero.

Analytic expressions cannot be derived for the turbulent flow regime, but em-
pirical correlations are available that relate the cylinder rotation speed to the mass-
transfer coefficient for a given geometry. The correlation of Eisenberg et al.}® is
given by o

Sh = 0.0791 (ReZ—f) Sc-3% (11.110)
where dp is the diameter of the inner, rotating cylinder, d;, is the diameter of the
cylinder at which the current is limited by mass transfer (usually the inner cylin-
der), Sh is the Sherwood number, related to the mass-transfer coefficient ky by
Sh = kpd/D;, Re is the Reynolds number for the cylinder geometry given by
Re = Qd% /2v, and Sc; is the Schmidt number given by Sc; = v/D;.

In principle, development of the convective-diffusion impedance for this sys-
tem requires solution in the frequency domain to
%—Cl} E [% (r (D; + Di(r)) %)] =0 (11.111)
where D!(r) represents the eddy diffusivity that arises from the enhancement to
mass transfer caused by turbulent eddies. The dependence of D!(r) on position
can be estimated from comparison to the universal velocity profile established for
turbulent flow in pipes. As a result of the approximate character of the treatment
of mass transfer, the rotating cylinder is used primarily for cases where qualitative
comparisons are satisfactory, for example, in the ranking of corrosion in different
environments.
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Problems

11.1 Starting with the material balance equation, develop the expression for the
impedance response for mass transfer through a stagnant film.

11.2 Plot, on an impedance plane format, the impedance obtained for a Nernst
stagnant diffusion layer and the impedance obtained for a rotating disk elec-
trode under assumption of an infinite Schmidt number. Show that, while the
behaviors of the two models at high and low frequencies are in agreement,
the two models do not agree at intermediate frequencies.!® Explain.
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Chapter 12

Semiconducting Systems

Just as was presented in Chapters 10 and 11 respectively for kinetics and mass
transfer in electrolytic systems, mathematical models for the impedance response
of semiconductors require development of a steady-state model followed by devel-
opment of a model treating the sinusoidal perturbation of voltage or current about
the steady-state values. A key difference between the treatment of semiconducting
systems and that of electrochemical systems is that the capacity associated with the
diffuse region of charge is treated explicitly. In other respects, the analysis of semi-
conductors parallels that of electrochemical systems. The electrostatic potential
and the concentrations of charged species, e.g., electrons, holes, and ionized defect
states, become dependent variables for this system. Shallow-level doping species
are usually assumed to be completely ionized at room temperatures and thus con-
tribute to a fixed concentration of charge. The approach presented in this chapter is
relevant to the impedance response of both solid-state systems and semiconductor
electrodes.

12.1 Semiconductor Physics

Treatment of solid-state systems and semiconductor electrodes requires a basic un-
derstanding of solid-state physics. A brief simplified review of the physics of semi-
conductors is presented here. For a more complete treatment, the reader is referred
to other textbooks.151152

MRemember! 12.1 The development of impedance models for semiconductors is
similar to that for electrolytic systems with the exception that the capacity associated with
the diffuse region of charge is modeled explicitly.
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Figure 12.1: Schematic representation for the quantum mechanical energy band structure of a
semiconductor: a) intrinsic semiconductor without dopants or deep-level states; b) semiconduc-
tor showing energy levels for electron donors E; and electron acceptors E;; and ¢) semiconductor
with deep-level states of energy E; as presented in Section 12.1.3.

12.1.1 Electrons and Holes as Species

Electrons have a spin of 1/2 and follow Fermi-Dirac statistics. The occupancy of a
state of energy E is given by

1
1+exp (%‘TEE)
where k is Boltzmann’s constant in units of eV/K and Eg represents the Fermi En-
ergy, in units of eV, at which the probability of occupancy of a state is 1/2. The
probability of occupancy tends toward unity a few kT below Er and tends toward

zero a few kT above Eg. The energies used in equation (12.1) can also be expressed
in units of J/mol, e.g.,

f(E) (12.1)

1
1+exp (ET]@E)
The change of units serves to emphasize the similarities between the analysis of
semiconductors and electrolytic systems (see, e.g., Chapter 5). The Fermi energy
Er is closely related to the electrochemical potential of electrons introduced in Sec-
tion 5.2. Statistical mechanical arguments have been used to show that, under
equilibrium conditions, the Fermi energy is equal to the electrochemical potential
of electrons.!5®1% At equilibrium, a single value of Fermi energy is sufficient to
define the state of the system. Under nonequilibrium conditions, a separate Fermi
energy can be defined for electrons and holes.

A schematic representation of the quantum mechanical energy band structure
with energies near the band edges is presented in Figure 12.1(a) for an intrinsic
semiconductor without dopants or deep-level states. The lower edge of the con-
duction band is at energy E,, and the upper edge of the valence band is at energy
Ey. The energy gap between the valence and conduction-band energies is

Eg = Ec - Ev (12.3)

f(E) =

(12.2)
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The number of electrons within the conduction band can be expressed as an inte-
gral over the occupied states, i.e.,

o]

n= / F(E)N(E)dE (12.4)

E

where N(E) is the number density of available states at energy E. The number of
electrons within the valence band can be expressed as an integral over the occupied
states, i.e.,

Ep
1y = / F(E)N(E)dE (12.5)

where N(E) is the number density of available states at energy E. It is convenient
to work in terms of the vacant states within the valence band, which are termed
holes, i.e.,

Ep
p=[ (- FE)N(E)E (12.6)

The limit of co in equation (12.4) could be replaced by the upper energy of the
conduction band, and the limit of —co in equation (12.6) could be replaced by the
lower energy of the valence band.

At moderate temperatures, electrons in the conduction band have energies
close to E;, and holes in the valence band have energies close to E;. Under the
assumption that the Fermi energy is not close to the band edges, the Fermi-Dirac
distribution, equation (12.1), can be approximated by Boltzmann distribution func-
tions. The concentration of conduction-band electrons can be expressed as

n = Ncexp (EF’:TEC) (12.7)
and the concentration of valence-band holes can be expressed by
p = Npexp (E”k"TEF) (12.8)

where N, and Nj, are the effective density of states for the conduction and valence
band, respectively.

Under conditions such that equations (12.7) and (12.8) apply, the product of the
electron and hole concentration is independent of Fermi energy, i.e.,

np = NpN; exp (%%) (129)

— 2
= n;

where n; is the intrinsic concentration. Equation (12.9) is consistent with the laws of
mass action.
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Figure 12.2: Electron and hole concentrations at the flat-band potential as a function of doping
level for an n-type GaAs semiconductor. Physical properties of GaAs are presented in Table 12.1.

12.1.2 Doping

The properties of semiconductors can be modified by addition of dopants, which
contribute electrons or holes to the semiconductor. The energies associated with
electron acceptors and donors are shown schematically in Figure 12.1(b). The en-
ergy levels are such that the dopants can be completely ionized at room temper-
atures. Electron acceptors exist at energies just above the valence-band edge E,.
The resulting semiconductor will have an increased concentration of holes and
is called a p-type semiconductor. Electron donors exist at energies just below the
conduction-band edge E,. The resulting semiconductor will have an increased con-
centration of electrons and is called an n-type semiconductor. The charge density
of the semiconductor is given by

psc = F(p—n+ (Ny— N)) (12.10)

where N; and N, are the concentrations of ionized electron donors and acceptors,
respectively.

The potential at which, under equilibrium conditions, the charge density is
equal to zero is called the flat-band potential. An increase in electron donor con-
centration results in a decrease in the concentration of holes and an increase in the
concentration of conduction-band electrons.

The scale of the variables used to describe semiconductors can be appreciated
by examining the properties of the technologically important GaAs. The concentra-
tions of electrons and holes at the flat-band condition are presented in Figure 12.2
for an n-type GaAs semiconductor. The concentrations of electrons and holes pre-
sented in Figure 12.2 were obtained by solving equations (12.9) and (12.10) with
psc = 0. At low doping levels, the concentration of electrons and holes are equal.
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Table 12.1: Physical properties for GaAs at 300 K extracted from Blakemore, 155

Bandgap energy, Eg 1423 eV
1.37 x 10° J/mol

Intrinsic carrier concentration, n; 2.25 x 106 cm™3
3.74 x 10718 mol/cm?

Effective conduction-band density of states, N, 421 x 107 cm™3
6.99 x 107 mol/cm?3

Effective valence-band density of states, Ny, 9.51 x 108 cm—3
1.58 x 10~% mol/cm3

Dielectric constant (static), & 12.85
Mobility of electrons, up, 8000 cm?/V s
Diffusion coefficient of electrons, D, 207 em?/s
Mobility of holes, 320cm?/V's
Diffusion coefficient of holes, D, 8.3 cm?/s

At larger doping levels, the concentration of majority carriers (electrons, for n-type
semiconductors) is equal to the doping level, and the concentration of minority
carriers (holes, for n-type semiconductors) is established by equation (12.9).

Some relevant physical properties of GaAs are presented in Table 12.1. The
properties are given both in the units generally used for semiconductor physics
and in the units that are used for electrolytic systems. The bandgap energy, for
example, has a value of 1.423 eV or 137 k]/mol. The concentrations n, p, N, Ny,
and n; presented in equations (12.4) to (12.9) are generally expressed in units of
cm~3. Division by Avogadro’s number Ny = 6.0221367 x 102 mol~! yields a
concentration in units of mol/cm3. The values presented for concentrations in
Table 12.1 show that the concentrations of charged species in semiconductors are
quite small as compared to that in even dilute electrolytic solutions.

The Fermi energy of the semiconductor under given doping levels can be ob-
tained by solving equations (12.7) and (12.8), i.e.,

Ep = E,— kTln (1) (12.11)
Ny
or
Ep=E +kTln (1) (12.12)
N,

The Fermi energy obtained from the calculated concentrations of electrons and
holes presented in Figure 12.2 is presented in Figure 12.3 as a function of doping
level for an n-type GaAs semiconductor. The bandgap energy for GaAs is 1.424 eV.
At low doping levels, the Fermi energy lies in the middle of the bandgap. As the
doping level increases, the Fermi energy approaches the conduction-band energy.



216 SEMICONDUCTING SYSTEMS CHAPTER 12

W7 T T

14 frmmmmmmmmmmmmmem oo ]
13
12
14
10
09
08 [
0.7 PO S T N T T T TR T | 1

10° 10* 10* 10® 10® 10" 10" 10"
3
(NN )lcm

v
T

—-E ) eV

(E,

ey
o
>

Figure 12.3: Fermi energy at the flat-band potential, referenced to the valence band energy, as
a function of doping level for an n-type GaAs semiconductor. The corresponding concentrations
of electrons and holes are presented in Figure 12.2.

12.1.3 Deep-Level States

Deep-level states play an important role in solid-state devices through their be-
havior as recombination centers.!>® For example, deep-level states are undesirable
when they facilitate electronic transitions that reduce the efficiency of photovoltaic
cells. In other cases, the added reaction pathways for electrons result in desired
effects. Electroluminescent panels, for example, rely on electronic transitions that
result in emission of photons. The energy level of the states caused by introduction
of dopants determines the color of the emitted light. Interfacial states are believed
to play a key role in electroluminescence, and commercial development of this
technology will hinge on understanding the relationship between fabrication tech-
niques and the formation of deep-level states. Deep-level states also influence the
performance of solid-state varistors.

The position of a deep-level state with energy E; with respect to the bandgap
is illustrated in Figure 12.1(c). Under equilibrium conditions, the occupancy of the
state is governed by the Fermi-Dirac distribution function, equation (12.1). In the
absence of illumination, the deep-level state will influence the impedance response
of the semiconductor only if the probability of occupancy of the state is close to 1/2,
i.e,, if the state energy is close to the Fermi energy. If, for example, the probability of
occupancy is essentially zero, the unfavorable energetics of the transition prevent
the electrical excitation from moving electrons into the state. On the other hand, if
the probability of occupancy is essentially unity, the need to satisfy Pauli exclusion
prohibits transfer of electrons into the state.

The impact of deep-level states can be significant, even in concentrations that
are very low by normal chemical standards. Several states can be associated with a
chemical species, and such states may also appear as a result of vacancies or other
crystalline defects. Traditional chemical means of detection, therefore, do not pro-
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Figure 12.4: Schematic representation of electronic transitions, including Shockley-Read-Hall
processes for a deep-level state.

vide complete identification of deep-level electronic states. The techniques com-
monly employed to detect deep-level states tend to be electrical in nature since it
is through their electronic behavior that these states influence device performance.

12.1.4 Shockley-Read-Hall Processes

The influence of deep-level states or traps on the statistics of electron-hole re-
combination was first described by Shockley and Read!™” and Hall.!® Deep-level
states, as their name implies, lie close to the middle of the energy bandgap of the
semiconductor. Due to the large energy separation from the valence-band and
conduction-band edges, deep-level states are not fully ionized at room tempera-
ture. In contrast, shallow-level states are those considered to be fully ionized at
room temperature due to thermal excitation.

The interaction between a deep-level state and electrons and holes can be de-
scribed by processes 1 to 4 represented in Figure 12.4. Process 1 involves the
emission of a valence-band electron to the deep-level state after receiving energy
(Et — Ey). This can also be thought of as hole emission from the deep-level state
to the valence band since an electron vacant deep-level state has been filled by a
valence-band electron, thus leaving a hole in the valence band.

Process 2 is the capture of a deep-level-state electron by the valence band.
Valence-band electrons are more tightly bound to the crystal atom than are the
conduction-band electrons, which have a much larger radius of travel (of several
lattice constants). This allows the analogy that conduction-band electrons can be
considered to be negative charges floating in a sea of fixed positive nuclei (lattice
sites) as in a metal. Valence-band electrons are held in a tight sphere about a nu-
cleus and can move only if the neighboring nucleus has an electron-vacant site that
it can jump into. Once the electron moves into this vacant site, it leaves a net posi-
tive charge behind. This positive charge will appear to be an entity, a hole, moving
in a direction opposite that of the valence-band electron. Thus, it is feasible to con-
sider process 2 as being the capture of a valence-band hole. For a deep-level-state
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electron to be captured by the valence band, it must lose an amount of energy equal
to (E; — E,), or likewise, for a valence-band hole to be captured by the trap, it must
gain the same amount of energy.

Process 3 involves a trapped electron being emitted to the conduction band
after receiving an amount of energy equal to (E; — E;) from optical or thermal ex-
citation. Process 4 involves a conduction-band electron that comes in the vicinity
of a deep-level state and is “trapped” by it. In order for this electron to be trapped,
it must lose an amount of energy equal to (E; — E;) by radiative (photon) or non-
radiative (phonon) processes.

Process 5 represents excitation of a valence-band electron to the conduction
band, thus producing an electron and a hole. The reverse process 6 can be consid-
ered to be recombination of an electron and hole. Processes 5 and 6 do not require
presence of deep-level states.

12.1.5 Interfaces

At an interface with a dissimilar material, a redistribution of charged species oc-
curs which results in the formation of a space-charge region in the semiconductor,
which is the solid-state analog to the diffuse region of charge described in connec-
tion with Figure 5.6(b) and associated with an electrolytic double layer. A space-
charge region can be formed at an interface with a metal, another semiconductor,
or an electrolyte. In polycrystalline materials, a space-charge region can also be
formed at a grain boundary. Within the space-charge region, the electron energy
for the valence band, the conduction band, and the deep-level state can be de-
scribed as varying with reference to a fixed Fermi energy. Thus the probability of
occupancy of the deep-level state is a function of position, and, since the degree of
band bending is determined by the potential applied to the system, the degree of
occupancy is a function of applied potential.

A schematic representation of the band bending at an interface is presented
in Figure 12.5. The probability of occupancy of a state is equal to 1/2 at the Fermi
energy. The band bending shown in Figure 12.5 causes the deep-level state to make
the transition from being fully occupied far from the interface to being fully vacant
at the interface.

The spatial dependence of the energy bands can be described in terms of a
single potential variable. In terms of a potential referenced to the potential in the
electrically neutral region of the semiconductor, the valence-band energy can be
expressed as

E,=E,—F® (12.13)

where energies are given in units of J/mol and Ej represents the valence-band en-
ergy within the electrically neutral region where the potential is uniform. Similarly,
the conduction-band energy can be expressed as

E.=E'—F®=E, +E, — F® (12.14)
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Figure 12.5: Schematic representation of band bending at an interface between a metal phase
and an n-type semiconductor. Filled circles represent electron-occupied states and open circles
represent vacant states.

As shown by equations (12.13) and (12.14), variations in conduction and valence-
band energies are linked to the variation of the electrical potential.

12.2 Steady-State Models

Development of mathematical models for the impedance response of semicon-
ducting systems generally takes place in two steps: development of a steady-state
model followed by development of a model treating the sinusoidal perturbation of
voltage or current about the steady-state values. Since the species of interest have
a charge associated with them, both the electrical potential and species concentra-
tions must be treated. Thus, the electrostatic potential and the concentrations of
electrons, holes, and ionized defect states become dependent variables for this sys-
tem. The shallow-level doping species are usually assumed to be completely ion-
ized at room temperatures and thus contribute to a fixed concentration of charge.

12.2.1 Mass Transfer

The mathematical development presented here is intended to emphasize the simi-
larities between the analysis of transport in semiconductors and that in electrolytic
systems as presented in Chapter 5. In doing so, concentrations of electrons and
holes, typically presented on an atomistic basis, e.g., in units of cm™3, are given in
a molar basis.

The electrochemical potential y; of a given species i, introduced in Section 5.2
for electrolytic systems, can be applied to electrons and holes in a semiconductor.
The electrochemical potential can be arbitrarily separated into terms representing
a secondary reference state y;, a chemical contribution, and an electrical contribu-
tion, i.e.,

ui = pi + RTIn(c;f;) + ziFP (12.15)
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where c; is the volumetric concentration of species i, f; is the activity coefficient,
z; is the charge number, and ® is a potential that characterizes the electrical state
of the system and can be defined in many ways. This treatment is identical to the
definition of an electrochemical potential for ionic species and is entirely analogous
to the definition of chemical potentials as used for electrically neutral systems. The
usual chemical potential is recovered for the case where z; is equal to zero.

The flux N; of species i is governed by the gradient of the electrochemical po-
tential, given in one dimension by

du

N; = —u,-c,-—;; (12.16)
where u; is the mobility of species i. If the semiconductor is nondegenerate, the
electron and hole activity coefficients f; can be considered to be constant, and
equation (12.15) can be substituted into equation (12.16) to give the dilute solution

transport expression

dC,‘ ad
Frie u,z,Fch (12.17)

where the transport properties D; and u; are related through the Nernst-Einstein
equation; i.e.,

N; = -D;

D; = RTu; (12.18)

According to equation (12.17), the fluxes of electrons and holes are driven by con-
centration and potential gradients. This distinction is a result of the separation of
the chemical and electrical contributions given in equation (12.15). If desired, de-
generate semiconductor conditions can be modeled by calculating the value of the
activity coefficients f; for electrons and holes as described by Hwang and Brews!®
and Bonham and Orazem.!® The flux expression for species i is constrained by the
equation of continuity, i.e.,

aCi _ aNy,'

ot dy
Usually electrons in interband defect states are considered to be immobile; the rate
of change of the concentration of ionized interband states is equal to their (position-
dependent) rate of production, G;.

+G; (12.19)

12.2.2 Space-Charge Region

For most electrochemical systems, the separation of charge associated with interfa-
cial regions can be treated simply as contributing to rate constants associated with

MRemember! 12.2 Expressions for transport of electrons and holes in a semicon-
ductor can be treated in terms of gradients of the corresponding electrochemical potential.




12.2 STEADY-STATE MODELS 221

electrode kinetics. This is not appropriate for a semiconductor because this separa-
tion of charge is integral to the operation of electronic devices. Poisson’s equation,

0°® I3

can be used to relate the electrostatic potential ® to the charge held within the
semiconductor. The scaling length for this system, found by making the governing
equations dimensionless, is given by the Debye length,

adl )] (12.21)

A= [PZ(Nd _N,

The term (N; — N;) includes the charge associated with partially ionized mid-
bandgap acceptors (which may be a function of applied potential) as well as the
completely ionized dopant species (which may have an arbitrary distribution, but
is usually assumed to be independent of operating conditions).

12.2.3 Application to Electrolyte—Semiconductor Junctions

Formation of an interface with an electrolyte perturbs the potential distribution
in the semiconductor, and this perturbation creates the junction necessary for the
photovoltaic effect in solar cells. Examination of the potential distribution pro-
vides insight into the forces driving the cell. Orazem and Newman calculated the
potential distribution in an n-type GaAs semiconductor in contact with an elec-
trolyte containing a selenium redox couple.’! Interfacial reactions were assumed
to be fast such that the potential and concentration distributions could be con-
trolled by mass transport and generation of electrons and holes. The resulting
potential distribution is presented in Figure 12.6. The potential is referenced to
the potential at the Ohmic contact located far from the electrolyte-semiconductor
interface. The potential was nearly uniform in the electrolyte but varies within
the semiconductor in response to the distribution of charge associated with the
electrolyte-semiconductor interface. This is consistent with the band-bending de-
scribed in Figure 12.5. In the context of Figure 12.6, the flat-band potential is the
applied potential required to achieve a uniform potential in the semiconductor.

In the absence of illumination and at open circuit (curve a in Figure 12.6) the
interface is equilibrated. The potential difference between the interface and the
Ohmic contact located far from the interface represents the available photovoltaic

m Remember! 12.3 The redistribution of charge at the semiconductor-electrolyte
interface creates a space-charge region in the semiconductor that is generally much thicker
than that found in the electrolyte.
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Figure 12.6: Potential distribution for an n-GaAs electrode in contact with a selenium redox
couple with fast interfacial reactions: curve a in the absence of illumination; curve b at open
circuit with 882 W/m? illumination; and curve ¢ under illumination near the short-circuit con-
dition (-23.1 mA/cm?). The Debye length in the electrolyte was 0.2 nm, and the Debye length
in the semiconductor was 70 nm. (Taken from Orazem and Newman.161)

driving force. Under illumination at open-circuit (curve b in Figure 12.6), electron—
hole pairs generated by the light are separated by the electric field, resulting in
a straightening of the bands. The accumulation of electrons and holes creates an
electric field that tends to oppose the field formed at equilibrium. The difference
between the potential at equilibrium and under illumination at open-circuit rep-
resents the driving force for flow of electrical current. The potential distribution
under illumination and near the short-circuit condition (curve c in Figure 12.6)
tends to approach the equilibrium distribution. All the variation in potential takes
place within the semiconductor. The potential drop across the electrolyte is com-
paratively insignificant.

The selection of a reference potential at the Ohmic contact is arbitrary and was
chosen to emphasize the degree of band bending and straightening in the semi-
conductor. The development of Mott-Schottky theory in Section 12.3.2 employs a
potential referenced to the Ohmic contact. A difference in sign will be seen if the
potential is referenced instead to a reference electrode located in the electrolyte.
The potential of the electrolyte has been found to be independent of current and
illumination intensity when referenced to an external quantity such as the Fermi
energy of an electron in vacuum.62163 This concept has proved useful for predict-
ing the interaction between semiconductors and a variety of redox couples. The
IUPAC standard for photoelectrochemical systems, in fact, is that the potential is
referred to a reference electrode in the electrolyte.!64165

The potential distributions in Figure 12.6 can be interpreted in terms of the asso-
ciated concentration distributions for electrons and holes presented in Figure 12.7.
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The linear scale presented in Figure 12.7(a) emphasizes the depletion of electrons
near the interface and the corresponding increase in hole concentrations. The log-
arithmic scale presented in Figure 12.7(b) emphasizes the change in electron and
hole concentrations over many orders of magnitude.

Under equilibrium conditions (curve a in Figure 12.7), the hole concentration
is very small far from the interface but increases near the negatively charged inter-
face. Conduction-band electrons are depleted near the interface but reach a value
close to the net dopant concentration (N; — N;) in the electrically neutral region
far from the interface. As shown by curve a in Figure 12.7, the equilibrated semi-
conductor can be described as having an inversion region from the interface to
Y/ Asc = 3, in which the minority carrier concentration exceeds that of the majority
carrier, a depletion region from y/Asc = 3 to y/Asc = 8, in which the scaled ma-
jority carrier concentration is smaller than unity, and an electrically neutral region
extending beyond y/As. = 8. These positions can be compared to the potential
distribution given by curve a in Figure 12.6.

As shown by curve b in Figure 12.7, illumination at the open-circuit condition
produces electron-hole pairs that are separated by the potential gradient associ-
ated with the interface. The concentration of holes increases at all positions within
the semiconductor, and the concentration of electrons increases in the space-charge
region, thus straightening the equilibrium potential variation. As the system ap-
proaches the short-circuit condition under illumination (curve c in Figure 12.7), the
concentrations of electrons and holes tends toward the equilibrium distributions.

12.3 Impedance Models

Numerical solutions have been presented for the impedance response of semicon-
ducting systems that account for the coupled influence of transport and kinetic
phenomena, see, e.g., Bonham and Orazem.!%1¢” Simplified electrical-circuit
analogues have been developed to account for deep-level electronic states, and
a graphical method has been used to facilitate interpretation of high-frequency
measurements of capacitance. The simplified approaches are described in the fol-
lowing sections.

12.3.1 Equivalent Electrical Circuits

Sah and coworkers have developed a quasi-analytic calculation that can be ex-
pressed as a detailed equivalent electrical circuit.!®*-17! This development is sum-
marized by Jansen et al.l”? and used to justify the application of the simplified
equivalent circuit shown in Figure 12.8 to the analysis of the impedance response
of semiconductors containing deep-level electronic states. This circuit was used to
analyze the impedance data presented in Section 18.2 (see, e.g., Figure 18.4). In
Figure 12.8, C, is the space-charge capacitance, R, is a resistance that accounts for
a small but finite leakage current,}”>'75 and the parameters R; ... Ry and C; ... Cx
are attributed to the response of discrete deep-level energy states.



224 SEMICONDUCTING SYSTEMS CHAPTER 12

T 7 v T v T v T
3 ——oeolectrons
\b - - - holes
]
— |
Z" 2} i
[ i
Z |a
~ |I'
© 1k -
\ b /¢ a
I \
au
of - -
3 " | 8 [] 5 [} " )
0 5 10 15 20
y/ksc
@
10° 1 ‘
1
10%F ——gloctrons -
[ - - - holes ]
— 1 '6..- h
Z'“ 0 i /- R U ]
v t N/ Treecccccaccccacsacaa ]
£ 10"} c -
~ ]
© 10™ ]
10"k ]
: a ;
102l LTI
15 20

Figure 12.7: Concentration distributions for electrons (solid lines) and holes (dashed lines) for
an n-GaAs electrode in contact with a selenium redox couple with fast interfacial reactions:
curve a in the absence of illumination; curve b at open circuit with 882 W/m2 illumination; and
curve ¢ under illumination near the short-circuit condition (—23.1 mA/cm?). Concentrations
were scaled to the net dopant concentration (N — N;): a) concentrations given in a linear scale;
and b) concentrations given in a logarithmic scale. (Taken from Orazem and Newman,161)
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Figure 12.8: Electrical circuit corresponding to the model presented by Jansen et al.172 in
which C,, is the space-charge capacitance, Ry, is a resistance that accounts for a small but finite
leakage current, and the parameters R;... Ry and C;...C) are attributed to the response of
discrete deep-level energy states.

Similar circuits have been used to account for both homogeneous!”%177 and in-

terfacial electronic states.}”®1” The circuit shown in Figure 12.8 cannot be used to
distinguish between surface and bulk deep-level states. It is possible to distinguish
the two types of states by means of the Mott-Schottky plots described in Sections
12.3.2 and 18.3.

12.3.2 Mott-Schottky Analysis

Graphical techniques can be applied for single-frequency measurements when the
frequency selected excludes the contributions of confounding phenomena. For ex-
ample, impedance measurements on a semiconductor diode at a sufficiently high
frequency exclude the influence of leakage currents and of electronic transitions
between deep-level and band-edge states. Thus, as discussed in Section 16.4, the
capacitance can be extracted from the imaginary part of the impedance as

1
C = o7 (12.22)
The problem is reduced to one of identifying the relationship between semicon-
ductor properties and the capacitance as a function of applied potential.

The capacitance of the space-charge region C is determined through

_ %

Coc = od

(12.23)
y=0

where the charge density of the space-charge region g, is related to potential
through Poisson’s equation (12.20). Solution of equation (12.20) is facilitated by
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expressing the concentration of electrons and holes in terms of potential through
insertion of equations (12.14) and (12.13) into the Boltzmann distributions for elec-
trons and holes, equations (12.7) and (12.8), respectively. Thus, Poisson’s equation
can be expressed as
2

% = —Ef—o [Pe-”’/ RT _ NeF®/RT 4 (N, — N,,)] (12.24)
where @ is the electrostatic potential, (N; — N;) is the doping level, and P and N
are the hole and electron concentrations, respectively, at the flat-band potential.
Deep-level states were not included in the expression for charge density. The occu-
pancy of deep-level states is a function of potential, and a similar development can
be made to take such states into account.’®® The charge density used in equation
(12.24)

psc(®) = F [Pe‘m’/ RT _ NeF®/RT 4 (N, — Na)] (12.25)

is now an explicit function of potential rather than position. Equation (12.25) can
be compared to the definition provided as equation (12.10).
Integration of Poisson’s equation is facilitated by posing equation (12.24) in

terms of the electric field
od

3y
The second derivation of potential with respect to position can be expressed in
terms of a derivative with respect to potential as

#2¢ dE _ dEd® _ _dE _ 1dE?

E= (12.26)

d_yz=_E=._E:ig_55=§-&6 (12.27)
Thus, )
dE 2
< = _apsc(q)) (12.28)
Integration yields
@
p-_2 / Dsc(D)dD (12.29)
€€p
D

where the flat-band potential ®g, is the potential in the electrically neutral region
far from the interface.
The charge held within the space-charge region is given by

fsc = / Pscdy (12.30)
0

m Remember! 12.4 Mott-Shottky theory provides a relationship between the ex-
perimentally measured capacitance, the doping level, and the flat-band potential.
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Under the assumption that there are no surface states or specific adsorption of
charged species, the space charge g4 in a semiconductor in contact with an elec-
trolyte is balanced by the charge in the diffuse part of the double layer g;4; thus,
gsc = q4. Gauss’s law can therefore be used to provide a boundary condition for
the electric field at the surface of the semiconductor as

_ 4P| _ s
E(®(0) = T oo " 280 (12.31)
Thus
qsc = ee0E(P(0)) (12.32)

The space-charge capacitance is given by

dgse _ _ dE(®(0))

G = ~2300) =~ 0 a(0)

(12.33)

or

_ _Ps(P(0))
Cac E(®00)) (12.34)
Equation (12.34) provides a relationship between the capacitance of the space-
charge region of the semiconductor, the electric field at the interface, and the charge
density at the interface.
Under the convention that the potential is referenced to the flat-band potential
Dy, ie., the potential is equal to zero far from the interface where the electric field
is also equal to zero, integration of equation (12.29) yields

2RT FO
E’= = P(e”F®/KT — 1) + N(e®/KT —1) — == (Ns — No) (12.35)

A general expression for capacity can be found to be

1 _ 2RT P(e~F®O)/RT _ 1) 4 N(eF®O)/RT _1) _ %Q(Nd —Ny)
Cgc T Fegy [_Pe-z-'cb(o)/RT + NeF®(0)/RT _ (Ng — Na)]z

(12.36)

The values for N and P can be evaluated at the flat-band potential under the as-
sumptions of equilibrium (i.e., np = n?) and electroneutrality (i.e., psc = 0).

[(Nd — Na) + y/ (Ng = N,)? +4n2] (12.37)

NI'—‘

and

1
Equations (12.37) and (12.38) can be inserted into equation (12.36) to provide an
expression for capacitance as a function of potential, with doping level as a param-

eter.
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Figure 12.9: Calculated capacitance for a GaAs Schottky diode (see Table 12.1 for relevant
parameters for GaAs semiconductors): a) capacitance as a function of potential referenced to
the flat-band potential for an intrinsic semiconductor; and b) 1/C2, as a function of potential
referenced to the flat-band potential for a lightly doped p-type semiconductor.

The capacitance is presented in Figure 12.9(a) for an intrinsic GaAs semicon-
ductor diode. Some relevant physical properties of GaAs are presented in Table
12.1. The capacitance is symmetric with respect to potential referenced to the flat-
band potential. At modest doping levels, as shown in Figure 12.9(b) for p-type
semiconductors, the plot of 1/CZ% has a significant linear portion with respect to
potential. At more positive potentials, the plot deviates from a straight line due to
the contribution of minority carriers.

Mott-Shottky plots of 1/C2, as a function of potential are particularly useful at
larger doping levels. Calculated values for 1/C2, are presented in Figure 12.10(a)
for a GaAs diode with potential referenced to the Ohmic contact, as was used in
Figure 12.6. The corresponding values are presented in Figure 12.10(b) for poten-
tials referenced to a reference electrode located in the electrolyte in accordance with
the TUPAC convention for semiconductor electrodes.!®+15 The principal distinc-
tion between the two plots is that the positive slopes correspond to a p-type semi-
conductor in Figure 12.10(a) and to an n-type semiconductor in Figure 12.10(b). All
concentration terms were included in the analysis.

As seen in Figure 12.10, 1/CZ is linear over a broad range of potential. The
linear portion for Figure 12.10(a) is given by

1 2(®(0) — ¥ + RT/F)

o= eeoE(N; — N.) (12.39)
for an n-type semiconductor and by
1 2(®(0) — Py — RT/F)
[ eegF(N; — N,) (12.40)

for a p-type semiconductor.
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Figure 12.10: Mott-Schottky plot of 1/C2. as a function of potential referenced to the flat-
band potential for a GaAs Schottky diode: a) potential referenced to the Ohmic contact; and b)
potential referenced to a reference electrode located in the electrolyte according to the IUPAC
convention for semiconductor electrodes.164:165

Example 12.1 Mott-Schottky Plots: Beginning with equation (12.36), derive
equation (12.39) for an n-type semiconductor.

Solution: For an n-type semiconductor, (N; — N,) is positive and much larger than the
intrinsic concentration n;; thus, N — (Ng— N,) and P — 0. In the denominator,
Pexp(—F®(0)/RT) can be neglected. In the numerator, P (exp(—F®(0)/RT) — 1)
can also be neglected. The linear portion of the curve lies at negative potentials, referenced
to the flat-band potential; thus, exp(F®(0)/RT) — 0 and

N (exp(—F®(0)/RT) — 1) =~ — (N3 — N;) (12.41)
Equation (12.36) can be expressed as
1 _ 2RT —(Na—Ni) (f%olﬂ)

12.42
C2,  F2ee (N; — Na)2 ( )

o 1 2(®(0) — g + RT/F)

cz eeoF(N; — N,)
A similar development at positive potentials will yield equation (12.40).

(12.43)

The assumptions implicit in the Mott-Schottky theory are:

o The potential is restricted to the range where both the majority (in this case,
electrons) and the minority carriers (holes) are negligible as compared to the
doping level. These constraints are violated at small and large magnitudes of
potential (referenced to the flat-band potential), respectively. This potential
range becomes increasingly restrictive as the doping level decreases, and the
technique is unusable for semi-insulating materials.
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o The semiconductor electrode must be ideally polarizable over the potential

range of interest. This means that there is no leakage current or Faradaic reac-
tion to allow charge transfer across the semiconductor—electrolyte interface.
This restriction is not too important if measurements are taken at sufficiently
high frequency that the effects of Faradaic reactions are suppressed.

¢ Electron and hole concentrations follow a Boltzmann distribution, i.e., activ-

ity coefficient corrections can be neglected.

Equations (12.39) and (12.40) form the basis of a method, described in Section 18.3,
used to extract doping levels and flat-band potentials for semiconducting materi-

als.

Problems

121

12.2

12.3

12.4

12.5

Develop the relationship needed to convert the mobility given in Table 12.1,
e.g., Hn, to diffusivity.

Calculate the Debye length in units of ym expected for an n-type GaAs semi-
conductor with a dopant concentration of 10'¢. Compare the value you ob-
tain to the Debye length obtained for an electrolytic system with a NaCl con-
centration of 0.1 M.

Plot the equilibrium concentration and potential distribution in the space-
charge region of an n-type GaAs semiconductor (doped 10'® cm~3) if the
electron concentration at the surface is 20 orders of magnitude less than the
bulk concentration. Use semilogarithmic plots for concentration and linear
plots for potential.

The capacity of the space-charge region can be related to the dopant con-
centration (or fixed charge) in a semiconductor. The space-charge region is
essentially equivalent to the diffuse double layer treated in electrolytes with
the exception that ionized impurities are present that, at room temperatures,
are immobile. For this case, Poisson’s equation becomes

V20 =~ {n—p— (Ny— No)} (12.44)
E€p

Show that the capacity can be related to doping level (N; — N;) and potential
by the Mott-Schottky relationship

2 (V+RT/F)
Feeg (Nj— N;)

(12.45)

1 —
o=
Deviations from straight lines in Mott-Schottky plots can be attributed to
the influence of potential-dependent charging of surface or bulk states. This

interpretation is supported by analytic calculations of the contribution of de-
fects to the space charge as a function of applied potential. In principle, the
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12.6

12.7

12.8

12.9

effect of applied potential of the state of charge of defects can be used to de-
termine the distribution of defects within the space-charge region. Apply the
Fermi-Dirac distribution function to the defects to obtain a relationship for
the space-charge capacitance for a semiconductor that is sufficiently n-type
that the contribution of holes to the charge can be regarded to be negligible.

Changes in space-charge capacity can be used to observe the effect of charg-
ing and discharging of electronic states in a semiconductor subject to sub-
bandgap illumination. Show that the change in observed capacity caused by
illumination can be referenced to the unilluminated case by

AC Act
—_— =y =t 12.46
S R AA (12.46)

where Ac} is the change in the state of charge of the interband state caused
by illumination. It is clear from this problem that identification of defects by
this method requires excellent resolution for moderate doping levels and that
the concentration measured in this way is the change in the state of charge of
the defect, not the actual defect concentration.

The capacity of the electrolytic diffuse double layer is often ignored when
Mott-Schottky plots are used to characterize semiconductor—electrolyte in-
terfaces. Under what conditions is this assumption justified?

Mott-Schottky plots are often generated by using measurements at a single
frequency, often 1 kHz. Explain the limitations of this approach.

A claim is made in Section 12.3.1 that Mott-Schottky plots may be used to
distinguish between surface and bulk deep-level states. Explain how this
may be accomplished.
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Chapter 13

Time-Constant Dispersion

The impedance models developed in Chapters 9, 10, 11, and 12 are based on the
assumption that the electrode behaves as a uniformly active surface where each
physical phenomenon or reaction has a single-valued time constant. The assump-
tion of a uniformly active electrode is generally not valid. Time-constant disper-
sion can be observed due to variation along the electrode surface of reactivity or
of current and potential. Such a variation is described in Section 13.1.1 as resulting
in a 2-dimensional distribution. Time-constant dispersion can also be caused by a
distribution of time constants that reflect a local property of the electrode, resulting
in a 3-dimensional distribution. ‘

The presence of time-constant (or frequency) distribution is frequently mod-
eled by use of a constant-phase-element (CPE), discussed in Section 13.1. As dis-
cussed in Section 13.1.3, use of a CPE assumes a specific distribution of time con-
stants that may apply only approximately to a given system. The objective of this
chapter is to describe specific situations for which time-constant dispersion can be
predicted based on fundamental phenomena such as are associated with distribu-
tions of mass-transfer rates and Ohmic currents.

13.1 Constant-Phase Elements

The impedance response of electrodes rarely show the ideal response expected for
single electrochemical reactions. The impedance response typically reflects a dis-
tribution of reactivity that is commonly represented in equivalent electrical circuits
as a constant phase element (CPE).>71-1 For a blocking electrode, the impedance
can be expressed in terms of a CPE as

1
Z(w) =Re + +—= 13.1
@ =R+ Goyg 131)
The impedance associated with a simple Faradaic reaction without diffusion can
be expressed in terms of a CPE as

R;

TT 0ok (13.2)

Z(w) = Re +
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Figure 13.1: Schematic representation of an impedance distribution for a blocking disk electrode
where z,(r) represents the local Ohmic impedance, Co(7) represents the interfacial capacitance,
and Qo(r) and «(r) represent local CPE parameters: a) 2-dimensional distribution; and b)
combined 2-dimensional and 3-dimensional distribution.

In both equations (13.1) and (13.2), the parameters & and Q are independent of
frequency. When a = 1, Q has units of a capacitance, i.e., F/cm?, and represents
the capacity of the interface. When & # 1, Q has units of s*/Qcm? and the sys-
tem shows behavior that has been attributed to surface heterogeneity'®'82 or to
continuously distributed time constants for charge-transfer reactions.8*-1%” Inde-
pendent of the cause of CPE behavior, the phase angle associated with a CPE is
independent of frequency.
Different expressions for a CPE have been presented in the literature, '3 e.g.,

1

Z(w) =Re+W

(13.3)
where the parameter 15 is a characteristic time constant for the distribution. Brug
et al.!™ used a formula in which Q was defined to be in the numerator of equa-
tion (13.1) rather than the denominator. The formulas presented in this chapter as
equations (13.1) and (13.2) have the advantages that Q is proportional to the active
area and the definition of Q for « = 1 is simply the capacitance.

13.1.1 2-D and 3-D Distributions

Time-constant dispersion leading to CPE behavior can be attributed to distribu-
tions of time constants along either the area of the electrode (involving only a
2-dimensional surface) or along the axis normal to the electrode surface (involv-
ing a 3-dimensional aspect of the electrode). A 2-D distribution could arise from
surface heterogeneities such as grain boundaries, crystal faces on a polycrystalline
electrode, or other variations in surface properties. As shown in Section 13.3, the
time-constant dispersion associated with geometry-induced nonuniform current
and potential distributions results from a 2-D distribution.

A schematic representation of a 2-D distribution for an ideally polarized disk
electrode is presented in Figure 13.1(a). For a 2-D distribution, the circuit parame-
ters, e.g., capacitance and Ohmic resistance, could be a function of radial position
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along the electrode. The global admittance is obtained by integration of the admit-
tance associated with these circuit elements over the electrode area, i.e.,

Y=71= /A 2 1dA (13.4)

where A is the electrode area, Y is the global admittance, Z is the global impe-
dance, and z is the local impedance. Depending on the nature of the local distri-
bution, equation (13.4) may yield a global impedance with a CPE behavior. The
local impedance, in the case of a 2-D distribution, would, however, show ideal RC
behavior.

CPE behavior may also arise from a variation of properties in the direction
that is normal to the electrode surface. Such variability may be attributed, for
example, to changes in the conductivity of oxide layers'®19! (see Section 13.5) or
from porosity or surface roughness (see Section 13.4).19%1%% This CPE behavior is
said to arise from a 3-dimensional distribution, with the third direction being the
direction normal to the plane of the electrode.!%

A 3-D distribution of blocking components in terms of resistors and constant-
phase elements is presented in Figure 13.1(b). Such a system will yield a local im-
pedance with a CPE behavior, even in the absence of a 2-D distribution of surface
properties. If the 3-D system shown schematically in Figure 13.1(b) is influenced by
a 2-D distribution, the local impedance should reveal a variation along the surface
of the electrode. Thus, local impedance measurements can be used to distinguish
whether the observed global CPE behavior arises from a 2-D distribution, from a
3-D distribution, or from a combined 2-D and 3-D distribution.

Equations (13.1) and (13.2) embody an implicit assumption that the RC time
constant is not, in fact, a constant but, rather, a parameter that follows a specific
distribution. Equation (13.1), for example, can be imagined as arising from a 2-D
distribution of time constants 7; = (R.Cp);, e.8.,

1 & 1

Zl'==Y(1-— 13.5
R, i;( T ]wr,-) (13.5)
If T is a continuous function, equation (13.5) can be written as'%
711 (4 / "l Gy (13.6)
R, 0o 1+ jwt

where G(7) is the distribution function of 7, which represents a normal distribu-
tion of a function of In(7/ 1), i.e.,

_ 1 sin(a )
27T cosh [(1 —a) ]n(%)] — cos(ar)

G(1) (13.7)

A similar development can be made for equation (13.2), also leading to equation
(13.7).
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13.1.2 Determination of Capacitance

It is incorrect to equate the CPE parameter Q to the interfacial capacitance. A num-
ber of researchers have explored the relationship between CPE parameters and the

interfacial capacitance. Hsu and Mansfeld'*® proposed
KK a~—1
070

where wmax (or Knax) is the characteristic frequency at which the imaginary part
of the impedance reaches its maximum magnitude and Ce is the estimated inter-
facial capacitance. Brug et al.!™ developed a relationship for a blocking electrode
between the interfacial capacitance and the CPE coefficient Q as

Car = QRO

(13.9)

A similar relationship between the interfacial capacitance and the CPE coefficient
Q was developed for a Faradaic system as

(a-1)] /% (a-1)] 1%
cosfoleod)] [o ()] amo

For CPE behavior caused by 2-D distributions of current and potential on a disk
electrode, equations (13.9) and (13.10) provided the most reliable estimate for in-
terfacial capacitance (see Section 13.3).%” Similar formulas for 3-D distributions do
not exist.

13.1.3 Limitations to the Use of the CPE

As compared to a parallel combination of a resistor and capacitor, the CPE is able
to provide a much better fit to most impedance data. The CPE can achieve this
fit using only three parameters, which is only one parameter more than a typical
RC couple. Some investigators allow « to take values from —1 to 1, thus treating
the CPE as an extremely flexible fitting element. For a = 1, the CPE behaves as a
capacitor; for « = 0, the CPE behaves as a resistor; and for « = —1 the CPE behaves
as an inductor (see Section 4.1.1).

It must be emphasized that the mathematical simplicity of equations (13.1) and
(13.2) is the consequence of a specific time-constant distribution. As shown in
this chapter, time-constant distributions can result from nonuniform mass trans-
fer, geometry-induced nonuniform current and potential distributions, electrode
porosity, and distributed properties of oxides. At first glance, the associated im-
pedance responses may appear to have a CPE behavior, but the frequency depen-
dence of the phase angle shows that the time-constant distribution differs from
that presented in equation (13.7).

There are, therefore, two primary concerns with the use of the CPE for model-
ing impedance data:
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1. While assumption that the time constant is distributed can be better than as-
suming that the time constant has a single value, the physical system may not
follow the specific distribution implied in equation (13.7). The examples pre-
sented in the subsequent sections illustrate systems for which a time-constant
dispersion results that resembles that of a CPE, but with different distribu-
tions of time constants.

2. A satisfactory fit of a CPE to experimental data may not necessarily be corre-
lated to the physical processes that govern the system. As shown in Section
4.4, models for impedance are not unique; thus, an excellent fit to the data
does not in itself guarantee that the model describes correctly the physics of
a given system.

The graphical methods described in Chapter 17 can be used to determine whether
a system follows CPE behavior in a given frequency range.

13.2 Convective Diffusion Impedance at Small Electrodes

Small electrodes are currently used to study fast electrochemical kinetics or as flow
measurement devices in chemical engineering systems. In the latter case, the first
experimental and theoretical studies appeared in the early fifties. The goal of these
studies was to achieve probes sensitive to the local wall velocity gradient

0y
- % 13.11
ﬁy ay ( )

The well-known property of those probes is that the limiting diffusion current is
proportional to B;/? under steady-state conditions.'*® For use in electrochemical
engineering, an increasing interest is now focused on the nonsteady behavior of
those small electrodes under conditions of fluctuating velocity gradient B ().

Theoretical developments show that it is possible to deduce hydrodynamic
information from the limiting current measurement, either in quasi-steady state
where I(t) ﬁ;/ 3(t) or, at higher frequency, in terms of spectral analysis. In the lat-
ter case, it is possible to obtain the velocity spectra from the mass-transfer spectra,
where the transfer function between the mass-transfer rate and the velocity per-
turbation is known. However, in most cases, charge transfer is not infinitely fast,
and the analysis also requires knowledge of the convective-diffusion impedance,
i.e., the transfer function between a concentration modulation at the interface and
the resulting flux of mass under steady-state convection.

m Remember! 13.1 While use of a CPE may lead to improved regressions, the
meaning can be ambiguous, and the physical system may not follow the specific distri-
bution implied in the CPE model.
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Figure 13.2: Schematic representation of flow past a small electrode where the coordinate y is
in the direction perpendicular to the plane of the electrode (x,¥).

13.2.1 Analysis

A schematic representation of a small electrode embedded in an insulating wall is
given in Figure 13.2 on which a fast electrochemical reaction occurs under mass-
transport limitation, i.e., ¢;(0) = 0. The length of this electrode in the mean flow
direction is small enough that the diffusion layer thickness 4; is very small, thus
minimizing the effect of the normal velocity component. The normal velocity is
proportional to y?, whereas the longitudinal velocity component is proportional to
¥, where y is the coordinate normal to the wall. Under these conditions, the bound-
ary layer approximations apply. Using a local frame of reference (x, y) attached to
the electrode, the mass conservation equation governing the concentration distri-
bution ¢; of a species transported by convective diffusion can be expressed as

aC,' azc,-

= 5 (13.12)

ac;
+ ﬁyi‘/a—xl =D

where v, = Byy. For simplification, the electrode can be considered to be suffi-
ciently small that the flow is uniform in the diffusion layer and B, is independent
of the space coordinates. The time-average solution for the concentration distribu-
tion has been given by Lévéque.!% As shown in Example 2.2, the concentration in
the diffusion layer can be expressed as

o S0 P e
= Smras) o P M/9)dn+al) (13.13)
where 32/3T(4/3)4; represents the local value of the diffusion layer thickness with

6 = (Dix/ ﬁy)l/ 30<x<L and c;(o0) is the concentration in the bulk. On a
small rectangular electrode of width W, the steady flux is

%dx _ 31/3 (Ci(OO) _ Ci(O)) Diz/aﬁ_,l//st/SW
Y 2T (4/3)

_ L
Ni=W /0 D, (13.14)

or
N; = 0.80755(ci(e0) — ¢;(0)) D2 B,/3L*/*W (13.15)
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Equation (13.15) shows that the steady mass-transfer-controlled flux of a reacting
species is proportional to the cube root of the velocity gradient, i.e.,, N; « ,Bi/ 8,

Example 13.1 Flux on a Small Circular Electrode: Derive an expression for
the steady flux on a circular small electrode of radius R.

Solution: Equation (13.13) can be used to calculate the flux on a circular small electrode
by summing along z, the effect of elementary rectangular strips. In this case, x contained
in the definition of 6; must be replaced by (x — x1), which actually corresponds in the local
Cartesian frame of reference to the distance from the leading edge of any elementary strip.
The position of the leading edge x1(z) is a function of R and z as

R2 — 22 (13.16)
Thus, the expression of the flux is
_ R+vVRI-Z2 acl
Neire = / / _ Dig,dx (13.17)

or 3173 (¢;(c0) — ¢;(0)) D,-z/sﬁ;/a(ZR)S/s

2T (4/3)

Comparison with equation (13.14) reveals that the flux at a circular electrode is 84 percent
smaller than that at a square electrode with L = W = 2R.

_N—circ =0.84

(13.18)

13.2.2 Local Diffusion Convective Impedance

The nonsteady part of the mass balance equation (13.12) may be written as:

jwt; — %% + yﬁyg—&; =0 (13.19)
The boundary conditions for the nonsteady equations are
¢;=¢(0) for y=0and x> x
3—3 =0 for y=0 and x > x1 (13.20)
;=0 for y— oo and all x
A dimensionless concentration 6; can be defined such that
9, = "c}z_i)) (13.21)

The dimensionless normal distance to the wall can be defined to be

1/3
n=y/di=y (——D,( By ) (13.22)

i(x — x1)
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where x; is the coordinate of the leading edge of the electrode as shown in Figure
13.2. Equation (13.22) represents a similarity variable (see Section 2.4). Introduc-
tion of # into equation (13.19) results in definition of a dimensionless position-
dependent frequency given by

(x —x1)? 13
— X1
= At VAR 13.23
i “’( FD; ) (18.2%)
In terms of equations (13.21) to (13.23), equation (13.19) becomes

. 230, 2%,
jKy,i6i + %Kx T]iez—- - -71—8—6—1 - ——9—1 =0 (13.24)

The spatial dependence of the sinusoidal perturbation is evident in the definition
of Kx’,'.

As K, ; contains a dependence on the space coordinates, it is necessary to derive
first the local solution. A solution in the form of a series can be obtained as

6; = io (7Kz1)™ O5,m (1) (13.25)

For this solution the number of terms that play a role in the series increases with
the frequency. Generally the solution given by equation (13.25) is used for the low-
frequency solution, and the high-frequency solution is derived by another method.

Low-Frequency Solution

The elementary functions hy(7) are real and obey

00 7° i _
e+ T 52 =0 (13.26)
and
20. 2 .
OOim | 1 %im _ 2y g (13.27)

an? 3 9y 3

The boundary conditions at # = 0 are 6;(0) = 1, 6;0(0) = 1, and 6;,,(0) = 0 for
all m > 0. The boundary condition at # — o0 is h(e0) = 0. In fact, since the only
observable quantity is the interfacial flux, only its expression is needed, i.e.,

—| = K, )™ Z2Lm 13.28
dn | mz=:o (K1) dn |o ( )

The terms d6; ,/dn|, are tabulated by Deslouis et al.®>” for 0 < m < 79.
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Figure 13.3: Local normalized diffusion impedance for the small electrode given in Figure 13.2.
The solid line represents the low-frequency solution (equation (13.28)), and the dashed line
represents the high-frequency solution (equation (13.31)). Overlap is obtained for 6 < K, ; <
13, with the dimensionless frequency K, ; given by equation (13.23). (Taken from Delouis et
al.197 and reproduced with permission of The Electrochemical Society.)

High-Frequency Solution

Since the concentration modulation is rapidly damped close to the wall at high
frequencies, the convective term can be disregarded and equation (13.24) becomes

020;

Kasbi = 3 =0 (13.29)

The solution to equation (13.29) can be found using the methods described in Sec-
tion 2.2.

Due to the boundary conditions (§; = 0 when 7 — o and 6; = 1 when#n = 0),
the analytic solution is, as given for equation (11.46),

0; = exp [— (ij,,-)l/2 11] (13.30)
The local dimensionless impedance is obtained as

ZD _ [ii_@_,
zp(0) dn

-1
} = — (jKy) 12 (13.31)
0

which is a normalized Warburg impedance as described in Section 11.3. As seen
in Figure 13.3, the high-frequency solution (13.28) and the low-frequency solution
(13.31) present a satisfactory overlap for 6 < K,; < 13.
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13.2.3 Global Convective Diffusion Impedance

The dimensionless impedance of a small electrode can be defined by summing the
effects of the local convective-diffusion impedance, i.e.,
dxdz

ZDO) f/ Sldxdz = — //C(t)%iodxdz=‘—//%om

For a rectangular electrode of length L and of width W, the expression of the im-
pedance is given by

(13.32)

Zp(0) _ m d(-),, dx
g =W [ ( %)™ 2| ) 500 (1333)
By using the dimensionless frequency
1/3
Ki=w (Lz/Diﬁg) (13.34)
equation (13.33) can be expressed as
1/3
Zp(0) _ [ ByL? e
7 _< 5, WD;H(K;) (13.35)
with 3 o,
H(K) = 5 / 2y | K (13.36)

In the low-frequency range, the expression of H(K;) is obtained from the series
expansion (13.28)
(]"K,) d6im

H(K;) = 2m . T s (13.37)

In the high-frequency range, the integration must be split in two parts since the
leading edge of an electrode will be always under a low-frequency regime. In-
deed, the local thickness of the diffusion layer, equal to 32/3I'(4/3)4;(x) and thus
proportional to x1/3, is very small at the leading edge, and K, ; remains there al-
ways small even for high values of w/27. Thus,

K d@,’

3 dae;
H(Ki)=2—K—i(/0 — dKau+/‘71 F

The first integral corresponds to the low-frequency regime and the second one
to the high-frequency regime where equations (13.28) and (13.31) must be used,
respectively. Equation (13.38) becomes

de,,-> (13.38)
0

H(K;) = ===~ + (jK;)'2 (13.39)
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Figure 13.4: Normalized global convective-diffusion impedance for a small rectangular elec-
trode. The solid line represents the low-frequency solution (equation (13.37)), and the
dashed line represents the high-frequency solution (equation (13.40)). Ovetlap is obtained
for 6 < K; < 13, with the dimensionless frequency K; given by equation (13.34). (Taken from
Delouis et al.1%7 and reproduced with permission of The Electrochemical Society.)

The term B(01) has been calculated for o3 < 13, and B(07) was found to be constant
and equal to 0.25j in the frequency range 6 < o1 < 13. This result means that
equation (13.39) is valid for K; > 6 and therefore can be written as

0.255 .
H(K;) =~ + (/K)"? (13.40)

As a consequence, a fair overlap between equation (13.37) and equation (13.40) is
obtained for 6 < K; < 13 as shown in Figure 13.4.

13.3 Geometry-Induced Current and Potential Distributions

The geometry of an electrode frequently constrains the distribution of current den-
sity and potential in the electrolyte adjacent to the electrode in such a way that
both cannot simultaneously be uniform. The primary and secondary current and
potential distributions associated with a disk embedded in an insulating plane,
originally developed by Newman,%!% are presented in Section 5.6. The poten-
tial distribution on the disk electrode is not uniform under conditions where the
current density is uniform and, conversely, the current distribution is nonuniform
under the primary condition where the solution potential is uniform.

The nonuniform current and potential distribution associated with the disk
geometry influences the transient and the impedance response. Nisancioglu and

MRemember! 13.2 Not all time-constant distributions give rise to a CPE.
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Newman?2%201 modeled the transient response of a disk electrode to step changes
in current. The solution to Laplace’s equation was performed using a transforma-
tion to rotational elliptic coordinates and a series expansion in terms of Lengendre
polynomials. Antohi and Scherson expanded the solution to the transient problem
by expanding the number of terms used in the series expansion.202

The geometry-induced current and potential distributions cause a frequency
or time-constant dispersion that distorts the impedance response of a disk elec-
trode.3%203.20¢ Huyang et al.”/192205 have shown that current and potential dis-
tributions induce a high-frequency pseudo-CPE behavior in the global impedance
response of a disk electrode with a local ideally capacitive behavior, a blocking disk
electrode exhibiting a local CPE behavior, and a disk electrode exhibiting Faradaic
behavior.

13.3.1 Mathematical Development

The mathematical development presented here follows that presented by New-
man.’® The development in terms of rotational elliptic coordinates, i.e.,

y =roln (13.41)

and

r=ro0/(1+2)(1~12) (13.42)

was summarized by Huang et al. for blocking electrodes.!0%205

The problem was solved for two kinetic regimes. Under linear kinetics, follow-
ing Newman® and Nisancioglu,?32% the current density at the electrode surface
could be expressed as

o(V — &) 4+ (@g + &) ioF

= G 3 RT (V—dy) (13.43)
2 __x0®
%Y |y=o 7011 9§ |z

The assumption of linear kinetics applies for i << ip. Under assumption of Tafel
kinetics, the current density at the electrode surface could be expressed as

_ a(V — dy) . acF _
= Co——ét—— ip exp (_ﬁ (Vv <I>o)) (13.44)
- x| __x29®

% ly=o 701 95 1z

where the current in the Tafel regime was assumed to be cathodic. A similar ex-
pression can be developed under assumption of anodic currents. The results pre-
sented here are general because the impedance results do not depend on whether
the current is anodic or cathodic.
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The flux boundary conditions (13.43) or (13.44) apply at the electrode surface
(¢ = 0). The boundary conditions (13.43) or (13.44) were written in the frequency-
domain as

~ ~ & 199
Kby ; V, - & == 7 )
0,f +]( r O,r) 7 ot o (13.45)
for linear kinetics and
o = ~ 1 9,
K (¥, - &,) + &0, = |, (13.46)

for Tafel. Here V, represents the imposed perturbation in the electrode potential
referenced to an electrode at infinity, and K is the dimensionless frequency

wCo o
K

K=

(13.47)

Under the assumption of linear kinetics, valid for i << ig, the parameter | was

defined to be )
(&g + ac) Figro

J= RTx
For Tafel kinetics, valid for i >> iy, the parameter | was defined to be a function
of radial position on the electrode surface as

(13.48)

Jy) = 2Ll

Rx (13.49)
where i(17) was obtained from the steady-state solution as
T . ac.F - =
i(n) = —ipexp <_ﬁ (V——<I>o(77))) (13.50)

The local charge-transfer resistance for linear kinetics can be expressed in terms
of parameters used in equation (13.48) as

RT

Ri = —mir—
f ioF (g + &)

(13.51)
The local charge-transfer resistance for Tafel kinetics can be expressed in terms of
parameters used in equation (13.49) as

R; = _—RI—— (13.52)

i(n)acF

For linear kinetics, R; is independent of radial position, but, under Tafel kinetics,
as shown in equation (13.52), R; depends on radial position. From a mathematical
perspective, the principal difference between the linear and Tafel cases is that |
and R; are held constant for linear polarization; whereas, for the Tafel kinetics,
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J and R; are functions of radial position determined by solution of the nonlinear
steady-state problem.
The relationship between the parameter | and the charge-transfer and Ohmic

resistances can be established using the high-frequency limit for the Ohmic resis-
198 4

tance to a disk electrode obtained by Newman, ™ i.e.,
Trg
= — 13.53
R =T (13.53)

where R, has units of Qcm?. The parameter ] can therefore be expressed in terms
of the Ohmic resistance R, and charge-transfer resistance R; as
_ 4R,
TR
Large values of | are seen when the Ohmic resistance is much larger than the

charge-transfer resistance, and small values of ] are seen when the charge-transfer
resistance dominates.

(13.54)

13.3.2 Global and Local Impedances

Following Huang et al.,12 a notation is presented in Section 7.5.2 that addresses
the concepts of a global impedance, which involved quantities averaged over the
electrode surface; a local interfacial impedance, which involved both a local current
density and the local potential drop V — ®g(r) across the diffuse double layer; a
local impedance, which involved a local current density and the potential of the
electrode V referenced to a distant electrode; and a local Ohmic impedance, which
involved a local current density and potential drop ®y(r) from the outer region of
the diffuse double layer to the distant electrode. The corresponding list of symbols
is provided in Table 7.2.

The local impedance z can be represented by the sum of local interfacial impe-
dance zp and local Ohmic impedance z, as

Z=20+ 2 (13.55)

Huang et al.1%22% demonstrated for blocking disk electrodes that, while the lo-
cal interfacial impedance represents the behavior of the system unaffected by the
current and potential distributions along the surface of the electrode, the local im-
pedance shows significant time-constant dispersion. The local and global Ohmic
impedances were shown to contain the influence of the current and potential dis-
tributions.

While the calculations presented here were performed in terms of solution of
Laplace’s equation for a disk geometry, the nature of the electrode—electrolyte in-
terface can be understood in the context of the schematic representation given in
Figure 13.5. Under linear kinetics, both Cp and R; can be considered to be indepen-
dent of radial position, whereas, for Tafel kinetics, 1/R; varies with radial position
in accordance with the current distribution presented in Figure 5.10. The calcu-
lated results for global impedance, local impedance, local interfacial impedance,
and both local and global Ohmic impedances are presented in this section.
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Figure 13.5: Schematic representation of an impedance distribution for a disk electrode where
Z, represents the local Ohmic impedance, Cy represents the interfacial capacitance, which in this
case can be considered to be associated with the double-layer, and R; represents the charge-
transfer resistance. (Taken from Huang et al.97 and reproduced with permission of The Elec-
trochemical Society.)

Global Impedance

The calculated real and imaginary parts of the global impedance response are
shown in Figures 13.6(a) and (b), respectively. At low frequencies, values for the
real part of the impedance differ for impedance calculated under the assumptions
of linear and Tafel kinetics, whereas, the values of the imaginary impedance cal-
culated under the assumptions of linear and Tafel kinetics are superposed for all
frequencies. The slopes of the lines presented in Figure 13.6(b) are equal to +1 at
low frequencies but differ from —1 at high frequencies. As discussed in Section
17.1.3, the slope of these lines in the high-frequency range can be related to the
exponent & used in models for CPE behavior.206

Following the definition of | given in equation (13.49), the curves for ] = 0 in
Figures 13.6(a) and (b) correspond to an ideally capacitive blocking electrode. The
steady-state solution for the current distribution at a blocking electrode is that the
current is equal to zero. The primary current distribution given as equation (5.65)
therefore applies, not at the steady state, but at infinite frequency. For the special
case of a Faradaic system with an Ohmic resistance that is much larger than the
kinetic resistance, ] — o0, and equation (5.65) provides the steady-state current
distribution.

Two characteristic frequencies are evident in Figure 13.6. The characteristic fre-
quency K = 1 is associated with the influence of current and potential distributions
and can be expressed in terms of the capacitance Cp and the Ohmic resistance to a
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Figure 13.6: Calculated representation of the impedance response for a disk electrode under
assumption of Tafel kinetics with | as a parameter. The value | = 0 corresponds to an ideally
capacitive blocking electrode: a) real part; and b) imaginary part.

disk electrode given in equation (13.53) as
4
K= EwReCo (13.56)

The characteristic frequency K/] = 1 is associated with the R;Co-time constant for
the Faradaic reaction.

The frequency K = 1 at which the current and potential distributions begin to
influence the impedance response can be expressed as

X
f= ICore (13.57)
or, in terms of electrolyte resistance, as
f= 1 (13.58)
~ 8CoR. '

The frequency K = 1 at which the current distribution influences the impedance
response is shown in Figure 13.7 with x /Cy as a parameter. As demonstrated in Ex-
ample 13.2, the influence of high-frequency geometry-induced time-constant dis-
persion can be avoided for reactions that do not involve adsorbed intermediates
by conducting experiments below the characteristic frequency given in equation
(13.57). The characteristic frequency can be well within the range of experimental
measurements. The value x/Cy = 10% cm/s, for example, can be obtained for a
capacitance Cp = 10 uF/cm? (corresponding to the value expected for the dou-
ble layer on a metal electrode) and conductivity x = 0.01 S/cm (corresponding
roughly to a 0.1 M NaCl solution). Equation (13.57) suggests that time-constant
dispersion should be expected above a frequency of 600 Hz on a disk with radius
ro = 0.25 cm.
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Figure 13.7: The frequency K = 1 at which the current distribution influences the impe-
dance response with x/Cp as a parameter. (Taken from Huang et al.102 and reproduced with
permission of The Electrochemical Society.)

\

Example 13.2 Characteristic Frequency: Consider an experimental system in-
volving a Pt disk in 0.1 M NaCl solution at room temperature for which impedance mea-
surements are desired to a maximum frequency of 10 kHz. Estimate the maximum radius
for a disk electrode that will avoid the influence of high-frequency geometry-induced time-
constant dispersion.

Solution: The characteristic frequency given in equation (13.57) depends on the ratio
x/Co. The conductivity can be estimated using equation (5.56) and values of diffusivity
taken from Table 5.2. The conductivity can be estimated to be x = 0.013 (Qcm)~1. The
double-layer capacitance for a bare electrode is of the order of Co = 10 uF/cm?. Thus,
x/Co = 1.3 x 10® cm/s, and, following
X
o= 2 fCo

the maximum disk radius is 0.02 cm. This result can also be obtained from Figure 13.7.

(13.59)

Local Interfacial Impedance

For the linear kinetics calculation, where | is independent of radial position, the
scaled real part of the local interfacial impedance follows

20K ]
— = 13.60
romr m(J2+K2) ( )

and the imaginary part of the local interfacial impedance follows

Zo,jK _ K

o = TR (13.61)
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Figure 13.8: Calculated representation of the local impedance response for a disk electrode as
a function of dimensionless frequency K under assumptions of Tafel kinetics with ] = 1. (Taken
from Huang et al.% and reproduced with permission of The Electrochemica! Society.)

The local interfacial impedance is that associated with the boundary at the elec-
trode surface. For a simple Faradaic system, the local interfacial impedance is that
of an resistor in parallel connection to a capacitor and includes no Ohmic resis-
tance. For an ideally capacitive electrode, the local interfacial impedance is that of
a capacitor with no real component.

Local Impedance

The calculated local impedance is presented in Figure 13.8 for Tafel kinetics with
] = 1 and with radial position as a parameter. The impedance is largest at the cen-
ter of the disk and smallest at the periphery, reflecting the greater accessibility of
the periphery of the disk electrode. Similar results were also obtained for ] = 0.1,
but the differences between radial positions were much less significant. Inductive
loops are observed at high frequencies, and these are seen in both Tafel and linear
calculations for ] = 0.1 and | = 1.0.97

Local Ohmic Impedance

The local Ohmic impedance z, accounts for the difference between the local inter-
facial and the local impedances. The calculated local Ohmic impedance for Tafel
kinetics with | = 1.0 is presented in Figure 13.9 in Nyquist format with normalized
radial position as a parameter. The results obtained here for the local Ohmic im-
pedance are very similar to those reported for the ideally polarized electrode and
for the blocking electrode with local CPE behavior.19%205 At the periphery of the
electrode, two time constants (inductive and capacitive loops) are seen, whereas at
the electrode center only an inductive loop is evident. These loops are distributed
around the asymptotic real value of 1/4.

The representation of an Ohmic impedance as a complex number represents a
departure from standard practice. As shown in previous sections, the local impe-
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Figure 13.9: Calculated representation of the local Ohmic impedance response for a disk
electrode as a function of dimensionless frequency K under assumptions of Tafel kinetics with
J = 1. (Taken from Huang et al.97 and reproduced with permission of The Electrochemical
Society.)

dance has inductive features that are not seen in the local interfacial impedance.
These inductive features are implicit in the local Ohmic impedance. As similar
results were obtained for ideally polarized!? and blocking electrodes with local
CPE behavior,?® the result cannot be attributed to Faradaic reactions and can be
attributed only to the Ohmic contribution of the electrolyte.

Global Interfacial and Global Ohmic Impedance

The global interfacial impedance for linear kinetics is independent of radial posi-
tion and is given by
R;

2= T jwCoR;

(13.62)
The global Ohmic impedance Z, is obtained from the global impedance Z by the
expression

Ze=7Z—-27Z9 (13.63)

The real part of Z,, obtained for linear kinetics, is given in Figure 13.10(a), and
the imaginary part of Z, is given in Figure 13.10(b) as functions of dimensionless
frequency K with | as a parameter. In the low-frequency range Z.x/ro7t is a pure
resistance with a numerical value that depends weakly on J. All curves converge
in the high-frequency range such that Z.x/ry7t tends toward 1/4. The imaginary
part of the global Ohmic impedance shows a non-zero value in the frequency range
that is influenced by the current and potential distributions.

MRemember! 13.3 The Ohmic impedance is a complex quantity that is influenced
by geometry-induced current and potential distributions.
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Figure 13.10: Calculated global Ohmic impedance response for a disk electrode as a function of
dimensionless frequency for linear kinetics with | as a parameter: a) real part; and b) imaginary
part.

At high and low-frequency limits, the global Ohmic impedance defined in this
section is consistent with the accepted understanding of the Ohmic resistance to
current flow to a disk electrode. The global Ohmic impedance approaches, at
high frequencies, the primary resistance for a disk electrode (equation (13.53)) de-
scribed by Newman.!®® This result was obtained as well for ideally polarized!®
and blocking electrodes with local CPE behavior.2%> The global Ohmic impedance
approaches, at low frequencies, the value for the Ohmic resistance calculated by
Newman® for a disk electrode. Again, this result was seen as well for blocking
electrodes.}922% The complex nature of the global and local Ohmic impedances is
seen at intermediate frequencies. This complex value is the origin of the inductive
features calculated for the local impedance and the quasi-CPE behavior found at
high frequency for the global impedance.

13.4 Porous Electrodes

Porous electrodes are used in numerous industrial applications because they have
the advantage of an increased effective active area. A porous electrode can be ob-
tained by such different techniques as pressing metal powder or dissolution.%2
This type of porous electrode structure is also observed on some corroded elec-
trodes.?” It is important to recognize that a porous electrode is not the same as a
porous layer. The structure may be the same, but, while the pore walls are elec-
troactive for a porous electrode, the pore walls are inert for a porous layer.

The random structure of the porous electrode, illustrated in Figure 13.11(a),
leads to a distribution of pore diameters and lengths. Nevertheless, the porous
electrode is usually represented by the simplified single-pore model shown in Fig-
ure 13.11(b) in which pores are assumed to have a cylindrical shape with a length ¢
and a radius r. The impedance of the pore can be represented by the transmission
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Figure 13.11: Schematic representations of a porous electrode: a) porous electrode with irreg-
ular channels between particles of electrode material; and b} transmission line inside a cylindrical
pore.

line presented in Figure 13.11(b) where R is the electrolyte resistance for one-unit
length pore, with units of Qem™1, Zj is the interfacial impedance for a unit length
pore, with units of (dem, r is the pore radius in cm, and £ is the pore length in cm.
The specific impedances Rg and Zy can be expressed in function of the pore radius
as

.
Ro=- (13.64)
and 7
]
Zy=72 (13.65)

respectively, where Z,; is the interfacial impedance per surface unit, with units of
Qcm?, and p is the electrolyte resistance, with units of Qcm.

In the general case, Zy and Ry are functions of the distance x. This dependence
is due to the potential distribution or/and to the concentration distribution in the
pore. The general solution can be obtained only by a numerical calculation of the
corresponding transmission line. For example, the impedance of a porous elec-

m Remember! 13.4 A porous electrode is not the same as a porous layer. The struc-
ture may be the same, but, while the pore walls are electroactive for a porous electrode, the
pore walls are inert for a porous layer.
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trode in the presence of a concentration gradient was numerically studied by Ked-
dam et al.?® but only a totally irreversible charge-transfer reaction was considered
and the Ohmic drop in the pore was neglected. A complete numerical calculation
in the presence of a concentration gradient and a potential drop in the pores was
developed later by Lasia.?®

With the restrictive assumption that Zy and Rg are independent of the distance
x, de Levie¥ calculated analytically the impedance of one pore to be

Zaelevie = (RoZo)'/? coth(£ ?) (13.66)
0

The derivation of the de Levie impedance, given in equation (13.66), is presented
in Example 13.3. The impedance of the overall electrode is obtained by accounting
for the ensemble of n pores and for the electrolyte resistance outside the pore, i.e.,

Z=R.+ @ (13.67)

The set of equations (13.64)-(13.67) yields an expression for the impedance of the
porous electrode Z that is a function of three geometrical parameters ¢, r, and n as

_ (pZeg)'/? 2p
Z=R,+ W coth | £ rZeq (1368)

The shape of the pores influences the value of the impedance,?° but, in the high-
frequency range, this geometrical influence disappears and the impedance is pro-
portional to (Z)!/2

\

Example 13.3 Derivation of the de Levie Formula: Derive the de Levie for-
mula given as equation (13.66).

Solution: The transmission line corresponding to transport within a pore is given in
Figure 13.11(b). At a distance x from the pore edge, the potential is u(x) and the current
crossing a resistance Rodx is i(x). The difference of potential at the edges of the resistance
is

du(x) = Roi(x)dx ‘ (13.69)
The current flowing through the impedance Z,/ dx is given by
di(x) = u—(x-)-dx (13.70)
Zy

From equations (13.69) and (13.70), the differential equation

d2u Ro
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is obtained. The solution of equation (13.71) is

u(x) = Aexp [—x\/MJ + Bexp [x\/ Ro/Zo] (13.72)

For x =0, i = 0; thus, A = B. The overall current is given by

/ 7 LICIPN ——\/%[exp [—x\/Ro/Zo]+Bexp [x\/Ro/ZOH (13.73)

and the overall impedance is obtained as

Z= ”((f)) v/ZoRg coth (z\/g’) (13.74)

Equation (13.74) is the de Levie impedance given in equation (13.66).

Several limiting behaviors can be seen in equation (13.68). For example, recog-
nizing that
xl_ll;IOIO coth(x) =1 (13.75)

when the argument to the coth function, £,/2p/rZ,, is sufficiently large,
coth(€4/20p/1Z5) — 1 (13.76)

(Z — Re) = (pZeg)Y? /v 27nr3/? (13.77)

In this particular case, the pores behave as though they are semi-infinitely deep.
The parameters r and n cannot be determined separately by regression analysis.
Only the product (*/2n) can be obtained. Other limiting behaviors of equation
(13.68) are explored in Problems 13.8 and 13.9.

\
Example 13.4 Corrosion of Cast Iron in Drinking Water: The internal cor-
rosion rate of drinking water pipes is very small and, in itself, corrosion is generally not
a problem. But free chlorine (FCl) (the sum of hypochlorous acid HOCI and hypochlorite
ions C1O7) introduced in water at the treatment plant in order to maintain microbiolog-
ical quality, gradually disappears throughout the distribution system, which necessitates
rechlorination. In order to optimize rechlorination procedures, the different sources of chlo-
rine consumption must be identified. The most often invoked and investigated causes of
chlorine decay are the chemical bulk oxidation of organic compounds dissolved in water
and the reactions with biofilms on the pipe surface. Furthermore, chlorine reacts with the
pipe materials themselves in the corrosion process of cast iron pipes. The corrosion has
been invoked as an important source of chlorine decay and thus the corrosion rate must be
evaluated.?”” Derive a model for the impedance response of an iron electrode, taking into

and
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account the material presented in Chapters 9, 10, and 11 and treating the iron as a porous
electrode with pores filled with corrosion product as shown in Section 9.3.2.

Solution: Free chlorine can be directly involved in the corrosion process and reduced at
the metal-water interface, following the electrochemical reaction, given for acidic pH by

HOCl+H' +2¢~ 2 Cl™ + H,0O (13.78)
coupled with the anodic dissolution of ferrous material
Fe = Fe?t + 2e” (13.79)

On the other hand, chlorine can be chemically reduced by ferrous ions produced by reaction
(13.79), according to the homogeneous reaction (in acidic media)

2Fe?t + HOCI + HT 2 2Fe*t + C1™ + H,O (13.80)

In aerated and chlorinated waters, the rate of reaction (13.78) can be considered to be neg-
ligibly small, and the single cathodic process coupled with the dissolution of iron is the
reduction of dissolved oxygen, written in acidic media as

%Oz +2H* +2e~ 2 H,0 (13.81)

The analysis of the corrosion products suggests the scheme presented in Figure 13.12 for
the cast iron—drinking water interface:

o On top, the red rust layer explains the absence of hydrodynamic effects after two days
of immersion. This layer, which is an electronic insulator but an ionic conductor, does
not play any role on the kinetics.

o Below the reddish layer, an electronically conductive layer of black rust, pictured as
an arrangement of macropores, covers the metal except at the end of the pores. The
flattened aspect of the diagrams reflects the presence of this macroporous layer.

o The black rust is covered by a very compact microporous layer, made up of green
rust and calcium carbonates. This film influences the high-frequency loop of the
impedance diagrams.

From this physical model, an electrical model of the interface can be given. Free corrosion
is the association of an anodic process (iron dissolution) and a cathodic process (electrolyte
reduction). Therefore, as discussed in Section 9.2.1, the total impedance of the system near
the corrosion potential is equivalent to an anodic impedance Z; in parallel with a cathodic
impedance Z. with a solution resistance R, added in series as shown in Figure 13.13(a).
The anodic impedance Z, is simply depicted by a double-layer capacitance in parallel with
a charge-transfer resistance (Figure 13.13(b)). The cathodic branch is described, following
the method of de Levie,”” by a distributed impedance in space as a transmission line in
the conducting macropore (Figure 13.12). The interfacial impedance of the microporous
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Figure 13.12: Schematic representation of the cast iron - water interface. (Taken from Frateur

et al.207)
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Figure 13.13: Equivalent circuit for: a) the total impedance of the cast iron—water interface;
b) the anodic impedance; and c) the interfacial impedance of the microporous layer.
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layer Zy is given in Figure 13.13(c). The term Ry represents the Ohmic resistance of the
electrolyte through the film, and the term Cj represents the film capacitance. The Ohmic
resistance Ry is in series with the parallel arrangement of the cathodic double-layer capaci-
tance C§; and the Faradaic branch consisting of a cathodic charge-transfer resistance R{ in
series with a diffusion impedance Zp (see also Figure 9.4). The term Zp, which describes
the radial diffusion in the macropores, i.e., through the red rust, is given by equation
(11.70).

Thus, the anodic surface corresponds to the end of the macropores, whereas the cathodic
reaction occurs at the end of the micropores, which are located at the walls of the macropores.
It should be noted that this physical—electrical model describes the behavior of cast iron at
any time of immersion.

The calculation gives, for the cathodic impedance, the general form

Z. = v/ RoZy coth (é-) (13.82)

_ 2o
A= / R (13.83)

and where £ is the mean length of the macropores and A is the penetration depth of the
electrical signal. When £ is small with respect to A, the macropores respond like a flat
electrode and the cathodic impedance tends to Zy/£. In this case, the angle made by the
diffusion impedance is equal to 45°. When £/ A becomes large, the macropores behave as
though they were semi-infinitely deep. Thus, coth(£/A) tends to unity, and Z, equals
v/RoZy, which gives an angle of about 22.5° in the so-called Warburg domain.

With the model illustrated in Figures 13.12 and 13.13, the impedance diagrams were
analyzed by using a nonlinear least-squares regression procedure to extract physically
meaningful parameters. For each time of immersion, the electrolyte resistance was mea-
sured separately and fixed in order to decrease the number of unknown parameters. The
error structures identified by means of the measurement model described in Chapter 21
were used to weight the data during regression of the physical model.

The results of the fitting for water containing 2 mg 1= of FCl after 3, 7, and 28 days
of immersion are presented in Figures 13.14(a), (b), and (c), respectively. The model fits
the experimental data very well, even under conditions where the diffusion loop is badly
defined (i.e., at long times of immersion). Therefore, despite the large number of param-
eters imposed by the physical model, each parameter could be determined with a narrow
confidence interval. The calculated diagrams show that the HF loop is, in fact, composed
of two capacitive loops: one related to the microporous film and the other to the cathodic
charge transfer. Due to the similar values of the time constants R{CS, and R;Cy, the two
corresponding half-circles were nearly indistinguishable. The low-frequency loop charac-
terizes the diffusion of the solute as well as the anodic charge transfer. After 28 days of
immersion, the theoretical diagram makes an angle of 45° in the very-high-frequency range
and the angle of the diffusion impedance is 22.5°, which means that the pores behave as
though they are semi-infinitely deep at these frequencies.

with



13.4 POROUS ELECTRODES

259

2 T T L] T 1 L] L}
100 mHz
-~ 1F 9
r\IF PP
I,’ 10 mHz
0 ) 7 1 L i i AL 1
0 2 3 4
1.7kQ 5 6 7 Rp 8
Z /ka
@
5 L) 1 L] L)
39.8 mHz
g .
N
,/ 2.5 mHz
0 i L . e L AL
0 5 10 15 20 " 25
24 ka
Z/kQ °
()
20
$
N
0 ']
025k 20 40 60 80 " 100
Z /kQ g
()

Figure 13.14: Regression results for the impedance diagrams of the cast iron rotating disk
electrode after (a) 3, (b) 7, and (c) 28 days of immersion in Evian water with 2 mg I=! of FCL
( ) Experimental data and (o) fitted values using the equivalent circuits given in Figure 13.13.

(Taken from Frateur et al.

207)
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Figure 13.15: Equivalent circuit corresponding to an electrode covered by an oxide layer.

The anodic charge-transfer resistance could be extracted from the fitting procedure.
Thus the method provided a reliable value of the corrosion current and rate. This corrosion

rate is about 10 micrometers per year, which is not negligible if the chlorine consumption
is considered.

13.5 Oxide Layers

The electrochemical impedance of an oxide layer reveals an apparent CPE behav-
ior in the high-frequency range, and the origin of the CPE behavior is generally
attributed to a distribution of time constants. The influence of a distribution of
time constants along the electrode surface (i.e., a 2-D distribution) was discussed
in Section 13.3. A time-constant dispersion can also be attributed to a distribution
along the dimension normal to the electrode surface (i.e., a 3-D distribution). The
LEIS technique described in Section 7.5.2 can be used to distinguish between a 2-D
and a 3-D distribution.!’* With the LEIS technique, a 2-D distribution is charac-
terized at high frequencies by pure capacitance behavior, and a 3-D distribution
is characterized by an apparent CPE behavior. Of course, a local CPE behavior
characteristic of a 3-D distribution can be also be involved in a 2-D current and
potential distribution as discussed in Section 13.3.2% For an oxide layer, the distri-
bution in the direction normal to the electrode surface can be due to varying oxide
composition.

In a first approximation, the equivalent circuit presented in Figure 13.15 can
be used to represent the electrode in which the interfacial impedance between the
oxide and the electrolyte was assumed to be negligible as compared to the coating
impedance. The impedance of the oxide layer can be considered to correspond to a

MRemember! 13.5 Not all depressed semicircles correspond to a CPE behavior.
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Figure 13.16: Equivalent circuit corresponding to an oxide layer with an axial distribution of
dielectric and resistive properties.

large number of Voigt elements as represented in Figure 13.16. The capacity C(x) is
the capacity of a dielectric with a thickness dx, and the resistance R(x) corresponds
to a layer of same thickness dx with a conductivity x(x).
The local impedance is obtained by integration along the distance x from 0 to
the coating thickness d, i.e.,
: dx

Zy = 0/ %) (1 F jweoe/x(x)) (13.84)

As shown in Table 5.4, the dielectric constant ¢ varies in a narrow range for a metal
oxide. Thus, to a first approximation, e can be considered to be independent of x,
and the conductivity x may be assumed to be a function of x.

For an oxide layer, Young'® assumed that the nonstoichiometry of the oxide
layer resulted in an exponential variation of the conductivity with the normal dis-
tance to the electrode as

x(x) = x(0) exp (—x/d) (13.85)

The Young impedance for the gradient presented in equation (13.85) can be ex-
pressed as

)

2Y = 5aty

(13.86)

1+ jwtexp (%)
1+ jwt ]

where Cy = €peS/d is the oxide film capacity, and T = RCy = gge/x(0) is the time
constant.!”!
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Figure 13.17: Young impedance given by equation (13.86) and obtained with Cy =
1.25 uF/cm?, 5/d = 026, and T = 2.11 x 10™* s.: a) Nyquist representation; b) phase
angle as a function of frequency; and c) imaginary impedance as a function of frequency on a
logarithmic scale.

An example of the Young impedance is plotted in Figure 13.17 in different coor-
dinates. In Figure 13.17(a), the Young impedance appears as a depressed semicir-
cle, similar to what is obtained for a resistance in parallel with a CPE (see Section
13.1). The phase angle is given in Figure 13.17(b) as a function of frequency. Clearly
no constant phase angle is found, but, in spite of the depressed semicircle of Figure
13.17(a), the phase angle approaches —90 degrees at high frequencies. The slope of
the lines in Figure 13.17(c) confirms that the CPE exponent « is not independent of
frequency and approaches a value of unity at large frequencies. However, if only
a limited frequency range is considered, the data can be described by a CPE with
a <L

In this case, a CPE could be used to describe the experimental data obtained
in a limited frequency range, but, when a physical model is assumed, as for the
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Young impedance, true CPE behavior is not found. It should be noted that the
CPE model corresponds to a specific distribution of time constants that may or
may not correspond to a given physical situation. Local impedance measurements
can give information about the nature of this distribution, whether 2-D, 3-D, or
both. This example shows that not all depressed semicircles correspond to a CPE
behavior.

Problems

13.1

13.2

13.3

13.4

13.5

13.6

13.7

13.8

13.9

Provide an analytic solution to equations (13.26) and (13.27), and write ex-
plicitly the equation corresponding tom = 1.

Consider a 0.25 cm radius Pt disk in a 0.1 M NaCl solution at room temper-
ature. Estimate the frequency above which geometry-induced time-constant
dispersion will influence the impedance response.

Consider a 0.25 cm radius steel disk covered with a native oxide layer. The
electrolyte is a 0.1 M NaCl solution at room temperature. Estimate the fre-
quency above which geometry-induced time-constant dispersion will influ-
ence the impedance response.

Consider a 0.25 cm radius steel disk covered with a polymer coating that
has a thickness of 100 ym. The electrolyte is a 0.1 M NaCl solution at room
temperature. Estimate the frequency above which geometry-induced time-
constant dispersion will influence the impedance response.

Time-constant distributions were described in Section 13.1.1 as having either
a 2-D or a 3-D character. Under what conditions could a system show CPE
behavior resulting from a distribution in only the axial direction?

Find the equations that are necessary to solve the response of a small elec-
trode to a rotation speed modulation.

A thin layer cell is comprised of an isolated plane at a very short distance
e from a working electrode. By considering the system with a cylindrical
symmetry, calculated the impedance of a disk electrode in this configuration.

Explore the limiting behavior of equation (13.68) when £,/2p/rZ,, is very
small. What independent parameters or combinations of parameters can be
obtained by regression of this model to experimental data? To what geome-
try does this limit conform?

Explore the behavior of equation (13.68) when £,/2p/rZ,, is neither very
small nor very large. What independent parameters or combinations of pa-
rameters can be obtained by regression of this model to experimental data?
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Chapter 14

Generalized Transfer Functions

Electrochemical measurements are generally designed either to analyze an inter-
facial mechanism by kinetic characterization and chemical identification of the re-
action intermediates or to estimate a parameter characteristic of some process (i.e.,
corrosion rate, deposition rate, and state of charge of a battery) from the measure-
ment of a well-defined quantity.

Electrical techniques are extremely efficient for disentangling the coupling be-
tween mass-transport and chemical and electrochemical reactions or for perform-
ing a test, because they allow in situ study of the electrochemical system. The
techniques placed at the electrochemist’s disposal are founded on an application
of signal processing to electrochemistry. By using a small-amplitude sine-wave
perturbation, electrochemical systems can be considered to be linear, and they can
be investigated on the basis of a frequency analysis of a transfer function involving
at least one electrical quantity (current or potential). So far, most significant results
have been obtained by measurements of the electrochemical impedance, which
leads to kinetic characterization of the phenomena in terms of process rates (mass
transport, electrochemical, or chemical reaction). More recently, use of nonelectri-
cal quantities has been introduced in impedance spectroscopy, which complements
those obtained by measuring the electrochemical impedance.

The object of this chapter is to provide a framework for the variety of electri-
cal and nonelectrical impedance techniques that have emerged and to provide a
consistent set of notations that can be used to describe the results of these mea-
surements. The presentation follows the treatment of Gabrielli and Tribollet.>

14.1 Muiti-lnput/Multi-Output Systems

During the last 30 years, the measurement of the impedance of an electrode has
become a technique widely used for investigating numerous interfacial processes.
The interpretation of this quantity is based on models obtained from the equations
governing the coupled transport and kinetic processes, which may include hetero-
geneous and/or homogeneous reaction steps. Although these models are able to
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Figure 14.1: Schematic representation of an electrochemical system with input, output, and
state variables. (Taken from Gabrielli and Tribollet.5?)

explain many complex behaviors, they can be questioned so long as they are not
supported by additional experimental evidence.

Unfortunately, in situ analytical identification of reaction intermediates or of
surface layers remains extremely difficult. Therefore, it is convenient to comple-
ment the impedance measurement, which relates only electrical quantities, with
the measurement of complex transfer functions of different natures, which involve
other types of quantities. In fact, the modeling of these new quantities is carried
out on the same basis as those that govern the electrochemical impedance. As an
example, the ac impedance measured on the diffusion plateau of the anodic dis-
solution of metal is often very difficult to analyze because of the close coupling
between kinetics and mass transport. By perturbing the rotation speed of the elec-
trode and measuring the current, the electrohydrodynamic (EHD) impedance is
obtained (see Chapter 15). EHD impedance reveals directly the influence of mass
transport on surface phenomena and thereby gives additional information on the
process. The model that expresses the coupling between surface kinetics and mass
transport can be tested against both the EHD impedance and the electrochemical
impedance.

For any electrochemical system, the state of the electrochemical interface is de-
fined by three classes of quantities that are shown in Figure 14.1:

1. The input quantities or constraints W; impose the experimental conditions.
These may include the electrode potential U (or overall current I), the tem-
perature T, the pressure p, the rotation velocity of the electrode (2, and the
magnetic field B.

2. The values of state quantities X; fix the state of the system. These may include
the concentration of the reacting species c;, the coverage of the electrode by
the intermediate species -;, and the local interfacial potential V(x,y, z).

m Remember! 14.1 Measurement of different transfer functions provides a conve-
nient in-situ method to probe electrochemical systems.




141 MULTIINPUT/MULTI-OUTPUT SYSTEMS 267

3. The output quantities Yj allow observation of the state of the system. These
may include the current I (or potential U), the reflective power of the elec-
trode surface R, the mass added or removed from the electrode M, and the
current flowing through a secondary electrode (often a concentric ring to a
disk electrode) Iring.

Each output quantity Y can be considered to be a function, which is often very
complicated, of the constraints or input quantities.

Yy=G(W;) (forjand k=12...) (14.1)

Equation (14.1) may be called the input-output relationship. In order to write equa-
tion (14.1), different steps involving the evolution equation of the state quantities
generally have to be considered, i.e.,

% = H(X,W;) (for i, l,andj =1,2...) (14.2)
Y, = R(X,W;)  (for k,i,andj = 1,2...) (14.3)

The set of equations (14.2) governs the time change of the state quantities. The set
of equations (14.3) allows the output quantities to be obtained. Equations (14.3)
can be called the observation equations.

In general, the functions H; and F are nonlinear. These nonlinearities are usu-
ally due to the exponential activation of the electrochemical rate constants by the
potential (see Section 5.5). In addition, even for time-invariant electrochemical
systems, equations (14.2) can comprise either differential equations, when only ki-
netic equations are considered to be involved at the interface, or partial differential
equations, when distributed processes occur in the bulk of the solution (such as
may result from transport of the reacting species or a temperature gradient in the
solution).

A general time-dependent solution of the set of differential equations given
by equations (14.2) and (14.3) is usually impossible or very difficult to obtain.
This general solution corresponds, for example, to cyclic voltammetry or step re-
sponses. The steady-state solution of this set of equations obtained for dX;/dt =0
can be derived more easily, and then, if a small perturbation of the input quantities
dW;(t) about the steady-state value W; is imposed, a small change of the output
quantities dY;(t) about the steady value Yy is observed. A linearization of equa-
tions (14.2) and (14.3), for example, by neglecting the expansions above the first
order, gives an approximate description of the real system in the time domain

Z—): = AdX + BdW (14.4)
dY = CdX + DdW (14.5)
where A, B, C, and D are matrixes whose components are equal to
4= 2k (146)
T X, Wi jk
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B, = oHi (14.7)
aw7 Xk,Wm,j;ém

Cj = i (14.8)
0X; X W j#k

Dy = Ok (14.9)
OWj | Xy Wy

respectively, and dX, dY, and dW are column vectors whose components are dX;,
dYy, and dWy, respectively.

When a small-amplitude sine wave perturbation is added to one input quan-
tity, under linear conditions, each state quantity and each output quantity can be
written formally for the quantity of interest x as

X = X +Re {X(w) exp(jwt) } (14.10)

where Re{x} represents the real part of x, and X(w) is generally a complex quan-
tity independent of the time but depending on the frequency, i.e.,

X(w) = |X(w)|exp(jo) (14.11)

where ¢ is the phase shift. With the previous notation, the perturbation of the
quantity x in the time domain, dx(t), is related to the perturbation of the same
quantity in the frequency domain, X(w), by

dx(t) = Re{#(w) exp(jwt)} (14.12)

Equations (14.6), (14.7), (14.8), and (14.9), which describe the system in the time
domain, become, in the frequency domain,

jwX = AX+BW (14.13)

and 5 _ _
Y=cX+DW (14.14)

where X, Y, and W are column vectors, with components X,-, Yk, and W,,.
By eliminating X, the output quantity Y is obtained as a function of the input
quantity w
Y = (C(jw) — A)"'B+ D)W (14.15)

The matrix (C(jw] — A)~!B + D) is the generalized transfer function of the electro-
chemical interface considered as a multi-input W;/multi-output Y; system. Each
term of the matrix is an elementary transfer function and J is the identity matrix.
The transfer function may be analyzed as a function of the static property space,
which represents a linearized characterization of the system. The same information
is obtained as would be obtained by analyzing the entire nonlinear electrochemical
system, which is much more complex. As an example, for the electrical quantities
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the measurement of the impedance about each polarization point of the steady-
state current-voltage curve leads to an exhaustive analysis of the electrochemical
interface. No information is lost as compared to a large-amplitude perturbation
technique such as cyclic voltammetry. It is equivalent to carrying out several im-
pedance measurements all along the current-voltage curve or cyclic voltammetry
at different sweep rates, but the mathematical analysis of the impedance measure-
ments is much simpler due to the linearity of the equations.
If the k™ row of the matrix that gives the transfer function is developed,

Yo=Y Zx W, (14.16)
]

where Z; is the elementary transfer function between Y; and W;. Each elementary
transfer function is generally a complex quantity, but, when the frequency tends
toward zero, Z;x tends toward 9Y;/9W;|w,, which is the partial derivative of the
steady-state solution Y with respect to W; (e.g., polarization resistance U /9l |w,
for the electrical quantities).

The proliferation of different and conflicting sets of notation for different impe-
dance techniques makes necessary a unified approach for describing the transfer
function resulting from all impedance measurements. A unified notation is pre-
sented in the following section for cases where the electrical properties (current or
potential) are the measured output quantity and where the input forcing function
is nonelectrical. A subsequent section addresses cases for which the input forcing
function is electrical.

14.1.1 Current or Potential Are the Output Quantity

As I and U play a particular role in an electrochemical system, and both can be
considered to be either input or output quantities, according to the type of regula-
tion of the polarization (potentiostat or galvanostat), I and U appear in either the
input or the output vector columns. According to equation (14.16)

T=27U+Y. ZimWn (14.17)
m

U=ZI+Y ZymWn (14.18)
m

m Remember! 14.2 The small-signal transfer function may be analyzed at different
values of the static property space, which represents a linearized characterization of the
system. The same information is obtained as would be obtained by analyzing the entire
nonlinear electrochemical system using a large-amplitude perturbation technique such as
cyclic voltammetry, but the analysis is simpler.
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where Z is the usual electrochemical impedance, Z;,, is the elementary transfer
function between the current response to the perturbation of the m" input quantity,
and Zy », is the elementary transfer function between the overvoltage response to
the perturbation of the m* input quantity.

Equations (14.17) and (14.18) are simultaneously satisfied; therefore, by replac-
ing I in equation (14.17) by its value given by equation (14.18),

T=2YZT+ Y. ZumWn) + Y Z1mWh (14.19)
m m
ie., ~
Y (ZumZ ™ + Zim) Wy =0 (14.20)
m

Thus, for any input quantity m
ZumZ 1+ Zim =0 (14.21)

Therefore, the elementary transfer functions that give the response of current and
potential to the perturbation of the m'™ input quantity are related by the electro-
chemical impedance. For a given experiment, only one input quantity is sinu-
soidally modulated around a mean value, and all others are maintained constant
by different regulations.

The notation such as the ratio Y;/W,, means that all input quantities W; (with
i # m) are fixed. Then equation (14.21) can be written as

@-OF)
Wi I Wi

According to this notation, (U /W) is obtained in galvanostatic regulation (T=0),
U1/T is the usual electrochemical impedance Z obtained for Wy, = 0, and (I/Wy,)
is obtained in potentiostatic regulation (I = 0). Equation (14.22) has been given
previously in the particular cases of the speed modulation of a rotating disk elec-
trode,?!! of a magnetic field modulation,!?* and for a temperature modulation.?1

The experimental arrangement devised for the transfer-function measurements
involving electrical input and output quantities is illustrated in Figure 14.2. The
transfer-function analyzer generates the perturbing signal dE(t) and the control
device of the electrical quantity delivers the responses dI(t) or dU(t) of the current
or potential to channel 1 of the analyzer. As shown in Figure 14.2, a sensor adapted
to the observed output quantity Y, allows measurement of the response dY;(t) of
this output quantity. The analyzer measures the transfer function between Y; and
U (Y2/U) or between Y; and [, i.e., (Y2/I).

14.1.2 Current or Potential Are the Input Quantity

For any output k, if a galvanostatic regulation is considered, equation (14.16) can
be written as _
Yo =Ziil + ) ZiWn (14.23)
m
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Figure 14.2: The experimental arrangement devised for the transfer function measurements
involving nonelectrical input quantity and electrical output quantity.

where Z; ; is the elementary transfer function between the response of the k' out-
put quantity and the perturbation of the current and Z; ,, is the elementary transfer
function between the response of the k! output and the perturbation of the m% in-
put quantity.
If only the input I is modulated, the output Y; and U can be written
e =Zi1l (14.24)
u=2z71 (14.25)
Then ~ o~ -
B _Zo_ Nl
u z 1Iu
where U /T is the usual Slecjrochemical impedance Z, Yk /T is the transfer function
between Y; and I, and Y /U is the transfer function between Yy and U. Note that
the only difference between equation (14.22) and equation (14.26) is a minus sign
coming from the implicit function derivation.

The experimental arrangement devised for the transfer-function measurements
involving a nonelectrical output quantity, the current or the potential being the

(14.26)

m Remember! 14.3 Equation (14.22) provides the relationship between the usual
electrochemical impedance response and the transfer function for cases where current or
potential is the output. Equation (14.26) provides the corresponding relationship for cases
where current or potential is the input. Equation (14.22) and equation (14.26) are distin-
guished by a minus sign resulting from the implicit function derivation.
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Figure 14.3: Principles of the experimental arrangement used for transfer-function measure-
ments where current or potential is the input quantity.

input quantity is illustrated in Figure 14.3. The transfer-function analyzer gener-
ates the perturbing signal dE(t) and the control device of the electrical quantity
delivers the responses dI(t) and dU(t) of the current and potential to channels 1
and 2 of the transfer-function analyzer. A sensor adapted to the observed output
quantity Y3 allows the response dY3(t) of this output quantity (see Figure 14.3).
The transfer-function analyzer simultaneously measures the electrochemical im-
pedance U/T and the transfer function between Ys and U Y3/U and between Y3
and I 173/ I If required, a second sensor, also shown in Figure 14.3, can measure
the response dY,(t) of a second output quantity. This last feature makes this multi-
transfer-function technique very flexible. The simultaneous measurement of the
electrochemical impedance {I/T and of the transfer function Y3/T requires the use
of a four-channel transfer-function analyzer.

14.1.3 Experimental Quantities

It is necessary to notice that the interfacial potential V and the Faradaic current I;
are state quantities generally related to the observable experimental quantities U
and I by

U=V+R.I (14.27)
and v
I=1 ¢+ Cdlﬁ (14.28)

where R, is the electrolyte resistance and Cy; is the double-layer capacitance.
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From a modeling point of view, the kinetic equations and the evolution equa-
tions generally involve I ¢ and V, so, in a first step, it is more convenient to write
the different equations by considering I and V to be the observable quantities (in-
put or output) and, at the end, to use equations (14.27) and (14.28) to write the final
relation with I and U.

14.2 Transfer Functions Involving Exclusively Electrical Quantities

The examples of transfer functions presented here involve exclusively electrical
quantities, but are distinct from the usual impedance measurements described in
other parts of this book.

14.2.1 Ring-Disk Impedance Measurements

In the late sixties, Albery et al.?!3 investigated extensively the rotating ring-disk elec-
trode (rrde). The extension to the dynamic regime, in principle, can, by studying the
species collected on the ring, yield information on changes with time and potential
of the number of species trapped on the disk surface during the electrode process.
This approach was extended to the study of the collection efficiency response to a
sine wave perturbation to the disk potential.?4

The principle of an rrde is the following:

1. The species A transforms electrochemically into B at the disk, e.g.,
A — B+ nggke” (14.29)

where the charges carried by A and B are such that reaction (14.29) is electri-
cally balanced.

2. The species B leaves the disk and is transported by convective diffusion to
the ring.

3. The species B reacts at the ring and is transformed into P, e.g.,

The product P may be identical to A, the initial species, as in the case of a
redox system, or may be different.

The number of electrons concerned in reaction (14.29) or (14.30), i.e., ngjsk OF Hring,
is positive for an anodic and negative for a cathodic process. It can be seen that
the rrde operates in three distinct processes: electrochemical reaction at the disk,
coupling between the disk and the ring through the convective diffusion, and col-
lection at the ring.

At the steady state, the collection efficiency is defined to be

N = ling (14.31)
disk
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In a similar way, the collection efficiency under an ac signal at the angular fre-
quency w is defined by:

N(w) = 08 (14.32)
ldisk
As the disk and the ring current are linked through three distinct steps, M (w) can
hence be split as the product of three transfer functions, i.e.,

' N
N((IJ) — ’z'vrmg NB disk {VB,ring jrmg Ndmk(w)M (w)/ng(w) (14.33)
Idisk ld1sk NB disk NB ring

where Np 4isk is the flux of species B at the disk interface and Ng ring is the flux of
species B at the ring interface. In equation (14.33), Nﬁng(w) = NB'ﬁng /?ﬁng is the
kinetic efficiency of the ring process. If this process is sufficiently fast that it is
controlled entirely by convective diffusion, then Ning(w) = 1/nringF, where F is
Faraday’s constant. The applicability of the rrde is in fact closely dependent on the
possibility of finding a suitable ring material and electrochemical system for which
Niing(w) can be considered constant.

The term N;(w) = N ring/ Npdisk is determined completely by mass transport,

and, therefore, NV;(w) can be reduced by the dimensionless frequency pSc'/? (see

Chapter 11). No analytic expression is available, and a numerical solution must be
derived for each geometry.

The term Nyg(w) = Np, disk/1disk is the kinetic emission efficiency, which de-
pends only on the kinetics at the disk electrode. At the steady state,

1
NgiskF

Lim Nsic(w) = (14.34)
In the transient regime, a fraction of the disk current Taisk may be stored at the disk
surface as the charge 7, implied in the Faradaic process through the formation of
adsorbed intermediate species (2-D) or of films (3-D). From the conservation of
electrical charge, _ 5

idisk = MdiskF N disk + jwq (14.35)

Equation (14.35) becomes

Npaisk _ 1  _jw §
Tdisk NaiskE  NdiskF igig

(14.36)

By introducing the Faradaic impedance of the disk electrode Zgig, the transfer
function can be written as

N () = No@) o L Zasau A (0)1ingF (1437)

where

No(w) = =28 p; (w) (14.38)

Ndisk
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Figure 14.4: Schematic diagram showing the different values of the double-tayer capacitance
in the presence of a surface coverage.

The transfer function §/V can be determined from the Faradaic impedance Z;qy
and the transfer function M (w). It is an important kinetic parameter that allows
evaluation of the frequency dependence of the amount of charge stored at the elec-
trode surface.

14.2.2 Multifrequency Measurements for Double-Layer Studies

The Faradaic impedance is linked in parallel to the double-layer capacitance Cgy
and then to the solution resistance R, as illustrated in Figure 9.1. The double-layer
capacitance is in general considered to be constant. It is frequently observed, how-
ever, that Cgj changes with the dc current at which the impedance measurements
were carried out. The capacitance Cy4; has been observed, for example, to increase
with increasing current density.

The double-layer capacitance C4q may be assumed to be linked to the surface
coverage 7;, where Cy) is a function of frequency due to the frequency dependence
of 7;. The kinetic description of electrochemical impedance involving the surface
coverage of intermediates was especially promoted by Epelboin et al.2!> They con-
sidered that, for a reaction mechanism involving few reactions, some reaction inter-
mediates adsorb following a Langmuir isotherm and are characterized by a surface
coverage 7;. In this framework, all the loops except the diffusion ones are semicir-
cles centered on the real axis. These semicircles could be capacitive or inductive
loops. To explore the role of surface coverage in the modulation of double-layer
capacitance, a new technique was invented to measure this frequency dependence,
and in this way to verify directly the theory developed a long time ago.?1

As suggested by Figure 14.4, the double-layer capacitance at the bare surface
and at a surface covered by the reaction intermediate can be given as Cg;; and
Cai,q, respectively. Under the assumption that these double-layer capacitances are
different, the effective capacitance can be given by

Ca1 = Caip(1 = 7) + Cayy (14.39)

A capacitance transfer function based on the total double-layer capacitance can be
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shown to be a linear function of the surface coverage -y as

Ca

;l = (Caly — Caip) (14.40)

<=1

This conceptual approach can be illustrated for a simple system involving ad-
sorbed intermediates such as is described in Section 10.4.

For a system without mass-transport dependence, if = f(V, 7), and, according
to equation (10.3), the admittance is

/¥ =1/Zs=1/Re+ (af> X (14.41)
vV
The overall impedance is given by
Z(w) =R+ 1 (14.42)

jwCa +1/Zs(w)

where Cy; is a function of -y; according to equation (14.39). At high enough frequen-
cies wyF, the contribution of the Faradaic im~pedance to the overall impedance be-
comes negligible, and the current response i(wyr) to a potential perturbing signal
U(wyE) is expressed as

ij(wHF)
R; +1/(jwurCa)

i(whr) = (14.43)

The transfer function 4;/V and the transfer function Cy4/V can be neglected at
this frequency. Thus the capacitance Cq may be considered to have its steady-
state value. If R, can be neglected with respect to 1/ (jwurCyq;), the capacitance is
obtained from the expression

1 T(pr)

Cy = —=
d Jwur U(wyr)

(14.44)

in which U(wpyr) is the perturbing quantity, and, therefore, U(wyr) has a real
value. As Cy; is also a real number, i(wyr) must have an imaginary value. For
a high frequency wyr, Cq is directly proportional to [i(wye)|. If two additive
perturbing signals {I(wyr) and U(w) are superimposed, one gets the linear (first-
order) response of current i as the sum of the elementary currents at frequencies
wyr and w

i = i(wpr) +i(w) = U(pr)]prCdl + Z((w; (14.45)
If the capacitance measured at high frequency wyr using equation (14.44) is mod-
ulated at a lower frequency w, i(wyr) will also be modulated at the frequency w.
This approach can yield simultaneous measurement of Z(w) and Cy(w)/U(w).



14.2 TRANSFER FUNCTIONS INVOLVING EXCLUSIVELY ELECTRICAL QUANTITIES 277

Frequency Response Ch3 Out of phase
Analyzer cht n
Lock-In
Generator Ch2 Amplifier
AU(w) + AU(owF) Generator
' [ al(@) * al(wwe)
CE
AB(w) Potentiostat Ref AE(wnr)
v WE v
4
Sum

Figure 14.5: Experimental setup used to determine the variation of interface capacitance with
a low frequency perturbing signal.

An original experimental setup was devised by Antafio-Lopez et al.?!® to de-
termine simultaneously the transfer functions Z(w) and Cdl(w)/ U(w). The ex-
perimental setup simultaneously measured U(w), i(w), and Cg(w). A lock-in
amplifier determined the latter signal with the reference frequency wyr as illus-
trated in Figure 14.5. The sine-wave generator of the lock-in amplifier delivered
a perturbing signal AE(wyr) to the voltage adder of the potentiostat. The gen-
erator of the frequency response analyzer delivered a perturbing signal AE(w) to
the voltage adder of the potentiostat. Electronic summation of the two signals by
the potentiostat synthesized the composite perturbation (AE(w) + AE(wur)). The
electrochemical cell was connected as usual to the potentiostat. The potentiostat
outputs two ac signals, AU and Al, both containing a composite ac signal pro-
duced by superposition of the frequencies wyr and w. A low-pass filter eliminated
the high frequency signal at frequency wyr and both signals were sent back to the
frequency response analyzer; AE(wyg) to input channel ch2 and AI(w) to input
chl. The current output signal was also sent to the input of the lock-in amplifier.
The out-of-phase component of the current response at frequency wyr was linked
through the low-pass filter to input ch3 of the frequency response analyzer. By
correlation at frequency w, the frequency response analyzer calculated two transfer
functions, Z(w) from channels 1 and 2 and Cy)(w)/U(w) from channels 3 and 2. In
fact, the transfer function Cy;(w)/U(w) must be corrected by the transfer function
F(w) corresponding to the instrumental frequency response of the built-in filters of
the lock-in amplifier. This method was applied to the anodic dissolution of iron.216
The authors verified experimentally the close correlation between the relaxations
of the interface capacitance and that of Faradaic current.
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14.3 Transfer Functions Involving Nonelectrical Quantities

The principle of the experimental arrangement devised for the transfer-function
measurements involving a nonelectrical input quantity was given previously in
Figures 14.2 and 14.3. In this section, a few examples are presented. The transfer
function corresponding to the response of the electrochemical system to a pertur-
bation of the rotation speed of a rotating disk electrode is given in Chapter 15.

14.3.1 Thermoelectrochemical (TEC) Transfer Function

The technique introduced by Citti et al.2l” and then by Rotenberg?'® used a ver-
tical electrode heated by a laser beam or by an infrared diode. In this case, the
same order of magnitude is obtained for the free convection and the thermal con-
vection, and experiments can be performed with a sufficient accuracy. A fast redox
reaction at a heated vertical electrode is considered. The motion of the solution
is spontaneous and arises due to forces originating from heterogeneous reactions.
Such forces result from density variation in the solution produced by both thermal
and concentration gradients near the electrode.

A perturbation of the electrode temperature generates a perturbation of the
velocity field and then a perturbation of the concentration field near the electrode.
According to Fick’s law
dci

if = —nPD,‘ dy

(14.46)
y=0

the TEC transfer function corresponding to the Faradaic current can be divided in
two terms

L f =2 —prp—2=2 (14.47)

in agreement with the theory developed by Aaboubi et al.?'? and by Rotenberg.?!8
Taking into account the temperature dependence of the diffusion coefficient in
which D; « exp (—A;/RT), the first term becomes A;is/RT?, where A; is the acti-
vation energy for diffusion. The second term is frequency dependent and is limited
by mass transport. Rotenberg introduced a term corresponding to the response of
the charging current to a temperature perturbation: ic = jw(§/T). The transfer
function corresponding to the overall current is the sum of three terms, i.e.,

N e R ) Wil o NP, | (14.48)
T 7 T

m Remember! 14.4 Transfer functions serve to isolate the influence of specific in-
dependent variables that contribute to the electrochemical impedance response of a system.
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Motion of the solution in thermal laminar free convection is spontaneous and
arises due to forces originating from heterogeneous reactions and from the release
of heat from the electrode. Such forces follow the modification of the solution den-
sity caused by two phenomena. The concentration in the proximity of the reaction
surface changes in the course of heterogeneous reaction and leads to changes in the
density of solution. In addition, the release of heat induces variations of solution
density from point to point as a result of nonuniform changes in the temperature
of the solution. The density of the solution is a function of concentration and tem-
perature and can be expressed by

p=po+<g—ﬁ)(c—c)+( )(T To) (14.49)

where cp, Tp, and pg are the concentration of reacting species, the temperature, and
the density, respectively, measured in the bulk solution.

The body force acting on a unit of fluid volume is equal to pg and changes from
point to point in the solution. It is natural to consider that most of the change in
concentration occurs in a very thin layer and most of the change in temperature
occurs in a larger, but still thin layer. The changes in temperature and in concen-
tration are the causes of fluid motion. Therefore, one can safely assume that fluid
motion also occurs in this layer. Thus, the theories for the hydrodynamic boundary
layer can also be applied to fluid motion in thermal free convection. In this case,
the hydrodynamic boundary layer coincides with the thermal diffusion layer.

The concentration distribution of the electroactive species is determined from
the solution of the convective-diffusion equation

% =~V (D(y)Vc+Vo) (14.50)
or ,
ac dc ac dc  dDoac
3 +v *3, +v yay D(y )ay2 3 @ (14.51)

with the boundary conditions: for y = 0, ¢ = 0; and for y — o0, ¢ = co.

The diffusion coefficient D(y) is a function of temperature, and it varies with
position near the electrode according to the local temperature variation. However,
as the thermal layer thickness is about five times larger than the diffusion layer
thickness, the diffusion coefficient has in fact a variation that can be assumed to be
negligible within the mass-transfer diffusion layer corresponding to the integration
domain of equation (14.51). Thus, in the following development, D(y) = D, and
dD/dy =0.

The tangential and normal velocity components are, respectively, v, and vy.
According to Marchiano and Arvia,?!? the velocity components can be expressed
as a function of dimensionless coordinate

v = d(25)14 212f () (1452)
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and

vy = V(Tif)l/‘i Vfl(y) - 3f(?‘) (1453)

x1/4
where u = (g/4v*)1/4, v is the kinematic viscosity, g is the acceleration of gravity,
and f(pu) can be written as a series development in y, which can be limited near
the electrode to the first term: f(u) = A(T)u>

The expression of the steady-state local flux at a vertical electrode under simul-

taneous effects of concentration and thermal gradients is given by

__p%| g (AS)E g NVA iy
N=- Da? 4o = DCO'—I.,(T/S—')— (Z{/_f) X (1454)

As the electrode temperature is larger than the bulk temperature, a modulation of
the temperature of the electrochemical interface induces a modulation of the ther-
mal gradient in the solution while the bulk temperature is kept constant. Then the
temperature-dependent parameters, like buoyancy forces, are modulated inside
the thermal diffusion layer adjacent to the surface and, consequently, a modula-
tion of the velocity is induced near the electrode. Therefore, the transient material
balance equation may be written as

~ ~ 2~
jwt + Exg—; + ﬁyg—; - Dg—yg = —i)'x% - 'b'y;—d; (14.55)
with the boundary conditions that, for y = 0, ¢(0) = 0; and, fory — o, ¢ = 0.

Equation (14.55) is a partial differential equation in two-dimensions that can be
solved by following the method described in Section 13.2.2. The first step is to use
a set of dimensionless variables that can be defined as a dimensionless normal dis-
tance from the electrode { = y/J(x) and an x-dependent dimensionless frequency
K, = wé?*(x)/D. Equation (14.55) can be written as

2 2 2
&K o Poc ¢ FPdcA (14.56)

K€+ = oK, 3% 2@~ 3 LA

The material balance equation is written as a partial differential equation of two
variables: ¢ and K;. In the low-frequency range, a solution exists in the form of a
series

c= i (jKx)"hm(E) (14.57)

The solution for hy, (¢) is obtained by a method similar to that presented in Section
13.2.2.

In the high-frequency range, the temperature perturbation is rapidly damped
close to the wall; thus, the convective term can be disregarded, and equation (14.55)
reduces to

Kb e —% (14.58)
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Figure 14.6: Experimental TEC transfer function compared with the model: [J represents the
theoretical points and B the experimental points. (Taken from Aaboubi et al.?12)

Since the frequency is large, the distance over which a temperature perturbation

prevails is small and some simplifications can be made to facilitate analytic solu-
tion of this last equation.

The series corresponding to the low-frequency solution needs a number of
terms that increases with frequency; thus, the number of terms was chosen to pro-
vide a sufficient overlap between the low- and high-frequency solutions. In the
present case, 80 terms were used to provide an overlap for 8 < K; < 11. These 80
terms are given by Aaboubi et al.2!2

The previous equations allow determination of the local flux. To obtain the

response of the electrode itself, it is necessary to integrate the local flux over the
electrode surface. For a rectangular electrode,

¢ _
Tt = L / nfD 2| iy (14.59)
5 dy 0
and, for a circular electrode,
+R  R+V/RTZ P
Tire = / dz / nED é dx (14.60)
‘R R-JREE 0

The experimental TEC transfer function is compared with the model in Figure 14.6.
The three terms of equation (14.48) appear clearly in this figure.
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Figure 14.7: Experimental device for the measurement of impedance obtained by IMPS.

14.3.2 Photoelectrochemical Impedance Measurements

Modulation of light intensity provides an attractive method for probing the re-
sponse of photoactive materials and systems. The required sinusoidal modulation
of the intensity of the incident light is achieved by using the apparatus shown
in Figure 14.7, and the technique is referred to as intensity-modulated photocurrent
spectroscopy (IMPS).%2 The intensity of the incident laser beam is modulated by an
acousto-optic modulator driven by the dc-biased output of a frequency response
analyzer. Up to now, measurements have been made only under potentiostatic
control. The complex ratio of the ac component of the photocurrent to the incident
modulated light flux is obtained by deriving a reference signal from a fast photo-
diode that samples the laser beam. The time-dependent flux of minority carriers
into the surface follows the excitation profile with a delay less than 1 ns, so the
transfer function between the flux of minority carriers and the illumination can be
considered to be a real number. The net photocurrent response, which is made up
of the instantaneous minority carrier flux and the coupled majority carrier flux,
can be derived. Finally, the output current response is determined by taking into
account the cell transfer function, which is determined by the combination of the
space-charge capacitance Cs and the solution resistance R,.

The general transfer function appears as the product of three transfer functions,
ie.,

T _ Fminority fmajority X — I (14.61)
Fninority ~ Fmajority

where the first transfer function is a real number, h¥ is the input quantity, ?m;nority
and fmajomy are state quantities, and T is the output quantity.
This frequency-response analysis offers unique insights into complex photo-
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electrode processes. The analysis of surface recombination and photocurrent mul-
tiplication has shown that it is possible to deconvolute the contributions to the
photocurrent of minority, majority, and injected carriers. The dependence of the
rates of surface processes on potential, solution composition, and surface orien-
tation and preparation can now be studied in detail. The systems investigated
include the reduction of oxygen at p-Gas, the photooxidation of Si in NH4F,??° and
the anodic dissolution of InP.??!

14.3.3 Electrogravimetry Impedance Measurements

The use of a quartz microbalance to measure the mass loading on one face of a
quartz crystal through the change of its resonance frequency (often of the order of
6 MHz) in electrolytic medium was introduced at the beginning of the 1980s. If
the electrode is polarized in a potentiostatic circuit, the microbalance can be used
to measure the change of the mass of the reacting species involved in a reaction
occurring on the electrode. The sensitivity reached (~ 10~° g cm~?) is sufficient to
allow determination of mass changes associated with adsorbed reaction interme-
diates or ion insertion in films coating the electrode.

Under steady-state or quasi-steady-state operation, the mass change as a func-
tion of time is followed by measuring directly the frequency f, of the quartz os-
cillator by means of a frequency counter. The use of this microbalance in a sinu-
soidal regime is carried out by measuring the difference between the frequencies
fw of the working oscillator and f, of a reference oscillator in air. This difference
df = fu — f,, which is proportional to the mass change and sinusoidal in linear
regime, is converted to a voltage by means of a converter. The resulting signal
can be simultaneously analyzed by the transfer-function analyzer with the current
response 1 to a potential perturbation AE generated by the analyzer. The elec-
trochemical response between U and T is simultaneously measured, which allows
measurement of the mass relaxation at the interface between the electrolyte and
the electrode coating the quartz crystal. 214

A schematic representation of the system is given in Figure 14.8. In this case,
the output quantities are the current Y; = I and the mass Y = M. In addition to
the charge and mass balances the equation governing the change of mass can be

established
aM

The usual derivation based on the linearization procedure allows calculation of the
electrochemical impedance and the M /U transfer function. Two types of behavior
occur, depending on whether the average mass of the electrode changes continu-

ously with time.

1. When the mass increases or decreases (e.g., for deposition or dissolution of a
metal) at a constant current, the low-frequency limit of M /U tends to infinity.

2. When the mass does not change (e.g., a polymer film at zero current), the
low-frequency limit of M/U tends to a finite value.
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Figure 14.8: Experimental device for the measurement of the electrogravimetric transfer func-
tion.

The simultaneous measurement of the impedance and mass/potential transfer
function leads to new information on the kinetics of the processes involved. It
may lead to chemical identification of the species involved in the intermediate re-
action steps by allowing the atomic masses of the adsorbed intermediates of the
multistep reaction mechanisms to be estimated.

Problems

14.1 Derive the steady-state concentration gradiént corresponding to equation
(14.55).

14.2 Derive the high-frequency solution corresponding to equation (14.59) and, in
particular, show that the phase shift is constant and equal to —135°.



Electrochemical Impedance Spectroscopy
by Mark E. Orazem and Bernard Tribollet

Copyright ©2008 John Wiley & Sons, Inc.

Chapter 15

Electrohydrodynamic Impedance

Electrohydrodynamic (EHD) impedance provides a practical example of a general-
ized transfer function involving nonelectrical quantities. In this chapter, a rotating
disk electrode is considered. The current is a function of the rotation speed, which
means that the current is totally or partially limited by mass transport. This mea-
surement technique, based on the analysis of the current response to a rotation
speed perturbation, was proposed at the beginning of the seventies by Brucken-
stein et al.?22 Very early, these authors suggested application of sinusoidal hydro-
dynamic modulations. Bruckenstein et al.222 derived the first theoretical analysis
of the problem by considering the response of the mass-transfer rate to a modula-
tion of the angular velocity of a rotating disk electrode such that??®

1/2
a2 = at? (1 + (—A-_g-) coswt) (15.1)

where w is the modulation frequency.

The concept that the response to a modulation of rotation speed () should be
seen as a modulation of the square root of () was naturally supported by the results
of the Levich theory in steady-state conditions.!?® However, due to the fact that

i = f(Q) = k072,
J 1. d
= (307 3 152

Equation (15.2) shows that the transfer function corresponding to a modulation of
the angular velocity is directly proportional to the transfer function corresponding
to a modulation of the square root of the angular velocity, and the coefficient of
proportionality is $Q71/2. Therefore, after the pioneer works of Bruckenstein et
al., #2223 g direct modulation of the angular velocity was considered. With the in-
creasing development of impedance techniques, aided by development of increas-
ingly sophisticated instrumentation,® Deslouis and Tribollet promoted the use of
impedance concept for this type of perturbation and introduced the electrohydrody-
namic (EHD) impedance.?%*
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Figure 15.1: Schematic representation of the different transfer functions existing between the
input quantity and the output quantities.

The EHD impedance is useful for analysis of electrochemical systems that are
either partially or completely limited by mass transport. For a rotating disk elec-
trode, the input quantities are, at least, one electrical quantity, e.g., overall current
or electrode potential, and one nonelectrical quantity, i.e., the rotation speed of the
rotating disk electrode Q2. For EHD impedance, the input quantity is the rotation
speed. Under galvanostatic regulation, the output quantity is the electrode poten-
tial; under potentiostatic regulation, the output quantity is the overall current. To
analyze this problem, the mass conservation equation must be considered with the
normal velocity v, near the electrode and the concentration of the involved species
ci(0) as state quantities.

A perturbation of the rotation speed () induces a perturbation of the normal
velocity vy, which, in turn, induces a perturbation of the concentration field of the

electroactive species and in particular of ¢;(0) and %Eyi \0. These last interfacial state

quantities are linked to the surface-averaged Faradaic current density iy and to the
interfacial potential V by the kinetic equations. Finally, by taking into account the
double-layer capacitance and the electrolyte resistance, these last electrical quan-
tities are linked to the output quantities of the average current density i and the
electrode potential U. The relationship among input, state, and output quantities is
shown schematically in Figure 15.1. The transfer functions associated with several
applications of electrohydrodynamic impedance are developed in the subsequent
sections.

m Remember! 15.1 EHD provides a means to isolate the influence of mass transfer
the electrochemical impedance response of a system.
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15.1 Hydrodynamic Transfer Function

Through the von Karman transformation, the steady-state Navier-Stokes equations
for a rotating disk can be expressed in terms of three coupled, nonlinear, ordinary
differential equations as®

2F+H' =0 (15.3)
FP—G*+HF -F'=0 (15.4)

and
2FG+HG' - G" =0 (15.5)

where F, H, and G represent the dimensionless radial, angular, and axial velocity
components, respectively. Equations (15.3), (15.4), and (15.5) are functions only of
the axial dimensionless distance { = y+/Q}/v and can be solved subject to bound-
ary conditions

F(0) = H(0) =0 (15.6)
G(0) =1 (15.7)

and
F(o0) = G(o0) =0 (15.8)

The steady flow field created by an infinite disk rotating at a constant angular
velocity in a fluid with constant physical properties was presented in Chapter 11.
For the unsteady situation, the instantaneous value of rotation speed (2 can be
defined by
0 = 00+ Re{Qexp jwt} (15.9)

where w /27 is the modulation frequency and () = AQ) is a real number. Large-
amplitude modulations induce a nonlinear flow response.”?%22¢ This nonlinear
problem is outside the scope of an impedance study, which is defined here to be
based on a linearized system response. A periodic flow generated by small os-
cillations of a body in a fluid at rest involves nonlinearities in the mass-transport
problem or in the secondary flow and is therefore also outside the scope of this
presentation. The electrohydrodynamic impedance concept is developed here fol-
lowing the work of Tribollet and Newman??’ for small-amplitude modulation such
that (AQ < Q). Under these conditions, the system response is linear.

Following the development in Chapters 10 and 11 for a current or potential
response to a perturbation, the radial, angular, and axial velocity components can
be expressed as

v, = rQ[F({) + A—ﬁQ—Re{fexp jwt}] (15.10)
vp = FO[G(Z) + %Re{gexp jwt)] (15.11)

and AC
vy = rQH(() + ﬁ-Re{ﬁ exp jwt}] (15.12)
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where f, §, and  are complex functions. The equation of continuity and the un-
steady Navier-Stokes equations are linearized, i.e., the quadratic terms, propor-
tional to (AQ)/Q))?, are neglected.

The time-dependent forms of equations (15.3), (15.4), and (15.5) may be written

as o
2f+H =0 (15.13)
jfp+2Ff —2Gg+Hf + Fh = f" (15.14)
and N _
jgp +2Gf +2Fg +hG' + HZ' = g" (15.15)

where p = w/Q is the dimensionless modulation frequency. Equations (15.13),
(15.14), and (15.15) may be solved subject to the boundary conditions

f(0)=h(0)=0 (15.16)
0) =1 (15.17)

and
floo) =0 (15.18)

As discussed in Section 1.2.2, each complex function may be written as the sum of
a real function and an imaginary function. The set of the three coupled equations
(15.13), (15.14), and (15.15) then becomes a set of six coupled linear ordinary differ-
ential equations. By using Newman’s method,?® a numerical solution for the six
equations can be obtained for each dimensionless frequency.

In a manner similar to that developed for the steady-state solution in Chapter
11, the complex functions f, 3, and & can be written in terms of series expansions
for small values of . Of particular importance is the derivative f/(0) obtained
from equations (15.13), (15.14), and (15.15) and given in Table 15.1 for different val-
ues of dimensionless frequency p. The real and imaginary parts of the derivative
77(0) are also presented in Figure 15.2 as a function of p = w/Q2. These deriva-
tives are essential to determination of the first coefficients of the series expansions.
The other coefficients are deduced from the first one by using the set of equations
(15.13), (15.14), and (15.15). In particular,

h=—F(p)?+350° (15.19)

where % represents the complex function associated with the axial velocity.

MRemember! 15.2 The methods described in this section allow the numerical cal-
culation of generalized functions that can be used, via a look-up table, to model any EHD
response.
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Table 15.1: Calculated values for real and imaginary parts off'(O) as a function of dimensionless
frequency p. (Taken from Deslouis and Tribollet.22%)

Dimensionless Frequency p=w/Q

p=w/Q | Re{f'(0)} | Im{f'(0)}
0.0631 0.7652 —0.0130
0.1000 0.7650 —0.0206
0.1585 0.7645 —0.0329
0.2512 0.7630 —0.0527
0.3981 0.7579 —0.0849
0.6310 0.7410 —0.1356
1.0000 0.6943 —0.2035
1.5849 0.6020 —0.2642
25119 0.4832 —0.2842
3.9811 0.3748 —0.2652
6.3095 0.2906 —0.2297
10.000 0.2272 ~0.1922
50
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Figure 15.2: Dimensionless function f/(0) in Bode representation: a) modulus versus the

dimensionless frequency p; and b) phase shift versus the dimensionless frequency p.
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By using the results of Sparrow and Gregg,>* who solved the nonsteady flow
problem, the low-frequency expression of f' can be obtained following the present
notation as

f' = (0.765345 — 0.023112p%) — 0.204835p; (15.20)

As the frequency modulation tends toward zero, 7. £, tends toward the derivative
of T, with respect to O (see equatlon 15.10) and f2 tends toward zero. Therefore,

f1(0) = 34t ’0 = 0.765345. Sharma®! obtained an asymptotic solution for f” ap-
propriate for high frequencies as

7= 1 i 1 0313

VP T2 P

From this expression and as shown in Figure 15.2(b), the phase shift of f’ tends
toward —45° as p tends toward infinity. Equation (15.20) may be used with an
accuracy better than 1 percent for p < 0.1. Equation (15.21) may be used with an
accuracy better than 1 percent for p > 7. Between these two p values, Table 15.1

must be used.
The hydrodynamic transfer function is given by

) (15.21)

~

% =H0 = (Fre+30) (1522)

Equation (15.22) is implicit in the subsequent development of transfer functions
involving concentrations of reacting species.

15.2 Mass-Transport Transfer Function

The mass-transfer problem for a rotating disk electrode at a constant rotation speed
is presented in Section 11.6.2. Under modulation of the rotation speed of the elec-
trode, equation (11.80) becomes

]“’Cte]wt'*‘vy{;y + ydyl eVt + 7y, - D; - Di=——

dye ,dy dy =0 (15.23)

where the second-order term z—lezf“” is neglected in agreement with the hypoth-
esis of linearity. The solution ofv the steady-state equation (11.81) was given by
equation (11.82). Upon cancelation of the steady-state terms and division by e/“*,
equation (15.23) becomes

dc; d%¢; ~ At

jwt +6yd—y’ - D"d_yZ = —Ty— 3y (15.24)

MRemember! 15.3 The phase shift of the hydrodynamic transfer function f' tends
toward —45° as the dimensionless frequency p = w /) tends toward infinity.
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By using the same dimensionless position § and the same dimensionless frequency
K; as was used to solve equation (11.83), equation (15.24) can be written in the form

a2 2 (3\ & \dg ..
dé‘z + <3C - (F) SC1/3 dg ]K,‘C,‘ = (15.25)

_sa (3fpe 3\ & \du
[e) a at Scl/3 | dg
where only the two first terms of the velocity expansion were considered.
The solution of equation (15.25) can be obtained by the technique of reduction

of order by setting ¢; = A(£)6;({), where 6;(Z) is a solution of the homogeneous
equation satisfying the boundary conditions (11.88) (see Section 11.6) and A satis-

fies
a2\ , (3\V® 2 20\ daA
L—i? + <3€ - (’u—‘i) Sci/3 + -BT EE = (15.26)

_a0 (M ) (_3_)”3_53_) 1dg
Q a at Scl/3 ) 0;d¢

Integration gives

(15.27)

) 67 (%)
1/3 4
_ana fer (-5 + @) i)
g |y 4 9,'2(?()

Q
PP, 3\ 22

X/ (3 a X1 — (E{) 561}3 91(X1)dX1dX
0

where K; and K; are integration constants. The boundary condition 6;(0) = 1
at ¢ = 0 yields the value of K» = ¢;(0). The value of K; can be obtained from
the boundary condition that ¢; approaches zero as ¢ approaches infinity, with the

results
AQ d‘

Ki = Nl (15.28)
where
Rod = 1/3 3
W, = / (3@52_ (%) szc_%a) 0:de (15.29)
0

is a dimensionless quantity whose value is worth recording.
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Table 15.2: Coefficients for the calculation of W; with a Schmidt number correction.?

1/3

ELECTROHYDRODYNAMIC IMPEDANCE CHAPTER 15

pSc t ty t3 t4 ts ts

0 0.6533 0 0.7788 0 —0.5961 0
0.1000 0.6513 | —0.0397 | 0.7729 | —0.0830 { —0.5939 | 0.0408
0.1585 0.6484 | —0.0626 | 0.7639 | —0.1307 | —0.5907 | 0.0644
0.2512 0.6410 | —0.0983 | 0.7418 | —0.2037 | —0.5828 | 0.1010
0.3981 0.6230 | —0.1525 | 0.6888 | —0.3098 | —0.5634 | 0.1564
0.6310 0.5807 | —0.2291 | 0.5696 | —0.4437 | —0.5181 | 0.2341
1.0000 04905 | —0.3204 | 0.3404 | —0.5541 | —0.4218 | 0.3245
1.5849 0.3325 | —0.3873 | 0.0251 | —0.5181 | —0.2556 | 0.3834
2.5119 0.1380 | —0.3680 | —0.1905 | —0.2833 | —0.0586 | 0.3442
3.9811 | —0.0036 | —0.2576 | —0.1686 | —0.0415 | 0.0664 | 0.2101
6.3095 | —0.0483 | —0.1352 | —0.0562 | 0.0334 0.0787 | 0.0807
10.0000 | —0.0385 | —0.0600 | —0.0054 { 0.0169 0.0435 | 0.0195
15.8488 | —0.0218 | —0.0263 | 0.0008 0.0035 0.0178 | 0.0035
25.1187 | —0.0112 | —0.0122 | 0.0003 0.0006 0.0068 | 0.0006
39.8104 | —0.0056 | —0.0059 | 0.0001 0.0001 0.0026 | 0.0001
63.0952 | —0.0028 | —0.0029 0 0 0.0010 0
100.000 | —0.0014 | —0.0014 0 0 0.0004 0
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The expansion for ; is given by equation (11.92) in terms of powers of pSc!/3.
The expansion for W; is more complicated because, while the expansion of 6; de-
pends on pScl/3, f'(p) depends on p without Sc'/3. The expansion for W; takes the
form

£

Wi =F(p) (h+jt2) + o [P (0) (b jta) + 5+ ] (15.30)

where the functions t;, given in Table 15.2 as function of pSc'/3, are calculated from
the following definitions:

t; = %Znge{e,,o} d¢ (15.31)

t = gigzhn{e,-,o} ¢ (15.32)
0

ty = % 752Re {6;1} a¢ (15.33)
0

ty = %7521111 {6;1} d¢ (15.34)

0
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Figure 15.3: Dimensionless mass-transport transfer-function Z. in Bode representation: a)
modulus versus the dimensionless frequency pScl/3 and b) phase shift versus the dimensionless
frequency pSc

ts = —2 ( )1/37§3Re{6,0} ¢ (15.35)

and

_ ( )1/375 Im { 6,0} de (1536)

The concentration gradient at the wall is obtained from equation (15.28) where
K; = ¢;(0), 6/(0) = 1, and K; is given by equation (15.28). The general result of this
section is therefore a relationship between the concentration and the concentration
derivative, both evaluated at the electrode surface. In terms of the dimensional
distance y, this can be expressed as

da Cl (0) ol

4ci A0 de
4y iy—o J;

0)+—= W; 15.37
( ) Q dy y=0 1 ( )

where —1/6;(0) is the dimensionless convective diffusion impedance as given in
equation (11.97).

15.2.1 Asymptotic Solution for Large Schmidt Numbers

When the Schmidt number is infinitely large, W; is reduced to f'(p)(t; + jt2) and
appears as the product of a hydrodynamic transfer function f’(p) and a mass-
transport transfer function Z, = t; + jt,. The mass-transport transfer function
Z. is presented in Figure 15.3. It is easily verified that W; approaches 0.5 when
the frequency tends toward zero, in agreement with the exponent of the rotation
speed in the Levich equation. This value of 0.5 is also verified if the complete
expression of W; is used. The complex function 2W; is presented in Figure 15.4 in
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Figure 15.4: Dimensionless EHD impedance W; in Bode representation with Schmidt number
as a parameter: a) modulus versus the dimensionless frequency pScl/3; and b) phase shift versus
the dimensionless frequency pSc'/3

Bode format as a function of dimensionless frequency pSc!/? with Schmidt number
Sc as a parameter.

15.2.2 Asymptotic Solution for High Frequencies

When the perturbation frequency is large, the distance over which a concentra-
tion wave proceeds is small. Thus, exp(—¢3) can be considered to be equal to one,
and, the velocity modulation being rapidly damped close to the wall, the convec-
tive term can be disregarded in the homogeneous part of equation (15.25), which

becomes - )
d’c _AQ3f(p)g? de
dg —ikbi= -, dg
The solution of the homogeneous equation is § = exp (—(jK;)}/2¢) and the solu-
tion of equation (15.38) may be written as

(15.38)

G =0(2) [ i 672(g") (15.39)
0
(_ 6%93_1?"1&72,; ny 42 Odg”+1<1) dc’+8i(0)]
where
K = ﬁn 3'(p) ; 5 / 220(¢)de (15.40)
and -~ .
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At high frequencies,

is proportional to the two complex quan-

tities //(p) and (jK;) ™, and the phase shift is the sum of the phase shift of each
complex quantity. The phase shift of f'(p) tends toward —45° when the dimen-
sionless frequency p tends toward infinity (see equation (15.21)) and the phase
shift of (jK;) ' has a value of —135°. Thus, G
—180° when the dimensionless frequency tends toward infinity. In the same way,
the modulus of f/(p) decreases with frequency with a slope of —0.5 in logarith-
mic coordinates (see Figure 15.2(a)), and the modulus of (jK;)~*° decreases with a

slope of —1.5. Thus, the modulus of ‘% ‘0 decreases with a slope of —2 as shown in
Figure 15.4(a).

15.3 Kinetic Transfer Function for Simple Electrochemical Reactions

Under the assumption that the interface is uniformly reactive, ¢;(0) is independent
of the radial coordinate. A single electrode reaction can be written in symbolic
form as
Y siMf — ne” (15.42)
1

Following the treatment presented in Section 10.3, the Faradaic current can be writ-
ten in the form

if = f(V, Ci(O)) (15.43)

For minor species, in the presence of supporting electrolyte and with neglect of
double-layer adsorption of these minor species, the concentration gradient is re-
lated to the Faradaic current density by

Sl.

aC,'
b nP 'f

3| = (15.44)

Following equation (10.3), a Taylor series expansion about the steady value can be

written as af of
7= (%) 7+5(3%5).  &o (1545)
f . (av)ci(o) ; aC,'(O) Viei(0)j#i l

Following the discussion presented in Chapter 10, the usual charge-transfer resis-
tance Ry can be identified as the reciprocal of (9f/dV),, ). Combination of equa-
tions (15.37), (15.44), and (15.45) yields

af 51 51 *,-' AQ W5 szlf

or

AQ iR ( 9f ) Widi si
V = Riis + Zpif + — D; (1547
T EPY TR E £4\36i(0) ) v, )i 81(0) D
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where
51'31'
———r 15.48
Re E (aC:(O) ) V.ei(0),j MEDi9}(0) (1548)

The term Zp represents the convective-diffusion impedance with its dimensionless
form —1/6;(0) (see Chapter 11). Considering now equations (14.27), (14.28) and
(15.47), one obtains the relation between observable quantities corresponding to
the general form of equation (14.22), i.e.,

W;é; i

~ AQ 1 IR;
b= 774 80 X IR: (15.49)
O 1+ jwCp(R:+ Zp) nF Zl: ( Ec(O)];éle:(O)
where Ri4+7Z
7R R+ 7Zp 15.50
et 1+ jwCp(R:+ Zp) ( )

The term Z represents the impedance of the usual Randles equivalent circuit (see
Figure 10.5).

15.4 Interface with a 2-D or 3-D Insulating Phase

The main hypotheses for developing the EHD impedance theory are that the elec-
trode interface is uniformly accessible and the electrode surface has uniform reac-
tivity. However, in many cases, real interfaces deviate from this ideal picture due,
for example, either to incomplete monolayer adsorption leading to the concept of
partial blocking (2-D adsorption) or to the formation of layers of finite thickness
(3-D phenomena). These effects do not involve the interfacial kinetics on bare por-
tions of the metal, which, for simplification, will be assumed to be inherently fast.
The changes will affect only the local mass transport toward the reaction sites. Be-
fore presenting an application of practical interest, the theoretical EHD impedance
for partially blocked electrodes and for electrodes coated by a porous layer will be
analyzed.

15.4.1 Partially Blocked Electrode

Integration of the nonstationary material balance equation requires that the steady-
state concentration distribution be known. This is achieved by solving the steady-
state part of

ac; ac; ac; (azc, d%¢; )

R B yay—p 7t 3 (15.51)

m Remember! 15.4 EHD provides a means to reveal and quantify the influence of
partially blocked electrodes and electrodes coated by porous layers.
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Figure 15.5: Concentration field over a partially blocked electrode. The active parts of the
electrode are displayed in gray and the concentration is dimensionless 8 = ¢/c{e). (Taken from
Caprani et al.232)

where v; = |/v? + v3 is the longitudinal velocity and v, = B,(t)y? is the normal
velocity. The steady-state iso-concentration lines, deduced from a numerical so-
lution,?? are plotted in Figure 15.5. The boundary conditions are that ¢; = 0 for
y = 0 on the active surfaces (shown in gray in Figure 15.5) and dc;/dy = 0 on the
insulating surfaces. The concentration profiles shown in Figure 15.5 correspond
to the effect of two neighboring microelectrodes. Such an arrangement describes
locally a periodical distribution of active and passive sites. It appears that the con-
centration profiles of the two leading edges coincide reasonably well and one may
assume that the memory effect on the concentration distribution is lost over one or
a few active sites. The iso-concentration lines are parallel to the electrode surface
at large values of y (far from the electrode). This condition is the same as seen for
a uniformly accessible disk electrode. The iso-concentration lines close to the elec-
trode are similar to the iso-concentration lines of an isolated microelectrode (see
Section 13.2).

For a partially blocked electrode, the diagrams show two characteristic fre-
quencies and, whatever the mean rotation speed (), fall onto a single curve when
plotted versus a dimensionless frequency p = w/(), where w/2 is the frequency
modulation. The high-frequency domain is characteristic of the response of the
sum of the active sites, as if they were not coupled by their diffusion layers.

This result is phenomenologically based on the theoretical analysis given by
Deslouis et al.?3® for the frequency response of a small electrode to a flow mod-
ulation. The response of a partially blocked electrode surface was obtained from
numerical calculations.?®?> The main result of this approach is that, at variance
with the case of a uniform active disk electrode, such a surface shared between
active and passive sites displays two characteristic frequencies, one in the low-
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-Phase Shift (degrees)

pP=0/Q

Figure 15.6: Phase shift of the EHD impedance corresponding to the ferricyanide reduction on
a platinum electrode (area 0.38 cmz) coated with a photoresist on which an array of circular
sites of diameter dact was patterned. dat = 649 um, QQ = 96 rpm (V) and 375 rpm (A).
Theoretical curve for a single microelectrode (dashed line), or for the active disk electrode (solid
line). (Taken from Deslouis and Tribollet.23%)

frequency range corresponding to the uniform active disk response and one in
the high-frequency range corresponding to the response of individual active sites,
which are then assumed to behave without interactions.

The average active site dimension d,.: was deduced from the two characteristic
frequencies corresponding respectively to the high-frequency behavior and to the
low-frequency behavior, pyr and pyp respectively, i.e.,

dact = 2.1%/?R (pur/prs) "2 (15.52)

where R is the electrode radius, and pyr and prr are obtained from the intercept
on the EHD amplitude Bode diagrams of the low-frequency horizontal plateau and
the two lines characterizing the high-frequency behaviors of the disk electrode and
of the microelectrodes, respectively.

Experimental verification of the calculation was provided by Silva et al.?3 with
arrays of microelectrodes prepared by photolithography. A very good agreement
was found between the common microelectrode dimension measured by SEM mi-
croscopy and calculated from applications of equation (15.52). The phase-shift
response of the microelectrode array in Figure 15.6 clearly shows that two time
constants are resolved: one in the low-frequency range approaches the active disk
response and the other at higher frequency fairly coincides with the microelectrode
response. This approach was further extended to a fully active rough surface by
phenomenological analogy where the dimensions of a single protrusion in the elec-
trode plane played the same role as the characteristic dimension of a plane active
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Figure 15.7: Schematic representation of an electrode covered by a porous layer: Jy is the
porous layer thickness, dy is the Nernst diffusion layer, c is the concentration of the electroactive
species which reacts at the interface and diffuses through the porous layer and through the
electrolyte.

site in the 2-D frame.236

15.4.2 Rotating Disk Electrode Coated by a Porous Film

Porous nonreacting layers covering reacting metallic interfaces may slow down the
mass transfer of diffusing species. This decrease includes the effect of the diffusiv-
ity Dy, as well as that of the layer thickness d;. This problem was discussed in a
more general way in Chapter 11.

A schematic representation of the system under investigation is presented in
Figure 15.7. The concentration gradient is distributed between the fluid and the
porous layer. In addition, the metal-layer interface is assumed to be uniformly
reactive.

Two material balance equations can be written as follows:

1. In the porous layer, the concentration distribution c() is determined only by
molecular diffusion following

acl) 92c(1)
ot  ay?

(15.53)

2. In the fluid, the concentration distribution c(? is governed by convective dif-

m Remember! 15.5 For a partially blocked electrode, all diagrams obtained at dif-
ferent rotation speeds merge on one diagram by using the normalized amplitude and the
dimensionless frequency p. This is not observed for a coated electrode.
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fusion, i.e.,
9cd D 92c(® oc@

For simplicity, the origin of the coordinate y is taken to be at the metal-layer inter-
face and that of y; is at the layer—fluid interface (y; = y — &¢).

Associated with equations (15.53) and (15.54) are boundary conditions that ex-
press the continuity of the concentration fields and of the fluxes for the steady state
as well as for the time-dependent quantities. For y = é7 or ys = 0,

e (8¢) = cD(0) (15.55)
and
p, W _ j3c® (15.56)
ey~ " oyf '
At yr= 0,
vy =0 (15.57)

Atys — oo, @ - c(o0) (then 7@ - ¢(o0) and ¢@ - 0).

Steady-State Solutions

Equation (15.53) is reduced to the simple form

9™
dy?

=0 (15.58)

which leads to . .
D a )(5f) —z(0)

= Dy 5 (15.59)
If a reaction of first order is assumed
] = ke (0) (15.60)
The flux in the electrolyte is given by
~72
J= DM (15.61)

ON

MRemember! 15.6 In contrast to Reminder 15.5, for an electrode coated by a
porous film, all diagrams obtained at different rotation speeds do not collapse to one di-
agram by using the normalized amplitude and the dimensionless frequency p.
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By eliminating z(!)(0) and t(® (0) between these last three equations, one obtains
J= —C-‘f& (15.62)
b+ g

which can be written in the form

Y=+ I+ IRk (15.63)

The physical meanings of the quantities appearing in this equation are: Ji is
the kinetic flux equal to kcwo, J = Dc(o0)/dy is the limiting diffusion flux on a
metallic surface, free from porous layer, and Jn .o = Dgc(o0)/dy is the limiting
flux when the entire concentration gradient is located within the porous layer, ie.,
when Q) — oo, ‘

The interest of using reciprocal values is that the experimental plot of ]! as
a function of 0~1/2 must be a straight line parallel to the line corresponding to
Levich's result for the mass-transfer-limited case, which passes through the or1g1n
The ordinate value of the intercept of this straxght lineat Q=2 =0is J71 + I3, -
In the particular case of a very fast reaction, J; .~ — 0 and the value of the intercept
is Df/ (Sf.

impedances: AC and EHD

In the porous layer, the fluctuating part of equation (15.53) may be written as
aza(l)

_I@x) g (15.64)
ay2 Df
The solution is:
. 1/2 . 172
A = v %2
c Mexp [nyz] + Nexp [ny ] (15.65)

where M and N are integration constants obtained from the boundary conditions.
At the fluid-porous layer interface (y; = 0), the relationship (15.37) can be
applied since there is no additional process in the fluid, i.e.,

2t®@

12) 0 AO d—(z)
(o ( )9, 0 )
ayf

—T() —ﬁ_dy

(15.66)

yf=0 yf=0

Then, from the boundary conditions at y = J¢, the constants M and N may be
eliminated and the general expression is obtained:

jwés D¢ 1 &V W
az1(0) —z1) (W_D_fL)ZDZD,f sﬁ +AQ cosh(jws?/Dy) _fi'y“ 0 0 (15.67)
= 5 Z ‘
% |, O  Zp+ ZLsz 1+ B2
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Figure 15.8: Concentrostatic EHD impedance as a function of the dimensionless frequency
p with rotation speed as a parameter. (Taken from Deslouis et al.126) The line marked Z,
represents the EHD impedance on a bare eiectrode: a) dimensionless modulus; and b) phase
shift.

where Zp = —1/6'(0) is the dimensionless convective diffusion in the solution

(see equation (11.70)) and
tanh , / jwé%/ Dy
A /jw&}/Df

is the dimensionless diffusion impedance for a finite stagnant diffusion layer (see
equation (11.70)). For AQY = 0, equation (15.67) becomes similar to the result for a
rotating disk presented as equation (11.72).

It may be easily verified that when the layer effect is gradually decreased (i.e.,
8 — 0and Dy — D) one finds again the relation (15.37). At the opposite extreme,
when () — oo, then § — 0, the relation becomes

e
dy

Zpy = (15.68)

__0O 1

15.69
5 Zog (15.69)

0
In Figures 15.8(a) and (b), the amplitude and the phase shift corresponding to equa-

tion (15.67) for different angular velocities show that, in contrast with the simple
behavior of a bare electrode, the data are no longer reducible by the dimensionless

frequency p. In fact %'0 / AQ) contains both W and (—1/6’(0)), which depend

on p, for a given Schmidt number, and also a function of jw&}/ D¢. And so, an
increase of () produces a shift of the Bode diagrams toward smaller p values, other
parameters being kept constant. Frequency analysis provides both the diffusion
time constant 512,/ Dy and the speed of diffusion Dy /6 ¢. Thus, independent esti-
mates can be obtained for §; and Dy.
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Example 15.1 2-D and 3-D Blocking: Apply the concepts of electrohydrody-
namic impedance to scale deposit in seawater. This system shows behavior associated with
both partially blocked surfaces and diffusion through porous layers.

Solution: Cathodic protection is widely used to protect immersed metallic structures from
corrosion. When this technique is applied, in the range of —0.8 to —1.2 V (SCE), dissolved
oxygen from seawater reduces onto metallic surface according to

0; +2H;0 4+ 2e™ — H20, +20H™ (15.70)

and
H,Op 42~ — 20H™ (15.71)

In addition, hydrogen evolution takes place following
H,0 +2e~ — H, +20H™ (15.72)

The production of hydroxyl ions OH™ by reactions (15.70), (15.71), and (15.72) allows
precipitation of magnesium hydroxide

Mg?** +20H™ S Mg(OH), | (15.73)

Moreover, these reactions lead to changes in inorganic carbonic equilibrium at the metallic

interface
20H~ + HCO; s H,0 + CO3~ (15.74)

and allow precipitation of CaCOs3, i.e.,
Ca’t +CO2™ — CaCO;s | (15.75)

Calcareous deposition (CaCO3 and Mg(OH)2) on the metallic surface creates a diffusional
barrier toward oxygen and thus decreases the energy needed to maintain efficient protec-
tion. Knowledge of the formation time and characteristics of such layers are then essential
to improve cathodic protection monitoring.

Studies in seawater have been carried out with a gold rotating disk electrode. The EHD
impedances were recorded during the calcareous deposition for different potentials and dif-
ferent values of mean velocity. As an example, diagrams corresponding to —1.2 V(SCE)
and 360 rpm are presented in Figure 15.9 as the logarithm of normalized modulus as a
function of the logarithm of dimensionless frequency p. The corresponding dc current is
indicated as a fraction of Iy, the dc current for a bare surface.

The time constant with calcareous deposits was found to be the same as for a bare surface
in the low-frequency range with a slight shift of diagrams to lower reduced frequencies
when the deposition time increases. At high frequency (above p = 1), a second time
constant appeared. Both these features characterized the presence of a partially blocked
surface with a moderate value of the active fraction of the electrode. The slight separation
of the EHD diagrams observed in the low-frequency region, when the deposition time is
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Figure 15.9: Modulus of the EHD impedance during the calcareous formation at —1.2 V(SCE)
and 360 rpm. The solid line corresponds to I = Ip; I/Iy = 0.95 (e), 0.87 (A), 0.72 (V¥), 0.55
(4), 0.31 (<), and 0.13 (»). (Taken from Deslouis and Tribollet.23%)

increasing, accounted for the existence of diffusion through a porous layer. This correspond
to the area covered by the Mg(OH); layer.

The average crystal size d was calculated from EHD diagrams obtained for calcareous
deposits formed at different applied potentials and at 360 rpm (Figure 15.10(a)) and for
calcareous deposits formed at —1.2 V(SCE) and different electrode rotation speeds (Figure
15.10(b)). When analyzing these results, it seems that the applied potential does not affect
the value of d. The crytal size is around 15 um at the beginning of the scale formation and
increases to around 30—40 um for 1/ Iy ~ 0.5. The values obtained at the end of deposition
increase to 200 um. The influence of stirring is clearly defined (Figure 15.10(b)) and is
consistent with previous work on CaCOj alone.?3

In a general way, the values of the crystal dimension d are in good agreement with the
crystal size shown in SEM pictures (Figure 15.11). The crystal sizes are close to 15 ym
at the beginning of deposition and stabilize at around 30 um at the end of their formation.
In the present case, the dimension d would therefore allow the determination of the size
of crystals at the beginning of calcareous formation, when they are randomly distributed
on the surface and do not coalesce. The growth of crystals can then be observed until
approximately I = 0.5I.

For smaller 1/ Iy values, i.e., when rate of calcareous formation is larger, the d values
increase very rapidly. Intuitively, one may suppose that this corresponds to overlapping of
calcium carbonate crystals. The dimension d would then give the average distance between
areas that remain active, and, therefore, the size of CaCOs aggregates. However, the cor-
responding theory is not yet available, and the above interpretation is speculative for the
variations of d in the range 0 < I/Iy < 0.5.
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Figure 15.10: Variation of average crystal size d during the calcareous formation: a) at 360 rpm
and different potentials; and b% at —1.2 V(SCE) and different electrode rotation speeds. (Taken

)

from Deslouis and Tribollet.23

Figure 15.11: Calcareous deposit formed at —1.2 V(SCE) and 1200 rpm, I/Ip = 0.7. (Taken
from Deslouis and Tribollet23% and reproduced with permission of Elsevier, Inc.)
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Electrohydrodynamic impedance characterization of calcareous deposits showed mainly
partially blocked electrode behavior and allowed the estimation of the average size of char-
acteristic sites of the interface. These results have been confirmed by ex-situ SEM images.

Problems
15.1 From equation (15.37), deduce the expressions (14.21) and (14.22).

15.2 Derive the EHD impedance for the anodic dissolution of copper in a chloride
medium where the reactions proceed according to

Cu+Cl™ &2 CuClygs + e~ (15.76)
where CuCl,4; is an adsorbed intermediate that reacts to form CuCl, by
CuCl,gs + Cl™ 2 CuCly (15.77)

The mass-transfer limitation is due only to CuCl; .
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Chapter 16

Methods for Representing
Impedance

Impedance data are presented in different formats to emphasize specific classes of
behavior. The impedance format emphasizes the values at low frequency, which
typically are of greatest importance for electrochemical systems that are influenced
by mass transfer and reaction kinetics. The admittance format, which emphasizes
the capacitive behavior at high frequencies, is often employed for solid-state sys-
tems. The complex capacity format is used for dielectric systems in which the
capacity is often the feature of greatest interest.

The method of representing impedance data has great impact on the use of
graphical methods to visualize and interpret data. The material presented in this
chapter supports the subsequent chapters on graphical methods. In Chapter 17,
graphical methods are presented that require no specific model of the system under
investigation. In Chapter 18, graphical methods are presented that have a basis in
a deterministic model for a given process.

The methods for representing impedance data are illustrated here for the two
simple RC electrical circuits shown in Table 16.1. A review of Chapters 1 and 4
may be useful. The summary of relationships among complex impedance, real
and imaginary parts of the impedance, and the phase angle and magnitude found
in Tables 1.1, 1.2, and 1.3 may also be useful.

MRemember! 16.1 The impedance representation emphasizes values at low fre-
quency and is often used for electrochemical systems for which information is sought re-
garding mass transfer and reaction kinetics.
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Table 16.1: Summary of complex impedance, admittance, and capacitance characteristics for
simple blocking and reactive circuits.

(@) (b)
Circuit
Cc
R C F
o-'\/\/\,—-i }—o Lo
Re
R
Classification blocking reactive
Complex impedance
R
Zr R R, + 1+(wRC)?
Z. 1 _ _wCR?
j wC 1+(wRC)?
Time constant none RC
Complex admittance
R(wC)? ReR(wC)*+1+ %
Y, 1+(wReC) R[(1+BR¢)2+(wReC)2]
Y, wC wC
j 1+(wReC)? (1+% )+ (wR.CP
2\ ~1/2
Time constant R.C R.C Q%— 2%‘ + (%‘) )
Complex capacitance
Cr —L ——
1+(wReC) (1+58) +(wRC)?
1 Raw(e? ___ RR(wCP+1+%
G 1+(wReC) Rw[(1+5 ) +(@R.C)]
_ < o\ —1/2
Time constant R.C RC|1+2¥ + (%)
Capacitance
C= —%z,- C C+ =k
Time constant none RC
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16.1 Impedance Format

The impedance can be expressed as the complex ratio of potential and current con-
tributions, i.e.,

Z =

—~f

(16.1)

As discussed in Section 4.1.2, the impedance for a series arrangement of passive
elements is additive. The impedance for the parallel arrangement of impedances
Z; and Z; is given by equation (4.24).
For a resistor R, and capacitor C in series, shown in Table 16.1(a), the impe-
dance is given by
1

Z=Re—j== (16.2)

The real part of the impedance is independent of frequency, and the imaginary part
of the impedance tends to —oo as frequency tends toward zero according to 1/w.

In fact,

—wZ; = % (16.3)

for all frequencies w.

The system comprising the resistor R, and capacitor C in series provides an
example of a class of systems for which, at the zero-frequency or dc limit, current
cannot pass. Such systems are considered to have a blocking or ideally polariz-
able electrode. Depending on the specific conditions, batteries, liquid mercury
electrodes, semiconductor devices, passive electrodes, and electroactive polymers
provide examples of systems that exhibit such blocking behavior.

For a resistor R, in series with the parallel combination of R and capacitor C,
shown in Table 16.1(b), the impedance is given by

R

Z=Re+150Re

(16.4)

or
R . wCR?

1+ @RCE 1+ (wRCY?
The real part of the impedance tends toward R, + R as frequency tends toward

zero. The imaginary part of the impedance tends toward zero as frequency tends
toward zero such that

Z=R,+ (16.5)

Z:
— lim =L = CR? (16.6)
w—0 W
A characteristic angular frequency wgc = 1/(RC) can be identified for which the

imaginary part of the impedance has a maximum value

—Zj (ch) = g (167)
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The real part of the impedance tends toward R, as frequency tends toward oo, and
the imaginary part of the impedance tends toward zero such that

—ng;owzj = é (16.8)
The high-frequency limit for the imaginary part of the impedance given in equa-
tion (16.8) is identical to that given for the series arrangement as equation (16.3) for
all frequencies.

The reactive system shown in Table 16.1(b) may be considered to be an exam-
ple of a class of systems for which, at the zero-frequency or dc limit, the resistance
to passage of current is finite, and current can pass. Many electrochemical and
electronic systems exhibit such nonblocking or reactive behavior. Even though the
impedance response of the systems represented in this chapter is extremely simple
as compared to that of typical electrochemical and electronic systems, the blocking
and nonblocking systems comprise a broad cross-section of electrochemical and
electronic systems. The concepts described can therefore be easily adapted to ex-
perimental data.

The resistor R and capacitor C shown in Table 16.1 can take on different mean-
ings for different electrochemical systems. The resistance may, for example, be as-
sociated with the charge-transfer resistance of an electrochemical reaction, with the
resistance of an oxide or porous layer, or with the electronic resistance of a semicon-
ductor. The capacitor C may be associated with the double layer for an electrode
in electrolyte, with surface capacitance of a film, or with the space-charge region of
a semiconductor. The resistor R, may be associated with the Ohmic resistance of
the electrolyte or with the frequency-independent resistance of a solid.

16.1.1 Complex-lmpedance-Plane Representation

Impedance data are often represented in complex-impedance-plane or Nyquist for-
mat, as shown in Figure 16.1. The data are presented as a locus of points, where
each data point corresponds to a different measurement frequency. One disadvan-
tage of the complex-impedance-plane format is that the frequency dependence is
obscured. This disadvantage can be mitigated somewhat by labeling some charac-
teristic frequencies. In fact, characteristic frequencies should always be labeled to
allow a better understanding of the time constants of the underlying phenomena.

The asymptotic limits of the real part of the impedance for the reactive circuit
of Table 16.1(b) are R, at high frequencies and R, + R at low frequencies. These
limits are indicated in the complex-impedance-plane plot, and the characteristic

MRemember! 16.2 Complex-impedance-plane plots should have orthonormal
axes, and characteristic frequencies should be labeled.
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-Z 1 Qcm’

60 80 100 120
Zr / Q cm?

Figure 16.1: Impedance-plane or Nyquist representation of impedance data for R, = 10 Qcm?,
R = 100 Qcm?, and C = 20 uF/cm?. The blocking system of Table 16.1(a) is represented by
A and dashed lines, and the reactive system of Table 16.1(b) is represented by (O and solid
lines.

frequency for the system is shown at the peak where the negative imaginary im-
pedance reaches a maximum value. For the system chosen here, frc = 79.6 Hz.
The maximum value of the imaginary part of the impedance is equal to R/2 for a
single RC circuit.

The real part of the impedance for the blocking circuit shown in Table 16.1(a) is
equal to R, for all frequencies. The tendency of the imaginary part to approach
—oo as frequency tends toward zero appears as a vertical line in the complex-
impedance-plane plot.

Complex-impedance-plane plots are very popular because the shape of the lo-
cus of points yields insight into possible mechanisms or governing phenomena.
If the locus of points traces a perfect semicircle, for example, the impedance re-
sponse corresponds to a single activation-energy-controlled process. A depressed
semicircle indicates that a more detailed model is required, and multiple peaks
provide clear indication that more than one time constant is required to describe
the process. The significant disadvantages are that the frequency dependence is
obscured, that low impedance values are obscured, and that apparent agreement
between model and experimental data in impedance-plane format may obscure
large differences in frequency and at low impedance values.
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Figure 16.2: Bode representation of impedance data for R, = 10 Qcm?, R = 100 Qcm?, and
C = 20 uF/cm?. The blocking system of Table 16.1(a) is represented by dashed lines, and
the reactive system of Table 16.1(b) is represented by solid lines. Characteristic frequencies are
noted as frc = (2RC) ! and f. = (22RC)~!; a) magnitude and b) phase angle.

16.1.2 Bode Representation

The functionality with respect to frequency is seen more clearly in the Bode repre-
sentation shown in Figures 16.2(a) and (b) for the magnitude and phase angle,
respectively. Frequency is generally presented on a logarithmic scale to reveal
the important behavior seen at lower frequencies. Note that, following customary
practice, the frequency f given in Figure 16.2 has units of Hz (cycles/s); whereas
the angular frequency w used in the mathematical development has units of s~?
(radians/s). The conversion is given by w = 27f.

The magnitude of the impedance of the blocking circuit of Table 16.1a can be
expressed as

1 2
|Z| = 4/RZ + (55) (16.9)

The magnitude tends toward R, as frequency tends toward co and toward oo as
1/w as frequency tends toward zero. The magnitude is usually presented on a
logarithmic scale as a function of frequency on a logarithmic scale, as shown in
Figure 16.2(a). The slope of the line at low frequencies, therefore, has a value of
—1 for the blocking electrode considered here. A value with magnitude smaller
than unity could provide an indication of a blocking electrode with a distribution
of characteristic time constants. Such systems are described in Chapter 17.

The magnitude of the impedance of the reactive system of Table 16.1b can be

expressed as
1Z] = \J

2 2

R 2

R+ ———| + _ wCR® > (16.10)
1+ (wRC) 1+ (wRC)
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The magnitude tends toward R, as frequency tends toward co and toward R, + R
as frequency tends toward zero. The transition between low frequency and high
frequency asymptotes has a slope of —1 on a log-log scale.

Following equation (4.32), the phase angle for the blocking configuration can

be expressed as
1
— tan—1
¢ = tan (wReC) (16.11)

The phase angle tends toward —90°s at low frequencies and toward zero at high
frequencies. The phase angle at the characteristic angular frequency w, = (R,C)™!
is equal to —45° (see equation (16.11)).

The phase angle for the reactive configuration can be expressed as

¢ = tan™" ( wRC )
R+ R, (1+ (wRC)?)

(16.12)

The phase angle tends toward zero at low frequencies, indicating that the current
and potential are in phase. The phase angle tends toward zero at high frequencies
as well, due to the influence of the leading resistor R, in equation (16.12). Note
that, while the characteristic angular frequency for this circuit is wgc = (RC)7},
the phase angle at the characteristic angular frequency wgc is given by

— tan-1 1
¢ = tan (1 T 2Re/R) (16.13)

which is equal to 45° only if R,/R = 0. The characteristic angular frequency for
which the phase angle is equal to 45° can be expressed as

_ 1 R R,
wc—ZReC(ld:\/l 4R(1+R)> (16.14)

but this expression is valid only if

Re '\/-2- - 1

—t <

R~ 2
For the case presented here, the phase angle reaches 45° at frequencies of 100 and
696 Hz, values that have no direct correspondence to the characteristic frequency
based on R of frc = 79.6 Hz or based on R, of f. = 796 Hz. The peak in the phase
angle is seen at a characteristic frequency

(16.15)

1 R
=14+ = .
fe InRC + R, (16.16)
which has a value of 264 Hz.
The popularity of the Bode representation stems from its utility in circuits anal-
ysis. The phase angle plots are sensitive to system parameters and, therefore, pro-
vide a good means of comparing model to experiment. The modulus is much less
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sensitive to system parameters, but the asymptotic values at low and high frequen-
cies provide values for the dc and electrolyte resistance, respectively.

For electrochemical systems, however, the Bode representation has drawbacks.
The influence of electrolyte resistance confounds the use of phase angle plots such
as shown in Figure 16.2(b) to estimate characteristic frequencies. In addition, Fig-
ure 16.2(b) shows that the current and potential are in phase at high frequencies;
whereas, at high frequencies, the current and surface potential are exactly out of
phase. This result is seen because, at high frequencies, the impedance of the surface
tends toward zero, and the Ohmic resistance dominates the impedance response.
The electrolyte resistance, then, obscures the behavior of the electrode surface in
the phase angle plots.

16.1.3 Electrolyte-Resistance-Corrected Bode Representation

If an accurate estimate for electrolyte resistance R, o is available, a modified Bode
representation is possible as

2
|Z]agj = \/(Re - Re,est)2 + (wl_C) (16.17)

and

_ 1
¢agj = tan™! ( R-Ro)w c) (16.18)

for the blocking configuration, and

2 2
R wCR?
|Z‘adj = \) [(Re - Re,est) + 1+ (ch)z] + (1 n (wRC)z) (16.19)

and

wR'C ) (16.20)

-1
¢adj = tan (R -+ (Re - Re,est) (1 + (wRC)z)

for the reactive configuration. The results are presented in Figures 16.3(a) and
(b) for magnitude and phase angle, respectively. The current and potential for
the blocking electrode are shown correctly in Figure 16.3(b) to be out of phase at
all frequencies. The current and potential for the reactive configuration is shown
to be in phase at low frequencies and out of phase at high frequencies, and the
phase angle has a value of —45° at the characteristic angular frequency wgc. This
approach is applied for more complicated systems in Sections 17.1.2, 17.2.1, and
Example 17.1.

Caution should be used when interpreting the electrolyte-resistance-corrected
Bode plots. As seen in equation (16.20), nonzero values for (R, — R, est) can give
the appearance of an additional high-frequency relaxation process. When possible,
an assessment of R, e5; should be made independently of the regression.
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Figure 16.3: Electrolyte-resistance-corrected Bode representation of impedance data for R, =
10 Qcm?2, R = 100 Qem?, and C = 20 ],tF/cmz. The blocking system of Table 16.1(a) is
represented by dashed lines, and the reactive system of Table 16.1(b) is represented by solid
lines. The characteristic frequency is given as frc = (271'RC)_1;) a) magnitude and b) phase
angle.

16.1.4 Impedance Representation

Plots of the real and imaginary components of the impedance as functions of fre-
quency are presented in Figures 16.4(a) and (b), respectively. The impedance rep-
resentation has the significant advantage that the characteristic frequencies can be
readily identified. Following equation (16.5), the real part of the impedance of the
reactive configuration has a value of R, + R/2 at wgc. The magnitude of the imag-
inary part has a maximum value at wgc, and this value is equal to R/2. The imag-
inary part of the impedance for the blocking circuit shows no characteristic time
constant in this representation, and the real part of the impedance is independent
of frequency.

The behavior at lower impedance values is emphasized when the impedance
components are plotted on a logarithmic scale, as shown in Figures 16.5(a) and (b)
for real and imaginary parts of the impedance, respectively. Figure 16.5(b) in par-
ticular provides a rich source of insight into the experimental system. As in Figure
16.4(b), the maximum value is seen at the characteristic frequency. The slopes at
low and high frequency are +1 and —1, respectively, for the simple reactive sys-
tem presented in Table 16.1(b). Departure from +1 provides an indication of dis-
tributed processes. Observation of multiple maxima shows that the data must be
interpreted in terms of more than one process. Interpretation of Figures 16.4(b) and
16.5(b) in terms of characteristic frequencies is not confounded by the electrolyte
resistance, as was seen for the Bode plots of phase angle.

As discussed in Chapter 21, the variances of stochastic errors are equal for real
and imaginary parts of the impedance. Thus, another advantage of presenting real
and imaginary parts of the impedance as a function of frequency is that compari-
son between data and levels of stochastic noise can be easily represented.
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Figure 16.4: Real and imaginary parts of the impedance as a function of frequency for R, =
10 Qcm?, R = 100 Qcm?, and C = 20 uF/cm?. The blocking system of Table 16.1(a) is
represented by dashed lines, and the reactive system of Table 16.1(b) is represented by solid

lines. The characteristic frequency is given as frc = (271'RC)_1; a) real part of impedance and
b) imaginary part of impedance.
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Figure 16.5: Real and imaginary parts of the impedance on a logarithmic scale as a function
of frequency for R, = 10 cm?, R = 100 Qcm?, and C = 20 uF/cm?. The blocking system
of Table 16.1(a) is represented by dashed lines, and the reactive system of Table 16.1(b) is

represented by solid lines. The characteristic frequency is given as frc = (27rRC)_1; a) real
part of impedance and b) imaginary part of impedance.
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16.2 Admittance Format

The admittance can be expressed as the complex ratio of current and potential
contributions, i.e.,
1

7 (16.21)

S~

As discussed in Section 4.1.2, the admittance for a parallel arrangement of passive
elements is additive.

Following equation (1.24), the admittance can be expressed in terms of real and
imaginary components of the impedance as

1 _ Zr . Z]
7o I
7+ 22 7+ 7

Y = (16.22)

For the blocking system shown in Table 16.1(a), the impedance follows equation
(4.26), and

_ R, (wC)? : wC
1+ (wReC)? & (wReC)?

(16.23)

As angular frequency w tends toward zero, the real admittance tends toward zero
according to w? such that
Yy

3)15}) = R.C? (16.24)

The imaginary admittance tends toward zero according to w such that
Y:
lim—ZL=C (16.25)

As angular frequency w tends toward oo, the real admittance tends toward 1/R,,
and the imaginary admittance tends toward zero according to 1/w such that

lim wY; = !

Jim @ (16.26)

The maximum value for the imaginary part of the admittance is found at a charac-
teristic angular frequency w, = (R.C) " tobe Y;(w,) = (2R.) ™",

MRemember! 16.3 The admittance representation emphasizes values at high fre-
quency and is often used for solid-state systems for which information is sought regarding
system capacitance. The admittance format has the advantage that it has a finite value for
all frequencies, even for blocking electrodes.
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The corresponding development for the reactive system shown in Table 16.1(b)
is somewhat more complicated. The admittance can be expressed as

RR(wC}?+1+% . wC

' R [(1+%)2+(wReC)z] +](1+%) + (wR.C)?

(16.27)

As angular frequency w tends toward zero, the real part of the admittance tends
toward 1/(R, + R), and the imaginary part of the admittance tends toward zero
according to w such that
.Y R%*C
lim ~+ = —————s
w=0w (R, +R)
As angular frequency w tends toward co, the real admittance tends toward 1/R,,
and the imaginary admittance tends toward zero according to 1/w such that

, 1
Jm WY = 7oE

(16.28)

(16.29)

The high-frequency limit is the same as is found for the series combination of the
resistance R, and capacitance C shown as equation (16.26). The parallel resistance
R does, however, influence the value obtained for the i 1mag1nary part of the admit-
tance at the characteristic angular frequency w, = (R,C )7L ie,

(16.30)

In addition, the value of the characteristic angular frequency is shifted slightly to
larger values, i.e.,

1 R,  R?
we = R.C 1+2— 7 TR Rz (16.31)
The maximum value for the imaginary admittance is given by
Yi(we) = __R___ (16.32)
IV 2R, (R+ Re) '

Thus, in the admittance plane, the locus of points for both the blocking and the
single RC reactive system describes a semicircle.

16.2.1 Admittance-Plane Representation

Admittance-plane plots are presented in Figure 16.6 for the series and parallel cir-
cuit arrangements shown in Figure 4.3(a). The data are presented as a locus of
points, where each data point corresponds to a different measurement frequency.
As discussed for the impedance-plane representation (Figure 16.1), the admittance-
plane format obscures the frequency dependence. This disadvantage can be miti-
gated somewhat by labeling some characteristic frequencies.
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Figure 16.6: Admittance-plane representation for R, = 10 Qcm?, R = 100 Qcm?, and
C = 20 uF/cm?. The blocking system of Table 16.1(a) is represented by A and dashed lines,
and the reactive system of Table 16.1(b) is represented by (O and solid lines.

The high-frequency asymptote for the real part of the admittance is equal to
1/ R, for both blocking and reactive systems. The zero-frequency asymptote for the
real part of the admittance is equal to zero for the blocking system and to 1/(R. +
R) for the reactive system. It is interesting to note that both the blocking and the
reactive systems show a finite value at low frequencies. In contrast, the imaginary
part of the impedance for the blocking circuit tends toward —co as frequency tends
toward zero in the impedance-plane plot shown in Figure 16.1. The presence of
blocking behavior is revealed in Figure 16.6 by a high-frequency asymptote equal
to zero for both real and imaginary parts of the impedance.

The maximum value for the imaginary part of the admittance is equal to 1/2R,
for the blocking system, and the characteristic angular frequency at the maximum
is equal to w, = 1/R.C.

16.2.2 Admittance Representation

The real and imaginary parts of the admittance are presented as functions of fre-
quency in Figures 16.7(a) and (b), respectively. The low- and high-frequency lim-
its can be interpreted in terms of the relationship between impedance and admit-
tance for the respective circuit. The corresponding plots in logarithmic format are
presented as Figures 16.8(a) and (b), respectively. Presentation of admittance on
linear or logarithmic scales as functions of frequency shows the dependence on
frequency, and as compared to impedance, has the advantage that the imaginary
part of the admittance for a blocking circuit has a finite value at low frequencies.
On a logarithmic scale, deviations from the expected slopes of +1 in Figure 16.8(b)
or +2 for the blocking circuit in Figure 16.8(a) provide indications of processes
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Figure 16.7: Real and imaginary parts of the admittance as a function of frequency for R, =
10 Qecm?, R = 100 Qem?, and C = 20 uF/cm?. The blocking system of Table 16.1(a) is
represented by dashed lines, and the reactive system of Table 16.1(b) is represented by solid
lines. Characteristic frequencies are noted as frc = (27TRC) ™! and f. = (27tR.C)™; a) real
part of admittance and b) imaginary part of admittance.
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Figure 16.8: Real and imaginary parts of the admittance on a logarithmic scale as a function
of frequency for R, = 10 Qecm?, R = 100 Qcm?, and C = 20 uF/cm?. The blocking
system of Table 16.1(a) is represented by dashed lines, and the reactive system of Table 16.1(b)

is represented by solid lines. Characteristic frequencies are noted as frc = (271.'RC)_1 and
fo. = (2mR,C)™Y; a) real part of admittance and b) imaginary part of admittance.
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Figure 16.9: Electrical circuit analogue developed to account for the influence of two Shockley-
Read-Hall electronic transitions through deep-level states. See the discussion of Figure 12.8.

characterized by distributed or multiple time constants.

The characteristic frequency evident as a peak for the imaginary part of the
admittance in Figures 16.7(b) and 16.8(b) has a value corresponding exactly to
f: = (2nR,C) ™! for the blocking system. As shown by equation (16.31), the pres-
ence of a Faradaic process confounds use of graphical techniques to assess this
characteristic frequency.

The admittance format is not particularly well suited for analysis of electro-
chemical and other systems for which identification of Faradaic processes parallel
to the capacitance represents the aim of the impedance experiments. When plotted
in impedance format, the characteristic time constant is that corresponding to the
Faradaic reaction. When plotted in admittance format, the characteristic time con-
stant is that corresponding to the electrolyte resistance, and that is obtained only
approximately when Faradaic reactions are present.

As shown in Example 16.1, the admittance format is ideally suited for analysis
of dielectric systems for which the leading resistance can be neglected entirely.

\

Example 16.1 Admittance of Dielectrics: Find an expression for the admit-
tance of the electrical circuit shown in Figure 16.9. Identify the characteristic frequencies.

Solution: The circuit corresponds to the dielectric response of a semiconductor device.
The term Cs. represents the space-charge capacitance, and the terms R;1, Ci1, Ry, and
Ct2 account for the potential-dependent occupancy of deep-level electronic states, which
typically have a small concentration. The term Ry accounts for the leakage current, which
would be equal to zero for an ideal dielectric.
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The admittance can be expressed as

szm Ctz,l sz,,zC,zz

_ 1
Y(w) - FL + 1+((UR¢[1C¢’1)2 1+(wR¢2C,2)2 (16'33)
. wRy1CYy wRCEy
tjw | Coc + 1+(wR1Ch1)? | 1+(wRe2Cia)?

Asw = 0,Y, - 1/Rpand Y; — . Asw — o, Y, —» 1/Rp+1/Ry1 + 1/Rsp
and Y; — 0. The characteristic angular frequencies are wy = (Rt,lcm)‘l and wy =
(Ry2Ct2) ™). The characteristic angular frequencies could be easily identified from plots of
real and imaginary parts of the admittance as functions of frequency.

The complex capacitance representation for this type of system is particularly interest-
ing. See the discussion in Section 16.3 and Example 16.2.

16.2.3 Electrolyte-Resistance-Corrected Representation

If the electrolyte resistance R, is removed from the expression for the admittance,
the admittance is simplified to

Y =0+ jwC (16.34)

for the series configuration resulting in only C and
Y= % + jwC ‘ (16.35)

for the parallel (reactive) configuration of R and C. The resulting real and imag-
inary parts of admittance are presented in Figures 16.10(a) and (b), respectively.
The imaginary components of admittance for the series and parallel configura-
tions, equations (16.34) and (16.35) respectively, are identical and can be used to
recover the capacitance at any given frequency. The use of the admittance format
to obtain the capacitance for dielectric systems motivates the development of anal-
ysis in terms of complex capacitance, as presented in the subsequent section.

16.3 Complex-Capacitance Format

The complex capacitance, defined to be

. 1 Y Y

m Remember! 16.4 Like the admittance representation, the complex-capacitance
representation emphasizes values at high frequency and is often used for solid-state and
dielectric systems for which information is sought regarding system capacitance.
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Figure 16.10: Real and imaginary parts of the electrolyte-resistance-corrected admittance on
a logarithmic scale as a function of frequency for R, = 10 Qem?, R = 100 Qcm?, and
C = 20 uF/ecm?. The blocking system of Table 16.1(a) is represented by dashed lines, and
the reactive system of Table 16.1(b) is represented by solid lines. Characteristic frequencies are
noted as fzc = (27RC) ™! and f, = (27R.C)~}; a) real part of admittance and b) imaginary
part of admittance.

has the advantage of being related to a physical property, the effective double-layer
capacitance. For the blocking system of Table 16.1(a), the complex capacitance
follows )
C . Rew (C
Clw) = 7 ) 0 (C) 3
1+ (wReC) 1+ (wReC)

The characteristic angular frequency for the blocking circuit is w, = 1/R,C, the
same as is found for the admittance of the blocking circuit. At the characteristic
angular frequency, the real part of the capacitance is equal to half the double-layer
capacitance, and the imaginary part is equal to minus one-half of the double-layer
capacitance. The complex-capacitance plot for the blocking circuit traces a semicir-
cle.

The corresponding development for the reactive system of Table 16.1b yields

(16.37)

C . RRwC?+1+5%

Clw) = -
@ (1+1*R-'-)2+(wReC)2 ]Rw[(1+%)2+(wReC)z]

(16.38)

The characteristic angular frequency for which C, = C/2 is given by equation
(16.31), and the imaginary impedance at low frequencies tends toward —oo.

16.3.1 Complex-Capacitance-Plane Representation

The complex-capacitance-plane plot is presented in Figure 16.11. The data are pre-
sented as a locus of points, where each data point corresponds to a different mea-
surement frequency. As discussed for the impedance- and admittance-plane rep-
resentations (Figures 16.1 and 16.6, respectively), the complex-capacitance-plane
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Figure 16.11: Complex-capacitance-plane plots for R, = 10 Qem?, R = 100 Qcm?, and
C = 20 uF/cm?. The blocking system of Table 16.1(a) is represented by A and dashed lines,
and the reactive system of Table 16.1(b) is represented by O and solid lines.

format obscures the frequency dependence. This disadvantage can be mitigated
by labeling some characteristic frequencies.

The double-layer capacitance of the blocking electrode can be obtained from the
zero-frequency asymptote. The asymptotic value for the reactive system is scaled
by the term (1+ R./R) ™%

16.3.2 Complex-Capacitance Representation

The real and imaginary parts of the complex-capacitance are presented as functions
of frequency in Figures 16.12(a) and (b), respectively. The low-frequency limit can
be interpreted in terms of an effective double-layer capacitance. This relationship
is exact for the blocking circuit of Table 16.1(a). The corresponding plots in loga-
rithmic format are presented as Figures 16.13(a) and (b), respectively.

The characteristic frequency evident as a peak for the imaginary part of the
complex-capacitance in Figures 16.12(b) and 16.13(b) has a value corresponding
exactly to f, = (27R,C)™" only for the blocking system. As found for data pre-
sentation in admittance format, the presence of a Faradaic process confounds use
of graphical techniques to assess this characteristic frequency. Like the admittance
format, the complex capacitance is not particularly well suited for analysis of elec-
trochemical and other systems for which identification of Faradaic processes par-
allel to the capacitance represents the aim of the impedance experiments. It is
particularly well suited for analysis of dielectric systems for which the electrolyte
resistance can be neglected.
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Figure 16.12; Real and imaginary parts of the complex capacitance as a function of frequency
for Re = 10 Qem?, R = 100 Qcm?, and C = 20 yF/cmz. The blocking system of Table
16.1(a) is represented by dashed lines, and the reactive system of Table 16.1(b) is represented
by solid lines. Characteristic frequencies are noted as frc = (27RC) ™! and f; = (2R.C)™%;
a) real part of complex capacitance and b) imaginary part of complex capacitance.
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Figure 16.13: Real and imaginary parts of the complex capacitance on a logarithmic scale
as a function of frequency for R, = 10 Qem?, R = 100 Qcm?, and C = 20 pF/cm?. The
blocking system of Table 16.1(a) is represented by dashed lines, and the reactive system of Table
16.1(b) is represented by solid lines. Characteristic frequencies are noted as frc = (271:RC)—1
and f, = (27tReC)"1; a) real part of complex capacitance and b) imaginary part of complex
capacitance.
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\
Example 16.2 Complex Capacitance of Dielectrics: Find an expression for
the complex capacitance for the electrical circuit shown in Figure 16.9 and discussed in
Example 16.1. Identify the limits and characteristic frequencies.

Solution: Insertion of equation (16.34) into the definition for complex capacitance

Y
= — 16.39
C(w) . (16.39)
yields
C(w) = Cs+ Cu1 3 Ciz 2 (16.40)
1+ (th,1Ct,1) 1+ (WRt,ZCt,Z)
, 1 wR;1CY wR2C2,

+
wRr 1+ (CURt,1Ct,1)2 1+ (th,zct,2)2

Asw — 0,Cr — Coc + Cy, + Cyp. Asw — o0, Cy — Cy. The characteristic angular
frequencies are wy = (Rt,lct,l)_l and wy = (Rt,zct,z)'l. The characteristic frequencies
could be identified easily from plots of real and imaginary parts of the complex capacitance
as functions of frequency.

16.4 Effective Capacitance

A more attractive representation of effective capacitance for electrochemical sys-
tems may be obtained directly from the imaginary part of the impedance as

1
Cett = “wZ; (16.41)
In contrast to the complex capacitance described in Section 16.3, the effective ca-
pacitance described in equation (16.41) is defined to be a real number.
For the series circuit,
Ceis =C (16.42)

and for the reactive circuit, .

Cg=CH+ 2R2C (16.43)
Linear and logarithmic plots of effective capacitance are presented as functions of
frequency in Figures 16.14(a) and (b), respectively. The high-frequency asymptote

m Remember! 16.5 The effective capacitance provides a means of quantitatively
determining the interfacial capacitance of a system.
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Figure 16.14: Effective capacitance as a function of frequency for R, = 10 Qcm?, R =
100 Qdcm?, and C = 20 uF /cm?. The blocking system of Table 16.1(a) is represented by dashed
lines, and the reactive system of Table 16.1(b) is represented by solid lines. The characteristic

frequencies noted are frc = (2RC) ™! and £, = (27tR,C)™}; a) linear scale and b) logarithmic
scale.

provides correct values for the double-layer capacitance for both blocking and re-
active circuits. The characteristic angular frequency for the reactive system is seen
in equation (16.43) to be w, = (R.C )7}, and at this value, a factor of 2 (or 100 per-
cent) error is seen for identification of double-layer capacitance. As seen in Figure
16.15, the error is diminished at frequencies larger than the characteristic frequency
fre = (2rRC) L. At frequencies only one order of magnitude larger than fzc, the
error in assessment of double-layer capacitance is only 1 percent. Measurement
at several different frequencies should be used to ensure that the capacitance is
obtained at a frequency sufficiently larger than the largest characteristic relaxation
frequency for the system.

Example 16.3 Evaluation of Double-Layer Capacitance: Find the meaning
of the effective capacitance obtained using equation (16.41) for the convective-diffusion
impedance expressed as equation (11.20), i.e.,

Rt + ZD((U)
1+ jwCq (Rt + Zp(w))

Z(w) = Re + (16.44)

where Zp(w) is a complex function of frequency that tends toward zero as frequency tends
toward oo,

Solution: At high-frequencies, all models for convective diffusion to a rotating disk ap-
proach the Warburg impedance, given as equation (11.52). Thus, the convective diffusion
impedance can be expressed as Zp(w) = Zp(0)/+/jwT. Following Example 1.7, which
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Figure 16.15: Error in assessment of the double-layer capacitance for the reactive system of Ta-
ble 16.1(b) as a function of frequency scaled by the characteristic frequency frc = (27tRC)_1.

provides a demonstration of methods used to determine the square root of complex numbers,

Zo() = Z0(0) 7= (1= ) = Aw) (1) (16.45)

The impedance can be expressed as

R+ A(w) (1 —7)

Z=R . .
et T T jwCa (R + A(@) (1=7))

(16.46)

°’ R+ A(w) - jA()

1+ wCyA(w) + jwCa (Rt + A(w))
After multiplying by the complex conjugate, the real and imaginary contributions are ob-
tained as

Z=R.+ (16.47)

R+ A(w)
Z, =R, 16.48
T (1 wCaA(w))? + w?CE (R + A(w))? (1649
and
Aw) +wCa (A3(@) + (Rt + AW))?)
= (16.49)

I (14 wCaA(w))? + wCl (R, + A(w))?

respectively. Following equation (16.41), the effective capacitance that can be obtained at
the high-frequency limit is given as

. 1
Ceff = a]}.lil;lo _(U_Z]‘ = Cd1 (1650)
Thus, the high-frequency limit of the effective capacitance can be used to obtain the double-
layer capacitance for even quite complicated systems. The reason this approach works is
that, at high frequencies, the Faradaic current is blocked, and all current passes through
the double-layer capacitor.
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Problems

16.1

16.2

16.3

16.4

Consider the electrical circuit given as Figure 4.6(a). Use a spreadsheet pro-
gram to plot the results for Ry = 100}, R; = 500}, C; = 20uF, R, = 500(,
and C; = 10uF in the following representations:

(@) Impedance

(b) Admittance

(c) Complex capacitance

Use a spreadsheet program to plot the results of Problem 10.6 in the follow-
ing representations:

(@) Impedance

(b) Admittance

() Complex capacitance

Consider the equation used for a so-called constant phase element, e.g.,
_ R
14+ (jw)*ReQ

Plot the model results using the formats presented in this chapter, letting
R, = 10 Qcm?, Ry = 100 Qem?, and Q = 20 pFs*~!1/cm~2. Allow « to be a
parameter such that1 > « > 0.5.

Verify equation (16.50) in Example 16.3.

Z(w) = R, + (16.51)
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Chapter 17

Preliminary Graphical Methods

Graphical methods provide a first step toward interpretation and evaluation of im-
pedance data. An outline of graphical methods is presented in Chapter 16 for sim-
ple reactive and blocking circuits. The same concepts are applied here for systems
that are more typical of practical applications. The graphical techniques presented
in this chapter do not depend on any specific model. The approaches, therefore,
can provide a qualitative interpretation. Surprisingly, even in the absence of spe-
cific models, values of such physically meaningful parameters as the double-layer
capacitance can be obtained from high- or low-frequency asymptotes.

The methods for graphical representation and interpretation of impedance data
are presented here for impedance data characteristic of active and blocking elec-
trodes. The material presented here is based on a paper by Orazem et al.?% The
classification of active systems is represented by a Randles circuit, as presented
in Figure 17.1(a). The classification of blocking systems is represented by the cir-
cuit presented in Figure 17.1(b). The mathematical development was presented
in previous chapters in terms of angular frequency w. As experimental data are
generally presented in terms of frequency f = w/2m, the graphical approaches
developed in this chapter are presented in terms of frequency f.

Ou a
3\
1

R, Ou a

R A e e

Re

Zp(f)

@ ()

Figure 17.1: Equivalent circuits used to demonstrate the graphical representation of reactive
impedance data: a) Randles circuit; and b) blocking circuit.



334 PRELIMINARY GRAPHICAL METHODS CHAPTER 17

Table 17.1: Randles circuit parameters used for simulations.

R./Qem? [ R;/Qem? | Qg /MO Iem™%s* | a | /s | Zp(0)/Qcm?
100 100 15.915 1.0 1 1,000
100 100 109.97 0.7 1 1,000
100 100 398.94 0.5 1 1,000

17.1 Application to a Randles Circuit

A Randles circuit is used here to demonstrate the graphical representation for re-
active (nonblocking) systems. The impedance of the Randles circuit presented in
Figure 17.1(a) is given by

(Re+ Zp(f))
1+ (j27f)*Qui (Re + Zp(f))

where the convective-diffusion impedance Zp(f) was given by the expression for
a finite stagnant diffusion layer of thickness J; as described in Section 11.4.2, i.e.,

Zp(f) = ZD(O)tanh\/(jz” 7]t zfr;j:D) (17.2)

where 1p is the time constant for diffusion given by 75 = 62/D;. The parame-
ters « and Qg are associated with a constant-phase element (CPE) as discussed
in Section 13.1.37%1%4 When &« = 1, Q4 has units of a capacitance, e.g., yFem™2,
and represents the capacity of the double layer. When a # 1, the system shows
behavior that has been attributed to surface heterogeneity8:182 or to continuously
distributed time constants for charge-transfer reactions.!8%-187 The phase angle as-
sociated with a CPE is independent of frequency.

The parameter values used for the simulations presented here are given in Ta-
ble 17.1. The parameters were chosen such that the high-frequency CPE element
would have a characteristic frequency frc of 100 Hz, corresponding to a time con-
stant of 1.59 ms.

The Randles circuit provides an example of a class of systems for which, at the
zero-frequency or dc limit, the resistance to passage of current is finite, and current
can pass. Many electrochemical and electronic systems exhibit such nonblocking
or reactive behavior. Even though the impedance response of the system presented
in this section is relatively simple as compared to that of typical electrochemical
and electronic systems, the nonblocking systems comprise a broad cross-section
of electrochemical and electronic systems. The concepts described in this chapter
therefore can be easily adapted to experimental data.

Z(f)=Re+

17.1)

17.1.1 Traditional Representation of Data

As discussed in Section 16.1, impedance data are often represented in complex-
impedance-plane or Nyquist formats accompanied with Bode representations in
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which the modulus and phase angle are presented as function of frequency. Such
traditional representations of impedance data are given in Figure 17.2 for the circuit
presented as Figure 17.1(a).

The complex-impedance-plane or Nyquist format is shown in Figure 17.2(a) for
the Randles circuit. The data are presented as a locus of points, where each data
point corresponds to a different measurement frequency. The asymptotic limits of
the real part of the impedance for the reactive circuit shown in Figure 17.2(a) are R,
at high frequencies and R, + Zp(0) + R; at low frequency. Complex-impedance-
plane plots are very popular because the shape of the locus of points yields insight
into possible mechanisms or governing phenomena. If the locus of points traces
a perfect semicircle, for example, the impedance response corresponds to a sin-
gle activation-energy-controlled process. A depressed semicircle indicates that a
more detailed model is required, and the multiple loops shown in Figure 17.2(a)
provide clear indication that more than one time constant is required to describe
the process. The significant disadvantages are that the frequency dependence is
obscured, that low impedance values are obscured, and that apparent agreement
between model and experimental data in complex-impedance-plane format may
obscure large differences in frequency and at low impedance values.

The dependence on frequency is seen more clearly in the Bode representation
shown in Figures 17.2(b) and (c) for the magnitude and phase angle of the Ran-
dles circuit. Frequency is generally presented on a logarithmic scale to reveal the
important behavior seen at lower frequencies. For a process described by single
RC element, the characteristic frequency is readily identified by inflections in the
magnitude and phase angle plots. The magnitude of the impedance of the sin-
gle RC reactive system tends toward R, as frequency tends toward co and toward
R. + R; as frequency tends toward zero. The phase angle has a value of —45° at
the characteristic frequency frc = 1/(271RC). The slope of the transition between
low frequency and high frequency asymptotes can provide useful information con-
cerning the nature of the impedance response if the characteristic time constants
are well separated.

The phase angle, expressed as

¢ =tan™" (ﬁ) (17.3)
Z

tends toward zero at low frequencies, indicating that the current and potential are
in phase. The phase angle tends toward zero at high frequencies as well, due to
the influence of the leading resistor R, in the value of Z, used in equation (17.3).
Dashed lines in Figures 17.2(b) and (c) indicate the characteristic frequencies asso-
ciated with the time constants of the synthetic impedance data of Table 17.1. No
clear correspondence is seen between the Bode plots and the time constants of the
impedance data.

The popularity of the Bode representation stems from its utility in circuits anal-
ysis. The phase angle plots are sensitive to system parameters and, therefore, pro-
vide a good means of comparing model to experiment. The modulus is much less
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Figure 17.2: Traditional representation of impedance data for the Randles circuit presented as
Figure 17.1(a) with a as a parameter. a) complex-impedance-plane or Nyquist representation
(symbols are used to designate decades of frequency.); b) Bode representation of the magnitude
of the impedance; and ¢) Bode representation of the phase angle. (Taken from Orazem et al 206
and reproduced with permission of The Electrochemical Society.)
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sensitive to system parameters, but the asymptotic values at low and high frequen-
cies provide values for the dc and electrolyte resistance, respectively.

For electrochemical systems exhibiting an Ohmic or electrolyte resistance, how-
ever, the Bode representation has serious drawbacks. The influence of electrolyte
resistance confounds the use of phase angle plots, such as shown in Figure 17.2(c),
to estimate characteristic frequencies. In addition, Figure 17.2(c) shows that the
current and electrode potential are in-phase at high frequencies; whereas, at high
frequencies, for &« = 1, the current and interfacial potential are exactly out of phase.
Even when & # 1, the current and interfacial potential are not in-phase at high fre-
quencies. The electrolyte resistance, then, obscures the behavior of the electrode
surface in the phase angle plots.

17.1.2 Phase Angle and Modulus Corrected for Ohmic Resistance

If an accurate estimate for electrolyte resistance R, st is available, a modified Bode
representation is possible, following the development in Section 16.1.3, as

$agj = tan ™! (7—5’——) (17.4)

- Re,est

and

|1Zag; = \/ (Zr = Reest)? + (2;)? (17.5)
The results are presented in Figures 17.3(a) and (b) for magnitude and phase angle,
respectively.

The slope of the corrected modulus yields valuable information concerning the
existence of CPE behavior that is obscured in the traditional Bode presentation.
At high frequencies, the corrected modulus is dominated by the contribution of
the imaginary part of the impedance. The corrected modulus approaches zero
according to |Z|,g ~ f~%; thus, the slope on a log-log plot has a value of —a at
high frequencies.

As seen in Figure 17.3(b), systems exhibiting purely capacitive behavior, i.e.,
where a = 1, the current and potential are in-phase at low frequencies and out-of-
phase at high frequencies. The phase angle has an inflection point at the character-
istic frequency frc = 100 Hz and reaches a value of —90° at high frequency. Under
conditions that CPE behavior is evident, i.e.,, when & # 1, the phase angle reaches
a high-frequency asymptote such that

Padj(00) = —90x (17.6)

m Remember! 17.1 Interpretation of the phase angle in terms of interfacial proper-
ties is confounded by the contribution of the Ohmic resistance. The adjusted phase angle,
given in equation (17.4), reveals the behavior of the interface.
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Figure 17.3: Bode plots with & as a parameter for the Randles circuit presented as Figure
17.1(a) adjusted for the electrolyte resistance following equations (17.4) and (17.5): a) modulus;
and b) phase angle. (Taken from Orazem et al.2% and reproduced with permission of The
Electrochemical Society.)

The corrected phase angle plots yield valuable information concerning the exis-
tence of CPE behavior that is obscured in the traditional Bode presentation.

As mentioned in Section 16.1.3, caution should be used when interpreting the
electrolyte-resistance-corrected Bode plots. Incorrect estimates for R, et can give
the appearance of an additional high-frequency relaxation process. When possi-
ble, an assessment of R, st should be made independently of the regression. In
addition, noise in the experimental data can obscure the behavior of the corrected
phase angle at high frequencies. At high frequencies, Z, — Rges. Thus, the argu-
ment to the inverse tangent in equation (17.4) will have a sign controlled by noise
in the denominator, and the phase calculated from equation (17.4) will have val-
ues scattered about ¢,4j(c0). This scatter will of course be evident as well in the
Ohmic-resistance-corrected magnitude plots. Nevertheless, Bode plots corrected
for Ohmic resistance are useful as a pedagogical tool and for determining whether
CPE behavior is evident in the data.

17.1.3 Real and Imaginary Components

The difficulty with using the Ohmic-resistance-corrected Bode plots presented in
the previous section is that an accurate estimate is needed for the electrolyte re-
sistance and that, at high frequencies, the difference Z, — Re est is determined by
stochastic noise. As discussed in Section 16.1.4, these difficulties can be obviated
by plotting the real and imaginary components of the impedance.

The real part of the impedance, shown in Figure 17.4(a), provides the same
information as is available from the modulus plots presented in Figure 17.2(b).
The high frequency asymptote reveals the Ohmic electrolyte resistance, and the
low frequency asymptote reveals the sum of the polarization impedance and the
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Figure 17.4: Real and imaginary parts of the impedance as a function of frequency with & as
a parameter for the Randles circuit presented as Figure 17.1(a): a) real part; and b) imaginary
part. (Taken from Orazem et al.2% and reproduced with permission of The Electrochemical
Society.)

electrolyte resistance. The imaginary part of the impedance, presented in Fig-
ure 17.4(b), has the significant advantage that the characteristic frequencies can
be readily identified at the peak values. The imaginary part of the impedance
is independent of electrolyte resistance, so correction for Ohmic resistance is not
needed.

The behavior at lower impedance values is emphasized when the impedance
components are plotted on a logarithmic scale, as shown in Figure 17.5. Figure
17.5 provides a rich source of insight into the experimental system. As in Figure
17.4(b), a characteristic frequency can be defined to exist at the maximum value.
The slopes at low and high frequency are +« and —a«, respectively. Departure from
+1 provides an indication of distributed processes. Observation of multiple max-
ima shows that the data must be interpreted in terms of more than one process. In-
terpretation of Figure 17.5 in terms of characteristic frequencies is not confounded
by the electrolyte resistance, as was seen for the Bode plots of phase angle.

As discussed in Section 21.2, the variances of stochastic errors are equal for real
and imaginary parts of the impedance. Thus, another advantage of presenting real
and imaginary parts of the impedance as functions of frequency is that comparison
between data and levels of stochastic noise can be easily represented.

m Remember! 17.2 As shown in Figure 17.5, the slope of the magnitude of the
imaginary part of the impedance as a function of frequency in logarithmic coordinates yields
the exponent of a CPE.
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Figure 17.5: Imaginary part of the impedance as a function of frequency with a as a param-
eter for the Randles circuit presented as Figure 17.1(a). (Taken from Orazem et al.2% and
reproduced with permission of The Electrochemical Society.)

17.1.4 Effective High-Frequency Capacity or CPE Coefficient .

An effective capacitance, or, when & # 1, an effective CPE coefficient may be ob-
tained directly from the imaginary part of the impedance as

-1
Zi(f) (2nf)"

When a = 1, the CPE coefficient Q becomes a capacitance, and equation (17.7) can
be written

Qest = sin () (17.7)

-1
Qeff Cett Z](f) (27['f) (178)
In contrast to the complex capacitance described in Section 16.3, the effective ca-
pacitance described in equation (17.8) is defined to be a real number.

The ratio of effective CPE coefficient to the expected value is given in Fig-
ure 17.6. The high-frequency asymptote is seen to provide correct values for the
double-layer CPE coefficient. The assessment should be made at frequencies sig-
nificantly larger than the largest characteristic relaxation frequency for the system.
At frequencies only one order of magnitude larger than fgrc, the error in assessment
of double-layer CPE coefficient is only one percent. Measurement at several dif-
ferent frequencies should be used to ensure that the CPE coefficient is obtained at
a frequency sulfficiently larger than the largest characteristic relaxation frequency
for the system.
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Figure 17.6; Effective CPE coefficient defined by equation (17.7), scaled by the input value
of the double-layer CPE coefficient, as a function of frequency with & as a parameter for the
Randles circuit presented as Figure 17.1(a). (Taken from Orazem et al.2% and reproduced with
permission of The Electrochemical Society.)

The high-frequency asymptote provides correct values for the double-layer ca-
pacitance for both blocking and reactive circuits. The percent error in the assess-
ment of Q. is presented in Figure 17.7, which represents an extension of Figure
16.15. As seen in Figure 17.7, the error is diminished at frequencies larger than

the characteristic frequency frc = (27rR¢Cy)) 1At frequencies only one order of
magnitude larger than frc, the error in assessment of double-layer capacitance is
one percent for # = 1, but measurement at larger values of f/ frc is required to
achieve similar accuracy for values of « less than 1. Measurement at several dif-
ferent frequencies should be used to ensure that the capacitance is obtained at a
frequency sufficiently larger than the largest characteristic relaxation frequency for
the system.

MRemember! 17.3 Calculation of an effective capacitance or CPE coefficient ac-
cording to equation (17.7) yields, in the high-frequency limit, properties associated with
the electrode under study.




342 PRELIMINARY GRAPHICAL METHODS CHAPTER 17

10° == ! T

101 . .\‘-\\..i."-.\‘__“‘. ...... -
= 0 L ............................................................. \~\‘~,-

I% 10 -~
<)
-1

8 107" e gl N -
- -==a=07

10'2 S T =05 o N -

10-3 i i

1 10 100 1000

f/ Tc

Figure 17.7: Error in assessment of the double-layer capacitance for the reactive system of Table
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17.2 Application to Blocking Electrodes

The impedance of the blocking circuit presented in Figure 17.1(b) is given by

1
Z(f) = Re + —————— 17.9
(f ) € ( ]2 T f)“ Q ( )
The parameter values R, &, and Q used for the simulations presented here are the
same as those given for the Randles circuit in Table 17.1.

17.2.1 Nyquist and Bode Representations

The complex impedance plane or Nyquist representation of the impedance for the
blocking electrode of Figure 17.1(b) is presented in Figure 17.8(a). For a = 1, the
real part of the impedance for the blocking circuit is equal to R, for all frequencies.
The tendency of the imaginary part to approach —co as frequency tends toward
zero appears as a vertical line in the impedance plane plot given as Figure 17.8(a).
For & # 1, the real and imaginary parts tend toward +c0 and —oo, respectively,
showing that, in contrast to the impedance of reactive systems, a finite dc limit is
not seen. Under DC conditions, current cannot pass. The high-frequency limit, not
visible on the scale presented, has a value of R, for all values of «.

The Bode representation is presented in Figures 17.8(b) and (b) for modulus and
phase angle, respectively. The traditional values of modulus and phase angle are
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of the magnitude of impedance; and c} Bode representation of the phase angle. (Taken from
Orazem et al.2% and reproduced with permission of The Electrochemical Society.)
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Figure 17.9: Imaginary part of the impedance as a function of frequency with & as a param-
eter for the blocking circuit presented as Figure 17.1(b). (Taken from Orazem et al.2%® and
reproduced with permission of The Electrochemical Society.)

compared to the values adjusted for the electrolyte resistance following equations
(17.4) and (17.5).

The magnitude, presented in Figure 17.8(b), tends toward R, as frequency tends
toward oo and toward oo as frequency tends toward zero. The slope of the line at
low frequencies has a value of —« for the blocking electrode. Slopes with values
smaller than unity could provide an indication of a blocking electrode with a dis-
tribution of characteristic time constants. The slope of the modulus corrected for
Ohmic resistance is equal to —a for all frequencies.

The phase angle for the blocking configuration, shown in Figure 17.8(c), tends
toward a constant value of —90a° at low frequencies and toward zero at high fre-
quencies. As seen for the reactive system in Figure 17.2(c), the behavior at high
frequencies is attributed to the confounding influence of the electrolyte resistance.
The corrected phase angle is constant for all frequencies, with a value of —90a° as
is shown in Figure 17.8(c). Again, accurate estimates for the Ohmic resistance are
needed to generate the corrected plots.

17.2.2 Imaginary Component

The logarithm of the imaginary part of the impedance is presented in Figure 17.9.
The imaginary part of the impedance presented in Figure 17.9 is identical to the
Ohmic-resistance-corrected modulus presented in Figure 17.8(b), but has the ad-
vantage that it can be obtained directly without need for an estimate of the elec-
trolyte resistance. The slope of the imaginary part of the impedance on a log-log
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plot is independent of frequency and has a value of —a.

17.2.3 Effective CPE Coefficient

The ratio of effective CPE coefficient, calculated using equation (17.7), to the ex-
pected value is given in Figure 17.10. The effective CPE coefficient is seen to be
independent of frequency.

\

Example 17.1 Plots for Mg Alloys: Consider the global impedance response for
an as-cast magnesium alloy AZ91 presented in Figure 17.11 for the AZ91 alloy at the cor-
rosion potential after different immersion times in 0.1 M NaCl.122238 What quantitative
information can be obtained without considering a detailed process model such as discussed
in Example 10.3?

Solution: The imaginary part of the impedance is plotted on a logarithmic scale in Figure
17.12. A line with slope —0.856 =+ 0.007 is shown, which was fitted to the high-frequency
data for t = 0.5 h of immersion. This slope has the value of —a, and departure from
—1 provides an indication of distributed processes. The low-frequency portion of the high-
frequency capacitive loop has a slope of 0.661 & 0.008. The lack of symmetry suggests that
the high-frequency capacitance is in parallel with other reactive processes. Observation of
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Figure 17.11: Traditional representation of impedance data obtained for the AZ91 alloy at the
corrosion potential after different immersion times in 0.1 M NaCl: a) complex-impedance-plane
or Nyquist representation (the lines represent the measurement model fit to the complex data
sets); b) Bode representation of the magnitude of the impedance as a function of frequency;
and c) Bode representation of the phase angle as a function of frequency. (Taken from Orazem
et al.200 and reproduced with permission of The Electrochemical Society.)
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Figure 17.12: Imaginary part of the impedance as a function of frequency for the AZ91 alioy
at the corrosion potential after different immersion times in 0.1 M NaCl. The line with slope
—0.857 £ 0.007 was fitted to the high-frequency data for + = 0.5 h of immersion time. (Taken
from Orazem et al.200 and reproduced with permission of The Electrochemical Society.)

Table 17.2: Values for high-frequency component obtained from asymptotic values for the
corrosion of an AZ91 Mg alloy.206

Immersion Time /h | 05 | 3.0 | 6.0
« / dimensionless | 0.856 | 0.872 | 0.877
Qe /MO~ lem=2s* | 227 | 19.1 | 185

R./Qcm? 10.65 | 10.45 | 11.4

multiple maxima also shows that the data must be interpreted in terms of more than one
process.

The slopes at the high-frequency asymptotes appear to be in good agreement for the
three data sets, but a more detailed analysis reveals some trending. Values for the CPE
exponent are provided in Table 17.2. A small increase in the value of « is evident as the
immersion time increases.

The value of « can be used in equation (17.7) to obtain an apparent CPE coefficient
Qesr. The resulting values of Qegs are presented in Figure 17.13. The absence of a clearly
identifiable asymptote may be attributed to high-frequency instrumental artifacts. The
values for the CPE coefficient provided in Table 17.2 represent the average over the values
for the 10 highest frequencies. A small reduction in the value of Qe is evident as the
immersion time increases.

The value of « obtained from Figure 17.12 can also be used to find the solution resis-
tance R, used in equation (17.4) to yield the expected asymptotic value for adjusted phase
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Figure 17.13: Effective CPE coefficient defined by equation (17.7) for the AZ91 alloy at the
corrosion potential after different immersion times in 0.1 M NaCl. (Taken from Orazem et al,200
and reproduced with permission of The Electrochemical Society.)

angle given by equation (17.4). The resulting Ohmic-resistance-corrected phase angle and
magnitude are given in Figure 17.14. The slope of the high-frequency asymptote for mag-
nitude corrected for electrolyte resistance has a value of —«. Values for the electrolyte
resistance are provided in Table 17.2.

17.3 Overview

The graphical representations presented here are intended to enhance analysis and
to provide guidance for the development of appropriate physical models. While
visual inspection of data alone cannot provide all the nuance and detail that can, in
principle, be extracted from impedance data, the graphical methods described in
this chapter can provide both qualitative and quantitative evaluation of impedance
data.

The impedance plane or Nyquist plots presented as Figures 17.2(a), 17.8(a), and
17.11(a) provide a sense of the type of processes that govern the low-frequency be-
havior of the system. The shape of the low-frequency loop in Figure 17.2(a) is typ-

m Remember! 17.4 The graphical methods described in this chapter are general
and can be applied to both reactive and blocking systems.
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Figure 17.14. Ohmic-resistance-corrected Bode plots for the AZ91 alloy at the corrosion po-
tential after different immersion times in 0.1 M NaCl, with values adjusted for the electrolyte
resistance following equation (17.4): a) phase angle; and b) modulus. (Taken from Orazem et
al.296 and reproduced with permission of The Electrochemical Society.)

ically associated with mass-transfer effects, although the shape is clearly distorted
by the CPE behavior for « < 1. A blocking behavior is suggested by the absence of
a low-frequency dc limit in Figure 17.8(a). Three time constants are clearly evident
in Figure 17.11(a).

Aside from values for asymptotic limits for the real part of the impedance, it
is difficult to extract meaningful information from the traditional Bode plots when
the Ohmic resistance is not negligible. In contrast, the Bode plots of magnitude and
phase angle corrected for Ohmic resistance can be used to identify CPE behavior
at high frequencies. Following equation (17.6), the high-frequency limit for the
phase angle (Figures 17.3(b) and 17.14(a)) can be used to extract values for the CPE
coefficient x. The Ohmic-resistance-corrected phase angle for the blocking system
shown in Figure 17.8(c) is constant for all frequencies. The slope of the corrected
modulus (Figures 17.3(a), 17.8(b), and 17.14(b)) can also be used to extract values
for the CPE coefficient .

The plots of the imaginary part of the impedance on a log-log scale shown
in Figures 17.5 and 17.12 are particularly helpful. The slopes of the lines at low
and high frequency in Figure 17.5 indicate clearly that two time constants can be
discerned, that the high-frequency feature has CPE characteristics, and that the
CPE characteristic extends to the low-frequency feature. This result indicates that
the two time constants are coupled through a double-layer capacitive or constant-
phase element. Log-log plots of imaginary impedance can be used to distinguish
between a depressed impedance-plane semicircle caused by a continuous distribu-
tion of time constants associated with a CPE and that caused by contributions of
discrete processes with closely overlapping but discrete time constants.

For the AZ91 data, the log of the imaginary part of the impedance shown in Fig-
ure 17.12 indicated a CPE behavior, meaning that the high-frequency feature had
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the characteristic of a distributed time constant rather than several discrete time
constants. The absence of symmetry for the high-frequency feature suggested that
the capacitive behavior was in parallel to other reactive processes. The decrease in
« with immersion time suggests that the surface became more homogeneous with
the growth of corrosion product layers.

For the blocking system, the plot of the imaginary part of the impedance on
a log-log scale shown in Figure 17.9 yields the same information as the Ohmic-
resistance-corrected modulus presented in Figure 17.8(b). The advantage of using
Figure 17.9 is that no estimate is needed for the electrolyte resistance.

The effective CPE coefficient representation in Figures 17.6 and 17.13 yields,
for « = 1, information concerning the high-frequency capacitance of the system.
In the case that a < 1, Figures 17.6 and 17.13 yield an effective CPE coefficient Qe
that can be related to the film capacitance through a model of the distributed time
constants following Brug et al.!

The plots presented here have general application. They have been useful for
evaluating the high-frequency behavior associated with local impedance measure-
ments, where low-frequency measurements were not reliable and the frequency
range was therefore not sufficient to allow regression analysis with a more detailed
mathematical model.! The graphical analysis showed that, while high-frequency
CPE behavior was evident in global impedance measurements for a Mg AZ91 al-
loy disk electrode, the local impedance measured near the center of the disk exhib-
ited ideal RC behavior. The CPE behavior was thereby attributed to a 2-D radial
distribution of the charge-transfer resistance. The capacitance extracted from high-
frequency asymptotic behavior was used to estimate the area sampled by the local
impedance technique.

As shown in Section 13.3, logarithmic plots of the imaginary part of the im-
pedance can be used to show the high-frequency pseudo-CPE behavior caused
by nonuniform current distribution. A graphical analysis similar to that demon-
strated in Example 17.1 was employed by Huang et al.?® to obtain values for
parameters R, &, and Q associated with the impedance of a glassy carbon disk
in KCl solutions and an oxide-covered stainless steel electrode in 0.05 M NaCl +
0.005 M Na;SOy electrolyte.
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Figure 17.15: Equivalent circuit for Problem 17.1.

Problems

17.1 Consider the circuit presented in Figure 17.15. Upon choosing appropriate
parameters that will yield time constants in a measurable frequency range,
develop plots similar to Figures 17.2~17.6.

17.2 Develop plots similar to Figures 17.2-17.6 for the impedance data of the cir-
cuits given in Figure 17.1(a) with data presented in admittance rather than
impedance format.

17.3 Consider the circuit presented in Figure 9.4 for an electrode covered by a
film. Upon choosing appropriate parameters that will yield time constants
in a measurable frequency range, develop plots similar to Figures 17.2-17.6.
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Chapter 18
Model-Based Graphical Methods

Under certain limiting conditions, graphical methods for analysis of impedance
data can be based on the physics of the system under study. Use of such methods
does not provide the detailed information that may be available from use of regres-
sion techniques, presented in Chapter 19. The graphical methods may, however,
complement the development of detailed process models by identifying frequency
ranges in which the process model must be improved.

The techniques presented here each involve analysis of data collected as a func-
tion of a system parameter such as temperature, potential, or disk rotation speed.

18.1 Mass Transfer

Graphical methods can be used to extract information concerning mass transfer if
the data are collected under well-controlled hydrodynamic conditions. The sys-
tems described in Chapter 11 that are uniformly accessible with respect to convec-
tive diffusion would be appropriate. The analysis would apply to data collected
on a rotating disk electrode as a function of disk rotation speed, or an impinging
jet as a function of jet velocity.

18.1.1 Scaled Plots of Impedance

The experimental data presented in Figure 18.1(a) correspond to reduction of fer-
ricyanide on a Pt rotating disk electrode.?2*° The electrolyte consisted of 0.01 M
K3Fe(CN)s and 0.01 M K4Fe(CN)g in 1 M KCl. The temperature was controlled
at 25 + 0.1°C. The electrode diameter was 5 mm, yielding a surface area of 0.1963
cm?. A polishing technique was selected for the Pt disk electrode that provided the
maximum steady mass-transfer-limited current. The electrode was polished with
a 1,200-grit emery cloth, washed in deionized water, polished with alumina paste,
and subjected to ultrasound cleaning in a 1:1 solution of water and ethyl alcohol.
Experiments were conducted at 1/2 of the mass-transfer-limited current.

The part of the impedance influenced by mass transfer can be isolated by sub-
tracting the electrolyte resistance. The data presented in Figure 18.1(a) were then
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Figure 18.1: Impedance data as a function of frequency for reduction of ferricyanide on a
rotating Pt disk electrode with rotation speed as a parameter; a) raw data and b) scaled data.
(Taken from Durbha et al.85:239)
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Figure 18.2: Impedance data from Figure 18.1 as a function of scaled frequency p = w/Q for
reduction of ferricyanide on a rotating Pt disk electrode; a) the real part of the impedance and
b) the imaginary part of the impedance.

scaled by the zero frequency asymptotic value for the real part of the impedance,
as seen in Figure 18.1(b). The superposition of impedance spectra is striking, but,
in itself, does not constitute a proof that the impedance data were controlled by
mass transfer. Scaled plots of impedance such as shown in Figure 18.1(b) provide,
however, a useful means of identifying systems where the impedance has changed
but the underlying physical phenomena are unchanged.

A more direct evaluation of the role of mass transfer is obtained by plotting
the scaled impedance values as a function of dimensionless frequency p = w/(),
which is scaled by the rotation speed. The real and imaginary parts of the scaled
impedance, shown in Figures 18.2(a) and (b), respectively, are superposed at low
frequencies. Thus, the impedance values are, at low frequencies, controlled by con-
vective mass transfer to the rotating disk. Differences are seen at higher frequencies
that can be attributed to electrode kinetics.

18.1.2 Asymptotic Behavior at Low-Frequency

A graphical method was reported by Tribollet et al. that can be used to extract
Schmidt numbers from experimental data in which the convective-diffusion im-
pedance dominates.!3 The technique accounts for the finite value of the Schmidt

m Remember! 18.1 Scaled plots of impedance provide a useful means of identify-
ing systems where the impedance has changed but the underlying physical phenomena are
unchanged.
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Figure 18.3: lllustration of the use of the method described by Tribollet et al.}3% to extract
the Schmidt number from the low-frequency portion of the scaled measurement. Impedance
data were taken from Figure 18.1: a) scale showing the approach to linearity as frequency tends
toward zero; and b) regression of the linear portion of the plot shown in part a. The slope of
the line was —13.52, resulting in a Schmidt number equal to 1,091.

number. The concept is based on the observation that

dRe
lim (———dRe{Z} ) lim ol =AScP=s (181
p=0 \dpIm {Z} p—0 dem{ 9(0)}

Thus, the quantity ASc!/® may be obtained by plotting Re{Z} as a function of
pIm{Z}, and the straight line of slope s = ASc'/3 is fitted to the low frequency
data. The constant A was obtained taking into account the above development.

dRe{ —=1—
A = lim { "*(")} = 1.2261 + 0.84Sc~1/3 +0.635c"%/3  (18.2)
=0\ dp Sc1/31m{ 5 20)}

The value of the Schmidt number is then obtained by solving the equation
1.2261Sc*® + (0.84 — 5)Sc'/3 +0.63 = 0 (18.3)

This approach is attractive because d Re {Z} /dp Im { Z} is constant over a substan-
tial frequency range.

An illustration of the asymptotic technique is presented in Figure 18.3 for the
data presented in Figure 18.1(a). The scale presented in Figure 18.3(a) shows the
approach to linearity as frequency tends toward zero. The data collected at dif-
ferent rotation speeds are superposed in Figure 18.3(a). Regression of the linear
portion of the plot, shown in Figure 18.3(b), yields a slope of —13.52. Solution of
equation (18.3) yields a Schmidt number equal to 1,091, in good agreement with
the expected value of 1,100 for this system.
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Regression of a process model for this system, reported by Orazem et al.,®
yielded values for the Schmidt number that appeared to be a function of rotation
speed. While the value obtained at 120 rpm of 1,114 was in good agreement with
the value obtained by use of the low-frequency asymptotic relation, much larger
values were obtained at higher rotation speeds. A regressed value of 1,222, for
example, was reported for a rotation speed of 2,400 rpm. The superposition, at
low frequencies, of data collected at all rotation speeds in Figure 18.3(a) suggests
that the process model used by Orazem et al. did not account properly for a phe-
nomenon evident at higher frequencies and that errors in fitting data at higher
frequencies were propagated to lower frequencies in the form of an incorrect as-
sessment of Schmidt number. The use of the asymptotic method can complement
development of complete process models.

18.2 Reaction Kinetics: Arrhenius Relations

Systems that are governed by reaction kinetics show well-defined behaviors as a
function of temperature and potential. If the system can be described as being
controlled by a single activation-energy-controlled process, graphical methods can
be used to cause the data to superpose.

The excitation of electrons in semiconducting systems, as described in Chapter
12, follows an Arrhenius temperature dependence, e.g.,

k = koexp (%E) (18.4)

where kg is a constant. As R; « 1/ko, for a system showing a single potential-
dependent reaction, the charge-transfer resistance can be expected to follow

R =Rjexp (%) (18.5)

Under the assumption that the capacitance is independent of temperature, the
characteristic time constant for the system should follow the same Arrhenius tem-
perature dependence, i.e.,

o AE
TRC = TRc €XP (ﬁ) (18.6)

Impedance data taken at different temperatures for systems governed by single-
step activation-energy-controlled processes may be expected to superpose when
properly normalized.

Graphical techniques based on application of an Arrhenius relationship are il-
lustrated here for an n-GaAs single crystal diode with a Ti Schottky contact and
a Au, Ge, Ni Schottky contact at the eutectic composition. This material has been
well characterized in the literature and, in particular, has a well-known EL2 deep-
level state that lies 0.83 to 0.85 eV below the conduction band edge.!> Experimen-
tal details are provided by Jansen et al.17%240
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Figure 18.4: Impedance data as a function of frequency for an n-GaAs/Ti Schottky diode
with temperature as a parameter: a) the real part of impedance; and b) the imaginary part of
impedance. (Taken from Jansen et al.172)

The experimental data are presented in Figures 18.4(a) and (b) for the real and
imaginary parts of the impedance, respectively, for data collected at temperatures
ranging from 320 to 400 K. The logarithmic scale used emphasizes the scatter seen
in the imaginary impedance at low frequencies. The impedance response is seen to
be a strong function of temperature. The impedance plane plots shown in Figure
18.5, for data collected at 320 and 340 K, show the classic semicircle associated with
a single relaxation process.

The reduced presentation of the data given in Figure 18.6 shows that the im-
pedance response is dominated by a single relaxation process with an activation
energy near 0.83 eV. The impedance data collected at different temperatures were
normalized by the maximum mean value of the real part of the impedance and
plotted against a normalized frequency defined by

E
f
where E was given a value of 0.827 eV, and the characteristic frequency f° was
given a value of 2.964 x 10! Hz such that the imaginary part of the normalized
impedance values reached a peak value near f* = 1. The data collected at differ-

ent temperatures are reduced to a single line. The extent to which the data are
superposed is seen more clearly on the logarithmic scale shown in Figure 18.7.

MRemember! 18.2 Reduced presentation of impedance data in terms of scaled fre-
quency (given, e.g., in Figures 18.2 and 18.6) provides verification of the origin of the
impedance response.
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Figure 18.5: Impedance data in impedance-plane format for an n-GaAs/Ti Schottky diode with
temperature as a parameter. (Taken from Jansen et al.172)
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Figure 18.6: Impedance data from Figure 18.4 collected for an n-GaAs/Ti Schottky diode as a
function of frequency f* = f; exp (E/kT): a) real part of impedance; and b) imaginary part of
impedance. (Taken from Orazem and Tribollet?4! and reproduced with permission of Elsevier,
Inc.)
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Figure 18.7: Impedance data from Figure 18.4 collected for an n-GaAs/Ti Schottky diode as a
function of frequency f* = 7[5 exp (E/kT): a) real part of impedance; and b) imaginary part of

impedance. (Taken from Orazem and Tribollet?4! and reproduced with permission of Elsevier,
Inc.)

It is worth noting that, while the data do superpose nicely in Figures 18.6
and 18.7, the impedance data do in fact contain information on minor activation-
energy-controlled electronic transitions.'’#2%0 The information concerning these
transitions can be extracted by regression of an appropriate process model using a
weighting strategy based on the error structure of the measurement.

18.3 Mott-Schottky Plots

Graphical techniques can be applied for single-frequency measurements when the
frequency selected excludes the contributions of confounding phenomena. For ex-
ample, impedance measurements on a semiconductor diode at a sufficiently high
frequency exclude the influence of leakage currents and of electronic transitions
between deep-level and band-edge states. Thus, the capacitance can be extracted
from the imaginary part of the impedance as

1

C=—
ij

(18.8)
The problem is reduced to one of identifying the relationship between semiconduc-
tor properties and the capacitance as a function of applied potential. The mathe-
matical development is presented in Section 12.3.2.

Mott-Shottky plots of 1/C? as a function of potential are particularly useful
at larger doping levels. As seen in Figure 12.10(a), 1/C? is linear over a broad
range of potential. The slope of 1/C? with respect to potential is negative for an
n-type semiconductor and positive for a p-type semiconductor. The linear portion
is given by equation (12.39) for an n-type semiconductor and by equation (12.40)
for a p-type semiconductor.
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Figure 18.8: Mott-Schottky plot for an n-GaAs/Ti Schottky diode: 1/C? as a function of
applied potential. 242

An example of the use of Mott-Schottky plots is presented in Figure 18.8. The
capacitance was measured at a frequency of 1 MHz applied across the semicon-
ductor sample described in Figure 18.4 as a function of reverse bias with a DLTS
spectrometer.2> Deep-level states are not expected to influence the signal at such
a high frequency; thus, the slope can be interpreted in terms of the doping level.

Deviations from straight lines in Mott-Schottky plots are frequently attributed
to the influence of potential dependent charging of surface or bulk states. While
deviations can also be attributed to nonuniform dopant concentrations, this inter-
pretation is supported by analytic and numerical calculations of the contribution
of defects to the space charge as a function of applied potential (see, e.g., Dean and
Stimming'® or Bonham and Orazem!®”).

MRemember! 18.3 Deviations from ideal behavior can give important clues to the
physical phenomena governing an experimental system.
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Table 18.1: Experimental diffusion impedance data obtained at a rotation speed of 600 rpm.

f/Hz | Z,/Qem? | Z;/Qem? || f/Hz | Z,/Qcm?® | Z;/Qcm?
0.07942 | 997.9 -65.1 3.16 309 —273
0.1 992.2 —85.2 3.98 270.6 —253.7
0.1258 991 —97.8 5.02 239 —259.2
0.1584 973 -118 6.3 208.6 -197.9
0.1996 967 —149 7.94 188.8 -179.1
0.2512 940 —-190 10 165.2 —159.1
0.316 920 —231 12.58 147.3 —141.6
0.398 882 —263 15.84 131.9 —126.4
0.502 831 -320 19.94 116.3 —112.8
0.63 764 —324.6 25.12 103.7 —100.4
0.794 692 —347 31.624 91.9 —89.04
1 613 —354 39.812 823 —79.43
1.258 544 —342 50.12 73.14 —70.85
1.584 470 —348 79.43 59.7 —57.6
1.994 409 —328 100 52.11 —-50.11
2.52 356 —303

Problems

18.1 The value of the Schmidt number may be used to determine which species
participate in an electrochemical reaction. Estimate the value for the Schmidt
number that could be expected to be determined by impedance measure-
ments at 25 °C for the system 0.01 M K3Fe(CN)g, 0.01 M K4Fe(CN)¢, 1 M
KCL
(@) At the open circuit potential
(b) At the cathodic mass-transfer-limited current
(c) At the anodic mass-transfer-limited current

18.2 The experimental diffusion impedance data presented in Table 18.1 were
obtained at a rotation speed of 600 rpm. Find the numerical value of the
Schmidt number by using equation (18.3).

18.3 For simple reactions, the charge-transfer resistance may be given as a func-
tion of potential by equation (10.10). Develop a means of superposing im-
pedance data taken at different potentials for such a system where the impe-
dance response is given by equation (10.25).

18.4 Show how a linear dependence of capacitance on potential would influence

the superposition developed in Problem 18.3.



Electrochemical Impedance Spectroscopy
by Mark E. Orazem and Bernard Tribollet

Copyright ©2008 John Wiley & Sons, Inc.

Chapter 19

Complex Nonlinear Regression

Complex nonlinear least-squares (CNLS) regression techniques, with application
to impedance measurements, were developed in the late 1960s.22% The CNLS ap-
proach provides a significant improvement over ordinary nonlinear least-squares
(NLS) because a common set of parameters can be estimated by simultaneous re-
gression of the model to both real and imaginary data.?3 Since the Kramers-Kronig
relations constrain the real and imaginary parts of the complex quantity, the appro-
priate regression strategy should allow for the correlation of the real and imaginary
parts of the complex model through the Kramers-Kronig relations. This chapter
provides an overview of issues associated with regression. For a more detailed
discussion of the mechanics of the regression techniques, the reader is referred to
standard textbooks.8%244-247 The discussion by Press et al.**8 is also helpful.

19.1 Concept

Macdonald provides a perspective on historical trends in the application of regres-
sion techniques to impedance spectroscopy.>* The regression of models to impe-
dance data generally employs a complex nonlinear application of the method of
least squares.?*?%! Complex nonlinear least-squares regression techniques were
developed in the late 1960s as an extension of nonlinear least squares (NLS) re-
gression techniques.?>43 The use of CNLS is consistent with the expectation that
real and imaginary components of impedance data satisfy the constraints of the
Kramers-Kronig relations.’®542%2 The CNLS approach provides an improvement
over NLS techniques because a combined model parameter set is estimated by
simultaneous regression of the model to both real and imaginary parts of the mea-
sured spectrum. Weighted CNLS was first applied to impedance data by Mac-
donald et al %5 The concept of weighting is critical for impedance spectroscopy
because the impedance is a strong function of frequency.?5*240

The regression of a complex function Z to complex data Z can be expressed in
a least-squares sense as the minimization of the sum of squares

S= (z - Z(w|P))Tv—1 (z - Z(w|P)) (19.1)
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where V is a symmetric positive-definite variance-covariance matrix of the exper-
imental stochastic errors, Z represents the complex impedance data measured at
frequencies w, and Z(w|P) represents the complex model calculated for frequency
w as a function of a parameter vector P.2#>24” Under the assumption that the co-
variance terms in V can be neglected, i.e., that V is a diagonal matrix, and under
the additional assumption that residual errors are uncorrelated, equation (19.1) can
be replaced by

Ny [ (Z(w) = Zo(@nl®))” (Zw) ~ Zy(anl®))”

dat r Wi ) — Lyl W, Wi ) — Lijlw,

s=Y ¢ - Ak V.] ¢ (19.2)
k=1 rk jk

where Ny, represents the number of measured values, V,x and Vj; represent the
real and imaginary components, respectively, of the variance of the stochastic er-
rors, Z,(wy) and Zj(wy) represent the real and imaginary parts of the impedance
data measured at frequency wy, and Z,(w;|P) and Z,- (wk|P) represent the real and
imaginary parts of the model value calculated for frequency wy as a function of a
parameter vector P.

The statement that the covariance terms in V can be neglected implies both
that stochastic errors at one frequency are uncorrelated with errors at another fre-
quency and that errors in real and imaginary parts of the impedance at a given
frequency are not correlated. Use of equation (19.2) is therefore predicated on the
assumption that errors in real and imaginary parts of the impedance are not corre-
lated. If equation (19.2) is used under conditions where the error covariance terms
cannot be neglected, the incorrect error structure will be reflected in the param-
eter estimates. Carson et al.2* used numerical simulations to show that, when
a Frequency Response Analyzer algorithm was used to obtain the impedance re-
sponse from time-domain signals containing normally distributed errors, the real
and imaginary parts of the impedance were uncorrelated. In contrast, use of a
phase-sensitive-detection algorithm yielded correlation between real and imagi-
nary components of the impedance.?®

mRemember! 19.1 The weighting used for nonlinear regression employs an esti-
mate for the variance of the data. As the variance of impedance data is strongly dependent
on frequency, an independent assessment of the error structure is needed.
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19.2 Objective Functions

The regression procedure involves minimization of equation (19.2), which can be
expressed as

Nar (20~ ZAR). e (2000 - Z(I))
S(P):it r\Jk r\Jk +§t j\Jk 2] k (19.3)

)
k=1 Trk k=1 ik

where the minimized value of S(P) can be regarded to be the x? statistic. An objec-
tive function of this type has the attractive feature of emphasizing data for which
the confidence is high and deemphasizing data for which the confidence is low.
Methods to assess the variance of the measurement are discussed in Chapter 21.

The objective function, equation (19.3), is presented in Figure 19.1(a) for an RC
circuit as a function of parallel resistor and RC-time-constant values. The circuit
parameters were R = 1 Qcm?, and Trc = 1 s (see, e.g., Figure 4.3(b) and the
corresponding Example 4.2). The synthetic data were calculated for frequencies
ranging from 1 to 10° Hz at a spacing of 10 points per decade, and the noise was
determined by machine precision.

The objective of the regression procedure is to identify the parameter values
that minimize equation (19.3). The objective function, given as a response surface
in Figure 19.1(a), was found to be equal to zero at the set parameter values. Solid
lines have been drawn on the bottom contour map to indicate the values for which
the function is minimized.

Several features of the optimization problem are apparent in Figure 19.1(a). The
model is nonlinear with respect to parameters; nevertheless, the objective function
is well behaved near the solution where it can be approximated by a quadratic
function. The contours projected onto the base of the plot have an elliptical shape.
The major axis of the ellipse does not lie along either axis.

Each of the function-minimization procedures involves some assessment of the
objective function contour in parameter space. This contour is easily visualized in
three dimensions, as shown in Figure 19.1(a), but the large number of adjustable
parameters used in typical regressions makes graphical visualization cumbersome
if not impossible. Numerical methods, such as those described in this chapter, are
therefore required.

\
Example 19.1 Nonlinear Models: Show that the equation for the impedance of
a Voigt element is nonlinear with respect to parameters.

Solution: The impedance of a Voigt element can be given as

(19.4)
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Figure 19.1: The objective function, equation (19.3), for an RC circuit as a function of parallel
resistor and capacitor values. The circuit parameters were Ry = 1 (3, and 11 = 1s. The
synthetic data were calculated for frequencies ranging from 1 to 105 Hz at a spacing of 10
points per decade, and the noise was determined by machine precision. The objective function
at the set parameter values was found to be equal to zero: a) 3-D perspective drawing of the

contour surface; b) 2-D representation of the contour surface.
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Calculate first and second derivatives with respect to parameters.

0z 9°Z

0z 1 9%z

dRy 1+ jwn aR,% (19:6)
- 2 2

9Z _ _ ]R'kw " ) % _ ZR{Cw i (19.7)

0Ty (1+ jw) 0T (1+ jwt)

The second derivatives of Z with respect to Ro and Ry are equal to zero; thus, Z is linear
with respect to the resistance parameters. The second derivatives of Z with respect to Ty are
not equal to zero; thus, Z is nonlinear with respect to the time constant .

19.3 Formalism of Regression Strategies

The nonlinear regression techniques discussed in Section 19.3.2 are extensions of
the linear regression formalism described below. A more detailed description is
provided by Press et al.?%®

19.3.1 Linear Regression

Consider a general model of the form

Np
y(x) = kE PeXi(x) (19.8)
=1

where Xi(x) are arbitrary fixed functions of x called the basis functions and N,

represents the number of adjustable parameters Py in the model. Equation (19.8) is

linear with respect to parameters P even if Xi(x) are nonlinear with respect to x.
A least-squares regression involves minimization of the objective function

2
Naat y,-—):kN;’ PeXi(x:)
x2=s<P)=x( - )

i=1 o'l

(19.9)

where y; represents the measured values and o; represents the standard deviation
of measurement i. At the minimum value, the derivative with respect to the pa-
rameters P, vanishes. Thus,

Noat (Yi — M PX; i
)3 ( ):]_12] 1) X(x;) =0 (19.10)

i=1 0;

Equation (19.10) represents a set of N, equations of the form

Np
Y P = Bi (19.11)
i
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where N
dat X Xi
Br=1Y, iXi(x:)) akZ( 1)) (19.12)
i=1 i
and N
dat Xk(x. X:(x;
aej= ), L——%z—’(—’ﬁ (19.13)
i=1 i
In vector form, equation (19.11) can be written
«-P=§8 (19.14)
or
P=a"!.8
=C.B (19.15)

The inverse matrix C = a~! provides an estimate for the confidence intervals for
the estimated parameters. The diagonal elements of [C] are the variances of the
fitted parameters, i.e.,

0%, = Cjj (19.16)

The off-diagonal elements of C, C;, are the covariances between parameters P;
and P, which show the extent of correlation among parameters. This correlation
is undesirable for a regression. It can appear when too many parameters are be-
ing sought in the regression, but correlation among parameters may sometimes be
unavoidable due to the structure of the model.

19.3.2 Nonlinear Regression

Consider a general function f(P) = 0 that is nonlinear with respect to parameters
P. Under the assumption that f(P) is twice continuously differentiable, a Taylor-
series expansion about a parameter set Py yields

N5 1NN 52
£(P) =f(Po)+):;a—If:j P A1J,~+§):;;a—1,i§% BBARt.. (1917
J 0 ] 0

Equation (19.17) is second order with respect to parameter increments AP; and
therefore describes a parabolic hypersurface. The assumption that, in the neigh-
borhood of the minimum, the objective function can be described as a parabolic
hypersurface, is supported by the results presented in Figure 19.1.

The optimal value for P is found when f(P) has a minimum value. At the min-
imum, derivatives with respect to the parameter increments AP; should be equal
to zero; thus,

Ny 2 £
= 0P;oP

of _of
aAPj - an

AP, =0 (19.18)
Py

Py
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Equation (19.18) represents a set of N, equations of the form

Ny
Bi = ;D‘j,kAPk (19.19)
where
__1of
Bi = 2 a_p] . (19.20)
0
and
1 92 f
a]"k = E m (19.21)

Py

where a and B are generally functions of parameters P. In vector form, equation
(19.19) can be written

B=ua- AP (19.22)
or
AP =a71. B
=C-B (19.23)

The general formulation described above can now be applied to the nonlinear
least-squares problem.
A least-squares regression involves minimization of the objective function

o (2= 20))

7
i=1 h

(19.24)

X =

where Z; represents the measured values, Z(x;|P) represents the model, which
now may be nonlinear with respect to the parameter vector P, and o; represents the
standard deviation of measurement i. Under the understanding that the function f
to be minimized is given by equation (19.24), the gradient of the objective function
with respect to parameters P is given by

o\ (z,- = Z(xilP)) 9Z(xi(|P) 19.25
FT A o7 oF o
or
Ny ( Z; — Z(XIP) 7 (x;
5 ( ; i ) 0Z(x;|P) (19.26)

72 3P,

i

The components of equation (19.25) can be written in vector form as Vx*(Py).
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The second derivative of the objective function with respect to the parameters
P is given by
92 X2
OP;0Px |
Naat 1 [GZ(xilP) 3Z(x;|P)

(19.27)

2Y 5 —(Zk = Z(x%|P) ) =55

1.; 2| 9P 9P ( k= 2(x )) PP

or V2x%(P;). Equation (19.27) is called the Hessian matrix, which involves both
first and second derivatives of the model with respect to parameters. The matrix a

is equal to one-half of the Hessian matrix, i.e.,

azz(x,-u’)]

R T (2 - Z(xiIP)) ~par, (19.28)
The second derivatives of the Hessian matrix are typically neglected in evaluation
of equation (19.28), an action that is justified on two grounds. The first justifica-
tion is that second derivatives are often small as compared to the first derivatives.
For a linear problem, the second derivatives are identically equal to zero. The sec-
ond justification is that the term is multiplied by (yx — y(x;|P)), a term that, for
a successful regression, should be uncorrelated with respect to x; or to the model
y(x;|P). Thus, the second derivative terms should tend to cancel when summed
over all observations i. Accordingly,

_ N1 [BZ(xi!P) 9Z(x|P) aZZ(inP):'

Dtj'k ~

»‘Jf 1 [aZ(x,-|P) aZ(inP)] (19.29)

=0t | 9P oF

is used in the nonlinear regression algorithms described in Section 19.4.

Equations (19.24) to (19.29) can be applied for complex nonlinear least-squares
regression by concatenating the real and imaginary impedance data Z; to form a
data vector with length equal to twice the number of measured frequencies. A
similar concatenation applies for the model values Z(x;|P). Press et al.? provide
a very approachable discussion of the least-squares methods and their implemen-
tation.

19.4 Regression Strategies for Nonlinear Problems

Some common regression strategies are summarized in this section. For a more
detailed discussion, the reader is referred to standard textbooks.52244-247

19.4.1 Gauss-Newton Method

The Gauss-Newton Method for solving the nonlinear set of equations (19.18) can be
expressed as
Pj,£+1 = P]',g + al. ﬂ (19.30)
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where £ is the interation counter, 8 is evaluated following equation (19.26), and « is
evaluated following equation (19.29). The Gauss-Newton Method is characterized
by quadratic convergence near the solution, but convergence can be very slow far
from the solution. Quadratic convergence has the characteristic that the number
of significant digits in the solution doubles at every iteration. In some cases, the
Gauss-Newton Method diverges and fails to yield a solution. Due to its extreme
efficiency near the solution, the Gauss-Newton Method provides the basis for most
methods of nonlinear optimization.

19.4.2 Method of Steepest Descent

The Method of Steepest Descent seeks a minimum value of the objective function by
following the gradient of the objective function, i.e.,

Pior1=Pjs+AB (19.31)

where B is evaluated following equation (19.26), and A is a constant chosen to be
sufficiently small as to avoid overrunning the minimum. A comparison of equa-
tions (19.30) and (19.31) shows that the matrix a in the Gauss-Newton Method
modifies the Method of Steepest Descent by accounting for the curvature of the
objective function surface. For this reason, « is called the curvature matrix.

The Method of Steepest Descent tends to be quite efficient far from the solu-
tion, but convergence can be painfully slow near the solution. Slow convergence
is likely where the contours are attenuated and banana-shaped, i.e., where the
method tends to change direction often with minimal changes in objective func-
tion value.

19.4.3 Levenberg-Marquardt Method

The Levenberg-Marquardt Method described in this section represents a compromise
between the Gauss-Newton Method described in Section 19.4.1 and the Method
of Steepest Descent described in Section 19.4.2. The Method of Steepest Descent
is used far from the converged value, moving smoothly to the Gauss-Newton
Method as the solution is approached.

The critical concepts encompassed by the Levenberg-Marquardt Method are
the selection of the scaling factor for the Method of Steepest Descent and an ap-
proach for making a smooth transition from one method to the other. The curva-
ture matrix « is replaced by &’ such that

g = (1 +A) for j=k
i = for j#k (19.32)

The equation solved is
Pioi1 =P+ («)1-B (19.33)



372 COMPLEX NONLINEAR REGRESSION CHAPTER 19

high value high value

@ (®)

k low value

high value

(© (d)

Figure 19.2: Schematic representation of the simplex algorithm. New points are denoted by
closed circle o, and the vector mean of all except the highest value is denoted by an open
circle o: a) a reflection from the point with the highest value through the vector-mean of the
remaining points; b) an expansion along the same line, taken if the resulting point yields a result
that is lower than that seen at all other points; ¢) a contraction along the same line, taken if
the reflection point yields a result that is worse than that seen at all other points; and d) a
contraction among all dimensions toward the low point, taken if none of the actions taken yields
a result that is better than than the highest value.

When A is large, ' is diagonally dominant, and the method approaches that de-
scribed in equation (19.31). When A is small, the method approaches that described
in equation (19.31).

19.4.4 Downhill Simplex Strategies

The simplex method requires evaluations only of the objective function to be min-
imized. It does not require evaluation of the derivatives and does not require in-
version of a matrix that may have a zero determinant. The simplex method can
therefore be more robust than the strategies described in Sections 19.4.1, 19.4.2,
and 19.4.3.

A schematic representation of the downhill simplex algorithm is presented in
Figure 19.2.

o The objective function is evaluated at N + 1 points in parameter space, where
N is the number of adjustable parameters. The geometrical figure that is
formed is called a simplex.

¢ The function is evaluated at the reflection of the point with highest value
through the vector-average of opposing surface, as shown in Figure 19.2(a)
for an optimization in three parameters. If the new point gives a result better
than the highest value, but not better than the lowest value, the highest point
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is replaced with the new point. The reflections are designed such that the
volume of the simplex is conserved.

o If the new point gives a result better than all other points, a further extrapo-
lation is made along this line, as shown in Figure 19.2(b). Again, if the new
point gives a result better than the highest value, but not better than the low-
est value, the highest point is replaced with the new point.

e If the new point gives a result that is worse than the highest point, a contrac-
tion is performed along this line, as shown in Figure 19.2(c). If the new point
gives a result better than the highest value, but not better than the lowest
value, the highest point is replaced with the new point.

e If none of the actions taken yields a result that is better than the highest value,
a contraction is performed among all dimensions toward the low point, as
shown in Figure 19.2(d). The new simplex is shown as a shaded volume.

Convergence can be slow, especially if the minimum exists in a long narrow valley
in parameter space. Press et al.?*® describe several more efficient multidimension
optimization strategies.

19.5 Influence of Data Quality on Regression

Regression procedures can be sensitive to presence of singular or near-singular
matrixes. In such cases, the normal set of equations does not have a unique solu-
tion, and collinearity is said to exist. A regression problem is called ill-conditioned
if a small change in data causes large changes in estimates. Ill-conditioning is un-
desirable in regression analysis because it leads to unreliable parameter estimates
with large variances and covariances.?*

Regression problems in impedance spectroscopy may become ill-conditioned
due to improper selection of measurement frequencies, excessive stochastic errors
(noise) in the measured values, excessive bias errors in the measured values, and
incomplete frequency ranges. The influences of stochastic errors and frequency
range on regression are demonstrated by examples in this section. The issue of
bias errors in impedance measurement is discussed in Chapter 22. The origin of
stochastic errors in impedance measurements is presented in Chapter 21.

19.5.1 Presence of Stochastic Errors in Data

The regression procedure is strongly influenced by stochastic errors or noise in the
measurement. One effect is illustrated in comparison of Figure 19.1 to Figure 19.3,
in which stochastic noise with a standard deviation equal to 1 percent of the mod-
ulus was added to the synthetic data. Solid lines have been drawn on the bottom
contour map to indicate the values for which the function is minimized. The pres-
ence of stochastic errors in the data does not introduce roughness in the parabolic
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Figure 19.3: The objective function, equation (19.3), for an RC circuit as a function of parallel
resistor and RC-time constant values. The circuit was the same as presented in Figure 19.1 with
the exception that stochastic noise was added to the synthetic data with a standard deviation
equal to 1 percent of the modulus. a) 3-D perspective drawing of the contour surface; b) 2-D
representation of the contour surface.
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hypersurface, which is a function of parameter. The noise has the effect of increas-
ing the value of the minimum that can be found from zero to a number typically
larger than the degree of freedom of the problem. The hypersurface presented in
Figure 19.3 has been scaled by the number of data points, and has a minimum
value between 1 and 2. The parabolic shape of the surface is more apparent and
the approach to the minimum has a steeper slope, as is evident in change in scale
from 0 to 0.1 in Figure 19.1(b) to 1 to 300 in Figure 19.3(b).

19.5.2 lll-Conditioned Regression Caused by Stochastic Noise

The presence of stochastic errors can impede sensitivity to minor parameters. The
response surface for a Voigt circuit with Ry = 1 Qcm?, Ry = 100 Qcm?, 71 =
0.001 s, R; = 200 Qcm?, 7; = 0.01 5, R3 = 5 Qcm?, and 13 = 0.05 s is presented
in Figure 19.4(a) as a function of log,,(R3) and log;,(73). The synthetic impedance
data were calculated for frequencies from 1 to 10° Hz at a spacing of 10 measure-
ments per decade. The response surface is presented as a function of logarithm of
parameters to extend the range of parameters seen.

Even though the line-shape corresponding to R3 and 73 is not discernible from
the impedance data shown in Figure 19.5, a minimum in the objective function for
noise-free data is seen clearly in Figure 19.4(a). Thus, values for R3 and 73 could be
obtained by regression to noise-free data.

Addition of stochastic noise with standard deviation equal to 1 percent of the
modulus (see symbols in Figure 19.5) is sufficient to obscure the effect of R3 and
73 in the impedance data. A broad minimum is seen in Figure 19.4(b). Figure
19.4(a) yields a finite confidence interval for parameters R3 and 73; whereas, Figure
19.4(b) yields confidence intervals that extend over several orders of magnitude
and, therefore, includes zero. Statistically significant values for R3 and 73, there-
fore, could not be obtained by regression to the noisy data. Thus, even though the
jparameters R3 and 73 were used to generate the synthetic data, these parameters
could not be recovered by regression to the noisy data.

19.5.3 lll-Conditioned Regression Caused by Insufficient Range

The frequency range of the measurement also has a direct impact on the number of
parameters that can be identified by regression. Two impedance data sets are pre-
sented in Figure 19.6. The circles represent synthetic impedance data calculated for
frequencies from 1072 to 10° Hz at a spacing of 10 measurements per decade, and
the triangles represent synthetic impedance data calculated for frequencies from 1

MRemember! 19.2 The presence of noise in data can have a direct impact on model
identification and on the confidence interval for the regressed parameters. The correctness
of the model alone does not determine the number of parameters that can be obtained.
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Figure 19.4: The objective function, equation (19.3), for a Voigt circuit with Ry = 1 Qdcm?,
Ry = 100 Qcm?, 73 = 0.001 s, Ry = 200 Qcm?, 71 = 0.01 s, R3 = 5 Qem?, and 7y =
0.05 s, presented as a function of R3 and 13. The synthetic impedance data were calculated
for frequencies from 1 to 10° Hz at a spacing of 10 measurements per decade: a) noise level
determined by machine precision; and b) stochastic noise added to the synthetic data with a
standard deviation equal to 1 percent of the modulus.
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Figure 19.5: The impedance data used for Figure 19.4 in impedance-plane format. The solid
line represents the noise-free data, and the symbols represent the data with added stochastic
noise with a standard deviation equal to 1 percent of the modulus. Note that the third line-
shape, with parameters R3 = 5 Qcm? and 71 = 0.05 s, is not readily seen, even for the noise-free
solid line.
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Figure 19.6: The impedance data for a Voigt circuit with Rg = 1 Qem?, Ry = 100 Qcm?,
11 = 0.01's, Ry = 200 Qcm?, 7y = 0.1 s, R3 = 100 Qcm?, and 71 = 10 s. These data, with
a standard deviation equal to 1 percent of the modulus, were used to generate Figure 19.7: o)
synthetic impedance data calculated for frequencies from 10~2 to 10° Hz at a spacing of 10
measurements per decade; and A) synthetic impedance data calculated for frequencies from 1
to 10° Hz at a spacing of 10 measurements per decade.
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Figure 19.7: The objective function, equation (19.3), for the impedance data presented in
Figure 19.6: a) synthetic impedance data collected from 10~2 to 10° Hz at a spacing of 10
measurements per decade; and b) synthetic impedance data collected from 1 to 10° Hz at a
spacing of 10 measurements per decade.

to 10° Hz at the same spacing of 10 measurements per decade. The impedance data
were calculated for a Voigt circuit with Rp = 1 Qcm?, Ry = 100 Qcm?, 7 = 0.01 s,
Ry =200 Ocm?, 7 = 0.1 s, R3 = 100 Qcm?, and 73 = 10 s. Noise with a standard
deviation equal to 1 percent of the modulus was added.

The corresponding response surfaces are presented as functions of parameters
log,(R3) and log,(3) in Figure 19.7(a) for the extended data set (10~2 to 10° Hz)
and in Figure 19.7(b) for the truncated data set (1 to 10° Hz). The parameters R3
and 73 can be readily identified from the response surface in Figure 19.7(a), but
cannot be identified from Figure 19.7(b).

The response surfaces presented in this chapter have been given as a function
of resistance and RC-time constant. Plots presented as functions of R and C have a
similar appearance. The objective function, equation (19.3), is presented in Figure
19.8 for an RC circuit as a function of parallel resistor and capacitor values. The cir-
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Figure 19.8: The objective function, equation (19.3), for an RC circuit as a function of parallel
resistor and capacitor values. The circuit parameters were Rg = 1 QQem?, Ry = 100 Qcm?,
and C; =1 x 1075 F/cm2. a) noise level determined by machine precision; and b) noise added
with a standard deviation equal to 1 percent of the modulus.
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cuit parameters were Ry = 1 Qcm?, Ry = 100 Qem?, and C; = 1 x 107° F/cm? (see
Figure 4.3(b) and the corresponding Example 4.2). The objective of the regression
procedure is to identify the parameter values that minimize the objective function.
Solid lines have been drawn on the bottom contour map to indicate the values for
which the function is minimized.

19.6 Initial Estimates for Regression

The complex nonlinear least-squares regression requires initial estimates for the
parameter values. As shown in the contour plots given, for example, in Figures
19.4(a), 19.7(a), and 19.8, the objective function is insensitive to the parameters
when the parameter value is far from the correct converged value. Good starting
values will facilitate convergence, and poor starting values may result in conver-
gence to a local minimum that does not represent the physics of the system.

Selection of an appropriate initial value for the time constant 7y is critical for
regression of the Voigt model (see equation (20.5)) to impedance data. Inductive
loops can be modeled by the Voigt model by allowing the resistance values Ry to be
negative while forcing the time constant 7; to be positive. It is important in this case
that the time constant for the element with a negative resistance be consistent with
the frequency range that shows inductive behavior. The time constant 7; should
be large, for example, to capture features at small frequencies.

Physical insight may provide good guidelines for selection of initial estimates
for parameters used in process models such as diffusion coefficients and interfacial
capacities. Another approach, described, for example, by Draper and Smith,?# is
to substitute into the postulated model a subset of the data equal to the number
of parameters to be regressed and then solve the resulting equations for the pa-
rameters. The data points chosen should be spaced in frequency so as to capture
the influence of each of the parameters. It can be helpful to explore the asymptotic
limiting behavior where some of the parameters may have negligible influence on
the impedance response. This approach ignores the scatter of the data, but the
parameters so obtained can be used as initial guesses for the nonlinear regression.

19.7 Regression Statistics

The fitting procedure should provide three pieces of information:
o Parameter estimates

¢ Confidence intervals for the parameter estimates

m Remember! 19.3 The frequency range of the data can have a direct impact on
model identification.
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e A statistical measure of the quality of the regression

The statistical measure of the quality of the regression is used to determine whether
the model provides a meaningful representation of the data. The parameter esti-
mates are reliable only if the model provides a statistically adequate representation
of the data. The evaluation of the quality of the regression requires an independent
assessment of the stochastic errors in the data, information that may not be avail-
able. In such cases, visual inspection of the fitting results may be useful. Issues
associated with assessment of regression quality are discussed further in Section
19.7.2 and Chapter 20.

19.7.1 Confidence Intervals for Parameter Estimates

For linear regressions, the standard deviations for a parameter estimate P; are
given by

0; = 4/Cj; (19.34)

as described in Section 19.3.1. This result applies under the assumption that the
fitting errors are normally distributed. As described in Chapter 21, the fitting errors
comprise stochastic measurement errors, biased measurement errors, and errors
associated with the inability of the model to describe the data.

Under the assumptions that the regression can be treated as being linear in the
region of the x> minimum and that fitting errors are normally distributed, equa-
tion (19.34) provides the standard deviation for parameter estimates in nonlinear
regressions. Most commercial regression programs available for impedance spec-
troscopy provide both parameter estimates and the confidence interval based on
the linear hypothesis. The size of the confidence interval relative to the parameter
estimate can be used to determine the statistical significance of a parameter esti-
mate. As described in Section 3.1.3, the probability is 67 percent that the parameter
P; lies within P; + 0; and the probability is 95.4 percent that the parameter P; lies
within P; & 20;. Generally, the regression for a parameter is deemed not statistically
meaningful if the confidence interval for that parameter includes zero.

A second and more generally applicable approach for determining the confi-
dence interval for parameters is to create a surface of constant x2 ;. + Ax?. These
surfaces resemble, for two parameters, the contours presented in Figure 19.1. The
confidence level for a given Ax? can be obtained by Monte Carlo simulations, and
the confidence interval for a specific parameter can be obtained by the projection
of the Ax? onto the appropriate domain. Methods are described by Press et al.?>

m Remember! 19.4 The model identification problem is intricately linked to the
error identification problem. Analysis of data requires analysis of the error structure of the
measurement.
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19.7.2 Statistical Measure of the Regression Quality

The minimum value of the x? statistic is commonly used to provide a figure of
merit for the quality of regression. As shown in equation (19.9), the x? statistic
accounts for the variance of the experimental data. In principle, for a model that
well describes the data, the minimum value of the x? statistic has a mean value of
the degree of freedom v with standard deviation v/2v. Thus, for a good fit,

2
Amin _ 14 \/z (19.35)
1% v

The use of equation (19.35) to assess the quality of a regression is valid only for an
accurate estimate of the variance of the stochastic errors in the impedance data.

An independent method to identify the stochastic errors of impedance data is
described in Chapter 21. An alternative approach has been to use the method of
maximum likelihood,” in which the regression procedure is used to obtain a joint
estimate for the parameter vector P and the error structure of the data.?>*? The
maximum likelihood method is recommended under conditions where the error
structure is unknown,” but the error structure obtained by simultaneous regres-
sion is severely constrained by the assumed form of the error-variance model. In
addition, the assumption that the error variance model can be obtained by min-
imizing the objective function ignores the differences among the contributions to
the residual errors shown in Chapter 21. Finally, the use of the regression proce-
dure to estimate the standard deviation of the data precludes use of the x? statistic
as a quantitative assessment of the quality of the regression.

Problems

19.1 Create a synthetic data set for a system with a constant-phase element as
given in equation (13.2) with parameters R, = 10 Qcm?; R; = 10° Qem?;, Q =
100 s*/MQcm?; and & = 0.7 with frequencies ranging from 1072 — 10* Hz
spaced logarithmically with 10 measurements per decade. Use a commercial
regression software or create your own to regress a Voigt model (see, e.g.,
equation (4.28)) to the data using modulus weighting. Find the maximum
number of Voigt elements that can be added without including zero in the
20 (95.4 percent) confidence interval.

19.2 Generate the synthetic data described in Problem 19.1, adding independent
normally distributed random numbers N(0,0) to both real and imaginary
parts of the impedance where ¢ = 4|Z| and the value of 4 is given below:

(a) Generate the synthetic data set for 2 = 0.01. Perform the regression us-
ing modulus weighting for which o = 0.01|Z|. Identify the value of the
resulting x? statistic and the number of parameters that can be obtained
without including zero in the 20 (95.4 percent) confidence interval.

(b) Generate the synthetic data set for 4 = 0.05. Perform the regression us-
ing modulus weighting for which o = 0.01|Z|. Identify the value of the
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19.3

19.4

resulting x? statistic and the number of parameters that can be obtained
without including zero in the 20 (95.4 percent) confidence interval.

Generate the synthetic data described in Problem 19.1, adding independent

normally distributed random numbers N(0,c) to both real and imaginary

parts of the impedance where o = 0.01|Z|.

(@) Truncate the synthetic data set by removing the data below a frequency
of 1 Hz. Perform the regression using modulus weighting for which
o = 0.01}Z|. Identify the value of the resulting x? statistic and the
number of parameters that can be obtained without including zero in
the 20 (95.4 percent) confidence interval.

(b) Truncate the synthetic data set by removing the data below a frequency
of 10 Hz. Perform the regression using modulus weighting for which
o = 0.01|Z|. Identify the value of the resulting x?* statistic and the
number of parameters that can be obtained without including zero in
the 20 (95.4 percent) confidence interval.

Perform the regression for the data presented in Problem 19.2(a), but use a
weighting based on ¢ = 0.05|Z|. Compare the resulting value of the x? statis-
tic and the number of parameters that can be obtained without including
zero in the 20 (95.4 percent) confidence interval to that obtained for Problem
19.2(a).
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Chapter 20

Assessing Regression Quality

The chapters presented in Part III describe development of mathematical models
that can be used for interpretation of impedance measurements. These models may
be regressed to data using the approaches presented in Chapter 19. A systematic
approach is presented in this chapter to determine whether the model provides a
statistically adequate description of the data.

20.1 Methods to Assess Regression Quality

Both quantitative and qualitative approaches may be used to assess the quality of
a regression.

20.1.1 Quantitative Methods

As discussed in Section 19.7.2, the weighted x? statistic defined in equation (19.24)
provides a useful single numerical value for assessing the quality of a regression.
As the differences between the observed and modeled values diminish, the x2
statistic becomes smaller. For a successful regression, the x? statistic approaches
the degree of freedom for the regression v, given by equation (3.42). This assess-
ment, howevet, requires an independent assessment of the stochastic errors in the
impedance measurement. The influence of an inaccurate error analysis is illus-
trated in Section 20.2.1. The utility of an accurate error structure is illustrated in
Sections 20.2.2 and 20.2.3.

In some cases, the models used for impedance are strictly defined. Others, such
as the Voigt model, allow use of an arbitrary number of parameters. The fit of a
Voigt model can be improved by sequentially adding RC elements, and the best
model is achieved when the x? statistic reaches a minimum value.

One potential concern is that there may be an inadequate sensitivity of the x2/v
statistic for identifying overfitting of data. Other criteria, such as the Akaike in-
formation criteria,?%2%0 provide additional penalties for adding parameters to a



386 ASSESSING REGRESSION QUALITY CHAPTER 20

model. The Akaike performance index is given by

1 + N / Ndat
Ap =Y X —F = 20.1
PL= ) X T=N,/Na (20.1)
The related Akaike information criterion is given by
Arc = log (Y x* (1+2Np/Ngar)) (20.2)

As was discussed for the x? statistic, the maximum number of parameters obtain-
able by regression is found where the Akaike information criteria reach minimum
values.

Another quantitative assessment is obtained from the estimated confidence in-
tervals for the regressed parameters, discussed in Section 19.7.1. The estimated
confidence intervals, given by equation (19.34) under the assumptions that the re-
gression can be treated as being linear in the region of the x? minimum and that
fitting errors are normally distributed, do not indicate the quality of the regression,
but they do indicate whether the values obtained for a specific parameter are statis-
tically significant. The probability is 95.4 percent that the parameter P; lies within
P; + 20;. Generally, the regression for a parameter is not statistically meaningful
if the confidence interval for that parameter includes zero. Observation that the
95.4 percent confidence interval includes zero provides a third means of determin-
ing whether the model has too many parameters. Generally, all three approaches
provide the same number of statistically significant parameters.

20.1.2 Qualitative Methods

The quality of a regression can also be assessed by visual inspection of plots. Of
course, some plots are more sensitive than others to the level of agreement between
model and experiment. As will be demonstrated in this chapter, the plot types can
be categorized as given in Table 20.1. The comparison of plot types is presented in
the subsequent sections for regression of models to a specific impedance data set.

20.2 Application of Regression Concepts

The data used for the present analysis were obtained by Durbha.?®® The electrolyte
contained 0.01 M potassium ferricyanide, 0.01 M potassium ferrocyanide, and 1 M
KClin distilled water. A 5-mm-diameter Pt rotating disk was used as the working
electrode, a Pt mesh was used as the counterelectrode, and a saturated calomel
electrode was used as a reference electrode. The disk was rotated by a high-speed,
low-inertia rotating disk apparatus developed at the CNRS.?! The temperature
of the electrolyte was controlled at 25.0+0.1°C. The surface-polishing treatment
followed wet polishing with 1,200-grit emery cloth, polishing with alumina paste,
and ultrasonic cleaning. This was the procedure that gave the largest value for the
mass-transfer-limited current and was therefore assumed to result in the smallest
amount of surface blocking.
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Table 20.1: Characterization of impedance plot types in terms of sensitivity to discrepancies
between model and experimental values.

Poor Sensitivity
Modulus The Bode magnitude representation is sin-
gularly incapable of distinguishing between
impedance models unless they provide ex-
tremely poor fits to impedance data.
Real The real impedance representation is simi-
larly insensitive to fit quality.
Modest Sensitivity

Complex-impedance-plane | These plots are sensitive only for large im-
pedance values. Impedance data at high-
frequency values are typically obscured.

Imaginary The imaginary impedance representation is
modestly sensitive to fit quality.

Log-imaginary These plots emphasize small values, and val-
ues of the slope that differ from &1 may sug-
gest the need for new models.

Phase angle The high-frequency behavior in these plots is
counterintuitive due to the role of solution re-
sistance.

Modified phase angle Ohmic-resistance-corrected phase angle
plots may confirm the existence of a CPE.

Excellent Sensitivity
Residual error plots Appearance of trending indicates a need to

improve the model or to remove data that
are inconsistent with the Kramers-Kronig re-
lations.
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Figure 20.1: Electrical circuit corresponding to convective diffusion to a disk electrode.

The potentials and currents were measured and controlled by a Solatron 1286
potentiostat, and a Solatron 1250 frequency response analyzer was used to apply
the sinusoidal perturbation and to calculate the transfer function. The impedance
data analyzed in this section were taken after 12 hours of immersion and were
found by the methods described in Chapter 22 to be consistent with the Kramers-
Kronig relations.

For the purpose of demonstrating the means of assessing regression quality,
three models were applied for the analysis of the impedance data:

1. A Nernst stagnant-diffusion-layer model was used to account for the diffu-
sion impedance. This model is often used to account for mass transfer in
convective systems, even though it is well known that this model cannot ac-
count accurately for the convective diffusion associated with a rotating disk
electrode.!®

2. Following Agarwal et al., %8262 3 measurement model based on the Voigt
series was used to assess the error structure.

3. A refined process model was used that correctly accounts for convective dif-
fusion to a rotating disk electrode under the assumption that the surface is
uniformly accessible. This model also employs a constant-phase element to
address complexities seen at high frequency.®

20.2.1 Finite-Diffusion-Length Model

The equivalent circuit presented in Figure 20.1 was regressed to the impedance
data. The mathematical formulation for the model is given as

R:+Zp (f)
Z(f) =R, + ; 20.3
D= Rt T3 rf ) (Re+ 2o () 23
where, under assumption of a Nernst stagnant diffusion layer (as shown in equa-
tion (11.70)),
tanh /27 ft
Zo (f) = 2 (0) oI 204)

VizrfT

The regression was weighted by the error structure for the measurement deter-
mined using the measurement model approach described in Chapter 21.
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Table 20.2: Estimated x2/v values for the regression of the model presented in Figure 20.1 to
impedance data obtained for reduction of ferricyanide on a Pt rotating disk electrode.

Estimated Noise Level: 3 % 1% 0.1% Measured
Model for o 0.03|Z] | 0.01}Z| | 0.001]Z] | 9 x 10~°|Z}?
x:/v 0.97 8.7 870 1,820

Quantitative Assessment

Due to the appearance of the variance in equation (19.24), the x? statistic provides
a useful measure of the quality of a fit only if the variance of the measurement is
known. The techniques described in Chapter 21 may be used to assess the stan-
dard deviation of an impedance measurement as a function of frequency. In the
absence of such an assessment, researchers have used assumed error structures,
but, in this case, the numerical value of the x? statistic cannot be used to assess the
quality of a regression. This situation is illustrated in Table 20.2, where the value of
X2/v is presented as a function of the assumed error structure for the regression of
the model presented in equations (20.3) and (20.4) to the experimental data. Under
the assumption that the standard deviation of the measurement was 3 percent of
the modulus, x2/v = 0.97. This value would indicate that the fitting errors were
of the order of the noise in the measurement, indicating that the model provides
an excellent fit to the data. On the other hand, assumption that the standard devi-
ation of the measurement was 0.1 percent of the modulus yields x2/v = 870. This
value would indicate that the fitting errors were much larger than the noise in the
measurement, indicating that the model provides an inadequate representation of
the data. Thus, depending on the assumed error structure, the x? statistic can be
used to support or reject the model. In fact, for this regression and using the exper-
imentally determined stochastic error structure, x2/v = 1,820. The fitting errors
were indeed much larger than the noise in the measurement.

Visual Inspection

A qualitative assessment of the fit quality can be obtained in the comparison of the
calculated to experimental values shown in complex-impedance-plane or Nyquist
format in Figure 20.2. The results at high frequency are not visible in Nyquist plots,
but a clear discrepancy is evident at lower frequencies where the impedance values
are larger and therefore more visible.

The discrepancy is not evident, however, in the Bode magnitude plot presented
in Figure 20.3(a). In fact, the Bode magnitude representation is singularly incapable

m Remember! 20.1 If the experimental error structure is not known, the numerical
value of the x? statistic cannot be used to assess the quality of a regression.
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Figure 20.2: Comparison in complex-impedance-plane format of the model presented in Figure
20.1 to impedance data obtained for reduction of ferricyanide on a Pt rotating disk electrode.
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Figure 20.3: Comparison in Bode format of the model presented in Figure 20.1 to impedance
data obtained for reduction of ferricyanide on a Pt rotating disk electrode: a) modulus; and b)
phase angle.
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Figure 20.4: Comparison in impedance format of the model presented in Figure 20.1 to impe-
dance data obtained for reduction of ferricyanide on a Pt rotating disk electrode: a) real; and
b) imaginary.

of distinguishing between impedance models unless they provide extremely poor
fits to impedance data. The Bode phase-angle representation in Figure 20.3(b) is
more sensitive and, for the present example, reveals discrepancies at both high
and intermediate frequencies.

The sensitivity of the impedance representation, presented in Figures 20.4(a)
and (b) for real and imaginary parts respectively, is somewhat comparable to that
seen for the Bode representation. The real part of the impedance is as insensitive to
model quality as is the Bode modulus, and the imaginary impedance plots show a
discrepancy between model and experiment at intermediate frequencies.

The greatest sensitivity is observed for plots of residual errors. Residual er-
rors normalized by the value of the impedance are presented in Figures 20.5(a)
and (b), respectively, for the real and imaginary parts of the impedance. The ex-
perimentally measured standard deviation of the stochastic part of the measure-
ment is presented as dashed lines in Figure 20.5. The interval between the dashed
lines represents the 95.4 percent confidence interval for the data (+20). Significant
trending is observed as a function of frequency for residual errors of both real and
imaginary parts of the impedance.

The plot of the absolute value of the imaginary part of the impedance with
respect to frequency on a logarithmic scale, shown in Figure 20.6, shows discrep-
ancies at small impedance values, in particular at high frequency. As described in
Section 17.1.3, the imaginary part of the impedance at high frequency appears as

m Remember! 20.2 The Bode magnitude and real impedance plots are relatively
insensitive to the quality of the fit of a model to impedance data.
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Figure 20.5: Normalized residual errors for the fit of the model presented in Figure 20.1 to
impedance data obtained for reduction of ferricyanide on a Pt rotating disk electrode: a) real;

and b) imaginary.
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Figure 20.6: Comparison in log-imaginary-impedance format of the model presented in Figure
20.1 to impedance data obtained for reduction of ferricyanide on a Pt rotating disk electrode.
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a straight line in Figure 20.6, but the slope of this line differs from the value of —1
constrained by the model. This result suggests that the high-frequency capacitive
loop may be modeled as a CPE.

20.2.2 Measurement Model

The measurement model method for distinguishing between bias and stochastic
errors is based on using a generalized model as a filter for nonreplicacy of impe-
dance data. The measurement model is composed of a superposition of line-shapes
that can be arbitrarily chosen subject to the constraint that the model satisfies the
Kramers-Kronig relations. The model presented in Figure 21.8, composed of Voigt
elements in series with a solution resistance, i.e.,

K
Ry
Z=Ry+) ———— (20.5)
k; 1+ j2nfn

has been shown to be a useful measurement model. With a sufficient number of pa-
rameters, the Voigt model is able to provide a statistically significant fit to a broad
variety of impedance spectra.>® In the context of the present chapter, it provides a
fit quality that can be the goal for model development.

Quantitative Assessment

The measurement comprised real and imaginary parts of the impedance for 70
frequencies; thus, the vector of data for complex regression included 140 data. The
measurement model with 11 Voigt elements (23 parameters) yielded the smallest
value of x?, the smallest value of the Akaike information criteria, and the largest
number of parameters with 95.4 percent confidence intervals that did not include
zero. The degree of freedom for this problem was v = 140 — 23 = 117. The
regression was weighted according to the error structure obtained from repeated
impedance measurements and using the measurement model (Section 21.5) to filter
imperfect replication. The x? statistic for this regression yielded a value of x?/v =
1.22 with standard deviation v/2/v = 0.13, which suggests that the residual errors
are nearly of the same order as the stochastic errors.

Visual Inspection

The fit of the measurement model with 11 Voigt elements is presented in complex-
impedance-plane format in Figure 20.7. The discrepancies evident in Figure 20.2
for the model presented in Section 20.2.1 are not apparent in Figure 20.7.

An excellent agreement is seen as well for the Bode format plots in Figures
20.8(a) and (b). As discussed in Section 20.2.1, however, a good agreement between
model and experiment in modulus plots does not provide a reliable assessment of
fit quality. The agreement between model and experiment in Figure 20.8(b) is better
than that seen in Figure 20.3(b).
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Figure 20.7: Comparison in complex-impedance-plane format of the measurement model to
impedance data obtained for reduction of ferricyanide on a Pt rotating disk electrode.
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Figure 20.8: Comparison in Bode format of the measurement model to impedance data obtained
for reduction of ferricyanide on a Pt rotating disk electrode: a) modulus; and b) phase angle.
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Figure 20.9: Comparison of the measurement model to impedance data obtained for reduction
of ferricyanide on a Pt rotating disk electrode: a) Ohmic-resistance-corrected phase angle; and
b) fog-imaginary impedance.

The Ohmic-resistance-corrected phase-angle plot, discussed in Section 17.1.2,
provides confirmation of the conclusion, drawn from Figure 20.6, that CPE behav-
ior is evident at high frequencies. The constant phase-angle shown in Figure 20.9(a)
reaches a value of 67° at high frequency, corresponding to a CPE exponent value
of « = 0.75. The value of the slope in the high-frequency range of the data shown
in Figure 20.6 is —0.75, also corresponding to « = 0.75. The measurement model is
seen to be fully capable of representing the CPE behavior evident in Figure 20.9(b).

The real and imaginary parts of the impedance are presented in Figures 20.10(a)
and (b), respectively. An excellent agreement between model and experiment is
observed, but, as discussed in Section 20.2.1, a good agreement between model
and experiment in real impedance plots does not provide a reliable assessment of
fit quality.

The residual errors are presented in Figures 20.11(a) and (b) for the real and
imaginary parts of the impedance, respectively. The dashed lines represent the
experimentally determined noise level of the measurement. The scales used to
present the results in Figure 20.11 are in stark contrast to the scales used in Fig-
ure 20.5. The residual error plots show that the measurement model provides a
substantially better fit to the data than does the finite-diffusion-length model.

20.2.3 Convective-Diffusion-Length Model

The quantitative and qualitative analysis presented in Section 20.2.1 demonstrates
that the finite-diffusion-layer model provides an inadequate representation for the
impedance response associated with a rotating disk electrode. The presentation in
Section 20.2.2 demonstrates that a generic measurement model, while not provid-
ing a physical interpretation of the disk system, can provide an adequate represen-
tation of the data. Thus, an improved mathematical model can be developed.
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Figure 20.10: Comparison in impedance format of the measurement model to impedance data
obtained for reduction of ferricyanide on a Pt rotating disk electrode: a) real; and b) imaginary.
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Figure 20.11: Normalized residual errors for the fit of the convective-diffusion models presented
in Figure 20.12 to impedance data obtained for reduction of ferricyanide on a Pt rotating disk
electrode: a) real; and b) imaginary.
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Figure 20.12: Electrical circuit corresponding to convective diffusion to a disk electrode with
high-frequency CPE behavior.

Refined models for mass transfer to a disk electrode are presented in Section
11.6. The equivalent circuit presented in Figure 20.12 was regressed to the im-
pedance data. The mathematical formulation for the model is given as equation
(17.1). Four models were considered for the convective-diffusion term Zp, (f):

1. The finite-diffusion model given as equation (20.4)

2. The one-term convective-diffusion model consisting of the first term in equa-
tion (11.97)

3. The two-term convective-diffusion model consisting of the first two terms in
equation (11.97)

4. The three-term convective-diffusion model consisting of all terms given in
equation (11.97)

The three-term convective-diffusion model provides the most accurate solution to
the one-dimensional convective-diffusion equation for a rotating disk electrode.
The one-dimensional convective-diffusion equation applies strictly, however, to
the mass-transfer-limited plateau where the concentration of the mass-transfer-
limiting species at the surface can be assumed to be both uniform and equal to
zero. As described elsewhere,!%%26% the concentration of reacting species is not
uniform along the disk surface for currents below the mass-transfer-limited cur-
rent, and the resulting nonuniform convective transport to the disk influences the
impedance response.26%265

Quantitative Assessment

The regression was weighted by the variance of the measurement, determined
from experimental data using the measurement model analysis described in Sec-
tion 21.5. Because the weighting was based on the experimental stochastic error
structure, the x2/v statistic presented in Table 20.3 provides a meaningful quanti-
tative assessment of the quality of the regression. Ideally, as discussed in Section
19.7.2, x*/v should have a value of unity for an excellent regression. The x2/v
statistic had a value of 1820 for the regression using the finite-diffusion model de-
scribed in Section 20.2.1. Inclusion of a CPE to describe the high-frequency ca-
pacitive loop improved the value to x2/v = 107. The large values of x*/v are
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Table 20.3: x?/v values for the regression of the models presented in Figure 20.1 to impedance
data obtained for reduction of ferricyanide on a Pt rotating disk electrode.

Model: | No CPE With CPE Voigt
Finite | Finite | 1-Term | 2-Term | 3-Term | Model

v 135 134 134 134 134 117

X2 /v 1820 107 46.7 46.2 46.2 1.22

consistent with the understanding that these models are not accurate because they
describe diffusion through a stagnant layer of fluid and do not account for the
distribution of axial velocity within the diffusion layer.

The one-term numerical convective-diffusion model, which treats the Schmidt
number as being infinitely large, shows significant improvement, yielding x2/v =
46.7. Addition of a second term yields a slightly smaller number, ie., x?/v =
46.2, but addition of yet another term makes no improvement in the quality of the
regression. Nevertheless, it was possible to obtain a x2/v statistic with value close
to unity. The regression of a Voigt measurement model, which has no particular
physical interpretation, yielded x?/v = 1.22. It is important to note that each of
the four models employing a CPE has the same number of adjustable parameters.
The difference between the models is due to the different accuracy of the solution
to the one-dimensional convective-diffusion equation.

The result obtained with the Voigt measurement model shows that it is possible
to obtain a regression using passive elements that describes the data to within the
noise level of the measurement. The observation that the three-term model did not
improve the regression shows that the regression cannot be improved by refining
the solution to the one-dimensional convective-diffusion equation. Instead, the
assumption of radial uniformity, implicit in the one-dimensional model, must be
relaxed.

Visual Inspection

As described in Sections 20.2.1 and 20.2.2, the quality of the regressions can be
assessed to varying degrees of success by inspection of plots. The Nyquist or
complex-impedance-plane representation given in Figure 20.13 reveals the differ-
ence between the finite-diffusion-length model and the models based on numerical
solution of the convective-diffusion equation, but cannot be used to distinguish the
models based on one-term, two-term, and three-term expansions.

The logarithmic plot presented in Figure 20.14 cannot be used to distinguish the

MRemember! 20.3 Careful examination of the regression statistics and residual
errors can guide model development.
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Figure 20.13: Comparison in complex-impedance-plane format of the convective-diffusion mod-
els presented in Figure 20.12 to impedance data obtained for reduction of ferricyanide on a Pt
rotating disk electrode.
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Figure 20.14: Comparison in log-imaginary-impedance format of the convective-diffusion mod-

els presented in Figure 20.12 to impedance data obtained for reduction of ferricyanide on a Pt
rotating disk electrode.
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Figure 20.15: Comparison in Bode format of the convective-diffusion models presented in
Figure 20.12 to impedance data obtained for reduction of ferricyanide on a Pt rotating disk
electrode: a) modulus; and b) phase angle.

model based on finite-stagnant-diffusion layer or the convective-diffusion models
based on one-term, two-term, and three-term expansions. The logarithmic presen-
tation in Figure 20.14 does show that each of the models considered used a CPE to
account for high-frequency dispersion.

As shown in Figure 20.15(a), plots of the magnitude of the impedance cannot
distinguish any of the models considered in this section, whereas the difference
between the finite-diffusion-length model and the models based on numerical so-
lution of the convective-diffusion equation are apparent in plots of the phase angle
(Figure 20.15(b)). Figure 20.15(b) cannot be used, however, to distinguish the mod-
els based on one-term, two-term, and three-term expansions.

As shown in Figure 20.16(a), plots of the real part of the impedance cannot
distinguish any of the models considered in this section, whereas the difference
between the finite-diffusion-length model and the models based on numerical so-
lution of the convective-diffusion equation are apparent in plots of the imaginary
part of the impedance (Figure 20.16(b)). Figure 20.16(b) cannot be used, however,
to distinguish the models based on one-term, two-term, and three-term expan-
sions.

As described in Sections 20.2.1 and 20.2.2, plots of the residual errors provide
the most sensitive assessment of fit quality. The normalized residual errors for the
regressions treated in the section are presented in Figures 20.17(a) and (b) for the
real and imaginary parts of the impedance, respectively. The distinction between
the finite-diffusion-length model and the models based on numerical solution of
the convective-diffusion equation are readily apparent. The differences between
the models based on numerical solution of the convective-diffusion equation are
not so apparent on the scale presented in Figures 20.17(a) and (b).

The distinction among the models based on numerical solution of the one-
dimensional convective-diffusion equation are also not very evident in the plots
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Figure 20.16: Comparison in impedance format of the convective-diffusion models presented
in Figure 20.12 to impedance data obtained for reduction of ferricyanide on a Pt rotating disk
electrode: a) real; and b) imaginary.
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Figure 20.17: Normalized residual errors for the fit of the convective-diffusion models presented
in Figure 20.12 to impedance data obtained for reduction of ferricyanide on a Pt rotating disk
electrode: a) real; and b) imaginary.
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Figure 20.18: Normalized residual errors for the fit of the convective-diffusion models presented
in Figure 20.12 to impedance data obtained for reduction of ferricyanide on a Pt rotating disk
electrode: a) real; and b) imaginary.

of the real and imaginary normalized residual errors for the models based on one-
term, two-term, and three-term expansions presented in Figures 20.18(a) and (b),
respectively. The distinction between an excellent fit and a poor fit can be seen by
comparison between the residual errors presented in Figure 20.18, which are based
on solution of the one-dimensional convective-diffusion equation, and those pre-
sented in Figure 20.11, which are based on regression by a Voigt measurement
model. The normalized residual errors in Figure 20.18 show significant trending,
whereas the normalized residual errors in Figure 20.11 do not. This assessment,
which is based on visual inspection of the plots of normalized residual errors, is
reflected as well in the quantitative assessment provided by the x2/v statistic pre-
sented in Table 20.3.

Problems

20.1 Compare the plots described in Table 20.1 for the regression mentioned in
Problem 19.2.

20.2 Plot x?/v as a function of the number of Voigt elements for the regressions
mentioned in Problem 19.2.

20.3 Statistics textbooks show different ways to visualize residual errors. A use-
ful alternative representation involves scaling the residual errors by the stan-

dard deviation. Create such plots for the regression mentioned in Problem
19.2.
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20.4

Monte Carlo simulation can be used to explore the influence of random noise
on the parameter estimation. Consider the following protocol:

. Use a measurement model to identify error structure.

Use a measurement model on Kramers-Kronig-consistent data set to get a
model for data.

. Add to the model values obtained in the previous step a normally distributed

random error with an experimentally determined standard deviation.

. Fit the resulting model to each synthetic data set, and obtain a distribution of

parameter values.

Contrast this approach to that presented in Examples 3.2 and 3.3.
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Chapter 21

Error Structure of Impedance
Measurements

The regression procedures described in Chapter 19 require, in addition to an ad-
equate deterministic model, a quantitative assessment of measurement charac-
teristics. The weighting strategy should generally account for the magnitude of
stochastic errors. In addition, the regressed data set either should include only
data that have not been corrupted by bias errors, or, as an alternative approach,
could incorporate bias errors into the weighting strategy.

While the nature of the error structure of the measurements is often ignored
or understated in electrochemical impedance spectroscopy, recent developments
have made possible experimental identification of error structure. Quantitative
assessment of stochastic and experimental bias errors has been used to filter data,
to design experiments, and to assess the validity of regression assumptions.

21.1 Error Contributions

The error contributions to an impedance measurement can expressed in terms of
the difference between the observed value Z,(w) and a model value Z,4(w) as

Zob (w) - Zmod(w) = Eﬁt(w) + 8stoch(w) + 8bias»(w) (21-1)

where & represents the residual error, eg:(w) is the systematic error that can be
attributed to inadequacies of the model, egoch (w) is the stochastic error with expec-
tation E {e5ocn(w)} = 0, and epias(w) represents the systematic experimental bias
error that cannot be attributed to model inadequacies. Typically, the impedance is
a strong function of frequency and can vary over several orders of magnitude over
the experimentally accessible frequency range. The stochastic errors of the impe-
dance measurement are strongly heteroscedastic, which, in this case, means that
the variance of the stochastic errors is a strong function of frequency. Selection of
an appropriate weighting strategy is, therefore, critical for interpretation of data.
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Figure 21.1: A schematic representation of the propagation of time-domain errors through an
electrochemical cell and impedance instrumentation to the frequency domain.

A distinction is drawn in equation (21.1) between stochastic errors that are ran-
domly distributed about a mean value of zero, errors caused by the lack of fit of a
model, and experimental bias errors that are propagated through the model. The
problem of interpretation of impedance data is therefore defined to consist of two
parts: one of identification of experimental errors, which includes assessment of
consistency with the Kramers-Kronig relations (see Chapter 22), and one of fitting
(see Chapter 19), which entails model identification, selection of weighting strate-
gies, and examination of residual errors. The error analysis provides information
that can be incorporated into regression of process models. The experimental bias
errors, as referred to here, may be caused by nonstationary processes or by instru-
mental artifacts.

21.2 Stochastic Errors in Impedance Measurements

While the error terms given in equation (21.1) are functions of frequency, it is im-
portant to note that the signals used to generate impedance are functions of time,
not frequency. The schematic representation shown as Figure 21.1 illustrates the
process. The error e, (w) arises from an integration of time-domain signals that
contain noise originating from instrumental sources, thermal fluctuations of resis-
tivity, thermal fluctuations of the concentration of species and the rates of electro-
chemical reactions, and macroscopic events such as pitting and bubble nucleation.
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Figure 21.2: A schematic representation of an electrochemical cell under potentiostatic regu-
lation, with sources of potential noise indicated as shaded circles and sources of current noise
indicated as shaded double circles (see Gabrielli et al.266),

21.2.1 Stochastic Errors in Time-Domain Signals

Following Gabrielli et al.,* the potential imposed between the working electrode
and the reference electrode

contains a stochastic noise #rg. The noise in the regulation signal contains contri-
butions from both potential and current sources that are identified in Figure 21.2.
These noise contributions can be expressed conveniently in the frequency domain
as

ZwE
_ 21.3
reg ZweAy + Zwg + R + Zcg (21.3)

{Av [Ve + Vp + Rsins + Vref] - VRm - VCE — (Rm + ZCE) (i bl in6) + RminZ}

where Zyg is the impedance of the working electrode, Zcg is the impedance of the
counterelectrode, Z, is the impedance of the counterelectrode, A, is the gain of
the operational amplifier, R, is the resistance of the current measurement circuit,
R; is the resistance of the potential control circuit, ve, Vp, Vret, VR, and vcg rep-
resent voltage noise contributions shown as shaded circles in Figure 21.2, and 4,

m Remember! 21.1 The stochastic errors in impedance measurements arise from an
integration of time-domain signals that contain noise originating from the electrochemical
cell and the instrumentation.
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in1, in2, in5, and ine represent current noise contributions shown as shaded double
circles in Figure 21.2. The electrochemical noise i arises from molecular-scale fluc-
tuations.?”-2%8 The current noise contributions act through resistors Ry, and R; to
generate voltage noise contributions.

Under the assumptions that the gain of the operational amplifier A, is large
and that the reference electrode impedance Z,.¢ is small, the dominant stochastic
error in the regulation signal consists of additive contributions from the reference
electrode and the operational amplifier as

As equation (21.4) is not a function of frequency, it applies to both time and fre-
quency domains.

The regulation noise induces, through the electrochemical cell impedance, a
parasitic current fluctuation ireg(t) that can be calculated from

ireg () = IFFT { FFT{ureg(t)}/ Z(w)} (21.5)

where the notation IFFT{x} represents the inverse Fourier transform of the function
x, and FFT{x} represents the Fourier transform of the function x. The potential
difference across the inputs to the current follower is given as

Sm = Sm + 5m | (21.6)

where

The response of the current measurement channel is given by Eoyt = GpuSm, and
the noise in the current measurement channel is given by

eout = Gm [Vm + VR, + Rm (1 + ireg —iny — iné)] (21.8)

Thus, the noise in both current and potential measurement channels consists of
sums of noise contributions. A similar development has been presented for zero-
resistance ammeters.2%

The investigation of noise sources suggests that instrumental and electrochemi-
cal noise can be represented by stochastic signals added to the time-averaged mea-
sured and controlled signals. The instrumental noise sources can be assumed to
have a very high frequency; thus the evaluations of the instrumental noise at any
two instances in time, ¢ and t + 7, are uncorrelated. The added signals should be
statistically independent with the exception of the term 7., (¢), which is correlated
with both ., (t) and ireg(t + 7).

For most potentiostats, the assumption A, >> 1 becomes invalid at frequen-
cies above 1 to 10 kHz. In this case, the noise terms are still additive, but the
interaction between the gain of the operational amplifier and the cell impedance
results in additional correlation between the input and output channels.
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Figure 21.3: The current density response to a sinusoidal potential input for the system pre-
sented in Section 7.3 with parameters Cq = 31 uF/cm?, nFk, = nFk, = 0.14 mA/cm?,
by =195V~1, b, =195V~1, and V = 0.1 V: a) 1 mHz; b) 10 Hz; c) 100 Hz; and d) 10 kHz.
The signals include normally distributed additive errors with a magnitude of 10 percent of the
magnitude of the respective signal. The solid line represents the potential input and the dashed
line represents the resulting current density.

21.2.2 Transformation from Time Domain to Frequency Domain

The influence of noise on the impedance response can be illustrated by an exten-
sion of the analysis presented in Section 7.3. The current density response to a
10-mV-amplitude (b,AV = 0.19) sinusoidal potential input is presented in Figure
21.3 for the system presented in Section 7.3 with parameters Cg; = 31 uF/cm?,
Fk, = nFk, = 0.14 mA/cm?, b, = 195V, b, = 19.5V-1,and V = 0.1 V. These
parameters yield a value of charge-transfer resistance R; = 51.08 (dcm? and a char-
acteristic frequency of 100 Hz. The potential and current signals were scaled by
the maximum value of the signal. The results presented in Figure 21.3 can be com-
pared to the results presented in Figure 7.4 for a linear response to a 1 mV potential
perturbation and to Figure 8.2 for a nonlinear response to a 40 mV potential per-
turbation. The slight phase shift evident in Figure 8.2(b) for a 10 Hz input signal
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Figure 21.4: Lissajous plots for the system presented in Figure 21.3: a) 1 mHz; b) 10 Hz; ¢)
100 Hz; and d) 10 kHz.

is almost obscured by the noise in Figure 21.3(b). The larger phase shift associated
with higher frequencies, e.g., Figures 8.2(c) and (d) for frequencies of 100 Hz and
10 kHz, respectively, can be discerned in Figures 21.3(c) and (d).

While the presence of additive errors obscures the phase differences in the sig-
nals presented in Figure 21.3, repeated sampling at a given frequency allows identi-
fication of the transfer-function response, as shown in the corresponding Lissajous
plots presented in Figure 21.4. The linear response presented in Figure 21.4(a) for
measurement at 1 mHz can be compared to the slightly broader Lissajous plot
presented in Figure 21.4(b) for 10 Hz. An elliptical shape can be seen at the char-
acteristic frequency of 100 Hz in Figure 21.4(c), and a perfectly circular response
is evident for 10 kHz in Figure 21.4(d). The ideal Lissajous response for these fre-
quencies is given by the 1 mV curves in Figure 8.3.

Figures 21.3 and 21.4 illustrate the transformation of time-domain stochastic
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errors to the frequency domain. The impedance can be calculated, for example,
by the phase-sensitive-detection methods presented in Section 7.3.2 or the Fourier
analysis presented in Section 7.3.3. The nature of the errors in the frequency do-
main will be influenced by the characteristics of the methods used to transform the
time-domain signals to the frequency domain.

21.2.3 Stochastic Errors in Frequency Domain

The magnitude of the stochastic errors in impedance measurements depends on
the selection of experimental parameters as detailed in Chapter 8. The simulation
results described by Carson et al.1925%2% in particular provide insight into dif-
ferences between commonly used impedance instrumentation, including methods
based on Fourier analysis® and on phase-sensitive detection.?%

Some general properties for stochastic errors have been established for impe-
dance measurements through experimental observation and simulations. The re-
sults described here correspond to additive time-domain errors. The comparison
between simulations and experimental results obtained via Fourier analysis sup-
ports the suggestion?®® that the nature of experimental time-domain errors is likely
to be additive rather than proportional:?

o Impedance measurements are, in general, heteroscedastic, which means that
the variance of the stochastic errors is a strong function of frequency. It is im-
portant, therefore, to use a weighting strategy that accounts for the frequency
dependence of the stochastic errors.

¢ The measurement technique may introduce undesired correlation in the im-
pedance results. Carson et al.?> showed that a phase-sensitive detection
technique employing only one reference signal yielded significant correla-
tion between the real and imaginary parts of the stochastic error structure of
the impedance. In a companion paper, Carson et al.'® showed that the dif-
ferent statistical properties obtained with phase-sensitive-detection (lock-in
amplifier) simulations could be attributed in part to bias errors introduced
when the square-wave reference signal was in phase with the measured sig-
nal. Modern phase-sensitive-detection instruments employ more than one
reference signal and may thereby avoid this undesired correlation.

¢ When time-domain errors are additive, Fourier analysis techniques provide
statistical properties that are intrinsic to transfer-function measurements.

¢ In the absence of instrument-induced correlations, stochastic errors in the
frequency-domain are normally distributed. The appearance of a normal
distribution of frequency-domain stochastic errors can be regarded to be a
consequence of the Central Limit Theorem applied to the methodology used
to measure the complex impedance.?’® This result validates an essential as-
sumption routinely used during regression analysis of impedance (and other
frequency-domain) data.
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Table 21.1: Statistical properties of impedance values obtained by Fourier analysis tech-
niques.254

03, =0} (219)
07,2, =0 (21.10)
Oizip =0 (21.11)
VAR (21.12)

¢ In the absence of bias errors, the errors in the real and imaginary impedance
are uncorrelated and the variances of the real and imaginary parts of the
complex impedance are equal. Some specific identities are given in Table
21.1.

In a general sense, the frequency-domain error structure is determined by the
nature of errors in the time-domain signals and by the method used to process
the time-domain data into the frequency domain. The cell impedance influences
the frequency-dependence of the variance of the measurements, but the cell impe-
dance does not influence whether the variances of real and imaginary components
are equal or whether errors in the real and imaginary components are uncorrelated.

The statistical properties described above for frequency-domain stochastic er-
rors are based on the equations for the instruments actually used for the measure-
ment of complex quantities. While the statistical properties are developed here for
electrochemical impedance spectroscopy, they are also valid for measurement of
other complex quantities so long as the complex quantities are measured through
similar physical principles.

21.3 Bias Errors

Bias errors are systematic errors that do not have a mean value of zero and that
cannot be attributed to an inadequate descriptive model of the system. Bias er-
rors can arise from instrument artifacts, parts of the measured system that are not
part of the system under investigation, and nonstationary behavior of the system.
Some types of bias errors lead the data to be inconsistent with the Kramers-Kronig
relations. In those cases, bias errors can be identified by checking the impedance
data for inconsistencies with the Kramers-Kronig relations. As some bias errors
are themselves consistent with the Kramers-Kronig relations, the Kramers-Kronig
relations cannot be viewed as providing a definitive tool for identification of bias
errors.
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21.3.1 Instrument Artifacts

Limitations of instruments such as potentiostats can influence the measured im-
pedance response. Such influences can be expected at impedance extremes. For
example, the impedance response of low-impedance systems such as fuel cells and
batteries shows artifacts at high frequency. High-frequency artifacts have also been
attributed to reference electrodes. In many cases, instrument artifacts lead to in-
consistencies with the Kramers-Kronig relations; however, this is not always the
case. As discussed in Section 8.3.2, the experimentalist is encouraged to confirm
the high-frequency behavior of electrochemical systems by measuring the impe-
dance of an electrical circuit exhibiting the measured response and by compar-
ing the high-frequency response to limiting values obtained by other experimental
methods.

21.3.2 Ancillary Parts of the System under Study

The impedance response of low-impedance systems may include the finite impe-
dance behavior of wires and connectors. These may be considered, from the per-
spective of model identification, as yielding artifacts in the measured response.
Such artifacts may be simply resistive, but may also exhibit a capacitive or even an
inductive frequency dependence. Such artifacts will be generally consistent with
the Kramers-Kronig relations.

21.3.3 Nonstationary Behavior

Most electrochemical systems show some nonstationary behavior due, for exam-
ple, to growth of surface films, changes in concentrations of reactants or products
in the electrolyte, or changes in surface reactivity. As discussed in Section 21.3.4,
the issue is not whether a system is perfectly stationary, but, rather, whether the
system has changed substantially during the course of the impedance measure-
ment. The Kramers-Kronig relations are particularly useful for identification of
artifacts introduced by nonstationary behavior. These artifacts are most visible at
low frequencies, but can be seen at all frequencies if the system change is suffi-
ciently rapid.

MRemember! 21.2 Bias errors in impedance measurements can arise from instru-
ment artifacts, parts of the measured system that are not part of the system under investi-
gation, and nonstationary behavior of the system.
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Figure 21.5: A series of three repeated impedance measurements. The data were collected for
reduction of ferricyanide on a rotating Pt disk electrode.

21.3.4 Time Scales in Impedance Spectroscopy Measurements

When envisioning a family of impedance measurements, three measurement time
scales become evident. The first time scale is that required for measuring a set of
replicated measurements. Such a set of measurements is shown in Figure 21.5 for
reduction of ferricyanide on a rotating Pt disk electrode. The time required for the
set of three measurements was 3581 s (1 h).

The time required to measure a set of N replicated measurements can be given

by

N
Tset = E Tmeas,k (21.13)
k=1

where Tpeasx is the time required for each individual scan. The characteristic fre-
quency for the series of impedance scans is given by

foet = RE (21.14)
Tset
Systems containing stochastic errors with frequency much smaller than fs; may
appear to be stationary on the time scale of the impedance measurements.

The time required for each frequency scan can be seen in Figure 21.6(a). The
average time required for each scan was 1194 s (0.33 h). The time required for a
measurement at each individual frequency is illustrated in Figure 21.6(b). At low
frequencies, the time required generally corresponds to three or four cycles, but
at high frequencies, a much larger number of cycles is needed to account for the
smaller signal-to-noise level.

The time required to measure a complete spectrum is given by

N
N,
Tmeas = ), — (21.15)
k=1 i
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Figure 21.6: Elapsed time for the measurements presented in Figure 21.5: a) elapsed time; and
b) time required for measurement at each frequency. The standard deviation reflects variability
among the three impedance measurements.

where Ni represents the number of cycles needed to make the measurement at
frequency fi. The characteristic frequency corresponding to an impedance scan is
given by

1

Tmeas

(21.16)

f meas =

Stochastic errors with frequency larger than fmess and smaller than fy, will gen-
erate a bias error in the measurement. The resulting spectrum will show inconsis-
tencies with the Kramers-Kronig relations (see Chapter 22). Stochastic errors with
frequency much smaller than fress may also generate data that are inconsistent
with the Kramers-Kronig relations.

The time required for measurement at each frequency depends on the type of
measurement made and on the experimental parameters. For example, the time
required for a measurement at each individual frequency is illustrated in Figure
21.7 for EHD measurements (see Chapter 15). The extreme noise level observed
at high frequencies increases greatly the time required to achieve a given closure
error in the measurements.

If N¢ cycles are needed for the measurement at frequency f, the characteristic
frequency for an impedance measurement at a given frequency is given by

fn, = %f (21.17)

Stochastic errors with frequency much larger than fy, will appear as a stochastic
error in the measurement; whereas, stochastic errors with frequency much smaller
than fn, will appear as a bias error in the measurement. The significance of the
bias error will depend on the comparison between the error frequency and the
characteristic frequency of the entire measurement of the spectrum.
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Figure 21.7: Time required for measurement at each frequency for EHD measurements. The
standard deviation reflects variability between two measurements. The data were coliected for
reduction of ferricyanide on a rotating Pt disk electrode.

If the system is evolving very rapidly, changes can occur during the time in
which one data point is collected. Impedance spectroscopy may not be a feasi-
ble experimental technique for such systems. For systems showing a slower rate
of change, the impedance at each frequency may be measurable, but significant
change can occur between the start and end of a complete frequency scan. These
types of non-stationarities result in the data being inconsistent with the Kramers-
Kronig relations. The issues arising out of these inconsistencies are discussed in
Chapter 22. At a still slower rate of evolution, the change in the system during one
complete scan may be small enough to be ignored, but nonnegligible differences
can be seen between successive spectra. Such pseudo-stationary impedance scans
are typically observed for even the most stationary electrochemical systems.

21.4 Incorporation of Error Structure

Three approaches have been documented in the literature for incorporating the er-
ror structure of impedance data into interpretation strategies. One approach has
been to assume a standard form for the stochastic errors. Two models are com-
monly used. Zoltowski?”! and Boukamp?»272 advocated use of modulus weight-
ing. Use of a modulus weighting strategy invokes an assumption that the standard
deviation is proportional to the frequency-dependent modulus |Z(w)| of the im-
pedance, i.e.,

0z, (w) = 0z)(w) = ap|Z(w)| (21.18)

where 07, (w) and 0z (w) represent the standard deviation of the real and imag-
inary parts of the impedance, respectively. The parameter ay is assumed to be
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independent of frequency and is often arbitrarily assigned a value based on an as-
sumed noise level of the measurement. Macdonald et al. %2525 advocated use
of a modified proportional weighting strategy, i.e.,

0% (w) = % + 2 |F (w,0)|* (21.19)

and
0} (w) = a® + 0% |F"(w,0)[* (21.20)

where «, ¢, and  are error structure parameters, F'(w, ) and F’(w,6) are real
and imaginary parts of the model immittance function, respectively, and 0 is a
vector of model parameters. The immittance is a general term that can represent
either the admittance or impedance of an electrical circuit. There are fundamental
differences between the two commonly used standard weighting strategies. Under
equation (21.18), 0z, = 0z, whereas equations (21.19) and (21.20) state that, in
general, 0z, # 0z, unless errors are assumed to be independent of frequency (i.e.,
o = 0) or unless F'(w, 8) = F/(w, 6).

A second approach has been to use the regression procedure to obtain an esti-
mate for the error structure of the data.?>2% A sequential regression is employed
in which the parameters for an assumed error structure model, e.g., equations
(21.19) and (21.20), are obtained directly from regression to the data.?>® In more
recent work, the error variance model was replaced by

0% (w) = & + |F'(w, ) (21.21)

and
0} (w) = &+ [F"(w,0)|* (21.22)

where parameters # and { are obtained by regression, and an extension of mod-
ulus weighting can be obtained by replacing the functions F/(w,6) and F”(w, 6)
with |F(w,8)|.%3 Independent of the assumed form of the error variance model,
the assumption that the error variance model can be obtained by minimizing the
objective function ignores the differences among the contributions to the residual
errors shown in equation (21.1). The error structure obtained by simultaneous re-
gression is also severely constrained by the assumed form of the error-variance
model.

The third approach is to use experimental methods to assess the error struc-
ture. Independent identification of error structure is the preferred approach, but
even minor nonstationarity between repeated measurements introduces a signif-
icant bias error in the estimation of the stochastic variance. Dygas and Breiter
report on the use of intermediate results from a frequency-response analyzer to es-
timate the variance of real and imaginary components of the impedance.?’* Their
approach allows assessment of the variance of the stochastic component without
the need for replicate experiments. The drawback is that their approach cannot
be used to assess bias errors and is specific to a particular commercial impedance
instrumentation. Van Gheem et al.?>27® have proposed a structured multi-sine
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Figure 21.8: A schematic representation of a Voigt circuit used by Agarwal et al.56:86.262

a measurement model.

as

signal that can be used to assess stochastic and bias errors without use of repli-
cated measurements.

Measurement models, developed for impedance spectroscopy by Agarwal et
al.%86:262 are generally applicable and can be used to estimate both stochastic
and bias errors of a measurement from imperfectly replicated impedance mea-
surements. Orazem et al?”” used a measurement model approach to show that
a general model for the error structure could take the form

Z[?

0z, = 0z, = &|Zj| + B|Z, — R| +7ﬁ+5 (21.23)
where &, B, 7, and J are constants to be determined for a specific potentiostat, set
of measurement parameters, and electrochemical system. Standard deviations for
practical systems have been reported that are on the order of 0.2 to 0.04 percent of
the modulus.?5 The drawback of the measurement model approach is that repli-
cated measurements are required. The measurement mode] approach is presented
in Section 21.5.

21.5 Measurement Models for Error Identification

The measurement model method for distinguishing between bias and stochastic
errors is based on using a generalized model as a filter for nonreplicacy of impe-
dance data. The measurement model is composed of a superposition of line-shapes
that can be arbitrarily chosen. The model shown in Figure 21.8, composed of Voigt
elements in series with a solution resistance, has been shown to be a useful and
general measurement model.

While the line-shapes parameters may not be unequivocally associated with a
set of deterministic or theoretical parameters for a given system, the measurement
model approach has been shown to adequately represent the impedance spectra
obtained for a large variety of electrochemical systems.>® The line-shape models
represent the low-frequency stationary components of the impedance spectra (in
a Fourier sense). Regardless of their interpretation, the measurement model rep-
resentation can be used to filter and thus identify the nonstationary (drift) and
high-frequency (noise) components contained in the same impedance spectrum.
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At first glance, it may not be obvious that such an approach should work. It is
well known, for example, that the impedance spectrum associated with an electro-
chemical reaction limited by the rate of diffusion through a stagnant layer (either
the Warburg or the finite-layer diffusion impedance) can be approximated by an
infinite number of RC circuits in series (the Voigt model). In theory, then, a mea-
surement model based on the Voigt circuit should require an infinite number of
parameters to adequately describe the impedance response of any electrochemical
system influenced by mass transfer.

In practice, stochastic errors (or noise) in the measurement limit the number of
Voigt parameters that can be obtained from experimental data. An infinite number
of Voigt parameters cannot be obtained even from synthetic data because round-
off errors limit the information content of the calculation.’® The residual errors
associated with fitting a Voigt model to experimental impedance data that are in-
fluenced by mass transfer can, with appropriate weighting, be made to be of the
order of the stochastic noise in the measurement. A Voigt circuit, or any equivalent
circuit, can therefore yield an appropriate measurement model for electrochemical
impedance spectra. It is evident that the measurement model composed of Voigt
elements may not be the most parsimonious or efficient model for a given spec-
trum. In effect, by using the measurement model, one takes advantage of the noise
present in any measurement, which limits the number of parameters that can be re-
solved, and the large number of measured frequencies as compared to the number
of resolvable parameters.

Thus the Voigt circuit can provide an adequate description of impedance data
influenced by mass transfer or by distributed-time-constant phenomena such as is
described in Chapter 13. In addition, inductive loops can be fitted by a Voigt circuit
by using a negative resistance and capacitance in an element. Such an element
will have a positive RC time constant. The Voigt circuit serves as a convenient
generalized measurement model.

The use of measurement models to check for the consistency of the experi-
mental data with the Kramers-Kronig relations was first proposed by Agarwal et
al.% 278 Boukamp and Macdonald described the use of distributed relaxation time
models (DRT) as measurement models for assessing consistency of data with the
Kramers-Kronig relations.?”” The approach taken was similar to that of Agarwal
et al. with the exception that assumed rather than experimentally measured error
structures were used to weight the regressions. A linearized application of mea-
surement models was suggested by Boukamp that eliminated the need for sequen-
tial increase in the number of line-shape parameters at the expense of using one
line-shape for every frequency measured.?®® The application of such a linearized
model is also constrained by the need for an independent assessment of the level
of noise in the measurement.

The use of measurement models to identify consistency with the Kramers-
Kronig relations is equivalent to the use of Kramers-Kronig transformable circuit
analogues. An important advantage of the measurement model approach is that
it identifies a small set of model structures that are capable of representing a large



422 ERROR STRUCTURE OF IMPEDANCE MEASUREMENTS CHAPTER 21

variety of observed behaviors or responses. The problem of model discrimination
is therefore significantly reduced. The inability to fit an impedance spectrum by a
measurement model can be attributed to the failure of the data to conform to the
assumptions of the Kramers-Kronig relations rather than the failure of the model.
The measurement model approach, however, does not eliminate the problem of
model multiplicity or model equivalence over a given frequency range. The re-
duced set of model structures identified for the measurement model makes it fea-
sible to conduct studies aimed at identification of the error structure, the propaga-
tion of error through the model and through the Kramers-Kronig transformation,
and issues concerning parameter sensitivity and correlation.

Another significant advantage of the measurement model approach is that the
resulting models can be transformed analytically (in the Kramers-Kronig sense).
This means that, in contrast to the other approaches for evaluation of consistency
(e.g., fitting to polynomials), the real and imaginary parts of the impedance are
related through a finite set of common parameters. The measurement models can
therefore be used as statistical observers; that is, adequate identification and esti-
mation of the model parameters over a given experimental region, e.g., a range of
frequencies in the imaginary domain, will allow the description (or observation) of
the behavior of the system over another region, i.e., the real domain. The selection
of experimental region used for this evaluation will take advantage of the relative
parameter sensitivity in the real and imaginary domains.

It should be noted that the error analysis methods using measurement models
are sensitive to data outliers. Occasionally, outliers can be attributed to external in-
fluences. Most often, outliers appear near the line frequency and at the beginning
of an impedance measurement. Data collected within +5 Hz of the line frequency
and its first harmonic (e.g., 50 and 100 Hz in Europe or 60 and 120 Hz in the United
States) should be deleted. Startup transients cause some systems to exhibit a de-
tectable artifact at the first frequency measured. This point, too, should be deleted.

21.5.1 Stochastic Errors

If a single model were to be regressed to all spectra showing nonstationary behav-
ior, the resulting residual error would include contributions from the drift between
scans as well as the lack of fit of the model, instrumental bias errors, and stochastic
errors, i.e.,

eres(w) = &at(w) + €inst(w) + drift (W) + Estoch (W) (21.24)

Direct calculation of the variance of the resulting residual errors would lead to a
value that includes the contribution of the changing baseline.

m Remember! 21.3 The error analysis methods using measurement models are sen-
sitive to data outliers.
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To eliminate the contribution of the changing baseline, a measurement model
is regressed to each scan using the maximum number of parameters that can be re-
solved from the data. The parameters for the measurement model for each data set
will be slightly different because the system changes from one experiment to the
other. Hence, by regressing the measurement model to individual data sets sepa-
rately, the effects of the change of the experimental conditions from one experiment
to another are incorporated into the measurement model parameters. The variance
of the real and imaginary residual errors can therefore be obtained as a function of
frequency and provide a good estimate for the variance of the stochastic noise in
the measurement. Thus,

N
o7 (w E Eres k(W) — sresk(w)) (21.25)

where €, represents the residual error for scan k obtained from a model k.
Shukla and Orazem have shown that the estimate for the variance of the stochastic
noise obtained in this way is independent of the measurement model used.?!

21.5.2 Bias Errors

There are several ways to assess consistency with the Kramers-Kronig relations. In
principle, since the Voigt model is itself consistent with the Kramers-Kronig rela-
tions, the ability to fit this model to data within the noise level of the measurement
should indicate that the data are consistent. An ambiguity exists when the data
are not fully consistent, because the lack of fit of the model could be due to causes
other than inconsistency with the Kramers-Kronig relations. Some other possible
causes could be that the number of frequencies measured was insufficient to al-
low regression with a large enough number of Voigt parameters or that the initial
guesses for the nonlinear regression could be poorly chosen.

While in principle a complex fit of the measurement model could be used to
assess the consistency of impedance data, sequential regression to either the real
or the imaginary provides greater sensitivity to lack of consistency. The optimal
approach is to fit the model to the component that contains the greatest amount
of information. The decision as to which component to fit is constrained by two
conflicting considerations:

1. The standard deviations of the real and imaginary parts of the impedance
are equal; therefore, the noise level represents a large percentage of the imag-
inary part of the impedance in the asymptotic limits where the imaginary
impedance tends toward zero. In some cases, the value of the imaginary
impedance can fall below the signal-to-noise threshold.

2. The imaginary part of the impedance is much more sensitive to contributions
of minor line-shapes than is the real part of the impedance. Typically, more
Voigt line-shapes can be resolved when fitting to the imaginary part of the
impedance than can be resolved when fitting to the real part.
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The solution resistance cannot be obtained by fitting the measurement model to the
imaginary part of the impedance. The solution resistance is treated as an arbitrarily
adjustable parameter when fitting to the imaginary part of the impedance.

Regression to one component with subsequent prediction of the other compo-
nent provides a more sensitive method to assess consistency. A procedure for this
analysis is described below:

1. Perform a fit to the imaginary part of the spectrum using error structure
weighting. Increase the number of line-shapes used until the maximum num-
ber of statistically significant parameters is obtained. Ideally, the ratio of the
sum of squares to the noise level should be within the F-test bounds given by
the program.

2. Use a Monte Carlo simulation to identify the frequency-dependent confi-
dence interval for the model prediction.

3. Examine the imaginary residual errors to determine whether they fall within
the error structure. Should a few points lie outside the error structure at
intermittent frequency values, do not be concerned. Assess prediction of the
real part of the impedance by examining real residual plots with confidence
intervals displayed. Real residual data points that are outside the confidence
interval are considered to be inconsistent with the Kramers-Kronig relations
and should be removed from the data set.

4. Typically, the number of line-shapes that can be determined in a complex
fit will increase when data inconsistent with the Kramers-Kronig relations
are removed. Deletion of data that are strongly influenced by bias errors
increases the amount of information that can be extracted from the data.
In other words, the bias in the complete data set induces correlation in the
model parameters, which reduces the number of parameters that can be iden-
tified. Removal of the biased data results in a better-conditioned data set that
enables reliable identification of a larger set of parameters.

Experimental data can, therefore, be checked for consistency with the Kramers-
Kronig relations without actually integrating the equations over frequency, avoid-
ing the concomitant quadrature errors. The use of measurement models does re-
quire an implicit extrapolation of the experimental data set, but the implications
of the extrapolation procedure are quite different from extrapolations reported in
the literature. The extrapolations done with measurement models are based on a
common set of parameters for the real and imaginary parts and on a model struc-
ture that has been shown to adequately represent the observations. The confidence
in the extrapolation using measurement models is, therefore, higher. For the ap-
plication to a preliminary screening of the data, the use of measurement models
is superior to the use of more specific electrical circuit analogues, because one can
determine whether the residual errors are due to an inadequate model, to failure of
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data to conform to the Kramers-Kronig assumptions, or to experimental noise. The
algorithm proposed by Agarwal et al.,86:262 in conjunction with error structure
weighting, provides a robust way to check for consistency of impedance data.

It should be emphasized that the approach presented in this section is part of
an overall assessment of measurement errors. The measurement model is used as
a filter for lack of replicacy to obtain a quantitative value for the standard deviation
of the measurement as a function of frequency. The mean error identified in this
way is equal to zero; thus, the standard deviation of the measurement does not
incorporate the bias errors. In contrast, the standard deviation of repeated impe-
dance measurements typically includes a significant contribution from bias errors
because perfectly replicate measurements can rarely be made for electrochemical
systems. Since the line-shapes of the measurement model satisfy the Kramers-
Kronig relations, the Kramers-Kronig relations then can be used as a statistical
observer to assess the bias error in the measurement.

Problems

21.1 Consider a system with a single electrochemical reaction with R, = 10 ),
R; = 100 ), and R;C4 = 1 s. The noise level of the measurement is often
assumed to follow equation (21.18) with o = 0.03 | Z|.

(@) Plot the standard deviation of the real and imaginary parts of the impe-
dance measurement as functions of frequency.

(b) Plot the normalized standard deviation of the real and imaginary parts
of the impedance measurement, scaled to the respective impedance
component, as functions of frequency.

(c) Plot the weighting factor w = 1/0? for the real and imaginary parts of
the impedance measurement as functions of frequency.

21.2 Use Figure 21.6 to estimate the time required for an impedance measurement
from 100 kHz to 0.1 Hz with 8 measurements per decade. How does this
value change if the measurement requires 10 measurements per decade?

21.3 Use Figure 21.6 to estimate the time required for an impedance measurement
from 100 kHz to 0.1 mHz with 8 measurements per decade. How does this
value change if the measurement requires 3 measurements per decade?

21.4 Use a spreadsheet program such as Microsoft Excel® or a computational pro-
gramming environment such as Matlab® to reproduce the results presented
in Figures 21.3 and 21.4.

21.5 Add normally distributed stochastic errors to the time-domain potential and
current signals for the system described in Example 7.1. Then apply the
Fourier analysis to calculate the impedance response at the characteristic fre-
quency. Repeat this process, refreshing the random numbers used, so as to
calculate the standard deviation of the resulting impedance. How does this
result depend on the number of cycles used for the integration?



Electrochemical Impedance Spectroscopy
by Mark E. Orazem and Bernard Tribollet

Copyright ©2008 John Wiley & Sons, Inc.

Chapter 22

The Kramers-Kronig Relations

The Kramers-Kronig are integral equations that constrain the real and imaginary
components of complex quantities for systems that satisfy conditions of linearity,
causality, and stability. These relationships, derived independently by Kronig53252
and Kramers,> 2%? were initially developed from the constitutive relations asso-
ciated with the Maxwell equations for description of an electromagnetic field at
interior points in matter.283

The fundamental constraints are that the system be stable, in the sense that per-
turbations to the system do not grow, that the system responds linearly to a pertur-
bation, and that the system be causal in the sense that a response to a perturbation
cannot precede the perturbation. The Kramers-Kronig relationships were found
to be entirely general with application to all frequency-domain measurements that
could satisfy the above constraints. Bode extended the concept to electrical impe-
dance and tabulated various extremely useful forms of the Kramers-Kronig rela-
tions.®”

22.1 Mathematical Origin

The development presented here for the complex impedance, Z = Z; + jZ;, is gen-
eral and can be applied, for example, to the complex refractive index, the complex
viscosity, and the complex permittivity. The derivation for a general transfer func-
tion G follows that presented by Nussenzveig.?®> The development for the subse-
quent analysis in terms of impedance follows the approach presented by Bode.®”

m Remember! 22.1 The Kramers-Kronig relations apply for systems that are linear,
causal, and stable. The condition of stationarity is implicit in the requirement of causality.
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22.1.1 Background

The fundamental constraints for the system transfer functions associated with the
assumptions of linearity, casuality, and stability are described in this section.

Theorem 22.1 (Linearity) The output is a linear function of the input. A general
output function x(t) can be expressed as a linear function of the input f(t) as

+00
x(t) = / g (& ¥) f(¥)at (22.1)

where g(t,t') provides the relationship between input and output functions.

Theorem 22.2 (Time-Translation Independence) The output depends only on the
input. This means that, if the input signal is advanced or delayed by a time increment, the
output will be advanced or delayed by the same time increment. Thus, x(t + T) corresponds
to f(t + T) such that g(t,t') can depend only on the difference between t and t'. Equation
(22.1) can be written

+00
x(t) = / g(t—1t) f(¥)at (22.2)

where g(t — t') provides the relationship between input and output functions. The as-
sumption of time-translation independence can be considered to be a consequence of the
assumption of primitive causality, discussed in Theorem 22.3.

The function g(t — #') can be expressed in terms of frequency through use of

the Fourier integral transform,” i.e.,
“+00
G(w) = / g(t) exp (—jwTt) dt (22.3)
—o0

Similarly, the input can be expressed as

+o0
Flw)= /f(“c)exp(—jw’r)dr (22.4)

and the output can be expressed as

+00

X(w) = /x('r) exp (—jwTt)dt (22.5)

—00

The Fourier transform can be written with either negative or positive arguments
in the exponential. The positive argument yields a positive imaginary impedance
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for the response of a capacitor to a potential perturbation, whereas the negative ar-
gument yields a negative imaginary impedance. The form used here yields results
that are consistent with the electrical engineering conventions.

In frequency domain, the output can be expressed as a function of the input as

X(w) = G(w)F(w) (22.6)
where G(w) acts as a transfer function. Equation (22.3) can be expressed as
+00 .
Glw) = / ¢(7) (cos(wT) — jsin(wt)) dr 22.7)

For a real-valued time-domain function g(7), the function G has conjugate sym-
metry (see Section 1.3) such that

G(—w) = G, + jGj = G(w) = G, — jG;j (22.8)

Thus, G/(~w) = G;(w) and Gj(—w) = —Gj(w). The real part of G, G, is an even
function of frequency, and the imaginary part G; is an odd function of frequency.

The above development, expressed for general input, output, and transfer func-
tions, can be presented in terms of impedance Z(w). The results stemming from
equation (22.7) indicate that the impedance Z(w) has conjugate symmetry and can
be expanded in powers of frequency according to

Z(w) = Zyo +jZijpw + Zopw? +jZi10 + ... (22.9)

and ¥4 zZr  jZr
Z=Zpt i Zra T (22.10)

w w w

where w is the frequency and Zyo, Zjy, Zr,«, and Z;c, . . . are coefficients in the cor-
responding power series expansion. Equations (22.9) and (22.10) apply to electrical
circuits such as the Voigt circuit used by Agarwal et al. as a measurement model.>

\

Example 22.1 Verification of Equations (22.9) and (22.10): Show that the
assumption that the real part of the impedance is an even function of frequency and the
imaginary is an odd function of frequency is consistent with the impedance response of a
Voigt series.

Solution: The impedance response can be expressed in terms of resistance Ry and capaci-
tance Cy by

n
Ry
Z=Ro+ ) —— 22.11
0 ,?;1 1+ jwCyRy @2.11)
The real and imaginary parts of the impedance can be written as
n
Ry (22.12)

Z,=Ro+ ) ——==
kg 1+ w2c,3R§
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and . CiR?
k
= — 22.1
w Z 1 +w2C2R2 (22.13)
respectively. The real part of the impedance is an even function of w, and the imaginary

part is an odd function of w. In the low-frequency limit (w — 0),

n n
Z,=Ro+ Y Ry —w? Y RIC} (22.14)
k=1 k=1
and , "
Zi=-w) CRE+w’ ) CiR{ (22.15)
k=1 k=1

The sum of equations (22.14) and (22.15) yields the first four terms of equations (22.9).
In the high-frequency limit (w — o0),

1 & 1
Z; =Ro+ — (22.16)
? L T,
and
Z;= —li-}— (22.17)
1 w k=1 Ck '
The sum of equations (22.16) and (22.17) yields the first three terms of equation (22.10).
\

Example 22.2 Application of Equations (22.9) and (22.10): Using a Voigt
model, find values for the four terms of equation (22.9) and for the four terms of equation
(22.10).

Solution: The sum of equations (22.14) and (22.15) yields the first four terms of equation
(22.9):

n
Zyo=Ro+ Y Rg (22.18)
k=1
n
Zio=—Y_ CkR: (22.19)
k=1
n
Zy=-Y R} (22.20)
k=1
and .
Zi1 =Y CiR} (22.21)
k=1

The sum of equations (22.16) and (22.17) yields the first three terms of equation (22.10):

Z:0 = Ro (22.22)
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Zm=-Y & (22.29)

and
H=Y o
/1=
’ k=1 C%Rk

(22.24)

The fourth term is not given by equations (22.16) and (22.17). It can be obtained from
equation (22.13) for large value of w, i.e.,

n 2
Zj = —wgl—fw—"f-—c"%l{% (22.25)
&1 1
- —k=lw_Qc1+ng{R~£
gk o)
= wCy w2C2R?
Thus,
zj=-y 2 +f: s (22.26)
WG o WGRY
and "
Zh =Y (22.27)

3R2
k=1 CkRk

which is the fourth term in equation (22.10).

Theorem 22.3 (Primitive Causality) The output response to a perturbation cannot
precede the input perturbation. If f(t) = 0 for t < 0, then x(t) = 0 for t < 0. This
implies that g(T) < 0 for t < 0. Thus, equation (22.3) can be written

+00
Glw) = /g('r) exp (—jwT) dt (22.28)
0

This important result means that G is analytic and continuous within the negative imagi-
nary frequency plane.

The assumptions presented above, including equation (22.28), are not sufficient
for derivation of dispersion relations. The value of the function G(w) must be
constrained as w — 0. In order for G to represent a causal transform, G must
satisfy283

Jlim G(w) — 0 (22.29)

A function G that satisfies equation (22.29) can be shown, by use of Cauchy’s Inte-
gral Formula (Theorem A.3), to be a causal transform. The properties of G implicit
in Theorems 22.1-22.3 and equation (22.29) allow derivation of dispersion relations
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such as the Kramers-Kronig relations. Equation (22.29), however, does not apply
for impedance or related electrochemical transfer functions. A weaker restriction
can be applied, as discussed in Theorem 22.4.

Theorem 22.4 (Stability) The output response to an input impulse cannot increase
with time. This statement can be expressed as requiring that the total output energy
cannot exceed the total input energy.?83 A consequence of this statement is that G(w) is
bounded, i.e.,

IG(w)|* < A (22.30)

where A is a constant.

The function G that satisfies Theorem 22.4 is not a causal transform because the
imaginary part of G does not contain all the information needed to obtain the
real part. An additive constant cannot be determined by the transformation. By
subtracting an additive constant, a modified function is obtained that is a causal
transform.

22.1.2 Application of Cauchy’s Theorem

As shown in equation (22.10), the real part of the impedance tends toward a finite
value as frequency tends toward infinity. The transfer function Z(x) — Z, . tends
toward zero with increasing frequency. As Z(x) is analytic, Cauchy’s integral the-
orem, given in Appendix A as Theorem (A.2), can be written as

f (Z(x) = Zy0) dx = 0 (22.31)

where x is an independent and continuous variable that represents the complex
frequency.

The first step in the analysis is to combine Z with some other function in such
a way that the result vanishes as rapidly as 1/w? as w tends to infinity. In this
way, the contribution of the large semicircular path to the contour integral (see,
e.g., Figure 22.1) can be neglected.

22.1.3 Transformation from Real to Imaginary

In order to evaluate the real or imaginary part of impedance at a particular fre-
quency, a pole is created at w, as shown in Figure 22.1. From considerations of
symmetry, a complementary pole is created at —w. If Z,(w), the value assumed by
Z, at x = w, is subtracted from Z, the resulting contour integral can be written as:

}{ [z ) =Z(w) Z&x)=Z(@)] 4 o (22.32)

X —w X+ w

Note that the constant used in equation (22.31), Z, «, cancels in the integrand such
that

lim &) —Z(@) 4 (22.33)

X—00 X
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Figure 22.1: Domain of integration for application of Cauchy's integral formula. Poles are
placed at frequencies £w on the real frequency axis.

according to 1/x2 rather than 1/x (see Theorem (A.5)). Equation (22.32) is equal to
zero because, following the condition of causality, the integrand is analytic in the
domain considered and the path of integration (as shown in Figure 22.1) is a closed
loop (see Theorem (A.2)). The contributions to equation (22.32) are given as

}4 [Z (x) = Zy(w)  Z(x)— Zr(w)]dx =

e T
[(epse sz,

. /(Z(x) Z) _ 26)=20)),, 2258
] (e 2oz,

+/( () =ale) _ 200 =)y

where, as shown in Figure 22.1, integration at y; and 1, refers to semicircular paths
centered at —w and +w, respectively, and integration at I' refers to integration
along the large semicircle of radius R.

The concepts developed in Section A.3.2 can be used to evaluate the contribu-
tions to equation (22.35). Under the assumption that Z(x) — Z(w) approaches a
finite value as x — oo,

R—oo X —w X+ w '
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where R is the radius of the semicircular path shown in Figure 22.1. Therefore, the
non-zero contributions to the integral in equation (22.32) result from the path of
integration along the real frequency axis and at the two small semicircular inden-
tations.

If the radii ¢; and ¢, of the semicircular paths ; and 7, approach zero, the
term 1/(x + w) dominates along path -, and 1/(x — w) is the dominant term
along path 7,. From an application of Cauchy’s Integral Formula, Theorem (A.3),
to a half-circle,

_/ Z(x) ;f;EW)dx = —jn(Z(—w) — Z;(w)) (22.36)
m
and
/ Z(x) x— —Z;(Jw)dx = jn (Z(w) — Zy(w)) (22.37)

"2

Since Zj(w) and Z,(w) are odd and even functions of frequency, respectively, the
value of Z(x) evaluated at w is

Jim Z(x) = Z,(w) + jZij(w) (22.38)
and the value at —w is given by
Jlim Z(x) = Z:(~w) + jZ/(-w)
= Z,(w) — jZ;(w) (22.39)
Thus, equation (22.35) takes the form

;[w((zr(x) +7Zi(x)) = Zr(w)  (Ze(x) +jZi(x)) — Z,(w))dx (22.40)

X —w x+w

—00

= --27'[2]((0)

where f f(x)dx represents the Cauchy principal value of the integral, defined in

equation (A 26).
Equation (22.35) can be expressed as
Z.(x)+7Z;( Zy(w
2w ][(( () +) ’_‘B d ))dx=—2nz,-(w) (22.41)

The integral from —oo to +-co can be separated as

[ (2 +iZi) = Ziw)\ | T((Z®) +iZ(x) - Z()
][( )d +Z[< )dx (22.42)

2 — 2 2 — o2

= _gzj(w)
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The odd and even properties of the imaginary and real components of Z(x) are
again used to yield

20 [ Z(x) = Z,(w)
Evaluation of the integral at x — w poses no particular problem because, by
I"H6pital’s rule,

—w  x2—w?  2x dx  2dIn(x)

(22.44)

A similar development can be used to obtain the real part of the impedance as a
function of the imaginary part.

22.1.4 Transformation from Imaginary to Real

As shown in equation (22.10), the real part of the impedance tends toward a finite
value as frequency tends toward infinity. To allow the integrand to tend toward
zero with increasing frequency according to 1/w?, the integral is written in terms
of

Z*(x) - Z(x) - Zr,oo (22.45)

Thus, an equation corresponding to equation (22.32) can be written as

f [xZ* (x) —jwZjw) x2*(x) — jwZj(w)
xX—w xXtw

dx =0 (22.46)

where poles are created at +w, as shown in Figure 22.1. The contribution around
the contour of radius R vanishes as R — co.
The integrals along the semicircular paths 1 and 7, yield

- [ HOR i (ca)z (o) - juziw)  @24)
mn
and 7+ 07 (w)d
JEERBOE _ oz () - jwzw) @248
72
respectively.

The odd and even character of the imaginary and real parts are used to obtain
the value of xZ*(x) at +w, i.e.,

}51(10 xZ*(x) = wZ)(w) — wZy. + jwZi(w) (22.49)
and the value at —w is given by
xEElw xZ*(x) = ~wZy(—w) + WZr o — jwZi(~w)

= —wZy(w) + WZpe + jwZi(w) (22.50)
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Thus, equation (22.46) takes the form

+o0
Z*(x) — jwZ; Z*(x) — jwZ;
f(Eniett) 0t gy
X—w X +w
Equation (22.51) can be expressed as
2w ][ ( (Z(x) Z"°‘;2+ _’i’;gx)) —jwZ; (w))dx (22.52)

= -2jn (Z,(w) — Z; o)

The integral from —oo to 400 can be expressed as the sum of integrals from —oo to
0 and 0 to 4+0. The odd and even properties of the imaginary and real components
of Z(x) are again used to yield

(-]

][ _‘:f i) 4 (22.53)
0

Z(w) =210 —

=lIN

Evaluation of the integral of equation (22.53) at x — w poses no particular problem
because, by I"'Hopital’s rule,

. xZj(x) ~wZj(w) 1 xdZi(x) 1dxZj(x)
fm x2 — w? T 2x dx  2din(x) (22.54)

Through equation (22.53), the imaginary part of the impedance can be used to
obtain the real part of the impedance if the asymptotic value at high frequency is
known.

22.1.5 Application of the Kramers-Kronig Relations

Some different forms of the Kramers-Kronig relations are presented in Table 22.1.
Equations (22.55) and (22.56), called the Plemelj formulas, are obtained directly from
consideration of causality in a linear system. Equations (22.57) and (22.58) are
mathematically equivalent to equations (22.59) and (22.60), respectively, because

=)

][ = sz dx =0 (22.67)
0

A series of equations have been developed to relate the phase angle to the modulus,

represented by equations (22.61), (22.62), (22.63), and (22.64). Equations (22.65)

and (22.66) were developed by Ehm et al.?®* in terms of the natural logarithm of

the complex impedance. Some key relationships among the real and imaginary
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Table 22.1: Compilation of various forms of the Kramers-Kronig relations.

437

+00
Zj(w) = "7—11' ][ de

X —w

+oo
Z.
(w)_zroo+ ! ][ ](X)dx
X —w

__w zr<x>
Z,() = Zy e i “;z (x)
Zy(w) = Zyoo — %;xzf(z)zzzfj(w)dx
!
P(w) = —-%glnx(f(z))z’)dx
(w) = —“;’;W( >lg _122(|Z<w>|>d
e ol e
(2 = 2 {2,

Re {In(Z(@))} = Re{ln (z(0))) + 22° £ ELOTEED ,,
0

x (22 — w?)

2w Re {In (Z(x))
o) - R,

(22.55)

(22.56)

(22.57)

(22.58)

(22.59)

(22.60)

(22.61)

(22.62)

(22.63)

(22.64)

(22.65)

(22.66)
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Figure 22.2: The integrand of equation (22.59) as a function of frequency for a single Voigt
element (Rg = 10 ), R; = 1000 €2, C; = 10~3 F). Symbols represent synthetic impedance
data collected at 5 points per decade over a frequency range of 0.1~10,000 Hz. The equations
are evaluated at a frequency of 1 Hz. The box identifies the region of the plot expanded as
Figure 22.3.

components of the natural logarithm of the complex impedance and phase angle
are given as equations (1.113) and (1.114) in Table 1.7.

The Kramers-Kronig relations are extremely general and have been applied to
a wide variety of research areas. In the field of optics, for which the validity of the
Kramers-Kronig is not in question, the relationship between real and imaginary
components has been exploited to complete optical spectra. In other areas where
data cannot be assumed to satisfy the requirements of the Kramers-Kronig rela-
tions, the equations presented in Table 22.1 have been used to check whether real
and imaginary components of complex variables are internally consistent. Failure
of the Kramers-Kronig relations is assumed to correspond to a failure within the
experiment to satisfy one or more of the constraints of linearity, stability, or causal-
ity.

There are inherent difficulties in the direct application of the Kramers-Kronig
relations to experimental data. Some of these difficulties are evident in Figure 22.2
where the integrand of equation (22.59) is given as a function of frequency for a
single Voigt element. The major difficulty in applying this approach is that the
measured frequency range may not be sufficient to allow integration over the fre-
quency limits of zero to infinity. Therefore, discrepancies between experimental
data and the impedance component predicted through application of the Kramers-
Kronig relations could be attributed to use of a frequency domain that is too narrow
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as well as to failure to satisfy the constraints of the Kramers-Kronig equations.

A second issue is that the integral equations do not account explicitly for the
stochastic character of experimental data. This requires solution of the Kramers-
Kronig relations in an expectation sense, as discussed in the following section.
The methods used to address the incomplete sampled frequency range will be de-
scribed in a subsequent section.

22.2 The Kramers-Kronig in an Expectation Sense

The contribution of stochastic error e(w) to the observed value of the impedance
at any given frequency w can be expressed as

Zop(w) = Z(w) + e(w) = (Zr(w) + &r(w)) + j(Z;(w) + &(w)) (22.68)

where Z(w), Z,(w), and Z;(w) represent the error-free values of the impedance
that conform exactly to the Kramers-Kronig relations. The measurement error ¢(w)
is a complex stochastic variable such that

&(w) = e (w) + jej(w) (22.69)

At any frequency w the expectation of the observed impedance E (Z,(w)), de-
fined in equation (3.1), is equal to the value consistent with the Kramers-Kronig
relations, i.e.,

E{Zp(w)} = Z(w) (22.70)
if and only if both
E{e(w)} =0 (22.71)
and
E{g(w)} =0 (22.72)

Equations (22.71) and (22.72) are satisfied for errors that are stochastic and do not
include the effects of bias.

22.2.1 Transformation from Real to Imaginary

Equation (22.43) can be applied to obtain the imaginary part from the real part of
the impedance spectrum only in an expectation sense, i.e.,

=2}

E{Zw)} = 27“’E {][ Z(x) = Z/(w) + &(x) — &r(w) } dx (22.73)

0

MRemember! 22.2 Impedance data that do not satisfy the Kramers-Kronig rela-
tions must violate at least one of the required conditions of stability, linearity, and causal-
ity. Satisfaction of the Kramers-Kronig relations is a necessary but not sufficient condition
for meeting conditions of stability, linearity, and causality.
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For a given evaluation of equation (22.73),

T x2 — w?
0
o]
er(x)
+ 0/x2 _wzdx}

where Z}‘k (w) represents the value of the imaginary part of the impedance obtained

Z¥(w) + e (w) = 2w [E { ]o[o Z(x) —Z(w) +e(x) - E’(“’)dx}(zz.n)

by evaluation of the Kramers-Kronig integral equation and s’]?k(w) represents the
error in the evaluation of the Kramers-Kronig relations caused by the second inte-
gral on the right-hand side.

It is evident from equation (22.74) that, for the expected value of the observed
imaginary component to approach its true value in the Kramers-Kronig sense, it is

necessary that E e;?"(w)} = 0. Thus, the requirements are that equation (22.71) be

satisfied and that
2w T e-(x) .
E{ng[xz_wz}dx_o (22.75)

Requirements (22.71) and (22.75) place well-defined constraints on the evaluation
of the Kramers-Kronig integral equations.

For the first condition to be met, it is necessary that the process be stationary in
the sense of replication at every measurement frequency.

The second condition can be satisfied in two ways. In the hypothetical case
where all frequencies can be sampled, the expectation can be carried to the inside
of the integral, and equation (22.75) results directly from equation (22.71).

In the more practical case where the impedance is sampled at a finite number
of frequencies, &(x) represents the error between an interpolated function and the
“true” impedance value at frequency x. This error is seen in Figure 22.3, where
a region of Figure 22.2 was expanded to demonstrate the discrepancy between a
straight-line interpolation between data points and the model that conforms to the
interpolation of the data. This error is composed of contributions from the quadra-
ture and/or interpolation errors and from the stochastic noise at the measurement
frequency w. Effectively, equation (22.75) represents a constraint on the integration
procedure. In the limit that quadrature and interpolation errors are negligible, the
residual errors ,(x) should be of the same magnitude as the stochastic noise &, (w).

22.2.2 Transformation from Imaginary to Real

The Kramers-Kronig relations for obtaining the real part from the imaginary part of
the spectrum can be expressed as equation (22.53), which, in terms of expectations,
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Figure 22.3: A region of Figure 22.2 is expanded to demonstrate the discrepancy between a
straight-line interpolation between data points and the model that conforms to the interpolation
of the data. System parameters are as given in Figure 22.2.

becomes
2 waj(x) —wZij(w) + xej(x) — wej(w)
E(Z/() — Zroo) = —=E ][ s dx §  (22.76)
0
For a given evaluation of equation (22.76),
ZH() = Zyo + H(w) = &
_ 2w E ][ xZj(x) = ‘*’Zj(wz) + xzer(x) - we'(w)dx 22.77)
Tt X2 —w

0

7 xej(x)
+ / x2 — w? ax
0
Following the discussion of equation (22.74), the necessary conditions for appli-
cation of the Kramers-Kronig relations are that equation (22.72) be satisfied and

that
2 7 xej(x) _
= ][ L bdx =0 (22.78)

0

Under the assumption that the impedance is sampled at a finite number of frequen-
cies, ¢j(x) represents the error between an interpolated function and the “true”
impedance value at frequency x. This term is composed of contributions from
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the quadrature and/or interpolation errors and from the stochastic noise at the
measurement frequency w. As does equation (22.75), equation (22.78) provides a
well-defined constraint on the integration procedure.

22.3 Methods for Application

In principle, the Kramers-Kronig relations can be used to determine whether the
impedance spectrum of a given system has been influenced by bias errors caused,
for example, by instrumental artifacts or time-dependent phenomena. Although
this information is critical to the analysis of impedance data, the Kramers-Kronig
relations have not found widespread use in the analysis and interpretation of elec-
trochemical impedance spectroscopy data due to difficulties with their application.
The integral relations require data for frequencies ranging from zero to infinity, but
the experimental frequency range is necessarily constrained by instrumental limi-
tations or by noise attributable to the instability of the electrode.

The Kramers-Kronig relations have been applied to electrochemical systems
by direct integration of the equations, by experimental observation of stability and
linearity, by regression of specific electrical circuit models, and by regression of
generalized measurement models.

22.3.1 Direct Integration of the Kramers-Kronig Relations

Direct integration of the Kramers-Kronig relations involves calculating one compo-
nent of the impedance from the other, e.g., the real component of impedance from
the measured imaginary component. The result is compared to the experimental
values obtained. The integral equations, for example, equation (22.60), require in-
tegration from 0 to co. One difficulty in applying this approach, as shown in Figure
22.2, is that the measured frequency range may not be sufficient to allow integra-
tion over the frequency limits of zero to infinity. Therefore, discrepancies between
experimental data and the impedance component predicted through application of
the Kramers-Kronig relations could be attributed to the use of a frequency domain
that is too narrow, as well as to the failure to satisfy the constraints of the Kramers-
Kronig equations. An interpolation function is required to allow extrapolation of
the integrand into the experimentally inaccessible frequency regime.

A second issue is that the interpolation function must satisfy equations (22.75)
or (22.78). It is clear that a suboptimal interpolation, such as the straight-line inter-
polation shown in Figure 22.3, will bias the estimate of the impedance through the
Kramers-Kronig relations.

Two approaches for interpolation function have been used. In one, polynomi-
als, e.g., in powers of w", are fit to impedance data. Usually, a piecewise regression
is required. While piece-wise polynomials are excellent for smoothing, the best
example being splines, they are not very reliable for extrapolation and result in a
relatively large number of parameters. A second approach is to use interpolation
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formulas based on the expected asymptotic behavior of a typical electrochemical
system.

22.3.2 Experimental Assessment of Consistency

Experimental methods can be applied to check whether impedance data conform
to the Kramers-Kronig assumptions. A check for linear response can be made
by observing whether spectra obtained with different magnitudes of the forcing
function are replicates or by measuring higher-order harmonics of the impedance
response (see Section 8.2.2). Stationary behavior can be also be identified exper-
imentally by replication of the impedance spectrum. Spectra are replicates if the
spectra agree to within the expected frequency-dependent measurement error. If
the experimental frequency range is sufficient, the extrapolation of the impedance
spectrum to zero frequency can be compared to the corresponding values obtained
from separate steady-state experiments. The experimental approach to evaluat-
ing consistency with the Kramers-Kronig relations shares constraints with direct
integration of the Kramers-Kronig equations. Because extrapolation is required,
the comparison of the dc limit of impedance spectra to steady-state measurement
is possible only for systems for which a reasonably complete spectrum can be
obtained. Experimental approaches for verifying consistency with the Kramers-
Kronig relations by replication are further limited in that, without an a priori es-
timate for the confidence limits of the experimental data, the comparison is more
qualitative than quantitative. A method is therefore needed to evaluate the error
structure, or frequency-dependent confidence interval, for the data that would be
obtained in the absence of nonstationary behavior. Such methods are described in
Chapter 21.

22.3.3 Regression of Process Models

Electrical circuits consisting of passive and distributed elements can be shown to
satisfy the Kramers-Kronig relations. Therefore, successful regression of an elec-
trical circuit analogue to experimental data implies that the data must also satisfy
the Kramers-Kronig relations. This approach has the advantage that integration
over an infinite frequency domain is not required; therefore a portion of an incom-
plete spectrum can be identified as being consistent without use of extrapolation
algorithms.

Perhaps the major problem with the use of electrical circuit models to deter-
mine consistency is that interpretation of a poor fit is ambiguous. A poor fit could

MRemember! 22.3 An insufficient experimental frequency range makes direct in-
tegration of the Kramers-Kronig relations problematic. Regression-based approaches, such
as use of a measurement model, are preferred.
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be attributed to inconsistency of the data with the Kramers-Kronig relations or to
use of an inadequate model or to regression to a local rather than global minimum
(perhaps caused by a poor initial guess). A second unresolved issue deals with the
regression itself, i.e., selection of the weighting to be used for the regression, and
identification of a criterion for a good fit. A good fit could be defined by residual
errors that are of the same size as the noise in the measurement, but, in the absence
of a means of determining the error structure of the measurement, such a criterion
is speculative at best.

22.3.4 Regression of Measurement Models

The concept of the measurement model as a tool for assessment of the error struc-
ture was applied to impedance spectroscopy initially by Agarwal et al.*-8¢:262 The
measurement model is described in greater detail in Chapter 21.

From the perspective of the approach proposed here, the use of measurement
models to identify consistency with the Kramers-Kronig relations is equivalent to
the use of Kramers-Kronig transformable circuit analogues, discussed in Section
22.3.3. An important advantage of the measurement model approach is that it
identifies a small set of model structures that are capable of representing a large
variety of observed behaviors or responses. The problem of model discrimina-
tion is therefore significantly reduced. The inability to fit an impedance spectrum
by a measurement model can be attributed to the failure of the data to conform
to the assumptions of the Kramers-Kronig relations rather than the failure of the
model. The measurement model approach, however, does not eliminate the prob-
lem of model multiplicity or model equivalence over a given frequency range. The
reduced set of model structures identified by the measurement model makes it fea-
sible to conduct studies aimed at identification of the error structure, the propaga-
tion of error through the model and through the Kramers-Kronig transformation,
and issues concerning parameter sensitivity and correlation.

The use of measurement models is superior to the use of polynomial fitting
because fewer parameters are needed to model complex behavior and because
the measurement model satisfies the Kramers-Kronig relations implicitly. Exper-
imental data can, therefore, be checked for consistency with the Kramers-Kronig
relations without actually integrating the equations over frequency, avoiding the
concomitant quadrature errors. The use of measurement models does require an
implicit extrapolation of the experimental data set, but the implications of the ex-
trapolation procedure are quite different from extrapolations reported in Section
22.3.1. The extrapolation done with measurement models is based on a common
set of parameters for the real and imaginary parts and on a model structure that
has been shown to adequately represent the observations. The confidence in the
extrapolation using measurement models is, therefore, higher.

The use of measurement models is superior to the use of more specific elec-
trical circuit analogues because one can determine whether the residual errors are
due to an inadequate model, to failure of data to conform to the Kramers-Kronig
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assumptions, or to experimental noise.

Problems

221

22.2

22.3

224

22,5
22,6

Use a circuit with R, = 10 Qecm?, R; = 100 Qcm?, and Cg = 20 yF/cm?
to verify the equations given in Table 22.1. This problem requires use of a
spreadsheet program such as Microsoft Excel® or a computational program-
ming environment such as Matlab®.

(@) Equation (22.55)

(b) Equation (22.56)

(c) Equation (22.57)

(d) Equation (22.58)

(e) Equation (22.59)

(f) Equation (22.60)

(g Equation (22.61)

(h) Equation (22.62)

(i) Equation (22.63)

(j). Equation (22.64)

(k) Equation (22.65)

(D Equation (22.66)

Verify that the impedance response that includes a CPE, following equation
(13.2), satisfies the Kramers-Kronig relations.

Using the results of Problem 8.6, explore whether the Kramers-Kronig rela-
tions can be used to detect a nonlinearity in the impedance response. Discuss
the implication of your result on experimental design.

Why are the assumptions of linearity, causality, and stability necessary for
the derivation of the Kramers-Kronig relations?

What is a causal transform? Why is the impedance Z not a causal transform?

It is sometimes said that a finite impedance is needed in order for application
of the Kramers-Kronig relations to an electrochemical system. Yet, blocking
electrodes do not have a finite impedance. Do the Kramers-Kronig relations
apply for blocking electrodes? If so, how can they be applied?
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Chapter 23

An Integrated Approach to
Impedance Spectroscopy

The foundation of this textbook is a philosophy that integrates experimental ob-
servation, model development, and error analysis. This approach is differentiated
from the usual sequential model development for given impedance spectra®* by
its emphasis on obtaining additional supporting observations to guide model se-
lection, use of error analysis to guide regression strategies and experimental de-
sign, and use of models to guide selection of new experiments.

23.1 Flowcharts for Regression Analysis

While impedance spectroscopy can be a sensitive tool for analysis of electrochem-
ical and electronic systems, an unambiguous interpretation of spectra cannot be
obtained by examination of raw data. Instead, interpretation of spectra requires
development of a model that accounts for the impedance response in terms of the
desired physical properties. Model development should take into account both
the impedance measurement and the physical and chemical characteristics of the
system under study.

It is useful to envision a flow diagram for the measurement and interpreta-
tion of experimental measurements such as impedance spectroscopy. Barsoukov
and Macdonald proposed such a flow diagram for a general characterization pro-
cedure consisting of two blocks comprising the impedance measurement, three
blocks comprising a physical (or process) model, one block for an equivalent elec-
trical circuit, and blocks labeled curve fitting and system characterization.®* They
suggested that impedance data may be analyzed for a given system by using ei-
ther an exact mathematical model based on a plausible physical theory or a com-
paratively empirical equivalent circuit. The parameters for either model can be
estimated by complex nonlinear least-squares regression. The authors observed
that ideal electrical circuit elements represent ideal lumped constant properties,
whereas the physical properties of electrolytic cells are often distributed. The dis-
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tribution of cell properties motivates use of distributed impedance elements such
as constant-phase elements (CPE). An additional problem with equivalent circuit
analysis, which the authors suggest is not shared by the direct comparison to the
theoretical model, is that circuit models are ambiguous and different models may
provide equivalent fits to a given spectrum. The authors suggest that identification
of the appropriate equivalent circuit can be achieved only by employing physical
intuition and by carrying out several sets of measurements with different condi-
tions.

A similar flow diagram was presented by Huang et al.?®® for solid-oxide fuel
cells (SOFCs). The diagram accounts for the actions of measuring impedance data,
modeling, fitting the model, interpreting the results, and optimizing the fuel cell
for power generation. The authors emphasize that the interpreting action depends
more on the electrochemical expertise of the researchers than on a direct mapping
from model parameters to SOFC properties.

While helpful, the flow diagrams proposed by Barsoukov and Macdonald* and
Huang et al.?®® are incomplete because they do not account for the role of inde-
pendent assessment of experimental error structure and because they do not em-
phasize the critical role of supporting experimental measurements. Orazem et al.
proposed a flow diagram consisting of three elements: experiment, measurement
model, and process model.?®¢ The measurement model was intended to assess the
stochastic and bias error structure of the data; thus, their diagram accounts for the
independent assessment of experimental error structure. Their diagram does not,
however, account for supporting nonimpedance measurements, and the use of re-
gression analysis, while implied, is not shown explicitly. The object of this chapter
is to formulate a comprehensive approach that can be applied to measurement and
interpretation of impedance spectra.

23.2 Integration of Measurements, Error Analysis, and Model

A refined philosophical approach toward the use of impedance spectroscopy is
outlined in Figure 23.1, where the triangle evokes the concept of an operational
amplifier for which the potential of input channels must be equal. Sequential steps
are taken until the model provides a statistically adequate representation of the
data to within the independently obtained stochastic error structure. The different
aspects that comprise the philosophy are presented in this section.

MRemember! 23.1 The philosophical approach of this textbook integrates experi-
mental observation, model development, and error analysis.
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Figure 23.1: Schematic flowchart showing the relationship between impedance measurements,
error analysis, supporting observations, model development, and weighted regression analysis.

(Taken from Orazem and Tribollet?#! and reproduced with permission of Elsevier, Inc.)

23.2.1 Impedance Measurements Integrated with Error Analysis

All impedance measurements should begin with measurement of a steady-state
polarization curve. The steady-state polarization curve is used to guide selection
of an appropriate perturbation amplitude and can provide initial hypotheses for
model development. The impedance measurements can then be made at selected
points on the polarization curve to explore the potential dependence of reaction
rate constants. Impedance measurements can also be performed at different values
of state variables such as temperature, rotation speed, and reactant concentration.
Impedance scans measured at different points of time can be used to explore tem-
poral changes in system parameters. Some examples include growth of oxide or
corrosion-product films, poisoning of catalytic surfaces, and changes in reactant or
product concentration.

The impedance measurements should also be conducted in concert with er-
ror analysis with emphasis on both stochastic and systematic bias errors. The
bias errors can be defined to be those that result in data that are inconsistent with
the Kramers-Kronig relations. An empirical error analysis can be undertaken us-
ing the measurement model approach suggested by Agarwal et al.%.86262.287 1y
should be noted, however, that this approach is not definitive, because Kramers-
Kronig-consistent artifacts can be caused by electrical leads and the electronics.
Use of dummy cells can help identify artifacts that are consistent with the Kramers-
Kronig relations. As an alternative approach for identification of the stochastic part
of the error structure, Dygas and Breiter have shown that impedance instrumenta-
tion could, in principle, provide standard deviations for the impedance measure-
ments at each frequency.?®8

The feedback loop shown in Figure 23.1 between EIS experiment and error anal-
ysis indicates that the error structure is obtained from the measured data and that
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knowledge of the error structure can guide improvements to the experimental de-
sign. The magnitude of perturbation, for example, should be selected to minimize
stochastic errors while avoiding inducing a nonlinear response. The frequency
range should be selected to sample the system time constants, while avoiding bias
errors associated with nonstationary phenomena. In short, the experimental pa-
rameters should be selected so as to minimize the stochastic error structure while,
at the same time, allowing for the maximum frequency range that is free of bias
errors.

23.2.2 Process Models Developed Using Other Observations

The model identified in Figure 23.1 represents a process model intended to account
for the hypothesized physical and chemical character of the system under study.
From the perspective embodied in Figure 23.1, the objective of the model is not
to provide a good fit with the smallest number of parameters. The objective is
rather to use the model to gain a physical understanding of the system. The model
should be able to account for, or at least be consistent with, all experimental ob-
servations. The supporting measurements therefore provide a means for model
identification. The feedback loop shown in Figure 23.1 between model and other ob-
servations is intended to illustrate that the supporting measurements guide model
development and the proposed model can suggest experiments needed to validate
model hypotheses. The supporting experiments can include both electrochemical
and nonelectrochemical measurements.

Numerous scanning electrochemical methods such as scanning reference elec-
trodes, scanning tunneling microscopy, and scanning electrochemical microscopy
can be used to explore surface heterogeneity. Scanning vibrating electrodes and
probes can be used to measure local current distributions. Local electrochemical
impedance spectroscopy provides a means of exploring the distribution of surface
reactivity. Measurements can be performed across the electrode at a single fre-
quency to create an image of the electrode or, alternatively, performed at a given
location to create a complete spectrum. Other experiments may include in-situ and
ex-situ surface analysis, chemical analysis of electrolytes, and both in-situ and ex-
situ visualization and/or microscopy. Transfer-function methods such as electro-
hydrodynamic (EHD) impedance spectroscopy allow isolation of the phenomena
that influence the electrochemical impedance response.>

MRemember! 23.2 Impedance spectroscopy is not a standalone technigue. Other
observations are required to validate a given interpretation of the impedance spectra.




23.3 APPLICATION 453

23.2.3 Regression Analysis in Context of Error Structure

The goal of the operation represented by the triangle in Figure 23.1 is to develop
a model that provides a good representation of the impedance measurements to
within the noise level of the measurement. The error structure for the measure-
ment clearly plays a critical role in the regression analysis. The weighting strategy
for the complex nonlinear least-squares regression should be based on the vari-
ance of the stochastic errors in the data, and the frequency range used for the re-
gression should be that which has been determined to be free of bias errors. In
addition, knowledge of the variance of the stochastic measurement errors is essen-
tial to quantify the quality of the regression.

Sequential steps are taken until the model provides a statistically adequate rep-
resentation of the data to within the independently obtained stochastic error struc-
ture. The comparison between model and experiment can motivate modifications
to the model or to the experimental parameters.

23.3 Application

Two systems are described in the following examples that illustrate the approach
outlined in Figure 23.1.

\
Example 23.1 Model Identification: Two models have been proposed for data
collected for an n-GaAs Schottky diode at different temperatures. One model uses a CPE
that accounts for implicit distributed relaxation processes.'8” This model fits the data very
well with a minimal number of parameters. A second model accounts for discrete energy
levels and provides a fit of equivalent regression quality at each temperature.172:240 Which
model provides the better fit for the measurements?

Solution: Orazem et al.?®’ and Jansen et al.}’? described the impedance response for an
n-type GaAs Schottky diode with temperature as a parameter. The system consisted of an n-
GaAs single crystal with a Ti Schottky contact at one end and a Au, Ge, Ni Schottky contact
at the eutectic composition at the other end. This material has been well characterized in
the literature and, in particular, has a well-known EL2 deep-level state that lies 0.83 to
0.85 eV below the conduction band edge.l Experimental details are provided by Jansen et
al172

The experimental data are presented in Figures 18.4(a) and (b) for the real and imag-
inary parts of the impedance, respectively, for temperatures ranging from 320 to 400 K.

MRemember! 23.3 The object of modeling is not to provide a good fit with the
smallest number of parameters. The object is rather to use the model to learn about the
physics and chemistry of the system under study.
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The logarithmic scale used in Figure 18.4 emphasizes the scatter seen in the imaginary
impedance at low frequencies. The impedance response is seen to be a strong function of
temperature. The impedance-plane plots shown in Figure 18.5, for data collected at 320
and 340 K, show the classic semicircle associated with a single relaxation process.

Jansen and Orazem showed that the impedance data could be superposed as given in
Figure 18.6.172 The impedance data collected at different temperatures were normalized by
the maximum mean value of the real part of the impedance and plotted against a normalized
frequency defined by equation (18.7) where E = 0.827 eV, and the characteristic frequency
f° was assigned a value of 2.964 x 10" Hz such that the imaginary part of the normalized
impedance values reached a peak value near f* = 1. The data collected at different temper-
atures are reduced to a single line. The extent to which the data are superposed is seen more
clearly on the logarithmic scale shown in Figure 18.7. The superpositions shown in Figures
18.6 and 18.7 suggest that the system is controlled by a single-activation-energy-controlled
process.

A closer examination of Figure 18.6(b) reveals that the maximum magnitude of the
scaled imaginary impedance is slightly less than 0.5, whereas the corresponding value for a
single-activation-energy-controlled process should be identically 0.5. Regression analysis
using the traditional weighting strategies under which the standard deviation of the ex-
perimental values was assumed to be proportional to the modulus of the impedance, 0y =
0; = a|Z|, to the magnitude of the respective components of the impedance, 0, = a,|Z,|
and 0j = ;| Z;|, or independent of frequency, o, = 0; = a, yielded one dominant RC time
constant with only a hint that other parameters could be extracted. Jansen et al.}’2240 ysed
the measurement model approach described by Agarwal et al.56-36:262.287 4o identify the sto-
ichastic error structure for the impedance data. When the data were regressed using this
error structure for a weighting strategy, additional parameters could be resolved, revealing
additional activation energies. Thus, while the data do superpose nicely in Figures 18.6
and 18.7, the impedance data do in fact contain information on minor activation-energy-
controlled electronic transitions.1”2240 The information concerning these transitions could
be extracted by regression of an appropriate process model using a weighting strategy based
on the error structure of the measurement.

Two models have been proposed for the data presented above. Macdonald proposed a
distributed-time-constant model that accounts for distributed relaxation processes.’®’ This
model fits the data very well and has the advantage that it requires a minimal number of
parameters. A second model, presented in Figure 23.2, accounts for discrete energy levels
and provides a fit of equivalent regression quality at each temperature.’>?%0 In Figure
23.2, C, is the space-charge capacitance, Ry, is a resistance that accounts for a small but
finite leakage current, and the parameters Ry ...Ry and Cy...Cy are attributed to the
response of discrete deep-level energy states. Parameters corresponding to deep-level states
were added sequentially to the model, subject to the constraint that the 20 (95.4 percent)
confidence interval for each of the regressed parameters may not include zero. Including
the space-charge capacitance and leakage resistance, four resistor-capacitor pairs could be
obtained from the impedance data collected at 300, 320, and 340 K; three resistor-capacitor
pairs could be obtained from the data collected at 360, 380, and 400 K; and two resistor-
capacitor pairs could be obtained from the data collected at 420 K.272 This model has the
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Figure 23.2: Electrical circuit corresponding to the model presented by Jansen et all72 jn
which C, is the space-charge capacitance, Ry is a resistance that accounts for a small but finite
leakage current, and the parameters R;... Ry and Cj...Cy are attributed to the response of

discrete deep-level energy states. (Taken from Orazem and Tribollet?*! and reproduced with
permission of Elsevier, Inc.)

disadvantage that up to eight parameters are required, depending on the temperature, as
compared to the three parameters required for the distributed-time-constant model. The
question to be posed, then, is “which is the better model for the measurements?”

If the goal of the regression is to provide the most parsimonious model for the data,
the model with the smallest number of parameters and a continuous distribution of acti-
vation energies is the best model. If the goal of the regression is to provide a quantitative
physical description of the system for which the data were obtained, additional measure-
ments are needed to determine whether the activation energies are discrete or continuously
distributed. In this case, deep-level transient spectroscopy (DLTS) measurements in-
dicated that the n-GaAs diode contained discrete deep-level states. In addition, the energy
levels and state concentrations obtained by regression of the second model were consistent
with the results obtained by DLTS.1”% Thus, the second model with a larger number of pa-
rameters provides the more useful description of the GaAs diode. The choice between the
two models could not be made without the added experimental evidence.

Example 23.1 demonstrates the importance of coupling experimental observa-
tion, model development, and error analysis. The measurements conducted at dif-
ferent temperatures allowed identification of discrete activation energies for elec-
tronic transitions. Use of a weighting strategy based on the observed stochastic
error structure increased the number of parameters that could be obtained from
the regression analysis. Thus, four discrete activation-energy-controlled processes
could be identified, but at the expense of a corresponding model that required eight
parameters. A regression of almost the same quality could be obtained under the
assumption of a continuous distribution of activation energies, and this model re-
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Figure 23.3: Electrochemical impedance results obtained for a single-cell PEM fuel cell with
current density as a parameter. (Taken from Roy et al.2%3 and reproduced with permission of
The Electrochemical Society.)

quired only three parameters. Discrimination between the two models requires
additional experimental observations, such as the DLTS identification of electronic
transitions involving discrete deep-level states.

\

Example 23.2 Models to Propose Experiments: Impedance data obtained for
PEM fuel cells often reveal low-frequency inductive loops that have been attributed to par-
asitic reactions in which the Pt catalyst reacts to form PtO and subsequently forms Pt*
ions.?89 Suggest experiments that could be used to support or reject this model.

Solution: Low-frequency inductive features®®*-2%2 gre commonly seen in impedance spec-
tra for PEM fuel cells. Makharia et al.>®° suggested that side reactions and intermediates
involved in the fuel cell operation can be possible causes of the inductive loop seen at low
frequency. However, such low-frequency inductive loops could also be attributed to non-
stationary behavior, or, due to the time required to make measurements at low frequencies,
nonstationary behavior could influence the shapes of the low-frequency features.

A typical result is presented in Figure 23.3 for the impedance response of a single
5 cm? PEMFC with hydrogen and air as reactants.?® The measurements were conducted
in galavanostatic mode for a frequency range of 1 kHz to 1 mHz with a 10 mA peak-to-peak
sinusoidal perturbation. Roy and Orazem? used the measurement model approach devel-
oped by Agarwal et al.56:36:262.287 1o demonstrate that, for the fuel cell under steady-state
operation, the low-frequency inductive loops seen in Figure 23.3 were consistent with the
Kramers-Kronig relations. Therefore, the low-frequency inductive loops could be attributed
to process characteristics and not to nonstationary artifacts.

Roy et al.?%3 proposed that the low-frequency inductive loops observed in PEM fuel
cells could be caused by parasitic reactions in which the Pt catalyst reacts to form PtO
and subsequently forms Pt ions. They also showed that a reaction involving formation of
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Figure 23.4: Comparison of the impedance response for a PEM fuel cell operated at 0.2
A/cm? to model predictions generated using a reaction sequence involving formation of hydrogen
peroxide and a reaction sequence involving formation of PtO. (Taken from Roy et al.293 and
reproduced with permission of The Electrochemical Society.)

hydrogen peroxide could yield the same inductive features. A comparison between the two
models and the experimental results is shown in Figure 23.4, and the corresponding values
for the real and imaginary parts of the impedance are presented as a function of frequency
in Figures 23.5(a) and (b), respectively. The model calculations were not obtained by re-
gression but rather by simulation using approximate parameter values. Regression was
not used because the model was based on the assumption of a uniform membrane-electrode
assembly (MEA), whereas the use of a serpentine flow channel caused the reactivity of the
MEA to be very nonuniform. The parameters were first selected to reproduce the current-
potential curve and then the same parameters were used to calculate the impedance response
for each value of current density. The potential (or current) dependence of model parame-
ters was that associated with the Tafel behavior assumed for the electrochemical reactions.

While reaction parameters were not identified by regression to impedance data, the
simulation presented by Roy et al.?%3 demonstrates that side reactions proposed in the
literature can account for low-frequency inductive loops. Indeed, the results presented in
Figures 23.4 and 23.5 show that both models can account for low-frequency inductive loops.
Other models can also account for low-frequency inductive loops so long as they involve
potential-dependent adsorbed intermediates.’ It is generally understood that equivalent
circuit models are not unique and have therefore an ambiguous relationship to physical
properties of the electrochemical cell. As shown by Roy et al.,>®® even models based on
physical and chemical processes are ambiguous. In the present case, the ambiguity arises
from uncertainty as to which reactions are responsible for the low-frequency inductive fea-
tures.

Resolution of this ambiguity requires additional experiments. The processes and re-
actions hypothesized for a given model can suggest experiments to support or reject the
underlying hypothesis. For example, the proposed formation of PtO is consistent with a



458 AN INTEGRATED APPROACH TO IMPEDANCE SPECTROSCOPY CHAPTER 23

1.0

—H,0, formation

~-= PtO formation
0.0 ! ) 2 ) ) N
10 107 10° 10° 10* 10° 10° 10*
fiHz fIHz
@ (b)

Figure 23.5:. Comparison of the impedance response for a PEM fuel cell operated at 0.2
A/cm2 to model predictions generated using a reaction sequence involving formation of hydrogen
peroxide and a reaction sequence involving formation of PtO: a) Real part of impedance; and
b) imaginary part of impedance. (Taken from Roy et al.2%3 and reproduced with permission of
The Electrochemical Society.)

decrease in the active catalytic surface area and a loss of Pt ions in the effluent. Cyclic
voltammetry after different periods of fuel cell operation could be used to explore reduc-
tion in electrochemically active area. Inductively coupled plasma mass spectroscopy
(ICPMS) could be used to detect residual Pt ions in the fuel cell effluent, and ex-situ tech-
niques could detect formation of PtO in the catalyst layer. A different set of experiments
could be performed to explore the hypothesis that peroxide formation is responsible for the
inductive loops. Platinum dissolution has been observed in PEM fuel cells,?** and perox-
ide formation has been implicated in the degradation of PEM membranes.?>2%7 Thus, it is
likely that both reactions are taking place and contributing to the observed low-frequency
inductive loops.

Example 23.2 demonstrates the utility of the error analysis for determining con-
sistency with the Kramers-Kronig relations. In this case, the low-frequency in-
ductive loops were found to be consistent with the Kramers-Kronig relations at
frequencies as low as 0.001 Hz so long as the system had reached a steady-state
operation. The mathematical models that were proposed to account for the low-
frequency features were based on plausible physical and chemical hypotheses.
Nevertheless, the models are ambiguous and require additional measurements
and observations to identify the most appropriate for the system under study.

The philosophy described here and embodied in Figure 23.1 cannot always be
followed to convergence. Often the hypothesized model is inadequate and can-
not reproduce the experimental results. Even if the proposed reaction sequence
is correct, surface heterogeneities may introduce complications that are difficult to
model. The accessible frequency range may be limited at high frequency for sys-
tems with a very small impedance. The accessible frequency range may be limited
at low frequency for systems subject to significant nonstationary behavior. The ex-
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perimentalist may need to accept a large level of stochastic noise for a system with
a large impedance. In cases where the models are unable to explain all features of
the experiment, the graphical methods presented in Chapter 17 can nevertheless
yield quantitative information.

Problems

23.1

23.2

23.3

234

Suggest supporting experiments that could be used to support or reject the
model described in:

(@) Example 10.1

(b) Example 10.2

(c) Problem 10.3

(d) Problem 104

(e) Problem 10.5

(f) Example 23.1

Several prominent leaders in impedance research have proposed creating a
catalog of impedance spectra with unique interpretations associated with dif-
ferent shapes of the impedance diagrams. Discuss the potential and limita-
tions of such a catalog.

Explain the role of error analysis in:
(@) Experimental design

(b) Regression analysis

(c) Model identification

Why is impedance spectroscopy not a standalone technique? Can other elec-
trochemical techniques such as cyclic voltammetry be considered standalone
techniques? Explain your answers.
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Appendix A

Complex Integrals

Chapter 1 provides a framework for the analysis of complex variables. This sec-
tion provides a summary of important definitions before describing complex in-
tegration in greater detail. This work provides support for the discussion of the
Kramers-Kronig relations in Chapter 22. For more detailed analysis, the reader is
directed to textbooks.”>7477

A.1 Definition of Terms
Definition A.1 (Limit) The limit of a function f(z) at z — zo,

lim f(z) = ¢ (A1)

Z2—Zp

means that, given an € > 0, there exists a § such that |f(z) — £] < ewhen 0 < |z — zg| <
d.

Note that z may approach zg from any direction in the complex plane, and the
value of the limit £ is independent of the direction of approach.

Definition A.2 (Continuous Function) A function f(z) is continuous at zg if

lim f(z) = f(z0) (A.2)

Z—2p

A function f(z) is continuous if it is continuous at every point of its domain.

Definition A.3 (Derivative of a Function) The derivative of a function f(z) at zo is

f'(z0) = lim f(2) = f(z0) (A.3)

=z Z—2Z

If f(2) has a derivative at z, f(z) is differentiable at zo.
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Figure A.1l: Representation of the J-neighborhood of the point zy within set S.

Definition A.4 (Neighborhood of a Point) The set of all points z that satisfy the in-
equality
|z —2zo| <6 (A4)

is called the 6-neighborhood of the point z.

A S-neighborhood of the point z is illustrated in Figure A.1.

Definition A.5 (Set) A point zg is an interior point of a set S if there exists some neigh-
borhood of zo that contains only points of S. A point zg is an exterior point of the set S if
there exists some neighborhood of zq that contains only points that are not in set S. If 2y is
neither an exterior nor an interior point of S, it must be a boundary point of S.

Definition A.6 (Open and Closed Sets) An open set contains only interior points. If
a set contains its boundary points, it is a closed set.

Definition A.7 (Curve) A curve C is described by a function
z=z,(t) +jzj(t) (A.5)

where z,(t) and z;(t) are continuous functions of parameter t defined fora < t < b. If
z(a) = z(b), curve C is closed. If curve C does not cross itself, curve C is simple.

Definition A.8 (Connected Sets) An open set is connected if every pair of points z
and w can be joined by a polygonal line that exists entirely within S.

Two open sets are shown in Figure A.2. Set A is connected because a continuous
line can be drawn between any two points within the set. Set B is not connected
because it consists of two separated sections across which a continuous line cannot
be drawn. Similarly, the set of all points that do not lie on the closed curve |z| =1
is an open set which is not connected.

Definition A.9 (Domain) An open set that is connected is 2 domain.
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Figure A.2: Representation of two open sets. Set A is connected because a continuous line
can be drawn between any two points within the set. Set B is not connected because it consists
of two separated sections across which a continuous line cannot be drawn.

N

n

The set A is a domain, whereas B is not because set B is not connected.

Definition A.10 (Region) A domain, together with or without its boundary points, is
a region. If the region contains all the domain and its boundary points, it is a closed
region.

The set A, with or without its boundary points, is a region; whereas B is not
because set B is not a domain.

Definition A.11 (Analytic Function) If a function f(z) is differentiable at every point
within a neighborhood of zy, f(z) is analytic at zo.

Analytic functions are also called regular and holomorphic. If f(z) is analytic for
all finite values of z, it is an entire function. If f(z) is not analytic at a point zg, the
point 2 is a singular point.

A.2 Cauchy-Riemann Conditions

The Cauchy-Riemann conditions describe the criteria under which a complex func-
tion is analytic.

Theorem A.1 (Cauchy-Riemann Conditions) The complex function

f(z) = u(xy) + jo(x,y) (A.6)

is analytic in a region G if and only if du/dx, du/dy, dv/dx, and dv/dy are continuous

and satisfy
ou dv ou dv
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imaginary

<
S

Xp real

Figure A.3: Representation of two paths approaching zg. The function f(z) is presented in the
form of a contour map as a function of real and imaginary parts of the complex independent
variable z.

in the region G.

Following Definition A.11, the function f(z) is analytic at z if it is differen-
tiable at every point in the neighborhood of zg. Definitions A.1 and A.3 state that
the value of the derivative should be independent of the path chosen. A general
complex function f(z) is presented in Figure A.3 in the form of a contour map as
a function of real and imaginary parts of the complex independent variable z. The
derivative along the real axis df /dx at constant y is given by

ooy e W(xo + 8x,30) — u(x0, yo)
f(z) = Jim Y (A8)
+ jlim v(x0 4+ Ax, yo) — v(X0,Yo)
Ax—0 Ax

where Az = Ax. Equation (A.8) can be written

oy = 24
f@0) =5 +i5 (a9)

m Remember! A.1 The concept of an analytic function is critical to the derivation
of the Kramers-Kronig relations as given in Section 22.1.
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10

Figure A.4: The concept of connectedness: a) a simply connected domain; b) a doubly con-
nected domain; and ¢} a doubly connected domain that has been converted into a simply
connected domain by introducing a pair of cuts.

For the derivative along the imaginary axis at constant x, Az = jAy. Thus,

. . u(xo,y0 + Ay) — u(xo, %o)
+ i lim 2Wo:Yo+Ay) —v(xo.y0)
]Ay—>0 jAy
or a a
Mgy = — ;0¥ L 9V
fzo) = —iz; +3, (A.12)

As the values obtained for f’(zp) should be independent of direction, equation
(A.7) must be satisfied. The additional requirement is that partial derivatives be
continuous.

A.3 Complex Integration

An understanding of the use of the Kramers-Kronig relations requires an under-
standing of integration in a complex plane. While the subject leads to the very
powerful tool of conformal mapping, the discussion is limited here to that needed
to understand the derivation of the Kramers-Kronig relations.

A.3.1 Cauchy's Theorem

Definition A.12 (Simply Connected Domain) A domain is simply connected if ev-
ery simple closed curve C in the domain encloses only points of the domain.

The meaning of Definition A.12 is more readily understood with the aid of Fig-
ure A.4. A simply connected domain is shown in Figure A.4(a). The simply con-
nected domain of Figure A.4(a) was converted into a doubly connected domain
by introducing a hole in the domain (see Figure A.4(b)). The doubly connected
domain of Figure A.4(b) can be converted into a simply connected domain by in-
troducing a pair of cuts, as shown in Figure A .4(c).
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B

Figure A.5: Demonstration of the path independence for the value of the integral of an analytic
function between two points in a simply connected domain.

Theorem A.2 (Cauchy’s Theorem) If f(z) is analytic in a simply connected domain D,
and if C is a simple closed contour that lies in D, then

/ F(2)dz =0 (A.12)
C

The integral around the closed contour is also designated § f(z)dz. A major
consequence of Cauchy’s theorem is that the value of the integral from one point
to another is independent of the path. Two paths C; and C; between points A and
B are shown in Figure A.5. The contour directions are the same; thus,

[z = [ sz + / F(2)dz (A.13)
Cc G G

In order to have the direction of integration be from A to B for both contours,
the direction of integration along contour C; is changed by integrating along —Cs.
Thus, from equation (A.12),

/ f(2)dz = / F(2)dz = — / F(2)dz (A.14)
oh) C

-G

The value of the integral depends only on the end points of the integration.

As shown in Figure A .4, a multiply connected domain can be transformed into
a singly connected domain by making suitable cuts. The integral around the closed
contour of the new simply connected domain is expressed as the sum of contribu-
tions from the curves making up the boundary of the domain. An example is

MRemember! A.2 The derivation of the Kramers-Kronig relations in Section 22.1
makes use of Cauchy’s Theorem, given as Theorem A.2.
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]

Figure A.6: Demonstration of the integration for a doubly connected domain that has been
transformed into a simply connected domain.

shown in Figure A.6. The integration path encompasses contours C;, L1, Ly, and
Cz. 'I'hus,

/ f(2)dz = / f(z)dz + / f(z)dz + / F(2)dz + / flz)dz  (AI5)
C C Ly Cy Ly

As the directions of integration along contours Lj and L, are opposite, their contri-
butions will cancel. Thus,

/ Flz)dz = — / f(z)dz = / F(2)dz (A.16)
Cy Cy

-G,

\
Example A.1 Application of Cauchy’s Theorem: Find the numerical value
for the integral §(z — a)~'dz for the case where z = a is outside the domain.

Solution: If the point z = a lies outside the domain, the function (z — a)~! is analytic
everywhere. Thus, via Cauchy’s Theorem (Theorem A.2), § (z — a)~1dz = 0.

\
Example A.2 Special Case of Cauchy’s Integral Formula: Find the numeri-
cal value for the integral § (z — a)~dz for the case where z = a is inside the domain.

Solution: If the point z = a lies inside the domain, the function (z — a)™! has a singu-
larity at z = a. It can be enclosed by a circle of radius € centered at z = a such that, on the
boundary of the domain, the function is analytic (see Figure A.6). From equation (A.16),

1 1
/z_adz- / ——dz (A.17)

C1 —Cz
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To evaluate the integral around the singularity, let
z=a+¢e 0<0<2n (A.18)

The integral around C; becomes

2 i6
/"’ee] a9 _]/ d9 = 2j (A.19)
z— a
-G
Thus, ,
/ ——dz =2jn (A.20)
G

This result is a special case of Cauchy'’s Integral Formula.

Theorem A.3 (Cauchy’s Integral Formula) If f(z) is analytic in a simply connected
domain D, and if C is a simple positively oriented (counterclockwise) closed contour that
lies in D, then, for any point zg that lies interior to C,

C/ %dz = 27jf(20) (A.21)

Definition A.13 (Residue) If zg is an isolated singular point of f(z), then there exists a
Laurent series -
Y ba(z—2z)" (A.22)

n=-oo
valid for 0 < |z — zo| < R, for some positive value of R. The coefficient b_1 of (z — zo) ™
is the residue of f(z) at zo, designated as Res [f(z), zo). If C is a positively oriented simple
closed curve in 0 < |z — zg| < R that contains z, then

by = 5 / F(2)dz (A.23)

Theorem A.4 (Cauchy’s Residue Theorem) If f(z) is analytic in a simply connected

domain D, except at a finite number of singular points z1,...,zx and if C is a simple
positively oriented (counterclockwise) closed contour that lies in D, then

/f(z)dz = 2mj i Res [f(z), zn) (A.24)
C n=1

m Remember! A.3 The derivation of the Kramers-Kronig relations in Section 22.1
makes use of Cauchy’s Integral Formula for evaluation of a function at a singularity, given
as Example A.2.
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Figure A.7: Demonstration of integration for a domain with two poles on the real axis.

A.3.2 Improper Integrals of Rational Functions

Definition A.14 (Cauchy Principal Value of Integral) For real x, if f(x) is a contin-
uous function on —oo < x < +oo, the improper integral of f(x) over [—oo, +-00] is

/_w flx)dx = lim / fladx+ lim /Oaf (x)dx (A.25)

provided the limits exist. The Cauchy principal value of the integral over the interval
[—00, +00] is given as

+e0
Fr@az=1m [ fx (A.26)

Theorem A.5 (Evaluation of the Cauchy Principal Value of an Integral) If a func-
tion f(z) is analytic in a simply connected domain D, except at a finite number of singular
points 21, . .., z, if f(x) = P(x)/Q(x) where P(x) and Q(x) are polynomials, Q(x) has
no zeros, and the degree of P(x) is at least two less than the degree of Q(x), and if Cisa
simple positively oriented (counterclockwise) closed contour that lies in D, then

+o0 "
][f(x)dz = 271] Z_:lRes [f(2), zx] (A.27)

where 21, . . ., z are poles of f(z) that lie in the upper half-plane.

\
Example A.3 Poles on a Real Axis: Evaluate the integral [°. (2> —a?)~'dx
where a is a real number.

Solution: The function ;rl;z has two poles on the real axis located at x = aand x = —a,
respectively. The integration will be performed on the contour shown in Figure A.7. The
contour is chosen to avoid the singular points a and —a, and integration in the imaginary
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plane is at a value of R sufficiently large that it encircles all poles in the domain. A semicir-
cle of radius ¢ is placed at the poles. The integral over the entire contour can be expressed

as
d —a—& d d ga—€ 1 d
C/zz—azz /_R —a2 x+/ Z+/_a+ex2—a2 x+
d f —d S d A28
/22—a2 2t —a—¢ X% — a2 x+/22_a2z (A.28)
72 r
1
= 27j E Res [ 2,Zn]
n=1
=0
For sufficiently large R,
1
[tz —0 (A29)
T

Thus, in the limit that R — oo and ¢ — 0, equation (A.28) becomes

[
N B 72 — g2
"

Thus, the integral along the real axis can be evaluated by evaluating the integrals along the
contours that skirt the poles.
To evaluate the integral at 7y, let

(A.30)

z = —a+eel® (A.31)
Then,
/ L - / L el (A32)
; 22— Jn eef (el —2a)] '
1
Ase— 0, o
. 1 jmT
—df — — A.33
i, (e —20)  2a (A-33)
To evaluate the integral at 7y, let _
z=a+ee? (A.34)
Thus, o
1 iy 1 j
/ A g /n (eef® + 2a) 6=~ (A.35)

72
Equation (A.30) can be expressed as
© 1 _ _jm  jm
/-oo x% — g2 ax = 20 ' 2a
=0 (A.36)
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Imaginary
A Frequency, x;
Real
+® Frequency, x;
. --»

A

Domain I

v

Figure A.8: Domain of integration for development application of Cauchy's integral formula.
A pole is placed at frequency +w on the real frequency axis.

Problems
A.1 Show that €? is an analytic function in any domain.
A2 Show that the exponential of the complex conjugate €7 is not an analytic func-
tion in any domain.
A.3 Beginning with
]f G(*) 4y = 0 (A37)
X—w

derive equations (22.55) and (22.56). The domain I' is shown in terms of
complex frequency x in Figure A.8.
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Appendix B

Tables of Reference Material

The following tables provide equations, constants, physical properties, and statis-
tical values that may be useful for the student.

Complex Variables

Table 1.1
Table 1.3

Table 1.3
Table 1.4

Table 1.5
Table 1.6

Table 1.7

Statistics

Table 3.1

Table 3.2

Table 3.3
Table 3.4

Table 3.8

Identities for the complex number j.

Relationships between polar and rectangular coordinates for the
complex variable z = z, + jz;.

Relationships between polar and rectangular coordinates for the
complex variable z = z, + jz;.

Properties for the complex conjugates of z = z, + jz; and w =
wy + ]ZU]

Properties for the absolute value of z = z, + jzjand w = w, + jwj.
Trigonometric and hyperbolic relationships for the complex vari-
able z = z, + jz;.

Functional relationships of complex variables commonly en-
countered in impedance spectroscopy, where x and y are real
numbers, and z = x + jy.

Properties of the expectation where c is a constant and x and y are
random variates.

Properties of the variance where c is a constant and x and y are
random variates.

Student’s t-test values.

F-test values for comparison of variance of samples with equal
degrees of freedom, i.e., v; =1, = v.

x>-test values for degree of freedom v and confidence level p.

10

14

14
17

19

36

36

50
52

57
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Physical Properties

Table 5.2  Typical values of diffusion coefficients for ions at infinite dilution
in water at 25 °C.

Table 5.4 Typical ranges of values for capacitance.

Table 12.1 Physical properties for GaAs at 300 K.

Selected Electrochemical Notation

Table 5.1 Definitions and notation for potentials used in electrochemical
systems.
Table 7.2  Definitions and notation for local impedance variables.

Relationships for Impedance

Table 10.1 Some useful relationships for the development of the impedance
response associated with Faradaic reactions.

Table 16.1 Summary of complex impedance, admittance, and capacitance
characteristics for simple blocking and reactive circuits.

Table 21.1 Statistical properties of impedance values obtained by Fourier
analysis techniques.

Table 22.1 Compilation of various forms of the Kramers-Kronig relations.

86

95
215

81

125

166

310

414

437
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Appendix C

List of Examples

The following examples are presented throughout the text to illustrate concepts,
calculations, and derivations.

Complex Variables

Example 1.1
Example 1.2
Example 1.3
Example 1.4
Example 1.5
Example 1.6
Example 1.7
Example 1.8

Multiplication of Complex Numbers
Division of Complex Numbers
Rectangular Coordinates

Polar Coordinates

De Moivre’s Theorem

nth Roots of Complex Variables
Square Roots of Complex Variables
Exponential Form

Differential Equations

Example 2.1
Example 2.2
Example 2.3
Example 2.4
Example 2.5
Example 2.6

Statistics

Example 3.1
Example 3.2
Example 3.3
Example 3.4
Example 3.5

Linear First-Order Differential Equation
Convective Diffusion Equation
Complex Roots for an ODE

Diffusion in a Finite Domain

Diffusion in an Infinite Domain
Foundation for Warburg Impedance

Error Propagation

Continuation of Example 3.1
Continuation of Example 3.2
Evaluation of Impedance Data
Evaluation of Chi-Squared Statistics

N

11
12
12
18

24
25
27
27
30
32

43
44
45
51
56
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Electrical Circuits

Example 4.1 Impedance in Series

Example 4.2 Impedance in Parallel

Example 4.3  Bode Representation of Elemental Circuits
Example 44 Impedance Expression for a Nested Circuit

Electrochemistry

Example 5.1  Rate Expression for Copper Dissolution

Electrochemical Instrumentation

Example 6.1 Negative Feedback
Example 6.2  Current Follower
Example 6.3  Voltage Adder

Experimental Methods

Example7.1  Lissajous Analysis
Example7.2  Fourier Analysis

Experimental Design

Example 8.1  Guideline for Linearity
Example 8.2 Influence of Ohmic Resistance on Linearity
Example 8.3  Influence of Capacitance on Linearity

Equivalent Circuit Analogs

Example 9.1 Time-Dependent Ohmic Resistance

Kinetic Impedance

Example 10.1 Iron in Anaerobic Solutions
Example 10.2 Iron in Aerobic Solutions
Example 10.3 Corrosion of Magnesium

Diffusion Impedance

Example 11.1 Diffusion with First-Order Reaction
Example 11.2 Diffusion of Two Species
Example 11.3 Diffusion through a Film with e = 1.0

65
66
68
68

84

99
100
100

115
121

134
139
144

161

167
171
176

187
188
192
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Example 114 Continuation of Example 11.3
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Example 12.1 Mott-Schottky Plots

Time-Constant Dispersion
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Electrohydrodynamic Impedance

Example 15.1 2-D and 3-D Blocking
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Example 16.1 Admittance of Dielectrics

Example 16.2 Complex Capacitance of Dielectrics
Example 16.3 Evaluation of Double-Layer Capacitance
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Example 17.1 Plots for Mg Alloys

Complex Nonlinear Regression

Example 19.1 Nonlinear Models

Kramers-Kronig Relations

Example 22.1 Verification of Equations (22.9) and (22.10)
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List of Symbols

Roman

A temperature-dependent coefficient used in the development for thermo-
electrochemical impedance, see Section 14.3.1

A lumped parameter in expression for impedance response of a reaction de-
pendent on potential and surface coverage, equation (10.79)

a constant used for the velocity expansion for a rotating disk, 2 = 0.51023,
see Section 11.6.1

A; activation energy for diffusion, see Section 14.3.1
Alc Akaike information criterion, see equation (20.2)
ay constant used for the velocity expansion for an impinging jet with value

determined by experiment, see Section 11.7.1

Aop open-loop gain for an operational amplifier, see Section 6.1

Apr Akaike performance index, see equation (20.1)

Ay gain of the operational amplifier, see Figure 21.2 and equation (21.4)

B lumped parameter in expression for impedance response of a reaction de-

pendent on potential and surface coverage, equation (10.79)
B magnetic field, T, see Section 14.1

b constant used for the velocity expansion for a rotating disk, b = —0.61592,
see Section 11.6.1

b kinetic parameter defined in equation (5.15), V™!

C covariance matrix for regression analysis, see equation (19.16)
C complex capacitance, see equation (16.36), F or F/cm?

C capacitance, F/cm? or F (1F = 1C/V)

Co interfacial capacitance, F/cm?
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CE
Cet

Cy

dact
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double-layer capacitance, F/cm? or F (1F = 1C/V)
counterelectrode, see Figure 6.6

effective capacitance, see equation (16.41), F or F/cm?
volumetric concentration of species i, mol/cm?®

oxide capacitance associated with the Young impedance, equation (13.86),
F/cm?

distance between potential sensing electrodes in the sensor used for local
impedance spectroscopy measurements, see equation (7.40), cm

average diameter of the active portion of a partially blocked electrode, see
equation (15.52)

diffusion coefficient for species i, cm?/s
electronic energy, eV

conduction-band energy, eV

Fermi energy, eV

noise in the output from the current follower, V, see Figure 21.2 and equa-
tion (21.8)

potential output from the current follower, V
valence-band energy, eV
statistic used for testing equality of variances, see Section 3.3.3

complex oscillating variable used in expression for radial velocity for a
rotating disk electrode, see equation (15.10)

Faraday’s constant, 96,487 C/equiv

dimensionless radial component of velocity for laminar flow to a disk elec-
trode, see equation (11.74)

frequency, f = w/2m, Hz

general frequency-dependent input function, see equation (22.4)
general time-dependent input function, see equation (22.1)
dimensionless probability of occupancy of a state of energy E

activity coefficient for species i, dimensionless
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f meas
f Ny
f set

f*

AGH

AGH

chem

AG?

elec

characteristic frequency for measurement comprising a range of perturba-
tion frequencies, see equation (21.16), Hz

characteristic frequency for measurement of impedance at a frequency f
using N cycles, see equation (21.17), Hz

characteristic frequency for measurement of a series of spectra, see equa-
tion (21.14), Hz

normalized frequency, see equation (18.7)

complex oscillating variable used in expression for angular velocity for a
rotating disk electrode, see equation (15.11)

dimensionless angular component of velocity for laminar flow to a disk
electrode, see equation (11.75)

gravitational acceleration, cm/ s2
general transfer function, see equation (22.3)

generic transfer function relating input and output quantities for an elec-
trochemical system, see equation (14.1)

free energy of activation, see, e.g., equation (5.38)

chemical contribution to the free energy of activation, see, e.g., equation
(5.38)

electrical contribution to the free energy of activation, see, e.g., equation
(5.38)

rate of generation of species i, e.g., holes or electrons in a semiconductor,
(cm®s)~!

distribution function for time constants used in developing the formula
for a CPE, see equation (13.7)

function showing a linear relationship between input and output func-
tions, see equation (22.1)

hypothesis, see Section 3.3

complex oscillating variable used in expression for axial velocity for a ro-
tating disk electrode, see equation (15.12)

dimensionless axial component of velocity for laminar flow to a disk elec-
trode, see equation (11.76)

Planck constant, & = 6.626 x 10734 s
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generic transfer function relating the time derivative of state quantities for
an electrochemical system to the state and input quantities, see equation
(14.2)

generic transfer function relating the output quantities for an electrochem-
ical system to the state and input quantities, see equation (14.3)

current, A

current density, mA/cm?

exchange current density, see equation (5.14), mA/cm?

output current for an operational amplifier, see Figure 6.1(a), A
anodic current density, mA/ cm?

charging current density, mA /cm?

cathodic current density, mA/cm?

amplitude of sinusoidal current signal, see, e.g., equation (4.7), A

Faradaic current density, mA/ cm?

kinetically controlled current density, iy = —k.nFc;(00)exp(—bcys), see
equation (5.26), mA /cm?

mass-transfer-limited current density, i, = —nFD;c;(o0)/;, see equation
(5.26), mA /cm?

current noise contribution from differential amplifiers, A, see Figure 21.2
and equation (21.4)

current noise contribution from differential amplifiers, A, see Figure 21.2
and equation (21.4)

current noise contribution from differential amplifiers, A, see Figure 21.2
and equation (21.4)

current noise contribution from differential amplifiers, A, see Figure 21.2
and equation (21.4)

current density measured by a small local-impedance-spectroscopy sen-
sor located near an electrode, see equation (7.40), mA /cm?

Ohmic potential drop between the solution adjacent to the working elec-
trode and the location of a reference electrode, i.e., iR, = Py — D¢, see
Table 5.1,V
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ireg

is

K*

k*

[

Z 2z xg g ==

parasitic current noise arising from noise in the voltage control, A, see
Figure 21.2 and equation (21.5)

power current for an operational amplifier, see Figure 6.1(a), A
identity matrix

dimensionless exchange current density, see e.g., equation (5.68)
imaginary number, j = v/—1

local mass-transfer flux, see Example 13.2, mol/ cm?s

dimensionless frequency associated with the geometry of a disk electrode,
see equation (13.47)

lumped-parameter rate constant for an electrochemical reaction which in-
cludes the equilibrium potential difference, see equation (10.7), mA/cm?

Boltzmann constant k = 8.617 x 107° eV/K

lumped-parameter rate constant for an electrochemical reaction, see, e.g.,
equation (10.6), mA /cm?

rate constant for electrochemical reaction that includes the exponential de-
pendence on potential, see equation (5.36)

rate constant for electrochemical reaction that excludes the exponential
dependence on potential, see, e.g., equation (5.42)

dimensionless frequency associated, for example, with convective diffu-
sion of species i, see, e.g., equations (11.66) and (13.34)

mass-transfer coefficient, cm/s

dimensionless position-dependent frequency associated with diffusion of
species i, see equation (13.23)

depth of a pore, cm

inductance, H (1H = 1Vs?/C)

length of an electrode, cm

mass, g

symbol for the chemical formula of species i, see equation (5.41)
normal distribution function, see Section 3.1.3

collection efficiency for a ring-disk electrode, see equation (14.31)
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electron concentration, cm 3

number of electrons transferred in electrochemical reaction, see equation
(5.14), dimensionless

effective density of conduction-band states, cm 3

number of measured values, see equation (19.2)

number of cycles for an impedance measurement, see equation (21.17)
flux of species i, mol/cm?s

intrinsic concentration, see equation (12.9), cm™3
number of parameters, see equation (19.8)

electron concentration in deep-level states, cm™3

effective density of valence-band states, cm =3

sample size used to calculate the standard error of sample distribution x,
see equation (3.10)

parameter vector used in regression analysis, see equation (19.1)
probability, see Section 3.1.4

probability of observing the given sample result under the assumption
that the null hypothesis is true, see Section 3.3.1

dimensionless frequency, p = w/Q)
hole concentration, cm 3

pressure, atm

parameter vector for nonlinear regression analysis, see equation (19.19)

reaction order for anodic reactants 7 in reaction k, see equation (5.42)

significance level at which the hypothesis that the variances are not equal
can be rejected, see equation (3.40)

CPE coefficient, see equation (13.2), s*/ Qcm?

charge, C/cm?

reaction order for cathodic reactants i in reaction k, see equation (5.42)
resistance, Qcm? or Q (1Q = 1Vs/C)

universal gas constant, 8.3143 J/mol K
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Sc
Sh

Sik

Sm

Sm

NN

-

tcycle

radial coordinate, cm

rate of reaction, mol/cm?s

radius of a disk electrode, cm

Reynolds number, Re = pv2R/y, dimensionless
electrolyte or Ohmic resistance, () or Qcm?
reference electrode, see Figure 6.6

resistance of the current measurement circuit, ), see Figure 21.2 and equa-
tion (21.4)

resistance of the potential control circuit, (), see Figure 21.2 and equation
(21.4)

charge-transfer resistance, QQcm?

weighted sum of squares, see equation (19.1)

slope defined by equation (18.1)

Schmidt number, Sc = v/ Di, dimensionless

Sherwood number, Sh = kpd/ D, dimensionless

stoichiometric coefficient for species i in reaction k, see equation (5.41)

potential difference across the inputs to the current follower, V, see equa-
tion (21.6)

gain of the current follower, see Figure 21.2

noise in the potential difference across the inputs to the current follower,
V, see Figure 21.2 and equation (21.6)

standard error of sample distribution x, see equation (3.10)
statistic used for testing equality of means, see Section 3.3.2
temperature, K

time corresponding to an integer number of cycles, s

time, s

period of a cycle at frequency f, s

transfer function defined by equations (15.31) to (15.36)



488

VCE

LIST OF SYMBOLS

electrode potential with respect to a reference electrode, U = ®p, — Doy,
see Table 5.1, V

mobility of species i, related to diffusivity by equation (5.57)
variance-covariance matrix used in regression analysis, see equation (19.1)
interfacial potential for the working electrode, see Table 5.1, V

potential, V

velocity, cm/s

potential at the positive input terminal for an operational amplifier, see
Figure 6.1(a), V

potential at the negative input terminal for an operational amplifier, see
Figure 6.1(a), V

output potential for an operational amplifier, see Figure 6.1(a), V

interfacial potential under equilibrium conditions for a given reaction k,
Vox = (Om — @0)01,(, see Table 5.1, V

voltage noise contribution, V, see Figure 21.2 and equation (21.4)
amplitude of sinusoidal potential signal, see, e.g., equation (4.6), V
voltage noise contribution, V, see Figure 21.2 and equation (21.4)
voltage noise contribution, V, see Figure 21.2 and equation (21.4)
voltage noise contribution, V, see Figure 21.2 and equation (21.4)
voltage noise contribution, V, see Figure 21.2 and equation (21.4)

potential of the power leads for an operational amplifier, see Figure 6.1(a),
\'

width of an electrode, cm
working electrode, see Figure 6.6

transfer function associated with the electrohydrodynamic impedance for
species i, see equation (15.29)

generic input quantities for an electrochemical system, see Figure 14.1
general frequency-dependent output function, see equation (22.5)

general time-dependent output function, see equation (22.1)
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Xk
Y

Y
Y

generic state quantities for an electrochemical system, see Figure 14.1
admittance, Y = 1/Z, 1/Qcm?

normal coordinate, cm

generic output quantities for an electrochemical system, see Figure 14.1
global impedance, see Table 7.2, Qcm?

local impedance, see Table 7.2, Qcm?

global interfacial impedance, see Table 7.2, Qcm?

local interfacial impedance, see Table 7.2, Qcm?

mass-transport transfer function defined in Section 15.2.1

diffusion impedance, Qcm?

global Ohmic impedance, see Table 7.2, Qcm?

local Ohmic impedance, Qcm?

interfacial impedance per unit pore area defined by equation (13.21)
Faradaic impedance, Qcm?

charge associated with species i

tabulated dimensionless values for diffusion impedance where k = 1,2, 3,
see equation (11.97) for a rotating disk electrode and equation (11.109) for
a submerged impinging jet

Young impedance, equation (13.86), 0cm?

CPE exponent, see equations (13.1) and (13.2), dimensionless

probability of incorrectly rejecting the null hypothesis when it is actually
true, see Section 3.3.1

symmetry factor used in electrode kinetics, see equation (5.14), dimen-
sionless

tensor corresponding to the second derivative of the objective function
with respect to parameter, see equation (19.21)

Tafel slope, see, e.g., equation (5.18), V/decade of current

vector corresponding to the first derivative of the objective function with
respect to parameter, see equation (19.20)
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local wall velocity gradient, see equation (13.11)

maximum surface coverage, mol/cm?

fractional surface coverage

thickness, cm

porosity

dielectric constant

bias error, see equation (21.1), Q)

bias error associated with nonstationary behavior, see equation (21.24), Q)
permittivity of vacuum, 8.8542 x 10714 F/cm, see Section 5.8

error associated with model inadequacy, see equation (21.1), Q

bias error associated with instrumental artifacts, see equation (21.24), ()
stochastic error, see equation (21.1), )

dimensionless position, { = y\/ﬁ_/v

concentration overpotential defined by equation (5.75), see Table 5.1, V
dimensionless axial position, # = yv/a/v

surface overpotential for a given reaction k, 77, = V — Vjx, see Table 5.1, V
dimensionless concentration, see equation (11.43)

dimensionless oscillating part of the concentration, 6;(y) = ¢;/¢;(0)
conductivity, see, e.g., equation (5.56), S/cm

Debye length, see equation (5.77), cm

constant used for analysis of impedance at low frequency, see equation
(18.2)

constant used for regression analysis in the method of steepest descent,
equation (19.31), and the Levenberg-Marquardt methods, equation (19.32)

fluid viscosity, g/cm s
electrochemical potential of species i, J/mol
mean value of sample distribution x defined by equation (3.1)

degree of freedom
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Tmeas

Tset

quef

=, ©

5N =

g

kinematic viscosity, v = u/p, cm?/s

wave number, see Section 14.3.2

dimensionless position

T = 3.141592654

fluid density, g/cm?

charge density for a semiconductor, see equation (12.10), C/cm3
standard deviation of sample distribution x, see equation (3.9)
cross-covariance of sample distributions x; and x;, see equation (3.11)
variance of sample distribution x, see equation (3.7)

time constant, e.g.,, T = RC, s

characteristic RC time constant, s

shear stress, N/cm?

time required to measure a complete spectrum, see equation (21.15), s
time required to measure a series of spectra, see equation (21.13), s
potential, V

dimensionless steam function for flow to a submerged impinging jet, see
equations (11.98) and (11.99)

phase angle for impedance, see equation (4.32)

potential of the electrolyte adjacent to the working electrode with respect
to an unspecified but common reference potential, see Table 5.1, V

electrode potential with respect to an unspecified but common reference
potential, see Table 5.1, V

potential of a reference electrode with respect to an unspecified but com-
mon reference potential, see Table 5.1, V

phase lag, see, e.g., equation (4.7)

sum of squares used in regression analysis, see Sections 3.3.4 and 19.2
dimensionless parameter defined by equation (11.55)

rotation speed, s!

angular frequency, w = 27 f, s}
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we characteristic angular frequency, w, = 1/RC, s}
General Notation

Im{X} imaginary partof X

Re{X} realpartof X

X steady-state or time-averaged part of X(t), see equation (11.7)

[

complex conjugate of a complex number z, Z = z, — z; of X(t)
(X) spatially averaged value of X

oscillating part of X(t), see equation (11.7)
E{X} expectation of X(t), see equation (3.1) and Table 3.1

z model value for Z, see equation (19.1)

X' first derivative of X(t) with respect to position

6 pertaining to the angular direction

Subscripts

0 located at the inner limit of the diffuse double layer
adj pertaining to terms corrected for the Ohmic resistance
a pertaining to anodic reactions

c pertaining to cathodic reactions

CE pertaining to the counterelectrode, see Figure 6.6

cell pertaining to the electrochemical cell, see Section 8.1.1
d associated with the diffuse region of charge, see Figure 5.13

dl double layer

HF high frequency

i pertaining to chemical species i

ihp located at the inner Helmholtz plane, see Figure 5.13
I impinging jet, see Section 11.7

] imaginary

l pertaining to a porous layer, see, e.g., Figure 9.4
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LF
m
mod
ob

ohp

ref

WE

Z

low frequency

located at the electrode surface, see Figure 5.13
model value

observed value

located at the outer Helmholtz plane, see Figure 5.13
pertaining to the radial direction

real

pertaining to a reference electrode, see Figure 6.6
pertaining to the working electrode, see Figure 6.6
pertaining to the axial direction

pertaining to the imaginary part of the impedance

pertaining to the real part of the impedance
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charge-transfer
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cross-covariance, 36
current distribution
mass-transfer-controlled, 90
nonuniform, 131, 209, 243
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deposition
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admittance, 323e
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differential equation
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diffusion impedance, 32e
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linear ODE, 24e
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diffusion impedance
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distributed time constant
geometry-induced, 249e
mass transfer, 23%
porous electrode, 254, 255e
distribution
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normal, 37
standard normal, 37
double layer, 80, 91-95
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electrochemical
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fluid mechanics, 206
mass transfer, 206-207
properties, 131
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mass transfer, 209
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state variables, 123
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blocking, 303e
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error propagation, 43—47, 58p
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experimental systems
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iron, 77, 167e, 171e
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deposition
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ferricyanide reduction
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electrohydrodynamic impedance,
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error structure, 51e
kinetics, 81le
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ferrocyanide oxidation
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deep-level states, 223-225, 453e
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hydrogen evolution, 74
oxygen evolution, 74, 77
PEM fuel celi, 456e
porous layers
circuit model, 158-159
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Faraday
cage, 149, 150
constant, 86, 164, 274
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corrosion of Mg, 345e
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hydrogen evolution, 74
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chi-squared, 56¢, 56
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t-test, 5le

imaginary number, 4
immittance, 419
impedance, 311
impedance interpretation
circuits, 161e
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Mott-Schottky plots, 229
impedance measurement
Fourier analysis, 121e
linearity, 134e, 139¢, 144e
Lissajous analysis, 115e
impedance models
convective diffusion
finite Schmidt number, 203-204,
207
impinging jet, 207
infinite Schmidt number, 203
Nernst hypothesis, 203
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history, xxvi
irrational number, 3
IUPAC convention, 5
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Tafel slope, 78, 109, 152p, 187e
Kramers-Kronig relations, 427-445
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mass transfer

impinging jet, 206-207
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