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Preface

“What we call objective reality...can only be the harmony expressed by
mathematical laws. It is this harmony then which is the sole objective reality,
the only truth we can attain.”"

Henri Poincaré

“In so far as theories of mathematics speak about reality, they are not certain,
and in so far as they are certain, they do not speak about reality.””

Albert Einstein

So, what about tunnelling?

Protium, the light hydrogen isotope 'H, generally reacts noticeably faster
than deuterium (*H); chemical reactions can cross energy barriers close to 0
K; methylhydroxycarbene (H;C-C-OH) decays to ethanal (H;C-HC=0), even
though its decay to ethanol (H,C—HC-OH) has a lower activation energy. All
these would not happen if atomic nuclei followed the laws of classical
mechanics. However, due to the minute length scale of these and many other
reactions, quantum mechanics leads to interesting, though sometimes
counterintuitive, outcomes. Quantum mechanical tunnelling (QMT) is a
mysterious effect that makes possible the seemingly impossible, by making
molecules react without enough energy to cross the transition state (even
when frozen up to absolute zero!). What would make a molecule react by a
QMT mechanism? When, why and how will that occur? How can we detect
and predict such an effect? Which strange effects can QMT cause in

H. Poincaré, The Value of Science, New York, Dover Publications, 1958.

YA, Einstein, in Geometrie und Erfahrung: Erweiterte Fassung des Festvortrages Gehalten an der
Preussischen Akademie der Wissenschaften zu Berlin am 27. Januar 1921, ed. A. Einstein, Springer,
Berlin, Heidelberg, 1921, pp. 2-20.
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vi Preface

molecular systems? Is there any practical use for such a bizarre effect? Many
of these questions, and many more, will be answered in this book. However,
in this introduction, we will take the opportunity to give the novice reader a
first glimpse into the world of tunnelling of atoms in molecules.

While “classical” chemical reactions exploit the random thermal energy of
the medium to reach high vibrational states that will eventually lead to the
product, QMT takes advantage of the wave-like nature of atoms (or more
accurately of nuclei) to achieve this. Simply put, if a nucleus in a molecule
is not a particle located at a specific point in space, but it is represented by
a somewhat diffuse “probability of finding the particle” (using Born’s
interpretation), then there is always a small but measurable possibility of
finding the corresponding atom at the product side of a chemical reaction.
Evidently this probability is practically negligible, or it would be impossible
to have stable molecules, causing our world to be unrecognizable. However,
“practically negligible”” does not mean fully negligible. The tiny proportion
of chemical reactions driven by QMT brings a fascinating dimension of
reactivity to physics, biology, and definitely also to chemistry.

Let us try to understand QMT with basic quantum mechanics. We can
consider this the de Broglie wavelength

which gives us a clue about the diffuseness of a particle. Similar to micro-
scopy, where we cannot resolve any particle whose size is smaller than the
wavelength of light, in QMT we cannot resolve it if a particle with a de
Broglie wavelength larger than the width of the reaction barrier is at the
reactant or product side. In this simplistic interpretation, the “diffuseness”
of the particle depends on its mass and kinetic energy. Hence, if an electron
with a sensible kinetic energy has a 1 of, let’s say, ~40 A (which might mean
that it can cross a barrier of such width with a significant probability), then a
hydrogen atom with the same E will have A~ 1 A (a typical barrier width
for H-tunnelling). What about a heavier atom? Carbon will tunnel, under
similar circumstances, through a barrier that is not more than 0.3 A wide.
Therefore, heavy atom tunnelling is an almost impossible cause for a
chemical reaction (emphasis on “almost”).

Another perspective on QMT is based on the uncertainty principle. As is
widely known, it is impossible to know both the position and momentum of a
particle (or, at least, not with absolute precision). This is normally written as

AxAp =mAxAv>h.

Therefore, the lighter the particle is, the less we will know about its
position when interacting with a chemical barrier. Thus, there will be a
possibility that the position of the atom will be on the product side. How
significant would that probability be? Typically, extremely, tremendously
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small. Low enough to be completely disregarded even by the best kinetic
models. However. . .

The crude explanations given above avoid the analysis of tunnelling through
realistic barriers (or at least models of them). As thoroughly explained in this
book, the main factors that affect the tunnelling probability in a chemical
reaction are the nuclei’s masses, the barrier height and the barrier width. In
more precise terms, we should consider the reduced mass (since many atoms
may move), and an integration over the barrier shape (since a real barrier
changes its energy along the reaction coordinate). However, in the simplest
case of the well-known rectangular barrier, the probability of tunnelling
(also called the transmission coefficient) can be approximated as

P~ e72w\/2m(E7Eo)/h

where w is the width of the barrier (the length of the trajectory of the atom
during the tunnelling), E is the barrier height, m the mass of the tunnelling
particle (the nuclei in chemistry), and E, is the energy of the reactant state
(usually the zero-point energy). Therefore, the possibility of reactions caused
by tunnelling is higher in reactions with lighter atoms, lower activation
energies and, most important of all, small atomic movements. This relates to
the exponential decrease of a particle’s wavefunction with the mass, barrier
height and width if the barrier is higher than the particle’s energy. Note that
since the barrier width is a central feature of the tunnelling probability, it is
likely that the reaction crosses via a trajectory that avoids the saddle point
at the cost of a higher energy path, but maximizes the transmission (i.e.
minimizes the action), by taking a shorter path. In QMT jargon this is called
“cutting corners”, an effect almost non-existent in non-QMT dynamics.

If we calculate the tunnelling probability on a rectangular potential using
some representative chemical values (i.e. the mass of a light atom, sub-
Angstrom distances and activation energies of some k] mol '), we will obtain
almost infinitesimal probabilities, of the order of ~10~"*. How can such tiny
values be relevant? These probabilities are per impact of the particle with the
barrier. However, let us not forget that a real molecule is always vibrating
due to its zero-point energy, which implicates that the tunnelling atom may
collide with the barrier at a rate of the order of ~10"* s~ '1*

Evidently this gives us a very rough approximation of the real QMT prob-
abilities, which can be particularly complicated to evaluate accurately. Several
chapters of this book are dedicated to the description of methods for this task.
Still, here we want to highlight in simple words another critical aspect of QMT
in molecules. As can be seen from the equation of the tunnelling probability in

SFor instance, a hydrogen atom (m =1, u=1.7x10"%’ kg) crossing a rectangular barrier of 1 A
(=107 m) and 40 kKJmol™" (=6.6x10"%° ]), considering that 7=1.05x10">" Js~' gives
Px5x10" . A C-H stretching frequency, as known from IR spectroscopy, is around 3000 cm *,
and considering that - ¢ = v, this gives us 3000 cm 'x3x10'® ecms '~ 10'* s'. Note that the
probability changes extremely fast with any change in the conditions (m, w, or E), and therefore
these numbers are just for illustration.
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a rectangular barrier, QMT is essentially independent of the temperature,
which sometimes allows us to detect a reaction entering into the tunnelling
regime. However, there is one possibility for how temperature can influence
tunnelling: upon raising the temperature, a molecule will begin to populate
excited vibrational states. From an excited state the barrier will be lower and
even narrower, which results in a markedly faster tunnelling rate. This effect is
called thermally (or vibrationally) activated tunnelling, and makes a smooth
connection between the exponential temperature dependence of the classical
rate constant in the thermal regime and the temperature independence of the
ground-state QMT. One interesting outcome of this effect is that if in an
ensemble of molecules there is according to classical transition state theory
enough energy to cross the barrier, many molecules will be in high vibrational
states; if so, the QMT probability of these highly excited individual molecules
will be extremely high. In other words, any reacting system will have a strong
probability of tunnelling! Why then is QMT usually neglected, if it is actually a
universally occurring event in chemistry? The answer is simple. The inclusion
of tunnelling will only minimally affect the reaction rate compared to the
approximate transition state theory. Still, any dynamical study that aspires to
reach ultra-high accuracy must consider QMT. This book deals with reactions
where tunnelling is significant, but we are still proud to say that QMT is
omnipresent in chemistry.

With this in mind, where can we observe tunnelling in molecular systems?
Many hydrogen transfers at room temperature are enhanced by QMT,
particularly in biochemistry, combustion chemistry or some specific organic
reactions. At this energetic regime, tunnelling is carried out from
vibrationally excited states. But when we move to cryogenic temperatures,
especially close to 0 K, any point-like particle should be completely at rest;
under these extreme conditions QMT, if present, can be detected as the sole
culprit of every reactivity pattern, even when considering ‘“heavy” atoms, i.e.
anything heavier than H. How to experimentally discover these cases is a
major methodological challenge, but a very rewarding one.

Beyond the purely chemical aspect of tunnelling such as the rich QMT
reactivity observed in frozen matrices (Chapter 1), some possible heavy-atom
tunnelling reactions (Chapter 2) and a discussion on biomolecules (Chapter 3),
in this book, we delve into different physicomathematical techniques to
comprehend, rationalize and predict the different consequences that QMT
can cause in the chemical world. The reader will be introduced to quantum
dynamics (Chapter 10), instanton theory (Chapter 7), and semiclassical
multidimensional tunnelling methods (Chapter 8). The upshots of tunnelling
can be very weird: instantaneous reactions (Chapter 12), selectivity that goes
beyond the common chemical knowledge (Chapter 4), fluxes of atoms and
their electrons (Chapter 5), parity violation (Chapter 6) or unusual spectro-
scopic signatures (Chapters 9 and 11). All mentioned effects will be reviewed in
this book by some of its specialists.

Johannes Késtner and Sebastian Kozuch
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CHAPTER 1

Direct Observation of
Tunnelling Reactions by Matrix
Isolation Spectroscopy

CLAUDIO M. NUNES,** IGOR REVA*® AND RUI FAUSTO**P

@ University of Coimbra, CQC, Department of Chemistry, 3004-535 Coimbra,
Portugal; ® Department of Chemistry, King Fahd University of Petroleum
and Minerals, 31261 Dhahran, Saudi Arabia

*Emails: cmnunes@qui.uc.pt; reva@qui.uc.pt; rfausto@ci.uc.pt

1.1 Introduction

The theoretical foundations for nuclei and electron tunnelling were put
forward by Hund," Wigner,” Bell,> and others,*” following the establishment
of quantum mechanics. A more generalized treatment of tunnelling in
chemistry appeared almost half a century afterwards in the seminal Bell’s
monography “The Tunnel Effect in Chemistry”.*’ Indeed, as addressed in
several other chapters of this book, theoretical methodologies to treat
quantum mechanical tunnelling (QMT) in chemical reactions are still being
developed nowadays. In this chapter, QMT in chemistry will be addressed
from a more experimental perspective, taking advantage of the conditions
typical of a matrix isolation experiment, which allow for direct observation of
tunnelling driven processes by steady-state spectroscopic methods.

A simple and common way to portray tunnelling, although not particularly
accurate,’ is to consider it as a phenomenon that arises from the wave-particle
duality. If in a chemical reaction the moving distance of a nucleus is compar-
able to its de Broglie wavelength, then there is a non-negligible probability of
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2 Chapter 1

finding the nucleus on the other side of the reaction barrier, even if the system
does not possess enough thermal energy to surmount the barrier. It means that
nuclei are able to penetrate through reaction barriers. Of course, such
unexpected behavior is framed on a classic perspective, in which all atoms
involved in a chemical transformation are assumed to behave as hard spheres.

According to the classic transition state theory (TST), reactants must
acquire enough energy to overcome a barrier in order to give rise to
products.”'" Statistically, as temperature increases, more molecules will
have enough energy to traverse the barrier, so that the reaction rate typically
increases proportionally. Such temperature dependence of reaction rates
was empirically established by Arrhenius in his well-known equation
[egn (1.1)], long before the development of the TST.'"'?

k—ae(- &) (1.1)

In eqn (1.1), A is a pre-exponential constant, E, the activation energy
(Jmol™"), R the universal gas constant (8.314 Jmol 'K "), and T (K) is the
absolute temperature.

However, deviations from the Arrhenius typical behavior can take place
if tunnelling occurs simultaneously with the classic passage over the barrier.
In these cases, the QMT contribution to the reaction rate can be incorpor-
ated using a tunnelling correction factor Q in the kinetic models, as it is, for
instance, shown in eqn (1.2).'""?

k:QAe(_ ) (1.2)

The tunnelling correction factor Q takes into account the tunnelling per-
meability through the barrier, which depends on the mass of the tunnelling
particle, as well as on the barrier height and width.>"’

The existence of QMT contribution to a chemical reaction is typically
detected indirectly by the observation of non-linear Arrhenius plots or
abnormal kinetic isotope effects.'*'® The temperature dependence of k in
eqn (1.1) is given by the exponential factor, exp(—E./RT). Consequently,
a plot of In(k) against 1/7 results in a straight line (see Figure 1.1). Its slope
is —E,/R. For historic reasons, such plots are referred to as Arrhenius plots.
On the other hand, contrary to the classical over-the-barrier thermal process,
tunnelling rates are approximately independent of the temperature. For a
low enough temperature, when the system is in its ground vibrational state,
the overall reaction rate is dominated by tunnelling and, consequently,
temperature independent (see Figure 1.1).

Working at low temperatures is in fact a very convenient way to search for
evidence of tunnelling in chemical reactions. At cryogenic temperatures (e.g.,
3-10 K), thermally activated rates become negligible for systems having barriers
as low as ~4 kJmol ' (~1 kcalmol '), so the occurrence of a chemical
transformation can only be due to a “pure” tunnelling reaction."*® If such
tunnelling transformations span from seconds to days, they can be directly
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Figure 1.1 Logarithm of the rate constant plotted versus the inverse temperature
(Arrhenius plot). The classical (thermal) over-the-barrier reaction results
in a straight line. The rate becomes constant at low temperature when
ground-state quantum-mechanical tunnelling (QMT) dominates.
Adapted from ref. 15 with permission from the Royal Society of Chemistry.

observed and monitored using stationary-state spectroscopy methods. Indeed,
particularly during the last decade, direct spectroscopic evidence of a variety of
tunnelling-driven reactions has been reported using the low-temperature
matrix isolation technique coupled to infrared spectroscopy. These obser-
vations have contributed significantly to a better understanding of QMT and its
role in chemistry."

In this chapter, we will address some representative cases of tunnelling-
driven chemical processes, from conformational isomerizations to H-atom
and heavy-atom bond-breaking/bond-forming reactions occurring in organic
molecules under matrix isolation conditions. Examples of tunnelling re-
actions at cryogenic temperatures taking place in other than matrix isolation
conditions are outside the scope of this chapter.

1.2 Description of Simple Mathematic Models for
Tunnelling Computations

The present chapter is not concerned with the theory of tunnelling. There
are several recent reviews on the topic.'®*°>*> Here, we shall recall that any
occurrence of a tunnelling reaction must always face a barrier to overcome.
This section will present simple formulas for the probabilities of tunnelling
through two barriers of different shapes.

In a recent review,”> Borden presents the formula for the energy-
dependent probability P(E), of a particle with mass m, tunnelling through
a rectangular barrier of width w that is V, — E higher than the energy of the
particle (see Figure 1.2, left):

P(E) :ef4nw\/2m(VofE)/h. (1.3)

A more realistic barrier shape is that of the inverted parabola (as in
Figure 1.2, right). The approximate solutions for the equations describing
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Figure 1.2 Left: tunnelling through a rectangular barrier of width w, at an energy
Vo — E below the top of the barrier. Right: tunnelling through a parabolic
barrier of width w, at an energy V, — E below the top of the barrier.

the tunnelling of a particle through a parabolic barrier were independently
devised by Wentzel, Kramers, and Brillouin in 1926.>>° As it is noted by
Borden,*” “what has become known as the WKB approximate solution®* > to the
calculation of the probability of tunnelling through a parabolic barrier should
really be known as the JWKB approximate solution”,** because “earlier Jeffreys™®
had published the mathematics necessary to obtain approximate solutions to
differential equations of this type”.”> The probability P(E) of tunnelling through
a parabolic barrier in the JWKB approximation can be written as:

P(E) _ efn2w‘ /2m(V07E)/h. (1.4)

where a particle with mass m tunnels through a barrier with height v, and
width w, (V, — E) is the energy deficiency of the particle with respect to the
top of the barrier (Figure 1.2, right), and # is Planck’s constant.

The exponential eqn (1.3) and (1.4) are very similar; they only differ by a
factor of n/4, related to the different shapes. Tunnelling through a parabolic
barrier is more probable than through a rectangular barrier with the same
energy deficiency (V, — E), and barrier width, w. Both equations show that
the probability of tunnelling decreases exponentially with the barrier width,
w, times the square root of the particle mass, m, times the square root of the
energy deficiency, (V, — E). Therefore, the probability of tunnelling is much
more sensitive to the width (w) of the barrier than it is to the height (i.e., the
energy deficiency), or to the tunnelling mass.

The contemporary methods of quantum chemistry allow for a detailed
characterization of potential energy surfaces (PESs). These include not only
information about stationary points (local minima and transition states) but
also may provide information about the shape of potential energy barriers. In
practice, the characterization of the reaction path starts with optimization of a
transition state whose initial geometry and the initial force constants are
calculated analytically. The intrinsic reaction path is then followed in both
directions from that point, for a monomeric molecule in vacuum, typically with
the Gaussian set of programs.”” Note that the intrinsic reaction coordinate (IRC)
may be computed either in the default mass-weighted coordinates [expressed in
the (amu Bohr) units] or in non-mass-weighted (Cartesian) coordinates, by
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using the “IRC = Cartesian” option, expressed in units of Bohr. The latter op-
tion was used in this work in order to obtain the barrier width in units of length
(Bohr) for tunnelling reactions in systems with OH or SH groups that involve a
torsional reaction coordinate (flip by 180°).

An example of such a computed reaction path is presented in Figure 1.3 for
the OH torsion connecting two amino-hydroxy conformers of cytosine. This
allows for a direct estimation of the barrier width from the computed IRC
scan at different relative energies. For example, the distance between the ends
of the scan, i.e. at the points where the IRC scan converges to the minima, can
be considered as the upper limit for the width of the barrier. For the current
system, this limit is ca. 2.54 A (from —2.4 to +2.4 Bohr, Figure 1.3).
Accounting for the zero-point vibrational energy (ZPE) will reduce the barrier
width. In the case of tunnelling from AH2 to AH1, via the intramolecular OH
torsion, the vibrational mode along the intrinsic reaction coordinate is 7(OH),
with a computed frequency of 541 cm ™. Accounting for the ZPE energy of this
vibration (3.2 k] mol "), the ZPE-corrected barrier width becomes ca. 1.77 A
(from —1.72 to +1.62 Bohr, Figure 1.3). Above the ZPE level, the shape of the
barrier is very close to the inverted parabola, and the WKB approximation can
be used for a rough estimation of the probability of tunnelling.

Using the calculated barrier height of 34.6 kJmol™* and 1.77 A width at the
ZPE level, the probability of tunnelling (transmission coefficient) of AH2 can be
estimated [using eqn (1.4)] as 1.6x10~ . The tunnelling rate is a product of the
transmission coefficient and the frequency of attempts. In this model calcu-
lation, assuming that the light H atom of the hydroxyl group of AH2 conformer

404 H\N,H H\N,H
TE) 30 4 H\o)\\N o)\\N
> f
>
> 20
2 Vo—E
w AH2
2 AH1
% 104 T(OH)
& " 7(OH)

0_

2 -1 0 1 2

Intrinsic Reaction Coordinate (Bohr)

Figure 1.3 Intrinsic reaction coordinate (IRC) profile for rearrangement from AH2 to
AH1 conformer of cytosine, via intramolecular torsion of the OH-group,
computed at the B3LYP/6-31++G(d,p) level in Cartesian (non-mass-
weighted) coordinates. The vertical arrow (Vo — E = 34.6 k] mol ') desig-
nates the calculated ZPE-corrected energy of the transition state relative
to the reactant (AH2, left). The horizontal arrow designates the width
(w=3.34 Bohr) of the barrier at the ZPE level of the reactant.
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is vibrating at the OH torsional frequency of ~541 cm™ ' (B3LYP/6-31++G(d,p)
computed value), it results in a tunnelling rate of 2.6x10 > s, i.e. a half-life
time of 4.4 min, which is shorter than the experimentally observed lifetime of
several hours. We shall note here that tunnelling lifetimes are known to be
extremely sensitive to the barrier height and width.”® Considering that the
barrier shape for a molecule in a cryogenic matrix differs from that calculated
for a molecule in vacuum,*® we may carry out another rough estimate of the
tunnelling lifetime, introducing a +£15% tolerance interval for the barrier width.
With a barrier 2.03 A wide (i.e., increased by 15%), and all other parameters
equal, the tunnelling half-life time of the AH2 form of cytosine is then estimated
to be 17.3 hours, similar to that obtained in the experiment.’* With a barrier
1.50 Awide (i.e., reduced by 15%), and all other parameters equal, the estimated
tunnelling half-life becomes only 1.1 seconds. This example shows how much
sensitive is the probability of tunnelling to the width (w) of the barrier.

In the above example, we have implemented the WKB approximation,
which allows defining a minimum-energy tunnelling path by following the
intrinsic reaction coordinate. To apply the semi-classical approximation to
multidimensional systems, many methods have been developed over the
years; they can be classified according to the choice of the tunnelling path.
The most likely tunnelling path differs from the minimum-energy path.
A classical particle would take the path that requires least energy to proceed
from reactant to the product (only the height of the energy barrier is rele-
vant). Such a method is called a zero-curvature tunnelling (ZCT) correction.
Unlike the classical particle, a quantum particle proceeds along the path that
minimizes the action along the whole path. From a more advanced treat-
ment, it becomes clear that the tunnelling path would cut corners, i.e., that a
shorter path on a small expenditure of a higher barrier leads to higher
tunnelling rates.>"** This is taken into account in the small-curvature tun-
nelling (SCT) correction,> which is a popular and successful method to
approximate tunnelling rates. Another advanced method is called instanton
theory, which aims at optimization of the tunnelling path, i.e., finding the
path with the largest tunnelling probability at a given temperature. These
more advanced methods are beyond the scope of this chapter.

1.3 The Matrix Isolation Method: Creating the
Conditions for Direct Observation of
Tunnelling-driven Chemistry

Matrix isolation is a technique where atoms or molecular species are trapped
from the gas phase into an environment of a solidified inert gas at a tem-
perature close to the absolute zero. By combining matrix isolation with dif-
ferent spectroscopic detection methods a powerful research tool has evolved
over the time, which is currently being applied in several laboratories
worldwide in a considerably large number of research areas. The method was
in fact originally designed to study short-lived reaction intermediates, but
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receives nowadays many other uses, being particularly powerful for investi-
gation of light-induced and tunnelling-driven chemical reactions.

The method was first developed by the groups of Pimentel and Porter,
at Berkeley (USA) and Cambridge (UK), respectively,>**> and its name coined
in the historical single-page report by Pimentel, Whittle and Dows
“Matrix Isolation Method for the Experimental Study of Unstable Species”,
published in the Journal of Chemical Physics, in 1954.% Interestingly, it took
almost two decades until matrix isolation became popular among organic
chemists, what happened after its success in allowing generation and
characterization of the hitherto elusive cyclobutadiene molecule.****

Although, as mentioned above, the matrix isolation was invented as a tool
for stabilization, detection, and characterization of reactive species, the
method has also some advantages over other techniques for the study of
stable molecules as well as for investigation of chemical reactions, in par-
ticular unimolecular reactions. Most of its main advantages result from the
low work temperature (typically of a few Kelvin), low concentration of the
trapped species, and rigidity and chemical inertness of the medium. Among
these, in the context of the topic of the present chapter we may highlight:
(7) the fact that interactions between the trapped molecules can be neglected
in diluted matrices, thus allowing easy access to the study of unimolecular
chemistry, (i7) the absence of significant perturbations of the structure of the
molecules under study by the matrix environment, (iii) the quenching of
molecular diffusion and rotation (except in the case of very small molecules),
which makes vibrational spectra of matrix-isolated species being essentially
pure vibrational spectra, thus enabling a direct and easy comparison with
theoretically predicted spectroscopic data, (iv) the fact that the trapped
molecules are cage-confined, which precludes occurrence of secondary cross-
reactions involving species originating from different reactant molecules,
and then strongly reducing the number of possible products in comparison
with gas phase or solution studies, and last but not the least (v) the inhibition
of thermally induced over-the-barrier processes (for barriers of just a few
kJ mol ') due to the low work temperature, which opens the gate for the study
of tunnelling-driven reactions under favorable experimental conditions.

In spite of its power as an experimental technique to address problems of
structure and reactivity, matrix isolation does not require expensive equip-
ment (Figure 1.4). It should also be noted that, while matrix isolation has
also some weaknesses, most of these have been overcome over time by the
development of more reliable and precise cryostats, sample inlet systems,
pressure and temperature controllers, and interfaces to spectrometers and
auxiliary instrumentation, like light sources for in situ photolysis, pyrolyzers,
etc. Those less aware of the method may find detailed descriptions of the
experimental setups for matrix isolation in the classic books by Meyer,>®
Andrews and Moskovits,*® Barnes et al.,** Dunkin,** and Fausto,**** which
may be used as introductory textbooks to the technique.

An interesting feature resulting from isolation of a given chemical species
in a low temperature matrix is the well-known fact that, even under
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Figure 1.4 Schematic representation of a basic setup for matrix isolation. The cryostat
(shown on the left) should have several external windows in order to enable
to register the spectra and perform in situ irradiation of the sample.

well-controlled matrix deposition conditions, most of the times the produced
matrices allow for different local environments around the isolated mol-
ecules. The co-existence of these different matrix sites leads to slightly dif-
ferent spectral vibrational signatures of molecules, which result in the usual
observation of bands with multiplet structure (this is, however, most of the
time readily recognized by comparing spectra obtained using different
matrix gases). As described in detail in the next sections, the local en-
vironment may change considerably the reactivity of the molecules, in par-
ticular that resulting from tunnelling, and this must then be taken into
account when interpreting the experimental data.

1.4 Interpretation of Kinetic Decays Observed in
Cryogenic Matrices

Let us consider again the case of tunnelling decay of the AH2 amino-hydroxy
conformer of cytosine. For convenience, the experimentally observed
amount of this form, as a function of time is depicted in Figure 1.5.
This decay is rather slow: during 52 hours of observation, some 66% of the
initially present AH2 conformer spontaneously converted into AH1. On
this time scale, during registration of a single data point (taking some
3 minutes), the conformational distribution practically does not change.
This permits fitting of the experimental data using different kinetic models.
The tunnelling conversion of AH2 into AH1 does not follow a first-order
exponential kinetics that could be described with just one classical time
constant 7.,s, as defined by the equation:

[n]t/[n]t:0 = exp(ft/rclas)- (1.5)

The fit of eqn (1.5) to the experimentally observed decrease of AH2
population is presented in Figure 1.5a. Initially, the process is faster than
predicted by the best fit to classical single-exponential kinetics eqn (1.5). At
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Figure 1.5 Circles: evolution of the abundance of the AH2 form of cytosine with
time of keeping the matrix in the dark at 13 K. The amount of AH2 form
at the beginning of registration (¢ = 0) is normalized to unity. Solid lines
represent the best fits: (a) using the equation of classical kinetics [eqn
(1.5)]; (b) using the equations of dispersive kinetics [eqn (1.6) and (1.7)].
The optimized classical time constant is 7,5 =2564 minutes; whereas
for dispersive kinetics 1q4isp, derived from the optimized values of k and
f=0.7955 using formula eqn (1.7), is 7qjsp = 2192 minutes.

later stages, the tunnelling clearly slows down (with respect to the best
fit).*>*> This suggests that the probability of tunnelling depends on time.

Dynamical processes in which many timescales coexist are called
dispersive.*®™*? The rate coefficients for dispersive processes depend on
time. In the case of a chemical reaction, the time dependence of the rate
coefficient, k(¢), termed the specific reaction rate, is rationalized in the fol-
lowing way. Reactions by their very nature have to disturb reactivity distri-
butions of the reactants in condensed media, as the more reactive species
are the first ones to disappear from the system. The extent of this disturb-
ance depends on the ratio of the rates of reactions to the rate of internal
rearrangements (mixing) in the system restoring the initial distribution in
reactivity of reactants. If the rates of chemical reactions exceed the rates of
internal rearrangements, then the initial distributions in reactant reactivity
are not preserved during the course of reactions and the specific reaction
rates depend on time. Otherwise the extent of disturbance is negligible and
classical kinetics, with a constant specific reaction rate, k, termed the re-
action rate constant, may be valid as an approximation. In condensed media
dispersive dynamical processes are endemic.

A cryogenic matrix represents exactly such a reaction system where the
studied molecules (such as AH2 conformer of cytosine) are embedded in a
variety of different microenvironments (matrix sites), where the probability of
rearrangement (i.e., the reaction barrier) slightly differs from one site to an-
other. Moreover, one may assume that the internal structure of different matrix
sites in a cryogenic matrix does not change over time, which means that the
chemical reaction (such as decay of AH2 into AH1) proceeds on a time scale
shorter than rearrangement of the matrix. Under such circumstances, the



10 Chapter 1

chemical reactions follow the dispersive kinetics,’® rather than the classical
first-order kinetics expected for unimolecular reactions in the gas phase. The
dispersive kinetics is described by an empirical equation.

[n]/[n)i—0 = exp[—k ¢¥], 0< f<1 (1.6)
introduced by Siebrand and Wildman.’" Later Plonka showed®” that

k= pl(taisp)” (1.7)

Parameter f can be treated as a measure of inhomogeneity of the matrix.
Without environmental effects, f =1 should be observed, and the equation
of dispersive kinetics [eqn (1.6)] transforms into the equation of classical
kinetics [eqn (1.5)]. In matrices, f is reported to lie between 0.5 and 1,
depending on the matrix, the temperature, and the time when the meas-
urement of the kinetics is started.>

The progress of the AH2 —AH1 tunnelling during the experiment is very
well reproduced by eqn (1.6), see Figure 1.5b. On that basis, one can conclude
that the matrix medium (even within a single, spectroscopically distinguish-
able site) is to some extent inhomogeneous. The value of = 0.8, obtained
for the AH2— AH1 tunnelling at 13 K, is in accord with the literature.>*>*
It suggests that, although the Ar matrix environment is not very disordered,
the inhomogeneous character of this medium cannot be neglected.

It is also instructive to comment on the best fits obtained for the kinetical
decays where the spectrometer-induced effect on the reaction rate is not
negligible. Examples of such decays are those designated by numbers 1 and
2 in Figure 1.6 (observed for pyruvic acid without filter, or with a filter
transmitting up to 4200 cm™').>* Very interestingly, such decays (that phe-
nomenologically can be designated as “fast”) can be fitted much better with
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- A Without filter H
= d CcH,
%5 60 A i
(0]
[&]
% 40 1 o H
2 " io d o
3 A g
o 20 A A Op H
< i 2 2 o CH
0o g - 3
0 z Te
0 4 8 12 16 20 24

Time / hour

Figure 1.6 Decay kinetics of Tt form of pyruvic acid (which converts into Tc) in an Ar
matrix at 15 K. The spectra recorded: without filter (1, triangles); with
cutoff filters transmitting only up to 4200 cm ™" (2, squares), or only up to
2200 cm™ " (3, circles). The dashed lines (red, green, black) show best fits
using the equations of classic single exponential kinetics. The continuous
line (blue) shows the best fit using the equations of dispersive kinetics.
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eqn (1.5) of the classical single-exponential kinetics, as compared to purely
spontaneous decays showing dispersive kinetics (which can be designated
phenomenologically as “slow”). This means that the observed “fast”
reactions induced by the light source of the spectrometer do not depend on
the microenvironments (matrix sites). This is another practical hint for an
experimentalist: true spontaneous (dark, “slow”) tunnelling decays observed
for matrix-isolated molecules are expected to show some dispersive char-
acter. Still, for practical reasons, it is sometimes useful to fit the dispersive
decays using the equations of classical kinetics, and in such a way obtain
approximate half-life times for the studied processes.

1.5 NIR and IR-induced Chemistry

To illustrate NIR and IR-induced chemistry, and also how it can interfere
with the experimental observation of the tunnelling phenomenon, we start
with presenting the very didactic case of the study on matrix-isolated cyto-
sine. The results of the contemporary quantum chemical calculations®®
predict a consistent (and probably correct) energy ordering of cytosine
isomers. According to these calculations, carried out at the CCSD(T) or
QCISD(T) levels, the most stable tautomer of monomeric cytosine should be
the amino-hydroxy (AH) form. Of the two AH conformers, AH1 is computed
to be more stable by 3.1 kfmol" than AH2 (Figure 1.7). The computed
relative energy of the amino-oxo (AO) form is 5-6 kj mol ', while those of
the imino-oxo forms 101 and 102 are ca. 7 and 12 k] mol ", all with respect to
AH1 (see ref. 56 and citations therein). Hence, for the gaseous cytosine, the
AH1 and AH2 isomers should be dominating.

For two conformational structures such as AH1 and AH2 differing only by
the position of a light particle (hydrogen atom; see Figure 1.7), a transfor-
mation of the higher-energy form into the lower-energy conformer can occur
by tunnelling. Such spontaneous transformations were observed first for
formic and acetic acids isolated in low-temperature matrices kept in the
dark, as described later in this chapter in more detail. For cytosine, thermal
equilibrium of AH1 and AH2 forms (differing in energy by 3.1 kJmol )
corresponds to the population ratio AH1/AH2 =3x10" at 13 K, and then

H_ H H_ H H_ H _H H,
N N N N N
N)E N)E N)E H‘NJ] H‘NJ]
H
A ey Aoy Aoy oy
H H H H
AH1 AH2 AO 101 102
0 3 5-6 7 12

Figure 1.7 Structures of the lowest-energy isomeric forms of cytosine and their
relative energies (in kjmol™') computed at the CCSD(T) or QCISD(T)
levels (see ref. 56 and citations therein).
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tunnelling in the dark should lead to total conversion of AH2 into AH1.
However, upon trapping cytosine monomers in a cryogenic matrix, the
amounts of conformers AH1 and AH2 were monitored by IR spectroscopy
and found to be approximately equal.*

It has been demonstrated®’ that upon narrowband near-infrared (NIR)
irradiation at 7013 cm™ ' the most stable AH1 form almost totally converts into
AH2 (Figure 1.8a; see band 1428 cm '), whereas narrowband NIR irradiation at
7034 cm™ " induces large-scale changes of population in the opposite direction,
converting almost all AH2 into AH1 (Figure 1.8d; see band 1439 cm ™ ).>’

Starting from matrices enriched with either AH1 or AH2 conformers, the
populations of the conformers were monitored by periodical registration of
spectra in the full mid-infrared range. After 2 hours, the spectrum of the
sample initially enriched with AH2 (Figure 1.8a) transformed into that shown
in Figure 1.8b, while for the sample initially enriched with AH1 (Figure 1.8d),
the spectrum after ca. 2 hours of monitoring is presented in Figure 1.8e. The
striking point is that, independently of the initial AH1: AH2 ratio [very low
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Figure 1.8 Fragment of the IR spectrum of cytosine isolated in an Ar matrix at 13 K:
(a) recorded after narrowband irradiation at 7013 cm ™ *; (b) after subsequent
120 min of exposure to the NIR/IR broadband radiation of the spectrometer
source; (c) evolution of abundances of AH1 and AH2 conformers with time
of broadband NIR/IR irradiation [initial point corresponds to (a) and final
point corresponds to (b)]; (d) recorded after narrowband irradiation at
7034 cm ™ '; (e) after subsequent 110 min of exposure to the NIR/IR broad-
band radiation of the spectrometer source; (f) evolution of abundances of
AH1 and AH2 conformers with time of broadband NIR/IR irradiation [initial
point corresponds to (d) and final point corresponds to (e)].
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(Figure 1.8a) or very high (Figure 1.8d)], the changes induced by the broad-
band NIR/IR light of the spectrometer source led to the same stationary
state.® In this state, the total population of the amino-hydroxy tautomer is
divided into AH1 (53%) and AH2 (47%) forms (see Figure 1.8c and
Figure 1.8f). That makes the stationary AH1/AH2 ratio equal to 1.1.

It is easy to prove that the conformational transformations depicted in
Figure 1.8, occurring on the time scale of 2 hours at 13 K are not thermally
induced. This proof is based on the potential energy profile connecting the
AH1 and AH2 conformers of cytosine (see Figure 1.3).

If the reaction occurred in a classical way, exclusively as the thermal
over-the-barrier reaction, its rate constant could be estimated using the
Eyring-Polanyi equation,

k= KkBTe_Afe_ge
h

where k is the reaction rate (in s™'), x is the transmission coefficient usually

assumed to be 1 (no tunnelling and no reflection at the barrier top), kg is the

Boltzmann constant (1.38x10~ > JK™ '), T'is the absolute temperature (in K),

h is the Planck constant (6.626x10>*J s), R is the universal gas constant, and

A'G® is the standard Gibbs energy of activation of the studied compound.

For cytosine, the theoretical harmonic vibrational computations at the
B3LYP/6-31++G(d,p) level give A'G® =34.6 kJmol *. The halflife of the
AH2 — AH1 over-the-barrier reaction is calculated to be ca. 10" years at 13 K
(in contrast, the estimated half-life for the same reaction would be about
130 ns at 298 K).

In order to investigate in more detail the AH1 <> AH2 phototransformation
induced by broadband NIR/IR light, several bandpass IR filters were em-
ployed.*® Whatever the initial AH1:AH2 ratio, no measurable change in
relative populations of these forms was observed (during 10-30 minutes) for
matrix-isolated cytosine exposed to the light of the spectrometer source
passed through a filter transmitting only below 1750 cm ™" (equivalent of
21 k] mol '). However, when this IR filter was substituted by another one
transmitting light in the spectral range up to 4200 cm™" (50 k] mol '), quite
rapid changes in the AH1:AH2 population ratio were observed.’® These
observations demonstrate that not only NIR excitation to overtones (at 7013
or 7034 cm™ ') but also excitation of the fundamental OH or NH stretching
modes (in the 3610-3430 cm™ ' range) induces mutual conversion of AH1
and AH2 conformers. This can be rationalized by considering that the
conformational change induced, e.g., by the excitation at 3601 cm ™' (to the
first excited state of the OH stretching vibration in AH2) should be an over-
the-barrier process. The energy of this excited vibrational state (3601 cm™ " is
ca. 43 kJmol ") is indeed higher than the barrier for the AH2—AH1 con-
version, estimated at the B3LYP/6-31++G(d,p) level to be 34.6 kj mol *.*°

For matrix-isolated cytosine kept in the dark and monitored only in the
spectral range below 1750 cm ™' (with photons of the spectrometer source
having energies no more than 21 kj mol '), relative populations of AH1 and



14 Chapter 1

AH2 changed very slowly. Independent of the initial AH1:AH2 ratio, the
higher-energy AH2 conformer always converted into AH1. In order to observe
the changes of relative populations of AH1 and AH2 in a possibly largest
scale, in a dedicated experiment, a matrix with very high relative population
of AH2 (with the AH1 amount close to zero) was prepared by narrowband
irradiation at 7013 cm™'. After 35 hours of monitoring, the AH1: AH2 ratio
reached the value of 1.1, and continued to grow (Figure 1.9). After 52 hours
in the dark, the AH1:AH2 ratio was approximately 2, and the kinetical
profiles did not show any sign of reaching a plateau.’® Such kinetical
behavior points out the occurrence of a tunnelling process.

The spectrometer-induced conformational changes and tunnelling effects,
similar to those observed for the parent cytosine, were also observed for several
5-substituted cytosines,’® and these cases by no means constitute an exception.
The spectrometer-induced structural changes in matrix-isolated molecules do
indeed occur frequently and should be carefully characterized, in order to be
able to separate them from the spontaneous changes (that typically occur on a
larger time scale). Here we shall provide some more examples.

We have recently studied in detail the conformational behavior of matrix-
isolated pyruvic acid.”” It has two main conformational structures, desig-
nated as Tc and Tt (Figure 1.10). The main Te form of pyruvic acid is almost
exclusively present in the gas phase and in freshly deposited cryogenic
matrices. Irradiation of the samples at the frequency of the first OH
stretching overtone of Tc (at 6630 cm ™' in Ar matrix) results in conforma-
tional isomerization, and up to 75% of the compound is transformed into its

time / hour

Abundance, %

0 600 1200 1800 2400 3000
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Figure 1.9 Evolution of abundances of AH1 and AH2 forms of cytosine with time of
keeping the matrix in the dark at 13 K and monitoring only through a
filter transmitting below 1750 cm™'; the initial population of AH1 (near
0%) and AH2 (near 100%) was induced by narrowband NIR irradiation at
7013 cm . The vertical dashed line near 35 hours corresponds to the
conformer distribution shown in Figure 1.8b and 1.8e. The continuous
lines, connecting the experimental points, are shown to guide the eye.
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Figure 1.10 Two main conformers of pyruvic acid and their ZPE-corrected relative
energies (kjmol™ ') computed at the B3LYP/6-311++G(d,p) level, with
respect to the minor Tt form. The ZPE-corrected relative energy of the
transition state (with respect to Tt) for intramolecular torsion of the OH
group is shown above the arrow.

higher-energy Tt conformer. This allowed for the subsequent studies of
kinetics of spontaneous and spectrometer-induced conformational changes.
Once the Tt form was generated, several independent experiments were
performed. In one case, the sample was exposed to the unfiltered IR beam of
the spectrometer. In other cases, a long-pass cutoff IR filter was placed be-
tween the spectrometer source and the sample. Two different cutoff filters
were applied: transmitting only light with wavenumbers up to 4200 cm ™"
(~50 kJmol ") or up to 2200 cm™ " (~26 kJ mol ). In all cases, the Tt—Tc
decay process was followed spectroscopically over the time. The decay rates
in these experiments depended on the transmittance range of the applied
filter (Figure 1.6, Section 1.4).””

In the experiments undertaken without filter or with filter transmitting in
the whole mid-IR range (transparent up to 4200 cm™ '), a half of the Tt form
was converted to Te within 5 or 6 hours. In the case of the filter transmitting
only light up to 2200 cm ™" the decay was considerably slower: it took ~17 h
to convert a half of Tt form back to Te. The rationalization of the observed
differences is the following: when the matrix sample is protected with the
long-pass cutoff filter, transmitting only below 2200 cm ™", all accessible
energy levels in the system are below the barrier (for each conformer) and
isomerization from Tt to Tc is only feasible via tunnelling.”” With the filter
transparent up to 4200 cm™ ', or without it, excitation of the OH stretching
fundamental modes promotes additional phototransformations. In this
case, the stationary state is strongly shifted toward Te. Comparing the pre-
sent case of pyruvic acid with the case of cytosine discussed earlier, there is
similarity: only with a proper filter (having its cut-off below the activation
energy) the true tunnelling kinetics can be observed.

Some other interesting cases related to spectroscopic studies of H-atom
tunnelling concern cyanophenol®® and imino-thiol forms of thioacet-
amide.®® In cyanophenol (Figure 1.11), the barrier separating the higher
energy trans form from the conformational ground state cis is computed to
be near 15 kJmol " (1250 em™'). In agreement with such a low energy
barrier, a successful spectroscopic observation of the trans— cis tunnelling
relaxation was only possible by using the longpass cutoff filter transmitting
solely below 1170 cm™'.>°
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Figure 1.11 Narrowband-induced (top), broadband-induced (middle) and tunnel-
ling isomerizations in matrix-isolated 2-cyanophenol. The observation
of a true tunnelling was only possible by using a longpass cutoff filter
transmitting solely below 1170 em™ .

Based on all the cases described above, we propose here an empirically
derived “rule of thumb” for spectroscopic observation of tunnelling decays.
This rule, to date, has been in agreement with all our experimental obser-
vations. According to this rule, the calculated activation energy will
approximately define the higher bound of the cutoff value of the longpass
filter that should permit spectroscopic characterization of the expected
tunnelling reaction, without affecting the kinetics of the spontaneous re-
action. It is important to keep in mind that when the relative energies of
transition states (with respect to the neighboring minima) fall into the mid-
IR range of the spectrum, the possibility of IR-induced photochemistry
(during recording of spectra) should not be neglected.

1.6 Conformational Isomerizations by Tunnelling

Numerous investigations on tunnelling-driven reactions of organic
molecules observed in low-temperature matrices refer to conformational
isomerizations. The prototype reaction was observed for the first time for
formic acid (HCOOH; see Figure 1.12).°"~% The most stable Z (cis) conformer
of this compound was isolated in an argon matrix and vibrationally excited
by narrowband NIR light tuned at the frequency of the first overtone of its
OH stretching vibration (6934 ¢cm™ '), which led to generation of the less
stable E (trans) conformer. The trans conformer was then found to convert
back to the cis form by tunnelling at a rate of ca. 4x10> s~ .

Interestingly, the photogeneration of the trans conformer from the cis form
was observed to take place even when irradiation of the lower energy form was
performed with an energy below the energy barrier separating the two con-
formers (Figure 1.13).°* This observation implies that, in those cases, vibra-
tional excitation of the cis conformer followed by vibrational energy relaxation
takes the molecule to a high vibrational excited torsional state, reducing the
height and width of the energy barrier for conformational isomerization in
such a way that the transformation can then take place by tunnelling.

The selective photogeneration of high-energy conformers that are found in
nature in very low amounts (or not found at all) by vibrational excitation of the
low-energy and abundant in nature forms has more than academic signifi-
cance: it also opened the opportunity to investigate the characteristic chem-
istries of species otherwise not accessible to experimentation, which might be
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Figure 1.12 Conformers of formic acid and schematic representation of the (N)IR-
induced Z (cis) - E (trans) isomerization and subsequent decay of the E
conformer into the more stable Z form by tunnelling (green arrow). The
photoisomerization involves vibrational excitation of a high-absorption
cross-section high-energy mode, followed by phonon-assisted intra-
molecular vibrational energy relaxation and internal rotation. The over-
the-barrier thermal back-isomerization is not accessible. Note that
the cis/trans designation of the conformers does not follow some of the
original publications, where the opposite designations are used.

different from those of the low-energy conformers. In the case of formic acid,
for example, it was found that, while the more stable cis conformer photo-
chemically decomposes predominantly to carbon monoxide and water, the
less stable trans form dissociates mainly to carbon dioxide and molecular
hydrogen.® This experimental approach has been evolved over time and, re-
cently, we have introduced the concept of vibrational antenna to control the
structure of a fragment remotely located in the molecule relative to the group
where the energy is introduced (the antenna),’®®® and also presented the first
example where excitation of the second OH overtone was used to promote
conformational changes,*® thus demonstrating the feasibility of this type of
excitation to promote structural changes in a molecule. Use of higher-order
overtones allows for the introduction in a molecule of a large amount of en-
ergy (~10500-9600 cm ™', or ~130-115 k] mol " upon excitation of the second
OH stretching overtone, vs. ~7300-6300 cm ™', or ~87-75 kJ mol " upon ex-
citation of the first OH stretching overtone), thus opening the gate to the
promotion of chemical processes having considerably higher barriers than
those accessible hitherto.

Many other molecules containing a carboxylic acid group have been studied
following a similar approach to that initially used to investigate the higher en-
ergy conformer of formic acid. These include acetic and propionic acids,”*”?
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Figure 1.13 Quantum yields for the conversion of the Z conformer of formic acid
into the E form upon vibrational excitation at different frequencies. The
quantum yields are indicated in red, while the excitation wavenumbers
and description of excited modes are shown in black. The grey area
corresponds to the range of energies (incm ') of the available data on
barrier for Z— E internal rotation.

Adapted from ref. 64 with permission of American Chemical Society,
Copyright 2003.

halogenated acetic acids,”*””

o-hydroxyl, a-keto and o, B-unsaturated carboxylic
acids,”®”7%% aromatic and other cyclic carboxylic acids,**®° dicarboxylic
acids, and amino acids.””'°" In most of those cases, the higher-energy
conformers generated in situ by IR excitation of lower-energy forms were found
to relax in the dark, by tunnelling, to the latter forms.

An interesting example of the combined use of selective IR irradiations
triggering conformational isomerization and tunnelling decay of the photo-
generated higher-energy conformers has been reported as a way to selectively
produce the four conformers of propionic acid.”* Propionic acid has two low-
energy conformers, Cs and Cg™, where the carboxylic group assumes the cis
configuration, and two high-energy forms, Ts and Tg™, where the conform-
ation of the carboxylic group is trans (Figure 1.14). In the vapor of the com-
pound at room temperature, the two low-energy conformers exist in
equilibrium. During deposition of the compound in an argon matrix, the Cg™
conformer converts into the lowest energy Cs form, in an over-the-barrier
process made accessible due to local heating of the cold substrate resulting
from the landing of the molecules of the gaseous beam being deposited
(conformational cooling).'>'® This leads to the sole presence of the Cs
conformer in the initially deposited matrix. Selective NIR irradiation at the
frequency of the first OH stretching overtone of this conformer results in
production of both Ts (through rotation around the C-O bond) and Cg*

90-94
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Figure 1.14 Conformers of propionic acid, their relative stabilities and barriers for
conformational isomerization (both in units of cm ") about the C-O and
C-C(0) bonds. The figure also illustrates the effect of combination of
selective NIR excitation and tunnelling decay processes leading to obser-
vation of the four conformers of propionic acid isolated in solid argon.
The flash-type arrows indicate NIR irradiations performed at the first OH
stretching overtone of the conformer, resulting in the transformations
indicated by the solid arrows of the same color. The arch-type arrow
indicates tunnelling. Note the different notation of the conformers used
here when compared with that used in the original reference.

Adapted from ref. 73 with permission from American Chemical Society,
Copyright 2005.

(via rotation around the o C-C bond) (Figure 1.14). If subsequently the sample
is left in the dark, the Ts form relaxes by tunnelling back to the initial con-
former (Cs) in a few minutes, since this conversion requires only movement of
the light hydrogen atom, while the Cg ™ form persists in the matrix for several
hours (tunnelling to the only conformer with a lower energy than the Cg™
form, ie., the most stable Cs conformer, has a very low probability since it
implies movement of a heavy fragment; the slow decay observed for this
conformer results from its isomerization to Cs over the very low energy barrier
(0.7 kymol ") separating these two forms). The population of the Cg™ con-
former can then be increased by repeating the procedure making this form
the dominant one in the matrix. Subsequently, the Cg* conformer can be
selectively excited, by pumping its OH stretching overtone. Such excitation
results partially in regeneration of the Cs conformer (via rotation about the
C-C bond « to the carbonyl) and partially in the production of the highest
energy Tg™ conformer (by rotation around the C-O bond). As a whole, these
experiments allow selective generation and undertake the experimental
characterization of all the four conformational states of propionic acid.
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Avery interesting phenomenon that has been taken advantage of, in order
to investigate high-energy conformers of carboxylic acids, is the fact that the
stability of these conformers often strongly increases in matrices made by
materials that are able to interact in a specific way with the carboxylic acid
group, in particular molecular nitrogen.>>’®7*19%19 gpecific interactions
between the matrix N, molecules and the OH acid group of the carboxylic
fragment have been in fact shown to increase the lifetime of the otherwise
short-lived conformers of this type of molecules, by establishing an OH- - -N,
hydrogen bond type interaction whose interaction energy is typically of
ca. -5 kJmol .'°*'°® This interaction energy may be compared to that
associated with the OH- - -Ar interaction reported by Wawrzyniak et al.,'*”'®
who found that the latter amounts only to —1.5 to —2.0 k] mol .

The stabilizing effects due to the OH- - -N, interaction are in fact frequently
very large, while in general the matrix material can considerably influence
the tunnelling decay rates, even when we are considering only noble gas
matrices. Clearly, in addition to the barrier-height change upon solvation in
polarizable media or due to specific interactions with the matrix material
(like in the case of N,), other factors can also influence the tunnelling rates.
Among these we can mention the coupling between vibrational levels
involved in the energy relaxation process, and the magnitude of the energy
gap between the tunnelling levels (which leads to changes in the order of
the phonon process providing the required energy dissipation).®*'°*'° For
formic acid, the decay rate in a nitrogen matrix is smaller by 5, 30, ~55 and
10000 times compared to xenon, krypton, argon and neon matrices,
respectively.”>'"" For acetic acid, it is slower in N, matrices by a factor of
~600 than in both argon and krypton matrices and by a factor of 3000 than
in a xenon matrix.”?

The stabilization of high-energy conformers in an N, matrix may even lead
to a completely different pattern of reactivity compared to argon or other
noble gases. A remarkable case was found for 2-fluorobenzoic acid (2FBA),**
and very interesting results have also been reported for glycolic acid®*
and B-aminoisobutyric acid.”® The reader is invited to consult the original
articles for details.

The molecule of 2FBA has an asymmetric substitution pattern at the ortho
positions (on one side a fluorine atom, and on the other a hydrogen atom).
This leads to very different intramolecular interactions when the orientation
of the carboxylic group changes. The molecule may exist in four different
conformers (Figure 1.15), two of them bearing the carboxylic acid group in
the cis conformation (the most stable forms) and the other two exhibiting
this group in the trans conformation. The cis conformers (I and II in
Figure 1.15) account for ca. 98% of the total population in the gas phase at
25 °C, the calculated I:1I population ratio being ~3.%* The third conformer
on the increasing order of energy (III) is stabilized by an intramolecular
OH.: - -F hydrogen bond and has an estimated population at 25 °C of ca. 2%,
while conformer IV has a high relative energy (~30 k] mol ') and should
have a negligible population in the same conditions.®*
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Figure 1.15 Conformers of 2FBA. Conformer IV has a non-planar geometry and the
represented structure has a symmetry-related counterpart.
Reproduced from ref. 84 with permission from the American Institute
of Physics, Copyright 2017.

As expected, no bands ascribable to the higher-energy trans conformers
(I, IvV) were observed in the spectra obtained for the compound in argon or N,
matrices. Narrowband NIR irradiations at the frequencies of the first overtone
of the O-H stretching vibration of conformers I and I were performed.®* In the
argon matrix, irradiations at the frequencies corresponding to conformer I
resulted in selective conversion of this form into conformer III (rotation
around the C-O bond), while those performed at the characteristic frequencies
of conformer II appeared to be unable to promote any conformational trans-
formation, since no spectral changes could be observed (Figure 1.16). This
result was a priori unexpected, since one could expect that conformer II should
convert into conformer IV (which differs from II by rotation around the C-O
bond), in a process similar to that corresponding to the I—III transformation.
The results obtained in the N, matrix were also surprising: irradiations at
frequencies of the vibrations of conformer I yielded identical results as in the
argon matrix (conversion of conformer I into III), but, this time, excitation of
conformer II resulted in the conversion of this conformer into conformer III
(Figure 1.16). A point to note is that this last process (II - III) was found to be
considerably less efficient than the I—III conversion.

The key information to understand these results relates with to relative
size of the barriers to internal rotation around the C-O bond in conformers
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Figure 1.16 Right top; green: simulated IR difference spectrum: B3LYP/6-311++G(d,p)

calculated spectrum of conformer I minus calculated spectrum of
conformer I (solid line) in the C=O stretching region; the calculated
spectrum of conformer II in the same spectral region is shown by the
dotted line. Right middle: IR difference spectra of 2FBA showing the
results of the performed irradiation experiments carried out in an argon
matrix. Right bottom: spectrum of the as-deposited 2FBA argon matrix.
Left top and middle: IR difference spectra of 2FBA showing the results
of the performed irradiation experiments carried out in solid N,, by
irradiating at frequencies of bands of conformer I and II, respectively
Left bottom: spectrum of the as-deposited 2FBA N, matrix.
Reproduced from ref. 84 with permission from the American Institute of
Physics, Copyright 2017.

III and IV (the first is three times higher than the second (40.4 k] mol " vs.
13.9 k] mol ') due to the presence in conformer III of the stabilizing O-H- - -F
intramolecular H-bond interaction that is absent in conformer IV) and
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the very small energy barrier associated with the IV—III isomerization
(2.6 kJmol '),*" besides the stabilization of high-energy conformers
resulting from the O-H- - -N, interaction in the nitrogen matrix.

In the argon matrix the low energy barrier for the IV—II process allows the
fast tunnelling conversion of IV into II to take place once the higher energy
conformer (IV) is produced by vibrational excitation of II. It shall be noticed
that conformer IV has a non-planar geometry, with the COOH group twisted
out of conjugation with the ring. This means that the H-atom tunnelling
within the carboxylic group has to be followed by a relaxation of the geom-
etry leading to the planar conformer II. This structural relaxation involves
movement of heavy atoms, so that tunnelling is not favored. Nevertheless,
the required structural relaxation is barrierless, so that it takes place
promptly following the hydrogen tunnelling. In this way, observation of IV is
precluded. On the other hand, the high-energy barrier associated with the
III - I conversion makes this process inaccessible and allows the observation
of conformer III. In contrast, in the N, matrix, the stabilization of the ini-
tially formed conformer IV after pumping of II resulting from OH---N,
specific interactions allows this conformer to survive long enough to allow
the IV—III over-the-barrier conversion to be competitive with the IV—1I
tunnelling. Hence, while part of the initially formed conformer IV still
converts back to II by tunnelling (justifying the low efficiency of the observed
II-1II transformation), the remaining fraction of IV converts to III, ex-
plaining the observed neat conversion of the NIR excited conformer II into
form III in the N, matrix.

Another way to promote stabilization of otherwise short-lived conforma-
tional species of carboxylic acids is to quench the tunnelling by making
associates with other molecules or forming dimers of the compound. There
are two different approaches to perform this type of studies. In one type of
experiments, the compound to be studied is deposited together with the
molecule chosen to form the complex and the higher-energy conformers are
then produced in situ by selective NIR irradiation of the stable precursor
conformers. Thermal mobilization by annealing of the matrix at higher
temperatures allows for diffusion of the molecules and formation of the as-
sociates containing the high-energy forms. The alternative procedure involves
co-deposition of the compound under investigation and the complexing
molecule in such conditions that they associate (for example depositing the
matrix at a higher temperature or preparing concentrated matrices). The as-
sociates will have the molecule under study in one of its low-energy con-
formers, which is initially present in the gaseous mixture being deposited.
Then, selective NIR irradiation of the associates may be used to generate
complexes where the compound adopts one of its high-energy conformational
states. In the case of dimers, the ligand molecule is, obviously, the molecule
under study itself, but the experimental procedures are similar. Both ap-
proaches were used very successfully to generate a plethora of new dimers of
formic acid and acetic acid containing the higher-energy trans conformer of
these molecules,'®>'*>'*? as well as associates of these acids with water.******
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All complexes where the OH carboxylic moiety is involved in the inter-
molecular interaction that gives rise to the associate were found to be stable or
at least considerably more stable than the corresponding monomeric species,
clearly demonstrating that the probability of tunnelling strongly reduces upon
association. For example, the ¢rans formic acid complex with water in an
argon matrix is stable for months, in contrast with the trans formic acid
monomer, whose lifetime is only about 9 minutes.'** Also, dimers of either
formic or acetic acid bearing a trans unit in their structures participating in an
intramolecular H-bond were found to be stable.""*'"> The main factor re-
sponsible for reducing the tunnelling probability is the increase in the barrier
height for internal rotation around the C-O bond resulting from the partici-
pation of the carboxylic group in a specific H-bond interaction with the ligand.
However, also when the OH fragment does not participate directly in the
intermolecular bonding, complexation was observed to decrease the tunnel-
ling probability, and dimers of formic acid and acetic acid matching this
condition were found to have tunnelling decay rates considerably lower than
the corresponding monomers under the same experimental conditions." ">
In these cases, it is clear that a stabilization due to the increase of the barrier
height cannot explain the observations. We can speculate that, since the
tunnelling barrier is influenced by the matrix environment (as pointed out in
Section 1.4, tunnelling in general obeys a dispersive type kinetics and mol-
ecules trapped in different sites may decay at considerably different rates), the
dissimilar morphologies of the matrix-sites required to accommodate the
monomer and the dimers are such that they tend to favor the tunnelling in
the monomer case, but an accurate description of this effect is a complicated
theoretical task and a convincing explanation for the experimental obser-
vations is still missing.

Conformational isomerization by tunnelling can also occur for molecules
other than carboxylic acids, but a large number of the reported cases involve
the rotamerization of the O-H moiety. In previous sections, the case referring
to the amino-hydroxy conformers of cytosine®® has already been discussed in
some detail, and this phenomenon has also been observed for some cytosine
derivatives®® and, recently, for 9-methylguanine.''® Other types of molecules
where conformational isomerization by tunnelling has been reported are
asymmetrically substituted phenols,”>'"”""*! and derivatives of carbonic
acid." However, recently, we have reported the first case where the con-
formational transformation involves rotamerization, by tunnelling, of an S-H
moiety.®® Such possibility could be expected based on the structural similarity
between the molecules containing the O-H fragment and their sulfur
analogues, but it had never been observed experimentally before our study.

In order to observe conformational transformations by tunnelling, as ex-
plained above, one has to generate the higher-energy conformers that can
then decay to more stable forms. In the examples given in this section for
carboxylic acids, the production of such higher-energy conformers was
achieved by in situ selective vibrational excitation of lower energy forms. An
alternative possibility is to generate these conformers as result of UV
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irradiation either of a lower energy conformer of the same molecule or of a
different precursor molecule. In the first case, the rotamerization may take
place either in an excited state or in the vibrationally hot electronic ground
state after electronic relaxation. Though these two possibilities are not easy
to distinguish, the observation of the same conformational transformation
upon both UV and IR excitation in keeping the experimental conditions
similar, points to the occurrence of the transformation in the ground elec-
tronic state, while the opposite is valid for those transformations that occur
only upon UV excitation, i.e., the rotamerization with all probability takes
place in an excited electronic state. The situation for the cases where the
high-energy conformers result from a rearrangement of different precursor
molecules are more complex because they frequently involve a multistep
mechanism, e.g. bond-breaking leading to formation of radical pairs fol-
lowed by recombination of the radicals at the same atoms (but with an
orientation different from the original one) or involving different atoms,
after spin redistribution in one or both radicals undergoing recombination.
All the cases mentioned above fit one or other of these possibilities.
A common pattern is, naturally, the subsequent decay of the initially
generated high-energy conformers into lower-energy forms through the
tunnelling mechanism.

The conformational transformation we have recently reported as the first
experimentally observed tunnelling rotamerization of an S-H moiety®
involved the initial photogeneration of the imino-thiol isomeric forms of
thioacetamide as a result of UV-induced rearrangement of the most stable
amino-thione form of the compound. Four different imino-thiol forms were
generated, corresponding to the cis or ¢rans thiol (C/T) conformers of the two
imino isomers (syn and anti; s/a) (Figure 1.17).

The syn-cis (sC) imino-thiol form was found to convert by tunnelling to
the syn-trans (sT) form with a half-life of 80 minutes. On the other hand,
the photogenerated anti conformers (aC and aT) were found to be stable under
the same experimental conditions. Computations grounded on the WKB for-
malism and using the energy data obtained from B3LYP/6-311++G(3df,3pd)
calculations (Figure 1.17) were used to rationalize the results and predicted a
tunnelling half-life for the S-H rotamerization of sC to sT on the time scale of
minutes, in agreement with the experimental observations. On the other hand,
the calculations predict the putative aT—aC tunnelling half-life as being
~2.6 days, but after 18 hours of experiment, there was no discernible evidence
for such a process (after 18 hours, ~18% conversion could be expected). This
may be either caused by different interaction of the matrices with the anti- and
syn-imines, which may change the shape of the barriers, or by the different
energy gaps between the starting (in the reactant) and final (in the product)
vibrational levels, which may favor or disfavor the two processes in a con-
siderably different way, as well as by the assumptions made by the applied
tunnelling computational method (see Section 1.2). This also indicates that
imino-thiol systems need further, more advanced, theoretical investigations to
be completely understood.
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Figure 1.17 Isomers of thioacetamide with summary of transformations observed
upon UV irradiation of the amino-thione form Tn isolated in an argon
matrix, and subsequent observed tunnelling conformational isomeriza-
tion (sC — sT). The names of the isomers are shown in bold, followed by
relative energies with respect to the sT thiol isomer. The numbers
in blue and red represent the relative energies of the first-order
TSs (with respect to sT) for the indicated reactions, as well as the
barrier widths (in Bohr) along the respective intrinsic reaction paths
(in square brackets). Energies of all the stationary points (in kJ mol ")
include the zero-point vibrational energy corrections, computed at the
B3LYP/6-311++G(3df,3pd) level of theory.

Adapted from ref. 60 with permission from the PCCP Owner Societies.

1.7 Bond-breaking/Bond-forming H-atom Tunnelling
(H-shifts)

In the previous section, we discussed tunnelling-induced conformational
isomerizations, i.e. reactions where the chemical bonding in the reactant
and the product has the same topology. In this section we shall discuss other
type of tunnelling transformations: H-atom shifts, ie. reactions where
chemical bonds are broken, formed, and rearranged from single to double
bonds or vice versa. Here we shall skip the tunnelling reactions where the
structures of the reactant and the product are equivalent by symmetry (such
as H-atom shifts in tropolone,"” malonaldehyde,"””**® or acetyl-
acetone'**"*”) and will focus on tunnelling reactions where the reactant and
product are chemically distinct.

Intramolecular hydrogen migrations are frequently associated with re-
activity of carbenes. Considerable theoretical and experimental attention has
been focused on the activation energies, geometrical requirements (orien-
tation), and spin multiplicities involved in such processes. Despite the cur-
rent interest in carbene reaction dynamics, the tremendously facile nature of
intramolecular hydrogen shifts in these species makes direct experimental
studies at normal conditions difficult. However, generation, stabilization,
and spectroscopic observation of carbenes, as well as observation of
their rearrangements under cryogenic conditions, make low-temperature
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techniques very attractive for such studies."”®'® Early reports, by
Chapman™® and Platz,"*! on application of cryogenic techniques for studies
of carbenes, are dated forty years back. Starting from those early works, the
carbene intermediates were generated in matrices photochemically from
diazo compounds. This way of generation of carbenes is widely used up to
date. Here we shall provide some paradigmatic examples involving carbenes.

In 1987, McMahon and Chapman reported on an intramolecular
[1,4]-hydrogen shift in a matrix-isolated carbene, which was observed
directly by IR and UV spectroscopy.'** Triplet o-tolylmethylene *2a decayed
to singlet o-xylylene 3a in an Ar matrix at 4.6 K (Figure 1.18). The small
temperature dependence and non-Arrhenius behavior of the decay rate
implicated a tunnelling mechanism."”> The reaction was blocked by H/D
substitution as expected for a tunnelling reaction.

In contrast, and as example of exception, triplet 1-phenylethylidene *5 is
thermally stable in argon or xenon matrices at 10 K (Figure 1.19). Warming
%5 to 65 K in a xenon matrix produced styrene 6, via an intramolecular [1,2]
hydrogen shift. Thermal rearrangement of triplet *5a to styrene 6a likely
occurs upon thermal population of the first excited singlet state of 5 at 65 K.
The carbene *5 disappearance was observed directly by IR spectroscopy'*”
and followed a first-order kinetics. This allowed estimating an upper limit of
ca. 19.7 kymol " for the singlet-triplet energy gap in 5a."** Such a relatively
small singlet-triplet energy gap is characteristic of majority of carbenes.

Nitrenes are typically generated in matrices from azide precursors, by
photochemical elimination of molecular nitrogen from the N; group. One

CH  dark CHR
e
CR3 Ar 4.6K Ar, 4.6K

CR;, CR,
32 R=H 3
a) R=H, b) R=D
Figure 1.18 Tunnelling decay of triplet o-tolylmethylene *2a to singlet o-xylylene 3a,

reported in ref. 132. The deuterated analogue *2b is thermally stable in
argon at 19 K and in xenon at 59 K.'*

Ny
[l .
©/C\CR3 hv CR, warm to
Ar or Xe 65 K Xe

a) R=H, b) R=D

Figure 1.19 Triplet carbene 1-phenylethylidene °5 is thermally stable in argon or
xenon matrices at 10 K. Warming the sample to 65 K in a xenon matrix
produces styrene 6. See ref. 132 for details.
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Figure 1.20 Photolysis of azide 7 in 2-methyltetrahydrofuran glass at 77 K produces
electron spin resonance (ESR) absorptions characteristic of randomly
oriented triplet states and are assigned to triplet 1-methyl-
8-nitrenonaphthalene °8 and triplet biradical 1-imino-8-naphtho-
quinomethane *9. See ref. 134 for details.
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Figure 1.21 Intramolecular tunnelling reaction of triplet protium 2-formyl phenyl-
nitrene *10-k into imino ketene 11-h. See ref. 54 for details.

might expect nitrenes to display reactivity similar to their isoelectronic
carbene analogues. This has not been true in the systems studied thus far.

Platz et al. observed both triplet nitrene *8 and triplet biradical *9 upon
photolysis of 1-azido-8-methylnaphthalene 7 (Figure 1.20)."**'** Nitrene 8
does not produce biradical ®9 either thermally or photochemically. At 77 K
the nitrene ESR spectrum did not interconvert into that of the biradical; both
species were indefinitely stable at 77 K,"**"** and the H-atom abstraction by
the nitrene center did not occur.

The lack of reactivity of triplet nitrenes toward H-abstraction, even for
intramolecular reactions, contrasts with the reactivity of triplet carbenes."*?
This unique behavior has been interpreted as a result of thermodynamic and
electronic factors. Triplet nitrenes are ~165 k] mol ' more stable than the
comparably substituted triplet carbenes.'*® Moreover, the singlet-triplet gap
(AEs_7) in nitrenes is generally much larger than in carbenes. The AEg 1 in
phenylnitrenes is ~75 k] mol ' and, therefore, the intersystem crossing (ISC)
in phenylnitrenes to their triplet ground-state is often considered irrevers-
ible. In phenylcarbenes AEs y is less than 20 kJmol ,"*”"*® and con-
sequently the triplet ground-state phenylcarbenes can serve as a reservoir for
the highly reactive singlet phenylcarbene.

Recently, we have succeeded in the observation of a first intramolecular
H-abstraction reaction in a nitrene.”* Triplet 2-formyl phenylnitrene 10-h
(Figure 1.21) was generated by photolysis of 2-formyl phenylazide isolated in
Ar, Kr, and Xe matrices. The identity of 10-h was confirmed by IR, UV-vis, and
EPR spectroscopies. Upon generation, the triplet nitrene spontaneously
rearranged at 10 K in the dark to singlet 6-imino-2,4-cyclohexadien-1-ketene
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11-h on the time scale of several hours. This was the first direct evidence of a
tunnelling reaction in nitrene chemistry.

Several experimental tests were carried out in order to confirm that the
transformation of *10-k into 11-k was a true tunnelling reaction. As expected
for tunnelling, the reaction is independent of temperature (and in this case
also of the matrix material). The calculated barrier for this reaction is above
70 kJmol !, which clearly rules out the possibility of an over-the-barrier
thermal reaction at 10 K. However, conditions for the occurrence of
quantum tunnelling are satisfied: the barrier width is rather narrow, no
more than 2.1 A,°* and the reaction is associated with the movement of the
light H atom. Indeed, considering this hypothesis, the H-formyl (*10-h)
and D-formyl (*10-d) phenylnitrenes were generated in matrices, and the
kinetics of the transformations were studied for both isotopes. The deuter-
ated analogue was found to be indefinitely stable (Figure 1.22).

The absence of tunnelling in D-formyl phenylnitrene is also confirmed by
WKB computations. The life time of *10-d was estimated to be on the order
of 150 000 years.>*

Note that a direct transformation of *10-k into 11-h is spin-forbidden. We
propose that the intramolecular H-shift tunnelling initially occurs on the
triplet manifold, giving initially an excited triplet state of imino-ketene *11,
which is marginally more stable than *10. After the actual H-shift, the singlet
electronic ground state 11 is formed by means of intersystem crossing
(Figure 1.23).

Interestingly, Fisher and Michl were able to observe external and internal
heavy-atom effects, leading to an increased rate of a spin-forbidden proton

dark 10 K N

)

no reactlon

310-¢ 11-d

Figure 1.22 Lack of spontaneous decay of triplet deuterated 2-formyl phenylnitrene
%10-d. See ref. 54 for details.

« _H _H
N H N N o
AN - —_—
(¢} ; 0
[1,4] H-shift ISC
310 (2.0 311 (0.0) 111 (-104.6)

Figure 1.23 Mechanism of formation of singlet imino-ketene 11 from triplet nitrene
10, via triplet biradical *11. Numbers in parentheses show relative
electronic energies, in kJmol ', computed at the B3LYP/6-311++G(d,p)
level of theory. ISC stands for intersystem crossing. See ref. 54 for details.
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Figure 1.24 Tunnelling in 1,3-perinaphthadiyl triplet biradical (*12 and *15) to
singlet phenalene. See ref. 139 for details.

tunnelling reaction. They studied the rearrangement of the 1,3-peri-
naphthadiyl triplet biradical *12 generated by UV-irradiation of cyclopropane
14. It was found that biradical *12 decays to singlet phenalene "13 and that
the reaction below 100 K proceeds at a temperature-independent rate.'*®
This was attributed to quantum mechanical tunnelling (by [2,1]-hydrogen
shift) from the triplet ground state of *12 to the singlet ground state of 13
(Figure 1.24). The support for a tunnelling mechanism also was obtained
from a deuterium kinetic isotope effect of 1300."*°

Direct evidence of the spin-forbidden nature of the rate-determining
tunnelling step was obtained by varying the matrix host."** The tunnelling
reaction rate increased by a factor of 10 by going from argon to xenon matrix.
Fisher and Michl claimed that an external heavy-atom effect on the tun-
nelling rate for a ground state process had not been observed until then,"*”
but mentioned such effects to be well known'*® “to enhance the rate of
intersystem crossing from an excited triplet state T; to the singlet ground
state Sy”. An internal heavy-atom effect on the hydrogen-shift reaction was
also observed upon introducing a bromine substituent at position 6
(Figure 1.24). Fisher and Michl concluded that “‘the observation of external
and internal heavy-atom effects on the temperature-independent rate of
tunnelling from *12 to 13 and from *15 to '16 provided conclusive evidence
for its spin-forbidden nature”."*®

Two decades after reports of McMahon and Chapman,™? and Fisher and
Michl,"** studies on tunnelling reactions involving H-atom migration in
carbenes gained a considerable renewed attention when Schreiner and
co-authors generated and captured methylhydroxycarbene in noble gas
matrices at temperatures of around 10 K (reported in 2011).>® The potential
energy surface around methylhydroxycarbene was characterized compu-
tationally and large activation enthalpies (over 90 kj mol ') were found for
two putative [1,2] H atom shifts leading to either acetaldehyde or vinyl
alcohol (Figure 1.25).

With such high barriers, and under cryogenic conditions, methylhydrox-
ycarbene should not react at all. Still, a first-order reaction consuming
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AH, [keal mol-')

-50.7

reaction coordinate

Figure 1.25 Computed potential energy surface of methylhydroxycarbene (middle:
carbon =grey, oxygen=red, hydrogens=Ilight blue) and tunnelling
paths a and b to the thermodynamic product acetaldehyde (right) or
the kinetic product vinyl alcohol (left). The paths are intrinsic reaction
coordinates that depict the proper heights and widths of the barriers for
a fair visual assessment of the potential reactivity. Focal point energies
are extrapolated to fully account for electron correlation and an infin-
itely large basis set using AECCSD(T)/cc-pCVQZ geometries.

Reprinted from ref. 19 with permission from American Chemical
Society, Copyright 2017.

methylhydroxycarbene, with a half-life of about 1 hour was observed, a
transformation that was found to be largely temperature independent.”®
That finding, and the fact that the OD-deuterated methylhydroxycarbene was
stable, had led to the conclusion that the reaction exclusively occurred via
the tunnelling mechanism. Among the two possible [1,2] H-shifts, the re-
action in the dark proceeded exclusively to acetaldehyde. This was the first
experimental demonstration of the principle of tunnelling control, whereby
the reaction proceeded only to a product with a higher tunnelling prob-
ability, albeit facing a higher (but narrower) barrier (Figure 1.25).%*

The study on tunnelling in methylhydroxycarbene was followed by prepar-
ation and experimental characterization of a series of other long-elusive hy-
droxycarbenes (Figure 1.26). Schreiner et al. found tunnelling control ™ to prevail
also for tert-butyl-, phenyl-, cyclopropyl-, and trifluoromethylhydroxycarbene by
giving the thermodynamic products from [1,2] H-shift tunnelling reactions of
large but narrow barriers similar to the depiction of Figure 1.26. The tunnelling
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Figure 1.26 Family of hydroxycarbenes with HCOH as the parent species (top left)'** and the general way of preparation through thermal
extrusion of CO, from o-ketocarboxylic acids. Middle: tunnelling half-lives t and [1,2] H-shift barriers for the associated
tunnelling process computed at the coupled cluster level of theory with at least triple-{ basis sets.”®'**7'*> Bottom: related

diheteroatom-substituted carbenes that do not show tunnelling.'*®
Reprinted from ref. 19 with permission from American Chemical Society, Copyright 2017.
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half-lives correlate well with the stereoelectronic properties of the R group and
depend on the absolute barrier height (with very similar overall shapes).'® Also,
when the carbene carbon atom was stabilized by another n-donor heteroatom
(N or 0), tunnelling was not observable at laboratory time scales."®

The research on H-atom tunnelling in carbenes actively continues.
Very recently, a new member was added to the family of hydroxycarbenes.
Eckhardt et al. reported the gas-phase preparation of cyanohydroxycarbene
by high-vacuum flash pyrolysis of ethyl 2-cyano-2-oxoacetate and subsequent
trapping of the pyrolysate in an inert argon matrix at 3 K (Figure 1.27)."*°
After a few seconds of irradiation of the matrix with green light, singlet
trans-cyanohydroxycarbene 17t rearranges to its cis-conformer 17c.

Cis- and trans-cyanohydroxycarbene were characterized by IR and UV-vis
spectroscopy. Trans-cyanohydroxycarbene 17t undergoes a conformer-
specific [1,2] H-tunnelling reaction through a 139.3 kJmol ' barrier
(the highest penetrated barrier of all H-tunnelling reactions observed to
date) to cyanoformaldehyde 18 with a half-life of 23.5 days; this is the longest
half-life reported for an H tunnelling process to date. During the tunnelling
reaction the cis-conformer 17¢ remains unchanged over the same period of
time (see Figure 1.27).'*°

147,148

— After 4 h pyrolysis of 10

R After 6 days
o
After 13 days
After 23 days
..’"‘H After 32 days
= NG O After 47 days
° 17t ——— After 5 min irradiation

Conformer-specific
[1,2]H-tunnelling

Absorbance A/ a. u.
0.25

H
o 17c
~
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w
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Figure 1.27 Conformer-specific [1,2] H-tunnelling of trans-cyanohydroxy-carbene
(17t) with a tunnelling half-life of 23.5 days over a time period of
47 days monitored by the signal decay at 1288 cm ™ *. The amount of the
cis-conformer 17c remained unchanged over the same period (band at
1272 cm '), After 5 min irradiation of the matrix with a light of 520 nm,
both carbene signals are completely depleted (red spectrum).
Adapted from ref. 149 with permission from the Royal Society of
Chemistry.
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One of the interesting questions is: what if the oxygen atom of the
hydroxycarbene was substituted by either a sulfur or a selenium atom? Do
the mercaptocarbene (H-C-S-H) and selenocarbene (H-C-Se-H) congeners
of hydroxycarbene (H-C-O-H) also undergo [1,2] H-tunnelling? Schreiner
and co-authors addressed this question theoretically.'>® Comparison of the
computed intrinsic reaction paths of the reactions trans-HCXH to H,CX
(X=0, S, Se) indicated that the energetic characteristics of the paths are
very similar (126-139 kJmol '). For the three [1,2] H-shift reactions
investigated, the barrier is considerably narrower for the parent [H, H, C, O]
system than those for [H, H, C, S] and [H, H, C, Se]. It was then concluded
that the tunnelling half-lives for the X=S and X=Se unimolecular
isomerization reactions are expected to be much longer than that for the
trans HCOH—H,CO reaction. This means that unlike for the parent
hydroxymethylene (HCOH), at the low temperatures of matrix isolation
experiments no tunnelling will be observable for the trans-HCSH and
trans-HCSeH systems. The most intriguing fact is that, despite numerous
experimental attempts to synthesize trans-HCSH or trans-HCSeH via routes
similar to those that resulted in the formation of the parent hydro-
xymethylene, these [H, H, C, S] thiol or [H, H, C, Se] selenol isomers have
thus far remained inaccessible under matrix isolation conditions.

There are, however, reports on trapping thiol (SH) and selenol (SeH)
compounds under matrix isolation conditions and experimental observation
of the respective tunnelling isomerizations into their thione (C=S) or
selenone (C=Se) congeners. Rostkowska and co-authors trapped the amino-
thione form of thiourea in argon matrices (Figure 1.28) and, by using
UV-irradiation (A>270 nm), they generated in situ two imino-thiol isomers
(20tl and 21tl).">" They observed that the anti-imino-thiol 21tl isomer con-
verted back to the 19tn form at 10 K, and in the dark, with a time constant of
52 hours (Figure 1.28). The molecules in the syn-imino-thiol 20tl conform-
ation remained unchanged. The authors concluded that “the only possible
mechanism of the ground-state thiol—thione transformation at low
temperature is hydrogen tunnelling through the very high energy barrier
(108 kymol ™", as calculated at the MP2/6-31++G(d,p) level)”.">!

Fifteen years later, the same group of authors reinvestigated the reactions
for the thiourea molecules isolated in Ar, Ne, n-H, and n-D, matrices at

H H
S hv S hv ~s
H\N&I\N/H -~ H\N)I\N/H ——> N)\N/H
| | I : | |
no back tunnelling
H reaction H 52 h H H
20t 19tn 21t

Figure 1.28 Photochemical generation of imino-thiol forms (20 and 21) of thiourea
19 isolated in an Ar matrix and spontaneous thiol - thione tunnelling
for one of the imino-thiol isomers. See ref. 151 and 152 for details.
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3.5 K."* The less stable thiol form of the compound was photochemically
generated by UV irradiation of the matrix, and after that, a spontaneous
thiol - thione conversion was studied as a function of matrix material or
matrix temperature. The authors did not find any drastic dependence of the
tunnelling rate either on the matrix environment (measured time constants
between 52 and 94 hours in four different hosts), or on the matrix tem-
perature (between 3.5 and 15 K in Ar)."?

Rostkowska et al. also studied H-atom transfer processes for selenourea
isolated in Ar matrices."® Initially, the monomers of selenourea adopt
exclusively the selenone tautomeric form 22 (Figure 1.29). UV irradiation of
the matrix-isolated compound led to generation of the selenol tautomer 23.
For the matrix kept at 10 K and in dark, an H-atom tunnelling reaction
transforming the photoproduced selenol anti form 23a back into the initial
selenone tautomer 22 was observed'™ (Figure 1.29). Interestingly, the
selenol - selenone tunnelling reaction in selenourea was considerably
quicker (16 h)'*® than the analogous thiol - thione tunnelling in thiourea
(52 h)"' despite the computed barriers being rather similar: 95 kj mol !
[MP2/6-311++G(2d,p)]">* and 108 kJmol ' [MP2/6-314++G(d,p)].">* The
difference in observed tunnelling rates must be related with the barrier
widths that were not reported.

The experimental observations of tunnelling in imino-thiol and imino-
selenol compounds means in the first place that these high-energy forms
can be successfully generated. On the other hand, Schreiner and co-authors
suggest that part of the reason for not being able to synthesize in matrices
carbene-thiol (and carbene-selenol) isomers is that trans-HCSH is not a
true carbene but is better represented as an ylide with a negatively charged
carbon atom and a positively charged sulphur.'*°

The thiol - thione proton tunnelling in thiourea (and selenourea) can also
be compared with structurally similar molecule of thioacetamide. Similarly
to thiourea, matrix-isolated molecules of thioacetamide initially exist ex-
clusively as amino-thione tautomer. The imino-thiol isomer can be gener-
ated in cryogenic matrices by means of UV-irradiation (see Figure 1.30).°>">*
The lack of thiol—thione tunnelling transformation in thioacetamide
is consistent with its relatively high barrier. Calculated at the
MP2/6-31++G(d,p) level, it equates to 123 kJ mol "."** This is higher than

H H
“Se hv Se hv “Se
H\N N/H -~ H\N /H — N)\ /H
,L no ba_lck |l| Ill tunnelling |l| |l|
reaction 16 h
23s 22 23a

Figure 1.29 Photochemical generation of imino-selenol forms of selenourea isol-
ated in an Ar matrix and spontaneous selenol — selenone tunnelling for
one of the imino-selenol isomers. See ref. 153 for details.
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Figure 1.30 UV-induced generation of imino-thiol tautomer of thioacetamide. The
imino-thiol can exist in four isomeric structures, but only the “tunnel-
ling-ready” isomer is shown in the figure. Reverse thiol —thione proton
tunnelling in thioacetamide was not observed. See ref. 60 and 154 for

details.
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Figure 1.31 Reactions of singlet ground state (SGS) and triplet ground state (TGS)
carbenes with molecular hydrogen. See ref. 156 for details.

the MP2-computed barriers for the thiol - thione transformation in thiourea
(108 kJ mol *)**" or selenourea (95 kJ mol *).**

The barrier for thiol — thione proton tunnelling in thioacetamide was also
calculated at the B3LYP/6-311++G(3df,3pd) level, and the obtained value
was 108.5 k] mol~'.°° Considering this barrier height, and also the barrier
width (1.29 A) of the calculated intrinsic reaction path, a tunnelling half-life
of 100 days (8.63x10° s) for thiol—thione isomerization was computed
using the WKB approximation.®® This would imply a tunnelling reaction too
slow to be observed within the time limits achievable in our experiments.

Carbenes are among the few metal-free molecules that are able to activate
molecular hydrogen. The reactivity patterns of carbenes depend on the sub-
stituents at the carbene center. Closed-shell singlet carbenes can be described
as 1,1-zwitterions, bearing both nucleophilic and electrophilic regions at the
carbene center. Singlet carbenes insert in concerted reactions with consider-
able activation barriers, and are thus poorly reactive towards H, at cryogenic
temperatures. In contrast, triplet carbenes exhibit radical-like reactivity, such
as atom abstractions.'®® They quickly yield radical pairs that rapidly undergo
secondary reactions (Figure 1.31)."”° These properties of carbenes can be used
for activation of molecular hydrogen, a topic actively studied by Sander et al.*>°
A paradigm in carbene chemistry is that reactions of carbenes are spin specific
and occur from equilibrated spin states, depending on the temperature.
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4-Oxocyclohexa-2,5-dienylidene 24 has a triplet ground state (TGS) carbene
that is highly reactive toward solid H,, HD, and D, at 3 K. Sander et al. in-
vestigated the mechanism of the insertion of this carbene into dihydrogen
by IR and EPR spectroscopy and by kinetic studies."”” The hydrogenation
showed a very large kinetic isotope effect and remarkable isotope selectivity,
as could be expected for a tunnelling reaction. H or D atoms were observed
as products of the reaction with H, or D,, respectively, whereas HD produces
exclusively D atoms (Figure 1.32).">” The experiments of Sander et al.,
therefore, provide clear evidence for both hydrogen tunnelling and the rare
deuterium tunnelling in an intermolecular reaction."”’

The activation barrier for the reaction of 4-oxocyclohexa-2,5-dienylidene
24 (Figure 1.32) with hydrogen was calculated to be 22.6 k] mol™', which is
higher than the thermal energy available at 30 K."”” Similar barriers were
found for the other triplet ground state carbenes, such as cyclopentadieny-
lidene studied by Zuev and Sheridan."® Therefore, these carbenes should
not react thermally with hydrogen at very low temperatures, which suggests
that the reaction rates are governed by quantum chemical tunnelling. For
tunnelling reactions, large kinetic isotope effects (KIE) are expected, and
indeed, with D, no reaction was observed by Sander et al., under conditions
in which H, rapidly reacts."”” Zuev and Sheridan concluded that the “most
likely pathway is single H abstraction by tunnelling to give a triplet radical

pair, which then combines following intersystem crossing”’.'”®

-
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D D D; D

Figure 1.32 Reaction of 4-oxocyclohexa-2,5-dienylidene 24, which is a carbene
characterized by triplet ground state (TGS), with H,, HD, and D,. See
ref. 157 for details.
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Recently, Henkel et al. reported that 1-azulenylcarbene 25 has a singlet
ground state (SGS), in contrast to most other arylcarbenes that show triplet
ground states.”” Carbene 25 can be generated by photolysis of
1-azulenyldiazomethane 26 (Figure 1.33), but even at 3 K it is kinetically
unstable and quickly rearranges to the strained allene 27 through QMT.">®
The tunnelling reaction can be completely blocked by deuteration at pos-
ition 8 in the seven-membered ring (Figure 1.33). Upon studying neat noble
gas matrices,"”® Henkel and Sander reported their investigations on the re-
action of singlet carbene 25 with molecular hydrogen.'®® To suppress the
rearrangement of 25 through QMT, only the dideuterated isotopomer d,-25
(Figure 1.34) was used in their experiments.'® It was demonstrated that
1-azulenylcarbene 25 with a singlet ground state readily inserts into H,, and
slowly into D,, proving that QMT governs the insertion into both H, and D,
(Figure 1.34). This was the first example showing that QMT can also be
important for singlet carbenes inserting into dihydrogen."®

As a culmination of their research on activation of molecular hydrogen,
Sander et al. very recently discovered a magnetically bistable carbene
(3-methoxy-9-fluorenylidene 28), and reported on its photochemically
induced conformational spin switching and spin-selective hydrogenation."®*
3-Methoxy-9-fluorenylidene 28 was generated in cryogenic matrices both in
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Figure 1.33 Photochemical generation and quantum mechanical tunnelling (QMT)
rearrangement of 1-azulenylcarbene 25, which is a carbene character-
ized by a singlet ground state (SGS). QMT occurs only for R=H. See
ref. 159 for details.
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Figure 1.34 Reactivity of singlet dideuterated 1-azulenylcarbene d,-25 with hydrogen
and deuterium in neat H, and D, matrices. See ref. 160 for details.
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Figure 1.35 The unique spin switching of carbene 28 induced by conformational
change of a remote functional group. ISC: intersystem crossing; SGS:
singlet ground state, TGS: triplet ground state. Suffixes “u” and ‘“d”
designate “up” and “down” conformations of the methoxy group. See
ref. 161 for details.
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Figure 1.36 Two conformers were considered with respect to the orientation of the
methoxy group in singlet S-28 and triplet T-28, denoted as ‘“up” (u) and
“down” (d) conformers. Geometries were optimized at the B3LYP-D3/
def2-TZVP level and energies were refined by single point CCSD(T)/cc-
PVTZ calculations. See ref. 161 for details.

its lowest energy singlet and triplet states, and the ratio of these states was
shifted by selective irradiation (Figure 1.35)."°" The interconversion of the
nearly degenerate spin states was achieved by a conformational change of
the methoxy group: ‘“up” position results in the singlet state and switching
into the “down” position yields the triplet state (Figure 1.36).'°" The spin
control via a remote functional group makes this carbene unique for the
study of spin-specific reactions, which is demonstrated for the hydrogen-
ation reaction. Sander et al. suggest that the control of the spin states opens
the path to tuning selectivity in chemical reactions and to developing novel
magnetically switchable materials.'®!

The experiments clearly demonstrated that the insertion of carbene 28
into D, is both spin and conformation specific. Only triplet carbene T-28-d
(Figure 1.36) reacts with D, to produce the “down” fluorene conformer ex-
clusively, whereas the singlet carbene S-28-u is indefinitely stable in solid
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Figure 1.37 Dual-cyclic mechanism of H-abstraction and H-addition reactions con-
necting H,NCHO, H,NCO, and HNCO.
Reprinted from ref. 162 with permission from American Chemical
Society, Copyright 2019.

deuterium. Conformational spin switching by a remote functional group, a
new phenomenon discovered by Sander et al., could be utilized beyond
tracing spin states in mechanistic studies. They propose that “the intro-
duction of a bulkier or conformationally restricted ether, amino, or similar
groups should allow to manipulate spin states, and thus the magnetic
properties, of molecular materials. Such switchable molecular materials
have potential applications in information recording”.'®!

Finally, Haupa et al. recently demonstrated that hydrogen abstraction/
addition tunnelling reactions elucidate the interstellar H,NCHO/HNCO ratio
and explain the H, formation.'®® Interstellar observations show a strong
correlation between the abundance of formamide (H,NCHO) and isocyanic
acid (HNCO), indicating that they are likely to be chemically related, but no
experiment or theory could explain this correlation satisfactorily.'®*

Haupa et al. studied reactions of formamide in a p-H, matrix and iden-
tified production of H,NCO and HNCO from hydrogen-abstraction re-
actions.'® Haupa et al. observed temporal profiles of H,NCHO, H,NCO,
HNCO, and their deuterium isotopologues, and showed that a dual-cycle
consisting of hydrogen abstraction and hydrogen addition (Figure 1.37) can
satisfactorily explain the quasi-equilibrium between H,NCHO and HNCO
and explain other previous experimental results.'®* In the proposed mech-
anism, it was assumed that the H atoms produced in the reaction cycle can
move efficiently through the lattice on continuously breaking and formation
of neighboring H-H bonds via quantum tunnelling.'®

1.8 Heavy-atom Tunnelling

As shown in the previous sections of this chapter, H-atom tunnelling is a
common phenomenon. Its relevance in chemistry has been stressed long ago,
in particular when Bell published his seminal theoretical paper demon-
strating the need to consider tunnelling for a correct description of reactions
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involving the motion of a hydrogen atom or a proton.® Interestingly enough,
he also predicted that under normal conditions heavier atoms should behave
classically. Because, as discussed before, tunnelling probabilities decrease
exponentially with the square root of the moving mass, tunnelling of a carbon
atom, 12 times heavier than hydrogen, can indeed be predicted to be much
less likely. According to the expectations, for almost half-century, Bell’s claim
was practically unchallenged. The paradigm only shifted when experi-
mentalists published the first examples of heavy-atom tunnelling in the mid-
1970s/1980s. Nonetheless, 40 years after the first examples were reported, the
number of experimental observations of heavy-atom tunnelling reactions is
still small. Considering that a hydrogen atom can tunnel across a barrier of
around 1 A, a carbon atom can be expected to tunnel through a barrier with a
width of 1272~ 0.3 A with the same probability (assuming a barrier of similar
height and shape).'®® Such very narrow barriers are expected to occur only in
processes involving very reactive species or, as Kozuch et al. highlighted,'® in
strongly exothermic reactions or some symmetrical isothermic transforma-
tions. Indeed, these conditions have been matched in almost all of the heavy-
atom tunnelling reactions observed so far.

One of the first experimental evidence of heavy-atom tunnelling was re-
ported by Buchwalter and Closs in 1975,'°* namely for the ring-closure of
triplet 1,3-cyclopentanediyl 30 to bicyclopentane 31 (Figure 1.38). The triplet
1,3-diradical *30 was generated by UV irradiation of a matrix-isolated diazo
precursor 29 and characterized by EPR spectroscopy. The EPR signals as-
signed to *30 were found to diminish in intensity with a half-life of
30 minutes, and the reaction rate was observed to be essentially the same
between 1.3 and 20 K. Based on this temperature independence, it was
suggested that the reaction takes place by tunnelling.'®*'°

Additional evidence of heavy-atom tunnelling in the ring-closure of triplet
1,3-diradicals was reported later by Dougherty et al (Figure 1.39).°° They
observed that the EPR signals of methyl and ethyl substituted triplet 1,3-
cyclobutanediyls *32 decay at temperatures as low as 3.8 K. The kinetic treatment
of the measured rate constants between 4 and 20 K gave non-linear Arrhenius
plots. These observations clearly suggest the occurrence of tunnelling.

In their studies, Closs, Dougherty and coworkers noted that the observed
decay kinetics were complicated by the existence of a distribution of rate
constants resulting from different matrix sites®”'**'°> (see also Section 1.4).
It is also interesting to note that, in both studied cases,>>'**'®* triplet
1,3-diradicals must undergo intersystem crossing (ISC) to form the singlet
products. However, it is not yet clear (even today) if tunnelling takes place on
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Figure 1.38 Ring-closure of triplet 1,3-cyclopentanediyl *30 to bicyclopentane 31.
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Figure 1.39 Ring-closure of triplet 1,3-cyclobutanediyls *32 to bicyclobutanes 33.
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Figure 1.40 Valence isomerization between 1,4-labeled-cyclobutadiene 34 and 1,2-
labeled-cyclobutadiene 35.
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Figure 1.41 Cope rearrangement of 1,5-dimethylsemibullvalene-4-d; 36 to 1,5-di-
methylsemibullvalene-2-d, 37.

the triplet surface, to a geometry that then undergoes ISC to the singlet
surface, or if tunnelling occurs concomitantly with the ISC process.*?

The studies on the interconversion between valence isomers of cyclobu-
tadiene (Figure 1.40) can be considered a milestone among the investi-
gations on heavy-atom tunnelling reactivity. About 40 years ago, Whitman
and Carpenter investigated, using variable temperature NMR spectroscopy,
the isomerization rate of cyclobutadiene-1,4-d, 34 (selectively generated
in situ from a precursor) to cyclobutadiene-1,2-d, 35, concomitantly with the
rate of trapping 34 and 35 in a cycloaddition reaction.'®® The unexpected
negative entropy value found for the isomerization of cyclobutadiene was
interpreted as an evidence that the reaction was taking place by carbon
tunnelling.'®*'®” Afterwards, Michl et al. reported polarized IR and "*C NMR
spectra of cyclobutadiene and its vicinal "*C-dilabeled derivative, photo-
generated in rare-gas matrices.'®® Based on the spectroscopic observations,
it was determined that the two valence isomers 34 and 35 were rapidly
interconverting (at a rate>10"" s~ ') in the matrices at 25 K. They concluded
that the observed isomerization had to be due to tunnelling, since the re-
action barrier (estimated as ~40 k] mol ') cannot be overcome at the tem-
peratures of the experiments.

A recent case of heavy-atom tunnelling in an almost symmetrical isothermic
reaction was reported by Sander and coworkers (Figure 1.41)."% Interestingly,
this experimental work was inspired by an earlier theoretical study carried by
Borden et al.,'’® where the authors, using computations performed at the
B3LYP/6-31G(d) level within the small-curvature tunnelling (SCT) method-
ology, predicted that the Cope rearrangement of semibullvalene (and some
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Figure 1.42 (a) IR difference spectrum showing the Cope rearrangement of 36 to 37
after keeping a neon matrix containing a mixture of 36 and 37 in the
dark for 38.3 h at 3 K. (b) Computed B3LYP/6-311G(d,p) IR spectra of 36
(pointing downwards) and 37 (pointing upwards).
Adapted from ref. 169 with permission from John Wiley and Sons, ©
2017 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim.

derivatives) should take place by tunnelling at cryogenic temperatures. In their
article, they recommended to perform experiments on 1,5-dimethylsemi-
bullvalene substituted with one deuterium atom to break symmetry. The
presence of the deuterium atom either at position 4 or 2 (corresponding to the
isotopomers 36 and 37 in Figure 1.41, respectively) leads to an energy differ-
ence between the two isomers of ~0.7 kj mol ', with 36 being separated by a
barrier of ca. 23 kJmol ™' from the most stable isotopomer 37.

In the experiments performed by Sander and coworkers, the room tem-
perature equilibrium mixture (&1 :1) of isotopomers 36 and 37 was deposited
in a matrix at 3 K and both species characterized by their mid-IR spectrum."®
Subsequently, the matrix was kept in the dark for several hours. They observed
that the intensity of the IR signals assigned to 36 decreased, whereas those due
to 37 increased (Figure 1.42). Because the barrier between the isotopomers
cannot be overcome at the cryogenic temperature used in the experiments, the
observed Cope rearrangement from 36 to 37 can only take place by heavy-atom
tunnelling, thus confirming the theoretical predictions."”’

The reaction kinetics was also measured as a function of the temperature,
although it is complicated by its dispersive character. The rate of the Cope
rearrangement in argon matrix was then found to increase only by a factor 3
on increasing the temperature by a factor of 10 (3-30 K), providing add-
itional support for the existence of heavy-atom tunnelling. The noticed small
increase in the rate of the process can be justified by changes in the medium
resulting from the matrix softening.

Two puzzling observations related to the studies reported by Sander and
coworkers that still do not have a clear explanation shall be mentioned here:
(i) the Cope rearrangement tunnelling does not take place in solid xenon nor
in the absence of a matrix, whereas in neon, argon, nitrogen, and para-
hydrogen the rates were comparable, and (ii) after very long reaction time,
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Figure 1.43 Ring-expansion reaction of 1H-bicyclo[3.1.0]-hexa-3,5-dien-2-one 38 to
4-oxocyclohexa-2,5-dienylidene *24.
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Figure 1.44 Arrhenius plots for the ring-expansion of 38 to 24 in neon, argon,
nitrogen, and xenon matrices.

Reproduced from ref. 53 with permission from John Wiley and Sons,
© 2014 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim.

the Cope rearrangement tunnelling resulted in a ratio between the iso-
topomers far from the expectations (e.g., in argon at 5 K: initial ratio=1:1.3;
final ratio (16.1 h)=1:1.5, final ratio expected=1:10"").

Another example of heavy-atom tunnelling reported by Sander’s group was
the ring-expansion of the fused cyclopropene 38 to triplet carbene 24
(Figure 1.43).>>'"" Cyclopropene derivative 38 was generated by irradiation
of triplet carbene *24, which in turn was obtained in cryogenic matrices by
the photolysis of a quinone diazo derivative. It was found that the intensities
of the IR bands of 38 decrease in the dark, while those of *24 increase.
A detailed kinetic study of this transformation showed that the Arrhenius
plots between 3 and 20 K are temperature independent (in matrices of sev-
eral different host gases), clearly indicating that the ring-expansion was
taking place through heavy-atom tunnelling (Figure 1.44).> At temperatures
above 25 K, the rates increase rapidly (independent of the matrix host),
which was interpreted as a result of occurrence of thermally activated tun-
nelling. The different reaction rates observed for different matrix host gases
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were a consequence of the matrix influence on the barrier width and height.
Particularly noticeable was the acceleration at 3 K of the tunnelling rates in
xenon (t:x5 hours) compared to those observed in argon (r1~7 days).
Nevertheless, these matrix effects are not yet clearly understood.

An interesting feature of this ring-expansion reaction is the existence of an
ISC step, since cyclopropene 38 has a singlet ground state and carbene 24
has a triplet ground state. Multi-configurational calculations revealed fur-
ther that carbene 24 has an open-shell singlet state (OSS) as the lowest
singlet state, which is energetically more stable (x16 kJ mol ') than cyclo-
propene 38. Therefore, the proposed mechanism for the formation of triplet
carbene *24 at cryogenic temperatures involves the ring-expansion of 38 to
0SS 24 by heavy-atom tunnelling, followed by ISC of OSS 24 to *24. CASPT2
computations were carried out,”® and the activation energy for the ring-
expansion of 38 to OSS 24 was estimated as being 29-33 kJ mol . This en-
ergy barrier should result in a rate of effectively zero for the over-the-barrier
reaction at the used cryogenic temperatures. Then, the rate constants were
evaluated using the small-curvature tunnelling (SCT) approximation. The
performed calculations led to rate constants which were independent of the
temperature up to 50 K, thus indicating that the only tunnelling contribution
to the ring-expansion of 38 to OSS 24 should originate from the ground
vibrational level. The predicted rate of 2x10 ° to 2x10 * s~ ' (depending on
the basis set used) was found to reasonably agree with the experimental rate
of 1.2x107° s~ ' measured in an Ar matrix at 3 K.

Two other examples of heavy-atom tunnelling involving ring-expansion re-
actions were reported for benzazirine rearrangement to a cyclic ketenimine:
the first, discovered by McMahon’s group for the reaction of 39 to 40,"’ and
the second discovered by our group for the reaction of 41 to 42 (Figure 1.45)."”*

The McMahon group showed that irradiation of 4-methylthiophenylazide
in argon matrix with 365 nm light mainly leads to the corresponding ary-
Initrene."”* The irradiation of this arylnitrene at 313 or >415 nm leads to its
rearrangement to the cyclic ketenimine 40 [v(C=C=N) = 1889 cm '], which
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Figure 1.45 Ring-expansion reaction of benzazirines 39 and 41 to cyclic keteni-
mines 40 and 42, respectively.
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then slowly converts to benzazirine 39 [v(C=N)=1717 em '] upon irradi-
ation at >415 nm. They found that ring-expansion of benzazirine 39 to
ketenimine 40 takes place spontaneously in the dark, with a rate constant
that shows almost no temperature dependence from 10 K (1.5x10°> s~ 1)
to 25 K (1.8x10°° s~ '), which clearly suggests heavy-atom tunnelling.
B3LYP/6-31G(d) calculations estimated an activation barrier of 14 kJ mol !
for the reaction of 39 to 40, indicating that it cannot occur as a thermally
activated process, because a rate constant to surmount this barrier at 10 K
would be around 2.0x10~% s~' (based on the Eyring equation).

When the methylthio moiety was replaced by a methoxy group, the cor-
responding benzazirine was found stable under the low-temperature matrix
conditions; no evidence for tunnelling was observed. The different behavior
of the two compounds was rationalized in terms of the height and width of
the associated energy barriers, which were found to be greater for the
methoxy-substituted benzazirine (Figure 1.46).

In our study,'”® we showed that benzazirine 41, generated in situ upon
530 nm irradiation of protium and deuterated triplet 2-formylphenylnitrene,
spontaneously undergoes ring-expansion to ketenimine 42 under cryogenic

Energy (kcal/mol)
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Figure 1.46 B3LYP/6-31G(d) computed intrinsic reaction path for the transforma-
tion of benzazirine 39 to ketenimine 40 (blue) and the corresponding
methoxy substituted derivative (red).

Adapted from ref. 172 with permission from the American Chemical
Society, Copyright 2013.
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Figure 1.47 Arrhenius graph for the ring-expansion of benzazirine 41 to cyclic
ketenimine 42 reaction without (CVT) and with (SCT) tunnelling cor-
rections, computed at the M06-2X/6-311+G(2d,p) level.

Adapted from ref. 173 with permission from American Chemical Soci-
ety, Copyright 2017.

conditions (see Figure 1.45). In an argon matrix at 10 K and under dark,
~25% of 41-d rearranges to 42-d after 5 days. Using IR spectroscopy, we
determined a rate constant of ~7.4x10~’ s~ ' (a half-life time of ~260 hours)
for this process. Upon increasing the absolute temperature the reaction rate
hardly show any increase (~8.9x10~ 7 s~ ' at 20 K), which provides a strong
evidence for the occurrence of heavy-atom tunnelling.

Computed rate constants without and with tunnelling consideration
[using canonical variational transition state theory (CVT) and small curvature
tunnelling (SCT), respectively], confirm that the observed process can only
take place by tunnelling from the ground state (Figure 1.47)."”® The estimated
CVT rate constant at 10 K was 1.8x10~*”” s™*, which indicates that it is im-
possible for a thermal reaction to occur, whereas the estimated SCT rate
constant was 3.5x10 > s~ ' (half-life time of ~6 hours), which is comparable
to the experimental result. The difference (computed around 40 times faster)
is justifiable considering errors resulting from the used DFT/M06-2X com-
putations [e.g.,, M06-2X gives an energy barrier of 30 kfmol " for the ring-
expansion of 41 to 42, which is about 5 k] mol ' lower than that calculated at
the more precise CCSD(T) level]. A small secondary kinetic isotopic effect,
resulting in the acceleration of the reaction upon substitution of deuterium
by protium in the formyl group of benzazirine 41, was also predicted theo-
retically and measured experimentally. Very interestingly, it was also ob-
served that the reaction rate for the ring-expansion of 41 to 42 is one order of
magnitude larger (faster) when the sample at 10 K is exposed to the radiation
of the spectrometer IR globar source. This suggests the possibility of occur-
rence of IR-induced photochemistry or IR-assisted tunnelling.

Direct spectroscopic evidence of heavy-atom tunnelling under low-
temperature matrix isolation conditions was also reported for cases
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Figure 1.48 Rearrangement reaction of carbenes 43, 45 and 47 to species 44, 46 and
48, respectively.

involving singlet carbene species (Figure 1.48)."”*""7° Zuev and Sheridan found
that upon irradiation (334 nm) of tert-butylchlorodiazirine in an N, matrix at 11
K, the IR bands associated with the photogenerated carbene 43 slowly dis-
appeared, while the IR bands of cyclopropane 44 simultaneously increased."’*
The rate constant for the decay of 43 varied from 4x10 * s, initially, to
3x107° s, at one-half of the conversion (a typical dispersive kinetics be-
havior). The rate of the reaction was observed to be insensitive to temperature
on warming the matrix from 11 to 30 K, which signals the existence of tun-
nelling. Interestingly, it was found that perdeuterated carbene 43 was stable
under the matrix isolation conditions. This extremely large kinetic isotope
effect reflects the expected significant role that the H-atom movement plays in
the tunnelling reaction. Nonetheless, the 1,3-CH insertion reaction of carbene
43 implies formation of a C-C bond during the process leading to 44, and
therefore, carbon-atom tunnelling must also be involved.

Later, the same authors published another example of tunnelling in-
volving carbenes trapped in cryogenic matrices.'”®> Fluorocarbene 45 and
fluorocyclopentene 46 were generated in a nitrogen matrix at 8 K by irradi-
ation of a diazo precursor with visible light (>550 nm). Subsequent irradi-
ation at 436 nm caused rapid disappearance of the IR bands of carbene 45
and simultaneous growth of those of cyclopentene 46. Even under exclusion
of light, a slow rearrangement of 45 to 46 was observed at 8 K. In an N,
matrix at 8 K under dark, the most reactive conformer of 45 was observed to
decay following a first order kinetics, in the first 20% of conversion, with a
rate constant of 4x10™° s™*. In an Ar matrix at 8 K, carbene 45 was found
to undergo ring-expansion with a rate one order of magnitude faster,
ca. 4x10° s~ '. When the Ar matrix was warmed to 16 K, the ring-expansion
rate of 45 increases only by a factor of 2, to ca. 9x10° s~ ! (in the N, matrix
tripling the temperature accelerates the ring-expansion of 45 by a factor of
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about 100). These findings were interpreted as an indication that ring-ex-
pansion of 45 occurs by carbon-atom tunnelling.

To confirm that carbon-atom tunnelling provides an explanation for the
experimental results, tunnelling reaction rates were calculated.'”” At the
MPW1K/6-31+G(d,p) level, the ring-expansion of carbene 45 to cyclopentene
46 was computed to have a barrier of 27 kfmol ' and to be 328 kJ mol !
exothermic. Arrhenius plots for the rate constants of the 45— 46 transforma-
tion, calculated using the SCT approximation as well as the CVT theory, predict
a rate constant of 9x10~° s~ at the low-temperature limiting (7' <20 K) when
tunnelling is included and a classical rate constant 2x10"** times smaller. The
reaction coordinate mode was calculated to have a frequency of 69 cm™ ', and
therefore, at 8 K tunnelling should occur almost exclusively from the v=0
vibrational ground state. At 16 K, the fraction of reaction occurring out of the
v=1vibrational level can be estimated to increase to 6%. Theory predicts that
this will produce a negligible change in rate, so the observed increase in the
rate constant upon the temperature increase was interpreted as due to en-
vironmental effects resulting from the matrix softening.

The last known example reported of heavy-atom tunnelling in a singlet
carbene species involves the ring-expansion of a noradamantylchlorocarbene.
In a collaborative effort, Moss et al.'’® described the generation of carbene 47
upon irradiation (334 nm) of a diazirine precursor in an N, matrix at 8 K.
Product 47 was characterized using IR and UV-vis spectroscopies with the
support of B3LYP/6-31+G(d,p) computations. In the absence of light, matrix-
isolated carbene 47 was found to slowly rearrange to 48. Following the evo-
lution of the IR spectra along the transformation, it was determined that 15%
of 47 was converted into 48 after 3 days (k~2.3x10 s~ '). The rearrangement
rate of 47 was a bit faster (35% conversion over the same time) at 23 K. The
experimentally observed behavior was similar to that found for carbene 45
ring-expansion to 46, which led the authors to propose that rearrangement of
47 to 48 also proceeds via heavy-atom tunnelling.

B3LYP/6-31+G(d,p) computations predict a barrier of 22 kjmol " for the
47 — 48 rearrangement, which precludes the possibility of a classical over-
the-barrier reaction at the used cryogenic temperatures. The lower exother-
micity for the reaction of 47 comparing with that of 45 (86 vs. 328 kJ mol )
probably makes the width of the barrier larger and explains the slower
tunnelling rate for 47 —48 in comparison with that for 45 — 46, despite the
smaller barrier height for the former transformation (22 vs. 27 kJ mol ).

The first case of heavy-atom tunnelling involving a nitrene species was
reported in 2017 by Zeng et al. (Figure 1.49)."” They generated triplet
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Figure 1.49 Rearrangement reaction of triplet nitrene *49 to isocyanate 50.
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Figure 1.50 (A) IR difference spectrum showing the change upon the 193 nm laser
photolysis of azide precursor (a) in solid Ar at 2.8 K. (B) IR difference
spectrum showing the conversion from triplet nitrene 49 (b) to singlet
isocyanate 50 (c) after standing the sample in the dark for 60 minutes at
2.8 K. (C) Computed IR spectrum of *49.

Reproduced from ref. 177 with permission from John Wiley and Sons,
© 2017 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim.

trifluoroacetyl nitrene *49 by irradiating the corresponding azide precursor
in solid matrices (Ar, Ne, and N,) with a 193 nm laser. Isocyanate 50 was the
main product observed. The weak IR bands assigned to *49 were found to
vanish quickly even at 2.8 K and while keeping the matrix in the dark
(Figure 1.50). Concomitantly, the intensity of the IR bands of 50 increased.
First-order kinetics for the *49 — 50 rearrangement were studied in various
matrices and at different temperatures. Noteworthy, temperature
independent rate constants were observed in the 2.8-23.0 K range. For in-
stance, rate constants of 11.9x10 * and 12.8x10 * s~ (half-life time of
<10 min) were obtained in Ar matrices at 2.8 and 19.0 K, respectively. The
fast and temperature independent rearrangement of nitrene *49 at extremely
low temperatures can only take place by a mechanism of heavy-atom tun-
nelling. The unexpectedly observed large "*N/'°N kinetic isotopic effect
(1.18-1.33) indicates that the tunnelling rearrangement does not occur solely
by shift of the CF; fragment, but that the nitrogen atom also plays a sig-
nificant role in the reaction.

As expected, calculations indicate that the triplet state of 49 is lower in energy
than the singlet state (by 50 and 30 k] mol ', at M06-2X/6-311+G(3df,3pd) and
CASPT2(10,10)/6-311G** levels, respectively). One minimum energy crossing
point (MECP) connecting the triplet 49 and the singlet 50 product was located
58.5 k] mol ™" above 49 [at the B3LYP/6-311+G(3df,3pd) level]. This estimated
rearrangement barrier reinforces the conclusion that only tunnelling can
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Figure 1.51 Competitive ring-open vs. ring-expansion reaction of benzazirine 52 to
triplet nitrene *51 and cyclic ketenimine 53, respectively.

explain the observed reaction at cryogenic temperatures. In less inert organic
matrices, like 2-methyltetrahydrofuran or toluene, the tunnelling transforma-
tion was dramatically influenced (the kinetics was considerably reduced), im-
plying that for this system intermolecular interactions can have a huge effect on
the tunnelling probability.

The most recent example (2019) of heavy-atom tunnelling observed in
cryogenic matrix conditions was reported by our group in collaboration with
Schreiner’s group (Figure 1.51)."”® Triplet arylnitrene *51 was first generated
by photolysis (254 nm) of p-azidoaniline in an Ar matrix at 3 K and its vi-
brational signature was obtained. Subsequently, nitrene *51 was depleted by
irradiation at A =435 nm, resulting in the formation of the cyclic ketenimine
53 and a small amount of benzazirine 52. Ketenimine 53 was selectively
converted to nitrene *51 by irradiation at 2 =350 nm, and a clear spectro-
scopic IR signature of these two species was obtained. In Ar at 3 K in the
dark, benzazirine 52 was found to spontaneously decay, and surprisingly the
rearrangement reaction simultaneously yielded two products, namely triplet
nitrene *51 and singlet ketenimine 53 (Figure 1.52).

A detailed assignment of the IR spectrum of 52 was performed with the
support of the B3LYP/6-311+G(2d,p) computed IR spectrum. Under these
conditions, a rate constant of ~5.5x10° s~ ' was obtained (half-life time of
~210 minutes) and the product *51: 53 ratio was found to be roughly 15 : 85.
Kinetic measurements were also performed at 10 and 18 K, and resulted in
rate constants of ~6.0x10° and ~7.0x10 > s ', respectively, ie., the
rearrangement rate of 52 barely shows an increase upon increasing the ab-
solute temperature by a factor up to five. Moreover, the product *51 : 53 ratio
practically did not change with the increase of temperature (18:82 at 10 K
and 17: 83 at 18 K). Therefore, it became evident that the rearrangements of
52 in cryogenic conditions, leading to the formation of *51 and 53, were not
due to thermally activated processes but to two independent and competitive
heavy-atom tunnelling reactions.

The formation of *51 conceivably involves the ring-opening of 52 to open-
shell singlet (OSS) 51 followed by fast ISC. Because OSS 51 can only be
adequately described using a multi-configurational wave function, the ring-
opening 52— 0SS 51 was computed at the NEVPT2(8,8) level, and an energy
barrier of 10 kJ mol ' was obtained. For the ring-expansion 52— 53, compu-
tations at the CCSD(T) level were found more reliable, and an energy barrier of
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Figure 1.52 (a) Experimental difference IR spectrum showing changes after keeping
the sample at 3 K (argon matrix) in the dark for 24 hours, subsequent
to depletion of nitrene 51 at A= 435 nm. The downward bands are due
to the consumption of benzazirine 52. The upward bands are due to
the formation of both *51 and 53. (b) IR spectrum of 52 computed at
B3LYP/6-311+G(2d,p) level of theory.

Adapted from ref. 178 with permission from American Chemical Society,
Copyright 2019.

30 kf mol ™" was obtained. Even a smaller barrier of ~10 k] mol " is prohibitive
at the cryogenic temperatures of the experiment, and according to the classic
rate theory, 52 should be stable (a half-life of ~10'* years at 3 K is predicted).
In addition, the observed major product 53 is separated by a higher computed
energy barrier than the minor product *51. This contradicts the rules inferred
from classical TST and can only be explained considering the occurrence of
heavy-atom tunnelling reactions and tunnelling control of the global chemical
reactivity exhibited by benzazirine 52."°

Computed tunnelling half-lives using the one-dimensional WKB formal-
ism do indeed predict the existence of two competitive tunnelling reactions
from 52, in accordance with the experimental observations.'”® Moreover,
computations also showed that in the ring-opening 52 — OSS 51, the nitrogen
atom in the three-membered ring is the heavy atom having by far the largest
displacement (a traversed arc of ~0.56 A), making the case for a predominant
nitrogen-atom tunnelling. Regarding the ring-expansion 52— 53, the two
carbon atoms in the three-membered ring are clearly the heavy atoms with
the largest displacements (a traversed arc of ~0.32 A each), making the case
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for a predominant carbon atom tunnelling. With this discovery, we unveiled a
new reactivity paradigm in this area, by demonstrating that a well-defined
chemical starting material decays spontaneously at cryogenic temperature
into two different products that arise from competitive heavy-atom carbon vs.
nitrogen tunnelling reactions.
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2.1 Introduction and Motivation

One of the hardest, but also most rewarding tasks in chemistry consists in
the generation of any molecule we can envision. This includes industrial or
pharmaceutical fine chemicals of high economic value or, more relevant to
this book chapter, small but intricate molecules of high academic’ (or even
aesthetic?) significance. In fact, the possibility of synthesizing complex
molecular structures starting from bulk chemicals through the manipula-
tion of atoms and bonds has been considered as one of the “holy grails in
chemistry”.** This urge to produce unique and extreme molecules was
elegantly summarized by Hoffmann," when stating that

“...the literature of organic chemistry has contained characterizations of
molecules as unstable, strained, distorted, sterically hindered, bent and bat-
tered. Such molecules are hardly seen as dull; on the contrary, they are
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perceived as worthwhile synthetic goals, and their synthesis, or evidence of
their fleeting existence, acclaimed. What is going on here? Why this obsession
with abnormal molecules? Is this molecular science sadistic at its core?”

This raises the question: is it even in the realm of possibilities to generate all
those extreme molecules? It is epistemologically impossible to determine only
by experimental means that an inexistent, hypothetical molecule can or cannot
be synthesized. At most, guided by rules of thumb it is possible to guesstimate
their viability. On this matter computational chemistry has the upper hand: it
can predict with high confidence the stability of any system whether in kinetic
or thermodynamic terms. Therefore, in silico studies can signal if trying to
synthesize certain molecules can be an impossible endeavour and/or a waste
of resources. This idea is not novel,"® but there is one critical aspect that has
never been considered: can quantum mechanical tunnelling (QMT) be the
reason why certain hypothetical molecules cannot be prepared? Which mol-
ecules people are actively trying to synthesize, when they are unstable even
close to absolute zero? In light of this, the motivation for this chapter is to
discuss the viability of computational chemistry in the prediction of the im-
possibility to create certain molecules in a real-life laboratory.”

Special emphasis will be given, obviously, to the QMT stability challenge,
an effect which we named “quantum tunnelling instability” (QTI'). This
molecular instability can, in principle, be driven by hydrogen tunnelling.
However, in most cases when speaking about strained molecules we mean
that the heavy-atom framework (mostly carbon-carbon bonds) is stressed,
while light hydrogen is only saturating their valences. Therefore, this chapter
is a practical exercise as well as a pedagogical and semi-philosophical ex-
position on heavy-atom tunnelling,'®'" a relatively new field that we are only
starting to scratch its surface.

2.1.1 Stability in the Eye of the Beholder?

Beyond the technical difficulties in the total synthesis of organic and in-
organic molecules, the most evident problem resides in their kinetic sta-
bility. Any single internal bond-breaking reaction can completely destroy the
molecule. Therefore, the system must be checked for its weak points (e.g
stretched C-C bonds) whose lability can kickstart the molecular de-
composition. Herein we will use the nomenclature introduced by Hoffmann,
Schleyer and Schaefer to distinguish the scope of the kinetic stability of any
particular chemical entity:”

““Viable” might be a label attached to a molecule that meets computational
criteria of persistence appropriate to ambient conditions in a typical chemical
laboratory environment.

fpronounced as /kju:ti/.
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“Fleeting”” molecules might be claimed legitimately based on computations
in which the sole energetic criterion is a vibrational analysis. That a molecule
is a local minimum, with barriers, albeit small ones, preventing escape from
its local basin.’

We can add the obvious term of “unstable” to a molecular geometry that is
not even a real minimum in the potential energy surface (PES), and therefore
will distort or be shattered without any external influence. So, if we would like to
physically create a new molecule, we will have to be sure that it is viable, or at
least that it is fleeting. In this case we must know at which temperature
“preventing escape from its local basin” is a sensible outcome: would it be
stable for a year in liquid nitrogen (AG*~ 30 kj mol™* according to transition
state theory)? Maybe for a century in liquid helium (AG*~ 1.4 k] mol *)? Clearly
the conditions of stability have to be stated, or the synthesis will be futile.

Still, one more situation must be considered. What if the barrier of the
fleeting molecule can be surmounted by going not over the barrier, but
through the barrier, in a QMT mechanism? If the reaction barrier is ex-
ceptionally narrow (not uncommon in exothermic bond-breaking reactions),
the activation energy is relatively low (not uncommon for strained systems),
and the atoms are reasonably light (i.e. up to second row elements), going to
deeper temperatures might not prevent the decomposition. The QTI might
be the death sentence of such molecule, and that is an aspect that has to be
included into the definition of “fleeting”.

2.2 A Primer: Computational Design of an
Impossible Molecule

One human obsession is trying to find the harder, better, faster, stronger; to
reach the extremes and win a Guinness world record certificate. This also fits
chemistry and chemists.'” In this sense, some years ago Martinez-Guajardo et al.
computationally designed an organic molecule with the shortest C-C ¢ bond."?
This caged tetrahedryl-tetrahedrane (TT, Figure 2.1) accomplishes such a

Figure 2.1 Computationally designed caged tetrahedryl-tetrahedrane (TT), with the
shortest known theoretical C-C ¢ bond (bond distances in A), and its
cage-opening mechanism.

Adapted from ref. 15 with permission from American Chemical Society,
Copyright 2014.
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short bond due to the “iron maiden” effect'* of the external chains plus the
enhanced s character of the carbons at the vertex of the tetrahedra thanks to its
forced angles.

The stability of TT was subsequently studied by the method of
Markopoulos and Grunenberg,'® which analyses the strength of individual
bonds. The conclusion was that the decomposition of the molecule should
occur by the rupture of one tetrahedrane from the shackles that maintained
the molecule in a forced equilibrium, followed by the opening of the tetra-
hedra, ending in a carbene product. The activation energy of such process is
circa 30 kmol '. Undoubtedly it would be tremendously complicated to
synthesize this molecule, but even if having the technical skills for such a
feat, would this fleeting molecule withstand the test of time?

A simple calculation under transition state theory [TST, eqn (2.1)]

=Rl o-aclyer (2.1)
h
gives a first order half-life (¢1=1In 2/k) of approximately some nanoseconds
for this reaction at room temperature, clearly not a stable system. However, if
we go to liquid nitrogen temperature the classical # reaches years, and
therefore TT can be considered fleeting, and can be preserved ad infinitum at
the right conditions. Or can it?

The tunnelling process of TT decomposition was studied computationally
(see below and in the original article for the methodology),"” with un-
expected results. The maximum predicted half-life of this caged tetrahedryl-
tetrahedrane is of the order of milliseconds due to a QTI process; no matter
at which temperature we would like to keep it, it will swiftly decompose; any
attempt to synthesize this molecule would be futile!

Some other observations of the computational study, which are typical of
many tunnelling processes, were that:

e Below ~50 K the rate of decomposition is constant since QMT is, in
principle, a temperature independent process (tunnelling from the
ground state, see Scheme 2.1).

e From ~50 K and up to ~150 K the rate grows with raising temperatures.
Although QMT is formally invariable, that does not preclude other
processes from being temperature dependent. In this case, it is the
occupation of vibrationally excited states that makes for a lower and
narrower effective barrier (vide infra), in what is called thermally (or
vibrationally) activated tunnelling (Scheme 2.1)."”'®

e The carbon kinetic isotope effect (KIE) is huge, reaching values higher
than 2 at cryogenic conditions (compare to the expected value of 1.04 for
the classical first-order KIE at room temperature). The change of slope is
a clear indication of change in the kinetic regime (classical, thermally
activated tunnelling, and ground-state QMT, Figure 2.2 and Scheme 2.1).

e The magnitude of the KIE is a direct clue of which atom hinders the

most the QMT process (the “tunnelling determining atom”,'>*>!
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Scheme 2.1 (A) Thermally activated tunnelling occurring by occupation of excited
vibrational states, producing a lower and narrower effective barrier.
(B) While tunnelling from a specific state is temperature independent,
the occupation of excited states follows a Boltzmann distribution, and
therefore QMT from excited states are temperature dependent. The
superposition between all the states’ grofiles form the traditional
tunnelling curve in the Arrhenius plot."” (C) Systems with small gaps
between vibrational levels, typical of heavy-atom stretching modes,
form a wide curvature with temperature dependence starting at low
temperatures (red line). Hydrogen tunnelling, with large zero-point
energy (ZPE) and gaps between states, tend to have sharper curves
(green line).

carbon 1 in TT). This correlates with the length of the trajectory of each
atom across the reaction, as large displacements reduce the probability
of tunnelling. Since in heavy-atom QMT the reaction usually involves
many atoms moving through the least-action pathway,”*>* then it is
common to observe high KIEs for many atoms (in contrast to H QMT,
where this light atom tends to be the sole determining one).

o If the impact of each individual isotopic substitution is fairly
independent of other substitutions, then the KIE after multiple sub-
stitutions is roughly equal to the product of the individual substitutions
(KIE¢ota ~ IT; KIE;, see the blue curve in Figure 2.2). This approximation
mostly works in heavy-atom tunnelling; in hydrogen QMT the large
effect of H or D on the zero-point energy (ZPE) breaks the independency
of the different substitutions.
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Figure 2.2

Scheme 2.2

Chapter 2
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Three main **C/**C kinetic isotope effects on the decomposition of TT, and
the total KIE (in blue) after substituting all the fourteen carbons together.
Reproduced from ref. 15 with permission from American Chemical Society,
Copyright 2014.

(A) A strongly exothermic reaction tends to produce, according to
the Hammond principle, a lower activation energy, but it may also
generate a narrower barrier.'® (B) Endothermic reactions cannot
tunnel, unless there is enough thermal energy to populate high
vibrational states. (C) A stronger bond in terms of the force constant
(higher stretching frequency, red profile) may produce a narrower
barrier.

e The reaction involves very large movement of the atoms, especially of
C1. This should make QMT impossible. However, the reaction is deeply
exothermic, which makes the effective tunnelling distance quite short
(see Scheme 2.2).

e The degradation of a molecule can be a concerted, single-step reaction
(see the pericyclic reactions below), or it can comprise many steps, since
the intermediates might be unstable as well. In the case of TT, after the
opening of the first tetrahedron, the second one will open in a similar
fashion by QMT with almost the same half-life, in a kind of “domino

tunnelling”’.

9y 25
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TT is an example of a computationally designed molecule that will never
see the light due to being a QTI. Many other hypothetical molecules can also
be proven to be only computational exercises, but a much worse-case
scenario is when experimentalists actually try to prepare such systems.
Before recounting some of them, we will describe some computational
techniques to predict the QTI effect.

2.3 Theoretical and Computational Digression

2.3.1 Quantum Tunnelling: Theoretical and Practical
Considerations

Many chapters of this book already provide thorough expositions of the
diverse methods to calculate or compute the rate constants of molecular
QMT reactions. Therefore, we will bring here only a short introduction of the
basic concepts and methodologies used to compute the rates of the relevant
systems of this chapter.

For a tunnelling particle, the transmission probability depends approxi-
mately on the dimensionless action (s), according to:'*>'2¢"28

PXe™ s=wVAE'm/h (2.2)

where AE' is the activation energy, m the mass of the tunnelling atom, w
the barrier width, and x is the barrier shape factor. For example, for a rectangular
barrier x=2+/2, and for an inverted parabolic barrier x =7 //2 (with w con-
sidered at the maximum width). Evidently real barriers have their own unique
shape and therefore a unique x value (which can vary depending on where we
take the barrier width®'), but for didactical purposes we can assume here that
the shape factor is similar in most reactions. Undoubtedly, from the three fac-
tors that shape the transmission probability by QMT (barrier height and width,
and particle mass), the most critical is the barrier width. This means that a
“heavy” atom can tunnel as long as its trajectory is extremely narrow.'®'"*° For
instance, if H can tunnel through a barrier of 1 A with a certain probability, a
carbon atom will do so through a barrier of ~0.3 A with the same probability. Not
impossible, but it is quite rare to have a reaction with such narrow path. Because
of this, the myth of the impossibility of heavy-atom tunnelling was born.

Beyond the mass issue, the difficulties of massive atoms to tunnel can be
worsened by their longer bonds, which make wider trajectories in chemical
reactions. Therefore, extremely heavy (in a QMT sense) but strongly elec-
tronegative atoms like F or O may still tunnel,'*”° given that atomic radii
shrinks when going to the right in the periodic table. We can say that for
chemical tunnelling purposes there is the “fluorine wall”, beyond which
QMT is probably impossible.

As it happens, due to the short nature of covalent bonds, bond-breaking
reactions usually have short trajectories, as long as the reaction is strongly
exothermic (Scheme 2.24A). If it were not exothermic, there would be no state
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to tunnel to (unless the molecule was standing in a high vibrational state, for
which we need high temperature, see Scheme 2.2B). But why would a more
exothermic reaction, a thermodynamic effect, affect the kinetics? In classical
reactions this is roughly explained by the Hammond principle (similar in
spirit to other relationships like the Marcus equation or the Bell-Evans-
Polanyi principle): a lower energy product brings down the activation energy,
since the transition state gets more similar to the reactant. However, what is
less known is that it also makes the barrier narrower, and therefore it affects
twice the tunnelling chances (Scheme 2.2A). This significant factor does not
appear in classical (TST) kinetics.

Note that eqn (2.2) is an approximation for a sole particle tunnelling, while
in real molecules several atoms move synchronously, especially in heavy-
atom tunnelling. While in H tunnelling systems it is basically the hydrogen
moving, the mass-weighted coordinates on carbon-based reactions is a
function of the whole system (or at least of several atoms), as was seen in
Figure 2.2. Therefore, the tunnelling mass is generally not as simple as the
mass of one atom (think of the n-bond shifting on cyclobutadiene,*" where
the four carbons move identically). Furthermore, what we might consider
the “tunnelling determining atom” according to our chemical intuition
might be an oversimplification of a holistic movement of the molecule
through barriers of arbitrary shapes.*** Therefore, for realistic tunnelling
corrections there is no simple analytical equation that can universally pro-
vide accurate results. Ballpark estimations are always possible, but expect
errors of many orders of magnitude on the rate.

Some of these general approximations for QMT include the transmission
estimation through different barrier shapes, such as the rectangular and
parabolic profiles, or the popular Eckart function.® If a “fast and dirty”
calculation of QMT is required, the tunnelling limit (73,), which is nothing
more than the calculation of the action [eqn (2.2)], taking the barrier width
as the half-height width of the minimum energy pathway (MEP) curve,">°
may be sufficient. A more advanced methodology that fits the shape of any
barrier is the WKB approximation, which basically integrates the permea-
bility as infinite points on the MEP,***®%? thus providing more accurate
results when the barrier does not have a regular shape.?* These approxi-
mations do not require costly computations, but they typically lack a ther-
mally activated tunnelling correction (with higher occupied vibrational
states the barrier becomes lower and narrower), the possibility to “cut
corners” (see below), and other factors such as the inclusion of zero-point
energy and vibrational level quantization into the MEP.

QMT corrections that take thermal effects into account include, for in-
stance, the renowned but inaccurate Wigner correction (taking as parameters
the temperature and the imaginary frequency of the transition state),”*>® the
Bell method based on a truncated parabolic potential,>>*> the correction of
Skodje and Truhlar,**?” and the correction of Fermann and Auerbach.’® A
much more advanced method that includes canonical variational transition
state theory for an arbitrary shape barrier is the zero-curvature tunnelling
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(ZCT) method,*****° which, combined with the canonical variational tran-
sition state theory (CVT),>****° is arguably the most accurate technique that
runs through the MEP. These methods are not always more accurate than
simpler methods such as the use of Eckart’s function, but that comes through
accidental error compensation.*!

The main missing factor resides in the multidimensional nature of the
PES, which raises the possibility of cutting corners to pass through the least-
action pathway [i.e. maximizing the tunnelling probability, eqn (2.2)].>>">*
The trajectory through the transition state usually requires reorganization of
the whole system, entailing a large sum of masses moving collectively,
hindering the tunnelling process. Thus, the QMT calculation across the MEP
(used by all the previous techniques) underestimates the tunnelling contri-
bution. A highly accurate method that can cut corners (i.e. going through
shorter pathways than the MEP) but at the cost of being extremely
demanding computationally is the small curvature tunnelling (SCT)
correction.”***? Based on ZCT, the SCT correction has the added capability
of mapping the MEP with multidimensional contributions by calculating
second derivatives of the energy all along the valley. Noteworthy, SCT (and
ZCT) can find the rate of a reaction including tunnelling both from the
ground state and from vibrationally excited states (aka ‘“‘thermally activated
tunnelling”). As such, the SCT method will be our method of choice here to
provide accurate tunnelling rates, as provided by Polyrate17** in combin-
ation with Gaussian16*® for the DFT computations. When combined with a
good choice of functional and basis set, this methodology proved to be a very
successful choice.’>***® We must also mention here the also popular
instanton method, which has proven itself to be the best alternative to SCT;
for more information on this method we refer the reader to Chapter 7.**

The question of the use of the large-curvature tunnelling (LCT) method
instead of SCT for heavy-atom tunnelling has been raised in the past. LCT
uses a much shorter trajectory than SCT,**** even if it involves much higher
energies, which is useful when extreme corner-cutting is necessary. This
arises when the least-action pathway involves keeping the heavy atoms
almost immobile, and therefore it is more significant for H transfer re-
actions than for heavy-atom tunnelling. In practice, if the difference between
the ZCT and SCT rates is not large (say, an order of magnitude), then LCT is
probably unnecessary.

2.3.2 Electronic Structure Methods and Methodological
Challenges

The idea of predicting, helped by computational means, that a molecule is
unsynthesizable opens an epistemological question: how scientific would
this prediction be?

Let us say that the lifetime of molecule A is predicted to be milliseconds at
zero K, after which we will obtain product B. This will make the process of
creation and detection of A absolutely impossible within the current
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experimental capabilities (and for the foreseeable future). The fact that the
molecule cannot be experimentally detected can be ascribed to its inherent
instability or, alternatively, to the faulty techniques used to synthesize it. Since
we cannot know if the computations were accurate enough, we can only
disprove our prediction if we experimentally detect A. At maximum, if we see
signs of B, we can presuppose that it came from A, but this is a much weaker
proof of its fleeting nature. Moreover, if we predicted that A is an impossible
molecule, who will make the expensive effort of trying to synthesize it? In other
words, we cannot strictly falsify our prediction of the instability of A vis a vis the
alternative hypothesis that A is just too difficult to synthesize; this renders
our instability hypothesis as “non-scientific’’ from a Popperian perspective.*’
The only way out of this epistemological conundrum is to be sure that our
computations are sufficiently accurate, either by using extremely high-level
methods, or by using cheap methods validated vis a vis high-level methods
(or matching experimental methods, vide infra). In such a case, we partially
cover the Popperian complication with an “a proxy” solution.

Since accurate SCT values are costly, we usually have to settle for DFT with
a judicious basis set. Therefore, our best chance to produce trustworthy
computational results is by selecting an inexpensive quantum chemical
method through proper benchmarking. Bear in mind that different func-
tionals can produce wildly different results, so benchmarking is a must
(do not trust any paper that blindly employs a functional without proper
testing in similar systems with similar properties). Benchmarks are typically
carried out by comparison with high-accuracy computational methods,
typically CCSD(T) or some approximation to it***° with a complete basis
set, but sometimes multireference methods are required. Alternatively,
comparison with tunnelling reactions with experimentally known rates can
be used. Both approaches have ups and downs.

Computational benchmarks can only be carried out on small molecules,
but in an almost limitless number. This gives a veil of validation to any DFT
or similarly cheap method that matches the results of most of these cases
(even if it is by error compensation). But here is the deal: we will only obtain
an accurate functional/basis set combination for gas phase energies.
We hardly consider the accuracy of geometries (since good geometries are
easy to obtain), and it will probably not include free energy corrections
(neglecting errors in the frequencies, entropy and solvation). However, most
important for our current purposes, it does not contemplate tunnelling rate
constants as the target measurement.

It might be a small leap of faith, but there are reasons to believe that SCT
provides a highly accurate technique to compute QMT corrections, as long as
the PES is accurate.>*>? Since a chain is only as strong as its weakest link,
finding a good functional/basis set that agrees in terms of activation ener-
gies with the benchmark values will then be the best single step to achieve
reliable results. On the other hand, there is a clever trick to reshape the PES
by applying a dual-level method,***° where individual energies obtained by a
high-level method [typically of the reactant, transition state and product,
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obtained with CCSD(T)], can fix to some extent the energy profile obtained
with a lower-level method (typically DFT).

In addition, we must discuss the elephant in the room: molecules are
seldom obtained in sterile, gas-phase conditions, and solvent and other
extra-molecular interactions are extremely hard to mimic. No coupled cluster
benchmark can withstand the computation of the non-covalent interactions
of the reactive molecule with its surrounding, while continuum solvent
models,”" with all their attractiveness as a simple correction for tunnelling,*®
can have errors larger than the functional inaccuracies. Since it is known
that the medium can severely affect the tunnelling perspectives,****>* this is
an ongoing and unfinished debate.

Yet, when we argue that experimental tunnelling results are more accurate
than computational ones, what kind of experiment are we speaking about?
Room temperature QMT can be detected by kinetic isotope effects, rate
constant anomalies (low activation energy and pre-exponential factor in an
Arrhenius graph) or other methodologies,*® but in most cases the reactions
are carried out in solvent phase. When we test for low-temperature QMT
(where most heavy-atom tunnelling reactions are found, as they can be easily
distinguished in those conditions from classical thermal reactions), we have
a much more limited number of chemical media. It is hard to find con-
venient liquid solvents at liquid nitrogen temperature, let alone at liquid
helium conditions. Therefore, if we are not checking interstellar reactions
in situ, we are left with a small assortment of experimental methods to set up
and isolate the molecules to study, with abysmal differences between them,
such as:

e Supersonic expansion® (gas phase-like media)

e He nanodroplet™ (liquid-like media)

e Matrix isolation®® (weakly interacting amorphous solid-like media,
including noble gases, H,, N,, etc.)

e Glassy matrices® ™’ (moderately interacting amorphous solid-like
media, such as organic molecules)

e Doped crystals®® (very strongly interacting crystal-like media).

The interaction with the different media (or lack thereof) will make
significantly disparate tunnelling rates. Therefore, how can we speak of an
“experimental value” to take as a benchmark? Furthermore, when due to the
variability of interactions in amorphous matrices we have a range of rates,
then the best we can do is to compare the computational results with specific
experimental methods and to consider an average of the random inter-
actions. This can produce a different “best functional” compared to the
hypothetical selection based on computational gas-phase benchmarks.*?

Summing up, the stability of any molecule will be associated, to a certain
extent, with the medium. Still, it is highly unlikely that a molecule will
undergo tunnelling in one case while being stable in another (except for the
case where the system is encapsulated inside a crystal or a host molecule
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that completely hinders the decomposition). Therefore, when selecting the
method to carry out the electronic structure computations, we have to be
aware that it can show accuracy compared to a specific type of experiment
(possibly due to a happy coincidence or error compensation®), but we
cannot expect foolproof precision under every possible circumstance. What
computations can give is a highly educated semi-quantitative prediction of
molecular stability. In the end, if we do not know if a molecule can be stable
for a microsecond or a millisecond, we will not split hairs about such a
difference.

For this chapter all the reactions were computed with similar techniques
(SCT and DFT). We direct the reader to the original articles to check the
methodology details of the already published systems, while for the re-
actions considered here for the first time we will specify the quantum
method, with the understanding that all the rates are ballpark predictions.

2.4 Quantum Tunnelling Instability: Past and Future

2.4.1 Some Published Examples

As said before, QTI implicates mostly heavy-atom tunnelling,'®"" of which
many examples were cited in this same book. Between the systems that show
instability, we can mention the photochemically obtained carbene systems
that are designed to be reactive:*>*°®* the surprise here is not that they can
react, but the fact that in some cases the QMT is slow enough to prove their
fleeting existence (Scheme 2.3A).'%??%39°%3 However, our focus is not to
study molecules that are deliberately reactive but to find the molecules that
are supposed to be stable, and therefore appropriate synthetic targets.

2.4.1.1 Ozone

A personal favourite of such a system is the cyclic, meta-stable D3, ozone
(Scheme 2.3B and Figure 2.3). This geometry is ~120 kj mol ™" higher than
the known bent C,, O, with an interconversion “forbidden”®® barrier of
~105 kJmol ', enough to stabilize it forever and ever (these values are so
difficult to obtain that the reaction is used as a trial by fire to test the ac-
curacy of quantum methods).®® The spectroscopic characteristics of cyclic
ozone are theoretically known,®”°® so if one day the molecule is created, we
already know how to detect it. And yet, after many tries (we do not know how
many, since negative results are virtually unpublishable), nobody has seen a

A B

£\ o)
P A

Scheme 2.3 (A) Ring expansion of cyclopropylcarbene, a prototypical example of
carbon tunnelling.®* (B) Ring opening of cyclic ozone."
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Figure 2.3 Potential energy surfaces of ozone ring opening.
Reproduced from ref. 19 with permission from American Chemical
Society, Copyright 2011.

naked ring of O3,°” in spite of having a more intuitive Lewis structure than
the dative bond stabilized bent ozone.®® The closest we were to seeing it was
a three-oxygen ring stabilized by an MgO surface’® (maybe a transition metal
complex can do the trick as well”"). However, are we ever going to see pure
cyclic ozone? Probably not, unless a transient species with a half-life of a
minute counts. Chen and Hu'® “proved” computationally that below 100 K
the rate of ring opening is temperature independent, that is QMT from the
ground state. Therefore, unless stabilized by strong chemical interactions
(which in our view should be considered as a different species), cyclic ozone
cannot be obtained as a fleeting species in a flask under any conditions. At
maximum, it might be fortuitously observed and accidentally characterized
as a very short-lived intermediary in the path to create regular ozone. We will
therefore put cyclic ozone in the QTI category.

2.4.1.2 CMes"

Cyclic O; does not really decompose, it just switches to a not so different
geometry with an altered connectivity. However, there are other studied sys-
tems whose hypothetical decomposition is much more drastic. For instance,
some years ago McKee et al. studied the possibility of having an “impossible”
pentamethyl carbocation (CMe; *, Figure 2.4).”> This molecule should actually
be a fleeting system, with a real minimum at the PES, albeit with an extremely
low activation energy leading to its decomposition (6.9 and 5.7 kJmol *
(E4+ZPE) for pathways 1 and 2, respectively). With such low barriers nobody
would dare to take the challenge to synthesize it, but from a theoretical
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Figure 2.4 CMe;s" and the two most probable decomposition mechanisms (dis-
tances in A).**7>
Reproduced from ref. 44 with permission from the PCCP Owner Societies.

perspective at liquid He conditions the molecule should be stable for many
times the age of the universe. At least if we neglect the QTI possibility.

SCT computations pointed to a completely different conclusion.** The t of
CMe;" was of the order of microseconds, with temperature independence
(aka ground state QMT) up to ~50 K. Therefore, the unlikelihood of ex-
perimentally detecting this molecule comes not only from technical organic
synthetic complications, but also from the impossibility to keep the mol-
ecule “alive” for a sensible time, at least to obtain any type of spectroscopic
characterization. In this sense, this is a clear QTI.

CMe;" has some other interesting effects up its sleeve. First, from the
barriers’ heights pathway 1 (C-C bond stretching of the axial methyl group,
see TS1 in Figure 2.4) should be slower than pathway 2 (C-C-C bond
bending, TS2 in Figure 2.4), and therefore the product of the latter (ethane
and trimethylcarbenium) should be in higher concentration than that of the
former (methane and ethyl-dimethylcarbenium), with the ratio depending
on the temperature (approximately 1:10 at liquid N,). However, due to the
narrower barrier of mechanism 1, the selectivity is inverted via a tunnelling
control effect,®”®>”? which penalizes reactions with longer atomic trajec-
tories. Close to absolute zero, the ratio of products would be 8:1 in favour of
the higher energy barrier path.
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Also interesting is a technique to improve the stability of CMe;". In
principle, we can reduce the QTI by buffing up the mass of the tunnelling
determining atoms (upper axial carbon in the first mechanism of Figure 2.4).
However, a change from "*C to >C makes the reaction only half as fast, with
a half-life going from 6 pis to 12 ps; still a clear QTI. In contrast, substituting
all the H with D has a much more striking effect, with &1 =4 ms. Still a QTI,
but three orders of magnitude more stable. However, this occurs despite
substituting mostly immobile atoms! How does this tunnelling heretical
paradox transpire? The answer is that QMT is not the sole quantum effect in
play, since the zero-point energy is significantly reduced in the isotopic
substitution of this molecule, producing an approximately 30% higher ef-
fective barrier when having an all deuterated molecule.** As a note, this large
isotopic effect is only valid for reactions with very low barriers and lots of
hydrogens close to the reactive position.

2.4.1.3 Pericyclic Reactions

Pericyclic reactions are a fascinating type of organic reactions where the
transition state has a “cyclic array of continuously bonded atoms”,”* even if the
reactant and/or product does not.”>’® They are concerted, in many cases with
little atomic movement, which favours QMT chances. The big exception is
when having a rotation of larger than hydrogen substituents, as in the “con-
rotatory/disrotatory’”’ reactions described by Woodward-Hoffman rules, which
can severely hinder the tunnelling transmission.*®’” The rearrangement is an
electronic game of bond breaking and forming, which is usually considered to
be a synchronized cyclic movement of p atomic orbitals switching from c to
molecular orbitals and vice versa (see Schemes 2.5-2.6 for some examples that
can occur by QMT from the ground state). Interestingly, whether the reaction is
synchronous or asynchronous may depend on whether the reaction goes
through an over the barrier or through a tunnelling mechanism.”®

From a reactivity perspective, we can divide these reactions between exo-
thermic and isothermic. The latter, except for fortuitous cases, involve de-
generate rearrangements (aka automerizations) with a symmetric double or
multiwell PES. Starting from the breakthrough discovery of the m-bond
shifting in cyclobutadiene®’”® many other degenerate pericyclic reactions
have been found experimentally or theoretically.'®'" These are not of
interest in a QTI chapter, but since they are excellent examples of heavy-atom
tunnelling, we show some examples in Scheme 2.4.

From the known exothermic pericyclic reactions, we can first cite the ring
expansion of benzazirine (Scheme 2.5A).%%°*%1%2 The reactant can be created
photochemically from aryl azides, and, depending on the substitutions on
the ring, the reactions can occur in a measurable time (i.e. in a matter of
days) even close to absolute zero. This means that we can have certainty of
the existence of the benzazirine by spectroscopical analysis, and therefore
this system does not really count as a QTI. Interestingly, an alternative and
competitive pathway involves the opening of the azirine cycle, forming
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Scheme 2.5 (A) Benzazirine to keteneimine. B) Benzazirine to phenylnitrene.®”
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Scheme 2.6 Cyclic hydroxylamine ether to linear 4-iminobut-2-enal.®®

phenylnitrene (Scheme 2.5B). While the six-membered ring opening involves
mostly carbon tunnelling, the three-membered ring opening is based on
nitrogen tunnelling.®” The final outcome depends on the kinetic control of
the tunnelling effect.®>”*

Several other pericyclic reactions have been computationally proven to
react with significant tunnelling from excited vibrational states.'”'® Al-
though they are interesting cases, they would be completely stable at low
temperature and therefore not exactly suffering from QTI. A real, and maybe
the first, case of QTI came with the analysis of a cyclic hydroxylamine ether
(Scheme 2.6) as an intermediate in a complex series of reactive species.®” In
spite of having a barrier of 26 kJmol ', this molecule was predicted to
undergo an extremely fast electrocyclic ring opening no matter the tem-
perature. With a computed half-life of some microseconds, it would be
completely impossible to isolate such a ring. The molecule can be syn-
thesized, but not observed. The only proof of its super-fleeting existence
would be the detection of the iminobutenal product.

As Borden states in his key review on reactions that involve carbon
tunnelling:

“Thus, if [the cyclic hydroxylamine ether] were ever prepared, even at cryo-
genic temperatures, Dr Chen’s calculations predict that it would probably not
be observed; and only its rearrangement product would be isolated. . . Dr Chen
was, therefore, very surprised to find a paper in which Mark Lautens and
coworkers reported the synthesis, isolation, and characterization of a dimethyl
derivative of [the hydroxylamine ether].®® When informed that his purported
reaction product could not exist for more than about 1 0% s, even at 30 K,
Professor Lautens reinvestigated the ">C NMR spectrum of the compound that
he had isolated. The compound turned out not to be a dimethyl derivative of
[the hydroxylamine ether], but, instead, 2,4-dimethylhydroxypyrrole!”

Is there a more joyous moment for a computational chemist than to
correct an experimental result?



78 Chapter 2

2.4.2 Some Unpublished Examples: Pericyclic Deazatation

At the present time the number of unknown molecules with known QTI
adversities is extremely small, but there is a large number of unknown
strained molecules that are actively pursued experimentally, or those that are
hypothesized to be “worthwhile synthetic goals”.! These systems usually
have one thing in common: they comply with Lewis structures, but their
bond angles and lengths are less than optimal (see above the tetrahedryl-
tetrahedrane case in Section 2.2). Some other systems suffer from instability
only due to their exothermicity (as in the cyclic hydroxylamine ether,
Section 2.4.1.3), which makes a lower and narrower barrier following the
Hammond postulate (Scheme 2.2). Of this last category are the systems we
are going to discuss as a final exercise in heavy-atom tunnelling.

One of the most famous families of organic reactions is the pericyclic
cycloadditions (such as the Diels-Alder case) or, more relevant to this work,
their reverse case, the cycloreversions. In this, the molecule breaks down
into two fragments through a pericyclic bond rearrangement, as shown in
Scheme 2.7. If the products are particularly stable, for instance an aromatic
system and N, (the “leaving group”’), then Hammond might be on our side.
It must be noted that Woodward-Hoffmann rules, critical to define if a
pericyclic reaction is allowed or forbidden (that is, thermally of photo-
chemically reactive, respectively), might bear little responsibility for the
tunnelling rates here; not only it is hard to determine the barrier width
according to these rules but also the extreme exothermicity and relatively
eccentric bonding blurs any hint of prediction based on them.

We decided to test several hypothetical compounds that can degrade by a
cycloreversion mechanism, all of them having N, as the leaving group
(a deazatation), and therefore producing exothermic reactions (Scheme 2.8
and Figure 2.5). All of them have an early transition state, an important
factor for QTI, as it helps in making narrow tunnelling trajectories. As a
reminder, the full displacement of atoms through the complete reaction is
irrelevant, as only the movement from the reactant to the state of same
energy in the product side determines the barrier width (Scheme 2.2).

A couple of the selected reactions have an open-shell singlet transition state
(reactions 3 and 5 in Scheme 2.8). This is not particularly surprising, con-
sidering that breaking bonds can easily produce diradicals. On the contrary,
the surprise is that most of these reactions go through a closed-shell transition
state. The symmetry of the reactions and the fact that two C-N bonds must be

+ N,

~(yV—N

Scheme 2.7 Prototypical cycloreversion reaction. The stability of the products,
especially the triple bond of N,, creates its driving force and low
activation energies.
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broken helps to maintain the orbitals fully occupied in synchronous reactions.
As can be seen in the cases of benzene formation from a cis-diazenediyl group
(reaction 3) compared to a strained ¢rans system (reaction 2), the open or
closed-shell nature of the path is connected with Woodward-Hoffmann rules
and the antara or suprafacial mechanisms (we leave to organic chemists the
analysis of this reactivity pattern). What we must emphasize here is that for
this type of reaction a study of the stability of the wave function is a must, or we
can fail in finding the proper decomposition pathway. Unrestricted DFT might
lower the accuracy, since we require, in principle, a real multireference
method. However, while unrestricted DFT has some unphysical artefacts (such
as huge spin contamination and unrealistic a3 spin differences), the energies
provided by this method are actually not that bad, especially if proper
benchmarking was carried out.

We show here the results obtained with (u)B3LYP/6-31G(d), since this
inexpensive functional-basis set combination actually provided excellent
accuracies compared to experimental results in cryogenic noble gas
matrices.*” For comparison, M06, a more accurate functional compared to
CCSD(T) benchmarks (that is, probably better compared to gas-phase
reactions), provides slightly higher barriers with QMT rates larger by one,
two or up to three orders of magnitude. As described before, these differences
can also be seen in different experimental set-ups (Section 2.3.2), and
therefore it is not an exclusive problem of theoreticians. For reference, we
carried out all the QMT computations using Polyrate software,** Gaussian for
the DFT computations,*® and Gaussrate for communication between them.®’
For the SCT we used a small step of 0.001 and the quantized reactant state
tunnelling (QRST) option.*®

Table 2.1 and Figure 2.6 show the most relevant information for these
eleven systems. Let us extract some conclusions from them.

Except for compound 4, which has no minimum and decomposes with a
barrierless reaction, at extremely low temperatures (below 10 K) all these
molecules should be stable under a semi-classical mechanism (if they can be

Table 2.1 SCT rate constants (s ') and half-lives (s) at 4 K, transition state imaginary
frequencies (cm ), threshold and reaction energies (AE* and AE,,, k] mol %)
for the deazatation decompositions of the eleven systems of Scheme 2.8.

Compound AE* AE. % k a

1 36.2 —131.3 524 0.02 32

2 41.8 —482.0 413 3x107° 2x108
3 85.3 —378.0 858 5x10 3 1x10*
4 Unstable

5 52.5 —432.1 899 2 0.4

6 7.8 —232.9 398 6x10° 1x1071°
7 44.7 —63.7 547 2%x10~* 4%10°
8 54.0 —233.0 719 2x10™%° 3x10%®
9 76.4 —26.6 475 3x10 2 2x10%°
10 95.8 —234.0 621 1x107 % 7x10%°
11 72.1 —571.3 477 3x10°%° 3x10%*
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Figure 2.6 Arrhenius plot of the QMT included decomposition rates of the eleven
systems of Scheme 2.8. Horizontal dotted lines show, for reference,
selected half-lives.

synthesized in the first place). However, compounds 6, 5 and 1 will
decompose even approaching absolute zero due to heavy atom QTI from the
ground vibrational state (& of the order of nanoseconds, seconds and
minutes, respectively). 7 would be stable for around an hour, and therefore
an extremely fast and efficient organic chemist might still detect it by some
spectroscopic method.?® As explained before, these predictions are extremely
sensitive to the method, so they must be taken with some sensible
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scepticism; remember that semi-accurate rate results require highly accurate
computational work.

The correlation between the activation energy and the logarithm of the
QMT rate for this series of deazatation reactions is very weak (R*~0.3), a fact
that emphasizes the importance of the barrier width and shape. However, if
we take out reaction 8, a clear outlier with a huge movement of the ring
(going from a “tub-shaped” to planar geometries and back, see Figure 2.5),
R® grows to~0.7, indicating that knowing the activation energy can still
provide a hint on the likelihood of having QMT. Yet, since each reaction has
its particularities, it might be very tricky to make a priori rate estimations. Or
as Sherlock Holmes said, ‘It is a capital mistake to theorize before you have all
the evidence. It biases the judgment.”

2.5 Final Words

Beyond a couple of ground-breaking exemplars,*°”*° heavy-atom tunnel-
ling is undoubtedly a 21st century phenomenon.'>'! In this context it is
understandable that the concept of quantum tunnelling instability has not
been thoroughly considered. But in this day and age we have the insight to
discern which unknown molecules might have the potential to rupture by a
QTI mechanism, and, more importantly, we have the computational tools to
predict their lifetime. This information is invaluable for those seeking to
synthesize unusual and exceptional molecules. Clearly most hypothetical
molecules that live only on paper but comply with Lewis structures would
exist if taken to low enough temperatures. However, it would be a serious
misuse of resources to hunt for those particular systems where nuclear
quantum effects give a pathway to their decomposition.

In this chapter we have discussed several hypothetical organic molecules
that, under current capabilities, will be impossible to detect or synthesize. We
analyzed the characteristics that such molecules must have to react in a QTI
manner, some methodologies to compute their rates, and we debated on the
validity of such computations and predictions. In this sense, this chapter was
partly a review, a road map, and a manual to understand heavy-atom tunnelling.
In addition, as an exercise, we managed to include some new results within the
family of pericyclic reactions that provide a general overview of the topic.

One can only wonder how many other fleeting systems have been theo-
retically predicted but will not pass the tunnelling test. Or, quoting the title
of the essay of Hoffmann, Schleyer and Schaeffer,” we may say: “Predicting
Molecules—More Realism, Please!”

Abbreviations

CVT Canonical variational transition state theory
DFT Density functional theory

KIE Kinetic isotope effect

MEP Minimum energy pathway
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PES Potential energy surface
QMT Quantum mechanical tunnelling
QTI Quantum tunnelling instability
SCT Small curvature tunnelling
TST Transition state theory
ZPE Zero-point energy
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3.1 Introduction

Proteins are key elements in nearly all biological systems and the transport of
electrons and protons within the protein environment is both ubiquitous and
fundamental to biological function. The measurement and analysis of electron
and proton transfer rates can pose unique challenges to experimentalists, par-
ticularly when the rates are governed by tunnelling processes.'>* Because of the
many degrees of freedom and timescales associated with protein motions, a
precise theoretical analysis can become quite complicated. The large size of
protein macromolecules, along with their (sometimes slowly) interconverting
conformational sub-states, make a full quantum chemical calculation intract-
able, particularly in enzyme systems where a wide range of protein conform-
ations is often associated with substrate binding and release. This situation can
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be approached theoretically with modern computational techniques that span
regions governed primarily by classical dynamics and interface with the regime
undergoing the quantum mechanical (QM) tunnelling reaction.>**° Within this
context, there have been various theoretical developments over the years that
include path integral approaches and empirical valence bond potentials (EVB)
used to probe the role of nuclear quantum effects,*’ " multidimensional tun-
nelling,**?° variational transition state theory,”*® approximate quantum tra-
jectories,**® wave packet dynamics on dynamic hybrid density functional
theory potentials,*' and ring polymer molecular dynamics** to name a few.
However, a complete review of this extensive literature reaches far beyond the
scope of this chapter, which is focused on simple analytical models that may be
of use to experimentalists.

Generally, there are many variables and interactions embedded within
these more theoretically complete models and the computations can
sometimes be quite time consuming, creating an obstacle to experimental-
ists who often want a simple and straightforward method for analyzing and
characterizing their experimental data. Thus, it is useful to have relatively
simple analytical expressions at hand that can sequester some of the fun-
damental aspects of proton tunnelling into a minimal set of parameters that
can be used for comparison with experiments as well as with the more
elaborate theoretical approaches.

Building on past work,'*#?>%3732 the intent of this chapter is to outline
some useful analytical approaches, as well as a few of the associated pitfalls,
which may prove helpful to experimentalists when analyzing proton (and
proton-coupled electron) tunnelling kinetics. Two prototypical examples will
be emphasized, both of which can be treated using a “golden rule” type of
analysis in what is sometimes referred to as the vibronically non-adiabatic
regime.®” Within this regime, the two fundamentally different situations that
will be examined are the electronically non-adiabatic and the electronically
adiabatic limits. For these two limits, the electronic response time is either
slow or fast, respectively, relative to the proton tunnelling process."®*%>*
For the electronically non-adiabatic case, the off-diagonal coupling between
the reactant (R) and product (P) electron-proton vibronic states involves a
(usually very small) vibronic coupling, which is defined as the product of the
Franck-Condon overlap for the reactant and product proton vibrational
wavefunctions and an electronic matrix element, Vzp, that couples R and P.

In contrast, for proton tunnelling in the electronically adiabatic limit, the
off-diagonal coupling involves the splitting of the symmetric and anti-
symmetric proton vibrational wavefunctions within a single double well elec-
tronic potential energy surface. This “tunnel splitting” is also usually much
less than kgT (ksT, =200 cm ™' for T, =298 K), so long as the proton energy
levels are located well below the barrier between the two potential wells (this is
the so-called “deep tunnelling” regime). The golden rule expressions can be
used with reasonable confidence in both the electronically non-adiabatic and
adiabatic cases so long as these off-diagonal vibronic coupling terms remain
small (i.e., weak coupling < kgT). However, for the electronically adiabatic case
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there is, in principle, the possibility that the heavy donor (D) and acceptor (A)
atoms are so tightly compressed that the barrier between the reactant and
product states is lowered and the tunnel splitting starts to approach or exceed
kgT. This strong coupling regime is referred to as the adiabatic proton transfer
limit">** and, under this condition, the golden rule no longer applies. We will
briefly discuss the adiabatic proton transfer limit in Section 3.3.3.2 in the
context of anharmonic donor-acceptor potentials and the external forces be-
tween the donor and acceptor atoms that help to facilitate proton-tunnelling-
based catalysis in enzymes.

In Section 3.2, we will present some of the basic concepts and define the
various classical and quantum subsystems and timescale separations that are
used to reduce the tunnelling rate expressions into a tractable analytical form.
We emphasize the importance of analyzing and predicting rates on an absolute
scale using either the quantum or the classical model for the D-A motions.
A discussion of the normal modes comprising the donor and acceptor sub-
system is presented in Section 3.2.4, along with methods to properly assign an
effective reduced mass and frequency to the D-A oscillator. To do this, we
present a specific example, using the well-structured green fluorescent protein
(GFP) and show how the low-frequency spectral density that contributes to the
relative donor-acceptor motion, which is of crucial importance in vibrationally
assisted tunnelling reactions, can be captured using an Einstein oscillator
model. In Section 3.2.5, we also consider the experimentally observed rate in
the context of enzyme conformational interconversions that may be occurring
on timescales that compete with the inherent tunnelling rate.

In Section 3.3, the electronically non-adiabatic proton tunnelling and proton
coupled electron transfer rate expressions are discussed for the fully quantized,
and Duschinsky mixed, sub-system composed of the D-A and the light atom
(H or D) oscillators. These exact expressions can then be compared to the
results obtained using the Born-Oppenheimer approximation that separates
the heavy and light atom motions (an approximation that is also needed for the
electronically adiabatic treatment in Section 3.4). A model that applies near
room temperature, where the D-A oscillator is treated classically, is also pre-
sented. In addition, the often used'® '®!%?2243:45:49,52,34°57 Jinear approxi-
mation” for the exponential coupling of the D-A distance to the tunnelling rate
(initially presented in Section 3.2.4.3) is further scrutinized and corrective
action is recommended for enzymes and proteins,”®*® which tend to have
relatively broad, rather than highly constrained,®® D-A distance distributions.
The effect of using anharmonic potentials for the D-A and light atom oscil-
lators is also discussed in the context of both the absolute rate calculations and
the kinetic isotope effect (KIE) analysis. Finally, calculations of the KIE and its
temperature dependence are applied to proton-coupled electron transfer
(PCET) in the enzyme system soybean lipoxygenase (SLO). In order to account
for the experimental measurements, we find that a ~1 nN electrostatic force,
which is much stronger than realistic protein conformational forces, must act
to reduce the D-A tunnelling distance below the expected van der Waals limit.

In Section 3.4, we turn to the case of electronically adiabatic deep proton
tunnelling in the well-structured green fluorescent protein (GFP) where the
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measurement and calculation of absolute proton and deuteron tunnelling
rates are exploited to derive a set of theoretical parameters that are subject
to confirmation and constraint by independent measurements or analysis.
The only truly unconstrained (or truly free) parameter is the reaction
barrier along the environmental coordinate, which is dependent upon the
charge transport ‘reorganization energy” and the free energy of the
reaction.

Overall, this chapter will examine some of the main issues that are im-
portant to address when developing suitable expressions for the analysis of
biological proton tunnelling experiments. These include the appropriate use of
electronically adiabatic or electronically non-adiabatic limits, as well as role
of harmonic and/or anharmonic approximations to the D-A and the proton
coordinate motion. The issue of quantum vs. classical treatment of the D-A
coordinate, which depends on both the temperature and the D-A oscillator
frequency, will also be explored. We note that, for the case of softer anhar-
monic D-A potentials, which are associated with conformationally flexible
enzymes, the classical approach should suffice for experiments near room
temperature. A simple Morse approximation to the anharmonic D-A potential
allows for both a “hard” potential that includes van der Waals repulsion at
short D-A distance as well as a “softer” potential at longer distances that
recognizes the very weak hydrogen bonding that is typically present (often
involving a CH---O interaction) in enzyme systems. In addition, the local
electric field, associated with the enzyme active-site, and its interaction with
(or polarization of) the substrate, is also considered. The resulting D-A
compressive force needs to be included in the model expressions in order to
explain how an enzyme overcomes the van der Waals repulsion energy between
the donor and acceptor atoms. Such effects are necessary in order to account
for the measured tunnelling-based catalytic rates in SLO as well as their isotope
dependence. It turns out that the magnitude of these electric field forces can be
deduced using a relatively simple analytic approach.

Finally, we note that, based on experimental measurements, the inherent
proton tunnelling rates for both the “proton wire” of GFP and the PCET
enzymatic reaction of SLO turn out to be surprisingly rapid and fall in the
sub-nanosecond or nanosecond regime. In enzyme reactions, the observed
catalytic rate involves conformational interconversion processes.®’ These
processes can compete with, and sometimes partially obscure, the under-
lying tunnelling reaction. The probability for finding the tunnelling active
conformation (which is found to be very small for SLO) can also be estimated
when the theoretical model is required to account for the absolute rate along
with “relative” observables such as the KIE and its temperature dependence.
In contrast to enzymes, the well-structured proton wire in the GFP system
does not involve a conformational selection process and this allows its room-
temperature tunnelling time constant of ~400 ps to be directly revealed. The
rapid room-temperature tunnelling rates, found for both the prototypical
proton “wire” in GFP and for the SLO enzyme system, suggest that proton
tunnelling may be a more ubiquitous and essential transport process in
biology than is currently assumed.
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3.2 Basic Rate Expressions and Time Scale
Separations

3.2.1 Time Scale Separations

As noted in the introduction, the analytical approaches presented here are
limited to the conditions under which the golden rule (GR) rate expression is
applicable. For most analytical models there are simplifications that involve
sequestering (or factoring) our lack of detailed knowledge into separate
sub-systems where vibrational and/or conformational motions take place on
very different timescales. For proton tunnelling in proteins, there are four basic
sub-systems that will be considered here: (1) the high-frequency (and always
quantized) vibrational motion of the tunnel particle (w; with L=H or D),
which typically falls in the 2800-3600 cm " region for OH and CH bonds (and
is lowered by deuteron substitution); (2) the somewhat lower frequency
(Vpa = wpa/2mc~200-300 cm™ ') “heavy” atom D-A motions, where D and A are
typically hydrogen bonded oxygen and/or carbon atoms; (3) the low-frequency
motions of the surrounding environment (wg), which are defined to include
the protein residue fluctuations and solvent reorientations that are separable
from the tunnel particle and D-A subsystems and which ‘“reorganize” to
accommodate the altered charge distribution of the product state; and (4) the
very slow protein conformational interconversions that can affect the
equilibrium position of the D-A subsystem, as opposed to the much faster
timescale D-A vibrations that occur relative to a specific equilibrium position
associated with a given protein conformation.

3.2.2 Rate Expression for Electronically Adiabatic and
Vibrationally Non-adiabatic Proton Transfer with
a Fixed Donor-Acceptor Distance

For simplicity, this section considers that proton tunnelling occurs between
the zero-point energy levels of a single one-dimensional (1D) double well po-
tential energy surface along a proton coordinate with a fixed D-A distance and
a constant tunnelling distance, ¢. (Note: the reader is referred to the appendix
for a table of parameter definitions that may be helpful for interpretation of
the various formulas and equations that appear throughout the text.) For the
electronically adiabatic (A) and vibrationally non-adiabatic case, the off-
diagonal coupling depends only on the energy splitting, Ay(¢), between the
symmetric and anti-symmetric proton vibrational wave-functions at the tran-
sition state. The rate, k7, for tunnelling distance, ¢, can then be written as:'>>°

21 |Ap(O)F 1 ho AG!
kA _ ot 0 S _ S 3.1
TR 2 ‘ hos Vari T P { knT 1)

where the role of the surrounding environment is treated semi-classically
in an Einstein approximation®°®* using a generalized reaction coordinate,
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gs, with frequency w;<«kgT/h. The thermalized Franck-Condon factor
associated with the R to P transition for the environmental mode includes a
factor of hw, that cancels the density-of-states in eqn (3.1). This frequency is
also related to the environmental reorganization energy, 4;=Ssiw;, which
depends on the Huang-Rhys factor, S;, describing the linear coupling (re-
organization) of the surrounding environment upon going from the reactant
to the product state. The term AG{=(AG® + i )*/4), includes the reaction
free energy, AG’, and quantifies the thermal energy along the environmental
coordinate that is needed to bring the system to the transition state where
the vibrational proton energy levels become degenerate. This environmental
configuration is depicted by a red dot in Figure 3.1.

The generalization of eqn (3.1) to include the D-A vibrational motion will
be discussed in Section 3.4.1. The very-low-frequency conformational inter-
conversions of the protein environment can also couple to, and affect the
equilibrium separation of, the important D-A sub-system. These slow
interconversions and their effect on eqn (3.1) will be discussed in
Section 3.2.5 in the context of the observed kinetic rate and the possibility of
kinetic inhomogeneity within the ensemble. Finally, it is important to note
that, because there is no electronic matrix element to evaluate for the elec-
tronically adiabatic case, the GR expression facilitates a direct comparison
of the analytic theory with the experimentally determined absolute rates.
This places an important additional constraint on the parameter space,
which goes beyond the usual relative measurements that typically involve the
kinetic isotope effect (KIE) and its temperature dependence.

3.2.3 Rate Expression for Electronically Non-adiabatic PCET
with Fixed Donor-Acceptor Distance

PCET can occur sequentially or in a concerted fashion. In this chapter, we
only consider concerted PCET in the electronically non-adiabatic (NA) limit.
There are usually two clearly accessible electronic states in this case and, for
biological systems, these states often correspond to electron relocation be-
tween reactant and product orbitals that are spatially separated from the
proton tunnelling location, leading to a significant charge redistri-
bution.”*® This type of PCET reaction is referred to as electron-proton
transfer (EPT) in order to differentiate it from another common PCET re-
action, hydrogen atom transfer (HAT), which has been shown to be an
electronically adiabatic form of PCET.>*®® Thus, for the non-adiabatic EPT
reaction between a pair of zero-point proton (or deuteron) vibrational states,
belonging to two distinct diabatic R and P electronic potential surfaces, we
can write a simplified GR rate expression for a specific tunnel distance, ¢:

2 i
27| Vie|” |(Opr|OaL)| e—% (32)
h VArkgT /s

where the off-diagonal vibronic (electronic + vibrational) coupling between
reactant and product states has been separated using the Born-Oppenheimer

NA
ké -
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(a) (b)

Q@ = VipaR

q = LT

Figure 3.1 Coordinate system for the analytic factorized electronically adiabatic
model used to fit the GFP kinetics data. Panel a depicts the environmental
coordinate, g;, which represents the surrounding protein. Panel b shows
the two key quantum coordinates in mass-weighted space at the transition
state configuration (gs = ¢!), where the reactant and product vibrational
states are brought into degeneracy so that tunnelling can occur. The
x-axis represents the mass-weighted tunnelling coordinate (q=/z."
with L =H, D) and the y-axis represents the mass-weighted D-A coordinate
(Q=\/IipaR) where p represents the reduced mass. The normal modes of
the reactant and product states are rotated relative to one another by a
mass-dependent angle, 0, =~ /u; / ups, and this Duschinsky mixing
allows an exact solution for the thermally weighted Franck-Condon
factor needed to describe the electronically non-adiabatic transition. The
mass-weighted equilibrium tunnel distance is given by do = /i o-
Reproduced from ref. 71 with permission from Springer Nature, Copyright
2016.

approximation. The electronic coupling, Vgp, between R and P is exposed along
with the one-dimensional Franck-Condon (FC) vibrational overlap, (Opg,|0ar),
between the tunnel particle (L = H or D) zero-point wavefunctions in the donor
and acceptor states. Here, for simplicity, we have chosen to consider only the
zero-point vibrational states of the tunnel particle wave-function because the
energy of the first vibrational excited state is much larger than kT,. We note
that there are certain circumstances, for highly exothermic or endothermic
reactions, where the excited tunnel particle vibrational states must be con-
sidered;"® however, these circumstances will not be treated here. For the more
general case where the D-A motion is included and treated quantum mech-
anically, the vibrational overlap integral becomes two dimensional and in-
volves a Duschinsky rotation of the D-A and tunnel particle modes.”® This
more complicated case will be discussed in Section 3.3.

For harmonic potentials separated by a tunnel distance ¢, the one-
dimensional overlap between the donor and acceptor tunnel particle wave-
functions can be written very simply as:

. (0]
1{0pe|0aL) ) = [(0]0)> = exp[—5y],  with st“;hLzZ, (3.3)
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where yy, is the reduced mass of the light particle oscillator involving mass
my, (L=H or D) and pp=~m;. On the other hand, for anharmonic tunnel
particle wave functions, described using back-to-back Morse oscillators of
the form Vg(r)=D,1—exp(—ar)]> and Vp(r)=D[1 —exp(—a(f —1))]>, the
Franck-Condon overlap factor is still tractable, but a bit more complicated:

olo), |2 _4(2AL —[;EZ(/?LA)]LZ)MAL_” {exp {_%é(zAL _ 1)] Ko ((2AL)exp {— %é])}z
(3.4)

h

where A = 1 < v Z'HLDE) _ 2D
a h(UL
the third kind.

In eqn (3.4), the value of D, is typically set to 80 kcal mol ', which is the
average value for the C-H and O-H bonds (77 kcal mol " and 82 kcal mol *,
respectively). The proton vibration, m/27c, is often set to 3200 cm ™', which is
the average oscillator frequency for C-H and O-H bonds (2900 cm™ " and
3500 cm ™', respectively). Although this is a somewhat restrictive approxi-
mation, it is used in many analytical models. When more accuracy is desired,
numerical methods can be used to evaluate the vibrational wave-function
overlap. The above values of D, and wy/2nc result in a=2.3 A~*, which is
typically used to treat tunnelling reactions in enzymes. More details re-
garding the anharmonic FC overlap can be found in S2 of ref. 58.

and K,(z) is the modified Bessel function of

3.2.4 Basic Properties of the D-A Sub-system
3.2.4.1 Coordinate Space and Duschinsky Mixing

Because of its significance, we emphasize the properties of the D-A sub-system
and give some explicit examples in this section. At lower temperatures the
D-A mode must be treated quantum mechanically; however, near room
temperature, it can sometimes be treated classically.******* A good model for
the D-A motion, when treated either quantum mechanically or classically, is
crucial to the tunnelling rate calculation because thermal excitations (i.e.,
thermal broadening of the D-A wave-function and/or a thermally driven clas-
sical D-A distance distribution) increase the probability of sampling shorter
tunnelling paths between the initial- and final-state proton wave-functions.
These shorter paths increase the tunnelling rate super-exponentially.

An important issue is the assumption that allows description of the
D-A motion using a single “mode”. The underlying assumption is analogous
to the treatment of the environmental coordinate, where an Einstein oscil-
lator approximation is also used.®® In principle, there can be many internal
protein vibrational modes, particularly within the mid-frequency range
(~200-300 cm ™ "). Several of these modes can couple to the D-A motion and
can be involved in the thermal excitation that drives this key “oscillator”.
A specific example of this situation will be given below.
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Although, in this work, we must hold to relatively simple potentials in
order to maintain an analytic perspective, it should be emphasized that such
potentials can only offer an approximation to parameterized potentials with
improved accuracy that are able to more realistically reflect hydrogen bon-
ded systems. Some examples include the Lippincott-Schroeder potential®®
and potentials based on empirical valence bond theory®”®® as well as
London-Eyring-Polanyi-Sato (LEPS) models® that have been widely used in
gas phase and strongly hydrogen bonded systems. It is also possible to use
quantum methods to characterize hydrogen bonded biological systems”®
and a simple example of such an approach will be given in Section 3.3.3.2.

In order to give more perspective to the simple factorized analytical model
being treated here, we refer to Figure 3.1, which shows an electronically
adiabatic potential surface involving the D-A and the tunnelling particle
coordinates in panel (b). The two-dimensional (2D) double-well electronic
ground-state surface is symmetrized at the red dot in panel (a), due to
thermal motion along the classical environmental coordinate, g; repre-
senting sub-system 3. This generalized environmental coordinate brings the
proton levels of the reactant and product into degeneracy at a transition state
(¢%) so that tunnelling can occur.*” It is noteworthy that when a quantized
D-A oscillator is used in the factorized treatment, there are many combin-
ations of D-A vibrational states that can lead to proton level degeneracy"’
between the proton levels of R and P. Thus, the 2D QM treatment
must average over all thermally occupied initial states (r) and sum over all
final D-A vibrational states (m) in order to properly calculate all channels
contributing to the rate. Because the tunnel splitting depends upon the D-A
coordinates, it must be integrated over each pair of initial and final state
wavefunctions, as discussed in Section 3.4.

The coordinates along the axes in panel (b) correspond to the symmetrized
Cartesian and mass-weighted normal modes of a three-body system com-
posed of the donor, acceptor, and the proton or deuteron. The upper-case
coordinates (Q and R) are associated with the heavy-atom D-A motion and
the lower-case coordinates (¢ and r) are associated with the light atom
(tunnel particle) motion. The mass-weighted tunnel distance at the D-A
equilibrium position is denoted by dy = /i fo, where {, is the actual equi-
librium tunnel distance and the reduced mass y, is very close to the mass of
the tunnel particle, m;. Typically, £,~ 0.8 A for an OH- - -O hydrogen bonding
situation. We also note that the tunnel distance, ¢, and its equilibrium, ¢, is
directly related to the distance between the fluctuating and vibrating donor
and acceptor atoms, R, by using a fixed average covalent bond length,

-1 [
I,= %, so that:

R={(+2I, (3.5a)
Ro=1{y+ 2, (3.5b)

and 1,20.99 A for a typical pair of OH covalent bond lengths.
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Because the Hessian matrix of the three-body system is mixed by off-
diagonal terms, the potential surfaces in Figure 3.1b are rotated by an angle
0y, in going from the reactant to the product configuration. Such a coordinate
rotation can be understood intuitively, based on eqn (3.5), because the tunnel
distance becomes shorter as the D-A distance is compressed (e.g., by moving to
smaller Q in the figure the horizontal distance along the tunnelling coordinate
between R and P is reduced). The rotation angle in the mass-weighted normal
mode coordinate space can be shown to be generally dependent on the masses
of the particles and the force constants between them (see ref. 59, supplement
SI3, for more details). However, for reasonable choices of the force constant
and mass parameters the expression for the rotation angle can be simplified
and for a symmetric D-A system it is approximated by:

tan <9L> =3 [ or for small angles, 6 ~ H (3.6)
2 2M + my, Hpa

where my, is the mass of the tunnel particle and M is the heavy-atom donor and
acceptor mass (16 amu for oxygen). This expression allows direct calculation
of the rotation angles associated with tunnelling of a proton or deuteron from
the reactant to the product potential surface. For oxygen-based D-A systems
we find:

01 =19.7° and 0, =27.3° (3.7)

Because these angles fundamentally quantify the rotation (or Duschinsky
mixing) of the harmonic normal modes upon moving from the reactant to
the product potential energy surface, a time correlator approach allows exact
calculation of the thermally averaged two-dimensional electronically non-
adiabatic vibrational overlap integral needed for the tunnelling rate calcu-
lation. This will be discussed further in Section 3.3.1.1.

The exact expressions for the eigenfrequencies of a three-body system
connected by three spring constants, along with a detailed normal mode
analysis, which explicitly includes the hydrogen bonding force, can be found
in the supplementary material (S3) of ref. 59. For now, we simply note that
the D-A mode frequency, wp,, can be viewed in terms of an effective vi-
brational force constant when M > m;, so that:

> Kb 2Kip

= 3.8
@pa Lo M (3-8)
with
klkHB
Kip———+ K, = kyp + K,. 3.9a
ib kl +kHB P HB -p ( )

K., acts as a single effective vibrational force constant that includes a sum of
the H-bonding (k) and protein (K,) forces that act to constrain the relative
vibrations of the donor and acceptor atoms (k; is the very large force con-
stant associated with the high-frequency tunnel particle oscillator). In a
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classical limit for the D-A vibrational motion we can write the mean square
displacement (MSD) as

opa(T)= (classical) (3.9b)

3.2.4.2 Einstein Approximation for the D-A Mode Frequency

A more detailed approach for extracting the frequency and reduced mass of
the D-A motion involves the use of an explicit Einstein oscillator approxi-
mation. As an example, we have considered”" the situation in a well-structured
protein (GFP), which has minimal conformational flexibility and is one of the
most compact and stable proteins known.”” It has a beta-barrel structure that
contains an endogenous chromophore connected to a short proton transport
chain composed of OH- - -O hydrogen-bonded oxygen atoms. These include a
tyrosine associated with the chromophore, a water molecule, a serine and a
glutamic acid residue.”> Because there is very little protein flexibility, the
H-bonded residues form a wire that has a stable structure, and the D-A mo-
tion is strongly influenced by what is sometimes called a ‘“hydrogen bond
stretching” vibration. However, because the various residues are intimately
connected by the protein structure it is instructive to utilize a full protein
normal mode analysis that is based on a hybrid ONIOM(QM/MM) approach.”
The full normal mode analysis allows us to calculate a “power spectrum” for
the mode-specific relative mean square displacements associated with each
pair of donor-acceptor oxygen atoms in the GFP proton transport chain.”! The
supplementary discussion in reference’’ presents the details of the method
for transforming the normal modes of a protein, each with frequency w,, into
the thermally averaged mean square displacement along the unit vector ()
between a given pair of adjacent donor and acceptor atoms. The result for
arbitrary donor (M;) and acceptor (M;) atom masses can be used to cast their
thermally averaged relative motion into the form of a diatomic oscillator
driven by the normal modes of the system:

Tot() = Z

o Zuyw“

(27, + )[iy - (M] %8, — M%&)/ (M; + M) (3.10)

where the thermal occupation number of each normal mode is
fi(w,,T)=[e"**T —1]"* and the diatomic reduced mass is given by
_ M
M+ M;
between the normal modes and Cartesian displacements has the required

I . The orthonormal character of the transformation matrix’®

property > é’mEja:?éij. When the donor and acceptor atoms have the same
o

mass, as for GFP, where M; = M;=16 amu, eqn (3.10) reduces to:

Oor() = ZZHZ% 27, +1] [@y : (31'1/\/5— Eja/\@ﬂz = ;ai(T), (3.11)

o
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which reveals the contributions to the relative MSD between atoms i and
j from each of the 13092 GFP normal modes’ with frequency, w,. When
c3(T,) is plotted for each normal mode frequency, a “power spectrum”
emerges that depicts the contributions to the total thermally averaged
relative MSD for the chosen pair of D-A atoms [labelled as i and j in
eqn (3.10) and (3.11)]. As shown in Figure 3.2, the average Einstein oscillator
mode frequency, @z, for each of the three D-A oxygen pairs in GFP can be
defined by using the amplitudes o;(T) as weighting factors:

p = Y 0D,/ 0%(T) (3.12)

Although, in principle, there can be a temperature dependence in @z, we
find the thermal down-shift over the region 160-298 K to be only ~8% for the
Oser—Op,0 pair, and slightly larger for Oy o=-Oryr (9%) and Ogry—Oser (12%).
A frequency shift of this magnitude has a negligible effect and its small size
is due to the relatively tight grouping of the participating normal modes.
This is an independent measure of the quality of the Einstein approximation
being utilized. If we now associate the sum in eqn (3.11) with the mean
square displacement of the single quantized Einstein D-A oscillator with
frequency, wg, and effective reduced mass, ups, we find for the quantum
mechanical (QM) limit:

(1) = —— (og)+1] = OO 2KT) _ = oy quy (3.13)

2UppDE 2UppDF P *

Using the calculated numerical sum, Z o2(T), along with @ from eqn (3.12), we
find an expression for pp,:

h coth (g /2kgT)

= 3.14
oA = " 0r Y- 02(T) (314)
o

As shown in Figure 3.2, the effective reduced masses from eqn (3.14) for
each of the D-A pairs in GFP yields values that are very close to the simple
two-atom reduced mass of 8§ amu, as might be expected. This indicates that
the very large reduced masses, sometimes used for the D-A oscillator in
proteins,*®*7>%%%7¢ are probably unphysical and somewhat misleading.

3.2.4.3 Linear Approximation for D-A Coupling to the
Tunnelling Rate

One potential reason for the use of a large reduced mass for the D-A oscil-
lator may be due to the linear approximation that is commonly used for
coupling the D-A motions to the tunnelling rate."®>>*>*%°? T illustrate this
most simply we consider the D-A motions from a classical point of view and
examine the Franck-Condon overlap of harmonic 0-point tunnel particle
wavefunctions in the D-H and A-H states, |(0pp|0aL)|>. We do this as a
function of the variation o0/=/¢—/{, away from the most probable
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Figure 3.2 Normal mode analysis of GFP oxygen motions in the proton wire are

derived using a QM/MM analysis. The mode-specific relative
mean square displacement (¢2) of the oxygen atoms participating in
the proton transport wire of GFP are determined from eqn (3.11) and the
GFP normal modes. The vertical dashed line is the average frequency,
=Y w05/ 0;. We find: ups = 8.9, 8.8, and 9.0 amu for the Oy 0Oy,
Oser~Ori,0, and Ogry-Oser atom pairs with op, values of 0.11 A,70.10 A,
and 0.10 A, respectively.

Reproduced from ref. 71 with permission from Springer Nature, Copy-
right 2016.
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equilibrium tunnel length, /,. The D-A coupling to the tunnelling reaction
can be determined by using eqn (3.3) with

_ HOL POy 2

If only the linear terms in ¢/ are retained in a Taylor expansion of the ex-
ponent in eqn (3.3), the linear approximation to the coupling emerges as:

1(0]0)¢|? = C(¢) = e Svexp[ — a.0¢ — pi(60)]~e S  exp[— a0f]  (3.15D)

“;;’L 2 with
o = purorbo/hl and fy = pupwr/2h. Upon averaging over the distribution of
tunnel length fluctuations, P(6¢), it can be seen that compressive fluctuations,
where 0/ <0, lead to an unconstrained exponential increase in C(¢) when the
approximation in eqn 3.15b is used. Because this is where most of the tun-
nelling amplitude is found, it generates an exponential divergence and a
serious overestimate of the tunnelling rate unless the fluctuations are tightly
confined®® around /,. Thus, for a given wp,, the improper use of a large re-
duced mass will generate a larger K,;,, which confines the oscillator and may
(incorrectly) appear to help justify the linear approximation. A much better
approach®® ™ is to always include the positive definite quadratic term (5¢%).

When a large reduced mass is (arbitrarily) chosen for the D-A oscil-
lator,*®>*%%7® the restoring force constant from eqn (3.9) can be made large
enough that the rms D-A fluctuations (o) and, equivalently, the tunnelling
length fluctuations (o,) become more tightly constrained. This arbitrary
constraint on ¢, can lead to an improvement in the linear approximation,
but the calculated tunnelling rates still usually exceed the full quadratic
expression by at least an order of magnitude.”® The magnitude of the tun-
nelling rate overestimate when using the linear approximation also depends
to some extent on the tunnelling particle potentials being used. For har-
monic tunnelling particle potentials, the deviation from the exact (quadratic)
calculation reaches an order of magnitude or more when ¢,2 0.05 A and, for
anharmonic tunnelling particle potentials, the order of magnitude break-
down threshold is reached when ¢,>0.09 A.°®

Because proteins and biomolecules can fluctuate over a variety of length
scales, the existence of a confined D-A distribution is relatively unlikely.
Thus, it is generally important to keep the quadratic §/*> term in eqn (3.15),
which acts to control the exponential growth of the tunnel rate when de-
creased tunnel distances are sampled. We will consider the role of anhar-
monic D-A potentials in more detail in Section 3.3.3, both in the context of
the linear approximation and to explore how the rate calculation is affected
by the anharmonic van der Waals repulsion between D and A.

where the average Huang-Rhys factor is given by Sp=
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3.2.5 The Observed Rate and the Role of Protein
Conformational Interconversions

For enzyme systems, which need conformational flexibility to accommodate
substrate binding and product release, it is important to recognize that the
ensemble contains a variety of conformations that are interconverting on
timescales that may be faster than, slower than, or comparable to the tun-
nelling rate. In the simplest picture, we can assume there are only two sets of
relevant reactant conformations. One, the tunnelling active reactant, will be
denoted as (r*) with a well-defined H-bond interaction and average D-A
equilibrium distance, while the other will be denoted as (r) with such large
distances between D and A that no H-bond interaction exists and no tun-
nelling occurs. The brackets around the state index denote the fact that
within each of these generalized conformations, there exists a lower hier-
archy of substates that carries its own specific distribution of D-A distances.
The distance fluctuations within the conformation (r*) involve small fluc-
tuations in the equilibrium distance between D and A, along with the D-A
vibrational motion about a given equilibrium. These fluctuations (and/or
vibrations) take place on a more fine-grained and faster timescale than the
larger conformational interconversions that take place between (r) and (r*).

Assuming that these smaller scale fluctuations and vibrations are fast
compared to the tunnelling rate and, if the D-A oscillator is treated clas-
sically (so that only a probability distribution of the tunnelling distance is
required for the rate calculation), we can modify eqn (3.9a) to explicitly in-
clude the D-A equilibrium distance fluctuations within (r*). We assume a
temperature-dependent Gaussian distribution for the substates within (r*),
which yields a set of D-A equilibrium positions (R,) governed by a harmonic
force constant, K. Upon including the vibrational motion around each
equilibrium position [as governed by K, in eqn (3.9a)], the overall effective
force constant can be written as:”’

Ko = ——0—Fo__ 3.16a
et Kip + Kg, ( )
with
kgT .
oo\ (T) = KBH (classical). (3.16b)
€

In the limit of a very sharp distribution for the substate-specific D-A equi-
librium positions (large Kz ) we recover eqn (3.9a), while for a more flexible
enzyme conformation associated with (r*), the value of K could be reduced
to the point that K=K . In this situation, the fluctuations between the
substates within (r*), having differing D-A equilibrium positions, rather
than the still more localized D-A (H-bond) vibrations dominate the D-A
distance distribution. The resulting broader distribution can be functional,
for example, if an enzyme needs to access rare substate conformations. The
potential for such a broadened distribution re-emphasizes the fact that it is
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perilous to apply the linear approximation to a D-A distance distribution
associated with proton tunnelling in biomolecules. It is also noteworthy that,
at low temperature, the substates associated with conformations having
differing D-A equilibrium distances can, in principle, be “frozen out”
leading to a non-ergodic ensemble with a static distribution of D-A equi-
librium positions. Under this condition, the linear temperature dependence
in eqn (3.16b) is no longer valid and kinetic inhomogeneity sets in, leading
to non-exponential kinetics.”®*°
However, even at room temperature the timescales for conformational
interconversions, which allow the enzyme to reach the tunnelling-active con-
formation, can sometimes be entropically or enthalpically challenged and,
therefore, can be relatively slow. In order to treat such a case, we again consider
the simple bimodal (two-state) limit where the D-A distance distribution of the
reacting enzyme has a set of inactive conformational substates, (r), and a
separate set of tunnelling-active conformational substates, (r*). In this case, we
need to write a more general expression for the observed reaction rate. For the
moment, we denote (ki) as an irreversible tunnelling rate, where the brackets
imply an appropriate average over the tunnelling distances associated with the
tunnelling-active reactant conformation, (r*). If we denote the product state as
P, a simple three-state kinetic scheme is given by eqn (3.17)
NN Y
(r) — (r*y — P (3.17)
where the conformational interconversion rates between (r) and (r*) are
given by k; and k_. Within such a kinetic scheme, the observed kinetic rate
for product formation is simply:

k.

kgbs = k. + <k£;>/ <kf*>l'

(3.18)

It is clear that if the enzyme conformational interconversion rate, k_, is
fast compared to the thermally averaged tunnelling rate, the experimentally
observed tunnelling rate will be directly proportional to (kx),. However, the
experimentally observed rate will be scaled down by the thermodynamic
equilibrium population, p y=k./k_. On the other hand, if the rate k_ is
similar to (k%), (but both rates are still much slower than the picosecond
thermal equilibration timescale, so that the GR can still be applied to the
(r*) - P) a situation ensues where the “prefactor” to (k), in eqn (3.18) be-
gins to develop isotope dependence. This intermediate limit can lead to
complications in the analysis of experiments, particularly the temperature
dependence of the KIE. Finally, we see that if (i), significantly exceeds the
rate (k_) for converting from (r*) to (r), the tunnelling process is ‘“‘con-
formationally masked” (i.e., kips = k4 ). This means that observables such as
the KIE will not reveal the fundamental tunnelling process that underlies the
enzymatic reaction. A different, but analogous, type of masking occurs, not
from slow enzyme conformational interconversions, but rather when the
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overall biochemical rate measurement involves product formation via add-
itional (non-tunnelling) chemical reactions, one of which is rate limiting.
The recent observation’”’ of 400 ps room-temperature deep proton
tunnelling in GFP (Section 3.4) and the calculation of a similar rapid
inherent rate for the tunnelling active state of SLO (Section 3.3.4) suggests
that “conformational masking” of the enzymatic KIE may occur more often
than commonly thought. Thus, proton tunnelling could be much more
widespread in the biological world than is currently appreciated.

3.3 Electronically Non-adiabatic Proton-coupled
Electron Transfer in Biomolecules

3.3.1 Theoretical Treatment of D-A Motion in the Quantum
and Classical Limits

3.3.1.1 Two-dimensional Quantum Treatment of the D-A and H/D
Coordinates

When performing tunnelling rate measurements that span the low tempera-
ture regime, it is important to acknowledge that the D-A coordinate must be
treated in the quantum limit, along with the proton (or deuteron) coordinate
(which, for simplicity, is maintained in its zero-point level). In general, this is a
difficult problem to solve exactly, but it is possible for the electronically non-
adiabatic case in the harmonic limit using the time correlation function for
Duschinsky mixing. The thermally averaged Franck-Condon vibrational
overlap that is needed for the rate calculation can be evaluated using optical
lineshape theory®*®**'~% by setting the optical frequency (Q) to zero, which
generates the reactant and product vibrational overlap in the absence of a
photon but in the presence of the thermal bath. The environmental co-
ordinate (hw, <« kgT) is treated using the short-time approximation so that it
folds in the usual temperature-dependent Gaussian lineshape, which upon
normalization and evaluation at zero frequency equates to:

_ R [ (AE® + AEpp + /s — Q)Z]
lim exp|—
Q—0 ’/4niSkBT 4),skBT (3 19 )
19a
_ hos {_ (AG® + AE, + ),3)2}
T VT P 45k T

where the reaction free energy, AG’, takes the place of the R and P state zero-
point separation and the terms in the exponent can be identified with the
“environmental barrier”:

AGl, = (AG® + AEyy + 1)/ 4)s (3.19b)

for reaching the various n-m degenerate transition states between R and P
via the D-A oscillator where AE,,,=(m-n)hiwp,. In Figure 3.1, the 2D
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quantum subsystem (Q and g) is depicted for only one such degenerate
situation where n=m. Because of the thermal accessibility of the various
D-A oscillator levels, we must average over the initial states and sum over the
final states for all possible degenerate transitions. This can be a very tedious
calculation in the energy domain, but it becomes much more tractable in the
time domain where the optical time correlator approach naturally keeps
track of all such pathways at a given temperature.”®%'"%°

For the electronically non-adiabatic case in the harmonic limit, we can
evaluate the normal mode rotation angle, which to a good approximation is
given by eqn (3.6) and (3.7), and then use the Duschinsky mixing correlation
function (see supplement S4 in ref. 59) to evaluate an exact 2D quantum
expression for the thermally averaged Franck-Condon factor between R
and P, (FC).. Thus, in the electronically non-adiabatic limit:

a_ 27| Veo|* (FC)
b h ho

(3.20)

The inverse frequency of the environmental mode, associated with the density of
states, is cancelled by an equivalent frequency factor for the environmental
mode in the short-time correlation function [(e.g:, see eqn (3.19a)] so, for a given
rotation angle, the surviving variables associated with the Franck-Condon factor
are the equilibrium tunnel distance, ¢y, the frequencies of the two oscillators, w;,
and wp,, and the environmental barriers, AGim. Because they depend on the
reorganization energy, i, and the reaction free energy, AG’, as seen in
eqn (3.19b), these ubiquitous parameters also contribute to (FC) .

A more traditional approach to the vibrational overlap calculation in the
electronically non-adiabatic limit invokes the Born-Oppenheimer (B-O) ap-
proximation to separate the timescales of the heavy and light nuclei. Because
the reduced mass of the D-A oscillator for oxygen atoms, compared that of a
bound proton, is only about 8:1, it is not immediately obvious that this is
good approximation. Thus, in order to test it, we can evaluate the thermalized
2D Frank-Condon factor for harmonic oscillators using a B-O approximation
and compare it with (FC).;. This somewhat tedious, but instructive, calcu-
lation is discussed in detail in previous work.>® The result for the rate is the
same as eqn (3.20) except that the Franck-Condon factor is replaced by

AG},
(FC)po = ZZP” m p{_ kBT:| (3.21)

where the probability of being in the initial D-A state, n, is given by:

_ nhopa __hopp
P,=¢ &7 {1 —e Bl } (3.22)

and AG},, is defined in eqn (3.19b). The B-O overlap integral I, can be
expressed as:

Lum = (n|1(Q)Im) = [ 1 (QI(Q)m(Q)dQ (3.23a)
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with
1Q) = [ vo(g, Q) wolg, Q)dg (3.23b)

where the tunnel particle vibrational wavefunction, ¢§*(g, Q), remains in its
zero-point state and the D-A wave-functions, yx(Q) are allowed to explore
all accessible vibrational states. The relevant coordinate transformations
that account for the rotation between the reactant and product state mass-
weighted normal modes (Q and g), as well as the analytic evaluation of I,,,,
factors have been given previously>® and will not be reproduced here.

In Figure 3.3a we set the D-A oscillator reduced mass to 8 amu and its force
constant to 30 Nm™ ' (which generates a room-temperature rms relative dis-
placement of 6y~ 0.11A) and then plot the quantities (FC).¢, (FC)po, and its
linear approximation, (FC)ho°, on a logarithmic scale as a function of tem-
perature. It can be seen that the exact correlation function and the B-O FC
values converge near room temperature. Although there are some differences at
lower temperature, they are much less than an order of magnitude. This gives
reasonable confidence that use of the B-O approximation is warranted when
performing tunnelling calculations involving the D-A oscillator. As a result, we
will use the B-O method when evaluating the electronically adiabatic proton
tunnelling rates in Section 3.4. We note that, if the D-A oscillator reduced mass
is increased, the B-O approximation can be improved further®® and this may
also have partially motivated the use of a large D-A reduced mass in prior
work. 646976 However, based on the full normal mode treatment for GFP,
as discussed in Section 3.2.4 [see eqn (3.14)], we see no obvious reason that the
D-A reduced mass should be taken to be significantly larger than the values
derived from the donor and acceptor atomic masses. Figure 3.3a also displays
(as a dashed line) the effect of the linear approximation for D-A coupling by
setting fi;in eqn (3.15b) to zero in the (FC)go calculation. The extreme deviation
from the exact result emphasizes the necessity of retaining the quadratic terms.

3.3.1.2 Classical Treatment of the D-A Coordinate

When experiments are being performed at or near room temperature, as is
often the case for enzymatic systems,>*”'* there is an important simplifi-
cation that can be made by treating the D-A oscillations and equilibrium
fluctuations classically, using an effective force constant as given by eqn (3.16).
The MSD given by eqn (3.16b) for a classical D-A harmonic oscillator (along
with eqn (3.5a), which yields op,=0,) generates a temperature dependent
Gaussian distribution of tunnelling distances, P(¢). This distribution can be
used to find the statistically averaged Franck-Condon factor for the tunnelling
particle (L= H, D). The electronically non-adiabatic rate can then be written as:

27| Vie|” (|{OpL|0aL)|® :
(K, = 7| Vie|” (|(Opr|OaL)| >£e—AGS/kBT

h Ak T /s

where the brackets (---), denote the average over P({) and the one-
dimensional Franck-Condon overlap of the tunnel particle wavefunction

(3.24)
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Figure 3.3 Part (a) displays the thermally weighted Franck-Condon (FC) factors for

the quantum analytic B-O approximation, eqn (3.21), and for the exact
correlation function, eqn (3.20). The limit for the linear approximation,
where f;—0, is also shown in the upper panel. The effective force
constant for wp, is fixed at Ky, =30 Nm™' and my=8 amu, so that
0r=19.7° and wpa/2nc=250 cm~'. Part (b) shows the temperature
dependent FC factor for the quantum analytic B-O approximation com-
pared to the classical D-A approximation. Other parameters used in the
figure are: wy/2mc 3200 cm ™', (,=0.8 A, AG’°=-600 cm*,
Js=1200 cm " (AGh, =75 ecm™?), and wg/2mc =33 cm . As the tempera-
ture approaches and falls below ~50 K, the classical assumption for the
solvent obviously breaks down.

Part (a) reproduced from ref. 59 with permission from AIP Publishing,
Copyright 2015.
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between the donor and acceptor zero-point states is given by |(0py|0aL) |-
This overlap can be evaluated for either harmonic oscillators [eqn (3.3)] or
back-to-back anharmonic Morse oscillators [eqn (3.4)]. It is also relatively
easy to generalize eqn (3.16) to account for the anharmonic forces that are
associated with the D-A oscillator. In such a case, the classical anharmonic
probability distribution for the tunnel distance can be found using a more
general D-A anharmonic potential surface, Vp,(R) along with eqn (3.5)
(which relates P(R) to P(¢) by a simple coordinate shift). The result, now
written in terms of the D-A distance, R, is given by:

(@)
i —Vai (R
PY(R)=N exp{ik’rjs )} (3.25)

where N is set to normalize the distribution so that it integrates to unity over
the domain of R at temperature 7 and (i) denotes a specific protein con-
formation (e.g., (r) or (r*)).

3.3.2 KIE Analysis in the Classical Harmonic Limit

Turning to the evaluation of the KIE, it is instructive to first proceed using har-
monic potentials for both the D-A motion and the tunnel particle. In this limit

——— exp { (L—to)” } is
V21opa 2094
easily solved, leading to a particularly simple result'* for the electronically
non-adiabatic tunnelling rate:

the integral (|(Opy|0a1)|*) ¢ = [ P(¢)e*'d¢ with P(¢)=

2 =SLpy(T)
<kL)é _ 27| Vrp| e oL efAGﬁ/kBT (3.264)
h 4nkgTAs/py (T)
where Sy, =k LzhL ol and the average tunnelling distance is given by ¢,. The
quantity
(T) = B (3.26b)
SCEENG |
depends on op,(7), which is given by eqn (3.16b), while 62 = is defined

Hyp Oy,
as the square of the zero-point Gaussian variance of the tunnelling particle
probability density, which differs by a factor of two from the square of the

position probability amplitude of the wave-function, . Thus, a proton

Hypoon
with v;=3300 cm ™' has a variation in position probability amplitude of
~0.07 A when ¢,~0.1 A. Eqn (3.26) is identical to the well-known elec-
tronically non-adiabatic result given by Kuznetsov and Ulstrup,** but it is
written in a more compact and intuitive form by using the temperature-
dependent ratio, py(7). Notice that the effective Huang-Rhys coupling,
SppL(T), is scaled downward as the width of the D-A excursions broadens at
higher temperatures. This increases the tunnelling rate and is effectively a
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measure of how the thermally averaged tunnelling distance is reduced as the
temperature increases.

It is important to note that eqn (3.26) and the related expressions pre-
sented below, are based on the simplifying assumption that the zero-point
proton and deuteron vibrational states play a dominant role in the tunnel-
ling process. If the magnitude of the reaction free energy is large enough,
this assumption breaks down and vibrational overlaps involving the excited
vibrational states of the tunnelling particle can begin to affect the KIE as
quantified previously within the confines of the linear approximation.*®
However, for the specific examples treated here (SLO and GFP), the reaction
free energies (—5.4 kcalmol ' and —2 kcal mol ', respectively) should be
small enough that the zero-point assumption for the tunnelling particles is
reasonably accurate.

" 2m|Vep|*
If we now proceed to utilize eqn (3.26a) and factor out a term %, it
Ws
, _ hageSteulT) i
allows the residual expression, (FC) s = d e AG/BT to be
AnkgTAs/py(T)

compared with the FC factors where the D-A mode is treated at the quantum
level. This comparison is shown in Figure 3.3b where it can be seen that the
agreement is still very good near room temperature and (FC) .55 = (FC)po,
with the exact (FC). (in panel a) also falling slightly below (FC)gc (but above
(FC)class) near 300 K. Thus, when the experiments measure the tunnelling
rates only near room temperature, it appears to be well justified to use a
classical approach to account for the vibrations and fluctuations of the heavy
D-A atoms.

Eqn (3.26) can be used to evaluate other experimental observables such as
the KIE and the temperature dependence of the H and D tunnelling rates.

For the KIE, we take p, =24 and wp = wy//2 to find:

_k, - ph(T){1 - V2}
KIE(T) = (5), ~ Jrum{t v} s e [_SH (pHm{l ~Vah+ ﬁ)]

(3.27)

Although tunnelling rates are sometimes plotted in an Arrhenius form
(i.e., In(k"), vs. 1/T), we do not expect the simple linear Arrhenius form to
hold for tunnelling over a wide range of temperatures. However, when only a
narrow temperature range is probed, the results can be approximated by a
linear function®. Thus, we use eqn (3.26) to take the derivative of In(k"), with
respect to 1/kpT, focusing on the exponential terms and picking 7, =298 K as
a practical reference temperature. This yields an “Arrhenius” slope for the
tunnel particle (L=H or D):

_ dln(kL>Z - AHi kBToegO'ZDA(T())
S 2 2\2 | °
d(1/kgT) 2(0p(To) + ot)

—F(Ty) = (3.28)
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The D-A distribution-dependent term carries the isotope dependence:

kBT()K%O'QI‘)A(TQ) _kBTOE%
2(0pa(To) +07)° 201

Epa(To) = pu(To)[1 = po(To)]. (3.29)
The temperature dependence of the KIE (sometimes referred to as the “Ar-
rhenius slope” of the KIE) in the vicinity of T; is given by the difference in
eqn (3.28) for the deuteron and proton:

AE, = EZ(To) — EG(To) = Epa(To) — Epa(To) (3.30a)

and, since AH} does not depend on the mass of the tunnelling particle, the
temperature-dependent KIE is solely dependent on the D-A contribution
given by eqn (3.29). Thus, upon substituting 62, = 62 /1/2 (i.e., using up =24y
and wp = wy//2), we find:
AE(Ty) = ksTols o3, (To) 2_ kpTol? agA(TO)2 (3.30b)
Z(UZDA(TO) + O'%/ﬁ) 2(0p(To) + o)

Examining eqn (3.27)—(3.30), it is apparent that, in principle, the three
relevant unknown physical parameters, £o, apa(To), and AHZ, can be extracted
from the experimental tunnelling measurements near room temperature.
Specifically, knowing the KIE and its temperature-dependent slope, AE,,
allows determination of the parameters ¢, and opa(To). However, there are
two possible values of apa(T,) that will generally be consistent with a given
AE, (these correspond to a “hard” or a ‘“soft” D-A force constant). It is
noteworthy that, within the “linear approximation” (¢f. eqn (3.15), only a
single value of opa(T)) is possible, which corresponds to a “hard” localizing
force constant that tightly constrains the D-A distribution. The more general
double-valued nature of gps vs. AE, can readily be seen when eqn (3.30b) is
plotted®® and the singular point where AE,(opa,f,) reaches a maximum
can be denoted as AE;™(opA ). In general, this maximum occurs in the re-
gion opa¥(To) ~[0.65 — 1.0] dH ~[0.065 — 0.1] A, depending somewhat on the
potentials that are used for both the tunnel particle and the D-A motion.
Thus, on either side of o8, we find two values of apa(T}), corresponding to
the “hard” and ‘“‘soft” force constant, and either of which is consistent with
a given experimentally determined AE,<AE;"™). If these two possibilities
can be differentiated using other experimental information (e.g., certain
electron-nuclear double resonance experiments may be helpful®’), eqn (3.28)
and (3.29) can be used to unambiguously find AH: > E% — E5(T,).

3.3.3 Effect of Anharmonic D-A Interactions and Local
Electric Fields

3.3.3.1 Background

The effect of anharmonic interactions between D and A can play an im-
portant role in the determination of the tunnelling rate. This is particularly
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true for enzyme systems where PCET facilitates a fundamental catalytic
process that involves transfer of both an electron and a proton from an
aliphatic carbon substrate donor atom (C-H) to an acceptor that is often an
activated oxygen atom bound to a transition metal (usually iron) in the en-
zyme active site. When isolated, the CH- - -O hydrogen bond tends to be very
weak, having an equilibrium D-A distance of ~3.6-3.7 A. However, when
proton tunnelling mediated enzymatic catalysis is involved, additional for-
ces can act to move the CH:---O donor-acceptor subsystem into closer
proximity so the proton is able to tunnel more effectively. Such forces can
even move the donor and acceptor atoms inside their respective van der
Waals radii where anharmonic repulsion terms become significant.

As an example, we consider a PCET reaction, where the catalytic active site
iron atom is reduced by the electron while the proton tunnels from the
substrate carbon to the iron-bound oxygen. This leaves behind a very reactive
carbon radical on the substrate that immediately re-hybridizes and becomes
available for the ensuing catalytic activity. Numerous studies have focused
on the role of proton tunnelling in such reactions®® and one enzymatic
system (soybean lipoxygenase, SLO) has received particular attention be-
cause of its very large KIE.>*%°" In this system, a hydroxyl group is bound to
an active site ferric iron and the proton is removed from C;, of the linoleic
acid substrate.?” Figure 3.4 shows the active site of the SLO system and we
will discuss more details of this system in Section 3.3.4.

Because the proton tunnelling reaction takes place predominantly in the
short distance tail of the D-A probability distribution (or during the com-
pressive part of a D-A vibrational cycle), it is crucial to properly model the
compressive region of the D-A interaction. Generally, attention to anhar-
monic interactions in analytic models have been focused on the tunnelling

WT

His504

Figure 3.4 The active site of wild type SLO from the crystal structure (PDB: 3PZW).
The red sphere is the acceptor oxygen of the iron bound hydroxyl, which
is strongly hydrogen bonded to Ile 839. The donor atom is the C;; of the
linoleic acid substrate, which is not shown.

Reproduced from ref. 77, https://doi.org/10.1021/acs.jpcb.7b05570, with
permission from American Chemical Society, Copyright 2015.
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particle wave-functions where back-to-back Morse oscillators, with Franck-
Condon overlaps described by eqn (3.4) are used. While this level of
anharmonicity has an important effect on the KIE, the importance of the
anharmonic D-A repulsion in the compressive region is equally, if not more,
important. It is crucial for correctly predicting the absolute tunnelling rate
because the long tail associated with a harmonic (i.e., Gaussian) probability
distribution offers up too much amplitude in regions where the tunnelling
lengths are small. This can lead to significant overestimates of the tunnel-
ling rate. This problem is particularly acute when the D-A coordinate is
treated harmonically while the tunnelling coordinate is treated anharmo-
nically as implemented in several prior treatments.*>*” It turns out that
there is a fortuitous cancellation of errors in the rate calculation when both
coordinates are treated in the harmonic limit.”” This occurs because,
compared to the respective anharmonic potentials, the use of a harmonic
D-A potential increases the rate while the use of harmonic tunnel particle
potentials decreases the rate. Thus, using anharmonic tunnel particle
potentials increases the rate and exacerbates the error of a rate calculation
that is based on a harmonic D-A potential.

In order to analyze the relative magnitude of the cancellation, a systematic
comparison has been carried out with the tunnelling particle and D-A
coordinates treated as either harmonic or anharmonic. For the tunnelling
particle coordinate, back-to-back Morse potentials were used to simulate
the anharmonic case. For the D-A coordinate, the anharmonic treatment
uses the Morse potential discussed below and comparisons are made by
appropriately matching the harmonic force constant with the effective force
constant found for small amplitude motions within the anharmonic
potential. The nearly perfect cancellation of error in the context of the
OH:--O hydrogen-bonded system is discussed quantitatively elsewhere
(ref. 77 in S6 of the supporting information).

3.3.3.2 A Simple Anharmonic Donor-Acceptor Model

In order to quantitatively treat the anharmonic repulsion between the sub-
strate CH donor and the activated (i.e., charged) oxygen acceptor, we con-
struct a simple quantum model system that mimics the basic CH---O7
interaction (where ¢ is the net charge on the oxygen atom). Examples of
this model system are shown in Figure 3.5 where we use a simple density
functional theory (DFT) calculation to map out the “bare” potential energy
as the D and A atoms approach each other for different values of the net
charge on the oxygen atom.”” We control the level of “activation” (i.e., value
of ¢q) on the oxygen by artificially increasing the charge of the hydroxyl proton
so that the absolute value of the total negative charge on the OH group,
[OH]’", is reduced from —e to —de, where 6 <1. As § is reduced, it decreases
the charge, g, on the oxygen atom from its maximal value (g~ —1.2e for
0=1). The value of charge, g, on the oxygen of the model complex in
Figure 3.5, as well as on the larger model complex shown in Figure 3.4, can
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Figure 3.5 Results of DFT test calculations plotting the potential energy, Vi,are(R), as a
function of distance, R, between methane (donor carbon) and hydroxyl
(acceptor oxygen). The charge on the acceptor oxygen is modulated by
adjusting the charge of the embedded hydroxyl proton, which also deter-
mines the value of 6. The Morse potential fitting parameters, bpa, Dpa, and
RG*, for the various charge states can be found elsewhere.”” For SLO, a
much larger scale DFT calculation finds the charge on the acceptor oxygen
to be approimately ~— 0.9¢ and this correlates to 6 =0.6 in the model
calculation shown in the figure, which makes the oxygen atom charge
equivalent to what is found in the full SLO active site DFT calculation.
Reproduced from ref. 77, https://doi.org/10.1021/acs.jpcb.7b05570, with
permission from American Chemical Society, Copyright 2015.

be found using a grid based method”" in conjunction with the DFT model
calculation.””

Although this is a very simplistic model, the essential D-A repulsion forces
can be found easily as a function of the D-A distance and oxygen charge. We
can see from Figure 3.5 that, as the charge on the oxygen is decreased
(smaller ¢), the D-A minimum energy and the repulsive region of the “bare”
model potential, V},.(R), move out to longer D-A distances and the CH: - -O
binding energy is reduced, as expected. The solid lines through the DFT data
points correspond to a simple Morse oscillator fit, which mimics the ener-
getics very well, particularly at short distance where it is most important to
maintain accuracy for the tunnelling calculation. Thus, we use

Viare(R) = Dpa[1 — exp (—bpa(R — Re™))] (3.31)

as the effective anharmonic D-A bare potential interaction. The anharmonic
D-A Morse binding potentials that fit the different CH- - -O? interactions are
shown in Figure 3.5 and the parameters using eqn (3.31), as well as the
correlations between g and J, are tabulated in supplementary information
that can be found elsewhere.””
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Once the value of g is determined for a given enzymatic active site, by
employing just a single large scale DFT calculation, the bare Morse potential
associated with that specific value of ¢ can be combined with additional
external forces acting on the D-A subsystem [e.g., see eqn (3.32)]. In the case
of the active site of SLO, shown in Figure 3.4, the value of g~ —0.9e. The
overall potential governing the D-A motion facilitates a classical evaluation
of the distribution of tunnelling distances by using eqn (3.25) along with

Vba(R) = Vpare(R) + Vix(R)- (3.32)

The added potential, Vi, (R), reflects the action of forces, external to the D-A
subsystem, that are primarily due to electric fields and/or protein conforma-
tional effects. The classical distribution, Ppa(R), in eqn (3.25) is fundamental to
the tunnelling rate calculation and when paired with eqn (3.31) and (3.32), it
takes into account the anharmonic D-A repulsion at short distance as well as
additional compressive forces, external to the simple model system in
Figure 3.5, that may be needed to bring the donor carbon and acceptor oxygen
into close enough proximity that effective tunnelling can occur.

The simplest example of an external force is an electric field with a com-
ponent along the R-coordinate axis, i.e., Fielqa = —qEz. When the external field,
Eg, points toward the negatively charged oxygen acceptor, there will be an
additional strengthening of the CH- - -O? interaction. This shifts the location
of the D-A equilibrium position to smaller values that depend on the mag-
nitude of the electric field. In principle, such an external field can originate
from nearby atomic or molecular polarizations or from charged groups
within the protein. Because of the very small distance over which the D-A
repulsive interaction takes place, combined with our desire to minimize the
number of adjustable parameters in the model, we do not consider spatial
variation of the electric field within the interaction region. For example, we
note that for a nearby polarizable residue or substrate that interacts with the
electric field from the negatively charged oxygen atom, there will be an ion-
induced dipole field that points back at the oxygen and this field should scale
approximately as 1/r°. However, the resulting force from this dipole field acts
in such a localized region at the negatively charged oxygen, that the as-
sumption of a nearly constant external field may be considered reasonable. In
terms of the bare Morse potential parameters, a simple classical calculation
(see S5.3 in ref. 77) yields the relationship between the external electric field
strength, Ex, and the relative shift, AR, in the D-A equilibrium position:

Eg=E% exp{ —bpaARo}[1 — exp{ —bpaAR,}] (3.33)

. 2Dppb . .
with EY = %. As an example, we take 6=0.6 in Figure 3.5, where
Dpp=2.7 kcalmol ™!, bpa=1.45 A™', and the charge on the oxygen is
g= —0.9e. This leads to AR, = —0.4 A for an applied field of 75 MVem ™" (i.e.,
the applied field compresses the D-A equilibrium position from 3.3 to 2.9 A).
When this simple classical approach is tested against a full quantum
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calculation,”” it is seen to provide an excellent approximation for fields below
about 40 MV cm ™. Even when the field strength reaches ~80 MV cm ™" there is
only a~10% underestimate of the equilibrium position shift and, at this point,
the electric field-induced compressive force on the D-A subsystem is ~1.1 nN.

Another interaction, which is external to the D-A subsystem, involves the
protein conformational force. These compressive forces are significantly
weaker than what can be achieved by the action of electric fields. Based on
single molecule force-extension studies,”*°* protein conformational forces,
at a maximum, can only reach a few hundred pN. Thus, when attempting to
simulate a catalytic proton tunnelling reaction in an enzyme, the application
of an electric field external to the CH- - -0 sub-system appears to be the most
effective way to bring the D-A atoms together in order to significantly
counteract the anharmonic repulsion forces.

As discussed further in the following sub-section, a ‘“bare” anharmonic
Morse potential specific to SLO can be constructed using the small CH- - -O?
model system shown in Figure 3.5. This allows DFT calculations to be carried
out as a function of D-A separation in order to approximate the D-A inter-
action energy. Such calculations are efficient because the model system is so
small, but the effective charge on the catalytically active oxygen atom should
be determined independently using a larger scale DFT calculation of the SLO
active site. However, the large scale calculation only needs to be performed
once using a simplified substrate (in this case CH,) at its equilibrium pos-
ition (see S2 in ref. 77 for a detailed example). The small (~0.1 A) length scale
of the fluctuations around the CH---O7 equilibrium help to make the fixed
effective charge approximation reasonable.

The effective charge approximation bypasses the need for a large scale DFT
iterative procedure and allows the data to be considered using a simple
analytic approach with a well-defined D-A probability distribution. Moreover,
when a constant external force, Fgy, is applied to compress the D-A equi-
librium distance to generate the tunnelling-active reactant conformation, (r*),
it becomes the only adjustable parameter needed to determine the anhar-
monic potential, V{4 (R), which generates the tunnelling-active reactant con-
formational distribution, P{y (R). From a data analysis point-of-view, this
approach effectively reduces the number of free parameters needed to simu-
late the experimental measurements. Thus, a simple Morse function fit to the
DFT-calculated anharmonic “bare” potential, along with a constant external
compressive force, Fgy, offers the experimentalist a significantly improved
treatment. This approach includes the D-A repulsion energy and introduces
only a single adjustable parameter, F,,, to fit the tunnelling kinetic data. In
comparison, the simple harmonic model has two adjustable parameters,
since both the D-A force constant and its equilibrium position are unknown.

3.3.4 Application to Soybean Lipoxygenase

As noted above, when enzymes are involved in CH bond catalysis, there
is generally only a very weak interaction between the largely unpolarized
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CH bond and a neutral oxygen acceptor atom. The enzyme active site has
therefore evolved to “activate” the oxygen atom by helping to build up
negative charge on the oxygen so that a stronger CH- - -O7 interaction can be
established. For the SLO system, a ferric iron atom binds a hydroxyl group
with its proton separately hydrogen bonded to 1le839 (see Figure 3.4). Upon
successful PCET from the lipoic acid substrate, the iron is reduced to the Fe**
state and a proton is transferred from C;; of the substrate, converting the
bound hydroxyl to a water molecule. The activated C;; carbon radical on the
lipoic acid substrate then undergoes rearrangement into a different pi-
bonding carbon radical structure which facilitates a subsequent dioxygena-
tion reaction. Although the negative charge on the iron-bound hydroxyl
oxygen (g= —0.9¢) leads to a stronger interaction with the substrate CH
group, the ~3.3 A equilibrium D-A separation of the bare potential (e.g., see
Vbare(R) for 6 = 0.6 in Figure 3.5) is still too large to simultaneously reproduce
the magnitude of the KIE and the temperature dependence of the H/D tun-
nelling rates.””°® On the other hand, by introducing an external compressive
force from an electric field that originates outside of the simple D-A sub-
system, the data can be explained without resorting to unrealistic effective
masses or high D-A frequencies.”” In earlier work on the SLO system, using a
harmonic model for the D-A motion, such accommodations were possibly
introduced to help compensate for the linear approximation.*®°*°%7¢

It should also be pointed out that, in order to “fit” the experimental tun-
nelling data for SLO, the KIE and the temperature dependence of both the H
and D tunnelling rates must be duplicated. In addition, the absolute magnitude
of the rate should be considered but, in the electronically non-adiabatic limit
for enzyme reactions, there are at least two unknown scaling parameters.
However, if we use the previously calculated® value for Vgp ~1600 cm™ " in SLO,
the only remaining adjustable parameter for scaling the absolute rate, is the
probability for being in the tunnelling-active reactant conformation, (r*). Be-
cause of the large observed KIE ~ 80, we can assume a fast exchange model with
a probability factor characterized by p .« =k /k_. Eqn (3.18), (3.24), and (3.25)
can be combined for the (r*) conformation, leading to kbps = p (= (kit) ;=300 s~
for the measured room temperature SLO tunnelling rate.> Upon fitting the
KIE and its temperature dependence, we find’’ a value for the inherent
tunnelling rate for the wild type (WT) SLO enzyme that falls in the range,
(kit)e=3x10° — 3x10” s~ ! with p- ~10 °-10 . Thus, the inherent time con-
stant associated with the tunnelling-active (r*) conformation must be on the
order of 0.3-3 ns in order to be consistent with not only the KIE and its
temperature dependence, but also with the observed room-temperature rate of
~300 s~ '. We conclude that, even for the SLO enzyme system, which has a
relatively slow experimentally observed rate constant, the fundamental under-
lying electronically non-adiabatic tunnelling rate is remarkably fast at room
temperature.

The application of a simple anharmonic Morse potential to describe the
D-A motion using an adjustable oxygen charge and an external force results in
a relatively simple and intuitive method for data analysis. A single DFT
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calculation that includes a larger active site quantum region can be used to
independently evaluate and fix the oxygen charge, allowing the data to be fit by
application of a constant external force, Vi (R) = — FexeR + const. This single
additional parameter (Fg,) generates the final D-A subsystem potential and
the tunnelling distance distribution needed to fit the kinetic data. In the case
of SLO, the charge on the oxygen atom is found by using a quantum region
that includes the iron atom and the surrounding amino acids as seen in
Figure 3.4, along with a CH, donor molecule representing the substrate (more
details can be found in the supporting information S2 of ref. 77). When this
system is analyzed using DFT, it is found that the net charge on the acceptor
oxygen is close to g~ — 0.9e. This corresponds to §=0.6 in the bare model
system, H;CH- [OH]’~, where ¢ is set by altering the proton charge so that the
simple model potential for the D-A subsystem mimics the larger SLO active
site so that it also carries an oxygen charge of g~ —0.9e.

To go beyond the simple constant external force, a harmonic restoring force
can also be applied to the bare D-A Morse oscillator. Such a force can be used
to represent the effect of the protein conformation.”” However, it is important
to recognize that the details of the potential, V{55 (R), at larger values of R are
not of critical importance in determining the KIE and temperature depend-
ence of the H/D tunnelling rates. This is because nearly all of the tunnelling
amplitude is carried in the short-distance tail of the P§y'(R) distribution given
by eqn (3.25). (However, one should keep in mind that the absolute rate can be
affected to some extent by the behavior of V{;y'(R) at larger distances via the
normalization factor, N, which depends upon the entire distribution).

In the case of wild-type (WT) SLO, it was found that a compressive force in
the range of ~1-2 nN was needed to generate a P{yy (R) distribution consistent
with the tunnelling measurements.”” An example of the bare SLO potential
(with 6 = 0.6 and g= —0.9¢) along with the application of such a compressive
force is given in Figure 3.6 where it can be seen how the P{Jy(R) distribution can
be moved as different external compressive forces (red and blue dashed curves)
are applied. A stronger ~nN force from the electric field (red dashed curve) is
needed to generate the Py (R) distribution. When fitting the details of the WT
SLO tunnelling data, it was concluded that a total compressive force of about
1.3 nN generated the best overall fits to the data’” and this corresponded to an
external electric field magnitude of ~90 MVem ™.

Such a force is assigned to an electric field because it is much larger than
the maximum (<300 pN) that can be expected from protein conformational
forces.””°* Thus, depending on the size of a potential protein conformational
force that may also be present, an electric field of 60-100 MV cm ™', external to
the D-A subsystem that defines the bare potential, is necessary to initiate
tunnelling catalysis in SLO. It is tempting to suggest that this field is associ-
ated with the active site of SLO because of its consistency with Stark shifts that
have been observed within the active sites of other enzymes.”® On the other
hand, it turns out that the charge on the oxygen can also induce a dipole in the
polarizable linoleic acid substrate and the resulting dipole can also generate
an electric field that acts to compress the D-A equilibrium distance.
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Figure 3.6 An example of a D-A probability distribution for wild type SLO that is
consistent with the tunnelling kinetics. The tunnelling-active reactant state
distribution (green) is labelled as the a*-state (note that the tunnelling active
reactant conformation, (r*), described in the text is labelled as the a*-state in
the figure). A representative tunnelling inactive (r)-state distribution (or-
ange) is labelled in the figure as the a-state. The distributions in the figure
are normalized, but if they were weighted with their relative thermodynamic
probability, p(,x, the a*-state population would be very much smaller than
that of the a-state. A protein conformational force, F.%,; ~300 pN, is shown
by the blue dashed curve acting in concert with the Vi< potential (black
dashed curve), to generate the inactive a-state distribution. A much stronger
compressive force, Fﬁﬁ:%press ~1.3 nN, that arises primarily from an electric
field external to the small CH- - -O7 quantum region (as characterized by the
bare potential) is shown as the red dashed line. This force acts to “dress” the
bare potential, generating the tunnelling-active reactant state distribution
that is associated with (a*). The electric field strength is Ex ~90 MVcm™
and this leads to an average donor acceptor distance, R = 2.84 A, for the (a*)
substate distribution of wild type SLO.

Reproduced from ref. 77, https://doi.org/10.1021/acs.jpcb.7b05570, with
permission from American Chemical Society, Copyright 2015.

This latter possibility is based on the results of an alternative approach,
which utilizes a more complete, large scale, quantum mechanical/molecular
mechanical (QM/MM) simulation.”” Although such an approach is very
computer time intensive, it generates important insights into the source of
the electrostatic forces that help to reduce the D-A distance, which leads to
tunnelling-based catalysis in the SLO system. It is of interest that, when the
potential of mean force (PMF) is calculated for the SLO system using a
quantum region that encompasses 122 atoms, including the n-backbone of
the linoleic acid substrate,”” there are some encouraging similarities with
the bare SLO potential depicted in Figure 3.6. The equilibrium positions for
both potentials are found near 3.3 A and both potentials seem to have a
relatively soft structure, at least over the first 0.7 A of compression. Upon
compression from equilibrium, the energy increases to 4.0 kcalmol ' at
2.8 A and 10.4 kcal mol " at 2.6 A for the Vi,,.(R) potential. The calculated®”
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PMF shows a very similar level of increase upon compression with energies
of ~5 kcalmol * at 2.8 A and ~10 kcal mol ' at 2.6 A. However, as the D-A
compression continues down to ~2.4 A there is a distinct hardening of
Voare(R) relative to the PMF calculation.

One of the main insights from this large scale QM/MM calculation®’ is
that the n-backbone of the substrate appears to play an important role as a
source of the electric field that softens the potential surface as the D-A
compression takes place. However, because the defined quantum region of
the QM/MM calculation includes the substrate, there is no need to invoke an
“external field” because the electrostatic interactions from the substrate
n-backbone are already included within the QM boundary. It is noteworthy
that when the electric field at the proton between the C;; and the iron bound
oxygen is computed using the full QM/MM simulation,”” it is found to be
~100 MV em ™', which is very close to the external field of ~90 MV em ™' that
would be required in Figure 3.6 if the protein conformational force was set to
zero and the entire external compressive force was attributed to the electric
field from the polarized substrate.

The most obvious interpretation of the simple anharmonic model calcu-
lation shown in Figure 3.6 is that the ~90 MVem™ ' external electric field
results from an ion-induced dipole originating at the substrate that acts to
pull it closer to the negatively charged oxygen atom. Essentially, the two pairs
of n-bonding carbons, sitting on either side of the aliphatic Cy; of the
linoleic acid, act to make the substrate polarizable and the ensuing electric
field (which is external to Vpure(R), the quantum calculated anharmonic bare
potential) arises from the induced dipole on the substrate that is created by
the negatively charged oxygen atom. Thus, it appears that nature has found
an elegant and very efficient solution to implement catalysis. Namely, it uses
the substrate polarizability to generate a reactive electric field, rather than
having to design and build an evolutionarily expensive active site with a
difficult-to-implement charge distribution within the hydrophobic interior
of a protein. The charge (g=~ —0.9¢) on the activated oxygen, combined with
the substrate polarizability, evidently generates enough attractive electric
field strength to facilitate a sub-van der Waals D-A equilibrium distance in
the (r*) conformation. This is what allows the proton tunnelling reaction to
proceed and what triggers catalysis in the SLO system.

3.4 Electronically Adiabatic and Vibrationally
Non-adiabatic Proton Tunnelling in Biomolecules

3.4.1 Proton Tunnelling Rate Expression Using a Quantized
D-A Oscillator

When proton or deuteron tunnelling from D to A occurs along a single
double-well ground-state potential energy surface, the theoretical analysis is
based on the GR in the electronically adiabatic limit, as expressed by eqn (3.1).
The off-diagonal matrix elements that couple the reactant and product states
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are found when vibrational level degeneracies are accessed along the environ-
mental coordinate, g;. These matrix elements are characterized as tunnel split-
tings (Ag™) between the reactant and product vibrational eigenstates (n and m) of
the D-A oscillator and, so long as AG™ <kgT, the GR can be applied. This cri-
terion is sometimes termed*® the “proton vibrational non-adiabatic regime”,
which is commensurate with the so-called “deep tunnelling” process. In the
event that electron repulsion is somehow overcome and the tunnelling distance
between D and A becomes small enough that the tunnel-splitting starts to exceed
kgT, the adiabatic proton transfer limit is reached where the GR no longer ap-
plies.*® This limit has been discussed elsewhere for the OH- - -O bond, where it is
estimated that the adiabatic regime is accessed when the tunnelling length is on
the order 0.4 A or less (more details can be found in supplementary information
S1 of ref. 59 and S8B of ref. 71).

It is important to recognize the differences between the two limits pre-
sented by eqn (3.1) and (3.2) as well as to note that a more general treatment,
which bridges these two limits, can be found elsewhere.”* A key point is that
there is no electronic coupling term, Vgp, that appears in the off-diagonal
matrix element in eqn (3.1). This means that the temperature-dependen
absolute rate for tunnelling between D and A can be uniquely defined by the
nuclear coordinate potentials alone. That is, the experimental observables
can be expressed in terms of an equilibrium tunnel distance, the D-A and
tunnel particle frequencies and masses, and the environmental coordinate.
Because many of these quantities are constrained to a narrow range of pos-
sible values for a given type of hydrogen bond in the deep tunnelling regime
(e.g., for OH- - -0), fitting the experimental data on an absolute scale can help
to unambiguously determine, or confirm, the remaining parameters.

In eqn (3.1) the GR is expressed in terms of the critically important
tunnelling distance, /=R —I, as defined by eqn (3.5). While it is certainly
possible to average over the D-A coordinate using a classical distribution, as
discussed above for the electronically non-adiabatic case, here we will invoke a
quantum treatment of the D-A motion using the Einstein oscillator approach
(¢f Section 3.2.4). In this approach, the D-A quantum oscillator is fully de-
termined by its frequency, @wp= wp,, and its reduced mass, ups. Thus, the
superscript on AG" in the above paragraph anticipates the fact that the tunnel
splitting will depend on both the initial (7) and final (/) vibrational state wave-
functions of the DA quantum oscillator. Our choice of the quantum harmonic
treatment, rather than a classical anharmonic treatment, is based on the need
to describe the tunnelling kinetics over a very wide range of temperatures.
Obviously, at low temperature, the classical picture for D-A motion will fail.
Moreover, we use a fully harmonic 2D quantum treatment, where the tunnel
particle is also treated harmonically. As noted in Section 3.3.3.1, we do this
because of the fortuitous cancellation of errors that is indicated for the
OH.: - -O hydrogen bonding situation, where a fully harmonic model has
minimal error compared to using an anharmonic potential for the proton
vibrational states in combination with a harmonic model for the D-A motion
(details can be found in supplementary information Sé6 of ref. 77).
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In Figure 3.1 we show the Duschinsky rotated ground-state potential
surfaces that can be solved exactly in the electronically non-adiabatic limit.
However, for the adiabatic case, we must solve for the D-A vibrational state-
specific tunnel splittings. To do this, the B-O approximation must be in-
voked as discussed in Section 3.3.1.1, where it is verified by comparison to
the exactly soluble electronically case in the electronically non-adiabatic
limit. Although the details are presented elsewhere,””" the essence of the
calculation is discussed below and refers to Figure 3.1.

In order to find the Q-dependent tunnel splitting, we use the method of
Wentzel-Kramers-Brillouin (WKB) at an arbitrary degeneracy for the n and
m vibrational states of the D-A oscillator and for the zero-point transition of
the high-frequency tunnelling particle oscillator (thus, we are again neg-
lecting the high-frequency vibrational excitations of the tunnelling particle
oscillators). The degeneracies occur as dictated by eqn (3.19b) and the state-
specific tunnel splitting for the D-A states are found using:

Agm < |A0 Q)lm J Xn AO(Q Xm(Q)dQ (3'343)
with
Ao(Q) = %em [r /U)(h—o)'dql : (3.34b)

where +a’'(Q) are the Q-dependent turning points along g (for a fixed Q) where
the tunnelling begins and ends (see Figure 3.1). For the symmetric R and P
potentials, the integral can be halved and solved on either the reactant or the
product side. When V;(g, Q) defines the product side potential, we have:

(Q)=V2Ve(q.Q) — Eo(Q) (3.35a)

Velg, Q)= 5 03(q — a(Q)) + 5 93(Q ~ Q) (3.35b)

(@)~ %+ (@~ Gultan (%)

E(Q)="211 o200 (3.35¢
with o, =y, cos(01/2) and Qo= wpa.

Upon performing the tunnel splitting integration for either a potential
with a cusp, or with an inverted parabola continuously attached to the top of
the barrier, we arrive at an expression for Ay(Q) with two terms. The first
term, AE)I)(Q), is dominant and the second term, AB”(Q), provides a second
order correction. For the first term we have:

AG(Q)= Acq exp[—a(Q — Qo) —A(Q — Qo)’] (3.36a)
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with
e do(,l)q tan(@L/Z) and ﬁ ~ Wyq tanz(eL/Z) (336b)
h h
wqd? 2S, 5
S;= tho and  Aeg =hog)[~—te 2. (3.36¢)

Note that the mass-weighted equilibrium (Q=0Q,) tunnel distance is
do = \/tiplo=+/myly and that additional mass dependence is contained
within the mixing angle 0;, and the frequency that is defined along g-axis,
wg=wy, cos(0;/2). The use of the continuously attached inverted parabola at
the top of the potential barrier between R and P will not be discussed in

detail here because, to first order, it simply scales the terms in eqn (3.36b)
2

2
d2 ’
points between the harmonic potential and the inverted parabola (see sup-

plementary information S7 in ref. 59 for details). Note that, if we take
% = 0.1, which reduces the harmonic barrier by 20%, the scaling factor is

0
only 0.98. If a quartic potential is used,’® the calculation leads to a similar
expression for Ay(Q), but the parameters o, f5, and S, in eqn (3.36b) and
(3.36¢) are scaled down by a factor of 2/3, while A.q is scaled by a factor of
V6. This leads to a much larger tunnelling rate for a given equilibrium
tunnel distance, /.

After performing a Boltzmann thermal average over initial states (P,) and
summing over final states (m), the result for the factorized 2D QM elec-
tronically adiabatic rate is expressed as:

and S, in eqn (3.36¢) by a factor of 1 — where +b, are the transition

om |ATF 1 AG)
i :E:E:pn_L -—= 3.37
fo.opa — h| 2 \/47t)vskBTeXp ksT (3:37)

The final expression for A§"™ involves the integration in eqn (3.34a) and (as
noted above) it can be written as two terms, Ag™ = Ag™(1) + Ag"(2), that are
found in the supplementary information of ref. 59. In terms of the mass
unweighted zero-point widths of the D-A and tunnel particle wave functions,

~ /— and o & ,/ , and making the small mixing angle
2.uDACUDA Mo
approximation, — ~ , / , we define
PP ’ 2 4.UDA

(3.38)
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so that to a good approximation:

s = LS (1) (1) a2

(3.39)

where H,(x) are the Hermite polynomials and <Z> = _nt are the
. . . . kl'(n—k)!
generalized binomial coefficients.

In Figure 3.7 we display some examples of the temperature-dependent
electronically adiabatic proton tunnelling rate for parameters that might be
considered typical for a OH-: - -O hydrogen bond. Here it can be seen that the
rate for the quartic potential is very much larger than the rate for the harmonic
potential, either with a cusp or with a continuously attached inverted parabola
spanning 20% of the intersection region. For the quartic potential, a much
longer equilibrium tunnel distance (~1 A) is needed to reduce the tunnelling
rate to the level that is found using the harmonic or quasi-harmonic potential.
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Figure 3.7 Comparison of electronically adiabatic rates using different potentials
to describe the proton tunnelling coordinate: harmonic with cusp
(red), harmonic with an inverted parabola (green), and the quartic
(blue). The parameters common to all curves are wy/2mc = 3200 cm
Opl2nc=200 cm ™, fipa=8my, Kb =19 Nm !, 4,=2000 cm?,
AG®=—500 cm ™! AG;m—ZSO em L. The solid curves all use ¢, =0.8 A,
while the dashed curve for the quartic potential uses £, =1 A in order to
decrease the PT rate so that it is similar to the results from the harmonic
potentials (the longer ¢, compensates for the lower barrier). For the
harmonic potential with an inverted parabola, by/a, = 0.2. The use of the
quartlc potential with £, = 0.8 A may enter into the proton-level adiabatic
regime during D-A compression.

Reproduced from ref. 59 with the permission of AIP Publishing,
Copyright 2015.
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The details of the calculations of the tunnel splitting in various potentials can
be found elsewhere® in the supplementary material.

3.4.2 Kinetic Isotope Effect in the Electronically Adiabatic
Limit

We can use eqn (3.36) and include both terms, A§™ = A§™(1) + A5™(2), to find
the dependence of the 2D tunnelling rate on the mass of the tunnelling par-
ticle in order to generate the KIE. The room-temperature KIE values for the
electronically adiabatic 2D quantum model of the OH- - -O bond are calculated
as a function of the equilibrium tunnel distance and the D-A force constant
(or, alternatively, the DA frequency wps = 27cv,) and this information is pre-
sented in Figure 3.8a. The bottom panel shows the temperature dependence
of the KIE for several combinations of the equilibrium tunnel distance and the
D-A force constant. In addition to the obvious mass dependence of the tunnel
particle frequency, wy, the KIE also depends upon pupa because this reduced

mass affects the values of 0y and 0, (where 0y, ~ /11 /tips)- The KIE will be
reduced for larger angles (smaller up,) because shorter tunnel distances be-
come accessible, making the rate less sensitive to the mass of the tunnelling
particle. It should be noted that we are assuming a fixed protein conformation
in this analysis so, in the classical limit for D-A motion, this would correspond
to Kg, > Kip in eqn (3.16a) so that Keg= Kyip- .

Notice that, for a tunnel distance of /, = 0.8 A, a KIE of <10 is found when
the force constant, K., is in the range below ~25 Nm™" (for up, = 81 the
upper axis shows the D-A frequency is <230 cm ™' in this region). This occurs
because a softer D-A force constant allows for greater thermally induced
sampling of shorter tunnel distances. This increases the energy splitting and
tunnelling probability, making it less sensitive to the mass of the tunnelling
particle. It is also worth noting the large magnitude of the room-temperature
tunnelling rates (210" s~ ') shown in Figure 3.7, where K,j;, =19 Nm™ " and
the D-A separation is ~2.8 A and ¢,~0.8 A. This suggests that kinetically
rapid deep proton tunnelling at room temperature may be a relatively com-
mon occurrence, even though very large KIEs are not necessarily observed.

Finally, the explosive growth of the room-temperature KIE can be seen in
the upper panel of Figure 3.8 as a function of the D-A frequency and
Kot =K,ip. For (,=0.8 A, a D-A frequency shift from only 220 em™"' to
290 em ' (as K, varies from about 23 to 42 Nm ') reduces the thermal
excitation of the D-A oscillator and narrows the spread of its wave-function
enough that the KIE is increased from ~10 to ~50.

3.4.3 Application of the Electronically Adiabatic 2D Quantum
Model to the Ground State Proton Transfer in GFP
As a final example of the measurement and analysis of proton tunnelling in a

biological system, we turn to recent observations of the ground-state ther-
mally activated proton “reset” reaction in GFP. GFP provides an excellent
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Figure 3.8 The KIE (kx/kp) for the electronically adiabatic QM model using eqn (3.37)
with parameters wp/2mc=3330 cm™ ', k; =659 Nm ™, ups = 8my, by =0,
Js=1200 cm ', AG’=— 600 cm ', and AG},75 cm ™" [from eqn (3.19b)].
Panel (a) presents the KIE at 7=300 K as a function of ¢, within a
single conformation where Kege= Kyib = tipa®ha. The upper axis depicts
v, = wpa/2nc. Panel (b) shows the temperature dependent KIE for several
combinations of Keg(=Kp) and £, For K.;=40 Nm ', we have

wpa/2mc =290 cm ™ *; and for Ke=20 Nm ™, wpa/2nc =205 cm™ .

Reproduced from ref. 59 with the permission of AIP Publishing, Copyright

2015.

model system for experimental study because the reaction can be triggered
by a laser light pulse, which initiates ultrafast excited state proton transport
from the excited A*-state to the fluorescent I*-state. However, after the
relatively rapid (~3 ns) spontaneous radiative population transfer from I*
back to the ground-state (I) surface, the protons in the short transport chain
return to their initial donors via a I - A ground-state reaction (the GFP I-state



126 Chapter 3

proton configuration can be seen in Figure 3.10A). Because this cycle is
completed on the ns-us timescale, it can be pumped repetitively, which leads
to very accurate pump-probe averaging using high-frequency lock-in
methods.’® This approach allows the time-dependent populations of the
entire photocycle to be interrogated as a function of temperature.”*

Figure 3.9 presents the population kinetics of GFP as the system moves
through the photocycle at 200 K. The solid red lines represent global fits to
the kinetic progress for the protonated and deuterated reactions. In order to
extract accurate time constants and amplitudes, it is important to perform
the fit across the complete logarithmic timescale as described elsewhere
(supplementary discussion S1 of ref. 71). Following the 0.15 ps pump pulse
at 405 nm in Figure 3.9, the initial A-state moves to the A* photoexcited state;
however, the ~3 ps probe pulse is located at 420 nm, the isosbestic point
between A and A*, so no change is apparent in the first few picoseconds.
Note that time-zero, t,, has also been arbitrarily shifted by 3 ps in order to
depict the probe-before-pulse (¢<0) data on the log time axis. Additional
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Figure 3.9 Comparison of the full proton transfer cycle kinetics of GFP using H,O
and D,O probed at 420 nm and 200 K. The solid red lines are global fits
to the data and the time axis is t=¢+ (3ps —¢,). The arrow locates the
time-zero, t,, which is arbitrarily shifted to 3 ps to reveal the data at
negative times. This verifies that the probe before pump signal is zero.
The isosbestic point between states A and A* is located at 420 nm so
there is no contribution to AA(¢) from this transition, however the kinetic
progress through the rest of the photocycle, from A* to I*, from I* to I,
and from I back to A can be seen in the log-time figure.

Reproduced from ref. 71 with permission from Springer Nature, Copy-
right 2016.
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experiments probing at the isosbestic point between A and I* reveal the same
kinetic time constants (supplementary discussion S3 of ref. 71).

The growth of the I* excited state in Figure 3.9 can be seen to take place in a
few tens of picoseconds for the H,0 sample and it is slowed by a factor of 5-10
after exchange with D,0. The ensuing I* —I population transfer, measured
using the pump-probe absorption technique, is in very good agreement with
the independent measurements of the lifetime that directly monitor the
fluorescence. In addition, the n* index of refraction correction to the local
field and the radiative rate, upon going from an aqueous to a 50% glycerol
solvent, is also determined with very good accuracy, indicating that the error
in the kinetic rate determinations falls within the range of ~5%.

The process that is of most relevance to the development presented here is
the final, thermally driven, ground-state reaction associated with proton reset
from the I-state to the A-state where the protons on O,, Oz, and O, move to Oy,
0,, and O3, respectively (as can be discerned from Figure 3.10A). At 200 K, the
ground-state rates involving proton vs. deuteron transport are found to vary by
about a factor of 70. Although it is difficult to see in Figure 3.9, there is a re-
sidual overlap between the I*—1I and I—A kinetics (particularly in H,O at
T>200 K) and this re-emphasizes the need for a global kinetic fitting process. At
room temperature, the I—-A proton reaction speeds up to the point that it
completely underlies the I* — I reaction and therefore it becomes unobservable,
so long as the spontaneous emission process governs the I*—1 population
transfer. This limitation was overcome by Kennis et al.”” who used a pump-
dump-probe protocol and stimulated emission to bypass the spontaneous I* — I
transition at 298 K. This early experiment revealed a room temperature I— A
kinetic rate of (400 ps) " for proton transport but, for technical reasons, it was
unable to reliably measure the much slower deuteron transport, which would
have revealed the tunneling reaction.

Although there are three protons and three pairs of donors and/or ac-
ceptors in the GFP reset reaction, all of the donors and acceptors, except the
serine 205 residue, naturally support a proton ionization reaction. The
ionization resistant hydroxyl of S205 in the GFP system has a pK, of ~16 and
is hydrogen bonded to a neutral water molecule that must accept the S205
proton in the reset step. There is such a high classical barrier for the
transport of this proton that the tunnelling channel between S205 and water
offers the fastest route. Thus, the tunnelling reaction from O; to O,
(Figure 3.10A) becomes the rate-limiting step that initiates a three-proton
asynchronous concerted transport process in GFP.

Various two- and three-proton synchronous concerted tunnelling scenarios
have also been considered, but such scenarios call for an effective tunnelling
path length that is longer, leading to predicted rates that are many orders of
magnitude slower than the experimentally observed absolute rates (details
can be found in supplementary discussion S7 of ref. 71). A schematic of the
GFP proton wire showing the I-state is depicted in Figure 3.10A along with
the Einstein frequencies in Figure 3.10B that are extracted from the normal
mode analysis using an approach analogous to eqn (3.10) and (3.11).
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A calculation of the “power spectrum” for correlated three-atom motion
(e.g., defined using the symmetric compression shown at the bottom of
Figure 3.10C) is needed to evaluate a synchronous vibrationally assisted
tunnelling model. In this approach, we extracted the normal modes with
components that supply the required simultaneous compression of the three
selected oxygen atoms labelled (i, j, k) as depicted in Figure 3.10C. The mode-
specific MSDs are then used to generate a power spectrum. As might be
expected, the Einstein oscillator for such motion is found at a much lower
frequency than for the simple one-proton vibrationally assisted tunnelling
process (Figure 3.2) where the frequency accurately predicts the T-depend-
ence of the tunnelling rate (Table 3.1). The frequency associated with two-
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proton synchronous tunnelling will be further depressed by inclusion of the
three-atom bending motions, and the three-proton synchronous tunnelling
frequency will be depressed still further. These considerations indicate that
such models will involve a much stronger temperature dependence in the
kinetics than is observed experimentally. Moreover, as also depicted in
Figure 3.10C, the effective synchronous tunnelling path length, £2, is also be
expected to be significantly larger than the ~0.7 A individual tunnel lengths
(o1 and £,) determined from the oxygen-oxygen distances in the I-state.”* In
addition, the longer charge transport distance associated with a synchron-
ous two- or three-proton tunnelling reaction would be expected to generate a
large reorganization energy. Thus, we conclude that, although the three-
proton transport reaction likely involves concerted over-barrier proton hop-
ping of the other protons in the wire, the observed kinetic rate is slaved to
the single-proton tunnelling event between the serine (O;) and water (O,)
oxygen atoms. Such a scenario is consistent with asynchronous nuclear
motion of the remaining atoms in the proton wire.

It should also be noted that a suggestion has been made®® concerning the
possibility of water molecules entering the active site of GFP at room tem-
perature and bypassing the important serine residue shown in Figure 3.10A.
However, this suggestion is based on molecular dynamics (MD) simulations

Figure 3.10 (A) The schematic arrangement of the GFP chromophore and the amino
acids that comprise its “proton wire”. The protons are shown in
the I-state, prior to transfer to the A-state. The four oxygen atoms that
play the role of donor and acceptor are labelled 1-4 and the dynamics of
these atomic positions can be analyzed using the full set of GFP normal
modes.>>”* This allows extraction of the MSD-based ““power spectrum”
that moves the various oxygen atoms together in a manner that allows
for one-proton asynchronous or multiple-proton synchronous con-
certed proton tunnelling. (B) The effective Einstein frequencies that
offer the possibility of the synchronous tunnelling of two protons
between three oxygens (1-3 or 2-4) are shown as the vertical dashed
lines and are found to be much lower than the vibrational frequency
needed to fit the experimental kinetic data. (C) A schematic showing a
symmetric vibrational compression, involving three oxygen atoms and
(implicitly) two protons, as would be needed to vibrationally assist a
two-proton synchronous tunnelling process. Here, it can be seen that
the effective pathway from R to P leads to an overall tunnel length (£2)
that is elongated relative to a single proton tunnelling event (£y; or 4y,).
A more realistic symmetric mode can be used to define unit vectors for
compressive enhancement, as shown at the bottom of panel C. This
allows the transformed Cartesian vibrational motions of each normal
mode of GFP to be projected onto the compression, generating the MSD
power spectrum for vibrationally assisted two-proton synchronous con-
certed tunnelling (panel B). In contrast, for the case of one-proton
asynchronous concerted tunnelling, the other (non-tunnelling) protons
are able to follow the tunnelling proton in a concerted fashion via a very
rapid over-barrier hopping process. In this case, the rate-limiting step
and the KIE depend only on the tunnelling between a single hydrogen
bonded pair of oxygen atoms.
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that do not consider tunnelling and cannot allow a residue such as serine to
participate in a water-based proton wire. Moreover, it is important to em-
phasize that the putative water wire (i.e., where the serine residue is by-
passed) is not consistent with either the large KIE that is experimentally
observed or with the Laue crystal structures that show no evidence of add-
itional waters in the vicinity of the GFP proton wire at room temperature
(J. van Thor, private communication).

The use of the absolute rate measurement in the above analysis again points
to the importance of recognizing that, for electronically adiabatic tunnelling
reactions, there is no electronic coupling parameter, Vyp, available to scale the
rate. This helps to place tighter constraints on the remaining model par-
ameters. More generally, the parameter that typically has the most freedom in
these models is the environmental barrier height, AGE or, alternatively, the
environmental reorganization energy in conjunction with the reaction free
energy [e.g., see the expression for AG! following eqn (3.1)]. The other par-
ameters needed to predict the electronically adiabatic proton-tunnelling rate
are generally well constrained. For example, the average tunnel distance for the
OH.- - -0 bond is typically /o~ 0.7-0.8 A and the OH oscillator frequency is w
~3200-3400 cm™ ' and its correlation with H-bond length (and therefore the
tunnelling distance) has been measured experimentally.”® This means that £,
and oy, are not independent parameters. In addition, the frequency and re-
duced mass of the Einstein oscillator governing the D-A motion can be con-
strained by the calculation discussed in Section 3.2.4 and shown in Figure 3.2.
The reduced mass of the tunnel particle oscillator is, to a good approximation,
given by up,~my, so, along with pups, the Duschinsky rotation angles are well
determined. Finally, the free energy of the reaction, AG’, has been found in-
dependently for GFP,”" so there are essentially no other free parameters needed
to predict the proton tunnelling rate for this OH-: - -O system.

In Figure 3.11 we present the kinetic data for the I— A proton reset reaction
in GFP over a very wide temperature range. The red lines through the data are
the result of a global fit using eqn (3.36) (more detail of the fitting process can
be found in the supplementary discussion S6 of ref. 71) with parameters listed
in Table 3.1. The tunnel particle oscillator frequency (wg/2mc = 3330 cm ")
was fixed to the experimentally determined®® correlation with ¢, =0.78 A
(supplementary information S1 in ref. 59 also displays a fitted plot of the
frequency and tunnel-distance correlation®). A very small global distribution
in the tunnel length distribution, oz =0, =0.02 A, was also allowed”" in
order to account for the small deviation of the I— A kinetics from a pure ex-
ponential response (details of the fits to experimental data can be found in
supplementary discussion S6 of ref. 71). Because GFP has such a rigid beta-
barrel structure, it is one of the most stable proteins known.”” Thus, the very
small disorder and relatively slow conformational exchange times (> us) are
both reasonable and expected. This highly ordered property also allows us to
set p« =1 for GFP, in contrast to the situation encountered with enzymes.

Akey parameter derived from the fitting procedure is wpa/2nc =273+ 7cm™ ',
which is very close to the value found for the Ser-OH—OH, Einstein oscillator
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discussed in Section 3.2.4. The uncertainty given for this frequency derives ul-
timately from our choice of the reduced mass for the D-A subsystem. We have
noted the weak temperature dependence of yp, and used the values found at
160 K (8.1 amu) and at 298 K (8.8 amu) as uncertainty limits. Thus, we set a
generous error margin for pp, = 8.5+ 0.5 amu and, upon fitting the data by
fixing up, at either 8 amu or 9 amu, the various error limits emerge for the other
parameters denoted in Table 3.1.

Generally, the fits are very satisfying and we emphasize that the magnitude of
the absolute rate has not been artificially scaled for either the proton or deu-
teron kinetics. The grey zone in Figure 3.11 depicts the region of temperatures
that are normally probed in biologically relevant proton tunnelling reactions, so
it can be appreciated that the experiments presented in the figure span a much
wider temperature range than previously examined. The experimental details
for performing such experiments at cryogenic temperatures are given else-
where.”" The open diamond in Figure 3.11 represents the room-temperature

logsg(kia) (™)

1000/T (K")

Figure 3.11 Arrhenius plot of the ground-state (I—A) proton transfer kinetics of
GFP. The typical temperature range for studies of biological proton
transport is shaded in grey. The rate for the H,O samples (in 50%
glycerol buffer) increases at higher temperature and becomes insepar-
able from the 3 ns I* — I population transfer due to fluorescence decay
(green dots). The apparent decrease of these I*—I rates at higher
temperature in H,O is due to the underlying oppositely signed I—A
process. A measurement at room temperature using the pump-dump-
probe method is shown with the open diamond. The experimental KIEs
of 73 (160 K) and 40 (298 K), are depicted by the blue dashed lines. The
global fits to the kinetic data, using the two-dimensional QM model,
described in Section 3.4.1 [eqn (3.37)], are shown as the red lines. The
fitting parameters are listed in Table 3.1.

Reproduced from ref. 71 with permission from Springer Nature,
Copyright 2016.
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Table 3.1 Parameters for ground-state proton-tunnelling kinetics in GFP.

Parameter Value Description

Unconstrained

AGfm 54+3 cm ! Environmental barrier
Constrained®

Wpal2TC 273+7 cm™! . D-A mode frequency (fit)

O 0.78 A (04, = 0.02 A) Equilibrium tunnel distance
Fixed®

2boldy <0.2 Width of inverted parabola
AG° — 665 cm Free energy of I —A reaction
wpl27c 3330 cm ! OH mode frequency

Upa 8.5+ 0.5 amu Reduced mass of D-A mode
Oy 19.2°+0.5° Duschinsky rotation for H
0p 26.5°4+0.7- Duschinsky rotation for D
Jred 8.0x107? Reduced chi-squared

“The value of 7, is constrained by X-ray data and I-state ONIOM minimization and ay, is the width

of ¢, distribution. The value of wp~ @, is constrained to 264-289 cm ™ as calculated and shown
in Section 3.2.4.

bThe O-H frequency of the proton, wy; was correlated®® to the 0-O distance and fixed by the value of
fy. The parameter b, locates the attachment of a continuous inverted parabola at the top of the
barrier. The effect is negligible on the other fitting parameters if 2by/d, <0.25. The measurements
of AG° = AGY, are presented elsewhere’" and yield 4, =1165 em™ . The effective mass for the D-A
oxygen motion is up,~8.5+0.5 amu (Section 3.2.4). The rotation angles are given by

0, = /1. /1, The uncertainty in up,s generates uncertainty in the other parameters as noted in
the table.

I— A proton transport rate found using pump-dump-probe protocol.”” Finally,

the green dots show the extracted rates for the I¥ -1 spontaneous radiative
population transfer in H,O. This rate is expected to be independent of tem-
perature with a time constant of 7,3 ns. However, near room temperature
the rate constants found using the global fitting procedure, begin to show
slightly depressed values as seen in the figure. This is due to the oppositely
signed I— A absorbance change in H,O that underlies, and begins to interfere
with, the I* -1 absorbance change at these higher temperatures. Because of
this problem we cannot extract reliable I—A proton rates for temperatures
above ~200 K. Similarly, at very low temperatures (< 160 K), it becomes difficult
to extract the I— A deuteron rate because it becomes too slow to measure with a
pump-probe system operating at 200 kHz (~5 ps).

However, even given the experimental limitations and the relatively simple
theoretical model that is being applied, there appears to be solid agreement
between the analytic theory and the GFP kinetics experiment, which is very
encouraging. The results indicate that room-temperature deep tunnelling in
the charge neutral OH- - -O system, using typical values for H-bonding dis-
tances and frequencies, leads to a surprisingly rapid (~400 ps) room-
temperature tunnelling process. In the case of GFP, this involves proton
tunnelling between the ionization resistant serine residue and a neutral
water molecule.
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Given that serine and threonine residues are often found in the vicinity of
proton “wires” in proteins,*®'°°'%* we have suggested that they are likely
participants in such wires, even though these residues are often modeled out
of classically based proton transport calculations. Because the classical MD
calculations are not able to include the QM tunnelling process, the ener-
getically expensive classical ionization potential improperly precludes such
residues as active participants in water wires. On the other hand, the ~400 ps
room-temperature tunnelling time constant, while much slower than a ty-
pical picosecond timescale proton hopping rate, is still fast enough to be
relevant for many biological processes.

This has led to the suggestion’' that neutral residues like serine and
threonine should be considered as active tunnelling elements in certain
biologically relevant proton wires,”®'°>'%® particularly where pumping
against a proton gradient is required. The presence of serine in the proton
wire is established for the GFP system, where both the wire structure’ and
the tunnelling process’" have been observed experimentally. Residues such
as serine and threonine can act to stabilize water-based proton wires in
proteins but potentially, and more importantly, by participating as active
elements in the “wire”, they can also maintain proton pumping direction-
ality via kinetic trapping processes that involve tunnelling. This latter attri-
bute emerges when (over a given timescale) the tunnelling rate in one
direction is significantly larger relative to the tunnelling rate in the opposite
direction. Such a scenario is depicted in Figure 3.12 and relies on the fact
that the two water molecules, located on either side of a putative serine
residue in such a wire, must act separately as donor and/or acceptor in the
forward and reverse tunnelling directions. This offers the possibility that a
small (~tenths of A) difference in the forward (¢;) and reverse (¢,) tunnelling
distances will lead to rate limiting forward and reverse asynchronous con-
certed tunnelling processes that can differ by orders of magnitude. This will
generate a kinetic trap that helps to move the protons in a preferred dir-
ection. Moreover, such a distance differential would also help to drive
a H-bonding reorientation reaction, involving the serine and the water
molecules, as indicated by the blue arrows in Figure 3.12c. The H-bond re-
orientation will be enabled because the serine H-bond will prefer the shorter
(more energetically stable) of the two H-bonding possibilities offered by the
adjacent water molecules. The reorientation reaction will also act to de-
finitively trap the proton on the downstream side of the serine residue. This
reorientation process is crucial because it is needed to fulfill the funda-
mental “reset” requirement that must occur in order to allow repetitive and
quasi-continuous proton pumping along water-based proton wires.”"

3.5 Conclusion

This chapter has attempted to outline several different analytic approaches
to help experimentalists analyze kinetic data sets that involve the tunnelling
of protons. The relatively straightforward (and mostly analytic) calculations
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presented here predict surprisingly fast ground-state proton-tunnelling rates
for biological systems at room temperature, and this is borne out by the
experimental measurements. Both the electronically adiabatic tunnelling in
the GFP proton wire and the electronically non-adiabatic tunnelling in the
SLO enzymatic reaction indicate that proton tunnelling takes place with
inherent time constants that fall within the nanosecond or sub-nanosecond
regime. The relatively slow experimentally observed rate for SLO is a con-
sequence of eqn (3.18) and the very small probability for the enzyme to oc-
cupy the tunnelling-active reactant conformation, (r*). Further inspection of
eqn (3.18) illustrates the point that for very rapid tunnelling rates,
(k"),>k_, there is a significant possibility for the masking of tunnelling
processes due to slow conformational interconversions. More traditional
masking occurs in biological systems when there are additional rate limiting
biochemical reactions that control the observed experimental rates. The
possibility of “‘conformational masking” suggests that the proton tunnelling
step in many biologically relevant reactions may not be detected by isotopic
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substitution and that much more proton tunnelling may be taking place in
biological systems than is currently appreciated.

One new and important area where proton tunnelling on such a rapid
timescale could play a crucial role involves proton pumping against a pH
gradient along water wires within proteins that are embedded in mem-
branes. Because proton tunnelling is super-exponentially sensitive to the

Figure 3.12 A schematic showing how protons undergoing picosecond hopping on
a protein water wire can be controlled and biased by insertion of an
ionization-resistant OH group of serine (or threonine) into the wire, as
found in GFP. For example, if (on average) the “downstream’ tunnel-
ling distance, /4, is only slightly shorter than the “upstream” tunnel-
ling distance, 7, it will lead to significant differences in the upstream
and downstream tunnel splittings, Aq(¢), which will affect the relative
tunnelling rates by orders of magnitude. Such a small distance
differential, on the order of <0.1 A could arise from protein archi-
tecture that induces steric constraints or supplies an additional
H-bond to the upstream water molecule (e.g., blue dashed lines in
the figure). Such a situation can lead to kinetic trapping and bias the
direction of proton flow “downstream’ over relatively long timescales.
In (a), the proton on the hydronium ion sits upstream of the serine
residue (Cse,~OH) where it can take part in an asynchronous con-
certed tunnelling process (arrows denote the rate-limiting k, dt“““d and
the concerted H™ hop, labelled ‘“con”). This moves the proton
(hydronium ion) to the downstream side of the serine residue as
shown in part (b). The hydrogen bonding direction is then reversed so
the serine proton now points upstream. The proton (hydronium ion)
will be trapped downstream of the serine because the upstream
tunnelling distance (¢,>¢;) significantly slows the upstream tunnel-
ling rate as denoted by the red “not allowed” symbol. In addition to
slowing the upstream tunnelling rate, this condition also dictates that
the stronger serine hydrogen bond occurs when it points downstream
(i.e., because it is shorter). The system is therefore stabilized for the
downstream orientation and this property aids the reorientation
(k'°me") of the H-bonding in the proton wire as schematically
depicted by the blue arrows in part (c). This reorientation reaction
is a necessary condition for repetitive proton pumping even if the wire
is composed only of water molecules. It is also worth noting that the
water wire in cytochrome oxidase terminates at the propionic acid
side chain of the heme, which is an important conduit for non-
radiative dissipation from heme excited states. Thus, excess heat from
the exothermic oxygen splitting reaction might act to help in re-
orienting the H-bonds associated with the proton wire. In any case,
when k0" >k, ™! the system will reorient from (b) to (c) and
this re-establishes the state shown in part (a), but with a new proton
ready to transit across the serine ‘“‘gate”, rather than by allowing the
original proton to tunnel back upstream from (b) to (a). The reorien-
tation shown in (c) effectively locks the proton (hydronium ion) on the
downstream side of the serine residue where it rapidly hops further
downstream. Such an effect involves only small distance fluctuations,
but when tunnelling is involved, a small distance differential can
strongly bias the proton pumping kinetics in a preferred direction.
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tunnelling distance, very small deviations between the forward and reverse
tunnelling distances in a water wire containing a serine (or a threonine)
residue can lead to an efficient method for kinetic trapping. This property
could facilitate transport of protons along water wires in a preferred dir-
ection as well as help with the reorientation of the serine-water hydrogen
bonding, which is necessary to “reset” the proton wire for the continued
pumping of additional protons (e.g., see Figure 3.12).

We want to stress that the simple theoretical expressions presented here
are clearly approximations; however, they have the advantage of exposing
some of the key underlying parameters that help to account for experimental
measurements of tunnelling kinetics. The main observables in most ex-
periments involving biological systems include the KIE and its temperature
dependence in the vicinity of room temperature. However, as we have em-
phasized, the absolute tunnelling rate provides another important in-
dependent experimental observable that should also be used to constrain
the parameters in theoretical modeling.

For the electronically adiabatic tunnelling reaction of GFP, where we
treated the D-A sub-system quantum mechanically rather than classically,
the harmonic oscillator frequency (wp,) and average tunnelling distance (¢)
are the two key unknown factors. In contrast, the high-frequency tunnelling
particle oscillator parameters can be modeled using well-known covalent
and H-bonding properties. Moreover, when the D-A oscillator is quantized,
the environmental barriers are characterized by a single basic quantity,

AG%O = AG.,, with the other n-m transition barriers fully determined by Awpa
within the harmonic approximation [e.g., see eqn (3.19b)]. These barriers
represent the thermal energy needed to bring the reactant and product vi-
brational states into a degenerate condition that allows tunnelling. The in-
dependent measurement of the reaction free energy, AG’, can then be used
to extract the environmental reorganization energy once AG:, is found from
the fits to the tunnelling kinetics. Because there are only three basic
underlying theoretical parameters that are unknown in this approach, the
model is, in principle, fully constrained by the experimental data. The data
includes the temperature dependence of both the H and D tunnelling rates,
which are used to generate the temperature-dependent KIE. In addition, the
absolute rates must be correctly predicted. Given that the OH- - -O hydrogen
bond length is known to be very close to 2.8 A, the value for /, is tightly
constrained. These conditions place stringent limits on the analytical model
and the fact that it performs so well in fitting the GFP data is remarkable.
However, this success is at least partially due to the fortuitous cancellation of
errors that takes place for the OH- - -O system when moving between a fully
anharmonic model and a fully harmonic model (e.g., see supporting infor-
mation S4 and S6 in ref. 77).

In the case of the electronically non-adiabatic formulation used for PCET
in the SLO enzyme, the D-A oscillator is treated classically as discussed in
Section 3.3.2. In this case, there are three key parameters that can be found
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from the KIE and the slopes of the Arrhenius rate plots near room tem-
perature. Two of these parameters describe the first two moments of the D-A
probability distribution, i.e., Ry={,+ 2lc and opa(T,), while the third de-
scribes the environmental barrier, AG:. This latter parameter is linked to the
reorganization energy, s, by the independently measured reaction free en-
ergy, AG®. Each of these parameters can be found, in principle, because the
KIE and the temperature-dependent rates for H and D provide three in-
dependent experimental observables. However, there is a caveat because the
second moment of the D-A distribution, apa(7,), generally offers two pos-
sibilities®®’” that are both consistent with a given temperature-dependent
KIE. The absolute rate provides another (often neglected) independent ex-
perimental observable. In the electronically non-adiabatic limit it depends
on two additional parameters: (1) the electronic coupling, Vzp, and (2) the
statistical probability for being in the tunnelling-active reactant conform-
ation, p,+.. However, if the value for Vgp can be calculated independently,”*
then p,~ can be estimated by scaling the theoretical prediction so that it
matches the measured absolute rate.

Finally, we note that extracting a detailed expression for the D-A potential,
which is consistent with the tunnelling kinetics, should be considered only
as a partially resolvable problem. The result obviously depends upon the
specific assumptions that are made regarding the functional form taken for
the potential (e.g., harmonic or anharmonic). More importantly, the full D-A
potential is generally not uniquely determined because, in the classical limit,
only the short distance tail of the temperature-dependent D-A distribution
determines the experimentally measured tunnelling observables. However,
the use of a simple Morse potential (determined using quantum-chemical
methods such as DFT), acting in conjunction with an applied force that
compresses the distance between the donor and acceptor atoms, appears to
be sufficient to define a reasonably realistic tunnelling-active D-A potential
and its associated temperature-dependent distribution of tunnelling
distances.

Such an approach offers a simple intuitive picture (e.g., Figure 3.6) and
allows the external force to be estimated by fitting the tunnelling data. The
~1-2 nN magnitude of the external compressive force that is found, in the
case of SLO, suggests that an electric field must act to overcome the basic
van der Waals repulsion between the substrate carbon and the catalytically
active oxygen atom at the active site. Such an electric field probably origin-
ates from an induced dipole on the polarizable linoleic acid substrate that
arises from the charge on the active site oxygen atom. More generally,
electric fields from various sources within an active site (e.g., charged or
polarizable amino acid residues or a polarizable substrate), along with the
much weaker protein conformational forces, can all contribute to the D-A
compression. Such forces are needed to overcome the inherent van der
Waals repulsion between the proton donor and acceptor atoms in order to
facilitate tunnelling-based enzyme catalysis.
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Appendix: Table of Parameters

Parameter Description

L
by

Ppa(R)

Voa(R)

Vbare (R)

VExt (R)

VEN(R)

Ao(f)

Tunnelling length for proton or deuteron.

Equilibrium (or average) tunnelling length for a specific
distribution, P(¢), associated with a given protein sub-state, (i).
If it is necessary to specify the sub-state, P(¢) is denoted as P/ (¢)

The average value of the equilibrium tunnelling length within a
hierarchical ensemble of conformational sub-states having
different tunnelling length equilibria (¢,). The distribution of
tunnelling length equilibria is denoted as P(¢,) and has a width
gy .

Dof.lor—cceptor distance: R=/¢+ 2l and Ry = (o + 2.

Average covalent bond distance for D-H and A-H.

Probability distribution for the donor-acceptor distance (R) that
is related to P(¢) by the simple shift between R and /.
Ppa(R)=N exp{‘;;—Ajgm}.

The potential energy between the donor and acceptor atoms as a
function of their separation, R.

The DFT-determined anharmonic Morse potential that mimics
the bare interaction between the CH donor and activated O?
acceptor in an enzyme active site. A charge g resides on the
acceptor oxygen atom.

The potential describing compressive forces external to the
atomic level DFT-determined Morse potential. In the simplest
case this is a linear function with a slope proportional to g and
the local electric field.

The D-A potential associated with the tunnelling active
conformation, (r*). This conformation is expected to have a
strong local electric field.

Tunnel splitting between symmetric and anti-symmetric zero-
point proton wave-functions.

Electronically adiabatic tunnelling rate for a specific value of /.

Huang-Rhys factor of the light particle vibrational coordinate

HLov
St = ¢* (L=H or D).
Y ( )

Average Huang-Rhys factor Sy, =

TLOL 12 within the P(0)

distribution.

Low frequency Einstein approximation for the frequency of the
environmental modes surrounding the charge transport sub-
system.

Huang-Rhys factor of the environmental coordinate.

Reorganization energy of the environment surrounding the
charge transport sub-system /s = Ssfiw;.



Proton Tunnelling and Proton-coupled Electron Transfer in Biological Systems 139

Parameter Description

AG:

AH}

AG:,,

AE nm

AL

Hy

WpA

HUpa

0?PpA

VRP

<0DL | OAL>

Free energy barrier associated with the environmental
coordinate that brings reactant (R) and product (P) states into
degeneracy in the classical treatment for D-A motion
AG! = (AG® + 4s)? /4)s

Free energy of the overall tunnelling reaction.

Enthalpic barrier associated with the environmental coordinate.
This barrier contributes an isotope-independent term to the
“effective Arrhenius slope”, E5(T,), found from the log of
tunnelling rate vs. 1/T.

Free energy barrier associated with the environmental
coordinate that brings the quantized D-A vibrational states
(n, m) of the reactant (R) and product (P) into degeneracy,
AGE = (AG® 4 AEyy + 5)* | 4)s.

Energy separation between the initial (n) and final (m)
vibrational states in the quantum treatment of D-A motion.
AE,, = (m — n)hiwpa.

The vibrationally state-specific tunnel splitting for the 0-point
light particle (H or D dependent) oscillator. Ag™ = (n|Ay(Q)|m)
in the B-O approximation.

Vibrational frequency of the light particle oscillator (L =H or D).

Reduced mass of the light particle vibrational oscillator. (p, = my,
with my, the mass of the tunnelling particle).

Heavy atom D-A vibrational frequency obtained from fits to the
data using quantum approach to D-A motion.

Theoretically calculated average Einstein oscillator frequency for
motion between D-A heavy atoms. g~ wpa

Reduced mass of the D-A vibrational oscillator (ups = M/2 with M
the average mass of the heavy atoms).

Electronically adiabatic two-dimensional quantized tunnelling
rate. Depends upon £, @y, fiy, Wpa, fipa, 4 and AG°.

One dimensional electronically non-adiabatic tunnelling rate for
a specific value of ¢ in the absence of a D-A oscillator or a D-A
thermal distribution.

Electronically non-adiabatic tunnelling rate using quantum
treatment for D-A oscillator that depends on ¢y, wy, Ly, ®pa, Upa,
Js, AG®, and Vgp.

Electronically non-adiabatic tunnelling rate thermally averaged
over a classical D-A distribution. (L=H or D). This expression
depends on £y, oy, opa(T), As; AG®, and Vigp.

Non-adiabatic electronic matrix element that couples the
diabatic electronic states R and P.

Franck-Condon overlap of light particle (L= H or D) zero-point
vibrational wave-functions localized on the donor (D) and
acceptor (A).
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Parameter Description

d

ky

Kiip

opa(T)

apa(7T)

a.(T)

pu(T)

oL

(FC)er

(FC)go

(FC)ho

<F C> class

Mass-weighted tunnelling length d = /i ¢ (do = \/iiplo at
equilibrium).

Mass-weighted points of attachment (relative to the midpoint) of
inverted parabola along double-well harmonic tunnelling
particle potential.

The force constant for the high-frequency tunnel particle
oscillator.

Effective vibrational force constant binding D and A,
including H-bonding and protein forces.

Force constant determining a Gaussian distribution of
conformational sub-states where different conformations have
different values of R,.

Effective force constant determining overall distribution of D-A
KiibKg,
Kyip + Kz,

Temperature-dependent width of D-A distribution in classical
harmonic model: 654(T) = kgT/Keg. Note that ops(T) = o((T)
from eqn (3.5).

Temperature-dependent width of D-A distribution in quantum

distances in the classical fast exchange limit: Kegr =

harmonic model: o3, (7T) = L_ [2n(®g) + 1]
2ipa®p
Contribution of an individual protein normal mode to the D-A
distribution width.
Ratio of the square of the variance of the tunnel particle

probability density to the summed total MSD:
2
o
T)= —5—%—.
) = o)

Zero-point Gaussian variance of the tunnelling particle

probability density. o; = . Note, this is twice the value of

Hy O,
the vibrational wave function probability amplitude.

Exact, thermally averaged, Franck-Condon factor for the
Duschinsky rotated vibrational wave functions in the two-
dimensional quantum model as determined by the correlation
function method.

Thermally averaged Franck-Condon factor for the Duschinsky
rotated vibrational wave functions in the two-dimensional
quantum model as determined using the Born-Oppenheimer
approximation that separates the heavy and light atom motion.

Same as (FC)go except terms that are quadratic in the D-A
fluctuations from equilibrium have been dropped. This is the
“linear approximation”.

Thermally averaged Franck-Condon factor using a classical
Gaussian probability distribution for the D-A distance as well
as the environmental coordinate.
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Parameter Description

—EL(T,) Effective “Arrhenius” slope for the tunnel particle (L) at a
reference temperature, Ty, usually taken to be 295 K, using a
classical D-A model.

AE, Difference in effective “Arrhenius” slopes for D and H.
Approximates the T-dependence of the KIE. AE, = E2(T,) —
EZI (To) = EgA(To) - EgA(TO)-

Eba(To)  The term in E5(T,) that carries the tunnelling rate dependence
on the isotope as well as the thermal properties of the D-A

distribution.

Ryr Vibrational coordinates for the heavy and light particle
oscillators, respectively.

Q,q Mass-weighted coordinates for heavy and light particle
oscillators, respectively.

(r),(r) An enzyme conformational state that carries its own distribution

of reactant (r) sub-states, within a hierarchal model. The
tunnelling-length distribution is active in the state, (*), and
inactive in (r).

Khps Observed kinetic rate for an enzyme undergoing a
conformational forward (rate k) and reverse (rate k_) search
for the tunnelling-active conformation (r*):

ky
kgbs_ k_ + <kf*>,5 <kf*‘>€'
p(r*) Probability for being in conformation (r*) in the fast exchange
model. p- = k./k_ s0 that kbps = p (k).
0L The Duschinsky rotation angle for the two-dimensional fully

quantized treatment for either the correlation function or the
B-O approximation treatment. 0y, ~ i

Hpa
oot Zero-point width of D-A vibrational wave-function.
[ h
ot Ry [—.
2ippA®DA
oy Zero-point width of tunnel particle vibrational wave-function.
h
ok ~
244,001,
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CHAPTER 4

From Tunnelling Control to
Controlling Tunnelling
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4.1 Introduction

Quantum mechanical tunnelling (QMT), transmission of particles through a
potential barrier of finite width and height in cases when the energy of the
particle does not allow an over-the-barrier passage, has a fascinating his-
tory." Hund*® was the first to consider, in 1926, the possibility of tunnelling
in a “reacting” chemical system; Hund treated the enantiomeric inter-
conversion of molecules without the ‘“classical” over-the-barrier passage.
Interestingly, the term tunnelling was introduced only somewhat later,
perhaps the first time by Schottky* in 1931. Unusually, the paper of Hund,
addressing a chemical problem, precedes the clear identification of the role
of tunnelling in physics, as it was in 1928 that Gamow,”® and independently
Gurney and Condon,” interpreting experimental observations® foregoing
the new quantum mechanics, described the ‘“quantum theory of nuclear
disintegration”; in modern language the a-decay of heavy atomic nuclei,
providing the first great triumph of QMT. Despite its more than 90 years of
history and its origin, the microscopic, purely quantum phenomenon of
tunnelling®'® is still considered by many to be more relevant for physics
than for chemistry, although there is growing realization that tunnelling is
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From Tunnelling Control to Controlling Tunnelling 147

indeed important for certain areas of transformative chemistry and spec-
troscopy. QMT plays a definite role, for example, in the case of reactions
hindered by barriers and taking place at low temperatures."''° Nevertheless,
as this and other chapters of this book prove, there are several other inter-
esting chemical systems and phenomena that are related to tunnelling and,
in particular, its control. The role of QMT in chemistry®'®'*1*! gsimply
cannot be overstated.

This chapter addresses two fundamental issues related to QMT of small
chemical systems. First, it considers cases where the outcome of a chemical
transformation (a reaction) can only be understood if tunnelling is assumed
to be the main reaction mechanism (in other words, the reaction goes
“through” the barrier instead of “above” it), and discusses how a reaction
controlled by tunnelling will be different from “ordinary” chemical re-
actions, assumed to proceed under kinetic or thermodynamic control (see
Figure 4.1). Second, this chapter considers how to control QMT, a reaction

\TS(P)

kinetic control

Gibbs energy

TS(P,)

tunneling control

N/
P

1

thermodynamic control

intrinsic reaction coordinate

Figure 4.1 Characteristics of kinetic, thermodynamic, and tunnelling control based
on a simplified one-dimensional picture involving reactant R and pos-
sible products P; and P,, and two distinct transition states (TS) sitting on
top of barriers of significantly different widths. In this figure both kinetic
and thermodynamic control results in product P,; only tunnelling con-
trol yields product P;.

Image courtesy of Dr Tibor Furtenbacher.
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type itself, and explains how tunnelling can be controlled either internally,
via nuclear motions (vibrations as well as rotations) or isotopic substi-
tutions, or externally, via shaped laser fields, providing coherent control.

Chemists, in particular synthetic organic chemists, successfully utilize
several “rules of thumb” in their everyday research when synthesis of certain
chemical species and reactions leading to them are designed, utilized, and
refined. One of these ‘“rules of thumb”’, borrowed from physical chemistry, is
that chemical reactions proceed under either kinetic or thermodynamic
control. One of the earliest examples of this principle was presented in
ref. 22. Kinetic control of chemical reactions is built around the notion of
reaction paths,**™*® some of minimum energy (MEP),** some of minimum
action (MAP),>**” and some neither of these two,”®*° and of reaction
barriers®*? along the reaction paths (note that there are also barrierless
chemical reactions, e.g., those involving charged species, but they are not
considered here). Kinetic control means that among possible reaction paths
the one with the lowest reaction barrier will be the dominant one. Thus,
within this framework, control of the reaction means a change in the height
of the barrier (Figure 4.1). Note that according to the Bell-Evans—Polanyi
(BEP) theorem,**** within the same family of reactions the difference in
barrier heights is considered to be proportional to the difference in reaction
enthalpies. It is important to emphasize that there are factors other than the
barrier height affecting the magnitude of rate coefficients. According to
classical transition state theory, the rate coefficient is proportional to the
ratio of partition functions of the transition state and reactants, which can
give rise to statistical-mechanical contributions. Tunnelling corrections can
also influence the value of the rate coefficient along with other dynamical
factors. Thermodynamic control means that among the possible products
of a reaction the most stable one, the one with the lowest Gibbs energy,
will be dominant. Both of these control ideas utilize only the energies of the
chemical species involved in the reactions (reactants and products) and on
the reaction path(s) (transition states). The actual shape of the barrier(s)
characterizing reaction paths explaining kinetic control is not part of the
simple picture chemists created about elementary reactions; it is used
neither in the enhancement (catalysis) nor in the inhibition of chemical
reactions. Nevertheless, the shape and the width of the barrier becomes an
important issue when tunnelling is considered not merely as a correction to
rates of chemical reactions®® but when it is the rate-determining process.>”
Thus, one needs to emphasize the extension of the calculation of reaction
barriers to the determination or the modeling of its shape when the feasi-
bility of tunnelling is considered.

If the barrier hindering a reaction along a given path turns out to be
“narrow”, tunnelling becomes a feasible ‘“driving force” of a barrier-
hindered elementary reaction®**® (the width of the barrier is defined as
the width of the classically forbidden region at the energy of the tunnelling
system; moreover, the mass of the ‘“tunnelling particle” should also be
considered). This is surprising from a classical point of view as in the
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macroscopic world we got accustomed to not being able to go “through”
barriers, just above them. To explain tunnelling and develop a simple picture
about it we note that in the quantum world we are not able to define exactly
the position and the momentum of a particle for any instant of its motion
(Heisenberg’s uncertainty principle) and that wave functions (and thus their
probability densities) extend for the whole available configuration space. In
relation to the mass dependence of tunnelling we note that interesting cases
have been identified where the “tunnelling particle” is a heavy atom (heavy-
atom or non-hydrogen tunnelling).?”~**

The two fundamental issues this chapter is concerned with, namely tun-
nelling control of reactions and internal or external control of tunnelling
dynamics, can be associated with two kinds of spectroscopy: low and high
resolution. To follow the temporal evolution of chemical reactions deter-
mined by tunnelling, for example that of reactions taking place in cryogenic
inert-gas matrices, it is straightforward to utilize low-resolution vibrational
spectroscopy, usually infrared (IR) spectroscopy. Low-resolution IR spec-
troscopy allows the detection of tunnelling on the time-scale of a few seconds
to several days.”> These tunnelling reactions, when the reactants and the
products are different, can be modeled through reduced-dimensional treat-
ments (even a one-dimensional intrinsic-reaction coordinate (IRC)* ap-
proach will often suffice). While the temporal evolution of transformative
tunnelling reactions has considerable importance, usually it is not necessary
to invoke the time-dependent formalism of quantum chemistry to understand
these reactions. When tunnelling does not result in a product substantially
different energetically from the reactant, tunnelling can be detected experi-
mentally via splittings in the rovibrational energy-level set characterizing the
molecule. For the observation and characterization of this manifestation of
tunnelling it is necessary to use high-resolution spectroscopy.** Tunnelling
splittings, which are often (exceedingly) small, can be computed via solving
the time-independent nuclear Schrodinger equation utilizing various vari-
ational techniques of the fourth age*® of quantum chemistry.

Once tunnelling is identified in a chemical system, the question arises how
to control it. In fact, there are several ways one can influence tunnelling and its
rate(s). These opportunities can be divided into internal and external ones. The
“internal” controlling possibilities considered here include isotopic substi-
tution and rovibrational excitation. If the tunnelling particle is the hydrogen
atom, H/D exchange has a huge kinetic isotope effect (KIE), as expected based
on the simplest modeling arguments.*> One can also modify the composition
of the chemical system via asymmetric substitution, not affecting the
“tunnelling particle”. Although within the Born-Oppenheimer (BO) separ-
ation*® of nuclear and electronic degrees of freedom this will result in no
change for the electronic potential energy surface (PES) governing the dy-
namics of the system, it will have an effect on the effective PES felt by the nuclei
and on the corresponding nuclear dynamics. Such an asymmetric substitution
has been demonstrated to cause symmetry breaking in double-well systems
that have two symmetry-equivalent potential wells in the non-substituted case
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and lead to significant changes in the tunnelling behavior, as the
asymmetrically susbtituted molecule shows low-energy eigenstates localized in
one of the potential wells and higher-energy eigenstates delocalized over
the asymmetric double-well potential due to tunnelling switching.*’>" The
concept of tunnelling switching is crucial in the field of molecular parity
violation"”*® and might be used to construct molecular quantum switches.*
Another “internal” control is provided by the internal motions (vibrations and
rotations) of the molecule. It is of general interest to know how the different
internal motions of a molecule influence and are influenced by tunnelling.
Among the “external” controlling possibilities we discuss the control of tun-
nelling via shaped laser fields and present results for both the enhancement
and the inhibition of tunnelling in ammonia isotopomers,** as it is of con-
siderable interest to understand how one can either enhance (“accelerate”)>*
or inhibit (“destruct”)*® tunnelling by judiciously chosen shaped laser fields.

In relation to high-resolution spectroscopy and observable “tunnelling
splittings” one must note that there are molecular systems where the energy
levels are split but the splittings have nothing to do with tunnelling. These
cases include molecules where one must include versions®® of the structures
in the Longuet-Higgins sense’” to interpret the observed spectra as well as
molecular motions (mostly torsions) close to the free-motion limit.
Molecular systems that can be mentioned as relevant examples include
H; " *%% and CH;",°°"%* as well as their deuterated isotopomers.®"*?

The remainder of this chapter is organized as follows. In Section 4.2 we
present an overview of the tunnelling control of chemical reactions, where
consideration of tunnelling through different pathways is needed to under-
stand the outcome of a reaction. Section 4.3 discusses the promotion and
inhibition of tunnelling via nuclear motions, employing the tetratomic "*NH;
molecule as an example. Section 4.4 provides an example of controlling
tunnelling via isotopic substitution in the case of double-well potentials,
namely tunnelling switching in the asymmetrically D-substituted vinyl radical,
CHD=CH.** In Section 4.5, the molecule of choice is once again ammonia,
and here we discuss the external coherent control of tunnelling with shaped
laser pulses.®® Section 4.6 summarizes and concludes this chapter.

4.2 Tunnelling Control in Chemical Reactions

The concept of “tunnelling control of chemical reactions” was defined by
Allen, Schreiner, and their co-workers.'***°* Introduction of this reaction-
control type to the chemistry literature in 2011°> was based on the recog-
nition that in certain chemical reactions, with barriers along at least two
feasible reaction path(s), product formation is governed neither by the
lowest activation barrier (kinetic control) nor by the highest Gibbs energy
gain (thermodynamic control) but by the most facile tunnelling process. Due
to its very nature, the tunnelling rate depends much more directly on the
width of the barrier, defining in a simplified sense the tunnelling-path
(minimum-action-path) length, than on the height of the barrier.>>*® Thus,
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for reactions governed by tunnelling control, one must investigate barrier
widths and not (only) barrier heights, as usual during kinetic-control stud-
ies. Therefore, while tunnelling control could indeed be considered as a
subclass of kinetic control, for practical purposes it appears to be useful to
distinguish the two control mechanisms and handle tunnelling control as
the “third reactivity paradigm”."*

As reviewed recently by Schreiner,'* the number of chemical systems where
tunnelling control has been recognized as the determining factor governing
which chemical transformation takes place is quite large by now. The con-
ceptually simplest cases of this type of reaction selectivity concern reactants
and products in low-temperature inert-gas matrices, where the temperature of
the environment, actually around 10 K, is so low that no reactions charac-
terized by barriers can proceed via incoherent thermal excitation. If a reaction
is observed under such cold conditions, it can safely be assumed that the
reaction proceeds via tunnelling. For example, in the case of ¢rans-hydroxy-
methylene, +HCOH, a unimolecular isomerization reaction, taking place
under matrix-isolation conditions, leads to the product, formaldehyde, H,CO,
via a [1,2]H-shift with a tunnelling half-life of about two hours.®®

Although it is not usual to consider reaction barrier shapes along reaction
paths in the chemistry literature (a notable early exception is ref. 35), these
characteristics of barriers become essential for reactions driven by tunnel-
ling. The associated modeling choices are discussed here in the order of
their increasing sophistication. These models effectively lead to different
definitions of the barrier width and thus the tunnelling path length.

First, one can assume a harmonic model for the vibrations at the transi-
tion state (TS). Despite its considerable simplicity, similar to a minimum-
energy structure and harmonic vibrations around it, the parabolic model®” is
highly useful. Since tunnelling is enhanced by a decrease in the width of the
barrier, facile tunnelling is expected if the imaginary harmonic frequency at
the TS is large. In fact, a large imaginary frequency at the TS is a clear
indicator of enhanced tunnelling. As an example, we note that for :HCOH
the harmonic imaginary wavenumber corresponding to the transition state
(TS) leading from -HCOH to H,CO is as large as wrs=2174icm™',°® and
this promotes facile tunnelling with a half-life of only two hours, while the
barrier height itself is in excess of 30 kcal mol . For the S and Se congeners
of +-HCOH the harmonic imaginary wavenumbers are wrg=1869i and
1773 iem™ ', respectively, and neither for -HCSH nor for -HCSeH tunnelling
is expected to be observable.®® Second, the asymmetric Eckart-barrier
model®®”"! is considered, especially applicable for the cases of deep tun-
nelling. This is a one-dimensional model potential, whereby the corres-
ponding time-independent Schrédinger equation can be solved analytically
and a simple formula can be derived for the transmission probability
through a potential-energy barrier. There are only a few quantities deter-
mining the tunnelling lifetimes within this approach, all referring to the
three stationary points characterizing the isomerization path. These are
the two barrier heights measured on the reactant and product sides, the
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imaginary harmonic frequency at the TS, related to the curvature at the top
of the barrier, and the frequency of the normal mode closest resembling
the tunnelling (reaction) mode. Additional data for the Eckart-barrier
calculation are the zero-point vibrational energy (ZPVE) estimates of the
three stationary points, excluding the reaction mode. This simple model
provided surprisingly good tunnelling rates and lifetimes for the
rearrangement of hydroxymethylene to formaldehyde under matrix isolation
conditions.®® Third, the intrinsic reaction path (IRP)**”? or the minimum-
energy path (MEP) can be computed via techniques of electronic-structure
theory and sophisticated algorithms.”® The IRP is traced in the
3N-dimensional configuration space of mass-weighted Cartesian coordin-
ates of the atoms of an N-atomic molecule. The underlying non-local
intrinsic reaction coordinate (IRC) minimizes the barrier height by design
but does not take into account the length of the tunnelling path.
Nevertheless, this approach, combined with the JWKB (Jeffreys—-Wentzel-
Kramers-Brillouin) semiclassical theory,'®”® has been used quite success-
fully®>*® to model deep-tunnelling cases. Fourth, one can employ the so-
called instanton theory****’* to model tunnelling phenomena. This is the
most sophisticated approach to model tunnelling decay rates as this is the
only model that provides the optimum tunnelling path, called the instanton
path, which is simply the MAP. The instanton model also provides the
temperature dependence of the tunnelling decay rate. For a qualitative
understanding of whether tunnelling needs to be considered or not, the first
two, simple modeling attempts appear to be satisfactory. For a quantitative
assessment of tunnelling the last two approaches should be followed.

After this brief introduction into the topic of tunnelling control of
chemical reactions, the third reactivity paradigm,'* the next task is to find
cases where there are at least two distinct possibilities for chemical trans-
formation via tunnelling and thus tunnelling control can be identified
via detecting the reaction product(s). A simple case is that of methylhy-
droxycarbene, CH;-C-OH,*> where there are two transformation possi-
bilities and reaction paths and two associated barriers for a [1,2]H-shift, and
tunnelling under matrix-isolation conditions could lead to two products:
acetaldehyde, CH;—CHO, where the [1,2]H-shift goes along the CO bond, and
vinylalcohol, CH,—=CHOH, when the shift goes through the CC bond.
Experiments proved that, due to tunnelling control, the reaction proceeds, at
the temperature of about 10 K of inert-gas matrices, via the higher but
narrower barrier, resulting in a single product, acetaldehyde.

In another related study,” carefully executed matrix-isolation experiments
demonstrated that the higher-energy rotamers of oxalic acid (OA), (COOH),,
similarly to other organic acids studied previously, undergo a (relatively slow)
tunnelling rotamerization, even at 3 K in solid Ne. In OA, two independent
tunnelling processes interconvert the higher-energy rotamers, tTt and cTt (see
Scheme 1 of ref. 75 for the notation of the rotamers with different relative OH
orientations (trans, t, vs. cis, c), while the rotamers possess an s-trans (T)
orientation of the carbonyl groups) to the overall minimum-energy structure,



From Tunnelling Control to Controlling Tunnelling 153

cTe. The sequence of two tunnelling events was termed’> domino tunnelling.
Based on the experiments, it was deduced via multistate models and the
related dispersive kinetics’® that in the Ne matrix the ¢Tt— cTc isomerization
of OA is considerably faster than its tTt— cTt counterpart, even though the
barrier for the former isomerization is 0.8 kcal mol " larger than for the latter.
These experiments also show convincingly that tunnelling favors the chemical
transformation with the higher but narrower barrier, i.e., tunnelling control is
in effect during the domino tunnelling involving OA rotamers.

Several further examples for tunnelling control are given in ref. 14, the
interested reader should consult this paper.

4.3 Promoting and Inhibiting Tunnelling via Nuclear
Motion in "*NH;

In this section, our attention is turned to non-transformative tunnelling,
which can be investigated experimentally via high-resolution rovibrational
spectroscopy. In order to investigate how nuclear motions (vibrations and
rotations), affect the tunnelling rate and the related tunnelling splittings,
one must choose molecules for which a considerable number of rovibra-
tional transitions have been measured and assigned. An almost perfect
molecule for this purpose is ammonia,”® for which promotion and inhib-
ition of tunnelling are discussed in the forthcoming paragraphs. Note that
similar investigations using purely ab initio data were carried out for another
tetratomic molecule, H,0,, by Quack and co-workers.”””®

The MARVEL (Measured Active Rotational-Vibrational Energy Levels)
approach”®™®" enables the conversion of a set of assigned experimental ro-
vibronic transitions to empirical rovibronic energy levels, with associated
uncertainties propagated from the input transition data to the output energy
levels. This conversion relies on the construction of an experimental spec-
troscopic network (SN)*** formed by the measured and assigned transi-
tions, facilitating an improved characterization of the high-resolution
spectroscopic information. The MARVEL approach has been used to analyze
the experimental rovibrational transitions of "*NH;,”*®® resulting in about
5000 highly accurate empirical energy levels of rovibrational states. The
height of the one-dimensional electronic barrier of "*NH; is 1773 13 cm ™"
(5.1 kealmol '), increasing to 2021 +20 cm ' (5.8 kcalmol ') when the
effect of zero-point vibrations is considered.®””*® The empirical (MARVEL)
coverage of vibrational band origins (VBO) of '*NH; is complete up to
3500 cm ™' the first missing VBO, of E” symmetry of the D;,(M) molecular
symmetry group,’® is at 3502 cm ™ ". Up to this energy the set of rovibrational
energies is basically complete. The availability of this large set of empirical
rovibrational energy levels is what allows the investigation of the effect of
nuclear motions on tunnelling in the case of *NH;.

Nuclear motions, ie., vibrations and rotations, can have a significant
effect on the effective tunnelling barrier height and width and consequently
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the tunnelling splittings characterizing the rovibrational spectrum of
ammonia. Nuclear-motion effects can be monitored extremely sensitively by
the differences, the so-called tunnelling splittings, of the corresponding
pairs of symmetric (s) and antisymmetric (a) energy levels. The results of this
monitoring are provided in the remainder of this section.

The umbrella mode, v,, is unique among the vibrational modes of am-
monia as it corresponds to the tunnelling mode. Therefore, with increasing
number of vibrational quanta in the v, mode, the system approaches the top
of the inversion barrier, the tunnelling paths between the “left” and “right”
wells become shorter and the corresponding tunnelling splittings increase.
As known from accurate variational computations, the splittings corres-
ponding to the nv, vibrational eigenstates of '*NHj; are 0.8, 36, 282, 511, 600,
665, 708, and 747 cm ™' for n=0-7. The magnitude of the splittings grows
fast while the excitation remains below the top of the barrier. The splittings
increase slowly and the separation of the averages of the “s” and ‘“‘a” state
pairs decrease slowly above the top of the barrier, i.e., from n=3.

Vibrational modes other than v, have a less pronounced effect on the
tunnelling splitting of the corresponding antisymmetric and symmetric ei-
genstates. Both the symmetric (1) and the antisymmetric (v3) stretching
motions decrease the observed splittings. For example, symmetric stretching
of the N-H bonds (v,) results in a quenching of the splitting, from 35.7 cm ™"
for the v, fundamental to 25.5 cm ™' for the v, + v, combination band. This
can be rationalized by a corresponding increase in the tunnelling-path
length. “Antisymmetric’ bending promotes tunnelling but to a much
smaller extent than its symmetric counterpart.

Next, let us turn our attention to rovibrational states, where we assume, in
line with the fact that ammonia is basically a semirigid molecule, that each
rovibrational state has a well-defined vibrational parent.® Let J be the
quantum number corresponding to overall rotations and let K correspond to
the projection of the rotational angular momentum on the body-fixed z axis.
For the rotational states (J, K)=(/, J), i.e., for what one can call “parallel”
rotations, the tunnelling splitting increases quadratically as J increases.
The effect is especially pronounced for the nv, states. As given above, the
tunnelling splitting characterizing the v, fundamental is 35.7 cm .
A similar “extra” splitting, yet unobserved, is reached by about J=25, a
substantial but perfectly feasible rotational excitation.

The other limiting case concerns the (J, K)=(/, 1) states (note that for
non-degenerate VBOs the K= 0 states are missing due to nuclear spin stat-
istics), what one may call “perpendicular” rotation. Perpendicular rotation
motion inhibits tunnelling rather effectively. The inhibition is so effective
that for the ground vibrational state, for example, the splitting decreases
basically to zero by about J=25.

All the results noted, concerning '*NHj, are relevant not only for this
simple and thoroughly studied molecule but for many others, and serve
to increase our general understanding of controlling tunnelling via
nuclear dynamics.
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4.4 Tunnelling Switching

Interesting possibilities to control tunnelling internally are offered through
isotopic substitutions. Although every atom of the molecule is involved in the
tunnelling process, it is often possible to regard tunnelling as a local phe-
nomenon, identify the “tunnelling atom”, and make a simple isotopic sub-
stitution for this atom. Most dramatic in this sense is an H/D substitution, as
this factor-of-two change in the tunnelling mass leads to a reduction in the
tunnelling rate of several orders of magnitude (to the best of our knowledge,
apart from a few exceptions, e.g., ref. 90, neither tritium, T = *H, a radioactive
isotope of H, nor its light cousin, muonium (Mu =" e~), have been used in
tunnelling experiments). As an example for the effect of H/D substitution,
in the case of +-HCO(H/D)® the KIE is several orders of magnitude, as the
tunnelling half-life is two hours (measured and computed) for +HCOH
and over 1200 years (computed result) for -HCOD. In fact, tunnelling rates
are expected to decrease exponentially with the square root of the effective
tunnelling mass.’

It is perhaps even more interesting to point out that, in the case of a
potential-energy surface (PES) characterized by a symmetric double well, one
may be able to introduce an asymmetric isotopic substitution into the mol-
ecule, changing the tunnelling behavior in a drastic, clearly observable way.
An asymmetric substitution, breaking the symmetry characterizing the effec-
tive tunnelling potential of the non-substituted isotopomer, results in low-
energy eigenstates localized in one of the potential wells, while higher-energy
eigenstates are delocalized due to the occurrence of tunnelling switching.*”~>*
Quack®” was the first to provide a detailed theoretical analysis of tunnelling
switching in slightly asymmetric double-well potentials in relation to the
measurement of the parity-violating energy difference between enantiomers of
chiral molecules. In fact, tunnelling switching can be easily understood by a
simple two-state model.*”*" Experimental observation of tunnelling switching
in meta-D-phenol by high-resolution spectroscopic measurements was re-
ported in ref. 51. In this chapter we use the case of the vinyl radical (VR),
H,Cy; = C,H, to provide an example for the tunnelling switching behavior as
breaking the equivalence of the two wells can be achieved by a non-symmetric
deuteration, ie., in the case of the CHD=CH species.®*

The VR is the simplest open-shell olefinic radical and its structure and
(ro)vibrational quantum dynamics, as well as the related (high-resolution)
spectra, have been the subject of a considerable number of experimental
(spectroscopic)” ™ and computational (quantum-chemical)®*°*% studies.
Based on its structure, the VR is expected to show a C,H rocking tunnelling
motion, governed by a double-well potential, leading to considerable split-
ting for all rovibrational states of the VR. As detailed quantum-chemical
computations® show, a barrier of 1641(25)cm ' (4.7 kcalmol ') leads to
substantial splittings; for the ground vibrational state it is measured to be
0.542 770 2(2) cm ™ '.°> The same rovibrational nuclear-motion computations
also reveal a somewhat less expected feature of the tunnelling motion of the
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VR: the C,H and C;zH, bending motions are strongly coupled. This is true
both at the harmonic and the fully anharmonic levels.

For CHD=CH the delocalized ground-state pair of CH,—CH is combined
into syn and anti localized (unistructural) states, with an energy separation
as large as 30 cm ™', almost an order of magnitude larger than for the bi-
structural ground state of CH,=—CH. Some of the higher-lying vibrational
states are again delocalized (bistructural), as expected when the splitting of
the unperturbed states becomes (much) larger than the perturbation causing
the effective asymmetry of the double-well potential.

4.5 Coherent Control of Tunnelling with Laser Fields

The problem of driven tunnelling, i.e., tunnelling through a barrier in the
presence of time-dependent external fields, is of considerable importance in
various scientific disciplines, e.g., in the coherent control of chemical re-
actions by shaped laser pulses,”'°® as well as in solid-state,"*”"'® ultra-
cold,"" and attosecond physics,"'> where driven tunnelling is vital for
understanding the mechanism of high harmonic generation.''*™*'

The methods presented in the early 1990s in ref. 54 and 55 were designed
to enhance and inhibit tunnelling in double-well potentials and they were
applied to one-dimensional model problems in the original publications.
Recently we have shown that the strategies of ref. 54 and 55 can be adapted
to achieve the coherent control of tunnelling in molecular systems.”* Our
computations for the ammonia isotopomers treated all vibrational and ro-
tational degrees of freedom as well as all the couplings between them in a
numerically exact way and employed the GENIUSH code''*'"” extended with
time-dependent quantum-dynamical features.>® Inhibition and enhance-
ment of tunnelling are based on the application of Floquet’s theorem"'® and
the concept of light-dressed states."'*™' As an alternative to the light-
dressed state formalism, a quasi-stationary effective Hamiltonian (both with
the Floquet and quasiresonant approximations) was suggested in ref. 122.
The Floquet formalism not only provides a detailed qualitative under-
standing of the underlying physical processes but also facilitates the design
of the carrier frequency, as well as the intensity and the envelope of the laser
fields used to control tunnelling.

The control involving the chiral NHDT isotopomer of ammonia is par-
ticularly interesting as it allows the study of a chemical reaction, namely
enantiomerization by stereomutation tunnelling. As seen below, in the ex-
ample of NHDT we can investigate both the enhancement and the inhibition
of tunnelling.

First, let us investigate how to inhibit tunnelling via coherent control. Let
us assume an initial state localized in one of the two equivalent potential
wells, corresponding to one of the enantiomers of NHDT. Since this localized
initial state is a superposition of the delocalized symmetric and antisym-
metric ground-state tunnelling eigenstates of NHDT, it shows a periodic
time evolution with the time period T=h/AE, =292.8 ps, where

2
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Figure 4.2 Reduced probability density as a function of the inversion coordinate ¢
and time ¢ for NHDT (after ref. 53). The left and right panels show
reduced probability densities for the field-free and tunnelling inhibition
dynamical schemes, respectively.

e/

Figure 4.3 Reduced probability density as a function of the inversion coordinate ¢
and time ¢ for NHDT (after ref. 53). The left and right panels show
reduced probability densities for the field-free and tunnelling enhance-
ment dynamical schemes, respectively.

AE, =0.114 cm ™' is the ground-state tunnelling splitting of NHDT.>® The
periodic motion of the wavepacket is apparent in the left panel of Figure 4.2,
where the reduced probability density (probability density integrated over all
coordinates but ¢, where the inversion coordinate ¢ corresponds to the
angle between the NHD and NHT planes) is shown for a half period for the
case of an isolated molecule. Indeed, the wavepacket that is initially local-
ized in the left potential well tunnels through the barrier and becomes
localized in the right potential well at ¢=T/2=146.4 ps. However, if the
molecule interacts with a continuous-wave laser field with a carrier wave-
number of w,=780 cm™ ' and an intensity of I=7.56 GW cm ™ >, the wave-
packet remains mainly localized in the left potential well and tunnelling is
almost completely suppressed, as shown in the right panel of Figure 4.2.

Next, let us discuss how one can enhance tunnelling with an external laser
field. In fact, tunnelling in NHDT can be enhanced by an off-resonant laser
pulse with a sin’(nt/t,) envelope function and a duration of t,=40 ps
(wo=793.5 cm ' and I=3.15 GWcm ™ 2). Figure 4.3 shows that the popu-
lation from the left potential well is completely transferred to the right
potential well by the laser pulse, so the field-free tunnelling time of
T/2=146.4 ps is shortened to 40 ps by the laser pulse.
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For a detailed description of the theoretical and technical details of co-
herent control of tunnelling, the reader is referred to ref. 53. The results
presented in ref. 53 not only confirm the applicability of the tunnelling
enhancement and inhibition schemes to realistic molecular systems but also
complement earlier studies of tunnelling control in ammonia isotopomers
treating only the vibrational degrees of freedom'>*™'**> and help clarify the
role of the rotational degrees of freedom in quantum dynamics.

4.6 Summary and Conclusions

This chapter dealt basically with two fundamental issues related to tunnel-
ling in molecular systems, both important to chemistry and relevant in
several different fields, in particular, reaction dynamics and low- and high-
resolution spectroscopy.

First, it was demonstrated that tunnelling control of chemical reactions
takes over traditional kinetic control when the reaction, due to insufficient
extra energy, must proceed “through” the barrier instead of going above it.
This means in turn that it is not the height of the barrier but its width that
determines the efficiency of the tunnelling reaction, the tunnelling decay of
a reactant perhaps through a unimolecular isomerization reaction.

Second, we discussed how to control tunnelling, either internally or exter-
nally. Two internal control possibilities were discussed: isotopic substitution
and rovibrational excitation. Isotopic substitution of the tunnelling atom is
well known and it is a well-utilized concept, as when the mass of the tun-
nelling atom increases, imagine a H/D substitution, the tunnelling rate de-
creases. Isotopic substitution becomes extremely interesting when it is done
in a non-symmetric fashion for a molecule characterized by a double-well
potential, as it leads to the effect of tunnelling switching. Rovibrational ex-
citation has a substantial effect on tunnelling. The effect is especially large for
the “tunnelling mode” but it is also significant for all modes. The effect is
discussed on the experimental energy levels and tunnelling splittings of
'NHj;, a molecule for which a large number of experimental data are avail-
able. Concerning the external control of tunnelling, computational strategies,
based on Floquet’s theorem and light-dressed states, were explored to achieve
either the inhibition or the enhancement of tunnelling in molecules by laser
fields. As shown, it is feasible to treat all rotational and vibrational degrees of
freedom in a numerically exact way and it is not necessary to assume either
the alignment or the orientation of the molecule under investigation. Results
were presented for the coherent control of a quantum state initially localized
in one of the potential wells of ammonia isotopomers, in particular NHDT.
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5.1 Introduction

The purpose of this chapter is to manifest a quantum dynamical analogy of
intramolecular nuclear tunnelling and electronic charge migration, with
special emphasis on the corresponding nuclear and electronic fluxes. On
first glance, the two processes may appear so different that one may not
expect any analogy between them: on the one hand, nuclear tunnelling is a
reactive process that transforms a “reactant” isomer into a “product” isomer
by means of large-amplitude motions of the nuclei, in typical time domains
of picoseconds (ps) or even much longer. Reactants and products are centred
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at two different minima of the potential energy surface (PES) of the mo-
lecular system in its electronic ground state, and they are separated from
each other by the barrier of the PES. The system’s energy is below the barrier,
which means the reaction from the reactant to the product is classically
forbidden - it proceeds by quantum mechanical tunnelling through the
barrier. On the other hand, electronic charge migration is a non-reactive
process at much higher energies that involves not just the electronic ground
state. This allows the electronic charge to flow from one molecular site to
another, in typical time domains from few hundred attoseconds (as) to few
femtoseconds (fs); by comparison, nuclear motions appear to be nearly
frozen in this time domain.

The quantum dynamics of nuclear tunnelling has been investigated from
the early days of quantum mechanics" up to today; for an outstanding ex-
ample of the present state-of-the-art, see the work by Fabri et al. on tun-
nelling isomerization of ammonia and its isotopomers, including
stereomutation of NHDT;> see also the complementary chapters of this
book.® For comparison, the first presentation of the quantum dynamics of
charge migration is in the 1944 textbook on quantum chemistry by Eyring
et al.;* however, this was largely forgotten® so the first experimental signa-
tures of the process® came as a rediscovery that launched the renaissance of
the field, see for example ref. 7-12 and the surveys of the literature in ref. 13
and 14. A prominent example is the first joint experimental and theoretical
reconstruction of charge migration in the iodoacetylenic cation HCCI".'**?
We call special attention to the two recent papers by Fabri et al on
tunnelling of NH; and NHDT,> and by Kraus et al. on charge migration in
HCCI"," because they serve as important references for the subsequent
quantum dynamics simulations of similar processes in similar model
systems, the stereomutation of the CHFBr radical by nuclear tunnelling,
and electronic charge migration in the bromoacetylenic cation HCCBr . The
results will be used to illustrate the analogy of nuclear tunnelling and
electronic charge migration.

The general quantum theory for the analogous processes, nuclear tun-
nelling and electronic charge migration, will be presented in Section 5.2,
with special focus on the nuclear and electronic fluxes, ¢f. ref. 16. In order to
emphasize the analogy, Section 5.2 uses common notations for both pro-
cesses. Illuminating applications with more special notations for the two
examples are given in Sections 5.3 and 5.4. Specifically, for the case of
nuclear tunnelling, we consider the umbrella inversion of the CHFBr radical,
as illustrated by the cartoon in Figure 5.1. Important properties of the system
have been discovered and analysed recently; see the joint experimental and
theoretical ref. 17 and 18. Section 5.3 presents the results that are essential
for the present purpose. Section 5.4 presents analogous new results for the
case of charge migration in HCCBr', as illustrated by the cartoon in
Figure 5.2. The analogy of the results for nuclear tunnelling of CHFBr
(Section 5.3) and for charge migration in HCCBr® of (Section 5.4) is
discussed in Section 5.5. The conclusions are given in Section 5.6.
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Figure 5.1 Periodic stereomutation of the CHFBr radical by nuclear tunnelling, from
the reactant S-enantiomer (left) to the product R-enantiomer (right) along
the angle «, for umbrella inversion, and back. (a) Illustration of the
stereomutation. The symmetric double-well potential energy curve V(o)
with two equivalent minima which support the two enantiomers is shown
as purple dashed line. The horizontal line is at the mean energy of the two
vibrational levels E, and E. for the ground and excited states of the lowest
tunnelling doublet - they coincide within graphical resolution. The level
splitting is AE=E.—E,=3.16 hc em™'; the corresponding tunnelling
period iS Tgereo = #/AE=10.57 ps. The horizontal line serves as baseline for
the densities pg(t,) and pp(a,,) of the reactant (R, blue) and product (P, red).
The horizontal arrow symbolizes the nuclear flux from R to P during the first
half period, 0<?<Tgereo/2. (b) Density difference Ap(oy)= pp(cty) — Pr(c)
(black) and the resulting yield y(«,) (green). The yield serves as spatial profile
of the flux, ¢f eqn (5.28) and (5.29) and Figure 5.3(c).

5.2 Quantum Theory

In order to establish the analogy of nuclear tunnelling and electronic charge
migration, we employ simple models. Examples will be presented in Sections
5.3 and 5.4, respectively. Refinements and extensions will be discussed in the
conclusions in Section 5.6. To begin with, we employ two-state models, with
two vibrational states for applications to nuclear tunnelling, and with two
electronic states for electronic charge migration. For convenience, we con-
sider the scenarios where one of the two states is the ground (g) state and the
other one is the next vibrationally or electronically excited (e) state. The two
states are represented by the corresponding quantum mechanical wave
functions ¥, and V. with energies E, and E.. To emphasize the analogy, we
employ the same notations for the two different phenomena, which means in
the cases of nuclear tunnelling and electronic charge migration, ¥,, ¥. and
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Periodic electronic charge migration in the linear HCCBr™ cation along
its axis z. (a) Cartoon of HCCBr" with the nuclei fixed at the global
minimum structure of the precursor molecule HCCBr in the electronic
ground state (X 'Z7). Initially, the cation is prepared in the reactant (R)
superposition state 1// 2(Py+ %) of the electronic ground state
¥, (g=X" *II) and the first-excited state ¥. (e=A" *II). The corres-
ponding electronic eigenenergies are E, and E., with energy gap
AE =FE. — E;=2.74 eV. The reactant (R) state evolves periodically to the
product (P) superposition state, which is represented by 1/,/2 (¥, — )
(except for an irrelevant phase factor), and then back to R. The period for
one cycle R>P—>R is tehm =h/AE=1.51 fs. Also shown are the one-
dimensional axial densities of the valence electrons pg(z) (blue) of the
initial state (“reactant” R) and pp(z) (red) for the corresponding “prod-
uct” (P) state; they are obtained by integrating the related 3D one-electron
densities of the valence electrons over the planes (x, y) perpendicular to
the molecular axis (z). The curved, nearly horizontal arrows symbolize the
flux of the valence electrons during the first half period 0<t<7t.ym/2,
mainly from the acetylenic moiety to the domain close to the bromine
nucleus. (b) The density difference Ap(z) = pp(z) — pr(z) (black) and the
resulting yield y(z) (green). The yield serves as spatial profile of the
electronic flux that is shown in Figure 5.4(c), ¢f eqn (5.28) and (5.29).

E,4, E. represent nuclear and electronic wave functions and energies, re-
spectively. The wave functions depend on the specific coordinates of the
molecule (or the molecular radical or ion, or in general the molecular “model
system”). For the time being, these coordinates will not be written down
explicitly. For simplicity, we consider scenarios of oriented model systems.

The wave functions ¥, ¥ and energies E,, E. are evaluated as eigenfunctions
and eigenenergies of the time-independent Schrédinger equation (TISE)
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where H denotes the system’s model Hamiltonian. In the case of tunnelling,
the two states belong to the lowest tunnelling doublet of the molecular
system in its electronic ground state, embedded in a symmetric double-well
potential. Effects of nuclear and electronic couplings are assumed to be
negligible, i.e. the nuclear wave functions and energies ¥, ¥. and Eg, E. may
be evaluated in the frame of the Born-Oppenheimer approximation
(BOA)."?° Likewise, in the case of charge migration, the electronic wave
functions and energies ¥,, ¥. and E,, E. of the system are evaluated using
the approximation of fixed nuclei, i.e. again in the frame of the BOA, without
consideration of the couplings between electrons and the nuclei. The effects
of the couplings will also be discussed in the conclusions.

For special cases, the wave functions ¥, ¥, are real-valued, but in general
they are complex,

Y,=y;exp(i 9),j=g, e, (5.2)

with real-valued functions y/; and phases ¢; that depend on the coordinates.
We consider the scenario where the initial state of the system is prepared
as superposition state

P(t=0)=C, ¥y + Ce Ve (5.3)

The coefficients C, and C. may be real, and they may be equal to each other
(e.g. Cy=C.=1/,/2), but in general they are complex and not equal to
each other,

Ci=cjexp(in),j=g, € (5.4)

with real-valued amplitudes ¢;>0 and phases 7. The corresponding
initial populations (or occupation probabilities) of the ground and excited
states,

Py(t=0)=c,’, Pe(t=0)=c.’ (5.5)
are normalized,
Py(t=0)+P(t=0)=c," + ¢’ =1. (5.6)

The system’s time evolution is described in terms of the time dependent
wave function Y(¢). It is evaluated as solution of the time-dependent
Schrodinger equation (TDSE)

ind/dt P(6)=H P(¢) (5.7)
with initial value (5.3). The result is
Y(t)=Cq exp(—i Eg t/h) Yo+ Ce exp(—i Ee t/h) V. (5.8)

The corresponding populations of states g and e are time independent,
Py(t) =Pyt =0) =c’, Pe(t) =Pt =0)=c.. (5.9)

This means that, for our scenarios, there are no transitions that transfer the
population between states g and e - the system evolves adiabatically.
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The time evolution of the system’s density is
o(t)=|P(t)]? =Py 64+ Pe 0c+2 Cq Ce Yg Y cOS (AE t/h — A5 — Ap).
(5.10)
Here
ag:lﬁgz, =V (5.11)
denote the time-independent densities of the ground and excited states,
AE=E.—E, (5.12)
is the energy gap between the states, and
A =6 — 0g, Al =1e — g (5.13)

are the phase differences. Apparently, the density evolves periodically, with
period”

T="h/AE (5.14)

where 7 denotes Planck’s constant.

In the applications below, we consider the scenarios where the eigen-
functions are real-valued, such that A0 =0 in eqn (5.10) and (5.13). More-
over, the results do not depend on the absolute phase of the wave function
¥(¢), which means we may set 1,=0 and Ay=1. in eqn (5.4), (5.10) and
(5.13). Eqn (5.10) then simplifies to

o) =|P(0)|? =Py 04+ Pe 0 +2 ¢ cc Vg Yo cos (AE t/h— An). (5.15)

For the present purposes, it is convenient to rewrite eqn (5.15) in the way
laid out in ref. 21, with proper adaption of the notation. Accordingly, we
employ the variable

t'=t—ty, (5.16)
which denotes the time shifted by
tay=An B/AE =1 Ay/2m. (5.17)

The densities at times ¢’ =0 and ¢’ =7/2 when the cos term in eqn (5.15)
achieves its maximum and minimum values are labelled by R (“reactant”)
and P (“product”),

Or=Py g+ Pc Ge+2 Cg Ce Vg Ve (5.18)
0p=Py 0y +Pe 0c—2 Cy Cc Py Ve, (5.19)

respectively. Let us take a minute here to discuss the definitions of the
“reactant” and ‘“product” in eqn (5.18) and (5.19). From a formalistic point
of view, the assignments of the right-hand sides of eqn (5.18) and (5.19) to
“R” and “P” are arbitrary, because the signs of the real-valued wave func-
tions ¥, and Y. are arbitrary - both ¥, ¥. and —¥,, —¥. are solutions of



From Nuclear Fluxes During Tunnelling to Electronic Fluxes During Charge Migration 173

the TISE [eqn (5.1)]. By convention, the sign of the wave function of the
ground state is set such that ¥, is dominantly positive, but for ¥, there is no
such rule. That means that we are free to determine the sign of ¥, such that
the assignment of “R” in eqn (5.18) conforms to the experimental prepar-
ation of the “reactant”. The definition of the “product” in eqn (5.19) then
follows automatically. Applications will be demonstrated in Sections 5.3
and 5.4.
Using the density difference

AG=0p—0r=—4CyCc Vg Ve (5.20)
the time evolution of the density (5.15) can be rewritten in compact form,
o(t) = o + Ac sin’(rnt'/7). (5.21)

The first term in eqn (5.21) is the (time-independent) density of the reactant,
which serves as a reference. The second term accounts for the deviation of
the density at time ¢ from the reference. The periodicity of the sin*function
implies that the density alternates between a(f) = oy for t=0, 7, 27, ... and
o(t)=op for t=1/2, 31/2, 51/2,.... Furthermore, eqn (5.20) and (5.21) show
that efficient periodic shifts of the density from the reactant to the product
and back call for good overlap of the wave functions ¥, and ¥, or turning
the table, there is neither tunnelling nor charge migration if ¥, and ¥. do
not overlap. Eqn (5.20) and (5.21) also tell us that for the given wave func-
tions ¥, and Y. of the ground and excited states, the most efficient shift of
the density is obtained if the product of the coefficients achieves its
maximum value

max ¢y ¢e =3 for ¢g=c.=1//2, (5.22)

¢f eqn (5.6). That means, in the ideal case, the superposition state (5.3)
should be prepared with equal populations of the ground and excited states,
Py=P.=12"

In principle, the wave functions ¥, ¥. and the densities o(¢), o, 6. and Ac
in eqn (5.15) and (5.21) depend on all coordinates of the system. It is helpful
to reduce these high-dimensional (high-D) densities to low-D ones, for ex-
ample to 3D or even to 1D ones. In the subsequent applications to nuclear
tunnelling and to electronic charge migration, we shall employ 1D densities
which depend on the corresponding nuclear or electronic coordinate g, re-
spectively. The 1D densities will be denoted by the letter “p”, in order to
distinguish them from the high-D densities that are denoted by “¢”. Thus
eqn (5.21) is reduced to

p(g, )= prlg) + Ap(g) sin’(r ¢z). (5.23)

Various methods for reducing high-D to 1D densities are detailed in ref. 16.
Two examples will be demonstrated in Sections 5.3 and 5.4.

Next, we determine the nuclear or electronic fluxes F(g, t) during tunnelling
and charge migration, respectively. Fluxes and densities are complementary
to each other, which means at a given time ¢, the density p(g, ¢) of the system
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tells us where it is, whereas the flux F(g, t) quantifies its temporal rate and
direction of change. In 3D models, the flux F(g, ¢) at time ¢ determines the
number of particles that flow through a surface perpendicular to the co-
ordinate g per time, at the instant ¢. Positive and negative values of F(g, t)
mean that the particles flow along g, or in the opposite direction, respectively.

In 1D models, the fluxes F(g, t) are equal to the 1D flux densities j(g, ¢).'®
They are related to the corresponding densities p(g, t) by means of the 1D
continuity equation,

op(q, H)/0t+ 9j(q, )/0g=0 (5.24)

with boundary conditions that depend on the system.'® In the present ap-
plications, we consider scenarios where both the density as well as the flux
are negligible for values of g smaller than some minimum value, gu;n,

p(g, ©) =0, F(q, t)=j(q, t)= 0 for ¢ <gmin- (5.25)

The 1D flux can then be evaluated by integration of the continuity eqn (5.24),
with the boundary conditions (5.25). The result is

Fg.0)=j(q.0=— [1dg p(g.1)/or. (5.26)

We re-emphasize that the densities and flux (densities) carry comple-
mentary information about the system. For example, in applications where
one has complete knowledge about the time evolution of the density p(qg, ?),
this still does not suffice to calculate the flux F(g, t) or the flux density j(q, ?),
because one also needs boundary conditions such as in eqn (5.25).>* Turning
the tables, two identical or practically indistinguishable densities p(g, t) may
be associated with two entirely different fluxes or flux densities, depending
on the boundary conditions.*

For the present 1D two-state models with time evolutions of the density
specified by eqn (5.23), the time derivative in eqn (5.26) can be carried out
analytically. As a result, the boundary condition (5.25) yields the 1D flux or
flux density

Flg.0)=j(q.0)=— [*dq'Ap(q)n/xsin(2nt /7). (5.27)

Accordingly, the flux depends exclusively on the time-dependent part of the
density, eqn (5.15) or (5.23). It evolves periodically, with the same period t as
the density, eqn (5.14), but with phase shift n/2. As a consequence, maximum
or minimum shifts of the density at the times when cos(2nt'/t) = 1 correlate
with zero fluxes, and vice versa.

Finally, it is instructive to consider the yield y(q) of the flux,"*** which
means the time integrated number of particles that pass via ¢ when they flow
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from the domain ¢, <q'<q to the complementary domain ¢<¢q’ during
the half period 0<¢' <1/2,

y(g) = 7 dej(g,t)=— J° dqAp(q). (5.28)

Gmin
The 1D flux or flux density (5.27) can, therefore, also be expressed as

F(g, t)=j(q, t)=y(q) n/z sin (2nt'/7). (5.29)

Eqn (5.29) tells us that the 1D flux or the 1D flux density evolves with robust
spatial profile y(g), and this is modulated by the periodic time evolution
factor, sin (2nt’/1). Alternating maximum and minimum values of the fluxes
in forward and backward directions from R to P and from P to R are achieved
at times ¢’ =1/4, 5t/4, 9t/4,... and t' = 31/4, 71/4, 111/4,. . ., respectively. The
maximum absolute values of the fluxes are reciprocal to the period 7, or they
are proportional to the energy gap AE between the levels of the excited and
ground states, ¢f eqn (5.14).

5.3 Application to the Stereomutation of CHFBr by
Nuclear Tunnelling

Our first application of the general quantum theory for the analogy of nu-
clear tunnelling and electronic charge migration is to the stereomutation of
the CHFBr radical; as an example of nuclear tunnelling, see Figure 5.1. There
are several motivations for the choice of this system:

Experimentally, the stereomutation of CHFBr is initiated by enantiomer
selective preparation of the precursor (S)-CHFBrI, and by photo-dissociating
it according to the scheme'”*®

(S)-CHFBrI — (S)-CHFBrI* — (S)-CHFBr — I - (R)-CHFBr — I
—(S)-CHFBr + 1 (R)-CHFBr + I (S)-CHFBr +1—....  (5.30)

Specifically, an ultrashort UV laser pump-pulse (wavelength 266 nm, full
temporal width at half maximum, FWHM =70 fs) excites the educt
(S)-CHFBrI from its electronic ground state X 'A to the dissociative state
A" 'E(1). This induces two processes, namely C-1 bond breaking as well as
stereomutation from the (S)-enantiomer to the (R)-enantiomer, and back.
The two processes are launched simultaneously, which means the first cycle
of stereomutation starts during photodissociation. After photodissociation,
the stereomutation persists in the CHFBr radical. Experimental details are
presented in ref. 17 and 18. Suffice it here to say that the bond breaking is
measured by means of time-resolved photo-ion yield spectroscopy (TR-PIS)
as well as photo-electron pump (266 nm)-probe (133 nm) spectroscopy
(TR-PES). The stereomutation is monitored by means of a new technique:
time-resolved photoelectron circular dichroism (TR-PECD). Accordingly,
the photodissociation is completed after about 70 fs, whereas the first
cycle of stereomutation (““(S)-CHFBr —I— (R)-CHFBr — I (S)-CHFBr + 1" in



176 Chapter 5

eqn (5.30)) takes about 200 fs; subsequently, it slows down to the ps time
domain. The experimental TR-PECD spectra suggest stereomutation of the
CHFBr radical by tunnelling,

(S)-CHFBr — (R)-CHFBr — (S)-CHFBr - . . . (5.31)

[compare with the second line of eqn (5.30)], with tunnelling period
Tstereo = 10 Ps, for a full cycle from R to P and back to R. The results presented
in ref. 17 and 18 provide the first experimental observation of stereomuta-
tion in the fs-to-ps time domain. This attracts our attention to the model
system, calling for its quantum dynamics simulation.

The present investigation of the stereomutation of CHFBr by tunnelling,
eqn (5.31), is encouraged furthermore by recent quantum dynamical
simulations of the analogous stereomutation of the isotopically substituted
ammonia molecule’

(S)-NHDT — (R)-NHDT — (S)-NHDT - ... .. (5.32)

Here the representative nuclear wave function was propagated in full
dimensionality (full-D) on the PES of ammonia in the electronic ground state,
without considerations of any couplings to more excited states. The PES was
evaluated by means of quantum chemistry state-of-the-art ab initio methods.
Similar quantum dynamics simulations were also performed for the umbrella
inversion of the non-substituted ammonia by tunnelling.” The results for the
full-D nuclear fluxes of "*NH; were then compared with our previous quan-
tum dynamical results based on a two-state model** with empirical 1D model
potential.>® The full-D and 1D results agree with each other almost quanti-
tatively.> This supports the present 1D quantum dynamical two-state model
simulation of the stereomutation (5.31) by nuclear tunnelling.

Thus, we perform a quantum dynamics model simulation of the stereo-
mutation of the CHFBr radical (5.31). Specifically, we employ a 1D model for
the nuclear tunnelling along the angle o, for the umbrella (u) inversion of
CHFBI, as illustrated in Figure 5.1(a). The angle «, thus takes the role of the
generic coordinate which is called “g” in Section 5.2. The corresponding 1D
model Hamiltonian is

H(o,)=— 1> 0%/2 10 o> + V(o) (5.33)

The first term accounts for the kinetic energy of the angular nuclear motion
along oy, with moment of inertia I=my Rew’, where my =1.0079u is the
mass of the hydrogen atom, and Rcy is the C-H bond length which is
approximately constant during the umbrella inversion, Rcy; =1.08 A. This
expression for the kinetic energy is equivalent to the term used in ref. 25. The
details of the construction of this kinetic energy operator, by reduction of
the full-D expression to the 1D model, are presented in ref. 18, based on the
general approach of ref. 27 to applications in terms of arbitrary curvilinear
coordinates.

The second term in eqn (5.33) is the potential energy curve along oy,
illustrated in Figure 5.1(a). It is a symmetric double-well potential. The “left”
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and ‘“right” potential wells support the reactant (R) and product (P) enan-
tiomers, which are centred at the potential minima at o,g =—38° and at
oyp=—0yr = +0.66 rad (+38°), respectively. For convenience, we define
corresponding domains of R (2,<0) and P (a,>0). These domains are sep-
arated from each other by the potential barrier at a,, = o, = 0, also called the
transition state, . The corresponding cartoons of R and P in Figure 5.1(a) are
mirror images of each other, with the mirror plane in vertical orientation
perpendicular to the paper plane. The potential curve V(«,) has been calcu-
lated by means of the ORCA program package,*® by performing a relaxed scan
at the Moller-Plesset-2 level of quantum chemistry, with the correlation
consistent valence basis set from the Karlsruhe basis set family, specifically
valence triple-zeta and two sets of polarization functions and a set of diffuse
functions def2-TZVPPD for use with the Stuttgart-Dresden-Bonn relativistic
effective core potentials on all atoms,>® see ref. 18 for the details.

The TISE (5.1) with model Hamiltonian (5.33) is solved for the two real-
valued eigenfunctions ¥, and ¥ and for the energies E, and E. of the ground
and first excited vibrational states by means of the discrete variable repre-
sentation (DVR) method>® on a fine, regularly spaced grid in the angular range
—n/3 rad <o, < +n/3 rad (—60° <o, < +60°). The resulting energies and the
tunnelling splitting AE = E, — E; = 3.16 hccm ™' are illustrated in Figure 5.1(a).
The corresponding time for one cycle R— P — R of the stereomutation (5.33) is
Tstereo = N/AE =10.57 ps. The general notation ““t” of Section 5.2 is thus spe-
cified as “Tgereo”’, for the present application to stereomutation of CHFBr.
(Note that the value 5.285 ps that is given in ref. (18) applies to the half cycles
R— P and P—R.) The symmetry of the double-well potential V(x,) implies that
Vo(ory) = Po(—0o) and We(o,) = —We(—a,) are symmetric and antisymmetric
with respect to the umbrella inversion angle o, respectively; these symmetry
relations for the wave functions impose various symmetry properties on the
nuclear densities and the nuclear fluxes and these are specified below. The
signs of the wave functions are chosen such that they are consistent with
the experimental preparation of the reactant enantiomer [=(S)-CHFBr], see the
discussion after eqn (5.18) and (5.19). Specifically, we set ¥y(x,)> 0, in accord
with the standard convention, and ¥(x,) is positive in the domain of the
reactants (o, <0) but negative in the domain of the products (¢, > 0).

The resulting nuclear angular densities pg(x,) and pp(e,) of the reactant
(R, red) and product (P, blue) embedded in the left and right wells of V(o)
are also illustrated in Figure 5.1(a). For symmetry reasons, pp(cty) = pr(—oy).
Both pg(x,) and pp(2,) have single maxima that are located close to the left
and right minima of the double minimum potential at «yz and ayp,
respectively. The values of pgp(x,) and pp(ay,) at o, =0, i.e. at the barrier of the
potential curve, are negligible.

Figure 5.1(b) has the nuclear density difference Ap(c,)= pp(otn) — pr(o)
(black) and the nuclear yield y(«,) (green), ¢f eqn (5.20) and (5.28).
For symmetry reasons, Ap(a,) = —Ap(—oy), Ap(oy =0) =0 and y(ot,) = y(—or).
The value of Ap(x,) is negative in the reactant domain but positive in the
product domain. The yield is always positive. A significant property of the
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yield y(o,) — with important consequences for the nuclear fluxes F(ay, ¢) - is
that it has a plateau in the domain of the potential barrier, with maximum
value at the top of the barrier (o, =0).

In accord with the experimental initiation of the stereomutation of the CHFBr
radical,’””'® and also for convenience, we set the time ¢ =0 when the nuclear
tunnelling starts from the reactant (S)-enantiomer. This means that the initial
superposition of the wave function (5.3) is prepared with equal coefficients,
Cy=C.=1/,/2, and the phases in eqn (5.4) are equal to zero. This scenario
simplifies the application of the general theory of Section 5.2. In particular, the
time shift in eqn (5.17) is equal to zero, such that t'=¢ in all subsequent
equations for the densities and for the fluxes or the 1D flux densities.

The resulting time evolution of the nuclear angular density p(«, t) during
the first cycle (0 <t <Tgtereo = 10.57 ps) of the periodic stereomutation (5.31)
of CHFBr by umbrella inversion is illustrated in Figure 5.3(a). For symmetry
reasons, P(Ofu, t) = p(_au’ Tstereo/2 — t) = P(—Ofu, Tstereo/2 + t) = P(Oﬁu, Tstereo — t)'
This implies the special symmetry relation p(ot, Tstereo/4) = P(—0%us Tstereol4)=
Py 3Tstereo/4) = P(— 0y, 3Tstereo/4). Accordingly, the initial density of the
reactant (t=0) tunnels to the product ({=Tgtereo/2) and then back to the
reactant (¢ = Tgereo)- At the intermediate times ¢ = Tyereo/4 and t = 3Tgtereo/4,
the total nuclear density is separated into two equivalent parts for the reactant
and for the product. Thus, during the first half period (0<¢<7gecreo/2), the
nuclear density grows for the product at the expense of the reactant, without
any significant appearance at the potential barrier, and vice versa during the
second half period (Tsereo/2 <t < Tgtereo)-

Figure 5.3(b) illustrates the corresponding changes of the nuclear angular
density p(ay, t) compared to the initial density p(cy, ¢=0)= pgr(oy).
For symmetry reasons, Ap(o,, & =p(oy, ©)—prlan)=—Ap(—oy, t)=
Ap(ttyy Tstereo — ) = —Ap(—0ty, Tstereo — t), and the transfer of nuclear density
from R to P and back to R implies that Ap(ay, £)<0 in the reactant domain
(24 <0), in contrast with Ap(oy, ¢)>0 in the product domain (o, > 0).

Finally, the periodic nuclear flux F(o,, t) [or the equivalent 1D flux density
J(ow, ¢)] along the umbrella inversion angle «, during the first cycle
(0<t<Tgtereo = 10.57 ps) is shown in Figure 5.3(c). In accord with eqn (5.29),
the angular profile of the flux is equal to the yield y(o,), and this is modu-
lated by the sinusoidal time evolution with period Tgereo. AS a consequence,
the nuclear angular flux has the symmetry relations F(ay, t)=F(—a,, t) and
F(“u; t) :F(OCU, Tstereo/2 — t) = _F(Cxuy Tstereo/2 + t) = —F(OCU, Tstereo — t)- Appar-
ently, the nuclear angular flux F(o,, ¢) is positive during the first half cycle
(0<t<Tgereo/2) when R tunnels along o, to P, whereas it is negative during
the second half cycle (Tgtereo/2 <t<Tstereo) When P tunnels back to R. At
the switches of the directions, F(o, t) =0 for t =0, Ttereo/2; Tstereos 3Tstereo/2,
etc. In contrast, the “local” maximum and minimum values of the flux
F(oy, t) at umbrella inversion angle o, are obtained at ¢ = Tgereo/4, 5Tstereo/4,
ITstereold- - - and at 3Tgeereo/4, 7Tstereo/4y 11Tstereo/4,- - -, T€SpeCtively.

Quite remarkable is the fact that the ‘“global” maxima of the ‘“forward”
flux from R to P, and the minima of the “backward” flux from P to R, occur at
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Figure 5.3 Time evolution of the periodic stereomutation of the CHFBr radical by
nuclear tunnelling, from the reactant (R) S-enantiomer to the product
(P) R-enantiomer along the angle «, for umbrella inversion, and back,
during the first period, 0 <t <tgereo = 10.57 ps; compare with Figure 5.1.
(a) Nuclear density p(oy, t). The value 0.008 rad " of p(«, t) at the planar
configuration («, =0) is very small compared to the maximum values
2.622 rad " close to the potential minima. (b) Difference in the nuclear
density p(xy, t) at time ¢ minus the initial density of the reactant,
p(0ty, 0) = pr(o)- (¢) One-dimensional (1D) nuclear flux F(o, ¢), from R to P
and back. At f = Tgereo/2, the flux changes sign, hence F(oy, t = Tgiereo/2) = 0.
The 1D flux is equal to the 1D nuclear flux density j(o,, ¢). The results
(a)~(c) are illustrated by color-coded contour plots.

o, =0, ie. at the potential barrier where the nuclear density is always ex-
ceedingly small. Moreover, in the entire domain of the barrier, the values of
the flux are just slightly below (above) those maximum (minimum) values —
the angular shape of the flux, i.e. the yield, has a plateau in the domain of the
potential barrier, ¢f: Figure 5.1(b). This result, which may appear paradoxical
at first glance, can be rationalized by the following interpretation:*" the
nuclei of the CHFBr radical prefer the two equivalent global minimum
structures, either R or P, and they try to avoid the structure of the “transition
state” (&) at the potential barrier. However, the radical is prepared initially
in the superposition state (5.3) - this is not in an eigenstate, Ze. it is non-
stationary. Hence quantum mechanics forces the radical to undergo periodic
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stereomutation from R via + to P and then from P via + back to R, and so
on. Since the nuclei of CHFBr dislike the geometry of the transition state,
they make it through =+ as fast as possible, i.e. with maximum velocity. The
nuclear flux density may be written as nuclear density times a velocity
field.*>** The very-high tunnelling velocity thus enables the maximum value
of the 1D flux density, or the flux, at the potential barrier, in spite of the very
low value of the density.

5.4 Application to Electronic Charge Migration in
HCCBr "

Let us now switch gears from the rather slow nuclear tunnelling in the
typical time domain from picoseconds (ps) to even much longer times," to
the ultrafast electronic charge migration in the typical time domain from few
hundred attoseconds (as) to few femtoseconds (fs). Our second application
of the general quantum theory for the analogy of nuclear tunnelling and
electronic charge migration (Section 5.2) is thus to charge migration in the
bromo-acetylenic cation, HCCBr'. Again, there are several motivations for
the choice of this system.

The HCCBr ™ cation is similar to the HCCI" cation, which serves as a key
example. The first joint experimental and theoretical reconstruction and
control of charge migration in HCCI" was demonstrated recently by Wérner
with partners and coworkers,'” see also ref. 14. Here we summarize some
important details of their reconstruction in order to set up a model that will
then allow us to carry out analogous quantum dynamics simulation of
charge migration in HCCBr". For this purpose, we centre attention on a
specific scenario of their experiments, namely, at first, they orient the neu-
tral linear precursor molecule HCCI along an axis that serves as a laboratory
fixed z axis, with the C-I bond pointing into the direction z> 0. By analogy,
we shall assume that HCCBr " is oriented along z, with the origin of the
z-coordinate at the C nucleus of the C-Br bond pointing to z>0. The generic
coordinate “q”, which was introduced in Section 5.2, is thus specified as “z”,
for the present application.

After orientation, an intense laser pulse (maximum intensity closely above
10" Wem ™2, wavelength 800 nm, duration about 30 fs, polarization per-
pendicular to the z-axis) causes tunnel ionization of the neutral precursor,
precisely at the selective peak of the laser cycle with maximum electric field
strength. The tunnel ionization takes (presumably much) less than 200 as. It
prepares the cation in a superposition (5.3) of its electronic ground state
(g=X" ’II) and the first excited state (e =A" *II). For the example of HCCI ",
the corresponding electronic energy gap is AE=FE.— E,=2.23 €V, at the
geometry of the global minimum geometry of the neutral precursor HCCI.
Within the next ca. 1.7 fs, the electric field changes sign and drives the
photo-electron back to the cation. Upon re-collision, the system generates
high harmonics that are then used for spectroscopic analysis of the cation.
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This allowed the authors of ref. 15 to determine the coefficients in eqn (5.3),
with a time resolution of about 100 as. Accordingly, from the perspective of
the neutral precursor, the cation is generated with an electron hole centred
at the halogen. This can be rationalized because it is easier to photo-detach
an electron from a halogen such as iodine or bromine, compared to the
hydrogen or carbon atoms of the acetylenic moiety. Changing the per-
spective from considerations of the electron hole to electrons, the “reactant”
cation HCCI™ (and, by our assumption, also HCCBr ") is created with some
excess electronic charge in the acetylenic moiety.

The authors of ref. 15 checked carefully that the initial state (5.3) is not
contaminated by any other states. This provides a two-state (g, e) scenario of
charge migration in the cation, along its z-axis, perfectly ready for application
of the general theory of Section 5.2. The charge migration proceeds in quasi-
field-free environment, because the laser field remains perpendicular to the
axis of the cation, such that it cannot induce any further electronic transi-
tions. The authors of ref. 15 then carried out quantum dynamics simulations
of the charge migration in HCCI", starting from the initial state (5.3) and
using the model of fixed nuclei. They also checked that the populations of the
two states do not change due to any other transitions, i.e. the charge
migration is adiabatic, in accord with the general theory in Section 5.2,
¢f- eqn (5.8). As a result, they discovered the periodic migration of the electron
hole, from the initial location at the iodine atom to the acetylenic moiety,
and back. In the case of HCCI', the period of charge migration is
Tenm = A/AE =1.85 fs. The generic notation ‘7t in Section 5.2 is thus replaced
by “tcnm” for the present application to charge migration. In the comple-
mentary consideration of the excess electronic charge, it flows from its initial
preferential localization in the acetylenic moiety [electronic density pg(z) of
the “reactant”] preferably to the halogen atom [electron density pp(z) of the
“product”], and back, during one cycle of charge migration with period t¢pm-

As résumé of the key ingredients for the present model of HCCBr", the
authors of ref. 15 reconstructed the charge migration in HCCI" by means of
quantum dynamics simulations, ¢f. eqn (5.8), starting from the initial
superposition state (5.3) for the two-state scenario. The nuclei were assumed
to be frozen during the period tchm = #/AE =1.85 fs, suggesting the model of
fixed nuclei.

In addition to the pioneering work of ref. 15, we could reconstruct the flux
of the valence electrons along the nuclear axis, during charge migration in
HCCI™*.*" For this purpose we employed the same initial state (5.3) and used
the same model (two states, fixed nuclei) as in ref. 15. In principle, the total
electronic flux should also include the contribution of the core electrons.
They travel with the nuclei,'® however, and since the nuclei are considered to
be frozen, the core electrons do not contribute to the electronic flux.

The example of the successful joint experimental and theoretical re-
construction of the electronic charge migration'® and the electronic flux*! of
the valence electrons in HCCI" motivates the present analogous quantum
dynamics simulation of the charge migration of the valence electrons in
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HCCBr*. Accordingly, we employ the two-state model for fixed nuclei.
Moreover, we adapt the same methods of ab initio quantum chemistry for
the calculations of the geometric and energetic properties of HCCBr* as for
HCCI"; for the details, see ref. 33. Specifically, the nuclei of HCCBr" are
frozen in the global minimum geometry of the precursor molecule HCCBr in
its ground state X~ 'L, as illustrated in Figure 5.2(a). The corresponding
lengths of the H-C, C=C and C-Br bonds are 1.063 A, 1.208 A and 1.798 A,
respectively. The electronic Hamiltonian H in the TISE (5.1) consists of the
operators of the kinetic energies of all electrons, and the operators for the
Coulomb interactions of all electrons and the fixed nuclei. We also investi-
gated the effects of spin—orbit coupling, but they turn out to be negligible for
the present purpose.*

The TISE (5.1) is solved for the electronic wave functions ¥, and ¥. and
energies E, and E, of the electronic ground state (g=X" *II) and the first
excited state (e=A"°Il) at the fixed nuclear geometry. The gap is
AE=E.—E,=2.74 eV. The related period of charge migration is tcpm =h/
AE=1.51fs.

The initial state is constructed as superposition (5.3) of ¥, and ¥.. For the
present purpose, i.e. for the demonstration of the analogy of nuclear tun-
nelling and electronic charge migration, we employ the same coefficients
Co=C.= 1/\/2 as in Section 5.3, with the same consequences and simplifi-
cations, e.g. the time shift is equal to zero such that ¢’ =¢, etc., ¢f eqn (5.16)
and (5.17). As discussed in Section 5.2, this choice yields the most efficient
flux; for the present application this means the most efficient charge mi-
gration with maximum electronic flux; the present electronic flux in HCCBr
will, therefore, be more efficient than in the example HCCI™ with the ex-
perimentally determined complex and non-equal coefficients, cf. ref. 15 and
21. Irrespective of the different coefficients for the initial superposition state
(5.3), we still adapt an important property of the example HCCI", namely,
from the perspective of the neutral precursor, it is prepared with electron
hole density centred on the halogen, or turning the tables, the excess elec-
tron density accumulates in the HCC moiety. Accordingly, we determine the
signs of the electronic wave functions ¥, and ¥. such that the “reactant”
and “product” electron densities og(z) [eqn (5.18)] and op(z) [eqn (5.19)] are
prepared with excess valence electron density accumulated in the HCC
moiety and at the Br nucleus, respectively; see the discussion after eqn (5.18)
and (5.19).

In practice, we first calculate the 3D one-electron densities of the valence
electrons in the ground state [o,4(x, y, z)] and the excited state [o.(x, y, 2]]
together with the 3D one-electron density difference

Ao(x, y, 2) = —2N[TI'dge; Po(qer) Ve(ger) (5.34)

where “[TI'dg.” symbolizes the sum over all electron spins and the integral
over the spatial coordinates of all electrons but one, and N, is the number of
valence electrons; compare with eqn (5.20) applied to the present case with
equal coefficients, eqn (5.22). Subsequently, the 3D one-electron densities of
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the valence electrons o,(x, y, 2), 6¢(x, y, z) and Ac(x, y, z) are integrated over x
and y in order to obtain the corresponding 1D axial (z) electron densities of
the valence electrons, py(z), pe(z) and Ap(z), respectively. The electron yield
Y(z) can then be calculated according to eqn (5.28),

y(z)=— [, dz’Ap(2) (5.35)
with reasonable choice of the lower integration limit (Ap(z) 0 for z<zuin)-
The axial electron densities of the “reactant” [ie. the density at (¢=0)
and the “product” (the density at t=1.,m/2) are then calculated
as pr(z) = pel2) + pe(2) — Ap(2)/2 and pp(z) = pyl2) + pelz) + Ap(2)/2, compare
with eqn (5.18) and (5.19)]. Finally, the time evolution of the electron density
p(z, t) and the flux F(z, t) are evaluated by the general expressions (5.23),
and (5.28) and (5.29) with the substitution g—z and ¢’ =¢.

The resulting axial one-electron densities of the valence electrons pg(z)
and pp(z) of the “reactant” and “product” cation HCCBr' are shown in
Figure 5.2(a). They are normalized to the number of valence electrons,
Ne=1+4+4+7—1=15. Apparently, pr(z) and pp(z) have similar overall
shapes, with two peaks for the local maxima of the electron densities near to
the centre of the C=C bond and at the Br nucleus. These peaks are separated
by local minima of the densities in the C-Br bond. Most important for the
present purposes, however, are the differences between pg(z) and pp(z). Ap-
parently, the “reactant” pg(z) accumulates slightly more excess electron
density in the acetylenic moiety than the “product” pp(z), whereas the
“product” pp(z) is more strongly peaked at the bromine nucleus than the
“reactant” pg(z). This preparation of pg(z) and pp(z) in HCCBr " is consistent
with the example HCCI" for the chosen experimental scenario.'*'> From
this result, one may already anticipate that the dominant flux of the excess
electron density in HCCBr " during the first half period 0 <t <Teum/2 is from
the acetylenic moiety to the Br nucleus. This is symbolized by the arrows in
the cartoon at the top of Figure 5.2(a).

Figure 5.2(b) shows the difference Ap(z) = pp(z) — pr(z) of the axial one-
electron densities of the “product” minus the “reactant”. Essentially, Ap(z)
is negative and positive in the domains of the acetylenic moiety and the Br
nucleus, respectively. The corresponding global minima and maxima of
Ap(z) peak at the carbon nucleus of the C-Br bond, and at the Br nucleus,
respectively. The switch from dominantly negative to positive values of Ap(z)
occurs in the C-Br bond, near to the local minima of the densities pp(z) and
pr(z). In addition, Ap(z) has several local maxima and minima that are,
however, much less pronounced compared to the global extrema. The overall
shape of the function Ap(z) suggests distinguishing the “domains of the
reactant and the product” as the domains where Ap(z) is essentially negative
and positive, respectively. The definition of the border z;, between the two
domains is somewhat arbitrary, however, due to the small local maxima and
minima of Ap(z). For reference, we set z;, = 0.50a, — this is the position near
to the carbon nucleus of the C-Br bond where Ap(zp) = 0.
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Figure 5.2(b) also has the yield y(z) which is obtained as negative integral of the
density difference Ap(z), ¢f. eqn (3.35). The prominent features of Ap(z) that are
discussed above imply that y(z) is essentially positive, with a plateau type feature
in the sub-domain of the C-Br bond which corresponds to the local minima of
pp(z) and pg(z) at z=1.4a,. The global maximum of y(z) is at the border z=z,,
which is close to these local minima, but slightly shifted towards the carbon
nucleus of the C-Br bond. Close inspection reveals that the yield is negative in the
domain well beyond the Br nucleus, albeit with negligibly small absolute values.
This is a marginal feature, however, and it is difficult to say whether this is a real
phenomenon, or just an artifact due to the fact that the underlying methods
of quantum chemistry adapted from ref. 33 are state-of-the-art, but not perfect.

The resulting time evolution of the axial one-electron density p(z, ¢) of the
valence electrons of HCCBr' during the first cycle of charge migration
(0<t<Tenm=1.51 fs) is shown in Figure 5.4(a). At first glance, the density
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Figure 5.4 Time evolution of the periodic electronic charge migration in the linear
HCCBr" cation along its axis z, during the first period, 0 <t < Ty Initially,
the cation is prepared in the “reactant” (R) superposition state
1//2 (¥g+ W) of the electronic ground state ¥, (=X °II) and the
first excited state V. (e=A"*T). At t=Tepm/2, it arrives at the “product”
(P) superposition state 1/,/2(¥, — V) (except for an irrelevant overall phase
factor). (a) Time evolution of the one-dimensional (1D) electronic density
p(z, t) of the valence electrons, from R to P and back to R. (b) Difference in
the electronic density p(z, ¢) at time ¢ minus the initial density p(z, 0) = pg(2).
(c) 1D electronic flux Fz, t), equal to the 1D electronic flux density j(z, ).
During the time interval 0 <¢<7¢,m/2 the flux is from R to P. At ¢ = t¢m/2,
it changes direction, hence F(z, ¢=7m/2)=0. Subsequently from
Tehm/2 <t<Tehm, the flux is from P back to R. The results (a)-(c) are
illustrated by color-coded contour plots.
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appears to be rather robust, with two peaks in the C=C bond and at the Br
nucleus, separated by the local minimum in the centre of the C-Br bond. Close
inspection reveals, however, that during the first and second half cycles, a
relatively small part of the density flows from the initial accumulation in the
C=C bond to the Br nucleus, and back to the C=C bond, respectively. It is quite
remarkable that this apparent shift of what we may call the ‘“axial excess
electron density” proceeds without any significant changes in the overall
density atits local minimum at the centre of the C-Br bond. This effect appears
more pronounced in Figure 5.4(b) which shows the difference Ap(z, t) = p(z, t)
— pr(2) of the axial one-electron density of the valence electrons at time ¢ minus
the initial density p(z, t = 0) = pg(z). Obviously, it evolves with temporal sym-
metry Ap(z, t) = Ap(2, Tchm — t) such that during the first half cycle, the initial
axial excess electron density in the C=C bond is depleted to the benefit of the
density at the Br nucleus, and vice versa during the second half cycle, without
any significant changes [Ap(zx 1 a, t)~ 0] of the density p(z, ¢) in a wide range
around z = 1.85a, near to its local minimum. Close inspection also reveals a
marginal effect of electron depletion and recovery in the domain beyond the Br
nucleus, but as for the discussion of Ap(z) in Figure 5.2(b), it is not clear
whether this is a real, albeit very small effect, or an artifact.

Finally, Figure 5.4(c) documents the time evolution of the axial electronic
flux F(z, ¢). Obviously, it proceeds with robust spatial profile given by
the yield y(z) shown in Figure 5.2(b), modulated by the periodic sinusoidal
function, with corresponding temporal symmetry F(z, ) = F(z, Tepm/2 — ) =
—F(2, Tchm/2 +t) = —F(2, Tehm — ). Accordingly, during the first and second
half cycles, the dominant flux of the excess electron density is from the
acetylenic moiety via the sub-domain of the C-Br bond with minimum
density to the Br nucleus, and back, with maximum absolute values
max|F(z, t)| at z=2zp for t=Tchm/4, 3Tchm/4, 5Tchm/4, 7Tchm/4, etc. There are
also marginal fluxes in opposite directions, in the domain beyond the Br
nucleus, [hardly visible on the colour code scale of Figure 5.4(c)], but, as
discussed before, it is not clear whether these are real, albeit negligible
effects, or artifacts.

5.5 Comparison of the Results for Stereomutation of
CHFBr by Nuclear Tunnelling and for Axial
Electronic Charge Migration in HCCBr "

In this section, we compare the results derived in Sections 5.3 and 5.4 for
stereomutation of CHFBr by nuclear tunnelling and for axial electronic
charge migration in HCCBr'. For this purpose, we inspect the corres-
ponding analogous panels (a), (b), etc. of Figures 5.1 and 5.3, and 5.2 and 5.4,
respectively, keeping in mind the underlying theory presented in Section 5.2.

As anticipated in the introduction, Figures 5.1(a) and 5.2(a) are entirely
different, because they have the cartoons of the nuclear and electronic
processes and the corresponding densities of the ‘“reactants” and
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“products” that are so entirely different. The nuclear and electronic energy
gaps AE between the levels of the ground and excited nuclear and electronic
states that are involved in the processes differ by more than three orders of
magnitude. As a consequence, the resulting periods = h/AE also differ by
more than three orders of magnitude.

In spite of the enormous qualitative and quantitative differences between
the systems and processes illustrated in Figures 5.1(a) and 5.2(a), the rest of
the figures reveal impressive analogies. These will be detailed below. For this
purpose, we switch back to the generic notation used in Section 5.2, i.e. we
use the period ‘“t” and the coordinate “q”’, instead of the individual “tgcreo”
or “T.nm’’ and “oy,” or “z”, respectively. The notation ‘“g,” means the border
between the domains of the reactant (R, §<gp) and the product (P, g> gqy),
corresponding to the domains “o, <0” or “z<z,” and “o,>0" or “z>2z,”,
respectively. When we talk about the “densities” or the “fluxes” (plural!)
below, we always mean the corresponding quantities for the two processes:
nuclear tunnelling and electronic charge migration.

Close inspection of the remaining Figures 5.1(b) and 5.3 for nuclear
tunnelling (Section 5.3) and 5.2(b) and 5.4 for electronic charge migration
(Section 5.4) reveals the equivalence of the following phenomena for the two
applications.

(i) The density differences Ap(q) = pp(q) — pr(g) of the reactant (R) and
the product (P) are essentially negative in the domain of R, but
positive for P, ¢f. Figures 5.1(a) and 5.2(a). The word “‘essentially”
here emphasizes the most prominent properties and disregards the
marginal deviations discussed in Section 5.4, and which are actually
so small that it is hard to say whether they are real, albeit with
entirely negligible effects, or just artifacts.

(ii) The yields y(g) have their maxima at the border g, between the
domains of the reactant and the product. Moreover, the yields have
plateaus near to their maxima, ¢f. Figures 5.1(a) and 5.2(a).

(iii) The time evolutions of the densities p(q, ¢) and of the fluxes F(q, ?)
are periodic, with period 7, ¢f Figures 5.3 and 5.4.

(iv) The time evolutions of the differences Ap(q, )= p(q, t) — p(q, t =0) of
the densities at time ¢ minus the initial densities p(gq, t=0)= px(q)
have temporal symmetries, Ap(q, t)=Ap(q, t—1t), ¢f Figures 5.3(b)
and 5.4(b).

(v) Likewise, there are temporal symmetries for the fluxes, F(q, ¢)=
F(g, t/2 —t)= —F(q, ©/2+t)= —F(q, T — t), ¢f. Figures 5.3(c) and 5.4(c).

(vi) The density differences Ap(q, t) are essentially negative in the
reactant domains but positive in the product domains. The values of
Ap(g, t) are negligible for values of g close to the borders g1, between
the two domains, ¢f. Figures 5.3(b) and 5.4(b). This means that
during the full cycles (0<¢<7), the densities, or part of them, are
shifted from R to P, and then back to R, without any significant
changes in the densities at the border between R and P. This result
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for the density differences Ap(g, ¢) is of course confirmed by the time
evolutions of the densities, ¢f. Figures 5.3(a) and 5.4(a).

(vii) The fluxes F(g, t) are essentially positive, i.e. from R along g to P
during the first half cycles (0 << 7/2) but negative, i.e. from P back to
R during the second half cycles (/2 <¢<1). They vanish for t=0, /2,
1, etc. with periodic continuations. At all other times (¢ 40, t/2, 1, etc.),
F(g, t) has extreme values at the borders g}, between the reactant and
product domains. The absolute maxima and minima of the fluxes are
obtained at the borders ¢, at times t=r1t/4, 37/4, and then with
periodic continuations at 5t/4, 7t/4, etc., ¢f. Figures 5.3(c) and 5.4(c).

(viii) The fluxes F(gq, t) have plateaus in the vicinities of their maxima or
minima, ¢f Figures 5.3(c) and 5.4(c).

In brief, all phenomena (i)-(viii) imply that the densities, or part of the
densities, are shifted periodically from R to P and then back from P to R,
during one cycle with period t. The processes proceed such that during the
first half cycle, P grows at the expense of R, and vice versa during the second
half cycle, without any significant variations of the densities at the borders
q» between the reactant and product domains. This is achieved by fluxes
with plateau-type shapes and maximum or minimum values half-way be-
tween R and P, or between P and R.

The similarity of the phenomena (i)-(viii) reveal and document the
analogy of the two processes, nuclear tunnelling and electronic charge
migration, at least for the quite realistic two-state scenarios we employed in
Sections 5.2-5.4.

5.6 Conclusions

We have evaluated the time evolutions of the densities and the fluxes of two
different processes of two entirely different model systems and discovered
close analogies in the quantum dynamics. The first case study is for periodic
stereomutation from the oriented non-linear (S)-CHFBr to (R)-CHFBr and
back to (S)-CHFBr by coherent nuclear tunnelling, with period
Tstereo = 10.57 ps. Here (at least one of) the nuclei move with rather large
amplitudes, and the electrons remain in the electronic ground state. The
second case is periodic electronic charge migration in the oriented linear
HCCBr " cation, with much shorter period Tenm, = 1.51 fs. On this time scale,
the nuclei are essentially frozen, and the electrons evolve coherently in the
electronic-ground and first-excited states. The analogies of the quantum
dynamics are documented in Figures 5.1(b) and 5.3 for nuclear tunnelling,
and in Figures 5.2(b) and 5.4 for electronic charge migration, respectively,
and they are listed as eight common features (i)—(viii) in Section 5.5.

In the context of this book,” we would like to conclude by extending a
working hypothesis,?* namely, the analogies of the quantum dynamics of
nuclear tunnelling and electronic charge migration suggest that, not only
the stereomutation of CHFBr but also the charge migration in oriented
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HCCBr*, share common features of tunnelling. To support this hypothesis,
let us first recall (at least) three kinds of quantum mechanical nuclear
tunnelling that are documented in the literature. The first and ‘“standard”
type of tunnelling is “tunnelling through a potential barrier V*”, or briefly
“potential tunnelling”."” Here the barrier V+ separates two domains of the
molecular system that may be referred to as the domains of the “reactant”
(R) and of the “product” (P). The total energy of the system is below
the barrier, E<V¥. As a consequence, transitions from R to P or from P to R
are classically forbidden. Nevertheless, they are allowed by quantum
mechanics - “potential tunnelling” is a quantum effect. No doubt, the
stereomutation of CHFBr proceeds by potential tunnelling.

The second type of tunnelling is “dynamical tunnelling”, discovered by
Davis and Heller.>* As in the case of potential tunnelling, dynamical tun-
nelling is a quantum effect that enables the transition between two molecular
domains even though it is classically forbidden. In this case, however, the
classical constraint is quite different from the traditional constraint E<V*,
namely, it is a “dynamical constraint.” It may arise at higher energies E> v+,
and in fact, it may arise even in systems that do not possess any potential
barrier at all. In a classical picture, for example, the system may be prepared
with specific initial conditions such that it evolves along one of two separate
stable periodic orbits that co-exist at the same total energy E. As the name
suggests, these orbits are periodic, which means that, in the frame of clas-
sical mechanics, the system must stay on its orbit; it must not “hop” to the
other periodic orbit. The word “stable periodic orbit” indicates that if one
prepares the system in a sufficiently near neighbourhood of the periodic
orbit, e.g. in a narrow torus about the orbit, it still cannot “hop” into the
corresponding torus about the other orbit. In quantum mechanics, the tori
about the two different classical periodic orbits correspond to two different
wave functions that extend along the orbits. Davis and Heller have shown
that if one prepares the molecular system in a wave function that corresponds
to one of two separate classical orbits, then it can make a transition to the
other wave function that extends along the other orbit, even though this is
classically forbidden. This process is called “dynamical tunnelling”.**

The third kind of tunnelling was discovered by Hashimoto and
Takatsuka®” for systems that possess two separate instable periodic orbits, at
the same total energy, in the frame of classical mechanics. The word “in-
stable” indicates that if one prepares the system with initial conditions close
to one of the periodic orbits, then it may hop to the neighbourhood of the
other orbit. The time evolution of this type of transition has some important
characteristic features. Namely, at first, the system cycles close to the initial
periodic orbit. Next, after (very!) many such cycles, it makes a sudden hop to
the vicinity of the other periodic orbit. Then it continues to cycle about the
other periodic orbit, again for many times. This temporal pattern reminds us
of the properties of potential tunnelling discussed above, i.e. the systems
prefer to stay in the domains of R and P for rather long times until they make
a sudden transition from R to P, or vice versa.** Hashimoto and Takatsuka
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have shown that quantum mechanically, if one prepares the system in the
corresponding initial wave function that extends along one of the instable
periodic orbits, then its density decreases to the benefit of the density close
to the other orbit. This transition occurs without any significant appearance
of density in the domains between the two orbits.

The quantum dynamics of the present charge migration in HCCBr* pro-
ceeds in a way that reminds us of the type of dynamical tunnelling discovered
by Hashimoto and Takatsuka.?®> For example, the time evolution of the elec-
tronic density difference documented in Figure 5.4 is analogous to the time
evolution of the nuclear density during dynamical tunnelling, as documented
in figure 7 of ref. 35. This leads to our working hypothesis: charge migration in
oriented HCCBr " can be described as dynamical tunnelling. Of course, there
are also important differences. Most important: Hashimoto and Takatsuka
describe nuclear dynamical tunnelling,>® whereas the present charge migra-
tion would correspond to electronic dynamical tunnelling.

Our working hypothesis is also supported by a re-consideration or re-
interpretation of the strikingly different time scales, Tgereo = 10.57 psS versus
Tenm = 1.51 fs. The rather long period tg.reo iS for nuclear potential tunnel-
ling. It is well known that the corresponding times for electronic potential
tunnelling are much shorter. For example, the preparation of the initial
superposition state (5.3) by photo-ionization of the neutral precursor
proceeds by electronic potential tunnelling in the time domain below
100 as.'*™ Likewise, nuclear dynamical tunnelling as discovered by
Hashimoto and Takatsuka is a rather slow process in the ps or even much
longer time domain. By analogy, electronic dynamical tunnelling should
take much shorter times, actually in the sub-fs time domain for the transi-
tion in one direction, T.um/2 =750 as.

The present analogy has been discovered for rather simple model systems:
they are oriented, they are prepared initially as a superposition of two
eigenstates (the ground state and the first-excited states), the quantum
dynamics evolve adiabatically, i.e. without any transitions between the two
states or any others, and they are essentially along one degree of freedom
(DOF), without any considerations of the effects of other DOFs that cause
decoherence,’®*° see also ref. 33. It is a challenge to investigate whether the
analogy of nuclear tunnelling and electronic charge migration persists in
more demanding systems, i.e. in molecules that are prepared in a super-
position of more than two states, or with diabatic transitions, or with add-
itional significant DOFs, or with competing effects of decoherence.
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CHAPTER 6

Tunnelling and Parity Violation
in Chiral and Achiral Molecules:
Theory and High-resolution
Spectroscopy
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*Email: Martin@Quack.ch

6.1 Introduction

Quantum mechanical tunnelling was discovered in 1927 by Friedrich Hund in
the context of a discussion of the stereomutation reaction between the enan-
tiomers of chiral molecules. We review here the fundamental new aspects
introduced by the discovery of parity violation in 1957 and the subsequent
formulation of the standard model of particle physics (SMPP), which led to a
radical change in our understanding of the dynamics of stable chiral mol-
ecules. We first review the basic theory of parity violation in the framework of
the SMPP with the discovery of a new order of magnitude for chiral molecules.
We then discuss the conceptual changes for the quantum dynamical tunnelling
of achiral, transiently chiral and stable chiral molecules with several current
examples. We summarize the current status of the theory. We then outline the
concepts for experiments and summarize the current status of experiment.
When Friedrich Hund in 1927'7 investigated for chiral molecules the
spectroscopic and kinetic consequences of the then-new theory of quantum
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mechanics as just formulated in terms of the Heisenberg equations of
motion*® and the Schrédinger equation, which had been found by Erwin
Schrodinger during a skiing holiday in Arosa over the Christmas and New
Year holiday 1925/26,”** he discovered a strange phenomenon: For symmetry
reasons the ground state wave function as an eigenstate of the Schrodinger
equation must have a well-defined “parity’” as symmetry with respect to the
inversion at the potential maximum in the double-well potential, which could
be used in a simple one-dimensional description of the stereomutation
reaction interconverting the enantiomers of chiral molecules (Figure 6.1).
More generally this symmetry of parity is related to the inversion of the three
spatial coordinates x, y, z, of a physical system (Figure 6.2). Therefore the
probability distribution related to the ground state wave function (y. for
positive parity in Figure 6.1) had to be delocalized. The first excited state (—y_
in Figure 6.1) of negative parity and antisymmetric with respect to inversion
would be separated by a small energy interval AE . =F — E, from the ground
state. Both eigenstates would have to be considered as achiral. However, a
superposition of these states (y++ y_) and (y+ — x_) would generate wave
functions 4 and p, localized and chiral, as observed in common experiments of
chemistry. These localized states and probability distributions would inter-
convert / to p and back in a half period of the periodic motion with period t:

t,np=1/2=h/(2AE ) (6.1)

}
|
|
®
T /\ x+/\
|
| f
1
I‘ >
Vig) i g
|
| a [/
9 9c R
| | | 5
AE.
S s E, ’ -
q 9 g
1 I |
A B :

Figure 6.1 The double minimum potential for illustrating symmetry breaking in
classical dynamics (A) and parity symmetry, localization and tunnelling
in quantum dynamics. Wave functions are shown in (B).
Reproduced from ref. 157 with permission from World Scientific
Publishing, Copyright 1995.
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Figure 6.2 Reflection E* or parity (P) operation.
Adapted from ref. 36 with permission from John Wiley and Sons, © 2002
WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim.

where 7 is Planck’s constant, although both energies £, and E_ were much
smaller than the barrier heights considered for chiral molecules. Thus the
reaction of this quantum mechanical system could happen at energies below
the barrier for reaction, a process impossible, even unthinkable of, in clas-
sical mechanics. Later this effect was called tunnelling or the tunnel effect,
with the picture of a process that could happen as if there were a ‘“‘tunnel”
through the barrier (see ref. 14 and 15 for more of the history). Hund’s de-
scription, which is also applicable to achiral molecules such as NH;, which
can be described by a similar double-well potential, has entered the text-
books, and the quantum mechanical tunnel effect has since then been ob-
served in numerous areas of physics and chemistry and has been subject of
many books, including the present book'® (see ref. 17-21 to give just a few
examples). In classical mechanics the symmetrical state of the system is
located at the maximum of the potential, a point of unstable equilibrium,
the stable states at the minima being strictly localized and degenerate, as
indicated in Figure 6.1A, very different from the quantum mechanical
description.

The discovery of parity violation in 1956/57>*>° led to consequences for
the tunnelling dynamics of chiral molecules that have not yet widely entered
the textbooks of chemistry (see, however, ref. 27 and 28). The present brief
review deals with these new aspects of tunnelling in chiral molecules as well
as related aspects in achiral molecules. Our aim is here to provide a con-
ceptual summary of these phenomena both concerning theoretical and ex-
perimental aspects. For more detailed reviews, from which we draw in
particular (and in part literally), we refer to ref. 14, 15, 27-32. We shall first
briefly outline the theory of parity violation in the framework of the Standard
Model of Particle Physics, SMPP, following mainly ref. 27-35.
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6.2 Parity Violation in Chiral Molecules in the
Framework of the SMPP

6.2.1 Introductory Remarks

In the introduction to his famous paper “Quantum Mechanics of Many
Electron Systems” Paul Adrien Maurice Dirac wrote one of the most cited
sentences in quantum chemistry:*’

“The underlying physical laws for the mathematical theory of a large part
of physics and the whole of chemistry are thus completely known and the
difficulty is only that the exact application of these laws leads to equations
much too complicated to be soluble. It therefore becomes desirable that
approximate practical methods of applying quantum mechanics should be
developed, which can lead to an explanation of complex atomic systems
without too much computation”.

It is remarkable that the second part of this statement, which forms a
reasonable starting point for modern, approximate numerical quantum
chemistry and computational chemistry, is only rarely cited. The more fre-
quently cited first sentence with the strong statement about understanding
“the whole of chemistry” and the small restriction “the difficulty is only”,
which claims that the quantum physics of the first half of the 20th century
contains all basic knowledge about chemistry, is the one that seems to be
liked by many theoretical chemists and physicists. It turns out, however, that
this statement is incorrect. There is at least one important part of chemistry,
namely stereochemistry and molecular chirality, which can be understood
properly only when including the parity-violating weak nuclear force in our
quantum chemical theory in the framework of what we have termed “elec-
troweak quantum chemistry”,*>** completely and fundamentally unknown
at the time of Dirac’s statement.*’

Figure 6.3 summarizes the modern view of the origin of the fundamental
interactions as publicized on the website of a large accelerator facility
(CERN®®). According to this view, the electromagnetic force, which is in-
cluded in “Dirac-like” ordinary quantum chemistry, leads to the Coulomb
repulsion, say, between two electrons in a molecule by means of photons as
field particles. In the picture the two electrons are compared to the ladies on
two boats throwing a ball. If we do not see the exchange of the ball, we will
observe only the motion of the boats resulting from the transfer of mo-
mentum in throwing the ball, and we could interpret this as resulting from a
repulsive “force” between the two ladies on the boats. Similarly, we interpret
the motion of the electrons resulting from “throwing photons as field par-
ticles” as arising from the Coulomb law, which forms the basis of ordinary
quantum chemistry. The Coulomb force with the 1/r potential energy law is
of long range. The other fundamental forces arise similarly, but with other
field particles. The strong force with very short range (0.1-1 fm) mediated
by the gluons is important in nuclear physics but has only indirect influence
in chemistry by providing the structures of the nuclei, which enter as
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The forces in nature

Intensity of forces Binding particle

Type (decreasing order) (field quantum)  Important in

Strong nuclear force ~1 Gluons (no mass) Atomic nucleus

Electro-magnetic ~107° Photons (no mass) Atoms and

force molecules
Weak nuclear force ~10° Bosons Z, W+,  Radioactive
W—, (heavy) B-decay, chiral

molecules

Gravitation ~107°8 Gravitons (?) Sun and planets,
etc.

The exchange of particles is respons .

Figure 6.3 Forces in the standard model of particle physics (SMPP) and important

effects. This is taken from the CERN website ref. 38, but the importance
of the weak interaction for chiral molecules has been added here from
our work.
Reproduced from ref. 29 with permission from the Royal Society of
Chemistry, in turn, adapted from ref. 38, Public Domain. (We note that,
while not referred to in ref. 38, the motif of the lightly dressed ladies
throwing balls can be found in a mosaic at Piazza Armerina. Sicily, from
the 4th century AD).

parameters in chemistry, but there is otherwise usually no need to retain the
strong force explicitly in chemistry. The weak force, on the other hand, is
mediated by the W=and Z° Bosons of very high mass (86.316 and 97.894
Dalton, of the order of the mass of a Rb to Mo nucleus!) and short lifetime
(0.26 yoctoseconds = 0.26x10>* s).

This force is thus very weak and of very short range (<0.1 fm) and one
might therefore think that, similar to the even weaker gravitational force
(mediated by the still hypothetical graviton of spin 2), it should not con-
tribute significantly to the forces between the particles in molecules (nuclei
and electrons). Indeed, the weak force, because of its short range, becomes
effective in molecules, when the electrons penetrate the nucleus, and then it
leads only to a very small perturbation on the molecular dynamics, which
ordinarily might be neglected completely.

It turns out, however, that because of the different symmetry groups of
the electromagnetic and the electroweak Hamiltonians there arises a
fundamentally important, new aspect in the dynamics of chiral molecules,
which we therefore have added to the figure from CERN, where this was
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not originally included, in our Figure 6.3. Indeed, the electromagnetic
Hamiltonian commutes with the space inversion or parity operator P

PH=HP (6.2)
which leads to the consequence that in chiral molecules the delocalized
energy eigenstates y. and —y_ have well-defined parity and the localized
handed states 42 and p of chiral molecules have exactly the same energy
by symmetry (see Section 6.3 for details). Therefore one can also say that
the reaction enthalpy AgHy for the stereomutation reaction (6.3) between

R and S enantiomers of a chiral molecule would be exactly zero by symmetry
(AxHg =0) a fact originally noted already by van’t Hoff*”

RSS (6.3)

ArHg =0 (? Van’t Hoff) or AxHy =N,ApE (today)
Today, we know, that the electroweak Hamiltonian does not commute with P
PH..,#H_,P (6.4)

and therefore parity is violated leading to a small but non-zero parity-violating
energy difference A,E between enantiomers and thus AgHy # 0 (for example
about 10~ Jmol ' for a molecule like CHFCIBr*’). We shall discuss in
Section 6.3, in more detail, under which circumstances such small effects lead to
observable results dominating the quantum dynamics of chiral molecules.

This symmetry violation in chiral molecules is, indeed, the key concept
that leads to an interesting interaction between high energy physics and
molecular physics and chemistry; indeed also biochemistry.>**"** It results
in the following at first perhaps surprising three statements:

1. The fundamentally new physics arising from the discovery of parity
violation**® and the consequent electroweak theory in the standard
model of particle physics (SMPP)**™* leads to the prediction of funda-
mental new effects in the dynamics of chiral molecules and thus in the
realm of chemistry.

2. Molecular parity violation as encoded in eqn (6.2)-(6.4) has possibly
(but not necessarily) important consequences for the evolution of
biomolecular homochirality in the evolution of life,>%2%:31:32,41,42,48,140

3. Possible experiments on molecular parity violation open a new window
to looking at fundamental aspects of the standard model of high en-
ergy physics, and thus molecular physics might contribute to our
understanding of the fundamental laws relevant to high energy phys-
ics. Indeed, going beyond parity violation and the standard model,
molecular chirality may provide a new look at time-reversal symmetry
and its violation, in fact the nature of time,***10:139:157,161

It should thus be clear that electroweak quantum chemistry has inter-
esting lessons to tell. A brief history of electroweak quantum chemistry is
quickly told. After the discovery of parity violation in 1956/57**7*° it took
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about a decade until the possible consequences for chemistry and biology
were pointed out by Yamagata in 1966.*® While his numerical estimates were
wrong by many orders of magnitude (as also was a later estimate*”) and even
some of his qualitative reasonings were flawed (see ref. 36), the link between
parity violation in high energy physics and the molecular physics of chirality
was thus established and repeatedly discussed qualitatively in the 1970s.”°">’

The first quantitative calculations on molecular parity violation were carried
out following the work of Hegstrém, Rein and Sandars®®**° and Mason and
Tranter®®® including several discussions by others in the 1980s.°®*"®* Some far-
reaching conclusions about consequences for biomolecular homochirality
were drawn from some of these early calculations but we know now that none
of these early calculations prior to 1995 can be relied on (nor can one retain
their conclusions), as they were wrong by orders of magnitude.

Indeed, in 1995, we carefully reinvestigated the calculations of parity-violating
energies in molecules and discovered, surprising to many at the time, that an
improved theoretical treatment leads to an increase of calculated parity-violating
energies by about two orders of magnitude in the benchmark molecules H,0,
and H,S,.>*® This discovery triggered substantial further theoretical**™*>%%7
and proposals for experimental activity”® '*® and the numerical results were
rather quickly confirmed in independent calculations from several research
groups, as summarized in Table 6.1. Figure 6.4 provides a graphical survey of the
development and Figure 6.5 shows the structures and coordinate definitions for
HSSH. Both in Table 6.1 and Figure 6.4, one can see the “big jump” by about a

Table 6.1 Comparison of E,, (in 10™>° Ey, with t=45°) and A, E = E, (M) — E,(P)
(in 10°™ hcem ', at t=90°) for the molecules HOOH and HSSH
computed with various methods. Adapted from ref. 151 with
permission from Taylor and Francis, Copyright 2015. See also ref. 29, 30,
36, 111 and 128, and Figure 6.5 for coordinate definitions (schematic). One
notes the “big jump” of about a factor 100 occurring in 1995/96.

Method” (the year) Ep(HOOH) A,E°(HOOH) E,,(HSSH) A,.E°(HSSH)
SDE-RHF®* £1984) -1.2 —0.03 —135.0 2.0
CIS-RHF?**3483:84128 (1995/6)  —39.7 —5.0 —1654.0 188.1
TDA®® £1997) —55.9 -7.0 —1487.7 161.5”
CPHF"' (2015 —61.38 -2.9 —1865.6 242.0
MC-LR-RPA*>#*8>128133 (9000) —60.88 -2.8 —1913.0 185.0
CASSCF-LR*>®* (2000) —45.00 —3.4

CCSD™! (2015) —51.69 —6.4 —2248.6 238.3
ZORA-HF"*® (2005) —79.30 —3.9 —2350.0 294.5
ZORA-B3LYP'*® (2005) —65.40 —-8.3 —2690.0 290.0
ZORA-BLYP'*® (2005) —69.30 -9.9 —2750.0 278.3
DC-HF®® £1999) —70.60 —4.0 —2077.0 280.0
DC-MP2"* (2005) —57.88 -7.3 —2112.0 224.3
DC-CCSD(T)**® (2000) —61.20 -8.8 —2110.0 215.1

“Note the equivalence, in principle, of methods as given in the parentheses (CIS-RHF, CIS-LR,
TDA) and (CPHF, RPA), differences arising only because of slight differences in numerical
methods applied in the independent calculations by different authors. In ref. 151 E(P)
—Ep(M) = A E® was given for H,0, in order to give positive values (see ref. 151 and 159 for an
explanation of acronyms).

bIn principle the TDA value of ref. 86 should be scaled by 75% to give a value of 120x
10 ** hcem ™Y, see ref. 36 and 84.
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Figure 6.4 Graphical survey of the development of the theory of molecular parity
violation with the “big jump” in 1995.
Reproduced from ref. 158 with permission from the Royal Society of

Chemistry.

Figure 6.5 Equilibrium structure of HSSH (P-enantiomer) as obtained with the CCSD(T)
method and cc-pV5Z basis set shown in the so-called electrostatic reference
frame with axes (grey) labelled x, y and z together with the so-called
molecular main chiral axes® a, b and ¢ (black). The equilibrium structural
parameters are 7.(SS)=207.64 pm, r(SH)=134.32 pm, o.(SSH)=98.0°
T.=90.72°.

Adapted from ref. 128 with permission from John Wiley and Sons, © 2004
Wiley Periodicals, Inc., and from ref. 151 with permission from Taylor and
Francis, Copyright 2015.

factor of 100 that occurred after 1995 compared to previous values and the
consistency of high results afterwards (see also ref. 36 and 111 for some history).
While the earlier overoptimistic conclusions on the selection of biomolecular
homochirality had to be revised,*® our work has led to a completely new and
much more optimistic outlook on the possibility of doing successful
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spectroscopic experiments, which are now underway in our own group and
others, following several proposed schemes.>”/30?%987107,149,152,174-176,181,182 A}
though no successful experiment has as yet been reported, one may now expect
such results in the relatively near future.

In his insightful and enlightening summaries of the status of quantum
chemistry in the 1980s Henry F. Schaefer III noted the arrival of what was to
be called the “third age of quantum chemistry””.'*>''* This age was char-
acterized by the new ability of theoretical quantum chemistry to provide
accurate numerical results for chemically relevant species (such as
CH,"">'") that could either challenge or overturn apparently established
experimental results or else also make reliable predictions for still un-
available but potentially important experimental results. These statements
hold true even more today. However, this “third age of quantum chemistry”
is entirely based on the Schrodinger-Dirac-like theory including only the
electromagnetic force. We might call this “electromagnetic quantum
chemistry” (the further development of accurate results for rovibrational
energy levels called the “fourth age” also falls in this domain'').

In the 1990s, however we introduced the term ‘“electroweak quantum
chemistry’”®*?* to characterize a theory making quantitatively reliable
predictions for phenomena related to fundamental dynamical properties of
chiral molecules. In a sense this is a new age for physical stereochemistry.
While the predictions appear to be stable and quantitatively reliable from a
theoretical point of view, they are “true predictions”, as so far there is no
experimental result yet available (beyond null results consistent with theory).
Thus this new electroweak quantum chemistry still awaits experimental test,
and we shall return to this question.

6.2.2 Basic Theory

As we pointed out in the introduction, there was a dramatic change in our
quantitative understanding of parity-violating potentials calculated from
electroweak quantum chemistry from about 1995.?*** One starting point for
this was our observation® that there were surprisingly large deviations of the
older theoretical calculations from simple estimates following an equation
proposed by Zel’dovich and coworkers®®

Hz. (6.5)

This by itself was not such a strong argument, given the complexity of the
problem and the many possibilities for compensation of contributions
leading to lower values of parity violation than expected from simple esti-
mates. Indeed, we could rationalize such compensations by analysing the
calculated parity-violating potentials in terms of a trace of a tensor**** under
certain conditions, thus

Epy=Epy + Epy + Egy- (6.6)
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As the three components frequently differ in sign, this explains a certain
lowering below the maximum possible values realized for the individual
components. However, an even more important observation is related to the
RHF wave functions used in the older calculation being really quite in-
appropriate. Indeed, the simplest improvement of using excited state CIS
(configuration interaction singles) wave functions had already introduced an
increase in parity-violating potentials by about two orders of magni-
tude,**?*%% 3 result later corroborated by our much improved MC-LR
approach®>®* and further confirmed independently by several other groups
as well as in further calculations by our group®®™’ (see also ref. 36, 97 and
111 for some history).

We shall provide here a brief outline of the new theory following ref. 33,
34, 35, 84 and 85 in order to also provide a basic understanding of the
limitations and omissions in current approaches (see also ref. 27 and 111
and further references cited therein).

In the framework of the standard model, the relevant parity-violating
interaction is mediated by the electrically neutral Z° bosons. At molecular
energies that are much lower than the energy (corresponding to mc?) of
the Z°-boson (91.1876 GeV) the contribution of Z° becomes virtual.'**~**°
This leads at low energies to the Hamiltonian density of the fully rela-
tivistic parity-violating electron-neutron interaction of the following
form (with h/2n=c=1, to simplify notation here, returning to SI units
later).

A (x) = 17 (1 asin @, (<)
I A (6.7)

<l 0 ()]

with j{u[V(x)] involving the familiar y-matrices"'®'**

g )] =W ()% (). 6.8)

The y®> matrix converts the four-vector j*[}(x)] into the axial vector
Jax[W(x)]. Similar expressions are obtained for the electron-proton and the
electron-electron interactions.**'*°

In principle, as pointed out in ref. 34, one can use these relativistic
equations as a starting point for the theory; relativistic theories of this type
have been carried out at different levels of approximation for instance by the
group of Barra, Robert and Wiesenfeld (Hiickel-type)®®°*’>”® and four-
component relativistic theory by Schwerdtfeger and coworkers.®®?%%>
Omitting the two small components of the bispinors ¥"(x) and ¥*!(x), and
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thus converting from four component bispinors to two-component spinors
following ref. 34, 120-122 one obtains (i=+/—1)

IjI(e—n) (x)
Gr

- 4\/§,uc
+iga(1 — 4sin® ©,)P ()o@ (x)y ! (x) )oy " (x)]

=T ! )Py ) + (Y1 )y ()}

(6.9)

Gy is the Fermi constant,'*”>'* P the momentum operator, ¢ the doubled
spin operator that has as components the familiar 2x2 Pauli matrices, x
the spatial coordinate set and u the reduced mass of the electron. The
last term in eqn (6.9) is taken to be small because of the extra prefactor
(1 -4 sin® ©,)~0.0724 (depending on the scheme used for the Weinberg
parameter'®" and possibly energy dependent) and because of the depend-
ence on neutron (and similarly proton) spin with the tendency of spin
compensation in nuclei. The form factor g, (from the strong interaction of
the neutron) can be taken as 1.25.%*

Finally, replacing the neutron density by a delta function because of the
contact-like nature of the very short-range weak interaction

PP (x) = 6% (x — x) (6.10)

one obtains a Hamilton operator for the electron-neutron interaction

flen

Gr
apcy/2

For the electron-proton interaction the Hamiltonian is similarly

(P65’ (x — x") + 6°(x — x")Po). (6.11)

Gr
aucy/2
Collecting the terms for neutrons and protons together and defining an

electroweak charge Q, of the nucleus a with charge number Z, and neutron
number N,

HEP) = (1 — 4sin® Oy) - (P6d*(x — xP)) + 8*(x — xP))Ps). (6.12)

Qu=2,(1—4sin”* ®,)—N, (6.13)

one gets an effective electron-nucleus interaction

(ge—nucleus) _ Gr Qu (PG53 (x _ x(nucleus)) + 53 (x — x(nucleus))PG). (6.14)

 4pucy/2

In addition to the electron-nucleus interaction, one should consider the
electron—electron interaction.
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Ele—e) — 5 Gf/i(l — 4sin”* Oy) - {53(x<1> — x(Z))7 (6(1> _ 6(2)) . (p(l) — p(2>)}
uc

+ i[53(x<1> _ x(Z)), (6(1) ~ 6(2)) . (p(l) — p<2))]

+

(6.15)

with obvious notation for the two electrons 1 and 2 in a pair {,}, for the
anticommutator and [,]_ for the commutator, used here for brevity.

The electron-electron contribution to the effective parity-violating poten-
tial is considered to be small,** below 1% of the other contributions, because
of the small prefactor and the lack of a corresponding enhancement with Q,
and also because of a compensation of terms from different electron-
electron pairs. Thus this term is usually neglected, although one must re-
member that it really consists of a sum over many electron pairs. Assembling
all terms together and introducing the electron spin § (with dimension) to-
gether with linear momentum p, the electron mass m., and rewriting now
everything in consistent SI units throughout, one obtains finally for the
electron-nucleus part of the Hamiltonian, using the common symbols and
values for the fundamental constants'>”

(e—nuc P
i = IZZQa{&Pl FimTa) + (i~ sk (6:16)

i=1a=1

We empasize the very small value of the Fermi coupling constant
Gp=1.43585x10°% Jm? in SI units. The sums extend over n electrons and
N nuclei. This operator can be evaluated in different ways. The simple
perturbative sum over states expression in the Breit Pauli approximation
for the spin-orbit interaction reads for the parity-violating potential
(Wlth H.l:;f nucleus ~ H‘f)\jl nucl)

6.17
Fo E, (6.17)

n

rre—nucleus 2
EPVZZRE{ZQ/IOHPV |l//n><lrbn|HSO|lp0>}

The Breit Pauli spin-orbit Hamiltonian Hyg is as usual, here in SI units*>"*>°

o= e 33 e 3yl 2y

e — (6.18)
— 7P =i |r,—

where ll; « refers to the orbital angular momentum of electron i with respect
to particle number k.

The sum-over-states expression [eqn (6.17)] essentially mixes the elec-
tronic ground-state singlet function with excited-state triplets in order to
obtain a parity-violating energy expectation value for the true (mixed singlet-
triplet) ground state (for a pure singlet this would vanish). However, the sum
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over states expression, eqn (6.17), when used explicitly, converges slowly for
larger molecules. It is well known in the framework of propagator meth-
ods'*"™* that the expression in eqn (6.17) is equivalent to the expression

from response theory in eqn (6.19)>>%

E <<Hpvr HSO>>w:0: <<I:Iso; I'AIpv>>w:0- (6.19)

One can say that the parity-violating potential E,, is the response of
(Wo| Hpy|Wo) to the static (w=0) perturbation Hy, or vice versa. This multi-
configuration linear response approach (MCLR) was derived in ref. 35 and
85, to which we refer for details. It shows much better convergence prop-
erties than when evaluating eqn (6.17) directly.

We have given this brief summary of the theory developed in more detail in
ref. 33-35 in order to show all the steps of the many successive approximations
made. Each of these approximations can be removed when the necessity arises.
For instance, if one wishes to describe explicitly hyperfine structure components
or NMR experiments one must not neglect the spin-dependent terms and
therefore one has to add to the operator of eqn (6.16) a further operator given by
eqn (6.20)*>*) using again anticommutator {,}, and commutator [,]_:

Hé)iznucl) hc\/_z Z 1 — 4Sln20W){p Ia, ( - ra)}

(6.20)
+ (2i0)(1 — 45in%0w) (51 x 1a)[p, 8 (F: — 7))

Also, sometimes the approximate ‘theoretical” value of the Weinberg
parameter sin® @,y = 0.25 is taken, which simplifies the expressions with
(1 —4 sin®> ®y) = 0.0. However, more generally, the accurate experimental
parameter will be used with (1 — 4 sin* ®y) = 0.0724°*"*® which may further
depend on the energy range considered. Furthermore, one might use the
semirelativistic expressions using the Breit Pauli spin-orbit operator (6.18)
and the operators for parity violation in eqn (6.16) and (6.20). This should be
an excellent approximation for nuclei with maximum charge number Z, =20
and acceptable up to Z,=40. However, for more highly charged nuclei one
must return to the relativistic eqn(6.7) and from there derive various ap-
proximate relativistic expressions, for instance in the four-component Dirac
Fock framework®® or within two-component relativistic approximations.'*
On the other hand, one might also use more approximate treatments such as
density functional theory.”®'"*2¢

One might also consider investigating explicit “non-virtual” couplings
going beyond the use of eqn (6.7) as a starting point, or one might include
the electron-electron parity-violating interaction in eqn (6.15) in the calcu-
lations. Whether one wishes to invest effort in removing some of the ap-
proximations used depends upon one’s intuition of whether large
improvements are to be expected. At present it seems unlikely that order of
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magnitude improvements will again be found in the future, although only
experiment can give a definitive answer. We think that the currently largest
chance for improvement resides in appropriate electronic wave functions
that are highly accurate, in particular near the nuclei, and in further effects
from molecular structure and motion to be discussed now.

6.2.3 Parity-violating Potential Hypersurfaces and Vibrational
Effects

Two qualitative aspects of the structure of parity-violating potentials deserve
mentioning. Firstly, similar to the parity conserving electronic potential, the
parity-violating potentials are a function of all 3N-6 internal nuclear degrees
of freedom in the molecule. Thus, the parity-violating potentials E},, defined
by eqn (6.17) or (6.19) define a parity-violating potential hypersurface

Epv: va (qu q2s 43y - - - f]ste)- (621)

While isolated distortions or individual coordinate displacements have been
considered for some time in such calculations (see Figure 6.6 for instance)
the true multidimensional aspects have been considered only more re-
cently.*®?1:97:127:128 The gpectroscopically observable parity-violating energy
differences Ay E have to be computed as appropriate expectation values of
the parity-violating potential in eqn (6.21) for the multidimensional rovi-
brational state with anharmonically coupled vibrations. This leads to size-
able effects, as was shown recently.'>” However, we know from our work in
rovibrational spectroscopy and dynamics of polyatomic molecules'*® that
this problem can be handled accurately for not too complex
molecules®® 10%1297133:172 and a similar statement applies to the other
important dynamical problem: tunnelling (Section 6.3).

A second general aspect of the parity-violating potential arises from the
structure of the Hamiltonian in eqn (6.16). Because of the contact-like
interaction between electrons and nuclei, the parity-violating potential can
be written as a sum of contributions from the individual nuclei

N
Vou(91,92,q3, - qan—6) = Z st(ihy 42,93, - Q3N—6)- (6.22)
n=1

Because of the approximate Z° scaling (see, however, ref. 128) this allows for
an easy analysis of calculations and also some rough estimates. Because the
electronic wave function generally depends upon the coordinates (g4, ¢, g3, - - -
gsn_e) In a very complex fashion, there are, however, no really simple and
generally accurate estimates to be expected. However, one can derive certain
sets of rules for special cases (see ref. 134 for example). In practice, one has to
combine the traditional quantum chemical calculations from the “electro-
magnetic theory” with the parity-violating potentials from the electroweak
theory, as we shall discuss now with emphasis on the symmetry aspects.
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Figure 6.6 Parity conserving and parity-violating potentials for H,O, (a) and H,S, (b).
Reproduced from ref. 84 with permission from Elsevier, Copyright 1998.

For visualization as well as for the practical approach on can use as a
starting point the Born-Oppenheimer (or adiabatic) potential hypersurface
V(q1, ¢ ... gs) as a function of the set of some generalized internal
coordinates {qi, ¢a, q3 ... gs}, where s=3N—6 is the relevant number of
degrees of freedom of a chiral molecule with N>4 being the number
of nuclei (atoms) of the molecule. This potential is rigorously symmetric
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upon inversion of the coordinates at the center of mass (parity operation
P or £¥)

E*VR(QD g2y 42y - - - qs): VS(q_ly q_Z) q_3) o q_s) (623)
with

VR(%; 42, qZ; e qs) - VS(q_li q_Zv q_3; e q_s) =0 (624)

i.e. exactly zero by symmetry. We have indicated by the indices R and S that
the inversion E* transforms an enantiomeric configuration “R” into the
corresponding enantiomeric “S” configuration, and the §; indicate the co-
ordinates with the inverted structure.

Of course, the symmetry of the Hamiltonian goes far beyond the Born-
Oppenheimer, adiabatic or any other approximation; the exact molecular
Hamiltonian Ay, in electromagnetic theory shows this symmetry. One notes
that relevant molecular quantizations and potential energy differences in
these potentials are on the order of 100 k] mol ™' corresponding to about 1 eV
(covering of course a range of a few orders of magnitude depending on the
dynamical process considered).

On the other hand, in electroweak quantum chemistry, one calculates an
additional effective “parity-violating” potential Vy,,(q1, ¢2, ¢>, - . . g5), which is
antisymmetric under the inversion operation.

E*vaR(%y G2y G2y --- Gs) = vas(q_h Gy G3 - -- Gs) = _vaR(ql; G2y G2y - - - qs)
(6.25)

Thus one can define for every structure of the chiral molecule a parity-
violating energy difference

Avael(%; G2y G5y -+ - Gs) = vaR(qh G2y 93y -+ Gs) — vas(q_u G2y 3y - - - Gs)
=2Vowr(G1) 92, G35 - - - Gs)- (6.26)

These energy differences are typically very small in absolute value, on the order
of 100 aeV or 10~ "' Jmol ™" and can be negative or positive depending whether R
or S is more stable. They vanish by symmetry for achiral geometries of the
molecule. For chiral geometries they satisfy the antisymmetry relation in eqn
(6.25). However, even within one set of enantiomeric geometries (say only for
the R-isomer) the parity-violating potentials can change sign. Thus there can be,
and, indeed, there frequently are, vanishing parity-violating potentials (and
ApvEe) also for chiral geometries (see Figure 6.6). This property can be under-
stood by the interpretation of the structure of the parity-violating potential as a
trace of a tensor, thus the sum of three components of possibly different signs,
but it does not depend on this interpretation.****%* While well understood, this
property spoils any simplistic approach to estimate measurable parity-violating
energy differences from theory. They can only be obtained from appropriate
theoretical calculation of the parity-violating potential energy hypersurfaces in
eqn (6.25) and (6.26) for the relevant set of geometries. Although one can give
some simple rules for estimating orders of magnitude of parity-violating



208 Chapter 6

potentials, such as the approximate Z°> scaling with nuclear
charge?”3023735:848%158 |aroe deviations can occur for individual molecules, for
instance if the V},, crosses zero near the chiral equilibrium geometry of the
molecule. The chiral molecule 1,3-difluoroallene is such an example.'*"*"
Another example is the amino acid alanine, where one has a zero crossing of Vp,,
as a function of a conformational change that is unrelated to enantiomeric
structure.>>* Thus the actual calculation of the parity-violating potentials by
the methods of quantitative electroweak quantum chemistry is necessary, if one
wants to obtain accurate results. We do not discuss details here but refer to
Careful description827,33735,40,84,85,88,91793,96,97,127,128,1417146,151 as an incomplete
survey of recent work of this kind.

The parity-violating potentials or parity-violating energy differences Ay E.;
in eqn (6.25) and (6.26) do not correspond to the directly measurable parity-
violating energy difference Ap/E, for instance in the ground state energy
difference between the R and S enantiomers. This is calculated as an ex-
pectation value over A, E; in the ground rotational-vibrational (perhaps also
hyperfine) state. Thus in practice one uses

H=T+Vx(q1, 92, G2, - - - qs) (6.27)

obtaining ideally
A% =EX). ol (6.28)
by solving for the complete rovibronic wave functions qoéléz(ql, q2,93;s - - qs)

of the electronic ground or some excited state, and if needed including non-
adiabatic and hyperfine structural effects. One obtains the desired parity-
violating energy differences as expectation values

ApVE(k) = <g0(el\(/)r|Avael|§Dg\(/)r> (629)

The index “evr” for the internal quantum state of the molecule is considered to
include the nuclear spin (hyperfine structure) wave function in molecules pos-
sessing nuclei with non-zero spin and in this case the parity-violating Ha-
miltonian A, to calculate Ep, in eqn (6.17) should include the term H,,, in eqn
(6.16) and also the term H,,,, from eqn (6.20). Calculations of this type have been
presented at various levels of approximation in ref. 40 and 127, for instance. For
the rovibrational ground state (k= 0) we simply use the symbol Ay.E and for
some excited states we use A, E*. As a first approximation, one frequently takes
ApvEq at the equilibrium geometry (g1, g5, g5, - - - g5) in order to estimate AL E in
the ground state. We have shown, however, that the effects from calculating the
correct average by means of eqn (6.29) can be quite large."”’

We can summarize the theoretical calculation of the parity-violating effects
in chiral molecules by stressing again the symmetry aspect. While there is,
of course, no current or in the foreseeable future possible technology to
calculate quantum chemical energies (say Vr(q1, ¢2, g3, - - - ¢s) in eqn (6.23) or
rovibrational and hyperfine levels, etc.) to an accuracy of, say, 100 aeV, which
is the order of the electroweak effects, such an accuracy is not needed,
because we know that the difference in eqn (6.24) and all similar energy
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differences derived from ‘‘electromagnetic” quantum chemistry are exactly
zero by symmetry (beyond the Born-Oppenheimer approximation and even
including effects from electromagnetic quantum field theory). Thus parity-
violating energy differences can be calculated separately and accurately as
purely antisymmetric contribution to the effective potentials or level ener-
gies, in spite of their extremely small absolute magnitude. In the well-known
“captain and ship” analogy we can say that we can obtain the weight of
the captain alone separately and we do not have to weigh the ship
with the captain and then the ship alone and calculate the difference between
the two results, which would be impossible in terms of significant accuracy;
this direct evaluation of the “weight of the captain”, corresponding to the
parity-violating potential is made possible by symmetry. A similar statement
holds for experiments on the effect, to be discussed in Section 6.5 (see also
the discussion in ref. 27, 28 and 30).

6.3 The Interplay of Tunnelling and Parity Violation
in Chiral Molecules

Having now the ability to calculate accurately and quantitatively the effective
parity-violating potentials from electroweak quantum chemistry we can
discuss the effects on the quantum dynamics of chiral molecules in relation
to tunnelling according to Hund’s ‘“‘electromagnetic theory”. This is sum-
marized schematically in Figure 6.7, which compares the theoretical situ-
ation at the time of Hund, as discussed in the introduction, with the current
situation including parity violation in a simple one-dimensional picture of
the effective potentials as a function of q.

The one-dimensional “reaction coordinate” g relates the two enantiomers
and we keep the true multidimensional nature in mind. For reasons of sym-
metry the eigenstates in the electromagnetic theory will have a well-defined
parity and are delocalized. They differ by a tunnelling splitting AE. =E —E
which might be very small. The delocalized eigenstates . and —y_ can be
combined to give localized, time-dependent states 4 and p as discussed in
the introduction. We can use y and —y_ also as basis states when introducing
the effects from parity violation as a small perturbation. For simplicity, we as-
sume here that both AE ., and ApE(q4, ¢, g3, - - - q5) are small compared to all
the other energy differences between, say, rovibrational levels of the molecule.
This allows us to treat the perturbation as a two-level problem, but the treat-
ment can be readily extended to other situations by including more levels. We
can distinguish now two limiting situations. In the first case we have

|AE . | > |ApvE(qy, - - - - .. gs)|. (6.30)

In this limiting case the perturbation will lead only to very small shifts in the
energy levels, which remain almost unchanged, as will the tunnelling times in
eqn (6.1). The perturbation also leads small “parity-violating” admixtures of the
opposite parity in the wave functions, whose overall shape will, however, be
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Figure 6.7 Illustration of symmetric and asymmetric double-well potentials for a
chiral molecule.
Reproduced from ref. 30 with permission from the Annual Review of
Physical Chemistry, Copyright 2008 (see also ref. 149).

essentially unchanged. Thus, in this case the time-dependent eigenstate dy-
namics and the time-dependent wave packet dynamics will be almost un-
changed. This situation applies to transiently chiral molecules to be discussed
below. A similar situation applies also to achiral molecules with eigenstates of
well-defined parity. The effect of parity violation might still become visible by tiny
effects such as changes in the optical selection rules, and a very small optical
activity. However, these effects will not be dramatic and not be easily detected. In
the other limiting case we have

|ApE(q1, - - - qs)| > |AE 4| (6.31)

This situation applies to stable chiral molecules where AE_. can be exceedingly
small. In this case one observes a dramatic change. The eigenstates become
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localized left or right (4 and p), that is, the stereomutation times become in-
finite. While one might say that a change from slow stereomutation tunnelling
in, say, a million years to infinite (no tunnelling) is practically irrelevant and not
observable in real experiments, there is a second change that is really observ-
able. While in electromagnetic theory the lifetime of the parity eigenstates y
and y_ are infinite, in electroweak theory the parity eigenstates become in this
limit time dependent, evolving with a period

Tpy = h/ALE (6.32)

where A E is the energy separation of the energy eigenstates / and p. Within
this limit one has also

1= 51+ p) (6.33)
= Ly 6.34
—Xf—ﬁ(/h—ﬂ) (6.34)

and similarly

A= %(M - 1) (6.35)
_ 1 6.36
p= st (6-36)

(see also Figure 6.7). While the superposition principle guarantees that
parity eigenstates y; and y_can be prepared by superposition of 4 and p, it
turns out that theoretical values of A, E such that periods for parity changes
happen on a timescale of seconds, which is readily accessible to laboratory
experiments.

Some further aspects of the time dependence in the two limits may be
useful. The time-dependent Schrodinger equation for the wave function
¥(g, ¢) for the isolated molecule with the Hamiltonian H is:

LY By(g,t) (6.37)

with the general solution in terms of eigenfunctions ¢; and energies Ey

Hipi(q) = Expilq) (6.38)

W(q,t) =D ckpyexp(—2miExt/h). (6.39)
k
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In the limit of eqn (6.30), where the eigenstates are to an excellent ap-
proximation given by y, and y_, with energies E, and E_, one thus has for
the two-level evolution

W(g,t) = \/iiexp(—ZniE+t/h)[X+ + . exp(—2miAE . t/h)] (6.40)

with a probability density
1 .
P(q.0)="¥(q.0¥*(q.0)= ¥ = J| [, + 7 exp(—2miAELt/R)][*  (6.41)

This describes a structural change of the molecule from left to right during a
tunnelling stereomutation.

In the opposite limit of eqn (6.31), where parity violation dominates,
the eigenstates ¢, are given by 4 and p with eigenvalues E; and E, to an
excellent approximation, and one has for the time-dependent wave function

(g, )= \/Lgexp( —omiEt/h)[ + pexp( — 2miApEt/h)]. (6.42)

Now one can follow a change of the parity of the state (or wave function) with
time. For t=0 in eqn (6.42) one has a state ;. of positive parity, eqn (6.33),
the probability of finding positive parity is 1 and the probability of finding

negative parity is zero. However with increasing time one finds for the state
of negative parity the probability

p-=1—p, =sin*(ntApE/R). (6.43)

From this discussion, it is clear that, for a significant assessment of parity
violation in chiral molecules, one has to discuss the role of both parity
violation and tunnelling. Only in the limit, where parity violation dominates
[eqn (6.31)], will A,E be a measurable parity-violating energy difference
between the ground-state energies of the localized enantiomers of chiral
molecules. In the opposite limit of eqn (6.30), one would simply measure a
tunnelling splitting between achiral states of rather well-defined parity.
Table 6.2 gives a survey of results for |A,,E®'| and |AE . | for many molecules,
from which the relevant times can be readily calculated as well. Table 6.3
summarizes theoretical results for parity violation in chiral molecules, where
the tunnelling splitting is extremely small but has not been calculated
quantitatively. However, in any case for all these molecules in Table 6.3 one
has the limiting behavior |A,.E|> |E. | corresponding to eqn (6.31) with
absolute certainty, whereas for the examples calculated in Table 6.2 this
limit applies only to the six molecules CIOOCI, CISSCI, D,Te,, T,Te,, HSSSH,
and C,H,S,. We note here also that the relative differences between Avae1
and AE, (i.e. averaged over the vibration-rotation ground-state wave func-
tion) are particularly large for molecules that are chiral by isotopic substi-
tution of hydrogen isotopes H, D, and T (see ref. 134 for a discussion).
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Table 6.2 Tuning tunnelling and parity violation in a series of molecules (modified
and updated after ref. 29, 30 and 135).

Molecule |AES,|fem ™" |AE . |/em ™! Reference
H,0, 4x10~ 11 35, 85, 131, 132, 137
D,0, 4x10 2 35, 85,132
T,0, 4x10~ 0.5 138
HSOH 4x107 2x107° 138
DSOD 4x10*? 1x107° 138

TSOT 4x107* 3x1077 138
HCIOH™ 8x10™ " 2x1072 135
DCIOD™ (8x107 "% 2x107* 135
TClOT* (8x107 ) 7x107° 135

H,S, 1x10 12 2x10°° 89

D,S, 1x10 2 5%x10 10 89

T,S, 1x10 12 1x10° 12 89

CL0, 5.75%x107 "3 6.7x107>° 150-152
CLS, 1x10° 12 ~10 7% 90

H.,Se, 2x1071%¢ 1x10°° 173

D,Se, (2x107 10 3x10 173

T,Se, (2x1071%)° 4x107 " 173
H,Te, 3x10°%? 3x10°8 135
D,Te, (3x1077)° 1x10™*? 135

T,Te, (3x1079)° 3x10°1° 135
HSSSH 1.61x10 2 3.3x107 >3 164, 165
C,H.,S, 1.1x10 <1x10 % 162, 166

“Extrapolated value.

bCalculated in ref. 88 for the P-structure (Frere =284 pm, r'yre=164 pm, oyrere=92° and
Tureren = 90°) and the corresponding M-structure. An earlier, very approximate result by Wie-
senfeld”® should be cited as well, giving AE,,=8x10 "“cm ™" for the following structure
(Frere =271.2 pm, r'yre = 165.8 pm, ttgyrere = 90° and Typerers = 90°).

“Not calculated quantitatively, but estimated to be rather similar to the corresponding hydrogen
isotopomers.

dCalculated in ref. 88 for the P-structure (Trse = 145 pm, dggsese = 92° and Tysesens = 90°) and the
corresponding M-structure.

Figure 6.8 provides a graphical survey for the transition between the re-
gimes of dominating tunnelling and dominating parity violation, where one
can also identify the very approximate “Z> scaling law”” for a series of hy-
drides of the chalcogenes™? (see also ref. 128 for a discussion of the origin
and limitations of the scaling law).

Some of the results summarized in Table 6.3 deserve further discussion.
The relatively small absolute value of the parity-violating energy difference
Avael at the equilibrium geometry (and also in the ground state) for 1,3-
difluoroallene CHF—=C=CHTF arises because of a transition from positive to
negative values of the parity-violating potential Avael(oc) as function of the
torsional angle o at a chiral geometry rather near to the equilibrium
geometry. The maximum of Avael(oc) would be more than an order of
magnitude larger. This type of behaviour is rather frequent and is one of the
reasons why simple empirical rules and scaling laws are not sufficient for an
accurate estimate of Ay E in the ground states of chiral molecules. On the
other hand the relatively large value of A,E for 1,2-dithiine (C,H,4S,) in
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Table 6.3 Parity-violating energy differences A,.E between the ground states (and
taken to be sometimes approximately ApVIE’el at the equilibrium structures) of
chiral molecules, for which the tunnelling splitting is extremely small (but
not quantitatively calculated, as one has certainly |AE , | < |ALE|).
Molecule |ApE|/(hcem™) Reference
CHF=C=CHF 1.4x10 13 141, 143, 151
CHF=C=CHCI 7x107 1 143, 151
CHCI=C=CHCI 1.1x10 2 143, 151
PF*°CI*’Cl 2.8x107 160
CHFCIBr 1.9x10 2 40, 99, 127
CDFCIBr 1.9%x10 2 127, 163
F-oxirane 1.7x107*3 100, 146, 148
D-oxirane (2x10719)° 167,183
Cyano-oxirane 1x10™ 13 93, 168
Cyano-aziridine 1x107 " 93
CHDTOH* 3.66x10 "7 134
Alanine” ~5x107 1 34, 33, 92

“value for one of two prominent conformers (see ref. 134).

byery strongly conformer dependent with even sign changes when rotating the -COOH group
without changing enantiomeric structure (see ref. 92)

‘Preliminary estimate, the vibrationally averaged value is larger.

Figure 6.8
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Doubly logarithmic representation of the parity-violating energy differ-
ences APVE*S1 (as decadic logarithm, lg, electronic contribution from the
parity-violating potential differences) as a function of 1g Z. in the series
b23H-X-X-"**H with X = O, S, Se, Te and taking Z.¢ = Zx as the effective
nuclear charge number (crosses ‘x’ for all isotopomers after ref. 158).
APVE'31 is essentially independent of the hydrogen isotope. This is com-
pared with tunnelling splittings (AE.) where the dependence on the
hydrogen isotope is essential (triangles for H, squares for D, circles
for T). The results are from the summary in ref. 27, where the calcula-
tions for Avael were taken from Berger and Quack (2000)** for H,0, and
H,S,, (also from Bakasov et al. (2004)"*®). The results for A, E H,Se, and
T,Se, are from Laerdahl and Schwerdtfeger (1999)*® and the tunnelling
splittings (AE .. were taken from Quack and Willeke (2003),"*® Gottselig
et al. (2001),%° (2003),"”* and (2004)."*® The slope of the straight-line fit is
about 4.8, corresponding to about the Z2; law (see, however, the dis-
cussion in ref. 128).
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Table 6.2 corresponds to a value near to the maximum of A,.E as a function
of the stereomutation reaction coordinate.

The moderately large value of A,.E for the isotopically chiral molecule
PF*°CI?’Cl is an example of the fundamentally new isotope effect introduced
by the electroweak interaction in isotopically chiral molecules as discussed
in more detail in ref. 29, 41 and 160. It arises from the difference of the weak
nuclear charges of isotopes in eqn (6.13)."*°

6.4 The Quantum Wavepacket Dynamics in Chiral
Molecules Where Either Tunnelling or Parity
Violation Dominates

6.4.1 Exact and Approximate Studies of Tunnelling in
Prototypical Molecules with Transient Chirality:
Hydrogen Peroxide and Ammonia Isotopomers

Figure 6.9 shows the H,0, molecule with the two enantiomers in their
equilibrium geometry. This was to our knowledge the first example where a
reaction of stereomutation was described on a full-dimensional potential
surface with all six internal degrees of freedom™" and a quantum mech-
anical treatment with exact DVR methods for the spectroscopic stationary
states and the time-dependent wave packet dynamics of the tunnelling
process."**'* Hydrogen peroxide is well suited as a prototype molecule for
such investigations due to the large tunnelling splitting of ca. 10 cm ™" in the
ground state that leads to the result that effectively a quantum dynamics
in the spirit of Hund is valid independent of the also existing, but for the
dynamics, negligible, parity violation (see below).**° In Table 6.4 the

Figure 6.9 H,0, in its two enantiomeric equilibrium geometries, P-enantiomer on the
left, M-enantiomer on the right connected by a fast-tunnelling reaction.
Reproduced from ref. 161 with permission from Leopoldina, Copyright 1999.
See also ref. 131, 132 and 169.
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Table 6.4 Tunnelling splittings for H,0, from the numerically exact solution (AV¢?),
from the quasiadiabatic channel RPH approximation (Avi'H), and from
experiment (AV§P). 7°7 is the tunnelling transfer time. Adapted from
ref. 132 and 169 with permission from Elsevier, Copyright 1999, 2007. w;
is the harmonic wave number of the mode 7 and v{*® is its experimental
fundamental wave number V¢" exact six-dimensional result from theory
on the surface from ref. 131.

i ofem™ VPem ' VWPem ' AVP/lem ' AVP/emt AVHem ' T°P/ps
0 0 0 0 11.4 11.0 11.1 1.5

1 3778 3609.8 3617.7 8.2 7.6 8.4 2.2

2 1453 1395.9 1392.0 (2.4?) 6.1 5.0 2.7

3 889 865.9 850.5 12.0 11.1 10.8 1.5

4 392 254.6 259.3 116 118 120 0.14

5 3762 3610.7 3605.8 8.2 7.4 7.4 2.0

6 1297 1264.6 1236.5 20.5 20.8 21.8 0.8

tunnelling splittings from the numerically exact solution are compared to
the approximate results from the quasiadiabatic channel reaction path
Hamiltonian (RPH) approach and to experimental results. The strongly
mode selective tunnelling times as a function of the excitation of the dif-
ferent degrees of freedom can be recognized. Thus by exciting various vi-
brational modes, say with a pulsed laser, one can control the stereomutation
rates. For example the excitation of the OH-stretching vibrations v, and v;
results in a slowing down of the tunnelling process even though the exci-
tation energy is a multiple of the barrier height; it remains an effectively
quasiadiabatic process with a slightly modified effective quasiadiabatic
channel potential and moment of inertia (‘“quasi” tunnelling mass), which is
slightly increased by the excitation of an OH-stretching vibration. These two
effects together explain qualitatively the slowing down of the process.
Similar effects have been found for the inversion motion in the aniline
isotopomers (with the chiral isotopomer CsH;NHD)"*'”* which shows such
a mode-selective “non-statistical” tunnelling process with a slowing down
after NH-stretching excitation, despite the very high density of states at high
excitation in CegHsNHD, with good agreement between experimental results
and quasiadiabatic channel RPH calculations carried out ab initio. While the
quasiadiabatic channel RPH treatments have been found to be quite suc-
cessful in handling multidimensional tunnelling problems, one should bear
in mind their approximate nature. The use of ‘“quasiadiabatic” in the model
is motivated by the approaches of ref. 132, 169, 196 and 207 using an im-
portant ‘‘diabatization” step as compared to the RPH treatment of Miller
et al.,”®® which might be called rigorously adiabatic. The “diabatization”
uses the concept of the statistical adiabatic channel model to allow channel
potentials of the same symmetry to cross in order to retain their physical
nature in terms of the channel wave function.”® As one might call these
crossing “diabatized” channels also ‘‘adiabatic” (with different definitions)
we introduced the term quasiadiabatic for them (see ref. 210 for a
discussion).
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Figure 6.10 Six-dimensional wave packet evolution for H,O, in its lowest quantum
states (i = 0 in Table 6.4). | ¥|* shows the time-dependent probability as
a function of the torsional coordinate, where the probability density is
integrated over all other coordinates. (a) shows the time interval 0-5 ps
and (b) the time interval 100-105 ps with identical initial conditions at
t=0 as in (a)."*>'®® The migration of the wave packet from the left to
the right corresponds to a change from one enantiomer to the other in
Figure 6.9.

Figure 6.10 shows as an example the ‘“wave packet dynamics” in the
ground state of the H,0, molecule in terms of the six-dimensional quantum
mechanical probability density as a function of the torsional angle (inte-
grated over the other five degrees of freedom). One can see the initially, at
time t=0, “left”-localized density which shows an approximately Gaussian
shape around the equilibrium geometry of the “left” enantiomer and which
after 1.5 ps transforms to the “right”-localized wave packet close to the
equilibrium geometry of the second (“right”) enantiomer.

The detailed full-dimensional analysis of the wave packet dynamics can be
used to test the validity of the quasiadiabatic channel-RPH approximation,
which turns out to be a remarkably good approximation for this example.
Even at high energies one finds indeed quasi-adiabatic tunnelling above the
barrier. The different tunnelling velocities for various excitations of different
channels in all possible degrees of freedom can be used for a “mode
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selective” tunnelling control of the reaction velocity, for instance with the
help of laser excitation.">'"?

As seen from Table 6.4 the excitation of the “fundamental vy’ leads to an
enhancement of the tunnelling rate by a factor of 2 while excitation of the
torsional mode v, results in an increase in the tunnelling rate by a factor of
10 and the quasiadiabatic channel RPH result is within 5% of the exact
result. The time-dependent wave packets from the exact and approximate
results are virtually indistinguishable by eye, although the small numerical
differences can, of course, be established.'®® The same would be true if one
included the parity-violating potentials in the calculation. While rotation
was treated approximately in refs. 132,169 in the recent work on tunnelling
in ammonia isotopomers all degrees of freedom (vibration and rotation)
were treated numerically exactly in a nine-dimensional vibration-rotation-
tunnelling calculation."”? In addition to tunnelling wave packets in the
isolated ammonia isotopomers the control of tunnelling rates by well-
designed electromagnetic (laser) radiation fields was studied in this work.
Figure 6.11 shows the tunnelling enhancement achieved for the chiral iso-
topomer NHDT, where, with a suitable laser excitation, a transfer time of
40 ps can be obtained compared to a transfer time of 150 ps in the isolated
NHDT molecule in its ground state. In addition to this change of the time
scale by almost a factor of 4, the minor differences in the shape of the wave
packets in the two parts of Figure 6.11 indicate the participation of excited
states when including laser excitation.

For a detailed discussion of the fully nine-dimensional tunnelling quantum
dynamics of prototype molecule NH; and its various deuterium (D), tritium
(T), and muonium (Mu) isotopomers under coherent radiative excitation we
refer to ref. 172. While ground state tunnelling in ammonia isotopomers is
well described by the quasiadiabatic channel reaction path Hamiltonian,
there are several excited states where this approximation is insufficient due to
strong effects from intramolecular vibrational redistribution,"”>"”” which are
not included in the ordinary quasiadiabatic channel RPH treatment, although
they might, in principle, be included in an extended approach that takes into
account such couplings on a case-specific basis.

As can already be seen from the overview in Table 6.2, molecules such as
HOOH and NHDT, which are chiral in the equilibrium geometry, but have
tunnelling splittings in the ground state on the order ofcm ™" and have only
an exceedingly small effect from parity violation, the tunnelling sublevels
have essentially a well-defined parity and the eigenstates are essentially
“achiral”, although they have a small admixture of the ‘“wrong” parity and
are very slightly optical active. The truly chiral superposition states are short
lived (ps to ps, say) and thus one may call these molecules ‘“‘transiently
chiral” due to tunnelling, although they would be stable chiral molecules at
their minima within classical molecular dynamics. Transiently chiral mol-
ecules can show a large optical activity like ordinary chiral molecules, but
with a time dependence following the wave packet dynamics. The tunnelling
dynamics of transiently chiral molecules is qualitatively similar to the
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Figure 6.11 Reduced probability density as a function of the inversion coordinate ¢
and time t for NHDT. The two enantiomeric structures correspond to
@=>=120° and ¢ =240°, respectively. The upper and lower panels show
reduced probability densities (probability densities integrated over all
other coordinates) for the tunnelling enhancement (upper) and field-
free (lower) dynamical schemes, respectively. The parameters of the
laser pulse are 779 =793.5 ecm ™, o =3.15 GWem ™ 2, and t,= 40 ps.
Reproduced from ref. 172 with permission from AIP Publishing,
Copyright 2019.

tunnelling dynamics of achiral molecules such as NH;, NHD,,'”* or phe-
nol'’? as far as parity violation is concerned, which for many applications
can be neglected in the quantum dynamics of these molecules, although
parity violation leads to some very weak effects also in these cases.

6.4.2 Tunnelling in Chiral Molecules Where Parity Violation
Dominates Over Tunnelling

Ordinary stable chiral molecules have lifetimes on the order of at least
some days (say t>10° s) and thus tunnelling splittings of less than
10~ em ™!, which implies that with typical values of parity-violating energy
differences of |A,E|>10""* hcem ! parity violation dominates over tun-
nelling, eqn (6.31). Therefore the eigenstates are essentially localized in
chiral R or S structures (or P and M for axially chiral molecules). This by
itself demonstrates the perhaps surprising fact that parity violation is a
dominant factor in the quantum dynamics of ordinary chiral mol-
ecules.’®'*® Figure 6.12 shows the situation for the molecule CI-SS-ClI,



220 Chapter 6

which has negligible tunnelling in the ground state and up to very high
torsional excitation (the highest level shown in Figure 6.12 has torsional
quantum number vr=80, still well below the trans barrier for stereo-
mutation, which is calculated to be higher than 5000 cm ™' in this mol-
ecule). This example shows several features that are frequently
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Figure 6.12 (b) Calculated torsional potential (full line, right ordinate scale) and

parity-violating potential (left ordinate scale, lines with various symbols
for various approximations in the electroweak quantum chemistry®)
for CISSCI, where the equilibrium structure and the definition of the
torsional angle t are shown in (a).
Reproduced from ref. 90 with permission from John Wiley and Sons,
© 2001 WILEY-VCH Verlag GmbH, Weinheim, Fed. Rep. of Germany,
and from ref. 178 with permission from CHIMIA, Copyright 2003
(where one finds a detailed discussion).
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encountered. Firstly, there is a strong dependence of the parity-violating
potential, which is antisymmetric with respect to inversion at the achiral
geometry 180°, upon the torsional angle t. The parity-violating potential
vanishes by symmetry at the achiral planar geometries of the molecule.
However, the parity-violating potential also vanishes ‘accidentally” at
some chiral geometries (1~ 80° and 240°). This perhaps at first sight sur-
prising phenomenon is rather frequently observed in the theory of parity
violation in chiral molecules and has been discussed in ref. 33, 34, 83 and
84 in terms of the tensor properties of the parity-violating potential. The P
enantiomer is stabilized (negative E},,) compared to the M enantiomer for
values of 0°<7<80° and P is destabilized (positive E,,) compared to M for
80° <1<180°. Thus, at the equilibrium geometry near 1~ 85° the M enan-
tiomer is more stable than the P enantiomer by about 10 “cm .
Figure 6.12 shows also the effect using different levels of quantum chem-
ical accuracy in the calculation of the parity-violating potentials. For the
optimized equilibrium structures on finds values for the parity violating
energy difference in the range 1.14 <A,.E/(hcem ™' * 10~ '?) <1.62 at various
levels. At the RPA-cc-pvTZ-A level one has at the equilibrium geometry
ApvE/(he)=1.29 x 10 ?em ™. If one calculates the two lowest eigenstates
in the effective torsional potential with parity-violating potential included
one finds an energy difference A,.E/(hc)=1.35x10""?cm™" between the
two lowest states with effectively localized eigenfunctions. If one calculates
the expectation value over the parity-violating potential in the ground state
wave function in one well and then Ava(O) from eqn (6.29) one finds exactly
the same values 1.35 x 10" ">cm ™" as expected.”®

Finally, one may wish to compare to the tunnelling splitting AE .. in the
hypothetical symmetric potential without parity violation. It turns out that
numerical limitations prohibit a direct calculation with, say, the quasia-
diabatic channel RPH method, because of the extremely small absolute
magnitude of AE .. Therefore in ref. 90 a scaling and extrapolation method
was developed that uses quasiadiabatic channel RPH calculations in a range
where they are accurate in scaled torsional potentials

V(@ f)=fV1) (6.44)

with a scaling factor f that reduces the barrier height accordingly. Accurate
results for AE . (f) with different scaling factors f are then fitted to a three-
parameter expression (lg=1og;.)

Ig[(AE (f)/(he em™))| = Pilgy/f + P, — Ps\/f. (6.45)
This gives then a value for AE_. extrapolated to f =1
AE. (f=1)=(hc)10” " em™. (6.46)

This fit formula is motivated by a WKB approximation result for tunnelling
splittings in symmetric double-well potentials V(x).”*'%*

AE . = (ho/n)\/2mwa?/h exp(—27ASy/h). (6.47)
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The terms S, and A arise from the WKB theory with the classical angular
oscillation frequency ® of the harmonic small amplitude motion around the
quadratic well at x=a and x=—a, and m is the reduced mass with
furthermore:

So= r v/ 2mV(x) dx (6.48)

a

A:J [mw/(2mV(x)) — 1/(a — x)]dx. (6.49)
0

Scaling of the symmetric double-well potential V(f, x)=f V(x) results in a

classical scaled w(f)=/fo(f =1). Insertion of V(f, x) and o(f) into the

WKB approximation for AE, gives the ground state tunnelling splitting as a

function of the scaling factor f, which can be written in the form of the fit

formula with P;=3/2 and P,= lg((hw/n)\/meaz/h exp(A)/J) and
P;=271S,/(h In 10). However, rather than using the “theoretical” values for
Py, P,, and P;, which would limit the result to the simple WKB model neg-
lecting details of the potential, the fit includes the properties of the tun-
nelling dynamics in the real potential by allowing the freely floating
parameters to account for the dynamics at least to a reasonable extent. In
this way a value of AE,. = (hc)10 "°cm ™" is obtained. Figure 6.13 shows the
fit of the equation with the parameters P;=1.16(5), P,=2.59(10), and
P;=78.73(24) to numerically calculated (‘“‘accurate”) points.

Obviously one does not have to know the exact values of the extremely
small tunnelling splittings to ascertain the validity of the inequality (6.31).

Ig(AE, / (hc cm™))-151
204

-25-

%0 01 02 03 04

112

f

Figure 6.13 Decadic logarithm of the torsional tunnelling splittings AE,(f) for
differently scaled torsional potentials V(t, f)=fV(r) calculated with
the quasiadiabatic channel-reaction path Hamiltonian approach
(+ for RPH) and fit to eqn (6.45) (line).

Reproduced from ref. 90 with permission from John Wiley and Sons,
© 2001 WILEY-VCH Verlag GmbH, Weinheim, Fed. Rep. of Germany.
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However, the method presented in ref. 90 can be generally useful in the
computation of very small tunnelling splittings. The fitting, interpolation
and extrapolation method can be applied to the analysis of many numeric-
ally exact multidimensional approaches to tunnelling.

6.4.3 Tunnelling Switching in Chiral and Achiral Molecules

For chiral molecules where in the ground state the tunnelling is effectively
suppressed because of the parity-violating asymmetry and the eigenstates
are localized essentially near either one or the other potential minimum,
one can increase the efficiency of tunnelling by vibrational excitation of
modes that promote tunnelling, notably the modes that closely correspond
to the reaction coordinate for stereomutation, the torsional mode in HOOH
and HSSH and the inversion mode in ammonia NHDT, for example; as
already discussed. Thus, at sufficiently high excitation tunnelling will al-
ways dominate over parity violation, leading to stereomutation or racemi-
zation by tunnelling.*' This phenomenon has been studied quantitatively
for the molecule CIOOCI, which in the vibrational ground state is domin-
ated by parity violation, with therefore localized chiral eigenstates at v=20
(as also seen from Table 6.2)."°°'*> The vibration-rotation-tunnelling
problem was treated including all vibrational degrees of freedom in the
quasiadiabatic channel RPH approximation.'**'3152 Rotation was treated
with a Watson-type Hamiltonian'®® and the WANG program'®® using ro-
tational constants computed from the expectation values in the vibrational
states resulting from the quasiadiabatic channel RPH calculations and
neglecting the effects of nuclear hyperfine structure. At a torsional level of
v =10 the tunnelling splitting is calculated to be about 2 x 10~ cm ™', thus
dominating by far over the parity violation [ApE=(hc) 5x10 " cem™,
about 15% smaller than in the vibrational ground state, computed at the
MC-LR RPA/6-311+G(3df) level°?]. Exciting coherently to v=10 with a 5 us
laser pulse (7,=1104.2586 cm ', I,,,=30 MWecm *) giving a power
broadening of 3.9 x 10 °ecm ™', much larger than the tunnelling splitting,
one generates a highly excited, localized chiral torsional state, which shows
field-free tunnelling stereomutation after the laser pulse is switched off.
The scheme of excitation is shown in Figure 6.14 and the stereomutation
wave packet is shown as probability density in the torsional coordinate
(integrated over all other coordinates) in Figure 6.15. This excited state
wave packet is comparable to the ground state wave packet shown for
HOOH in Figure 6.10. The structure of the probability density is more
complicated because of the high torsional excitation, but the effects of
parity violation, while included, are not visible on the scale of Figure 6.15.
One has essentially a periodic stereomutation motion with a period of
about 200 ps, in agreement with eqn (6.1), easily seen in the time range 20—
220 ps in the later part of Figure 6.15.

However, when selectively exciting with a narrow bandwidth laser pulse
(7, =1186.7912 cm ™ ', I1,0c=0.5 GWem 2, 5 ps) to a tunnelling sublevel at
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Figure 6.14 Excitation scheme: starting with a chiral ground state, a chiral state
7#(v=10) near the barrier is populated after laser irradiation. After the
excitation of y, one expects tunnelling stereomutation (TSM) during field-
free evolution, because y is a superposition of two parity eigenstates.
Reproduced from ref. 152 with permission from American Chemical
Society, Copyright 2015.
|T(r,t)|dr
| (7, t)|%dr
Figure 6.15 Time-dependent wave packet for 0<¢<220 ps with dt=A7r=1°. Early

times: wave packet during excitation. After about 15 s, the laser field is
off and field-free evolution starts, which will eventually lead to tunnel-
ling stereomutation (TSM) of the chiral state y. Later times: wave packet
showing TSM during field-free evolution of the molecular state. The
period is roughly 200 ps, in accordance with eqn (6.1).

Reproduced from ref. 152 with permission from American Chemical
Society, Copyright 2015.

vr=11 (A =1.2x10 *cm ") followed by a transfer pulse (593.8252 cm ™,
1.6 MWem ™2, 5 us) one generates initially a state with well-defined parity
after the transfer in vy=5(A0r=9.5x10"" cm ') where parity violation
dominates (ApE=5.5x 10" "*(hc)em™ ). This state will thus slowly change
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parity following eqn (6.43) giving a population of about 2.5 x 10~ after some
milliseconds for the initially ‘“forbidden” parity, a detectable signal
according to the scheme of ref. 41 and 149 and current techniques.'®" The
quantum dynamical simulations presented in ref. 152 are the first of their
kind treating coherent excitation, vibration-rotation-tunnelling dynamics
and electroweak parity violation together and demonstrating experimentally
detectable effects. They constitute a realistic simulation of one of the
experimental approaches to be discussed in Section 6.5 in more detail.

Tunnelling switching has been identified quantitatively by theory and
high-resolution spectroscopy in the achiral molecule m-p-phenol, where one
has stereoisomers (syn-, anti-). There it has been proposed for potential use
in quantum technology as a molecular quantum switch.'®**%”

Tunnelling switching has also been discussed for partially deuterated or
halogenated ethylene isotopomers™” and recently for the mono deuterated
vinyl radical CHD=CH by ab initio calculations,'®® see also the review”** in
the current book. A simple stable closed-shell example would be an imine
CHD=NH, which also has syn- and anti-isomers depending upon the relative
position of NH with respect to D. The particular property of a quantum
switch as compared to a “classical” molecular switch'®® is the possibility of
generating the bistructural superposition states of syn- and anti-isomers,
analogous to the bistructural superposition of R- and S-enantiomers.*"'*%°%
For a more detailed discussion of tunnelling motion in asymmetric
potentials we refer to general reviews.'*'®> The new concept of bistructural
(and possibly multistructural) states in stereochemistry has also been
discussed'® in a broader context of the historical developments of concepts
in chemistry. The molecular quantum switch offers many new possibilities
for quantum technology, going beyond the quasiclassical molecular
switches, which have been so much investigated.

It has also a so far hypothetical importance for a molecular theory of vi-
sion and thought including the question of “free will”.*>**°

6.4.4 Tunnelling Stereomutation and Racemization Kinetics
in Chiral Molecules

The general problem of tunnelling stereomutation and racemization has
been discussed in ref. 41 for the case that either AE ;. or A, E or both are very
small compared to other energy level spacings, and we briefly summarize the
treatment given therein as it provides useful insight. In this case one can
treat the kinetics by considering an ensemble of near-degenerate two-level
systems. The Hamiltonian matrix has the form (6.50). The eigenvalues for a
Hermitian operator (6.51) follow from (6.52).

- Hyy Hipp
H= 6.50
<H21 sz) (6:50)

HyyHy = HypHip = |H12|2 (6.51)
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1
By = (Hu + Hp)/2 % [(Hi Hy,)? + 4|H, ]V (6.52)

If we work in the basis y . of states of well-defined parity and introduce A E
as a perturbation parameter, one may identify the matrix elements (with real
H,, and positive AE ) in eqn (6.53) and (6.54)

APVE - 2H12 (6.53)
H11:E:E/2:7H22' (6.54)

If AE, is much larger then AyE, the latter is not a measurable energy dif-
ference. If we work in the basis of “left’” and “right”” handed states 4 and p
one has (positive ApE), and the eqn (6.55) and (6.56), introducing now
AE  as the perturbation (much smaller now than A,.FE)

H| =AnE/2=—H,, (6.55)

AE, =2Hj,. (6.56)

The eigenvalues given by eqn (6.57) with respect to the average energy
(E1+E,)/2=(E) =0 are obviously the same [AE, and A,FE are defined as
real, positive, eqn (6.57)]. It is immaterial, whether A,.E or the tunnelling
AE . is introduced as ‘“perturbation”

1
Eip=(E) £ (AF +ApE?)'”. (6.57)

Eigenvectors for the example of basis y are given by eqn (6.58) where x and y
are defined via S [eqn (6.59)] according to eqn (6.60) and (6.61)

Cc= (xy ﬁ) (6.58)
S= (A% + AnE)? (6.59)
x> =(S+ AE .)/(25) (6.60)
y*=(5—AE.)/(25) (6.61)

The sign of the roots v/x2 and \/J? can be taken in various combinations
respecting C'C =1 (S is defined positive). One has by convention E, <E, and
H,1 <H,,. Figure 6.7 represents the situation [x =y =1/+/2, right-hand side
of Figure 6.7, and the wave functions are given by eqn (6.33)-(6.36)].
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According to the superposition principle (if valid) these states can always
be generated. The time evolution is given by the time evolution matrix in
eqn (6.62).

xp(—i2nEqt/h 0 T
U:C(e p( 10 /h) exp(—iZnEzt/h)>C' (6.62)

The density matrix with the elements P; = (c;c = average over an ap-
propriate ensemble) has the form given by eqn (]6 63) in the basis 4, p and the
form of eqn (6.64) in the y. basis

Prr PRy, i
=p~P 6.63
(PLR Py ) (6.63)
Py P\ _ .
<P+ o ) — Pt (6.64)

For the degenerate system (or nearly degenerate system) at any temperature
kT> AE or S, eqn (6.65) holds

P = pt: — (1/2 0 ) (6.65)

0 1/2

P is invariant under the basis transformation (as any other constant diagonal
matrix), also in the many-level case, if H is block diagonal with some constant in
each block. A racemic mixture of R and L is identical to a mixture of 4+ and - in
terms of any observable ensemble property. A common model for P, simplified
for the degenerate case, considered as reduced density matrix of the molecule
interacting by collisions or otherwise with a thermal bath gives the eqn (6.66)
and (6.67), from which the eqn (6.69) and (6.70) can be derived for the relaxation
times given by 7, and 7, with the basis transformation in eqn (6.68).

(P11 Pzz) (Pll sz) eXp(_t/Tl) (666)
P12 = (P(l)Z exp(_t/fz) (6.67)

pr+ =cpP**CT (6.68)

it =g? (6.69)

tht =t (6.70)

Here we have made use of the reality of P in the case of a degenerate model,
because E; , can be set to zero without loss of generality. To within this ap-
proximation, the assignment of “phase” or ‘“‘population” relaxation times 74
and 1, is arbitrary in the two-level problem. One can get a ‘“case C” (ref. 41)
type relaxation behaviour in this limit with apparent irreversible racemization.

When the density of rovibronic and hyperfine states becomes very large, the
two-level approximation breaks down and one can obtain ‘“‘true” irreversible
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relaxation according to a Pauli master equation (case B of ref. 211) as dis-
cussed in more detail in ref. 41. When averaging over a large number of levels
as appropriate for intramolecular stereomutation kinetics of polyatomic
molecules at higher excitation, with either thermal or some other statistical
non-thermal populations, one obtains relaxation-like behavior following eqn
(6.3) with rate constants kgg and kg, written explicitly for the elementary steps

R— S rate constant kgg (6.70)
S— R rate constant kgs. (6.71)

Different from tunnelling stereomutation of isolated levels, which is oscil-
latory in time, eqn (6.70) and (6.71) describe a relaxation towards a stationary
state, possibly microcanonical or thermal equilibrium, depending on the
situation. In the general case, however, this relaxation is not simply a first-
order kinetics with detailed balance as in an ordinary chemical system. This
simple behavior is reached in the limit of “case B and a thermal initial
population. We refer to ref. 41, 42, 211 and 217 for further discussion and to
ref. 169 for a simulation showing how statistical averaging arises for the
special case of HOOH. We note here that, in principle, either oscillatory- or
relaxation-like behavior in isolated molecules showing stereomutation could
be observed by measuring the time-dependent structure, say by the techni-
ques of ref. 212-214. The alternative would be to measure time-dependent
optical activity, Raman optical activity or vibrational circular dichroism,>"?
although such experiments have not yet been carried out on isolated mol-
ecules. In a historical context, it is of interest that the very first observation
and quantitative kinetic analysis was by a measurement of time-dependent
optical activity, albeit not in an isolated molecule nor for an elementary
reaction but rather for a catalysed reaction in solution®'® (see ref. 178 for a
discussion of the history). Indeed, Wilhelmy seems to have been the first to
formulate a first-order rate equation and integrate it to get the exponential
behavior as described by eqn (6.72) and (6.73) for the time-dependent con-
centrations ci and cg of the R and S enantiomers:

— % =+ % = ksrer — krsCs (6.72)
cr(t) — cs(t) = [crlto) — cs(to)] exp[—(krs + ksr)(t — to)]- (6.73)

For a discussion of the emergence of this behaviour starting from the
Schrodinger equation see ref. 41, 42, 211 and 217.

6.5 Spectroscopic Approaches Towards Tunnelling
and Parity Violation in Chiral Molecules
A variety of experimental approaches to detect parity violation in chiral

molecules has been proposed. One can find a summary of these in ref. 27,
29, 30, 32, 36, 41, 158, 171 and 176. However, it seems that so far only two of



Tunnelling and Parity Violation in Chiral and Achiral Molecules 229

CDBrCIF
+
A A
= A
. o g e S
.’lpt.E* a L
Y
L) h”ﬁ‘.
f!.'/s " 3
A =
 J Y lr'—\‘i”“ﬁ’
(S) (R)

Figure 6.16 Scheme for energy levels and experiments. One notes that
Avpy =vg — vg=(ApyE* — ApE)/R in this scheme.
Reproduced from ref. 29 with permission from the Royal Society of
Chemistry, and from ref. 36 with permission from John Wiley and Sons,
© 2002 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim.

these approaches are actively pursued in actual experiments, which may be
successful in the foreseeable future, and we restrict our discussion to these,
referring to the more complete reviews as mentioned for the larger number
of further approaches.

The basic concepts of the current experimental approaches can be
understood with the energy level scheme presented in Figure 6.16.

In the first scheme, originally proposed by Letokhov,>** one attempts to
measure the frequency difference between spectroscopic transitions, say, in
the infrared rotation-vibration spectrum of the separate R and S
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enantiomers. CHFCIBr was an early IR-laser spectroscopic example®!*

pursued further in the IR and microwave ranges in ref. 98 and 99 where,
by analysis of the spectrum of CHFCIBr in the CO, laser range, a number of
coincidences with laser lines were suggested for ultrahigh-resolution spec-
troscopy. This provided the starting point for the subsequent study in ref.
101, 102 and 174. Of course other spectral ranges might be studied as well,
for instance NMR.”>”? This “Letokhov-scheme” for spectroscopic experi-
ments has two main disadvantages, see ref. 36 and 41 and the critical
summary'’® and references cited in ref. 175. Firstly, one cannot derive the
parity-violating energy difference A, E, but only the difference of such dif-
ferences in different states (ApE* —ApE). Secondly one has to obtain
enantio-pure samples for the two enantiomers.

In ref. 41 and 149 a scheme was proposed that avoids both of these dis-
advantages and can derive A, E and A, E* separately. It makes use of tran-
sitions to an intermediate excited state of well-defined parity (labelled + in
Figure 6.16) that can result either from tunnelling switching or from an
excited electronic state that is planar or quasiplanar as for 1,3-difluoroallene.
The scheme is outlined in Figure 6.17.

This allows then for a spectroscopic selection of states of well-defined
parity. In a second step, in the scheme of Figure 6.17 one prepares a state of
well-defined parity in the ground state (or some other low energy state n),
which satisfies the condition

ApE™ > AED. (6.74)

The parity selection arises from the electric-dipole selection rule connecting
levels of different parity. Thus, if in the first step one has selected a state of
some given parity, in the second step one prepares a state of the opposite
parity. Such a state is a superposition of the energy eigenstates of the two
enantiomers separated by A,E and therefore shows a periodic time evo-
lution with a period given by eqn (6.32). In such a state parity evolves in time
due to parity violation and parity is not a constant of the motion. The
probability of finding a given parity (p" for positive parity and p~ for negative
parity) is given by eqn (6.43).

In the third step, the initially ‘“forbidden” population of negative parity
p (¢) is probed very sensitively, for example by resonantly enhanced multi-
photon ionization (REMPI). This is possible because the line spectra of
positive and negative parity isomers are different, with lines that are well
separated at high resolution (Figure 6.17 and ref. 181). In this fashion it is
not necessary to wait for a whole period, but it is sufficient to probe the
initial time evolution at very early times. The sensitivity in the probe step
determines, in essence, how small a value of A,.E can be measured. In a
recent proof of principle experiment with a current experimental set up in
our laboratory on the achiral molecule ammonia, NH3, it was estimated that
an energy difference as small as 100 aeV should be measurable with the
existing current experiment.'®" The original proposal'*® of 1986 assumed
population transfer using pulse shaping or chirp by rapid adiabatic passage.
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Figure 6.17 Scheme of the preparation and detection steps for the time-resolved
experiment to measure A E. Top: the transitions to the intermediate
states are indicated together with the corresponding wave functions for
an excited state with well-defined parity close to the barrier of a double
minimum potential (full line) or an achiral electronically excited state
(dashed line) as an intermediate. The right-hand part shows the sensi-
tive detection step with REMPI. Middle: summary scheme for the three
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selected positive (blue) and negative (red) parity isomers.

Adapted from ref. 32, 181 and 182 with permission from AIP Publish-
ing, Copyright 2014, 2015, 2019, and from ref. 149 with permission
from Elsevier, Copyright 1986.
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It is clear, however, that also that the elegant method of stimulated Raman
adiabatic passage (STIRAP) as developed later in ref. 194 is an ideal tech-
nique for generating population transfer in a well-controlled fashion.'®*

The major current and future challenges are related to the much greater
complexity of the rovibrational-tunnelling spectra of chiral molecules as
compared to the test molecule NH; with its very well-known spectra. However,
first spectroscopic investigations on three candidate molecules proved
promising (1,2-dithiine C,H,S, and trisulfane HSSSH as well as 1,3-di-
fluoroallene, see Table 6.3). The current cw-OPO laser systems (coupled to a
frequency comb) cover only spectral ranges above about 2500 cm ™' in the
infrared. This limits the choice of molecules. Further development in laser
technology, for instance of quantum cascade lasers with power and resolution
meeting our needs in the future, might make other molecules accessible, for
instance the simpler molecule CIOOCI, for which complete theoretical
simulations of the experiment have been achieved already, as discussed in
Section 6.4.3.

While the experiment to measure A, E might have appeared impossible
when it was first proposed in 1986,'*° the current outlook on a successful
experiment is excellent. Indeed, provided that adequate funding for the
continuation of the current project is guaranteed and required spectroscopic
analyses can be completed, most significant results can be expected for any
of two possible outcomes:

1. Either one finds experimentally the theoretically predicted values for
A E, then one can analyze the results of the precision experiments in
terms of the standard model (SMPP) in a range not yet tested by pre-
vious experiments.

2. Or else one finds values for Ay E different from the theoretical pre-
dictions. This then will lead to a fundamental revision of current the-
ories for A, E with the potential also for new physics.

In addition, the experimental results will have implications for our
understanding the evolution of biomolecular homochirality.*®*"3%3¢

To conclude a note may be useful here on other experiments in physics,
and in particular atomic and molecular physics. Indeed, parity violation as
discovered in nuclear and particle physics**>° has been considered to be
rather well understood in the framework of the standard model of particle
physics (SMPP) and high energy physics.**™*7*'®2!® There have been also
successful experiments in atomic spectroscopy (see ref. 220 and 221 and
references cited therein) following the early proposals in ref. 121 and 122.
There have been also extensive proposals to study parity violation in di-
atomic molecules, including quite early ones,”** although until today no
successful experiments demonstrating the effect in diatomic molecules have
been reported in spite of extensive efforts with null results. We refer to the
detailed recent review”>" with some emphasis on experiments on atoms and
diatomic molecules.
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In agreement with the aim of the present book,' our focus has been here
entirely on parity violation and its interplay with tunnelling in chiral mol-
ecules. Beyond the interest in providing new concepts for physical-chemical
stereochemistry, there is also a fundamental aspect in chiral molecules making
them rather special in the context of parity violation in atomic and molecular
physics in general. Indeed, the strength of parity-violating effects is expected to
become large whenever the separation of eigenstates of different parity in the
electromagnetic Hamiltonian (say, AE . ) becomes comparable to the absolute
value of the coupling matrix element V,,, connecting the states with the parity-
violating electroweak force or when |V,,| is even much larger than |AE . |

|AEL | = |Vil. (6.75)

While in atoms, and diatomic and some achiral polyatomic molecules one
can find states with different parity lying rather close, it is the case of chiral
molecules with very slow tunnelling, where the degeneracy becomes almost
perfect with AE. =~ 0, and thus the effect of parity violation is maximum.
Experiments of parity violation in atoms have been successful only for heavy
atoms, where the theoretical analysis is subject to great uncertainty,”**°
and no experiment on light atoms are expected in the near future. In con-
trast our experiment on chiral molecules as described here has an experi-
mentally proven sensitivity to test parity violation in molecules containing
nuclei no heavier than chlorine, thus testing parity violation in a new low-
energy range."**'®"'% This is a great advantage compared to the experi-
ments on frequency shifts,"””**** which might sometime in the future be
successful for molecules with heavy transition metal atoms and the like,
where large effects are predicted. However, the theoretical analysis will be
then subject to even greater uncertainty than for heavy atoms. Thus while
such experiments still have interest for chemistry, they are not likely to go
beyond what has been achieved in experiments on atoms in terms of a
fundamental analysis. In fact the experiment on measuring ApE through
time-dependent parity seems to be the only one at present with an accuracy
that is sufficient to test this sector of physics at low energy with light nuclei.

6.6 Concluding Remarks

To conclude we shall address a fundamental aspect related to the concept of
the “potential function”, which appears in the usual discussions of tun-
nelling. Indeed, at first sight it may seem that the concept of “tunnelling”
necessarily involves the existence of such a potential function. A closer look
shows, however, that things are not quite as simple. We shall start here by
considering tunnelling within the quasiadiabatic channel reaction path
Hamiltonian and “quasiadiabatic above-barrier tunnelling”. In vibrationally
excited states of HOOH the wave functions show a tunnelling sublevel
structure and tunnelling wave packet dynamics as given by the effective
one-dimensional quasiadiabatic channel potential, although their energy is
high above the barrier in the multidimensional Born-Oppenheimer surface.
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One might then be tempted to say that it is not a “true” tunnelling process,
as it results from an approximate model. However, the ‘“exact” six-
dimensional vibration-tunnelling calculation on the complete hypersurface
shows about the same level structure and wave packet dynamics as the ap-
proximate calculations, and therefore one must conclude that the full
quantum dynamics shows ‘“tunnelling behavior” even above the barrier.
This has led us to introduce the concept of quasiadiabatic channel above
barrier tunnelling of importance also in other contexts.'®

It is furthermore also true that the tunnelling sublevel structure and dy-
namics at energies below the six-dimensional saddle point result from an
approximation. Without the Born-Oppenheimer approximation the “Born-
Oppenheimer potential barriers and saddle points” disappear. If one treats
hydrogen peroxide or other molecules with Born-Oppenheimer barriers
“exactly” by means of quantum dynamics of a collection of the electrons
and nuclei in the molecule, the “true” potential arises in essence from the
Coulomb interaction of these particles in a very high dimensional space (for
instance 60 dimensions for HOOH). However, even then, without any Born—-
Oppenheimer barriers to tunnel through, the “exact” quantum dynamics will
show very much the same sublevel structure and tunnelling dynamics as is
described by the approximate theory and confirmed by experiment. This
suggests a new definition of quantum tunnelling dynamics that does not
depend on the concept of potential barriers, as we have pointed out already in
the context of the definition of the ‘“molecular symmetry group” of non-rigid
molecules.””**>'%® While Longuet-Higgins has, indeed, motivated this group
by the existence of high Born-Oppenheimer potential barriers separating
symmetrically equivalent isomers and thereby generating systematically de-
generate level structures,'®” we pointed out that in a rigorous discussion the
symmetry groups should not be defined by an approximation but rather by
the induced representation corresponding to the degenerate sublevels, which
one can define from an exact theory without any approximation and also by
experiment (ref. 27, 195, 198 and references therein). When the perfect de-
generacy is lifted by tunnelling leading to observable tunnelling splittings,
one can consider this effect, then, as the breaking of an approximate sym-
metry without having to refer to tunnelling through potential barriers from
the Born—-Oppenheimer approximation. Thus, the tunnel effect in molecules
can be understood as a quantum dynamical phenomenon without making
reference to approximate concepts such as Born-Oppenheimer potential
hypersurfaces. One can say, however, that the Born-Oppenheimer approxi-
mation, and also the quasiadiabatic channel reaction path Hamiltonian with
their effective potentials, provide us with simple models'®° that allow us, in
the first place, to qualitatively understand the phenomena and, in the second
place, to compute the phenomena approximately without too much effort
(see also the general discussion by Roald Hoffmann'®' on qualitative
understanding versus computation). The discussion can be continued simi-
larly at an even deeper level: from the standard model of particle physics we
understand even the Coulomb potential as not being a “fundamental
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preexisting” potential but rather as arising from photons as field particles
mediating the electromagnetic interaction, as discussed in Section 6.2.
Similarly the parity-violating interaction leading to the slight asymmetry ef-
fect in the effective potential, as illustrated in Figures 6.6 and 6.7 arises from
the Z-bosons as field particles mediating the weak interaction between
electrons and nuclei (or protons, neutrons, quarks, etc.). The small effective
“parity-violating potential” (really an extra effective potential hypersurface
that is antisymmetric with respect to inversion and should not at all be in-
terpreted as a ‘“Born-Oppenheimer hypersurface”) arises from an approxi-
mation in carrying out the computation in electroweak quantum chemistry.*’
While there would be no need to make the approximation, it nevertheless
corresponds to a useful model that allows us to understand the small sym-
metry violation and to practically compute it with feasible effort. Conceptu-
ally, however, exact tunnelling dynamics in this effective asymmetric
potential should be understood on the basis of the quantum sublevel
structure arising from the symmetry breaking removal of a degeneracy, which
can be observed by experiment or could also be derived from an exact theory
without making any reference to the parity-violating potential hypersurface,
nor to the Born-Oppenheimer surface for that matter.

A brief note is also useful concerning the role of relativistic effects. As is well
known, these are important for the dynamics of electron motion whenever the
heavier elements are involved in the molecules considered. These effects can be
calculated by relativistic quantum chemistry'°*'*>?** and can lead, indeed, to
dramatic changes in the effective Born-Oppenheimer potential barriers for
tunnelling. Once these effects are included, the tunnelling motion of atoms and
molecules can be computed and understood in very much the same way using
the Schrodinger equation, as discussed for non-relativistic potentials. If the
molecules move at relativistic speeds, one has to consider the changes in the
definition of time that is then to be measured by an atomic clock moving at
relativistic speed.*>''%*** Indeed, molecular tunnelling systems such as am-
monia can be, and have been, used as molecular clocks, and one has the well-
understood (and in fact experimentally observed) relativistic effects, such as an
atomic and molecular “twin paradox” discussed by Einstein.'”® Further con-
siderations arise when considering violations of time-reversal symmetry and
possibly a hypothetical violation of CPT symmetry*>'’200720420¢ an( we refer to
ref. 27,157 and 158, where one can also find a discussion of fundamental aspects
of the definition of time and of the “42 open problems”, some of which are re-
lated to tunnelling.
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7.1 Introduction

The prediction of tunnelling rate constants and tunnelling splittings of vibra-
tional levels is vital for the understanding of tunnelling processes in chemistry.
There is a whole zoo of methods available; several are reviewed in this book.
One such method is instanton theory, which is the focus of this chapter. It
describes quantum effects such as quantum tunnelling using a semiclassical
approximation to the quantum movement of particles. Semiclassical instanton
theory can, in terms of accuracy and computational effort, be classified some-
where between the semiclassical approaches with assumptions on the tunnel-
ling path (multidimensional tunnelling methods), which are described in
Chapter 8 of this book, and full quantum dynamics, described in Chapter 10.
Historically, instanton theory was derived several times, more or less
independently. In the late 1960s initial versions were proposed" in the view of
the imaginary free-energy approach,®™ followed by approaches based on
transition state theory in the 1970s.>®7 In the last decade, the theory was de-
rived from first principles.® In general, it is based on similar assumptions as
transition state theory, like the omission of recrossing events of the barrier.

Theoretical and Computational Chemistry Series No. 18

Tunnelling in Molecules: Nuclear Quantum Effects from Bio to Physical Chemistry
Edited by Johannes Kédstner and Sebastian Kozuch

© The Royal Society of Chemistry 2021

Published by the Royal Society of Chemistry, www.rsc.org

245



246 Chapter 7

To characterize quantum transitions in full detail, one would have to solve
Schrodinger’s equation with techniques like wave-packet dynamics or proper
scattering boundary conditions to obtain the state-to-state differential and
integral cross sections, as well as the scattering matrix S. In many cases, de-
tailed knowledge of cross sections is not necessary, especially if the quantity of
interest is merely a thermal rate constant. The average over all cross sections
for a given energy E results in the cumulative reaction probability N(E).° From
that, one can obtain the thermal rate constant k(7) at a given temperature T by

K(T) = #QRSJOO N(E)exp(—E/ksT) dE. (7.1)

—00

Here, 7 is the reduced Planck’s constant, Qgs is the canonical partition
function of the reactant state and kg is Boltzmann’s constant. Instanton
theory can be used to obtain Qgs and k(7) directly, or it can be applied to
obtain N(E). Both approaches are discussed in this chapter. Besides semi-
classical instanton theory, which is closely related to ring-polymer molecular
dynamics (RPMD),”'° as also discussed in recent review papers,'' " there is
an instanton-like theory that omits the definition of the tunnelling path and
is referred to as quantum instanton theory.'*" It uses the quantum Boltz-
mann operator rather than its semiclassical approximation and locates
dividing surfaces rather than tunnelling paths.

7.2 Theory

There are several ways to approach instanton theory, and some of them have
been explored independently by different researchers in the past. Here, we adopt
a derivation that is close to transition state theory (TST). Instanton theory can,
just like in TST, be applied to bimolecular and unimolecular reactions. Bimo-
lecular processes correspond to scattering phenomena. Unimolecular reactions
can be seen as a metastable state that decays without back reaction, e.g. a mol-
ecule that splits into two fragments that separate without ever meeting again.

7.2.1 Imaginary Free-energy Approach

The decay of such a metastable quantum state can be described by assigning
a complex energy to the state, with a small imaginary part:'®

TI'h
Here, Ey, is the real-valued part of the energy and —I'4/2 is the imaginary
part. A wave function associated with such an energy can still solve the time-
independent Schrodinger equation. Complex eigenvalues are possible if the
wave function is non-zero at the boundaries.'”'® That is, for example, the
case for a particle leaving the reactant well as an outgoing plane wave. With a
time-independent Hamiltonian # and Schrodinger’s equation

(7.3)
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the time propagation of the wave function is W(¢)=exp(—i#t/h)¥(0).
Inserting eqn (7.2) the resulting survival probability is

[P(0)]*=e"¥(0). (7.4)

That means, eqn (7.2) describes the first-order decay with a rate constant I',
or, vice versa, the decay rate of a metastable state can be derived from the
imaginary part of its energy

2
=- glm(E). (7.5)
To arrive at a canonical, i.e. thermally averaged, rate constant k the
Boltzmann average of eqn (7.5) is taken and the rate constant is related to

the free energy F of the system,*

2
k=— %Im(F). (7.6)
With F= —1/kgT In(Q) the rate constant is
2kgT 2kgT I 2kgT 1
k= ks Im(lnQ) = ks arctan( mQ> ~ ks mQ’ (7.7)
ReQ h ReQ

where the last relation holds for Im Q «Re Q. In practice, it turns out that the
instanton, i.e. the equivalent of a transition state, has an imaginary partition
function, while the reactant state’s partition function is real-valued.

In summary, the imaginary free-energy approach allows the calculation
of thermal rate constants from the imaginary part of the free energy of a
system. The next step is to calculate the partition function.

7.2.2 Partition Functions

Partition functions are calculated via Feynman’s path integral formulation,
since this will turn out beneficial for the following derivations. As a
pre-requisite we assume perfect separability of the partition function into
vibrational, rotational, and translational contributions. Firstly, we deal with
the vibrational contribution.

The partition function can be derived from the similarity between the
Schrodinger propagator exp(—i#'t/h) and the Boltzmann operator
exp(—# /kgT). A partition function can be obtained by propagating a state onto
itself over a “time” ¢ = —it, where © = /i/kgT, which is referred to as Euclidean
time. While this expression, indeed, has the dimensionality of a time, it is
imaginary. Replacing the time ¢ by the imaginary time —it is referred to as
Wick rotation. We consider Feynman paths x(t) in configuration space. Since
we propagate a state onto itself, the paths are closed, i.e. x(t = 0) = x(t = h/kgT).
This results in the expression for the partition function"®

sz@xexp —%J"%g (%)Z v(x(f))} de|. (7.8)

0
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With boldface x we denote paths in configurational space, x represents an
integral over all possible closed paths x of period #/kgT, m is the mass of the
atoms, and x is a point in configurational space, i.e. the coordinates of all
atoms of an atomic structure. Here we consider rotational, translational, and
vibrational degrees of freedom, so x is a vector of length D for D/3 atoms. V(x)
is the potential energy, the electronic energy given by the Born-

: o m(ox\*. . :
Oppenheimer approximation. The term 2 \or is a kinetic energy, which

T
With the definition of the Euclidean action

Ssly) = jkl ; (gy)+ V(). (7.9)

2

2
can be simplified to % <?> if mass-weighted coordinates y = \/mx are used.

eqn (7.8) simplifies to Q= [Zyexp(—Sg/h). For a practical solution of the
integral in eqn (7.8), the integral along t and the integral over all paths have
to be approximated.

The integral over t defining the Euclidean action Sg is approximated by a

discretisation of x(t) into P segments of equal length in 7, At = kTP’ With
the replacement of the derivative by finite differences eqn (7.9) turns into
(e =il
Se(y) = ;<W+ V(yk)> Ar. (7.10)

Here, y; is a vector of all coordinates of one replica of our system, i.e. a vector
with D components. The vector y, which represents the whole discretised
path, is obtained by concatenating all y; to result in a vector with PD com-
ponents. The closure of the path is ensured by yp. 1 :=y;. With that, Sg(y) is a
regular function rather than the functional Sg[y], which depends on the
continuous function y(t). This discretisation of 7 is also called the time-
slicing approximation. With that, the integral over all paths, which was given

rather formally as Zy, is now replaced as J@y — J d*Py. The factor

1
A /mPD
vmPP will be omitted in the next discussion since it has no influence on the
resulting expression of the reaction-rate constant. Thus, the discretization
turns the integral over all paths into a standard multidimensional integral
over all components of all replicas along the path.

The discretised integral over all paths can be approximated numerically.
One way to do so is by molecular dynamics, as done in ring-polymer mo-
lecular dynamics (RPMD),” reviewed in ref. 10. Here, we take a different
approach: we approximate the integral by the so-called steepest-descent, or
stationary-phase, or semiclassical approximation,*® and solve the resulting
integral analytically. In general, we search for solutions to the equation of
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motions (see below) that extremise the action, i.e. those solutions for which
the action is stationary. However, the kinetic energy as well as the potential
energy are bounded from below. Thus, there is a path y,;, that minimises Sg
and, therefore, has the highest statistical weight. This path will be the
dominant contribution to Q in eqn (7.8) and is called an instanton. In the
steepest-descent approximation, the integral over all paths is approximated
by integrating over yu;, and its immediate surroundings. The Euclidean
action Sg is expanded in a Taylor series around ymi,. The first derivative,
0Sg/dy vanishes, since ym, is a minimum of Sg(y). The remaining terms are

1 >’
SE(y) :SE(ymin) + E (y - ymin)T 8y2E (y - ymin) + @((y - Ymin)s)' (7'11)
Y= Y¥Ymin
. . 0°SE . .
With the abbreviation Sg = and using only harmonic terms the
E 8}’2

Y= Ymin
expression for the partition function results in

Q= JOC exXP[—Sk (Vmin) /7 = 3V = Ymin) Si(Y = Ymin) /8] Ay, (7.12)

—00

This is a multidimensional Gaussian integral with the solution

(2nh)™

Q=\/"Far o~ EXP[=SEYmin)/A- (7.13)
det S§ fn

More generally, one can formulate Q as the exponential of the Euclidean

action multiplied by a fluctuation factor F, which describes the quantum

fluctuations around the instanton path:

Q=F exp[—Sg(Ymin)/A]- (7.14)

These equations allow the calculation of partition functions in practical
applications. The path y,;, minimises the Euclidean action, i.e. it solves

DSk (kBTP>2 V() 1
_— — _ + 2 - + = 07 7'15
ayk 7 ( Vi1 Vi yk+1) ayk ( )
in the discretised version, or
2

oy  dr? dy
for the continuous formulation, derived from eqn (7.9). Especially from the
last expression, an important property of the instanton path can be deduced.
Eqn (7.16) essentially states that the gradient of the potential energy equals
the second derivative of the mass-weighted coordinates with respect to time,
i.e. mass times acceleration. That is Newton’s second law in the negative
potential energy. Thus, ymin, the instanton path, is a classical closed
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trajectory (classical periodic orbit) on the upside-down potential energy
surface. Such a classical trajectory has a constant total energy E,. The in-
stanton path has two turning points and re-traces itself. At the turning
points, the kinetic energy of the instanton trajectory is zero. Thus, the po-
tential energies of these points have to be equal. The total energy Ej is
sometimes referred to as the tunnelling energy of the respective instanton.

7.2.3 Instanton Paths

There are different types of paths that fulfil eqn (7.15). The trivial solution
corresponds to the reactant state: all replicas of the path are located in the
same minimum of the potential energy surface V(y). In this case, S can be
readily calculated. For large P the resulting partition function approaches
that of a multidimensional quantum harmonic oscillator. This is not sur-
prising, since we have approximated the potential energy surface in the
vicinity of the path by that of a harmonic oscillator.

To describe tunnelling, a trajectory associated with the classical transition
state has to be found. Indeed, a path with all replicas located at any stationary
point of the potential energy surface, like a first-order saddle point, fulfils eqn
(7.15). However, starting from saddle points, Sg can be lowered at low enough
temperature by extending the path until it fulfills eqn (7.15). Such extended
paths are suitable instanton paths and are unique for each temperature.

An instanton path can be regarded as the semiclassical tunnelling path with
the highest statistical weight among all possible tunnelling paths at a given
temperature. It generally differs from the minimum-energy path, the intrinsic
reaction coordinate (IRC), by cutting corners; a short tunnelling path has a
higher tunnelling probability. Thus, the most likely tunnelling path will be
shorter than the minimum-energy path at the expense of a somewhat higher
energy along the path. The instanton path typically does not proceed through
the saddle point on the potential energy surface, see Figure 7.1.>' This relates
to other multidimensional semiclassical approaches to calculate tunnelling
rates, discussed in Chapter 4 of this book. There, the paths also cut corners in
order to increase the tunnelling probability. However, ad hoc assumptions are
required by these methods to construct the path, while the instanton path is
always defined by the stationary-action principle, i.e. eqn (7.15).

7.2.4 Rate Constants

In extended instanton paths, one eigenvalue of the matrix Sj must be zero; it
corresponds to cyclic exchange of the indices of the replicas or, in other
words, it corresponds to time-translation invariance of Euclidean action Sg.
Its associated eigenmode is the tangent to the instanton path. Integration
along that eigenmode must be excluded from eqn (7.12), but can be handled
by other means, e.g., the Faddeev-Popov trick.”> That eigenmode has one
node. Consequently, there must be one lower (negative) eigenvalue. Its as-
sociated eigenmode corresponds to the movement of the whole instanton
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Figure 7.1 Corner cutting in the reaction of HCl + Cl— Cl + HCI; the CI-H distances
are reduced during the tunnelling process. At low temperature, the
corner cutting leads to a significant reduction of the total path length.
The illustration of the molecular system shows the classical intrinsic
reaction coordinate (IRC, white path) and the instanton at 50 K (from red
to green to blue).

Reproduced from ref. 21 with permission from the Royal Society of
Chemistry.

path towards the reactant or product region. This directly corresponds to the
transition mode in classical transition state theory. Integration along that
eigenmode in eqn (7.12) is only possible after an appropriate analytic con-
tinuation."*” It results in the partition function of the instanton becoming
imaginary. Putting all these pieces together, we arrive at an expression for
the rate constant in canonical instanton theory:

PD
I 2
2k T Tm Q; - Soks TP
Kinst = 7‘; mQQm“ = | = : OZTEBhZ xp[—ASg /7). (7.17)
© IT 12
=2
Finst/FRS

Here, /;° refers to the eigenvalues of S}, of the reactant, 2;" to those of the
instanton, ASg = Sg(Vinst) — Se(Yrs)s and

_ keTP
: Z | irr — il (7.18)

So can be interpreted as twice the kinetic-energy contribution to the
Euclidean action as defined in eqn (7.10). It is a measure of the length of the
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path. If r is the arc length along the instanton path in mass-weighted co-
ordinates, S, can also be calculated as

So= \/§er \VV(r) — Ep dr. (7.19)

This is twice the barrier penetration integral (or action integral), denoted 6 in
Chapter 4 or the quantity approximated by s in Chapter 12.

The way of calculating the fluctuation factor F in eqn (7.17) is sometimes
referred to as determinant method because the whole determinant of the
Hessian of the Euclidean action is used. There are alternative ways to cal-
culate F. In some cases, they may be numerically advantageous, which is why
we briefly mention them here without derivation.

The steepest-descent approximation may be used first for all replicas but
one, followed by another steepest-descent approximation for that replica
(pinning point).'*** Alternatively, the steepest-descent approximation may
be done directly from eqn (7.1) to approximate the integral over E rather than
from eqn (7.8) to approximate the integral over x or y, as done in eqn (7.12).
The steepest descent in E leads to®>*

P 1
F= Em (7.20)

where u; are called stability parameters. For an instanton the mode along the
reaction path has to be treated separately.>® For a Feynman path collapsed to
a minimum on the PES or for a model system in which the vibrational modes
perpendicular to the instanton path do not couple to the vibrations along the
path, the stability parameters directly refer to the vibrational frequencies via
u;=hw;/kgT. However, in any real molecule, vibrations are coupled. In that
case, the u; may be obtained from the eigenvalues of the monodromy
matrix.”***">° Since this is numerically unstable for low temperatures, dif-
ferent schemes and approximations, which generally allow the calculation of
u; with sufficient accuracy for molecules with about a dozen or more atoms,
have been suggested.®** > These methods, however, are beyond the scope of
this chapter.

7.2.5 Unimolecular and Bimolecular Cases

The derivation of the canonical instanton rate constant has so far concen-
trated on the partition function of the instanton, the transition-state
equivalent. The partition function of the reactant is also required to calcu-
late the rate constant. Since the modes orthogonal to the instanton path
were treated in the harmonic approximation, it makes sense to do the same
for the reactant state.

In case of a unimolecular reaction, the reactant state is a single molecule,
just like the instanton. For N atoms, there are D=3N—6 (or D=3N — 5 for



Instanton Theory to Calculate Tunnelling Rates and Tunnelling Splittings 253

linear molecules) vibrational modes. The partition function for a D-dimen-

sional quantum harmonic oscillator is

& 1

=Fyo = - .
Qo =Fro 1:1_[1 2 sinh(hw;/2ksT)

(7.21)

However, in the instanton expression, we used a finite number of replicas P.
To make use of error compensation it is beneficial to use an equivalent
finite-P expression for the vibrational partition function of the reactant
as well:

PD
Qrs = (27) * H exp [—Sx(yrs) /7] (7.22)

/RS

The eigenvalues 2}° of the Hessian matrix S}, of the reactant state can directly
be calculated from the Hessian of the potential energy.*?

Rotations are generally treated by assuming perfect separability between
vibrational and rotational motion using the J-shifting approach.’* Rotation
isincluded by using the J = 0 partition function calculated above, multiplied
by the partition function of a suitable rigid rotor. The rotor geometry of the
reactant state is its minimum geometry. For the instanton, one can assume
a super molecule comprised of all replicas, each weighted with 1/P. Alter-
natively, the product of the rotational partition functions of all replicas can
be used. Usually the former approach is used. Classical or quantum rigid
rotor approaches can be used for the rotational partition function. The ratio
of the translational partition functions of the reactant and the instanton is
unity for unimolecular processes. With these approximations, the thermal
rate constant is calculated directly without considering the decay prob-
abilities of individual quasi-bound states of the reactant. This approach
generally works fairly well.

To demonstrate the capabilities of instanton theory, we compare calcu-
lated rate constants to experimental ones, namely the decay of methylhy-
droxycarbene to acetaldehyde. Experimentally, half-lives (t:=In2/k) of
66+5, 196+4, and 251 +2 min were found® at 11 K in Ar, Kr, and Xe
matrices, respectively. The corresponding calculated half-life is 171 min,*®
which is in good agreement with the experimental data. Unimolecular in-
stanton rate constants usually become temperature independent at low
temperature. This corresponds to tunnelling from one quantum state, the
ground state of the reactant molecule.

To calculate thermal rate constants of bimolecular reactions, the partition
functions of both reactants need to be considered. Their vibrational and
rotational contributions are handled just like for the unimolecular case. By
contrast, the ratio of the translational partition functions has to be calcu-
lated. Since the relative translation of the reactants is not quantised, the
classical expression of the partition function can be used. Here, error
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Figure 7.2 Flux through a potential with and without pre-reactive minimum (PRM).
Left: potential, right: flux.

cancellation cannot be exploited as efficiently as in the unimolecular case.
Three rotational and three translational modes of the reactant change into
six vibrational modes of the transition states. Thus, more replicas are
sometimes needed to converge the results.

To show the degree of accuracy that can be achieved, we compare rate
constants for the gas-phase reaction H, + OH—H,0 + H calculated with
instanton theory and with the multiconfigurational time-dependent
Hartree approach (MCTDH) discussed in Chapter 10 of this book. Both
were obtained with the NN1 potential energy surface.’” Details of the
calculations are given in ref. 38 for instanton theory and ref. 39 for
MCTDH. A graph comparing the rate constants is given in Figure 10.7.
Between 200 K and 150 K the rate constants of MCTDH and instanton
theory differ by less than 20%.

There is an additional issue with bimolecular rate constants in canonical
instanton theory. The potential energy surfaces of many bimolecular systems
exhibit a pre-reactive potential minimum, see Figure 7.2. Such a minimum
may be caused by van der Waals interactions between the molecules. At low
pressure, the molecules will generally not thermalise in this shallow min-
imum but rather dissociate. However, canonical instanton theory assumes
thermal equilibration throughout the whole reaction path. That means, the
instanton will, at low temperature, reach into the pre-reactive potential well
and describe the tunnelling out of this well. Since the well is energetically
lower than the asymptotic reactant state of separated molecules, the re-
sulting rate constants are overestimated and, in fact, diverge to high values
for low temperatures.*®

One way to resolve such a dilemma is to adopt a microcanonical approach
to instanton theory. In this approach the cumulative reaction probability
N(E) is calculated and used in eqn (7.1) rather than its thermal average. The
underlying microcanonical theory is rather different®*****"*** from ca-
nonical instanton theory, since the derivation using partition functions, as
done in eqn (7.6) and (7.7), is no longer appropriate. However, the outcome
is similar to an algorithmic point of view. To calculate N(E), one has to find
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an instanton with the energy of its turning points E}, being equal to E. Then,
N(E) is given by®

00 D—1 1

NE)= D ()" explksoEn) M < N ] grm

k=1

Thus, in order to calculate N(E) instantons at different energies Ej, have to be
found and their stability parameters u; have to be calculated. It is much
easier, however, to optimise an instanton for a given temperature rather
than for a given energy E,,. Thus, generally, a set of pre-defined temperatures
is chosen such that an approximately evenly distributed set of energies re-
sults. These are then used for the thermal average in eqn (7.1) with a ca-
nonical ensemble appropriate for the reactant state.

The effects of a microcanonical treatment are visualised in Figure 7.2 for a
simple one-dimensional example. We calculated the flux rather than the rate
constant, because it is independent of the reactant state. An Eckart potential
was chosen as an example for a PES without a pre-reactive minimum (PRM),
since for this potential the exact analytic quantum flux is known. The exact
flux was furthermore calculated by back-propagation of a transmitted wave
function, which agrees very well with the exact flux (not shown). Back-
propagation can also be used for the potential with a PRM. For the potential
without PRM (solid lines in Figure 7.2), thermal instanton rate constants
match those of the exact solution quite accurately. With a PRM, the ca-
nonical instanton flux is accurate at high temperature (to the left of the
right-hand graph) but deviates strongly from the back-propagation results at
low temperature, when the instanton starts to spread into the PRM. The flux
calculated via a microcanonical instanton approach (plus signs) is accurate
over the whole temperature range.

(7.23)

7.2.6 Tunnelling Splittings

The splitting of vibrational levels in molecules with two or more symmetry-
equivalent minima on the PES is caused by tunnelling between these
minima. Just like the tunnelling reaction between different minima, such
tunnelling processes can be described using instanton theory.**~>° While the
temperature has a direct meaning in canonical instanton theory, the tun-
nelling splitting A is obtained for the limit of T—0.

[ So |det Si( mln)
= 11m 2h 4nh det St (inst) exp[—So/2H] (7.24)

with S}, calculated at one of the minima and at the instanton path con-
necting these minima, respectively. Eqn (7.24) is applicable to the splitting
of the vibrational ground state. Splitting of excited states are available via
extensions of the theory.*’

Compared to rate constants, tunnelling splittings can be measured with
much higher accuracy. This reduces the applicability of instanton theory for
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tunnelling splittings due to its intrinsic error. However, valuable insight
could still be obtained in certain cases.””

7.3 Implementation and Practical Use

Here we will discuss which steps have to be taken to calculate rate constants
or tunnelling splittings using instanton theory for realistic small- to medium-
sized molecules (i.e. up to maybe 30 atoms). The largest number of atoms for
which an instanton calculation has been performed was, to the authors’
knowledge, 78 active atoms.”> However, fewer active atoms are generally suf-
ficient, since the tunnelling motion often concentrates on rather few atoms.
The description provided here is meant to be generally applicable, but follows
the authors’ implementation in the open-source DL-FIND code.>® Rate con-
stants are typically required at a series of temperatures, while for tunnelling
splittings, the limit to zero temperature is required. Here we will not discuss
technical details of the implementation.

The initial step is generally to locate a saddle point on the potential energy
surface with standard saddle-point search algorithms. Using transition state
theory, an initial estimate of the rate constant can be obtained. Additionally,
the crossover temperature T, can be obtained from the absolute value of the
imaginary vibrational frequency w,

o hwb
727'[](?]3'

(7.25)

c

Above this temperature, the instanton is in general collapsed to a point.
Below T., it spreads out and the canonical instanton theory as described
above can be applied. The crossover temperature is also a qualitative
estimate below which temperature tunnelling contributes significantly to
the rate constant. From eqn (7.25) it is clear that for any reaction with a
barrier frequency larger than about 1300 cm ™", atom tunnelling will play a
significant role at room temperature. This estimate is valuable to decide if
instanton calculations are actually necessary.

The next step is to optimise an instanton path at one chosen temperature.
A temperature close to, but below T is typically a good choice. An appropriate
initial guess for the instanton path is to spread the images along the unstable
vibrational mode of the saddle point.>* To optimise the instanton, the gradient
of the Euclidean action, eqn (7.15), is minimised. To achieve that, the gradient
at each replica along the instanton path is calculated in each optimisation step.
The breakthrough of instanton theory as a generally applicable tool to calculate
rate constants in chemistry and surface science came when it was realised that
the search for an instanton path is a saddle-point search problem.’>>° It
turned out that re-using the Hessians of the saddle point or previous instanton
rate calculations at different temperatures yields a quadratically converging
optimisation algorithm for instanton paths.*** Therefore, the path search is
typically no longer the time-critical step in instanton calculations (the sub-
sequent Hessian calculations are time critical instead).
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Once an instanton path is found which fulfils eqn (7.15) to a sufficient
degree the instanton rate constant can be calculated. This can be done by
using eqn (7.17) or by calculating the fluctuation factor F using eqn (7.20). In
either case, the Hessians of the potential energy with respect to the co-
ordinates of all atoms in all replicas have to be calculated. While all replicas
can be treated in parallel it is still rather time consuming in general.

Now the process can be repeated for lower temperatures. The converged
instanton path serves as starting point for the subsequent path search. The
resulting rate constants have to be converged with respect to P. The lower the
temperature, the more replicas are generally required. Sometimes, several
hundreds are used. Especially on potential energy surfaces which contain in-
trinsic numerical noise, as those obtained on-the-fly from electronic structure
calculations, the convergence of the path search at very low temperature may be
impeded. It turns out that subsequent instanton searches at different tem-
peratures lead to many repeated energy, gradient, and Hessian calculations at
very similar structures. This is enhanced by many replicas accumulating close
to the reactant-state minimum at low temperature. Approaches to re-distribute
the replicas have been proposed.>*”” However, a local interpolation or ap-
proximation of the potential energy surface, which has been done with different
machine-learning approaches,*®* " seems to be more promising.

Canonical instanton theory can only be applied below the crossover tem-
perature T.. Close to T, the rate constant is overestimated by up to a factor of
two. In many cases, especially if one attempts to calculate kinetic isotope effects
in biological systems,’” the contribution of tunnelling around that temperature
is important. One way to extend instanton theory to the full temperature range
is to employ microcanonical instanton theory. However, extensions of canon-
ical instanton theory to higher temperature were proposed.>”®*"*® Such cor-
rections are recommended for all instanton rate constants close to T, and
enable a smooth continuation to higher temperatures.

It must be stressed that instanton theory, especially in its semiclassical
formulation discussed here, is an approximative method. It has an intrinsic
error compared to exact quantum theories. However, that error is generally
rather small compared to any error caused by the underlying potential en-
ergy surface. The computational requirements of instanton path searches
and calculations of the rate constants often restrict the choice of the elec-
tronic structure method. Since repeated Hessian calculations at rather
similar geometries are required to calculate instanton rate constants, as
mentioned above, machine learning techniques are increasingly used to
approximate these.’®®' However, dual-level schemes, which have been ap-
plied successfully in computational chemistry, can also be used in instanton
rate calculations. In practice it works quite well, as demonstrated for a
number of cases.®® The basic assumption is that a fast but inaccurate elec-
tronic structure method can reproduce geometries quite well, while it may
fail at reproducing exact energies. Thus, such a fast method is used for lo-
cating the instanton geometry, while a more accurate and computationally
more expensive method is used to calculate the energies along the path. This
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approach significantly reduces the number of energy calculations and avoids
all gradient calculations with the more accurate method.

7.4 Conclusions

Overall, instanton theory is a promising compromise between accuracy and
computational efficiency. Canonical instanton theory can be used to calcu-
late thermal rate constants below T.. Corrections are required close to T¢;
computationally efficient extensions are available above it. Microcanonical
instanton theory can be applied over the whole temperature range and is
preferable for low-pressure gas-phase rate constants at low temperature.
Tunnelling splittings of vibrational levels can be obtained. The advantages of
instanton theory have led to a sharp increase in its use in chemistry, bio-
chemistry, astrochemistry, materials science, surface science and related
fields, as well as increased availability of standard codes in the last decade.
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8.1 Introduction

Quantum mechanical tunnelling is one of the earliest studied phenomena
that is qualitatively different in quantum mechanics and classical mech-
anics. It was first proposed for electrons by Hund in his studies of electrons
or atoms penetrating a potential barrier," by several others in molecular
and solid-state physics,”> and most famously by Gamow in the context of the
escape of « particles from the nucleus,’® but it was slow to be widely ap-
preciated in chemical kinetics. In a broad review of general and physical
chemistry in 1932, it was stated’ that “Chemical differences between
hydrogen and diplogen [as the authors called deuterium] are to be expected
on theoretical grounds for several reasons, but the dominating factor is
likely to be the smaller half-quantum of zero-point energy possessed by di-
plogen in virtue of its greater mass.” Notably there is no mention of tun-
nelling in this generalization. A similar review in 1934 has large sections on
deuterium and kinetics, but tunnelling is again not mentioned.® The role of
tunnelling in chemical reactions seems to have first been speculated by
Applebey and Ogden in 1936° and discussed more fully by Bell at a Faraday
Discussion in 1938,'® who advanced it as a possible cause of nonlinear
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Arrhenius plots. His discussion, however, takes no cognizance of transition
state theory, and he discusses tunnelling as a one-dimensional phenomenon
governed by the raw potential energy surface, an oversimplification that
continued to be made by many workers for many decades into the future.
Bell stated, “So far no evidence has been produced that directly demon-
strates the presence of the ‘tunnel effect.” At the same Faraday Discussion,
Wigner'' explained how tunnelling could lead to a leveling out of Arrhenius
plots at low temperature, leading to a smaller pre-exponential factor, but
concluded that ‘“apart from reactions involving H, the tunneling effect
cannot be made responsible at ordinary temperatures for any large decrease
of the temperature independent factor.”

Nevertheless, there was valuable theoretical work on tunnelling in the
1930s. Already, in 1932, Wigner'> showed how classical transition state
theory, with the transition state at the saddle point, could be quantized to the
lowest order, O(%%), in %, including the leading term due to tunnelling. And
Bell, in 1933," derived the tunnelling probability for a one-dimensional
Eckart barrier and concluded that calculations in the literature on ortho-para
conversion in hydrogen were “probably in error”’ due to neglect of tunnelling.
Bell said “The barrier is treated as one-dimensional. This is permissible,
since there is in general a definite direction of approach of two reacting
molecules for which the activation energy is a minimum,” which is generally
not a good approximation, as discussed below. He also said “It is concluded
that a quantum-mechanical treatment is necessary for any reaction involving
the motion of a hydrogen atom or proton, while heavier atoms may be con-
sidered to behave classically,” which is very true as a general rule, noting that
general rules usually have some exceptions (and indeed there are some
“exceptional” cases of non-hydrogenic tunnelling), although it took decades
before the community routinely took this into account.

Moving ahead in time, I note a 1970 review on proton transfer reactions,
where Caldin said “The question is not whether tunnelling occurs, but whether
it is detectable.” In the same article Caldin said, ‘“The first definite indication
that the tunnel effect was significant in controlling the rate of a reaction
in solution was published in 1956” by Bell et al'* in their study of the
deuterium kinetic isotope effect in the base-catalyzed bromination of
2-carbethoxycyclopentanone. Caldin also concluded that “The tunnel effect is
by now the likeliest interpretation of the evidence on several reactions,” with
which I agree. However, he added “It remains true that such reactions appear
to be exceptional and that in most proton-transfer reactions the tunnelling
corrections can probably be ignored,” with which I disagree. In my opinion,
theoretical work has now established that it is most likely that any hydrogen-
atom transfer or proton transfer with a barrier of about 5 kcal mol ™" or higher
is probably dominated by tunnelling at room temperature and below (and
often too much higher temperatures), and the burden of proof in interpreting
experiments on such reactions should shift from “Is there any evidence of
tunnelling?” to asking if there is any reason to doubt that the reaction is
dominated by tunnelling, since that is the usual finding when such reactions
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are examined with modern theoretical analysis. The goal of this chapter is to
review the methods used to calculate tunnelling probabilities realistically.

8.2 Theory

In 1970, LeRoy et al.'® showed that the tunnelling probability for realistic
shapes of potential energy barriers could differ significantly from tunnelling
by an Eckart barrier or the even simpler parabolic approximation. The in-
adequacy of an Eckart barrier is also discussed in other papers.'®'” Never-
theless, one still sees papers in the current literature using the approximation
of an Eckart barrier. However, in order to obtain a more accurate tunnelling
probability, it is necessary not just to use a realistic shape of the potential
energy barrier, but also to go beyond the one-dimensional tunnelling model
to obtain an effective potential or an ensemble of effective potentials.

Johnston and Rapp'® were the first to try to include multidimensional
effects in tunnelling, and Johnston described their method as resulting from
“several bold assumptions about the appropriate tunnelling path or
paths.”"® This is very stimulating work, but the method itself is not quan-
titative and is only of historical interest.

Attempts to treat quantum mechanical tunnelling more accurately were held
back by two factors: (i) the lack of appreciation of how to include quantum
effects in transition state theory so that one could test predictions against
experimental rate constants and kinetic isotope effects (or accurate theoretical
results, when they became available) and (ii) insufficient knowledge of po-
tential energy surfaces. The first impediment involved understanding what we
now call quasiclassical transition state theory. Quasiclassical transition state
theory refers to calculating all partition functions quantum mechanically but
treating the reaction coordinate (which does not appear in the transition state
partition function because it is the degree of freedom missing in the transition
state) classically; quantizing the partition functions of bound modes was done
already by Wigner in 1932'* and was assumed in Eyring’s classic paper of
1935.%° A convenient name for the set of modes excluding the reaction co-
ordinate is the “modes transverse to the reaction coordinate”, and we can say
that Eyring quantized the transverse modes.

The above-mentioned papers dealt with canonical transition state theory,
Le., the evaluation of rate constants for a canonical ensemble characterized
by a temperature. To treat tunnelling rigorously one needs at least a mi-
crocanonical theory where the dynamics are calculated for each total energy
(which is a parameter in the time-independent Schrodinger equation) and
then thermally averaged. More specifically one must ask the question of
what reaction probabilities are implied by quasiclassical transition state
theory, and then one could ask how to modify these reaction probabilities by
including energy-dependent tunnelling probabilities. It was shown, first
partially?™?* and then more completely,> that transition state theory cor-
responds to an adiabatic treatment of all motions except the reaction co-
ordinate; adiabaticity in this context means that their quantum numbers are
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conserved as the system proceeds along the reaction path (where the re-
action coordinate measures progress along the reaction path). In fact, it was
later shown that a calculation assuming such adiabaticity leads to micro-
canonical variational transition state theory, in which the transition state
dividing surface is chosen to minimize the flux through the transition state
for each total energy, rather than conventional transition state theory, where
the transition state dividing surface is located at the saddle point.>*?*

It is conventional to add tunnelling to transition state theory by multi-
plying by a transmission coefficient that makes up for the simplifications
inherent in quasiclassical transition state theory. In general there can be
several contributions to the transmission coefficient, including the cor-
rection for the breakdown of the equilibrium assumption of transition state
theory, correction for the breakdown of the no-recrossing approximation of
transition state theory (i.e., that the net flux through the transition state
dividing surface is equal to the one-way flux, which in classical mechanics
would mean that trajectories do not recross the transition state dividing
surface), and correction for the classical treatment of the reaction coordin-
ate. One can consider the overall transmission coefficient to be a product of
three correction factors corresponding to these effects.>® The third factor is
called the tunnelling transmission coefficient, and it is the one of primary
interest here. The tunnelling transmission coefficient may be defined as the
ratio of the reaction rate calculated when reaction-coordinate motion is
treated quantum mechanically to that calculated when it is treated classic-
ally. The considerations in the previous paragraph imply that the tunnelling
correction to transition state theory should involve barrier heights deter-
mined by adding zero point energy in modes transverse to the reaction co-
ordinate to the potential energy surface along reaction paths. The simplest
general version of such a theory is as follows. One starts by calculating a
steepest descents path down from the saddle (both toward reactants and
toward products) in isoinertial coordinates, which are coordinates scaled so
that the reduced mass is the same in all directions.'®**> We call such a path
the minimum-energy path® (MEP); it is also often called the intrinsic re-
action coordinate®” (IRC, although a more semantically correct name would
be intrinsic reaction path). One usually then makes (often only implicitly)
the ground-state tunnelling approximation, which is simply that the tun-
nelling transmission coefficient is calculated for ground-state reactions but
used for all reactions, even those that do not emanate from the ground state
of the reactants. For reaction from the ground state, one adds the local zero
point energy in transverse modes all along the path, which replaces the
potential energy barrier by the vibrationally adiabatic ground-state barrier.
[The potential energy along the reaction path is the Born-Oppenheimer
potential along that path and is called Vyep(s); the highest point of Vygp(s)
occurs at the saddle point, and subtracting the value at reactants yields what
is called classical barrier height. The barrier maximum on the ground-state
vibrationally adiabatic potential curve, which is called V§(s), is not neces-
sarily at the saddle point, and the barrier height, again obtained by



Semiclassical Multidimensional Tunnelling Calculations 265

subtracting the value at reactants, may be greater or smaller than the clas-
sical barrier height.] Given the vibrationally adiabatic barrier, one then
calculates the tunnelling as if the reaction path were rectilinear, which is an
approximation since the reaction path is curved and the kinetic energy op-
erator is different in curvilinear coordinates. This simple scheme, first re-
ported in 1971,'° has been called by several names, such as the vibrationally
adiabatic zero-curvature approximation, the vibrationally adiabatic ground-
state approximation, and the minimum-energy-path adiabatic approxi-
mation; I here call it the zero-curvature tunnelling (ZCT) approximation,
which is a name for it that we have used in many papers since 1991.

Note that although the ZCT approximation involves a one-dimensional
tunnelling calculation, it is actually a multidimensional tunnelling approxi-
mation because the vibrationally adiabatic potential used along the reaction
path involves contributions from the transverse modes. Furthermore, these
contributions vary with the distance s along the reaction path. If the reaction
coordinate were separable, as assumed in quasiclassical transition state the-
ory, these contributions would, by the definition of separability, be in-
dependent of s. Hence the tunnelling transmission coefficient corrects not just
for quantum effects but for non-separability. (Whereas the tunnelling trans-
mission coefficient corrects for quantal non-separability, one may consider
that the recrossing transmission coefficient, which is the second factor men-
tioned above, corrects for classical non-separability since trajectories would
not recross the dividing surface if the reaction coordinate were separable.)

The second impediment to progress in tunnelling theory for chemical
kinetics began to disappear when accurate calculations of the H+ H, po-
tential energy surface finally appeared. Early work on the potential energy
surface for this reaction was clouded by the question of whether there was a
single symmetric barrier or two asymmetric barriers on either side of a well
sometimes called “Lake Eyring”; predictions of asymmetric saddle points
persisted as late as 1967, as reviewed elsewhere.”® Nevertheless, the Porter—
Karplus surfaces of 1964,>° with a collinear symmetric saddle point, correctly
became accepted as qualitatively correct. Another important advance critical
to the development of accurate methods for quantum mechanical tunnelling
was the calculation of accurate quantum mechanical rate constants for the
collinear H + H, reaction, which is a two-dimensional problem.?’ These rate
constants now allowed the testing of approximate tunnelling methods
against accurate quantum mechanics in more than one dimension. One
immediately found that ZCT tunnelling is inaccurate, leading to rate con-
stants underestimated by factors of 19 and 3.4 at 200 and 300 K, respectively.
This was a serious impasse for theory, and it was argued that it was due
either to the breakdown of the adiabatic approximation or the assumption of
zero curvature.’® (We now know that the latter is the chief culprit.)

The impasse began to be resolved in 1977 when Marcus and Coltrin®*
proposed a new tunnelling path for collinear H+ H,. This path corres-
ponded to a path along the vibrational turning points on the concave side of
the reaction path, and they justified this path based on a semiclassical
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argument (the Wentzel-Kramers-Brillouin (WKB) approximation) in which
the decay of the probability density | /| in a classically forbidden region is
e %’ where 0 is an action integral given by

H:J dé|pe et
tunnelling region

(8.1)

0| d¢v/2(E — Verr(9)
tunnelling region

where ¢ measures distance (in the isoinertial coordinate system) along the
tunnelling path, p: ¢ is the {-component of the effective momentum, y is the
reduced mass to which the isoinertial coordinates are scaled, E is the energy,
and V(&) is the effective potential. Since Veg(¢)>E in a tunnelling region,
Dz et s imaginary, and this is an imaginary-action integral. The semiclassical
argument is basically that any path within the zero-point vibrational
amplitude (transverse to the MEP) has the same effective potential for tun-
nelling, namely the ground-state vibrationally adiabatic potential curve, also
called V§(s). Therefore, in isoinertial coordinates, the path with the least
exponential decay, i.e., the dominant path, is the shortest path, ie. (for
smooth MEPs with smoothly changing local zero-point energy), the path is
along the concave-side vibrational turning points. Later work showed that it
is best to calculate the tunnelling along such a dominant path rather than
averaging over many paths within the width of the vibrational wave packet.*?
The Marcus-Coltrin path was generalized to treat the H 4 H, reaction in the
real three-dimensional world,*® and again good results were obtained.

Because this approach involves a path on the concave side of the reaction
path, it may be called a corner-cutting tunnelling approximation. Path curva-
ture in classical mechanics leads to a system veering to the convex side of the
path, as occurs at the first turn of a bobsled run. The direction of the effect gets
turned around in quantum tunnelling, leading to motion on the concave side
of the MEP. This is sometimes called the quantum bobsled effect.

Two technical issues needed to be resolved to make the method practical
and accurate for general polyatomic reactions. First, the distance to the vi-
brational turning point sometimes exceeds the distance at which curvilinear
coordinates attached to the reaction path become multivalued. This was
solved®* by reformulating the theory in terms of an effectively reduced mass
so that the integration is carried out along the MEP instead of along the
actual dominant tunnelling path:

0= J ds |p.s,eff|
tunnelling region (8 2)

0| ds\ 24t (5)(E — VE(6))
tunnelling region

where peg is smaller than p in regions where the reaction path is curved.
Because the tunnelling path can lie in a region where the coordinate system
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based on the MEP is multivalued, the actual tunnelling path is not well
defined in this method, but . is well defined and is formulated such that
eqn (8.1) and (8.2) give the same result in the limit where the MEP has small
curvature; in such a limit the concave side vibrational turning point is in the
region describable by the curvilinear coordinates based on s. However, pegr is
also defined such that it remains well defined and smooth in all cases and is
generally applicable.**

The three-dimensional H+ H, reaction has three transverse vibrational
modes, but the curvature (which is a vector) has only a single nonzero com-
ponent because the reaction path is collinear and so it never curves into the
bending coordinate directions. The reaction path of a general polyatomic
reaction, though, has multidimensional curvature. The second technical issue
to be resolved in turning the Marcus-Coltrin idea into a general scheme
concerned the physically correct calculation of the amount of corner cutting
when there is multidimensional reaction path curvature. When this was done
properly,®>?® the method was called the centrifugal-dominant small-curvature
semiclassical adiabatic ground-state approximation, but the shorter name
of small-curvature tunnelling (SCT) approximation soon replaced the long one.

Marcus and Coltrin had pointed out that their physical model would break
down for the common mass combination where a hydrogen or proton tun-
nels between two massive molecular subsystems,*' and later Babamov and
Marcus®”*® (following earlier qualitative considerations by Marcus®®) pre-
sented another approximation designed to treat the transfer of a hydrogen
atom or proton between two heavier particles in a collinear reaction using
polar coordinates. In order to understand why a different treatment is nee-
ded for this case, it is useful to consider what the potential energy surface
and MEP for a bimolecular atom transfer reaction look like when plotted in
isoinertial coordinates. Figure 8.1 illustrates the key points. On the left we
see that the reaction valley and the product valley are perpendicular when
plotted vs. the bond distances of the forming and breaking bonds. However,
this is not the case in isoinertial coordinates. The angle between the reactant
valley and the product valley in isoinertial coordinates is called the skew
angle f3, and for a reaction of the form A +BC — AB + C, where A, B, and C are
atoms, molecules, or molecular fragments (B is a hydrogen atom or a proton
for the cases of most interest here) it is given by

f =arcos| mamc/mapmsc | (8.3)

where my is the mass of X. We see that = 60° for the case of equal masses
(center panel of Figure 8.1), but it gets very small (cos fx 1) when mg < my
and mp < mc (rightmost panel of Figure 8.1). Figure 8.1 shows that a large
skew angle corresponds to low curvature of the MEP, and a small skew angle
corresponds to large curvature of the MEP. With this in mind, it is also
useful to review the motivation for using isoinertial coordinates. If we did
not use isoinertial coordinates, the reduced mass in eqn (8.1) would be a
function of the location on the curvilinear tunnelling path. To find the
optimized tunnelling path, one would have to find the best compromise of a
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R(B-C)

R(A-B) x x

Figure 8.1 Three views of the potential energy contours and minimum energy path
(MEP) for A+BC—AB+C reactions. The saddle point (SP) is also
labeled. Left: plotted vs. the lengths of the forming and breaking
bonds. Center: plotted vs. two mass-scaled coordinates (x and y) for
the case where A, B, and C have the same mass. Right: plotted vs. two
mass-scaled coordinates (x and y) for the case where the mass of B is
much less than the masses of A and C. The right-hand plot is for an
exothermic reaction, and it also shows two possible straight-line paths
along which tunnelling might occur.

path with small reduced mass (to minimize the radicand), a path with a low
barrier (also to minimize the radicand), and a short path (to minimize the
length of the interval over which the integration is carried out). When we use
isoinertial coordinates, all paths have the same reduced mass and we just
need a compromise of low barrier and short path. In the small-curvature
limit, any path shortening due to cutting the corner more than the outer
vibrational turning point of the vibration transverse to the reaction path
would involve an increase in effective potential that would outweigh the
advantage of a shorter path, and in this way we arrive at the SCT tunnelling
approximation. When the skew angle is small, one can obtain a much
shorter path by severe corner cutting because the product valley is close to
the reactant valley. This is illustrated by the nearly vertical path in the right
panel of Figure 8.1. In the limit of large reaction-path curvature, the distance
criterion totally dominates, and the optimum tunnelling path should be a
straight line from the reactant valley to the product one.

In our own work, we developed a method to treat the large-curvature limit
for general polyatomic reactions by using straight-line tunnelling paths as
motivated above. Early versions were called the large-curvature ground-state
method,*®™** and the theory achieved its final form in version 4. The version
4 approximation®® (LCG4) is called the large-curvature tunnelling (LCT)
approximation. It differs from SCT in three key ways: (1) The tunnelling path
is not restricted to the region inside the ground-state vibrational amplitude
where one may use the vibrationally adiabatic potential curve, and large-
curvature approximations use a diabatic effective potential in the region
beyond the outer turning points of the transverse vibrational motion. (2)
A given tunnelling path need not conserve the transverse vibrational quantum
numbers, but rather a system beginning in the ground vibrational state of
the reactants may tunnel into excited vibrational states of the product (when
the reaction is considered in the exothermic or thermoneutral direction).
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(3) The tunnelling, even for a given initial and final vibrational state, is not
dominated by a single tunnelling path for each energy but rather there is an
average over a sequence of tunnelling paths, each starting somewhere on the
MEP in the reactant valley and proceeding along a straight line to a point
(determined by a quantization criterion) on the MEP in the product valley.
Plots showing examples of large-curvature tunnelling paths for tunnelling
from the ground state of reactants into either the ground state or excited vi-
brational states of the product are available in previous papers.*>***

Two points about curvature of the reaction path can be emphasized. First of
all, it is not the skew angle alone that determines the effect of reaction-path
curvature on tunnelling because the skew angle is a global characteristic of the
path. The key issue is how big is the curvature in the region of the barrier, and
an exothermic reaction may have the barrier very early where the reaction path
is not yet very curved. In such a case, the effect of curvature on the tunnelling
may be small or negligible. For bimolecular hydrogen-transfer or proton-
transfer reactions, the region of largest curvature tends to be where the form-
ing bond is about half made and the breaking bond is about half broken; this is
also the region where thermoneutral and nearly thermoneutral reactions have
their barriers and also where intrinsic barriers tend to be largest (the intrinsic
barrier for a symmetric reaction is the same as the barrier; the intrinsic barrier
for a non-thermoneutral reaction is the barrier in the exoergic direction) and
hence where tunnelling effects can be most significant. The second point to be
made is that it is not as easy to guess the curvature for unimolecular reactions as
it is for concerted bimolecular ones,*® because the skew angle in a bimolecular
reaction is calculated from the cosine of the angle between the relative trans-
lation of the reactants and the relative translation of the products, but the
directions of entrance and exit for a unimolecular reaction are very case specific.

Because the LCT approximation requires more extensive calculations than
the SCT approximation, it was originally much more expensive, but now
efficient interpolation algorithms are available to make it very affordable.**>°

While the SCT and LCT formalisms represent two limiting cases, both of
them seem to be accurate for intermediate curvature, so they cover all
possible cases. A simple procedure to cover all cases is simply to perform
both kinds of calculation and choose whichever gives a larger tunnelling
probability.”® When this is done for each value of the energy the result is
called microcanonical optimized multidimensional tunnelling (uLOMT).>*

In classical mechanics, Hamilton’s principle states that solving the equations
of motion are equivalent to finding the least-action path.>® Eqn (8.1) shows that
the dominant tunnelling path is the one with the least imaginary action, and
this may be considered an analytic continuation of Hamilton’s principle to
complex momenta (the classical momentum is imaginary or complex when the
classical kinetic energy is negative, as it would be in a tunnelling region where
the potential energy is greater than the total energy). It is natural to ask if this
can be used to obtain a more general approximation to the tunnelling prob-
ability than the small-curvature and large-curvature limiting approximations
discussed above. In a sense, this is done by classical S matrix theory, where one
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calculates a trajectory in imaginary time with complex coordinates and mo-
menta,>* but this is impractical for real systems because it is hard to make the
trajectory satisfy the correct real boundary conditions. However, one can find a
variational approximation to the tunnelling trajectory by finding the least-
imaginary-action path from among a sequence of paths that satisfy the correct
boundary conditions. One major problem that needs to be solved in such an
approach is determining the individual components of the complex mo-
mentum since the action integral involves p-dq, where q is a vector of co-
ordinates, and therefore we need the components of p in order to calculate the
exponential decay. This was accomplished by using the same kind of diabatic
model as used in the LCT method, and this results in a least-action ground-
state tunnelling approximation that is also called the least-action tunnelling
(LAT) approximation.®>>® Usually we expect that the LAT approximation is not
needed, and it is sufficient to use the pHOMT approximation, but in a set of cases
where it was applied to polyatomic reactions,’” namely the reaction of CF; with
CH,, CD;H, and CDy,, it did give kinetic isotope effects in consistently better
agreement with experiment. Least-action tunnelling approximations have also
been proposed by Taketsugu and Hirao®® and Tautermann et al.*®

It has not been emphasized so far, but the tunnelling transmission
coefficient also includes quantum mechanical effects on reaction-coordinate
motion when the energy exceeds the effective barrier height. Just as a
quantum mechanical system shows non-classical transmission across a
barrier at energies below the barrier top, it also shows non-classical
reflection for energies above the barrier top (this may be thought of as a
diffraction effect). The situation is particularly clear for a parabolic barrier
(i.e., a purely quadratic barrier), where the quantum results can be obtained
analytically. If P(E) is the transmission probability at energy E, and Viay is
the maximum potential energy of the parabolic barrier, one finds'’

1
P(E)= 1 E < Vmax (8.4)
P(Vinax) = 0.5, (8.5)
P(Vinax + A) =1 — P(Viax — A), A>0. (8.6)

For non-parabolic barriers, the probability is not necessarily 0.5 at the
barrier top, and these equations do not hold precisely; nevertheless, they are
enforced in all of our tunnelling approximations discussed above with V.
replaced by the maximum of V§(s). This maximum is called V4°. Note that
eqn (8.4) reduces to the WKB approximation, e 2/, when 6 is large. Replacing
e 2" by 1/(1 + *”) is called parabolic uniformization; it can also be derived by
phase integral methods.*°

Equations (8.4)(8.6) show that the effect of tunnelling is to broaden the
reaction threshold. Although the semiclassical tunnelling approximations we
are discussing here correspond to reactions emanating in the ground state
(when the reaction is considered in the exothermic or thermoneutral
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direction), this broadening actually occurs at all reaction thresholds (where
each threshold is associated with a quantized energy level of the transition
state).®’"® The broadening may be understood as energy-time uncertainty
broadening because the transition state energy level has a finite lifetime. The
amount of broadening at each threshold may be understood quantitatively in
terms of the lifetime of a quantum mechanical resonance state associated with
the reaction threshold, and this lifetime may be correlated with the width of
the barrier on the vibrationally adiabatic potential energy curve. The ground-
state approximation that we have made may be recast in this language as the
assumption that the broadening is the same at all thresholds. It is not, but this
assumption can still be used to get useful tunnelling transmission coefficients.

Note that if we used eqns (8.4) and (8.5), and if we assumed no tunnelling,
i.e., if we set 0 =0, the probability of passage through the transition state
dividing surface would be a Heaviside function rising from 0 to 1 at E = Viy,y;
that is, the rate would be controlled by V4° rather than by VS(s) at the saddle
point, as in conventional transition state theory. Since the low-temperature
limit of variational transition state theory has the variational transition state
at the maximum of V§(s) rather than at the saddle point, the correct inclu-
sion of tunnelling in transition state theory is more consistent with vari-
ational transition state theory than with conventional transition state theory.
The fact that the variational transition sate is not exactly at the maximum of
V$(s) at finite temperature leads to a small consistency factor called the
classical adiabatic ground-state correction,*>°*® or the consistency may be
enforced by using improved canonical variational theory (ICVT),*>*° but
these are small effects and the technical details need not concern us here.

Another point worth mentioning is that the transmission coefficient is not
necessarily larger for deuterium-substituted system than for a protium system,
in contrast to what one would find if tunnelling were one-dimensional. The
simplest-to-understand example of the counterintuitive case occurs as a special
case for the common situation where the zero point effects make the
vibrationally adiabatic ground-state barrier height smaller than the classical
barrier height because the zero-point energy of the transition state is smaller
than the zero-point energy of the reactants. Then, for a small classical barrier,
the vibrationally adiabatic barrier might be low but above the zero-point energy
of reactants for deuterium transfer but even lower and below the zero-point
energy of reactants for protium transfer. So there would be tunnelling for
deuterium but not for protium. Further discussion of this counterintuitive case
is given elsewhere.*®”

8.3 Validation

The methods described above (ZCT, SCT, LCT, pOMT, and LAT) have been
widely tested against exact quantum mechanical solutions of the
Schrodinger equation for the rate constants of many collinear atom-diatom
reactions and a few three-dimensional atom-diatom reactions, and they
have also been widely used for more complicated reactions where they can
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be compared to experiment. The tests against exact quantum mechanics are
direct tests of the accuracy of the calculated rate constant that are of special
interest because the transmission coefficients and the accurate quantum
mechanical rate constants are calculated for the same potential energy
surface, so the comparison is not compounding the error due to the dif-
ference in the surfaces with the error due to the semiclassical tunnelling
calculation. However, since the comparisons are done for the rate constant,
they also test the underlying transition state theory to which the tunnelling
transmission coefficient is applied. For the tests reported here the under-
lying transition state theory is anharmonic ICVT.

We summarized a series of such tests comparing Kapprox and kae. (Where
kapprox 1S the approximate rate constant computed by ICVT with the given
tunnelling transmission coefficient, and k.. is the accurate quantum
mechanical rate constant) in a review article.®’” The tests include up to
52 collinear and three-dimensional rate constants for various atom-diatom
reactions at each temperature (the precise number for each temperature
is in Table 8.1). In order to allow the errors to be averaged without bias
toward overestimates or underestimates and without cancellation of errors
between overestimates and underestimates, test results were averaged in
terms of positive percentage error, where positive percentage error is
defined, for example, such that it is +50% when kapprox and kac. differ by a
factor of 1.5 (in contrast to the signed percentage error, which is +50%
when Kapprox/kace = 1.5 but =33% when kyce/kapprox = 1.5). The logarithmically
averaged positive percentage errors are shown in Table 8.1.

Table 8.1 shows that we obtain the best results with the LAT approxi-
mation and that the results are only ever so slightly less accurate on average
with pOMT. Table 8.1 also shows that the results are greatly improved as
compared to ZCT when one includes reaction-path curvature, as in all four of
the methods to the right of ZCT. This is an especially important result when
one considers that essentially all one-dimensional tunnelling results in the
literature may be considered to be approximations to ZCT.

The results at 200 K are especially striking because the error without
tunnelling is very large; an average positive percentage error of 1600% cor-
responds to an underestimate of the rate constant by a factor of 17, whereas

Table 8.1 Average positive percentage error in multidimensional tunnelling calcu-
lations for collinear and three-dimensional atom-diatom reactions.®

T (K) NP No tunnelling ZCT SCT LCT pOMT LAT

200 41 1576 332 63 49 41 40
250 44 488 167 43 32 28 28
300 52 273 116 34 24 23 21
400 53 124 75 36 22 21 20
600 41 45 33 21 18 17 16

“From Table 77 of ref. 67.
bN is the number of comparisons to exact results at this temperature; this is limited by the
number of exact rate constants available for comparison.
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an average positive percentage error of 40% corresponds to an error of a
factor of 1.4. The error is particularly large because the 41 tests of the
semiclassical theory at 200 K are dominated by hydrogen transfers;
the 41 cases at 200 K include 23 protium transfers (17 collinear and six 3D),
11 transfers of muonium, deuterium, or tritium (10 collinear and one 3D),
and seven transfers of a halogen (4 collinear and three 3D).

The improvement continues up to higher temperatures. For example, the
average positive percentage errors at 300 K in Table 8.1 correspond to errors by
a factor of 3.7 for no tunneling, 2.2 for ZCT, 1.3 for SCT, and 1.2 for LCT,
HOMT, or LAT. This illustrates a general point, namely that the LCT method
(and therefore also the fOMT and LAT methods) has better across-the-board
accuracy than the SCT method. Neverthelesss, the much simpler SCT method
is usually good enough; its average error is higher mainly because it can
greatly underestime the tunnelling in cases with very small skew angles.®”

After the review article, a unique opportunity arose to the test multidimen-
sional semiclassical tunnelling methods against an accurate quantum mech-
anical rate constant (for a given potential energy surface) for a polyatomic
reaction,”®® in particular the reaction H + CH, — H, + CHj, for which accurate
quantum mechanical rate constants were obtained by very difficult calcula-
tions.”® (Actually, the accurate quantum calculations for this case, unlike those
used for tests described above, do involve an approximation, namely that
rotation and vibrations are separable. That assumption is also made in the
calculations to which we compare, so it does not affect the validity of
the comparison.) The ICVT/uOMT calculations were found to agree with the
accurate quantum ones within 22% (maximum error) over the full range
of temperatures from 200 to 1000 K, over which the rate constants vary by
eight orders of magnitude.®

8.4 Extensions

In applications to molecules that have torsions, the transition state may have
several conformations with only small barriers between them. For such a
case we developed multipath variational transition state theory where one
includes tunnelling along the lowest-energy path through each conform-
ation of the transition state.”"””

In addition to gas-phase reactions discussed so far, the multidimensional
semiclassical tunnelling methods have also been used for diffusion at gas—
solid interfaces,”>”’® for bulk diffusion and transport from a gas-solid
interface to the bulk,”® for reactions in solid matrices,”” for the reactions
in liquid-phase solutions, and for enzyme-catalyzed reactions.”®®’

For solid-state reactions, it is important to pay special attention to the low-
temperature limit. In the low-temperature limit, all the reaction is in the
exothermic direction and it proceeds from the lowest energy state of the
reactants. Therefore the rate constant becomes independent of temperature.
This is easily accommodated in the semiclassical theory by considering
tunnelling only at the quantized energies of the reactants.”*”’
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For reactions in liquids and enzymes, the number of minimum energy paths
may become essentially uncountable and one must use statistical methods, in
particular potentials of mean force, rather than an unaveraged potential energy
surface, to calculate the reaction rate.*®°! If implicit solvation models are used
to calculate the free energies of the reacting solute, one does not have a min-
imum energy path, but one can calculate a minimum free energy path, and by
making a practical approximation called the canonical mean shape zero-order
(CMS-0) approximation, the tunnelling probabilities may be calculated using
the potential of mean force rather than the potential energy surface.*® The
potential of mean force is also called the free energy surface.”>"

However, if the solvent is treated explicitly by molecular dynamics simulation
with weighted histogram analysis® (WHAM) of the free energy, one may em-
ploy a liquid-state multipath tunnelling approximation by selecting a statistical
sample of paths from the variational transition state slice through the WHAM
free energy profile along the reaction coordinate. This is called ensemble-
averaged variational transition state theory, and it has been applied successfully
to many enzyme reactions.”®®* A key finding is that the tunnelling transmis-
sion coefficient can depend strongly on ensemble averaging.”>*°

8.5 Concluding Remarks

Computational details of the methods discussed above are given
elsewhere.*>?7%°

The present review has focussed on the development of semiclassical
multidimensional tunnelling methods that are available in the Polyrate'®
and Pilgrim'®" computer programs. Reviews of recent work on tunnelling
effects in chemistry are available elsewhere.**"'>71%8

Abbreviations

CMS-0 Canonical mean shape zero-order
ICVT Improved canonical variational theory
LAT Least-action tunnelling

LCT Large-curvature tunnelling

MEP Minimum-energy path

HLOMT Microcanonical optimized multidimensional tunnelling
SCT Small-curvature tunnelling

WHAM Weighted histogram analysis method
WKB Wentzel-Kramers-Brillouin

ZCT Zero-curvature tunnelling
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The Calculation of Tunnelling
Splittings Illustrated on
Malonaldehyde
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9.1 Introduction

Descriptions of the tunnelling effect are almost as old as quantum mech-
anics. As early as 1927 Hund applied the Schrédinger equation to a problem
in which quantum mechanical tunnelling made its first appearance, namely
the inversion of ammonia." To describe this umbrella vibration he con-
structed a one-dimensional (1D) double-well potential consisting of two
identical parabolas joined by a finite barrier. The wavefunctions of such
individual wells have a non-zero (although usually small) probability of
penetrating the barrier. To solve the Schrodinger equation, Hund adopted
harmonic oscillator wavefunctions centered in each of the two wells. These
two stationary wavefunctions overlap in the classically forbidden region,
creating a coherent oscillation between the two wells.

Unfortunately, the analytical solution of the Schrodinger equation is
only possible for simple potentials, therefore, it is convenient to devise
an approximation that allows writing explicit expressions for the wave-
function even though they will be approximate. A very popular and useful
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methodology is the well-known Wentzel, Kramers and Brillouin (WKB) or
semiclassical (sometimes also called quasi-classical) approximation,” which
was developed in 1926 and that works well when certain variables with ac-
tion units (energy xtime) are much larger than Planck’s constant /. Because
the WKB wavefunction is proportional to the imaginary exponential of the
classical action [exp(iS/h), where S is the action and % = h/27), it is convenient
to use path integrals.’ In the quantum regime, the sum over paths is dom-
inated by the most probable of the paths, which is obtained as a compromise
between paths of varying length and width. This path is the one that min-
imizes the action and is usually called the instanton path.*®

Tunnelling splittings can also be calculated using quantum dynamics
approaches as, for instance, the multi-configuration time-dependent Hartree
(MCTDH) method®® or the recent path integral molecular dynamics
implementation.’

The purpose of this chapter is to review a representative set of methods
reported in the literature for the calculation of proton and deuterium tun-
nelling splittings and compare their results with observed splittings. Sec-
tion 9.2 is dedicated to semiclassical methods, ie., to the WKB and
instanton approximations. To keep this task tractable we focus on a single
molecule, malonaldehyde (Sections 9.3-9.6), which is widely used as a
touchstone for tunnelling calculations, and we also restrict ourselves mostly
to the vibrational ground-state level (Sections 9.4 and 9.5). Splitting of ex-
cited vibrational levels offers a wide field for debate, so it is briefly discussed
in Section 9.6. Section 9.7 outlines the main conclusions.

9.2 Semiclassical Methods

9.2.1 The WKB Approximation

The WKB approximation makes use of the solution provided in 1925 by the
English mathematician Harold Jeffreys,' so sometimes the WKB approxi-
mation is referred as WKB]J or JWKB.” Jeffreys provided an analytical formula to
a second-order differential equation similar to the Schrédinger equation (pre-
vious to the appearance of this equation!) for a particle of mass m with energy E
moving in a general potential V(x). The solution (the wavefunction) is of the type

W(x) ~ ;(x) exp [i % pr(x)dx] (9.1)

where p(x) is the momentum of the particle, which is given by
p(x) = /2mE — V(x)] (9.2)

Notice that eqn (9.1) is a plane-wave wavefunction and, therefore, provides
the exact quantum mechanical solution when the potential is constant, ie.,
1dp(x . 1 .
when ¥/'(x)= %% =0 (notice that k(x)= %p(x)). It remains a good ap-

proximation when &’(x) is negligible, or being more precise, when |k’ (x)| « [k(x)].>
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a b X
Figure 9.1 Particle with energy E moving in a one-well potential V(x). The turning

points a and b separate region II (classically allowed) from regions I and
III (classically forbidden).

In the case of a particle moving in the potential well of Figure 9.1 with
energy E, in which the classical accessible region II corresponds to a<x<b
where a and b are the classical turning points, the wavefunction is oscil-
latory. Regions I and III are classically forbidden and the wavefunction is a
decreasing real exponential. The trickier part in the WKB formulation is that
the wavefunction of eqn (9.1) diverges at the turning points but we need a
well-behaved function over the three regions. This is achieved through the
so-called connection formulas or connection rules. It can be shown that the
wavefunctions for the three regions can be written as

Z\/%exp[%ﬁm(xﬂdx} xel;
W(x)= %cos UZp(x)dx - ﬂ = %cos Uip(x)dx + ﬂ xell; (9.3)

¢ exp [ ! Jx|p(x)|dx} xelll
2/[p(x)] )y
The two cosine functions of eqn (9.3) have to be the same throughout
region II and should connect with regions I and III. Thus, C=(—1)"C’, and
the sum of the phases of the two equations must be an integer multiple of =,

in such a way that
1(? T
ﬂap(x)dx —, =nm (9.4)
or for a periodic orbit going back and forth between the a and b turning
points
1 1
ﬁfﬁp(x)dx:n—i—i (9.5)

where {)p(x)dxzsz(x)dx. Notice that eqn (9.4) and (9.5) correspond to

the well-known Bohr-Sommerfeld quantum condition of the old quantum
theory.
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My

b

Figure 9.2 Particle with energy E, moving in a double-well potential V(x).
The splitting of this energy level and the turning points are also
indicated.

Let us now consider the case of a particle with energy E, in the right-side
well of a symmetric double-well potential that has a barrier height V, located
at x=0, as the one depicted in Figure 9.2. The motion of the particle in the
interval a<x<b is well described by the region II wavefunction of eqn (9.3),
Yn(x), which we now call y/,(x). If we assume that the probability of passing
through the barrier is negligible, the normalization constant C can be
determined by the relation

b ) _1 5 bﬁ_
| poPax= St =1 (9.6)

where we have substituted the oscillating cos®() function by its averaged
value, that is, 1. The integral of the r.h.s. is proportional to the period of

. . 2m
motion in the well, T,,, and wq = o is the frequency at the well, so C can be
0

obtained. Similarly, it is possible to define a wavefunction in the left well,
Vo(—x), in such a way that the contribution of this function in the right well
is very small. When we take into account the small tunnelling probability the
E, level splits into two levels E;” and E; whose corresponding wavefunctions
are described by a linear combination of the one-well wavefunctions. The
symmetric (+) combination is given by

1
+ _
%77

V2

whereas the antisymmetric (—) combination is given by

[Wro(=x) + o (x)] ©-7)

= 5= = Yole) ©8)
: + iy (0) g,
Notice that at x=0, i/, (0) = v/21/,(0) and 4 - 0. The two Schrodinger

equations resulting from the two energy levels E, and E," with wavefunctions
Wo(x) and y,", respectively, can be combined to find the difference in energy
between the two levels. Thus,

+_ n /
Ey — Eo - E‘po(o)lpo(o)- (9~9)
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In the same manner:
h2

Eg = By="_ 0 (0)y/(0) (910)
Therefore, the tunnelling splitting AE, is given by
AE,=E, —E,' = Z—hZIpO( 0),(0), (9.11)
and
E, =E, + % (9.12)

Eqn (9.11) is analogous to the Herring formula'' ™"

is not necessarily semiclassical:

Ay 2 Yal04(0)

given below, in which

- : (9.13)
R
The denominator of eqn (9.13) normalizes the wavefunction.
2
Finally, taking into account that i/, (0) = % W, (0), where vy = P (Vo — Ey),
the tunnelling splitting is
h 1(“
AEy = " exp H |p(x)|dx} . (9.14)
n h)_,

The integral of eqn (9.14) is usually called the imaginary action integral,
which for given energy is

0(E) = Jaa x)|dx = J V2m(V(x) — E)dx. (9.15)

This integral should not be mistaken for the classical action integral, S¢(E),
which appears in eqn (9.4) and is given by

_ Jb 2m(E — V(x)dx. (9.16)

The classical action integral for a periodic trajectory that makes k passes
back and forth in the well is
®(E) = 2kSc(E). (9.17)

b

o(£) = | px)ax

a

The expression of eqn (9.14) is the same as the one deduced by Miller using
the periodic orbit theory." In particular, Miller obtained that the tunnelling
splitting is given by
1
——0(E
exp - ;0060
i dSc(Eo)
dE

AE, = (9.18)

dSc(E _
where (cjlg? o) = [hwo) .




288 Chapter 9

The imaginary action integral is related to the tunnelling transmission
probability by the well-known Gamow formula: "

P(Eo) ~ exp [ %G(EO)} . (9.19)

The probability of eqn (9.19) is usually called the primitive WKB prob-
ability and it works well if the tunnelling probability is small, as we have
assumed in the derivation. If this assumption is not valid (for instance, for
energies near the top of the barrier), the exact or uniform WKB transmission
probability for any energy E below the potential barrier is:*®

1
P(E)= . (9.20)
1+ exp [%H(EO)}

9.2.2 Semiclassical Instanton

Another methodology that is especially suited for tunnelling calculations is
based on path integral methods.? This formulation of quantum mechanics
generalizes the action principle of classical mechanics and it is ideal for the
search of the least-action path in classically forbidden regions of the po-
tential. The motion of a particle between an initial point x,(0) and a final
point x¢t,) in the interval of time ¢, can be described by the time evolution
operator (also called propagator), which is expressed through the time in-
dependent Hamiltonian J# as

(xle 7/ = (D))l (9.21)

where N is a normalization constant and [Dx(¢)] indicates the sum over all
possible paths weighted by the factor e#S¥(®), S[x(¢)] being the action defined

through the Lagrangian, % (x,x) = %ma’cz — V(x), and given by

to
S[x(?)] :J Z(x,x)dt. (9.22)
0
At this point it is convenient to introduce imaginary time by making the
substitution it=1t (also called Wick rotation) in eqn (9.21), because it
transforms oscillating exponentials into decreasing ones. At the same time
the connection between quantum mechanics and statistical mechanics is
achieved through the relation between the imaginary time of the propagator
ito/h and the inverse temperature = (kgT) ', that is, f = ito/h = 1o/h where kg
is Boltzmann’s constant. In this way the propagator is transformed into the
density matrix

p(xe x38) = (xde " |x,), (9.23)
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where e #”is usually called the Boltzmann operator. The incorporation of
imaginary time also transforms x—ix, V(x)— —V(x) and E—~ —E in such a
way that the Lagrangian becomes the Hamiltonian and

Bh Bh/2
H(x,%)dr :J H (x, x)dr (9.24)

—ph/2

—iS[x(6)] = Sgx(0)] =j

0

where Sg[x(7)] is called the Euclidean action (the change in the limits of the
integral indicates that in one case the motion is initiated at time =0,
whereas in the other case at time —t/2). Therefore, the density matrix is
given by

bl x5) =N | [Dx(e)e H, (9.25)

The classical motion of the particle in real time is like the classical motion in
imaginary time with the inverted potential,'” which is exactly the situation we
encounter here (Figure 9.3). Therefore, running trajectories in imaginary
time involves paths through the tunnelling region, that is, trajectories
through a classically forbidden region. In the semiclassical limit (72— 0),
which is the classical path approximation for the matrix elements of the
Boltzmann operator, the primitive WKB tunnelling probability is recovered.'®
In this limit, the propagator will be dominated by the stationary points of the
action. To search for these ‘“‘characteristic values” of the action let us start
with the expression for the thermal rate constant, k, which is given by

1 _gE
ko= JP(E)e dE (9.26)
where Z, is the reactant partition function and P(E) is the reaction prob-
ability. Eqn (9.26) contains two competing factors, namely the Boltzmann
factor and the reaction probability.'” At low temperatures, tunnelling will
be the main contribution to the integral and the reaction probability can be
replaced by the primitive WKB probability. Thus, at a given f value, the
integral will be dominated by a narrow band of levels around a single energy

Vix) =5 ﬂ}‘( x._l.o + ﬂ.x

o Y

Figure 9.3 Double-well potential, before (left) and after (right) the switch to imagin-
ary time.
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level EX(f), so we can apply the steepest-descent method® to the integral
to give

kZ, ~ hxjﬁ [(d?;gE)L_E*] _1/2exp{— {W(;?) + ﬂE*] } (9.27)

where we have used W(E)=20(E). The search for an extremum involves

d
1 [W(E") + phE*] =0 (9.28)
leading to
dw (E*

ph=— dé* ) (9.29)

and because the orbit is periodic
ph—oE)—a| & (9.30)

—a V(X) — E*

where O(E¥) is the period in imaginary time in the upside-down potential
and E* is determined by eqn (9.30). Also,

COMRE
The action at energy E* is given by"’
Si(B)=W(E*)+ BRE* (9.32)
and taking into account that for a classical trajectory”’
2Sc(E) = S[x(t)] + Et (9.33)
the analogous equation in imaginary time is
W(E) = Sg[x(t)] — PRE (9.34)
and, therefore
Si(B) = Sg[x:(7)]- (9.35)
The thermal rate constant of eqn (9.27) can be rewritten as
kzy ~ h\;ﬁ [d@dg*)} 71/2e‘51(/’)/h. (9.36)

The Lh.s of eqn (9.35) represents the so-called instanton action. It is the
overall result of tunnelling along numerous paths of varying length and
energy, which can be replaced by tunnelling along a single trajectory, called
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the instanton or bounce path. The instanton exists only below a given tem-
perature called the cross-over temperature T.=hw*/2nkg, where w* is the
absolute value of the imaginary frequency at the top of the barrier. This path,
x1(t), has the characteristic that, at any temperature, it minimizes the
Euclidian action, and therefore it is an extremal trajectory in imaginary time
of period Af in the inverted potential.”'*?*?? In other words, the extremum
in the Euclidean action leads to

0Sg _ d*[xi(o)] " dvix(o)]]
0x dr? dx

=0 (9.37)

with the boundary condition xi(t + %ff) =xi(r). The differential eqn (9.37)
produces two types of solutions, the trivial ones for the minima and the
transition state, and a non-trivial one, the instanton solution. The first one
leads to a minimum of the action but the transition state and the instanton
are saddle points of the Euclidean action. The instanton solution prevails at
low temperatures, i.e., at temperatures lower than 7., whereas the transition
state dominates at temperatures above the cross-over temperature.

Although the instanton action dominates at low temperatures, there are
small fluctuations about the instanton path 0x(t) that can be incorporated in
a prefactor (also called pre-exponential factor). Deviations in the path
translate into deviations in the action and the latter is expanded up to
quadratic terms (the lowest term in the expansion), so the action for a path
given by x(t) = xi(t) + 0x(z) is given by

np 2 .
Sx(1)] =5y +%JO dr 5x(r){—8r2 +%}53€(1) (9.38)

where 02 is the second derivative operator. The differential equation inside
the integral of eqn (9.38) can be solved using the appropriate basis of
eigenfunctions. The result, after diagonalization, is a set of eigenvalues that
can be integrated independently. The integral is a Gaussian and can be easily
taken. The density matrix is given by

2 -1/2
(xrle ™ |x;) :N[det(—@f +dvd[§lz(f)]>] e S/t (9.39)
where the determinant is another way of representing the product of
eigenvalues. However, because of translational invariance of the instanton
trajectory one of the eigenvalues is zero and needs special treatment.”?
At this moment it is interesting to introduce the partition function as the
trace of the e #” operator. Specifically, the thermal rate constant that uses
the ImF method®*>° is defined as

ImZ 2 F (9.40)
Zy h '

k=2p"
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which results in

d>Vlx(1)]\ 1
det’( —0?
So c ( Oc dx? ) —si/h

2nh det(— 92 + w})

(9.41)

where the determinant in the numerator represents the product of the
eigenvalues excluding the zero value. The action S, is

Ax
So = J V2V (x)dx. (9.42)
—Ax
Notice that the partition function of reactants is given by
Zo=[det(— 02 + )] " (9.43)
where ), is the frequency at the bottom of the potential well V(x). Following

Benderskii,”” similarly to the rate constant and in the limit f— oo, it is
possible to obtain the tunnelling splitting as

2 -1/2
sec( o + L0
25k dx kink e—Si/h

AEy=y/=2k
"V nn det(—02 + w3)

(9.44)

or in a compact way as
AEy= /e 5" (9.45)

where .o/ is the pre-exponential factor given by

- dee (o £ SN oae

det(—9? + w})

and the action Sy is the Euclidean action evaluated when f— oo over the
instanton trajectory as

o0
Sk = SE [xl (T)] = J ,%”(xh i'[)d'f (947)
—00
or it can be also evaluated from eqn (9.42). The trajectory can move between
—Ax and Ax (a ‘kink’), and back between Ax and —Ax (an ‘anti-kink’); in fact
any extremal or instanton trajectory includes a given integer number n of
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kink-anti-kink passes. The tunnelling splitting can be calculated from a
single kink using eqn (9.44) since the particle usually passes long periods
of time at rest in +Ax (the minima) so the kinks can be considered
independent from each other. Eqn (9.44) can be written as a function of the
instanton trajectory by doubling the kink, which also involves doubling the
eigenvalues in the pre-exponential factor. Thus,

2 1/4
oo 0mi)
AE, — I I —51(0)/2h 4
"=\ "R det(— 02 + o) € (9.48)

where in this case the pre-exponential factor is evaluated by removing the
two zero eigenvalues. Tunnelling splittings are calculated in the limit when
f— oo, that is, when the temperature reaches the absolute zero (7=0 K).
Therefore, it is common to write the instanton action as Sy(7=0) or simply
like in eqn (9.48) as Sy(0).

Mil'nikov and Nakamura exploited the connection between the WKB
approximation and instanton theory, which allowed them to evaluate in an
easy manner the determinants of the pre-exponential factor. For a symmetric
double-well potential, the wavefunction in one of the wells [for instance, of
the left well (L)] can be written as

28-30

¢y (x) =exp (—%WO - W1> (9.49)

where the substitution of eqn (9.49) into the Shrodinger equation leads to
two differential equations that allow obtaining W, and W;. In particular,

WO:J Po(2)dz (9.50)
—Ax
and
X dz aZWO 2E,
W, = — (=== 9.51
: JAxpo<z>(az2 h) 5:51)

where po(x)=/2V(x) and E, is the ground-state vibrational energy.
Assuming that the potential is harmonic in the vicinity of the minima and
making use of the Herring equation [eqn (9.13)], the tunnelling splitting is

4
AE, = hay % Po(0)e 2Wix=0)g=So/h (9.52)

where S, is given by eqn (9.42) and W;(x=0) is evaluated at the top of the
barrier. Eqn (9.51) can be written as a function of the instanton period using



294 Chapter 9

an equation similar to eqn (9.30), i.e., writing the period as 7= [dz/p,(2). It
leads to

Wi (x = 0) = %J_ delA(x) — A(—o0)] (9.53)

where A=dpy/dx and if t— oo then x— — Ax. If the potential is assumed
harmonic at +Ax then V(x — £ Ax) ~ 1@2(x + Ax)?, and the momentum
Po(x— £ Ax) = wo(x £ Ax) with A(—00) = we = 2E/F.

In the above discussion about semiclassical methods (WKB and the in-
stanton) we have mainly concentrated our efforts in 1D systems. Notice that
the tunnelling splitting calculated by the semiclassical eqn (9.14) is
equivalent to that evaluated by eqn (9.48) and (9.52) for 1D tunnel-
ling.”®?"3% These equations are key when moving to multidimensional
systems. For instance, the uniform tunnelling probability expression of eqn
(9.20) is regularly used when incorporating quantum effects in variational
transition state theory.>®> These quantum effects are multidimensional
because the action integral of eqn (9.15) includes couplings between the
reaction coordinate and the rest of the vibrational normal modes. This is
the case of the small-curvature tunnelling probability that incorporates
such couplings in the mass of the tunnelling particle.’* For instance,
this approach has been used by Brown et al.*> to calculate the tunnelling
splitting for the ammonia inversion. Other options allow calculating
the action along some previously prescribed path, as for instance along
the linear reaction path (LRP),*°*® or searching for the least action
path.39—41

The multidimensional tunnelling splitting by means of instanton theory
can be evaluated from eqn (9.48) but to locate an extremum in the Euclidean
action is now harder, because the search should be performed in a multi-
dimensional space. In the multidimensional case, additionally to the .o/
prefactor (also called longitudinal and whose presence is due to the zero
eigenvalue), a transverse pre-exponential factor %, appears due to the in-
crease in dimensionality. The transverse prefactor has no influence in the
longitudinal prefactor, so they can be factorized.** The resulting expression
for calculating the tunnelling splitting is

AEy = BAE" (9.54)

where AE® is calculated, for instance, from eqn (9.48) but with a search for
the instanton action in the full configuration space.

Mil'nikov and Nakamura®®>° solve this problem by working out the
similarities between WKB and instanton in a multidimensional framework.
Other researchers were able to develop general procedures to search
for instanton trajectories thanks to the connection between instantons,
Feynman path integrals and ring polymer dynamics.***°

An alternative approximation for the calculation of tunnelling splittings,
which avoids trajectory calculations, is the approximated instanton method
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developed by Smedarchina et al.*’~*° In this approach %, is treated within
the adiabatic approximation and the multidimensional action is evaluated
without explicit search for the instanton path.

9.3 Malonaldehyde

Malonaldehyde (3-hydroxy-2-propenal, MA), illustrated in Figure 9.4, is a
planar molecule that®® “has a symmetrical double minimum potential sur-
face with a relatively low barrier between the two minima so that rapid
tunnelling occurs between the two asymmetric forms of malonaldehyde”.
MA is a planar molecule of C; symmetry with a C,, transition state.

Table 9.1 lists the normal-mode frequencies® of the two types of sta-
tionary points, that is, the equilibrium and the saddle-point structures. For
the former, the symmetry of normal-mode frequencies is A’ for the in-plane
modes and A” for the out-of-plane modes, respectively. At the saddle point,
the in-plane modes have 4; or B, symmetries, and the out-of-plane modes
may have A, or B; symmetries.

In 1981, Wilson et al. used microwave spectroscopy to measure the tun-
nelling splitting of MA and its deuterated species and obtained values of ~21
and ~3 cm™ ', respectively.”® Some of the authors later refined the values to
21.58 and 2.91 cm ™, respectively,®® which we treat hereafter as the values to
be matched by theory. They also performed 1D tunnelling calculations, es-
timating a barrier height for proton transfer of about 6.6 kcal mol .

The tunnelling in MA takes place within an OHO hydrogen bond: the
proton is exchanged between two oxygen atoms. The tunnelling coordinate
is thus an OH-stretching vibration. As shown in Table 9.1, this is the highest-
frequency vibration in the molecule. While the proton tunnels from one side

Potential energy

Reaction coordinate

Figure 9.4 Double-well potential representing the stationary points (equilibrium
and saddle point) of malonaldehyde.
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Table 9.1 Labeling of the equilibrium i’ and their corresponding saddle-point j
normal modes. Frequencies (in cm ') taken from ref. 51. The description
of the normal modes and the symmetry of the saddle-point normal modes
are also indicated.

i’ Wy Description J w; Symmetry
1/ 255 Out-of-plane ring deformation 1 366 A2
2/ 271 O---O stretch 4 627 Al
3/ 399 Out-of-plane ring deformation 2 395 B1
4’ 501 In-plane ring deformation 3 569 B2
5 787 Out-of-plane C-H bend 5 788 B1
6 878 Out-of-plane O-H bend 12 1339 B1
7 885 In-plane ring deformation 6 943 Al
8’ 982 C-C stretch 9 1064 Al
9’ 1017 Out-of-plane C-H bend 8 1059 A2
10’ 1043 Out-of-plane C-H bend 7 1016 B1
11/ 1100 In-plane C-H bend 10 1099 B2
12/ 1268 In-plane C-H bend 13 1361 Al
13’ 1402 In-plane C-H bend 11 1319 B2
14’ 1407 In-plane O-H bend 17 1896 Al
15’ 1463 In-plane C-H bend 14 1492 B2
16’ 1629 O-H bend; C=C/C=O0 stretch 15 1604 B2
17’ 1702 C=C/C=0 stretch 16 1626 Al
18’ 2996 C-H stretch 19 3109 Al
19’ 3181 C-H stretch 18 3109 B2
20’ 3223 C-H stretch 20 3244 Al
21’ 3371 OH stretch 0 1384 1 B2

to the other, the other atoms will also tend to be displaced. The tunnelling
will thus not be so simple as that in ammonia mentioned in Section 9.1,
where the low-frequency inversion is basically 1D. This complexity is readily
appreciated if we consider the transition state of the tunnelling process, also
illustrated in Figure 9.4 and Table 9.1. Clearly the changes in position and
frequency are not limited to a single mode.

In the following sections, we will discuss various attempts to deal with this
problem, roughly following a historical path. The reported proton and
deuterium tunnelling splittings and their ratio are collected in Table 9.2.

9.4 Early Calculations
9.4.1 Eckart Potential

Bicerano et al.’* modeled the proton transfer by a 1D Eckart potential with

a barrier height of 8.0 kcalmol ' and, using an expression of the form of
eqn (9.14), obtained a tunnelling splitting of 40 cm ™" for H and 3 cm ™' for
D transfer. While the values are in the right ballpark, as shown in Table 9.2,
they fail in one important aspect: they yield the wrong H/D ratio, viz. 13.3
against the experimental value of 7.42. Since the same potential is used for
both isotopes, it is clear that the 1D treatment is unable to simulate the
complexity of the proton transfer process. In fact, the MP2 theoretical



Table 9.2 Ground-state tunnelling splittings of malonaldehyde obtained by diverse theoretical methods. Experiment is indicated in bold
numbers in the first row. V, (in kcalmol ') is the difference in energy between the equilibrium and the saddle point

configurations.
Ref. Year Method Vo Level AE((H) AE(D) Ratio
52 1981 Experiment — ~21 ~3 7
53 1984 Experiment — 21.58 2.91 7.4
54 1983 1D Eckart, WKB 8.0 CISD(DC)//HF/DZ 40 ~3 ~13
Scaled freq. by 10% 18 <1 ~18
57 1986 RSH, QMC 4.3 HF with fitted V, 60 — —
6.8 HF with fitted v, 17 — —
60 1989 3D RSH, QMC 7.1 SCF-MCPF 9 0.7 12.9
61 1990 2D QMC 7.81 HF/3-21G 1.54 — —
4.98 HF/3-21G+ZPE 10.6 — —
78 1992 2D QCT 4.98 From ref. 61 4.01 — —
79 1992 2D Tunnelling matrix 4.98 From ref. 61 8.2 0.3 27.3
31 1993 2D SC instanton 4.98 2D-PES with model param. 13 — —
47 1995 MD (in-plane NM) SC AIM 10.3 HF/6-314+G** 19.7 2.6 7.6
80 1994 MD (in-plane NM) QCT 10.0 Experimental data of ref. 52 and 116 24.5 — —
81 1995 MD QCT 10.0 Experimental data of ref. 52 and 116 21.8 5.2 4.3
28 2001 MD instanton 10.0 From ref. 81 57.7 8.63 6.7
91 2001  MD (in-plane NM) QCT 3.62  Fit to MP2/6-31G(d, p) 21.4 — —
MD QCT 13.9 12.7 1.1
90 2002 3D QMC 3.8 B1LYP/6-311++G(d, p) 42.3 15.3 2.8
4.0 PM3/MAIS-SRP 24.3 5.3 4.6
40 2002  WKB 4.4 Scaled B3LYP/6-31+G(d) 24.7 1.67° 15.4
93 2003 MD instanton 3.81 CCSD(T)/(a)pVTZ 21.2 3.0 7.1
82 2003 RPH + anharmonic effects 2.90 B3LYP/TZ2P 58 — —
97 2004 MCTDH 3.62 From ref. 91 25 — —
83 2004 RPH harmonic 3.62 Fit to MP2/6-31G(d, p) 38 6 6.3
2004 RPH + anharmonic effects 15 — —
84 2006  RSH 3.62  MP2/6-31G(d, p) 11 — —
98 2007 MD quantum Monte Carlo 3.62 From ref. 91 25.7+0.3 3.21+0.09 8.0
89 2008 DMC 4.09 Fit to CCSD(T)/apV5Z//apVTZ 21-2242-3 2-3+2-3 —
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Table 9.2 (Continued)

Ref. Year Method Vo Level AEy(H) AE(D) Ratio
103 2008 1D Qim 4.09 From ref. 89 25.9 4.6 5.6
102 2009  MD (NEO) QMC 3.62  MP2/6-31G(d, p) 24.5 — —
92 2011 MD QCT 3.62 MP2/6-31G(d, p) 54.5 5.2 10.5
45 2011 MD ring polymer instanton 10.0 From ref. 81 51 7.5 6.8
99 2011 MCTDH 4.09 From ref. 89 23.4 — —
100 2011 MCTDH 4.09 From ref. 89 23.8 — —
73 2012 RIM 4.08 W1BD/MC-QCID/3 25.2 3.4 7.4
106 2012 RPH — CCSD(T)//MP2/6-3114++G** 21.6 2.8 7.7
107 2014 iMDH QMC 4.08 From ref. 73 25.4 3.2 7.9
88 2014  DMC 4.03  Fit to CCSD(T)(F12*)/def2-TZVPP 21.0 3.2 6.6
9 2016 PIMD 4.03 From ref. 88 20.6 — —
95 2016 RPIM 4.09 From ref. 89 25 3.4 7.4
101 2016 MCTDH 4.09 From ref. 89 24.5 — —
105 2017 2D Qim 4.09 From ref. 89 18.49 2.74 6.7
96 2018 PIMD 4.03 From ref. 88 19.3 — —
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calculations of Frisch et al.>® predict a substantial skeletal rearrangement

between the equilibrium structures and the transition state, indicating the
multidimensionality of the transfer. In addition, this work shows the
importance of including electronic correlation in the electronic structure
calculations in order to obtain reliable proton transfer barrier heights.
In particular, the single-point MP4 calculations yield a barrier height of
4.3 keal mol * rather lower than the value of 8.0 keal mol " used by Bicerano.

9.4.2 The Reaction Surface Hamiltonian

Carrington and Miller®>®” developed a reaction surface Hamiltonian (RSH),
as an extension of the reaction path Hamiltonian®® (RPH), in which two
coordinates are treated as large-amplitude motions or ‘“reaction-like co-
ordinates”. In the case of MA, these coordinates were the O-H and the O- - -H
distances (see Figure 9.5). The RSH for the 3N coordinates (N is the number
of atoms) can be expressed in a rigorous manner as a function of the
two reaction coordinates r = (r,7,), the normal mode coordinates Q ={Q},
k=1, ..., 3N —8 and their conjugated momenta (P,, Py)

A (1, P, Q,Pg) = %[Pr Po] {g@ g@ﬂ [Il,)o] +V(r) + %QLTFLQ (9-55)
where the first term in the r.h.s of eqn (9.55) is the kinetic energy as a function
of different Wilson G-matrix elements; W(r) is the two-dimensional potential
generated by progressing along the two r coordinates and optimizing the rest
of the 3N — 8 internal coordinates; F is the force constants matrix and L the
transformation matrix that diagonalizes it. The Hamiltonian can be expanded
in terms # =H o+ H+ A, +--- but usually only the zero-order term is
considered, and therefore

H(x, Ppy, Q, Po)x H (1, Py, Q, Po) = (1, P,) + H \in(Q, Po; 1) (9.56)

H H

Figure 9.5 Reaction coordinates considered in the works of Carrington and
Miller®®”” (left) and Shida et al.®° (right).
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where
1 0
Hr(r,P) = EPrGrrP, + V(r) (9.57)
and

ip(Q,Pgi ) = T(Q, Pos 1) + 3 QL) F(L()Q (959

where T(Q, Py;r) is a kinetic energy term. The (3N — 8)x (3N — 8) L(r) matrix is
chosen in such a way that diagonalizes the force constants F(r) matrix. This
can be performed by a standard FG procedure,”

L(r)'F(r)L = oo(r) (9.59)

where o(r) are the 3N — 8 normal mode frequencies at each value of the r
coordinates. Additionally, the diagonalization yields T(Q,Pq;r)= 1PoP.
Quantum mechanical calculations can be carried out on a two-dimensional
surface Hamiltonian by assuming that the remaining 3N — 8 normal modes
follow the reaction surface adiabatically. The resulting Hamiltonian is given by

H(r,P,) = %P,GfrPr +V(r) + [n + ﬂ ho(r) (9.60)

where Gy is the 2x2 Wilson G matrix built at a given position of the two r
coordinates; n is a vector with the vibrational quantum numbers. In the
vibrationally adiabatic ground-state approximation n=0 and the quantum
mechanical calculations are carried out using a potential of the type

3N-8

Vaa (£) = V(1) +% 3 hox(r). (9.61)
k=1

Miller and Carrington®” stated that “Even at the zeroth-order level,
though, it is important that the dynamics of the two reaction surface modes
are treated exactly, so that if it is indeed true that only these two degrees of
freedom are strongly involved in the process of interest, then even this
zeroth-order description can be quite accurate and the perturbative cor-
rections truly small.” However, despite the beauty of this groundbreaking
approach the tunnelling splitting was greatly overestimated (60 cm ') for
reasons that are not entirely clear, since the barrier of 4.3 kcal mol " is close
to the most recent and accurate values and the O- - -O contribution, which is
known to be positive, was neglected.

Indeed, when Shida et al.®® redefined the RSH approach as a function of
Cartesian coordinates and incorporated the O---O distance as the third re-
action coordinate (see Figure 9.5), they obtained much smaller splittings,
namely 9 and 0.7 cm ™', for H and D transfer, respectively. They also explored
the deviation of the tunnelling path from the minimum energy path (MEP),



The Calculation of Tunnelling Splittings Illustrated on Malonaldehyde 301

i.e., they obtained the expectation value path (EVP). This path is a com-
promise between the MEP, which is energetically the most favorable path
but so long as to yield a vanishing splitting, and the linear-reaction path
(LRP). However, the 1D tunnelling splitting along the EVP turned out to be
only 0.3 cm ™. The authors claimed that this was a proof of the necessity of a
multidimensional approach.

The above statement was also supported by additional calculations
designed to study the influence of the vibrational excitation of the lowest
frequency mode (the O---O stretching) on the tunnelling splitting using
the three-dimensional potential. This excitation substantially increased the
tunnelling splitting with respect to the ground-state value. The fact that the
O- - -0 stretching motion enhances tunnelling makes sense since it creates
intermittently shortened transfer distances for the proton. As a result, it is
clear that this mode plays an important role in the proton transfer process in
MA and indeed in all hydrogen-bonded systems. Bosch et al.°" reached a
similar conclusion when applying the method of Makri and Miller®® to a
model incorporating a reaction coordinate, represented by the O-H stretch,
coupled to a harmonic bath, which in this case was represented by the
O---O motion.

9.4.3 Instantons

These earlier results showed that vibrational modes other than the tunnelling
mode can affect the tunnelling splitting. Benderskii et al.®> modeled the proton
transfer by a two-parabola potential for a colinear atom-diatom heavy-light-
heavy system (A-H- - -A). This simple model allows building a two-dimensional
(2D) Hamiltonian that includes the A-H bond cleavage (the reaction co-
ordinate) and the A---A symmetric stretching motion, as the coupled trans-
verse mode. Making an analogy with MA, while the tunnelling mode, labeled x,
is of course antisymmetric (B, type), in this model the transverse mode is
symmetric and labeled y, (A; type). The coupling between the two vibrational
modes was taken to be linear in the transverse-mode coordinate. For this
Hamiltonian, it is possible to solve the instanton equation and analyze the
effect of the transverse mode on the instanton action and thereby on
the tunnelling splitting. This effect of the symmetrically coupled transverse
mode depends on the strength of the coupling, measured as the displacement
Ay, between one of the minima and the saddle point. It also depends on
the magnitude of its frequency wg with respect to the scaling frequency
Q=./U,/Ax, where U, is the barrier height along the linear reaction path
and +Ax is the location of the minima. If the symmetric heavy-heavy motion is a
low-frequency mode (LF), i.e., if ws/Q « 1, it can be treated within the “sudden”
approximation (also known as “fast-flip” or “frozen-bath” approximation).
The symmetric mode then contributes to the 2D instanton action as:

SIZD(O) _ SllD(())
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where the argument in all variables of eqn (9.62) indicates that the temperature
is set to T=0 K; S{°(0) is the 1D instanton action, which can be calculated from
eqn (9.47), and 04(0) is the contribution of the symmetric mode, whose mag-
nitude is proportional to the coupling between the two normal modes.

The coupling decreases the action integral and therefore enhances tun-
nelling, thus increasing the tunnelling splitting. In this case, the tunnelling
path tends to be much shorter than the MEP, and in general very far away
from it. Notice that the value of J4(0) is independent of the shape of the
potential entering the 1D action.

On the other hand, if wy is a high-frequency (HF) mode, that is, if wy/Q> 1,
the transverse mode follows the motion along the reaction coordinate adia-
batically and the effect is like having a motion in a 1D potential with an ef-
fective mass that increases the mass of the tunnelling particle. The effect is like
moving the 1D instanton trajectory towards longer and less energetic paths,
such as the MEP, and thus decreases the splitting. In this case,

St°(0) = 51" (megs; 0)- (9.63)

Antisymmetric transverse modes, labeled as y,, do not affect the tunnel-
ling splitting in this model unless they have the same symmetry as the re-
action coordinate at the transition state, in which case their coupling is of
the type C.xy,, where C, is the coupling constant of mode y,. These modes
create a damping effect on tunnelling by reducing the splitting by a Franck-
Condon factor, F,,°>%*

AE, = AE°F, (9.64)

where AE® is the 1D tunnelling splitting with no coupling. Inspection of the
effect of antisymmetric modes w, over tunnelling showed that if w,/Q « 1 the
antisymmetric mode contributes to the Franck-Condon factor of the form:

Fo~e %0 (9.65)

where J,(0) includes the coupling between the reaction coordinate and the
antisymmetric mode. Thus, it contributes to the action as

SIZD(O) ~ SllD(O) + 5&0). (9.66)

In the case that w,/Q2> 1 the antisymmetric mode contributes to the effective
mass. Explicit expressions for C,, 0,5 and meg are given in the next sub-
section as a function of parameters that can be obtained from electronic
structure calculations.

The analysis of the impact of the symmetric and antisymmetric normal-
modes on the instanton action, as well as their classification depending on
the magnitude of their frequency, was an important breakthrough in the
understanding of the multidimensional nature of tunnelling splittings.
Benderskii and Makarov®" calculated the instanton action for a 2D model
potential, which included O-H as a reaction coordinate and O---O as the
symmetric linearly coupled mode to it. They obtained a tunnelling splitting
of 13 em ™" assuming adiabatic and linear reaction path barrier heights of
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4.98 and 18.01 kcal mol ', respectively. Since the adiabatic barrier was later
found to be closer to 4 kcal mol ™, the calculated splitting reflects favorably
on the accuracy of the method.

9.4.4 The Approximate Instanton Method

47 31,42,63
L t

Smedarchina et al.”’ used these results of Benderskii and coworkers 0
develop the approximate instanton method (AIM)***° as a general procedure to
calculate proton tunnelling splittings in molecules and complexes. To this end
they formulated the first multidimensional Hamiltonian capable of including
all transverse modes linearly coupled to the tunnelling mode. Contrary to
earlier approaches, it is generated in terms of the mass-weighted Cartesian
coordinates of the saddle point {x, y}, which is the structure of highest sym-
metry, in which the tunnelling mode is imaginary. Hence the name imaginary-
mode Hamiltonian (iMDH). It assumes the following general form:

_; + V(.’XI, Y) ;
(9.67)

1
V(%Y) = V(x) +Ezw12y12 —x ch s — xZCaya;
i s a

where V(x) is a double-minimum potential that connects the two minima at
x= £+ Ax, and subscripts s and a indicate modes that are, symmetric and
antisymmetric with respect to reflection in the plane x =0, that is, in-plane
modes that are displaced between the minima and transition state struc-
tures, as shown in Figure 9.6. The magnitude of the displacement is given by

b
Ay =[x} = xgqlL] (9.68)
.
\-‘H"‘x
H“‘x
@
/-/’-Symmetric Antisymmetrf&“‘“‘*«a

mode mode

Figure 9.6 Representation of the dividing plane together with symmetric and
antisymmetric normal modes.
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where x' and Xpq are the mass-weighted Cartesian coordinates of the saddle
point and equilibrium configurations, respectively. Because mass-weighted
Cartesian coordinates are a type of rectilinear coordinates, we consider that
a given normal mode j at the saddle point is linearly displaced if Ay;>0. In
fact, only in-plane modes are linearly displaced between the two configur-
ations, and the coupling constants are a function of these displacements,
which are given by

= wiAyJAX?;  C,= wiAy,/Ax. (9.69)

For the reaction coordinate, Ax is calculated from
Ax= [x} — xgo|L} (9.70)

where the eigenvector Lﬁ (F=3N—6) corresponds to the mode with im-
aginary frequency at the saddle point.

Instead of working with the Hamiltonian of eqn (9.67), it is convenient to
operate with the vibrational adiabatic potential V,q4(x), which is obtained by
the condition

IV (x,y)
—F— =0 9.71
oy 7
leading to the following Hamiltonian
o
A= S Zayl + Vaalx o)

- sz@s Csx? w?)? sz(ya Cox/0?)*.

The vibrationally adiabatic potential can be directly obtained from elec-
tronic structure calculations. It also has the advantage that the vibrational
correction to the potential is exactly the factor introduced by the B; trans-
verse prefactor of eqn (9.54) when such a factor is treated within the adia-
batic approximation. Therefore the potential between the reactant and the
saddle point (which for instance, could be the minimum-energy path), is
projected using eqn (9.70) and is transformed into the vibrational adiabatic
potential when the zero-point energy is added. Usually, a quartic potential is
used for the calculation of tunnelling splittings within the AIM and therefore

2

Vad(x) =V, [1 - (&ﬂ (9.73)

where V94 is the vibrational adiabatic barrier height. The adiabatic
approximation, which is also adopted in RPH and RSH, assumes that the
reaction coordinate corresponds to a slow motion when compared with
the rest of vibrational degrees of freedom. This assumption is questionable
in proton transfer reactions, because the reaction coordinate mainly
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corresponds to the O-H stretching in the equilibrium structure. Therefore,
in AIM the adiabatic approximation is only applied to the evaluation of the
transverse prefactor and the high-frequency modes in the multidimensional
instanton action.

The multidimensional tunnelling splitting in AIM is given by

AEy = 20 e5i(0)/20 (9.74)
Y

where ), is the frequency at the bottom of the well (see for instance ref. 49
for more details). The multimensional instanton action is calculated from
the 1D instanton action taking into account its equivalence with the WKB
expression. To this 1D action, the symmetric and antisymmetric couplings
are added in a similar way as in eqn (9.62) and (9.66) assuming that coup-
lings are additive. The result is:

S1(0) = 0] W(meff’Eo o Zé (9.75)
1+Z5 (0)

where the action equals

X0

W (Mege; Eo) = zj V/2Mest (Vaa (x) — Eo)dx (9.76)

—Xo

where £x, are the classical turning points at energy E, = iw,/2. The effective
mass on the 1D instanton action is given by®>®

HF HF
Mesr=mo + »_ Amy + 4% Y Amg (9.77)
a S

being m, the mass of the tunnelling particle and
Ams=(Cil?)*;  Amg=(Col@g). (9.78)

The parameters J, are given by

95(0) = 1 <CsAx> ’ i 0a=2 (Ay“> 2 (9.79)

40, \ Q?

where a, = (h/w,)"? is the zero-level amplitude of mode y, and o is a par-
ameter smaller than unity that takes into account the effect of the symmetric
coupling on the antisymmetric one. Notice that in the work of Smedarchina
et al. wy and W(meg; Eo) are usually referred to as Q, and S9(m.g; Eo), re-
spectively. All the required parameters can be extracted from the structures
and Hessians of the two stationary points when the quartic potential is used
to evaluate the 1D potential.
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The calculated H/D splittings obtained by AIM were 19.7/2.6 cm ™' for the
ab initio calculated potential and 27.4/3.5 cm ™' for a quartic potential, by far
the best estimates reported at the time.

Given the approximate nature of the procedure and the low level of the
potentials (HF/6-31+G**), this agreement may look entirely fortuitous, but
the same method gave equally good agreement for splittings of ground and
excited levels of larger molecules and complexes such as tropolone,®® 9-
hydroxyphenalenone®” and the formic acid dimer,°® which included levels
for which the splitting was not known in advance.

AIM presents some interesting features: (i) it provides a clear physical
picture about the nature of the contribution of the transverse modes by
hindering (antisymmetric) or promoting (symmetric) tunnelling; (ii) it is
multidimensional and includes couplings of the type Cyx’y; between the
reaction coordinate and the symmetric modes and of the type C,xy, between
the reaction coordinate and antisymmetric modes; (iii) the explicit evalu-
ation of the multidimensional instanton path is avoided, because the in-
stanton action is approximated by eqn (9.75); (iv) all the couplings and
displacements appearing in iMDH can be obtained from electronic structure
calculations; and (v) the potential energy surface can be generated with in-
formation exclusively from the minima and the transition state. The char-
acteristics of the AIM method allowed the theoretical calculation of the
tunnelling splittings in a wide variety of “large” systems apart from those
already mentioned: calix[4]arenes,”® 2-pyridone-2-hydroxypyridine,”®”*
benzoic acid dimer,*® and porphycene,”” which due to their size could not
be studied by other multidimensional methods.

As a drawback, in AIM the contribution of the modes depends on the value
of the normal-mode frequency and the modes need to be classified within
the “sudden” (LF modes) or “adiabatic” (HF modes) approximations.

In a later development, this method was modified to allow for a wider range
of coupled-mode frequencies. In the “rainbow” version (RIM),”>”* this was
achieved by separating the Euclidian action into adiabatic and non-local terms.
The adiabatic term incorporates the coupled modes through a renormalization
of barrier height and reduces the dynamics to a 1D problem involving only the
tunnelling coordinate. The non-local term is more involved but since it is
smaller than the adiabatic term it can be treated as a “perturbation”. This re-
places the search for the Euclidean action by a direct evaluation.

The rainbow approximation was designed to bridge the gap between the
sudden and adiabatic regimes. Many refinements were introduced, in-
cluding high-level structure and force-field calculations, that yielded an
adiabatic barrier of 4.08 kcalmol ' for MA. However, the resulting H/D
splittings of 25.2/3.4 cm™ "' remained close to the earlier AIM results.

9.4.5 Least-action Tunnelling Path

The quest for the “best” tunnelling path on the reaction swath (the region of
the PES between the MEP and the LRP) of MA in a similar fashion as the
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least-action path®**' was attempted by Tautermann et al’”’> These

authors performed B3LYP/6-314+G(d) geometry optimizations and CCSD(T)/
cc-aug-pVDZ single-point calculations over the MP2 geometries, which gave
a barrier height of 4.4 kcal mol . Under the above prescriptions the optimal
tunnelling path was closer to the MEP than to the LRP and the
calculated H-transfer tunnelling splitting was 24.7 cm™'. Later, a value of
1.6 cm ™ ' was reported for the D-transfer tunnelling splitting.”® The splittings
were calculated with a 1D semiclassical expression derived by Garg,** which
combined some features of the WKB formulation with the 1D instanton
action.

Despite the good result for proton transfer, the isotope effect, which should
be relatively more accurate, was overestimated by a factor of 2, indicating that
the vibrational coupling was not treated properly by the method.

9.4.6 ‘“‘Semiclassical” Trajectory Simulations

A different multidimensional approach pioneered by Makri and Miller’”
consists in the implementation of semiclassical methods within the
framework of classical trajectories. Trajectories are propagated in one of the
wells (in the classical allowed region) but each time the trajectory hits a
turning point (a point with no momentum in the tunnelling coordinate), the
tunnelling amplitude is computed following a previously prescribed tun-
nelling direction. In particular, the cumulative tunnelling amplitude factor
has the form

S(6)=">_ h(t — ty)e "™ (9.80)

where ¢, is the time at which the trajectory hits a turning point; and (¢t — t,,) is
the step function, which is zero if (¢ — ¢,) <0 and unity otherwise. The imaginary
action integral is calculated in a similar manner as the one of eqn (9.15)

0(ty) = %Ji"dgx/m(v(g) ~E (9.81)

but E, is the energy at the turning point and {,, is the length of the path. The
tunnelling splitting is calculated as the time derivative of an average of the
cumulative tunnelling amplitude over an ensemble of classical trajectories

d
Ao =2k (S(1)). (9.82)

Bosch et al.”® ran classical trajectories on a 2D PES of MA that included the
O-H stretching as the reaction coordinate and the O---O stretching as the
motion coupled to it. The trajectory was considered that hit a turning point
when the momentum along the x coordinate was zero. The action integral
was evaluated along the LRP, i.e., along the x coordinate. The model yielded a
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tunnelling splitting of 4.01 cm ™" for a barrier height of 4.98 kcal mol " along
the MEP and of 18.01 kcal mol ' along the LRP. The splitting increased to
5.97 cm~ ' when the tunnelling path was optimized. The result improved to a
value of 8.20 cm™" when Bosch et al.”® constructed a 2D Hamiltonian and
obtained the tunnelling amplitude from a 2x2 tunnelling matrix; and the
“exact” direct diagonalization results of the 2D PES®' led to a tunnelling
splitting of 10.6 cm ™. The above results seem to indicate the “semi”-classical
trajectories method underestimates the tunnelling amplitudes.

Thompson and coworkers built a global PES, which initially involved only
in-plane motions®® but later on also included out-of-plane motions,*" to
study the tunnelling splitting of MA using eqn (9.82). For the first study, the
authors reported a value of 24.5 cm ™', which is in close agreement with the
experimental result. The result was even closer to experiment in the second
study, with a reported value of 21.8 cm™ ', suggesting a modest negative
contribution of coupling with out-of-plane modes. For the evaluation of the
action integral “straight-line paths parallel to the equilibrium O-O distance
vector” were chosen. However, the method yielded a value of 5.2 cm ™" for
the deuterium tunnelling splitting, underestimating the isotope effect by a
factor close to 2, which suggests that the vibrational coupling is not well
handled. This suggestion is supported by the observation that application to
vibrational excited levels led to unsatisfactory results (see for instance table
II and Figure 9.4 of ref. 81 and the experimental values of Table 9.3).

9.5 Recent Calculations

9.5.1 Global and Semi-global Potential Energy Surfaces

Subsequent multidimensional instanton calculations by others (see Section 5.2)
pointed towards inaccuracies in Thompson’s PES as the source of artificially
large splittings, so new PESs based on ab initio calculations were built. From
2003 to 2006, Tew et al®*~®* built potential energy surfaces for MA able to
support the variational configuration interaction approximation®®® from
which rotational and vibrational energy levels can be obtained. This method-
ology was implemented in the MULTIMODE program.®” The potentials gen-
erated by the variational configuration interaction were employed in
combination with the reaction path Hamiltonian®® or the reaction surface
Hamiltonian.>® The results range from the 58 cm™ " for a B3LYP/TZ2P calcu-
lation, which presents a barrier height of 2.90 kcalmol ', to the 15 cm ™" ob-
tained at the MP2/6-31G(d, p) level with a barrier height of 3.62 kcal mol .
These PESs were superseded by a semi-global potential function,®® which
involved electronic structure calculations performed at the CCSD(T)(F12*)/
def2-QZVPP level over CCSD(T)(F12*)/def2-TZVPP geometries. The reported
barrier height for this level of theory is 4.03 kcalmol *. Wang et al.** also de-
veloped a PES based on highly accurate CCSD(T) calculations (with a barrier
height of 4.09 kcal mol ") and basis-set-limit extrapolation of energies for MA,
reporting 4.04 kcalmol " as their most accurate barrier height.
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Instead of generating a global PES, Babi¢ et al.°® built a three-dimensional

PES that included the donor, the acceptor and the transferred atom, the re-
maining degrees of freedom being treated as a “bath” of harmonic oscil-
lators. The authors claimed that the BILYP/6-311++G(d, p) barrier height of
3.7 kealmol™" was close enough to the CCSD(T)/cc-aug-pVTZ value of
3.9 keal mol " to model the reduced 3D PES for a subsequent diagonalization
of the Hamiltonian. A semiempirical PM3 PES with specific reaction par-
ameters was fitted to give a barrier of 4.0 kcalmol '. The reported H/D
splittings were 42.3/15.3 cm ™" for the DFT and 24.3/5.3 cm™ " for the semi-
empirical PES, respectively, values that fail to reproduce the observed isotope
effect. This also casts some doubt on the claim that the out-of-plane motion
of the transferred H atom has a strong damping effect on the tunnelling.

The same criticism applies to the application by Yagi et al®" of the
semiclassical simulation methodology by Makri and Miller. These simu-
lations were carried out on a global potential energy surface built from
electronic structure calculations at the MP2/6-31G(d, p) level, with a proton
transfer barrier of 3.62 kcalmol '. These authors found an even stronger
damping effect of the out-of-plane modes on the tunnelling splitting than
Thompson and coworkers, namely, a reduction of the splitting from
21.4 em™ " for the potential without out-of-plane modes to 13.9 cm ™" for the
one that included them. However, since the calculated deuterium splitting of
12.7 cm™ ' greatly underestimates the isotope effect, this conclusion cannot
be trusted. The same applies to more recent calculations of Ootani and
Taketsugu®> who also carried out MP2/6-31G(d, p) calculations but per-
formed ab initio molecular dynamics simulations instead of fitting the data
to an analytical PES. The reported H/D tunnelling splittings had values of
54.5/5.2 cm ™', respectively, both of which are far off the mark.

One of the problems of the simulation with classical trajectories lays in the
difficulty of finding the most probable tunnelling path inside the barrier;
typically, 1D paths such as the linear reaction path are chosen, an over-
simplification that counts as a serious drawback of this method. More
successful applications of the PES of Yagi are described in Section 5.3.

9.5.2 Multidimensional Instanton and Path Integrals

The appearance of global analytical PESs made it possible to perform
multidimensional instanton calculations, as well as computationally expen-
sive quantum calculations, which could not be possible otherwise. Thomp-
son’s PES, although inaccurate in some aspects, since it was based on limited
experimental information on malonaldehyde, contributed to this advance.
For instance, Mil'nikov and Nakamura®® using this PES reported a split-
ting of 58 cm™ ' and a H/D ratio of 6.7. In particular, these authors were the
first to devise a multidimensional instanton method based on the procedure
described in eqn (9.49)-(9.53) that involved:>® “(i) an efficient method of
finding instanton trajectories in multidimensional space, (ii) an efficient way
of evaluating pre-exponential factors, and (iii) canonical invariance of the



310 Chapter 9

theory.” However, the results were handicapped by the inaccuracies in the
PES. In 2003, Mil'nikov et al.®® performed CCSD(T) calculations with the cc-
pPVTZ basis set for H and C atoms and aug-cc-pVTZ basis set for oxygen,
which led to a barrier height of 3.81 kcal mol . They reported H/D splittings
of 21.2/3.0 em™ ", in very good agreement with experiment. The method of
Mil'nikov and Nakamura has been recently simplified by Erakovi¢ et al.®* by
using an approach that avoids expensive matrix diagonalizations. The tun-
nelling splitting of 50.7 cm ™" on Thompson’s PES, in the same line as pre-
vious calculations on this PES, indicates that the approximation is sound.

Richardson and Althorpe*® also used this PES to perform ring-polymer
instanton calculations with full dimensionality; the converged results pro-
duced a tunnelling splitting for hydrogen transfer of 51 cm™ " and a H/D ratio
of 6.8. Cvitas and Althorpe,”> employing the most accurate PES of Wang
et al.’®® reported H/D tunnelling splittings of 25/3.5 cm ™' and a ratio of 7.4,
in good agreement with experiment.

Matyus et al.’ made use of the density matrix, which can be written as a
complete set of eigenvalues E, and eigenstates i, of the molecular
Hamiltonian as

p(x,X; f) = Zw e P (9.83)

where x is the set of 3N Cartesian coordinates. At very low temperatures, we
can assume that the density matrix is well approximated by the two lowest
wavefunctions of the double-well potential [one symmetric given by ¥, as
in eqn (9.7), and one antisymmetric given by 1/, , as in eqn (9.8)]. The dif-
ference between both wavefunctions is their behaviour when reflected over
the plane that passes through the transition state and divides the potential
in two halves. We can define a symmetry operator P in such a way
that X' = Px= —x. It follows that ¥ (x') =V (X) and ¥y (X)= — ¢ (x). The
tunnelling splitting can be then calculated as the ratio

p(x, Px; ) - W (x)[Pe PE + |y (x)]*ePE
pxxih) g (e — g (e

— tanh G AE[f — B(x)]> (9.84)

where AE,=E, —E, and

The tunnelling splitting is obtained from eqn (9.84) and the density matrices
are obtained from path integral molecular dynamics.’ The calculated value
is 20.6 ecm .

Very recently, Vaillant et al.°® performed a new path-integral molecular
dynamics simulation that included a Langevin thermostat, where the inte-
gration along the instanton path provided a suitable reaction coordinate.
A tunnelling splitting of 19.3 ecm ™' was reported and the authors claim that

p(x)=

(9.85)

AEO
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the new method can also deal with very small tunnelling splittings. However,
a discrepancy of about 10% was found when comparing this value to the
diffusion Monte Carlo result on the same PES.*® The absence of deuterium
data prevents a definitive assessment of these methods.

9.5.3 Quantum Dynamics

The PES of Yagi et al. was employed by Manthe and coworkers®”*® to per-

form rigorous full-dimensional quantum dynamic calculations using two
different approaches: the multiconfigurational time-dependent Hartree
(MCTDH) and the diffusion Monte Carlo based projection operator im-
aginary time spectral evolution (POITSE) methods. The first method pro-
duced a hydrogen splitting of 25 cm ™' and the second H/D splittings of
25.7+0.3 and 3.21+0.09 cm™'. Later MCTDH calculations by Schroder
et al.,”® employing the PES developed by Wang et al.,*’ obtained a value of
23.4 cm ™', In fact, Wang et al. also carried out their own quantum dynamics
calculations by means of the unbiased ‘“‘fix-mode” diffusion Monte Carlo
method, which yielded H/D tunnelling splittings that bracketed the experi-
mental results with an error of about 2-3 em™". This PES was also employed
by Hammer and Manthe'’’ who performed elaborated multilayer MCTDH
calculations that yielded (along with many excited-level splittings discussed
in Section 9.6) a splitting of 23.8 cm ™', a value that is virtually the same as
the 24.5 cm ' splitting resulting from the time-independent quantum
mechanical calculations performed by Wu et al.'°* The diffusion Monte
Carlo calculations performed on the PES of Mizukami et al®® led to H/D
tunnelling splittings of 21.0/3.2 em ™.

The MP2/6-31G(d, p) level was also utilized by Hazra et al.'®* together with
the nuclear-electronic orbital method and combined with vibronic coupling
theory. The reported ground-state tunnelling splitting of 24.5 ecm™ ' is in
good agreement with experiment. The authors indicated that one symmetric
mode (the O---O stretching) and two antisymmetric modes (corresponding
to C-C and C-O vibrations) are strongly coupled to the proton transfer re-
action coordinate, in good agreement with the AIM results displayed in
Section 9.4.4. Unlike previous researchers, Hazra et al. indicated that the out-
of-plane modes have little effect on the tunnelling splitting. Apart from this
uncertainty, it appears that full-dimensional quantum dynamics calcula-
tions performed over global potential energy surfaces can reproduce the
tunnelling splitting of MA with an error not exceeding 10%.

9.5.4 The Revival of Approximate Methods

Larger systems, as for instance 9-hydroxyphenalenone, have been studied
spectroscopically. However, full quantum dynamics calculations on these
systems are unfeasible at the moment. Therefore, it is important to continue
to develop methods able to identify and extract the most relevant physical
effects that influence the tunnelling splittings. In this scenario, semiclassical
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methods and quantum methods using reduced dimensionality can fill
up the gap in the transition toward large systems. An example is the Qjn,-
Hamiltonian developed by Bowman and coworkers,'®>'°* which is given by

hZ 82
nyim = Ean + V(Qim) (9.86)

where V(Qin,) is the fully relaxed potential for a given Qj,, where Qyy, is the
mode with imaginary frequency at the transition state. The Hamiltonian of
eqn (9.86) can be solved using a 1D prescription or it can incorporate other
modes within the vibrationally adiabatic ground state approximation

Vad (le)

hz 0?
c%Qim = 2 aQZ + Vad(le) (987)
where
1 3N—-7
Vad(Qim) =V(Qim) +5 > @k(Qim). (9.88)
%

Notice that the vibrational adiabatic potential of eqn (9.88) is of the same
type as the one employed in RSH [see eqn (9.61)], although for the latter the
sum runs over 3N — 8 instead of 3N —7 modes because it operates with a
reaction surface instead of a reaction path.

The model can be extended easily by adding coupled modes to this effect-
ively 1D potential. Although the path described by Q;,,, shares with the MEP the
barrier height, it may be substantially narrower than the path along the MEP,
as it corresponds to the projection of the MEP onto this path. In this sense the
coordinate Qj,, shares with AIM the way in which the reaction coordinate is
calculated [see eqn (9.70)]. A comparison between the Hamiltonian of eqn
(9.87) and the RPH of Miller et al.°® in the absence of coupling (zero-curvature)
shows that the former is more adequate to describe the tunnelling splitting.
Thus, the reported tunnelling splittings for H/D transfer in MA are
25.9/4.6 cm™ " with the Q;,, approach and 0.30/0.10 cm ™' with the RPH.'* The
tunnelling splittings changed to 18.49/2.74 cm™ " when a second normal mode,
namely the O---O, was incorporated in the Q;,, Hamiltonian."®® This is un-
usual, since in all previous studies addition of direct coupling to this mode
increased the splitting. For instance, in the case of the RPH, the zero-curvature
splittings are increased by incorporating the coupling between the reaction
coordinate and the transverse modes in the kinetic energy as an effective mass
and Coriolis type of couplings in the potential energy.'*

The use of the imaginary mode as the reaction coordinate was introduced in
AIM, the method discussed in Section 9.4.4. This Hamiltonian, based on the
normal mode coordinates of the transition state, is the iMDH of eqn (9.67)
and (9.72). The quantization of such a Hamiltonian is straightforward but
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requires the incorporation of a mass-dependent coordinate in the kinetic

hZ
energy.'” It is given by eqn (9.72) but 7, = — E(’)Z /Ox*, the kinetic energy

along the reaction coordinate, is substituted by
Ty=— . (9.89)

The expression of the effective mass m(x) is the same as the one of eqn (9.77).
The effective mass incorporates all the high-frequency symmetric and anti-
symmetric modes, only the linearly coupled (in y) low-frequency modes add
dimensionality to the Hamiltonian because the low frequency uncoupled
modes are incorporated as a vibrationally adiabatic correction to the 1D
potential V(x).

For the case of MA, the coupling constants show that there is one sym-
metric mode strongly coupled to the reaction coordinate (the O---O
stretching) and another symmetric mode weakly coupled to it. This 3D cal-
culation leads to tunnelling splittings of 25.4/3.2 cm ™" for the H/D transfer.
These results show that quantum Hamiltonians with reduced dimension-
ality can be very useful to calculate tunnelling splittings in larger systems. In
fact, the Qi path method'®® and the reduced dimensionality imaginary
mode Hamiltonian'%® were both able to reproduce the tunnelling splittings
in a molecule as large as porphycene.

9.6 State-selected Tunnelling Splittings

Thus far we have only discussed tunnelling splitting of the zero-point level,
but have found that, in order to obtain accurate results, it is necessary to deal
properly with the molecular vibrations and their coupling. This problem
becomes more acute if one of the coupled levels is excited. On the other
hand, measurements of splitting of vibrationally excited levels open a new
window on vibrational coupling in molecules with a tunnelling mode. Some
of the first calculations on state-selected tunnelling splittings involving
proton transfer reactions were performed by Smedarchina et al.®**®” using
the AIM approximation, and by Takada and Nakamura''® using WKB theory.

Benderskii et al.,"'" using a full-dimensional Hamiltonian similar to the one
of eqn (9.72), were able to evaluate state-selected tunnelling splittings for
malonaldehyde. The symmetric, antisymmetric and the out-of-plane-modes,
which they called gated, linear and squeezed, respectively, were incorporated
by expanding the potential in power series of the coordinates. For the
squeezed modes, which are missing from eqn (9.72) the coupling is of the type
x*y*. The state-selected tunnelling splittings are solved by applying a per-
turbative instanton approach''* to the Hamiltonian. The results reported for
the first vibrational excited state tunnelling splitting of every normal mode
showed that upon excitation most of the modes exhibit enhancing effects with
respect to the ground state value. However, a look at the experimental results



Table 9.3 Labeling of the equilibrium and their corresponding saddle-point normal modes as indicated by the Dushinsky matrix
coefficients gy.>! Frequencies (in cm™") are taken from refs 51/113. The magnitude A, , (incm ™) represents the experimental
difference between the excited state and ground-state tunnelling splittings, as taken from refs 117-120. The selection rule that
applies in each case is also listed.

4 wy J Wy Symmetry 8ij, 8i'j, 5Ai/’0 Rule

1/ 255/269 1 366/346 A2 g11=-0.91 g12=—0.40 —16 to—13 v(1, 2)

2/ 271/295 4 627/609 Al goa=—0.94 g20=—0.23 +35 11

3/ 399/383 2 395/394 B1 g32=0.91 g31=-0.39 -7 v(2, 1)
4 501/522 3 569/573 B2 gy3=—0.98 g417=0.15 -7 111

5’/ 787/761 5 788/750 B1 g5'5=10.99 g5 =—0.12 —2to —1 v

6 878/888 12 1339/1322 B1 Ze'12 = 0.90 Z6'7=0.36 —19 to —17 V(12, 7)
7 885/897 6 943/958 Al g76=0.95 g74=—0.24 +5 II

8’ 982/996 9 1064/1074 Al gs'9=—0.93 Zgr10=—0.23 -8 V(9, 10)
9’ 1017/998 8 1059/998 A2 gor7=0.90 gor12=—0.38 — V(7, 12)
10’ 1043/1023 7 1016/995 B1 Z10's = 0.96 g17=-0.23 — Y

11/ 1100/1105 10 1099/1101 B2 11110 =0.94 g1179=—-0.17 -5 V(10, 9)
12/ 1268/1281 13 1361/1405 Al 1211 =—0.62 Z1213=—0.61 —14 V(11, 13)
13/ 1402/1419 11 1319/1340 B2 21311 =0.70 13113 =—0.59 —22 V(11, 13)
14/ 1407/1394 17 1896/1894 Al 14717 =0.62 Z1470=0.48 +47 I

15/ 1463/1490 14 1492/1472 B2 Z1514=0.79 1516 =0.37 —22 V(14, 16)
16/ 1629/1647 15 1604/1620 B2 1615 =0.78 G167 = —0.47 -1 111

17’ 1702/1714 16 1626/1618 Al 1716 = —0.85 17714 =0.44 —15 V(16, 14)
18’ 2996/3197 19 3109/3127 Al Z18'19=0.70 21515 =0.70 0/—19 V(18, 19)
19’ 3181/3021 18 3109/3141 B2 Z1018=0.70 1910 = —0.68 0/—19 V(19, 18)
20’ 3223/3251 20 3244/3227 Al 22020 =0.98 22010=0.14 0 1I

21’ 3371/3251 0 1384i/12531 B2 oo =0.81 Zo17 =—0.42 — I

vi¢

6 L23dvyD
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of Table 9.3, which were unavailable at that time, shows that there are many
modes that reduce the splitting upon excitation. Therefore, it remains to be
established whether this perturbative approach can deal with relatively strong
coupling, which is normally encountered in systems of practical interest
where experimental data are available.

At present, the amount of available measurements of this type is very lim-
ited, but they have led to some interesting new insights.""”~**° In Table 9.3 we
show the results of recent experiments on MA, presented in the form of dif-
ferences between the splitting of selected excited levels and the ground level.

To get insight into the effect of the state-selected excitations over the
tunnelling splitting, Siebrand et al.>" developed a series of selection rules
based on the transition state normal-mode symmetry and on the coefficients
of the Dushinsky matrix, which is calculated as

G=(LH L (9.90)

where (L)' is the transpose matrix of the transition state eigenvectors and L
is the matrix of the equilibrium structure eigenvectors. The frequencies
listed in Table 9.3 are taken from Siebrand et al.’>' and from Wu,'*® who
employed the PES developed by Wang et al.®® in 2008. In fact, eqn (9.90)
indicates that any transition state normal-mode j can be expanded in terms
of i modes of the equilibrium structure.

0= gel!) (9-91)
or vice versa
)= gnli)- (0.92)
J

A given mode 7’ at the equilibrium configuration will preserve its charac-
teristics and will have a one-to-one relation to a specific j mode if |g;;| ~ 1. In
these cases the symmetry of the normal mode decides the effect of the ex-
citation over the splitting leading to the following four rules:

e Rule I: Excitation of the tunnelling mode increases the tunnelling
splitting.

e Rule II: Excitation of a symmetric mode increases the tunnelling
splitting.

e Rule III: Excitation of an antisymmetric mode other than the tunnelling
mode decreases the tunnelling splitting.

e Rule IV: Excitation of an undisplaced mode has no effect on the tun-
nelling splitting.

As shown in Table 9.3 there are several modes that meet rules I-1V, but
there are situations in which |gy;| is substantially smaller than unity,
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indicating that the i’ mode is strongly coupled to another mode. In those

cases the following rule applies:

e Rule V: Excitation of any mode that interchanges with any other mode
during the tunnelling event, such that their combination is antisym-
metric, decreases the tunnelling splitting.

Rule V applies to pairs of modes strongly mixed and in that case overrules
rules II-IV. If we denote those pairs at the equilibrium structure as (7},7,)
and at the transition state as (jy, /), they will be characterized by coefficients

8| = lgijul ot gl (9.93)

1815l = I8l O gl (9.94)

subject to the condition gy ;, > + 18, | ~1. Table 9.3 shows several pairs of
these modes, i.e., pairs for which A; ® B, =B, or A, ® B; = B,. The reduction
of the splitting or the drag imposed on the tunnelling proton will be
proportional to the mixing of the modes. The classification of the modes
following the selection rules is given in Figures 9.7 and 9.8.

- T‘ = [l
—
r = Jy . -
- = LS (= = 02' 04
Qo | Qo | = =
L
4 I ?
ISUBGY B
Q7' Q6 |
L (% [

Ql4l L= S
Ib L (I L2
020'
. j‘ (% t
Qa4 I Q
\ - o
3 p 4|2

- -~ - e \ -‘." ,-’-f \ t
Q16' Q15 i ) L St

.
u I I . > Q10 Q7 IV

Figure 9.7 Correlation between equilibrium and saddle point normal modes which
obey rules I-IV. Numbering as in Table 9.1.
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Figure 9.8 Same as Figure 9.7 but for rule V.

The normal modes that under excitation increase the tunnelling splitting
correspond to modes that follow rules I-II. The MCTDH results of Hammer
and Manthe''* and the Qj, results of Wang and Bowman'"> and Wu'"® re-
produce satisfactorily the excitation of modes that correspond to “almost”
pure A; symmetric modes (Q2’ and Q7’) or that have an important com-
ponent of the reaction coordinate (Q14’), as indicated in Figure 9.9.

The theoretical prediction of the excitation of the out-of-plane modes or of
in-plane-modes that are strongly coupled is more involved. For these modes,
there is a marked difference between the results of Hammer and Manthe,
which are close to experiment in the frequency region where their calculations
converged, and the ones of the other authors, who greatly underestimate the
reductions in the splitting. In the case of the out-of-plane modes the Qj,,
method of Wang and Bowman predicts no change in the tunnelling splitting, as
shown in Figure 9.10, because these modes are not linearly displaced. However,
inspection of Table 9.3 shows that modes Q1’ and Q6’ increase substantially in
frequency between the equilibrium and saddle-point configurations, implying a
strong quadratic coupling, so that rule IV breaks down. Therefore, the exci-
tation of one of these modes increases the effective barrier for tunnelling with
respect to the ground-state barrier, having a suppressing effect on the tunnel-
ling splitting. Taking into account this adiabatic correction the Q;,, predicts a
decrease in the tunnelling splitting upon excitation of Q1’ and Q6’ of 2 and
9 cm ™, respectively. These arguments do not work in high-frequency coupled
modes as Q15’ or Q17’. The results using the Q;,, method improve when these
modes are explicitly included in the diagonalization of the Hamiltonian (see
Figure 9.10).""* These new calculations are a clear improvement, but do not
measure up to the state-selected tunnelling splittings calculated by Hammer
and Manthe, although their results were limited to low frequencies.
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Figure 9.9 Variation of the tunnelling splitting with respect to the ground-state
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The above discussion shows that some important steps have been taken
towards the prediction of state-selected tunnelling splittings; however, a
complete theoretical description of this phenomenon seems still far off.

9.7 Conclusion

As the results in Table 9.2 indicate, the accurate calculation of ground-level
tunnelling splittings of simple molecules such as MA is achievable but re-
quires a large computational effort. If we require an accuracy of +10% for
splittings and £10% for H/D isotope effects, only a few of the reported cal-
culations pass muster and most of these are of recent dates. This implies that
extension of the calculations to larger molecules will require the development
of new methods, in particular approximation methods that are both tractable
and reliable. The same holds a fortiori for the calculation of state-selected
splittings. On the other hand, there remain lots to learn about the interaction
between vibrations in molecules with large-amplitude modes.

Funding

Financial support from the Conselleria de Cultura, Educacion e Ordenacion
Universitaria (Axuda para Consolidacion e Estructuracion de unidades de
investigacion competitivas do Sistema Universitario de Galicia, Xunta de
Galicia ED431C 2017/17 & Centro singular de investigacion de Galicia acre-
ditacién 2019-2022, ED431G 2019/03) and the European Union (European
Regional Development Fund -ERDF), is gratefully acknowledged.

Abbreviations

AIM Approximate instanton method
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MEP Minimum energy path

NEO Nuclear-electronic orbital method
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QCT “Quasiclassical” trajectories as described by Makri and Miller
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PIMD Path integral molecular dynamics
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RPH Reaction path Hamiltonian

RSH Reaction surface Hamiltonian

SC Semi-classical approximation

WKB Semi-classical Wenzel-Kramer-Brillouin approximation
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Quantum-dynamical Calculation
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10.1 Introduction

Throughout this chapter, we consider basic bimolecular reactions of the
form A 4+ BC — AB + C. The basic observable that links macroscopic variation
of concentration or partial pressures to the microscopic domain of
molecular collisions is the thermal rate constant, k(T). Macroscopically, it
links the change of the product concentration, [AB], to the concentration of
the reactants, [A] and [BC]:

d[AB]
@ = k(T)[A][BC]. (10.1)

Microscopically, in particular in the gas phase, it can be understood in
terms of scattering events. Each reaction is essentially a collision of two
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molecules which results in a rearrangement of the bonds of the two molecules
and a transfer of one group (B in the example above) from one molecule to the
other. This is called reactive scattering and has to be distinguished from elastic
collisions and inelastic collisions without rearrangement that result in
rotational and/or vibrational excitation or de-excitation. For any given initial
ro-vibrational state of the reactants and a given total energy of the system,
a probability for a reactive scattering event, i.e., a reaction probability, can be
obtained. The sum of all these reaction probabilities is known as the
cumulative reaction probability (CRP) and is denoted as N(E). The thermal
average of the CRP then gives the thermal rate constant:

1 o0

k(T) = 7J dE e F/MTN(E), 10.2
)= 500 (£) (102)
where Q,(T) is the partition function of the reactants. Microcanonical rate
constants k(E) can be obtained from the CRP by weighing with the density of
states of the reactants p.(E):

—00

!
2mp,(E)

k(E) N(E). (10.3)

One can obtain the CRP and therefore the rate constants by calculating each
reaction probability individually." However, if the reaction occurs through a
barrier, then the possibility of overcoming that barrier determines the CRP
and any information about the asymptotic states is irrelevant. Therefore, the
CRP and rate constants can be obtained in a direct way by simulations of the
transient dynamics in the barrier or transition state region.

In this chapter, we will introduce an exact, convenient and efficient theory
to directly calculate thermal and microcanonical rate constants for reactions
crossing a barrier as sketched in Figure 10.1. The approach is termed the
quantum transition state concept and is based on generalized flux correlation
functions. To this end, we will introduce a convenient way to define reaction
channels. If the total energy or temperature is reasonably small, there is only

A

A+BC

energy

AB +C

Y

reaction coordinate

Figure 10.1 Sketch of the energy profile of a general A+BC—AB+ C reaction
proceeding via a potential energy barrier.
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a small number of relevant channels and thus the transient dynamics can be
obtained by short-time propagation of a small number of wavepackets rep-
resenting the different channels. As only short-time propagation is required
within the quantum transition state concept, one can employ efficient and
exact quantum dynamics approaches like the multiconfigurational time-
dependent Hartree (MCTDH) approach, to obtain the exact thermal rate
constant of polyatomic reactions.

The chapter is organized into three parts. The first part consists of
Sections 10.2 and 10.3. In this part, the basic theory underpinning the calcu-
lation of thermal rate constants is briefly reviewed. This includes basic scat-
tering theory and flux correlation functions (Section 10.2). Furthermore, the
efficient evaluation of thermal rate constants employing the quantum transi-
tion state concept is introduced (Section 10.3). The second part introduces
several numerical techniques to solve the time-dependent Schrodinger equa-
tion, which is required to numerically evaluate the flux correlation functions
introduced before. This part includes the description of the standard wave-
packet approach (Section 10.4) and the more advanced multiconfigurational
time-dependent Hartree approach (Section 10.5). Both, the first and second
part can be read independently, if one is only interested in the basic theory and
the quantum transition state concept or if one is only interested in the more
technical details of quantum dynamics simulations and the MCTDH
approach. In the third part (Section 10.6), the methodology introduced in this
chapter is exemplified for prototypical tri-, tetra- and six-atomic reactions.

10.2 Theory of Thermal Rate Constant Calculations

In this section, we will look at the aforementioned reaction A+ BC —>AB+ C
and the associated rate constant k(7) in two different, but connected, theo-
retical ways and review some basic theory. The first approach will be based
on microscopic scattering theory and the second one is based on flux cor-
relation functions. Only a brief overview of each approach can be given and
the reader is referred to ref. 2-7 for more details.

10.2.1 Scattering Theory

The fundamental and overarching quantity of scattering theory is the scat-
tering or S-matrix with elements Sif{E).> It gives the transition amplitudes
leading from some quantum state of the system i to another quantum state f
at a fixed total energy E. For our chemical reaction, i will be the direct
product of the ro-vibrational states of the molecules A and BC, which are
infinitely separated and have a relative velocity defined by the remaining
energy E.on=FE —Es— Epc, which is also termed collision energy. Con-
sequently, f is the direct product of the ro-vibrational state of AB and C,
which are again infinitely separated and have a relative velocity defined by
the remaining energy Fy i = E — Eag — Ec. Any transition probability from a
reactant state ¢ to a product state f is given as the square of the
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appropriate S-matrix element, i.e., p;_,{E) = |S(E)|*. The transition prob-
abilities include non-reactive cases, e.g., inelastic collisions exciting or de-
exciting rotational or vibrational motion without bonds being broken and
formed. In the remainder of this chapter, we exclusively consider reactive
scattering events and thus we will always talk about reaction probabilities
instead of the more general transition probabilities.

The S-matrix can be defined employing Moller operators Q . °

Sir = (¥ 1%, = (710l Q. %), (10-4)
with
Q. = tlim ez'I:Ite—iI:Iot7 (10.5)
— F 00

where H is the full Hamiltonian and H, is the asymptotic free Hamiltonian.
The action of a Mgller operator on an initial state is that it first propagates
backwards (forwards) to ¢ = — oo (¢ =+ o0) using the free Hamiltonian H, and
then propagates forwards (backwards) to ¢t=0. The resulting states are the
scattering states at ¢ =0 and are denoted by

YE=Q,¥=0.(1g") (10.6)

where y is the direct product of the ro-vibrational states of the reactant or
product molecules and g™ are free wavepackets with incoming and outgoing
momenta in the scattering coordinate, respectively. In other words, the
Moller operator Q. maps an initially (¢ = —o0) free state to its corresponding
scattering state at ¢=0, which evolved under the action of the full
Hamiltonian that includes the interaction of both reaction partners. Simi-
larly, the Moller operator 2 maps a scattering state at ¢ =0 onto its cor-
responding final free (i.e., with non-interacting products) state in the infinite
future (¢ =-+o0). Therefore the overlap (¥; |¥/"), i.e., the transition ampli-
tude of an incoming scattering state at ¢ =0 to an outgoing scattering state at
t=0, can be understood as the transition amplitude from an initial state
W;=y; g" with quantum numbers i to a final state ¥;= y;g~ with quantum
numbers f. One can now define the scattering operator’

5=01Q,. (10.7)

The energy-resolved S-matrix elements belonging to states with well-
defined energy are then obtained as

Sif(E) = (¥r|'¥ik). (10.8)

Energy-normalized scattering states can be constructed by a linear com-
bination of wave packets’

1 [ .
V= a2 (10.9)

—00
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where the wavepackets
O (R, 1) =1{r)g" (R) (10.10)

are products of eigenstates of the internal Hamiltonian y,, and a wavepacket,
¢"(R), in the reaction coordinate located in the asymptotic region with
incident momentum and the normalization coefficients®

A )= 007 (R0 () =\ [ [ ar o)

where m is the corresponding mass and k the wavenumber with
k2 . . . .
E= g S-matrix elements can be obtained efficiently by a correlation

function expression as®

1 o0 . -
Sif(B)= —————— det eHD; |e D). 10.12

Given the full knowledge of the scattering matrix, one can obtain the CRP
as sum over all reaction probabilities:

NE) =N pis® = "3 |s¢®)], (10.13)
S S

i i

and from the CRP, the thermal and microcanonical rate constants can be
obtained as given in eqn (10.2) and (10.3).

10.2.2 Flux Correlation Functions

The calculation of the full scattering matrix is cumbersome and also
superfluous if the sole purpose is to obtain rate constants. The rate
constants only depend on the dynamics around the barrier and not on the
specific dynamics in the asymptotic regions. We will introduce a theory
that allows for the “direct” calculation of thermal or microcanonical rate
constants. It was originally introduced employing formal scattering
theory.®”® However, we will introduce it in a more intuitive way.’

Let us consider a thermal ensemble of reactants. They can be described by
the density matrix’

Py = e PAR(1 — p) e PP, (10.14)

Q(7)

Q1) = tr(e PHP(1 — ) e FH?), (10.15)

where % is a function defined in terms of a dividing (hyper)surface, which
discriminates between reactants and products. 4 equals unity on the product
side of the dividing surface and zero on the reactant side. Therefore, & is a
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projector onto the product geometries and (1 — %) projects onto reactant
geometries. Please note that the ordering of the Boltzmann operator and the
projector is not important here as any reaction is only a weak perturbation of
the overall thermal equilibrium.® If the reaction is a strong perturbation of
the thermal equilibrium the definition of a thermal rate constant is not
valid. The time evolution of the system described by the density matrix in
eqn (10.14) reads

pul)=e Hp, P, (10.16)

The amount of product at time ¢ is calculated as the time-dependent ex-
pectation value of the projector onto the products, i, and reads

(h)(t) =tr(hp(1) (10.17)
(T)tr( “iHte—BA2 (1 _ B e~ PHReifity) (10.18)
1
=~ o Cs(1), (10.19)

where we have inserted eqn (10.14) and (10.16) into eqn (10.17), used the
cyclic property of the trace and defined the position—position or side-side
correlation function Cq(¢)

Cs(t) — tr((l _ h) ei(ﬂtJri[}fI/Z) hefi(f!tJriﬁfI/Z]). (10.20)

The rate at which product is formed is

S0 = 5 (10.21)
_ ﬁ“(“ — ) fsi hei(ﬁtiﬁfl/z)}> (10.22)

- QjT) tr (1~ W) PIIR(fip — i) e IR (10.23)

- ﬁtr((l — )l i) ) (10.24)
QjT) Crs(0), (10.25)

where we have used the definition of the flux operator F = i[H, h] and defined
the flux—position or flux-side correlation function Cg4(¢). The flux-side cor-
relation function can also be cast into the following form®

Ce () = tr( PolHt+iBA2) po— i(ﬁtfi/iﬁlz)). (10.26)

To obtain the experimentally observed rate constant, ie., a continuous
rate at which the products are formed, one has to damp the fluctuations
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caused by the initial preparation of the system by taking the long-time limit
of eqn (10.21). The rate constant is obtained as

(h)(£) = —— Tim Ce(¢). (1027)

. d
k(T)= lim — oy im

t—oo dt

In practice, the long-time limit is reached once the flux-side correlation
function shows a prolonged plateau. A flux-flux correlation function®

d

Cilt) = - Cralt) =tr (ﬁe“ﬁfﬂﬁﬁm ﬁe*l’@”iﬁﬁm) , (10.28)

can be used to obtain thermal rate constants as

K(T) = ﬁj?dt Cr (o). (10.29)

A convenient formula for calculating the CRP is derived by employing the
identity
Qi(HHiBH/2) _ JOO dE elE+1PE/2) 5(f1 — ) (10.30)
—00

and inserting it into a slightly rewritten form of eqn (10.29) to find

k(T) = Lr] dt tr (pei(ﬁt+il)’1?/2> j;ve—i(HtJri[iH/z))
20Q:(T)
! —B(E+E")/2 \—i(E—E)t SSOFT NS Er
0 (T)J J Jidee e tr (Fa(H ENFO(H E))
__ T BE+E)/2
ey J J dE'O(E — E')e” tr( S(EL — E')Fo(F — E))
=_= J dE e ﬁEtr F5(H E)FS(H — E))
CQ(T)
(10.31)
where we have performed the time integral to give
J dte "EE) —on(E — E'). (10.32)
Comparing with eqn (10.2) gives
N(E) = 21*tr(FS(H — E)FS(H — E)). (10.33)

It is important to note that all formulas for obtaining rate constants, i.e.,
eqn (10.27), (10.29) and (10.33), are independent of the specific choice of the
dividing surface in 4 as they always employ the limit of t—»c0.
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10.2.3 Connection to Transition State Theory

The generalized flux-flux correlation function of eqn (10.33) will be the basic
equation that we will use to efficiently obtain exact thermal rate constants
from quantum dynamics simulations. Before we go ahead, we will deepen
our understanding of the flux-side correlation functions by considering its
connection to the well known classical transition state theory (TST). The
classical limit of the trace is the phase space integral®

Y (arx, o
tr(...) = 2y Jd xOJd Po .- (10.34)

The thermal weight e P s given by e =e FE&oP) where H is the
classical Hamiltonian of the system and E(xo,po) is the energy of a trajectory
starting at the phase-space point (X,,po)- The flux through a dividing surface

at t=0 is’

i dingdf “xpsd(x(0) — xpg)e - X(0) (10.35)
surface

where e denotes a unit vector orthogonal to the dividing surface and pointing
towards the products, and the integration is performed over the full dividing
surface. Hence, only trajectories starting at the dividing surface need to be
considered. The factor e”"he " determines whether the system is on the
product side or on the reactant side of the dividing surface at a given time ¢.
Classically, this can be translated to whether the trajectory x(¢) is on the
product or reactant side of the dividing surface at time ¢ and we find’

eAthe " = p(x(£)). (10.36)
The classical analog to
K(T) = —lim Gr(¢) (10.37)
Q(T) =0
reads
k(T):m dividmgclfHXOdep0 e-%(0)e 0™ lim A(x(1)). (10.35)

surface

The dynamical factor, lim,_, ., h(x(t)), contains all the information about the
dynamics and it only depends on the asymptotic (¢t— co) value of the tra-
jectories. The rate constant can be obtained by taking into account all pos-
sible trajectories pinned on the dividing surface at ¢ =0, weighted by their
Boltzmann weight and initial momentum and the long-time limit of the
dynamical factor, i.e., counting only trajectories that end up as products.

Let us now consider a few representative trajectories as sketched in
Figure 10.2. Please note, that the trajectories in Figure 10.2 are sketched and
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Figure 10.2 Sketch of different reactive (a), (c) and non-reactive (b), (d) trajectories.
The two trajectories sketched in (a) and (b) directly proceed towards
products (P) and reactants (R) respectively, while the trajectories sketched
in (c) and (d) start off in a different direction and then recross the dividing
surface. An illustration of a potential energy surface is given by its contour
lines. The dividing surface is indicated as a thick, black line.

are for illustrative purposes only. In typical low-dimensional systems one
would find only few recrossing trajectories. In Figure 10.2 the reactant and
product asymptotic area are indicated by R and P, respectively. The two
trajectories shown in panel (a) and (b) are ““direct”, i.e., they start off towards
the reactants and products, respectively, and continue on towards the
reactants or products. Trajectory (a) ends up in the reactant asymptotic area
and thus does not contribute to the dynamical factor, while trajectory (b)
ends up in the product asymptotic area and thus contributes to the dy-
namical factor. The other two trajectories in Figure 10.2, panels (c) and (d),
do not continue on their initial direction, but turn around and do recross the
dividing surface. The trajectory starting towards the reactant region shown
in panel (c) ends up in the product asymptotic area and contributes to the
rate, while the trajectory starting off towards the products, ends up in the
reactant asymptotic area and does not contribute to the rate. The calculation
of the dynamical factor is the most costly step of the classical thermal rate
constant simulation as it requires a long propagation of the trajectories.
Therefore, approximations exist to simplify rate constant calculations. The
most well known is transition state theory (TST). In TST it is assumed that a
trajectory that starts towards the products, i.e., with e - X(0) > 0, will end up as
a product, and trajectory starting towards the reactants, i.e., with e-x(0)<0,
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will end up as a reactant. Any recrossing is neglected and the dynamical
factor is approximated as

lim 7(x(¢)) =

1, ife-x(0)>0 (10.39)
t—00 ’

0, if e-x(0) <o.

In TST, two types of trajectories are counted wrongly. First, all trajectories
starting towards the products but ending up as reactants (e.g., as shown in
Figure 10.2d) are falsely counted and increase the TST rate compared to the
exact classical rate. Trajectories starting towards the reactants, but ending
up as products are not counted and also increase the TST rate compared to
the exact classical rate, as these trajectories would have a negative weight in
the exact classical rate. Therefore, the TST rate is a strict upper bound of the
exact classical rate constant.

10.3 Quantum Transition State Concept

The quantum transition state concept (QTSC) is based on flux correlation
functions (see Section 10.2.2). The QTSC results in a numerically efficient
and conceptually appealing way to obtain rate constants. To understand the
QTSC, we need to have a closer look at the flux operator and its eigenvalues,
which will be covered first. After deriving the working equations of the QTSC
and discussing how to treat overall rotational motion, we will consider the
interpretation of the resulting reaction dynamics in terms of natural reaction
channels and give a short outlook on how the QTSC can be extended to yield
state-to-state cross sections in a very efficient way. Additional details can be
found in ref. 2 and 9-11.

10.3.1 Thermal Flux Operator

We start by investigating the flux operator in more detail by focusing on a
one-dimensional system. The flux operator reads"’

F:i[ﬁ,h(x—xo)]:z{%,h(x—xo)] (10.40)
= % (%h(x—xo) —h(x—x@%) (10.41)

_l 8 8 82 82
=— (aé(x = Xo) +0(x = xX0) 5+ (x = x0) 5 5 = (x = o) ﬁ) (10.42)

= %@5(3('—1'0) +0(x — x0)p) (10.43)

= 5 (Bl ol + o) (), (10.44)
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where |x,) are states localized at the dividing surface position x,. The image of
F spans the two-dimensional space {|xo), |x0>} Therefore, F only has two
non-vanishing eigenvalues and is of rank two. F is purely i imaginary as both H
and h(x — x,) are real and F contains an additional factor i. F is also hermitian:

B = L (pl) ol + o) (o) (10.45)
= 2:71 (<x0‘T |x0> P +p <x0| |xo) ) (10.46)
= (o) {xolp + Bl o) (10.47)
=F. (10.48)

Thus, the eigenvalues of F form a pair with the same absolute value, but
opposite signs and the corresponding eigenvectors are complex conjugates
of each other. The flux operator is singular since neither |x,) nor p|x,) are
elements of a Hilbert space. The eigenvalues are unbound and employing
the flux operator in numerical calculations is not possible. One way to
circumvent this problem is to employ a modified flux operator with a limited
momentum spectrum.'*'* The corresponding eigenfunctions f.(x) and
eigenvalues f, can be derived analytically and read"’

1 max SIN(Pmax X . [3Pmax Pmax X COS(Pmax X) — SIN(Pmax X
Fr= (/P (Pmax¥) | . [3Pmaxp (Prmax ) — SIN(Pmax®) )
\/E T Pmax X T (pmaxx)

(10.49)

2
fo= + Pmax (10.50)

271\/§7

respectively. If the maximum momentum pp,. is larger than any physically
relevant momentum, ie., large enough to cover the full range of relevant
collision energies at a given temperature, the results for any physical
observable will be independent of the choice of pay.

Another way to remove the singularity from the flux operator, and the way
we will follow for the rest of this chapter, is to employ the thermal flux
operator"’

FT: e~ HI2KT [ —HI2KT (10.51)

The thermal flux operator is regular and has similar properties as the flux
operator.'>'® It is purely imaginary, hermitian and in one dimension it only
has two non-vanishing eigenvalues f;, . with

S+ =—fr— (10.52)
|fr,+) = |fr,—)* (10.53)
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We can write the thermal flux operator as
Fr= ’H/M oy Plxo) (o] + [x0) (xo[p) e M1k (10.54)

and see that the thermal flux eigenstates span the two-dimensional space
—H/2kT H/2KT
e [xo)}, {6 plxo))-
More insight into the thermal flux operator can be gained by considering a
separable, multidimensional Hamiltonian:

H(x,Q) =Hi{x) + H.(Q), (10.55)

where H, is a one-dimensional Hamiltonian describing the motion along the
reaction coordinate and A, is the Hamiltonian that describes the bound
motion in the remaining (orthogonal) degrees of freedom. Dividing the
thermal flux operator into two components we obtain

FT _ eflA{/ZkTeflilL/ZkTi [I:Ir, h(x _ xo)] + [I:IL, h(x _ xo)] eflA{r/ZkTeffIL/ZkT
—_—
=0
(10.56)

_ e—I:IL/kT(efl:Ir/ZkTi[I:I“ h(x — xo)] e—ﬁr/ZkT). (10.57)

Each eigenstate of A, gives rise to a pair of non-vanishing eigenstates of
Fy, carries the weight of the thermal populatlon of the corresponding H
eigenstate and the jth eigenvalue pair of Fy is fr, e “*/ " and f;, e /%7
where fr+ and fr_ are the eigenvalues of the thermal flux operator
associated with H,. If the thermal energy is small compared to the
vibrational spacing, which is often true, there is only a small number of
significant eigenvalues of F;. The above analysis was done for a separable
system, but one can expect similar results for non-separable systems and it
was found in many systems that the number of significant thermal flux
eigenvalues is small.

As an illustrative example, the contours of the probability density of the
eigenstate pairs of the thermal flux operator corresponding to the lowest and
second-lowest eigenvalues for the co-linear D+ H,—DH + H reaction are
displayed in Figure 10.3. The coordinates r and R refer to the H, distance and
the distance of D to the center of mass of H,, respectively. The contour lines
of the potential energy surface are shown as thin lines, while the contour
lines of the thermal flux eigenstates are shown as thick lines. The first
eigenfunction can be identified as the ground state as it does not show any
nodes. The second eigenfunction shows a node along the symmetric
stretching coordinate (the nodal plane is indicated by a thick red line) and
thus can be interpreted as the first vibrationally excited state. It can also be
seen that the probability maxima of the eigenstates do not sit on top of the
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(a) Thermal flux ground state (b) Thermal flux first excited state
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Figure 10.3 Contour plot (thick lines) of the probability density of the first two pairs
of thermal flux eigenstates for the co-linear D + H, » DH + H reaction.
The nodal line of the second pair of thermal flux eigenstates is
indicated as thick red line. The potential energy surface contour is
shown as thin lines.

barrier, but are displaced towards the reactant and product asymptotic areas
due to the thermal weighting.
10.3.2 Working Equations

To evaluate the flux-corrlation function using the thermal flux operator we
employ the spectral representation

Fr= Z | fr)fr(frl (10.58)
fr
and insert it into the flux correlation function to obtain the CRP as'”'8

N(E) = 2n’tr(FS(H — E)FS(H — E)) (10.59)
= 27%e**"tr(F,0(H — E)F10(H — E)) (10.60)
=212 NN "y (frlS(H — B)| f2) (fr|0(H — B)| fr) (10.61)

fro fp

1 Sl i
S, |, ae emigale g, (10.62)
T T

The CRP is obtained from a real-time propagation of the thermal flux ei-
genstates and thus only a small number of wavepackets need to be propa-
gated. Formally, the integration goes to t — oo, but the integrand goes to zero
as the overlap of an (initial) thermal flux eigenstate with any time-
propagated thermal flux eigenstate vanishes. As the thermal flux eigen-
states are localized in the transition state area, and run downhill into the
reactant and product asymptotic areas, this overlap vanishes quickly and the
calculation of the CRP converges fast with respect to the propagation time ¢.
The wavepacket propagation typically has to be done only for some tens of
femtoseconds. The thermal rate constant is obtained using eqn (10.2).
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Eqn (10.59) can be modified by replacing only one of the flux operators in
the correlation function with a thermal flux operator and obtain"?

N(E) = 2n’tr(FS(H — E)FS(H — E)) (10.63)
= 2n?e™*"tr(F0(H — E)FO(H — E)) (10.64)
=21 N fr( fr|0(H — E)FS(H — E)| fr) (10.65)

Jr
= %eE/kT foTJ:thl J:odtz el il ( 160 pe-iHt | £, (10.66)

While in the previous case of eqn (10.59) we had to take into account all
cross-correlation terms, but only for one time index, we now take the two-time
correlation of each thermal flux eigenstate individually to obtain the CRP.

10.3.3 Overall Rotational Motion

Thus far, we implicitly only discussed internal (i.e., vibrational) motion in
the thermal flux eigenstates and restricted ourselves to vanishing total an-
gular momentum (/= 0). This is important when discussing the number of
thermal flux eigenstates relevant at a given temperature. The spacing be-
tween rotational energy levels is typically much smaller than the thermal
energy available. Many rotational (or ro-vibrational) states are populated and
the number of relevant thermal flux eigenstates increases dramatically and
therefore, the computational effort to obtain the CRP increases also.

One way to circumvent the need to treat the full overall rotation motion is
to employ the J-shifting approximation.'® In the J-shifting approximation, one
assumes that the overall rotational motion and the internal motion are
separable and thus the partition functions for the overall rotation and the
remaining motion factorize. Therefore, one only calculates the thermal rate
constant for vanishing total angular momentum and introduces the contri-
butions due to overall rotation by employing the rotational partition function

at the transition state, Qi (T). The full rate constant is obtained as®

K(T) = Qtor (T)ky—o(T). (10.67)

The assumption of (nearly) separable rotational motion is often reason-
able for direct reactions as the time scale of rotations, several picoseconds, is
much larger than the time scale of the barrier crossing, typically a few tens of
femtoseconds. For linear transition states, the rotation around the linear
axis occurs on the time scale of the reaction process and thus has to be
treated explicitly and only the rotation perpendicular to the linear axis is
assumed to be separable resulting in the modified J-shifting approximation.'’

Yet, there are also ways to accurately incorporate overall rotational motion
in the QTSC simulations. The overall wavefunction depends on the internal
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degrees of freedom Qj,, and the three Euler angles «, f, and y and can be
expanded employing Wigner rotation matrices D{;x as*’

o~ J J
Qe i) = > > ¥(Qint, 0,0,0)Dfe (a1, B,7), (10.68)

J=OM=JK="]

where J denotes the total angular momentum quantum number, M the
quantum number associated with the projection of the total angular mo-
mentum on a space-fixed axis, and K the quantum number associated with
the projection of the total angular momentum on a body-fixed axis. As J and
M are good quantum numbers, we can re-write eqn (10.68) as

J
W (Qine, 2, . 7) Z «(Qint, 0,0,0) Dy (a4, B, 7). (10.69)

One can now separate the contributions due to each ¥, and obtain the
overall rate constant as a sum of kj,(T) components. This can still be sim-
plified. The M quantum number describes the orientation of the system in
the laboratory frame, but the rate constant is independent of this orien-
tation, and the value of kj,(T) does not depend on M. This results in a
(2] + 1)-fold degeneracy to obtain

K(T)="Y (2] + 1)k (T). (10.70)

J

Often kj(T) for a few representative values of J are obtained and the other
values are interpolated. Yet, to calculate any k/(T), one needs to treat all relevant
K-components of the overall wavefunction ¥ ;{(Qin, 0, 0, 0), which is often all
(27 + 1) components. Therefore, the number of relevant thermal flux eigenstates
is multiplied by all relevant K-components that are treated for a given J.

To avoid the use of a large number of thermal flux eigenstates, one can
employ a statistical evaluation of the trace in the flux correlation function.
We employ statistical functions'**!

) => (1"

l

), (10.71)

where o,(j) denotes an integer random number and |y;) are suitable basis
functions employed in the respective degree of freedom (DOF). The stat-
istical wave functions satisfy the completeness relation

m 5166 = Jim LSS Y ey,

Jj=1 m n

= Z |Zm) | =1

) nl

(10.72)
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as

. 1 u am(J an(j
AHI;MZ;(—Q WD(—1)=0) = . (10.73)
J:

We now re-write the flux operator as

M

F= lim Z W/, (10.74)

where F’ no longer depends on the coordinate treated with the statistical
approach. If the Hamiltonian is separable and the basis functions [y;) are
eigenfunctions of the corresponding Hamiltonian, a single sample is suf-
ficient to obtain the full trace required as all samples yield equal results. If
the degrees of freedom to be treated statistically are only weakly correlated to
the other degrees of freedom, this approach is very efficient. Rotations and
vibrations are often approximately separable and the presented scheme is
particularly efficient for treating rotations.
Now we can define a set of M statistical thermal flux operators as

~j _H o _H
Fl.=e WE| ) (] e, (10.75)
with j=1, ..., M. The corresponding working equations for a CRP calcu-

lation read

N( — lim — Z E/kT Zf J dt1J dt, elEt1 eflEtz< 7(~J) |eiI:1tzFe*iI:1t1 |f7(~J)>,

M*?OCM

(10.76)

where f) and |f) are the eigenvalues and eigenfunctions of F%.

10.3.4 Natural Reaction Channels

The thermal flux eigenstates can be interpreted as the vibrational states of the
activated complex and each thermal flux eigenstate pair forms a reaction
channel which contributions to the overall rate constant can be calculated by
taking each summand in eqn (10.66) individually. Yet, these contributions de-
pend strongly on the choice of the dividing surface. Please note, that the overall
rate constant does not depend on the choice of the dividing surface. None-
theless, there is a rigorous way to define natural reaction channels that are in-
dependent of the choice of the dividing surface. The natural reaction channels
and their associated natural reaction probabilities can be defined by a singular
value decomposition of the S-matrix.>*** To this end, the S-matrix is written as

Z Ur 1 (E)sk(E)Vix(E)¥, (10.77)
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where
> U ()T} () = b, (10.78)
7
> Vik(B)V;)(E) = o (10.79)

are the left- and right-singular vectors, respectively, and the si(E) are called
singular values, which are real and positive. The natural reaction prob-
abilities are defined as pi(E) = |si(E)|>. The CRP can then be calculated as

=3 "> sy ®)] =" pe(B). (10.80)
i f k

In other words, each non-vanishing singular value si(E) >0 gives rise to a
particular natural reaction channel, which is uniquely defined due to the
uniqueness of the SVD. Initial state-selected reaction probabilities can be
calculated from the SVD decomposition as

(B)=">_|sy(E |—Zpk )|Vir(E)[. (10.81)
7

The factors |V; x(E)|* describe the transition probability from a given initial
state 7 into the kth natural reaction channel and p(E) again give the reaction
probability for the specific natural reaction channel. The natural reaction
probabilities defined through the SVD decomposition can be directly iden-
tified with the eigen reaction probabilities of a rigorously defined reaction
probability operator.

The natural reaction probabilities can be computed within the quantum
transition state concept and without requiring any knowledge of the
asymptotic states. A transformed S-matrix is decomposed as

A ZU; *(E)sk(E)V, (E), (10.82)

which has the same singular values as Si(E), but a much smaller dimension
as [, and [, are limited by the number of relevant thermal flux eigenvalues.
The transformed matrix is defined as

B oF/kT
S0, (B)=d"(E Z e - B (E)B) Y (B), (10.83)

where df"* and B(“ s) are the eigenvalues and eigenvectors of a generalized
flux matrix

g«*](.j.;” (E) = 2n( f|0(H — E) FS5(H — E)| ) (10.84)
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with the flux operator F% located towards the reactant (a=r) or product
(a=p) asymptotic area and only considers components with incoming
(s=+) or outgoing (s =—) momenta in the reaction coordinate R:

B %(h(iﬁR)Fa + Boh(+ pr)). (10.85)

a

For details of the computation interested readers are referred to ref. 22.

10.3.5 Beyond Rate Constants

While the QTSC was introduced for the efficient calculation of rate constants
circumventing the need for the full scattering matrix, it has been shown that
the QTSC can be used to obtain the full scattering matrix of polyatomic
systems in a very efficient way. These extensions of QTSC are briefly
discussed here and all details can be found in ref. 24-27.

To obtain quantities depending on initial and/or final states, we need to
obtain information on the dynamics into the reactant and/or product
asymptotic areas. Yet, to obtain a numerically efficient approach, we have
chosen to place the dividing surfaces in the transition state region. However,
the formulas for obtaining CRPs or thermal rate constants are independent
of the choice of the dividing surface. If we obtain the rate constants as in eqn
(10.63), ie., with only employing one thermal flux operator, we have the
freedom to move the location of the second dividing surface, while retaining
the numerical advantage of a small number of wavepackets. To obtain
initial-state selected reaction probabilities, we place this second dividing
surface into the reactant asymptotic area and denote the associated flux
operator as F,.. We introduce a projection operator on the initial state with

quantum number n,, ie., the ro-vibrational state of the reactants |yn),
Py = |in ) {1n, |- The resulting flux correlation function reads**~**
P (E)=21°€"*" tr(F6(H — E)Py Freacd(H — E)) (10.86)

and we obtain the working equation as

1 00 00 ) . . R -

po(E) = 3¢S o “dta| s e T 1) 1 e € f).
fr 0 0

(10.87)

Now, the propagation has to be carried out for longer times, i.e., until the
wavepackets passed through the dividing surface located in the reactant
asymptotic area. As we always compute overlaps with initial states located in
the reactant asymptotic area, we can remove any parts of the wavepackets
that move into the product asymptotic area from the simulation. This can be
done employing imaginary absorbing potentials.
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To obtain state-to-state quantities new, generalized flux correlation func-
tions had to be derived***® and the corresponding working equations read

1
Pn—n, (E) - an? e fz Zfo%
T fr

o0 N M o0 X .
~ J dtl eflEt1<¢I;an|elet1 |f7/“> JO dtz ezEtz<¢;an|esztz |fT>

0
00 . P * 0 . P
< [t e g e )| e e e )
0 0
(10.88)

where ¢,” and ¢, are one-dimensional incoming (+) and outgoing (—)
wavefunctions located in the reactant and product asymptotic area and
depending only on the respective scattering coordinate.

One can see that each integral can be obtained independently and only
requires overlap of propagated thermal flux eigenstates with reactant prod-
uct states. The propagation towards the asymptotic areas are decoupled and
the dynamics into the respective other asymptotic area can be removed from
the simulation. The full scattering matrix can be obtained from two simu-
lations. In the first simulation, only the dynamics into the reactant asymp-
totic area is considered and all dynamics towards the product asymptotic
area is blocked by imaginary absorbing potentials. In the second simulation,
only the dynamics into the product asymptotic area is considered and all
dynamics towards the reactant asymptotic area is blocked by imaginary
absorbing potentials. The two individual simulations are more efficient than
a full simulation taking both asymptotic areas into account simultaneously.
This is because there exists no good coordinate system simultaneously de-
scribing reactants and products efficiently. Within the QTSC framework, one
can choose a dedicated reactant coordinate system for the simulation to-
wards the reactant asymptotic area and a dedicated product coordinate
system for the simulation towards the product asymptotic area. Similar
formulas have been derived for integral and differential cross sections.”®

10.4 Numerical Quantum Dynamics: Standard Wave
Packets

In order to obtain thermal rate constants from rigorous quantum dynamics
calculations, we need to obtain suitable initial wave packets (i.e., thermal
flux eigenstates) and propagate them in time solving the time-dependent
Schrédinger equation (TDSE)

ia%lp(x, t)=Hy(x,t). (10.89)

This section introduces the standard approach to solve the TDSE by ex-
panding the wavepackets in a time-independent basis. In the next section,
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we will introduce the more efficient multiconfigurational time-dependent
Hartree (MCTDH) approach. MCTDH is well suited to calculate rate con-
stants of polyatomic systems exactly.

For everything presented in this and the next section, we assume that the
potential energy surface of the specific system is available in an suitable
form that can be evaluated efficiently. Recent years have seen a lot of pro-
gress in obtaining potential energy surfaces in such forms and the interested
reader is referred to reviews in this area.***

10.4.1 Wavefunction Representations
Wavepackets are represented in a finite, time-independent basis ¢,(x)*>’

N

VX, 0)= " An()$(x) (10.90)

n=1

with equations of motion (EOM) for the time-dependent expansion co-
efficients A4,(¢) a set of linear, first-order differential equations

.0 N
zaAn(t) = mZ:;HnmAm(t), (10.91)

with H,,, = <¢n|ﬁ|c/)m> the matrix representation of the Hamiltonian. Dif-
ferent representations are used to evaluate the terms of the Hamiltonian.
A basis representation is used to evaluate the kinetic energy and simple,
well-known terms of the potential energy, while the remaining potential
energy is evaluated employing a grid representation.*”

Consider a Hamiltonian of the form

H=H,+V, (10.92)

with well-known eigenstates and energies of Hy:|$,) and E,. Representing
the wavefunction |i/) in this basis

W)= cal ), (10.93)

we evaluate the matrix elements of H, as

<¢n|H0|¢m> = EuOnm (10.94)

and the action of H, on the wavefunction as
<¢n‘I:IO|lP> = EnCp. (10.95)

Using grid point states |X,) to represent the wavefunction

)= kalXn), (10.96)
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and evaluating matrix elements of V as
<Xn| V|Xm> = V(xn)anm (10.97)

and action of V on the wavefunction as

<Xn|‘}|lp> = V(xn)kn- (10.98)
We rewrite the Hamiltonian in a spectral representation as
H= Z | D) Ex (il + Z |Xi) V (k) (Xl (10.99)

and employing the transformation between both representations, we can
evaluate the matrix elements

<¢n|l:ll¢m> = Endum + Z <¢n‘Xk) V(xx) <Xk|¢m>> (10.100)
k

<Xn|H|Xm> = Z (Xn| i) Bl Xm) + V(xn)Onm, (10.101)
k

and the action of the Hamiltonian as

<¢n|ﬁ‘w> =Eucn + Z <¢n|Xk> Z Xk|¢j G, (10.102)
k J
alHY) =D (Xalde) B > (del Xk + V(2o (10.103)
k J

The two most used approaches to define the dual representation schemes
are the discrete variable representation (DVR)***° and the fast Fourier
transformation (FFT) approach.*’

The basis transformation can be written as a matrix multiplication
transforming the vector ¢ ={c;} into k = {k;}. k= Uc, with the matrix elements

mn = (Xm|®n). The numerical cost of the basis transformation scales with
the number of basis functions squared. Assuming the same number of basis
functions N in each of the f DOFs, the basis transformation scales as Nf.
This can be reduced if we can write the full basis or grid as a direct product
of one-dimensional basis functions or grid points. In this case, we can write

Py yXas Xar oy X = D (1) - P () . ) (xp), (10.104)
X,y mp) = X)) | X520 | X5D). (10.105)

The transformation matrix elements (X,,|$,) factorize to give

Kol b) = (XD ) - (XD | ¢2) .. .(X ). (10.106)
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The transformation can be calculated for each DOF individually:

<Xm W/> =k= kml‘mz‘ -

S 1O [ So(x2162) o [ (1D Vers

ny np nf
(10.107)

The ith sum in eqn (10.107) scales like N-N and the overall cost is

(i N) N :ﬁ\]f“.

10.4.1.1 Discrete Variable Representation

In DVR optimally localized grid points are obtained by diagonalizing the
position operator in the given basis representation:

(DnlXlbm) = Y (alX)% (X |P1)- (10.108)

J

The eigenstates |X;) are the grid point states and the eigenvalues x; the
corresponding grid points. (¢,|X;) defines the transformation from the grid
to the basis representation. The DVR representation is optimal in the sense
that it minimizes the localization criterion, i.e., given any possible basis |¢,),

D (Ealx*En) = (Calx]En)?) (10.109)

n

is minimized by the DVR grid, |&,) = |X,).
The corresponding evaluation of the potential energy integrals

(DalVIdm) = D (DulX)V(5) (X1 d) (10.110)

J

can be obtained as a Gaussian quadrature for bases |¢,) consisting of
orthogonal polynomials multiplied by a weight function. For vibrational
degrees of freedom, harmonic oscillator eigenfunctions are often used while
Legendre polynomials are employed for angular coordinates. Other options
are possible and schemes that employ eigenfunctions of system-specific H,
Hamiltonians can be used. As potential energy surfaces are typically less
structured than wavefunctions, it is sufficient to have the same number of
grid points as basis functions as the truncation error in the basis repre-
sentation is larger than the Gaussian quadrature error.

10.4.1.2 Fast Fourier Transformation Representation

One can also employ the fast Fourier transformation (FFT) to mediate
the basis-to-grid transformation. The FFT representation utilizes N evenly,
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Ax-spaced grid points within a given interval [x;, x.]. The grid points in co-
ordinate space are connected to grid points in the momentum space interval

2n| . . . .
[ps, Ps+ A_} via a discrete Fourier transformation:
X

1 N—-1 )
=75 > ey, (10.111)
n=0
1 N—-1 )
|P,) = 7R > etrnx,,). (10.112)
m=0

The FFT provides a numerically efficient implementation of this trans-
formation as it scales like N log N.
The Fourier transformation assumes that the wavefunction is x, — x,-

C e . 2n C e
periodic in coordinate space and Ax -periodic in momentum space,
x

respectively. Converged results can be obtained if the wavefunction either
vanishes at and outside of the set boundaries of the position and
momentum grid or if it truly obeys the assumed periodicity.

10.4.2 Time Propagation

We will turn our attention to special integration schemes to solve the TDSE.
Please note, that any general-purpose integration schemes like Runge-Kutta
could be used, but the two methods discussed below are more efficient for
the type of problems we discuss here.

10.4.2.1 Split Operator Propagator

The first method is the split operator scheme.*” It utilizes the dual repre-
sentation from the last section. We use eqn (10.92), (10.99) and the Trotter
formula to find for the propagator

e—iHAt: e—iVAt/ze—iHoAte—iVAt/z + @(At3). (10.113)

We evaluate each part in its respective spectral representation

—zHAt (Z ‘X —zV (xx)At/2 X ) <Z |¢ e~ iBA ¢ |>
<Z ‘X ﬂka At/2<X ) +(§(At3)

to obtain a second order, short time integrator. To evaluate (Z¢|X;) e ™A% (x,]),
we utilize the coordinate representation, while the basis representation is utilized
to evaluate (Z|¢pr) e ™4 (¢y|). This can be done efficiently, as the operators
are diagonal in the respective representations. Between these evaluations, we

(10.114)
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transform the wavefunction between the two representations. Repeating
propagations along a small timestep A¢ allows propagation for any period of
time T required

T/At
efiHT: H efi!?At/zefiHOAtefiVAt/z + @(Atz). (10_115)

n=1

The split operator scheme offers several advantageous properties. It is
unitary, as each exponential operator is unitary, and strictly conserves the
norm of the wavefunction and it shows good long-time stability. However,
the split operator approach is a low order method and very small timesteps
At are needed to obtain highly accurate results.

10.4.2.2 Short Iterative Lanczos Propagator

To overcome the shortcomings of the split operator scheme, higher-order
approaches should be used. These schemes are often based on polynomial
expansions of the propagator:

N
e M= N7 6 (ADE" + O(ATY), (10.116)

n=0

The action of the propagator on the wavefunction is computed using a
recursion:

n—1
Vo= anHY, o+ buji, (10.117)
j=0

with a,, b, coefficients predetermined by the integration scheme. When
orthogonal polynomials are employed, the above relation can be reduced to
a three-point recursion relation, i.e., b, ;=0 for j<n — 2. One particular ap-
proach is the short iterative Lanczos (SIL) propagator,*® but other schemes,
e.g., based on Chebychev polynomials, are widely used as well.**

The SIL propagator uses a short polynomial expansion, where N is typically
chosen as 10 or less. Within the Lanczos scheme, the Hamilton is repre-
sented in the Krylov space comprised of {\, Ay, B, ... , H"/}. The re-
sulting “model” Hamiltonian matrix Hy,, is tridiagonal and can be
efficiently diagonalized to obtain

Hyay )i = Exay, il (10.118)
where the eigenvalues Ej,; quickly converge to the real eigenvalues E;. The
eigenvalues and eigenstates are used to propagate the wavefunction as

X N+1

—iFAt ) —iEay AL

ety = S et
j=1

¥y + O(A&NT). (10.119)
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As for the split operator scheme, the SIL propagator is unitary and pro-
vides long-time stability, but at an increased accuracy due to the order of the
error being much higher. At is chosen such that A¢/N is around the inverse
spectral range of H.

10.4.3 Obtaining Eigenstates

Thermal flux eigenstates can be obtained using the iterative Lanczos scheme
we briefly touched on in the last section.*” There only low-order expansions
were employed, while higher orders are required to obtain the desired
number of eigenstates.

To obtain the eigenstates of an operator O, which in our case is the
thermal flux operator, we start with some (arbitrary) initial wave function v,

and then obtain a sequence of wave functions ,,, m=1, ..., M as
A m71 ~
V=N (Olﬁrm > (l//jollﬁm1>%> (10.120)
j=0

where ./ is a normalization factor obtained by requiring (y,,|y/,,) = 1. If O is
Hermitian the matrix elements (1|0, _1) vanish fori<m — 2 and we obtain
a simple three-point recursion relation for ,,,. The operator O is then repre-
sented in this basis, which gives a tridiagonal matrix that can be diagonalized
efficiently by standard methods. The eigenvalues of the tridiagonal matrix
converge to the eigenvalues of O with increasing the Lanzcos order M.

For the case of the calculation of thermal rate constants, we have to apply
the thermal flux operator O =Fp=e "*7Tpe ™" on the Lanczos wave-
functions. As the application of e */*" = e " is the same as propagating in
imaginary time for ¢t = —iAf}, we can utilize the propagation schemes intro-

duced above. Therefore, we have to propagate in imaginary time for o

; . o . . . h
apply the flux operator F and again propagate in imaginary time for —i AT to
perform one Lanczos iteration.

Please note, that the same approach can also be used to obtain the
(vibrational) eigenstates of a Hamiltonian. In that case, it is efficient to
diagonalize the Boltzman operator e * (instead of H) and again employ
imaginary-time propagation within the Lanczos iterations.

10.5 Numerical Quantum Dynamics:
Multiconfigurational Time-dependent Hartree

The wavepacket approach introduced in the last section can be used for tri-
to tetratomic systems, but the calculations become cumbersome as memory
requirement and computational time increase exponentially with system
size. More efficient approaches are needed to treat larger systems. Among
the most successful ones is the multiconfigurational time-dependent Har-
tree (MCTDH) approach. MCTDH and specific extensions that are relevant to
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the calculation of thermal rate constants are presented. The MCTDH ap-
proach has been reviewed several times and the interested reader is refered
to ref. 12 and 46-49.

10.5.1 Time-dependent Basis and Equations of Motion

The ansatz of the wavefunction is written as®®°?

y

P(x1, ... Xp0 ) Z Z ﬁ (X, 1) (10.121)

J1=1  jr=1

where ¢; (x;, t) are time-dependent basis functions, called single-particle
Jfunctions (SPFs) and 4;, .jp(o) €xpansion coefficients on this basis. The SPFs
are represented in a tlme 1ndependent basis {/j (xx)}:

(xk, 2) Z ()15 (). (10.122)

k=1

One can use FFT and DVR schemes as described in Section 10.4.1.
The Dirac-Frenckel time-dependent variational principle

<(3zﬁ

is employed to obtain EOMs of the expansion coefficients and the SPFs. In
the original implementation of MCTDH the following gauge condition is

used>®
, 0 .
(00 o) = (). (10.124)

where 7 are hermitian, one-particle operators. This reflects that the EOMs
are invariant with respect to unitary transformations of the SPF basis. The
original MCTDH derivation removes the resulting redundancy and requires

i<¢£f> )

ot

.0
za—H‘\If> =0 (10.123)

¢§,’§>> =0, (10.125)

(OP1D5) = Sm- (10.126)

Further details on the derivation and recent improvements are described
in ref. 52. The final EOMs read’’

All (e Z Z (1) ¢zf gl )Ajl ;). (10.127)

=1 =1
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1

0 L - 7 k
im0 =1 =20 Y oy YW IEW e (10.128)
l J

with

P = Z 6/ (6], (10.129)

the projector onto the space spanned by the SPF,
)= (0P|$fY), (10.130)
the single-particle density matrix and
(P = WP aP) (10.131)

the matrix of the mean-field operators acting on coordinate x;, which utilizes
the single-hole functions

|[//J(k)> = J(k) (xli' coy X—1y Xkt1y- - xm) (10.132)
B Z Z Z ZAJl k=t T 15 Jf (®)
Jk=1 Jkt1

/ey, ¢~ Ve, OB Do, t)-.-qs}ﬁ(xﬁ £.  (10.133)

We see that the EOM for the expansion coefficients [eqn (10.127)] is
similar to eqn (10.91) for the standard approach. Yet, we see that the EOMs
for the SPFs are more involved than the EOMs for Alln.,/, MCTDH gains its
numerical efficiency, compared to the standard wavepacket approach, by
employing an optimized set of time-dependent expansion functions, such
that the basis sizes n; can be chosen much smaller than N;. Assuming the
same SPF and primitive basis set sizes for each DOF, n; =n, = ... ny=n and
N, =N, = ... Ny=N, we see that the propagation of the 4; 1 coefficients
scales like fnf "1 (see Section 10.4.1). The numerical effort due to the motion
of the SPFs scales like fnN?. For larger systems, the n/™' is the leading
contribution. Thus, both the standard approach and MCTDH scale ex-
ponentially, but the actual cost increases much slower in MCTDH. The

f+1
N
savings in MCTDH are roughly (E) . Typically, N is in the order of 100,

while 7 is often smaller than 10.

10.5.1.1 Time Propagation

The coupled, non-linear differential equations presented in eqn (10.127) and
(10.128) can be integrated using general, all-purpose integrators. However,
more efficient schemes exploiting the structure of the MCTDH EOMs have
been developed. We introduce the idea underlying these approaches.
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For more details, see ref. 53 and 54. For the propagation, three different
types of operations are required:

1. Calculation of matrix elements and mean-field matrices at to, Hy(to),

() §(t0), phd(to)-

2. Action of Hyft,) on 4A; . 1(¢) to solve eqn (10.127).

3. Action of (1 — 2z, p) o)A >(k)(t0) on q’)}k) to solve eqn (10.128).

The different objects present in the MCTDH EOMs evolve on different
timescales. The mean-field matrices and matrix elements evolve on the
slowest timescale and can be considered constant during the propagation of
the other two. Hence this family of MCTDH integration schemes is called
constant mean field (CMF) approaches. To integrate for At, operation 1 has to
be performed once, while operations 2 and 3 might be performed several
times. To integrate the A; 10 coefficients, one can employ special inte-
gration schemes, e.g., the ones discussed in Section 10.4.2. The differential
equations of the SPFs are non-linear and thus all purpose integration
schemes, e.g., the Bulirsch-Stoer method,® are typically used here.

For step 1, we need the matrix elements of the Hamiltonian in the SPF basis,
Hy;. In particular, we need to calculate fdimensional integrals of the form

(¢ dL 1 - ). (10.134)

As the SPFs are time-dependent and of complicated form, it is not possible
to directly employ any of the schemes introduced in Section 10.4.1 for
treating such integrals. The original MCTDH approach requires the
Hamiltonian to be a sum of products of one-particle operators, ie.,

s S
7= e [[ 1Y, (10.135)
n=1 k=1

where A only acts on the kth DOF. The integral factorizes into one-
dimensional integrals

O‘)

Jf

(10.136)

S [T

n=1 k=1

(1) o |Elg) ) = <¢>ll oA

k) ¢}f)>. (10.137)

s S ol
- ZC" H<¢§k)
n=1 k=1

Typical kinetic energy operators and model potentials are of this “sum of
products” form. However, general potential energy surfaces have to be re-
fitted to match this structure.’®>® A way to treat general potential energy
surfaces using a DVR-like approach will be discussed in Section 10.5.3.
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10.5.2 Useful Extensions of MCTDH

Several extensions of the MCTDH approach exist that are particularly helpful
for the calculation of thermal rate constants and that allow for an increased
numerical efficiency of the simulations.

10.5.2.1 State-averaging

One extension is the state-averaged MCTDH.®® A set of W MCTDH wave-
functions is expanded in the same SPF basis, but with different top-level 4
coefficients:

f
W (X1, ...\ Xp,1) Z ZA,M A H (i, t) w=1,...,W. (10.138)

=1 jr=1 k=1

This approach results in a SPF basis that is an optimized averaged
description of the W wavefunctions. It has been shown that the SPF basis size
does not increase significantly when several wavefunctions are combined in
this scheme and thus the state-averaged MCTDH approach has a reduced
numerical cost compared to standard MCTDH. The SPF integration has to be
done once. This extension is useful for thermal rate constant calculations as
we have to obtain and propagate several thermal flux eigenstates. This can be
done in a single simulation instead of W different simulations.

10.5.2.2 Mode Combination

Thus far, the SPFs have been written as functions of a single DOF. However,
they can be functions of any number of DOFs.®'"® To this end, the f physical
DOFs are combined into d logical DOFs, ¢j,...,qs, with dimensionality
d4,. . .,dg. The corresponding wavefunction ansatz reads

ni ng d
k)
(g qa )= Y A0 [ 6 (), (10.139)
s k=1

GGt ) = G ot 15 X 1) (10.140)

N1k+1 xk+dk
Z Z Jk711 1 yll R (x“klev e 7x0¢k+dk) (10141)

i1=1 ldk =1

k—1

with o= )" d;. For simplicity, we assume that the ys are functions of
i=1

all primitive coordinates within a given logical coordinate, but in general it

can also be a direct product basis. This approach is called “mode

combination”.
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10.5.2.3 Multi-layer MCTDH

The MCTDH approach can be viewed as a two-layer approach. The first layer
consists of the 4; . A coefficients while the second layer consists of the expansion
coefficients for the SPFs, 4; ; ©. Similarly, the standard wavepacket approach can
be viewed as a single-layer approach. The structure of such wave function
expansions can be conveniently visualized employing tree diagrams.®* Some
example diagrams for a three-dimensional system are given in Figure 10.4. In
these diagrams, a filled circle represents a set of A coefficients and each line
represents a logical or physical DOF represented by the A coefficient on top of it
with the number next to it denoting the number of basis functions employed.
The top line represents the overall wavefunction. Consequently, the diagram for
the standard approach (Figure 10.4a) consists of a single filled circle representing
the A coefficients given in eqn (10.90) and three lines representing the three
physical DOFs and each DOF represented by N basis functions. The standard
MCTDH wavefunction representation (Figure 10.4b) consists of four filled circles.
The top one represents the top-layer 4; ; ; coefficients, while the other three
represent the 4; ; © coefficients used in the SPF expansions. For each DOF, n SPFs
are used. Each SPF function is one-dimensional and is represented by N basis
functions. Panel ¢ of Figure 10.4 displays the tree diagram of a mode combin
ation MCTDH wave function. The physical DOFs x, and x; are combined into a
logical DOF g,. Therefore, only two filled circles are present on the second layer,
but one of them is two-dimensional, ie., has two lines attached to its bottom.
These diagrams will be useful to discuss a very powerful extension of
MCTDH, termed multilayer (ml) MCTDH.**®” One can view any

Figure 10.4 Tree-like representation of different wavefunction expansions. A circle
represents a set of A coefficients and a line a logical or physical
coordinate. (a) Standard wave [eqn (10.141)]. (b) Standard MCTDH
expansion [eqn (10.121)]. (¢) Mode combination MCTDH
[eqn (10.141)]. (d) Multi-layer MCTDH [eqn (10.144)].
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multidimensional SPF as a wavefunction, which is treated within the
MCTDH scheme, i.e., expanded in a time-dependent basis. The ansatz for a
three-layer MCTDH wavefunction reads

ny ng d
Wolxy, o X )= > Y ALt H (b, ), (10.142)
Ji=1 ja=1 k=1
N1 Njq dy
k ko 23k 2k 2k 2kl
4)11) (xk’t):d)zl) (e » Xy )= Z ZAPh Jdk(t)]:[¢]l (xl ’t)’
=1 jp= I=1
(10.143)
k S 3k k
B = YA (2, (10.144)
j=1
k-1
with a=41—-") d,. (10.145)

We have changed the notation for the logical DOFs from g back to x, but
include the index of the layer they are associated with. All SPFs and A co-
efficients carry an index denoting the layer they are in. Figure 10.4d depicts
the tree diagram for a three-layer MCTDH wavefunction. Similar to the mode
combination wavefunction, only two filled circles are present in the second
layer. However, there is a third layer added which consists of two filled cir-
cles representing the expansion of the multidimensional SPF. These SPFs are
one-dimensional and expanded in a time-independent basis of size N.

Please note, that this can be done recursively until each DOF is expanded
in a time-independent basis. The (near) optimal choice for combining DOFs
in this scheme, i.e., the topology of the tree, is an active area of research.

10.5.3 Correlation DVR

The standard MCTDH approach requires the Hamiltonian to be in a “sum of
products” form, but most potential energy surfaces used in accurate rate
constant calculations are not in this form. Often the potential is refit to match
this structure. However, there is another possibility to factorize the potential
integral, which is based on the DVR approach introduced in Section 10.4.1.
The DVR approach can be generalized to a time-dependent DVR (TDDVR)
approach.”™®® Within the MCTDH framework one would then evaluate the
potential energy integrals on time-dependent grids associated with the time-
dependent basis spanned by the SPFs. The time-dependent grid points g, ( )
are obtained by diagonalizing the position operator matrix in the SPF basis®

(@10 @300 (1) = 3 (D1 ()1 Qme (©) Gy () (Qu (D17 (1)), (10.146)

my



Quantum-dynamical Calculation of Rate Constants in Polyatomic Reactions 359

Employing this scheme within the MCTDH framework can lead to large
numerical errors. The reason for that is the small size of the SPF basis. The
reason for the success of the DVR approach is that the wavefunction shows
more structure than the potential and, therefore, any quadrature errors in the
evaluation of the potential integrals is smaller than the error due to the finite
representation of the wavefunction. In the MCTDH framework, the A co-
efficients account for the correlation in the system and the SPF basis size is
independent of the separable dynamics. Consequently, the TDDVR grid points
are only properly able to treat the parts of the potential that result in correlation.
The number of grid points is too small to accurately calculate the integrals over
the separable parts of the potential. This can be exemplified for the most ex-
treme case of a completely separable potential V(xy,...,x) = V;(x1) + ... + V¢(xp).
The dynamics of this system can be described using a single SPF per DOF. The
exact potential energy matrix elements read

i
()b VgL o) =D (1 IValg)). (10.147)

n=1

Within the TDDVR approach the potential energy matrix elements read

S
(@1 sl V1) o)) ~ Z Val(91” il 6)), (10.148)
n=
which differs from the exact value as <¢E:)|Vn|¢(:)> #V, (<q’>g‘)|3€n|¢(f))).

This problem can be circumvented by employing the correlation DVR
(CDVR) approach,®® which introduces additional terms to treat the separable
parts of the potential exactly. The potential matrix elements in the grid basis
are calculated as

1 7 1
(..o 171! ..0"")

f
o k k—
=vig), ... ,q§ff>)(>hﬁ Loy Y QPIAv(g), g, (10.149)
=1
k+1 1
X xk>qgk+1 >> e 7qg))|QJ(1)>5l1j1 "'5lk—1;/k—151k+1Jk+1 . 5lfJf
with
k 1 k-1 k+1 k
@ 1av(gy sy x gy gl

k k— k+1
=g, ....q Y xe gV

k+1

k
cnsaf Q) =@, - af )
(10.150)

The first part on the right hand side of eqn (10.149) is the original TDDVR
result and the second part describes the correction. To evaluate the potential
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(@

(b) (c)

Figure 10.5 Sketch of the CDVR grids for a two-dimensional problem. (a) The small
TDDVR grid. (b), (c) The two CDVR correction grids.

f
energy integrals, f+ 1 grids are employed. A grid with n= ][ n; grid points
=1

f
and f correction grids with Ny [[ n; grid points. For a two-dimensional
I=11#k

problem, this is schematically shown in Figure 10.5. Panel a shows the small
TDDVR grid with four and seven grid points in the DOFs. Panels b and ¢
display the two CDVR correction grids. In panel b, the four time-dependent
grid points are replaced by 18 time-independent grid points, while the seven
time-dependent grid points are unchanged. In panel ¢, the four time-
dependent grid points are kept and the seven are replaced by 24 time-
independent grid points. To obtain the full potential energy matrix, one has
to evaluate the potential on these three grids. The CDVR scheme solves the
separable problem discussed before exactly. The correction terms read

(%) €3] NP0
<Qlk |AV(ql1 g 1ql(kk11) Xy 41 ,(Cl:rl)y . 7qlf )lQJk >
(%) (%)
= QP IV Q) — Vilgy )5lk,jk (10.151)

and there we obtain
(1) ) 1171 41 L
(¢, ...¢>lf Vg, . § qlk )00+ (10.152)

S
D@ Vel Q) — vielgl)dn )

k=1

511,]1' : '5lk—1,jk—151k+1jk+l' : 5lfJf’



Quantum-dynamical Calculation of Rate Constants in Polyatomic Reactions 361

which is the exact result given in eqn (10.148). Please note that this scheme
is not significantly more expensive than the standard approach as any po-
tential values required for the correction terms have to be calculated for the
mean-field potential matrix elements required to propagate the SPFs. The
CDVR approach favorably combines with the state-averaged MCTDH as most
of the potential calls are due to the SPF basis and thus do not have to be
repeated for each wavepacket. The CDVR approach can be combined with
ml-MCTDH. Details on this are found in ref. 66, 70, and 71.

10.5.4 Eigenstate Calculations within MCTDH

Utilizing the state-averaged MCTDH a simple strategy based on successive
applications of an operator, e.g., F7, and Gram-Schmidt orthogonalization can
be used to obtain eigenstates.'>*® We use a set of N orthonormal trial wave-
functions {y,, n=1,...,N}, the current approximate eigenstates, which are it-
eratively refined to obtain the N lowest eigenstates. Within each iteration, we
first calculate the eigenstates of F within the basis of our current approximate
eigenstates. This is done by applying F; to the set of approximate eigenstates to
get {Frin, n=1,...,N}, and diagonalizing the matrix F,, ;= (Y| Frif ) as

N
Faw =Y Uy fiUp;. (10.153)
i=1

The eigenvectors U; are sorted according to the ascending magnitude of the
eigenvalues f; to improve convergence. The set {F7\/,, n=1,..., N} is trans-
formed into the basis given by U to give

N
b= UnFry,. (10.154)
n=1
We orthonormalize the transformed wavefunctions {¢,, n=1,...,N} em-

ploying the Gram-Schmidt procedure to obtain a new set of approximate
eigenstates. This procedure is repeated until convergence.

One can also employ the Lanczos scheme within the MCTDH context using
some modifications.'*”?> This modified Lanczos scheme can be combined
with state-averaged approach. Details on this approach are found in ref. 60,
73, and 74. Please note, that there are also other ways to obtain eigenstates
within the MCTDH framework. They are discussed in ref. 75 and 76.

10.5.5 Statistical Approaches for Calculating Rotational
Motion and Partition Functions

Statistical wave functions WY for the efficient treatment of overall ro-
tational motion can be obtained in two ways within the MCTDH
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framework. One can either randomize the top-layer A coefficients em-
ploying a random phase’’

P (xy, .0y xp) Z Z i, H (e, ©) (10.155)

=1 Jp=1

with 0; .. ;(j) random numbers in the interval [0, 2], or one can randomize
the 4 coefﬁ(:lents of the bottom-layer SPF as'%'*?!

Ni

By (xi) = > (=15 (xe), (10.156)

=1

with o;(j) a random integer and the initial wavefunction is taken to be a
Hartree product of the statistical SPFs, ie., the top-layer A coefficient is
4. =1, if ji=j = ...=jj=1 and 4; =0 otherwise. Tests have shown
that the latter approach converges mgmﬁcantly faster and it is used here.”
For the case of overall rotational motion, we employ Wigner rotation matrices
|JMK) as basis functions and obtain the statistical wavefunction as'®***'

Jmax  Min(J.Kmax)

) = Z (—1)%«U)\ /o] ¥ 1| JKM), (10.157)

J=0K=—Min(J,Kmax)

with o; () random integers and the quantum number M chosen arbitrarily.
The statistical wavefunctions can also be used to obtain the partition func-
tion of the reactants.””

- . 1 .
The statistical error in each case converges to zero as \/—J\_l The efficiency of
the convergence is governed by its variance. For the case of the partition
function it reads®

—BHr (g ())\ _ —BHR Y2
Nl,lggoMEI N e PHr | pU)y — tr(e PR (10.158)
= > [(tale” W2+ (ale PRy, (10.159)
n#m

which is only dependent on the off-diagonal matrix elements in the chosen
basis. For separable overall Hamiltonians and |y;,) chosen as eigenfunctions
of the separable parts, a single sample (M =1) is sufficient for convergence,
but also for correlated systems the number of samples is typically small if
good coordinate systems and well-suited basis functions are chosen.

10.6 Examples

We will close this chapter by giving a few examples of reactions that have
been treated with the approach introduced. We will consider three reactions,
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a tri-, tetra-, and six-atomic reaction, respectively. We will focus on results
obtained employing potential energy surfaces (PES) that are based on highly
accurate electronic structure calculations, and that were fit with high
accuracy. For each example, we will highlight different aspects, e.g., the
accurate treatment of spin-orbit coupling, the accuracy of the J-shifting
approximation or considerations regarding ml-MCTDH and different PES.

10.6.1 Cl+H,—-HCI+H

The results summarized here have been published in ref. 81 and 82. The
Cl+H, - HCIl + H reaction has been an important benchmark reaction to
study the effects of spin-orbit coupling on the reactivity.

10.6.1.1 Treatment of Spin-Orbit Coupling

There are several different ways to account for spin-orbit coupling. The exact
treatment of spin-orbit coupling requires the PES to be fitted including
spin-orbit coupling. The spin—orbit split PESs can be used in the dynamical
simulation and the splitting of the initial states has to be included in the
partition function. The corresponding partition function then reads

QS =2+ e AT, (10.160)

with AE the asymptotic spin-orbit splitting of the atomic Cl. Yet, most PES
do not employ spin-orbit coupling explicitly and its effects on the dynamics
cannot be accounted for. However, the effect on the reactant partition
function can be described. Given that the spin-orbit coupling is important
only asymptotically and quenched in the interaction region, this treatment is
justified. In this case, the asymptotic PES corresponds to the average energy
of the spin-orbit split states and the partition function has to be taken as

Q?éz(é _ ZeAE/SkTe+ —ZAE/SkT. (10.161)

In ref. 82, the validity of this approach is tested for the Cl+ H, reaction.
A PES that accurately includes spin-orbit splitting is employed (the CWad
PES) and consequently eqn (10.163) is used in the reactant partition func-
tion. These results are compared to older work®' that employed a PES
without inclusion of spin-orbit splitting (the BW2 PES) and that used eqn
(10.164) in the reactant partition function. The resulting rate constants are
given in Figure 10.6. The results for both surfaces agree very well with each
other and also with experimental results. To quantify the error due to neg-
lecting the spin-orbit coupling in the dynamical simulation, the ratio of the
thermal rate constants obtained with the BW2 PES and the CWad PES is
given on the top-right of Figure 10.6. The error is below 5%, even at tem-
peratures as low as 200 K. This error is within the convergence error of the
full simulations. Please note that it is important to always consider if the
employed PES is constructed with or without explicitly including spin-orbit
coupling and use the appropriate formula for inclusion of the spin-orbit
splitting in the reactant partition function.
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Figure 10.6 Left: thermal rate constants obtained with (CWad) and without (BW2)
explicit treatment of spin-orbit coupling. Different experimental results
are given as symbols. Right: ratio of thermal rate constants obtained
without and with explicit treatment of spin-orbit coupling (upper
panel). The energy difference corresponding to this ratio is displayed
in the lower panel. The error bars referr to the error from the statistical
treatment of the rotational motion (see Section 10.5.5).

Reproduced from ref. 82 with permission from the PCCP Owner
Societies.

10.6.2 H,+OH->H,0+H

The reaction of H, and OH is the main route for water formation in the
interstellar medium. It is also the benchmark tetratomic reaction and has
been studied for decades using accurate theoretical approaches. We will focus
on recent results that not only use the approaches detailed in this chapter, but
were also the first rigorous thermal rate constant simulations to employ
modern, high-level PES for this system. The details are given in ref. 83-85.

The thermal rate constants between 700 K and 150 K are shown in
Figure 10.7. and compared to different experimental results and harmonic
TST (see Section 10.2.2). In the high-temperature regime, TST gives relatively
good rate constants as both the classical and no-recrossing approximations
are reasonable here. Towards lower temperature, i.e., below 500 K, the TST
rates dramatically underestimate the experimental and QTSC results due to
neglecting recrossing and tunnelling. The rigorous QTSC results agree very
well with the experimental results.

10.6.2.1 The J-shifting Approximation

In Section 10.3.3 we introduced the J-shifting approximation. It is widely
used in accurate and approximate thermal rate constant simulations. Older
work suggested that this approximation is not good for the H, + OH reaction
as rate constant differ by a factor of two at 300 K between close-coupling
and J-shifting simulations.”” In Figure 10.8, we show thermal rate constants



Quantum-dynamical Calculation of Rate Constants in Polyatomic Reactions 365

" this work'[J—shiﬂ'mg —

.Oe-12 } this work (close coupli
L | o (R oS
" CVTILCT
1.0e-13 | RPMD
Instanton  +
L rkin G =
mE 1.0e-14 Ravia;ll—'laa!ﬁhgra;jlgg? .
i e N, - Oldenborg 1982
s 3 st
E 1.0e-15 F
1.0e-16
1.0e-17 — - L. 1 i
2 3 4 L} 5]
1000/T / K

Figure 10.7 Thermal rate constants k(T) incm®s™" for the H, + OH reaction. Accur-
ate results on the NN1 and SE PESs are given as black line and blue
dots. Experimental results are given as filled symbols,**™®° TST as grey
dash-dotted line,’® semi-empirically corrected TST as blue crosses,”®
RPMD as orange stars,”" and instanton results as black crosses.”
Reproduced from ref. 84 with permission from John Wiley and Sons,
© 2018 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim.
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Figure 10.8 Thermal rate constants k(7) incm®s™' for the H,+OH reaction.
Rigorous close-coupling results and J-shifting results on both the
NN1 and SE PESs are given.
Reproduced from ref. 83 with permission from AIP Publishing,
Copyright 2018.

obtained with rigorous close-coupling simulations and with the J-shifting
approximation for both the old, semi-empirical Schatz-Elgersma (SE) PES™
and the new, high-level neural network (NN1) PES.”* The results obtained on
the SE PES show the same errors of the J-shifting approximation as the older
work. In contrast, both rigorous close-coupling and J-shifting rate constants
calculated for the NN1 PES only deviate by up to 20% at 300 K.
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It was previously discussed that the fit of the SE PES deviates from the ab
initio data, in particular around the transition state. This results in large
differences of the moments of inertia associated with the transition state on
the PES and in the ab initio calculations. The moments of inertia are integral
to the J-shifting approximation and these deviations result in the breakdown
of the J-shifting approximation on the SE PES. Due to the better fit in the
NN1 PES, the transition state is reproduced better and the rotational motion
can be separated well, resulting in reasonable J-shifting results.

10.6.3 H + CH4 g Hz + CH3

The H+ CH, reaction is considered the benchmark six-atomic reaction. It
has attracted a large amount of work, including several full-dimensional
calculations of the rate constant. While the first of these calculations had to
use a less accurate, semi-empirical PES,”” the past ten years have seen several
rigorous simulations employing highly accurate PES.°°® The results pre-
sented here were originally published in ref. 23 and 99-101.

10.6.3.1 Multilayer MCTDH Considerations

As discussed in Section 10.5.2, the mI-MCTDH is a useful approach for the
propagation of high-dimensional wavepackets. In ref. 99, the efficiency of
the mI-MCTDH approach for the calculation of thermal rate constants of
H + CH, has been investigated. As the main purpose of this study was to
investigate the efficiency of the ml-MCTDH approach, a cheap, semi-
empirical PES and transition state normal modes were employed. The con-
vergence of thermally weighted N(E) for a particular ml-MCTDH wave
function is shown in Figure 10.9 and Table 10.1. Exact results are obtained

5433
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Figure 10.9 Thermally weighted N(E) at 300 K for the JG-PES. See ref. 99 for details.
Reproduced from ref. 99 with permission from AIP Publishing, Copy-
right 2012.
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Table 10.1 Wall time, i.e., elapsed real time, and thermal rate constant at 300 K of
different basis sets. See ref. 99 for details. Reproduced from ref. 99 with
permission from AIP Publishing, Copyright 2012.

Ny, No, N3, Ny Wall time Factor klkexact at 300 K
5,4,3,3 134 min 1.00 0.894

6,4,3,5 241 min 1.80 0.982

7,4,4,6 419 min 3.13 0.997

8,5,5,7 905 min 6.77 0.997

EXACT 3383 min 25.25 1.00

with single-layer MCTDH employing over 230000 top-level configurations.
Fast convergence of the mI-MCTDH results with respect to the basis set size
is found. A set of only 7 x 4 x 4 x 6 =672 top-level configurations is sufficient
to converge the rate constant within less than 1% and for convergence of
about 10%, a factor of about two fewer configurations is required. The speed-
up gained by the mI-MCTDH approach is apparent when comparing the
simulation times on a single-core AMD Opteron 850 processor with 2.4 GHz,
which is also shown in Table 10.1. Speed-ups of about an order of magnitude
can be obtained within reasonable convergence criteria.

10.6.3.2 Comparing Different PES

For the accurate theoretical description of a reaction process the PES is of
crucial importance. Several PES have been published based on high-level
ab initio calculations but using very different fitting or interpolating techni-
ques. Here, we will compare the results of thermal rate constant calculations
on these different PES. The different PES are constructed using Shepard in-
terpolation (WWM, ZFWCZ, m-ZFWCZ, ZFWCZ-WM), permutationally in-
variant polynomials (ZBB3) or high-dimensional feed-forward neural
networks (XCZ). Apart from the accuracy of the fit or interpolation of these
PES, there is another issue to be considered when doing high-dimensional
rate constant calculations employing the QTSC and MCTDH. In Section 10.5.3
we discussed the CDVR approach, which employs time-dependent grids and
requires billions of PES evaluations. The relative cost of evaluating the PES
introduced above is 6 (WWM), 66 (ZBB3), 230 000 (ZFWCZ), 10 (ZFWCZ-WM),
and 3 (XCZ) compared to the semi-empirical JG PES. Figure 10.10 presents the
thermal rate constant calculated on the different PES. For comparison, several
experimental results are also given. Good agreement between the theoretical
and experimental results is obtained. The spread of experimental results is
bigger than the differences between the results for different PES. In particular,
the newest PES (XCZ, ZFWCZ-WM) agree nearly perfectly with each other.

10.6.3.3 Natural Reaction Channels

In Section 10.3.4, the interpretation of CRPs with respect to natural reaction
channels was discussed. Ref. 23 presents the decomposition of the CRP of
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the H+ CH, reaction into its natural reaction channels, which is shown in
Figure 10.11. At low energies, close to the threshold, the reaction proceeds
exclusively through the natural reaction channel associated with the ground
vibrational state of the activated complex. At energies about 0.05 eV higher,
the two degenerate channels associated with the H-H-CH; bending motion
start to contribute. This is consistent with the harmonic excitation energy of
this mode of 534 cm . At even higher energies the CH; umbrella mode, the
H-CH; bending mode and the first overtone of the H-H-CH; bending mode
start to contribute.
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11.1 Introduction

Although the term “tunnelling” can imply a dynamic, time-dependent process,
the phenomenon is equally well described in an eigenstate picture. Here two
zeroth-order wavefunctions on either side of a barrier overlap via the classically
forbidden region, leading to an interaction represented by a ‘“tunnelling”
matrix element between two zeroth-order basis states. The resulting energy
level shifts and mixing have observable spectroscopic consequences in the
frequency domain, alongside the more frequently considered dynamical
effects. Oftentimes these observables can lead more directly to information
about the molecular Hamiltonian, making this approach highly comple-
mentary to time-domain approaches that monitor the tunnelling rate explicitly.

Here we outline the time-independent perspective on tunnelling by
illustration with two model limiting cases. The remainder of the chapter
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describes our preferred ab initio eigenstate methods for treating tunnelling
in molecular systems, along with examples from the literature.

11.1.1 Symmetric Double Minimum

A special tunnelling case occurs in symmetric systems, where identical and
therefore exactly degenerate copies of a molecule exist and interact (see also
Chapter 9). Ammonia (NHj3) is perhaps the most famous example in this cat-
egory, where in its trigonal pyramidal structure the nitrogen atom can be located
either above or below the plane defined by the three hydrogen atoms. These two
identical instances |1) and |2) of the NH; molecule are then coupled along the
symmetric umbrella deformation, v,, into the symmetric and anti-symmetric

= % + % The energy difference
E. — E_ or tunnelling splitting is equivalent to the |1) to |2) inversion frequency
(when divided by Planck’s constant, /). For example, in the ground rovibrational
state of ammonia, this inversion splitting is 24 GHz.! The symmetric double
minimum case is important not only because it tends to exhibit large tunnelling
splittings, due to the quasi-first-order' effect of the tunnelling matrix element on
the degenerate basis states, but also because the Hamiltonian and eigenspec-

trum are relatively simple, compared to the more general case.

eigenstates |+) and |—), respectively: |[+/—)

11.1.2 General Asymmetric Case

Generally, two minima of a potential energy surface need not be related by
symmetry, but the zeroth-order eigenstates of the isolated potential wells can
still interact by tunnelling mechanisms. The resulting energy level patterns
are then significantly more complex; each zeroth-order state is no longer
guaranteed one dominant partner with which it interacts straightforwardly
via quasi-first-order perturbation theory, for example. Understanding the
final eigenspectrum in terms of tunnelling requires evaluating interaction
matrix elements between the two sets of zeroth-order states and using second-
order perturbation theory to obtain shifts from the zeroth-order energies.
Tunnelling problems in real molecules can comprise both asymmetric and
symmetric tunnelling mechanisms simultaneously. This occurs when the
permutation of identical but not necessarily symmetry-equivalent nuclei is
mediated by the presence of an intermediate, distinct isomer. In such a
situation the eigenspectrum will exhibit both types of effects: (1) the quasi-
first-order tunnelling splittings typical of the symmetric case, superimposed
upon (2) the asymmetric case perturbations between the two isomers. An
example of such a case, S; acetylene, is given in Section 11.3.4 below.

By “quasi-first-order”, we mean that the effect of the off-diagonal matrix element eventually
manifests as a first-order perturbation theory correction to the energies, despite initially
appearing to be a second-order effect. This is due to the necessary diagonalization of the
degenerate subspace, which shifts the matrix element onto the diagonal.
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Due to the rich complexity of these systems, highly accurate computa-
tional methods that can guide spectroscopic studies towards an eventually
experimentally based effective Hamiltonian are extremely useful.

11.2 Computational Methods

Ab initio frequency-domain approaches are often based on the time-
independent Schrodinger equation (SE) for the total molecular Hamilto-
nian. Under the Born-Oppenheimer approximation,” which is accurate for all
cases considered here, one need only solve an effective nuclear motion SE,

Hnllpn>:[Tn+V]|¢n>:E|lpn>7 (11'1)

which describes rovibrational motion on an adiabatic potential energy surface
(PES) V, a function of the 3N — 6 internal coordinates. In polyatomic molecules,
this is a high-dimensional, many-body problem. Its solution is especially
complex for non-rigid, multiwell systems that exhibit extreme anharmonicity
and large-amplitude nuclear motion. Such difficulties are inevitable for mol-
ecules in which tunnelling dynamics are important. Automated ‘‘black box”
tools, such as those based on standard vibrational perturbation theory,”* are
simply inadequate for these types of systems. The development of accurate and
efficient alternative methods to tackle them remains a challenge.

This section provides an overview of the computational methods we use to
understand, predict, and interpret the rovibronic spectroscopic signatures of
tunnelling in small- to medium-sized molecules. These tools span both
variational and perturbative approaches. The former involves iterative ei-
gensolvers combined with sparse direct-product grid representations of the
nuclear motion Hamiltonian, which is a relatively well-established techni-
que for high accuracy spectroscopic calculations.’” For systems that are too
large to treat with this approach, we have developed a version of rovibra-
tional perturbation theory based on curvilinear vibrational mean-field the-
ory.® Both of these approaches require two key pieces: a numerically exact
kinetic energy operator (KEO) for general curvilinear coordinates and a re-
liable PES fitted to high-accuracy electronic energies.

11.2.1 Direct-product Discrete Variable Representation Grids
and Iterative Eigensolvers

The most general way to compute the spectrum of a rovibrational
Hamiltonian is via variational methods.*® In this approach, wavefunctions are
represented as linear combinations of a set of basis functions. The matrix
representation of the Hamiltonian operator in this basis set is diagonalized to
compute its eigenvalues (energies) and eigenvectors (wavefunctions). By sys-
tematically increasing the size of the basis set, numerically exact energies and
wavefunctions can be converged. The calculation is limited only by the size of
the Hamiltonian matrix one can build and diagonalize; as such, appropriate
choices for coordinates and efficient basis sets are crucial.
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The most straightforward basis set for multi-dimensional wavefunctions is
a direct product of one-dimensional basis functions for each vibrational
degree of freedom.>® These take the general form

Oiyiyein (@) = 0 (@) (02) - " (qn), (11.2)

where each vibrational coordinate g, k=1...n, has its own independent set
of 1D basis functions d)f.f)(qk). The desired many-body wavefunctions are
represented as an n-index sum over the direct product basis,

Y(q)= ZZ“.ZCiliZ"'in(l’)ilig---in(q)? (11.3)
SR in

where the coefficients c;;,...;, are equal to the components of the eigenvectors

of the Hamiltonian matrix. As the number of basis functions ¢l(f) for each

coordinate approaches completeness in 1D, so does the many-dimensional

direct-product basis.

The challenge with this simple approach is that the number of direct-
product basis functions grows exponentially with the number of coordinates.
For example, each 1D basis set typically needs a minimum of 10 functions for
accurate results, yielding a total of 10" direct-product basis functions. A five-
atom molecule, such as CH,, has n=3N — 6 =9 internal coordinates, so its
minimum basis set contains 10° functions. Most importantly, the Hamilto-
nian operator in this basis is a 10°x10° matrix, which would require about
10" gigabytes of memory to store on a computer. Even if this were possible,
direct diagonalization methods of mxm matrices scale as ((m?) and are
impractical for such large matrices. Furthermore, only the lowest energy
eigenvalues are typically desired, which represent a very small fraction of the
complete eigenvalue spectrum of the Hamiltonian matrix. Calculating the
entire set of eigenvalues is therefore a vast waste of resources.

The problem of calculating and storing the Hamiltonian matrix is avoided by
using iterative diagonalization methods,'*"* in particular the Lanczos algo-
rithm,"? which is applicable to Hermitian matrices. Iterative methods focus the
computational effort on calculating the lowest energy eigenvalues and not
the entire unnecessary spectrum. They also require only that one calculate
the Hamiltonian matrix-vector product, w = Hv, where v is an arbitrary vector of
basis function coefficients. The key point is that matrix-vector products (MVPs)
can be calculated without the explicit construction of the matrix H itself. This
drastically reduces the memory requirements, making the direct-product basis
approach viable. We forgo a detailed discussion of iterative diagonalization
algorithms here.®'* We most often employ the so-called thick-restart Lanczos
method, details of which can be found in ref. 15.

In general, the efficiency of iterative techniques is determined by the cost
of MVPs with the Hamiltonian. Discrete variable representation (DVR) basis
sets'®' are an essential tool for reducing the computational expense of this
step. DVRs are coordinate-representation basis functions that are highly
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localized about discrete values (i.e. grid points) of the coordinate variable.®
A fundamental property of DVRs is that matrix representations of scalar
functions are approximately diagonal,

Jdq oX(q) f(@)P/q) ~ ;1 (), (11.4)

where ¢; (¢;) is the DVR basis function centered on grid point g; (g;). This
diagonal approximation is related to Gaussian quadrature of integrals, and
the associated error rapidly decreases as the number of DVR basis functions
(i.e. the number of grid points) increases.'®

Using DVR basis sets with iterative diagonalization is advantageous for two
reasons. First, the diagonal property results in a highly sparse Hamiltonian
matrix with a small fraction of non-zero matrix elements. (Coordinate derivative
operators result in off-diagonal matrix elements, but these derivatives appear in
the KEO as products of at most two distinct coordinates. Therefore, off-diagonal
matrix elements only occur between DVR basis functions that differ by two or
fewer grid index values.) Second, these matrix elements can be calculated
without performing expensive integrals. The only information needed is the
values of the PES and KEO coefficients at the DVR grid points. These properties
make MVPs and iterative diagonalization simple and efficient. Additional
techniques such as spectral transformations'*?>?*' and symmetry-adapted
Lanczos® can further improve the computational efficiency.

The above discussion focuses on the pure vibrational problem (J=0).
Rotations are easily included by attaching a set of rotational basis functions to
each DVR grid point. That is, the rovibrational basis is a direct product between
the vibrational DVR functions and a single set of rotational basis functions.
(We usually employ symmetric top functions quantized along one of the
molecule-fixed axes.) Apart from modifying the Hamiltonian MVP routine to
account for rotational and rovibrational terms in the KEO, the iterative
diagonalization algorithm is essentially unchanged. Both the size of the
combined rovibrational direct-product basis and the cost of MVPs scale linearly
as 2/ +1.

11.2.2 Rovibrational Perturbation Theory Based on
Curvilinear Vibrational Mean-field Theory

Although iterative techniques and DVRs make direct-product-basis variational
calculations orders of magnitude more efficient than direct matrix construction
and diagonalization, their cost still scales exponentially with the number of
coordinates, limiting them to small molecules of up to four or five atoms. (We
note that recent advances'***** have substantially pushed this dimensionality
limit for some cases. Other approaches such as contracted basis techniques* >’
are also important for addressing this issue.) For medium-sized molecules, it is
advantageous to use approximate methods that are even more efficient while
retaining enough accuracy to be useful for spectroscopy.

One of the most popular approximate methods is second-order vibrational
perturbation theory (VPT2).>*?® The zeroth-order description in VPT2 is a set
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of uncoupled harmonic oscillator vibrations and rigid-top rotations.
Perturbative corrections from anharmonicity and rotation-vibration coupling
are used to generate anharmonic vibrational frequencies and effective ro-
tational parameters. Although VPT2 is based on the formally exact Watson
Hamiltonian,* it relies on rectilinear normal coordinates and single-reference
Eckart embedding.? This renders it best suited for molecules that undergo
small harmonic displacements from a single, well-defined equilibrium
configuration. VPT2 thus fails for floppy or highly anharmonic molecules
and is fundamentally incapable of treating tunnelling between multiple
PES wells.**

For a perturbative treatment to be successful, it is crucial to construct a
zeroth-order picture that accurately reflects the large-amplitude, highly
anharmonic vibrational motion associated with tunnelling. We base our
approach on vibrational self-consistent field theory (VSCF)*'** and second-
order vibrational Meller-Plesset perturbation theory (VMP2).*>*® VMP2 cor-
rects a zeroth-order VSCF mean-field wavefunction for vibrational correlation
effects using Rayleigh-Schrodinger perturbation theory, in analogy to elec-
tronic structure MP2.>” While VSCF-based methods were originally developed
for the rectilinear Watson Hamiltonian, they have since been applied to a
variety of curvilinear coordinate systems.>®** We have extended the curvilinear
VSCF/VMP2 approach by accounting for the rotational and rotation-vibration
coupling terms of the nuclear motion Hamiltonian.® Rotational and rovibra-
tional effective Hamiltonians are then calculated by applying a second-order
contact, or Van Vleck, transformation®’ to the zeroth-order VSCF Hamiltonian.

The zeroth-order VSCF wavefunction ansatz is a Hartree product for the n
vibrational coordinates,

Wo(q) = ¥a(q)¥2(q2) - - nlgn), (11.5)

or in ket notation,

o) =1)[2) -+ |n) = [ ] IK). (11.6)
k

Variational optimization of |¥,) leads to a 1D Schrédinger equation for each
degree of freedom,

Rl ) = il ), (11.7)

where

= <H<Z|>HV<H z>) (11.8)

I#k I#k

is the one-body Hamiltonian for vibrational coordinate k, computed by
averaging the full vibrational Hamiltonian H, over the other degrees of
freedom [#k. As in other mean-field theories, this set of equations is solved
iteratively until self-consistency is reached. We use underlying DVR basis
sets for each of these 1D problems.
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Second-order vibrational Mgller-Plesset perturbation theory (VMP2) is
used to correct the VSCF wavefunction |¥,). The VMP2 energy is computed
using standard Rayleigh-Schrédinger perturbative corrections,

ESMP2 — gl0) | () (11.9)
EY) = (W,o|H,|Wo), (11.10)

2 [(WolHy |v)|*
B = > S (11.11)

0
W TTeey By — B

where the second-order sum is over virtual excitation wavefunctions |v)
formed from higher-energy eigenfunctions of the one-body problems, eqn
(11.7). (These form a direct-product basis set that completely spans the one-
body functional space.) The zeroth-order wavefunction |¥,) is not necessarily
the ground state. Excited vibrational states can be targeted equally well.
This approach provides approximate wavefunctions and energies for the
pure vibrational Hamiltonian H, = T, + V, where T, is the vibrational KEO. To
calculate rovibrational states with />0, one must consider the full nuclear
motion Hamiltonian H, = H, + T; + T, which contains additional KEO terms
for rotational motion (7;) and rotation-vibration coupling (7). These terms
are typically several orders of magnitude smaller than the vibrational part of
the Hamiltonian and therefore may be folded into the perturbative treatment.
This procedure is formally carried out with a contact or Van Vleck transfor-
mation,* with the final product being a rotational or rovibrational effective
Hamiltonian for the vibrational state of interest.***® The detailed working
equations for this process in the VMP2 framework can be found in ref. 8.
The basic contact transformation procedure works well when individual vi-
brational states are well-separated in energy and only interact weakly with each
other. Large-amplitude tunnelling motion, however, results in closely spaced
vibrational states separated by energy differences often of the same magnitude
as rotational excitations. This can lead to non-perturbative, resonant rotation—
vibration tunnelling interactions. In this case, the resonantly interacting states
can be grouped together into a multistate block. The contact transformation
eliminates coupling between this enlarged block and the rest of the rovibra-
tional manifold, resulting in a multistate effective Hamiltonian. This effective
Hamiltonian accurately treats the non-perturbative interactions among the
resonant vibrational states. We will see an example of multistate effective
Hamiltonians in the section below about tunnelling gauche-butadiene.

11.2.3 Kinetic Energy Operators

Relative to rectilinear coordinates, which form the basis of the Eckart-
Watson Hamiltonian,?® curvilinear coordinates provide an improved treat-
ment of molecular vibrations and large-amplitude tunnelling motion. These
benefits come at the cost of a significantly more complex analytical form of
the nuclear motion KEO.**>? However, the use of DVR basis functions,
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which require only numerical evaluation of the KEO instead of closed-
formed analytical expressions, obviates these drawbacks.>>°

We follow the usual Podolsky approach to derive a general curvilinear
KEO.’**”°* The curvilinear coordinate system for an N-atom molecule is defined
by specifying the Cartesian positions X; of each nucleus i =1.. .N in a body-fixed,
center-of-mass frame as a function of n internal vibrational coordinates g,
k=1...n. For full-dimensional problems, n=3N — 6, although one can also
consider reduced-dimension models that use only a subset n<3N—6 of the
available degrees of freedom. The n internal coordinates are collectively denoted
as ¢. The body-frame Cartesian position functions X; (¢ ) generate an associated
metric tensor g, an (n + 3)x(n + 3) symmetric matrix with elements given by

N
g = Z m;OrX; - 6[5(",', (11.12)
i
N
8u= Zmi(éoc X X;) - O, (11.13)
N
Gup= Y mi(ey x ;) - (& x X). (11.14)

k, I, etc. are vibrational indices taking values 1...n, and «, f3, y are rotational
indices, taking values x, y, and z (i.e. the three body-fixed axes). é, is a unit
vector parallel to the body-fixed  axis, and m; is the mass of the ith atom.*
The metric determinant is g = det(g) and the metric inverse is G=g .
Using these quantities, the rovibrational KEO can then be written as

T=Ty+ Te+ Tr, (11.15)
which includes a vibrational term,
T, = h—zzg_l/“akazgl/zalg‘l/“ (11.16)
2 4 ¢ 7
a rotational term,
—n? i, i
T = — Gup & , ﬁ , (11.17)
4 hlh
oaf +

and a rotation-vibration coupling term,

—h?
Tn=—-

(—(9,1Gk~, + kaak) & )
ky h

(11.18)

where the operator J, is the body-frame projection of the total angular mo-
mentum J along the a-axis. (The Hermitian conjugate derivatives 6; act to the

fWe use atomic (rather than nuclear) masses in all calculations, as is the standard approach
under the Born-Oppenheimer approximation. We note, however, that the issue of atomic vs.
nuclear masses can be subtle,®** especially for ionic systems.®
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left.) Matrix elements of this KEO are calculated using the volume element
dg,dg,- - - dgq,,*° i.e. the normalization convention is

J--Jdg - -dgap*(g)(g) = 1. (11.19)

The above form of the KEO is convenient for the iterative direct-product
DVR grid approach. Matrix elements of complicated expressions such as
g 19lGug *9,g /4 are simple to evaluate by repeated insertion of the
truncated identity operator and use of the diagonal-DVR approximation.®

For the VSCF-based methods, it turns out to be useful to push the derivative
operators appearing in 7, to the edges of each term (i.e. J all the way to right

and 9] to the left). Doing so rearranges T, into an equivalent form,****
T—hZZaTG 8+hZZ(U8 +olu)+Vv (11.20)
v— b - K Ikl b I 101 1 Y1 T .

where the single-derivative coefficients are

1 0
U = —ZE:(%) G, (11.21)

and the kinetic pseudo-potential is

h2 8kg alg
V=2 Z <?> <?> G- (11.22)

kl

The determinant derivative is conveniently evaluated using the relation
(0x8)/g = tr(GOsg).

Matrix element integrals of the various terms in the KEO, such as Gy, U,
and V, as well as the PES, must be computed between Hartree product basis
states. These terms in general depend on all n internal coordinates, leading to
very high-dimensional integrals. For example, molecules as large as buta-
diene, considered below, would require 24-dimensional sums, which are
impractical to compute. A common method to address this problem is to
expand the various high-dimensional functions in a many-body (or “n-mode”’)

expansion.>*** For some scalar function F(gy, ¢s, - - - , ¢»), this expansion is
F(qu,...q)=fo+ Y @)+ ful@uq)+ Y fum(qeqigm)+-, (11.23)
k k<t k<I<m

where

h=Fg, .y,

Fe=F@E i @) = fos

fa=F(@ g @) —fi = fi—fo, (11.24)

Jam =F(G, - Qe QG- -, G,

_fkl _fkm _flm _fk _fl _fm _an
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and so on. (¢i,. .., gic") is a reference geometry about which the expansion is

computed. In tunnelling molecules, a single reference geometry may not be
appropriate. In this case, large-amplitude coordinates may be ‘“derefer-
enced” such that the many-body expansion is carried at every DVR grid-point
of the dereferenced coordinates. Many-body expansions break up a compli-
cated high-dimensional function into smaller parts of lower dimensionality.
By taking the expansion to include all terms up to n-body contributions, the
exact original function F is recovered, but nothing is gained. It is often ac-
curate, however, to truncate the expansion at three- or four-body terms, which
drastically reduces the dimensionality of the matrix element integrals of F.
The small errors introduced by the many-body expansion can be systematic-
ally controlled by checking that computed energies are converged with respect
to the maximum number of n-body terms.

11.2.4 Coordinate Systems and Body-fixed Frame Embedding

The procedures above allow us to construct the numerically exact KEO for an
arbitrary set of internal coordinates ¢ and body-fixed frame embedding (im-
plicitly defined by the Cartesian position functions X,(q)). The question re-
mains, how do we choose these coordinates optimally for tunnelling systems?

For iterative direct-product DVR grid calculations, we often use primitive
valence coordinates such as internuclear distances, bond angles, and dihedral
angles.”’ Simple orthogonal coordinate systems like Jacobi and Radau co-
ordinates are also convenient.®*®® For reduced-dimension calculations, it is of
course necessary to choose coordinates that accurately describe the dynamics
of the sub-system of interest. The computational efficiency and accuracy of
full-dimensional direct-product grid calculations, however, are not strongly
dependent on the choice of coordinates as long as they compactly span the
energetically relevant regions of configuration space.

On the other hand, the choice of coordinates is critically important for
VSCF-based calculations. In general, one wants to find a coordinate system
that minimizes coupling and leads to an approximately separable vibrational
Hamiltonian, Hy(q)~ h1(g1) + #2(q2) + - - -. This ensures that the VSCF Hartree
product is an accurate zeroth-order wavefunction and that the various many-
body expansions will be accurate for low expansion orders. For non-
tunnelling molecules with a single equilibrium configuration, the ground
and lowest excited vibrational states are usually best described with the
normal coordinates associated with the PES minimum. These are found by a
(curvilinear) harmonic analysis using the classic GF method based on the
kinetic energy coupling (G) and force (F) matrices.®® For tunnelling systems
with more than one dynamically accessible minimum, however, we turn to a
reaction path (RP) coordinate system.*>°”~”! A RP coordinate system is based
on the steepest descent trajectory that connects neighboring minima
through intermediate saddle points on the PES. At each point along the
steepest descent RP, a modified GF calculation is performed to determine
the “instantaneous” normal modes orthogonal to the RP at that position. In
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this way, the RP coordinate system smoothly interpolates between the dif-
ferent normal mode coordinates associated with each local minimum. It
provides an approximately globally separable coordinate system, which is
crucial to making VSCF/VMP2 efficient and accurate.

In addition to choosing a coordinate system that minimizes the coupling
between different vibrations, VSCF/VMP2 requires that the body-fixed frame
embedding results in small rotation-vibration coupling terms Ty,. This em-
bedding is defined by how the molecular body-fixed frame is rotated in space
for a given value of the internal coordinates g. For single-well cases, the best
choice of embedding is usually the Eckart frame,** which eliminates rotation—
vibration coupling at the reference equilibrium geometry. Implementing
Eckart frame embedding for arbitrary curvilinear Hamiltonians is, in general, a
complicated, non-trivial problem.’®>*”>7”> The approach we take is based on
the elegant quaternion algebra method recently introduced by Krasnoshche-
kov et al.”® Briefly stated, for a given Cartesian geometry in a non-Eckart frame
X;, the corresponding Eckart frame geometry can be found with a rotation,

xFekart — yg)x,, (11.25)

where the rotation matrix U(q) explicitly depends on the curvilinear internal
coordinates. This approach permits the usual single-reference Eckart frame
embedding, as well as quasi-Eckart embedding based on a moving reference
geometry that tracks large-amplitude tunnelling motions.”® In each of these
cases, we automatically evaluate the (first and second) derivatives of U(q)
necessary to construct the numerically exact KEO. Further algorithmic de-
tails can be found in ref. 8.

11.2.5 Potential Energy Surfaces

Last, but not least, an accurate potential energy surface based on high-level
quantum chemical methods is the foundation for any nuclear motion cal-
culation. We generally rely on single-reference coupled-cluster (CC) theory —
in particular its CCSD(T) variant’”” - in combination with the Dunning
correlation-consistent basis sets’® or the atomic natural orbital (ANO) basis
sets of Almléf and Taylor.”® All electronic structure calculations for our in-
house PESs are performed with the CFOUR package.®°

One advantage of DVR basis sets is that the PES only needs to be numerically
evaluated on grid points. The coordinates used to describe the PES are there-
fore entirely independent of the ‘“dynamical” coordinates used in the nuclear
motion calculation itself, providing substantial flexibility in the underlying
analytical representation of the PES. A high-dimensional polynomial in some
set of internal coordinates is typically fit via linear-least-squares to a set of
electronic energies. The method of permutationally invariant polynomials
(PIPs) is particularly useful for generating surfaces that rigorously enforce
nuclear permutation symmetry.® We make extensive use of this approach and
have developed a suite of tools for constructing, fitting, and coding PIP sur-
faces combined with automated differentiation.®**’
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11.3 Examples

The utility of the methods just described is perhaps best appreciated through
a few molecular examples from our recent work with several collaborators.
These examples span a variety of spectroscopic methods, including pure ro-
tational spectroscopy in the microwave region, rotation-vibration infrared
spectroscopy, photoelectron spectroscopy, and electronic spectroscopy via
laser-induced fluorescence and resonance-enhanced multiphoton ionization.

11.3.1 H,0,

Hydrogen peroxide is a famous case of torsional tunnelling, as well as the
simplest molecule to exhibit torsional isomerization. As such, there is a sig-
nificant amount of literature on the subject (most notably by Koput®~*"), but
we would like to draw the reader’s attention to ref. 88, where we compared the
performance of numerically exact and approximate rovibrational methods in
the course of determining a complete semi-experimental equilibrium structure
for the first time. Table 11.1 provides a representative comparison for the pure
torsional vibrational levels. The results obtained by VMP2 are in excellent
agreement with and significantly less expensive than variational methods (the
errors introduced by the vibrational approximations are less significant than
those inherent in the Born-Oppenheimer PES), which serves as an en-
couraging benchmark for applying these techniques to tunnelling systems.

H,0, is a good example of the impact that large-amplitude motion has on
the structure determination of tunnelling molecules. The “ry” structure
based on directly measured ground state rotational constants has a dihedral
angle of 119(1)°. The ground state, however, exhibits significant tunnelling
delocalization, and after taking into account the calculated zero-point
rotation-vibration effects, the semi-experimental equilibrium structure is
corrected to 113.6(3)°.%® We also note that the zero-point corrections based
on standard VPT2 differ by 10-20% relative to variational calculations,
demonstrating the importance of such numerically exact rovibrational
calculations for tunnelling molecules.

Table 11.1 Pure torsion vibrational levels of H,0,, using the (n, 7) labeling
convention. Experimentally measured values are compared
with numerically exact variational and perturbative VMP2
calculations based on a curvilinear reaction path.

(n, 1) Experiment* Variational® vMP2®
(0, 1) 0 0 0

(0, 4) 11.44 11.01 11.01
(1,1) 254.55 256.40 256.41
(1, 4) 370.89 371.24 371.26
2, 1) 569.74 570.32 570.32
(2, 4) 776.12 776.41 776.43
“Ref. 89

bRef. 88
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11.3.2 CH;~

Tunnelling in the methide anion poses a particularly tricky problem because
the tunnelling dynamics between the identical trigonal pyramidal structures
are inextricably linked to the issue of electron autodetachment at the planar
transition state, which resembles the methyl radical. In support of a high-
resolution photoelectron spectroscopic study that clearly resolved the
umbrella mode tunnelling splittings,”® we performed reduced dimension
direct-product grid DVR calculations, where the computational constraints
arose just as much from the need for expensive electronic structure calcu-
lations with diffuse basis functions as from the dimensionality. The results
matched the experimental tunnelling splittings of CH;~ and CD;~ [21(5) and
6(4) cm !, respectively®®] to within the measurement uncertainty, despite the
challenges that permitted only a limited treatment.

A fundamental issue worth discussing here is the potentially ambiguous
meaning of tunnelling barrier values reported in the literature. In other words,
effective or reduced dimension tunnelling barriers cannot be compared freely.
To illustrate with some specific numbers, the full-dimensional CH;™ tunnel-
ling barrier height of 386 cm™ " is reduced by 10% when dressed for the 4D
calculations performed in ref. 90. Even more confusing is that this same value
increases to 661 cm ™' as a 1D effective barrier, whereas prior theoretical work
(that also obtained reasonable agreement with experiment) reported a 1D
effective barrier height of 833 cm '.°" The explanation for these apparently
contradictory results is that tunnelling splittings are sensitively dependent on
details of multidimensional potential surfaces that are by definition highly
anharmonic. A conceptual reduction to effective barrier heights is a simpli-
fication that may be useful, but can definitely be misleading.

11.3.3 gauche-Butadiene

The gauche conformer of 1,4-butadiene presents a surprising example of
tunnelling.”” Despite needing to twist its heavy atom backbone to move two
CH, groups past one another in order to interconvert between two enan-
tiomeric forms, the observed tunnelling splitting is comparable in magni-
tude to light atom tunnelling cases, and the tunnelling remains relatively
rapid (~60 ps) even when the molecule is fully deuterated. Similar tunnelling
behavior has also been observed recently in the analogous conformer of
isoprene,” and it appears that this phenomenon may be germane to cis-
conjugated systems more generally.”

From a spectroscopic standpoint, it is interesting that the tunnelling
splittings in butadiene were determined not by direct measurement, but ra-
ther by effective Hamiltonian fitting of a tunnelling perturbation.’>*> The
possibility of observing transitions between the two tunnelling components
and thereby obtaining their energy difference directly was precluded by the
symmetry selection rules in this particular pure rotational experiment. How-
ever, since the rotational sub-levels of the two components cross at low-] , even
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a weak Coriolis-mediated tunnelling interaction is sufficient to perturb the
spectrum at microwave resolution. Full-dimensional multi-state VMP2 cal-
culations predicted that such a perturbation occurs as a (J.J,+/J.J.)-type
interaction. Indeed, reproducing this portion of the spectrum required and
permitted fitting the interaction strength and the tunnelling splitting, which
have values for the dq isotopologue of 23.4 MHz and 16.5 GHz, respectively.®”
These experimental constants are in excellent agreement with the VMP2
calculations of 23.3 MHz and 17.4 GHz.”>*°

The issue of tunnelling in gauche-butadiene played an important role in
the longstanding controversy over its structure. For decades several argu-
ments were advanced based on both theory and experiment in favor of
planar or twisted structures for the minor conformer of butadiene. The most
direct experimental evidence, obtained by Michl et al.”’*°° in polarized in-
frared matrix studies, indicated that the molecule possessed C,, symmetry
and therefore was planar cis; on the other hand, increasingly sophisticated
electronic structure calculations and gas-phase IR/Raman data all pointed to
a substantially non-planar gauche structure. In attempting to suggest a
resolution to this apparent contradiction, Michl et al. raised the hypothetical
possibility of rapid tunnelling, which would cause gauche-butadiene to dis-
play an averaged cis C,,, structure over the timescale of their measurement. It
was not until the experimental observation and determination of the un-
expectedly large tunnelling splitting of tens of GHz, aided significantly by the
type of ab initio calculations described earlier, that this explanation was
shown to be correct.

11.3.4 S, Acetylene

The first electronically excited singlet state of acetylene is a fascinating model
system for studying molecular quantum mechanics and spectroscopy, and a
full discussion is beyond the scope of this chapter (see ref. 101 and references
therein). Briefly, the = — n* excitation from the linear ground state S, leads to
an excited state S; that possesses trans and cis minima, with a low-barrier
isomerization pathway between them via a half-linear transition state.

11.3.4.1 cis-trans Tunnelling and Tunnelling Staggerings

The first indication of tunnelling in S; C,H, came from observation and
identification of electronically forbidden transitions into cis well states,'®*
accompanied by DVR calculations showing qualitatively how tunnelling
could permit mixing with trans well states and allow these cis well states to
appear in the S;-S, spectrum."® Distortions of the cis states’ rotational level
structure (“K-staggerings”) were also noted in the experimental data and
quantified, but could not be analyzed further at that point in time. Con-
sideration of the multiple possible in-plane and torsional tunnelling path-
ways between the trans and cis conformers and their symmetry-related
copies'®* provided a framework for understanding the range of potential
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tunnelling effects. More sophisticated DVR calculations'®® achieved more

comprehensive and accurate agreement with experiment. Surprisingly, it
was also discovered that decades-old data contained clear evidence of tun-
nelling staggerings in near-barrier ¢trans well states (see Table S2 of ref. 101).
Much remains to be done, both experimentally and theoretically, to learn
more about molecular tunnelling in this seemingly simple but incredibly
rich model system.

11.4 Outlook

This chapter has focused on understanding and predicting the signatures of
vibrational tunnelling in frequency domain spectra of small- to medium-
sized molecular systems. The ab initio methods we use target eigenstates of a
“static” rovibrational energy level manifold. However, these same spectro-
scopic tools can be used to address dynamical tunnelling in other scenarios.
For example, we are currently exploring complex scaling and related meth-
ods in combination with the above curvilinear VMP2 methods to calculate
quantum reaction rates, including effects from tunnelling through anhar-
monic reaction barriers.
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CHAPTER 12

The Tunnelling Flight Time

ELI POLLAK

Chemical and Biological Physics Department, Weizmann Institute of Science,
76100, Rehovoth, Israel
Email: eli.pollak@weizmann.ac.il

12.1 Introduction

The concept of time in quantum mechanics is not trivial. In contrast to
position and momentum operators, for which there exists the straight-
forward commutation relation [gq, p] = ifi, there is no straightforward relation
for time and energy. As noted by Pauli' this has to do with the fact that the
energy is bounded from below, while the coordinate and momentum are not.
One may define quantum mechanical time operators, and many people have
done so, but there is no unique definition.”” The situation is even more
confusing since different definitions give different answers,” > and it is not
always clear how to relate them to a specific experiment. An excellent review
and presentation of the different definitions of time operators and their
properties may be found in two volumes on ‘“time in quantum mechanics”
published ten years ago.'*'*

In this context, a central question that has challenged experiment and
theory is how much time does it take to tunnel through a barrier? The tun-
nelling phenomenon is ubiquitous, being important in physics,"® chemistry
and biology."®" Hydrogen diffusion on surfaces at low temperatures is
mainly via tunnelling.”” Proton and hydrogen transfer reactions may be
dominated by quantum tunnelling®® even at room temperature and certainly
sufficiently far below it.>* Heavy atom tunnelling is gaining attention.>” Yet
the tunnelling time has remained particularly elusive.
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Recent attosecond photoionization experiments of atoms such as helium
have accentuated the tunnelling time puzzle.”® Here, one is concerned with
tunnelling in the presence of an external field, which modifies the barrier in
time. What is the tunnelling time in this case? How does it depend on the
frequency of the modulation? To date, these questions have been discussed
in terms of various definitions of quantum time, such as phase delay,
imaginary time, dwell time, etc.'**’

The attosecond experiments have led to contradictory claims. Some find that
the tunnelling time vanishes,”®*® others claim that it is “short”,"* and yet
others argue that a single tunnelling time cannot be established.’® The tun-
nelling time controversy continues to rage. The photoionization experiment
has been recently implemented for the hydrogen atom instead of He,*' this has
the advantage that one may analyze the experiment in terms of the numerically
exact solution of the time-dependent Schrédinger equation. The conclusion of
the authors of ref. 18 was that the tunnelling time vanishes or at least is
bounded from above for a few attoseconds. This has been strongly contested in
a recent preprint put on ArXiv’? titled “Measuring the time a tunnelling atom
spends in the barrier”, where the authors note that their experimental results
are inconsistent with those that claim such small times for tunnelling.

In this context, one often mentions the Hartman effect,”® which really
should be named the MacColl effect, since the latter discovered it in 19323*
and Hartman only rediscovered it. The MacColl effect is the observation that
the tunnelling time is independent of the width of the barrier through which
the particle tunnels. If the tunnelling time is finite and the barrier is suf-
ficiently long, then the MacColl effect predicts that a tunnelling particle
would traverse the barrier length with almost infinite speed. Does non-
relativistic quantum mechanics lead to a violation of special relativity? Most
say no,””> some say yes.’® If yes, does this imply that tunnelling must be
studied only in a relativistic context?

To answer some of these questions we have, in recent years, taken as a starting
point that one should not attempt to formulate time operators but rather use the
time-dependent Schrédinger equation as the point of departure.’”?® In this
context, time is a parameter, which gives information on how a wavefunction
changes as the time parameter evolves. This change may in principle be
measured in a time-of-flight experiment whereby a particle exits a source at the
initial time, scatters from a potential and reaches a detector some later time.

This strategy is very different from the Larmor clock class of experiments
(see e.g. Chapter 20 of ref. 15), pioneered by Baz*® and Rybachenko,*’
whereby the barrier region of the potential is coupled to a magnetic field that
affects for example a spin degree of freedom of the tunnelling particle,
changing its polarization. This change may then be transformed into a
time - the Larmor clock time of tunnelling.

Arelated “clock” is devised by coupling the barrier region to a time-dependent
field. The time variation of the field provides information on a tunnelling time
scale. If the field changes slowly relative to the “tunnelling time” the particle will
see a frozen potential, while if it changes rapidly the particle will “feel” the mean
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potential. The result of the scattering will depend on the modulation frequency
leading to a temporal property of the tunnelling. This is the strategy underlying
the so-called Biittiker-Landauer tunnelling time.*!

Both the Larmor clock and the Biittiker-Landauer ‘“‘experiments” lead to
finite tunnelling times while the tunnelling flight time, as defined and de-
termined in refs 36 and 37, is either found to vanish or is very small.
The resolution of this seeming paradox is that the two times measure dif-
ferent properties. The tunnelling flight time is a measure of the time of
flight, while the Larmor and Biittiker-Landauer clocks measure an
imaginary tunnelling time, as defined first in ref. 42 and is known as the
Pollak-Miller time.

The main theme of this review is the tunnelling flight time. In Section 12.2
we will present the theoretical framework leading to the tunnelling flight
time. Numerical examples of tunnelling through a symmetric square barrier
potential and an asymmetric Eckart barrier potential*® are presented. The
same approach may also be used to investigate flight times in the context
of quantum above barrier reflection, this is discussed in Section 12.3. The
imaginary time concept and its relation with the Larmor clock are con-
sidered in Section 12.4. We end with a discussion in Section 12.5, noting
why the vanishing or very small tunnelling flight time does not contradict
special relativity. We then point out that although progress has been
achieved, there are quite a few open questions remaining - quantum
mechanics might still have some additional surprises in store.

12.2 The Tunnelling Flight Time

12.2.1 Preliminaries

The formalism we will use is that of transition path time distributions.** The
transition path time distribution (TPTD) gives the probability distribution of
transition times between two spatial points. The original definition has been
given within a classical framework*>*® and used extensively for example
for the study of protein folding?” and the transition from a folded to an
unfolded conformation and vice versa.*®

The quantum mechanical counterpart of the TPTD is a time-correlation
function, for example the correlation of an initial state with a final location,
considered to be the “screen”.*”"" At least in principle, the quantum TPTD
is measurable, for example in single atom time-of-flight experiments.”?
Particles are released from a trap at the initial time,>® and their time of
arrival time at a detector is recorded.

In the context of tunnelling, one considers an incident Gaussian wave-
packet, whose mean momentum is well below the barrier top and whose
spatial incident width is sufficiently broad such that the probability of
transmission at energies above the barrier top is negligible compared to
the transmission probability at the incident mean energy. In addition, the
incident wavepacket has to be initiated at a distance that is sufficiently far to
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the left of the barrier (assuming that the particle is scattered with initial
positive mean momentum) such that the probability of leakage of density to
the transmitted side at the initial time is also much smaller than the
transmission probability. These conditions are needed to assure that the
wavepacket dynamics reflect pure tunnelling, rather than artefacts resulting
from the choice of the initial wavepacket. They imply that the actual
numerical computation is not trivial, even though one might be dealing with
a system in one dimension.

If one considers only the flight time say in the transmitted direction, it
becomes difficult to separate the different contributions to the measured
time. The flight time will depend not only on the time spent by the particle
as a freely propagating particle, outside the sphere of influence of the
potential, there is also a momentum filtering effect. The tunnelling trans-
mission probability is typically exponentially sensitive to the incident energy.
The initial state is a wavepacket with different momentum contributions, so
that transmission via tunnelling will prefer the higher energy components,
thus speeding up the transmitted particle.’>”> This speedup has nothing to
do with the tunnelling time itself but has to be estimated to ascertain the
true contribution from the tunnelling itself.

The way we have chosen thus far to determine some of these effects is to
compare the transmission and reflection tunnelling time distributions. Here
too, care must be exercised. The “screen” location, where one measures the
reflection times, must be chosen sufficiently to the left of the spatial max-
imum of the incident wavepacket so that initially the wavepacket does not
overlap significantly with the screen. This added condition further compli-
cates the computation, since it implies that the points at which the TPTDs are
measured are much further away from the mean incidence position, which
also must be far from the region where the potential varies significantly.

12.2.2 Definitions

Thus far, the determination of tunnelling flight times has been limited to
scattering on a one-dimensional potential V(x) that goes to a constant
asymptotically (x— +00) and has a barrier at x=0 with height V”. The
Hamiltonian operator for a particle of mass M with momentum and position
operators respectively p, x is

. p?
H=-"—+4V(x). 12.1
The incident wavepacket is chosen to be a coherent state whose coordinate

representation is

1/4 .
)= (1) e |-G -+ it x) (122)

I is the spatial width parameter, the spatial extent of the initial state is 1/v/T"
and the momentum width is %v/T.
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We first consider an incident wavepacket localized to the left of the potential
and moving towards it, so that the initial incident mean momentum p; is

2
positive. Its magnitude is chosen to be below the barrier height (% < V¢>

+
and the momentum width is such that exp (— 2712—1“) «|T(p;)|?, which is the
probability of an incident momentum at the barrier energy or higher, is much
smaller than the transmission probability |T(p = hk)|> at the mean incident
momentum p,. We also assume that the mean incident position (x;) of the
wavepacket is such that exp (—I'x?) < |T(p;) |?, ensuring that initially there is no
meaningful leakage of the wavefunction under the barrier. Since the initial state
is a Gaussian wavefunction, the associated transmission (|7]*) and reflection
(|R|?) probabilities must be averaged over the incident energy distribution:

Rel’ = Jiodk R exp< (e _Pz‘)2>,

vl wr
) ) (12.3)
| T | :J, dk|T(7]3l exp( (hkh;ﬁi) )

The TPTD may be defined through a density correlation function to find
the particle at the point y at time ¢

2

oty 0= erexp( ) 0l exp (- )] <[t enm (22

(12.4)

For a free particle, the time integral of this correlation function diverges,
since it decays at long times as ¢ '. In the presence of a potential, the cor-
relation function decays at least as ¢ >, as shown in ref. 56 and appendix A of
ref. 37. This is a consequence of the phenomenon of quantum threshold
reflection®” whereby it is well understood that, at threshold, that is when the
incident momentum is very small, the transmission probability vanishes
(except for special cases) as piz. The long time limit comes from the very low
momentum components so that relative to the free particle, one gains a
factor of ¢ >. This implies that we may define a TPTD as

P(y; W)= M (12.5)

JO deCi(y; W)

To consider separately the TPTD for reflection and transmission, one
divides the TPTD into the respective parts:

Pi(y; W) = [Ry|*Prs(—y; V) + |Tw|*Pry(y; P). (12.6)
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If the particle is incident from the right with negative momentum then
one must change the sign of y in eqn (2.6). Due to the long ¢ * time decay,
the mean flight time for the transmitted and reflected particles, defined as:

<tR/T,z(y)> = J:CdttPR/T,t(y; ¥) (12.7)

for the particle incident from the left, converges. Similarly, one defines the
mean times for the particle incident from the right, except that the sign of
y must be inverted.

The TPTD is very similar to the so-called ‘“presence time distribution,
the central difference is that in the TPTD the normalization is over the time
interval [0, co] while in the presence time formulation it is over the time
interval [—o0, oo]. Although seemingly a minor issue, it does make a dif-
ference. In a time-of-flight experiment, since there is an initial time at which
the particle exits the source, the TPTD formulation is the one to be used.

Alternatively, one may define a flux transition path time probability dis-
tribution.’”® The flux operator at the point y is defined as

9358

F(y)= ﬁwm + » il (12.8)

The flux correlation function at time ¢ is defined analogously to the density
time correlation function

ey ) =T [ exp (”;”)F(y) exp - ’f)} S 29

In principle, the flux correlation function is not necessarily everywhere
positive and so cannot be used to ‘“measure” the time of flight everywhere.
However, in the asymptotic regions where the wavefunction goes as

exp(j: hi px) the flux time distribution will be either only positive or only

negative so that there is no difficulty in defining the flux transition time
probability distribution

Cri(y; V)
(o)

Pry(y — +o00)= .
J dtCF,t(y; \P)

(12.10)

Since the flux operator is proportional to the momentum, the long time
limit of the flux transition time probability distribution goes as ¢ *, so that in
this case, the variance of the time will also converge. As for the density time
distribution, one divides the flux time distribution into a transmitted and
reflected part and associates with each a mean transition time.
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12.2.3 The Tunnelling Flight Time

The strategy we have used thus far to determine the tunnelling flight time is
by comparison of the mean transmission and reflection times. Such a
comparison negates the need for any classical dynamics input. Consider first
a symmetric barrier potential. One may expect that any difference between
the mean transmission and reflection times would reflect the tunnelling
flight time, since the reflected particles do not exit the barrier from the right.
There are, though, two complications. One, not a very serious one, is
that the exponential tail of the wavefunction penetrating the barrier may
contribute equally a small but equal time delay to the transmitted and
reflected particles. This is the prediction based on an analysis of Wigner’s
phase time delay.’ The second is known as the momentum filtering
effect. The momentum dependence of the tunnelling probability goes as
(p— Pi)z _ 2
exp —hz—r+1n(|T(p—hk)| )] As noted above, to ensure that trans-
mission occurs only via tunnelling we assume that /I « p; so that
minimizing the exponent under this condition implies that the most
probable transmitted momentum is slightly larger than the mean incident
momentum:

R [d )
mp == Pi +— |—1In(|T . 12.11
pow i 5 [ I(TOP)| (1211

Since typically, the transmission probability is an exponentially increasing
function of the momentum, the excess momentum is positive. The trans-
mitted particles move faster than the reflected ones. This excess momentum
depends linearly on the width parameter I'. As it becomes smaller one
may expect that the mean time difference between the reflected and the
transmitted particles become smaller. In the limit that it vanishes, the only
difference between the two can come from the tunnelling time.

If the potential is asymmetric, there will be large time differences between
the reflected and transmitted particles incident from the left and the right,
due to the asymptotic potential difference. This too, would mask any con-
tribution from the tunnelling time which, even if finite, would be much
smaller. To elucidate the tunnelling time also for asymmetric barriers, we
define a mean time difference for particles incident upon the barrier from
the left (right) as

Aty(I) = ) re — (O 111 (12.12)

Then one defines an overall time difference as the average of the two
differences

AT = %[Atl(l") + AT, (12.13)
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With this construct, one has eliminated the time difference due to the free
particle motion in the differing asymptotic channels. On the left side of the
potential one has particles transmitted from the incident wavepacket to
the right and reflected from the incident wavepacket on the left. On the right
side one has particles transmitted from the left and reflected from the right.
The two possible sources for time differences are the momentum filtering
effect and the tunnelling time.

We defined a tunnelling flight time as the mean time difference in the
limit that the width I'—»0™:

trer = lim |—A¢(I)|. 12.14
T = A J ( )] ( )

The minus sign is due to the fact that the time difference is between
reflected and transmitted particles and we want the residue to reflect a
non-negative tunnelling flight time. In this limit, the momentum filtering
effect is eliminated.

12.2.4 Numerical Examples - Symmetric Barriers

In the following, we will review results for the density-based transition path
time distribution [eqn (12.5)]. First we consider a symmetric Eckart barrier
(d is the length scale)

(x) v (12.15)
V(X)= ——F~. 12.15
2(*
cosh ( d)
. . > 2V7 . . .
The barrier frequency is w” = M2 and time is scaled accordingly

(t— »™t). Similarly, one may scale all distances with d and the energy with
the barrier height. In the computations shown in Figures 12.1 and 12.2 the
barrier height was chosen such that V* = zw™, more details may be found in
ref. 36.

The reflected and transmitted TPTDs are plotted in Figure 12.1. The initial
location of the wavepacket was at —500, the mean incident energy is V7 /200
and the width parameter is 7x10°. The time distributions are at the
“screen” distance of +£1000. These conditions assure that only tunnelling
leads to transmission and there are no initial leakages of the wavefunction to
the transmitted region. As expected, the transmitted TPTD is slightly faster
than the reflected, but that is all. The distributions are surprisingly similar.

The mean time difference [see eqn (12.12)] is plotted in Figure 12.2 as a
function of the width parameter for two different initial energies of the
incident Gaussian wavepacket. Note that the time scale at the lower energy is
much larger than at the higher incident energy, due to the slower motion
in the free particle region. As predicted from eqn (12.11) the mean time
difference scales linearly with the spatial width parameter. It vanishes as the
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Figure 12.1 The reflected and transmitted TPTDs are plotted for a Gaussian
wavepacket incident on a symmetric Eckart barrier. For further details
see the text.

Reproduced from ref. 36 with permission from American Chemical
Society, Copyright 2017.
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Figure 12.2 The mean time difference between reflection and transmission for
scattering from a symmetric Eckart barrier is plotted as a function of
the width parameter for two different initial energies of the incident
wavepacket. Note the linear dependence and that the time difference
vanishes when the width parameter goes to zero irrespective of the
incident energy. For further details, see the text.

Reproduced from ref. 36 with permission from American Chemical
Society, Copyright 2017.

width parameter goes to zero. This suggests that the tunnelling flight time
vanishes or is very small and equal for the reflected and transmitted wave-
packets for this specific case of scattering on a symmetric Eckart barrier.
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Why do the plots show results only for widths larger than 7x10 °? The
reason is numerical; for smaller width parameters one would have to go even
farther away from the barrier initially. The integration time becomes long
and the accuracy decreases.

It seems though that there is nothing special about the smooth Eckart
potential. The same results are found when considering scattering from a
square barrier (symmetric) potential:

V(x)=V7[0(x + a) — (x — a)] (12.16)

where 0(x) is the unit step function and 2a is the width of the barrier. Using
atomic units with unit mass, one finds the results shown in Figure 12.3.
Figure 12.3(a) shows the mean time difference for a fixed width of the barrier
(@=1) but three different barrier heights. In all cases, one finds the same
linear dependence and the tunnelling flight time vanishes when the width
parameter vanishes. Figure 12.3(b) shows the same result but for a fixed
barrier height of unity and different widths of the barrier. (b) confirms
that the vanishing tunnelling flight time is independent of the barrier width.
(a) shows that it is also independent of the barrier height. Both effects were
predicted by MacColl.

As may be seen from Figure 12.3(b), the broader the barrier the larger the
slope, that is the filtering effect becomes more pronounced. The broader the
barrier the more sensitive is the transmission probability to the incident
energy and therefore the filtering effect is stronger. In the deep tunnelling
limit, the dependence of the transmission probability on the width goes as

6 6 -
o QM: Vi =1 o QM:a=1
s+ wivto: s+ Wia=1
o QM: V=5 R e=5
al - W Vi—5 ;/ : W:a=5
Y G g ‘ aQM:a=10
= oQM: '.-‘i =10 s + Wia=10
= + W:Vi=10 Fd -
23 & 33 .
3 (a) o (b) e
al / 1 2} o ]
o -
1 : 1 =
- 4——"“_"_-’_"-_'-_-.
(1] (e ' -
B 1 7 3 4 5 87T B9 N g 1 23 4 5 6 T 8 910
I' [10-5] I' [10-5)

Figure 12.3 The mean time difference between reflection and transmission for
scattering from a symmetric square barrier potential is plotted as a
function of the width parameter in (a) for different barrier heights
at a fixed barrier width (a=1) and in (b) for different barrier widths
and a fixed barrier height of unity. The notation QM (W) implies that
the results were obtained from the numerically exact quantum solution
(the classical Wigner approximate solution). In all cases, the TFT
difference vanishes. For further details, see the text.

Reproduced from ref. 36 with permission from American Chemical
Society, Copyright 2017.
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( 4V2IMNVF —E
exp| ———————a

7 so that the slope of the mean time difference is

proportional to the barrier width (24). Similarly, at a fixed barrier width

d 2 1 . .
ZIn(|T ~———sothat F 12.3(a), the sl
[dp n(|7(p)| )L_pi N so that as seen in Figure (a), the slope

becomes smaller as the barrier height increases.

12.2.5 Numerical Examples - Asymmetric Barriers

The same phenomena are observed also for the case of an asymmetric Eckart
barrier potential:

V)=V o ' o gy

o) el

The potential goes to the constant V_,, (chosen to be unity in the com-
putations described below) to the left and vanishes to the right. When the
shape parameter k is between —1 and 1 the potential has the shape of a
smooth step potential; it has a barrier for values greater than unity. This
dependence is shown in Figure 12.4(a) where the potential is plotted as a
function of the distance x for a few different values of k. Typical reflection
and transmission probabilities are plotted in Figure 12.4(b).

A typical example of the time-dependent density for a wavepacket scattered
from the left [Figure 12.4(a)] and the right [Figure 12.4(b)] is shown in
Figure 12.5. Contours of the density are plotted as a function of the position
and the time for x =4. Figure 12.5(c) shows the asymmetric potential as a
function of the distance x. The incident energy in both cases is 3/2 (close to
the barrier top) and the spatial width parameter I' =10 . The wavepackets
were initiated at x;= £50. The figure is noteworthy for a number of reasons.
Note that the incident spatial width is much larger than the distance for which
the potential varies noticeably. The wiggles in the center region are a result
of the interference between the incident and reflected waves. After collision is
over, that is at long times, this interference disappears and the reflected wave
function is simply bell shaped. Finally, as expected, the slope is smaller in the
right region since the potential is lower and the kinetic energy is higher.

The average flight time difference At [see eqn (12.13)] is plotted vs. the spatial
width parameter I" in Figure 12.6. As in the symmetric case, the resulting plot is
linear and goes to zero when the width parameter I'— 0. Although the results
shown in the figure are for a single choice of the shape parameter (x = 6) the
same results were observed for the five values of (x =4, 5, 6, 7, 8). This seems to
indicate that the vanishing tunnelling flight time difference is a property
of tunnelling through any simple one-dimensional barrier. The inset in
Figure 12.6 shows a blowup of the dependence of the mean flight time differ-
ence on the spatial width parameter. Even without extrapolation, a value of

(12.17)



410 Chapter 12

(b) — |R(K)|?
0.8 — |T(k)|
E:.
Z 06
2
S 04
&
0.2
0
1.5 1.75 2 2.25 25
L.

Figure 12.4 The asymmetric Eckart barrier potential is plotted in the top panel for
different values of the shape parameter k. Also shown is the incident
energy E=3/2 at which the computations presented in the following
figures were carried out. The bottom panel shows the momentum
dependence of the reflection and transmission coefficients for x =4.
In all cases the length parameter b= 1.

Reproduced from ref. 37 with permission from American Chemical
Society, Copyright 2018.

1072 for the time difference implies that the speed of crossing the barrier
(width ~1) is close to the speed of light (~137 in atomic units = fine structure
constant). With a bit more effort one may readily obtain an apparent speed
which is larger than allowed by special relativity.

12.2.6 Classical Wigner Dynamics

We have shown that the tunnelling flight time difference vanishes, but
this does not “prove” that the tunnelling time is instantaneous. All it shows
is that the mean reflection and transmission times are identical. As
indicated by analysis of the Wigner time delay it could be that the
penetration of the reflected wave into the barrier region is identical to
the penetration of the transmitted wave and the two cancel each other out.

To try and shed further light on the tunnelling dynamics it is also
instructive to consider an approximate classical Wigner dynamics®* in which
a vanishing tunnelling flight time is inserted by hand, that is for the
approximate dynamics we know that the tunnelling flight time vanishes.
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Figure 12.5 The spatio-temporal evolution of a Gaussian wavepacket scattered on
an asymmetric Eckart potential. (a) The wavepacket incident from the
left, (b) the same for incidence from the right. (c) The spatial depend-
ence of the asymmetric Eckart potential.

Reproduced from ref. 37 with permission from American Chemical
Society, Copyright 2018.

If this dynamics accurately reproduces the exact quantum dynamics, this
would indicate that one may consider the possibility that the TFT vanishes.

It is well known that any correlation function may be represented in phase
space exactly through the Wigner transform® of the relevant operators
defined as

Oy(x,p) = %medyexp(?> <x—%‘@‘x+%> (12.18)

such that the trace of two operators is exactly given as

Tr[AB| = Znhjoo dpdxAy (x, p)Bw(x, p). (12.19)

—00
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Figure 12.6 The mean flight-time difference as defined in eqn (12.13) is plotted vs.
the spatial width parameter of the incident coherent state for an
asymmetric Eckart barrier. The TPTDs are evaluated at +y= +4x10>
(a.u.). For further details see the text.

Reproduced from ref. 37 with permission from American Chemical
Society, Copyright 2018.

Consider then the density correlation function given in eqn (12.4). It may
be rewritten in Wigner phase space as

o0

Ci(y; ‘P):Zth dpdxWy, (x, p)yw (e, pe) (12.20)

—00

where the Wigner representation of the initial coherent state is the Gaussian

Y, (x,p)= %exp (—F(x —x;)’— %) (12.21)

and yy(x, p,) is the Wigner representation of the Heisenberg time evolved
Ht Ht
density exp (17) ly) (y|exp (— %) In classical Wigner dynamics,** the

quantum time evolved density is replaced by its classical counterpart. That
is, the Hamiltonian operator is taken to the classical limit, and the initial
phase space point x, p is evolved classically to time ¢. This classical Wigner
dynamics is exact for up to quadratic Hamiltonians.

Consider then the classical Wigner dynamics for tunnelling. The incident
wavepacket evolves as a free particle until it hits the barrier. Classically it is
reflected so that in the classical Wigner approximation, there is no tunnel-
ling through the barrier. The approximation we use is to impose tunnelling
on the dynamics as follows. A classical trajectory coming from the left hits
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the barrier at energy E. The exact quantum transmission probability is
|T(E)|? so we let the trajectory pass through the barrier instantaneously to the
right side with probability |T(E)|* and it is reflected at the left turning point
with probability |R(E)|>=1— |T(E)|>. In this way, the classical Wigner dy-
namics has two important properties. One is that by construction it gives the
exact quantum transmission and reflection probabilities. The second prop-
erty is that by construction, tunnelling through the barrier is instantaneous.
The first property assures that this classical Wigner dynamics accounts
correctly for momentum filtering. If the resulting flight time is the same as
the numerically exact quantum flight time, then we have evidence that
perhaps the exact quantum tunnelling flight time vanishes.

Inspection of Figures 12.2, 12.3 and 12.6 shows that each open circle
has in it a plus sign, the open circles are the exact quantum result, the
plus signs are the results of the classical Wigner approximation. The two
results are numerically very close to each other; fitting the data to a linear
function one finds that even when the tunnelling probability is ~4x10~*
the two slopes agree with each other with an accuracy of 1% and the
relative error becomes orders of magnitude smaller as the tunnelling
probability increases.’®?” These classical Wigner computations lead to
two important conclusions. One is that indeed the tunnelling flight time
may vanish, since in the classical Wigner computation the reflected
part does not penetrate the barrier at all. Second is that at least some
aspect of the one-dimensional tunnelling dynamics may be described
by an incoherent theory, in the sense that phases of the wavefunction are
not important. The classical Wigner approximation as described uses
only densities and probabilities; there are no amplitudes within this
framework.

12.3 Time and Above-barrier Quantum Reflection

12.3.1 Preliminaries

Above-barrier quantum reflection is the phenomenon by which a particle
whose energy is larger than the barrier height finds itself reflected rather
than transmitted.®® This process is different from threshold quantum re-
flection,®>®” whereby a quantum particle scattered on an attractive potential
is reflected with unit probability (except for special cases). Here, we will
consider only above-barrier quantum reflection and refer to it simply as
quantum reflection.

The “standard” method by which one considers the above-barrier re-
flection time is based on Wigner’s time delay, also known as the phase time.
The reflection or transmission amplitude at a fixed energy may be written as
a product of the probability amplitude and a phase

Dy
—

X(E):|X(E)|exp( h)’ X=T,R. (12.22)
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The phase time delay is then defined as

X=T,R. (12.23)

. dInX(E)\ by
tX_hIm( OF )_ OF '

It is considered a time delay, since for a free particle it vanishes and the
transmission amplitude of a free particle is unity. In the semiclassical limit,
it is the difference between the classical flight time of the particle with and
without the potential. The time delay and variants of it have been a staple of
the community considering the time associated with non-classical effects
such as tunnelling and quantum reflection. It has, though, one major
philosophical drawback. It is defined at a given energy, through the scat-
tering eigenfunction. The eigenfunction is a stationary solution and so does
not display any time dependence. The interpretation comes from the
semiclassical limit, where the phase is related to the classical action of
the scattered particle at the energy considered. In classical mechanics, the
energy derivative of the action is indeed the time, but this is only an analogy.
The relevant question should be how does one measure experimentally the
time delay especially when the dynamics is dominated by non-classical
phenomena such as quantum reflection. In different terms what is the
experiment for which the time delay correctly describes the time spent by the
quantum particle undergoing some time-dependent change?

In continuation of the consideration of the tunnelling flight time in the
previous section, we will review here our recent results®® which show that the
phase time delay concept may fail to describe correctly time of flight ex-
periments probing above barrier reflection, especially when it is dominated
by quantum coherence.

In the following, we consider scattering on a symmetric square barrier
potential as in eqn (12.16). The reflection and transmission amplitudes are
well known:

(k* — K?)sin(2aK)

R = 12.24
(k) 21kK cos(2aK) + (k? + K?)sin(2aK) ( )
(k) = — 2ikK exp(—2iak) . (12.25)
2ikK cos(2aK) + (k? + K?)sin(2aK)
and here the wavevectors are defined as usual:
_y#

K= ZAZE, K= %ZV) (12.26)

n n

One notes that the transmission amplitude becomes unity whenever
2aK=nmn. This is a result of resonance scattering. The barrier length is 2a

and an infinite square well with length 2a has energy levels whenever its
2, 232

energy E= 3

M It is perhaps less appreciated that the observation of the
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resonance structure depends on the characteristics of the incident wave-
packet. For the Gaussian wavepacket, if its initial energy spread is greater
than the distance between adjacent resonance states the coherent state
averaged transmission probability [eqn (12.3)] will be a smooth mono-
tonically increasing function of the energy. This will occur when

2 V#
ret >~ <1 — > (12.27)
8 E

Only when the initial spatial width is smaller will one observe the reson-
ance oscillations. In other words, for wavepackets, the condition for co-
herent quantum reflection is that that the incident wavepacket is sufficiently
broad in space or equivalently narrow in its momentum distribution so that
it can distinguish between adjacent resonance energies.

12.3.2 Phase Times

From the known reflection and transmission amplitudes [eqn (12.24) and
(12.25)] and the definition of the phase time one finds that the transmission
and reflection phase times associated with the scattering eigenfunction at a
given energy are:

, h(206(26 — 1)ve — 1 — sin(20v/e — 1) o ah
th = — , tr=tr ———— (12.28)
2V#\/e(e — 1) [sin® (av/e — 1) + 4e(e — 1) 2V# /e
where the reduced variables are defined as
2a E
o= — 2M‘/;‘é7 &= V_¢ (1229)

Interestingly, the difference between the reflected and transmitted phase

. oh av2M . . . . . .
time = is just the time it takes a free particle whose energy is
2V# /e VE

E to cross the barrier distance 2a. Although the individual reflection and
transmission phase times display an oscillatory behavior, which reflects the
resonance structure, the difference between them is smooth and would
seemingly imply that the source of the difference is that the transmitted wave
crosses the barrier region only once while the reflected wave crosses it twice.

Since the incident packet is a Gaussian, it is also of interest to study the
coherent state averaged phase time delays, defined as

<%X<pl->>:\/Wzrj:dpexp@(”hfji")z)&(p), X=RT. (1230

The phase time delays are plotted in Figure 12.7. From the figure one
notes that the oscillations in the phase time delays reflect the resonance
scattering. The phase time delay maximizes at the resonance positions,
reflecting the trapping of the particle in the barrier region due to the
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Figure 12.7 The phase time delays for a square barrier with unit height (a.u.
throughout) are plotted as a function of the width 2a of the square
barrier. The incident energy is 1.125. The dashed vertical lines show the
location of the resonance energies. #; and #z denote the transmitted and
reflected time delays as obtained from the phase time [eqn (12.28)] while
(tr)w and (fg)w denote the numerically evaluated mean transmitted and
reflected times as obtained with eqn (12.30). AZ denotes the difference
between the reflected and transmitted time delays. The width of the
incident wavepacket is I'=2.5x 10 *. For further details see the text.
Reproduced from ref. 63, https://doi.org/10.1103/PhysRev.40.749, with
permission from American Physical Society, Copyright 1932.

resonances. Second, as is also obvious from the analytic results, the trans-
mitted and reflected time delays are synchronized; the maxima and minima
appear at the same position. Therefore, the difference between them
increases linearly with the barrier width. Third, one notes that the coherent
state averaged phase time delays oscillate for a narrow barrier, but then the
oscillations are damped and the linear increase of the time simply reflects
the time delay induced by the slower motion on the barrier. From eqn (12.27)
one finds that this transition should occur at a~25, as also seen from the
figure. In other words, for barrier widths which are larger than a=25 the
dynamics becomes incoherent.

Also in this case of quantum reflection, it is instructive to compare the exact
quantum result with a modified classical Wigner approximation. As in the
quantum tunnelling case, we consider the density correlation function with an
incident state localized to the left of the barrier with positive initial average
momentum. In the Wigner phase space, each initial condition is propagated
classically until it reaches the location of the first edge of the barrier. Using the
(k — K)*
(k+K)
[with the wave vectors defined as in eqn (12.26)] the trajectory is reflected
or transmitted. If transmitted it continues to the right edge of the barrier
and, here too, it is either transmitted with probability |Tyep|* or reflected

step transmission and reflection probabilities, |Rstep ‘2 =1 — | Tetep ‘2 =
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back, etc. Following this scheme, one finds that the mean distance traversed on
top of the barrier by the reflected and transmitted particles would be

2 2a(1+ [Ruep )

< = =
ot R T 1 Rl

(12.31)

The classical Wigner dynamics for the flight-time difference for this tra-
jectory (assuming that the reflected and transmitted screens are symmetrically
placed on either side of the barrier) whose energy is E would be

D=y 2Ma|Rae|”
Atw(E)=M ) - hK(E)(1—|Rstep|2)' (12.32)

If it is negative, the reflected path is shorter than the transmitted path.
The quantum flight-time difference as defined in eqn (12.12), the phase time

a/2M
VE

plotted in Figure 12.8 for a mean energy such that the step potential

difference <ZR —tr — ), and the Wigner flight-time difference are

0 10 20 30 40
a

Figure 12.8 The quantum reflection flight-time difference is plotted as a function of
the barrier width. (#;)y and (fg)y denote the mean transmitted and
reflected times as obtained with eqn (12.30). QM and W denote the mean
times obtained from the numerical exact and classical Wigner approxi-
mation respectively while PT stands for the phase time computation.
Parameters used are as in Figure 12.7. For further details see the text.
Reproduced from ref. 63, https://doi.org/10.1103/PhysRev.40.749, with
permission from American Physical Society, Copyright 1932.
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reflection probability is 1, as a function of the barrier width. The vertical
dashed lines show the barrier resonance locations. The incident energy is
1.125 and the width I'=2.5x10"* From the figure one notices that
the phase time delay is qualitatively incorrect; it is plotted as a constant,

since we subtracted from it the difference of the free particle barrier traversal

time a\/\/? to facilitate the plot. The phase time difference would be positive
then, not negative. The Wigner theory, which, as for the tunnelling case,
is an incoherent theory, is quantitative in the region where the incident
wavepacket momentum width is sufficiently broad so as to wipe out the
resonance structure. For thinner barriers one finds that the flight-time dif-
ference oscillates. This study of the quantum reflection flight-time difference
not only reveals the effect of coherence on the flight time but also a quali-
tative failure of the phase time delay method for estimating the results of
time of flight experiments.

12.4 Larmor Time vs. Flight Time

12.4.1 Complex Time

As already discussed in the introduction, in quantum mechanics there are
many different ways for deducing a “time” associated with a process and
these different definitions will give different results. Perhaps the most
striking discrepancy is between the experimentally deduced times for pho-
toionization and the Larmor clock times. The former has led to the con-
clusion that the tunnelling time vanishes or is very small, the latter predict a
much longer time. In this section we will argue that the photoionization
experiment indeed measures a flight time and, as expected, this flight time
either vanishes or is very small. However, the Larmor clock class of experi-
ments essentially measures the Pollak-Miller imaginary time. These two-
time scales are different so that there is no real contradiction between them.

As a first step, it is necessary to briefly review the concept of complex time.
For this purpose one defines a micro-canonical flux—flux correlation func-
tion that correlates the flux measured initially (¢ =0) at point x;, and then the
flux measured at point x, at some later time ¢ [the quantum flux operator has
been given in eqn (12.8)]:

Crrd(*1, X2, t; E) = 21ATI[F(x,(¢))F(x,(0))]0(E — A). (12.33)

This correlation function is complex but is real in the classical limit. To
simplify, we consider a symmetric potential. As discussed in ref. 69 if one
chooses the two points symmetrically on opposite sides of the potential but
where the potential vanishes, then the time integral of the correlation
function over the time interval [0, oo] is identical to the transmission
probability. More interestingly in the context of the present discussion is



The Tunnelling Flight Time 419

that one may take the time average of the imaginary part of the correlation
function and this defines the imaginary time

2 Im OCdttCFF(—x,x,t;E)
tn(5) = — PAWITEN) ug . (12.34)

2 dE J dtCFF(—x,x,t; E)
0

Under suitable definition, taking into account both forward and backward
flux, the real part of the time average is identical to the phase time delay.*"
With this construction, one notes that the Wigner formula’® may be
rewritten as a complex time

.. dInT(E)
tr(E) = _lhT (12.35)
such that the real part is the phase time delay as in eqn (12.23) and the
imaginary part is the imaginary time as in eqn (12.34).

The central question is what is the meaning of this imaginary time, or in
different words can it be measured and in what kind of experiment? To
answer, one resorts to semiclassics. It is well known that in the deep
tunnelling regime the tunnelling transmission probability at an energy

. . . L D(E
E through a barrier whose height is V* is given as |T(E)|> ~ exp { ?]
where the action ®(E) is the action of the classical periodic orbit moving on
the upside-down potential at the energy V> —E. In classical mechanics the
period of the motion is just the energy derivative of the action. We then see
that the imaginary time scale is in the semiclassical limit a measure of half
of the period of motion on the inverted potential. In the limit of a parabolic
barrier with barrier frequency »™ this time is energy independent and equal
” o o Ma®
to n/w” . For a square barrier with width 2a, this time is /| ——. It
2(V* —E)
becomes shorter as the energy is lowered. If the barrier is Gaussian shaped,
one should expect the imaginary time to be longer as the energy is lowered.

12.4.2 The Larmor Clock

The Larmor clock is based on coupling the barrier potential V(x) to an
external magnetic field that vanishes in the region where the potential
vanishes. A classical particle with a magnetic moment perpendicular to a
uniform magnetic field will precess with a frequency known as the Larmor
frequency ;. Consider then a spin-] particle such as an electron scattered
off the potential at an incident energy below the barrier top and the
spin-polarized upwards in the x direction while the magnetic field coupled to
the barrier is in the perpendicular z direction. After tunnelling, the major
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change in the spin will occur in the z direction®® implying a precession of the
spin due to the tunnelling and the coupling to the magnetic field. If the
coupling to the field is weak enough, this precession angle may be inverted
into a time by dividing it by the Larmor frequency.”" The resulting time
in the deep tunnelling regime is precisely the imaginary time (see
equation 2.20a of ref. 68 and figure 3, k= 1250, of ref. 72.

The same conclusion holds for other clock schemes, such as employing a
time-dependent field in the barrier region, which is the experiment of ref. 32.
Why do the clock experiments reveal the imaginary time? Again, the semi-
classical context is helpful. The clock is an added degree of freedom,
whether a spin, a time-dependent field or a spatial degree of freedom such as
a rotation or vibration. Semiclassically, in the weak coupling limit, the
classical trajectories that determine the outcome of the scattering event are
trajectories that move in imaginary time along the translational coordinate.
Within a perturbation theory picture, it is this motion that weakly perturbs
the perpendicular degrees of freedom so that they are sensitized to the im-
aginary time. This is very different from the flight time, which measures the
time of flight of the particle and does not need a coupling to other degrees of
freedom. It is interesting to note that the tunnelling barrier in the experi-
ment of ref. 32 is a Gaussian, so that when one is not too far from the barrier
top one would expect the imaginary time to be rather independent of the
incident energy. Indeed, this is what we see in Figure 4c of ref. 32. Within the
error bars, the times at energies below the barrier are constant or perhaps
slightly increasing, as would be expected for the imaginary time.

The attosecond photoionization experiment does not couple the escaping
electron to a different degree of freedom. Rather the attosecond pulse
modulates the barrier to ionization in time, thus creating a situation
whereby the electron can dissociate by tunnelling. The experiment measures
the final kinetic energy of the escaping electron. Theory then showed that
this final kinetic energy is compatible with a vanishing flight time through
the barrier.®" The two experiments are different and measure different times;
one measures a flight time, the other measures a coupling time to an
external degree of freedom. It is impressive that one is able to measure
independently these two quantum times which shed light on different
aspects of the tunnelling dynamics.

12.5 Discussion

The study of the tunnelling flight time leads to the following conclusions:

1. For scattering through a one-dimensional barrier the tunnelling flight
time either vanishes or is very small, independent of the width or
height of the barrier, affirming the MacColl effect.

2. Different experiments measure different times. The H and He photo-
ionization experiments measure the flight time. The experiment with a
Bose condensate is sensitive to the imaginary time, which provides
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information on the shape of the barrier separating the incident and
transmitted zones.

3. The phase time delay of Wigner is not always sufficient when con-
sidering flight times in the non-classical regimes of scattering.

4. Flight times reveal interesting aspects of quantum reflection. When the
incident wavepacket is broader than the barrier, the barrier resonances
coherently affect the dynamics leading to an oscillatory flight-time
difference between the reflected and transmitted parts of the incident
wave packet.

These results are not trivial and raise some further interesting questions.
An immediate one is that naively the MacColl effect, according to which the
tunnelling flight time is independent of the barrier width, leads to a vio-
lation of special relativity, since the ‘“speed” of the tunnelling particle is
infinite and not limited by the speed of light. Two answers have been given
to this objection. One is that the MacColl effect and its subsequent affirm-
ation is based on non-relativistic Hamiltonian dynamics so that there is
nothing that can limit the speed. What is needed is to determine the tun-
nelling flight time for a relativistic particle. Some efforts have been taken in
this direction but they are as of yet, inconclusive.”*””

There is an additional aspect. If tunnelling needs a relativistic theory then,
perhaps, all the implications of tunnelling on non-relativistic systems need
to be rethought? Actually, a violation of special relativity implies the ability
to transfer information with a speed faster than light. This is not the case
here. Consider the conditions needed to determine the tunnelling flight
time. There are two central ones: the amplitude of the incident wave at the
barrier must be much smaller than the transmission probability. For

. . . . . 2a
the square barrier with width 2a this implies that I'x? > 7 V2M(V# —E).

The second condition is that the probability for an incident momentum to
be higher than the barrier is also much smaller than the transmission
2

probability, this implies h’;lF > %Z\/ZM(V?‘é — E). These two conditions
together imply that the center of the incident wavepacket x;> 2a. In other
words, the distance the particle travels as a free particle is much larger
than the barrier width so a vanishing tunnelling flight time will hardly
change the overall time of flight which is chosen to be much less than the
speed of light.

Other questions abound. What is the tunnelling flight time in multi-
dimensional systems? In tunnelling combined with curve crossing? In dy-
namic tunnelling as for example between local modes of ABA molecules?”*””
Due to the fact that in any case the flight time is very small, the usual per-
turbation theories such as a steepest descent analysis are not obviously
sufficient and one must resort to numerical experiments. These are not
always easy to implement, given the stringent conditions imposed to assure
that one is observing pure tunnelling. This is good news - it implies that
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there is still much to do and that quantum mechanics might still have a
number of surprises waiting for us.
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