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Preface

This manual provides detailed solutions to the (b) Exercises and the even-numbered Discus-
sion questions and Problems from the 11'" edition of Atkins’ Physical Chemistry.

Conventions used is presenting the solutions

We have included page-specific references to equations, sections, figures and other features
of the main text. Equation references are denoted [14B.3b-595], meaning eqn 14B.3b located
on page 595 (the page number is given in italics). Other features are referred to by name,
with a page number also given.

Generally speaking, the values of physical constants (from the first page of the main text)
are used to 5 significant figures except in a few cases where higher precision is required.
In line with the practice in the main text, intermediate results are simply truncated (not
rounded) to three figures, with such truncation indicated by an ellipsis, as in 0.123...; the
value is used in subsequent calculations to its full precision.

The final results of calculations, generally to be found in [a box], are given to the precision
warranted by the data provided. We have been rigorous in including units for all quantities
so that the units of the final result can be tracked carefully. The relationships given on
the back of the front cover are useful in resolving the units of more complex expressions,
especially where electrical quantities are involved.

Some of the problems either require the use of mathematical software or are much easier
with the aid of such a tool. In such cases we have used Mathematica (Wolfram Research,
Inc.) in preparing these solutions, but there are no doubt other options available. Some of
the Discussion questions relate directly to specific section of the main text in which case we
have simply given a reference rather than repeating the material from the text.
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In preparing this manual we have drawn on the equivalent volume prepared for the 10" edi-
tion of Atkins’ Physical Chemistry by Charles Trapp, Marshall Cady, and Carmen Giunta. In
particular, the solutions which use quantum chemical calculations or molecular modelling
software, and some of the solutions to the Discussion questions, have been quoted directly
from the solutions manual for the 10™ edition, without significant modification. More
generally, we have benefited from the ability to refer to the earlier volume and acknowledge,
with thanks, the influence that its authors have had on the present work.

This manual has been prepared by the authors using the KIEX typesetting system, in
the implementation provided by MiKTEX (miktex.org); the vast majority of the figures
and graphs have been generated using PGFPlots. We are grateful to the community who
maintain and develop these outstanding resources.
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Errors and omissions

In such a complex undertaking some errors will no doubt have crept in, despite the authors’
best efforts. Readers who identify any errors or omissions are invited to pass them on to us

by email to pchem@ch. cam.ac.uk.



G The properties of gases

1A The perfect gas

Answers to discussion questions

D1A.2

The partial pressure of gas J, pj, in a mixture of gases is given by [1A.6-9], py =
x;p, where p is the total pressure and xj is the mole fraction of J.

If the gases are perfect, the partial pressure is also the pressure the gas would
exert if it occupied on its own the same container as the mixture at the same
temperature. This leads to Dalton’s law, which is that the pressure of a mixture
of gases is the sum of the pressures that each one would exert if it occupied the
container alone.

Dalton’s law is a limiting law because it holds exactly only in the limit that there
are no interactions between the molecules, which for real gases will be in the
limit of zero pressure.

Solutions to exercises

E1A.1(b)

E1A.2(b)

From inside the front cover the conversion between pressure units is: 1 atm =
101.325kPa = 760 Torr.

(i) A pressure of 22.5 kPa is converted to atm as follows

1 atm

22.5kPax ——— =(0.222 atm
101.325kPa _

(ii) A pressure of 770 Torr is converted to Pa as follows

1 at 101.325kP
770 Torr x — 2 2 103KkPa =[1.03 x 10° Pa

X
760 Torr 1 atm

The perfect gas law [1A.4-8], pV = nRT, is rearranged to give the pressure,
p =nRT/V. The amount 7 is found by dividing the mass by the molar mass of
Ar, 39.95 gmol .

n

e e
(25¢g) (8.3145 x 1072 dm’ bar K~! mol_l) x (303.15 K)
= 3995 gmol ) L5 dm’
=10.4 bar

So [no}, the sample would not exert a pressure of 2.0 bar, but 10.4 bar|if it were
a perfect gas.



E1A.3(b)

E1A.4(b)

E1A.5(b)

E1A.6(b)

Because the temperature is constant (isothermal) Boyle’s law applies, pV =
const. Therefore the product pV is the same for the initial and final states

peVi=piVi hence p;i=piVi/Vi

The initial volume is 1.80 dm” greater than the final volume so V; = 2.14+1.80 =
3.94dm’.

Vi 2.14dm’

i = — X pf=
P P S A

(i) The in initial pressure is|1.07 bar

(ii) Because 1 atm is equivalent to 1.01325 bar and also to 760 Torr, the initial
pressure expressed in Torr is

x (1.97 bar) = 1.07 bar

1 atm 760 Torr
X
1.01325 bar 1 atm

x 1.07 bar =803 Torr

If the gas is assumed to be perfect, the equation of state is [1A.4-8], pV = nRT.
In this case the volume and amount (in moles) of the gas are constant, so it
follows that the pressure is proportional to the temperature: p oc T'. The ratio of
the final and initial pressures is therefore equal to the ratio of the temperatures:
pe/pi = Tt/ Ti. Solving for the final pressure p; (remember to use absolute
temperatures) gives

pf=fxpi

11 +273.15) K
_(1+27315) K s kpa) = [120 kP

~(23+273.15) K

The perfect gas law pV = nRT is rearranged to give n = pV /RT.

_pV
" RT

(1.00 x 1.01325 x 10° Pa) x (4.00 x 10° m?) s
= =|1.66... x 10° mol

(8.3145] K ' mol™") x ([20 +273.15] K)

n

1

where 1] = 1kgm®s™? and 1 Pa = 1 kgm™" 572 have been used.

The molar mass of CH, is 12.01 + 4 x 1.0079 = 16.0416 gmol ", so the mass of

CHy is (1.66... x 10° mol) x (16.0416 gmol ') = 2.67 x 10° g or |2.67 x 10° kg.

The vapour is assumed to be a perfect gas, so the gas law pV = nRT applies. The
task is to use this expression to relate the measured mass density to the molar
mass.

First, the amount # is expressed as the mass m divided by the molar mass M to
give pV = (m/M)RT; division of both sides by V gives p = (m/V)(RT/M).



E1A.7(b)

E1A.8(b)

The quantity (m/V) is the mass density p, so p = pRT/M, which rearranges
to M = pRT/p; this is the required relationship between M and the density.
Ao PRT _ (0.6388 kgm ) x (8.3145J K™' mol ") x ([100 + 273.15] K)
p 16.0 x 103 Pa
=0.123... kgmol ™’

where 1] = 1kgm®s 2 and 1Pa = 1 kgm™" s~2 have been used. The molar mass
of P is 30.97 gmol ', so the number of P atoms in the molecules comprising
the vapour is (0.123... x 10> gmol™')/(30.97 gmol™") = 4.00. The result is
expected to be an integer, so the formula is likely to be

The vapour is assumed to be a perfect gas, so the gas law pV = nRT applies; the
task is to use this expression to relate the measured data to the mass m. This
is done by expressing the amount # as m/M, where M is the the molar mass.
With this substitution it follows that m = MPV /RT.

The partial pressure of water vapour is 0.53 times the saturated vapour pressure
MpV
T RT
~ (18.0158 gmol ') x (0.53 x 0.0281 x 10° Pa) x (250 m?)
- (8.3145J K ' mol ") x ([23 +273.15] K)

=2.7x10° g =[2.7 kg]

Once the total amount and the total pressure po; are known, the volume is
found using the perfect gas law. The total amount in moles of the mixture of
gases is

MCH, MAr 4 MNe

Mcu, Mar M.

B 0.320¢g ,_ 0175 025g
(12.01 + 4 x 1.0079) gmol ™"~ 39.95gmol™'  20.18 gmol '

=3.54...x 1072 mol

Mtot = HcH, + NAr + NNe =

The mole fraction of neon is

NNe 0.225¢ 1
XNe = — = — x ——— =0314..
Mot 20.18 gmol 3.54... x 1072 mol

Because pne = XNe X Prot it follow that

8.87 kP
pro = e = 22T 08 52 kPa
xNe  0.314..
The volume is calculated using the perfect gas equation with the known total
pressure and total amount
nRT  (3.54...x 1072 mol) x (8.3145J K" mol ') x (300 K)
p 28.2 x 103 Pa

= 3.14x 107 m® = [3.14 dm’]




E1A.9(b) The vapour is assumed to be a perfect gas, so the gas law pV' = nRT applies.
The task is to use this expression to relate the measured pressure and volume
of a known mass of gas to the molar mass.

The amount n is expressed as the mass m divided by the molar mass M to
give pV = (m/M)RT; this rearranges to M = mRT/pV which is the required
relationship. The pressure in Torr is converted to Pa by noting that 760 Torr is
equivalent to 1 atm.
Mo mRT
pv
~ (33.5x 107° kg) x (8.3145JK ' mol ") x (298 K)
~ (152 Torr/760 Torr) x (1.01325 x 105 Pa) x (250 x 10-6 m3)

=10.0164 kgmol ™’

The relationships 1 ] = 1 kgm?®s™2 and 1 Pa = 1 kgm ™' s~2 have been used;

note the conversion of the volume to m?.

E1A.10(b) The idea here is that the volume will go to zero at absolute zero. The data given
are the slope of the volume/temperature plot, together with one fixed point, so
the equation of the straight line can be found, and then the required intercept.

The equation of the line is
(V/dm®) = (0.0741) x (6/°C) + (¢/dm?)

The fixed point given is that the volume at @ = 0 °C is 20.00 dm’, so the constant
¢ is equal to this volume

(V/dm?) = (0.0741) x (8/°C) + 20.00
This is solved for V = 0 to give (6/°C) = (-20.00)/(0.0741) = —270, hence

0 = —270 °C|. This is the estimate of absolute zero.

E1A.11(b) (i) The mole fractions are

i, = ny, _ 1.5 mol _3 o = 1 — x :
* np,+ny, L5mol+2.5mol L& ? L8

(ii) The partial pressures are given by p; = x; por. The total pressure is given
by the perfect gas law: pyor = 1yt RT/V

. (4.0mol) x (8.3145] K" mol™") x (273.15 K)

3
=X = —
P, = X Prot =g 22.4 %10 m3

=[1.5x10° 4]

5 (4.0mol) x (8.3145JK ' mol™") x (273.15 K)
PN, = XN, Ptot = = X 33
8 22.4x107° m

=[2.5x10° 4]

Expressed in atmospheres these are 1.5 atm and 2.5 atm, respectively.




(iii) The total pressure is

1 -1
(3.0 mol) x (8.3145JK™' mol ") x (273.15 K) _[10%x10°Pa
22.4x 1073 m?

or 4.0 atm.

Alternatively, note that 1 mol at STP occupies a volume of 22.4 dm® which is
the stated volume. As there are a total of 4.0 mol present the (total) pressure
must therefore be 4.0 atm.

Solutions to problems

P1A.2

P1A.4

P1A.6

Perfect gas behaviour indicates that pV oc T, where T is the absolute tempera-
ture. In terms of the temperature 6 in °N, T is written T = 6 + 8, where 0 is
the absolute temperature of zero on the °N scale. The proportionality is made
an equality by inserting a constant

pV = (X(9 + 90)
The two data points given are expressed as the following two equations:
28=a(0+6p) 40 =a(100 + 6;)

These are solved simultaneously to give 6, = 233 K. This means that 0 °N
corresponds to an absolute temperature of 233 K. It follows that, on the °N

scale, absolute zero is|—233 °N.

At absolute zero the volume will go to zero so the temperature corresponding
to absolute zero 0, is found by solving

0=Vo(1+aby) hence 0o =-1/a

The quantity « varies with pressure, and what is required is its value in the
limit that the pressure goes to zero, because in this limit perfect gas behaviour
is achieved. A plot of « against pressure, Fig. 1.1, reveals a gentle curve which
fits well to a polynomial of order 2.

The equation of the fitted line is
(10° «)/°C™" = 4.5000 x 10~° x (p/Torr)? +7.5870 x 10~ x (p/Torr) +3.6635

The intercept at p = 0 gives the low pressure limit of & as 3.6635 x 107> °C™",
and hence

0o = —1/a = —1/(3.6635 x 107> °C™") = [=273.96 °C

For a given setting of the pivot, the balance point is reached for a given density
of gas, because it is the density which affects the buoyancy of the bulb. The
density of the gas depends on its pressure and its molar mass: the greater the
molar mass, the higher the density for a given pressure.



P1A.8

3.67

3.67
O

f} 3.67
S
S

= 367

3.66

| | |
0 200 400 600
p/Torr

Figure 1.1

The exact relationship is derived for a perfect gas by starting with pV = nRT.
The amount in moles is n = m/M, where M is the molar mass and m is the
mass of the gas. It follows that pV = (m/M)(RT) which rearranges to pM =
(m/V)(RT). The quantity m/V is the mass density p, and hence pM = pRT.

If the first gas has molar mass M,; and balances the pivot at pressure p;, and
likewise M, and p, for the second gas, then because the densities must be the
same it follows that (at fixed temperature)

M
M1:P2 2

PlMl = p2M2 hence
b1

For the first experiment

_ poM,  (423.22 Torr) x (70.014 gmol ™)
Cop (327.10 Torr)

M, =90.588 gmol '

For the second experiment

2M,  (427.22 Torr) x (70.014 gmol )

M =2
P1 (293.22 Torr)

=102.01 gm0171

If the gases are behaving ideally, the two experiments should give the same
molar mass — which evidently they do not. Because the lower pressure is closer
to ideality, the second experiment is perhaps to be preferred, but high precision

is not justified in quoting the result for the molar mass as 102 gmol ™|

The compounds CH,FCF; and CHF,CHF, have molar masses close to this
value.

The stoichiometric equation for the production of NH; is 3H, + N, —
2 NHS;. Conversion of all of the H, (2 moles) to ammonia results in the forma-

tion of % mol of NH; and consumes % mol of N,. After the reaction is complete



the amounts are therefore

2 1 4
nyg, =0 nszl_gzngI nNH3:§mol

5

The total amount is % + % =3

using the perfect gas law

RT (2 mol) x (8.3145JK " mol™) x (273.15K
p=" _ (5 mol) x( J ) x( ):1.69><105Pa

mol, from which the total pressure is calculated

Vv 224 %1073 m?
The partial pressures are calculated from the mole fractions and the total pres-
sure
nN, 1/3 mol 5 3
= XN, P = = x (1.69... x 10° Pa) =|0.338 x 10” Pa
PN =P = P = el < )
4/3 mol
Pt = s p = N A3 MOl e 10% Pa) =[135 % 10° Pa
Ntot 5/3 mol

P1A.10 It is useful to recall that at STP 1 mol occupies a volume of 22.414 dm”.

A concentration of 250 DU means that when all of the ozone in a column of
cross-sectional area 1.00 dm? is compressed into a disc with the same cross-
sectional area and at STP the thickness of the disc is 250/1000 cm. Expressed
in dm, the thickness is therefore 2.50 x 10~ dm, and so the volume of the disc
is (thickness x area) = (2.50 x 1072 dm) x (1.00 dm?) = 2.50 x 1072 dm”. The
amount in moles of ozone is therefore

2.50 x 1072 dm’ 5 =
no, = 3 — = L.11... x 107" mol =[1.12 x 10~ mol
22.414 dm” mol
The amount in moles corresponding to 100 DU is found by using a ratio

100 100 ,3 —
105,100 DU = —— X 10,,250 DU = 750 x (1.11...x 107° mol) ={4.46 x 10~> mol

250

The volume of a column of cross-sectional area 1.00 dm? and height (50-10) =
40 km is (1.00 x 1072 m?) x (40 x 10> m) = 400 m>. If the amount in moles in
this column is 1.11... x 10~* mol (corresponding to 250 DU) the concentration
is

1.11... x 107 mol

Co; = W =2.79 x 10_6 mol rn_3

or ’2.79 x10~° moldm™ ‘ Using a ratio as before, the concentration corre-
spondingto 100 DU is (100/250)x2.79x10™° mol dm > = [1.12 x 10~° mol dm ™).

P1A.12 (a) From the perfect gas law pV = nRT, the amount in moles is calculated
using n = pV /RT; the volume of the balloon is (4/3)nr>.
pv (1.01325 x 10° Pa) x ($n[3.0 m]?)

n= =
RT  (8.3145JK 'mol ") x ([25 +273.15] K)

=4.62... x 10° mol =|4.6 x 10> mol




P1A.14

(b) The mass of the volume of air displaced by the balloon is
4
mass = volumexdensity = (gn[3.0 m]*)x(1.22kgm™) = 1.37...x10% kg

The mass of the hydrogen in the balloon is

mass = amount in moles x molar mass

= (4.62...x10° mol) x (2 x 1.0079 x 10> kgmol™') = 9.31... kg

The mass that can be lifted (the payload) is the difference between the
displaced mass and the mass of the gas in the balloon (ignoring the mass
of the material making up the balloon itself)

payload = (1.37... x 10> kg) — (9.31...kg) =

(c) If the gas is helium, the mass of the gas in the balloon is
(4.62...x 10% mol) x (4.00 x 107> kgmol ') = 1.84... x 10" kg

and the payload is

payload = (1.37... x 10* kg) — (1.84... x 10" kg) =

To solve this problem it is necessary to assume that the partial pressure of each
gas obeys a barometric formula in which the constant H depends on the iden-
tity of the gas
_RT

My, g

px, = pon, exp(=h/Hy,)  Hx,

and likewise for O,. The mole fractions of the two gases at sea level, and hence
their partial pressures, are found from the mass composition at this level. Like-
wise, the mole fractions and partial pressures are found at the higher altitude
from the stated mass composition.

Imagine 1000 g of atmosphere: at sea level this contains 800 g of N, and 200 g
of O,. The mole fractions are

(800 g)/(2 x 14.01 gmol ")

_ =0.820
(800 g)/(2 x 14.01 gmol ") + (200 g)/(2 x 16.00 gmol ')

)CN2

Hence xo, = 1 — xn, = 0.180.

At the higher altitude the same mass of atmosphere contains 900 g of N, and
100 g of O,. The mole fractions are

, (900 g)/(2 x 14.01 gmol ")

N, = -1 —- =0.911
(900 g)/(2x14.01 gmol™") + (100 g)/(2 x 16.00 gmol™")

Hence x(,, = 1 - xy, = 0.089.



At altitude h the partial pressures of the two gases are

PN, = PoN, exp(_h/HNz) Po, = Po,0, eXp(_h/Hoz)
Taking the ratio of these two equations gives
P POR: cxp(-h/Hy, + h/Ho,)
pbo,  Poo,
The ratio of the partial pressures is the same as the ratio of the mole fractions

XN, | XN
— = —exp(~h/Hx, + h/Ho,)
xoz sz

where xy, is the mole fraction at h = 0. This equation is rearranged to find h

%!
720 exp(h/Hy, + h/Ho,)
XOZ )CN2
ln(x{qzxoz):_thh
X62 XN, HN2 HO2
In @XO2 _ _hMNzg + hMozg
X6, XN, RT RT
RT In (xll\Iz XOZ) -h
g(Moz - MNz) X62 XN,

Inserting the data gives

- RT n( %, X0, )
g(Moz - MNz) xloz XN,
(8.3145] K ' mol ") ([25 + 273.15] K)

(9.807 ms~2) x [(2 x 16.00 x 103 kgmol ') — (2 x 14.01 x 103 kgmol™")]
( 0.911 0.180)
xIn[ ————
0.0890 0.820

=51.4..km =

At this height the total pressure is found by summing the partial pressures at
this height. The partial pressure at sea level is given by pon, = xN,Po, SO it
follows that

PN, = xn,poexp(=h/Hx,) po, = Xo,poexp(-h/Ho,)

It is convenient to compute the scale heights H separately

Hy, = RT _ (83145]K™ mol ") ([25 + 273.15] K)
My,g (2% 14.01 x 1073 kgmol ') x (9.807 ms~2)
=9.02...x10° m
Ho, RT  (8.3145JK 'mol™")([25 +273.15] K)

"~ Mo,g  (2x16.00 x 10-3 kgmol ') x (9.807 ms~2)
=7.90... x 10° m
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The total pressure at height h is therefore

P = XN, Po exp(_h/HNz) + X0,Po exp(—h/Hoz)

51.4...x 10° m
=(0.820 x 1 atm)exp| ———————
9.02...x10°m
51.4...x 10° m
+(0.180 x 1 atm) exp| -—————
7.90... x 103 m

=10.0030 atm

The calculation is incomplete as it assumes that composition is affected only
by the mass and ignores the entropically driven mixing of gases. In fact, the
composition of the atmosphere remains pretty much constant up to 100 km.

1B The kinetic model

Answer to discussion questions

D1B.2 The mean free path is given by [1B.14-18], A = kT/op. In a container of con-
stant volume, the mean free path is directly proportional to temperature and
inversely proportional to pressure. The former dependence can be rationalized
by noting that the faster the molecules travel, the farther on average they go
between collisions. The latter also makes sense in that the lower the pressure,
the less frequent are collisions, and therefore the further the average distance
between collisions.

Perhaps more fundamental than either of these considerations is the depen-
dence on the size of the container and on the size of the molecules. The ratio
T/p is directly proportional to volume for a perfect gas, so the average distance
between collisions is directly proportional to the size of the container holding a
given number of gas molecules. Finally, the mean free path is inversely propor-
tional to the size of the molecules as given by the collision cross section (and
therefore inversely proportional to the square of the radius of the molecule).

Solutions to exercises

E1B.1(b) (i) The mean speed is given by [1B.9-16], Umean = (8RT/mM)?, 50 Upean o
\/1/M. The ratio of the mean speeds therefore depends on the ratio of
the molar masses

_ 1/2
m(M)/(Mgml)/ 78

vmean,Hg MHe 4.00 g 1’1101_1

(i) The mean translational kinetic energy (Ex) is given by 3m(v?), where
(v?) is the mean square speed, which is given by [1B.7-15], (v*) = 3RT/M.
The mean translational kinetic energy is therefore

- - 1o (24



The molar mass M is related to the mass m of one molecule by M = mN,,
where N, is Avogadro’s constant, and the gas constant can be written R =
kNy, hence

= kr
2

=-m
2

() G

Ey)=-m
(B = 5m{ = MmN,

The mean translational kinetic energy is therefore independent of the
identity of the gas, and only depends on the temperature: it is the same
for He and Hg.

This result is related to the principle of equipartition of energy: a molecule
has three translational degrees of freedom (x, y, and z) each of which
contributes 1 kT to the average energy.

E1B.2(b)  Thermsspeedisgivenby [1B.8-15], Uy = (3RT/M)1/2; Mco, = 44.01 gmol_l.

, ( 3RT )”2 (3 x (8.3145] K ' mol ™) x (293.15 K))I/2
rms,CO, = =

Mco, 44.01 x 10-3 kgmol '

=408 ms”']

where 1] = 1 kgm? s~2 has been used. Note that the molar mass is in kgmol ™.

_ - 1/2
3% (8.3145J K " mol™) x (293.15 K -
Urms,He =( ( JK™ mol ) x ( )) =|1.35kms™"

4.00 x 10-3 kgmol ™’

Ei1B.3(b) 'The Maxwell-Boltzmann distribution of speeds, f(v), is given by [1B.4-14].
The fraction of molecules with speeds between v, and v, is given by the integral

fvluzf(v)dv

If the range v, — v, = 8v is small, the integral is well-approximated by

f(vmia) Sv

where vp;q is the mid-point of the velocity range: vmiq = %(02 + v1). In this
exercise Umig = 402.5 ms ! and Sv = 5ms™'. Mco, = 12.01 +2 x 16.00 =
44.01 gmol "

M \32 M2
fraction = f(vmia) Sv =4mx [ ——) v}, ——mid ) §
raction = f(vpiq) Ov = 47 % (ZTtRT) vmldexp( SRT v

Camn ( 44.01 x 10> kgmol ™'
27 x (8.3145J K~ mol™") x (400 K)
s exp ( —(44.01 x 1072 kgmol ") x (402.5 ms™")?
2 x (8.3145J K ' mol™") x (400 K)

3/2
) x (402.5ms™")?

) X (5 ms_l)
=10.0107

where 1] = 1kgm?® s has been used. Thus, 1.07% of molecules have velocities
in this range.

11
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EIB.4(b)  The mean relative speed is given by [1B.11b-16], v, = (8kT/mu)"/?, where
p = mamp/(my + my) is the effective mass. Multiplying top and bottom of
the expression for v,e] by N and using Nak = R gives v,e] = (8RT/TtNpp) 1/2
in which Ny p is the molar effective mass. For the relative motion of N, and O,
this effective mass is

My,Mo,  (2x14.01 gmol ') x (2 x 16.00 gmol ")
My, + Mo, (2 x14.01 gmol™") + (2 x 16.00 gmol ")

Nap = = 14.9...gmol !

) ( 8RT )1/2 (8>< (8.3145J K  mol ™) x (298.15K)
rel = =

1/2
— ) =650 ms~!
7 x (14.9... x 1073 kgmol ")

T[NA(J

EIB.5(b)  The most probable speed is given by [1B.10-16], vy = (2RT/M)'/2, the mean
speed is given by [1B.9-16], vmean = (8RT/mM)'/?, and the mean relative
speed between two molecules of the same mass is given by [1B.11a-16], vy =
V20mean- My, = 2 x 1.0079 = 2.0158 gmol .

_— (2RT)1/2 - (2 x (8.3145J K ' mol ") x (293.15K) )1/2
"o\ M 2.0158 x 10-3 kgmol ™"

={1.56 x 10* ms~!

b = (8RT)1/2 i (s x (8.3145] K" mol™) x (293.15 K))l/2
e\ nm 7 x (2.0158 x 103 kgmol ")

=|1.75x10° ms~!
Vrel = V2Umean = V2% (1.75x 10° ms™') =[2.48 x 10’ ms~!

EIB.6(b)  The collision frequency is given by [1B.12b-17], z = 0 v, p/k T, with the relative
speed for two molecules of the same type given by [1B.11a-16], vl = V2VUmean-
The mean speed is given by [1B.9-16], vmean = (8RT/mM)'/2. From the Re-
source section the collision cross-section ¢ is 0.40 nm?.

OUrelp OP 8RT)1/2
= =—£ 2% [ —=
EETRT kT X\/_X(HM

(0.40 x 107'®* m?) x (1.01325 x 10° Pa) /2
= X
(1.3806 x 10723 JK ') x (298.15K)

5 (8 x (8.3145J K™ ' mol ") x (298.15K))1/2
7 x (2 x16.00 x 10-3 kgmol ")

=6.2 x10° 57!

where 1] = 1 kgm®*s 2 and 1 Pa = 1 kgm™' 52 have been used. Note the

conversion of the collision cross-section ¢ to m*: 1 nm?* = (1 x 107°)* m* =

1x10718 m?.



E1B.7(b)

From inside the front cover 760 Torr is equilvant to 1 atm, which is 1.01325 x
10° Pa. Therefore a pressure of 1 nTorr is expressed in Pa as

1at 1.01325 x 10° P
1 nTorr = (1 x 1077 Torr) x & . 2 -133..x107 Pa
760 Torr 1 atm

The mean speed is given by [1B.9-16], Uean = (SRT/JTM)I/Z. The collision
frequency is given by [1B.12b-17], z = ov.ep/k T, with the relative speed for
two molecules of the same type given by [1B.11a-16], vy = /20U mmean. The mean
free path is given by [1B.14-18], A = kT /op

(i) The mean speed is calculated as

SRT\'/>  (8x (8.3145] K mol™!) x (298.15K) \ *
e = (1) = (SRR ol )< (B8300) 75 1]

™ 7% (2% 14.01 x 10-3 kgmol ")

(ii) The collision cross-section ¢ is calculated from the collision diameter d
as 0 = d? = m x (395 x 107 m)? = 4.90... x 107! m?. With this value
the mean free path is calculated as

kT 1.3806 x 1072 JK! 298.15K
LN . JKT) x( ) _[630x10"m

op  (4.90...x 10-1° m?) x (1.33... x 107 Pa)

where1] = 1kgm®s 2 and 1 Pa = 1kgm™" s72 have been used. The mean
free path is 63 km, a distance very much greater than the dimensions of
the apparatus.

(iii) The collision rate is calculated as

1/2
OVrelp OP (SRT)
= =— 2 —_—
== V2
-19 2 -7
:(4.90 x 107" m?) x (1.33... x 1077 Pa) <3
(1.3806 x 102 JK 1) x (298.15K)
) (8 x (8.3145] K" mol™") x (298.15K) )1/2

7 x (2 x 14.01 x 10-3 kgmol ")

=[1.07 x107%s”"

An alternative for the calculation of z is to use [1B.13-18], A = v./z,
rearranged to z = vy /A

z= Urel _ \/zvmean _ \/EX (4751’1’18_1) =11.07 x 10—2 S—l

A A 6.30 x 10* m

As expected for such a low pressure, collisions are very infrequent, occur-
ing about once every 100 s.

13
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E1B.8(b)

EIB.9(b)

The collision cross section ¢ is written in terms of a diameter as ¢ = nd?, hence
d=+\/o/n

d=+/o/m=1/(0.36 x 10-18 m2)/m = 3.38... x 10" m

The mean free path is given by [1B.14-18], A = kT/op. This is rearranged to
give the pressure p with A equal to 10 times the estimate for the diameter of the
atoms

kT 1.3806 x 1072 JK~! 298.15K
p ( . JKT) x( ) =|3.4 x 10° Pa

" 0(10d) ~ (0.36 x 108 m?2) x 10 x (3.38... x 1010 m)

The mean free path is given by [1B.14-18], A = kT /o p.

_ kT _(1.3806 x 107 JK™) x (217 K) =[5.8x107 m = 0.58 ym
“op  (0.43x1078m?) x (12.1x 103 Pa) = —=F

Solutions to problems

P1B.2

The Maxwell-Boltzmann distribution of speeds in one dimension (here x) is
given by [1B.3-13]

2nkT
An analogous expression gives the distribution in the y direction, f(v,). The
probability of finding a particle with velocity between v, and v, + dv, is given
by f(vy) dvy, and similarly in the y direction. The overall probability of finding
a particle with velocity between v, and v, +duvy, and between v, and v, +dv,,
is therefore

m \1/2 , m \1/2 ,
-muvy [2kT -mv’ [2kT dv.d
[(ZTtkT) ¢ (anT) ¢ PxCly

_ ( m )e—m(uf_+u/z‘,)/2kT dl)xdl)y

1/2 5
f(vx):( m ) e—mux/ZkT

o1
I =
Pﬂ

1l
—

—-mv?[2k

A

On the last line the speed v, given by v = v2 + vf,, is introduced.

As discussed in Section 1B.1(b) on page 13, the ‘area element’ dv,dv, can be
interpreted by imagining a velocity space with axes labelled (vy,v,). In this
space, particles with speed v lie on a circle of radius v, so particles with speeds
between v and v + dv lie in a ring of radius v and thickness dv. Because the
ring is very thin, its area is given by the circumference of the circle times the
width: 2nv do.

The fotal probability of a particle having speed v and v+dv, f(v)duv, is therefore
found by multiplying the term A in the above expression, not by the area ele-
ment dv,dv,, but by the area of the ring because this gives the total probability



P1B.4

of having this range of speeds, regardless of direction

f(v)dv= (%) e ™ kT 2y do

The distribution of speeds in two dimension is therefore

m

f(v)dv = (ﬁ) Ue""vz/ZkT

The average speed is found using [1B.6-15], (v") = [;” v" f(v) dv. In this case

= * m -mv*[2kT :foo 2(&) -mv?[2kT
(v) fo v(kT)ve dv . Uler)e dv

The required integral is of the form of G.3 from the Resource section

fwxze_axz dx _ l (7'[)1/2
0 4\a?

With a = m/2kT the mean speed is
o= (2 (o " (2r)”
4 \kT )\ (m2kT)3 ) |\ 2m

The Maxwell-Boltzmann distribution of speeds in three dimensions is given
by [1B.4-14]

M\ ,
f(U) _ 4TI(2 RT) UZe—MU /2RT
T

with M the molar mass. The root mean square speed is given by [1B.8-15],

Urms = (BRT/M)'/?, and mean speed is given by [1B.9-16], Uean = (8RT/TCM)1/2.

The required proportions are found by integrating f(v) between the relevant
limits for v.

(a) The fraction having speed greater than v, is given by

°<>f(v) dv

Urms

Mathematical software is used to evaluate the integral to give \/6/m e*/? +
erfc(y/3/2), where erfc(x) is the complementary error function, erfc(x) =

1 — erf(x). The result is evaluated numerically to give 0.391, that is
of molecules have speeds greater than the root mean square speed.

(b) The remaining fraction, 1 -0.391 = 0.608, have speeds smaller than v;ps.
Thus of molecules have speeds smaller than the root mean square
speed.

(c) Theintegralisasin (a), but with lower limit vye,,. Mathematical software
gives the result 4/me™*/"+erfc(2/+/m). The result is evaluated numerically
to give 0.467, that is of molecules have speeds greater than the mean
speed, and so of molecules have speeds smaller than the mean speed.

15
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P1B.6

The Maxwell-Boltzmann distribution of speeds in three dimensions is given
by [1B.4-14]

2 Mv?[2RT
=4 2 —-Mv“ /2
f(v) =4n (Z‘ITRT) v'e
with M the molar mass. The mean of v" is found using [1B.6-15], (v") =

Jy~ v"f(v) dv. The required integral is therefore

o M 3/2 oo )
(v")=f0 v”f(v)du:4n(2nRT) /0 pH2e=MU/2RT 4,

For the case where #n + 2 is odd, integral G.7 from the Resource section is used

oo .2 m!
f X2 Hle o Qe = — m=1,2,3, ...
0 zam+1

The relationship between m and n is found by noting that forn =1, 3, 5, ...,
mwillbe 1, 2, 3, ... (note that these generate only the odd values of n + 2). It
therefore follows that m = 5 (n+1) and m + 1 = 1(n + 3). These substitutions,
along with a = M/2RT allow the integral to be evaluated.

32 foo
(v") = 411(2]\;7,) f p"H2e MY 2RT g,
n 0

A ( M )3/21 [2(n+1)]!
"\amrT) 2 (Mj2RTYEOD)

(L) (L) )‘“"”)[;(m)p

n 2RT 2RT
1\!/2 (2RT\?"

Hence

o 2Mm 2RTN? 1n
(o™ = 7 (W) ([(n+D1)]) odd n

For the case where # + 2 is even, integral G.8 from the Resource section is used
oo 2m - 1) (m\'/?
f xzme_“xzdx:w(f) m=1,2,3,...
0 pm+lgm a
where 2m - 1)!!=(2m-1)x (2m—-3) x (2m-5) x...1 or 2.

The relationship between m and n is found by noting thatforn =2, 4, 6, ...,
mwillbe 2, 3, 4, ... (note that these generate only the even values of n +2). It
therefore follows that m = 2(n+2), m+1=1(n+4) and 2m—1) = (n+1).



These substitutions, along with a = M/2RT allow the integral to be evaluated.

32 oo
(v") = 41'[( M ) f "2 MV /2RT g,
0

2nRT
M 2 m-1)1 (|2
~4%(527) (2)
2nRT 2mtlgm \ g

M\ (n+ 1)1 r \"
271RT) 2: () (M/2RT)2("+2) \ (M/2RT)
n2 0 MN? M -1(n+2) M \"1/2

(i) () ) o
2RT 2RT 2RT

(22" (e

n/2
) (n+1)N even n

1l
IS
A
—

Il
e~ —
N | =
SN—

NN
N—

ﬁ Z
~

[\S)

<|

Hence

(v")l/”:(if)l/z [(n+1)!!]1/" even n

Mathematical software gives a solution for both even and odd n
oo 3/2 roo ,
'U” - Ufl v dU =47 vn+Ze—MU /ZRT dU
{v") f(v)
0 0
RT

_ %zmz)/z (M)"/2 r(i[n+3])

2nRT

where I'(x) is the Euler gamma function.
If the argument x is an integer then I'(x) = (x — 1)!. This will be the case for
odd n, in which case

n/2
(o) = %zwz)/z (RTMT) (An+1])!  oddn

which is the same result as found above.

If the argument of the Gamma function is an odd multiple of 1 (that is 3m,
withm =1, 3, 5, ...) then

L (m=2)I/m
T(Em) T a(m-1)/2

This will be the case for even #, in which case

(") = L p(ne2)2 (”)"/2 (n+3-2)ly/n
M 2(n+3-1)/2

T
_ L ey (RTY (ne D)V
N (M) 5(n+2)/2

RT n/2
:(ﬁ) (n+1)N even n

which again is the same result as above.
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P1B.8

P1B.10

The Maxwell-Boltzmann distribution of speeds in three dimensions is given
by [1B.4-14]

3/2 ,
) p2eMv'[2RT

)= 4n(2nRT

with M the molar mass, here taken to be 0.1 kgmol ™. Plots of f(v) are shown
in Fig. 1.2.

0.005 I \
| — T=200K ||
------- T = 400 K
0004 [/ \ | T=800K []
| -+ T=1200K ||
---T=1600K
0003 ----T =2000K |
> | i
Z
0.002 - I
0.001 |- e
0.000 L™ | e e ]
0 200 400 600 800 1000
v/ms!
Figure 1.2

The Maxwell-Boltzmann distribution of speeds in three dimensions is given
by [1B.4-14]

32 Muv*/2RT
=4 2 —Mv"/[2
) 7T(ZHRT) ve
The speed at which this function is a maximum is found by setting the deriva-
tive df (v)/dv equal to zero. The derivative is found using the product rule and
the chain rule

() |

~Mv*[2RT | 2 (_ZMU ) e—Mvz/ZRT]
2RT

—Mv?/2RT

The derivative is set to zero and factors of e and v are identified to give

32 ,
411(7M ) x e MY /ZRTxvx[Z—vz(ﬂ)]:O
2nRT RT

. . . . —_ 2
The solution when v = 0 is not a maximum, and the solution e ¥ /2RT = o

corresponds to the asymptotic behave at large speeds. This leaves the maximum



to be given by

2
2- VUmax

M 2RT\'/?
(—) =0 hence VUmax = (—)
RT M

That this is a maximum can be verified by inspecting a plot of f(v).

1C Real gases

Answer to discussion questions

Di1C.2

D1C.4

The critical constants represent the state of a system at which the distinction
between the liquid and vapour phases disappears. This situation is usually
described by saying that above the critical temperature the liquid phase cannot
be produced by the application of pressure alone. The liquid and vapour phases
can no longer coexist, though supercritical fluids have both liquid and vapour
characteristics.

The van der Waals equation is a cubic equation in the volume V. Every cubic
equation has some values of the coefficients for which the number of real roots
passes from three to one. In fact, any equation of state of odd degree n > 1 can
in principle account for critical behavior because for equations of odd degree
in V there are necessarily some values of temperature and pressure for which
the number of real roots of V passes from # to 1. That is, the multiple values of
V converge from # to 1 as the temperature approaches the critical temperature.
This mathematical result is consistent with passing from a two phase region
(more than one volume for a given T and p) to a one phase region (only one V
for a given T and p), and this corresponds to the observed experimental result
as the critical point is reached.

Solutions to exercises

E1C.1(b)

The van der Waals equation of state in terms of the volume is given by [1C.5a—
23], p = nRT/(V-b)—an?*|V?. The parameters a and b for H,S are given in the
Resource section as a = 4.484 atm dm® mol 2 and b = 4.34 x 1072 dm’ mol .
With these units it is convenient to use R = 8.2057 x 10~> dm” atm K~ mol ™.
The pressure is computed by substituting in the relevant data.

(i) T=273.15K, V =22.414 dm’, n = 1.0 mol
_ nRT an?
PEvom ™ v
_ (1.0 mol) x (8.2057 x 1072 dm’ atm K™ mol ') x (273.15 K)
© (22.414dm°) - (1.0 mol) x (4.34 x 102 dm® mol-!)

(4.484 atm dm® mol~2) x (1.0 mol)?
- =10.99 atm
(22.414 dm’)?

19
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(ii) T=500K,V =150 cm? = 0.150 dm>, n = 1.0 mol

nRT  an®
PEviom ™ v
_ (1.0mol) x (8.2057 x 10~2dm’ atm K" mol ") x (500 K)
- (0.150 dm’) — (1.0 mol) x (4.34 x 10-2 dm® mol-!)

(4.484 atm dm® mol™2) x (1.0 mol)? 5
- =11.9 x 10% atm

(0.150 dm”)?

EIC.2(b)  Recall that 1 atm = 1.01325x 10° Pa, 1 dm® = 107 m® and 1 Pa = 1 kgm ™' s2

1.01325x 10°Pa  107° m®
X
1 atm 1dm®

=0.134kgm ™" s> m®mol % = ‘0.134 kgm®s~? mol’z‘

a = (1.32 atm dm® mol ?) x = 0.134 Pam® mol~*

1073 3
- =[4.36 x 10~ m® mol']

b = (0.0436 dm” mol ™) x

m

EIC.3(b)  The compression factor Z is defined in [1C.1-20] as Z = V,,,/ V2, where V. is
the molar volume of a perfect gas under the same conditions. This volume is
computed from the equation of state for a perfect gas, [1A.4-8],as V;» = RT/p,
hence Z = pV;,/RT [1C.2-20].

(i) If Vi, is 12% larger than the molar volume of a perfect gas, it follows that
Vi = Vo (1+0.12) = 1.12V;2. The compression factor is then computed

directly as
Vi 1.12x Vg
g /m _ “ Y _[112]
Vi Vo

(ii) From [1C.2-20] it follows that V;, = ZRT/p

_ ZRT _ 1.12x (8.2057 x 102 dm”’ atm K" mol ") x (350 K)
- p - 12 atm

=12.7 dm® mol™!

Because Z > 1, implying that V;, > V,;, repulsive forces are dominant.

Vi

E1C.4(b) (i) The molar volume is computed from the equation of state for a perfect
gas, [LA.4-8],as Vi, = RT/p

_RT  (8.3145JK " mol ') x ([25 +273.15] K)
Cp 200 x 105 Pa

=1.24x10"* m® mol ™!

Vin

hence ‘ Vi = 0.124 dm® mol‘l.‘




E1C.5(b)

(ii)

@
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The van der Waals equation of state in terms of the molar volume is given
by [1C.5b-24], p = RT/(Vin — b) — a/ V2. This equation is a cubic in Vi,
as is seem by multiplying both sides by (Vi, — b) V.2 and then gathering
the terms together

pV2 —VZ2(pb+RT) +aVy —ab =0

The values of the constants are given, as is the pressure and tempera-
ture. Given the units of the quoted values of a and b it is convenient
to convert the pressure of 200 bar (200 x 10> Pa) to atm, p = (200 x
10° Pa) x (1 atm)/(1.01325 x 10°Pa) = 197.4 atm, and to use R =
8.2057 x 1072 dm” atm K~ mol™". Inserting all of these values gives the
polynomial

197.4V2 —30.762V2 + 1.364V;, — 0.04351 = 0

The roots of this polynomial are found numerically using Mathematical

software and of these roots only ’ Vin = 0.112 dm’ mol_l‘ is a physically
plausible value for the molar volume (the other roots are complex). This
molar volume is smaller than the molar volume of the corresponding
perfect gas by about 10%.

An alternative approach is to approximate the term a/ V2 as a/( V2 )* and
then rearrange the van der Waals equation to give a simpler expression for
Vi

p= RT___a hence Vi —L+b
(Vm=b)  (V3)? "oprla/(ve)?]
RT
Vn=—"——>-+b
p+[a/(V3)?]

B (8.2057 x 102 dm” atm K" mol ") x (298.15K)
(197.4 atm) + [(1.364 atm dm® mol~2)/(0.124 dm’ mol~!)?]
+3.19x 1072 dm® mol ™! = 0.117 dm> mol ™!

This approximate value for V;, is then used in place of V,; and the whole
process repeated. After a few iterations the value of V;, settles as 0.112 dm> mol !,
which is the same as the value found by solving the cubic.

The compression factor Z is given in terms of the molar volume and pres-
sure by [1C.2-20], Z = pVy,/RT, hence Vy,, = ZRT/p. The volume occu-
pied by #n mol is therefore V = nV,, = nZRT/p

nZRT

p
~(8.2x107% mol) x (0.86) x (8.2057 x 10~2dm” atm K" mol ") x (300 K)

V =

20 atm

= (8.7 x 10~ dm®| = [8.7 em’]
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E1C.6(b)

(ii) The virial expansion in terms of Vy, is given by [1C.3b-21], pV,,, = RT(1+
B/Vy + ...). The relationship in [1C.2-20], Z = pV,,/RT, is used to
rewrite the term pV;, as ZRT. If only the first two terms of the expansion
are retained it follows that

ZRT = RT(l + E) hence Z= (1 + E)
Vin Vi
and therefore B = V;,,(Z - 1). The relationship V;, = ZRT/p is used to
give

B:Vm(Z—l):T(Z—I)

0.86) x (8.2057 x 1072 dm° atm K" mol™!) x (300 K
_ (0.86) x ( x m” atm K™ mol™") x ( )X(0_86_1)
20 atm

=-0.15 dm® mol™!]

The relation between the critical constants and the van der Waals parameters
is given by [1C.6-26]

a 8a

‘/c:3b <= o175 [ ——
Pe= o7 27Rb

All three critical constants are given, so the problem is over-determined: any
pair of the these expressions is sufficient to find values of a and b. It is con-
venient to use R = 8.2057 x 1072 dm”’ atm K™ mol ™" and volumes in units of
dm’.
If the expressions for V. and p. are used, a and b are found in the following
way

V.=3b hence b=V./3=(0.148 dm’ mol™")/3 = 0.0493 dm’ mol ™

a a
= = h =27(V./3)*pe
R CADE ence a (Ve/3)°p
a=27(Ve/3)*pe = 27([0.148 dm’ mol']/3)* x (48.2 atm)

=3.17 atm dm® mol 2

Pe

There are three possible ways of choosing two of the expressions with which to
find a and b, and each choice gives a different value. For a the values are 3.17,

5.50, and 4.17, giving an average of 4.28 atm dm® mol 2], For b the values are
0.0493, 0.0650, and 0.0493, giving an average of‘0.0546 dm® mol™! ‘

In Section 1C.2(a) on page 23 it is argued that b = 4V o1ecNa, Where Vipolec is
the volume occupied by one molecule. This volume is written in terms of the
radius r as 47r® /3 so it follows that r = (3b/161N )"/

1/3
3b )1/3 3 x (0.0546 dm® mol ™) S
- - = 1.76x10™° dm = [176 pm]|
(16nNA 167 x (6.0221 x 1023 mol ") P



E1C.7(b) (i) In Section1C.1(b) on page 20 it is explained that at the Boyle temperature
Z = 1and dZ/dp = 0; this latter condition corresponds to the second
virial coefficient, B or B’, being zero. The task is to find the relationship
between the van der Waals parameters and the virial coefficients, and the
starting point for this are the expressions for the product pV,, is each case
([1C.5b-24] and [1C.3b-21])

RT a RTV, a

m - W hence me =

van der Waals: p = = W -

virial: m = RT(l + i)
v

m

The van der Waals expression for pV, is rewritten by dividing the denom-
inator and numerator of the first fraction by V;,

RT a

P = o)

The dimensionless parameter b/ V,, is likely to be < 1, so the approxima-
tion (1 - x)™! ~ 1 + x is used to give

a 1 a
m = RT(1 m)—— =RT|1+ —|b-—
P = KT+ 6/ i) = = RT[1e - (0 )]

Comparison of this expression with the virial expansion shows that

B=p-
RT

It therefore follows that the Boyle temperature, when B = 0, is T, = a/Rb.
For the van der Waals parameters from the Resource section

a 4.484 atm dm® mol 2

Ty = — =
Rb  (8.2057 x 10-2dm’ atm K-! mol™") x (4.34 x 10-2 dm” mol~1)

=11.26 x 10° K

(ii) In Section 1C.2(a) on page 23 it is argued that b = 4Vj,01ecNa, where
Vimolec is the volume occupied by one molecule. This volume is written
in terms of the radius r as 417> /3 so it follows that r = (3b/16TN,)'/>.

B ( 3b )1/3 (3% (434x 102 dm* mol 1) |/’
161N 167 x (6.0221 x 1023 mol ")

=1.63x10° dm =

EI1C.8(b) Thereduced variables are defined in terms of the critical constants in [1C.8-26]

Vr:Vm/‘/c Pr:P/Pc Tr:T/Tc

23
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If the reduced pressure is the same for two gases (1) and (2) it follows that

p( )
p(l)

L)

D p®

hence p® = x p(z)

and similarly

ro TV « T
M
These relationships are used to find the pressure and temperature of gas (2)
corresponding to a particular state of gas (1); it is necessary to know the critical
constants of both gases.

(i) From the tables in the Resource section, for N, p. = 33.54 atm, T, =
126.3 K, and for H,O p. = 218.3 atm, T, = 647.4 K. Taking gas (1) as N,
and gas (2) as H,O, the pressure and temperature of H,O corresponding
to p(N2) = 1.0 atm and T("2) = 298.15 K is calculated as

(N2) 1.0 at
p0) Z P”  p00) o SP8M )16 3 4tm) = [6.5 atm]

pENZ) ¢ 33.54 atm
T( ) 298.15K

TH0) < 7O < e < (6474K) =
Tc

(ii) For CO; p. =72.9 atm, T = 304.2 K.

(N, 1.0 at
(co,) _ P (cop) _ _tvatm -
p o % be 3350 (72.9 atm) =|2.2 atm

C

T(N2) 298.15K
(0 = —s  TLO) = x (304.2K) =[7.2x 10* K]
T

126.3 K
(iii) For Ar p. = 48.0 atm, T, = 150.7 K.

(N2) 1
p(A) = P, pAn) = _LOam (48.0 atm) = |1.4 atm
PENZ) 33.54 atm

T(N2) 298.15K
T = — s x T = x (150.7 K) =[3.6 x 10* K]

T 1263K

E1C.9(b) The van der Waals equation of state in terms of the molar volume is given by
[1C.5b-24], p = RT/(Vin — b) — a/ V2. This relationship is rearranged to find b

RT a h N a RT
= — —  hence — =
Vo—b V2 PPy =y
V2 RT V2 Vi — b
hence Pimta hence o -
V2 Va-b pV2+a  RT

RTV?

hence b=V, - m

pV2i+a



With the data given
RTV2
pV2+a
(8.3145J K ' mol™") x (288 K) x (4.00 x 10~* m*> mol™")?
(4.0 x 106 Pa) x (4.00 x 104 m3 mol™")2 + (0.76 m% Pamol-2)

=[1.3 x 107 m® mol™']

b=Vn = (4.00 x 10™* m* mol ™)

where 1 Pa=1kgm ™' s72 and 1] = 1 kgm® s have been used.

The compression factor Z is defined in [1C.1-20] as Z = V,,,/ V., where V] is
the molar volume of a perfect gas under the same conditions. This volume is
computed from the equation of state for a perfect gas, [1A.4-8],as V.2 = RT/p,
hence Z = pV,,,/RT, [1C.2-20]. With the data given

g PV _ (40 10° Pa) x (4.00 x 10~ m*mol™")
RT (8.3145] K ' mol ") x (288 K)

Solutions to problems

P1C.2 (a) Using the perfect gas law, pV' = nRT, the molar volume is calculate as
-2 3 —1 -1
V. = RT _ (8.2057 x 107 dm” atm K~ mol™") x (350 K) _
p 2.30 atm

(b) The van der Waals equation of state in terms of the molar volume is given

by [IC.5b-24], p = RT/(Vin—b)—a/V}2; the term a/ V.2 is due to attractive
interactions.
This equation is a cubic in V;,, which can be solved numerically. A simpler
approach is to approximate a/V? as a/(V2)?, where V2 is the molar
volume of a perfect gas under the prevailing conditions. The van der
Waals equation is then rearranged to give a simpler expression for V;,

p= RT ¢ hence \% —7RT
(Vm=b)  (V)? " p+[a/(V)?]

The van der Waals constants for Cl, are a = 6.260 atm dm® mol™? and
b = 5.42 x 1072 dm’ mol~". With these values, the first approximation to
the molar volume is calculated as

+b

(8.2057 x 102 dm” atm K" mol ™) x (350 K)
(2.30 atm) + [(6.260 atm dm® mol~-2)/(12.5 dm’ mol-1)?]
+5.42x 1072 dm’ mol ™' = 12.3 dm® mol™*

This approximate value for Vi, is then used in place of V,; and the process

repeated, to give’ Vin = 12.3 dm’ mol ™! ‘— the same value. The process has
converged (to this level of precision).




P1C.4 The van der Waals equation in terms of the molar volume is given by [1C.5b-
24], p = RT/(Vin — b) — a/ V2. Multiplication of both sides by V;, gives

RTV, a

me: (Vm—b)_Vim

Division of the numerator and denominator of the first fraction by V;,, and
then taking a factor of RT on the right gives the required expression

1 a
me:RT((l—b/Vm) _RTVm) D

The approximation (1 — x)™! ~ 1 + x is the used to write 1/(1 — b/Vy,) as
(1+b/Vy) to give

PV :RT(l + i) -2 hence PV :RT[I + L (b— i)]
Vin! Vi Vin RT

The virial equation in terms of the molar volume is given by [1C.3b-2I]

B
me:RT(1+V—+...)

m

Comparison of this equation with eqn 1.1 shows that B = b—a/RT, as required.

The value of the second virial coefficient at the critical temperature of 126.3 K
is found from the given van der Waals parameters as

B=p- L
RT

1.390 atm dm® mol 2

= (0.0391 dm® mol ™) - - —
(8.2057 x 102 dm” atm K~ mol ") x (126.3 K)

= -0.0950... dm> mol™!

With this value for B, the molar volume is computed using the virial equation
and with the approximation that the molar volume or the right-hand side of
the expression can be replaced by the molar volume of a perfect gas, V,., under
the same conditions

RT B RT B RT B
Vm:(1+)m(1+):(1+)
p V! P Vel P RT/p

RT
hence V, = — +B

8.2057 x 1072 dm’ atm K ' mol™!) x (126.3 K
_( . m” atm K77 mol ") x ( ) 0.0950... dm® mol"!
10 atm

=0.941... =|0.94 dm’ mol ™!

Repeating the calculation at the Boyle temperature, 3272 K, gives B = —0.0126... dm> mol ™!

and Vi, = 2.67... dm® mol™! hence ‘ Vi = 2.7 dm® mol™!|




P1C.6

P1C.8

How close a gas under particular conditions is to perfect behaviour is assessed
by computing the compression factor Z, given by [1C.2-20], Z = pV,,,/RT. At
126.3K

PV (10 atm) x (0.941... dm’ mol~") 0
RT (82057 x 10-2dm” atm K~! mol™") x (126.3 K)
and at 3272 K
PV (10 atm) x (2.67... dm’ mol ")

= =1
RT (82057 x 10-2dm” atm K-1 mol ") x (327.2 K)

The latter conditions give Z = 1, as expected at the Boyle temperature, whereas
in the former case Z differs significantly from 1. The gas is closer to perfect
behaviour at the Boyle temperature that at the critical temperature.

The molar volume for a perfect gas is computed from Vi, = RT/p

_RT _ (8.2057 x 10"2dm’ atm K" mol ") x (400 K)
- p - 3 atm

=10.941 dm® mol™!

Vi

The van der Waals equation of state in terms of the molar volume is given by
[1C.5b-24], p = RT/(Vm — b) — a/ V2. This equation is a cubic in Vp,, as is seen
by multiplying both sides by ( Vi, —b) V.2 and then gathering the terms together

pV2 —V2(pb+RT) +aVy —ab=0

Inserting the values of the van der Waals constants, a = 1.337 atm dm® mol ™2
and b = 3.20 x 1072 dm’ mol ™!, and the stated temperature and pressure gives
the polynomial

3V° —32.919V2 + 1.337V,, — 0.042784 = 0

The roots of this polynomial are found numerically using mathematical soft-
ware and of these roots only Vy, = 10.932 dm’ mol~! is a physically plausible
value for the molar volume.

The difference between the molar volume and that of a perfect gas is expressed
in terms of the fraction
Vi = VS (10.932 dm’® mol™") - (10.941 dm’ mol ") 8. x 10-*
= = —0.2 X
Vi 10.941 dm” mol-!

The difference between the molar volumes is therefore |-0.082% | of the molar
volume of the perfect gas.

According to Table 1C.4 on page 25, for the Berthelot equation of state the
critical constants are given by

1 (2aR\'? 2 ( 2a \?
pC‘E(W) Ve=3b TC‘E(*)

27
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P1C.10

The first step is to rewrite the bracket in the expression for T, so that it matches
the bracket in the expression for p.

, _2(2a)”lx R\ I/Z_Z(M)”ZX A%
7 3\3bR b2 R2 T3\ 33 R2
————

A

combine

Term A is recognised as being 12p.. The next step is to rewrite b in terms of
Ve, b = V. /3, and then substitute this into the previous expression.

2\ 1/2 S\ 1/2
TC=§(12pc)x(b) :i(lch)x((Vc/g,)) :%><12><1><pcvC

R? R2 3 37 R

Tidying up the fractions gives ‘ T. = (8/3)p.V./R ‘

The critical temperature for this gas is therefore

PLIVASE.
3 R 3

(40 atm) x (160 x 10~ dm’® mol™")
X
8.2057 x 10-2 dm’ atm K-! mol ™"

=[208K]

In the Berthelot equation of state the parameter b is still interpreted as an
excluded volume in the same way as in the van der Waals equation. In Sec-
tion 1C.2(a) on page 23 it is argued that b = 4V o1ecNa, Where Vipolec is the
volume occupied by one molecule. This volume is written in terms of the radius
r as 4173 /3 so it follows that r = (3b/161N, )'/?. Because V. = 3b this can be
rewritten 7 = (V. /161N, )'/3

_ ( Ve )1/3 B ( 160 x 107> dm’ mol* \/?
161N, 167 x (6.0221 x 1023 mol ")

=1.74x10"° dm =

The virial equation (up to the second term) in terms of the molar volume is
given by [1C.3b-21]

B
Vi =RT |1+ —
P ( Vo )
Division of each side by p gives
T B
=T (1 B
p Vin

The quantity RT/p is recognised as the molar volume of a perfect gas, V3, so
it follows that

B m
Vm:VIf](l-r—) hence V—:Z:(1+£)
\74 Vr; Vi

m

In Problem P1C 4 it is shown that B is related to the van der Waals constants by
B = b - a/RT; using this, the compression factor is given by

Z:(1+W)
Vi



P1C.12

P1C.14

It follows that

Z>1whenb>i and Z<1whenb<i
RT RT

The starting point are the two equations

RT 2a 2RT 6a

_ _+ == — =
(Vm—b)? V2 (Vm—b)? V2

To eliminate a between these equations the first is multiplied by 3/ V;,, and then
they are added together to give

3RT . 2RT
Vo (Vin = 0)2  (Vim - b)?

=0
The term RT cancels, and the fractions are eliminated by multiplying through
by Vi (Vi = b)? to give
“3(Vi = b) + 2V =0
from which it follows that at the critical point.
This expression for V;, is then used in the first equation

_R7T+27a_0 becomes —LT+ 2a
(Vm—b)> V3 (2b)*  (3b)?

Multiplication through by 4 x 27 x b* eliminates the fractions to give

—27RTb+8a=0

from which it follows that| T = 8a/27Rb|at the critical point.

To find the pressure at the critical point these values of Vi, and T are substituted
into the van der Waals equation in terms of the molar volume, [1C.5b—24]

B RT a
AT 2
8a R a 8a a a

T27Rb2b  (3b)2  54b2  9b2 27D
The pressure at the critical point is therefore given by |p = a/27b?|.

The virial equation in terms of the molar volume, [1C.3b-21], is

B
me:RT(1+V+XS2+”') (1.2)

m m

The virial equation in terms of the pressure, [1C.3a-21], is

PV =RT(1+Bp+C'p*+...) (1.3)

29



Equation 1.2 is rewritten to give an expresion for the pressure
RT B C
p=—\1+—+—=+...
Vi Vi V2

This expression for p is substituted into the right-hand side of eqn 1.3 to give

PV =RT(1+B'p+C'p*+...)

B'RT B C C'R2T? B C 2
=RT({1+ 1+ —+—+... ]+ 1+ —+—+...] +...
Vi Vi V2 \%& Vi V2

m m m

On the right there is only one term in 1/V;,

B'R?>T?
Vin

This is identified with the term in 1/V;, on the right-hand side of eqn 1.2

B'R*T? BRT
=—— hence B =B'RT

Vin Vi

There are two terms in 1/V;2 on the right-hand side of eqn 1.4

B'BR*’T?> C'RT?
V2 + V2

m m

These are identified with the term in 1/ V2 on the right-hand side of eqn 1.2

B'BR’T? N C'R’T® CRT

V2 v T hence B'BRT + C'R*T?*=C

With the substitution B = B'RT, the relationship is ‘ C=R*T*[(B')*+C’] ‘

P1C.16 The given equation of state is multiplied through by V22 to give
pV2 =RTVy + (a+bT)

The partial differential with respect to T of both sides of the equation is then
computed, being careful to remember that V;, is a function of T so, for example,
the term RT'V;, must be differentiated using the product rule. Calculating the
derivative is essentially an application of the chain rule.

Vi Vi
2pvm(—) :RT(—) +RVy+b
aT /, aT /,

This equation is then rearranged by collecting the terms in 0V;,/9T together

(%) (2pVn —RT) =RVy, + b hence
oT /,

(an) RV, +b
)4

aT ), 2pVm - RT




P1C.18

P1C.20

P1C.22

P1C.24

In Section 1C.2(b) on page 24 it is explained that critical behaviour is associated
with oscillations in the isotherms predicted by a particular equation of state. In
particular, at the critical point a minimum and a maximum in the isotherm
coincide at the same pressure and volume, thus creating a point of inflexion.
This is the critical isotherm, and is at the critical temperature.

A gas which shows critical behaviour can be liquefied by the application of
pressure alone, provided the temperature is below the critical temperature.

An equation of state should predict that, as the volume decreases eventually
the pressure increases without limit. For gas A, in the limit b/V,, > 1 the
equation of state becomes pV2 = bRT, which has the correct behaviour. As the
volume increases, the expectation is that the perfect gas law will be regained,
and for gas A the limit b/V;, <« 1 gives pVi, = RT, as expected. For gas B in
the limit Vi, > b the perfect gas law results, but in the opposite limit, V;,, << b,
the equation of state becomes —pb = RT, implying that the pressure reaches a
constant value of —RT/b which is problematic for positive b.

For there to be (at least) two extrema in the plots of V;, against p, the derivative
dV,,/dT must have two roots - that is, values at which it is = 0. This implies
that the expression for the derivative must be a quadratic in V;,, and therefore
that the expression for Vi, must be a cubic in Vp,. It is evident that neither of
the proposed equations of state are cubic in Vj,, and so neither is expected to
show critical behaviour.

In Brief Illustration 1C.5 the reduced pressure is 0.48 and the reduced temper-
ature is 1.33; the critical constants for NH; are given in the Resource section as
pc = 111.3 atm and T, = 405.5 K. The pressure and temperature for the same
state as argon are therefore

p=0.48 x (111.3 atm) = T =1.22 x (405.5K) =[494.7K

The equation of state for a perfect gas, [1A.4-8], is pV = nRT, and the van
der Waals equation of state in terms of the volume is given by [1C.5a-23], p =
nRT/(V-b)—an?/V?. From the Resource section the van der Waals parameters
for CO; are a = 3.610 atm dm® mol~2 and b = 4.29 x 1072 dm> mol~'.

Plots of p against V, Fig. 1.3, show only minor deviations between a van der
Waals gas and a perfect gas under these conditions. Plotting p against 1/V
gives a straight line for the perfect gas, and as in seen in Fig. 1.4 the deviations
for the van der Waals gas are minor.

The van der Waals equation in terms of the molar volume is given by [1C.5b-
24], p = RT/(Vin — b) — a/ V2, and the compression factor Z is given by [1C.2-
20], Z = pVim /RT, hence

_& RT _i_Vm_ a (15)
CRT\Vym-b V2] Vu-b RTVy '
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To find the turning points in Z as a function of V;, the derivative dZ/dV;, is
set to zero. In computing the derivative, write the first term as Vi, (Vi — b) ™!
and recognise the the need to use the product rule
dz —Vm 1 a
= + +
dVe, (Vm-b)2 Vm-b RTVZ
hence VZ2(a-bRT) -2abVy, +ab* =0

=0

To go to the second line the equation is multiplied through by RT V2 (V,, —b)?.
The resulting quadratic in V;, is solved in the usual way

[2ab + (4a°b* - 4ab®(a - bRT))l/z]

Vi

" 2(a - bRT)

b (bRT)UZ
hence Vy=——|1x(—
1-bRT/a a



The positions of the turning points depend on the van der Waals parameters as
well as the temperature. The predictions of these equation are best explored by
inserting some typical values.

For N,, a = 1.352 atm dm® mol~2 and b = 0.0387 dm> mol~!. At 298 K the two
extrema occur at Vi, = 0.237 dm’ mol™" and V,, = 0.0211 dm’ mol™'; using
these values in eqn 1.5 gives compression factors of 0.962 and —3.82. The latter
value is physically unreasonable, but the former is acceptable and for this value
the pressure is calculated as 99.3 atm.

For Ne a = 0.205 atm dm®mol™ and b = 0.0167 dm’ mol™'. At 298 K one
of the extrema occurs at a negative value of V;, and the other occurs at 6.92 x
1073 dm® mol~!. However, this latter value gives a negative value of Z, which
is not acceptable. Therefore, there are no physically plausible conditions under
which Z is a minimum for Ne at 298 K.

Answers to integrated activities

I1.2

According to the equipartition theorem (The chemist’s toolkit 7 in Topic 2A),
each quadratic contribution to the energy of a molecule contributes kT to
the average energy per molecule. Translational kinetic energy is a quadratic
term, and because translation is possible in three dimensions, the quoted en-
ergy density of 0.15 J cm™ is the result of three such contributions.

The rotation of a molecule about an axis is also a quadratic contribution to the
energy, and in general three such contributions are expected corresponding to
rotation about three mutually perpendicular axes. However, linear molecules,
such as diatomics, do not show rotation about their long axes, so there are
only two contributions. The contribution of rotation to the energy density will
therefore be 2 of that due to translation

trans. rot

total energy denisty = (0.15Jcm™>) + 2x(0.15Jem™) =
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2A

Internal energy

Internal energy

Answers to discussion questions

D2A.2

D2A4

Work is done when a body is moves against an opposing force. For an infinites-
imal displacement in the x-direction, dx, against a force F along that direction
the work done by the body is F dx.

When the energy of a system changes as a result of a temperature difference
between the system and its surroundings, the resulting energy transfer from the
hotter to the cooler body is described as heat. In thermodynamic terms, both
heat and work cause the internal energy of an object to change: if heat ‘flows in’
the internal energy of the body rises, if the body ‘does work its internal energy
decreases.

If the internal energy of an object increases, this is interpreted in molecular
terms as the molecules moving up to higher energy levels. If the molecules
drop down to lower levels the resulting energy is available as heat or work.

A reversible gas expansion is one in which the direction of the process can be re-
versed by an infinitesimal change in the external pressure. This is achieved if the
external pressure is altered so that it is only ever infinitesimally different from
the pressure of the gas which is expanding or contracting. In other words, the
external pressure must always match the pressure of the expanding/contracting
gas.

Solutions to exercises

E2A.1(b)

The chemist’s toolkit 7 in Topic 2A gives an explanation of the equipartition
theorem. The molar internal energy is given by

Um:%x(vt+vr+2vv)><RT

where v; is the number of translational degrees of freedom, v, is the number
of rotational degrees of freedom and v, is the number of vibrational degrees
of freedom. As each gas molecule can move independently along the x, y
and z axis, the number of translational degrees of freedom is three. All the
listed molecules have three degrees of rotational freedom and none of them is
expected to have any vibrational modes which are significantly excited at room
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temperature. Therefore, at room temperature, ozone, ethane and sulfur dioxide
are all expected to have an approximate molar internal energy of

Un = 1x(3+2+0)xRT = 3x(8.3145J K" mol ")x(298.15K) = |7.4 kJ mol

E2A.2(b) A state function is a property with a value that depends only on the current state
of the system and is independent of how the state has been prepared. Volume,
internal energy and density are all state functions.

E2A.3(b) The system is expanding against a constant external pressure, hence the expan-
sion work is given by [2A.6-40], w = —p.xAV. The change in volume is the
cross-sectional area times the linear displacement

AV = (75 cm?) x (25cm) = 1875 cm’ = 1.87... x 10> m’

The external pressure is 150 kPa = 1.50 x 10° Pa, therefore the expansion work

is
w=—(1.50 x 10° Pa) x (1.87... x 10> m’) =[-2817]
1.-2

Note that the volume is expressed in m®. The relationships 1 Pa = 1 kgm ™" s
and 1] = 1 kgm®* s~2 are used to verify the units of the result.

E2A.4(b) For all cases AU = 0, because the internal energy of a perfect gas depends on
the temperature alone.

(i) The work of reversible isothermal expansion of a perfect gas is given by
[2A.9-41]

w= —nRTln(E)
Vi

i

20.0 dm3)
0dm

= —(2.00 mol) x (8.3145J K ' mol™") x (273.15K) x In ( ; -

=-6.3x10° ] =[-6.3K]]

Note that the temperature is expressed in K in the above equation. Using
the First Law of thermodynamics, [2A.2-38], gives

q=AU-w=0-(-2.68K]) =[+2.68 k]|

(ii) The final pressure of the expanding gas is found using the perfect gas law,
[1A.4-8]

nRT  (2.00 mol) x (8.3145] K" mol™") x (273.15 K)
Vi (20.0 x 10-3 m?)
=2.27..x10° Pa

pt=



E2A.5(b)

E2A.6(b)

This pressure equals the constant external pressure against which the gas
is expanding, therefore the work of expansion is

W = —pex X AV = (2.27... x 10° Pa) x (20.0 x 10> m’ = 5.0 x 10> m’)

=-3.41x10°J =[-3.41 K]
and hence g =

(iii) Free expansion is expansion against zero force, so and therefore

as well.

For a perfect gas at constant volume p;/T; = p¢/ Tt therefore,

T K
Pf:PiX%=(lllkPa)x(ﬂ):

i 277K

The change in internal energy at constant volume is given by [2A.15b-45]

5 _
AU = nCy n AT = (2.00 mol) x (5 x 8.3145] K" mol 1) x (356 K - 277 K)

=+3.28 x 10° ] =[+3.28 kJ]

The volume of the gas is constant, so the work of expansion is zero, |w = 0. The
First Law of thermodynamics gives g = AU —w = +3.28 k] - 0 = [+3.28 K]J|.

(i) The work of expansion against constant external pressure is given by [2A.6-
40], w = —pex AV = —(7.7 kPa) x (2.5dm”) =[=197].

(ii) The work done in a reversible, isothermal expansion is given by [2A.9-41]
w = —nRT In(V;/V;). The amount in moles of argon is

m (6.56 g)
M (39.95gmol ")
w = —(0.164... mol) x (8.3145J K" mol™") x (305 K)

3
Xln([18.5+2.5] dm ) )

18.5 dm’
Note that the modulus of the work done in a reversible expansion is greater
than the work for expansion against constant external pressure because
the latter is an irreversible process.

=0.164... mol

Solutions to problems

P2A.2

The First Law of thermodynamics states that AU = g + w. Work is done on
the electric heater, so w = +1 kJ. Heat is transferred to the surroundings, so
q = —1 kJ. Therefore overall

AU =q+w=(-1Kk]) + (1k]) =[0]
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P2A 4 (a) n=x/l=(90nm)/(45 nm) = 2.0 therefore v = n/N = 2.0/200 = 0.01
kT 1+v
P KT (1)
21 1-v

(1.3806 x 1072 JK 1) x (298.15K) ! ( 1+0.01
= X
(2x45%x 107 m) 1-0.01

): 9.1x107!°N

(b) The equation to be plotted is F/N = 4.57x 10~ '*In [(1 + v)/(1 - v)]; this
is shown in Fig. 2.1.

10" F/N

-1.0 -0.5 0.0 0.5 1.0
Figure 2.1

The natural logarithm can be expanded using the Taylor series as In(1 +
v) = v+ v3/20 + v¥/3! + ..., which, for v << 1, can be approximated as
In(1 + v) ~ v, and similarly, In(1 — v) ~ —v. Therefore,

F= kz—?[ln(l +v)-In(1-v)]~ kz—f[v— (-v)] = VI;T

Because v = n/N, it follows that

vk7T nkT

I NI

Hooke’s law predicts F = const x x, that is the restoring force is directly
proportional to the displacement. Using n = x/I, the expression for the
force obtained in part (a) is rewritten as

nkT kTx
—— = —— =constxx
NI NI?
Therefore Hooke’s law applies and kT /N1 is the force constant.

(c)

dw:Fdx:k—Tln(1+v)dx:k—Tln(1+v
21 1-v 21 1-v

:Nlen(l+v) d
2 1-v

) (N1dv)




Integrating both sides and using [In(1+x)dx = (x +1)In(1+x) - x

gives
Vi
fdw:LkT fln(l-,—v)dv
2 0 1-v

ve

- L”[ln(1+v)(1—v)+vln(1+v)]

1-v/1
_ L"T[1n(1+vf)(1-vf)+vf1n(i+w)]

— Vs

P2A.6 The expansion work is given by [2A.6-40], dw = —pdV. For a reversible
expansion pey is always equal to the pressure of the gas so

RT n?
dw = _Pgast = _(Vlv - f’la)

Integrating both sides gives

2

Ve nRT na
w:/ Y e P
Vi \% &

2 1V
Vi 1 1
= —nRTan—Q :—nRTln(—f)—nza(———)
\%4 Vi Vi i Vi

The work done on the surroundings is the opposite of the work done on the

gas.

Vi 1 1

Weurr = NRT In (—f) +n’a (— - —)

Vi Vi Vi
The first term is identical to the work done on the surroundings by a per-
fect gas expanding under reversible isothermal conditions. V¢ > Vi, therefore
n*a(1/V; - 1/V;) is negative, so the overall work done on the surroundings by
the gas is smaller than it would be for a perfect gas. The attraction between the
gas molecules has to be overcome when expanding, meaning that less energy
is available as work.

P2A.8 Decomposition of 1.0 mol of calcium carbonate liberates 1.0 mol of carbon
dioxide. In either case the expansion is against constant external atmospheric
pressure, pey = 1.0 atm = 1.01325 x 10° Pa. The final volume of the expanding
gas is found using the perfect gas equation, V = nRT/pex. The change in
volume of the solid is negligible compared to the change in volume due to the
formation of the gas, therefore the overall change in volume of the system is
AV = V. The work against constant external pressure is

W= —PexAV = —pey % r;RT = —nRT = —(1.0 mol) x (8.3145J K ' mol ")

ex

x ([800 +273.15] K) = -8.9x 10° ] =

39
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P2A.10

The reduced pressure of a van der Waals gas is given by [1C.9-26]

8T:n 3n
pPr= ey
3V,-1 V

The reduced volume, pressure and temperature are given in terms of the van
der Waals parameters in [1C.7-26] and [1C.8-26], Vi, = Vin/Ve = Vin/(3D)
, pr = p/pec = 27b*p/a and T, = T/T. = 27RbT/8a. In Problem P2A.7 the
work done during the isothermal reversible expansion of a van der Waals gas

is found as v b . .
w:—nRTln( (- )—nza(———)
Vi —nb i Vi

This expression is first rewritten in term of the molar volume and then in terms
of the reduced volume, temperature and pressure.

w=-nRTIn M -n*a 1
nVmi— nb NVt  1Vmyi
Vamit—b 1 1
=-nRTIn o -na|—-
Vm,i -b Vm,f Vm,i
8a 3bV.¢—-b 1 1
=-nR|—— )Tt In| —— | - _
" (27Rb) n(3er,i—b) ”“(3b\/r,f 3me)
8a 3Vig—1 na( 1 1
=-n|— |TiIn| —— | - — -
27b 3Vii—1 3b \ Ve Vi
The reduced work is defined as w, = (3b/a)w, with this it follows that
8 —
wr:—n(f)T,ln A/ -n L1
9 3Vii—1 Vit Vii
For expansion along the critical isotherm from Vi,; = Vo to Ve = xVe. It

follows that V;; = Vini/Ve = Vo/Ve = land Vg = Viyug/Ve = xV./Ve = x.
Along the critical isotherm T, = 1, therefore w; is

walE)ol5) ()

2B Enthalpy

Answers to discussion questions

D2B.2

If a substance is heated at constant volume all of the energy as heat is trans-
formed into internal energy of the substance. If the same process is carried out
under conditions of constant pressure some of the energy as heat will be used
to expand the substance against the external pressure and so less of the energy
as heat is transformed into internal energy. This effect is largest for gases whose
volumes change much more rapidly with temperature than do solids or liquids.

The temperature of a substance is related to its internal energy, and therefore
as energy as heat is supplied the temperature increases. For a given amount



of energy as heat this increase in internal energy is smaller for the constant-
pressure case than for the constant-volume case. Therefore the rise in temper-
ate is smaller for the constant-pressure process, and this implies that the heat
capacity is greater.

Solutions to exercises

E2B.1(b)

E2B.2(b)

E2B.3(b)

The heat transferred under constant pressure equals the change in enthalpy
of the system, [2B.2b-47], g, = AH. The relationship between the change in
enthalpy, change in temperature and the heat capacity is given by [2B.6b—49]

AH 178
Com = = 78)) =52.6...JKmol™' =|53JK ' mol™
nAT (1.9 mol) x (1.78 K)

For a perfect gas Cy m — Cy,m = R, [2B.9-49], therefore

Cvom = Cpm—R = (52.6...JK™" mol™)~(8.3145 K" mol ') =

There is no change in the number of gaseous species on going from reactants
to products, therefore Ang = 0 and AHp, = AUp,.

(i) The heat capacity can be expressed as C;, = a + bT where a = 20.17 JK™!
and b = 0.3665 JK*. Integrating the relationship dH = C,dT on both
sides gives

P [Cear= [Clasb)aT = [aT + 1012
ﬁ1 _—/Tl P _ﬁl (a+ ) _[a +5 ]Tl

H(T) - H(T,) = na(T, = T3) + nb(1T3 - T})

=(20.17JK ") x (373.15 K - 298.15 K)
+1 % (0.4001 JK™?) x [(373.15K)? - (298.15 K)?]

=+11.5... k] =|+11.6 k]
Under constant pressure conditions AH =|g, = +11.6 kJ|.

The work of expansion against constant pressure pey is given by [2A.6-
40], w = —pex AV = —pex (Vg = V;). Assume that the gas is in mechanical
equilibrium with its surroundings, therefore pey is the same as the pres-
sure of the gas, p. The initial and final volumes are calculated from Tf and
T; by V¢ = nRT;/p and V; = nRT;/p, therefore V; — V; = (T; — T;)nR/p.
Hence

R
w=—px %(Tf— T,) = -nRAT

= —(1.00 mol) x (8.3145JK " mol ") x (373.15 K — 298.15 K)

=-6.23...x 10> ] =
AU = q+w = (+11.6...KJ) + (-0.623... K]) =

41
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E2B.4(b)

(ii) The energy and enthalpy of a perfect gas depends on the temperature
alone, hence AH and AU is the same as above, \AH =AU =+11.6kJ|.
Under constant volume conditions there is no expansion work, |w = 0},
therefore the heat is equal to the change in internal energy, gv = AU =

+1L01J]

Under constant pressure g, = AH, therefore

qp = AH = nCp n AT = (2.0 mol) x (37.11 JKmol ") x (277 K - 250 K)

=2.00... kJ = [+2.0 k]|

The definition of enthalpy is given by [2B.1-46], H = U + pV. For a change
at constant pressure, it follows that AH = AU + pAV, where AV = V; - V.
If the gas is assumed to be perfect, then V; = nRT;/p and V; = uRT;/p, so
AV = (T¢ - T;)nR/p. Hence pAV = nR(T; - T;) = nRAT.

AU = AH — nRAT
= (2.0...KJ) - (2.0 mol) x (8.3145J K" mol™") x (277 K - 250 K)

- (i1

Solutions to problems

P2B.2

P2B.4

The volume of the room is V = (5.5m) x (6.5m) x (3.0 m) = 107.25 m>. Using
1 atm = 1.01325 x 10° Pa, the amount in moles of gas in the room initially is

_ pV_ (1.01325 x 10° Pa) x (107.25 m’)

n= = ; — =4.38... x 10° mol
RT  (8.3145JK 'mol ") x (298 K)

Assuming that the heat is transferred under constant pressure
qp = nCpmAT = (4.38...x 10° mol) x (21 JK " mol ") x (10K) = 9.21x 10° ]

The time needed to transfer this heat is At = (9.21... x 10° J)/(1500 Js™!) =

[6.1x107]

Fitting the data set using a computer program to an expression in the form of
Com(T) = a+bT+cT 2 yieldsa = 28.8J K ' mol ™', b = 2.79x1072 JK 2 mol "
and ¢ = -1.51x10° J K mol . Fitting the data set to an expression in the form of
Co m(T) = a+BT+yT? yields & = 24.6] K" mol ™', 8 =3.83x1072JK 2 mol '
andy = —6.58 x 107° J K> mol . This second expression gives a slightly better
fit to the data set than the first expression.
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2C Thermochemistry

Answers to discussion questions

D2C.2

D2C.4

When a system is subjected to constant pressure conditions, and only expan-
sion work can occur, the energy supplied as heat is the change in enthalpy of the
system. Thus enthalpy changes in the system can be determined by measuring
the amount of heat supplied under constant-pressure conditions.

A very simple example often encountered in elementary laboratory classes is a
thermally insulated vessel (for example, a foam plastic coffee cup) left open to
the atmosphere: the heat released in the reaction is determined by measuring
the change in temperature of the contents.

For a combustion reaction a constant-pressure flame calorimeter (Section 2B.1(b)
on page 47) may be used. In this apparatus a certain amount of substance
burns in a supply of oxygen and the rise in temperature is monitored. More
sophisticated methods include isothermal titration calorimetry and differential
scanning calorimetry, both described in Section 2C.4 on page 56.

The main objection to the use of the term ‘heat’ to describe the energy change
associated with a physical or chemical process is that heat is not a state function.
The value of the heat therefore depends on the path chosen.

If, in fact, the processes being described takes place at constant pressure, the
heat is equal to the enthalpy change. Because enthalpy is a state function, the
heat measured under these circumstance is a property of the physical or chem-
ical change itself, and not affected by the path taken, and so is a meaningful and
useful quantity to discuss.

It is more appropriate to talk about the enthalpy change, the change in a state
function, rather to talk about the heat which, because of an unstated restriction,
just so happens to have the same value.

Solutions to exercises

E2C.1(b)

Ethanol is vaporized at constant pressure, therefore g = AH.

q=AH = nAy,H® = (1.75 mol) x (43.5kJmol™") = +76.1... kJ =

The work of expansion under constant pressure is given by [2A.6-40], w =
—pexAV. Note that AV = V; because the final state (gas) has a much larger
volume than the initial state (liquid). The perfect gas law is used to calculate
Vi.

RT
O _aRT

w = _pexAV = _pex(Vf_ Vn) i _pefo = —Pex X

ex

= —(1.75 mol) x (8.3145JK ' mol ') x (260 K) = -3.78... k] =

The First Law of thermodynamics [2A.2-38] gives

AU =q+w=(+76.1K]) + (-3.78...K]) =
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E2C.2(b)

E2C.3(b)

E2C.4(b)

The chemical equation for combustion of phenol is C¢HgO (s) + 7 O,(g) —
6 CO(g) + 3H,0(l). The standard enthalpy of combustion is calculated us-
ing [2C.5a-55] and using values for the standard enthalpies of formation from
Table 2C.7.

AH®= ) wvAfH®°- > vAH®

products reactants
= 6AfHe(C02, g) + 3AfHe(H20, 1) - 7AfHe(02, g) - AfHS(C6H6O, S)
=6x (-393.51 kJmol™") + 3 x (-285.83 kf mol ")

-0~ (~165.0kjmol ') =

The standard enthalpy of formation of HI(aq) is A H® for the reaction

3Ha(g) + 312(g) — HI(aq)

Because HI is a strong acid, the reaction is effectively

3Ha(g) + 312(g) — H' (aq) + 1" (aq)

By definition, A¢H® (H*,aq) = 0, so A,H*® for this reaction is AfH® (17, aq).

AH® = A¢H® (17, aq) = |55 kJ mol "

The equation for combustion of anthracene is Ci4Hjo(s) + 3 05(g) —
14CO;,(g) + 5H,0(1). In a bomb calorimeter the heat is at constant volume
and is given by g, = nA.U®. A U®is related to AcH® by [2B.3-48], A,H® =
A U® + AngRT, where Ang is the change in the amount of gas molecules in the
reaction. In this case Ang = 16.5 mol — 14 mol = -2.5 mol, hence

A.U® = AcH® - AngRT
= (~7.06...x 10°J) — (-2.5 mol) x (8.3145J K" mol ") x (298 K)
=-7.05... x 10° ky mol ™!

The heat released in the bomb calorimeter on combustion of 2.25 mg of an-
thracene (M = 178.219 gmol_l) is

2.25x 1073 g

1782191—1)“—7‘05‘-%103 kfmol ') = -8.90...x1072 kJ
.219 gmo

gv = nAU® = (

Therefore the calorimeter constant is

v (8.90..x107%k - =
c- ol (890 xW07M) o0 102 gk =[5.09% 102K
AT (1.75K)

The chemical equation for combustion of phenol is CsHgO (s) + 7 O2(g) —
6 CO,(g)+3H,0(). Following the same logic asabove, AcH® = —3054 K] mol ™,



E2C.5(b)

E2C.6(b)

E2C.7(b)

Ang = -1 mol and A_.U® = -3.05... x 10> kJmol™!. The heat released on
combustion of 125 mg of phenol (M = 94.10 gmol ") is

0.125¢

gy =nAU° =| ————
94.1074 gmol

) x (=3.05... x 10* kJmol ") = —4.05... kJ

Therefore AT = |q,|/C = (4.05... k])/(5.08... x 1072kJ K™") =

(i) Reaction(3) is reaction(2) — 2 x reaction(1), therefore

AH®(3) = AH®(2) - 2A,H*(1)
= (-483.64 kJmol ") - 2 x (+52.96 kfmol ")

= [~589.56 kymol !

The relationship between A H and A, U is given by [2B.3-48], A;H =
AU + AngRT where Ang is the change in the amount of gas molecules
in the reaction. For this reaction Ang = 2 mol + 2 mol — 4 mol — 1 mol =
—1 mol
AU® = A H® - AngRT

= (~589.56 x 10° Jmol ")

~ (-3.0mol) x (8.3145J K" mol ') x (298 K) =

(if) Reaction(l) represents the formation of 2 moles of HI(g) from its elements
in their reference states, therefore the standard enthalpy of formation of
HI(g) is

A¢H®(HL g) = 1A,H°(1) = 1 x (+52.96 kJmol ") ={+26.48 kJ mol '

Reaction(2) represents the formation of 2 moles of H,O(g) from its ele-
ments in their reference states, therefore

AfH® (H,0,8) = LA, H®(2) = 1 x(~483.64k] mol ') = |-241.82 k] mol

The relationship between A H and A, U is given by [2B.3-48], A,H = AU +
AngRT where Ang is the change in the amount of gas molecules in the reaction.
For this reaction Ang = 14 mol + 6 mol - 15 mol = +5 mol

AH® = AU + AngRT
= (=772.7 x 10°> Jmol™") + (+5.0 mol) x (8.3145J K ' mol™") x (298 K)

=|-760.3 kJ mol™!

The following reactions are used to construct a thermodynamic cycle which
gives the standard enthalpy of hydrogenation of ethyne to ethene.

45
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E2C.8(b)

reaction A:H® [k mol ™!
(1) CyHi(g) + 2 O2(g) — 2CO,(g) + H,O()  -1300
(2) CHu(g) +30,(g) — 2COx(g) +2H,O(1) -1411
(3) Ha(g)+ 3 Oa(g) — HO(D) -285.83
(4)  CyHa(g) + Ha(g) — CoHa(g) AH®(4)

AH®(4) = A,H® (1) + AH®(3) - A, H° (2)
= (1300 kJmol ") + (-285.83 kj mol ') — (~1411 kJ mol ")

= [-174.83 kg mol !

The relationship between A H and A, U is given by [2B.3-48], A,H = AU +
AngRT where Ang is the change in the amount of gas molecules in the reaction.
For this reaction Ang = 1 mol — 1 mol — 1 mol = ~1 mol
AU®(298 K) = A H® (298 K) — AngRT

= (~174.83 x 10* Jmol ") — (~1.0 mol) x (8.3145J K ' mol ")

x (298K) =|-172 k ol |

The difference of the molar heat capacities of products and reactants is cal-
culated using [2C.7b-55] and the corresponding heat capacity data from the
Resource section

ArC;: Z vC;)m— Z vCZ,m

products reactants

= Cym(CoHa, g) - € 1 (CoHa, 8) - € 1 (Ha, g)

= (43.56 JK ' mol™") - (43.93 JK "mol™') - (28.824 JK ' mol ")

=-29.1...JK " mol ™"
It is assumed that all heat capacities are constant over the temperature range of
interest, therefore the integrated form of Kirchhoft’s Law is applicable, [2C.7d-
56)
AH® (427 K) = A.H® (298 K) + ATA,C;

= (~174.83 x 10> Jmol ")

+ (427 K =298 K) x (-29.1... JK"' mol ") = |-179 kJ mol

The reaction equation 1N (g) + 3H,(g) — NH;(g) represents the forma-
tion of NH;(g) from its elements in their reference states, therefore A, H® (298 K) =
A¢H®(NHj, g) = —46.11 kJ mol™". The variation of standard reaction enthalpy
with temperature is given by Kirchhoft’s Law, [2C.7a-55]

T,
A,HS(TZ):ArHe(T1)+[ A,C3dT
T,



47

The difference of the molar heat capacities of products and reactants is given
by [2C.7b-55]

ACy = > vCy i — > vCy m

products reactants
= Cpm(NH3,8) - 3C; 11 (Ha, 8) = 5C; (N2, 8)

The heat capacities in Table 2B.1 are expressed in the form of C |, =a + bT +
¢/ T? therefore ACp = Aa+AbT+Ac/T* where Aa = a(NH3,g)-2a(Ha, g)-
3a(Ny, g) and likewise for Ab and Ac.

Aa=(29.75JK "mol™") - 3 x (27.28 JK "mol™") - 1 x (28.58 JK' mol ")
= -25.46 JK ' mol™!
Ab=(25.1x107JK?mol ') - 2 x (326 x 107> JK *mol )
~ 1% (3.77x 107 JK?mol ') = +18.325 x 10™* JK *mol '
Ac = (-1.55x10° JKmol ') - 2 x (0.50 x 10° JKmol ")
— 1% (-0.50 x 10° JKmol™") = -2.05 x 10° JKmol ™'

Integrating Kirchhoff’s Law gives

T,
AH®(Ty) = A/H®(TY) + fT (Aa +AbT + %)dT
- AH(T) + Aa(Ts — T)) + LAB(T? - T2) _Ac(i - i)
T, T

= (-46.11 x 10° Jmol™") + (-25.46 JK ' mol ") x (750 K — 298 K)
+ 1% (+18.325x 107 JK 2 mol ™) x [(750 K)* — (298 K)°]

1 1
—(~2.05x10° JKmol ™) x (7 - 7)
750 K 298 K
=|-53.7 kJ mol ™"

Solutions to problems

P2C.2 The combustion equation for octane is CgHjg(1) +12.50,(g) —— 8 CO,(g) +
9H,0(1). The standard enthalpy of combustion of octane is given in Table 2C.6
as —5471 kJ mol~!. The amount in moles in 1.0 dm? octane is

m _pV _(0.703 gecm™?) x (1.0 x 10° cm?)
M M (114.2222 gmol ")

=6.15... mol
The heat is

qp = nAH® = (6.15... mol) x (-5471 kJmol ™) =

P2C.4 A¢H® (B,Hg, g) is the standard enthalpy change of 2 B(s) +3 H,(g) — B,Hs(g).
This reaction is 3 x reaction(3) + reaction(2) — reaction(l) = reaction(4), and
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P2C.6

SO

AfH® (ByHs, g) = 3A.H®(3) + AH®(2) - A,H®(1)
A¢H® (ByHg, g) = 3 x (-241.8 kfmol ") + (-2368 kfmol ") — (1941 kJ mol ")

= [-1152.4 Ky mol |

The relationship between A.H and A, U is given by [2B.3-48], A,H = A, U +
AngRT where Ang is the change in the amount of gas molecules in the reaction.
For this reaction Ang = 2 mol — 0 mol = +2 mol
AH® = A, U® + AngRT
= (+8.0 x 10> Jmol ") + (2.0 mol) x (8.3145J K ' mol™") x (583 K)

1760 ol -

Applying [2C.5a-55] to this reaction gives
ArHe = ZAfHe(C5H6,g) + AfHe(Cr,S) - AfHS(CI'(CGHG)z,S)

The standard enthalpies of formation of elements in their reference states are
zero at all temperatures, therefore AfH® (Cr, s, 583K) = AfH®(Cr, s,298K) =
0. AfH®(CsHs, 8,298 K) is equal to A, H® of the reaction 6 C(s) + 3 H,(g) —
CsHe(g) at 298 K. The difference of the molar heat capacities of products and
reactants of this reaction is calculated using [2C.7b-55] and data from Table
2C.7

ArC;: Z vC;)m— Z vC;)m

products reactants
= C, m(CsHs,g) - 3C; 1, (Ha, g) - 6C, . (graphite, s)
= (81.67JK "mol™") - 3 x (28.824 JK ' mol ™) — 6 x (8.527 JK ' mol™")
=-559...JK 'mol™!
Assuming that A,C7 is independent of temperature in the given range, using
data from Table 2C.6 and applying Kirchhoft’s Law [2C.7d-56] gives
AfH® (CsHe, g, 583K) = A H° (583 K) + A, H® (298 K) + ATA,C}
= (+82.93 x 10° Jmol™") + (583 K - 298 K)
x (=55.9... JK ' mol™") = +66.9... k) mol '
Therefore the standard enthalpy of formation of the chromium complex at 583 K
is
A¢H®(Cr(CsHs )2, 5, 583K) = 2A¢H® (CsHg, g, 583 K) + A¢H® (Cr,s) — A, H®
=2x (+66.9...kjmol™") + 0 — (+17.6... kfmol ")

=[+116 K mol |



P2C.8

P2C.10

(a) Using [2C.5a-55] and the values for the standard enthalpies of formation
given in the problem

AH® = Y wAH® - ) vA(H®

products reactants

= A¢H®(SiH,, g) + A¢H® (H,, g) — A¢H® (SiH,, g)

= (+274kJmol ') + 0 - (+34.3 kmol ) =

(b) Similarly to part (a)

AH® = A¢H® (SiH,, g) + A¢H® (SiHy, g) — A¢H® (SiHs, 8)
= (+274KJmol ") + (+34.3kJmol ") - (+80.3 kJmol ")

=|+228.0 kJmol

The enthalpy change is found using [2C.9-57], AH = ]T? Cp.ex AT, where Cp ox
is the excess heat capacity reported by the instrument. The integral is the area
under the trace, which is estimated to be 230 m]J: this is the estimate for AH.

From the data given the amount in moles in the sample volume of 0.80 cm? is
(0.80 cm®) x (2.17 x 102 gcm™)/(14.3 x 10* gmol ') = 1.21... x 1077 mol.
The molar enthalpy of unfolding is therefore

AHp, = (230 x 107 ) /(1.21... x 1077 mol) = |1.9 x 10° k] mol ']

2D State functions and exact differentials

Answers to discussion questions

D2D.2

An inversion temperature is the temperature at which the Joule-Thomson co-
efficient y changes sign from negative to positive or vice-versa. For a perfect
gas u is always zero, thus it cannot have an inversion temperature. As explained
in detail in Section 2D.4 on page 64, the existence of the Joule-Thomson effect
depends upon intermolecular attractions and repulsions. A perfect gas has by
definition no intermolecular attractions and repulsions, so it cannot exhibit the
Joule-Thomson effect.

Solutions to exercises

E2D.1(b)

The molar volume of a perfect gas at 298 K is calculated as

v o RT_ (8.3145J K™ ' mol ") x (298 K)

- =2.47...x 1072 m® mol ™
p  (1.00 bar) x [(10° Pa)/(1.00 bar)] * mme
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E2D.2(b)

The van der Waals parameter a of sulfur dioxide is found in Table 1C.3, and
needs to be converted to SI units

p -2 107 m® 1.01325 x 10° Pa
a = (6.775dm” atmmol ) x x
1 atm

1dm®
— 0.686... m® Pamol

Therefore the internal pressure is

-2
0.686... m° P 1
ﬂT:i _ m’ Pamol ') =|1.12 x 10° Pa

V2 (2.47..x 1072 m?mol )2

The internal energy of a closed system of constant composition is a function of
temperature and volume. For a change in V and T, dU is given by [2D.5-61],
dU = nrdV + CydT. At constant temperature, this reduces to dU = nrdV.
Substituting in the given expression for 7 for a van der Waals gas and using

molar quantities

au,, = Lav,
VZ

m

This expression is integrated between Vi, ; and Vi, ¢ to give

Vit Vmt g
‘[Vm dUm = ‘/‘:m dem

i i m

Y ( 1 1 )
= —qa —_—
Vini Vm,f Vm,i

The van der Waals parameter a for argon is found in Table 1C.3, and needs to
be converted to SI units

hence
a
T ve

m

AUy, =

1 atm

p -2 107 m® 1.01325 x 10° Pa
a=(1.337dm” atmmol ) x G x
m

- 0.135... m® Pamol
1 1

AU, = —(0.135... m® Pamol ) ( — - —
30.00 x 1073 m3 mol 1.00 x 1073 m3 mol

= +1.30... x 10?> Jmol ! ={+131 Jmol ™"

The work done by an expanding gas is given by [2A.5a-39], dw = —pxd V. For
a reversible expansion pey is the pressure of the gas, hence

w:—fpde

Substituting in the expression for the pressure of a van der Waals gas, [1C.5b-

24]
RT a RT a
_ 7——de:—f7de f—dvm
v [Vm—b V2 Va-b ™) v

RT
:—/ dVy, + AU,
Vm—b

)



The second term is identified as AUy, from the above. According to the First
Law, AU = g + w, the first term in the expression above must be —¢, therefore

Vmge—b
Vii—b

30.00 dm® - 3.20 x 102 dm®
1.00 dm’ - 3.20 x 10-2 dm’

= +8.50... x 10° Jmol™* = |+8.51 k) mol ™"

where the value for b is taken from the Resource section. From the First Law
the work done is w = —q + AUy, hence

w = —q+AUy = —8.50...x10° Jmol ' +1.30...x 10> Jmol ' = |-8.37 kJ mol '

Ve RT
Vi Vm—Db

q= Vi = RTIn(Vy, = b);7 :RTln(

= (8.3145J K mol ") x (298 K) x ln(

E2D.3(b) The volume of the liquid can be written as
V=V (a+bT+cT?

where a = 0.77, b = 3.7 x 1074 K™! and ¢ = 1.52 x 107® K™2. The expansion
coefficient is defined in [2D.6-62] as & = (1/V)(0V/9T),. The derivative with
respect to T is

oV
(—) =V'(b+2cT)

Therefore

1 b+2cT
= V'(b+2cT)] = ————
“ V'(a+bT +cT?) *[Vi(b+2eT)] a+bT+cT?

Evaluating this expression at 310 K gives

(3.7x 1074 K1) +2 x (1.52 x 1070 K™2) x (310 K)
(0.77) + (3.7 x 1074 K1) x (310 K) + (1.52 x 1076 K~2) x (310 K)2

=|+1.3x 103 K!

x310 =

E2D.4(b) Theisothermal compressibility is defined in [2D.7-62], k7 = —(1/V)(0V /dp) 1,
therefore at constant temperature dV/V = —xdp. This question is concerned
with changes in density, so the next step is to rewrite the volume in terms of
the density, p. If the mass is m, V = m/p, and therefore dV = (-m/p?)dp.

Therefore
dv. 1 ( m p\[m 1
—=—=\|-—=dp|=-|=||=|dp=--d
v V( p? p) (m)(/)z) Pmp

It therefore follows that

d—P =krdp andhence dp= Ldp
p

KTp
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This expression gives the relationship between the change in pressure and the
change in density. Approximating dp by §p and dp by p for sufficiently small
changes gives

0=t x = (S ) < (10107%) =[5 %107 am]

Kt p 2.21x1076 atm™!

E2D.5(b) The difference C; m — Cy i is given by [2D.11-63], Cp;n — Cy i = a? TV [T
In this expression the molar volume is found from the mass density p and the
molar mass M by V,,, = M/p. The values of & and « are available in the Resource
section, as is the mass density.

TV,  o’TM
KT N Krp
(11.2x 1074 K™1)? x (298 K) x (46.0674 gmol ')
[(76.8 x 107¢ bar) x (1 bar/10° Pa)] x (0.789 x 10° gm~3)
=[+28.4JK " mol!]

Cp,m - CV,m =

The units are K~! Pam® mol ™' = K! (Nm™) m* mol™" = K! N'm mol™"
=JK! mol ™!

Solutions to problems

P2D.2 The pressure p is a function of T and V, therefore according to the Euler chain
relation and the reciprocal identity

(7). (0. (57),

Substituting this into the expression given for C, — Cy gives

op oV ap) (aV) (aV)
_ ol e e I o et 7 hae
CpCv (aT)V(aT)P (aV r\oT/),\ar ),

 T(aV/aT)}
~ (av/op)r

For a perfect gas pV = nRT, therefore
oV nR oV nRT
(—) =— and |(——| =-—5
oT/, p p ) P

2

ORI
(=nRT/p?)

which is the expected result quoted in [2B.9-49].

It follows that

CP_ vV =



P2D.4 Rearranging the van der Waals equation of state to give T as a function of p
and V gives

T p(V —nb) . na(V - nb)
nR V2R

The partial differentials are

oT V —nb (Bp) nR
— | = and (== =
dap nR oT )y V -nb

|4

As expected, these two partial differentials are the reciprocals of each other.

ap ), (3p/aT)y

P2D.6 From the perfect gas law, [1A.4-8], pV = nRT. Writing n = m/M, where m is
the mass, it follows that

pV = ™RT  and hence RT _pV
M M
The mass density, p is p = m/V, therefore (RT/M) = p/p.
. (m)l/z Ay 1/2
s = M - P

For argon, a monoatomic gas, Cy , = %R and Cp p, = %R thereforey = Cp m/Cy,m
=5/3.

_ 1/2

2 % (8.3145) K ' mol ") x (298.15 K)

Cs = =322 ms
( (39.95 x 10-3 kgmol ')

P2D.8 In How is that done? 2D.1 on page 63 is is shown that

l(aH)
3 Cp\0p/;
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An expression for (0H/dp)r is developed as follows

(?;)T = (;E)T(?;)T [change of variable]

= AUpV) ) (¥ [definition of H]
ov r\op /),

)52

oV /r\adp ), ov. J\adp/;
), A3 (5[ ()
={T aT) p}(ap)T+( ), equation for V).

(1) () l2),
(a

oT % p
op \ -T
= T(— — | +V = ——=——+V [chain relation
oT /)y P)T (9T/oV), [ ]
= —T(a—v) +V  [reciprocal identity]

With this result

1 oH 1 PA%
= (5) & 755, )

In order to compute the partial derivative (0V/dT), it is convenient to take
the van der Waals equation and re-express it in the form of a virial expansion

RT a_RT( 1 a)

Vm-b V2 Vu\1-b/Vm RTVy
Assuming b/Vj, <« 1, the first fraction can be approximated using (1 - x) ™'

1+x

b a ) 1 b a
+—- =RT|—+—-
Vim  RTVy P PVm RTpVy

Within the parentheses the perfect gas equation is used to approximate pVy, =
RT

1
Vm:RT(+

b _a \_RT , a
p RT RT?

= +0p—-— —
p RT

It is now straightforward to compute the required partial derivative

(%) _R a2
oT /], p RT?



Using this in the expression above for ¢ and switching to molar quantities
1 0V 1 R
), )bl
Cp’m aT P Cp>m p RT
The above expression for V;, is used once more
R ENR R [ aea)
Cpm p RT p RT
+ +
p RT p RT
1 2
Cpm \RT

which is the required result.

2E Adiabatic changes

Answers to discussion questions

D2E.2

In an adiabatic expansion the system does work but as no energy as heat is
permitted to enter the system, the internal energy of the system falls and so
consequently does the temperature. From the First Law, AU = w because g =
0. However, the change in internal energy is also related to the temperature
change and the heat capacity: AU = CyAT. Equating these two expressions
for AU gives w = Cy AT, or dw = CydT for an infinitesimal change.

For a reversible expansion, the work is dw = —pdV. Equating these two ex-
pressions for the work gives —pdV = CydT. This equation is the point from
which the relationships between pressure, volume and temperature for a re-
versible adiabatic expansion are found: the heat capacity comes into the final
expressions via this route.

In words, the key thing here is that in an adiabatic process there is a change
in temperature, so it is not surprising that the properties of such a process are
related to the heat capacity because this quantity relates the energy and the
temperature rise.

Solutions to exercises

E2E.1(b)

Carbon dioxide is a linear polyatomic molecule which has three degrees of
translational and two degrees of rotational freedom. From the equipartition
theorem

Cym= % x (v + v +2vy) xR

where v, is the number of translational degrees of freedom, v, is the number
of rotational degrees of freedom and vy is the number of vibrational degrees of
freedom.
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E2E.2(b)

E2E.3(b)

(i) Without any vibrational contribution: Cy m = 3 x (3+2+0) xR = 3R
For a perfect gas, [2B.9-49], C; m = Cy ;m + R, therefore

_Cym+R 2R+R
Cv.m 2R

7
=-~140
5

(ii) With the vibrational contribution: The number of vibrational modes is
vy = 3N — 5 for a linear molecule, where N is the number of atoms in the
molecule. Therefore v, = 3N — 5 = 4. This gives Cy 5y = 3 x (3+2+2x
4) x R=2Rand thus Cp = £ Rand so y = 15/13 » 1.15.

The experimental value of y for carbon dioxide is

Com  Cpm (37.11JK ' mol ")

- = = —— ——— = 1.29
Cvim Cpm—R (37.11JK 'mol™") — (8.3145]K " mol ™)

14

which is somewhat closer to the value expected if vibration is neglected, but
does not match that value closely. This indicates that vibrations may be con-
tributing somewhat - for example the lower frequency bending modes.

For a reversible adiabatic expansion the initial and final states are related by
[2E.2a-68], (T;/T;) = (Vi/ V¢)'/¢, where ¢ = Cy m/R. For a perfect gas Cp m —
Cyv,m = R, [2B.9-49], 50 ¢ = (Cp,m — R)/R. Using the value of C, 1, from the
Resource section gives

CAL JK'mol™") - (8.3145J K~ ' mol ")

S = 3.463
(8.3145] K" mol ™)

Therefore

Vi« 500 cm?®
Tf:Ti(v) :(298.15K)x( o
f

2.00 x 103 cm?

1
5463
) =[200K

For a reversible adiabatic expansion the initial and final states are related by
[2E.3-68], pi Viy = pr V), where y is the ratio of heat capacities, y = Cpm/Cv m.
The initial volume of the sample is

nRT  (2.5mol) x (8.3145JK " mol ") x (325 K)
P (2.40 x 105 Pa)
=28.1... dm"

Vi = =2.81...x107% m’>

For a perfect gas C),m — Cy,m = R, hence

Com  Com (20.8JK ' mol ™)

y= - = — ———— = 1.66...
Cym Cpm—R (20.8JK 'mol ")~ (8.3145]K "mol ")

The final volume is given by

Vi = (28.1...dm°)x(2.40x 10° Pa/1.50x10° Pa) /166~ = 37.3... dm’ =



The initial and final states are also related by (T;/T;) = (Vi/V;)"/¢ where ¢ =
Cv.m/R. For this gas
(20.8 JK ' mol™") - (8.3145] K ' mol ")

c= — — =1.50...
(8.3145JK™ ' mol ")

and hence

1/c
(%) - Gasio
Vi

28.1... dm’ 1/1.50...
373013) =2.69... x 10° K =[269 K
. m

The work done by a perfect gas during adiabatic expansion is given by [2E.1-67]
Wad = CyvAT = nCy n(Tr = T;) = n(Cpm — R) (Tt - T)
= (2.5mol) x [(20.8 JK™' mol™") - (8.3145J K" mol )]

x (2.69... x 10* K- 325K) =[-1.7kJ

E2E.4(b) The work done in a reversible adiabatic expansion is given by [2E.1-67], W,q =
CyAT. The task is to find AT. The initial and final states in a reversible adia-
batic expansion are related by [2E.2b-68], Vi Tf = V;Tf, where ¢ = Cy ,, /R. If
the gas is assumed to be perfect, Cp m — Cv,m = R [2B.9-49], and so

Cvm Cpm—-R (29.125JK 'mol™") - (8.3145J K" mol ")
C = =

= =2.50...

R R (8.3145J K ' mol ™)

The temperature change is given by

‘/i 1/c ‘/1 1/c
AT:Tf_Ti:Ti(*) -Ti=T (*) -1
Ve Vi

Therefore the work done is

Vi 1/c
Wad = CvAT = I’ICV)mAT = HCV)mTi [( 1) - 1:|

Vi
Vi 1/c
=n(Com —R)T; || — -1

12
- (3’g_1) x [(29.125 JK™ mol ™)
28.02 gmol

—(8.3145JK " mol )] x (296.15 K) x l(

-[325]]

400 e’ 1/2.50...
— -1
2.00 x 10° cm3)

E2E.5(b) The initial and final states in a reversible adiabatic expansion are related by
[2E.3-68], iniy = psV/, therefore

400 cm?®
5.0 x 103 cm?

N\ Y 1.3
pt = pi (%) = (97.3 Torr) x ( ) =
f
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Solutions to problems

P2E.2

In a reversible adiabatic expansion the initial and final states are related by
[2E.2a-68], (T;/T;) = (Vi/Vf)l/C where ¢ = Cy ,/R. Taking the logarithm
of both sides and using the relationship In x? = aln x gives

Tt 1 Vi
ln(—) = fln(—)
T; c Vi

_In(Vi/Vg) _ In (1/2) _
CIn(T/Ty) In(248.44K/298.15K)

It follows that

3.80...

Cy.m is calculated from c as follows
Cy.m = cR=(3.80...) x (8.3145JK " mol™") = 31.5... JK™' mol "

Likewise, the initial and final states are related by [2E.3-68], p; V) = psV/,
where y = Cy m/Cy m. It follows that In(p;/pr) = yIn(V;/ Vi), hence

_In(pe/pi) _In(81.840kPa/202.94kPa)
S In(V/Ve) In (1/2) S

Hence

Cpm = Cymy = (31.5...JK " mol™") x (1.31...) = \41.397 JK ' mol™!

Integrated activities

12.2

(a) The table below displays computed enthalpies of formation (semi-empirical,
PM3 level, PC Spartan Pro™), enthalpies of combustion based on them
(and on experimental enthalpies of formation of H,O (1), —285.83 k] mol ™,
and CO;(g), —393.51 kJ mol™), experimental enthalpies of combustion
(from the Resource section), and the relative error in the enthalpy of com-
bustion.

compound AfHe/k]mol_1 ACH"/kImol_1 A(;He/k]mol_1 % error

(calc.) (expt.)
CH.(g) -54.45 -910.7 -890 2.33
C,Hqe(g) -75.88 -1568.6 -1560 0.55
CsHs(g) -98.84 —2225.0 -2220 0.23
CsHjo(g) -121.6 —2881.6 -2878 0.12
GCsHpx(g) -142.1 -3540.4 -3537 0.10

The combustion reactions can be expressed as

CuHaniz(g) +2(3n +1)0,(g) — n CO(g)+(n+1)H,0(1)



The enthalpy of combustion, in terms of enthalpies of formation, is
AH® = nA¢H® (CO,) + (n + 1)A¢H® (H,0) — A¢H® (CyHapso)

The % error is defined as
A H® (calc.) - A H® (expt.)

x 100%
A He(expt.)

% error =

(b) The errors are shown in the table above. It is evident that the agreement
is quite good.
(c) If the enthalpy of combustion is related to the molar mass by
AH® = k[M/(gmol™")]"
it follows by taking logarithms that
In|AH®|=Ink + nln[M/(gmol )]

A plot of In |A.H®| against In[ M/(gmol )] is expected to be a straight
line with slope 7 and y-intercept In |k|; see Fig. 2.2.

compound M/ AcH®/  In[M/(gmol™")] In|A.H®/(kJmol™)|

g mol™! kJmol™

CHy(g) 1604 —910.72 2775 6.814
CHe(g) 3007 -1568.6 3.404 7358
CHy(g) 4410  -2225.0 3786 7708
CiHy(g) 5812  -2881.6 4.063 7966
CsHp(g) 7215 35404 4279 8.172
8.5
T 80| .
o
E [ i
4
= 751 N
]
mu [ i
< I |
< 70
6.5 | | |
2.5 3.0 3.5 4.0 45

] In[M/(gmol )]
Figure 2.2

The data are a good fit to the line

In|AcH®/(KJmol™")| = 0.90 x (In[M/(gmol™")]) +4.30
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The data from these compounds support the proposed relationship, with

the parameters and k = —e*3% kJmol ™" (g mol™!)~*%, which is
k=-73.7kJmol™" (gmol™1)~*° ‘

12.4 The change in reaction enthalpy with respect to temperature is described by
Kirchhoft’s Law, [2C.7a-55]. Assuming that the heat capacities are indepen-
dent of temperature, the integrated form of Kirchoff’s Law is applicable and is
given by [2C.7d-56]

AH(T5) = AH(Ty) + (T - Th)A,CS

If A,Cy is negative, then the reaction enthalpy will decrease with increasing
temperature, whereas if A Cy is positive, then the reaction enthalpy will in-
crease with increasing temperature.

(a)
AC= ) vCom — > wC

nr products reactants
=2C; ,(H,0,1) - C; ,(03,8) - 2C; ,(Ha, g)
=2x(9R) - (%R) -2 (%R) =+71R

°
p-m

A, C? is positive, therefore the standard reaction enthalpy of reaction will
increase with increasing temperature.

(b)

ArC; = C;)m(cob g)+ ZC;,m(HZO,l) - ZC;,m(Oz,g) _ C;’m(CH4,g)
= (%R) +2x (9R) -2x (%R) - (4R) = +10%R

A, C3 is positive, therefore the standard reaction enthalpy of reaction will
increase with increasing temperature.

12.6 (a) From the equipartition principle (The chemists toolkit 7 in Topic 2A),
and assuming that only translational and rotational levels contribute, the
constant volume heat capacity of a gas of diatomic molecules is Cy ,, =
%R. For a perfect gas Cp;m — Cym = R, [2B.9-49], therefore Cp , =
Cym+R= %R andsoy = Cpn/Cym = % It follows that

yRT\'*  (7RT\'/?
«=(5r) ~(5)
M 5M
(b) A linear triatomic has the same number of translational and rotational

modes of motion (three translational, two rotational) as a diatomic, so
the calculation is the same as in (a).

(c) A gas of non-linear triatomic molecules has one extra mode of rotational
motion when compared to a linear triatomic, so the constant volume heat
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capacity is Cy,;m = 3R. Because C, 1, — Cy,;m = R it follows that C, 1, =

CV,m + R =4R and so y= Cp,m/CV,m - %

. _(yRT)l/z_(4RT)1/2
T\ M M

The air is mostly composed of diatomic and linear triatomic molecules, N3, O,
and CO;, hence y ~ Z. The average molecular weight of air is approximately

29.0 gmol ™', therefore

1/2 -1 -1 1/2
CS:(7RT) :(7><(8.3145]K mol )><(298.15K)) _BamsT

5M 5x (29.0 x 1073 kgmol ")







@ The second and third laws

3A Entropy

Answers to discussion questions

D3A.2

Everyday experience indicates that the direction of spontaneous change in an
isolated system is accompanied by the dispersal of the total energy of the sys-
tem. For example, for a gas expanding freely and spontaneously into a vacuum,
the process is accompanied by a dispersal of energy and matter. For a perfect
gas this entropy change of such an expansion is derived in Section 3A.2(a) on
page 80 as AS = nRIn(V;/V;). The entropy change is clearly positive if V% is
greater than V;.

The molecular interpretation of this thermodynamic result is based on the iden-
tification of entropy with molecular disorder. An increase in disorder results
from the chaotic dispersal of matter and energy and the only changes that can
take place within an isolated system (the universe) are those in which this kind
of dispersal occurs. This interpretation of entropy in terms of dispersal and
disorder allows for a direct connection of the thermodynamic entropy to the
statistical entropy through the Boltzmann formula S = kln W, where W is
the number of microstates, the number of ways in which the molecules of the
system can be arranged while keeping the total energy constant.

The concept of the number of microstates makes quantitative the more ill-
defined qualitative concepts of ‘disorder’ and ‘the dispersal of matter and en-
ergy’ used above to give a physical feel for the concept of entropy. A more
‘disorderly’ distribution of energy and matter corresponds to a greater number
of microstates associated with the same total energy.

Solutions to exercises

E3A.1(b)

E3A.2(b)

For the process to be spontaneous it must be irreversible and obey the Clausius
inequality [3A.12-86] implying that ASi,s = AS + ASsyr > 0. In this case,
ASior = 105 JK™' + (=95 JK ™) = +10 JK', the total entropy increases and

thus the process is [spontaneous|

The thermodynamic definition of entropy is [3A.1a-80], dS = dgy.y/T or for
a finite change at constant temperature AS = gey/T. The transfer of heat is
specified as being reversible, which can often be assumed for a large enough
metal block, therefore gy = 250 kJ.
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(i)
Grev 250 kJ
AS = L&v - =0.853 k] =[+853
T  (273.15K+20K) )
(ii)
Ag < e 250 k]

- =0.670 kJ =[+670
T  (273.15K+ 100 K) J

E3A.3(b) Asexplained in Section 3A.2(a) on page 80 the change in entropy for an isother-
mal expansion of a gas is calculated using

AS = ann(E) = ERln(ﬁ)
Vi M Vi

i i

4. }
= (O()g_l) x (8.3145] K " mol ") x ln(750 cm )
28.02 gmol 500 cm?

E3A.4(b) The changein entropy for an isothermal expansion of a gasis AS = nR1n (V;/V;)
as explained in Section 3A.2(a) on page 80.

(i) Isothermal reversible expansion

14
AS = (g_l) x (8.3145J K™  mol ") x ln(
28.02 gmol

Because the process is reversible ASy; =[0].
Because ASiot = AS + ASgur

ASqur = ASior — AS = |-0.81 JK 1|,

(ii) Isothermal irreversible expansion against p.x = 0 Because entropy is a
state function and the initial and final states of the system are the same as
in (a), AS is the same.

4.60 dm’®
1.20 dm?®

Expansion against an external pressure of 0 does no work, and for an
isothermal process of an ideal gas AU = 0. From the First Law if follows
that q = 0 and therefore ASg,, =[0].

ASior = AS + ASgyr =|+0.81 ]K_l X

(iii) Adiabatic reversible expansion For an adiabatic expansion there is no heat
flowing to or from the surroundings, thus AS,; = [0]. For a reversible
process ASi,; = [0}, therefore it follows that AS =[0] as well.



E3A.5(b) The efficiency is defined in [3A.7-84], # = |w|/|qn|, and for a Carnot cycle
efficiency is given by [3A.9-84], # = 1 — (T./T;,). These two are combined
and rearranged into an expression for the temperature of the hot source

[wl/lgn| = 1= (Tc/Th)
— Tc
1= |wl/|qn]
~ (273.15K+0K)
~1-3.00Kk]|/] - 10.00 k]|

hence Th

=390 K|.

E3A.6(b) The efficiency of a Carnot cycle is given by [3A.9-84], 1 = 1 — (T./Ty,). This is
rearranged to give an expression for the temperature of the cold sink

T.=(1-#)x Ty =(1-0.10) x (273.15K + 40 K) =[282 K].

Note that the temperature must be in kelvins.

Solutions to problems

P3A.2 (a) The final volume of the gas at 1.00 bar and 300 K temperature is found
using the perfect gas law [1A.4-8]:

nRT

p
~ (0.10 mol) x (8.3145 x 10~2dm’ bar K™! mol ") x (300 K)

1.00 bar
=2.49...dm® =[2.5 dm®].

(b) The expansion work against a constant external pressure is given by [2A.6-
40], W = —Dex (va - Vl)

Vi =

W = —Pex (Vf - Vl)
=—(1.00 x 10° Pa) x (2.49.. x 107> m* - 1.25x 10> m*)

= -1.24..x10° ] =[-1.2x 107 ]

The work will be in joules if the pressure is expressed in pascals and the

volume in m>.

(c) For an isothermal process of a perfect gas AU = 0. The First Law [2A.2-
38], AU = g + w, is then used to find the heat

g=AU-w=0-(-124..x10%]) = +1.24... x 10 J = |+1.2 x 10? J|.

As explained in Section 3A.2(a) on page 80 the change in entropy of an isother-
mal expansion of an ideal gas can be calculated from AS = nRIn(V;/V;).
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P3A.4

The entropy of the surroundings is given by [3A.2b-81], ASsur = —qrev/ T, and
Gsur = —q. Therefore

AStot =AS + ASsur

= ann(E) + 4
Vi T

3
(0.10 mol) x (8.3145] K™ mol™!) x In (249dm)

1.25 dm’
. —(+1.24... x 10*J)
300 K

+0.159... K =[+0.16 JK'].

The isotherms correspond to constant temperature, and the adiabats corre-
spond to constant entropy. This implies that Stages 1 and 3 of the Carnot cycle
are horizontal straight lines, whereas Stages 2 and 4 are vertical straight lines
on the temperature—entropy diagram, as shown in Fig. 3.1.

A Stage 1 B
[ 4 - \ d
~
)
B | Stage4 A Y Stage 2
g
L
2
5
) D ¢ < ¢ C
Stage 3
Entropy, S
Figure 3.1

(a) The entropy change for a reversible isothermal expansion is given in Sec-
tion 3A.2(a) on page 80 as AS = nRIn (V¢/V;). Thus the entropy change
for Stage1is AS; = nR1In (V3/ V) and for Stage 3 AS; = nRIn (Vp/V¢) =
—nRIn (V3/Vy). The area enclosed by the Carnot cycle is is just that of a
rectangle with sides nR1n (V3/V,) and (Ty, — T¢), thus

9{ TdS = Area =‘nR(Th - Tc)ln(VB/VA)‘.

(b) Theamount of heat extracted from the hot sourceis g, = nRTj, In (V/Vy)
as explained in Section 3A.3(a) on page 82. The efficiency is defined in
[3A.7-84], 1 = |w|/|qn|, and for a Carnot cycle efficiency is given by



P3A.6

[3A.9-84], 1 = 1 — (T./Th). Equating them an expression for the net
work is obtained

wl/lanl =1 - (Te/Th)

T.
h = 1- —C)
ence |w| = gn x ( )

T,
- nktyin(32) < (1- 1)
Va Th

[nR(Ty - T.) In (Vs/Va)].

(c) The area of the temperature—entropy diagram of a Carnot cycle is equal
to the net work done in the cycle.

As shown in Problem P3A.5 for the process in which a heat pump extracts heat
qc = —|g| from the cold source and deposits heat g;, = |g| + |w| into the hot sink
the overall change in entropy is

rs .l lal+Iv
Tc Th

For the process to be permissible by the Second Law the Clausius inequality
[3A.12-86] must be satisfied

al , lal + 1w

Tc Th

>0

The minimum work corresponds to the equlity. This work is

Th
wi=lalx (= -1)

If energy as work or heat is expended for a period of time At, the power is
(energy)/At. Thus dividing both sides of the above equation by At gives

Il _la (7 )

At At T,

|w|/At is the power expended as work on the engine and |g|/At is the power
expended due to the heat transferred, therefore

Ty,
Pyork = Pheat X (TC - 1)

ZSkWX((273.15K+18K) _1)

(273.15K + 13 K)

=0.0874... kW ={0.09 kW|.
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3B Entropy changes accompanying specific processes

Answer to discussion question
Solutions to exercises

E3B.1(b) Theentropy change of a phase transition is given by [3B.4-89], AtsS = AtrsH/ Tiys.
As discussed in Section 3B.2 on page 89 because there is no hydrogen bond-
ing in liquid cyclohexane it is safe to apply Trouton’s rule. That is Ay,pS° =
+85JK ' mol ™. It follows that

AvapI—Ie =Ty x Avapse
= (273.15K +80.7K) x (+85JK ' mol™")

=3.00... x 10* Jmol ™! =|+30 k] mol " |.

E3B.2(b) (i) The entropy change of a phase transition is given by [3B.4-89], AS =
AsH/ Tyrs. For vaporisation this becomes

A ge o DvapH® +35.27 x 10° Jmol !
VT, (273.15K+64.1K)

= [+104.6 JK~" mol '],

(ii) Because the system at the transition temperature is at equilibrium, AS;y¢ =
0, thus

ASeur = —AyapS® =|104.6 JK' mol '],

E3B.3(b)  The change in entropy with temperature is given by [3B.6-90],

T T
AS = S(T;) - S(T;) = fT fcpT

Assuming that C,, is constant in the temperature range T; to Tt, this becomes
AS = C,In (T;/T;) as detailed in Section 3B.3 on page 90. Thus, the increase
in the molar entropy of nitrogen gas is

ASm = S (273 K) = 81, (298 K) = (29.125 JK ' mol ") x ln(273 K)

298 K

=[-2.55JK " mol !}

E3B.4(b) As explained in Section 3B.3 on page 90 the temperature variation of the en-
tropy at constant volume is given by

dT

Tg
a5 =S(TH) - S(T) = [ Tovs



E3B.5(b)

Assuming that Cy = 2R, the ideal gas limit, for the temperature range of
interest, the molar entropy at 250 K is given by

250 K dT
Sm(250 K) = 81 (298 K) + f 2R
298 K T
250 K
= Sm(298K) + 2R xIn (7)
298 K
= (154.84 JK " mol ")
_ 250 K
+(2 x8.3145]K ' mol ™) xln(—)
2 298 K

=153 JK ' mol™!|.

Two identical blocks must come to their average temperature. Therefore the
final temperature is

Tg = 3(Ty + Ty) = 5 x (100 °C + 25 °C)
=62.5...°C = 3.35... x 10> K =[336 K|.

Although the above result may seem self-evident, the more detailed explaina-
tion is as follows. The heat capacity at constant volume is defined in [2A.14-
43], Cy = (dU/0T)y,. As shown in Section 2A.4(b) on page 43, if the heat
capacity is constant, the internal energy changes linearly with the change in
temperature. That is AU = CyAT = Cy(T¢ — T;). For the two blocks at
the initial temperatures of T; and T, the change in internal energy to reach
the final temperature Ty is AU; = Cy 1 (Tf — T1) and AU, = Cy (T - T>),
respectively. The blocks of metal are made of the same substance and are of
the same size, therefore Cy,; = Cy, = Cy. Because the system is isolated
the total change in internal energy is AU = AU, + AU, = 0. This means that
AU=Cy((Tt-T))- (T - T»)) = Cy x 2Tt — (T} + T) ) = 0, which implies
that the final temperature is T = %(Tl + T,), as stated above.

The temperature variation of the entropy at constant volume is given by [3B.7-
90], AS = Cy In(T;/T;), with C,, replaced by Cy. Expressed with the specific
heat Cy s = Cy/m it becomes

T,
AS = mCV,sln(?f)

1

Note that for a solid the internal energy does not change significantly with the
volume or pressure, thus it can be assumed that Cy = C, = C. The entropy
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E3B.6(b)

change for each block is found using this expression

Tt
AS; =mCy 1 (—)
1 =mCyIn T,

= (1.00 x 10* g) x (0.449 JK ' g™') x ln(

= —4.75..x 10* JK! = [-476 JK'].

Tf)
AS; =mCyIn| —
2 =mCy, I’I(T2

3.35... x 102 K
100 K +273.15K

=(1.00 x 10* g) x (0.449JK ' g™") x ln(

=531 x 102 JK ' =[+532JK!]

The total change in entropy is

3.35...x 102K
25K +273.15K

ASior = ASy + AS; = (—4.75... x 10* JK™!) + (5.31... x 10> JK™ ')

= 0.563... x 10> JK ' = [+56 JK ']

Because AS;t > 0 the process is spontaneous, in accord with experience.

Because entropy is a state function, AS between the initial and final states is
the same irrespective of the path taken. Thus the overall process can be broken
down into steps that are easier to evaluate. First consider heating the initial
system at constant pressure to the final temperature. The variation of entropy
with temperature at constant pressure is given by [3B.7-90], S(T¢) = S(T;) +
C, In (T¢/T;). Thus the change in entropy, AS = S(Tt) — S(T;), of this step is

T T
AS; = cpln(?f) - ncp)mln(?ﬁ)

Next consider an isothermal change in pressure. As explained in Section 3A.2(a)
on page 80 the change in entropy of an isothermal expansion of an ideal gas
is given by AS = nRIn (V;/V;). Because for a fixed amount of gas at fixed
temperature p o< (1/V') an equivalent expression for this entropy change is

AS, = ann(pi)
Pt

Therefore the overall entropy change for the system is

Ti i
AS = AS, +AS, = ncp,mln(—f) + ann(p)
T; Pr

1

7 L 273.15K + 135K
= (2.00 mol) x 3 8.3145]K "mol ™ | xIn| ———————

273.15K+25K

_ 1.50 at
+(2.00 mol) x (8.3145J K 'mol ") x In (ﬁ)
7.00 atm

= (+182..JK 1) + (-25.6.. JK) = [-7.3JK '],



E3B.7(b)

Because entropy is a state function, AS between the initial and final states is
the same irrespective of the path taken. Thus the overall process can be broken
down into steps that are easier to evaluate. First consider heating the ice at
constant pressure from the initial temperature to the melting point, Tp,,. The
variation of entropy with temperature at constant pressure is given by [3B.7-
901, S(T¢) = S(Ti) + CpIn (T¢/T;). Thus the change in entropy, AS = S(T¢) -
S(T:), for this step is

T T
AS; =C, ln(f) = nCp)m(HZO(s))ln(Ti)

Next consider the phase transition from solid to liquid at the melting temper-
ature. The entropy change of a phase transition is given by [3B.4-89], Ay.S =
Atrs H/ Ttr53 thus

AqsHS,
ASzzﬂifus m

m

Then the liquid is heated to the boiling temperature, T;,. In analogy to the first
step

ASs = nCp,m(H2O(l))ln(%)

m

The next phase transition is from liquid to gas

AvopHY,

b

AS4:1’1

Finally, the vapour is heated from Ty, to Tt

ASs = ncp,m(HZO(g))ln(E)
Ty,
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Therefore the overall entropy change for the system is
AS = ASI + ASZ + AS3 + AS4 + AS5
Tm AgusHp, Ti
. nCP,m(Hzo(s))ln(T) e nCp,m(HZO(l))ln(T—b)

m m

AvapH?,

+n +nCp,m(H20(g))ln(£)

Ty
15.
= % X (376 ]K_l mol_l) X ln(
.02 gmo
150g 6.01 x 10> Jmol ™"
X
18.02 gmol ' 273.15K
15.0
+ 180275;171 X (753 ]K_l molfl) X ln(
.02 gmo
150g 40.7 x 10> Jmol ™!
X
18.02gmol™'  273.15K+100.0K
. 150g 273.15 K + 105.0 K)
18.02 gmol ™' 273.15 K + 100.0 K

= (+1.40... JK™') + (+18.3.. JK 1) + (+19.5... JK™)
+(+90.7...JK™') + (0.372...TJK™")

273.15K )
273.15K-12.0K

273.15K +100.0 K)
273.15K

x (33.6 JK 'mol ™) x ln(

Solutions to problems

P3B.2

Because entropy is a state function, AS between the initial and final states is
the same irrespective of the path taken. Thus the overall process can be broken
down into steps that are easier to evaluate.

First consider cooling the water at constant pressure to from the initial temper-
ature T to that of freezing, T¢. Entropy variation with temperature at constant
pressure is given by [3B.7-90], S(Tfina1) = S(Tinitia1) + CpIn (Tfinat/ Tinitial )-
Thus the change in entropy, AS = S(Tfina1) — S( Tinitial )» of this step is

AS, - Cpln(%) _ nCp,m(HzO(l))ln(%)

Next consider the phase transition from liquid to solid at the freezing temper-
ature; note that freezing is just the opposite of fusion, thus AH, = n(-AgHp).
The entropy change of a phase transition is given by [3B.4-89], AtsS = AtrsH/ Ttrs»

thus
AH AT 5 I
ASZ = 2 =n f n
Tt Tf

The ice is then heated to the final temperature, T. In analogy to the first step

AS3 = nCpm(H,0(s)) In (%)



Therefore the overall entropy change for the system is

AS = ASI + ASQ + AS3
_ ncp,m(HZO(l))m(%) +

= (1.00 mol) x (75.3JK ' mol™) x In
(

n% N nCP)m(HZO(s))ln(%)
273.15K

273.15 K + 5.00 K)

-6.01 x 10° Jmol ™!

273.15K
+(1.00 mol) x (37.6 JK ' mol ") x ln(

+ (1.00 mol) x

273.15K +5.00 K)
273.15K
= (-1.36... JK™') + (=22.0.. JK™") + (+0.682... JK™")
=-226..JK "
Consider the enthalphy change for the same path. The variation of the enthalpy

with temperature at constant pressure is given by [2B.6b-49], AH = C,AT.
Thus for the first and third steps, respectively

AH, = nCyn(H,O(1))(Tr = T) and AH;3=nC,(H,O(s))(T - Tf)
Therefore the overall enthalpy change for the system is

AH = AH, + AH, + AH,
=nCpm(HO(1))(Tr = T) + n(-AgusHy,) + nCp i (H2O(s) ) (T - Tp)
= (1.00 mol) x (75.3 JK' mol™") x (-5.00 K)
+(1.00 mol) x (—6.01 x 10° Jmol ")
+(1.00 mol) x (37.6 JK™'mol ") x (+5.00 K)
= (-3.76... x 10*J) + (=6.01... x 10° J) + (+1.88... x 10* J)
=-6.19..x 10 ]
At constant pressure the heat released by the system is the enthalpy change of

the system, g = AH. Because g,y = —¢, the entropy change of the surroundings
is

-q —(-6.19...x10%])

ASqur = — =

T 273.15K+5.00K
=+222..JK'

Therefore the total entropy change is
ASior = AS + ASgyr = (=22.6... JK™!) + (+22.2...JK™")
= -0.401.. JK™' =[-0.4JK!].

Because the change in the total entropy is negative, the Second Law implies that

the process is [not spontaneous|.
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P3B.4 Consider heating nitrogen at constant pressure to from the initial to final tem-
peratures. The variation of the entropy with temperature is given by [3B.6-90],
S(Tr) = S(LL) + [ TiT‘(C »/T)dT. The constant-pressure molar heat capacity
is given as a function of temperature of a form C,, = a + bT, with a =
+28.58 JK ' mol ' and b = +3.77 x 1073 J K2 mol~'. Thus the molar entropy
at Tr =373 Kiis

373 K
§2(373K) = 52 (298 K) + f (Cpm/T)dT
298 K

373K g 4 bT
=82 (298K) + f ¢
298 K T

373K 373 K
:s;(2981<)+axf —dT+bx[ dr
208K T 298 K
373K
:S;(298K)+axln(7)+b><(373K—298K)
298 K

dT

= (1916 K mol™) + (+28.58 TK " mol 1) xIn (32 )

298 K
+(+3.77x 1072 JK > mol™") x (373 K - 298 K)

= (191.6 JK ' mol ")
+(6.41...JK "mol™") + (0.282... JK™ ' mol ")

=[+198.3J K mol'].

When the heat capacity is instead assumed to be temperature independent,
Cpm =29.13 JK! mol ™!, the result is

373 K
$2 (373 K) = S (298 K) + [ (Cpun/ T) dT
K

298

373 K
= §2/(298K) + Cpm X ln( )

298 K
373K
=(191. ~ mo + (+29.1 ~ mo xIn| ——
91.6 JK ' mol ™! 29.13JK 'mol™) x1
298 K

=(191.6 JK ' mol™") + (6.53... JK ' mol ")

=[+198.1JK  mol '],

The difference between the results is relatively small (» 0.1 %). This is because
the temperature variation of the heat capacity over this range is relatively small.

P3B.6 (a) Rearranging Newton’s law gives

dT

= —adt
T - Tsur

Integrating both sides give

In(T - Tyy) = —at+D



P3B.8

(b)

(a)

where D is an integration constant that is determinded applying the bound-
ary conditions T = T; at t = 0. Hence, D = In(T; — Ty, ), and therefore

T - Teur
ln(T Tsu ):—(xt.

The above equation is rearranged to give an expression for T
T = Tour + (Ti — Tour) x e

Given that S(T) — S(T;) = Cln(T/T;), it follows that

1

S(t) = S(T(1)) = S(T,) + cm(T;t))

= S(Ti)+Cln(

Tsur + (Tl - Tsur) X e—(xt
Ti .

Because enthalpy is a state function, AH between the initial and final
states is the same irrespective of the path taken. Thus the overall process
can be broken down into steps that are easier to evaluate. First consider
condensation of vapour. Given that all the vapour turns to liquid water,
the heat released is the opposite of that of vaporization

AH; = n(~AypH).

The newly formed liquid water is initially at the boiling point. The next
step is the water cooling from the boiling to final temperatures. The en-
thalpy change associated with a temperature change is given by [2B.6b-
49], AH = C,AT. Thus

AH, = CoAT = nCp m(H,O (1)) (T5 - Ty)

The final step is for the metal block to come to thermal equilibrium with
the water m
AH;3 = C,AT = HCp)m(Cu(s))(Tf -T)

where T; is the initial temperature of the block.
Because the system is insulated there is no overall change in the enthalpy

of the system as a whole, AH,ys = AH, + AH, +AH3 = 0. Putting together
the expresssions of enthalpy change at each step gives
. m
n(=AvapH®) +nCp iy (H,O(1))(Tr - Tpy) + MCP,m(Cu(s))(Tf -T)=0
Hence
m
Tix (nCpn (20 (D) + 22y (Cu(5)) ) -

= nAyapH® + 1Cp o (H,0 (1)) x Ty + %cp,m(Cu(s)) < T,
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Thus the final temperature is given by
1Ay H® + nCp iy (H,O(1)) x Ty + (m/M)Cpm(Cu(s)) x T
nCpm(H,0(1)) + (m/M)Cpm(Cu(s))

For convenience the numerator and denominator is estimated separately

Tf =

numerator = (1.00 mol) x (4.07 x 10* Jmol™")
+(1.00 mol) x (75.3JK™ " mol™") x (373.15 K)
. ( 2.00x10° g
63.55 gmol "
= +2.78... x 10° Jmol '

) x (24.44JK " mol™") x (273.15K)

denominator = (1.00 mol) x (75.3 JK™' mol™")
. ( 2.00x 10° g

63.55 gmol '

= +8.44... x 10* JK™' mol™

) x (24.44JK ' mol™")

Hence
+2.78... x 10° Jmol ™
f= = =
+8.44... x 102 JK~" mol
(b) The net heat transferred to the metal block is

=3.30... x 10> K =[330 K].

AH; = %cp,m(cu(s))(q"f -T)

_2.00x10°g
63.55 gmol "

= +4.39.. x 10" ] = [+43.9 k]|

(c) The entropy change of a phase transition is given by [3B.4-89], AyS =
AtrsH/ Tiys. Thus the entropy of the condensation step is

AH, n(-AypH®)

x (24.44TK ' mol™) x (3.30... x 10> K - 273.15 K)

AS; = 2712
Ty Ty
_ (1.00 mol) x (-4.07 x 10* Jmol ™)
B 373.15K

=-1.09... x 10* JK!

The temperature dependence of the entropy at constant pressure is given
by [3B.7-90], AS = nCpnIn(T;/T;). Thus, the changes in entropy for
the second and third steps are, respectively

AS; = nCym(H,0 (1)) In (3)
Ty

30...x 10* K
= (1.00 mol) x (75.3 JK™" mol™") x 1n(330X0)

373.15K
=-9.19...JK™!
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AS; = %Cp,m(cu(s))ln (%)

_2.00x10°g
63.55 gmol ™’
= +1.46...x 10* JK*

_ 3.30... x 10 K
x (24.44JK"mol™") x In 20 X 0 R
273.15K

The overall entropy change for water is

ASy +ASy = (~1.09... x 10> JK™') + (=9.19... JK™") = [-118 JK !
The entropy change change for copper block is AS; = .

The total entropy change is therefore

AStot = ASl + ASZ + AS3
= (=1.09... x 10* JK™") + (=9.19... JK™") + (+1.46... x 10* JK™")

- +27.8..JK ' =[+28JK ']

P3B.10 (a) Because the working substance is assumed to be a perfect gas, its internal
energy depends on temperature only. DU as a function of temperature
is given by [2A.15b-45], AU = CyAT. Because the steps 1 and 3 are
adiabatic, q; =[0]and q; = [0]. Thus, from the First Law, AU = g + w, the
work done in these steps is equal to the change in internal energy

wp = AUl = Cv(TB - TA) = HCV,m(TB - TA) .

w3 = AU3 = Cv(TD - Tc) :‘HCV,m(TD - Tc)‘

Because the steps 2 and 4 are at constant volume, no work is done: w, = [0]
and wy =[0]. Thus, from the First Law, AU = g +w, the heat in these steps
is equal to the change in internal energy

Q2 = AUZ = CV(TC - TB) = HCV’m(TC - TB) .

qs =AUy = Cy(Ta - Tp) =[nCy,m(Ta - Tp)].

(b) The efficiency is defined as 1 = |wcycle|/|q2], thus

_ |chcle| _ |W1 +W3|

92| |92
_ nCym x|(Tg = Ta) + (Tp — Tc)|
- nCy.m x |Tc — Tg|
_|(Tp = Ta) - (Tc - Ts)|

| Tc - Tyl

In-Ta 1‘ _ ‘I_TD_TA
Tc - Ty Tc - T
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(c)

(d)

(e)

For a reversible adiabatic expansion in step 1: VAT, = VaT3*. This is
rearranged to give a ratio of temperatures

Ta _ (VB)”C
Ty \ Vi

Similarly, in step 3: Vo Tc“ = VpTp*, and noting that V4 = Vp and V3 =
Ve, the temperature ratio is

TD ~ (VC)I/C ~ ( VB )1/C B TA

e \Ww/) \W/ T3
Using this to write Tp = (TcTa)/Ts and then substituting this into the
above expression for the efficiency gives

7 - ‘1_ (TcTa/Ts) - Ta

|y - (T/T3) (T~ Ts)
TC_TB TC_TB

Vi 1/c 1/c
-G
Va Va

In the last step it becomes apparent that the modulo is redundant because
Vg < Va and ¢ = Cy /R is positive.

Because the steps 1 and 3 are adiabatic, no heat is exchanged between the
system and the surroundings, therefore AS; = ASgy,; = [0] and AS; =
ASqur,3 =[0]. As explained in Section 3B.3 on page 90 the variation of the
entropy with temperature at constant volume is given by AS = Cy In (T¢/ T;).
Thus, the entropy changes for the steps 2 and 4 are, respectively

ASZ = Cvln(%) = nCV,mln(E) 8

B Ty
T TA)
ASy=Cyln|—=—|=nCypuln|—|
4 VH(TD) nCy, H(TD

Because the processes during these steps are reversible, the total change
in entropy is zero, ASt = AS + ASgyr = 0. Therefore, the entropy change
of the surroundings for each process is, respectively, ASsr, = —AS; =
‘—I’lCV,m In (TC/TB)‘ and Assur)4 = —AS4 = ‘—I’ICVYm In (TA/TD) ‘

Given Cy , = gR and V, = 10V, the efficiency of the cycle is

VB R/Cv,m 1 2/5
1’]=1—( ) :1_(7) =0.601... =[60.2%|.
10Vp 10

It is given that pc/pp = 5 and Vi = Vc. In this constant volume process
the perfect gas law, pV = nRT, implies that p o« T, therefore T¢c/Tp =
pc/ps- It is shown above that Tp/Tc = Ta/Ts, so it also follows that
Ta/Tp = Tg/Tc = 1/5. Therefore the entropy changes in steps 2 and 4
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are, respectively

AS; =n(3R)In(5)
= (1.00 mol) x (3 x (8.3145]J K™ mol ™) x In(5)
(1K)

AS;=n(3 )ln(l/S)
= (1.00 mol) x (3 x (8.3145JK " mol ') x In (1/5)

The entropy of the surroundings during these steps are thus, respectively,

ASgury =|-33.5JK !|and ASg4 =|+33.5JK!|. Finally, for the steps 1

and 3 the entropy changes are always zero: AS; = ASg,;.; =[0]and AS; =
ASsur,S = @

P3B.12 The entropy dependence on temperature is given by [3B.6-90], S(T¢) = S(T}) +
Tin(C »/T)dT. The empirical expression for the constant-pressure molar heat
capacity is given by [2B.7-49], C, 1, = a+bT +¢/T?. Using this, the expression

for the molar entropy variation becomes

fa+bT+c/T2

Sm(Tr) = Sm(T;) + f dT

Tr
—Sm(T)+a[ b[ dT +¢ . (;—Z

—Sm(T)+a1n( )+b(Tf T) - (1-1)

TZ T12
Therefore, usmg the data given in the Resource section, and given S, (298 K) =
192.45 J K" mol ™, it follows that
(a) Tr=100°C

Sm(373K) = (192.45 K" mol ")

+(29.75JK " mol ™) x ln(7373'15 K)
298 K
+(25.1x107° JK > mol™") x (373.15 K - 298 K)
~1.55% 10° J K mol ™" 1 1
- 2 ((373.15 K)> (298 K)Z)

= (19245 JK ' mol™") + (+6.69... JK"' mol™")
+(+1.88..JK "mol™") - (+0.316... JK ' mol™")

= [+200.71 JK " mol”!|
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(b) T; = 500 °C

Sm(773K) = (192.45 JK ' mol ")

+(29.75JK ' mol ") x In (M)
298 K
+(25.1x 10 JK™ > mol™') x (773.15 K — 298 K)
~1.55x 10° J K mol™* 1 1
B 2 * ((773.15 K)? (298 K)Z)

=(192.45JK "mol™") + (+28.3...JK " mol ")
+(+11.9.. JK ' mol™") - (+0.743... JK " mol™")

= [+232.00 JK~" mol !

3C The measurement of entropy

Answer to discussion question
Solutions to exercises

E3C.1(b) Assuming that the Debye extrapolation is valid, the constant-pressure molar
heat capacity is Cpm(T) = aT>. The temperature dependence of the entropy

is given by [3C.1a-92], S(Tz) = S(Ty) = fT? (Cp,m/T)dT. For a given temper-
ature T the change in molar entropy from zero temperature is therefore

T Cpm T qT"
sm(T)—sm(o):f 2 dT’:f & 4r
0 T' 0 T!

:afTT’ZdT’ =87
0 3

Hence

1.956 x 107 J K~* mol ™
Sm(10K) = Sm(0) = i 3] MO« (10K)?

=16.5x 102K " mol ™|

E3C.2(b) The standard reaction entropy is given by [3C.3b-94], A.S° = 3, vS7 (]),
where vy are the signed stoichiometric numbers.
(@)
A:S® = S5 (Zn™", (aq)) + S5 (Cu, (5)) = Sy (Zn, (5)) = Sy (Cu™, (aq))
= (~112.1JK " mol™") + (33.150 JK™' mol ")
—(41.63JK "mol™") - (-99.6 JK" ' mol™")

- [-21.0JK " mol"!].
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(ii)
A, S® =128, (COy, (g)) + 1157 (H,0, (1)) - S, (sucrose, (s)) — 1255, (0,, (g))
=12 (213.74JK ' mol ™) + 11 x (69.91 JK™ ' mol™")
~(360.2JK " mol™") - 12 x (205.138 JK ' mol™")

=|+512. mol ™' |.
[+512.0 JK ™' mol |

E3C.3(b) Consider chemical equation

N3 (g) + 502(g) — N,O(g)

Standard reaction entropy is given by [3C.3b-94], A,S° = }°; v;S;;, (J), where v;
are singed stoichiometric coeflicients for a given reaction equation. Therefore,
using data from the Resource section

A:S® = nS; (N20, (g)) = 3785(02,(8)) - 1S5 (N2, (8))
(1.00 mol) x (219.85 K ' mol™")
— (3 x 1.00 mol) x (205.138 JK™" mol ")

~(1.00 mol) x (191.61 JK ' mol™")

=|-74.33JK!|,

Solutions to problems

P3C.2 Consider the process of determining the calorimetric entropy from zero to
the temperature of interest. Assuming that the Debye extrapolation is valid,
the constant-pressure molar heat capacity at the lowest temperatures is of a
form C, »(T) = aT®. The temperature dependence of the entropy is given
by [3C1a-92], S(T») = S(Ty) = T?(Cp,m/T)dT. Thus for a given (low)
temperature T the change in molar entropy from zero is

TCom vy T qT" ,
Sm(T)—Sm(O):JC B ar :]C - dT

T 230 _ 431
:a/(; T dT :gT :gcp,m(T)

Hence
S (10K) = 85,(0) = 2 x (4.64 7K™ mol™") = 1.54... JK™" mol ™’

The increase in entropy on raising the temperature to the melting point is S, (234.4 K) -
$2 (10 K) = 57.74 JK ' mol™'. The entropy change of a phase transition is
given by [3C.1b-92], AyysS(Tirs) = Atrs H( Tirs )/ Ters. Thus

2322 Jmol ™!

=9.90... JK ' mol™!
234.4K

AfusS, (2344 K) =
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P3C.4

Further raising the temperature to 298 K gives an increase in the entropy of
S2 (298 K) - $2(234.4K) = 6.85 JK ' mol .

Further raising the temperature to the boiling point, the entropy increases by
S° (343.9 K) — S°(234.4 K) = 10.83 JK ! mol . Finally, the contribution of
the second phase transition is

AvipHy,  6.050 x 10* Jmol ™’
T, 343.9K
=1.75...x 10> JK ' mol ™

AvapS2(343.9K) =

The Third-Law standard molar entropy at 298 K is the sum of the above con-
tributions.

$2 (298 K) - §2,(0) = (1.54... JK ' mol™") + (57.74 JK~" mol ")
+(9.90... JK ' mol™") + (10.83 JK ' mol ")
+(1.75...x 10> JK " mol ")

=[256.0 J K" mol”!

Assuming that the Debye extrapolation is valid, the constant-pressure molar
heat capacity is of a form C, (T) = aT>. The temperature dependence of the
entropy is given by [3C.1a-92], S(Tz) = S(T)) = fT? (Cp,m/T)dT. Thus for a
given (low) temperature T the change in the molar entropy from zero is

TC m TaT’3
S (T) = Sun (0 :f P dT’:f ar’
(T) (0) T L

T 2 r_ 4.3 1
=a/0 14T = $1° = 1Cpum(T)

-3
Hence

e (10K) = 85,(0) = 2 x (2.09 K™ mol™") = 0.69... JK™" mol ™’

The change in entropy is determined calorimetrically by measuring the area
under a plot of (C, /T against T, as shown in Fig. 3.2.
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T/K  Cpm/JK'mol™")  (Cpm/T)/(JK2mol")
10 2.09 0.2090
20 14.43 0.7215
30 36.44 1.2147
40 62.55 1.5638
50 87.03 1.7406
60 111.0 1.8500
70 131.4 1.8771
80 149.4 1.8675
90 165.3 1.8367
100 179.6 1.7960
110 192.8 1.7527
150 237.6 1.5840
160 247.3 1.5456
170 256.5 1.5088
180 265.1 1.4728
190 273.0 1.4368
200 280.3 1.4015
2.0
T: i |
S L5 |
Y
— 1.0F .
~
£ i |
E 05/ )
U‘L
00 | | | |
0 50 100 150 200
T/K
Figure 3.2

The plot fits well to a polynomial of order 4. Define y = (Cp,m/T)/(JK>mol ™)
and x = T/K, so that the fitted function is expressed

y=cxt + o’ +oxt +ax+ o

where the best fitted coeflicients c; are
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P3C.6

Ci 10 Kto 200 K
C4 -1.0380 x 1078
3 +5.7041 x 107°
o -1.1263 x 1073
1 +9.0159 x 1072
co -6.1544 x 107!

The integral of the fitted functions over the range x; to x; is
o4 3 2
sz Cax” +c3x” + 0x° +c1x +codx
Xi
C4 5 5 3 4 4 2 3 3
:f(Xf —Xi)‘f'f(Xf —Xi)‘f'f(Xf —Xi)

5 4 3
€1 2 2

+E(Xf - X )+C()(Xf—Xi)

Using the appropriate coeflicients and limits the integral gives

$2(30K) - 2 (10 K) = 2.96... x 10* JK ™" mol ™

The standard Third-Law molar entropy at 200 K is the sum of the both contri-
butions.

$2(200 K) — $2,(0) = (82 (200 K) - $2,(10 K))
+(S5(10K) - $7,(0))
= (2.96...x 10> JK " mol™")
+(0.69...JK™)

=[297 JK ' mol™*|.

For entropy at 100 K, the above integral in needs to be calculated to the required
limit. Therefore

$2 (100 K) - 82 (10 K) = 1.37... x 10* JK~ mol ™!
The other contribution is the same as before. Hence the molar entropy at 100 K
is
$° (100 K) — §2,(0) = (0.696... JK " mol ") + (1.37... x 10* JK ' mol ")

=138 JK ' mol™*|.

The standard reaction entropy is given by [3C.3b-94], A.S° = 3, vS3 (J),
where vj are the signed stoichiometric numbers.

A:S° (298 K) = S5, (NH3, (g)) - 357 (N2, (8)) - 5 Sm (Ha, (8))
=(192.45JK "mol ") - 1 x (191.61 JK™" mol™")
-2 % (130.684 JK " mol ")

= -99.38... JK " mol ™' =|-99.38 JK~' mol '],




The standard reaction enthalpy is given by [2C.5b-55], A,tH® = 33, vjAfH® (]).
Thus

AH® (298 K) = A¢H®"(NH;, (g)) - 1A¢H" (H,0, (g)) - 2A¢H" (Ha, (g))

= (~46.11 1 mol ') = 1 x 0 - 2 x 0 =[46.11 kJ mol ',

The temperature dependence of the reaction entropy is given by [3C.5a-95],
AS°(Ty) = AS°(T) + T?(ArC;/T)dT. Similarly, the enthalpy depen-
dence on temperature is given by Kirchhoff’s law [2C.7a-55], A,H®(T,) =
AH®(Th) + T? A,C;dT. The quantity A, Cyis defined in [3C.5b-95], A,C; =
Y v1Cy m(J). For the reaction at 298 K

A,Cy = Cp o (NHs, (8)) = 3Cp (N2, (8)) = 3C5 i (Ha, (8))
= (35.06JK™"mol ") - 1 x (29.125JK " mol™")
—3 % (28.824JK "' mol ")
=-22.7..JK ' mol™

Assuming that A, C7 is constant over the temperature range, the standard en-
tropy and enthalpy changes of the reaction are given, respectively, by [3C.5b—
95], ArSe ( T2) = ArSe ( Tl) + ArC; ln( T2/T1 ), and [2C7d—56], ArHe(Tz) =
AH®(Th) + A, Co (T - Th).
£:S°(S00K) = A,5°(298 K) + A,C5 x In (M)
298 K
=(-99.38... JK " mol™")
500

—-22.7...JK ' mol™ 1(—)
+( JK " mol ") xIn 508

= [+111.15 JK " mol !},

A:H® (500 K) = AH® (298 K) + A,C; x (500 K - 298 K)
= (-46.11 x 10° Jmol ")
+(=22.7...JK " mol™") x (202 K)

P3C.8 The change in entropy is determined calorimetrically by measuring the area
under a plot of (C,m/T) against T, as shown in Fig. 3.3.
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T/K  Cpm/(JK 'mol™") (Cpm/T)/(JK 2 mol™")

100 23.00 0.2300
120 23.74 0.1978
140 24.25 0.1732
150 24.44 0.1629
160 24.61 0.1538
180 24.89 0.1383
200 25.11 0.1256
0.3
= |
]
Eoo2f :
%
s | |
& o2} |
g
o | |
01 | | | | | |

100 120 140 160 180 200
T/K
Figure 3.3

The plot is found to be well fitted by a polynomial of order 2. Define y =
(Cpm/T)/(JK 2 mol™") and x = T/K, so that the fitted function is expressed

y = (5.9463 x 107%)x” — (2.8129 x 107)x + 0.45100

The integral of the fitted functions over the range x; to x¢ is

y(x) 5.9463 x 107°
I:f ydy= =" (x’ -x’)
y(xi) 3

2.8129 x 1073
2

(x> = %) + (0.45100) (¢ — x;)
Evaluating this integral over the range of x of 100 to 200 gives
$2(200K) - 82, (100 K) = 16.7... JK™" mol ™"
Given S (100 K) the entropy at 200 K is
S7(200K) = 87 (100 K) + (S5 (200K) - S, (100 K))
=(29.79JK ' mol™) + (16.7... JK ' mol ")

= ‘46.57 JK ' mol™ ‘
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Assuming the heat capacity to be constant over the temperature range of inter-
est, the change in entropy as a function of temperature is given by [3B.7-90],
S(T;) = S(T;) + CpIn (T¢/T;). Therefore

200 K
Sm(200K) = (29.79 JK™ mol ') + (24.44 K" mol ™) x In ( 183 K)

-46.73 K" mol"!|

The difference is slight as expected because C, , does not vary significantly in
the given temperature range.

The temperature dependence of the entropy is given by [3C.1a-92], S(T3) =
S(Ty) = /. TTZ (Cp,m/T)dT. Given that the heat capacity at the lowest tempera-
tures is the sum of the Debye, aT?, and electronic, b T, contributions, the molar
heat capacity is Cpm(T) = aT? + bT. Therefore, the molar entropy from zero
as a function of temperature is given by

T Cpm TaT”? +bT
Sn(T)=Sn(0) = [ Emar' = [T 2 ar
=23 Lt
3

Setting the contributions to the entropy corresponding to each term to be equal
gives

23 —br
3

3b
hence T=14\/—
a

Therefore this temperature is

3%x1.38x 1073 J K2 mol™*
7oy | 22138 X107 o -[2.86K].
0.507 x 1073 JK=*mol

Because the Debye term in the entropy expression has a cubic dependence on
T, as the temperature increases it will dominate over the linear electronic term.
Thus, ‘the Debye contribution ‘

3D Concentrating on the system

Answers to discussion questions

D3D.2

As is discussed in detail in Topic 3D the criteria for spontaneity at constant
volume and temperature is expressed in terms of the Helmholtz energy, dA < 0,
and at constant pressure and temperature in terms of the Gibbs energy, dG < 0.

Both the Helmholtz and Gibbs energies refer to properties of the system alone.
However, because of the way they are defined these quantities effectively allow
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the entropy change of the system plus surroundings to be evaluated. For exam-
ple, at constant volume and temperature the change in the Helmholtz energy
is expressed in terms of the internal energy change and the entropy change
of the system: dA = dU — TdS. If this expression is divided by —T to give
—dA/T = —dU/T + dS the two terms on the right can bothe be identified as
entropy changes.

The first term, —dU/T, is equal to the entropy change of the surroundings
because dgq,r = —dg, and at constant volume dg = dU. The second term is
the entropy change of the system. Thus the sum of the two is the total en-
tropy change, which the Second Law shows must be positive in a spontaneous
process. Therefore, the change in the Helmholtz energy is an indicator of the
total entropy change, even though the former refers only to the system. Similar
considerations can be applied to the Gibbs energy.

It is also possible to express the criterion for spontaneity in terms of the change
in H, U or S for the system. For example, as shown in Topic 3D, dSy,y > 0.
However, the variables which are being held constant (here U and V') do not
correspond to such easily realizable conditions such as constant temperature
and volume (or pressure) so such criteria are less applicable to chemical sys-
tems.

Solutions to exercises

E3D.1(b)

The standard reaction Gibbs energy is given by [3D.9-100], A,G® = A,H® —
TA,S°. The standard reaction enthalpy is given in terms of the enthalpies
of formation by [2C.5b-55], A{H® = Y5 vjA¢H®(]), where vj are the signed
stoichiometric numbers.

@)
AH® = A]H® (Zn** ,(aq)) + AfH® (Cu,(s))
~ AfH®(Zn,(s)) - AfH® (Cu** ,(aq))
= (-153.89 kJmol ") + 0 -0 — (+64.77 kJmol ")
=[-218.66 kymol ! |
Given the result for the previous execise, A, S® = —21.0 JK™! mol ",
A,G® = (-218.66 kJmol ') — (298.15 K) x (—0.0210 k] K" mol™")
- |-212.40 K mol |
(ii)

AH® = 12A¢H®(CO, ,(g)) + 11A¢H® (H,0,(1))
— A¢H® (sucrose,(s)) — 12A¢H® (0, ,(g))
=12 x (-393.51 kJmol ") + 11 x (-285.83 k] mol ")
— (-2222kJmol™") =12 x 0

= ~5644.25 kj mol ! =|-5644 k] mol"’



E3D.2(b)

E3D.3(b)

E3D.4(b)

Given the result for the previous execise, A;S® = +512.0 JK™! mol .

A,G® = (~5644.25 kJmol ') - (298.15 K) x (+0.5120 kj K" mol™")

The standard reaction entropy is given by [3C.3b-94], A.S° = 3, vS7.(J),
where vj are the signed stoichiometric numbers.
A:S° = 82 (CH;CH,COOH, (1)) - §2 (CO,(g)) - S (CH;CH,O0H, (1))
= (191 JK "mol™") - (197.67 JK ' mol ") - (160.7 JK~" mol ")
= -167...JK ' mol ™!

The standard reaction enthalpy is given by [2C.5b-55], A,H® = 335 vjAfH*(]).

AH® = AfH® (CH3CH,COOH (1)) - AfH® (CO,(g))
- AfH®(CH5CH,0H, (1))
= (=510 kJmol ") - (~110.53 k) mol ") - (-277.69 k] mol ")
=-121...kJmol "

The standard reaction Gibbs energy is given by [3D.9-100], A,G® = A H® -
TA,S®.

A:G® = (-121..JK " mol ") - (298.15K) x (-0.167... k) K" mol ")

The maximum non-expansion work is equal to the Gibbs free energy as ex-
plained in Section 3D.1(e) on page 100. The standard reaction Gibbs energy is
given by [3D.10b-101], A,G® = ¥3; vjAfG®(J), where v; are the signed stoichio-
metric numbers. For the reaction C3Hg(g) +50,(g) — 3CO,(g) +4H,0(1)
A:G® =3A¢G°(CO,,(g)) +4A¢G° (H,0,(1)) — A¢H®(C5Hs,(g))
—5A¢H"(02,(g))
=3 x (-394.36 kJmol ") + 4 x (-237.13 kJmol ")
~(-23.49Kkmol™) -5x0
=-2108.11 kjmol .

Therefore, the |W,dd max| = |A:G°| =|2108.11 k] mol ™'

The standard reaction Gibbs energy is given by [3D.10b-101], A,G® = ¥; v;A¢G*°(]),
where vy are the signed stoichiometric numbers.

89
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E3D.5(b)

(i)
AG® = A;G®(Zn** ,(aq)) + A¢G®(Cu,(s))
- 8¢G°(Zn,(s)) - ArG*(Cu™" ,(aq))
= (~147.06 kfmol ™) + 0 — 0 — (+65.49 kJ mol ")
= [-212.55 Ky mol ! |
(ii)

AG® = 12A¢G°(CO;,(g)) + 11A¢G° (H,0,(1))
— A¢G® (sucrose,(s)) — 12A¢G° (0, ,(g))
=12 x (-394.36 kJmol™") + 11 x (-237.13 kJ mol ")
— (~1543 kJmol ') =12 x 0

=|-5798 kjmol ! |.

Consider the reaction
NH2CH2COOH(S) + %Oz(g) — 2C02(g) + %HzO(l) + %Nz(g)

The standard reaction enthalpy is given by [2C.5b-55], A,H® = 33, vjAfH®(]),
where vy are the signed stoichiometric numbers.
A:H® = 2A¢H®(CO2,(g)) + 2A¢H® (H,0,(1)) + A¢H® (N3,(g))
- A¢H® (NH,CH,COOH,(s)) - 3AsH® (02,(g))

when rearranged this gives

AfH® (NH,CH,COOH,,(s)) = 2A¢H®(CO,,(g)) + 3A¢H® (H,0,(1))
+3A¢H®(N2,(g)) - 3A¢H(02,(g)) - AH®
=2x(-393.51k) + 2 x (-285.83k]) + 1 x 0
-1
-2 x0-(-969kJmol ")
= -5.32... x 10> k) mol ™

The standard reaction entropy is given by [3C.3b-94], A;S° = ¥, v;S5.(]).
Therefore, for the formation of the compound
A¢S®(NH,CH,COOH,(s)) = S;,(NH,CH,COOH,(s)) — 2S5 (C,(s))
= 38m(H2,(8)) = $5.(02.(8)) - 35 (N2,(g))
= (103.5JK ' mol™) - 2(5.740 JK ™' mol ")
- 2(130.684 JK™" mol ") - (205.138 JK " mol ")
- 1(191.61 JK " mol ")
=-5.35... x 10 JK ' mol ™!



The standard reaction Gibbs energy is defined in [3D.9-100], A,G® = A;H® -
TA,S®, thus

A¢G®(CH3COOC,Hs (1)) = (=5.32... x 10? kJmol ")
~(298.15K)(-0.535... k)K" mol ")

Solutions to problems

P3D.2 (a) The standard reaction Gibbs energy is defined in [3D.9-100], A,G*° =
A H® — TA,S°. This is rearranged to give the reaction entropy change
AH® - AG®
ASS = —————
T

-1 -1
_ (20 10° Jmol ') — (=31 x 10* Jmol ") 357K T mol 1]
310K

(b) The number of moles that are hydrolysed each second is n = N/N,. Thus
the amount of non-expansion work that is done [Wnon—exp| = (N/Na)|AG?|.
Assuming that the cell is spherical, its volume is given by %T{r3. The
power density is the work that is done in a time interval for a unit volume.
Therefore

(N/Na)|AG®|

4
Fmr?
~ (1.0x10°)/(6.0221 x 102 mol ") x | - 31 x 10° Jmol '

3m(10 x 1076)3

Power density =

=[12Wm™|
For a computer battery it is

15W
100 x 107° m?

Thus the power density of the cell is much smaller.

Power density (battery) = =15%x10° Wm™

(c) The non-expansion work needed to produce 1 mol of glutamine is given
14.2 kJ. Thus

- 14.2k
"= |Wnon exp| _ J = ,

|A.G°| 31k mol™

P3D.4 The standard reaction Gibbs energy is given by [3D.9-100], A,G® = A.H® -
TA,S°. The standard reaction entropyis [2C.5b-55], A;S° = 3°; v Sy, (J), where
vy are the signed stoichiometric numbers. Therefore

A:ST =85 (Na¥,(g)) + S5(Cl7,(8)) — S (NaCl,(s))
= (148 JK "mol™") + (154 JK ' mol™") - (72.1 JK ' mol ")
=229.9JK " mol ™

91
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P3D.6

And so

A:G? = (787 kJmol ™) — (298 K) x (0.2299 kJ K™ mol ")

= +7.18... x 10® kJ mol ™" =|+718 k] mol " |.

For the second step A, G5 = AgoiyG®(Na®) + Ag1yG®(Cl7). The Gibbs en-
ergy of solvation in water is given by Born equation [3D.12b-103], As1yG® =
—(2:2/[ri/pm]) x 6.86 x 10* k] mol ™", thus

N NG Y
ArGz = ([r(Na*)/pm] [r(CT)/pm]
1 1

=— (— + —) x 6.86 x 10* kJmol ™! = -7.28... x 10> k) mol™*
170 211

=[-729 1 mol |

Therefore the total Gibbs energy change of the process

) x 6.86 x 10* kJ mol ™"

AG® = AG? + AGS = (+7.18...x 10> Ky mol ") + (~7.28... x 10> kJmol ™)
=|-10 kJmol ™|,

The change in negative implying that the process is spontaneous.

As hinted, the entropy is related to Gibbs energy as S = — (dG/dT) - Be-
cause the Born equation [3D.12a-103], As1yG® = —[(zi*€*Na)/(8mepr;)] x
[1 - (1/&)], does not have an explicit dependence on temperature. Thus the

entropy contribution is neglected by this model, A}, S® = [0]. The standard re-
action Gibbs energy is given by [3D.9-100], A;G® = A,H® — TA,S°. Therefore

2.2

i“e“N 1
AsolvHe = AsolvGe = _Zl € A X (1 - *) .

8mepri &

The model is derived considering only the net work needed to transfer a charged
ion from vacuum to a given medium. This implicitly assumes no heat exchange
during the process hence resulting in zero entropy contribution.

3E Combining the First and Second Laws

Answer to discussion questions

D3E.2

The relation (dG/dp)r = V, combined with the fact that the volume is always
positive, shows that the Gibbs function of a system increases as the pressure
increases (at constant temperature).
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Solutions to exercises

E3E.1(b) The Gibbs energy dependence on temperature for a perfect gas is given by
[3E.14-109], G (pr) = Gm(pi) + RT In(p¢/pi). From the perfect gas law p o<
(1/V). This allows rewriting the previous equation for the change in Gibbs
energy due to isothermal gas expansion

AG = nRTln(E)
Vi

= (6.0 x 10> mol) x (8.3145J K " mol ") x (298 K) x In | ————
122 cm3

52 cm? )

E3E.2(b)  Thevariation of the Gibbs energy with pressure is given by [3E.8-107], (0G/dT) , =
—S. The change in entropy is thus

(G| (3G _ (a(Gi-Gi)
AS=8=5i= (BT)+(8T) ( or ),

_ (aAG) ) ( [(=73.17) + T x (42.8 JK~ 1))
P

oT oT

- (287K - Ca2arE]

E3E.3(b) The Gibbs-Helmholtz relation for the change in Gibbs energy is given by [3E.11-
108], (d[AG/T]/dT), = -AH/ T?. Expressing for the change in enthalpy gives

AH = T2 (E)[AG/T])p _ (a[(—73.1 N/T + (42.8]K™1)] )p

oT oT

- () -

E3E.4(b) The molar Gibbs energy dependence on pressure for an incompressible sub-
stance is given by [3E.13-108], G (ps) = Gm(pi) + (p£ — pi) V. Assuming that
the volume of liquid water changes little over the range of pressures considered

AG =n[Gm(pr) = Gm(pi)] = (pr = pi)nVm = (pr = p1)V

= [(500 x 10° kPa) — (100 x 10° Pa)] x (100 x 10~® m*®) =[+40.07].

For the molar Gibbs energy

A
AG. - DG AG _ MAG
n m/M na

(18.02 gmol ") x (+40.0 ) -
= 7.23 1!
(0997 gom =) x (100 em”) ~
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E3E.5(b) As explained in Section 3E.2(c) on page 108, the change in Gibbs energy of a
phase transition varies with pressure as A s Gm (pf) = AtrsGm (pi) [ ; " Atrs Vin dp.
Assuming that A Vi, changes little over the range of pressures considered
AGm = AtrsGm(pf) - AtrsGm(‘Di) = (Pf - Pi)Atrs Vm
= [(5000 x 10° Pa) — (1 x 10° Pa)] x (0.5 x 107° m®> mol ")

= ’+2.5 x 102 Jmol ™ ‘

E3E.6(b) The Gibbs energy dependence on pressure for a perfect gas is given by [3E.14-
109], G (ps) = Gm(pi) + RTIn(p¢/pi), thus

AG,, :RTln(pf)
Pi

100.0 kP
= (8.3145JK ' mol ") x (500 K) x 1n(M)

50.0 kPa

= +2.88... x 10> Jmol ™" = [+2.88 kJmol ™" |.

Solutions to problems

P3E.2 The standard reaction entropy is given by [3C.3b-94], A,G*® = ¥; vjA¢G°(]),
where vj are the signed stoichiometric numbers.

A;G® (298 K) = 2A¢G°(NH; (g)) - ArG® (N2 (g)) - 3A¢G° (H: (g))
=2x(-16.45kJmol ') —0-3x0
=[-32.90 g mol']
Similarly, the standard reaction enthalpy is [2C.5b-55], A,tH® = Y35 vjA¢H® (]).
AH® (298 K) = 2AH" (NH (g)) — AH® (N; (g)) - 30¢H° (H; (g))
=2x (-46.11kJmol ') =0 -3 x0

=|-92.22 kJmol ™" |.

The given expression for the reaction Gibbs energy dependence on temperature
is rearranged for AG(T;) and becomes

T: T:
AG(Ty) = AG(Ty) = + AH(I - i)
T, T,

Hence at temperatures 500 K and 1000 K, respectively

1,500 K _ 500 K
AG(500 K) = (-32.90 kfmol ') —— + (-92.22 kJ mol ") (1 - 7)
298 K 298 K
=[+7.31 kJmol " |,
1000 K 1000 K
AG(1000 K) = (~32.90 kJ mol™") +(-92.22kJmol ") (1 - )
298 K 298 K
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(@) p=(RT)/Vn
(5),-(5),-Grw), =7 (55 7), )

() p=(RT)/(Vem = b) - a/Vy

(E)S B i RT a
av T | Vm—-b V2 v
__R (i ) _o-| R
S Va-b\oT )y | Va.-b]
(¢) p=(RTe/(RTVa)Y/(V, —b)
(ﬁ) _(al) ~ iRTe‘“/(RTVm)
ov)r \oT)y \oT Va-b J,

:(1+ a ) R o/ (RTV) |
RT2V,, b

Q

The change in entropy for an isothermal expansion is
S(Ve ) Vi
e [ [ (22), o
s(v) vi \dV/r

Comparing the (0S/0V') ;. for the perfect and van der Waals gases implies that
the change in entropy due to expansion (i.e. positive change in V) is always
larger for the van der Waals gases: (9S/0V) jqw > (9S/0V) 7 jerfece- This is
because R/(Vy, —b) > R/Vy, for the excluded volume constant b is positive.
The result is expected as the relative volume expansion for the van der Waals
gases is always slightly greater than that of the perfect gas due to the fixed finite
excluded volume. Therefore, the entropy is expected to be more sensitive to the
changes in volume, especially at the very small volume.

Using Maxwell’s relation (9S/dp)y = - (dV/0T), and (9S/0T), = C,/T the
given equation becomes

S S oV C
ds=[=] d =) dT=-(=—) dp+ 2dT
(ap)T p+(aT) (aT)p P

T(CPdT [ (g‘T/)]TVdp)

The expansion coefficient is definded as & = (1/V)(9V/0T),,, therefore

TdS = C,dT - «TVdp

The entropy change is defined in [3A.1a-80], dS = dqyey/ T, hence grey = [if TdS.
For an isothermal reversible process g = grey and dT = 0. Therefore, assuming
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that V and « are constant for the range of pressures considered, the amount of
heat transferred is

S(pr) pe
/( ) dS:f —aTVdp=-aTV(pi—pr)=—-aTVAp
S(pi pi

—(1.82 x 10* K™) x (273.15K) x (100 x 107° m’) x (1.0 x 10° Pa)

577)

=
1l

P3E.8 The Gibbs-Helmbholtz relation for the change in Gibbs energy is given by [3E.11-
108], (0[AG/T]/dT), = —~AH/T?. Integrating the equation between the tem-
peratures T; and T, and assuming that AH is temperature independent gives

T, T,
f (aAG(T)) ar=an [ -Lar
T,

oT T r T2
A

G(T,) AG(T)) :AH(i—i)

T, T L, T

This is rearranged for AG(T3)
AG*(Ty) = Arce(n)% + AH® (1 - 3)
1

Hence for n = 1, n = 2 and n = 3, respectively

190 K

220K

+ (127 kfmol ") x (1 - ﬂ)

220K
=|+57.2 k] mol™*|.

A:G? (190 K) = (46.2 kJmol ') x

190 K
x
220K

+ (188 kJmol ") x (1

=|+85.6 kJmol™*|.

A:G5 (190 K) = (69.4 kJ mol ™)

190 K)
220K

190 K
220K

+ (273K mol ") x (1 _ 0 K)

220K
=|+112.8 kfmol ' |.

A:G5(190K) = (93.2kJmol ') x

Answers to integrated activities

13.2 The statistical definition of entropy is given by [3A.4-81], S = kIn W, where W
is the number of microstates, the number of ways in which the molecules of a



system can be distributed over the energy states for a specified total energy. As
explained in Section 3A.2(a) on page 80 the molecular interpretation of helps
to explain why, in the thermodynamic definition given by [3A.1a-80],dS =
Grev/ T, the entropy change depends inversely on the temperature. In a system
at high temperature the molecules are spread out over a large number of energy
states. Increasing the energy of the system by the transfer of heat makes more
states accessible, but given that very many states are already occupied the pro-
portionate change in W is small. In contrast, for a system at a low temperature
fewer states are occupied, and so the transfer of the same energy results in a
proportionately larger increase in the number of accessible states, and hence
a larger increase in W. This argument suggests that the change in entropy for
a given transfer of energy as heat should be greater at low temperatures than
at high, as in the thermodynamic definition. As discussed in Section 3C.2(a)
on page 93, the statistical definition of entropy also justifies the Third Law
of thermodynamics. The law states that the entropy of all perfect crystalline
substances is zero at T = 0. At a molecular level the absence of thermal motion
in a perfectly localized crystalline solid is interpreted as there is only one way
to arrange the molecules like that. Thus, W = 1 and from S = kIn'W it follows
that § = 0 as stated by the law.
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6 Physical transformations

of pure substances

4A Phase diagrams of pure substances

Answers to discussion questions

D4A.2

D4A.4

Mathematically the change in chemical potential when the pressure is changed
can be traced to the pV term within the Gibbs energy (part of the definition
of enthalpy); the product changes when the pressure changes. Physically, an
incompressible system does not store energy like a spring, which is the analogy
for a compressible gas; however, it can transmit energy in the same way that a
hydraulic fluid does. Furthermore, an incompressible system under pressure is
under stress at a molecular level. Its bonds or intermolecular repulsive forces
resist external forces without contraction.

Consider the phase diagram shown in Fig. 4A.4 on page 122 and imagine start-
ing at a pressure and temperature somewhat above the critical point; only a
single phase is present, which would be described as a supercritical fluid. Then
proceed on an clockwise path centred on the critical point. Eventually the path
will reach the liquid—-vapour phase boundary, and if the traverse is stopped at
this point the sample will be found to consist of liquid at the bottom of the tube
with vapour above, and a visible meniscus. As the path is continued the system
moves into the liquid phase (in principle the meniscus would rise up the tube
and then disappear) and once more only one phase is present. Eventually the
path takes the system above the critical point and back to the starting point.

The somewhat curious thing about this path is that it takes us from vapour to
liquid via the usual process of condensation, but then returns the liquid to the
vapour phase without crossing a phase boundary, and so with no visible boiling.

Solutions to exercises

E4A.1(b)

In a phase diagram, a single phase is represented by an area, while a line rep-
resents a phase boundary where two phases coexist in equilibrium. Point a

lies within an area and therefore only is present. Point d lies on
the boundary between two areas, and therefore are present. Points

b and ¢ each lie at the intersection of three phase boundaries, so in each case

three phases| are present.
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E4A.2(b) The change in Gibbs energy when an infinitesimal amount d» of substance is
moved from location 1 to location 2 is given by (Section 4A.1(c) on page 121)

dG = (g — p1)dn

Assuming that 0.15 mmol is a sufficiently small amount to be regarded as in-
finitesimal, the Gibbs energy change in this case is

AG = (pz — p1)An = (8.3 x 10° Jmol ") x (0.15 x 10~ mol) =

E4A.3(b) Use the phase rule [4A.1-124], F = C— P +2, with C = 4 (for four components).
Rearranging for the number of phases gives

P=C-F+2=4-F+2=6-F

The number of variables that can be changed arbitrarily, F, cannot be smaller
than zero so the maximum number of phases in this case is [6].

E4A.4(b) Use the phase rule [4A.1-124], F = C - P + 2, with C = 1 (one component).
Inserting P = 2 gives F = 1 -2+2 = 1. The condition P = 2 therefore represents
a(line]. A line has F = 1 because a variation in pressure determines the required
variation in the temperature needed to stay on the line. P = 2 indicates that two
phases are present, so this result confirms that a situation in which two phases
are in equilibrium is represented by a line in a phase diagram.

E4A.5(b) (i) 100 K and 1 atm lies in the Ice I region of the phase diagram, so only

(Ice I) will be present.

(ii) 300 K and 10 atm lies in the liquid region, so only (liquid) will
be present.

(iii) 273.16 Kand 611 Pa corresponds to the triple point of water. So

(Ice I, liquid water, and gas) will be present.

Solutions to problems

P4A.2 (a) At200 K and 0.1 atm, the phase diagram indicates that CO, is a gas. On
increasing the pressure, a point will be reached at which gas and solid are
in equilibrium. Above this pressure only the solid form will exist.

(b) 310 K is above the critical temperature so distinct liquid and gas phases
do not exist. A single phase (a supercritical fluid) therefore exists at all
pressures (except perhaps at extremely high pressures when a solid might
be formed).

(c) 216.8 K corresponds to the triple point of CO,. Below 5.11 atm (the pres-
sure corresponding to the triple point) CO, will exist as a gas. At 5.11 atm
solid, liquid and gas phases will all be present in equilibrium. Above
this pressure, the phase diagram shows that only the solid phase will be
present.

P4A.4 A schematic phase diagram is shown in Fig 4.1. Note that in reality the phase
boundaries may be curved rather than straight. There is one triple point which
is marked with a dot.
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e Triple point

Figure 4.1

4B Thermodynamic aspects of phase transitions

Answers to discussion questions

D4B.2 Formally, the pressure derivative of the chemical potential is (du/dp)r = V.
Because the molar volume is always positive, the slope of the change in chemical
potential with respect to change in pressure is positive: that is, the chemical
potential increases with increasing pressure.

Solutions to exercises

E4B.1(b)  The variation of chemical potential with temperature is given by [4B.1a-128],
(0u/0T), = —Si. For a finite change this gives Ay = —S, AT.

Au(liquid) = —(65 JK™ mol™*) x (~1.5K) =
Au(solid) = —(43 JK ' mol ") x (-1.5K) =

The chemical potential of the liquid rises by more than that of the solid. So if
they were initially in equilibrium, the will be the more stable phase at the
lower temperature.

E4B.2(b) The variation of chemical potential with temperature is given by [4B.1a-128],
(0u/0T)p = —S. For a finite change this gives Ay = —S, AT, assuming that
Sm is constant over the temperature range.

Ap=—(53TK " mol ™) x ([150 — 100] K) =|~2.7 x 10° Jmol ']

E4B.3(b) The variation of chemical potential with pressure at constant temperature is
given by [4B.1b-128], (du/dp)r = V. For a finite change, and assuming that
Vi is constant over the pressure range, this gives Ay = Vi,Ap. The molar
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E4B.4(b)

E4B.5(b)

E4B.6(b)

volume Vi, is given by M/p where M is the molar mass of benzene and p is
the mass density.

VmAp = (M/p)Ap
78.1074 x 107> kgmol ™"

= 5765 kgm”* x ([10 x 10° - 100 x 10°] Pa)

|+8.8 x 102 Tmol"!]

Au

Note that 1 Pam?® = 17.

The variation of vapour pressure with applied pressure is given by [4B.2-130],
p = pre"mWAPRT "y is given by V;,, = M/p where M is the molar mass of
naphthalene (CyoHg, M = 128.1632 gmol_l) and p is the mass density.

M 128.1632gmol ™’

Vy=—=""22"""28"" _110..%x10"*m?®mol™
" p  116x10°gm3

(1.10... x 1074 m® mol ") x ([15 x 10° — 1 x 10%] Pa))
(8.3145JK ' mol™") x ([95 +273.15] K)

p=(2.0x10° Pa)xexp(

=3420Pa = |3.42kPa

The relationship between pressure and temperature along the solid-liquid bound-
ary is given by [4B.7-132], p = p* + (AnsH/T* AgsV)(T — T*), which is
rearranged to give AgH. In this case p* = 1.00atm, T* = 427.15K, p =
1.2MPaand T = 429.26 K.

AneH = 222 pq v
T-T*
~ (1.2x10%Pa) — [(1atm) x (1.01325 x 10° Pa/1 atm)]
- ([429.26 — 427.15] K)

x ([152.6 — 142.0] x 10° m* mol ")

=2.36... x 10’ Jmol ™! =|2.4kJ mol

The entropy of transition is given by [3B.4-89], AfysS = AgusH/ T, where T is
the transition temperature. At the melting temperature the entropy of fusion is

2.36... x 10> Jmol ™ —
AgysS = <107 Jmol r kT ol
427.15K

The integrated version of the Clausius-Clapeyron equation [4B.10-133] is given
by In(p/p*) = =(AvapH/R)(1/T = 1/T*). Rearranging for T gives

-1
T= 1 __R In P
T AypH  p*
) ( 1 8.3145]K'mol”'  66.0kPa) '
Al

— X m
20.0+273.15]K  32.7 x 103 Jmol 58.0kPa
=[296 K] or[22.9 °C]

x (427.15K)




E4B.7(b)

E4B.8(b)

E4B.9(b)

The Clausius-Clapeyron equation [4B.9-133] is dIn p/dT = Ay,, H/RT?. This
equation is rearranged for A,, H, and the expression for In p is differentiated.
It does not matter that the pressure is given in units of Torr because only the
slope of In p is required.

dl d 3036.8K 3036.8K
gt P80 e & (15561 WIOK) e (0365K)
dr dr T2

= (3036.8K)R = (3036.8K) x (8.3145] K" mol™") =|25.249 kJ mol "

(i) The Clausius-Clapeyron equation [4B.9-133]isdIn p/dT = Ay,, H/RT?.
This equation is rearranged for A,, H, and the expression for In p is dif-
ferentiated, noting from inside the front cover that Inx = (In 10) log x. It
does not matter that the pressure is given in units of Torr because only
the slope of In p is required.

dl dl d 1625K
AvpH = RT2 L Z RT21n 10582 _ R721n 10— (8.750 - )
dr dr dr T
1625K
= RT?In 10( ) = (1625K)RIn 10
T2

= (1625K) x (8.3145J K" mol™") x In 10 = 3111 kJ mol "

(if) The normal boiling point refers to the temperature at which the vapour
pressure is 1 atm which is 760 Torr. The given expression, log(p/Torr) =
8.750 — (1625K)/T is rearranged for T and a pressure of 760 Torr is
substituted into it to give

1625K 1625K

= = =1276.9K 3.720°C
8.750 — log(p/Torr)  8.750 —log 760 or

Note that this temperature lies outside the range 15 °C to 35 °C for which
the expression for log(p/Torr) is known to be valid, and is therefore an
estimate.

The relationship between pressure and temperature along the solid-liquid bound-
ary is given by [4B.7-132], p = p* + (ApusH/T* Agys V) (T — T*). The value of
Aty V is found using Vi, = M/p where M is the molar mass and p is the mass
density:

M M
AgusV = Vin (1) = Vin(s) = —< -
p()  p(s)
46.1gmol ' 46.1gmol ™"

= - =8.75..x 107 m> mol ™
0.789 x 10°gm=*  0.801 x 10 gm~3

[4B.7-132] is then rearranged for T and the values substituted in to give

T* Aus V
T=T"+(p-p")——2_
+(p-p") A

= ([-3.65+273.15]K) + ([100 x 10° — 1 x 10°] Pa)
-3.65+273.15] K) x (8.75... x 107" m?
A 1K) x( X1077M%) R or [[0.935°C

8.68 x 103 J mol™*

103
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E4B.10(b) The integrated version of the Clausius-Clapeyron equation [4B.10-133] is given
byln(p/p*) = =(AvapH/R)(1/T-1/T*). In this case p* = 1 atm (correspond-
ing to the normal boiling point, T* = 100 °C) and p = 1 bar (corresponding to
the standard boiling point). Rearranging for T and putting in the numbers
gives

-1
1 R
T=—- lnﬁ
T AvwpH  p*
_( 1 8.3145] K" mol ™! 1x10°Pa )
I

- X In
100 +273.15] K 40.7 x 103 Jmol ™' 1.01325 x 10° Pa
=372.7..Kor 99.6...°C

The standard boiling point is therefore lower than the normal boiling point by

373.15K -372.7... K =]0.37 K|.

E4B.11(b) Using 1W =1Js ! and 1 ha = 1 x 10* m?, the rate at which energy is absorbed
is
(0.87kWm™2) x (1 x 10*m?) = 8.7 x 10>°kJs™". The rate of vaporization is
then

rate of energy absorption _87x 10° ks~ =197 %10%mols~!

AvapI_I 44 k] Il’10171

Multiplication by the molar mass of water gives the rate of loss of water as

(1.97...x 10> mols™') x (18.0158 gmol ') = |3.6 kgs ™|

E4B.12(b) Vapour pressure as a function of temperature is given by [4B.10-133], except
that Ay,, H is replaced by A, H. Using the triple point values for p* and T*
the partial pressure expected for ice at -5°C is

_ (_M(l_i))
pepep|-—p— (71

(611Pa) 51 x 10° Jmol ™" 1 1

= a) X ex - —
P\ 783145 K- "mol ' \[-5+273.15]K _ 273.16K

= [0.40kPa

This is less than the partial pressure of water in the atmosphere, so [yes], the
frost will sublime. A partial pressure of 0.40 kPa or more would be needed to
ensure that the frost remains.

E4B.13(b) (i) Trouton’s rule (Section 3B.2 on page 89) states that Ay,, H/ T ~ 85] K ' mol™
where T is the normal boiling point. Rearranging for A,, H gives

AvapH = (85JK " mol )T = (85J K" mol ") x ([69.0 + 273.15] K)

=2.90... x 10* Jmol™* ={29 k] mol ™
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(if) Thevariation of vapour pressure with temperature is given by [4B.10-133]:

e (_M(l_i))
P=p P\ =\ T Tx

The values T* = 69.0°C and p* = latm or 1.01325 x 10’ Pa, are used,
hence at 25°C

p = (1.01325 x 10° Pa)

2.90... x 10* Jmol ™’ 1 1
XeXp - 1 =) —
8.3145J K" mol (25+273.15) K (69.0 +273.15) K
=[22kPa]
and at 60°C

p = (1.01325 x 10° Pa)

2.90... x 10* Tmol ™! 1 1
X €xp\ - 1 1 -
8.3145J K~ mol (60+273.15) K (69.0+273.15) K

E4B.14(b) Therelationship between pressure and temperature along the solid-liquid bound-
ary is given by [4B.7-132], p = p* + (ApsH/T* Ay V)(T — T*). The molar
volume is Vy,, = M/p where M is the molar mass and p is the mass density

AusV = Vin(1) = Vin(s) = M/p(1) = M/p(s)

This expression is inserted into [4B.7-132], which is then rearranged for T. T*,
p*, and Ay, H are taken as the values corresponding to the normal melting
point of ice, that is, 0 °C (273.15K) and 1atm (101.325kPa). It is assumed that
AyapH is constant over the temperature range of interest.

. . T* M M
T=T +(p-p )AfusH(p(l)_P(S))

273.15K
= (273.15K) + ([10 x 10° - 1.01325 x 10°] Pa) x

6.008 x 103 Jmol ™"

18.0158gmol™'  18.0158 gmol '
x gmol 8MOL ) _[272K]or[-0.74°C]
0.998 x 106gm=2  0.915 x 106 gm™3
Solutions to problems

P4B.2 At the triple point the vapour pressures of the solid and liquid are equal, so the
two expressions for the vapour pressure are set equal

10.5916 — (1871.2K)/T = 8.3186 — (1425.7K)/T
This expression is rearranged to find T as

=1.95... x 10K =[196.00 K

~ (1871.2-1425.7)K
~ (10.5916 — 8.3186)
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This temperature is then substituted back into one of the expressions for the

pressure
1871.2K
lo T =10.5916 - ———— =1.04...
8(p/Torr) 1.95.. x 10°K
and so p = 10"%4 Torr = [11.079 Torr|.
P4B.4 (a) The temperature dependence of the vapour pressure is given by [4B.4a-

131], dp/dT = AyapS/Ayap V. The entropy change is written as Ay H/T
and Avap V' is Vin(8) = Vin(s).

dp AvpH
dT  T(Vm(g) - V(1))
14.4 x 10° Jmol ™!

~ (180K) x ([14.5 x 1073 — 115 x 10-6] m3 mol )
=5.56... x 10° PaK~! =[5.56 kPa K"

1 Pam?® = 1 J has been used.

(b) The Clausius-Clapeyron equation, [4B.9-133],isdIn p/dT = Ay, H/RT?.
This is rewritten as dp/dT = pAy,, H/RT? using dx/x = dIn x.

dp  pAvpH  (1.01325 x 10° Pa) x (14.4 x 10° Jmol ")
dT  RT? (8.3145] K" mol ") x (180K)?2

=541..x 10°PaK ™! =|5.42kPaK™!

The percentage error from the value in part (a) is

(5.56... — 5.41...) x 10> PaK™*
5.56... x 103 PaK™!

x 100% =|2.61 %

P4B.6 (a) From the variation of chemical potential with temperature (at constant
pressure) [4B.1b-128], (0u/dT), = Vi, the slope of the chemical poten-
tial against pressure is equal to the molar volume. The difference in slope
on either side of the normal freezing point of water is therefore

(8#(1)) _(aM(S)) _ Vm(l)—Vm(S) = Ap V.
aip J)r ap )y
Vi is given by M/p, so the difference in slope is

M M
p(d)  p(s)

_ 18.0158gmol ' 18.0158gmol ™’
©1.000x 106gm=3  0.917 x 106 gm~3

= -1.63... x 10 m* mol ™" =|~1.63 x 10 Pa~" mol"!

AV = Vm(l) - Vm(s) =

where 1] = 1 Pam? has been used.
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(b) Similarly,

ou(g) u()) )
( 9 )T_( ap )T‘Vm(g)‘Vm“)—AvapV

M M

Cple) P
18.0158gmol”"  18.0158 gmol "'

©0.598x103gm=3  0.958 x 106 gm~3
=3.01... x 102 m* mol ™" =0.0301J Pa~' mol "

(c) From part (b)

ou(g) dul)) _ olu(g) —uM]\ _
( op )T_( op )T_A”PV hence (ap)p_A“PV

Rewriting this for a finite change gives A[u(g) — u(1)] = Avap V x Ap. So
if the pressure is increased by Ap = 0.2 atm from 1.0 atm to 1.2 atm, the

change in u(g) — u(l) is

Alu(g) — w(1)] = (0.0301...TPa~" mol™") x (0.2 atm) x Latm

=610] mol ™

Therefore, since liquid water and vapour are in equilibrium at 100°C
and 1.0 atm, if the pressure is raised to 1.2 atm the chemical potential of
water vapour will exceed that of liquid water by |610] mol™'| The fact
that u(g) > u(l) indicates that the water vapour will have a tendency to
condense under these conditions.

Using the perfect gas equation ([1A.4-8]) the amount in moles of water vapour,
fg, in the 50 dm” of air after it has bubbled through the water is

pu,0V
"= R

where py, o is the vapour pressure of the water. The heat required to vaporize
this amount of water is 7gA,p H:

pu,0V
== Ava H
q RT X Bvap

where g is the heat which enters the liquid water; the minus sign is needed
because the heat has left the water. This heat is equal to g = nC, AT (Sec-
tion 2A.4(b) on page 43) where Cy, is the molar heat capacity and n; is the
amount in moles of water. # is given by m/M where m is the mass of water

1.01325 x 10° Pa
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and M is the molar mass. It follows that AT = g/nCy,

q

—_—
M
aT=-4 - 4 _ pmoV ., g M
mCm (m/M)Cp, RT mCp

3.17 x 10°P 50 x 1073 m? _
oo X_l f)lx( X107 m’) x (44.0 x 10* Jmol ")

(8.3145J K~ ' mol ') x ([25 + 273.15] K)
18.0158 gmol '

* (250g) x (75.5] K"  mol™")

=-2.68..K

So the final temperature will be (25 - 2.68...) °C =|22.3°C

P4B.10 (a) The normal boiling point is the temperature at which the vapour pressure
is equal to 1 atm, or 760 Torr. From the data, this is at |[227.5 °C|.

(b) Theintegrated form of the Clausius—Clapeyron equation, given by [4B.10-
133],In(p/p*) = =(AvapH/R)(1/T - 1/T*), is rewritten as

AvipH 1 AvypH
n 2o Sveell 2, D
p* R T RT*

This implies that a plot of In(p/p*) against 1/T should be a straight line
of slope —Ay,p H/R and intercept Ay, H/RT*; p* may be taken to be
760 Torr (1 atm). The plot is shown in Fig. 4.2.

6/°C p/Torr T '/K™' 1In(p/p*)
57.4 1 0.003025 -6.633
100.4 10 0.002677 -4.331
133.0 40 0.002462 -2.944
157.3 100 0.002323  -2.028
203.5 400 0.002098 -0.642
227.5 760 0.001 997 0.000

The data fall on a good straight line, the equation of which is
In(p/p*) = (-6.446 x 10°) x (T™'/K™") +12.91
The slope is equal to —Ayap H/R, so:

AvapH = —slope x R = —(~6.446 x 10° K) x (8.3145J K " mol ")

=[53617 mol”

P4B.12 (a) The expression dH = C,dT + Vdp implies that for a phase change

dAtrSH = AtrSCPdT + Atrs Vdp
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In(p/p*)
|

| | |
0.0018 0.0022 0.0026 0.0030

T'/K™!

Figure 4.2

The Clayperon equation [4B.4a-131], dp/dT = AysS/Aws V, is rearranged
to give Ay Vdp = AysSAT and this is used to replace Ay Vdp in the
previous equation: dAy H = AyCpdT + A SAT. Replacing AyS by
AwsH/ T gives the required expression:

AusH
st

dAtrsH = AtrstdT +

(b) Starting with the second expression, application of the quotient rule d(u/v) =
(vdu — udv)/v? to the left hand side and dIn x = dx/x to the right hand
side gives

TdAtrsH - AtrstT _ At1rstdT

AwsH
d (ti) =AysCpdIn T hence
T T2 T

This expression is rearranged for dA,sH to obtain the first expression:

AucH

dAusH = AysCpdT + ar

The variation of vapour pressure with applied pressure is given by [4B.2-130],
p = p*e"m2P/RT 1n this case the change in pressure (due to the depth) is AP =
pgd. Since p = M/ Vy,, equation [4B.2-130] becomes

* Vi (M/Vn)gd/RT * Mgd/RT

p=pe =pe
At a depth of 10 m the effect on the vapour pressure is

(18.0158 x 107> kgmol ') x (9.81ms™") x (10m)
(8.3145JK ' mol ") x ([25 +273.15] K)

p/p* = exp( ) =1.00071

The fractional increase in vapour pressure is therefore [0.00071] or [0.071 %.
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P4B.16

The first derivative of chemical potential with respect to temperature is given
by equation [4B.1a-128], (0u/0T), = —Sy. The second derivative is therefore

(azp,) _ (aim)

o0T? » oT /,

Entropy is defined by dS = dgyev/ T ([3A.12-80]) and, from section Section 3B.3
on page 90, at constant pressure dq,.y = dH = C,dT. Therefore

CpmdT

dS., =
T

and hence (as—m) :@
oT /, T

Consequently the curvature of the chemical potential with temperature is

‘(azﬂ/aTz)p = _Cp,m/T‘

Heat capacity is invariably positive, so this expression implies a negative cur-
vature (since T cannot be negative).

For water, the curvatures of the liquid and gas lines at the normal boiling point
(373.15K) are:

32#(1)) _~Cpm()) _ =753JK" mol”!
P

i _[- 2 1
11qu1dhne.( 572 = —‘ 0.202J K™ mol ‘

T 373.15K
0’ u(g)
T2

~Cpm(g) -33.6JK ' mol ™’

=[-0.0900] K> mol |
T 373.15K

gas line: (

The magnitude of the curvature is therefore greater for the liquid.

Solutions to integrated activities

14.2

(a) The expressions are plotted on the graph shown in Fig. 4.3. Note that the
liquid-vapour line is only plotted for T5 < T < T, because the liquid phase
does not exist below the triple point and there is no distinction between
liquid and vapour above the critical point. The solid-liquid line is plotted
for T > Ts.

(b) The standard melting point is the temperature corresponding to a pres-
sure of 1bar on the solid-liquid boundary. Setting p = 1bar in the equa-
tion for the solid-liquid boundary and substituting in the value of p;
gives:

1 =0.4362 x 10~® + 1000(5.60 + 11.727x)x

This equation is rearranged to the standard quadratic form
11727x* + 5600x — 0.9999995638 = 0

which on solving for x gives x = 1.78... x 107* or x = —0.477.... Then,
since x = T/T5 — 1 where T; = 178.15K, it follows that

T =178.15(1.78... x 107 + 1) = 178.18K
or T =178.15(-0.477...+1) =93.11K
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(0)

(d)

The 93.11 K solution is rejected since it lies below T5 where the liquid, and
therefore the solid-liquid boundary, does not exist. The standard melting

point is therefore estimated to be [178.18 K|.

The standard boiling point is the temperature at the point on the liquid-
vapour phase boundary corresponding to p = 1bar. Substituting this
value of p into the equation for the liquid-vapour boundary and noting
thatIn1 = 0 gives

0= —-10.418/y+21.157-15.996y+14.015y*~5.0120y° +4.7334(1-y)"7°
Solving numerically gives

y=0.645... andso T =yxT.=0.645...x593.95=[383.54K

Use the Clapeyron equation for the liquid-vapour boundary [4B.8-133]:
d AvapH d
ﬁ = TszpV which rearranges to Ay pH = TAy, V % ﬁ

To find dp/dT, use dlnx = dx/x so that dp/dT = p x dlnp/dT. The
expression for In p is inserted and differentiated, and then evaluated at
the standard boiling point found above. For the evaluation of dIn p/dT it
does not matter that the expression has p in bar not Pa because the slope
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of In p is independent of the units of p due to the logarithm.

dp _ dinp  dlnp dy
N dT

ar P ar dy
d( 10418 , ,
- +21.157 - 15.996y + 14.015y> — 5.0120y

:pr
dy y

d(T
4.7334(1 - P70 | x — | =
+ (1-y) )X dT(TC)

p (10418 >
= X —15.996 + 28.030y — 15.0360y
T, y?

—8.04678(1 — y)°-7°)

10° Pa ( 10.418

~ 593.95K \ (0.645...)2
~ 15.996 + 28.030(0.645...) — 15.0360(0.645...)>

—8.04678(1 — 0.645...)0'70) =2.84...x 10’ PaK™!

Then
dp

AvapH = TAvapV x -
= (383.54K) x ([30.3-0.12] x 10> m® mol ") x (2.84... x 10> PaK™!)

vap
=133.0kJ mol ™

14.4 (a) The data are plotted in Fig. 4.4

| |
140 160 180 200

0.0 !
100 120
T/K

Figure 4.4

These data fit well to the cubic
p/MPa = (4.989x107 6 K?) T°—(1.452x107> K 2) T?+(0.1461 K~ ') T-5.058

This equation is used to plot the line on the graph.



(b) The standard boiling point corresponds to the temperature at which p =
1 bar or 0.1 MPa. This value is substituted into the fitted function to give

0.1 = (4.989x107 K ) T?-(1.452x10> K 2) T?+(0.1461 K~ ') T'-5.058
which, on solving numerically using mathematical software, yields

T=1.11..x10"2K =[112K

(c) The Clapeyron equation for the liquid-vapour boundary is [4B.8-133]:

dp  AwpH
dT  TAypV

dp
hence Ay H =TApV x ar

The value of dp/dT is obtained by differentiating the fitted function and
substituting in the value of T found above.

d(p/Mp
% = (14.967 x 107 K*)T? - (2.904 x 107> K )T + (0.1461 K™ ")
= (14.967 x 10> K*) x (1.11... x 10* K)?
—(2.904 x 10 K™%) x (1.11... x 10*K) + (0.1461K™")
=8.57..x107°K™!
so that

d
9P _g57. x10MPaK™! = 8.57... x 10° PaK"!

dr
Therefore
dp
AvapH = TAyp V % ar
10—3 3
= (1.11... x 10 K) x ([8.89 — 3.80 x 1072] dm® mol ') x T n;
m

x (8.57 x 10* PaK™") = (8.49kJ mol
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6 Simple mixtures

5A The thermodynamic description of mixtures

Answers to discussion questions

D5A.2

D5A4

The change in Gibbs energy at constant temperature is equal to the maximum
additional (non-expansion) work that the system can do dG = dw,dd, max, [3D.8-
100]. Changing the composition of a mixture gives rise to a change in Gibbs
energy, given by [5A.7-145], dG = padna + ppdng . . .. It therefore follows that

dWadd,max = #AdnA + /lef’lB c.

and so non-expansion work can arise from the changing composition of a sys-
tem.

This is discussed in Section 5A.3 on page 150. The chemical potential of a
perfect gas depends on its partial pressure pa via ya = y3 +RT In po. Consider
first the pure liquid, which has chemical potential y (1) and vapour pressure
Pi- When the liquid and gas are in equilibrium, their chemical potentials are
equal

ur(1) = us(g) + RTInpy

If A is now one component of a mixture, the chemical potentials of A in the
liquid and in the gas are still equal

ua(l) = ui(g) + RTIn pa

Note that the * is not present as A is not pure. The first equation is taken away
from the second to give an expression for the chemical potential of A in the
liquid in terms of its partial pressure in the vapour

ua(l) = g (1) + RT1n % (.1)

A

Raoult’s law gives the partial pressure of A is terms of the mole fraction in the
liquid: pa = xap3, so it follows that pa/p} = x4 and hence

pa(l) = ux(1) + RTInx,

This equation relates the chemical potential of a component in a mixture to its
mole fraction.
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If Henry’s law applies, pa = Kxxa, eqn 5.1 becomes

K K
ua(l) = ui(1) + RTIn ;j‘A = ui(1) + RTIn =2 +RTInx,
A A

———————
The term indicated by the brace is defined as a new standard chemcial potential
Y to give
pa(l) = ua + RTInxy

This expression also relates the chemical potential of a component in a mixture
to its mole fraction.

Solutions to exercises

E5A.1(b)

E5A.2(b)

The partial molar volume of B is defined from [5A.1-143] as

()
anB p,T,n’

The polynomial given relates v to x, and so from this it is possible to compute
the derivative dv/dx. This required derivative is dV /dnp (where the partials
are dropped for simplicity), which is related to dv/dx in the following way

() - (@) ()G

dng/ \do/\dx/\dng

Because x = np/mol, dx/dny = mol !, and because v = V/cm®, dv/dV =
cm™ and so dV /dv = cm®. Hence

(2] (40 (%) () () v
dng/) \dv/\dx/\dngz/ \dx
The required derivative is

d
(d—“) =-22.5749 + 1.137 84x + 0.030 69 x> + 0.009 36 x>
X

hence

‘VB = (-22.5749 + 1.13784 x + 0.030 69 x* + 0.009 36 x*) cm® mol !

The partial molar volume of solute B (here MgSOy,) is defined from [5A.1-143]

as
v ( BV)
B=\3
anB p.T,n’

The total volume is given as a function of the molality, but this volume is de-
scribed as that arising from adding the solute to 1 kg of solvent. The molality of



a solute is defined as (amount in moles of solute)/(mass of solvent in kg), there-
fore because in this case the mass of solvent is 1 kg, the molality is numerically
equal to the amount in moles, ng.

The polynomial given relates v to x, and so from this it is possible to compute
the derivative dv/dx. This required derivative is dV/dng (where the partials
are dropped for simplicity), which is related to dv/dx in the following way

()~ (@) (&) )
dng/) \dv/\dx/\dng
The quantity x is defined as b/b®, but it has already been argued that the molal-

ity can be expressed as np/(1kg), hence x = np/(mol) and therefore dx/dng =
mol™!. Because v = V/cm?, dv/dV = cm™ and so dV/dv = cm®. Hence

() (&) ) () e
dng) \dv/\dx/\dng/) \dx
The required derivative is

dv

(—) = 69.38(x - 0.070)

dx

Hence the expression for the partial molar volume of B (NaCl) is
Vg = [69.38(x — 0.070)] cm’® mol ™
The partial molar volume when b/b° = 0.050 is given by

Vg = 69.38(x — 0.070) cm® mol ™" = 69.38(0.050 — 0.070) cm® mol

=-1.38... cm> mol™! =|-1.39 cm® mol™!

The total volume is calculated from the partial molar volumes of the two com-
ponents, [5A.3-144], V = ns Vs + ngVp. In this case V and Vj are known,
s0 Va, the partial molar volume of the solvent water can be found from V, =

(V — T’IBVB)/HA.
The total volume when b/b° = 0.050 is given by

V =1001.21 + 34.69 x (0.050 — 0.070)* = 1001.2... cm’

The amount in moles of 1 kg of water is (1000 g) /[ (16.00+2x1.0079) gmol '] =
55.5... mol, hence

_ V-ngVg  (1001.2...cm’) - (0.05 mol) x (-1.38...cm’ mol ")

V,
A na 55.5... mol

={18.0 cm® mol~!

where, as before, for this solution a molality of 0.05 molkg™' corresponds to
ng = 0.05 mol.
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E5A.3(b)

E5A.4(b)

E5A.5(b)

For a binary mixture the Gibbs-Duhem equation, [5A.12b-146], relates changes
in the chemical potentials of A and B

I’IAd‘MA + I’le‘LlB =0
If it is assumed that the differential can be replaced by the small change

(0.22np) x (~=15J mol™") + npdup = 0

0.22 _ -
hence  8pun = — 222" (157 mol ) =[13.3 ) mol |

ng

Because the gases are assumed to be perfect and are at the same temperature
and pressure when they are separated, the pressure and temperature will not
change upon mixing. Therefore [5A.18-149], ApixS = —nR(xa In xa +x5 Inxp),
applies. The amount in moles is computed from the total volume, pressure
and temperature using the perfect gas equation: n = pV/RT. Because the
separate volumes are equal, and at the same pressure and temperature, each
compartment contains the same amount of gas, so the mole fractions of each
gas in the mixture are equal at 0.5.

AmixS = —nR(xalnxa + xplnxg) = —(pV/T)(xalnxs + xpInxp)

100 x 10° P 250 x 107° m?
__(100x 107 Pa) x (250 x 1077m) 1 51654 0 51n0.5)
273.15K

=1+0.0634 J K!

Note that the pressure in expressed in Pa and the volume in m?; the units of the
result are therefore (N m™2) x (m®) x (K™!') =NmK! =JK™.

Under these conditions the Gibbs energy of mixing is given by [5A.17-148],
AmixG = nRT(xz Inxs + xpInxp); as before n = pV/RT.

AmixG = nRT(xpInxs + xplnxg) = (pV)(xa Inxs + xpInxp)
[(100 x 10° Pa) x (250 x 10°° m*)](0.5In0.5 + 0.51n 0.5)

-[173]

The units of the resultare (N m™2) x (m?®) = N 'm = J. As expected, the entropy
of mixing is positive and the Gibbs energy of mixing is negative.

The partial pressure of gas A, pa above a liquid mixture is given by Raoult’s
Law, [5A.22-151], pa = xa P4, Where x4 is the mole fraction of A in the liquid
and p} is the vapour pressure over pure A. The total pressure over a mixture
of Aand Bis py + pp.

In this case the mixture is equimolar, so x4 = xp = 3. If A is 1,2-dimethylbenzene
and B is 1,3-dimethylbenzene the total pressure is

p=xaph+xppp = (20 kPa) + (18 kPa) = [19 kPa]



E5A.6(b)

The composition of the vapour - that is the mole fractions of A and B in the
vapour - is calculated from their partial pressures according to [1A.6-9], ps =
yap,where y, is the mole fraction of A in the vapour and p is the total pressure.
The partial pressure of A is also given by pa = x4 p. These two expressions for
pa is equated to give

XAPA

p

yap =xapn hence ya=

The composition of the vapour is therefore

xaph 3 x (20kPa)
A: =

= [0.53]

P 19 kPa
1
XBPE Ex(ISkPa)
= = = -0.47
p 19 kPa

The total volume is calculated from the partial molar volumes of the two com-
ponents using [5A.3-144], V = na Va + ng V. The task is therefore to find the
amount in moles, 1, and ng, of A and B in a given mass m of solution. If the
molar masses of A and B are M, and Mp then it follows that

m = HAMA + HBMB

The mole fraction of A is defined as x = na/(na + np), hence ny = x5 (na +
ng) and likewise for B. With these substitutions for n, and np the previous
equation becomes

m

m=xaMa(na +ng) + xpMp(np + ng) hence (np +ng) = ————
AMa(np +ng) + xgMg(na + ng) (na +ng) M+ xo My

This latter expression for the total amount in moles, (n4 + ng), is used with
na = xa(na + np) to give

mxa

na = XA(I’IA + I’lB) =
XAMA +XBMB

and likewise
mXxg
ng=—"""""""—
XA M At xBM B
With these expressions for n, and ng the total volume is computed from the

partial molar volumes

mxp Va mxg Vp
XAMA-‘FXBMB xAMA+xBMB

V= I’IAVA + I’IBVB =

m

XaMp + xgMpg
m

= xaVa+(1-x4)Vi

XAMA+(1—XA)MB[ ATA ( A) B]

[XAVA +XBVB]

where on the last line xg = (1 — x5 ) is used.
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This expression for the volume of 1.000 kg evaluates as
o 1000 g
0.3713 x (241.1 gmol ™) + (1 - 0.3713) x (198.2 gmol )
x [0.3713  (188.2 cm’ mol ) + (1 - 0.3713) x (176.14 cm’ mol )|

=[843.5 cm’]

E5A.7(b) Consider a solution of A and B in which the fraction (by mass) of A is a.
The total volume of a solution of A and B is calculated from the partial molar
volumes of the two components using [5A.3-144], V = na V5 + ng Vp. In this
exercise V and V, are known, so the task is therefore to find the amount in
moles, 14 and np, of A and B in the solution of known mass density p.

The mass of a volume V of the solution is pV, so the mass of A is apV. If
the molar mass of A is M, then the amount in moles of A is np = apV /[My.
Similarly, ng = (1 - &) pV/Mg. The volume is expressed using these quantities
as

apVVy . (1-a)pVVg

V=npaVas+ngVp =
AVA BVB M, M

The term V cancels between the first and third terms to give

_ apVa . (1-a)pVs
My Mg

1

This equation is rearranged to give an expression for V

Vi = MA(I— (1—0‘)VBP)
ap Mp

In this exercise let A be H,O and B be ethanol, and as the mixture is 20% ethanol
and 80% H,O by mass, a = 0.8. The molar mass of A (H,0) is M4 = 16.00 +
2 x 1.0079 = 18.0158 gmolf1 and the molar mass of B (ethanol) is Mg = 2 x
12.01 + 16.00 + 6 x 1.0079 = 46.0674 gmol . The above expression for V,
evaluates as

Va =

Ma 1 - (1-a)Vgp)  (18.0158 gmol ')
ap Mpg 0.8 (0.9687 gcm™3)

y (1 ~(1-08)x (522 em®mol ') x (0.9687 gcm_3))

46.0674 gmol '
=18.1 cm® mol '
3

In evaluating this expression the density has been converted to units of gecm™:
968.7 kgm™ =968.7 x 10° x 107 g cm™ = 0.9687 gcm ™.




E5A.8(b)

E5A.9(b)
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Figure 5.1

Henry’s law gives the partial vapour pressure of a solute B as pp = Kpxp,
[5A.24-152]. A test of this law is to make a plot of pp against xg which is
expected to be a straight line with slope Kp; such a plot is shown in Fig. 5.1

The data fall on quite a good straight line, the equation of which is
puci/ (kPa) = 8.41 x 10° x (xp) —2.784

If Henry’s law is obeyed the pressure should go to zero as xp goes to zero, and
the graph shows that this is not quite achieved. Overall the conclusion is that
these data obey Henry’s law reasonably well. The Henry’s law constant Ky is

computed from the slope as (8.4 x 10° kPa|.

In Section 5A.3(b) on page 152 it is explained that for practical applications
Henry’s law is often expressed as pg = Kgbg, where bg is the molality of the
solute, usually expressed in mol kg™!. The molality is therefore calculated from
the partial pressure as by = pp/Ks.

Molality is the amount of solute per kg of solvent. The mass m of a volume V
of solvent is given by m = pV, where p is the mass density of the solvent. If the
amount of solute in volume V is np, the molar concentration cg is related to
the molality by

b
—_—
ns ny ny b
CR= —= —— = _— =
Py m/p P ~P7B
Using Henry’s law the concentration is therefore given by
by
—_——
bs _ pxsp
—pbn=p PB _
BEPIBP Kz Ky

where the partial pressure pg is expressed in terms of the mole fraction and the
total pressure p, pg = xpp.
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The Henry’s law constant for CH, in benzene is 44.4 x 10° kPa kg mol™! and
the density of benzene is 0.879 gcm ™.

3 -3
_ PPN, _ (0.879 x 10° kgm ™) x (10_()1kPa) 197, mol m-
Kx, 44.4 x 103 kPa kg mol

3

CN,

The molar concentration is therefore ‘2.0 x 1073 moldm™> ‘

E5A.10(b) In Section 5A.3(b) on page 152 it is explained that for practical applications
Henry’s law is often expressed as pg = Kpbg, where bg is the molality of the
solute, usually expressed in mol kg™'. The molality is therefore calculated from
the partial pressure as by = pp/Kp, and the partial pressure is expressed as
pB = xpp, where p is the total pressure The Henry’s law constant for N, in water
is 1.56 x 10° kPa kg mol™!, and for O, the constant is 7.92 x 10* kPa kg mol ™

The total pressure is assumed to be 1 atm (101.325 kPa)

xn,p  0.78x(101.325kPa)

b, = K - =
N, 1.56 x 10° kPa kg mol

’5.1 x 10™* mol kgfl‘

xo,p 021 (101.325kPa)
Ko,  7.92x10% kPakgmol™’

bo, =

2

= ‘2.7 x 107* mol kg_l‘

E5A.11(b) As explained in Exercise E5A.9(b) the concentration of a solute is estimated
as cg = ppp/Kp where p is the mass density of the solvent. The Henry’s law
constant for CO, in water is 3.01 x 10> kPa kg mol™! and the density of water
is 0.997 gcm™ or 997 kgm .

_ ppco, _ (997 kgm ™) x (2.0 atm) x (101.325kPa/1 atm)
Kco, 3.01 x 103 kPa kg mol '

=67.1...mol m~>

The molar concentration is therefore |0.067 mol dm |,

cco,

Solutions to problems

P5A.2 The Gibbs-Duhem equation [5A.12b-146], expressed in terms of partial molar
volumes is n,dV, + ngd V3 = 0. This rearranges to

avy = -2 4v,
ng

Division of both the top of bottom of the fraction on the right by (14 + np)
allows this equation to be rewritten in terms of the mole fractions

_HA/(HA + I’IB)
ng/(na + np)

dvy = avy = 24y, = -4y,
XB (l —XA)



The partial molar volumes are functions of the composition of the mixture
which is specified by x4 and xp. Both sides are integrated between the limits
(xa =0,xp = 1), that is pure B, and an arbitrary composition (x4, xp) to give

(xa,xp) (xa,x8)
| avs=- [ gy,
(xa=0,x3=1) (xa=0,x=1) (1 - XA)
The left-hand side evaluates to Vg — Vii', where V5 is the molar volume of pure
B, and Vj is the partial molar volume at the specified composition. It follows

that -
* Xa-xD XA
Ve =V5 - [ ——dV, 52
B B (xa=0,xp=1) (1 - .XA) A (5:2)

If the variation of V, with x4 is known, then the integral on the right can be
evaluated and hence a value found for V5.

Let component A be trichloromethane and component B be propanone. The
task is first to use the given data of V;, asa function of x4 to find V, asa function
of x . The definition of Vj is
v ( oV )
A = —
a na np

which is interpreted as the slope of a plot of V' against n4, at constant ng. The
data provided is of the molar volume, defined as V;,, = V/(na + ng), as a
function of x4, so the next step is to use these data to find V as a function
of ny at fixed np. Arbitrarily, set ng = 1 mol so that

V =[na+ (1 mol)] V,
The mole fraction x4 is given by x5 = na/[n4 + (1 mol)] which rearranges to

(1 mol) x x4

M= T (53)
1—xa
It follows that
V=[na+ (1 mol)]V, = m+(lmol) V., = (1m01)Vm
1 — XA 1 —xA

These expressions are used to draw up the following table and plot the graph in
Fig. 5.2.

XA Viu/(cm®mol ) V/(cm?) na/(mol)

0 73.99 73.99 0
0.194 75.29 93.41 0.241
0.385 76.50 124.39 0.626
0.559 77.55 175.85 1.268
0.788 79.08 373.02 3.717

0.889 79.82 719.10 8.009
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The data fall on a good straight line which implies that the partial molar vol-
ume (the slope) is nearly constant with composition. However, for there to be
anything to do in the rest of the problem it is necessary to have some variation
in Vj, so the data are fitted to a quadratic to give

V/(cm?) = 0.02524 (14 /mol)? + 80.34 (1, /mol) + 74.03

From this an expression for V, is found by differentiation (recall that ng has
been held constant)

Va/(cm® mol ') = (a—v) = 0.05048 (14 /mol) + 80.34
ai’lA np
Now that an expression for V is available the integral in eqn 5.2 can be evalu-
ated. The upper limit of the integral is (x5 = 0.5, x5 = 0.5) because the partial
molar volume at x = 0.5 is required. The integral will be the area under a plot
of x5 /(1 — x5 ) against V,, over this range from x, = 0 to x5 = 0.5.

Equation 5.3 gives 7, as a function of x,, so the partial molar volume can be
expressed as

XA

Va/(cm® mol ') = 0.05048 ( ) +80.34

- XA

This expression is used to draw up a table of values of V, in the required range
and then to make the plot of x4 /(1 — x4 ) against V,, shown in Fig. 5.3.

Va/(cm®mol ) XA xa/(1-xa)
80.3406 0.000 0.000
80.3462 0.100 0.111
80.3533 0.200 0.250
80.3623 0.300 0.429
80.3743 0.400 0.667

80.3911 0.500 1.000
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The data fall on a good straight line and therefore the required integral is simply
the area of the triangle (shown shaded) bounded by x4 /(1-x4) = Oand x4 /(1-

xa) = 1; the corresponding values of V, /(cm? mol ™' ) are 80.3406 and 80.3911.
The area is 5 x base x height

area = 1(80.3911 - 80.3406) x (1 - 0) = 0.02525 cm’ mol '

The partial molar volume of B is therefore

Vg = Vy —area = 73.99 — 0.02525 =|73.96 cm’ mol '

The partial pressure of component A in the vapour is given by pa = yap,
where p is the total pressure and y, the mole fraction in the vapour. The mole
fractions of the two components are related by xg = 1 — x,. Using these rela-
tionships the following table is drawn up, and the data are plotted in Fig. 5.4.

XA ya  p/(kPa) pys/(kPa)  xg ys  ps/(kPa)

0 0 36.066 0 1 1 36.066
0.0898 0.0410 34.121 1.399 0.9102 0.9590 32.722
0.2476 0.1154 30.900 3.566 0.7524 0.8846 27.334
0.3577 0.1762  28.626 5.044 0.6423 0.8238 23.582
0.5194 0.2772  25.239 6.996 0.4806 0.7228 18.243
0.6036 0.3393  23.402 7.940 0.3964 0.6607 15.462
0.7188 0.4450 20.698 9.211 0.2812 0.5550 11.488
0.8019 0.5435 18.592 10.105 0.1981 0.4565 8.487
0.9105 0.7284 15.496 11.287 0.0895 0.2716 4.209

1 1 12.295 12.295 0 0 0
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Henry’s law [5A.24-152], applies to the solute at low concentrations p; = Kjxj.
The constant is estimated from the partial pressure at the smallest mole frac-
tion; these data are selected from the table.

_pa_ 1.399kPa

4209 kP
- PR o ekPa] K= DB o0

K
AT x4 0.0898 xg  0.0895

The mass of haemoglobin in 100 cm® of blood is [(100 cm®)/(1000 cm?)] x
(150 gcm™) = 15 g. In the lungs the haemoglobin is 97% saturated and so this
mass binds a volume 0.97 x (15 g) x (1.34 cm® g™') of O,. In the capillaries
the saturation drops to 75%, so the volume of O, released is

(0.97-0.75) x (15 g) x (1.34cm® g7') =

5B The properties of solutions

Answers to discussion question

D5B.2

The excess volume is defined as VE = AnixV — Apix V9L The volume of
mixing of an ideal solution is zero, which can be understood at a molecular level
as a result of the A and B molecules fitting together in just the same way that A
or B molecules fit with one another. A thermodynamic explanation is that for
an ideal system the partial molar volume is not a function of composition. It
follows that the excess volume is equal to the volume of mixing VE = A, V;
it is also useful to recall that Apix V' = Vinixed = Vieparated-

Melons are large relative to oranges. When melons pack together it is conceiv-
able that oranges could fit into the interstices between the melons. If this were
the case there would initially be no increase in volume as oranges are added to
melons — meaning that the volume of the mixed oranges and melons is smaller



D5B.4

D5B.6

than when the two are separate. As a result, A, V will be negative and so will
the excess volume.

As the number of oranges is increased, the interstices would eventually all be
filled, presumably when the ratio of oranges to melons is around 1:1. After
this point, adding oranges will result in an increase in the volume and it is
conceivable that poor packing of objects of different sizes could result in the
volume of the mixture being greater than that of the separated species. In this
case the excess volume will be positive.

When a melons are added to oranges the volume will always increase because
there are no spaces for the melons to occupy. If just a few melons are added
then these will not disrupt the packing of most of the oranges, so the excess
volume will be zero. However, as more are added the inefficiency of packing
will result in a positive excess volume.

The boiling-point constant is given by [5B.9b-160], K = RT**/A,,H, where
T* is the boiling point of the pure liquid and A, H is its enthalpy of vapori-
sation. However, by Trouton’s rule (Section 3B.2 on page 89), Ay, H/T™ is ap-
proximately constant, so the boiling-point constant is simply oc T*. Differences
in boiling-point constants are therefore identified as being due to differences in
the boiling points of the pure liquids. Water and benzene have different boiling
points and so have different boiling-point constants.

The typical experimental arrangement for observing osmosis involves a pure
solvent being separated from a solution by a semipermeable membrane through
which only the solvent can pass. The chemical potential of the solvent in the
solution is lower than that of the pure solvent, therefore there is a tendency for
the solvent to pass through the membrane from the side on which it is pure
into the solution because this results in a reduction in Gibbs energy.

At a molecular level the process involves an increase in ‘randomness’ as in-
creasing the amount of solvent in the solution increases the number of possible
arrangements of solvent and solute molecules.

Solutions to exercises

E5B.1(b)

In Exercise E5A.8(b) it is found that the vapour pressure obeys
pp/(kPa) = 8.41 x 10° x (xp) — 2.784 (5.4)

The task is to work out the mole fraction that corresponds to the given molality.
The molality of B is defined as by = np/mu, where np is the amount in moles
of B and my is the mass of solvent A. The mole fraction of B is ng/(na + ng),
where 1, is the amount in moles of A. This amount is 7, = ms/M,, where
M, is the molar mass of A. These relationships allow the mole fraction to be
rewritten as follows

np npg

na + ng mA/MA+nB
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E5B.2(b)

E5B.3(b)

The amount in moles of B is written is ng = bg#,; using this the above expres-
sion for the mole fraction becomes
np bpmy by

Xp = = =
B mA/MA+nB mA/MA+meA l/MA+bB

The molar mass of A is 74.1 gmol ™", therefore the mole fraction corresponding
to by = 0.25 mol kg is

by (0.25 mol kg™")

- - - —— = 0.0181...
1/Ma +bg  1/(74.1x 10-3 kgmol ') + (0.25 mol kg™ ")

XA

The pressure is found by inserting this value into eqn 5.4

pa/(kPa) = 8.41 x 10° x (0.0181...) — 2.784 = 1.50... x 10>

The vapour pressure of B is therefore [1.5 x 10* kPa.

Raoult’s law, [5A.22-151], pa = xap} relates the vapour pressure to the mole
fraction of A, therefore from the given data is it possible to compute x,. The
task is to relate the mole fraction of A to the masses of A (the solvent) and B
(the solute), and to do this the molar masses M and My are introduced. With
these n5 = ma /My, where m, is the mass of A, and similarly for ng. It follows

that
na ma/Ma B Mgmy

xA: = =
na + ng mA/MA+mB/MB MBmA+MAmB

The final form of this expression for x, is rearranged to given an expression for
My, which is the desired quantity; then x4 is replaced by pa/pi

XaMamg _ (pa/pa)Mams
ma(l-xa)  mall=(pa/pi)]

Mg =

The molar mass of the solvent 2-propanol C;HsO, A, is 60.0932 g mol ™!, hence

_ _(pa/pi)Mams
ma[1-(pa/py)]
[(49.62 kPa)/(50.00 kPa)] x (60.0932 gmol ') x (8.69 g)
(250 g) x [1 — (49.62 kPa)/(50.00 kPa)]

- g

The freezing point depression AT is related to the molality of the solute B, bg,
by [5B.12-161], AT¢ = K¢bg, where K; is the freezing-point constant. From the
data and the known value of Ky it is possible to calculate bg. The task is then to
relate this to the given masses and the desired molar mass of the solute, Mg.

The molality of B is defined as by = np/m 4, where m is the mass of the solvent
A in kg. It follows that
ng _ mg/Mg

bg = — =
ma ma
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where mp is the mass of solute B. From the freezing point data by = AT;/Kj,

therefore T
A M
ATy _mp/My e My =
Kf ma mAATf

mpKs

With the data given and the value of the freezing-point constant from the Re-
source section

(5.00 g) x (6.94 K kg mol ") —
Mn = :-178 1
B (0.250 kg) x (0.780 K) gmmo

Note that because molality is defined as (amount in moles)/(mass of solvent in
kg), the mass of solvent m1, is used as 0.250 kg.

The freezing point depression ATy is related to the molality of the solute B,
bg, by [5B.12-161], AT; = K¢bg, where K; is the freezing-point constant. The
molality of the solute B is defined as by = np/m,, where np is the amount in
moles of B and m, is the mass in kg of solvent A. The amount is related to the
mass of B, mp, using the molar mass Mg: ng = mp/Mg. It therefore follows

that
Kme

AT; = Kby =
BMA
The molar mass of NaCl is 58.44 gmol ~". A volume 200 cm® of water has mass
200 g to a good approximation. Using these values with the data given and the
value of the freezing-point constant from the Resource section gives the freezing
point depression as

-1
AT = Kimgp _ (1.86 Kkg nj?l )x(2.5g) 0397 K
Mpma  (58.44 gmol ) x (0.200 kg)

Note that because molality is defined as (amount in moles)/(mass of solvent
in kg), the mass of solvent m, is used as 0.200 kg. The new freezing point is

therefore 273.15 K - 0.397... K = [272.75 K

The osmotic pressure IT is related to the molar concentration of solute B, [B],
by [5B.16-163], I = [B]RT. The freezing point depression ATy is related to the
molality of B, bg, by [5B.12-161], ATy = K¢bg, where K is the freezing-point
constant. The task is to relate [B] to by so that these two relationships can be
used together.

The molar concentration [B] is given by [B] = np/V, where np is the amount
in moles of B and V is the volume of the solvent A. This volume is related to
the mass of A, m,, using the mass density p: V = my /p. It therefore follows

that
by
—
ng ns ns
Bl= — - . y—
[B] =</ mnfp - mat P

With this the osmotic pressure is related to the molality

I I
[B]= — hence bpp=— andso bp=——
RT RT pRT
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E5B.6(b)

E5B.7(b)

The freezing point depression for a solution exerting this osmotic pressure is
therefore

K¢Il

pRT

Note that because molality is defined as (amount in moles)/(mass of solvent in
kg), the mass of solvent m must be in kg and therefore the mass density must

be used in kg volume™".

AT; = Kebg =

With the data given, the value of the freezing-point constant from the Resource

section, and taking the mass density of water as 1 gcm™ = 1000 kgm > gives

the freezing point depression as

a2 Kell (1.86 K kg mol ") x (99.0 x 10° Pa)
f pRT (1000 kgm™) x (8.3145J K ' mol ") x (288 K)
=0.0768... K

In this expression all of the quantities are in SI units therefore the temperature
is expected to be in K, which is verified as follows

(Kkgmol ™) x (Pa) B Pa
(kgm ™) x JK ' mol™") x (K) Jxm™ xK-!
kgm_1 s72

(kgm®s2) x m=3 x K-1

The freezing point is therefore 273.15 K - 0.0768... K =[273.07 K

The Gibbs energy of mixing is given by [5B.3-155], ApixG = nRT(xaInxs +
xp In x3), the entropy of mixing by [5B.4-155], ApmixS = —nR(xa In x5 +xp In xp).
AnmixH for an ideal solution is [zero].

The total amount in moles is 1.00 mol+1.00 mol = 2.00 mol. As equal amounts
in moles of the two components are mixed, the mole fractions of each are %

AnmixG = nRT (x5 Inxs + xpInxp)

= (2.00 mol) x (8.3145J K mol ™) x (298 K) x 2 x (1 In1) =[-3.44 x 10° J]

AmixS = —nR(xalnxs + xpInxp)

= —(2.50 mol) x (8.3145JK ' mol ") x 2 x (%ln%) =

The entropy of mixing is given by [5B.3-155], ApixS = —nR(xa In xa +x5 Inxp),
and is a maximum when x» = xp = 3. This is evident from Fig. 5B.2 on page
156.

The task is to relate the mole fraction of A (ethylbenzene) to the masses of A
and B (benzene), and to do this the molar masses M are introduced. With
these nj = m;/ Mj, where my; is the mass of J. It follows that

na ma[Ma B Mgmy

XA = = =
na + ng mA/MA+mB/MB MBmA+MAmB
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E5B.9(b)

This is rearranged to give an expression for mp/m4

= Mpma = Mo hence & = Ms (L - 1)
MBmA+MAmB MB+MA(mB/mA) ma MA XA

XA

The molar mass of A (ethylbenzene, CgH,) is 106.159 gmol_l, and that of B

(benzene) is 78.1074 gmolfl. With these values and x4 = %

my  Mpg ( 1 ) 78.1074 gmol ' [ 1

- = 7—1 = 7—1 =0.7358
my  Ma \xa 106.159 gmol ' \ 1/2

More simply, if equal amounts in moles of A and B are required, the ratio of

the corresponding masses of A and B must be equal to the ratio of their molar

masses: mp/mp = Mp/Mj.

The ideal solubility of solute B at temperature T is given by [5B.14-162], In xp =
(AtsH/R)(1/T; — 1/T), where AgysH is the enthalpy of fusion of the solute,
and Tt is the freezing point of the pure solute.

AsH (1 1
Inxg = — - =
R e T
5.2 x 10> Jmol ™! 1 1
= - - = —0.0885...
8.3145J K ' mol ! \ (327 +273.15) K (280 +273.15) K

hence xg = 0.915....

The mole fraction is expressed in terms of the molality, by = np/my, where my
is the mass of the solvent in kg, in the following way

Yo = ng _ np _ nB/mA _ b
B na +ng mA/MA+nB 1/MA+HB/W1A l/MA+bB
XB
hence bg=—-—"-—-
(I—XB)MA

where M, is the molar mass of A, expressed in kg mol™*. The molar mass of
solvent bismuth is 208.98 gmol ™" or 208.98 x 10~ kgmol ', therefore

xp _ 0.915...
(1-xp)Ma  (1-0.915...) x (208.98 x 10-3 kgmol ")

The molality of the solution is therefore|52 mol kg ™' | The molar mass of solute

Pbis 207.2 gmol ', so the mass of Pb which is dissolved per kgis (51.6... mol kg™!)

x(1kg) x(207.2gmol™") = . With so much more solute Pb than solvent
Bi, the solution cannot really be described as Pb dissolved in Bi.

bg = =51.6...mol kg™’

The vapour pressure of the solute in an ideal dilute solution obeys Henry’s law,
[5A.24-152], pp = Kpxp, and the vapour pressure of the solvent obeys Raoult’s
law, [5A.22-151], pa = phiXa.

pp = Kpxp = (73 kPa) x 0.066 = 4.81... kPa

pa = pixa = (23kPa) x (1 -0.066) = 21.4... kPa

Prot = pa + pa = (4.81...kPa) + (21.4... kPa) = 26.3... kPa
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E5B.10(b)

E5B.11(b)

Therefore the pressure are ‘pB =438 kPa‘, ‘pA =21 kPa‘, and ‘pmt =26 kPa|.

The partial pressure of the gas is given by pa = ya prot, where y4 is the mole
fraction in the vapour

pa  21.4..kPa
yA = =
Dot 26.3...kPa
ps 4.81..kPa
yB = = —
Pt 26.3..kPa

Let 1,2-dimethylbenzene be A and 1,3-dimethylbenzene be B. If the solution
is ideal the vapour pressure obeys Raoult’s law, [5A.22-151], py = pjx;. The
mixture will boil when the sum of the partial vapour pressures of A and B equal
the external pressure, here 19 kPa.

Pext = Pa+ P =XapPy +xppp = xapa + (1 - xa)pp
Pext — P Pext — Px*\

hence xp = = and by analogy x = ~——~
Pa—Ps P = Pa

(19 kPa) — (18 kPa)
- =[0.5]
A= (20 kPa) — (18 kPa) B

The partial pressure of the gas is given by py = yjpext> where yj is the mole
fraction in the gas, and py is given by py = pj xy, hence y; = x;p} [ pext

_ (19kPa) — (20 kPa)
(18 kPa) — (20 kPa)

=[0.5]

_ XAPx _ (0.50) x (20 kPa) _

PDext (19 kPa)
xppy  (0.50...) x (18 kPa)
= = = -0.47
B (19 kPa)

The vapour pressure of component J in the solution obeys Raoult’s law, [5A.22-
151], py = pyx;, where xj is the mole fraction in the solution. Is the gas the
partial pressure is pj = yjpiot, where yj is the mole fraction in the vapour.

These relationships give rise to four equations

pa=paxa py=pg(l-xa) pa=poya PB=Pror(l=ya)

where x5 + xp = 1 is used and likewise for the gas. In these equations x, and
Dot are the unknowns to be found. The expressions for p, are set equal, as are
those for pg, to give

PaXa

YA

*
PaXA = Protya hence pio =

* 1_
P(1=x4) = pror(1 — ya) hence prot = M
T
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These two expressions for p. are set equal and the resulting equation rear-
ranged to find x4

Paxa _PR(L=%a) oo oo PEyA
ya L= ya PA(1=ya) +ppya
With the data given
o Piva _ (82.1 kPa) x (0.612)
pi(1—ya)+piya  (68.8kPa)*(1—0.612) + (82.1kPa) x (0.612)
=0.653... and xg =1-0.653... = 0.346...

The composition of the liquid is therefore [x4 = 0.653]and [xp = 0.347].

The total pressure is computed from pa = prorya and pa = pixa to give pior =
XAPalya

* 0.653... 68.8 kP
prog = “APA _ (0653-) X (B8KP) _ 73y

YA 0.612

If the solution is ideal, the vapour pressure of component J in the solution
obeys Raoults law, [5A.22-151], py = pjxj, where xj is the mole fraction in
the solution. In the gas the partial pressure is pj = y;prot, Where yj is the mole
fraction in the vapour.

Assuming ideality, the total pressure is computed as

Prot = Pa + P = paxa + pp(1—xa)
= (110.1 kPa) x (0.4217) + (76.5 kPa) x (1 — 0.4217) = 90.7 kPa

The normal boiling point is when the total pressure is 1 atm, but the pressure
predicted by Raoult’s law is significantly different from this. Raoult’s law there-
fore does not apply and the solution is [not ideal|.

It is not possible to find y,, the composition of the vapour, from pa = prorya
because p, cannot be computed from the data given.

Solutions to problems

P5B.2

The freezing point depression ATt is related to the molality of the solute B,
bg, by [5B.12-161], AT; = Kibg, where K is the freezing-point constant. The
molality corresponding to the given freezing-point depression is therefore

AT 0.0703 K

-1
A = ngol_l =0.0377... mol kg

bg,app =

The stated molality of the solution is 0.0096 mol kg™, so it is evident that there
are more species in the solution than the number of molecules of Th(NO3)4
added. The ratio of bg ,pp, to b gives an indication of the number of species
present per molecule dissolved

bpapp  0.0377... mol kg™ _3.03

by 0.0096 mol kg™
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P5B.4

Therefore, each molecule of Th(NO;), appears to dissociate into about[4]species
in solution.

The ideal solubility of solute B at temperature T is given by [5B.14-162], In xp =
(AtusH/R)(1/T; — 1/T), where AgysH is the enthalpy of fusion of the solute,
and Tt is the freezing point of the pure solute.

The first task is to relate the quoted solubility to the mole fraction of the solute.
The data gives the solubility in g of solute per 100 g of solvent: let this quantity
be S and, for convenience, let the mass of solvent be m1,. The amount in moles
of solute is ng = S/Mp, where My is the molar mass of the solute in gmol_l.
Likewise, the amount in moles of solvent is ny = my /My, where M, is the
molar mass of the solvent in gmol ™. For the data given it is invariably the case
that na > np, so the mole fraction of B is well-approximated as xp = ng/ns =
SM A / m AM B

With this the relationship for the ideal solubility is developed as

1 (SMA) (AquH)(l 1)
n = —
maMp R T T
MA Afl.lsH AfusI_I 1
InS = —ln( ) + - —
RT R T

ma Mg

The proposed relationship for the solubility, S = Spe™, becomes, on taking

logarithms, In S = In Sy + 7/T. This is compared with the last line to identify
the terms as

My AgysH ArsH
InSy =-1In + =
RT¢ R

ma Mg

To test how the data fit to the proposed relationship a plot of In S against 1/T
is made; such a plots is shown in Fig. 5.5.

6/°C S/(g(100gsolv)™!) T/K (10*°/T)/(K') InS

0 36.4 273 3.66 3.59
20 34.9 293 341 3.55
40 33.7 313 3.19 3.52
60 32.7 333 3.00 3.49
80 31.7 353 2.83 3.46

The data fit to quite a good straight line, the equation of which is
InS/(g (100 g solv)™") = 0.165 x (10°/T)/(K™") +2.99

The immediate problem is that the parameter 7 is expected to be negative (be-
cause T = —AgsH/R, and Ay H is positive), but the graph has a positive slope.
The data do not, even at the simplest level, conform to the predictions of the
ideal solubility equation.
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3.60

3.55

3.50

InS/(g (100 gsolv)™")

2.8 3.0 3.2 34 3.6

(10°/T)/(K™)

Figure 5.5

The definition of the chemical potential of component A, y,, is

_(LG)
Ha = ony np,p,T

To use this definition an expression for G as a function of the #; is required.

The excess Gibbs energy GF is defined in [5B.5-156], GE = ApixG — Apmix G194,
therefore ApixG = GE + ApixG'9¢l. The Gibbs energy of mixing is also ex-
pressed as ApixG = G — Gunmixed> Where G is the Gibbs energy of the mixture
and Gunmixed is the Gibbs energy of the unmixed components. It follows that
G = AmixG + Gunmixed> and because Api G = GE + A G

AmixG

G = G® + Apix G +Gunmixed

These quantities are all molar, so the Gibbs energy of a mixture of 7, moles of
A and ng moles of B is

G = (np +ng)GE + (np + 1) Apix G4 + naGp o +n8Gpp

where G, , is the molar Gibbs energy of pure A.

The ideal Gibbs energy of mixing (per mole) is given by [5B.3-155], A Gded =
RT(xaInxa +xpIn xp), and the expression for G* is given in the problem; this
latter is rewritten gRTxxp using x = (1 — x4 ). The final expression for G is

G = (na+np)gRTxpxp+(np+np)RT(xpInxa+xp1lnxp) +naGy A +n8Gy g
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The mole fractions are rewritten in terms of n, and ny to give

G:(nA+nB)gRT( 1A )( i )

na + ng na + ng

+(nA+nB)RT[( A )ln( A )+( " )ln( "8 )]
na + ng na + ng na + ng na + np

+ T’IAG;;’A + I’lBG;;’B

na ng
+RT[nAln( )+nBIn( )]+nAG;A+nBG;B
na + ng na + ng ? ?

+RT [nalnng — naln(na + np) + nglnng —ngln(nys + np)]

B gRTnang

na + ng
_ gRTnang
N na + ng
+ I’lAG;;)A + nBG;)B

The algebra used in going to the last line is used to make it easier to compute the
derivative. In finding the derivative recall that terms such as 74 In n, require
the application of the product rule.

G gRTng gRTnang
(M)HB :nA + np - (na + np)?

na ng
(na +np) - (na +np)
=gRT (xp — xaxp) + RT(1 +1Inxs — x5 —xp) + G 5
=gRTxp(1 - x5) + RTInxs + G}, 5

=gRTxj + RTInxs + G}, »

+RT[lnnA+1—ln(nA+nB)— +Gpa

On the second line the mole fractions are re-introduced, and in the subsequent
manipulations the relationship x + xg = 1 is used. G, , is identified as the
chemical potential of pure A, u}, giving the result

pa = pi + gRTx3 +RT1nxA‘

This function is plotted in Fig. 5.6.

As g increases the deviation from ideal behaviour (the solid line) increases,
with the effect being larger at small x4, corresponding to larger xg.

P5B.8 (a) The van ’t Hoff equation is [5B.16-163], IT = [B]RT. If the ‘pressure’ P
is expressed as (mass/area), then to transform it to (force/area) requires
multiplication by the acceleration of free fall, g, because force = mass x
acceleration: IT = gP.
If the ‘concentration’ ¢ is expressed as (mass/volume), then to transform
it to (moles/volume) requires the use of the molar mass, M: [B] = ¢/M.
With these substitutions the van ’t Hoff equation becomes

RT R
gP:CW hence P:(I\C/I)()T hence P:(M)R’T
4



(4a —ux)/RT

Figure 5.6

(b)

where R’ = R/g. The final equation is of the form of the van ’t Hoff equa-
tion, but with a modified measure of concentration, ¢/M, and a modified
gas constant, R'.

This equation is rearranged to give an expression for R’, and the units
of this quantity are then found by inserting the units of the quantities
involved

oo PM _ (gem) x (gmol )

= - K—l 1—1
cT (gem™3) x (K) gem e

The numerical value of R’ is found from its definition

R 8.3145]K 'mol™’
R=-=2- JE MmOl (84784 kgmK ! mol™!
g 9.8067 ms

The units of R’ are found by using 1] = 1 kgm?® s~2. The final step is to
convert the numerical value of R’ from (kg m K~! mol™!) to the required
(gem K™''mol™!)

1000g 100 cm
X —

0.84784 kg m K~! mol™!
( gm mol ) x 1 kg Im

=[84784 g cm K ™! mol™!

From now on the van 't Hoff equation is written IT = (¢/M)RT where the
units of ITand c are as described in (a), and Ris 84784 g cm K™ mol™'. As
described in Section 5B.2(e) on page 162, if it is assumed that the osmotic
pressure is given by a virial-type equation [5B.18-163] where just the first
two terms are retained, a plot of I1/c against ¢ should give a straight line
with intercept RT /M. The data are plotted in Fig. 5.7.
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(107211 /c) —3y (107211/¢) .

Jgemfgem) TEM) jgemgemy SEMD
2.6 0.0050 19.0 0.145
2.9 0.010 31.0 0.195
3.6 0.020 38.0 0.245
4.3 0.033 52 0.27
6.0 0.057 63 0.29
12.0 0.100
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Figure 5.7

It is evident from the graph that the data do not conform to this expecta-
tion. One approach is to select only the data at the lowest concentrations
because in this limit the expectation is that the two-term virial equation
will be sufficient to describe the data. Such a plot is shown in Fig. 5.8.

(10711/c) /(g cm ™2 /g em™)

2.0
0.00 0.01 0.01 0.02 0.02 0.03 0.03 0.04

Figure 5.8

c/(gem™)

The data fit reasonably well to a straight line with intercept 2.307. From



(0)

(d)

(e)

this the molar mass is calculated

(84784 gcm K" mol ™) x (298.15K)

intercept = RT/M hence M
P / 10% x 2.307 gcm~2/g cm 3

which gives‘M =1.1x10° gmol_l‘.

Over the full range of concentrations the plot of IT/c against ¢ is non-
linear, so the solvent is characterised a ‘good’ This may be attributed to
both solvent and polymer being non-polar.

The virial-style equation with three coefficients is

2 2
H:LRT 1+Bi+C(i) hence gzﬂ 1+BL+C(L)
M M M c M M

It is convenient to take the factor of M into the virial coefficients to give

o %(1+B'C+C'c2)
c

where B’ = B/M and likewise for C’. Using this, the data IT/c are fitted
to a quadratic in c.

If the fitted function is required to have the same intercept at ¢ = 0 as in
part (a), the fitted function to the first 8 data points (chosen as these gave
the best fit) is

(I1/c)/(gem™/g ecm™) = 55563(c/(g cm™>))?+3784.2(c/(g cm ™)) +230.7

It follows that

RT
— B =37842¢g ' cm*
M

From part (a) RT/M = 230.7 g cm™%/g cm ™, therefore

B =(3784.2g™" cm*)/(230.7 gcm™*/gcm ™) =

By a similar line of argument, ‘C' =241g % cm® ‘

The proposed virial equation with g =  is developed into a straight-line
plot as follows

II RT Lo 2
?:ﬁ(l‘i-B,C'i'ZB,C)
RT
:ﬁ(l‘*‘%BIC)Z
II 1/2 RT 1/2 )
hence (?) :(ﬁ) (1+§B’c) (5.5)

A plot of (IT/c)'/? against ¢ should be a straight line; such a plot is shown
in Fig. 5.9.

139



140

(11/)'?/((g cm™ /g em™)/2)

|
0.00 0.05 0.10 0.15 020 0.25 0.30

c/(gem™)
Figure 5.9

The data fit to a modest straight line with equation
(11/¢)"?]((g em™2/g em™)/?) = 212.75(¢/(g cm™>)) + 13.902

From eqn 5.5 it follows that (slope)/ (intercept):%B'

The third virial coefficient is ;B> which gives ‘C’ =234g2cm® ‘ The
agreement with the results from part (d) is modest.

P5B.10 The ideal Gibbs energy of mixing (per mole) is given by [5B.3-155], Apix G9! =
RT(xslnxy +xplnxp). The relationship is plotted for several temperatures in

Fig. 5.10.
0
—298K
G| |--- 350K
W 2730 I I 400 K
—100 |- % 777
= il | |- 500 K
5 - \ .T‘\\ ,f.;,/ N
LZ \‘\ "‘..\ R //./.. ! .,'
2 -2000 ST RS
2 I N T ST ]
—-300 |- ‘\\. /’./' -
| I .\\"'--b—-“ﬂ‘/ I |
0.0 0.2 0.4 0.6 0.8 1.0
XA

Figure 5.10
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The dependence of AnixG on temperature is evidently greatest at x5 = %
This is rationalised by noting that (0AmixG/0T), = —AnixS and that Ay, S
is a maximum at x = % The composition with the greatest temperature
dependence thus coincides with composition at which the entropy change is

greatest, which is x4 = 1.

The ideal solubility is given by [5B.14-162]

A H ( 1 1

R i—?) hence xB:exp(

AfusH) (_AfusH)
exp| ——

Inxp =
RT¢ RT

The first exponential is independent of T and the derivative of the second term
is computed using the chain rule.

dxg ( AfusH) ArsH ( _AfusH)
—— =ex exp
dT RT; RT? RT

Changing T simple scales the derivative but does not otherwise affect the tem-
perature dependence. For the plots shown in Fig. 5.11 a typical fusion temper-
ature of 300 K is used, and typical Ag,H values of +10 k] mol ™}, +20 k] mol?,
and +30 kJ mol ™" are considered.

0.20 | | | |
| T AweH = 10k mol™ |
o 0.15F |--- AfusH =20 k] mol_l |
| ..
< i - AfusH =30 K mol™" | |
= |
~ 0.10 B
o )
~ | ’
(2] [ , 7
= 0.05 e 7
000 === ‘ ‘
200 25 300 5 1
T/K
Figure 5.11

The temperature dependence of the solubility is stronger the greater AHp,s, and
for these sets of parameters the solubility increases with T. The plot shows a
maximum at much higher (and rather unrealistic) temperatures.

5C Phase diagrams of binary systems: liquids

Answers to discussion questions

D5C.2

A low-boiling azeotrope has a boiling temperature lower than that of either
component, so it is easier for the molecules to move into the vapour phase
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than in a ‘normal’ (non-azeotropic) mixture. Therefore, the liquid phase has
less favorable intermolecular interactions than in a ‘normal’ mixture, a sign
that the components are less attracted to each other in the liquid phase than to
molecules of their own kind. These intermolecular interactions are determined
by factors such as dipole moment (polarity) and hydrogen bonding.

Conversely, a high-boiling azeotrope has a boiling temperature higher than that
of either component, so it is more difficult for the molecules to move into the
vapour phase. This reflects the relatively unusual situation of components that
have more favorable intermolecular interactions with each other in the liquid
phase than with molecules of their own kind.

Solutions to exercises

E5C.1(b)

The temperature—composition phase diagram is a plot of the boiling point against
(1) composition of the liquid, x, and (2) composition of the vapour, y,. The
horizontal axis is labelled z4, which is interpreted as x5 or y according to
which set of data are being plotted. In addition to the data in the table, the
boiling points of the pure liquids are added. The plot is shown in Fig.5.12; the
lines are best-fit polynomials of order 3.

6/°C  xa ya 0/°C  xa ya
124 1 1 140 0.30 0.61
125 091 0.99 145 0.18 0.45
130 0.65 091 150 0.098 0.25

135 0.45 0.77 155 0 0
. e liquid |
150 T~o ovapour ||
@)
< 140 |
S
130
0.0
Figure 5.12

(i) The vapour composition corresponding to a liquid composition of x5 =
0.50 is found by taking the vertical line at this composition up to the
intersection with the liquid curve, and then moving across horizontally to



E5C.2(b)

E5C.3(b)

E5C.4(b)

the intersection with the vapour curve; this occurs at |y, = 0.81| which
gives the composition of the vapour. The exact points of intersection can

be found either from the graph or by using the fitted functions.

(ii) A composition xg = 0.33 corresponds to x5 = 0.67; from the graph this

corresponds to a vapour composition |y, = 0.90|

Atthe lowest temperature shown in the diagram the mixture is in the two-phase
region, and the two phases have composition of approximately xg = 0.88 and
xp = 0.05. The level rule shows that there is about 2.3 times more of the B-poor
than of the B-rich phase. As the temperature is raised the B-rich phase becomes
slightly less rich in B, and the other phase becomes richer in B. The lever rule
implies that the proportion of the B-poor phase increases as the temperature
rises.

At temperature T, the vertical line intersects the phase boundary. At this point
the B-rich phase disappears and only one phase, with x5 = 0.3, is present.

The molar masses of aniline and hexane are 93.1253 g mol~! and 86.1706 g mol~},
respectively. The mole fraction of aniline (A) is

- (42.8 g)/(93.1253 gmol ")
(42.8 g)/(93.1253 gmol ") + (75.2 g)/(86.1706 gmol ")

=0.344...

Hence x5 =[0.345]. Let the two phases be a (x4 = 0.308) and B (x5 = 0.618).
The proportions of these two phases, r1g /1 is given by the level rule, [5C.6-170]

ng I, 0.344..-0.308
Loe T 77 (0135
ne I 0.618-0.344..

The aniline-poor phase is more abundant by a factor of about 7.

An approximate phase diagram is shown in Fig. 5.13; the given data points are
shown with dots and these are simply joined with straight lines as a guide to
the eye. The shape conforms to the expected phase diagram for such a system.

(i) At 48 °C the possibility of phase separation exists; as the amount of B
added to A increases, the mole fraction of A decreases and the phase
diagram is traversed along the dashed line from right to left. When the
mole fraction of A is high a single phase forms, but as the mole fraction
goes below about 0.5 phase separation occurs. Initially, according to the
lever rule, the proportion of the B-rich phase is very small, but as more
and more B is added the proportion of this phase increases. When the
x is just over 0.35, there is very little of the A-rich phase present and as
the mole fraction decreases further a one-phase zone is reached in which
there is complete miscibility.

(ii) A temperature of 52.4 °C is equal to the upper critical temperature, and
therefore the expectation is that A and B will mix in all proportions to
give a single phase.
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6/°C

Figure 5.13

Solutions to problems

P5C.2 If it is assumed that Raoult’s law applies, [5A.22-151], the partial vapour pres-
sures of DE and DP are
PDE = XDEPDE  PDP = XDPPDp

where xj are the mole fractions and p; are the vapour pressures over the pure
liquids. The total pressure is taken to be piot = ppE + pop-

(a) The total pressure is given by

* *
Ptot = PDE + PDP = XDEPDE T XDPPpp

=0.60 x (22.9 kPa) + 0.40 x (17.1 kPa) =

(b) The mole fraction in the vapour, yj, is related to the total pressure by pj =
¥j Prot> so it follows that

Py _Xipy
==
Ptot  Ptot
Therefore
XDEPDE 0.60 x (22.9 kPa)
= = =10.67
I et 0.60 x (22.9 kPa) + 0.40 x (17.1 kPa) [0.67
xDPpI*)P 0.40 x (171 kPa)
= = =10.33
I et 0.60 x (22.9 kPa) + 0.40 x (17.1 kPa) [0.33]
P5C4 (a) Thetemperature-composition phase diagram is a plot of the boiling point

against (1) composition of the liquid, xz, the mole fraction of butan-1-ol
and (2) composition of the vapour, yg. The horizontal axis is labelled
zp, which is interpreted as xp or yp according to which set of data are
being plotted. In addition to the data in the table, the boiling point of
pure chlorobenzene is added. The resulting phase diagram is shown in
Fig. 5.14; the data points are just connected by best-fit polynomials.



T/K Xp VB T/K Xp VB
404.86 0 0 390.15 0.3687 0.5138
396.57 0.1065 0.2859 389.03 0.5017 0.5840
39394 0.1700 0.3691 388.66 0.6091 0.6409
391.60 0.2646 0.4505 388.57 0.7171 0.7070

405 \
. e liquid
N ovapour ||
400 .
v L |
=
395 |- .
390 |- .
0.0 . 0.8
ZB
Figure 5.14

(b) Ata composition xp = 0.3, indicated by the dotted line, the boiling point
is when this line intersects the liquid line, which is at a temperature of

[391K].

(c) At 393.94 K the compositions are given by the points at which the hori-
zontal dashed line cuts the liquid and vapour curves (which in this case
also coincide with the given data points). The compositions are therefore
xp =0.17|and |y = 0.37|
The relative proportions of the two phases are given by the lever rule, the
mid point of the lever being x = 0.3; the distances / and v are marked on
the diagram

m v 037-030
L= 7 (054
ne 1 030-0.17

Therefore the vapour is about twice as abundant as the liquid phase.

P5C.6 Let phase a have x5 = 0.2 and phase  have x5 = 0.6. By the lever rule, [5C.6-
170], the ratio of abundances of the two phases is

na _lp
n[g la
where [, is the ‘distance’ between the overall composition (here 0.4) and the

composition of phase a (here 0.2),and likewise for

ng lp 04-02

ng lo 0.6-04
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P5C.8

P5C.10

The abundance of the two phases is therefore equal.

The relationship between the total pressure p and y, is given in [5C.5-167]

_ PaPE
pa+(Ps—PA)ya

p

Division by p}, and then division of the numerator and denominator of the
fraction on the right by pj gives the required form

P s _ 1
pi Pa+(PE-pya (pa/ps) + (1 =pi/pi)ya

The plot is shown in Fig. 5.15.

1.0

. 71| (pi/pR) =2
08l S = (pA/pE) =4
I PO B (Pa/p3) = 30
0.6 . B

p/pi

0.4 T e

0.2 T

0.0 | | | |

Figure 5.15

The values of x at which Ap,,ixG is a minimum are found by solving [5C.7-174]

XA

In +&(1-2x4)=0 (5.6)

— X
This equation is rearranged to give an expression for &, which is plotted in
Fig. 5.16
£- In(xa/[1-xa])

ZxA -1

The way to interpret this graph is to choose a value for £ and then read across to
locate the minima. If £ < 2 there are no values of x4 which solve the equation,
and hence no minima. For & > 2 there are two values of x, at which the plotted
function intersects a horizontal line at a given value of €. The larger £ becomes
the close one intersection (position of a minimum) moves towards x5 = 0 and
the other towards x5 = 1.




XA
Figure 5.16

—Inxa/(1-x4)
—&(2xa-1) &=1
------- E(2xp—1) &=25
---8(2xa-1) §=4

Figure 5.17

An alternative way to explore the solutions to eqn 5.6 is to plot Inx /(1 — x4)
against x4, and on the same graph to plot £(2x, —1) also against x4 . The values
of x4 at which the two curves intersect gives the position of the minima. Such
a plot is shown in Fig. 5.17

The plot illustrates that there are no intersections when & < 2, and that, as
before, the intersections that occur when & > 2 (highlighted as ©) move to the
edges of the plot as £ increases. There is always an intersection at x4 = 0, and as
is seen from Fig. 5B.5 this corresponds to a minimum for £ < 2, and a maximum
for & > 2.

Mathematical software can also be used to solve eqn 5.6 numerically for given
values of &. For example, for & = 2.5 the solutions are x4 = 0.855 and x5 =
0.145.
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5D Phase diagrams of binary systems: solids

Answers to discussion questions

D5D.2

The schematic phase diagram is shown in Fig. 5.18. Incongruent melting means
that the compound AB, does not occur in the liquid phase.

- liquid
A(s) + B(l)
A(l * AB,(s),B(l
HAD S 2,&& 0 B() + A()
2 +B(s)
©
g
£
oS A(s) + AB,(s)
i | | | |
0 0.2 0.4 0.6 0.8 1
Figure5.18 Mole fraction of B, x, ~ AB,

Solutions to exercises

E5D.1(b)

E5D.2(b)

The schematic phase diagram is shown in Fig 5.19. The solid points are the
data given in the Exercise, and lines are simply plausible connections between
these points. The small area to the left of xx,n, = 0.07, enclosed by the phase
boundary and the line at —80 °C, corresponds to N, H, (1)+NH3(1)+NH;(s).

0 - A
20 liquid -
P —4a0f |
8
I NoHy(s)+NoHa(D+NH3(1)
_60 [ |
B I 5O O
0.0 0.2 0.4 0.6 0.8 1.0
XN,H,
Figure 5.19

The schematic phase diagram is shown in Fig 5.20. The solid points are the data
given in the Exercise, and lines are simply plausible connections between these
points. (The dash-dotted lines are referred in to Exercise E5D.3(b).)



E5D.3(b)

E5D.4(b)

E5D.5(b)

The stated mixture has xp,i, = 4/(1 +4) = 0.8 and is indicated by the vertical
dashed line. The mixture cools until about 116 K at which point solid first
forms. The solid which forms is the 1:1 compound and as this happens the
liquid becomes richer in B,Hg. Cooling continues with more and more of the
1:1 compound being formed until 104 K, the second eutectic, at which point
the system completely solidifies to a two-phase material consisting of the 1:1
compound and solid B,Hg.
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Figure 5.20

The compositions at which the cooling curves are plotted are indicated by the
vertical dash-dotted lines on the phase diagram for Exercise E5D.2(b), Fig. 5.20.
The cooling curves are shown in Fig 5.21. The break points, where solid phases
start to form are shown by the short horizontal lines, and the dotted lines in-
dicate the temperatures of the two eutectics (123 K and 104 K). The horizontal
segments correspond to solidification of a eutectic. Cooling curve (c) corre-
sponds to direct solidification of the 1:1 complex.

The feature that indicates incongruent melting is the intersection of the two
liquid curves at around xp ~ 0.37. The incongruent melting point is marked T;.
The composition of the eutectic is and its melting point is labelled
.

The cooling curves are shown in Fig 5.22; the break points are shown by the
short horizontal lines, and the temperatures T and T, are indicated. For iso-
pleth a the first break point is where the isopleth crosses the liquid curve be-
tween temperatures T7 and T»; this is followed by a eutectic halt at T,. For
isopleth b the first break point is somewhat above T} where the isopleth crosses
the liquid curve, there is a second break point where the isopleth crosses the
boundary at T}, and then a eutectic halt at T5.
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E5D.6(b) Figure 5.23 shows the phase diagram to which dotted horizontal lines have
added at the relevant temperatures.

(i) At500 °C the phase diagram shows a single liquid phase at all composi-
tions, so ’B is soluble in A in all proportions ‘

(ii) At390 °Csolid B exists in equilibrium with a liquid whose composition is
circled and labelled x; in the figure. That composition is x5 = x; = [0.63].

(iii) At 300 °C the solubility of AB, in B is indicated by the point x,. At this
point two phases coexist: solid AB; and a liquid mixture of A and B with
mole fraction xg = x, = 0.41. Although the liquid does not contain any
AB; units, the liquid can be thought of as a mixture of dissociated AB,
in A. Let the amount in moles of the compound be 7. and that of free
A be n,. Thus, the amount of A (regardless of whether free or in the
compound) is ns = n, + n. and the amount of B is ng = 2n.. The mole
fraction of B is

ng 21, 2n.

xB:x2: = =
na+ng  (na+nc)+2n.  n,+3nc
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This relationship is rearranged and terms in 7, are collected on one side
and those in 71, on the other to give n,x, = n.(2 — 3x,). The mole ratio
of compound to free A is given by

Ne X2 0.41
— = = =10.53
na, 2-3x, 2-3x041

Solutions to problems

P5D.2

The mole fraction of sulfur, xg, corresponding to compound P,,S,, is computed
from the molar masses of sulfur and phosphorus, Mg and Mp, as

mMs m x (32.06 gmol ")
Xe = =
*T mMs+nMp  mx (32.06 gmol ") + 1 x (30.97 gmol ")

Using this expression, mole fractions corresponding to the three compounds
are: (1) P4S3, 0.44; (2) P4S7, 064, (3) P4Slo, 0.72.

The phase diagram is a variation of that shown in Fig. 5D.4 on page 178 except
that instead of one compound being formed there are three. The diagram there-
fore separates into four sections, as shown schematically in Fig. 5.24. Note that
no information is given on the temperature or composition of the eutectics, so
these have simply been selected arbitrarily.

The diagram has four eutectics labelled e;, e;, e3, and e4; eight two-phase
liquid-solid regions, #; through tg; and four two-phase solid regions, S;, Sy,
S3, and S4. The composition and physical state of the regions are as follows:

I: liquid S and P

S;: solid P and solid P,4S; S,: solid P4S;3 and solid P,S;

S3: solid P4S; and solid P4So S4: solid P4S;( and solid S

t,: liquid P and S and solid P t5: liquid P and S and solid P4S;
t3: liquid P and S and solid P4S;  #4: liquid P and S and solid P4S;
t5: liquid P and S and solid P4S;  f6: liquid P and S and solid P4S;o
t7: liquid P and S and solid P4S;o  fg: liquid P and S and solid S
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The cooling curve is shown to the right of the phase diagram in Fig. 5.24. A
break in the curve occurs at point b; ~ 125 °C as a result of solid P4S; forming;
a eutectic halt occurs at point e; ~ 20 °C.
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Figure 5.24

P5D.4 The information is used to construct the phase diagram shown in Fig 5.25; the
solid dots correspond to the data and the lines are simply plausible connections
between these points.
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In Mg, Cu,, the mass percentage of Mg is computed from the molar masses of
Mg and Cu, Myg and Mcy, as

nM
100 x _ MPMg
nMyg + mMcy



P5D.6

For MgCu, the percentage is

1x (24.31 gmol ")

100 x g =
1 x(24.31 gmol™ ) +2 x (63.55 gmol™ )

16

For Mg, Cu the percentage by mass of Mg is 43.

For the isopleth at 25% Mg at high temperatures the initially system corre-
sponds to a single-phase liquid system. At a; (at about 730 °C) MgCu, begins
to come out of solution and the liquid becomes richer in Mg, moving toward
e>. At a, there is solid MgCu, + liquid of composition e, (33 per cent by mass of
Mg). This solution freezes without further change. The cooling curve is shown
next to the phase diagram.

The schematic phase diagram is shown in Fig 5.26. The solid points are the
data given in the Exercise, and the lines are simply plausible connections be-
tween these points; the open circle is the incongruent melting of K,FeCl,. An
expanded section of the phase diagram is shown as this includes the part of
interest.
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The compounds KFeCl; and K;FeCly correspond to Xgecl, = 3 and xpecl, = 3
respectively; these compositions are shown on the diagram.

When a melt of composition xgeci, = 0.36 is cooled (the dotted line), solid is
first deposited when the temperature falls to around 360 °C. The solid consists
of K;FeCly, and as the temperature falls further the liquid grows progressively
richer in FeCl,. This process continues until the temperature falls to 350 °C, at
which point the liquid has the same composition as the eutectic and the whole
sample solidifies to a mixture of K,FeCly and KFeCl;.
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5E Phase diagrams of ternary systems

Answers to discussion questions

D5E.2 The lever rule, [5C.6-170], applies in a ternary system, but with an important
caveat. For binary systems the tie lines to which the rule appplies are always
horizontal and so can be added to the phase diagram at will. In contrast, for
a ternary system the tie lines have no such simple orientation and have to be
determined experimentally. Thus the lever rule applies, but in order to use
it additional information is needed about the tie lines at the composition of
interest.

D5E.4 The composition represented by point ¢ is approximately xy; = 0.73, xp. = 0.20,
xcr = 0.07. This is a three-phase region, with Fe, Ni and yFeNi present.

Solutions to exercises

E5E.1(b)  The ternary phase diagram is shown in Fig 5.27.

Figure 5.27

E5E.2(b)  The composition by mass needs to be converted to mole fractions, which re-
quires the molar masses: My,c1 = 58.44 gmol_l, Mpy,o = 18.016 gmol_l, and
Mna,s0,- 10,0 = 322.20g mol L. Imagine that the solution contains 33 g NaCl,
33 g Na,SO4 - 10 H,O and hence (100 - 33 - 33) = 34 g¢ H,O. The mole fraction
of NaCl is

myact/ Myaci
mMNact/ Mnacl + MNa,$0, - 10 H,0/ MNay$0, - 10H,0 + M,0/Mu,0
(33 g)/(58.44 gmol )

XNaCl =

(33 g)/(58.44 gmol ") + (33 g)/(322.20 gmol ") + (34 g)/(18.016 gmol ")
=0.22
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Likewise, XNa,50, - 10,0 = 0.040 and xy,0 = 0.74; this point is plotted in the
ternary phase diagram shown in Fig 5.28.

The line with varying amounts of water but the same relative amounts of the
two salts (in this case, equal by mass), passes through this point and the vertex
corresponding to xp,0 = 1. This line intersects the NaCl axis at a mole fraction
corresponding to a 50:50 mixture (by mass) of the two salts

(50 g)/(58.44 gmol ")
(50 g)/(58.44 gmol ') + (50 g)/(322.20 gmol ")

XNaCl = =0.85

The line is shown on the diagram.

XNaCl

0.0

0.0 02 04 06 08 1.0
XNa, S0, -10 H,O

Figure 5.28

E5E.3(b) The composition by mass needs to be converted to mole fractions, which re-
quires the molar masses: Mcycy, = 119.37 gmol ™', My,o = 18.016 gmol ',
and Mcu,coon = 60.052 gmol_l. The mole fraction of CHCI; is

mcucl, /Mcucl,

XCHCl; =
mcucl, /Mcucy, + Mcn,coon/Mcn,coon + Mu,0/Mu,o

~ (8.8g)/(119.37 gmol ")
© (8.8¢)/(119.37 gmol ') + (3.7 g)/(60.052 gmol ") + (55.0 g)/(18.016 gmol )
=0.023

Likewise, xcu,coon = 0.019 and xy,0 = 0.958. This point in marked with
the open circle on the phase diagram shown in Fig. 5.29; it falls clearly in the
one-phase region.

(i) When water is added to the mixture the composition moves the distance
to the lower-left corner. The system remains in the one-phase region
throughout.
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(ii) When ethanoic acid is added to the mixture the composition moves along
the dashed line to the vertex. The system remains in the one-phase region
throughout.
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Xt
Figure 5.29

E5E.4(b)  The points corresponding to the given compositions are marked with letters on
the phase diagram shown in Fig. 5.30. Composition (i) is in a two-phase region,
(ii) is in a three-phase region, (iii) is in a two-phase region, and (iv) appears to
lie on the line separating different phases.

Figure 5.30

E5E.5(b) (i) Saturated solutions of NH4Cl in H,O in the presence of solid NH4Cl
appear as points on the left-hand edge of the phase diagram. Three rep-
resentative compositions are shown in Fig. 5.30: S; corresponds to the
point at which the solution becomes a single phase, and is therefore the
highest concentration that can be achieved; S has a higher mole fraction



(ii)

of NH4Cl than §; so it corresponds to a saturated solution in the presence
of solid NH,Cl; S5 corresponds to yet more solid being present.

Adding (NH4),SO4 to each of these solutions corresponds to travers-
ing the dashed lines from S; to the lower right-hand vertex which cor-
responds to pure (NH4),SO4. Starting from §; the system first traverses
a one-phase region, meaning that both salts are entirely dissolved, before
moving into a two phase region which implies that one of the salts will
precipitate out. The tie lines are not given, but presumably as the amount
of (NH,),SOy increases the composition of the aqueous solution moves
along the curve to the point where the four lines meet. At this point the
last drop of solution vanishes.

Starting from S, the system first traverses a two-phase region, meaning
that the (NH,4),SOy is going into solution. Eventually the system moves
into a one-phase region, which implies that addition of (NH4),SO4 has
caused the excess solid NH,Cl to dissolve. As with the path starting from
S1, this path eventually crosses into a two-phase region where the be-
haviour is as has already been described.

Starting from S the system first traverses a two-phase region but in con-
trast to S; and S, it never enters a one-phase region.

It is first necessary to convert the given masses to mole fractions, using
My, = 53.49 gmol ™' and M(xH,),s0, = 132.14 gmol™". The mole
fraction of NH,Cl is

(25 g)/(53.49 gmol ")
(25 g)/(53.49 gmol ") + (75 g)/(132.14 gmol ")

XNH,Cl = =0.45

and hence x(yu,),s0, = 1 = *nm,c1 = 0.55; this point is shown in Fig. 5.30
as S4. Adding water to such a mixture involves traversing the dotted line
from S, to the apex of the diagram, which corresponds to pure H,O.

To start with the system is entirely solid, but when the line between the
three-phase to two-phase region is crossed the two phases in question
are some kind of solid and an aqueous solution, which appears for the
first time. As the two-phase region is traversed the composition of this
aqueous solution traverses the gray line until point S5 where it meets the
dotted line. After this, the system moves into a one-phase region: all the
solids are dissolved.

Solutions to problems

P5E.2

(a)

(b)

The given points are shown by filled dots in the phase diagram shown
in Fig. 5.31. The fact that CO, and nitroethane have a two-phase region
between Xpitroethane = 0.08 and 0.84, and that there is a plait point at
Xco, = 0.18, Xnitroethane = 0.53 establishes some limits on the two-phase
region, the outline of which is indicated by a plausible line. Similarly, the
CO,/DEC two-phase region is established by the given data.

Mixtures with nitroethane and CO; in a fixed ratio, but with increasing
amounts of DEC, fall on a straight line from some point on the right-hand
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edge to the lower-left apex (pure DEC). The two dashed lines shown just
touch the two-phase regions, so all compositions between these lines lie
in the one-phase region; this is the region where addition of DEC never
causes phase separation.
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DEC14tet (L [ [ [ [ 3/ \Opitroethane
0 0.2 0.4 0.6 0.8 1

Figure 5.31

5F Activities

Answers to discussion questions

D5E.2

D5F.4

Raoults law, py = x;py, [5A.22-151], expresses the partial pressure of ] in the
gas phase in terms of its mole fraction in the liquid phase, x;, and the vapour
pressure over the pure liquid, p;. This law only applies to ideal solutions, and
indeed is taken as a defining property of such solutions.

For non-ideal solutions Raoult’s law is modified to py = a;p], where aj is
the activity. However, this relationship is best viewed as the definition of the
activity in terms of two measurable quantities, the pressures: aj = py/p;. In
the limit x; — 1 the activity becomes equal to the mole fraction, so the general
equation involving the activity moves smoothly over to the relationship which
applies to ideal solutions. It is convenient to retain such similar relationships
for the ideal and non-ideal cases.

The coulombic (electrostatic) interactions of the ions in solution with each
other are responsible for the deviation of their activity coeflicients from the
ideal value of 1. As a result of these interactions there is a build up of charge of
opposite sign around any given ion, called the ionic atmosphere, in the overall
electrically neutral solution. The energy, and hence the chemical potential, of
any given ion is lowered as a result of the existence of this ionic atmosphere.
The lowering of the chemical potential below its ideal value is identified with a
negative value of RT In y. and hence a value of y.. less than unity.



D5E.6

The term B in the extended Debye-Hiickel law, [5E.30a-189], and the Davies
equation, [5E30b-189], can be interpreted as an indicator of the distance of
closest approach of the ions. However, both B and the parameter C in the latter
equation are best thought of as empirical parameters to be obtained by fitting
experimental data.

Solutions to exercises

E5E.1(b)

E5F.2(b)

E5E.3(b)

The activity in terms of the vapour pressure p is given by [5E.2-183], a = p/p*,
where p* is the vapour pressure of the pure solvent. The vapour pressure of
pure water at 100 °C, the normal boiling point, is 1 atm. Therefore a = p/p* =

(90.00 kPa)/[(1 atm) x (101.325kPa)/(1 atm)] = [0.8882].

On the basis of Raoult’s law, the activity in terms of the vapour pressure p, is
given by [5E2-183], ax = pa/ph, where p} is the vapour pressure of the pure
solvent. With the data given as = pa/pi = (0.02239 atm)/(0.02308 atm) =

0.9701... =|0.9701|.

The activity coeflicient is defined through [5F.4-183], ax = yaxa. The mole
fraction of solvent water (A) is computed as

na
na +na

XA =

~ (0.920 x 10° g)/(18.0158 gmol ")
(0.920 x 103 g)/(18.0158 gmol ") + (0.122 x 103 g) /(241 gmol ")
= 0.990...

Hence ya = aa/xa = (0.9701...)/(0.990...) =[0.980].

On the basis of Raoult’s law, the activity in terms of the vapour pressure py is
given by [5E2-183], aj = p;/py, where py is the vapour pressure of the pure
solvent. The partial vapour pressure of component J in the gas is given by p; =
¥jProt- In this case

PA _ YaProt _ 0.314 x (1.00 atm) x [(101.325kPa)/(1 atm) ]

aj = = = 0.435..
AT b 73.0 kPa

The activity of A is therefore a, = [0.436] The activity coefficient is defined
through [5F.4-183], aj = y;x;, therefore y5 = as/xs = 0.435.../0.220 = [1.98].

For the other component the mole fractions are yg = 1 — yo = 0.686 and xp =
1 — x5 = 0.780. The rest of the calculation follows as before
Py _ YBProt _ 0.686 x (1.00 atm) x [(101.325kPa)/(1 atm)]

ap = - = 0.754...
BT 92.1kPa

The activity of B is therefore ag =[0.755] and its activity coeflicient is given by
yp = ag/xp = 0.754.../0.780 =[0.968].
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E5F.4(b)

E5E.5(b)

E5E.6(b)
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For this model of non-ideal solutions the vapour pressures are given by [5F.18-
186), pa = pixa exp(&[1-x4]?) and likewise for pp; the total pressure is given
by prot = pa + pp. The vapour pressures are plotted in Fig. 5.32.

Ionic strength is defined in [5F.28-188]
I= % sz(b,-/be)

where the sum runs over all the ions in the solution, z; is the charge number on
ion i, and b; is its molality. It is convenient to draw up a table of the contribu-
tion to the ionic strength from each ion, where the contribution is defined as
z2(b;/b®). For K3 [Fe(CN)¢] note that the molality of the K* produced when it
dissolves is three times the molality of the solute.

solute (molality/molkg™") ion bi/b° z; contribution
K;[Fe(CN)s] (0.040) K* 0.120 +1 0.120
[Fe(CN)6]*~ 0.040 -3 0.360
KCl (0.030) K* 0.030 +1 0.030
Cl” 0.030 -1 0.030
NaBr (0.050) Na* 0.050 +1 0.050
ClI 0.050 -1 0.050

The total of the contributions in the right-most column is 0.640, therefore the
ionic strength is I = 1 x 0.640 =[0.320].

Ionic strength is defined in [5F.28-188]

I= %ZZ?(bi/be)
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where the sum runs over all the ions in the solution, z; is the charge number
on ion i, and b; is its molality.

(a) The aim here is to increase the ionic strength by 1.00 - 0.110 = 0.890; the
task is therefore to compute the mass m of KNO; which, when added to
a mass m,, of water, gives this increase in the ionic strength.
A solution of KNOj of molality b contributes K" at molality b and NO; ~
at molality b. The contribution to the ionic strength is therefore [ (+1)x
b+ (-1)2xb]/b° =b/b°.
The molality arising from dissolving mass m of KNOj in a mass m,, of
solvent is (m/M)/m,,, where M is the molar mass. It therefore follows
that to achieve the desired increase in ionic strength

m 1 °
x — =0.890 hence m =0.890 x Mmb
Mm,, b°

The molar mass of KNOs is 101.11 gmol™; using this, and recalling that
the molality is expressed in molkg ™", gives

m =0.890 x (101.11 x 107> kgmol ") x (0.500 kg) x (1 molkg™")
=449.. %1077 kg

Hence the|45.0 g|of KNOj3 needs to be added to achieve the desired ionic
strength.

(i) The argument is as in (a) except that the added solute Ba(NO;), makes
a different contribution to the ionic strength. A solution of Ba(NOs3),
of molality b contributes Ba** at molality b and NOg’ at molality 2b.
The contribution to the ionic strength is therefore 2[(+2)* x b+ (=1)* x
2b]/b® = 3b/b°. 1t therefore follows that to ach1eve the desired increase
in ionic strength

m 1

3 x x — =0.890 hence m = % % 0.890 x Mmb°
Mm,, b®

The molar mass of Ba(NQO3), is 261.35 gmolfl; using this, and recalling
that the molality is expressed in molkg ™", gives

m =1 x0.890 x (261.35 x 10> kgmol ') x (0.500 kg) x (1 molkg™")
=38.7..x 1077 kg

Hence the |38.8 g| of Ba(NOj3), needs to be added to achieve the desired
ionic strength.
E5E7(b)  The Debye-Hiickel limiting law, [5F.27-188], is used to estimate the mean ac-

tivity coeflicient, y., at 25 °C in water

lOg)/i = —0.509|Z+Z,|Il/2 - %Z b /be
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E5E.8(b)

where z, are the charge numbers on the ions from the salt of interest and I is
the ionic strength, defined in [5F.28-188]. In the definition of I the sum runs
over all the ions in the solution, z; is the charge number on ion i, and b, is its
molality.

A solution of Ca(NO3), of molality b contributes Ca** at molality b and NO3
at molality 2b. The contribution to the ionic strength is therefore 1[(+2)* x
b+ (-1)*x2b]/b°® = 3b/b°. A solution of NaCl of molality b’ contributes Na*
at molality b’ and Cl~ at molality b’. The contribution to the ionic strength
is therefore 2[(+1)* x b’ + (~1) x b’]/b° = b’/b°. The ionic strength of the
solution is therefore

(3b+b")/b° = [3%(0.035 mol kg ™" ) +1x(0.020 mol kg " )]/(1 molkg ") = 0.125

For solute Ca(NOs3), z, = +2 and z_ = —1 so the limiting law evaluates as
logy. = —0.509 |z, z_| I'/* = —0.509|(+2) x (~1)| (0.125)"/? = —0.359...

The mean activity coefficient is therefore y, = 107°2%% = 0.436... = [0.44].

The Davies equation is given in [5E30b-189]

~Alz,z_|1'?
1+ BI/?

Because the electrolyte is 1:1 with univalent ions, the ionic strength is simply
I = bgci/b°. There is no obvious straight-line plot using which the data can
be tested against the Davies equation, therefore a non-linear fit is made using
mathematical software and assuming that A = 0.509; recall that the molali-
ties must be expressed in mol kg_l. The best-fit values are and C =
—0.0686. With these values the predicted activity coefficients are 0.927, 0.902
and 0.816, which is very good agreement.

logy. = +CI

Solutions to problems

P5E2

P5F.4

The Margules equations predict a vapour pressure given by [5SE18-186], pa =
pixaexp(&[1-x4]%); for small x, the vapour pressure is given by [5F.19-186],
pa = paxa exp(&). Plots showing how the vapour pressures varies with x4 for
the two cases are shown in Fig. 5.33; an expansion for small x, is also shown.
A deviation 0f 10% between the two expressions occurs by about x5 = 0.02.

The Debye-Hiickel limiting law, [5F.27-188], and the Davies equation, [5SE.30b-
189], are, respectively,

-0.509|z,z_| I'/?

1 =-0.509|z,z_| I'/? 1
Ogyi |Z+Z | Ogyi 1+BII/2

+CI
Figure 5.34 shows a graphical comparison of the predictions of these two equa-
tions for the case of a 1:1 univalent electrolyte in aqueous solution at 25 °C, with
B = 1.50 and C = 0; for such an electrolyte I = b/b°. The two predictions for
y. differ by about 10% when I = 0.18 (I'/? = 0.42).
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Answers to integrated activities
I5.2 On the basis of Raoults law, the activity in terms of the vapour pressure py

is given by [5F2-183], a; = p;j/pj, where p; is the vapour pressure of the
pure solvent. The activity coeflicient is defined through [5F4-183], a5 = yjx;,

therefore yy = py/p7 x;.

The data as given do not include values for the vapour pressure over the pure
liquids, so the first task is to plot p; against xj and extrapolate to x; = 1 to
find p;. The vapour pressures are plotted in this way Fig. 5.35, and the lin-
ear extrapolations to find the vapour pressures of the pure substances are also
shown. These give the values pf = 7.45 kPa and pj = 35.41 kPa; using these

values the activity coeflicients are computed as shown in the table.
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Figure 5.35

XE pe/kPa Xp ps/kPa  yg ys  ye(Henry) GE/k]mol_1

0.0160 0.484 0.9840 35.05 4.06 1.01 1.70 0.08
0.0439 0967 09561 34.29 296 1.01 1.24 0.16
0.0835 1.535 09165 33.28 2.47 1.03 1.03 0.26
0.1138 1.89 0.8862 32.64 2.23 1.04 0.93 0.34
0.1714 2.45 0.8286 30.90 1.92 1.05 0.80 0.42
0.2973 331 0.7027 28.16 1.49 1.13 0.63 0.55
0.3696 3.83 0.6304 26.08 139 1.17 0.58 0.59
0.5834 4.84 0.4166 20.42 1.11 1.38 0.47 0.53
0.6604 536 0.3396 18.01 1.09 1.50 0.46 0.52
0.8437 6.76 0.1563 10.00 1.07 1.81 0.45 0.41
09931 7.29 0.0069 0.47 0.98 1.92 0.41 -0.03

On the basis of Henry’s law, the activity in terms of the vapour pressure p; is
given by [5E10-184], a; = p;/Kj, where K] is the Henry’s law constant for | as
a solute. The activity coefficient is defined as before, a; = y;xj, and therefore
y1 = pi/Kyxy.

To find the Henry’s law constant for E, the limiting slope of a plot of pg against
xg is taken. The three data points given at the lowest values of xg do not ex-
trapolate back to the origin, which is not in accord with Henry’s law. Arguably
there are several equally valid ways of proceeding here, but one is to force the
best-fit line to pass through the origin and then use the first three data points;
this leads to the slope is shown by the dashed line in Fig. 5.35. The limiting
slope, taken in this way is 17.77 and so Kg = 17.77 kPa. This value is used to
compute the activity coeflicients for E based on Henry’s law, and the results are
shown in column headed yg(Henry) in the table above. The outcome is not
satisfactory because the expecting limiting behaviour yg — 1 as xg — 0 is not
evidenced.
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The excess Gibbs energy is define in [5B.5-156] as GE = ApixG — Apmix G192,
As explained in Section 5E3 on page 185, the Gibbs energy of mixing is given
in terms of the activities as ApixG = nRT (xalnas + xglnag), whereas the
ideal Gibbs energy of mixing is AmixG'9¢¥ = nRT (xpInx + xglnxg). The
activities are written as ay = yaxa and hence

G” = AnixG — Amix G
=nRT (xplnap + xglnag) — nRT (x5 lnxy + xpInxp)
=nRT (xplnysxs + xglnypxp) — nRT (xa Inxs + xpInxp)

=nRT (xplnys + xgInyp)

Using the final expression G®/n is computed from the given data and using
the activity coeflicients (based on Raoult’s law) already derived. The computed
values are given in the table.

On the basis of Raoult’s law, the activity in terms of the vapour pressure py is
given by [5E2-183], aj = p;/py, where py is the vapour pressure of the pure
substance. The activity coefficient is defined through [5F4-183], a; = y;xj,
therefore y; = py/pyx;. The partial pressure in the gas phase is determined
from the mole fraction in the gas phase, y;, pj = ¥jProt> S0 the final calculation

. _ *

is y5 = yyProt/ Py X-

The total pressure is given in kPa, whereas the vapour pressure over pure oxy-
gen is given in Torr. The conversion is

(101.325kPa)/(1 atm)

(pkPa) = (p" Torr) X = S Torr)/ (1 atm)

The temperature-composition phase diagram is shown in Fig. 5.36 and the
computed values of the activity coeflicient are given in the table below. The
fact that the activity coefficient is close to 1 indicates near-ideal behaviour.

95 w I
| |®vapour |
o liquid
9 <
L o e |
N4 O [}
= 8 o . i
| o . N
80 o o n
o e -
75T | |

| |
0.0 0.2 0.4 0.6 0.8 1.0
X0, Or Yo,
Figure 5.36



166

T/K xo0, Yo, Po, [Torr  yo,
77.3 0 0 154

78 0.10 0.02 171 0.88
80 0.34 0.11 225 1.08
82 054 0.22 294 1.04
84 0.70 0.35 377 0.99
86 0.82 0.52 479 0.99
88 0.92 0.73 601 0.99
90.2 1.00 1.00 760 0.99

15.6 (a) To develop the expression for K into the form requested it is useful to
rewrite [MA] and [M]fe in terms of the total concentration of macro-
molecule, [M]. The total amount of A in the dialysis bag is [A]in = [A]freet+
[ A]pound, but the amount of A bound is equal to the amount of the macro-
molecule ligand complex, MA: [A]pound = [MA], therefore

[Alin = [Alfree + [MA] hence [MA]=[Alin - [Alfree

Recall that [A]free = [A]out and that, by definition v = ([A]in—[A]out)/[M],
it therefore follows that

[MA] = [Alin = [A]out = v[M]

Now consider the macromolecule, the total concentration of which is
[M]. It follows that [M] = [MA] + [M]ee. The expression just derived
for [MA], [MA] = v[M] is substituted in to give [M] = v[M] + [M]free,
from which it follows that [M]fee = [M](1 - v)
With these expressions for [M]gee and [MA], the expression for K is
developed into the requested form

[MA]c® v[M]c® ve®

K= [M]free[A]free ) [M](l - V)[A]out ) (1- V)[A]out

where [A]free = [A]out is also used.

(b) The equilibrium constant K describes the equilibrium between a maco-
molecule with a single binding site, S, and the bound complex, SA

[SA]c®
[S] free [A] free

In part (a) v is defined as the average number of bound ligands per macro-
molecule, and is therefore given by v = [A]bound/[M]. Whereas M has N
binding sites, S only has one site, so the average number of ligands bound
per S is v/N. This number is also expressed (by analogy with the earlier
discussion) as [A]pound/[S], so it follows that v/N = [A]yound/[S]- The
final step is to realise that the concentration of bound ligand is equal to

K' =



(o)

the concentration of the S-A complex, $0 [A]bound = [SA]. It therefore
follows that v/N = [SA]/[S]. This is rearranged to [SA] = [S]v/N, which
is one of the terms needed in the expression for K'.

The other term is [S]fe. which is related to [S] as follows. The total con-
centration of S is given by [S] = [S]free + [SA], hence [S]gee = [S] - [SA].
Substituting [SA] = [S]v/N gives [S]free = [S] - [S]¥/N = (1 - v/N)[S].
The expression for the equilibrium constant is now developed as

[SA]c® ([S]v/N)c® ~ ve®
[S]free [A]free (1 - V/N) [S] [A]free [A]free(N - V)
where to go to the final expression the numerator and demoninator are

multiplied by N and [S] is cancelled. The Scatchard equation follows by
taking the factor (N — v) to the left

K' =

°

ve

[A]free

The straight line plot is v/[A]free against v. The task is therefore to deter-
mine v from the data. Note that the data given are the total concentrations
of EB in and outside the bag. It therefore follows that

K'N-K'v=

[EB]total,in = [EB]bound + [EB]free = [EB]bound + [EB]out

It follows that [EB]bound = [EB]iotal,in — [EBJout. Recall that v is defined
as v = [EBJpound/[M], therefore

[EB] total,in — [EB] out
[M]

V=

The given data and the derived values of v are shown in the following table
(1 uM = 1 pmol dm™), and plotted in Fig. 5.37.

[EBJou/uM  [EBJin/uM v (v/[EBJow)/(pM™")

0.042 0.292 0.250 5.95
0.092 0.590 0.50 5.41
0.204 1.204 1.00 4.90
0.526 2.531 2.01 3.81
1.150 4.150 3.00 2.61

The data fit to quite a good straight line, the equation of which is
(v/[EBJout)/(UM™!) = =1.17 x v + 6.12

The slope is —K’/c® where ¢® is the standard concentration, 1 mol dm ™,
but because [EB]oy is used in puM, ¢® = 10° uM. It follows that the
(dimensionless) equilibrium constant is . The intercept
gives K'N/c®, hence [N = 5.23]: this is the average number of binding
sites per DNA molecule. The graph is a good straight line, indicating that
the data fit the model quite well.
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Figure 5.37

The dissolution of the protein according to the given equilibrium is described
by a solubility constant K

PX,(s) == P""(aq) + vX (aq) K, = apaj

where the solubility constant is written in terms of the activities. Introducing
the activity coeflicients and molalities, b, gives

K, =y, ' bpbk

Atlow to moderate ionic strengths the Debye-Hiickel limiting law, [5F27-188],
logy, = —Alz_z,|I 12 is a reasonable approximation for the activity coefhi-
cients.

Addition of a salt, such as (NH4),SO4, causes I to increase, logy. to become
more negative, and hence y.. to decrease. However, K; is an equilibrium con-
stant and remains unchanged. Therefore, the molality of P"* increases and the
protein solubility increases proportionately.

This effect is also explicable in terms of Le Chatelier’s principle. As the ionic
strength increases by the addition of an inert electrolyte such as (NH4),SO4,
the ions of the protein that are in solution attract one another less strongly, so
that the equilibrium is shifted in the direction of increased solubility.

The explanation of the salting out effect is somewhat more complicated and

can be related to the failure the Debye-Hiickel limiting law at higher ionic

strengths. At high ionic strengths the Davies equation, [SE.30b-189], is a better

approximation

~Alz,z_|1'?
1+ BI'/?

At low concentrations of inert salt, I'/2 > I, the first term dominates, y. de-
creases with increasing I, and salting in occurs; however, at high concentra-
tions, I > I 1/ 2 the second term dominates, y+ increases with increasing I, and
salting out occurs. The Le Chatelier’s principle explanation is that the water
molecules are tied up by ion-dipole interactions and become unavailable for
solvating the protein, thereby leading to decreased solubility.

logy. = +CI



169

I5.10 In Section 5B.2(e) on page 162 the derivation of the expression for the osmostic
pressure starts by equating the chemical potential of A as a pure liquid subject
to pressure p with that of A in a solution of mole fraction x, containing solute B
and subject to pressure p+IT: ux (p) = pa(xa, p+IT). The chemical potential of
A in the solution is then expressed as pa (xa, p+IT) = pr(p + II) + RT Inxy,
which assumes ideality. If the solution is not ideal, then the mole fraction is
replaced by the activity a to give

pa(p) = pa(p+ 1)+ RTInay
The derivation then proceeds as before yielding the intermediate result —-RT'In a, =
VinIT for the non-ideal solution.

The osmotic coefficient ¢ is defined as ¢ = —(x5/xp)Inay, hence Ina, =
—¢xp/xa. This expression for Inay is substituted into —RTIna, = V,II to
give RT¢xp/xs = VinII. The final steps assume that the solution is dilute so
that x5 ~ 1 and xp = ng/(na + np) ~ ng/ns

RT¢2 = VT
XA

hence RT¢@ = VIl
na

RT¢—2— =11
I’lAVm
RT$[B] = IT

To go to the last line V = ny Vi, and [B] = np/V are used.






6 Chemical equilibrium

6A The equilibrium constant

Answers to discussion questions

D6A.2

The terms appearing in the equilibrium constant are the activities of the species
involved in the equilibrium, and these terms arise because the chemical po-
tential of each species depends on its activity. If a pure liquid or pure solid
is part of the equilibrium, its chemical potential contributes to the value of
A,G°. However, as the substance is in its pure form there is no composition
dependence of its chemical potential and hence no term in the equilibrium
constant. Put another way, such species have unit activity.

Solutions to exercises

E6A.1(b)

E6A.2(b)

E6A.3(b)

E6A.4(b)

In general if the extent of a reaction changes by an amount A then the amount
of a component J changes by vjA& where vy is the stoichiometric number for
species ] (positive for products, negative for reactants). In this case vy = -2
and vy = +1.

na =nao+Ang =np0+vaA&=(1.75mol) + (-2) x (0.30 mol) =[1.15 mol
ng = np,o + A}’IB =ng,o + VBAf = (012 mol) +1x (030 I’IlOl) =

The reaction Gibbs energy A;G is defined by [6A.1-204], A;G = (0G/dE), 1.
Approximating the derivative by finite changes gives

oG AG  -2.41K -
AG=(==] ~»—=—""""_ |47k mol
(3) % 005 ma

A reaction is exergonic if A;G < 0 and endergonic if A,G > 0. From the
Resource section the standard Gibbs energy change for the formation of lig-
uid benzene from its elements in their reference states at 298 K is A;G°® =

+124.3 kJmol . This is positive so the reaction is .

The reaction quotient is defined by [6A.10-207], Q = []; alv ’. For the reaction
2A+B - 2C+D, vy = -2, vg = =1, vc = +2, and vp = +1. The reaction
quotient is then

aéaD

_o2 -1 2 _
Q=ay"ag acap = —;
azag
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el . _ vy
E6A.5(b) The equilibrium constant is defined by [6A.14-207], K = (HJ ay )equmbrium.
The ‘equilibrium’ subscript indicates that the activities are those at equilibrium
rather than at an arbitrary stage in the reaction; however this subscript is not
usually written explicitly. In this case

3
Acucls (1) #Hcl(g)

-1 -3 3
K = acy,(g)9ci, (g) Acucy (1) HHci(g) = a

3
CH,(g) *Cly(5)

The activity of CHCI;(1) is 1 because it is a pure liquid. Furthermore if the
gases are treated as perfect then their activities are replaced by ay = p;/p°. The
equilibrium constant becomes

_ (puci/p®)’ _ Phcib”
(Pen/p®)(Per,/P®)?  Pen,Po,

E6A.6(b) The standard reaction Gibbs energy is given by [6A.13a-207]

AGT= S WAGT - Y vAG®

Products Reactants

The relationship between A, G® and K, [6A.15-208], A;G® = —RT In K, is then
used to calculate the equilibrium constant.

(i) For the reaction of mercury with chlorine

A:G® = A;G® (HgCly,s) — {ArG° (Hg,1) + AG® (Cl, g)}
= A¢G®(HgCl,,s) = —178.6 k] mol ™

. ~178.6 x 10° Jmol ™
K=e &0 /RT _exp (—( x 10° Jmo ) =[2.02 x 10%!

8.3145J K ' mol ") x (298 K)
(i) For the reduction of copper ions by zinc

A.G® = A¢G®(Zn**,aq) + A;G°(Cu,s)
—{A¢G°(Zn,s) + A;G°(Cu**,aq)}
= AfG®(Zn**,aq) — A{G°(Cu*",aq)
= (-147.06 kJmol ") — (+65.49 kjmol ') = —2.12... x 10° Jmol ™’

Then

. -2.12...x 10° 1!
K=e &0 /RT _ exp (—( x 107 Jmo ) =[1.80 x 10%”

8.3145J K~ mol™") x (298 K)

Neither reaction has K < 1 at 298 K.



E6A.7(b)

E6A.8(b)
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The relationship between A, G* and the equilibrium constant is given by [6A.15-
208], A;G® = —RTInK. The ratio of the equilibrium constants for the two
reactions is

K, e MGU/RT (Arcf—Arcg)
=exp|l—————77

K, T o AGI/RT RT

_ 3 -1y _ 3 -1
:exp(_( 200 x 10° Jmol ') — (+30 x 10 Jmol )):

(8.3145JK ' mol ™) x (300 K)

The reaction Gibbs energy at an arbitrary stage is given by [6A.11-207], A,G =
A,G® + RTIn Q. In this case A,G° = —4.73 kj mol™". The values of A,G for
each value of Q are:

(i) AtQ =0.10

AG = (-4.73 x 10° Jmol ") + (8.3145J K~ mol ") x (298 K) xIn(0.10)

= ~1.04... x 10* Jmol ! =
(i) AtQ=1.0
A:G = (~4.73 x 10° Jmol ") + (8.3145J K" mol ") x (298 K) xIn(1.0)

= —4.73..x 10" Jmol ! = (= A:G®)
(i) AtQ =10

AG = (-4.73 x 10> Jmol ") + (8.3145J K" mol ") x (298 K) xIn(10)

= +9.75... x 10> Jmol ™! =[+0.98 k] mol ™"

(iv) AtQ =100
AG = (-4.73 x 10> Jmol ") + (8.3145J K" mol ") x (298 K) xIn(100)

= +6.68... x 10> Jmol ! =|+6.7 k] mol™!

The equilibrium constant K is the value of Q for which A;G = 0. From the
above values, K will therefore be somewhere between 1.0 and 10. To find
exactly where by linear interpolation, note that according to A,G = A,G° +
RTIn Q, a plot of A,G against In Q should be a straight line. Consider the two
points on either side of zero, that is, (ii) and (iii). The point A;G = 0 occurs a
fraction (4.73...)/(0.975... + 4.73...) = 0.829... of the way between points (ii)
and (iii), so is at

InK=1In1+(0.822...)x(In10 —In1) = 1.90...

Hence K = e!%%+ =[6.75]

The value is calculated directly by setting A,G =0and Q = Kin A,G = A,G° +
RTIn Q and rearranging for K

=[6.75]

3 -1
K o MGYRT _ exp( —4.73 x 10 Jmol )

©(8.3145J K~  mol ") x (298 K)

which is the same result as obtained from the linear interpolation.
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E6A.9(b)

E6A.10(b)

E6A.11(b)

For the reaction N,O4(g) = 2NO;(g) the following table is drawn up by
supposing that there are #n moles of N,Oy initially and that at equilibrium a
fraction « has dissociated.

N204 = 2N02
Initial amount n 0
Change to reach equilibrium -an +2an
Amount at equilibrium (1-a)n 2an

-« 20
Mole fraction, x;

l+a l+a

l1-«a 20
Partial pressure, py ( )P “op

1+« l1+a

The total amount in moles is #11o; = (1-a)n+2an = (1+a)n. This value is used
to find the mole fractions. In the last line, pj = x;p has been used. Treating all
species as perfect gases so that aj = (p;/p°®), the equilibrium constant is

o 2
a%o, _ (pno,/P°)* Pro, B (%) 4o’ p

K = - - - - ya
4N, 0, (pN204/pe) pNZOuDe (%)pe (1—0()(1+(X) PS

In this case & = 0.201 and p = 1.00 bar; recall that p® = 1 bar.

4% 0.2012 1.00 bar
- x =[0.168
(1-0.201) x (1+0.201) 1 bar

The relationship between K and K. is [6A.18b-209], K = K. x (¢*RT/p®)"".
For the reaction 3N, (g) + H,(g) = 2HN;(g)

Av=vgN, - VN, —VH, =2-3—-1=-2 hence ‘K:KCX(CSRT/pe)fz‘

p°/c®R evaluates to 12.03 K so the relationship can alternatively be written as
K =K. x [(12.03)/(T/K)]%.

The following table is drawn up:

A + B = C + 2D

Initial amount, #n;,9/mol ~ 2.00 1.00 0 3.00
Change, Anj/mol -0.79 -0.79 +0.79 +1.58
Equilibrium amount, | 0.21 0.79 458
ny/mol

Mole fraction, x; 0.178... 0.0309... 0.116... 0.674...

Partial pressure, py (0.178...)p (0.0309..)p (0.116...)p (0.674..)p




To go to the second line, the fact that 0.79 mol of C has been produced is
used to deduce the changes in the other species given the stoichiometry of the
reaction. For example, 1 mol of A is consumed for every 1 mol of C formed, so
Avay = =Avc = —0.79 mol. The total amount in moles is 7¢o; = (1.21 mol) +
(0.21 mol) + (0.79 mol) + (4.58 mol) = 6.79 mol. This value is used to find the
mole fractions. In the last line, p; = x;p has been used.

(i) The mole fractions are given in the above table.

ii) Treating all species as perfect gases so that a; = e equilibrium
(ii) Treating all speci perfect g that a; = p;/p°® the equilibri
constant is

k- %9 _ (pc/p*)(po/p°)* _ PcPb _ XcXb p

aras  (pa/p°)(ps/p°)  papsp®  xaxs p°

_(%)(%)2 1.00 bar ~
- (%)(%) x I bar —9.60...—

(iii) The relationship between A,G® and K [6A.15-208], A;G® = -RTInK, is
used to calculate A, G°:

A;G® = —(8.3145]K ' mol™") x ([25 + 273.15] K) x In9.60...

=[-561gmol 7]

E6A.12(b) The reaction for which A,G° corresponds to the standard Gibbs energy of
formation of UH;(s) is

U(s) + %Hz(g) = UH;(s)

that is, the formation of one mole of UH; from the elements in their reference
states. 'The equilibrium partial pressure of hydrogen is used to calculate the
equilibrium constant K, which is then used with A;G° = —-RT In K [6A.15-208]
to find A, G°.

Treating hydrogen as a perfect gas, so that ay, = py,/p°, and recalling that
ajy = 1 for a pure solid gives

Ko GUme 1 _ ( p° )3/2 _ (105 Pa)3/2
3/2 ©)3/2
ay(s) x ayg  1X (Pm/p°) P, 139 Pa
=1.92... x 10*

Hence

A,G® = —RTInK

= —(8.3145J K mol ™) x (500 K) x In(1.92... x 10*) =
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E6A.13(b) The reaction corresponding to the standard Gibbs energy change of formation

of PHj; is
iPa(s) + 3Ha(g) = PHs(g)

This is the reaction in question. The reaction Gibbs energy for an arbitrary
reaction quotient is given by [6A.11-207], A;G = A;G° + RTInQ. White
phosphorus (P4, the reference state of phosphorus) is a solid and so has a = 1;
the other species are treated as perfect gases so that a; = p;/p°. Therefore the
reaction quotient Q is

apn, _ (pe,/p°) _ pru, xp°7 _ (0.6bar) x (1bar)'/? 0.60

Q=—n = (pu,/p°)3? p;/f (1.0 bar)?3/2

aP4 CZHZ

Hence
A,G = A,G®° +RTInQ
= (+13.4x10° Jmol ") + (8.3145J K ' mol ") x (298 K) x In(0.60)

=[+121g mol”

Because A;G > 0 the spontaneous direction of the reaction under these condi-
tions is from right to left.

E6A.14(b) The standard Gibbs energy change for the reaction is given in terms of the
standard Gibbs energies of formation by [6A.13a-207]:
A,G® = AsG®(Pbl,, aq) — A¢G°(Pbl,,s)

This is rearranged for A¢G® (Pbl,, aq) and A,G* isreplaced by —-RT In K [6A.15-
208] to give

AsG®(Pbl,,aq) = A,G® + AtG®(Pbl,,s) = —RTIn K + A¢G° (Pbl,, s)
= —(8.3145JK " mol ™) x (298.15 K) x In(1.4 x 10°%)

+(~173.64 x 10° Jmol ') = |~1.3 x 10> kf mol "'

Solutions to problems

P6A.2 The required reaction can be generated from the following sum:
CO(g) + Hy(g) = H,CO(1)  A,G°(1) = +28.95 kJ mol "
H,CO(1) = H,CO(g) AG®(2)
CO(g) + Ha(g) = H,CO(g) A:G°(3) =AG°(1) + A,G°(2)

If H,CO(g) is treated as a perfect gas, so that ay,co(g) = pu,co/p°, then
noting that a; = 1 for a pure liquid, the equilibrium constant for the second
reaction is

X X
am,co(l) 1 p° 1 bar 760 Torr 1 atm
=1.99...

K, = JH:C0() (pu,co/p°) pPu,co 1500 Torr latm  1.01325bar
2 = = = =
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Using [6A.15-208], A;G° = -RTInK, the equilibrium constant for the re-
quired reaction is

K; = e—A,Ge(3)/RT

- exp (_ArG"(l) + ArGe(Z)) exp (_ArGe(l) —RTanz)

RT RT

AG®(1) 28.95 x 10> Jmol !
=Kyexp|————=—=] = (1.99..) xexp | - -
RT (8.31457 K" mol 1) x (298 K)
=[1.69x 107
P6A.4 The reaction Gibbs energy for an arbitrary reaction quotient is given by [6A.11-

207], A;G = A;G® + RTIn Q. Q is given by [6A.10-207], Q = [T, alv’. In each
case aj = 1 for pure solidsand a; = p;/p® for gases, assuming perfect behaviour.
Reaction (i): H,O(g) = H,O(s)

=4

_ 9H,0(s) _ 1 __P
amo(g) (Pmo/p°)  Pm0

AG = A,G® +RT1n( P )
PH,0

= (-23.6x10° Jmol ") + (8.3145J K" mol ") x (190 K)
1 bar
In{————— | =|+1.5kJ mol™*
* n(0.13 x 1070 bar) i Jmo

Reaction (ii): H,O(g) + HNO;(g) = HNO;.H,O(s)

_ _9HNO3 H,0(s)  _ 1 _ pe2
an,0(g) N0, (5)  (PH,0/P°)(prNo,/P°)  PH,0PHNO,
o2
AG = AG® + RTln(p)
PH,0PHNO;

= (-57.2x10° Jmol ") + (8.3145J K™ ' mol ") x (190 K)
(1 bar)? —
l =[+2.0 Ky mol
X n((013 % 10-6 bar) % (041 % 109 bar) + Jmo

Reaction (iii): 2H,O(g) + HNO;(g) = HNO;.2H,0(s)

o3
Q- @HNO;.2H,0(s) 1 p

a3 o @mNos(e)  (P:0/p®)?(Prnos/P®)  PhoPHNO,

o3
A.G = A,G® + RTIn (zp)
PHzopHN03

= (~85.6 x 10° Jmol ") + (8.3145J K" mol ") x (190 K)

(1 bar)? -1
| = _—1.4k |
< ( (0.13 x 107¢ bar)? x (0.41 x 10~° bar) Jmo
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Reaction (iv): 3H,O(g) + HNO;(g) = HNO;.3H,0(s)

4
AHNO;.3H,0(s) 1 p°

a3 6 @NOs(e)  (P.0/P%)* (P10 /P®)  Phi,0Pro,

Q=

o4
AG = AG® + RTln(sp)
Pi1,0PHNO;

= (~112.8 x 10° Jmol ') + (8.3145J K" mol ") x (190 K)
(1 bar)* =
1 =|-3.5kJ mol
e ( (0.13 x 107¢ bar)? x (0.41 x 10~° bar) Jmo

The results show that A,G < 0 for reactions (iii) and (iv), so HNO3.2H,O
and HNO;.3H,0 can form spontaneously under the prevailing conditions.
To identify which of these solids is most stable, consider the conversion of
HNOj3.2H,0 into HNO3.3H, 0. The required reaction is constructed by adding
reaction (iv) to the reverse of reaction (iii):

A;G/(kJmol™")
HNO;.2H,0(s) = 2H,0(g) + HNO;(g) +1.35...
3H,0(g) + HNO;(g) = HNO;.3H,0(s) ~3.50..
HNO;.2H,0(s) + H,0(g) = HNO3.3H,0(s)

Since A, G < 0 for this conversion, it follows that{HNO3.3H,O|is the thermo-

dynamically most stable solid (at least out of the four considered) under the
prevailing conditions.

P6A.6 The standard reaction enthalpy and entropy are calculated using standard en-
thalpies of formation and standard molar entropies respectively ([2C.5a-55]
and [3C.3a-94])
ArHe = Q.AfHe (NOz, g) - AfI‘Ie (N204, g)
=2x (+33.18 kfmol ") - (+9.16 kfmol ") = +57.20 kJ mol "
ArSS = ZSQ(NOZ, g) - Sren(N204, g)
=2 x (+240.06 JK " mol™") - (+304.29 JK ' mol ") = +175.83 JK™' mol "
The relationship between the equilibrium constant and A, G* is [6A.15-208],

A;G° = -RT'InK, and A,G® is related to A, H® and A,S°® according to [3D.9-
100], A,G® = AH® — TA,S°®. Therefore

-A.G®/RT —(AH®-TAS®)/RT —A.H®/RT _A;S°/R
K = e MG /RT _ o~ ST)/RT _ o=AcH® [RT gAS°/

+57.20 x 10% Jmol ™ +175.83 JK ™! mol ™
=exp| - - — X exXp - -
(8.3145JK™ " mol ") x (298 K) 8.3145J K" mol

enthalpy contribution to K entropy contribution to K

= e B0 el 2 (941, x 1071) x (1.52... x 10°) = 0.144
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The calculation shows that A, H® and A, S° make contributions to K in opposite
directions: A,H® acts to make K very small while A,S° acts to make K very
large and the overall result is that K is close to 1. The negative value of A,H®
can be interpreted in terms of the forward reaction involving the breaking of
the N-N bond in N, Oy, while the positive value of A,S® can be attributed to
the reaction forming two moles of gas from one mole. At 298 K the calculation
shows that the A, H® contribution is slightly larger than the A,S® contribution
which is reflected in K being less than 1.

6B The response of equilibria to the conditions

Answer to discussion question

Dé6B.2

This is discussed in Section 6B.1 on page 212 and in Section 6B.2 on page 213.

Solutions to exercises

E6B.1(b)

For the reaction Br,(g) = 2Br(g) the following table is drawn up by supposing
that there are n moles of Br; initially and that at equilibrium a fraction « has
dissociated.

Br, = 2Br

Initial amount n 0
Change to reach equilibrium —-an +2an
Amount at equilibrium (1-a)n 2an
. l-« 20
Mole fraction, xj
1+« 1+«
-« 2a
Partial pressure, py Q Zop
1+« 1+«

The total amount in molesis (1-a)n+2an = (1+a)n. This value is used to find
the mole fractions. In the last line, p; = xjp [1A.6-9] has been used. Treating
all species as perfect gases, so that a; = (p;/p®), the equilibrium constant is

apy2
_ak _ (Pee/P°) PR _ (3£) _ 40 P
apr,  (PBr/P°)  PBrp® (%)pe (1-a)(1+a)pe

In this case & = 0.24 and p = 1.00 bar; recall that p° = 1 bar.

=0.244... =

4 x0.242 1.00 bar
X
(1-0.24) x (1+0.24) 1 bar

The temperature dependence of K is given by [6B.4-215],

ArHe(l 1)

= —

anZ_anl:_ T T
2 1
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E6B.2(b)

E6B.3(b)

assuming that A, H® is constant over the temperature range of interest.

InK, =1n(0.244...) -

112 x 10° Jmol ™! ( 1

- =0.275...
8.3145JK ' mol™* \2000K 1600 K)

Thatis, K, = [1.3], alarger value than at 1600 K, as expected for this endothermic
reaction.

The data in the Resource section is used to calculate A,G® and A, H® at 298 K

A;G® = A¢G®(CHCl3,1) + 3A¢G® (HCL, g) - A¢G°®(CHy, g)
= (=73.7kJmol ") + 3 x (-95.30 kjmol ") — (-50.72 k] mol ")
=-3.08... x 10> kJ mol ™"

A:H® = A¢H® (CHCl3,1) + 3A¢H® (HCl, g) - A¢H® (CHy, g)
= (~134.1k mol ") +3(-92.31 kJmol ") — (~74.81 kj mol ")
= -3.36... x 10> kJmol

The equilibrium constant at 25 °C (= 298.15 K) is calculated from A;G* using

[6A.15-208], A,G° = -RTInK

MG -3.08... x 10° Jmol ™ 1
RT (8.3145J K ' mol™") x (298.15 K)

hence K =1.29...x10°* =|1.3 x 10

InK = 4. % 10?

Assuming that A,H® is constant over the temperature range of interest, the
temperature dependence of K is given by [6B.4-215],

AH® (1 1
anz—ll'lKlz— (7—7)
R T, T)

This is used to calculate the equilibrium constant at 50 °C (= 323.15 K)

—3.36...><105]m011( 1 1 )

InK; =1n(1.29... x 10°*) - - -
8.3145J K~ ! mol 323.15K  298.15K

=1.14... x 10?

That is, K, = |3.6 x 10*}, a smaller value than at 25 °C, as expected for this

exothermic reaction.

Assuming that A,H® is constant over the temperature range of interest, the
temperature dependence of K is given by [6B.4-215],

anZ _anl = —ArH (i - L)
R T, T




E6B.4(b)

Using A;G® = —RT InK to substitute for K; and setting InK, = In1 = 0 (the
crossover point) gives

AGe(Ty) ArHe( 1 1 )

R, R \T, T,

Rearranging for T, gives

T, A H® 1120 K 125 kJ mol ™!
T, = 1 _ ) x (+125KJmol ) sy

AH® - AG*(T1)  (+125k]mol™") — (+22 kJmol™")

The van 't Hoff equation [6B.2-214], dIn K/dT = A,H®/RT?, is rearranged to
obtain an expression for A, H®

AHE :RTzdan

ar
=RT2i(A+E+£)=RT2(—£—£)=—R(B+£)
ar\" T T T2 T T2

= —(8.3145JK " mol ™) x ((—1176 K) +

=7.19...x 10° Jmol ™! =|7.2 ky mol™*

The standard reaction entropy is obtained by first finding an expression for
A,G® using [6A.15-208]

3% (2.1x107 K?)
(450 K)2

B C C
A,G® =-RTInK = —RT(A+ =+ —) =-R (AT+B+ —)
T T T?

The equation A;G° = AH® — TA,S® [3D.9-100] is then rearranged to find
A.S®

AH® - AG® 1
Age = A ZAG 1 —R(B+E)+R(AT+B+£)
T T T2 T2
A H® —-A,G®
2C _ 2x (2.1 x107 K2
:R(A——):(8.3145]K‘1mol D (200 - 221X )
T3 (450 K)?

=|-21JK ' mol ™

An alternative approach to finding A,S°® is to use the variation of G with T
which is given by [3E.8-107], (0G/dT), = —S. This implies that dA,G®/dT =
—A;S° where the derivative is complete (not partial) because A, G* is indepen-
dent of pressure. Using the expression for A,G° from above it follows that

Arse:—dArG o4 —R(AT+B+£) :R(A—E)
dT dT T3

AG®

which is the same expression obtained above.
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E6B.5(b)

E6B.6(b)

Treating all species as perfect gases so that aj = py/p°, the equilibrium constant
for the reaction CH;OH(g) + NOCI(g) = HCl(g) + CH;NO,(g) is

ACH;NO, @HCl _ (PCH3NOZ/PS)(PHC1/P9) _ PcH;NO, PHCI
acusouanoct  (pcu,on/p®)(pnoci/pP®)  pcusonpPNOC
_ (xcu,no,P)(XHc1p) _ XCH3;NO,XHCI

K:

= = =K,
(xcH,oup) (xNoc1P) XCH;0HXNOCI

where K, is the part of the equilibrium constant expression that contains the
equilibrium mole fractions of reactants and products. Because K is indepen-
dent of pressure, and K = K in this case, it follows that K, does not change
when the pressure is changed. Hence the percentage change in Ky is [zero].

The following table is drawn up for the N, (g) + O,(g) = 2NO(g) reaction,
supposing that in order to reach equilibrium the reaction proceeds to the right
by an amount z moles.

N, + O, = 2NO
Initial amount nN,,0 10,,0 0
Change to reach equilibrium -z -z +2z
Amount at equilibrium nN,,0 — 2 no,0—2 2z
. nN,,0 — 2 no,0 — 2 2z
Mole fraction, x; — —
Mot Mot Mot
. nN,,0 — % nop,,0 — % 2z
Partial pressure, py (M0 =2)p (n0.0=2)p =P
Ntot Ntot Ntot

The total amount in moles is 7140t = #N,,0+10,,0 at all times. Treating all species
as perfect gases so that a; = p;/p° the equilibrium constant is

_ o _ (pno/p°)? _ PRo
4N, a0, (pNz/pe)(poz/pe) PN, Po,
(2zp/n)* 47*

 [(nn,0 = 2)p/miot] [(0,.0 = 2)P/eot] — (n,0 = 2) (10,0 — 2)

Rearranging gives
K(nn, 0 - 2)(no,,0 - z) = 42>
Hence (4 - K)z> + K(nn,.0 +10,.0)2Z = 1x,,010,,0K = 0

The initial amounts are calculated as

_ 50g
28.02 gmol "

20g
=0.178... mol no,,0 = ———— = 0.0625... mol

n =
R 32.00 gmol !
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Substituting the values for #; and K into the above equation, dividing through
by mol® and writing x = z/mol yields the quadratic

(3.99..)x% + (4.07...x 107*)x —1.88...x 10> = 0

which has solutions x = 2.12... x 107 and x = -2.22... x 107 implying z =
(2.12... x 107 mol) or z = (-2.22... x 107> mol). The negative value of z is
rejected because that would imply a negative amount of NO. The mole fraction
of NO present at equilibrium is therefore

2z 2 x (2.12... x 107 mol)

=10.018
nN,,0 + 10,0 (0 178... mol) + (0.0625... mol)

XNO =

E6B.7(b)  The temperature dependence of K is given by [6B.4-215]

AH (i - i) hence A.H®=-
R T, T

RIn(K,/K;)
(1/T2) - (1/Th)

(i) If the equilibrium constant is doubled then K, /K; = 2
1 —1
AH® = - (8.3145JK""mol™ ") xIn2 _
[1/(325K)] - (1/[310K])
(ii) If the equilibrium constant is halved then K, /K; = 1/2

e__(8.3145]K‘1m01_ xIn(1/2) _~ —
A= [1/(325K)] - (1/[310K])

E6B.8(b) Therelationship between A,G® and K is given by [6A.15-208], A;G° = —RT In K.
Henceif K = 1, A,G® = —RTIn1 = 0. Furthermore A,G? is related to A,H®
and A,S° by [3D.9-100], A, G® = A,H® — TA,S°,s0if K =1

anZ —h’lKl = -

A H®
AH® —TA.S°=0 hence T=
A.S®
Values of A,H® and A,S° at 298 K are calculated using data from the Resource

section.
ArH® = AfH® (CuSOy,s) + 5A¢H® (H,0, g) — AfH® (CuSO4.5H,0, s)
= (-771.36 kJmol ") + 5 x (-241.82 kJmol™") — (-2279.7 kf mol ")
= +299.24 kJ mol ™
A:S® =8, (CuSOy,s) +5S;,(H,0,g) - S5 (CuSO4.5H,0, s)
= (109 JK ' mol™") + 5 x (188.83 JK " mol ") - (300.4 JK™' mol ")
=752.75JK " mol ™’
Substituting these values into the equation found above, assuming that A,H®
and A,S° do not vary significantly with temperature over the range of interest,

gives:

AH®  299.24 x 10° 17!
e X llmofl -[398K
AS® 75275 TK ! mol
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E6BI(D) (i)

(ii)

(iii)

(iv)

Treating the vapour as a perfect gas so that aj = pj/p°, and noting that
pure solids have a; = 1, the equilibrium constant for the dissociation
NH,CI(s) = NH;(g) + HCI(g) is

anm;,ganclg _ (P, /P°)(PHci/P®) _ P, PHC

K= I 2
aNH,Cl,s p

Furthermore, because NH; and HCl are formed in a 1 : 1 ratio, they each
have a mole fraction of 1/2 and the partial pressure of each is half the total
pressure: pa, = pp = 3 p. The equilibrium constant at 427 °C is therefore

Loyl 2 2
Ko (2P)(22P) - F (608 KPa)” g oy _[o2d
p° 4p°? 4% (100 kPa)?

The standard reaction Gibbs energy at 427 °C is obtained using A,G® =
-RTInK [6A.15-208]

A:G® = —(8.3145] K " mol ") x ([427 + 273.15] K) x In(9.24...)

=-1.29...x 10* Jmol ™ =|-12.9 kJ mol ™

The variation of K with temperature, assuming that A, H® does not vary
with T over the temperature range of interest, is given by [6B.4-215]

_ Rln(Kz/Kl)
(1/T2) - (1/Th)

Noting that the above equilibrium constant expression K = p?/4p°> im-
plies that In(K,/K,;) = In(p3/p?), A;H® is calculated as

InK,-InK; = -

AH® (1 1
(— - —) hence A.H® =
R T, T

(8.3145JK ' mol ") x In ((1115 kPa)?/(608 kPa)?)
© [1/(459 +273.15) K] - [1/(427 + 273.15) K]

= +1.61... x 10° Jmol ™' =|+162 kJ mol™!

The standard reaction entropy is obtained from A,G® and A H® by rear-
ranging A,G° = A H® — TA,S° [3D.9-100]:

AH® =

Ao AHT-AGe (161 10° Jmol™') - (~1.29... x 10* Jmol ")

T 700.15 K
:‘-r249]K‘1 mol_l‘

Solutions to problems

P6B.2 (a)

The reaction CH4(g) == C(s, graphite) + 2Hj, is the reverse of the forma-
tion reaction of methane, so

AH® = -A¢H®(CHy, g) = ~(~74.85 kj mol ") = +74.85 k] mol !
ArS® = =A¢S°(CHy, g) = ~(~80.67 JK™' mol ™) = +80.67 JK™" mol "



The equilibrium constant K is calculated using A;G°® = —RT In K [6A.15-
208], with A,G*® being obtained from A,G® = A,H® — TA,S° [3D.9-100]

K _ e*ArGe/RT _ exp _ArHe p— TArSe
RT
o (_ (74.85 x 10> Jmol ") — (298 K) x (80.67 JK™! mol_l))
P (8.3145J K ' mol™") x (298 K)

=[1.24 <107

(b) The temperature dependence of K is given by [6B.4-215]

A,He(l 1)

i —

h’le:anl— T T
2 1

assuming that A,H® is constant over the temperature range of interest.
The value of K at 50 °C is therefore
InK, = In(1.24... x 1077)

74.85 x 10% Jmol ™! 1 1
8.3145J K 'mol™! \ (50+273.15) K 298K

=-18.1... hence K, =[1.30x10"%

(c) Thefollowing table is drawn up, assuming that the initial amount of methane

is n and that at equilibrium a fraction « has dissociated. Graphite is a solid
so is not included in the calculations.

CH4(g) = 2Hy(g) + C(s)

Initial amount n 0 —
Change to reach equilibrium —-an +2an —
Amount at equilibrium (1-a)n 2an —
. l-« 2a
Mole fraction, x; —
1+« 1+«
-« 2a
Partial pressure, py ( )p P —
l+a 1+«

The total amount in moles is 7t = (1 — a)n + 2an = (1 + a)n. This
value is used to find the mole fractions. Treating CH4 and H; as perfect
gases, so that aj = p;/p®, and recalling that pure solids have a; = 1, the
equilibrium constant is

ap\2
_aiac _ (pu/p)x1 _ b, (5R)
ac,  (pen/p®)  pemp®  (U22)pe
4o p  4a* p

T(-a)(1+a)pe 1-aZp°
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P6B.4

Rearranging for « gives

1

1
e K 2 1.24...x10~° 2
“\4(p/p°) +K)  \4x(0.010 bar)/(1 bar) + 1.24... x 10~°
=[1.76 x 1077}

(d) If the pressure is increased, K will not change, because the equilibrium

constant is independent of pressure. However, the above expression for
the degree of dissociation, a = [K/(4p/p® + K)]'/?, indicates that & will
decrease as p increases due to the denominator becoming larger. This is
in accord with Le Chatelier’s principle, which predicts that an increase in
pressure will cause the reaction to adjust so as to minimise the pressure
increase. This it can do by reducing the number of particles in the gas
phase, which implies a shift CH4(g) < 2H,(g) + C(s), corresponding to
a lower degree of dissociation.
If the temperature is increased, then the van ’t Hoff equation [6B.2-214],
dInK/dT = A.H®/RT? predicts that K will increase because A H® is
positive for this reaction, so that dIn K/dT and therefore also dK/dT is
positive. The expression for the degree of dissociation, « = [K/(4p/p® +
K)]'/2, shows that this increase in K will result in an increase in a. This
is most clearly seen by noting that because o < (p/p°) the expression
for & may be approximated as [K/(4p/p®)]/* which will increase as K
increases. The result that « increases with T is again in accord with Le
Chatelier’s principle, which predicts that for this endothermic reaction
the equilibrium will shift towards the products if the temperature rises.

The van ’t Hoff equation [6B.2-214] is

dlnK AH® . . dlnK A H®
= which can also be written - =
dr RT? d(1/T) R

The second form implies that a graph of —In K against 1/T should be a straight
line of slope A,H®/R; such a plot is shown in Fig. 6.1.

T/K K 1/(T/K) -InK
300 4.0x10*' 0.00333 -72.8
500 4.0x10' 0.00200 -42.8
1000 5.1x10% 0.00100 -20.0

The data fall on a good straight line, the equation of which is
InK = (-2.259 x 10*) x 1/(T/K) + 2.463
A H? /R is determined from the slope

AH® = R x (slope x K) = (8.3145] K " mol™") x (-2.259 x 10* K)

=[-1.9x 102 K mol |
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-InK
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|
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-80
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0.000 0.001 0.002 0.003 0.004

1/(T/K)

Figure 6.1

Treating NH; as an ideal gas (so that a; = pj/p°) and noting that pure solids
have a; = 1, the equilibrium constant for the decomposition CaCl,.NH;(s) =
CaCly(s) + NH;(g) is
ACaCl,,s NH;,g _ 1 x (PNH3/pe) _ PNuy

ACaCl, NHa,s 1 p°
At 400 K, the value of K is therefore (1.71 kPa)/(100 kPa) = 0.0171.

The starting point for finding the temperature dependence of A,G® is the tem-
perature dependence of K, which is given by [6B.4-215]

AH® (1 1
lIlKZ :anl_ (7—7)
R T, T

Using A,G® = —RT'InK [6A.15-208] to replace InK, by —A,G°/RT,, and
setting T, = T where T is any temperature between 350 K and 470 K, gives

K=

A.G® AH® (1 1
B g (11
RT R \T T
This expression is rearranged for A,G°
1 1 A H®
ArGe:—RTan1+TArHe(———):ArHe— RInK; + T
T T1 Tl

Setting T} = 400 K and K; = 0.0171 as calculated above gives

A;G® = +78 x 10° Jmol ! - ((8.3145]K_1 mol™") x In(0.0171)

400 K
= (+78 x 10> Jmol™') - (1.6 x 10> JK ' mol ") T

78 x 10° ]mol“)

or, dividing through by kJ mol " ‘ArGe/k] mol ™' =78 - 0.16(T/K)‘
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P6B.8

The following table is drawn up for the I (g) = 2I(g) equilibrium:

I, = 21

Initial amount ny, 0
Change to reach equilibrium —any, +2any,
Amount at equilibrium (1-a)ny, 2any,

1-«a 2
Mole fraction, xy

1+« l1+a

-« 20
Partial pressure, py (-awp Lop

l+a l+a

The total amount in moles is nyo; = (1 — &) ny, + 2any, = (1 + a)ny,. This value
is used to find the mole fractions. Treating all species as perfect gases, so that
ay = py/p°, the equilibrium constant is:

2 o\2 2 2ap\2 5
_% _ (p1/p°) N (m) _ 4a P
a;, (pn/p°) pnp° (%)pe (1-a)(1+a)p°

The total amount in moles is found from the pressure using the perfect gas law
[1A.4-8], pV = no RT. With this, « can then be determined.

pv

pV = RT = (1 + a)n,RT hence o= -1
nIzRT

These expressions are used to calculate « and hence K from the given data; the
results are shown in the table below. The standard enthalpy of dissociation is
then found using the van 't Hoff equation [6B.2-214]:

dlnK AH® dlnK  A.H®

iT - R which can also be written - a0/ = R

The second form implies that a graph of —In K against 1/T should be a straight
line of slope A;H®/R; the plot is shown in Fig. 6.2.

T/K 100p/atm 10%*n;,/mol  « K 10*/(T/K) -InK
973 6.244 2.4709 0.0846 1.824x 1073 10.277 6.307
1073 7.500 2.4555 0.1888 1.123x 1072 9.320 4.489
1173 9.181 2.4366 0.3415 4.911 x 1072 8.525 3.014

The data fall on a good straight line, the equation of which is
InK =1.880 x 10*/(T/K) - 13.02
A.H? /R is determined from the slope

AH® = R x (slope x K) = (8.3145J K" mol ") x (1.880 x 10* K)

=[+156 kg mol |
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10*/(T/K)
Figure 6.2

The equilibrium for which A;H® is the enthalpy change of solution is A(g) =
A(solv) where A is H, or CO. Replacing activities of solutes by molar concen-
trations and activities of gases by partial pressures, the equilibrium constant for
this reaction is:

K = aA,solv _ ([A]/Ce) SA SA

= - = s5/moldm ™ bar™!
Aag palp® ¢*/p® (1 moldm*)/(1 bar)

where s, = [A]/pa is the solubility. The standard enthalpy of solution is ob-
tained using the van ’t Hoff equation [6B.2-214], dInK/dT = A.H®/RT?.
Replacing A,H® by Ay, H® and noting from inside the front cover that Inx =
In 10 x log x gives

A HE = RTzdan
5 dTr

dlogK
=RT?In10 x :;g

= RT*In 10 x (;LT log(s/molcm ™ bar™")

where the expression for K from above has been used. It does not matter
whether s is in moldm™ bar™" or molcm™ bar™" because the only difference
is a constant factor which vanishes on differentiating the logarithm. The en-
thalpies of solvation for H, and CO are therefore

d 768 768 K
Hy: AyH® =RT*In10x — | -5.39— —— | = RT*In10 x
dT T/K T2

=RIn10 x (768 K) = (8.3145J K™ ' mol™") x In 10 x (768 K)

=|+14.7 kJ mol ™"
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980
T/K
=RIn10 x (980 K) = (8.3145JK ' mol™") x In 10 x (980 K)

=[+18.8 K mol ']

P6B.12 The relationship between K and K. is given by [6A.18b-209]

980 K

R d
CO: Ay H :RT21n10><dT( 5.98 — ):RTzlnIOXTZ

c°RT\"
> ) where Av = v(products) — v(reactants)

This expression for K is substituted into the van ’t Hoff equation [6B.2-214],
dInK/dT = A,H® /RT?

rT\Y| AEH®
—ln K, x =
dT p° RT?

The left hand side of this expression is evaluated to give

E=2 AV R=2
d —1In CRT d InK, + Avln ¢ R +AvInT
dr p° T dr p°

K:ch(

_dInK.  Av
dr T
so that
dinK. Av A.H® dinK. A.H® Av
+—= hence = -—
dT T RT? dT RT? T

If A;H? is assumed not to vary with temperature between T; and T3, this ex-
pression may be integrated between T and T5:

fT] dInk, = f (ARf;— )dT

to give

AH® (1 1 T
InK. (1) -InK.(T)) = - R (T—?)—Avln(%)
2 Ny

6C Electrochemical cells

Answers to discussion questions

D6C.2 A galvanic cell is an electrochemical cell that produces electricity as a result
of the spontaneous reaction occuring inside it. An electrolytic cell is an elec-
trochemical cell in which a non-spontaneous reaction is driven by an external
source of current.



D6C.4 The relationship between the cell potential and the Gibbs energy change of the
cell reaction, A;G = —vFE_ only applies under reversible conditions. This is
achieved by balancing the cell with an equal and opposite externally applied
potential. Under these circumstances, no current flows.

Solutions to exercises

E6C.1(b) (1)

(ii)

(iii)

The reduction half-reactions, together with their standard electrode po-
tentials from the Resource section, are

R: Ag,CrO,(s) +2e” — 2Ag(s) + CrO2 (aq) E°(R) = +0.45V
L: Cly(g) +2e” — 2Cl (aq) E°(L) =+1.36V

The cell reaction is obtained by subtracting the left-hand reduction half-
reaction from the right-hand reduction half reaction

Ag,CrO4(s) +2Cl (aq) — 2Ag(s) + Cly(g) + CrO3 (aq)

The standard cell potential is calculated as the difference of the two stan-
dard electrode potentials [6D.3-224], EZ,, = E°(R) — E°(L)

E2y = (+0.45V) - (+1.36 V) =

The reduction half-reactions and their standard electrode potentials are

R: Sn**(aq) +2e” - Sn**(aq) E°(R)=+0.15V
L: Fe**(aq) +e” —» Fe’*(aq) E°(L)=+0.77V

The cell reaction is obtained by subtracting the left-hand reduction half-
reaction from the right-hand reduction half-reaction, after first multiply-
ing the left- hand half-reaction by two so that the numbers of electrons in
both half-reactions are the same.

Sn**(aq) + 2Fe** (aq) — Sn**(aq) + 2Fe’* (aq)
The standard cell potential is

EZ, = (+0.15V) - (+0.77 V) =[-0.26 V

The reduction half-reactions and their standard electrode potentials are

R: MnO,(s) + 4H"*(aq) + 2e” — Mn**(aq) + 2H,0(1)
L: Cu®'(aq) +2e” — Cu(s)

with E°(R) = +1.23 Vand E°(L) = +0.34 V. The cell reaction (R - L) is
therefore

MnO,(s) + 4H" (aq) + Cu(s) - Mn?**(aq) + 2H,O(1) + Cu**(aq)
and the standard cell potential is

E2y = (+1.23 V) = (+0.34 V) =[+0.89 V
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E6C2(b) (i)

(ii)

(iii)

The required reduction half-reactions are

R: 2H,0(1) +2¢” - Hy(g) + 20H (aq) E°(R) = -0.83 V
L: 2Na*(aq) +2e” — 2Na(s) E°(L)=-2.71V

The cell reaction (R — L) generated from these reduction half-reactions is
2H,0(1) +2Na(s) — H,(g) +20H™ (aq) +2Na* (aq) which is equivalent
to the required reaction. The cell required is

Na(s)|NaOH(aq)[H,(g)|Pt(s)

The platinum electrode is an ‘inert metal’ that acts as a source or sink
of electrons. Note that there is no interface between the half cells because
they have a common electrolyte (NaOH(aq)). The standard cell potential
is

ES; =E°(R)—E°(L) = (—0.83V) = (-2.71 V) = [+1.88 V

The required reduction half-reactions are

R: I(g)+2e -»2I"(aq) E°(R)=+0.54V
L: 2H*(aq) +2e” - Hy(g) E°(L) =0 (by definition)

The cell reaction (R — L) generated from these reduction half-reactions is
I,(g) + Ha(g) — 21" (aq) + 2H" (aq) which is equivalent to the required
reaction. The cell required is

Pt(s)[H(g)[HI(aq)|L>(g)[Pt(s)

and the standard cell potential is
ESy = E°(R) ~ E°(L) -
One possible pair of reduction half-equations is
R: 2H*(aq) +2¢” — Hy(g) E®(R) = 0 (by definition)
L: 2H,0(1) +2¢” - H,(g) +20H (aq) E°(L)=-0.83V

The cell reaction (R — L) generated from these reduction half-reactions
is 2H" (aq) + 20H™ (aq) — 2H,0(1) which is equivalent to (twice) the
required reaction. The required cell is

Pt(s)[H2 (g)[NaOH (aq)|[HCl(aq)|H, (8)[Pt(s)
and the standard cell potential is
B2y = E°(R) ~ E°(L) = ~(~0.83 V) -

An alternative pair of reduction half-equations is

R: O,(g) +4H"(aq) +4e~ > 2H,0(1)  E°(R)=+1.23V
L:  O,(g) +2H,0(1) +4e” - 40H (aq) E°(L)=+0.40V



E6C.3(b)

@

(ii)

(iii)

for which the required cell is
Pt(s)|0,(g)|NaOH (aq)|[HCl(aq)|O2(g)[Pt(s)

The cell reaction is the same as before and the standard cell potential is
therefore also the same: EZ,; = (+1.23 V) — (+0.40 V) = +0.83 V.

The reduction half-reactions for the cell in question are:

R: 2AgCl(s) + 2e” — 2Ag(s) + 2Cl (aq)
L: 2H%(aq) +2¢” - Hy(g)

which reveal that v = 2 for the given cell reaction. The Nernst equation
[6C.4-221] is Ecenn = EZ,; — (RT/vF)In Q. Noting that a; = 1 for pure
solids the Nernst equation in this case is

o RT a2+a2 _
Foa = B~ ()
2

Note that HCl(aq) must be treated as separate H" and Cl~ ions since it is
a strong acid and therefore fully dissociated in water. If the H, is treated as
a perfect gas then ay, = py,/p°, which gives ay, = 1 in this case because
the hydrogen is at the standard pressure. This gives

. RT
Ecell = Ecell - ? In (aH+ acl—)

As discussed in Section 5F4 on page 187 the activities of the H* and ClI~
are given by a =y, (b/b®) where y, is the mean activity coefficient of the
electrolyte which in this case is common to both electrodes. Making this
substitution and denoting the molality of the common HClI solution by b

gives
RT (y2b®
Eean = ESy - — In | 22
1= Eeel ~ n( pe?

The relationship between the cell potential and A,G is given by [6C.2-
217], A,G = —=vFE_q:

A:G = -2 x (96485 Cmol ") x (0.4658 V) =|-89.9 k] mol '

where 1 CV =1 J has been used.

The Debye-Hiickel limiting law [SE.27-188] is log y, = ~Alz,z_|I'/2. In
this equation A = 0.509 for an aqueous solution at 25 °C, z,. and z_ are the
charges on the ions, and I is the ionic strength which for a solution con-
taining two types of ion is given by [5F.29-188], I = 5 (b.z% + b_z2)/b°.
For an HCl solution of molality b, z, = 1 (for H), z_ = -1 (for CI7) and
b, = b_ = b. Therefore

1 2 2 o 1/2
logy. = -Alz.z_|(4(b. 22 + b22)/b°)

=—-AX

(+1) x (-1)

(B )= oa( )
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E6C.4(b)

E6C.5(b)

The Nernst equation from part (i) is rearranged for EZ,; and the expres-
sion for y, is substituted in, noting from inside the front cover thatIn x =
In10 x log x.

272
ybiebz ) = Ecent + g [ln(b—be) +1n10 x logyi]

2RT b b\
=Ecen + —— 7 [ln(b) 1n10><A(b)

2% (8.3145J K~ mol ") x (298.15 K)
96485 C mol !

_1\ 1/2
N ll (0 .01 molkg ) 1010 x (0.509) (0.01 molkg ) l

. RT
Ecell = Ecell + ? ln

= (+0.4658 V) +

1 molkg ™" 1 molkg ™
=

Finally, note that EZ,;; = E°(R)-E°(L) = E°(AgCl/Ag, CI")-E°(H*/H,).
Because E°(H* /H,) = 0 (by definition), it follows that E® (AgCl/Ag, Cl) =

The reduction half-reactions for the cell in question are

R: 2NOj(aq) +4H"(aq) +2¢” — 2NO,(g) + 2H,0(1)
L: Zn*"(aq) +2e” — Zn(s)

which reveal that v = 2 for the given cell reaction. As explained in Section 6C.3(a)
on page 219 the maximum non-expansion (electrical) work that a reaction when
it advances by an infinitesimal amount d¢ at some composition is given by
dwe = A;G d&. The reaction Gibbs energy A, G therefore represents the work
done per mole of reaction, that is, when the reaction advances by A = 1 mol at
constant composition. The reaction Gibbs energy is related to the cell potential
according to [6C.2-217], A;G = —vFE_.;, so assuming that the cell is operating
under standard conditions the electrical work that can be done (per mole of
reaction) is

dwe/dE = A,G® = —2FEZ,; = -2 x (96485 Cmol ") x (~0.040 V)

=[+7.7 kg mol ]

The positive value indicates that work has been done on the system by the
surroundings.

The Nernst equation [6C.4-221] is Ecenp = EZ,;; — (RT/vF)In Q. If Q changes
from Q; to Q, then the change in cell potential is given by

RT
Ecell,l - Ecell,Z = [Ecell ln Q2:| [ cell — VF —1In Q]] = _Fl (gz)
1



For v = 3 and Q,/Q; = 5 the change in cell potential is

(8.3145J K ' mol ") x (298 K) 1
3 x (96485 Cmol ™)

n5=|-0.014V

Ecen,1 — Ecenz = —

where 1 JC! =1V is used.

Solutions to problems
P6C.2 The reduction half-reactions for the specified cell are

R: 10,(g) +2H"(aq) +2¢” - H,0(l)
L: 2H"(aq) +2¢” - H,(g)

for which v = 2. The cell reaction (R - L) is 20,(g) + Ha(g) — H,0O(l),
which corresponds to the formation reaction for HO(1) from its elements.
The standard Gibbs energy of formation of H,O(1) is therefore equal to A,G*
for this reaction; in turn this is given by [6C.2-217], A,G® = —vFE?,

cell

A¢G®(H,0,1) = —vFEZ,; = —2x (96485 Cmol ' )x(+1.23 V) =|-237 kj mol '

P6C.4 (a) The reduction half-reactions for the cell are:

R: Ag*(aq,mgp) +e” — Ag(s)
L: Ag'(aq,mp) +e” — Ag(s)

for which v = 1. The overall cell reaction is
Ag'(aqmy) — Ag' (ag,my)

If my, is increased, then there is an increased tendency for the cell reaction
to shift in the direction Ag*(aq,mg) < Ag*(aq,my). Therefore A,G for
the cell reaction will increase, and so E will because A,G =
—vFE . This is confirmed by the Nerst equation for this cell

T Ao+
Eean = B2y RT | ([ %ag*@am)
F aAg+(aq,mR)

If my is increased then aag+(aq,m,) Will increase and consequently Ecen
will decrease.
(b) The reduction half-reactions for the cell are

R: 2H*(aq) +2e¢” — Hy(g.pr)
L: 2H"(aq) +2¢” - Ha(g.p1)

for which v = 2. The overall cell reaction is
Hy(g,p1) ~ Ha(g,pr)

If py. is increased then there is an increased tendency for the cell reaction
as written to move in the forwards direction. Therefore A, G for the cell
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(c)

(d)

(e)

will decrease and so Ecey will [increase]. This is confirmed by the Nernst
equation. Treating the hydrogen as a perfect gas so that ay, = pu,/p°,
the Nernst equation for this cell is

RT
Ecen = Eceell Y In (‘ZR)
L

If py, is increased then E..j will increase.

The reduction half-reactions for the cell are
R: MnO,(s) + 4H*(aq) + 2e” - Mn**(aq) + 2H,0(1)
L: [Fe(CN)6]* (aq) + e~ — [Fe(CN)s]* (aq)

The overall cell reaction, after multiplying the left-hand reduction half-
reaction by 2 so that both half-reactions have v = 2, is

MnO,(s) + 4H* (aq) + 2[Fe(CN)s]* (aq)
- Mn?*(aq) + 2H,0(1) + 2[Fe(CN)s]*" (aq)

If the pH in the right-hand compartment is decreased, corresponding
to an increase in the H* concentration, then there will be an increased
tendency for the cell reaction as written to move in the forward direction.
Therefore A,G for the cell will decrease and so E.j; will [increase]. This
is confirmed by the Nernst equation. Noting that pure solids and liquids
have a; = 1, the Nernst equation for this cell is

Ecen = ES

R (e e
cell n
2F

4 2
A1+ ARe(CN)4 ]0-

If the pH is decreased then ay+ will increase and therefore E e will in-
crease.
The reduction half-reactions for the cell are

R: Bry(1) +2e™ — 2Br~

L: Cly(g) +2¢” —»2CI”

The overall cell reaction is
Br(1) + 2Cl7(aq) — 2Br™(aq) + Cly(g)

If the concentration of HCI in the left-hand compartment is increased,
then there will be an increased tendency for the overall cell reaction as
written to shift in the forward direction. Therefore A, G for the cell will

decrease and so E.j; will [increase]. This is confirmed by the Nernst equa-
tion. Noting that pure liquids have aj = 1 the Nernst equation for this cell

is
o RT alzgcr_ aCl
Ecen = Eg — F In (“202
If HCl is added then ac)- will increase so E.¢ will increase.
TO DO/CHECK



(f) The reduction half-reactions for the cell are
R: MnO,(s) +4H"(aq) +2e~ - Mn**(aq) + 2H,0(1)
L: Fe**(aq) +2e — Fe(s)
The overall cell reaction is

MnO,(s) + 4H" (aq, L) + Fe(s) - Mn** (aq) + 2H,0(1) + Fe**(aq)

where H* (aq, L) has been written to emphasise that it is H* in the left-
hand compartment that is involved in the reaction. If acid is added to
both compartments then the acid added to the right-hand compartment
will have no effect, because H*(aq, R) does not appear in the overall cell
reaction. However, the acid added to the left-hand compartment will
increase the tendency of the cell reaction as written to move in the for-
ward direction. Therefore A, G for the cell will decrease and so E will
[increase].

This is confirmed by the Nernst equation. Noting that pure solids and
liquids have a; = 1, the Nernst equation for this cell is

RT + +
Eceu _ E;H _ ln ( AMn2+ AFe2 )
2F at
H*(aq,L)

The addition of acid to the left-hand compartment will increase ay+(aq,1)
which will result in Ejj increasing. The fact that acid has also been added
to the right-hand compartment has no effect on Ec because ag+(4q,r)
does not appear in the Nernst equation.

6D Electrode potentials

Answer to discussion questions

D6D.2 This is discussed in Impact 10.

Solutions to exercises
E6D.1(b) (i) The following electrodes are combined

R: Cu®**(aq) +2e” — Cu(s) E°(R)=+0.34V
L: Sn®*(aq)+2e —Sn(s) E°(L)=-0.14V

The cell reaction (R-L) is Cu®* (aq) +Sn(s) — 2Cu(s) +Sn**(aq), which
is equivalent to the required reaction, and has v = 2. The standard cell
potential is given by [6D.3-224], EZ,; = E°(R) — E°(L)

EZ;=(40.34V) - (-0.14 V) = +0.48V

The relationship between the equilibrium constant and the standard cell
potential is given by [6C.5-221], EZ,), = (RT/vF) In K. Rearranging gives
vE 2 x (96485 Cmol™")

InK=_— cell = 1 1
RT (8.3145JK ' mol ™) x (298 K)

x (+0.48 V) = 37.3...
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E6D.2(b)

E6D.3(b)

where 1 V=1JC ! is used. Hence K = .

(ii) The following electrodes are combined

R: Cu®*(aq) +2¢” — Cu(s) E°(R)=+0.34V
L: 2Cu*(aq) +2¢” - 2Cu(s) E°(L)=+0.52V

The cell reaction is Cu®*(aq) + Cu(s) - 2Cu*(aq) which is the required
reaction, and has v = 2. Therefore, using the same equations as in part (i)
ESy; =E°(R) - E°(L) = (+0.34 V) - (+0.52 V) = —0.18 V

F 2 x (96485 Cmol ")

InK = LEcee“ = 1 1
RT (8.3145JK ' mol ") x (298 K)

Hence K =

x (-0.18 V) = —14.0...

The reduction half-reactions for the given cell are

R: 2Bi**(aq) +6e” — 2Bi(s)
L:  Bi,Ss(s) + 6e™ — 2Bi(s) + 35 (aq)

The cell reaction (R — L) is 2Bi** (aq) + 35>~ (aq) — Bi,S3(s). The equilibrium
constant for this reaction is calculated using [6C.5-221], EZ,;, = (RT/vF)InK.
Rearranging for In K and noting that v = 6 gives

-1
an:E o 6 x (96485Cmol™ ")

ES, = —— x(+0.96 V) = 2.24...x10?
RT (8.3145JK ' mol™") x (298.15K)

where 1 V =1]C! is used. Hence K = 2.30... x 10%7.

The dissolution reaction, Bi,S;(s) — 2Bi’*(aq) + 35*~(aq), corresponds to the
reverse of the cell reaction as written above. The required equilibrium constant
is therefore the reciprocal of the one just calculated

1
Kaiss = =43 x107%

2.30... x 10%7

(i) The reduction half-reactions for the specified cell, and their electrode
potentials, are

R: O,(g) +4H"(aq) +4e” — 2H,0(1) E°(R) =+1.23V
L: 2RSSR(aq) +4H*(aq) +4e” - 4RSH(aq) E°(L)=-0.34V

where RSH represents cysteine, HSCH,CH(NH,)CO,H, and RSSR rep-
resents cystine, the oxidised dimer [SCH,CH(NH,)CO,H],.

The overall cell reaction is
0O,(g) +4RSH(aq) - 2H,0(1) + 2RSSR(aq) v =4
and the standard cell potential is

ES;=E°(R)-E°(L) = (+1.23V) - (-0.34V) = +1.57 V



E6D.4(b)

The standard reaction Gibbs energy is related to the standard cell poten-
tial according to [6C.3-221], A;G® = —vFE? . Therefore

cell

A;G® = —vFES, = -4 x (96485 Cmol ') x (+1.57 V)

= ‘—6.1 x 10? k]mol_l‘

Under basic conditions, the required reduction half-equations and their stan-
dard electrode potentials are

R: 2Cly(g) +4e” - 4Cl (aq) E°(R)=+1.36V
L:  Oy(g) +2H,0(1) +4e~ - 40H (aq) E°(L)=+0.40V

The cell reaction (R-L) is 2Cl,(g) + 40H™ (aq) — 4Cl™(aq) + O,(g) + 2H,O(1).
The standard cell potential is

ES; = E°(R) —E°(L) = (+1.36 V) — (+0.40 V) = +0.96 V

The positive value of EZ, indicates that [yes], chlorine has a thermodynamic
tendency to oxidize water to oxygen gas under standard conditions in basic

solution.

Solutions to problems

P6D.2

(a) The reduction half-reactions for the reduction of CO, and CO to methane
are

R: CO(g) +6H"*(aq) +6e~ - CHy4(g) + H,O(1)
L: CO,(g) +8H"(aq) + 8¢~ — CH,(g) + 2H,0(1)

The right-hand reduction half-reaction is multiplied by four and the left-
half reduction half-reaction by three so that both involve the same num-
ber of electrons, v = 24. Subtraction of the left-hand half-reaction from
the right-hand half-reaction gives the overall cell reaction as

4CO(g) + 2H,0(1) - CHy4(g) +3CO,(g) v=24

The standard reaction Gibbs energy of this reaction is calculated using
standard formation Gibbs energies from the Resource section.

A;G® =3A¢G°(CO,, g) + AsG°(CHy, g)
~ 4A;G°(CO, g) - 2A¢G° (H,0,1)
=3 x (-394.36 kymol ") + (~50.72 kJ mol ")
—4x(-137.17kJmol ") =2 x (-237.13 kJ mol ")
= -210.86 kj mol ™
The negative value of A;G® indicates that the cell reaction as written is
spontaneous under standard conditions. This means that, in the sponta-

neous cell reaction, reduction is taking place at the right-hand electrode.
Therefore the |right-hand electrode|is the cathode.
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P6D.4

(b) The cell potential under standard conditions, corresponding to all gases
being at 1 bar pressure assuming perfect gas behaviour, is calculated from
A,G® using [6C.3-221]. Note from above that v = 24.

A,G®  -210.86 x 10° Jmol '

ES, =- = =[+0.09106 V

vF 24 x (96485 Cmol ")

The reduction half-equations for the cell are

R: Hg,Cly(s) +2e~ — 2Hg(l) + 2Cl (aq)
L: 2H"(aq) +2e¢” - H,(g)

The overall cell reaction is
Hg,Cly(s) + Hy(g) — 2Hg(1) + 2H*(aq) + 2Cl (aq) v =2

Noting that pure solids and liquids have a; = 1, the Nernst equation is

. RT (a}.al.
b= Eia= (05
2

Because the hydrogen gas is at standard pressure, ay, = 1. Hence
- RT - RT
Ecell = Ecell - E 11'1 (a2H+ aék) = Ecell - ? ln (ﬂH+ acy)
The activities in this expression are written in terms of the molality of HCl(aq),

b, through ay+ = y,.b/b® and acj- = y.b/b° as explained in Section 6D.1(a)
on page 225. This gives

. RT_ (yib? . 2RT (b)) 2RT
Ecen = Ecqy - F In be? =Ecq T In (*) - ——Iny,

From the Debye-Hiickel law the mean activity coeficient is given by [5E27-
188), logy. = —Alz,z_|I'/* where A is a dimensionless constant, z, and z_
are the charges on the H" and Cl~ ions and I is the ionic strength. For an
electrolyte containing only two ions, the ionic strength is given by [5F.29-188],
I=3(b,z; +b_2%)/b°. Inthe case of HCl, z, = +1,z_ = —1,and b, = b_ = b.
Therefore

I=1[bx(+1)* +bx(-1)*]/b° = b/b°

T2

and hence
logy.. = ~Alzz_|I"% = ~A x| (1) x (-1)| x (b/6°)7* = ~A(b/6°) 2

Noting from inside the front cover that In x = In 10 x log x, the expression for
E_e1 then becomes

o 2RT_ (b 2RT b2
Ece“:Ece“—Tln(bie)—F XlnlOX—A(bie)
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Rearranging gives

Yy slope
intercept ——
2RT b o 2ARTIn10 (b
Ecell + T ln = E — X bie

x
—_—
1/2

be

cell
This expression implies that a plot of y against (b/b°)"/2, where y is given by
the expression Ec.; + (2RT/F)In(b/b®), should be a straight line of intercept
E2,, and slope 2ART In 10/F. Recall that b° = 1 molkg ", so in calculating
b/b°, b must be converted to molkg™". The plot is shown in Fig. 6.3.

b/mmolkg™  E/V  (b/b°)/*  y)V

1.6077 0.60080 0.04010 0.27024
3.0769 0.56825 0.05547  0.27104
5.0403 0.54366 0.07100  0.27182
7.6938 0.52267 0.08771 0.27256
10.947 0.50532 0.10463  0.27333
0.274

0.272
>
~
Ea

0.270

| | | |
0.02 0.04 0.06 0.08 0.10 0.12
(b/be)l/Z
Figure 6.3

The data fall on a reasonable straight line, the equation of which is
y/V = 0.047678 x (b/b®)"/* +0.26838
EZ, is determined from the intercept as|0.26838 V

The mean activity coefficients are calculated using the equation

. 2RT. (b\ 2RT
Ecell = Ecell - Tln bf@ — Tln Yi

which was found above. Rearranging for In ., gives

F . b
lnyi = M(Ece“ - Ecell) - ln (bt)
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P6D.6

o

Using the value of E,;; obtained above with the values of E..j; and b from the
data in the question yields the following values for Iny, and y.:

b/mmolkg™"  E/V Iny. Vi
1.607 7 0.60080 -0.036294 0.9644
3.0769 0.56825 -0.051965 0.9494
5.0403 0.54366 -0.066969 0.9352
7.6938 0.52267 -0.081438 0.9218

10.947 0.50532 -0.096482 0.9080

The standard potential of the AgCl/Ag,Cl™ couple corresponds to the stan-
dard potential of a cell in which the right-hand electrode is the AgCl/Ag,Cl™
electrode and the left-hand electrode is the standard hydrogen electrode. The
reduction half-reactions for this cell are

R:  AgCl(s) + e~ - Ag(s) + Cl™(aq)
L: H*(aq)+e — %Hz(g)

The overall cell reaction is
AgCl(s) + %Hz(g) — Ag(s) +Cl (aq) +H"(aq) v=1

Because E°(L) = 0 by definition, EZ,; = E°(R) = E°(AgCl/Ag, Cl™) for this

cel
cell. The given expression for the electrode potential is therefore equal to EZ, ;.

The first step in the calculation is to obtain values of A;G°, A,S°, and A H® for
the cell using the given expression for E_;;. These are then used together with
values taken from the Resource section of A¢G®, A¢H®, and S;, for the other
species in the cell reaction to obtain the corresponding values for CI™.

The standard reaction Gibbs energy is related to the standard cell potential
according to [6C.3-22I], A,G® = —vFEZ,. The given expression is for the

cell*

dimensionless quantity EZ,;/V, so to obtain EZ, from this it is necessary to

multiply the expression by V
AG® = —vF x [ES/V]x V
= —yF x [0.23659 ~4.8564 x 1074(6/°C) - 3.4205 x 107°(0/°C)?

+5.869 x 10‘9(0/°C)3] XV

The values are required at 298 K, which corresponds to 6 = (298 — 273.15) =
24.85 °C. The value of A,G® is therefore:

A:G® = —1 x (96485 Cmol ") x [0.23659 ~4.8564 x 107* x (24.85)

~3.4205 x 107® x (24.85)* +5.869 x 10~ x (24.85)3] xV

=-21.4...kJ mol ™"
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The relationship between A,S° and EZ,), is given by [6C.6-222], dEZ,;/dT =
A:S° [vF. The expression for EZ,/V is differentiated to give

d(Ec/V) -4 -6 -8 2
— <~ = -4.8564 x 107" — 6.841 x 107°(6/°C) + 1.7607 x 107°(8/°C
e . <10°(6/°C) + 17607 x 10°°(6/°C)

To relate this to dEZ,;;/d T, note that because §/°C = T/K - 273.15,d(6/°C) =

d(T/K). Noting further that d(T/K) = dT/K and that d(EZ,;,/V) = dE,

cell / v
gives

d(Egu/V) dEceell/V KdES, h dES; d(EZ,/V) XV

d(6/°C) ~ dr/K v ar ¢ Tdr T d(8/°Cc) K

Substituting this into [6C.6-222], dE_,

°u/dT = A.S°/vF, and rearranging for
A, S° gives

A;S® =vF x —=— =
vr X d(G/C) X

= va[ ~4.8564 x 107* ~ 6.841 x 107°(0/°C) + 1.7607 x 10*8(9/°C)2] x

d(Egu/V) vV
K

=1 x (96485 Cmol ") x [ ~4.8564 x 107* - 6.841 x 107° x (24.85)
+1.7607 x 107% x (24.85)2] x (V/K) = =62.2... JK" ' mol ™"

Finally A, H® is calculated from [3D.9-100], A,G® = A,H® — TA,S°

AH® = A,G® + TA,S®
= (-21.4...x10° Jmol ") + (298 K) x (-62.2... JK" " mol ")
= —40.0... kJmol ™’

The overall cell reaction is
AgCl(s) + %Hz(g) — Ag(s) + Cl™(aq) + H" (aq)
These values of A,G®, A,S®, and A.H® are used with data from the Resource

section to calculate AfG®(Cl™), AtH®(Cl™), and Sg, (Cl7)

Noting from Section 3D.2(a) on page 101 that AfG®(H*,aq) = 0, and also that
elements in their reference states have A;G® = 0, the standard reaction Gibbs
energy for the reaction is given by

A,G® = A¢G®(Cl7,aq) - AsrG®°(AgCLs)

Hence A¢G®°(Cl ,aq) = A,G° + AfG®(AgCl,s)

= (-21.4... KJmol ™) + (~109.79 k mol ) =

Similarly, noting from Section 2C.2 on page 51 that AH®(H*,aq) = 0, and
that elements in their reference states have AfH® = 0, the standard reaction
enthalpy is

AH® = A¢H®(CI™,aq) — A;H® (AgCl,s)
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Hence AfH®(Cl ,aq) = AH® + AtH®(AgCl,s)

= (~40.0... Ky mol ™) + (~127.07 kJ mol ) =

Finally, noting from Section 3C.2(b) on page 94 that S7 (H*,aq) = 0, the
standard reaction entropy is

A:S® = S5 (Ag,s) + S (Cl,aq) — S5 (AgCls) — 187 (Ha, g)
Hence
Sm(Cl7,aq) = A:S® + S5, (AgClLs) + 3 S5 (Ha, ) — Sy (Ag,s)
= (-62.2..JK " mol™") + (96.2JK ' mol ")
+ 1% (130.684 JK™" mol™") - (42.55JK " mol ")

=156.8 JK ™' mol™*

Solutions to integrated activities

16.2 (a) Theionicstrength is given by [5E29-188],1 = (b+zi + b_zﬁ) /b®, where
z, and z_ are the charges on the ions. For the CuSO4 compartment,
Zy = 2,z_=-2, and b+ =b_= bCuSO4:

I=1(byz2 +b_22) [b° = L bcuso, x (+2)% + beuso, x (-2)*] /b°

1.00 x 102 mol kg ™!
= 4(beuso, [b°) =4 x ——— 08 _[400x 107

1 molkg ™

Because the charges are the same for ZnSOy it follows that I = 4(bzns0,/b°)
=[1.20 x 107%]

(b) According to the Debye-Hiickel limiting law (Section 5E4(b) on page
187), the mean activity coefficient is given by [5F.27-188], log y. = —Al|z,z_|I'/?,
where A = 0.509 for aqueous solutions at 25 °C. For the CuSOy, solution

108 ¥..cuso, = —(0.509) x |(2) x (=2)| x (4.00 x 107*)"/2 = —0.128...
Hence y, cuso, = 1070128 = 0.743... =[0.743]. For the ZnSOy solution
108 ¥+.znso, = —(0.509) x |(2) x (=2)| x (1.20 x 1072)"/2 = —0.223...

Hence y, zns0, = 1070223+ = 0.598... =[0.598].

(c) Noting that pure solids have a; = 1 and writing the activities of ions in
solution as a =y, (b/b*®), the reaction quotient for the reaction

Zn(s) + Cu**(aq) - Zn**(aq) + Cu(s)
is given by
_ Azn2+ _ yi,ZnSO4(bZn2+/be) _ Y+,ZnS0,4 « bzne+
acer  Yicusos(bew+/b°)  Yicuso, bewr

0.598... 3.00 x 107> molkg™"
= X
0.743... 1.00 x 10-3 molkg™*

=241..=241
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(d) Thereaction is thought of as being composed of the reduction half-reactions

R: Cu®*(aq) +2e” — Cu(s)
L: Zn’*(aq) +2e” — Zn(s)

which show that v = 2 for this reaction. The standard cell potential is
calculated from A,G*® using [6C.3-221], EZ,;, = —A,G® [vF:

. _ AG®  -2127x10° Jmol™’

ESy = - = -[+1.102V

vF 2% (96485Cmol™")

Notethat 1JC ! =1V.
(e) The cell potential is given by the Nernst equation [6C.4-221]:

. RT
Ecell = Ecell - V7F In Q

(8.3145JK ' mol ") x ([25 +273.15] K)

= (+1.102V) - - x In(2.41...)
2 x (96485 Cmol )
=+1.09V
I6.4 The reaction for the autoprotolysis of liquid water is

H,0(l) - H"(aq) + OH  (aq)

This reaction is split into the reduction half-reactions

R: H,0(l) +e” — TH,(g) + OH (aq)
L: H'(aq) +e — 1Hy(g)

Because the standard electrode potential for the left-hand half-reaction is zero
by definition, the standard cell potential for this cell is equal to the standard
electrode potential of the H,O/H,,OH™ electrode. The equilibrium constant
K, for the cell reaction is then given by [6C.5-221], EZ,; = (RT/vF)InK.
Rearranging for In K and using v = 1, K = K, and E,}; = E°(H,0/H,,OH")
gives

F
InK,, = — x E°(H,0/H,,O0H"
n RTX (H,O/H, )

Noting from inside the front cover that In x = In 10 xlog x, and also that pK, =
—log K, allows the above equation to be rewritten as

InK, _ F
In10  RTIn10

pKw = —long = X Ee(Hzo/Hz,OH_)

The task is therefore to find E°(H,O/H,, OH™) from the given data. To do
this, the specified cell is written in terms of its reduction half-reactions

R:  AgCl(s) +e~ — Ag(s) + Cl™(aq)
L: H,O(l) +e” — JH,(g) + OH (aq)
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The cell reaction, which has v = 1, is
AgCl(s) + 3H,(g) + OH (aq) - Ag(s) + Cl™(aq)

Noting that a; = 1 for pure solids, and that in this cell ay, = 1 because the
hydrogen is at standard pressure, the Nernst equation for the cell is

o RT o RT acl-
Ecen=Eca = - 5 InQ=Ecyy ~ —~1In ( dor )

Writing the activities as a = y..(b/b®), the Nernst equation becomes

. RTl(yi(ba/be)) . RiTln(bcr)

Ecen = Ecell - F y (bOH /be) = Ecell - F bon
. - -

The standard cell potential is split into contributions from the two electrodes
using [6D.3-224], E2,, = E°(R) - E°(L)

Bean = E° (ACY/Ag CI") - E* (H,0/Hy, OH") - 1 1n( - )
F \bon-

Hence

RT -
E° (H,0/H,, OH") = E° (AgCl/Ag, OI) - Eeat - o ln( ba )
F bOH*

This equation is used with b¢j- = 0.01125 mol kg_l, bou- = 0.0100 mol kg_l,
and the values of E and E°(AgCl/Ag, Cl7) to calculate E°(H,O/H,, OH")
at each temperature. The relation derived earlier

pKy = —(F/RTIn10)E°® (H,O/H,, OH")

is then used to calculate pK,,. The results are given in the following table.

0/°C T/K Ecn/V E°(AgCl/Ag,ClI")/V E°(H,0/H,,OH™)/V pK,

20.0 293.15 1.04774 0.22502 -0.82570 14.20
25.0 298.15 1.04864 0.22230 -0.82937 14.02
30.0 303.15 1.04942 0.21959 -0.83291 13.85

o

To find A,S® for the autoprotolysis, the relationship between EZ,; and temper-
ature [6C.6-222], dE2;,/dT = A,S°/vF is used. If A,S°® is constant over the

cell
temperature range this equation implies that a plot of EZ,; against T should
for the autoprotolysis

be a straight line of slope A,S°/vF. In this case EZ,,
reaction is equal to E®(H,O/H,, OH") as explained earlier. The plot is shown
in Fig. 6.4.

The data fall on a good straight line, the equation of which is

E°(H,0/H,,0H")/V = -7.229 x 107* x (T/K) - 0.6137
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Figure 6.4

A,S® [vF is determined from the slope
A.S°® = vF x slope x VK™!
=1x (96485Cmol™") x (-7.229 x 107 VK!)

= —68.5...JK ' mol ™! =|-68.6 JK"" mol '

The standard enthalpy change for the autoprotolysis is calculated from [3D.9-
100], A,G® = A,H® — TA,S°, with A,G® being given by [6C.2-217], A,G®° =
—vFEZ,,. In this case EZ,; = E°(H,0/H,,0H") and v = 1. Using the value

cel

for 25.0 °C gives
AH® = A,G® + TA,S° = —vFE®(H,0/H,,OH") + TA,S°®
= —1x(96485Cmol ") x (-0.829...V) + (298.15K) x (-68.5... JK ' mol™")

=+59.6 k] mol ™

16.6 The reduction half-reactions, and the overall cell reaction, for the specified cell
(R-L) are:
R:  AgCl(s) + e~ - Ag(s) + Cl™(aq)
L: H'(aq)+e” — 1Hy(g)
R-L: AgCl(s) + 3Hy(g) > Ag(s) + Cl (aq) + H'(aq) v =1

Noting that a; = 1 for pure solids and that in this cell ay, = 1 because the
hydrogen is at standard pressure, the Nernst equation is

o RT
Ecen = Ecg — T In (acr-au-+)

In addition, the base B and its conjugate acid are in equilibrium:

apay+

BH"(aq) = B(aq) +H'(aq) K, =
agy+
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The expression for K, is rearranged to give ag+ = K,apy+/ap and this is sub-
stituted into the Nernst equation to give

o RT o RT acl-a K
Beatl = Ecan = F In(acr-an+) = Ecay ~ F In (%)

Replacing activities by a; = y;(b;/b°) [5F14-185] gives

(yar-bai-/0°) (yeu+beu+/b°) K, )
(ysbs/b°)

In this case bgl- = bpu+ = bp so the Nernst equation simplifies to

o _RT “yeur _ bK.\ ..  RT . (y3bK

. RT
Ecen = Ecqy — N In

where the mean activity coefficient of the BH" and Cl~ ions is given by [5F.22-
1871, v+ = (ycr- yu+) 1/2 and the neutral base B is assumed to be an ideal solute
so that yp = 1. Noting from inside the front cover that Inx = In 10logx, the
Nernst equation becomes

. RTIn10 2bK,
Ecen = Ecell - F 10g ( yibe )
RTIn10 b
=E, - 2one (2logyi + log(b—e) - pKa)

where pK, = —log K, has been used. Next the Davies equation [5F.30b-189],
logy. = —Alz,z_|[I'/?/(1+BI'/*)+ Cl, is used to substitute for log . The ionic
strength I is given by [5F28-188], I = 5 3, z7(b;/b°), where z; is the charge
on ion species i and the sum extends over all the ions present in the solution.
In this case, bgy+ = bg- = b, and by+ is neglected because it will be much
smaller on account of the equilibrium involving the base B. Therefore the ionic
strength is

I=1 (zhu-b+28-b) [b° = 5 (17 x b+ (=1)” x b) /b° = b/b°

1
2
and therefore

. C|71/2 e\1/2
A|ZBH X ZCl |I L CI=— A(b/b ) +C( b)

logy, = — L G LA o
o8V 1+ BI'/? 1+ B(b/b°)1/2 be

Substitution of this expression into the Nernst equation derived above gives

By Ee,  RTI10 ([ A(b/b*)'" +c(£) +1o (ﬁ)— K
cell = Seell = T 1+ B(b/b°)1/2 be 8\ pe ) P

which rearranges to

F(Ecell B E?ell ZA(b/b@)l/2

b b
_ —2c(2) - tog () + pK,
RTIN10 1+ B(bjb°)I (b) Og(be)+p
[ S —

y
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Defining (b/b°)'/? as x and the left-hand side as y, and introducing A = 0.5091
gives
1.0182x

= T78x —2Cx* - 2logx + pK,

which is fitted to the data using mathematical software to give the following val-
ues for the parameters: [B = 2.54,[C = —0.204], and [pK, = 6.74] These values
have been used to draw the line on the graph shown in Fig. 6.5.

b/mmolkg™  Ec/V  (b/b°)"/? y

0.01 0.744 52 0.100 8.82373
0.02 0.728 53 0.141 8.55344
0.03 0.71928 0.173 8.39708
0.04 0.71314 0.200 8.29330
0.05 0.708 09 0.224 8.207 94
0.06 0.703 80 0.245 8.13542
0.07 0.700 59 0.265 8.08116
0.08 0.69790 0.283 8.03569
0.09 0.69571 0.300 7.998 67
0.10 0.69338 0.316 7.95929

8.8 -

8.6

)/RT1In10

cell

8.4

°

8.2

F(Ecell -E

8.0

0.05 0.10 0.15 0.20 0.25 0.30 0.35
(b/be)l/z

Figure 6.5

From Impact 9 the reaction for the hydrolysis of ATP to ADP and inorganic
phosphate P} is

ATP(aq) + H,O(1) - ADP(aq) + P; (aq) + H;0" (aq)

Under biological standard conditions, that is, pH = 7, the standard reaction
Gibbs energy at 37 °C is given in Impact 9 as A,G® = —31 k] mol .

209
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In an environment in which pH = 7.0 and the ATP, ADP and P; concentrations
are all 1.0 mmol dm >, the reaction Gibbs energy is given by [6A.11-207],

A.G=A,G® + RTInQ®

where Q? is the reaction quotient calculated relative to the biological standard
state. Because pH is defined by pH = —log ay, 0+, pH 7 corresponds to ay, o+ =
1077 so that when computing Q® the activity of H;O" is measured relative to
an activity of 1077 rather than an activity of 1 as is usually the case. In practice
this means that ay,o+ is replaced by (ap,0+/1077) in the expression for Q®.

For the ATP hydrolysis reaction this gives

AG = AG® + RTln(aADP il (aH3O+/10_7))

aaTP X AH,0
Water is a pure liquid so ap,0 = 1, and for the environment specified in the

question, pH = 7 5o ay,0+ = 1077. For the other species activities are approxi-
mated by concentrations according to a; = [J]/¢® where ¢® = 1 moldm ™.

([ADP]/CQ)([PIJ/CS)(10‘7/10‘7))
([ATP]/c?)
= A:G® +RTIn ([ADPHP;] )
! [ATP]c®
= (-31x10% Jmol™") + (8.3145] K" mol ") x ([37 + 273.15] K)
((1.0 x 107 moldm™) x (1.0 x 103 moldm_a))
(1.0 x 10-3 moldm ™) x (1 moldm™)

=[-49 g mol”]

This is to be compared with the value under standard biological conditions,
which is —=31 kJ mol ™', and also with the value under the usual standard con-
ditions. The difference between A,G*® and A,G? is that the former has ap+ = 1
and the latter has ag+ = 1077. Given that

AG=AG® + RTln(

X

AATPAH,0

setting all the activities to 1 except for that for H;O" which is set to 1077 gives
A.G®
A:G® = A;G° +RTIn107’

hence

A.G® = A,G® -RTIn1077
= (31 x10° Jmol™")-(8.3145J K" mol ") x ([37 + 273.15] K) xIn 10”7
= +11 kjmol ™’
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A bacterium could potentially oxidise ethanol to ethanal, ethanoic acid, or
CO,(g), while nitrate, NO3 (aq), could potentially be reduced to a number
of possible species including NO,(g), NO; (aq), NO(g), N»(g), or NHj (aq).
Assuming complete oxidation of ethanol to CO, and complete reduction of
NOj to NHj the reduction half-reactions are

R: NOj(aq) + 10H* + 8¢~ — NH;j (aq) + 3H,0(1)
L: 2COy(g) + 12H* + 12¢” - CH5CH,0H(aq) + 3H,0(1)

The right-hand half reaction is multiplied by three and the left-hand half re-
action by two in order that both involve the same number of electrons. The
overall reaction is

2CH;CH,0H(aq) + 3NO;3 (aq) + 6H ' (aq) — 4CO,(g) + 3NH; (aq) + 3H,O(1)

The data in the Resource section is used to calculate A,G* for this reaction:

A.G® = 4A¢G®(CO,, ) + 3A¢G® (NH], aq) + 3A¢G° (H,0,1)
- 2A¢G®(CH3CH,0H, aq) - 3A¢G°(NO3,aq) - 6A¢G°(H",aq)
=4x (-394.36 Jmol ') + 3 x (=79.31 Jmol ") + 3 x (~237.13 Jmol ")

~ 2% (~174.78 Jmol ") = 3 x (~108.74 Jmol !) =

The negative value of A,G® indicates that the reaction is exergonic, so , a
bacterium could evolve to use this reaction to drive endergonic processes such
as the formation of ATP for use in cellular processes.

The calculation is valid under standard conditions, which includes ay+ = 1
(pH = 0). As explained in Impact 9 on the website of this text, pH = 0 is
not normally appropriate for biological conditions so it is common to adopt
the biological standard state in which pH = 7.0. The reaction Gibbs energy
for the oxidation of ethanol by nitrate under standard biological conditions is
calculated by using the appropriate value of ay+ in [6A.11-207], A,G = A,G®° +
RT1n Q, leaving all other species with a; = 1. The reaction consumes six
moles of H* so under standard biological conditions Q = 1/af,.. Noting from
inside the front cover that Inx = In 10log x, and also that pH = —log ay+, and
assuming T = 298 K, gives

1
A:.G =A;G°+RTInQ = A,G® +RT1n( G )

ag+
= A;G° - 6RTIn10log(ay+) = A,G° + 6RT In 10xpH

= (~1.85...x 10° Jmol ") + 6x(8.3145J K" mol ') x (298 K) xIn 10x7
= -1611 kJmol ™’

Thus the reaction remains exergonic under standard biological conditions.

211



212

16.12

(a)

(b)

The standard reaction enthalpy is found using the van ’t Hoft equation
[6B.2-214]:
dlnK A.H® dlnK  A.H®

iT - RI2 which can also be written _d(l/T) = R

The second form implies that a graph of —In K against 1/T should be a
straight line of slope A, H® /R, from which A;H® can be determined. The
value of A,S® is found by combining A,G° = A;H® — TA,S® [3D.9-100]
and A,G® = —RT In K [6A.15-208]. Equating these expressions for A,G°
gives

AH® 1 AS®
R T R

Assuming that A, H® and A;S® do not very significantly over the temper-
ature range of interest this equation implies that a plot of —In K against
1/T should be a straight line of intercept —A,S° /R, from which A, S° can
be determined; such a plot is shown in Fig. 6.6. The plot will have a slope
of A H® /R, as already deduced above.

—-RTInK = AH® - TA,S° hence -InK-=

T/K K 1/(T/K) -InK
233 4.13x10% 0.00429 -19.8
248 5.00x 107 0.00403 -17.7
258 1.45x 107 0.00388 -16.5
268 5.37x10° 0.00373 -15.5
273 320x10° 0.00366 —15.0
280 9.62x10° 0.00357 -13.8
288 4.28x10° 0.00347 -13.0
295 1.67x10° 0.00339 -12.0
303 6.02x10* 0.00330 -11.0

The data fall on a reasonable straight line, the equation of which is
~InK =-8787 x 1/(T/K) + 17.62
A.H® /R is determined from the slope
A:H® = R x (slope x K) = (8.3145] K" mol ") x (-8787 K)
= ~73.0... K/ mol ! =
—A,S°/R is determined from the intercept

A.S° = —R x intercept = —(8.3145] K™' mol ") x (+17.62)

= —1.46... x 10> JK" mol ! =[-147 JK~" mol '

The standard reaction enthalpy for the reaction 2ClO(g) — (ClO),(g) is
expressed in terms of standard enthalpies of formation

AH® = A¢H® [(ClO),, g] - 2A¢H® (CIO, g)
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Figure 6.6
Hence

A¢H® [(ClO),,g] = A;H® + 2A¢H® (CIO, g)
= (~73.0... kJmol™") + 2 x (+101.8 kJmol ")

=[+131 kg mol ]

A.S° = S5 [(ClO),, g] - 285,(ClO, g)

Similarly

Hence

$2 [(ClO),, g] = A;S° +252(ClO, g)
= (~1.46...x 10* JK " mol™") + 2 x (226.6 JK"' mol ")

=307 JK ' mol™!






Quantum theory

7A The origins of quantum mechanics

Answers to discussion question

D7A.2

D7A.4

The ultimately unsuccessful classical approach to the description of black-body
radiation involved assuming that the radiation resulted from oscillating electric
charges in the walls of the body, and that each oscillator has the same average
energy as predicted by the equipartition principle. This view results in the
ultra-violet catastrophe, in which the radiation increases without limit as the
wavelength becomes shorter.

Planck assumed two things: first, that the oscillators could only have energies
given by E = nhv, where v is the frequencyand n is 0, 1, 2, .. .; second, that the
probability of an individual oscillator having a particular energy is described
by the Boltzmann distribution. As the frequency of the oscillator or the value
of n increases, so does its energy and the Boltzmann distribution predicts that
such a state is less likely. In addition, the highest frequency oscillations may
not be excited at all, that is have n = 0, on the grounds that the resulting state
has too high an energy to be populated. PlancK’s theory therefore avoids the
ultraviolet catastrophe by having no excitation of highest frequency oscillators.

By wave-particle duality it is meant that in some experiments an entity be-
haves as a wave while in other experiments the same entity behaves as a par-
ticle. Electromagnetic radiation behaves as a wave in diffraction experiments
but it behaves as particulate photons in absorption and emission spectroscopy.
Electrons behave as waves in diffraction experiments, but as particles in the
photoelectric effect.

The development of quantum theory is much concerned with the need to em-
brace this wave-particle duality and, as is explained in the following Topics,
this is exemplified by the introduction of the wavefunction to describe the
properties of a particles and the notion of ‘complementary variables’ such as
position and momentum.

Solutions to exercises

E7A.1(b)

Wien's law [7A.1-238], AmaxT = 2.9 x 107> mK, is rearranged to give the
wavelength at which intensity is maximised

Amax = (2.9 x 107 mK)/T = (2.9 x 107> mK) /(2.7 K) =
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E7A.2(b)

E7A.3(b)

E7A.4(b)

Assuming that the object is a black body is equivalent to assuming that Wien’s
law [7A.1-238], Amax T = 2.9 x 107> mK, holds. Using Av = ¢ (where c is the
speed of light in a vacuum), Wien’s law is expressed in terms of the frequency
of maximum intensity (Vmax)

Tc/Vmax = 2.9 x 107> mK
This is rearranged to give the temperature

T =(2.9x 107> mK) X vpay/c
(282 x 10° Hz)
(2.9979 x 108 ms~1)

= (2.9x107° mK) x

=[27K]

Molar heat capacities of monatomic non-metallic solids obey the Einstein re-
lation [7A.8a-241]

2 ofs/2T
Com(D) =R, (D)= (%) ()

where the solid is at temperature T and is characterized by an Einstein temper-
ature 0. Thus, for a solid at 500 K with an Einstein temperature of 300 K

300 K\2 [ e(300K)/2(500 K)
500 K) (e(300 K)/(500 K) _ 1

Hence, Cy 1n (500 K) =[(0.97) x 3R

The energy of the quantum is given by the Bohr frequency condition [7A.9-
241], AE = hv, and the frequency is v = 1/T. The energy per mole is AE,, =
NAAE.

fe(500K) = ( ) =0.970...

(i) For T =2.50f1s

AE = (6.6261 x 107°*Js)/(2.50 x 107 5) ={2.65x 1077 |
AEp, = (2.65... x 107 J) x (6.0221 x 10 mol™") =160 kJ mol ™"

(ii) For T =2.21fs

AE = (6.6261 x 107°*J5)/(2.21 x 107 5) ={3.00 x 1077 J
AEp, = (3.00... x 1077 J) x (6.0221 x 10** mol ") = [181 kJ mol *

(iii) For T = 1.0 ms

AE = (6.6261 x 107*J5)/(1.0x 107 s) = 6.6 x 10731 |

AEp, = (6.6... x 10721 ) x (6.0221 x 10** mol ")

=[3.99 x 1071 kJ mol |




E7A.5(b)

E7A.6(b)

E7A.7(b)

The energy of a photon with wavelength A is given by

E=hv=hc/)=(6.6261x107*]s) x (2.9979 x 10°ms™')/A
= (1.9825 x 107* J)/(A/m)

The energy per mole is given by

Ep = NAE = (0.11939 J mol ')/(1/m)

Hence, the following table is drawn up

A E  Ep/kjmol™
(@) 200nm 991 zJ 597
(b) 150pm 1.32p] 7.96x 10°
() 1.00cm 19.8y] 1.19x 1072

When a photon is absorbed by a free hydrogen atom, the law of conservation of
energy requires the kinetic energy acquired by the atom is Ey, the energy of the
absorbed photon. Assuming relativistic corrections are negligible the kinetic
energy is Ex = Eppoton = %mH v2. The atom is accelerated to the speed,

oo (P )1/2 - (PNt )”2
my My
(2% (6.0221 x 10* mol ™) x Ephoton
(1.0079 x 1073 kg mol~1)

1/2

= (3.45..x 10" ms™') x (Ephomn/l)l/2

The photon energies have been calculated in Exercise E7A.5(b), and thus the
following table can be drawn up

A E v/kms™!
(a) 200nm 9917z 17.3
(b) 150pm 132p] 631
() 1.00cm 19.8y] 0.0773

The total energy emitted from a laser at (constant) power P in a time interval At
is PAt. The energy of a single photon of wavelength A is E = hc/A. Hence, the
total number of photons emitted in this time interval is the total energy emitted
divided by the energy per photon (assuming the light is monochromatic)

PAt  PAIA

N = =
Ephoton hc

Thus, for a time interval of 1 s and a wavelength of 700 nm
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(i) P=0.10 W

-9
(0.10 W) x (15)(700 x 10~" m) =[3.52x 10"

" (6.6261 x 1034 ]s) x (2.9979 x 105 ms-1)

(i) P=1.0W

1.OW 1)(700 x 10~°
(LOW) x (19)(700x10°m) g

" (66261 x 10-3J's) x (2.9979 x 108 ms-1)

E7A.8(b) As described in Section 7A.2 on page 242, photoejection can only occur if the
energy of the incident photon is greater than or equal to the work function of
the metal ¢. If this condition is fulfilled, the energy of the emitted photon is
given by [7A.10-243], Ex, = hv— ® = hc/A - ®. To convert the work function to
Joules, multiply through by the elementary charge, as described in Section 7A.2
on page 242,

D =2.09€eVxe=2.09€eVx1.602x10"°Jev!=3.35.x10""7]
and since Ey = 1/2m.v?, v = \/2E/m.
(i) For A = 650 nm

E _he _ (6.6261 x 107" Js) x (2.9979 x 10° ms™")
photon = 757 = 650 x 10~ m

=3.06..x 107" 7]

This is less than the threshold energy, hence ‘no electron ejection‘ occurs.

(ii) For A =195 nm

(6.6261 x 10734 Js) x (2.9979 x 108 ms™!)
195 x 10 m

Ephoton = =1.02..x107"*]

This is greater than the the threshold frequency, and so photoejection can
occur, leading to a kinetic energy of

Ex=hc/A-®=1.02...x107"%]-3.35.x10"]=6.84x1071]
v=1/2x(6.84x107197)/(9.109 x 103 kg) = |1.23 Mms~"

E7A.9(b) If the power, P, is constant, the total energy emitted in time At is PAt. The
energy of each emitted photon is Ephoton = hv = hc/A. The total number of
photons emitted in this time period is therefore the total energy emitted divided
by the energy per photon

N = PAt/Ephoton = PAtA/hc



E7A.10(b)

E7A.11(b)

E7A.12(b)

E7A.13(b)

The conservation of linear momentum requires that the loss of a photon must
impart an equivalent momentum in the opposite direction to the spacecraft,
hence the total momentum p imparted to the spacecraft in time At is

P = Npphoton = Nh/c = PAtA]/hc x h/A = PAt/c
Because p = (10)spacecrafe» the final speed of the spacecraft is

v = PAt/Cmspacecraft

1.5x10°'W 10 3.1536 x 107 sy~ !
_(1.5x ) x (10y) x ( *1075Y") _[isgms ]

(2.9979 x 108 ms~!) x (10 kg)

Noting that the number of seconds in one year is

365 x 24 x 60 x 60 = 3.1536 x 10’

The de Broglie relation is [7A.11-244], A = h/p = h/(mv). Therefore,

h 6.6261 x 10734]s S
=17.27 x10° ms

" med  (9.1094 x 1031 kg) x (100 x 10-12 m)

The kinetic energy acquired by an electron accelerated through a potential  is
eE: Ex = 2m.v? = e’Z. Solving for the potential difference gives

5 Y 3 ~1y\2
g o Mev” _ (16726 x 107 kg) x (3.93 x 10° ms™ )" ey

2e 2% (1.6022 x 10-1°C)

The de Broglie relation is [7A.11-244] A = h/p = h/(mv). Hence,

h 6.6261 x 1073* s ——
v= =11.3x 10" ms

med  (1.6726 x 1027 kg) x (3 x 102 m)

According to the de Broglie relation, [7A.11-244] the momentum of a photon
is

h  6.6261 x 107*
_h 56261 x 107 Js :‘1.89 x 107* kgms™!
A 350 x 10 m

The momentum of a particle is p = muv, so the speed of a hydrogen molecule
that has the above momentum is

p _p ~ 1.89 x 107%” kgms™!
my, My, /Ny (2.058 x 10-3 kgmol ") /(6.0221 x 1023 mol ")

=[0.566 ms™']

The de Broglie wavelength is [7A.11-244], A = h/p. The kinetic energy of an
electron accelerated through a potential  is e£. Thus, since Ex = p*/2me,

p= (ZmeEk)l/2 = (Zmeef)l/z. Hence A = h/\/(2m.eE.
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(i)
1o 6.6261 x 1073 7s
[2 x (9.1094 x 10-31 kg) x (1.6022 x 10-12 C) x (100 V)]"/?
-
(ii)

6.6261 x 107247s

A=
[2 % (9.1094 x 10-31 kg) x (1.6022 x 10-19 C) x (1.0 x 103 V)]"/2
-
(iii)
1z 6.6261 x 107]'s
[2 x (9.1094 x 10-31 kg) x (1.6022 x 10-12 C) x (100 x 105 V')]*/
=13.88 pm
Solutions to problems
P7A.2 Converting the wavenumbers given to wavelengths, the boundary wavelengths
are

A1 =(1000x 10*m™") ™' =1.00x 10> m
A= (1010 x 10°m™") ™" =9.90... x 10™* m

A cavity approximates an ideal black body, hence the Planck distribution [7A.6a-

239], applies
8nhc

p(ALT) = X5 (ehe/IkT _ 1)

Because the wavelength range is small (99 nm), the energy density is approxi-
mated by
AE(T) =p(A, T)AA

Taking A = 9.95... um gives

he  (6.6261 x 107°*]s) x (2.9979 x 10° ms™")

— = =1.44..x10°K
Ak (9.95...x 1076 m) x (1.3806 x 10-23JK 1)

and
8mhe  8mx (6.6261 x 1073*]s) x (2.9979 x 108 ms™!) 4
= =51.1..]Jm
A5 (9.95... x 1076 m)>
1
AE(T) = (51.1...Jm™*) x x (99...x 107° m)

e(1.44...x10° K)/T _ 1

5.06... x 107° Jm™3
e(1.44...x103 K)/T _
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(a)
5.06... x 107 Jm™ e
AE(298K) = e(144...x10° K)/(298 K) _ ] [3.96x 107 jm™|
(b) P
5.06... x 107 Jm™
AE(4K) = 10T 7512107 Jm ]

e(1.44..x103 K) /(4 K) _ |

P7A.4 The Planck distribution is [7A.6a-239],

8mhc
p(LT) = AS (ehe/AKT — 1)

The value of A at which p is at a maximum is found by solving dp/dA = 0.

di — 8nhci (A_S(ehC/AkT _ 1)—1)

di di
— 87ThC [(ehtf/lkT _ 1)—1 dA’_S + A_S d(ehC/AkT - 1)_1 ]

da dA
= 81thc |:_5A76(ehf/AkT _ 1)*1 + A*S(ehc/)\kT _ 1)72 hc ehc//\kT:I

A2kT
8mnhc hcehe/AkT
= 51+
A7 (ehe/AKT 1) kT (ehe/MkT _ 1)

Thus, at A = Apax,

xmaxexmax _ S(exmax _ 1) =0
where Xax = hc/Amaxk T. This equation is solved numerically by x,.x = 4.965,

giving

h 6.6261 x 10734 2.9979 x 108 ms~!
AmaxT ¢ ( * IS)X( X ms ) = 2.9><10_3Km

" 4965k 4.965 x (1.3806 x 10-23JK™!)

as in the text.
P7A.6 The total energy absorbed by the atmosphere is 70% of the total energy incident
on the top of the atmosphere
343 Wm”® x 0.7 = 240.1 Wm®

At equilibrium, the total energy absorbed is equal to the total energy emitted,
which is determined by the Stefan-Boltzmann law

Eaps = Eem = 5.672 x 1078(T/K)* W m?
This is rearranged to
T = (240.1 K* Wm?/5.672 x 1078 Wm?) /" =
Wien's law [7A.1-238], Apax T = 2.9 x 107° m K, is rearranged to give

Amax = (2.9 x 107 mK)/(255... K) =[1.14 x 10> m
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P7A.8 (a) AsAdecreases, hc/AkT increases, and so eh¢/AkT jpcreases. Therefore, for
very short wavelengths, e"¢/**T is very large and 1 is negligible compared
to this. Hence,

8nhc 8nhce_hC/AkT

limp(AT) = v omer = 35

(b) Comparison with the empirical expression gives the constants as [a = 8nthc],

and o = he/1]

(c) The total energy density at temperature T is given by [7A.7-240],
E(T) = [ p(A, T)dA = f 8mhe nepnrgy
0 0o A
Let x = hc/AkT, or A = hc/xkT. Then, dA = ~hc/x*kT dx

1 dx kT\* [
ET:Shf *x—:sh(—)/ e d
(T) = 8mhe 0 hc/kae 2 e o T

_8n(KT)' 48wk’
o (ke T (he)?
The integral is of the form of Integral E.3 with n = 3 and k = 1. This is

consistent with the Stefan-Boltzmann law, as the energy density is pro-
portional to T*.

(d) The energy spectral density is maximized at A = A5, where dp/dA = 0.
This gives

dp d s JAKT
P 8mhe~— (A Sehe
ax = Smhe gy (17 )
-5 —he/AKT
:87Ihc[d§)L e_h‘/lkT+/\_57de :|

di

hc
= 87the | —5A 0 /AT L )5 s hc/“‘T]
" C[ ¢ " ) ASkT ¢

_ Sﬂhcehc//\kT |:_5A N E]
- A7 kT
This expression equals 0 at A = Ay, and is solved when

hc

_5)Lmax — =0
TRT
hc
AmaxT = -7
5k

That is Ay.¢ T is a constant, which is consistent with Wien’s law

P7A.10 The Einstein temperature is given by 0 = hvg/k; this has units of K (temper-
ature), as expected

Js)x(sh) _
T_
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In terms of temperature, the Einstein equation for molar heat capacity is [7A.8a-
241),

6E 2 eQE/zT
Cym(T) =3Rfe(T), fe(T) = (?) (ef)h/T_l)
At high temperatures, this tends towards the classical value,

lim Cy.m(T) 3R(6E)2 ! 2 3R
1 m = [— _— =
T—o00 Ve T 1+9E/T—1

This limit is valid when , which is equivalent to | hvg /kT << 1|. The

conversion between frequency and temperature is

h 6.6261 x 10734 ] s
Op=—vg = =
1.3806 x 10-23JK

p -(vg/Hz) = (4.79... x 107" K) x (vg/Hz)

(a) For diamond, vg = 46.5 THz and hence g = 2.23... x 10 K

2 3 2
2.23... 103 K 2.23...x10” K/(2x298 K)
f:(298 K) = ( a ) ( ¢ - 0.0314

298 K e2:23...x10° K/(298 K) _ |

Cy.m(298K) =[3R x (0.0314)

(b) For copper, vg = 7.15 THz and hence g = 343... K

343 K\2 [ 343 K/(2x298 K) 2
fe(298K) = ( 298 K ) (e343--- K/(29%8K) _ 1) ~ 0.896

Cy.m(298 K) =[3R x (0.896)

7B Wavefunctions

Answers to discussion questions

D7B.2 These terms are best illustrated by referring to a one-dimensional system. The
probability density P(x) is defined so that P(x) dx is the probability of finding
the system between x and x + dx. The value of the wavefunction itself, y(x),
is the probability amplitude. The probability density is given in terms of this
amplitude as P(x) = y* (x)y(x).

Solutions to exercises

E7B.1(b)  The task is to find N such that v = Nsin(37nx/L) satisfies the normalization
condition [7B.4c-248], [ y*ydr = 1. In this case the integration is over x and
the range is 0 to L; the function is real, so y = y*.

=sin 6m=0
——~

N? fOL sin?(3mx/L)dx = N*[L/2 - (L/12n) sin(6nL/L)] = N*(L/2)
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E7B.2(b)

E7B.3(b)

E7B.4(b)

E7B.5(b)

E7B.6(b)

The integral is of the form of Integral T.2 with @ = L and k = 3n/L. For
the wavefunction to be normalized, the integral must be 1 and therefore the

normalizing factor is |N = (2/L)'/|.

The task is to find N such that ¢ = Nexp(-ax) satisfies the normalization
condition [7B.4c-248], [ y*ydr = 1. In this case the integration is over x and
the range is 0 to co. The function is real, so ¢ = y* and the integral is therefore
N? [ exp(-2ax)dx.

N? [ e **dx = —(N?/2a) e_z‘”‘|zo = —(N?/2a)(e™™ - ¢°) = (N?/2a)
0
where exp(—oco) = 0 and exp(0) = 1 are used. Setting the integral equal to 1

(i) The function y = sin(ax)[cannot be normalized]as the area under y*y =
sin®(ax) is infinite when the limits of x are +0o0. However, over a finite
region, the wavefunction can be normalized.

(ii) cos(ax)exp(—x?) [can be normalized|as it goes to 0 as x goes to 0o so
the integral of y*y over all space is finite.

A function is an acceptable wavefunction if it: (1) is not infinite over a finite re-
gion; (2) is single-valued; (3) is continuous; (4) has a continuous first derivative.
Both functions satisfy all of these conditions and so are acceptable wavefunc-
tions.

The probability of finding an electron in an infinitesimal region dx around x
is P(x)dx = y* (x)y(x)dx, provided that y(x) is a normalized wavefunction.
The wavefunction is real so that y* = y, hence the probability is given by

P(x)dx = [(2/L)'? sin(31tx/L)]2 dx = (2/L) sin?(3mx/L)dx

Hence, at x = L/6, P(L/6)dx = (2/L) sin(r/2)dx = .

The normalized wavefunction is w(x) = (2/L)"/? sin(27x/L). The probability
of finding the electron between x = 0 and x = L/3 is, using Integral T.2

fOL/3(2/L) sin” (3nx/L) dx = (2/L) [ x/2 = (1/12) sin(6mx/L)|;"° |

= (2/L)([L/6 - (L/12n) sin(2m)] - [0 - (L/127) sin(0)])
=(2/L)[L/6-0] =

Both x and L have dimensions of length, so 2nx/L is dimensionless, as required
for the argument of a sine function. The dimensions of the wavefunction come
from the normalizing factor (2/L)"/? which has dimensions (length)~'/2. The
probability is [y(x)|*dx: |y(x)|*> has dimensions of (length)™!, and dx has
dimensions of length. Hence, |y(x)|*dx is dimensionless, as required.



E7B.7(b)

E7B.8(b)

A function is an acceptable wavefunction if it: (1) is not infinite over a finite
region; (2) is single-valued; (3) is continuous; (4) has a continuous first deriva-
tive. Note that for a particle on a ring, the condition to be single valued implies
the function must be periodic over 2n, meaning that the function ‘joins up’
with itself as it goes through 2n. Expressed mathematically this condition is
() = w(¢ + 21), where ¢ is the angle.

(i) cos ¢ is periodic over 27 and satisfies all the other conditions so it |is| an
acceptable wavefunction.

(ii) sin ¢ is periodic over 21 and satisfies all the other conditions so it |is| an
acceptable wavefunction.

(iii) cos(0.9¢) is not periodic over 27 (in fact it is periodic over (21)/0.9). The
function does not ‘join up’ after the angle goes through 2m and therefore
it an acceptable wavefunction.

The normalized wavefunction is y(x) = (2/L)"/? sin(3mx/L), and so the prob-
ability density is P(x) = |w(x)|*= (2/L) sin® (3mx/L). This is maximized when
sin’(3nx/L) = 1, and so when sin(3nx/L) = +1. These values occur when
3nx/L =n/2,3n/2,5n/2 and hence‘x =L/6,L/2, 5L/6‘.

Nodes occur when the wavefunction goes through zero: sin(3nx/L) = 0. The
sine function is zero when 3nx/L = m,2m, hence m The wave-
function goes to zero at x = 0 and x = L, but these do not count as nodes as the
wavefunction does not pass through zero.

Solutions to problems

P7B.2

(a) The task is to find N such that y = N cos(¢) satisfies the normalization
condition [7B.4c-248], [ y*ydr = 1. In this case the integration is over ¢
and the range is 0 to 27; the function is real so * = y. Using the identity
sin® x + cos® x = 1 the integrand is expressed as cos? ¢ = 1 — sin® ¢, and
then the integral is evaluated using Integral T.2

N? [Oz“(l —sin® ¢) d¢ = N* [¢|§n —(2n/2) + (1/4) Sin(4n)] _IN?

Setting this equal to 1 gives [N = (7)"/2|

(b) The task is to find N such that y = N sin(m;¢) satisfies the normalization
condition [7B.4c-248], [ y*y dr = 1. In this case the integration is over
¢ and the range is 0 to 2m; the function is real so y* = y. The integral is
evaluated using Integral T.2

=0
—_——

N? /(;271 sin?(m;¢) d¢ = N*[(2m/2) — (1/4m;) sin(4m;n)] = nN?

where sin nmt = 0 for integer # is used. Setting the result equal to 1 gives

-]
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P7B.4

P7B.6

The task is to find N such that y = N exp(—ax?) exp(—by?) satisfies the nor-
malization condition [7B.4c-248], [ y*ydr = 1. The integration is over x
and y, with both ranging from —oo to oo. The wavefunction is real, and so the

integral to evaluate is
oo oo 2 2
NZ / f e—2ax efzby dxdy

This integral separates into a product of two integrals

szooe_z‘”zdx/ooe_%yzd)’

For both the integrand is even, such that it is the same at x and —x, or y and
—y. Hence the integral between —oo and oo is simply twice that between 0 and

oco. Using this gives
4N? f e 207 dx [ e_Zbyzdy
0 0
The integrals are evaluated using Integral G.1 to give

AN? x L(n/2a)'/* x L (n/2b)'/* = N*(n* [4ab)'/?
Setting this equal to 1 gives N = (4ab/n?)'/?|

The task is to find N such that y(x) = Ne=*" satisfies the normalization
condition [7B.4c-248], [ y*ydr = 1. The integration is over x ranging from
—oo0 to oo. The required integral is

2 [T oax?
N f e % dx
— 00

The integrand is even, and so the integral from —oo to oo is twice the integral
from 0 to oo. The integral is evaluated using Integral G.1

2N? fo e 2% dx = 2N? x %(H/Za)l/2
Setting this equal to one gives N = (2a/m)"/*.
The total probability of finding the particle at a distance x > x is therefore

(2(1/1‘[)1/2f00e_2‘”‘2 dx

X0

With a = 0.2 m™? and x = 1 m this integral becomes

(0.4/7_[)1/2 / e—0.4><x2 dx
1

which evaluates numerically to [0.186].



P7B.8

P7B.10

The probability of finding the particle within the range x = a to x = b, and
y=ctoy=dis

b pd
Pabicod)= [ [ Iy dxdy
b pd
:f f (2/L)?sin*(nx/L) sin*(my/L) dxdy
The integral separates into integrals over x and y

b d
:/; (2/L)sin2(nx/L)dxx[ (2/L) sin®(nx /L) dx

Both integrals are evaluated using Integral T.2 to give the probability as

(=5 o () o () ) (557 52 [ () -0 ()

Hence
(@) a=0,b=L/2,c=0,d=L/2;P=[1/4]
(b) a=L/4,b=3L/4,c=L[4,d=3L/4P = ;(1+2/n)*=[0.670]

(a) Normalization requires finding N such that N* [ exp(-x*/a?)dx = 1.
Because the integrand is symmetric, the integral from —oo to +oo0 is twice
that from 0 to +oo. With this, the integral is evaluated using Integral G.1

2N2/ e,xz/uzdeZNzX%(naz)uz
0

Setting this equal to 1 gives |N = (ra?)~'/4|. The required probability is

given by

[: [(mzz)*l/4 exp(—xz/az)]zdx = 2(na®)"/? foa exp(-x*/a®)dx
=erf(1) =

This integral has no analytical solution, but is easily evaluated using math-
ematical software.

7C Operators and observables

Answers to discussion questions

D7C.2

In quantum mechanics an observable quantity (such as energy, position or
momentum) is represented by a particular operator Q. If the wavefunction
is v the average value of the quantity represented by the operator ( is given by
(Q) = [ y*Qudr, called the expectation value. For the special case that v is
an eigenfunction of (2, the expectation value is the eigenvalue corresponding
to this eigenfunction.
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Solutions to exercises

E7C.1(b) To construct the potential energy operator, replace the position x in the clas-
sical expression by the position operator . This operator is just multiplication

by x, & = xx, therefore the potential energy operator is ‘ V = D.(1-e7%%)? ‘

E7C.2(b) A function v is an eigenfunction of an operator 2 if Qy = wy where w is a
constant called the eigenvalue.

(i) (d*/dx*)cos(kx) = —k*cos(kx). Hence cos kx [is| an eigenfunction of
the operator d?/dx2, with eigenvalue [~k2.

(ii) (d?/dx?)el** = (d/dx)ike'** = —k%e'**. Hence e'** [is| an eigenfunction
of the operator d*/dx?, with eigenvalue .

(iii) (d?/dx?)kx = (d/dx)k = 0 = 0 x kx. Hence kx [is] an eigenfunction of
the operator d*/dx? with eigenvalue [0].

(iv) (dz/dxz)e_‘”‘2 = (d/dx)(—Zaxe_“"z) = Zae_‘”‘z(Z(zx2 —1). Hence this
function is an eigenfunction of the operator d*/dx?.

E7C.3(b) Wavefunctions y; and y, are orthogonal if [ yjy, dr = 0, [7C.8-254]. Here
y1(x) = sin(4nx/L), w2(x) = sin(27x/L), and the region is 0 < x < L. The
integral is evaluated using Integral T.5

[ yiv,dr = fOLsin(4nx/L) sin(2nx/L) dx
= [(L/4n) sin(2n) — (L/127) sin(6m)] = 0

where sin(nn) = 0 for integer n is used. Thus, the two wavefunctions are
orthogonal.

E7C.4(b) Wavefunctions y; and y, are orthogonal if [ yjy, dr = 0, [7C.8-254]. Here
y1(x) = cos(3nx/L), yo(x) = cos(57x/L), and the region is —L/2 < x < L/2.
The integral is evaluated using Integral T.6

L2
f yiv,dr = .[L/Z cos(3mx/L) cos(5nx/L) dx

= (~L/4m)sin(-2mx/L) + (L/16m) sin(87x/L)|"},
= [(-L/4m) sin(-m) + (L/167) sin(4n)]
- [(~L/4m) sin(n) + (L/167) sin(-47)]

0

where sin(nn) = 0 for integer n is used. Thus, the two wavefunctions are
orthogonal.



E7C.5(b)

E7C.6(b)

E7C.7(b)

Two wavefunctions y; and y; are orthogonal if [ yfy;dr = 0, [7C.8-254].
In this case the integration is from ¢ = 0 to ¢ = 2m. Let y; = exp(i¢), the
wavefunction with m; = +1, and y; = exp(-2i¢), the wavefunction with m; =
—2. Note that the functions are complex, so ¥} = exp(-i¢). The integrand is
therefore

v; ¥ = exp(—i¢) exp(-2i¢) = exp(-3i¢)

and the integral evaluates as

A 7 exp(-3i¢) d = (~1/3i) exp(~3ig) "

=1 =1
—_——~

= (-1/31)[exp(-6mi) —exp(i0)] = 0

The identity exp(ix) = cosx + isinx (The chemist’s toolkit 16 in Topic 7C on
page 256) is used to evaluate exp(—6mi) = cos(—6m) +isin(-6m) =1+0 = 1.
The integral is zero, so the functions are indeed orthogonal.

The normalized wavefunction is y(x) = (2/L)"/? sin(nx/L). The operator for

position is X = x, therefore the expectation value of the position of the electron
is [7C.11-256]

(x)=[1//*921//d1=(2/L)[0Lxsin2 (rx/L) dx

This integral is of the form of Integral T.11 with k = /L and a = L

=sin 2n=0 =cos2n=1
—_—— —_——i—
2| L? L . (ZnL) 1 (ZTrL)
=—|—-——=sin|— |-——F—jcos|—]-1
L4 4xn/L L 8 x (t/L)? L
2 I
:zxz:

Because the probability density |y(x)|* is symmetric about x = L/2, the ex-
pected result is (x) = L/2.

The normalized wavefunction is w(x) = (2/L)'/? sin(nx/L). The expectation
value of the momentum is [ y* p,y dx, and the momentum operator is p, =
(h/i)d/dx, therefore

(px) = (2/L) AL sin(nx/L)py sin(mx/L) dx
- (2h/iL) fo " in(x/L)(d/dx) sin(rx/L) dx
Using (d/dx) sin(nx/L) = (n/L) cos(mx/L) gives

(px) = (2mh/iL?) /.;Lsin(nx/L) cos(nx/L) dx
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The integral is of the form of Integral T.7 witha = L, k = n/L

(px) = ):@

27th 1 2 (nL
T x sin” | —
iL?  2xm/L L

This result is interpreted as meaning that there are equal probabilities of having
momentum in the positive and negative x directions.

E7C.8(b)  Forthe case when m; = +1 the normalized wavefunction is v, (¢) = (211)~/2el?.
This is complex, and so y*, = (211)""/2¢71¢. The angular momentum operator
is (h/1)(d/d¢), therefore its expectation value is given by

L7 v i@y do = 1amy i) [ agdg)e dg
= (i) [ ete dg

= an) () [ 1dg
- (120 (DD Cr) =

For the general case the normalized wavefunction is v, (¢) = (21)"/2ei™¢
and v}, (¢) = (2m) 2ems,

/(;h W, (1/1)(d/d¢)ym, d¢ = (1/27)(A[1) fozn e M9 (d/dg)e™? dg

= (1/2n)(h/i)(im;) fOZn R d
= (1/2m)(h/i)(im;)(2m) =

E7C.9(b) The uncertainty in the momentum is given by Ap = mAv where m is the mass
and Av is the uncertainty in the velocity. The minimum uncertainty in the

position of the electron is given as 100 pm|.

The uncertainties in position and momentum are must obey the Heisenberg
uncertainty principle [7C.13a-258], ApAq > (#/2), which in this case is ex-
pressed as mAvAq > (h/2). This is rearranged to give the uncertainty in the ve-
locity, Av > h/(2mAq), giving a minimum uncertainty of Avi, = i/ (2mAg),
which is evaluated as

1.0546 x 107347 5
=[5.79 x 10> ms

2% (9.1094 x 10731 kg) x (100 x 10712 m)

E7C.10(b) The desired uncertainty in the momentum is
Ap =0.0010 x 102p = 1.00 x 10> m.v
=1.00 x 107° x (9.1094 x 107 kg) x (995 x 10’ ms™")
=9.06...x 107" kgms™*



The Heisenberg uncertainty principle, [7C.13a-258] is rearranged to give the
uncertainty in the position as Aq > //(2Ap), which gives a minimum uncer-
tainty of Aqmin = i/(2Ap). This is evaluated as

1.0546 x 10734 s —
=15.82x10"" m

2% (9.06... x 1030 kgms~1)

Solutions to problems

P7C.2 (a) Considertheintegral I = fOL sin(nmx/L) sin(mmnx/L) dx. Using the iden-
tity, sin AsinB = 1 cos(A — B) — 3 cos(A + B) with A = nmx/L and
B = mnx/L, this can be rewritten as

I:%-/OLCOS[(n—m)nx/L]dx—%foLcos[(nwLm)nx/L]dx (71)

(b) Inthecaseofn =2, m =1 thetwo integrands are cos(mx/L) and cos(3mx/L)

which are plotted in Fig. 71

1.0 ] . — cos(mx/L)

v | === cos(3nx/L)

0.5

-0.5 1

-1.0 |

Figure 7.1

(c) It is seen that each of these functions are antisymmetric about x = L/2,
such that the value of the function as L/2 + § is minus that at L/2 — §. As
a result, the integral of these functions over a symmetrical region about
x = L/2 is zero.
An alternative way of coming to the same conclusion is to note that the
integral of the first half of a cosine wave is zero on account of the enclosed
area above and below the x-axis being the same (the solid curve). Sim-
ilarly, the integral of three complete half cosine waves is also zero (the
dashed curve).

(d) For the general case n and m and both integers, and so n + m are also
integers. The two integrands in eqn 71, when considered over the range
x = 0 — L, will each comprise a complete number of half cosine waves.
By the same argument as in (c), these functions will integrate to zero and
hence the wavefunctions are orthogonal for n # m.

231



232

P7C.4

P7C.6

An operator (2 is hermitian if [y Qy;dr = [f 1//;_(}1//1‘ dr]*, [7C.7-253]. Pro-
ceed by integrating by parts (The chemist’s toolkit 15 in Topic 7C on page 254)

to give
o (hd B 27r
fo w,-( ¢)w] dg = (%% f % )

The term A is zero because the wavefunction must be single valued, requiring

vi(¢) = wi(¢+2mn),and so y;(0) = y;(2n). It follows that

2 . ﬁi , __E 2n d‘/’:
fo Wi(id(/))%d‘P— i[o ]d(p d¢

The term of the right is written as a complex conjugate to give

o (hd _E 2 dy; ZH*Ei ‘ *
h ‘””(iw)‘”fd"s‘[ifo fdsbd‘b] U ‘”f(idqb)‘”’d‘b]

Note that because the complex conjugate of the whole term is taken, to com-
pensate for this the complex conjugate of the terms inside the bracket need to
be taken too y = [y*]*;i* = —i is also used. This final equation is consistent
with [7C.7-253] and so demonstrates that the angular momentum operator is
hermitian.

The expectation value is given by [7C.11-256], =y *Qydr, where v is
normalized. However, if y is an eigenfunction of _Q each measurement gives
the corresponding eigenvalue, and this is therefore also the expectation value.

(a) The function N exp(ikx) is an eigenfunction of the linear momentum
operator p, = (h/i)(d/dx)

h d — Ne ikx _ ﬁ « Nikeikx = hk x Neikx
idx i

and the eigenvalue is [ik]. Hence, the expectation value is equal to this.

(b) The wavefunction N cos kx is not an eigenfunction of the linear momen-
tum operator, so the expectation value has to be computed by evaluating
the integral. First consider the effect of applying this operator to the wave-
function

v = (h/i)(d/dx)N cos(kx) = —(hk/i)N sin kx

It follows that the expectation value is given by

(px) = —(hk/i))N? [: cos(kx) sin(kx) dx = [0]

The integrand is an odd function, meaning that its value at —x is the
negative of that at x, which means that its integral over a symmetric range
is zero.



P7C.8

P7C.10

(o)

(a)

(b)

—~
(e)
~

(d)

(a)

. — 2 . . . .
The wavefunction Ne™** is not an eigenfunction of the linear momen-

tum operator. Consider the effect of applying this operator to the wave-
function

pev = (B/i)(d/dx)Ne ™ = (h/i) x —2axNe

The expectation value of the momentum is then

(px) = (=2aN*h/i) [: xe 20% dx =10]

As before, the integrand is an odd function so its integral over a symmet-
ric range is zero.

The wavefunction y(x) = cos(y)e'** + sin(y)e ' is a superposition of
the functions y, = e** and y_ = e”'**, These are eigenfunctions of the
linear momentum operator with eigenvalues +#k and —fik respectively,
as

hde*™ i i hde ™ i i

- == x ikelkx — hkelkx - == x _ike—lkx — _hke—lkx
i dx i i dx i

As the wavefunction is a superposition of eigenfunctions of the linear mo-
mentum operator, the probability of measuring a particular momentum
eigenvalue is the square modulus of the corresponding coefficent, |c|? in
the expression for y. Hence the probability of finding the electron with

linear momentum +k# is |c,|*= |cos y|*= M

The probability of finding the electron with linear momentum —k# is

e~ = sin x*= [sin’ 2

If the probability of finding the electron with momentum +k# is 0.9, then
|c4|*= 0.9, and assuming that c, is real and positive , ¢, = /0.9 =[0.95].
The probabilities must sum to 1 and so the probability of finding the
electron with momentum —k# is 0.1, then |c,|*= 0.1 and so c_ = \/0.1 =
0.32

The kinetic energy operator is Ej = p2/2m = —(h?/2m)d?/dx?, where m
is the mass of the electron. Consider applying this operator to y..

P
* 2m dx? 2m

By = 2L i I i
N 2m dx? 2m

Hence, both components are eigenfunctions of the kinetic energy oper-
ator with the same eigenvalue, (/1k)?/2m, and so the overall wavefunc-
tion is also an eigenfunction of the kinetic energy operator, eigenvalue

(hk)?*/2m. The kinetic energy of the electron is thus|(hk)?/2m

Figure 7.2 shows that as N increases the symmetrical peak around x = 0
narrows and sharpens.
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(b)

(©)

Figure 7.3 shows that, as before, the probability density narrows and sharp-
ens as the superposition is extended.

In order to compute {x?), the expectation value of x?, it is necessary to
normalize the wavefunction. If attention is focused on the finite range
-1 < x < +1 the normalizing factor NV is found by evaluating

- 1 +1[ N 2 !
N _{NZ [1 [;cos(knx)] dx}

Because the square of a sum involving (possibly) many terms is involved,
this appears to be a formidable task. However, some experimentation
with some modest values of N using mathematical software implies that
the term in the braces is simply (1/N), so the normalizing factor is N =



P7C.12

P7C.14

(N)'/2. With this, the expectation value is computed using

(x*) = (N) x (1/N?) [:1 |:k§: cos(knx)] x*dx

Mathematical software gives the values 0.0628 for N = 5, 0.0305 for N =
10, and 0.0254 for N = 12. The corresponding values of (x?)'/? are 0.251,
0.175 and 0.159. There is a decreasing trend in the value of (x?)'/? which
makes sense as the superposition becomes narrower as N increases.

(d) This wavefunction is the superposition of N terms each of which has
the form N~! cos(kmx). Momentum is more easily discussed by using
the identity cos(kmx) = 1(e*™ + e7#™*). The wavefunction is then a
superposition of N terms of the form (1/2N)e’*™ and N of the form
(1/2N)e ™ The first of these terms corresponds to a momentum +k,
and the second to a momentum —k#.

The normalizing factor is N'/2, so the coefficient of each of the terms in
the expansion (of the form e*¥™*) is N'/2/2N = 1/2N"'/2. The probability
of observing the momentum corresponding to any one term is given by
the square is this coeflicient, which is 1/4N.

To evaluate the commutator of the position and momentum operators consider
the effect of the commutator on an arbitrary function y

hdlxy) _ hdy
i dx idx

(ol = (i 5w~
to evaluate the first derivative the product rule is used

xdx dx xdx

RTINS
1 1

Because [ p,, %]y = (h/i)y it follows that the commutator is the constant term
h/i. Hence the expectation value is given by

s oy Sy (Bfydr o
([l = 20

To evaluate the commutator consider its effect on an arbitrary wavefunction y

[4,d'y - (ad' - d'a)y
1 ,, ... 1 . ., 1. .1 . ..
:(\/E(x+1px)\/§(x—1px)—\/z(x—lpx)\/i(x+1px))w
= % [(722 —ikpy +ipyk +13;2c) - (& +ikpy —ipyX +Pi)] y

= i(prc - ﬁﬁx)llf
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The quantity in the parentheses is the commutator [ p,, £]. The commutator of
the position and momentum operators is given by [7C.16-259], [%, p.] = ih,
therefore [p, %] = —ih

[a,a" ]y = i[ps, K]y = i(-ih)y = hy
Hence [4,4"] =[A].

7D Translational motion

Answers to discussion questions

D7D.2

The hamiltonian for a particle in a two- or three-dimensional box is separa-
ble into a sum of terms each of which depends on just one of the variables
x, y or z. Therefore the solutions to the Schrodinger equation are products
of separate functions of each of these variables, ¥ (x, y,z) = w(x)y(y)y(z).
In the hamiltonian the terms in the three variables are all of the same form,
so the wavefunctions are likewise of the same form. Similarly, the boundary
conditions along each direction are the same, so the quantization which this
imposes is the same. As a result the wavefunctions are simply a product of the
wavefunctions that would be found by solving the Schrédinger equation along
each direction separately.

The energy levels of two- and three-dimensional boxes can be degenerate, that
is there are different wavefunctions which have the same energy. This is usually
a consequence of the box having a certain kind of symmetry, for example in a
two-dimensional box in which the two sides are the same length the levels with
quantum numbers #n; = I, n, = m and n; = m, n, = [ are degenerate.

Solutions to exercises

E7D.1(b)

E7D.2(b)

The linear momentum of a free electron is given by

p=hk=(1.0546 x 10*Js) x (5% 10° m™") = ‘5 x 1072 kgm s~

where 1] = 1 kgm®s~2 is used; note that 1 nm™' = 1 x 10° m~". The kinetic
energy is given by [7D.2-26I]

(hk)*  ((1.0546 x 107°*]s) x (5 x 10° m™!))? 5
E, = - =2 x 10
T om 2% (9.1094 x 103! kg)

The electron is travelling in the positive x direction hence the momentum and
the velocity v are both positive. The momentum of this particle is given by

p=mv=(1.0x10"kg) x (+10ms™") = +0.01 kgms™"



E7D.3(b)
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The values of k is therefore

.0l kgms™!
kb 00TkemS o 10 m!
h 1.0546 x 10345

where 1] = 1 kgm?s~2 is used. The wavefunction is then, with x is measured

in metres,
. . 31 -1
l//(x) _ elkx _ e-*—1(9.5><10 m™)x

The energy levels of a particle in a box are given by [7D.6-263], E,, = n*h* /8mL?,
where 7 is the quantum number. With the mass equal to that of the electron
and the length as 1.5 nm, the energies are

otk (6.6261 x 1074 J5)?
- 8ml?

n

=n- x
8 x (9.1094 x 10-31 kg) x (1.5 x 10~° m)?
=n*x(2.67..x1072°7)

To convert to kj mol ™', multiply through by Avogadro’s constant and divide by
1000.

6.0221 x 102> mol ™!
1000

=n? x (2.67...x 1072 J) x =n? x (16.1... kJmol ")

To convert to electronvolts divide through by the elementary charge

1

2 -20
=n"x(2.67...x10 X —
( J) 1.6022 x 1071° C

=n? % (0.167... eV)

To convert to reciprocal centimetres, divide by k¢, with ¢ in cm st

5 (2.67...x1072°7)
=n X
(6.6261 x 10734Js) x (2.9979 x 101° cms~1)
=n* x (1.34...x 10> cm™)

The energy separation between two levels with quantum numbers n; and n, is
AE(ny,ny) = E,, — E,, = (n3 - n?) x (2.67...x 1072°])

The values in the other units are found by using the appropriate value of the
constant, computed above.

(i) AE(2,3) =[1.3x 107 J}[81 k) mol"!| [0.84 V], or [6.7 x 10% cm "

(i) AE(6,7) =[3.5x 107 J}[2.1 x 102 Ky mol !} 22eV],
or|1.8x 10* cm™!
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E7D.4(b)

E7D.5(b)

E7D.6(b)

The wavefunctions are y;(x) = (2/L)"/?sin(nx/L) and y3(x) = (2/L)"/? x
sin(3nx/L). They are orthogonal if [ ¢y, d7 = 0. In this case the integral is
taken from x = 0 to x = L as outside this range the wavefunctions are zero. The
required integral is of the form of Integral T.5, with A = /L, B = 3nt/L, and
a=1L

% [OL o (%) i (MJ) a2 [sin(—ZnL/L) ~ sin(4nL/L)]

L L| -4n/L 8n/L
_ 2 |sin(-2m) sin(4n) 0
_L[ —4njL  8n/L ]_

where sin nm = 0 for integer 7 is used. The two wavefunctions are orthogonal.

The particle in a box wavefunction with quantum number # is given by y,, (x) =
(2/L)'/? sin(nmnx /L) The probability of finding the electron in a small region of
space 8x centred on position x is approximated as y?(x)8x. For this Exercise
x =0.66L, 6x = 0.02L.

For the case where n = 1

1(0.66L)% x 0.02L = [\/Z/_Lsin (n(0.66L)/L)]2 x 0.02L
= (2/L) sin*(0.667) x 0.02L =

For the case where n = 2

2
¥,(0.66L)% x 0.02L = [\/Z/L sin (2 x n(0.66L)L)] x 0.02L
= (2/L)sin*(1.32m) x 0.02L =

The wavefunction with n = 2 and is ¥, (x) = \/2/L sin(2nx/L), which leads to
a probability density P,(x) = |y2(x)[> = (2/L) sin*(2nx/L). Graphs of these
functions are shown in Fig 7.4.

Figure 7.4

The probability density is symmetric about x = L/2. Therefore, there is an equal
probability of observing the particle at an arbitrary position x” and at L — x/, so
it follows that the average position of the particle must be at L/2.



E7D.7(b)

E7D.8(b)

E7D.9(b)

The wavefunction with n = 11is y;(x) = \/2/Lsin(nx/L), which leads to a
probability density P;(x) = |y1(x)|* = (2/L)sin*(nx/L). Graphs of these
functions are shown in Fig 7.5.

,/z'_‘\\\ _llll
Ny
=2 : > x/L
0.2 0.4 0.6 0.8 1.0

Figure 7.5

The probability density is symmetric about x = L/2. Therefore, there is equal
probability density at positions (L/2) + § and (L/2) — 4, so it follows that the
average position of the particle must be at L/2.

The expectation value of x? is found from the integral [OL Py(x)x*dx. Al-
though the probability density will be the same at positions (L/2) — & and
(L/2) + &, the function x? will increase by more between (L/2) and (L/2) + 4,
than between (L/2) — & and (L/2), so in the integral the point at (L/2) + & has
greater weight. It is therefore expected that (x*) > (L/2)?.

For an electron in a cubic well, of side length L the energy of the state character-
ized by quantum numbers 7;, 1, and n; is given by [7D.13b-267], Ep, n,,n, =
h*(n2+ nf, +n2)/8m.L?* where n, n,, n, are integers > 1. Hence, the minimum
or zero-point energy has n, =n, =n, =1,

Eiqq = h* (12 +12 +1%)/8m.L* = 3h*/8m,L*
Setting this equal to the rest energy, mec* gives

3h?[8m.L* = m.c?

L=1/3/8 x (h/mec) :

where Ac = h/(mec) is the Compton wavelength.

The wavefunction for a particle in a one-dimensional box with length L and in
the state with n = 5is y(x) = \/Z/_L sin(57x /L) giving a probability density of
P(x) = [y(x)[*= (2/L) sin*(5mx/L).

As this is a trigonometric function, the function is maximized when sin® (5mx /L)
= 1, which is when sin(5mx/L) = +1; these values occur when the argument of
the sine function is an odd multiple of /2

5nx/L =m/2,31/2,51/2,7m/2, ... hence x = ’L/lO, 3L/10,L/2,7L/10, 9L/10‘
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E7D.10(b)

E7D.11(b)

E7D.12(b)

The probability density is zero when the wavefunction is zero, which is when
the argument of the sine function is a multiple of ©

5mx/L =0,m,2m,... hence x=[0,L/5,2L/5,3L/5,4L/5,L]

The energy levels of a particle in a cubical box with side L are given by [7D.13b-

267), E, = h*n*/8mL?, with n* = n? + nf, + n2. When the side is decreased to

0.9 x L the energies become E!, = h*n?/8m (0.9 x L)? = h®n*/8m(0.81 x L?)
giving a fractional change of
E, —E, _ [h*n?[8m(0.81 x L*)] ~ [W*n*/8mL*] 1 | - [0355

E, h2n2[8mL> 0.81

The energy levels of a particle in a box of length L are given by [7D.6-263],
E, = h*n*/8mL%. This energy is equal to the average thermal energy when

kT/2 = h*n*/8mL?, leading to‘n = (2L/h)(mkT)'/? ‘

For an argon atom, mass 39.95 m,, in a box for length 0.1 cm this evaluates as

~2(0.1x107* m)
T 6.6261 x 10737 s

x [(39.95 x 1.6605 x 107> kg) x (1.3806 x 107*JK ") x (298 K) |

=[5.0x107]

1/2

The wavefunction of a particle in a square box of side length L with quantum
numbers ny = 1,1, = 3 is ¥y 3(x, y) = (2/L) sin (nx/L) sin (3ty/L). The cor-
responding probability densityis Py 5 (x, y) = (2/L)* sin® (x/L) sin® (3ny/L).
The probability density is maximized when sin? (nx/L) x sin® (3ny/L) = 1
which occurs only when each sin term is equal to +1. The term in x is equal to
1when nx/L = n/2 and hence x = L/2. For the term in y

sin (3ny/L) = £1
3ny/L =n/2,31/2,5n/2 hence y=L/6,L/2,5L/6.

Hence the maxima occur at (x, y) :‘(L/Z,L/6), (L/2,L/2),(L/2, 5L/6)‘

Nodes occur when the wavefunction passes through zero, which is when either
of the sin terms are zero, excluding the boundariesatx = 0, L y = 0, L because at
these points the wavefunction does not pass through zero. There are therefore
no nodes associated with the function sin (1tx/L). In the y-direction there are
nodes when

sin (3nty/L) =0
3ny/L=m,2n hence y=1L/3,2L/3

There is thus a node when y = L/3 and for any value of x, that is a nodal line at
‘ y = L/3 and parallel to the x—axis‘. Likewise the node at y = 2L/3 corresponds

to a nodal line at ‘ y = 2L/3 and parallel to the x-axis ‘




E7D.13(b)

E7D.14(b)

E7D.15(b)

The energy levels for a 2D rectangular box, side lengths L;, L, are

T gm \ L2 L2

where n; and n, are integers greater than or equal to 1.

For the specific case where L; = L, L, = 2L,

E :h—z ni+ 3 = i n2+n—§
" em \ L2 (2L)? ) smL2\' 4

The energy of the state with n; = 2, n, = 8 is then

(., 8 h?
Epp=——(22+5 )= ——(20
2 8mL2( 4) smiz 20

By inspection, the first term in the sum is equal to 4 and the second is equal to
16, it can be arranged for these to be swapped. This requires n? = 16 and so n; =
4and n3/4 = 4,and so n, = 4. Hence, the state‘ (4,4) is degenerate with (2, 8) ‘

The question notes that degeneracy frequently accompanies symmetry, and
suggests that one might be surprised to find degeneracy in a box with unequal
lengths. Symmetry is a matter of degree. This box is less symmetric than a
square box, but it is more symmetric than boxes whose sides have a non-integer
or irrational ratio. Every state of a square box except those with n; = n, is
degenerate (with the state that has n; and 1, reversed). Only a few states in this
rectangular box are degenerate. In this system, a state (n1, 1) is degenerate
with a state (n,/2,2n,) as long as the latter state (a) exists (that is n,/2 must
be an integer) and (b) is distinct from (#n;, n,). A box with incommensurable
sides, say, L and v/2L, would have ‘no degenerate levels ‘

The energy levels of a cubic box are given by [7D.13b-267]

2
_ 2,2 2

En\nyny = 8mL2 (ny +ny +n3)

where 11, n,, n3 are integers greater than or equal to 1. Hence the lowest energy

state is that with n; = n, = n; = 1, with energy

2 2
(1I+12+1%) =

(3)

h
Foan =g smL2
and so the energy of the level with energy 14/3 times that of the lowest is
14h? |8mL?, which will be produced by states for which n? +n%+n% = 14. There
are six states with this energy, (n1, 12, 13) = (1,2,3),(1,3,2),(2,1,3),(2,3,1),

(3,1,2),(3,2,1), and so the degeneracy is [6].

The transmission probability [7D.20a-269] depends on the energy of the tun-
nelling particle relative to the barrier height (¢ = E/Vy = (1.5 €V)/(2.0 €V)
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= 0.75), the width of the barrier, (L = 100 pm), and the decay parameter of the
wavefunction inside the barrier (k)
(2m(E - Vp))'/?
h
(2 x (1.6726 x 1027 kg) x [(2.0 - 1.5) eV x 1.6022 x 10~ JeV~1])1/2
1.0546 x 107347s

=1.58...x 10! m™!

Such that kL = (1.58... x 10" m™!) x (100 x 107'2 m) = 15.8..., and so the
transmission probability is given by

kL _ —xL\277! 15.8... _ —15.8...52 717!
T=[1+(ee)] =[1+ (e c ) =[5.7x107"*

16¢(1 - €) 16 x 0.75 x (1-0.75)

Solutions to problems

P7D.2 (i) The energy levels of a particle in a cubic box are given by [7D.13b-267]
E(ny,ny,n;) = h*n®[8mL?* where n* = n’ + ni +n2, and L is the side
length of the box, such that its volume is V = L*. For a cubic box, volume
1.00 m®, L = (1.00 m®)'/> = 1.00 m. The mass of a N, molecule is
28.00 m, = 4.6494 x 10726 kg. To find the value of n that makes the
energy equal to the average thermal energy, set E,, = 2k T and solve for n

Lv12mkT
h
(1.00 m)x| 12x(4.6494 x 1072° kg)x(300 K)x(1.3806 x 10~2* JK ™ )]1/ g

6.6261 x 107347s
={7.25 x 1010

(ii) The separation between neighbouring levels is

h? , a1 h(2n+1)
T 8mlL? [(n+1)?=n?] = 8mL?

n=

AE =Eu1 - E,
and so for this case
—347 )2 10
Ap o (6:6261x10746)” x (2x725x 1010 +1) _—— 07T
8 x (4.6494 x 10726 kg) x (1.00 m)?
(iii) The de Broglie wavelength is given by [7A.11-244], A = h/p, and the
kinetic energy is Ey. = p>/2m. In this case Ey = kT, hence p*/2m = 3kT

which is rearranged for the momentum to give p = /3mkT. Hence, the
de Broglie wavelength is

_h
3mkT

A:

6.6261 x 1073 Js
[3x(4.6494 x 10726 kg) x (1.3806 x 10-23 JK') x (300 K)

- T

]1/2



P7D.4

P7D.6
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The wavefunction with 1 = 2 is y, (x) = (2/L)"/? sin(2nx/L), and this is used
in [7C.11-256], (Q) = [ y*Qy dr, to compute the expectation value for the
cases Q = p, = (h/i)d/dx and Q = p2. The effect of p, on the wavefunction is

pxys = (h/i)d/dx [(2/L)"/*sin(2nx/L)] = (h/i)(2/L)"/*(2n/L) cos(2nx/L)
and the effect of p?2 is found by applying p, to this result
P2y = (hf)dfdx [(RD)(2/1) "2 (2n/L) cos(2mx /1)
= h*(2/L)"*(2n/L)? sin(2nx/L)

Hence

L L
(p) = [ wibevady = (W)L (2r/L) [ sin(2ms/L) cos(2mx/L)d x
0 0
This integral is of the form of Integral T.7 with k = 2n/L,a =L

(px) = (h/i)(2/L)(2n/L) x (L/4mn) sin*(2nL/L) = [0]

L L
(02 = [ vipiwadx =R [ sind(2nx/L) dx
0 0
This integral is of the form of Integral T.2 with k = 2n/L,a =L

(p%) = W*(2/L)(2n/L)* x [L/2 ~ (L/8m) sin(4nL/L)] =

The wavefunction of the state with quantum number #, in the range 0 < x < L,
is ¥, (x) = (2/L)"?sin(nnx/L).

(a) The probability density is P, (x) = |y, (x)|* = (2/L) sin®(nnx/L) which
is symmetric about x = L/2, meaning that P,(L/2 + x) = P,(L/2 - x) for
all x. Hence, the particle is equally likely to be at position x as at L—x, and
so the average position must be in the middle of this range, i.e. m

(b) The particle has kinetic energy (only) when it is in the box, but as it
is constrained to be within the box it must move back and forth at a
constant speed between the two infinite walls. Therefore the probability
of the particle travelling with momentum +p (to the right) is equal to the
probability of it travelling with momentum —p (to the left), and so the
average value of the momentum must be [0].

(0)
L L
(x?) = f yr&*y, dx = (2/L) f x*sin*(nmx/L) dx
0 0
The integral is of the form of Integral T.12 with a = L and k = nn/L

(x*) = (2/L)[L’J6 - {L*/4nn - L*[8n’n’ } sin(2nnL /L)
—{L*/an*n*} cos(2nnL/L)] =[L*(1/3 - 1/2n*n?)]
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P7D.8

P7D.10

(d)

(a)

(b)

(©)

(d)

(a)

(b)

The wavefunction is an eigenfunction of the hamiltonian which, because
the potential is zero inside the box, is just the operator for kinetic en-
ergy. This operator can be written p2/2m, so the wavefunction is also an
eigenfunction of p2 with eigenvalue 2m times the energy eigenvalue. In
this case, the eigenvalue of p2 is 2m x n*h*/8mL?* = n*h?* [AL?. Because
the wavefunction is an eigenfunction of p2, the expectation value is equal

to the eigenvalue: (p2) = .

Because the particle is moving back and forth with constant speed its
probability density within the box must be uniform at P,. The total prob-
ability must be 1, so it follows that [OL Py dx = 1. Evaluating the integral
give PoL = 1, hence Py = 1/L, as required.

The average value of any quantity is the value of that quantity in an in-
finitesimal interval at an arbitrary position, multiplied by the probability
of being in that interval and then summed (integrated) over all possible
positions. If the probability density is P(x ), the required average is (x") =
fOL x"P(x)dx. The integral is only over the range 0 to L because outside
this region the probability density is zero.

(x):/OLxP(x)dx:(l/L)/oLxdx

= (1/1) (*/2)]; = (1/L)(1%/2-0) =
()= [ epax= ) [ as

= (1) (/3)], = (/L)(L*[3-0) =

(x) is identical with the quantum result for all values of n. The quan-
tum result for (x?) is L?(1/3 — 1/2n?*n?). For large n the second term
in parentheses becomes negligible compared to the first, in which case
(x?) = L?/3, which is the classical result. The correspondence principle
is satisfied.

Outside the box, L/2 < x < —L/2, the potential is infinite and so the wave-
function is zero. Inside the box the potential is zero and the Schrédinger
equation is (—h?/2m)d*y/dx? = Ey. The wavefunction must be contin-

uous at the walls of the box so the boundary conditions are |y(+L/2) = 0

Substituting y(x) = cos(kx) into the Schrodinger equation gives

—(h*[2m)(d*/dx?*) cos kx = —(h*|2m)(~k* cos kx)

= Ecoskx

which is true if E = h*k*/2m. The boundary conditions are satisfied if
cos(+kL/2) = cos(kL/2) = 0, which occurs if kL/2 = (2n + 1)7/2 for



integer n; it follows that k = (2n + 1)7/L. Negative values of n do not
generate distinct solutions: for example if n = =2, k = —37/L and the
wavefunction is cos(—3mx/L). However, because cos(—6) = cos(8) this
wavefunction is cos(3mx/L), which is that for n = 1. All negative values
of n therefore simply duplicate solutions given by positive values of n. In
summary

W, (x) = cos([2n+1]nx/L) E, = h*(2n+1)*/8mL* n=0,1...

It follows that the three lowest energy wavefunctions are y, = cos(nx/L),
y1 = cos(3mx/L), and y3; = (cos 51x/L); these are depicted in Fig. 7.6

Figure 7.6

(0)

(d)

(e)

Substituting w(x) = sin k’x into the Schrédinger equation gives
—(h*/2m)(d*/dx?)(sink'x) = —(h*/2m)(=k"* sink’'x) = Esink'x

The energy is therefore E = A%k’ /2m. The boundary conditions are
sin(xk’'L/2) = 0, which is satisfied by k'L /2 = n'n for integer n’. Negative
values of n’ do not generate distinct wavefunctions and n’ = 0 is not
permitted as the wavefunction is zero everywhere. In summary

v, (x) = sin(2n'nx/L) E, = h*(2n")?/8mL? n=1,2...
The wavefunctions with the three lowest energies are thus ¢} = sin(2mx/L),
v, = sin(4nx /L), and ¥} = sin(6mx/L); these are depicted in Fig. 7.7.
Expressed as multiples of h*/8mL? the cosine solutions have energies 1,
9,25, ..., and the sine solutions have energies 4, 16, 36, .... These are the
same set of energies as for the box between 0 and L, n*h?*/8mL>.
The normalized cos wavefunctions are ¢ = N cos[(2n + 1)mx/L], and
are normalized when ffLL//zz y*ydx = 1. The integral is evaluated by first

using the identity cos? x + sin® x = 1 and then Integral T.2

L2 L2
N? f ) cos’[(2n + 1)mx/2L] dx = N? f/ 1 —sin®[(2n + 1)mx/2L] dx
-L/2 L/2

-L/2

= N? x - N*{x/2 - (L/2(2n + 1)n) sin[(2n + 1)nx/L]}|L/2

= N3(L)2)
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P7D.12
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Figure 7.7

setting this equal to 1 gives|N = (2/L)"/?|. Similarly for the sin functions,

again using Integral T.2

L
N? fo sin’[2nmx/L)dx = N? [x/2 - (L/8n'n) sin(4n'nx/L)[})2

= N*(L/2)

setting this equal to 1 gives [N = (2/L)"/2|.

(f) The probability density for all wavefunctions is symmetric about the cen-
ter of the box, which at this case is at x = 0. Hence, the average value of x
must be at the center, and so (x) = 0.

The text defines the transmission probability as the ratio |A’|*/|AJ?, where the
coefficients A and A’ are defined in [7D.15-268] and [7D.18-269] respectively.
Four equations are given in [7D.19a-269] and [7D.19b-269] for the five un-
known coefficients of the full wavefunction.

(@) A+B=C+D

(b) CeKW + De—KW — AleikW

(c) ikA-ikB=xC-«D

(d) xCe*V — kDe *W = jkA’ekW
The coefficient A’ is needed in terms of A alone, and hence B, C and D need to

be eliminated. B occurs only in (a) and (c). Solving these equations and setting
the results equal to each other yields

B=C+D-A=A-(x/ik)C+ (x/ik)D
Solving this for C,

_2A+D(xfik-1) 24k + D(x - ik)

C
k/ik +1 K +ik
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The desired A’ appears only in (b) and (d). Solve these for A" and set them
equal to each other.

A= e—ikW(CeKW _ De—KW) _ (Ke—ikW/ik)(CeKW _ De—KW)

Solve the resulting equation for C, and set it equal to the previously obtained
expression for C

(k/ik +1)De " (x +ik)De >V  2Aik + D(x — ik)
x/ik — 1 - K — ik - K + ik

Solve this resulting equation for D in terms of A

(k +ik)2e W — (k—ik)?  2Aik
(k — k) (x + ik) Kk +ik

and so
B 24ik(x - ik)

(ke +ik)2e 2L — (i — ik)?

Substituting this expression back into the expression for C yields

_ 2Aik(x +ik)e W
T (k4 ik)2e W — (i — ik)?

Substituting this into expression (b) for A’

, 2Aike kW

- (K+ik)2e—21cL_ (K—ik)2 [(K+ik)e_K +(K—ik)e_K ]

A’ dikxe kWe—xW dikxe kW

A (x +ik)2e=26L — (k —ik)?  (k +ik)2e~*L — (i — ik)2e*W

This leads to a transition probability of

AI
A

T =

t dikxe kW ~4ikkelkW
(e +ik)2e L — (k- ik)2exW |\ (i —ik)2e <L — (i + ik )2exW

The denominator, expanded separately is
(1 + k) (x — ik)2e W — (k —ik)* = (k +ik)* + (x — ik)*(x + ik)?e*"
= (k* + k22 (W + W) - (k? - 2ixk - k*)? — (x* + 2ikk — k?)?
= (k* + 22K + kM) (W + e W) - (26* - 1267k + 2Kk*)

The term 12x2k? can be written as —4x2k? + 16k*«2, which allows terms to be
collected

(* 2 K2+ k) (W =246 2 W) 4 16K% k% = (k2 +Kk*) 2 (¥ —e W) 2 416K k>
Hence, the probability is

T 16k*«?
T (K2 + k2)2(eXW — e W)2 4 16K2K>
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P7D.14

to proceed to eqn 7D.20a, invert this expression

16k2x2

) (Kz n kz)z(exw _efxw)z -1
- 16xk2k? 1

7o ((K2 +k2)2 (e — e W) 2 1 16K% k> )_1

Now express (k* + x*)/k*x? in terms of a ratio of energies, ¢ = E/Vj. k and
are defined by [7D.17-269] and [7D.18-269], respectively. The factors in # and
m cancel out, leaving x oc (Vy — E) and k o< E, which gives

(*+k%)? (E+Vo-E)Y? Vg 1
k22 E(Vo-E)  E(Vo—-E) e(1-¢)

making the transmission probability
kW _ —kW)\2 -1
T= (o) +1
16e(1 —¢)

When kW >> 1 the negative term inside the parentheses is negligible compared
to the positive term, and the 1 is negligible compared to the exponential term,

such that
Q2K W -1
Tw~ =|16¢(1 - e)e W
16e(1-¢)

The probability of the particle being inside the barrier is the integral of the
probability density, |y/|?, within the barrier which extends from x = 0 to x = oo

P:foo Ne™** ZdJC:Nmee_z’”‘dx:N2 2
vy

The average penetration depth is interpreted as the expectation values of x,
computed inside the barrier. The required integral is of the form of Integral
G.2 with k = 2x.

(x) = fooox(Ne_”)zdx =N? foooxe_z’cxdx :W

7E Vibrational motion

Answers to discussion questions

D7E.2

For the harmonic oscillator the spacing of the energy levels is constant. There-
fore, relative to the energy of the oscillator, the spacing becomes progressively
smaller as the quantum number increases. In the limit of very high quantum
numbers this spacing becomes negligible compared to the total energy, and
effectively the energy can take any value, as in the classical case.



Asis shown in Fig. 7E.7 on page 277, as the quantum number becomes large the
probability density clusters more and more around the classical turning points
of the classical harmonic oscillator (that is, the points at which the kinetic
energy is zero). Because the classical oscillator is moving most slowly near
these points, they are the displacements at which it is most probable that the
oscillator will be found. Again, the quantum and classical results converge at
high quantum numbers

Solutions to exercises

E7E.1(b)

E7E.2(b)

E7E.3(b)

E7E.4(b)

The zero-point energy of a harmonic oscillator is given by [7E.5-274], E, =
1 hw, where the frequency w is given by [7E.3-274], @ = (k¢/m)"/?. For this
system,

1/2

Eo =1 x(1.0546 x 107*Js) x [(285Nm™")/(5.16 x 107> kg) |

=(3.92x107%' ]

The separation between adjacent energy levels of a harmonic oscillator is [7E.4-
274], AE = hw, where the frequency, w is given by [7E.3-274], w = (k¢/m)'/?.
This is rearranged for the force constant as kf = m(AE/h)?. Evaluating this
gives

ke = (2.88x 107 kg) x [(3.17 x 107! ])/(1.0546 x 107> J5)]" =

The separation between adjacent energy levels of a harmonic oscillator is [7E.4-
274), AE = hw, where the frequency, w is given by [7E.3-274], w = (k¢/m)'/?.
The Bohr frequency condition [7A.9-241], AE = hv, can be rewritten in terms
of the wavelength as AE = hc/A. The wavelength of the photon corresponding
to a transition between adjacent energy levels is therefore given by Aiw = hc/A,
or hi(k¢/m)'/? = hc/M. Solving for A gives A = 2mc/(k¢/m)'/?; with the data
given

21 % (2.9979 x 108 ms™!)
[(544 Nm™")/(15.9949 x 1.6605 x 10-27 kg)

={1.32x10"°> m

A=

]1/2

The wavefunctions are depicted in Fig. 7E.6 on page 276; they are real. Two
wavefunctions are orthogonal if [ yy;dr = 0. In this case the wavefunctions
are y1(y) = Niye”’ /2 and y,(y) = Na(y? - 1)e”"/2, and the integration is
from y = —oo to +oo. The integrand is y,y; = NoN;(y° - y)e‘yz, which is
an odd function, meaning that its value at —y is the negative of its value at +y.
The integral of an odd function over a symmetric range is zero, hence these
wavefunctions are orthogonal.
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E7E.5(b)  The zero-point energy of a harmonic oscillator is given by [7E.5-274], E; =
3 hw, where the frequency w is given by [7E.3-274], w = (ke/u)'?. The effec-
tive mass y of a diatomic AB is given by [7E.6-274], y = (mamgp)/(ma + mp).
In the case of a homonuclear diatomic A, this reduces to g = m, /2. For this
system,

Eo =1 x (1.0546 x 107**]s)
x [(2293.8 Nm™")/(L x 14.0031 x 1.6605 x 10~ kg)]"/*

=(2.3422x 10720

E7E.6(b)  The energy levels of a harmonic oscillator are [7E.3-274], E, = (v + %)hw, with
w = (k¢g/m)"/? and v = 0,1, 2.... The energy of the state with v = 1 is E; = 2hw.

(i) For the system with k¢ = 1000 Nm™' the energy of the state with v = 1 is

E; =2 x (1.0546 x 107 J's) x [ (1000 Nm™)/(1 x 1.6605 x 10~*7 kg)]'/?

=1.22..x10777={1.23x 107"

The classical turning points of this state occur when E; = %kfxtzp. Solving
this for x, leads to xy, = £1/2E; /ky, giving a separation of

2\/2E, k¢ = 2\/2 x (1.22...x 10719 J)/(1000 Nm™") = 31.3... pm
As a percentage of the typical bond length, 110 pm, this is

(31.3... pm)/(110 pm) x 100% =[28.5%
(ii) For the system with k¢ = 100 Nm™! the energy of the state with v = 1 is
E; = 2 x (1.0546 x 107**J's) x [(100 Nm™"/(1 x 1.6605 x 10~ kg)]"/>

=3.88..x107207=(3.88x10720]

The classical turning points of this state occur when E; = %kfxtzp. Solving
this for x, leads to xy, = £1/2E, [k, giving a separation of

2\/2E, [k = 2\/2 x (3.88...x 10720 ]) /(100 Nm™") = 55.7... pm
As a percentage of the typical bond length, 110 pm, this is

(55.7...pm)/(110 pm) x 100% =

E7E.7(b)  The wavefunctions are depicted in Fig. 7E.6 on page 276. The general form of
the harmonic oscillator wavefunctions is v, = N,H,(y)e™” */2, where N, is
a normalization constant and H, (y) is the Hermite polynomial of order v in
the reduced position variable y. Nodes occur when the wavefunction passes



E7E.8(b)

E7E.9(b)

through zero. The wavefunction asymptotically approaches zero at y = +oo,
but as the function does not pass through zero these limits do not count as
nodes. The nodes in the wavefunction therefore correspond to the solutions of
H,(y) = 0. H,(y) is a polynomial of order v, meaning that the highest power
of y that occurs is y*; such polynomials in general have v solutions and hence
there are v nodes. Therefore (a) the wavefunction with v = 5 has |5] nodes; (b)
the wavefunction with v = 35 has nodes.

The wavefunction with v = 3is y3(y) = N3(y° - 3y)e’y2/2. Nodes occur when
the wavefunction passes through zero; the wavefunction approaches zero at
y = oo, but these do not count as nodes as the wavefunction does not pass
through zero. It is evident that the nodes occur when y*> -3y = y(y* = 3) = 0

which solves to give nodes at|y = 0, /3|

The wavefunction with v = 3 is y3(y) = N3(8y® - 12y)e’yz/2, which gives a
probability density of P(y) = |y3(y)2= N2(8y® — 12y)?e™”". The extrema are
located by differentiating the wavefunction, setting the result to 0 and solving
for y. The differential is evaluated using the product rule

3 _ 2 ) —yz
d%(}’) _ N32 d(Sy 12)’) e—y + (8}/3 _ lzy)Zde
dy dy dy

= N2[2(8y° - 129)(24y* = 12)e ™ + (8y° — 129)% x (~2ye )]

Itis necessary to use mathematical software to find the solutions of dy;3 (y) /dy =
0; these solutions are

0.000 +£0.6021 +£1.225 +£2.0341 <+o0

It is evident from inspection of the wavefunction that y = 0 is a mimimum in
the probability density, and that there is also a minimum when (8y* - 12) = 0,

which corresponds to y = £1.225. It follows that maxima occur at|y = +0.6021
and|y = £2.034|.

Solutions to problems

P7E.2

(a) In the case that mp > ma, my + mp ~ mp, and so pap ~ mamp/mp =
ma. The ratio of the vibrational frequencies is then

2 2
WA'B = wAB(,MAB/,MA'B)l/ N wAB(mA/mA’)l/
If the frequencies are expressed in Hz the analogous result is

VA’B ™ VAB(mA/mA’)l/Z

(b) Using the previous result gives vaypscy & Vipgssc (1 /may ) /2 = (5.63 x

10" Hz) x (1 my/2 my)'/? =|3.98 x 10'* Hz|.
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P7E.4

P7E.6

P7E.8

(c) Comparing it to the result from Problem P7E.1, thereisa difference,
which is relatively small. The assumption of replacing the effective mass
by the mass of the lighter nucleus is quite a good approximation.

(d) A C-H vibration in an organic molecule can be thought of as the H atom
moving against the rest of the molecule, which has a much greater mass.
Therefore, to some rough approximation such vibrations can be modelled
by a diatomic X-'H in which mx > my. In such a situation the analysis
in part (a) applies and the vibrational frequency of X—2H is well approxi-
mated as (1 m,/2 my)"/? = 0.7 times that of X-"H.

The vibrational frequency in Hz, v is given by v = (1/21) (k¢/u) 12, using this
the following table is drawn up

12cl6o 13cl60 12cl80 13cl80

u/my,  6.85. 7.17.. 7.2 7.54...

v/THz [64.3] [62.8] [62.7] [61.3]

As in Problem P7E.5, the force constant can be found from the wavenumber of
the v = 0 — 1 transition, k¢ = u(2n#c)?. This allows the following table to be
drawn up

1H35C1 1H81Br 1H127I 12C16O 14N16O

#/cm™ 2990 2650 2310 2170 1904
u/my  0.972.. 0.987.. 0.992.. 6.85.. 7.46...
ke/ Nm™'  [512] (409 [312]  [1902] [1595]

Hence, the order of increasing stiffness is [HI<HBr<HCI<NO<CO]

Assuming that one can identify the CO peak in the infrared spectrum of the
complex, taking infrared spectra of each of the isotopic variants of the com-
plexes can show which atom binds to the haem group and determine the C- O
force constant. Compare isotopic variants to '*C'°O as the standard; when an
isotope changes but the vibrational frequency does not, then the atom whose
isotope was varied is the atom that binds to the haem. (As usual, the better the
experimental results agree with the whole set of predictions, the more confi-
dence one would have with the conclusion.)

As it is expected that the force constant for the bond will remain constant,
and that the atom that bonds to the haem group will be immobilized, meaning
that appropriate mass for this system is the mass of the unbound atom, allows
predictions to be made for the wavenumbers of each isotope in the case of C
and O binding, using ¥, = 911/ y1/y2, where 1 refers to the free case and 2 to
the bound case.
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isotopomer 7/cm™! 7/cm™!
if C binds if O binds
2¢l50 1421 1640
B¢cleo 1421 1576
2c¥0 1339 1640
B¢ciso 1339 1576

The force constant is found using ¥ = (1/2mnc) (k¢/ y)l/ ?, rearranged to k¢ =
p(2mic)?.

P7E.10 The ground-state wavefunction is found from [7E.7-275] as yo(y) = Noe™” ‘2,
The normalization constant is found by evaluating

2 [T a2 [ e a2 (11/2Y
Nj e’ dy=2N; e” dy=2Nyx (5m/%) =1
- 0

o)

where required integral is of the form of Integral G.1 with k = 1. The normalized
wavefunction is therefore o (y) = ™%/ 472,

(a) For the expectation value of y, the integral to evaluate is

()= Lo voyyody =m'/? [m ye dy

The integrand is an odd function, meaning that its value at —y’ is the
negative of its value at y’, and so when integrated over a symmetrical
range about y = 0 the result is necessarily zero. Hence|(y) = 0|.

(b) To calculate {y*) the required integral is of the form of Integral G.3 with
k=1

— o l/2 fo yze—yz dy - 12 inl/Z _ E

(c) The first excited state is 1 (y) = Ny ye™ */2_ The normalization constant
is found by evaluating

+00 +o0o
N} /_oo yre dy:ZNIZ[O yze_yzdy:Zfo(inl/z):l

where required integral is of the form of Integral G.3 with k = 1. The
normalized wavefunction is therefore v, (y) = (4/n)/*ye™” 2,

The expectation value of y is zero for the same reason as in (a). To calcu-
late (y*) the required integral is of the form of Integral G.5 with k = 1

0= [ wirwdy= @' [yl ay

= 2a/m)2 [ yte dy = 2(afm) 2 w3t -
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P7E.12

P7E.14

In general
(ho=a(y =t [ wiytweds=amt [ ylydy

as x = ay. Then

(x*)y = o’ [m voy’dy =[0]

as the square of the wavefunction always an even function, the integrand is odd.

(x4>v =’ [oo 1/’0)’4%) dy

Consider the term y*y, = y*N,H,e™” */2_ The y*H, term can be rewritten by
using the property yH, = vH,_; + 3 H, four times, as
y*Hy = y’[yHy] = vy’ Hyr + 3y°H,
=y [v(v-1)Hy 5+ (v + 2)Hy + 1Hyi2]
= y[3(3Hos3 + (V+2)Hyp) + (v+ 3)(3Hos1 + vHy1)
+v(v-1)(3H,yo1 + (v -2)H,-5]

=y [éHv+3 + %(v +1)H, + %vsz_l +v(v-1)(v- 2)Hv_3]

The only terms from the above that will contribute to the expectation value will
be those that produce H,, due to orthogonality of the hermite polynomials.
These are yH,_; and yH,,;. Hence,

y[(v+1)Hyyy +20°H, 1] + ...
[((v+1)(3Hypa + (v+1)H,) +20°(LHy + (0= 1)Hy) | + ..
(v+1)*+0*]H, + ... = 2[2v° + 2v + 1]H,...

[ [SSIRT NS [SV RV 08}

Hence,

(x")y = a*2[20% + 20 + 1] [oo (N, Hype ' *)?d(ay) = ‘oc‘*%[sz +20+ 1]‘

For the last step the normalization condition [ (N,H,e™” 12)2d(a y) =1is
used.

Asisshown in Example 7E.3 on page 279, in terms of the dimensionless variable
y the classical turning points are at yy, = +(2v + 1)'/2, where v is the quantum
number of the state. The wavefunction of the state with quantum number v
isy, = N,,Hve’yz/ %, where H, is the Hermite polynomial of order v. The
normalization constant N, is found from

N? f Hie dy=1



P7E.16

From Table 7E.1 on page 275 these polynomials have the property [*> H2e™” “d y=
n'/22°0! so it follows that N2 = 1/(n!/22%0!). The probability of finding the
particle outside the range of the turning points is then

P:Zf 2d :7f He d
v V2or1 [yl dy nl/22vy) Jyzorr Y 4
1 [e1e)

2 - 2

/2201y [m Hye? dy

The integral is evaluated using mathematical software to give the results in the
following which are plotted in Fig. 7.8. The probability of a classical oscillator
being found in a non-classical region is, of course, zero and the correspondence
principle indicates that the quantum result must converge to this value as the
quantum number becomes large. The results show that P is indeed a decreasing
function of v, albeit rather slowly. The probability reduces to about 0.02 for
v = 200.

v 0 1 2 3 4 5 6 7
P, | 0.157 0.112 0.0951 0.0855 0.0789 0.0740 0.0702 0.0670
0.15+ f
[ ]
0.10 ° |
> * e
i ¢ . P
0.05 B
000 | | | | | |
0 1 2 3 4 5 6 7
v
Figure 7.8

Oscillations are expected about a minimum in the potential energy, because
this corresponds to the equilibrium arrangement. For a potential of the form
V = Vy cos 3¢, the (first) minimum is when 3¢ = 7, that is ¢ = 11/3 or 60°. The
form of the potential close to the minimum is found by expanding the function
in a Taylor series about the point ¢ = 7/3

] V) p et (E50) ooy
Vo= v+ (T P) e () o)
— cos(m) + (-3 3¢)g-ys (9 1/3) + 3(-950830)g_nps(6 - /)’

=-1+1x9(¢-n/3)°
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P7E.18

Apart from the constant, the leading term is quadratic in the displacement from
the minimum at ¢ = nt/3. By analogy with the harmonic potential V = %kfxz,
the force constant is 9Vj.

The energy levels are therefore
E,=(v+Hhe w = (9Vo/mege) '/

where m. is the appropriate effective mass for the motion.

As the energy increases the amplitude of the motion increases and it begins to
sample parts of the potential which are no longer well-represented by a quadratic
function. Additional terms are needed to describe the potential, and from the
form of the cosine function it is evident that these terms will flatten out the po-
tential meaning that it rises less steeply than the quadratic function developed
above. As a result the energy levels will get closer together.

The general form of the harmonic wavefunctions are v, = N,H,(y)e™” 2,
where N, is the normalization constant and H, ( y) is a Hermite polynomial of
order v, expressed in terms of the reduced position variable y. Nodes in the
wavefunction occur when the wavefunction passes through zero. The wave-
functions go asymptotically to zero at y = £oo on account of the term e™” 2,
but these do not count as nodes as the wavefunction does not pass through
zero. Therefore, nodes in the wavefunction correspond to those values at which
H,(y) =0.

The first six Hermite polynomials are plotted in Figs 7.9 and 7.10; note that the
normalizing factors have been included.

2
. —uv=0
I AT - 0=t
1+ //’ N P v=2
-
|- // -
~~~ Phd
3
> 0 —
T et
= [P B
/,’
-1 ’,’ —

Figure 7.9
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7F Rotational motion

Answers to discussion questions

D7E.2

Rotational motion on a ring and on a sphere share the following features: (a)
quantization arising as a result of the need to satisfy a cyclic boundary con-
dition; (b) energy levels which go inversely with the moment of inertia; (c)
the lack of zero-point energy; (d) degeneracy; (e) quantization of the angular
momentum about one axis.

Solutions to exercises

E7F.1(b)

E7E.2(b)

The magnitude of the angular momentum associated with a wavefunction with
angular momentum quantum number / is given by [7F.11-288], magnitude =

h[1(1+1)]'/2. Hence for [ = 2 the magnitude is A[2(2 + 1)]'/? = l61/2].

The projection of the angular momentum onto the z-axis is given by [7F.6-284],
hm;, where m; is a quantum number that takes values between —/ and +/ in
integer steps, m; = —I, -1 +1, ... + . Hence the possible projections onto the

z-axis are |—-2hk, —h, 0, h, 2h|

The wavefunction of a particle on a ring, with quantum number m; is y,,, =
e™?$ = cos(m;¢) +isin(m;¢) in the range 0 < ¢ < 27. The real and imaginary
parts of the wavefunction are therefore cos(m;¢$) and sin(m;¢) respectively.

Nodes occur when the function passes through zero, which for trigonometric
functions are the same points at which the function is zero. Hence in the real
part, nodes occur when cos(m;¢) = 0, and so when m;¢ = (2n + 1)n/2 for
integer n, which gives ¢ = (2n + 1)1/2m;. In the imaginary part, nodes occur
when sin(m;¢) = 0 and so when m;¢ = nn for an integer n, which gives ¢ =
nm/m;.
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E7E.3(b)

E7F.4(b)

E7E.5(b)

(i) With m; = 1, nodes in the real part occur at|n/2,31/2}, and in the imag-
inary part at [0, t|. There are [2] nodes in each of the parts.

(ii) With m; = 2, nodes in the real part occur at ‘1‘[/4, 3m/4,5n/4,7n/4| and

in the imaginary partat|0, /2, 7, 3n/2| There are 4| nodes in each of the

parts.

The normalization condition is |}, ¥, d7 = 1. In this case the integral is
over ¢ in the range 0 < ¢ < 2m, and the wavefunction is y,,, = N cosm;¢,
hence
27
N [ m dr=N? [ cost(mig) dg
0

The integral is evaluated by using the identity cos® 8 +sin® 6 = 1, hence cos® § =
1 - sin” 0, and then using Intergral T.2 with a = 2 and k = m,

2m 2m 2m
sz [l—sinz(m1¢)]d¢:N2[ d¢ —sz sin?(m;¢) d¢
0 0 0
=2nN? - N? [% x 21— (1/4my) sin(2nm1)]
Because sin(2nm;) = 0 for integer m; it follows that the integral evaluates to
nN? and hence the normalization factor is N = .

The integral to evaluate is fozn cos(m;¢) cos(mj¢)d¢. Using the identity given
in the question, the integral can be rewritten as

> coslm + mi)g] + cosl(my - mi)pldg

_ L sinf(my + m)g] sinf(mi - mi)¢] "
2 my +m; mj —m; 0

1 (sin[2n(m; +m))] —sin0  sin[2n(m; —m])] - sin0
= +

2 my +m; my —m;

-0

Hence these two wavefunctions are orthogonal.

The energy levels on a particle on a ring are [7E4-283], E,,, = m7h* /2] where
I is the momentum of inertia of the system, I = mr?, see The chemist’s toolkit
20 in Topic 7F on page 282. This is equal to the classical average energy when
3kT = m7h?[21. Here kT = (1.3806x 107 JK ™) x (298 K) = 4.11...x 107*"].
Solving this for |m;| gives

kTmr? 12
lmy| = (hz)
[(1.6726 x 10727 kg) x (100 x 1072 m)?(4.11... x 1072!])]'/?
1.0546 x 10734 s

=[2.49]

As m; must be integral the closest level is |m;| = 2.




E7E.6(b)

E7E.7(b)

E7F.8(b)

E7F.9(b)

E7E10(b)

E7E.11(b)

E7E.12(b)

E7F.13(b)

The energy levels are [7E10-287], E; = h*I(1 + 1)/2I, where I is the moment
of inertia. The minimum energy to start it rotating is the minimum excitation
energy, the energy to take it from the motionless I = 0 to the rotating / = 1
state, AE = E, —Eo = (h*/2I)(1(1+1) -0(0+1)] = h?/I. Evaluating this gives

AE = (1.0546 x 107>*]5)?/(3.07 x 10™*" kgm®) = [3.62 x 1072? ]

The energy levels are [7E10-287], E; = h*I(1 + 1)/2I, where I is the moment
of inertia. So that the excitation energy is AE = E; — E; = (h*/2I)[2(2+ 1) -
1(1+1)] = 2k /1. Evaluating this gives

AE =2(1.0546 x 107°*15)?/(3.07 x 107 kgm®) =|7.25 x 10722 ]

The energy levels are [7E10-287], E; = h*I(I + 1)/2I, where I is the moment
of inertia. The corresponding angular momentum is (12)/2 = h\/I(I +1).
Hence, the minimum energy allowed is 0, through this corresponds to zero
angular momentum, and so rest and not motion. So the minimum energy of
rotation occurs for the state that has ] = 1. The angular momentum of that state

is (12)1/2 = 1 /T(1+ 1= V/2h = /2 x (10546 x 104 ]s) = [1.49 x 1071 ] 4]

The diagrams shown in Fig. 7.11 are drawn by forming a vector of length [I(I +
1)]*/? and with a projection m; on the z-axis. For | = 6 the vector is of length
/42 and has possible projections from —6 to +6 in integer steps on the z-axis;
the vectors are labelled with the value of m;. Each vector may lie anywhere on
a cone described by rotating the vector about the z-axis.

Following the pattern shown in Fig. 7E5 on page 287, the spherical harmonic
Y4 is expected to show four angular nodes. The angle 8 = 0 specifies a point
on the z-axis; this does not describe an angular node or plane.

The real part of the spherical harmonic Y; 4 is — % \3/m sin® 0 cos 2¢. Angular
nodes occur when cos2¢ =0, i.e. at ‘gb =1/4,3n/4,51/4,7n/4 ‘

The imaginary part of the same spherical harmonic is —+/3/7sin 0 sin 2¢.
This has angular nodes when sin2¢ = 0, i.e. at‘(/) =0,m/2,m, 31'[/2‘

The rotational energy depends only on the quantum number ! [7E10-287], but
there are distinct states for every allowed value of m;, which can range from -/
to +I in integer steps. There are 21 + 1 such states, as there are / of these with
m; > 0, [ of these with m; < 0 and m; = 0. Hence = 4 has a degeneracy of [9].

The diagram shown in Fig. 712 is drawn by forming a vector of length [I(] +
1)]'/? and with a projection m; on the z-axis. For | = 3 the vector is of length
/12 and has projection -3, ... + 3 in integer steps on the z-axis. Each vector
may lie anywhere on a cone described by rotating the vector about the z-axis.
For [ = 0 the angular momentum is zero, and no vector can be drawn.
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Figure 7.11

E7F14(b) The angle in question is that between the z-axis and the vector representing the
angular momentum. The projection of the vector onto the z-axis is m;#, and

the length of the vector is f\/I(] + 1). Therefore the angle 0 that the vector
makes to the z-axis is given by cos 0 = m; //1(I + 1).

When [ is very large, the number of projections onto the z axis, (2 + 1), is also
very large implying that the angular momentum vector can take any direction.
In addition, for [ >> 1, the vector representing the state with m; = [ makes an
angle with the z-axis given by cos 8 = I/y/I(I + 1) ~ I/I = 1. Thus, in this limit,
0 = 0 and the vector may point along the z-axis. Both of these results fit in with
the correspondence principle.

Solutions to problems

P7E.2 (a) A function y is an eigenfunction of an operator Q if Qy = wy where w is
a constant called the eigenvalue.
(i) L(e'?) = (h/i)d/d¢(e?) = (h/i) x ie' = he's. Hence €' is an
eigenfunction of the operator (//i)d/d¢, eigenvalue [#].
(i) I(e729) = (h/i)d/d¢(e %) = (/i) x —2ie"2"¥ = —2he 2%, Hence
2% is an eigenfunction of the operator (%/i)d/d¢, eigenvalue[-2A].



Figure 7.12

(iii) [,(cos¢) = (h/i)d/d¢(cos¢) = (h/i) x (—~sin¢) = —(h/i)sin¢.
Hence cos ¢ is ‘not an eigenfunction‘ of the operator (%/i)d/d¢.

(iv) I (cos ye'? +sin ye #) = (/i) (d/d¢)(cos yel® +sin ye'¢) = (h/i)x
(icos ye'? — isin ye™'¥) = h(cos ye'® — sin ye '?). Hence cos ye'¢ —
sin ye ¢ is \not an eigenfunction\ of the operator (h/i)d/d¢.

(b) Fory = cos ¢,

. fozn W*izwd¢ ] —(h/i) fOZ“ cos ¢ sin ¢ d¢ _ —(Zh/Zi) sin4m _
Sy dg Jo " cos? ¢ dg Jy " cos? ¢ d¢

where Integral T.7 is used to evaluate the numerator.

[0]

For y = cos ye'? + sin ye ¢,

(L) - [yt Lydg ~ [ (cos xe ¢ + sin ye'#)hi(cos ye'? — sin ye ¢) d¢p

fozn vy de B fozn(cos xe'¢ + sin yel?)(cos yel? + sin ye=i¢) d¢

h J," cos® y —sin? y - cos ysin ye 2 + cos ysin ye?? d¢

fozn cos? y + sin® y + cos ysin ye 21 + cos ysin ye?'¢ d¢

Note that as e is periodic over 27 for integer n, fozn e"?d¢ = 0. Hence

2 2 0 inl
(L) = h2m(cos® y — sin® y) :

2m(cos? y + sin® y)
() (i) Fory= el?
Fy = ~(R D& () 1dg? = ~(21) ()26 = (1 21)e™

Hence v is an eigenfunction with eigenvalue |% /21|
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(ii) Fory =e21¢
Ty = —(W*/2I)d*(e72?) [d¢? = —(h*[2I)(-2i) e ¥ = (4h*[2D)e ¢

Hence v is an eigenfunction with eigenvalue [4A2 /21|
(iii) For y = cos ¢

Ty = —(h?/21)d*(cos ¢) /d¢? = (h*/2I) cos ¢

Hence v is an eigenfunction with eigenvalue .
(iv) For y = cos yel? + sin ye ¢
Ty = —(h*/21)d*(cos ye' + sin ye™'#) /d¢?
= (h*/2I)(cos xe'? + sin ye'?)

Hence v is an eigenfunction with eigenvalue |* /21|

(d) A function is a definite state of a particular variable if it is an eigenfunc-
tion of the corresponding operator. Hence, all four wavefunctions are
definite kinetic energy states, but only e'¥ and e ¥ are definite angular
momentum states.

P7F4 The rotational energy levels of a free molecule are given by [7F.10-287], E; =
h*1(1 +1)/2I, where I = 0,1,2... and I is the moment of inertia, which for a
diatomic molecule is I = yR?, where y is the reduced mass of the molecule and
R is the bond length.

For 'H'?71, the reduced mass is

= (1my) (127 my)/[(1+127) my] = 0.992... my,
= (0.992... my,) x (1.6605 x 107*" kg) = 1.64... x 107" kg
This gives the moment of inertiaas I = (1.64...x 10727 kg) x (160x 10712 m)? =

421..x107" kgmz,and so the energy levels become E; = (1.0546x107%*Js)?/[2x
421, x 1074 kgm?] x [(1+1) = I(I + 1) x (1.31... x 10722 ]).

Using this the energies of the first four levels are computed as

Eo=0, E =2.64x1022], E,=791x107?], E;=158x10""]|

P7E.6 The function Y 4 = —%\/ 3/2msin 0el?. The integral to evaluate is

b 2n
f Y}, Y141 sind0dg
0=0 J¢=0

Y1,.1 is complex , and so Y', | = —3+/3/2msin e . Hence, the integrand is

- 3\/3/2msin Be ¥ x -1\/3/2msin fe'? x sin O

= (3/87) sin® 0e'(*~#) = (3/87) sin’ 6



P7E8

Hence,

I 2n . . 3 I 2n .
1:[9:() . YLHYI,Hsmededgb:af:O fM sin® 0.0 d¢

Because the integrand is a function of 8 only, the two integrals can be separated
3 2n g 3 o 1
I —[ d f sin® 0d0 = — x =(2 - (sin® w+2) cosm
T | gl x 52— (sin* e+ 2) cosr)
) _

:8n
2-(0+2)(-1
DR St A
3

3
=—(2n-0) 1
8n

where Integral T.3 is used to evaluate the integral in 6. It is confirmed that the
function is normalized.

(a) The function Y; ,, is an eigenfunction of the operator A? with eigen-
value —I(] + 1) for any allowed m,. Hence for y = 1Y, + 21!,

Azw = Az(clYlyml + C2Y1,m;) = cllAlel,m, + cz/AXzYl,m; as A% is a linear
operator. This is equal to ¢, [~I (I +1)] Yy, + c2[-1(1 + 1) ] Y1y = =1(1 +
1)[c1Yim, + c2Yi,m] = —I(I + 1)y. Hence, this is an eigenfunction,

eigenvalue|—-1(] +1)|
(b) Therelevant functionsare Y; 1 = —3+/3/2msin 0e'?, Y, _ = —31/3/2mx
sin fe~'?. This gives the following combinations,

Vo =—Yi41 + Y11 = 24/3/2nsin 0 + 1\/3/2msin Ge ™7
= N\/3/2nsin 0(e'? + e7'?)/2 = \/3/2msin Gé(ew +e71?)

=/3/2msin 0 cos ¢

using cosx = 1 (&' + ™)

vy = i(Yy 1 + Y1) = —(i/2)\/3/2msin Be'® — (i/2)\/3/2m sin fe ¢
= —iy/3/2msin O(e'"? — e7%)/2 = —i\/3/2m sin O(isin ¢)

using sinx = (e'* + e7¥)/2i

=4/3/2msin O sin ¢

[Both of which are real functions|.

(c) Writing y, = N, sin 0 cos ¢ and y;, = N, sin 0 sin ¢, these are orthogonal
if [ ;:0 Joco Viwpsin0dfd¢ = 0. As y, is real this integral becomes

27 u
f [6 (N, sinfcos¢) x (N, sin 0sin ¢) x sin 6 d0 d¢
$=0 =0

2n n
= N,N, f f sin’ 6 sin ¢ cos ¢pdOd¢
¢=0 J6=0
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(d)

as the integrand can be written as the product of a function of 6 with a
function of ¢, the integral can be separated

2n 4
:NuNbf sin¢cos¢d¢f sin® 0d6
0 0
= (N,Np/2) x sin2¢|§” x foﬁsnﬁ@de
= (NuN,/2) x [sin®(271) - sin?(0)] f sin® 0 d6
0
=[0]

Hence, v, and y;, are orthogonal.

The wavefunctions are normalized if

2m m 2n m
f¢=0 /ezowal//asmeded(p:land /(;zo ﬁzowbwbs1n9d9d¢:l

Note that both v, and v, are real. For y, this integral is
2m m 27 b

I= / (N, sin 0 cos ¢)?* sin 6 d0 d¢p = N2 f f sin” 6 cos® ¢ d d¢

¢=0 J6=0 ¢=0 Jo=0
This integral can be separated

2n b 27 b
I:Nﬁf cosngdgbf sin39d0:N§f 1—sin2¢d¢f sin’® 6 d6
0 0 0 0

The integral in ¢ can be evaluated using Integral T.3 and the integral in 0
using Integral T.2

I=N*[2n-2n/2+ (1/4)sin2(2m)](1/3)[2 - (sin® 7t + 2) cos ]

= Na(m)(4/3)
The normalizing factor is therefore [N, = \/3/4n|.
For yy,

2n m 2n n
I= f (N sin 0 sin ¢)* sin@d@dqf):Ngf f sin’ §sin® ¢ dO d¢
¢=0 J6=0 ¢=0 J6=0

This integral can be separated

2n b
I1=N; f sin? ¢ d¢ [ sin’® 6 d6
0 0

The integral in ¢ is evaluated using Integral T.3 and the integral in 6 using
Integral T.2

I=Nj[2n+2m/2 - (1/4)sin2(21)](1/3)[2 - (sin® 7t + 2) cos ]
= N; (m)(4/3)

The normalizing factor is therefore | N, = /3/4m|



P7E10

P7E.12

(e) Angular nodes occur when these wavefunctions pass through zero, and

so for y, occur when cos ¢ = 0, that is when |¢ = 7t/2,37/2| this corre-

sponds to the . For y;, they occur when sin ¢ = 0, that is when

, which is the .

The Hamiltonian for a hydrogen atom is

N

r+ -
2mr or2 2mr?  4mepr

The operators I, and [2 only operate on the angles 6 and ¢, and so commute
with the operators that affect r only, such that

2 2
" [iz,ﬁ]:hfz[zz,iﬂ

I, H] =
L1z H] 2mr? 2mr

For the latter, for an arbitrary function f, [I2, [2]f = [2[2f — I*I>f = 0. Hence,
[[2,0%] = 0, and so [[%,H] = 0, meaning that the total angular momentum
operator commutes with the Hamiltonian.

For the former, (I, I2]f = [L, 2 + 12 + I2]f = [,
Using the relation given in the question, [, [2] = lx
il 1y, and [, 2] = [I, 1,11, + I, (L, I,] = ~[I,, 1 ]z - z U,
ihl [, Finally, [I,,12] = [,I? - I2I, = I3 - I3 = 0. Hence, [zz,ﬂ] = il I, +
ih le l} —ih l} le - ihfx [, +0 = 0, meaning that the z component of the angular
momentum operator commutes with the Hamiltonian.

This is important as it implies that all functions that are eigenfunctions of the
Hamiltonian of a H atom are also eigenfunctions of [, and [°.

(a) Write the solutions y(r, 0, ¢) = R(r)Y (0, ¢), and then the Schrodinger
equation, Hy = Ey becomes

_ K P(rRY) W

2mr  or? 2mr

xg ~
~A*(RY) = ERY
Note that the derivatives in r only affects R, and A? only operates on Y,

such that

WY 0*(rR) KR
2mr or? 2mr?

A2 Y = ERY

Dividing this equation by the function RY then gives

RP(R) B 4

- - Y=E
2mrR  or? 2mr?Y
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(b)

(©)

The first term on the left hand side depends only on 7, but the second term
depends on r and the angles. Hence, to make this equation separable,
multiply through by r?, and rearrange to give

h*r 0*(rR) B - A%y

2mR  or? " T omy
The left side is dependent only on r and the right side depends only on
the angles. Hence, this equation is only true for all » and all angles if both
sides are equal to the same constant, arbitrarily called A. This gives two
equations
2, 32 242
_hra(rR)_Erz:)t R A%Y
2mR  or? 2mY

The solutions to the second equation are the spherical harmonics, which
are eigenfunctions of the operator A2, with eigenvalue —( + 1), which
gives —h?1(1+1)Y/2mY = X and so A = —h*I(I + 1) /2m. This makes the
equation in r

=2

h*r 9*(rR) CE - _hzl(l +1)

“2mR o 2m
which is rearranged to

B P(rR) B+ 1)

- R =ER
2mr?  or 2mr?
For the case when [ = 0, this becomes
h? 9*(rR
_ W (R)
2mr or?

For the trial solution R(r) = N'sin(nnr/a)/r, and so rR = N sin(nnr/a)

_ K P(Nsin(nnr/a)) ENsin(mrr/a)
2mr or? - r

Note that d* sin ax/dx* = da cos ax/dx = —a® sin ax

—h—z x — (E)Z Nsin(nnr/a) = ENsin(nnr/a)/r
2mr a -

Which is solved if

R (nm)*  (h/2)*n®>  h*n?
E = = =
2ma? 2ma? 8ma?

where /i = h/27 has been used

As the wavefunction must be zero outside the cavity, and be continuous,
the wavefunction must equal zero at r = g, for all angles, and so the
boundary condition is that R(a) = 0. Hence sin(nna/a)/a = 0, which
is true if sin(nm) = 0, which implies that # must be integral. Hence, the
allowed energies are E,, = n*h*/8ma*, n=1,2,3...



Answers to integrated activities

17.2

17.4

Macroscopic synthesis and material development always contains elements of
randomness at the molecular level. Crystal structures are never perfect. A
product of organic synthesis is never absolutely free of impurities, although
impurities may be at a level that is lower than measurement techniques make
possible. Alloys are grainy and slightly non-homogeneous within any particu-
lar grain. Furthermore, the random distribution of atomic/molecular positions
and orientations within, and between, macroscopic objects causes the conver-
sion of energy to non-useful heat during manufacturing processes. Production
efficiencies are difficult to improve. Nanometre technology on the 1 nm to
100 nm scale may resolve many of these problems. Self-organization and pro-
duction processes by nanoparticles and nanomachines may be able to exclude
impurities and greatly improve homogeneity by effective examination and se-
lection of each atom/molecule during nanosynthesis and nanoproduction pro-
cesses. Higher efficiencies of energy usage may be achievable as nanomachines
produce idealized materials at the smaller sizes and pass their products to larger
nanomachines for production of larger scale materials.

The directed, non-random, use of atoms and molecules by nanotechniques
holds the promise for the production of smaller transistors and wires for the
electronics and computer industries. Unusual material strengths, optical prop-
erties, magnetic properties, and catalytic properties may be achievable. Higher
efficiencies of photo-electronic conversion would have a great impact.

(a) The first step is to compute the total energy of the system of N particles,

which is identified as the internal energy U. The energy levels for a parti-
cle in a cubic box of side L are given by [7D.13b-267], E,, = h*n*/8mL?,
where n? = n{ + n} + n3. If there are N, particles, all occupying the
level corresponding to a particular value of #, the internal energy of the
system is U = NAE, = Nah?n?/8mL*. Using V = L* the length is
written in terms of the volume as L = V'/3, hence L? = V?/? and therefore
U = Nph*n?/8mV?/3,
If the expansion is adiabatic (that is, not heat flows into or out of the
system) then from the First Law, dU = dgq + dw, it follows that dU = dw.
The work done on expansion is therefore computed by finding how U
changes with volume, specifically by finding oU /0 V.

= — X = —
3 8mV>3/3 12mV5/3

a£ _ i NAh2n2 _ -2 NAh2n2 _ NA]’IZT’IZ
oV oV \8mv23 ) .

The change in internal energy on expansion through dV will therefore be

/-—i—\

10 NAh2n2
dUu = —) dv=-—2__4v 7.2
(av adia 12mV>5/3 (72)

The work is equal to this change in internal energy. For a finite change
the expression is integrated with respect to V between limits V; and V5,
with AV =V, - V.
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17.6

(b)
(0)

(d)

(a)

It is evident from eqn 7.2 that dU, and hence the work, goes as n2.

The work of expansion against an external pressure pey is given by [2A.5a—
39], dw = —pexdV. In eqn 7.2 the term A which multiplies dV refers to
the sample itself, and so must presumably in some way reflect the pressure
of the sample, not the external pressure. However, if the expansion is
reversible, the external pressure is equal to the internal pressure and the
term A can then be identified as the pressure. Therefore, if it is assumed
that the expansion is both adiabatic and reversible

_ NAh2n2
P amysrs
The expression can be rewritten in terms of the average energy of each

particle which, because they all occupy the same level, is simply E,, =
n*h?[8mL? = n*h? [8mV?/>, hence

Eav
—_———

_ NAhz}’lz _ 8NA 7’12]’12 _ ZNAEaV
P> omvels T 12V smveB | 3V

This expression is reminiscent of the form of the pressure derived using
the kinetic theory of gases (Topic 1B): pV = %nM v2,, where n is the
amount in moles, M is the molar mass, and v,y is the root-mean-square
speed. Because M = mN,, where m is the mass of a molecule, the ex-

pression can be rewritten

Ex
—_—
V = 2nmNyv?, = n2Ny 2mo}
p -3 AVrms = "31VA 5 rms
The term §muv?, , isidentified as the average kinetic energy of one molecule

and, because in the kinetic theory the only energy a molecule possesses is
kinetic, Ey can further be identified as the average energy, E,,. Thus, for
one mole (n = 1)

2NAE,,
pV = %NAEaV hence p= 3AV

The two expressions for the pressure are therefore directly comparable
within the restrictions imposed.

For an isothermal expansion heat would have to enter the system in order
to maintain its temperature, and this would involve promoting particles
to higher energy levels. As the volume increases the energy levels move
closer together, so the promotion of particles to higher levels needs to
offset this effect as well.

In Problem P7D.6 and Problem P7D.7 it is shown that for a particle in a
box in a state with quantum number n

Ax = L(1/12-1/2n*7*)Y? and Ap, = nh/2L



(b)

hence

AxApy = L(1/12 = 1/2n*7®)Y/? x nh/2L = (nh/2)(1/12 - 1/2n*x>) "/
Forn=1

AxAp, = L(1/12 - 1/27%)? x h/2L = (h/2)(1/12 - 1/27*)/? ~ 0.57h

and for n = 2 AxAp, ~ 1.7h. The Heisenberg uncertainty principle
is satisfied in both cases, and it is evident that AxAp, is an increasing
function of n. The principle is therefore satisfied for all n > 1.

In Problem P7E.17 it is shown that for a harmonic oscillator in a state with
quantum number v
AxyAp, = (v+3)h

Therefore, for the ground state with v = 0, AxAp = %h: the Heisenberg
uncertainty principle is satisfied with the smallest possible uncertainty. It
follow that for v > 0 the principle is also satisfied because Ax,Ap, is an
increasing function of v.
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8A Hydrogenic Atoms

Answers to discussion questions

D8A.2 (i) The principal quantum number 7 determines the energy of a hydrogenic
atomic orbital through [8A.8-306].

(ii) The azimuthal quantum number / determines the magnitude of the or-
bital angular momentum, given by [I(1 +1)]"/?A.

(iii) The magnetic quantum number m; determines the z-component of the
orbital angular momentum, given by m; .

(iv) The spin quantum number s determines the magnitude of the spin angu-
lar momentum, given by [s(s + 1)]"/2#; for hydrogenic atomic orbitals s
can only be 3.

(v) The quantum number m; determines the z-component of the spin angu-
lar momentum, given by mk; for hydrogenic atomic orbitals m;, can only
be +1.

2

Solutions to exercises

E8A.1(b) The energy of the level of a hydrogenic atom with quantum number # is given
by [8A.14-308), E,, = —hcRy Z? [n?, where Z is the atomic number of the atom.
As described in Section 8A.2(d) on page 309, the degeneracy of a state with
quantum number 7 is n?.
e WithZ=2,E, = —4thH/n2; the state with E = —4hcRg has n = 1, and
hence degeneracy (1)? =[1.

« With Z = 4,E, = ~16hcRy/n?%; the state with energy E = —hcRy/4
~16hcRy;/(8)? has n = 8, and hence degeneracy (8)* = [64]

« With Z = 5, E, = ~25hcRy/n%; the state with energy E = —hcRy
—25hcRy/(5)? has n = 5, and hence degeneracy (5)* = [25].

E8A.2(b) The task is to find the value of N such that the integral [ y*ydr = 1, where
v = N(2-r/ap)e"/>®. The integration is over the range r = 0 to c0, 8 = O to m,
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and ¢ = 0 to 27; the volume element is 7 sin 6 dr d0 d¢. The required integral
is therefore

oo e 2mn
N? [ f (2-r/ag)*r*e "% sin 6 dr d6 d¢p
o Jo Jo

The integrand is a product of functions of each of the variables, and so the
integral separates into three

o b 27
N? f (2—r/ag)*re” "/ dr f sin 6 d6 f d¢
0 0 0

The integral over r is found by first expanding the bracket to give

f (2—r/ag)*rte % dr = f (4r* — 47 Jag + r4/a§)e’r/“° dr
0 0
2! 4 3! 1 4!
=4 3 4 1t 5
(1/a0)* a0 (1/a0)*  ag (1/ao)

These integrals are evaluated using Integral E.3 with the appropriate value of n
and k = 1/ay. The integrals over the angles are straightforward

= 8ay — 24a; + 24a; = 8a;

m 2n
/ sin 6 d6 f d¢ = (—cosB)|; x ¢|§ﬁ =4m
0 0

The complete integral evaluates to N2 x 47 x 8ay; setting this equal to 1 gives

N = (32na®)"'/?|,

E8A.3(b) The wavefunction is given by [8A.12-307], ¥y,1,m, = Yi,m, (0, ¢)Ry,;(r); for the
state with n = 3, ] = 0, m; = 0 this is
3,00 = Yo,0(0, ) Rs.0(r) = (4m)7/*(243) 72 (Z/a9)** (6 - 6p + p?)e P/

where the radial wavefunction is taken from Table 8 A.1 on page 306, the angular
wavefunction (the spherical harmonic) is taken from Table 7E1 on page 286,
and p = 2Zr/nay. The probability density is therefore

P50 = [Y3.00]” = (4m) 7' (243) 7' (Z/a0)’ (6 - 6p + p*)*e*

The probability density at the nucleus, p = 0, is then (47) ! (243) 1 (Z/a,)?(6)* =

7o)

E8A.4(b) The radial wavefunction of a 3s orbital is taken from Table 8A.1 on page 306,
Rs(r) = N(6 - 6p + p*)e /2, where p = 2Zr/nag; for n = 3, p = 2Zr/3a,.
The extrema are located by finding the values of p for which dR; o/dp = 0; the
product rule is required

— 2 -p/2
dR3’O:Nd(6 op+p )e_p+N(6—6p+p2)de
dp dp dp

=(2p-6)e -1 (6-6p+p*)er?
= —(p*—10p + 18)eF/?




E8A.5(b)

E8A.6(b)

E8A.7(b)

E8A.8(b)

Setting the term in the parentheses to zero and solving the resulting quadratic
gives p = 5+ \/7, s0 extrema occur at ‘r = (3a0/22)(5+/7) ‘
The simplest way to identify the nature of the extrema is to make a plot of

R3(p), from which it is immediately evident that p = 5 — \/7 is a minimum
andp =5+ /7 is a maximum.

Assuming that the electron is in the ground state, the wavefunction is y =
Ne /%, and so the radial distribution function, given by [8A.17a-312],is R(r) =
4nr’y? = 4nN?r2e /% The first step is to find the value of r at which this is
a maximum, and this is done by solving dR(r)/dr = 0; for such a calculation
the constants 4nN? can be discarded.

dR(r) _

1 2re2r/a _ (2r*/ay) e 210
;

The derivative is zero at r = 0 and r = a,, with the latter being the maximum.
The radial distribution function falls to a fraction f of its maximum at radius
' given by R(7")/R(ao) = f, hence

U ’
R(T’) 47TN27”26_2r /ao rIZe—Zr Jao

R(ag) 4nNZ2aZe2a0/a ale?

The solutions to this equation need to be found numerically using mathemat-
ical software. For f = 0.5 the solutions are ' = \0.381610 and 2.084, \ For

f =0.75 the solutions are r’ = \0.555a0 and 1.64a0\.

The radial wavefunction is Ry,; = N(20 — 10p + p?)e ?/? where p = Zr/2a,.
Radial nodes occur when the wavefunction passes through 0, which is when
20 - 10p + p? = 0. The roots of this quadratic equation are at p = 5 + /5 and

hence the nodes are at ‘r = (2a0/2)(5 £/5) ‘ The wavefunction goes to zero
as p — oo, but this does not count as a node as the wavefunction does not pass
through zero.

Angular nodes occur when sin® 6 sin 2¢ = 0, which occurs when either of sin® 6
or sin 2¢ is equal to zero; recall that the range of 6 is 0 - mand of ¢ is 0 — 2.

Although the function is zero for 8 = 0 this does not describe a plane, and so
is discounted. The function is zero for with any value of 6: this is the xz
plane (the solution ¢ = 7 corresponds to the same plane). The function is also

zero for with any value of 0: this is the yz plane. There are two nodal

planes, as expected for a d orbital.

The radial distribution function is defined in [8A.17b-312], P(r) = r*R(r)>.
For the 3s orbital R(r) is given in Table 8A.1 on page 306 as Ry o = N(6 —
6p + p*)e P/ where p = 2Zr/nag, which for n = 3is p = 2Zr/3a,. With
the substitution r* = p*(3a,/2Z)?, the radial distribution function is therefore
P(p) = N*(3a0/22)*p*(6 —6p + p*)’e™".
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E8A.9(b)

E8A.10(b)

E8A.11(b)

E8A.12(b)

Mathematical software is used to find the values of p for which dP(p)/dp =0,
giving the results p = 0, 0.493, 1.27, 2.79, 4.73, 8.72. The simplest way to
identify which of these is a maximum is to plot P(p) against p, from which it is
evident that p = 0.493, 2.79, 8.72 are all maxima, with the principal maximum
being at p = 8.72. The maximum in the radial distribution function is therefore

atr =(8.72 x (3a0/22)|.

The radius at which the electron is most likely to be found is that at which the
radial distribution function is a maximum. The radial distribution function is
defined in [8A.17b-312], P(r) = r*R(r)*. For the 3p orbital R(r) is given in
Table 8A.1 on page 306 as Rs o = N(4 — p)pe ?/? where p = 2Zr/na,, which
for n = 3 is p = 2Zr/3a,. With the substitution 2 = p*(3a,/2Z)?, The radial
distribution function is therefore P(p) = N*(3a/2Z)*(4 - p)*p*e .

To find the maximum in this function the derivative is set to zero and the re-
sulting equation solved for p. Mathematical software gives the following values
of p: 0, 2, 4, 8. It is evident that P(p) is zero at p = 0 and p = 4, and that
P(p) tends to zero as p — oo. Therefore p = 2 and p = 8 must correspond
to maxima; a plot of P(p) shows that the latter is the principal maximum; this

occurs at r =|8(3ay/2Z)|

The N shell has #n = 4. The possible values of [ (subshells) are 0, corresponding
to the s orbital, I = 1 corresponding to the p orbitals, I = 2 corresponding to
the d orbitals, and [ = 3 corresponding to the f orbitals; there are therefore

4 subshells| As there is one s orbital, 3 p orbitals, 5 d orbitals and 7 p orbitals,
there are |16 orbitals|in total.

The magnitude of the orbital angular momentum of an orbital with quantum
number [ is\/I(] + 1)A. The total number of nodes for an orbital with quantum
number # is n — 1, [ of these are angular and so the number of radial nodes is
n—-1-1

orbital n | ang. mom. angular nodes radial nodes
4d 4 2 foh 2 1
2p 2 1 V2h 1 0
3p 31 V2h 1 1

All the 3d orbitals have the same value of n and I, and hence have the same
radial function, which is given in Table 8A.1 on page 306 as R;, = Np2e™?/?
where p = 2Zr/[nay, which for n = 3 is p = 2Zr/3a,. Radial nodes occur when
the wavefunction passes through zero. The function goes to zero at p = 0 and as
p — oo, but it does not pass through zero at these points so they are not nodes.
The number of radial nodes is therefore 0.



Solutions to problems

P8A.2

P8A .4

Two wavefunctions, y; and y, are orthogonal if the integral [ y} y, d7 is equal
to zero. In spherical polar coordinates the range of integration is r = 0 to oo,
6 = 0to mand ¢ = 0 to 27; with a volume element is r* sin 6 dr d6 d¢.

(i) Hydrogenic 1s and 2s orbitals take the form y1, = Ry () Y0,0(6, ¢) and
Va5 = Ra0(r)Y0,0(0,¢). Because the angular function is the same for
the two orbitals, the orthogonality must arise from the radial parts, so
only these need be considered further. The radial functions are R; o(p) =
Nioe ?/%, where p = 2Zr/ay and Ry o(p’) = Nyo(2 - p’)e ?'/> where
p’ = Zr[ag. The latter is rewritten in terms of p by noting that p’ = p/2:
Ra0(p) = Npo(2—p/2)e P/, The relevant integral is conveniently taken
over p rather than r. Noting that r* = p*(ag/2Z)*

C
—_—

/0 pz(a0/2Z)2R1’0R2’0 dp = (a0/2Z)2N1,0N2)0
x foo e P2 (2-p/2)e Pt p2dp
0
=C]N(%f-pV@€ﬂ“dP
0
2! 3!
=2C -1c
[(3/4)3] ’ [(3/4)4]
128 | . 1536

=2Cx - -lcx =2 =0
27 81

The integrals are evaluated using Integral E.3 with k = 3/4 and the rele-
vant value of n. The integral is zero and therefore the 1s and 2s orbitals

(ii) It is explained in Section 8A.2(g) on page 313 that the p, and p, orbitals
are proportional to x and y respectively. Therefore, in Cartesian coordi-
nates, the integral of the product of these two functions is proportional
to [ [% [% xydxdydz. The integrand is an odd function of both
x and y, so when evaluated over a symmetrical range the result is zero.

These orbitals are therefore |orthogonal|.

Alternatively, consider the angular parts of the orbitals given in [8A.21-
314]: px o< sinflcos ¢ and p, o< sin & sin¢. The product of these two
contains the term (cos ¢ sin ¢) which is equal to 3 sin2¢. The integral
of this function over the range ¢ = 0 to 2m is zero (the integral over two
complete sine waves). Therefore the functions are orthogonal.

Tonization of He* and Li** both occur from the ground state, with n = 1. The
ionization energy is the energy needed to take the electron from its original
state to the state with # = oo, which has energy zero by definition. Therefore
the ionization energy is simply minus the energy of the ground state. Using
[8A.13-308] follows that I = hcZ?Ry. The ratio of the ionization energies of
Li+, Z= 3, and He+, Z = 2,1s therefore ILi/IHe = (3/2)2(RLi/RHe)-
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P8A.6

P8A.8

The Rydberg constants for Li and He are in principle different because the
reduced masses of the atoms are different. However, this difference is too small
to have a significant effect on the result of the present calculation, given the
precision of the data. Therefore, it is assumed that Ry; / Rye = 1 and hence

L = Ine(3/2)* = (54.36 eV) x (3/2)* =

From [8A.21-314], the wavefunctions for the p, and p, orbitals can be written
asyp, = rf(r)sinfcospandy,, =rf(r)sin 0 sin ¢. Then, using the identities
cosx = (e + e7™)/2 and sinx = (e — e71¥)/2i, these wavefunctions can be
rewritten

Yp, = (2)7'rf(r)sin0(e" +e7?) y, = (20)"'rf(r)sin6(e!? - e7?)

The form of the operator I, is given in [7E5b-284], [, = (1/1)9/d¢. To deter-
mine whether or not v, is an eigenfunction of [, the operator is allowed to
act on the function
h ol ; ; hl ; ;
———rf(r)sin@(e" +e7?) = = —rf(r) sin O(ie" —ie™?
{55 () sine(E 4 &) = 2 rp(rsin( )
It is evident that the effect of the operator is not to regenerate the original
function times a constant, so ¥, is an eigenfunction of the operator. A
similar calculation shows that the same is true for y, .

However, the functions e*'? are eigenfunctions of I, (/1)0/9¢ e*i¢ = +he*i?.
Using the identities e*'* = cos x + isin x, suitable combinations of y, and v,
are found which are proportional to e*'¥, and hence which are eigenfunctions
of l;. There are two such combinations

Yp, £ixy,, =rf(r)sinfcos¢ +ixrf(r)sinfsing = rf(r)sin @ e*'?

The expectation value of 1/r is given by (1/r) = [ y*r 'y dr. The wavefunction
can be written as a product of aradial part and an angular party = R(r) Y (6, ¢).
As 1/r is a function of r only, the integral over the angles can be evaluated
separately, and because the Y (6, ¢) are normalized with respect to integra-
tion over the angles the integral simplifies to (1/r) = [~ R(r)*(1/r)r*dr =
I R(r)*rdr.

(a) For a 1s orbital the radial function is Ry o(r) = 2(Z/a,)**e %1% (Ta-
ble 8A.1) and so

(ry = 4(Z/ap)’ fow re 22" dr = 4(Z/a)’[11/(2Z]a0)?] =

where the integral is evaluated using Integral E.3 with n = 1 and k =
27 / ap.
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(b) For 2s the radial function is R, o(r) = 8 1/2(Z/ag)*/*[2 - Zr[ay]e~#"12%
and so

(r''y=8""(2Z/ay)’ [ r(2 - Zrfay)?e %"/ dr
0
=81(Z/ay)’ f (4r — 4Zr*aq + Z2r3/a§)e’zr/““dr
0
=87'(Z/a0)*(a0/2)*(4-8+6) =
(c) Fora2p orbital, Ry 1 (r) = 247 /2(Z/ay)?*(Zr/ag)e #"/** and so
()= [ [247 (2 a0y (Zrfag)e F T dr
0

- (Z°)2403) [ Petrledr = (2 24a}) x 3Y(Zao) -

The expectation value of 1/r is the same for 2s and 2p.

(d) There is no reason to assume that (1/r) = 1/(r). To take a specific exam-
ple, in the case of a 1s orbital (r) = 3ay/2Z and (1/r) = Z/ay.

(a) The main difference between the Bohr and quantum models is that in the
Bohr model the trajectory (that is the position) of the electron is precisely
defined, whereas in quantum mechanics only the probability distribution
of the position can be predicted.

(b) In quantum mechanics the magnitude of the orbital angular momentum
of an electron with quantum number [ is given by A\/I(] + 1). In con-
trast, in the Bohr model the magnitude depends on # and is nk. In the
Bohr model the ground state, with # = 1, has angular momentum #,
whereas in quantum mechanics the ground state (1s) has zero angular
momentum. As has already been commented on, the predicted distribu-
tion of the electron is quite different in the two cases.

(c) The angular momentum of the ground state and the spatial distribution
of the electron can be probed experimentally by various kinds of spec-
troscopy.

8B Many-electron atoms

Answers to discussion questions

D8B.2

D8B.4

This is covered in any introductory or general chemistry text.

See Section 8B.4 on page 325.
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Solutions to exercises

ESB.1(b)

E8B.2(b)

ESB.3(b)

ESB.4(b)

E8B.5(b)

Hydrogenic orbitals are written in the form [8A.12-307], R, (7)Y}, (6, ¢),
where the appropriate radial function R, ; is selected from Table 8A.1 on page
306 and the appropriate angular function Y; ,,, is selected from Table 7E1 on
page 286. Using Z = 2 for the Is and Z = 1 for the 3s gives

Wls(r) = R1,0YO)0 = 2(2/610)3/26_2’/“" X (4T[)_1/2
¥3s(r) = R3,0Y0,0
= (243)7Y2(2/3a0)*[6 - 6(2r/3a0) + (2r/3a0)*]e"7?% x (4m)1/2

The overall wavefunction is simply the product of the orbital wavefunctions

¥(ri, ) = yis(r)yss(r2)

For a subshell with angular momentum quantum number [ there are 2/ + 1
values of m;, each of which corresponds to a separate orbital. Each orbital
can accommodate two electrons, therefore the total number of electrons is 2 x
(21 +1). The subshell with I = 5 can therefore accommodate 2(10 + 1) =
electrons.

All configurations have the [Kr] core. The table shows the ‘accepted’ configu-
rations for the ground states.

Y Zr Nb Mo Tc
5s24d! 5s24d®> 5s'4d* 5s'4d®  5s%4d°
Ru Rh Pd Ag Cd

5s'4d” 5s'4d®  4d'®  5s'4d'® 5524410

1s22s22p% = [Ar]

Across the period the energy of the orbitals generally decreases as a result of
the increasing nuclear charge. The second ionization energy corresponds to an
electron being removed from the ion M*. For Li* this would involve removing
an electron from the 1s orbital, which is much lower in energy (and therefore
harder to ionize) than the 2s. For it is a 2s electron which is ionized,
and as this element has the lowest nuclear charge of the remaining elements in
Period 2 it is expected to have the highest orbital energy and hence the lowest
ionization energy.

Solutions to problems

P8B.2

The electronic configuration of the Y atom is [Kr] 4d'5s* as opposed to 4d?5s'.
This is due to the 5s orbital being much larger and diffuse than the 4d orbitals,
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and so the average distance between electrons is larger and so the average re-
pulsion between electrons is much smaller. [Kr] 4d'5s* is therefore the lower
energy, more stable configuration.

The Agatom has the configuration [Kr] 4d'%5s', as opposed to [Kr] 4d°5s*. The
number of both spin up and spin down electrons is the same in both of these
configurations, but the number of parallel spin pairs within the 4d subshell
is larger for the configuration [Kr] 4d!°5s!, which means this configuration
is lower in energy, as a parallel spin pair is lowest in energy when between
two electrons within the same subshell. Also this has fewer electrons in higher
energy subshells.

The electronic configuration of Fe is [Ar] 3d®4s?, of Fe** it is [Ar] 3d°, and of
Fe** itis [Ar] 3d°. Hence, the outermost electron in both ions is in a 3d orbital,
with the only difference between these configurations that Fe** has one of the
five 3d orbitals doubly occupied.

There is more repulsion between the 6 3d electrons in Fe** than the 5 3d elec-
trons in Fe**, and there is no compensating increase in the atomic number to

draw the electrons towards the nucleus, and so the ion is expected to be
the larger of the two ions.

8C Atomic spectra

Answers to discussion questions

D8C.2

D8C.4

The selection rules are given in [8C.8-335]. In part these can be rationalised
by noting that a photon has one unit of (spin) angular momentum and that
in the spectroscopic transition this angular momentum must be conserved.
The selection rule for I, Al = £1, can be understood as a single electron in
the atom changing angular momentum by one unit in order to accommodate
the angular momentum from the photon. This selection is derived in How
is that done? 8C.1 on page 327 by considering the relevant transition dipole
moment. The selection rule for the total spin, AS = 0, stems from the fact that
the electromagnetic radiation does not affect the spin directly.

The selection rules for multi-electron atoms are harder to rationalise not least
because the change in the overall angular momentum (L and J) is affected both
by changes in the angular momenta of individual electrons and by the way in
which these couple together.

This is discussed in Section 8C.2(b) on page 329.

Solutions to exercises

E8C.1(b)

The spectral lines of a hydrogen atom are given by [8A.1-304], # = Ry (nj? -
—2 . ~ .

n,”), where Ry is the Rydberg constant and ¥ is the wavenumber of the tran-

sition.
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E8C.2(b)

ESC.3(b)

E8C.4(b)

E8C.5(b)

ESC.6(b)

E8C.7(b)

The Pfund series corresponds to n; = 5. The lowest energy transition, which
would involve a photon with the longest wavelength, is to the next highest
energy level which has|n, = 6]. Transitions to higher energy levels involve more
an more energy, and the limit of this is the transition to which involves
the greatest possible energy change and hence the shortest wavelength.

he energy levels of a hydrogenic atom are E,, = ~hcZ*Ryn~2, where Z is the
atomic number; for all but the most precise work it is sufficient to approximate
Ry by Ro.. The wavenumber of the transition between states with quantum
numbers n; and 1, in the Li*" ion is given by a modified version of [8A.1-304],
¥ = Z*Roo(n7? — n32). For the 5 — 4 transition and with Z = 3

5=3%x (1.0974x 10°cm ™) x (472 = 57%) =

A=91=1/[3% x (1.0974 x 10° cm™") x (472 = 57%)]
=4.49..%x107° cm =

v=c/A=(2.9979 x 10°ms™')/(4.49... x 107" m) =

The selection rules for a many-electron atom are given in [8C.8-335]. For a
single electron these reduce to Al = +1; there is no restriction on changes in n.

(i) 5d(n=5,1=2) = 2s(n=2,1=0)has Al = -2, and so is|forbidden|.
(ii) 5p(n=5,1=1)—>3s(n=1,1=0) has Al = —1, and so is [allowed].
(iii) 6p (n=3,1=1) - 4f(n=2,1 =3) has Al = +2, and so is |forbidden)|.

The single electron in a f orbital has [ = 3 and hence L = 3, and s = ; hence
S = % The spin multiplicity is 2§ + 1 = 2. Using the Clebsh-Gordon series,
[8C.5-332], the possible values of Jare J =L +S, L+S -1, ...|[L -] = 2,2,

Hence, the term symbols for the levels are |*F; /2> 2F /2 b

For a p electron [ = 1and s = 1. Using the Clebsh-Gordon series, [8C.5-332],

the possible values of jare I +s, I +s—1, ...|l — s|, which in this case are
3 1
J= 23}

Foranhelectron/ =5and s = % hence .

The Clebsch-Gordan series [8C.5-332] gives the possible values of J as | =
ji+j2 ji+j2—1, ...]j1 — jo|- With j; =5, j, = 3, the possible values of J are
[/=8,7,6,54,3,2]

The symbol F implies that the total orbital angular momentum [L = 3], the su-
perscript 3 implies that the multiplicity 2S + 1 = 3, so that the total spin angular
momentum [S = 1]. The subscript 4 implies that the total angular momentum
J =4



ESC.8(b)

ESC.9(b)

E8C.10(b)

E8C.11(b)

The Clebsch-Gordan series, [8C.5-332], is used to combine two spin angular
momenta s; and s, to give S = 57 + 55, 51+ 53— 1 ..., [s1 — 53]

(i) Four electrons are treated by first combing the angular momenta of two
electrons, then combining the result with the spin of the third electron,
and then with the spin of the fourth. For two electrons, each with s = %,
§’ =1, 0. Combining 8’ = 1 with s3 = 5 for the third spin gives §” =
L l-4- 2k

process is continued with the fourth electron: §” = 2 with s4 = 1 gives

§=2,1;8" =1 withs; = { gives S = 1, 0. In summary the possible

values for the total spin are |S = 2, 1, 0, with multiplicities [5, 3, 0.

(ii) For five electrons the values of S from (i) are combined with a further
spin s5 = % For § = 2 the result is g, %; S =1 gives %, %; and $ = 0
gives just 1. The possible values for the total spin for five electrons are are

§=2, 3, 1| with multiplicities [6, 4, 2|

2> 2

Combining 8’ = 0 with s3 = 1 just gives S” = 1. The

The valence electron configuration of the V** is [Ar] 3d>. With 3 electrons
occupying the 5 d orbitals the Pauli principle places no restrictions on the num-
ber of parallel spins because the 3 electrons can occupy separate orbitals. The
procedure used in Exercise E8C.8(b) part (i) can therefore be followed, giving

the possible values of S for 3 electrons as|S = %, % . The quantum number Mg,

which specifies the z-component of the spin angular momentum, takes values
S, (§-1) ... =S. Therefore for S = %,and for S = %,.

These electrons are not equivalent, as they are in different subshells, hence all
the terms that arise from the vector model and the Clebsch-Gordan series are
allowed. The orbital angular momentum of the p and d electrons are /; = 1 and
I, = 2 respectively, and these are combined using L = Iy + 1, L1+, -1, ... [l =]
which in this case gives L = 3, 2, 1. The spin angular momenta of each electron
is 51 = 53 = 1, and these combine in the same way to give S = 1, 0; these values
of § have spin multiplicities of 2S+1 = 3, 1. The terms which arise are therefore
°F'E°D, 'D, *P,and 'P.

The possible values of J are given by J = L+ S, L+S -1, .., |[L - §|, and
hence for S = 1, L = 3 the values of J are 4, 3, and 2. For S = 1, L = 2 the
values of J are 3,2, and 1. For S = 1, L = 1 the values of J are 2, 1, and 0. For
S = 0 and any value of L only J = L is possible. The term symbols are therefore
I’F4, °F3, °Fy, °Ds, °Dy, °Dy, °Py, °P; and *Py|, and['F3, 'D,, and 'P, |

From Hund’s rules, described in Section 8C.2(d) on page 335, the lowest energy
state is the one with the greatest spin, then the greatest orbital angular momen-

tum and then, because the shell is less than half full, the smallest J. This is .

(i)*Dhas L =2,S = 1and so[] = 3, 2, 1|only. There are 2] + 1 values of M,
which for these three values of ] gives states, respectively. (ii) *D has

L=2,S= %, and sonith 8, 6, 4, 2]states, respectively. (ii) *G
has L =4,S = 1,and so with states, respectively.
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E8C.12(b)

E8C.13(b)

ESC.14(b)

Closed shells have total spin and orbital angular momenta of zero, and so do
not contribute to the overall values of S and L. (i) 3d'°4s? is a closed shell
configuration with L = 0, S = 0, and J = 0. The term symbol is .

(ii) For the configuration 3d'°4s*4p> only the p electrons need be considered as
the others are in a closed shell. Because of the spin pairing required by the Pauli
principle the configuration p° has the same terms as p': this is often expressed
by saying that p° is the ‘absence’ of one electron or a ‘hole. Holes behave just
like electrons when it comes to formulating term symbols. Therefore, one ‘hole’
in a p sub-shellhas ] = 1and s = %,soL =18 = %,and] =3 % The term

symbols are therefore and . 3

The two terms arising from an f' configuration are *F;,, *Fs,, which have
S=2,L=3and] = Z,3. The energy shift due to spin-orbit coupling is given
by [8C.4-331], L5 = 2hcA[J(J +1) = L(L + 1) - S(S + 1)], where A is the
spin-orbit coupling constant. Hence, E3 1/57/2 = , and E3 17552 =
[=2hcd]

The selection rules for a many-electron atom are given in [8C.8-335].

(i) *Psp (S=3,L=1,7=32)-28,(S=1L=0] =1 hasAS =0,
AL = -1, AJ = —1 and so is [allowed].

(ii) *Py(S=1,L=1,7=0)—>3$,(S=1,L=0,]=1) has AS =0, AL = -1,
AJ = +1 and so is [allowed]

(i) 3D3(S=1,L=2,J=3)> 1P, (S=0,L=1,7 = 1) hasAS = -1, AL = —1,
AJ = -2 and so is |forbidden| by the S and J selection rules.

Solutions to problems

P8C.2

The wavenumbers of the spectral lines of the H atom for the n, — n; transition
is given by [8A.1-304], # = Ry (ny% — n;?), where Ry is the Rydberg constant
for Hydrogen, Ry = 109677 cm™!. Hence, the wavelength of this transition is
A=91= Rt (n2 - ny?) 7L

The lowest energy, and therefore the longest wavelength transition (the one
at Apmax = 656.46 nm = 6.5646 x 10 cm) is assumed to correspond to the
transition from n; + 1 - n;

1 1 1 (m+1)P-nf 2n+1

Amax Ry n? - (m+1)2 #nd(n+1)2  #d(n +1)2

From the given data (AmaxRi) ™! = [(6.5646 x 107> cm) x (109677 cm™1)]~! =
(7.19...)71. The value of n, is found by seeking an integer value of 1, for which
ni(ny+1)?/(2n,+1) = 7.19.... For n; = 2 the fraction on the left is 4> x 9 /5 =
7.2. Therefore, the series is that with [, = 2]
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Therefore the wavelengths of the transitions are given by A ™! = (109677 cm™")
(272 - n3%), and n, = 3, 4, 5, 6; the next line has n, = 7, and so has a
wavelength of

A =[(109677 em™) x (272 - 7‘2)]’1 =3.97..x107° cm =[397.13 nm

The ionization energy of the atom when it is in the lower state of quoted transi-
tions is the energy to remove electron from the n = 2 state, which is the energy
for the transition oo — 2

I= hCRH(Z_Z - 00_2) = ihCRH
=1 x(6.6261 x 107°*Js) x (2.9979 x 10" cms™") x (109677 cm™")

=15.4466 x 107'° J| or 3.3995 eV

The wavenumbers of transitions between energy levels in hydrogenic atoms are
given by a modified version of [8A.1-304], 7 = Z2Ry; (n;* — ny?) where Z is
the nuclear charge, for Li*~ Z = 3, and Ry is the Rydberg constant for Li. The
Lyman series all have n; = 1 so the wavenumber of the transitions are given by

17,12 = QRLi (1 - 1152)
If the three lines given correspond to n, = 2, 3, 4, then using this value for

n, the fraction #,,/9(1 — n;2) should be constant, and equal to Ry;. This is
explored in the following table

ny 2 3 4
Vi, [ cm™! 740747 877924 925933
Vo [[9(1 = n3%)]/em™ 109740 109741 109740

The ratio is indeed constant, confirming that the correct value of n, has been
chosen; the average value of Ry is|109 740 cm™!|.

The Balmer series all have n; = 2 so the wavenumber of the transitions are
given by

- 5 -2

Vn, = IR (i —n, )

The longest wavelength transition has n, = 3
73 =9(109740 cm™") (1 -37%) = (137175 cm™!

The next longest has n, = 4 and a similar calculation gives ‘174 = 185186 cm™!|.

The energy needed to ionize an electron from the ground state, with n = 1, is
simply minus the energy of this state, which is 9(109 740 cm™!) = 987 660 cm ™

or|122.45 eV |
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P8C.6

P8C.8

P8C.10

The 7p configuration has just one electron outside a closed subshell. That elec-
tron has [ = 1,s = 1/2,and j = 1/2 or 3/2, so the atom has L = 1,§ = 1/2,
and ] = 3/2 or 1/2. The term symbols are >2P, /, and *Ps, of which the former
has the lower energy. The 6d configuration also has just one electron outside a
closed subshell; that electron has I = 2,5 = 1/2,and j = 3/2 or 5/2, so the atom
has L = 2,8 = 1/2,and J = 5/2 or 3/2. The term symbols are *Ds, and *Ds
of which the former has the lower energy.

The spin-orbit coupling energy can be estimated using [8C.4-331], but this
gives the energy of 2P1/2 relative to 2P3/2, or 2D5/2 relative to 2D3/2. The ex-
pression cannot be used to compare the energy of *D and *P.

The energy levels of a hydrogenic atom are given by [8A.13-308), E,, = ~hcRy/n?,
where Ry is the Rydberg constant for the nucleus in question which in turn is
proportional to the reduced mass of the nucleus—electron system [8A.14-308],
pn = mame/(my + me). The ratio of the wavenumbers of the same transition
in two hydrogenic atoms with the same nuclear charge is proportional to the
ratio of the Rydberg constants, and hence to the ratio of the reduced masses

Vp I~27D _Hp _ mpme[(mp + me)  mp(my + m)

a Ry P N mume/(my + me) - my(mp + me)

This expression is rearranged to give

(Vp/Vu)mume
me + myu[1 - (¥p/7u)]

mp =

Given the high precision of the data, it is necessary to use an equivalent high
precision for the fundamental constants (taken from the inside of the front
cover of the text) and to use the mass of the H nucleus as 1.007 825 m,,. Using

such data it is found that‘mD =3.34519 x 107% kg‘ or[2.01452 my].

The ionization energy is simply hcRy and because the wavenumbers of the
transitions are proportional to the relevant value of Ry it follows that

Iy Ry ¥y 82259.098 cm™

= =—=———=[0.999728

In Rp ¥p 82281.476cm™!

(a) The separation of the lines observed in the spectrum when a magnetic
field is applied is a direct reflection of the energy splitting of the energy
levels. Therefore, the separation of the lines 87, expressed as a wavenum-
ber, is hcdv = uplBB.

. B (9274 x 107 T ) x (2 T) —
O ="—"—= =10.94 cm™!]
he  (6.6261 x 10734 s) x (2.9979 x 1010 cms~1)

(b) The first line in the Balmer series (n = 2 — 3) has wavenumber
V53 = Rg(1/2* -1/3%) = 15233 cm™
Therefore the normal Zeeman splitting is compared to the

difference in the energy of the states involved in typical transitions.
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For a ‘red star, with a surface temperature in the range 3 000 K to 4 000 K, the
thermal energy is insufficient to cause the excitation of the electron in hydrogen
from its ground state: no emission spectra from hydrogen is therefore seen. In
contrast, for a ‘blue star, with a surface temperature in the range 15000 K to
20000 K, the thermal energy is sufficient to cause ionization of the electron.
Therefore, neither absorption not emission from hydrogen is seen simply be-
cause there are no hydrogen atoms present — they have all been ionized. If
the with a surface temperature is in the range 8 000 K to 10 000 K the thermal
energy is sufficient to cause excitation of hydrogen atoms, but not sufficient to
cause extensive ionization. Intense hydrogen emission lines are seen from such
stars.

This explanation can be explored in a more quantitative way be examining how
the frequency spectrum of black body radiation changes with temperature,
and examining what part of the radiation is at high enough frequencies to
cause excitation or ionization. The Planck distribution is given by [11A.5-420],
p(v) = 8mhv?c3(e"/kT — 1)71, and in Fig. 8.1 this is plotted against hv/I,
where I is the ionization energy of hydrogen, for three different temperatures.
At 25000 K a significant fraction of the radiation is at frequencies above that
needed to ionize hydrogen (hv/I > 1).

0.006 - | |——25000K
| | |---20000K
w“- SN e 15000 K
I~
5 0.004 - =
Mu | |
> 7 N
g 0.002 | v \\\ B
L1 \\ -
0.000 £ e O TTe e T
0.0 0.5 1.0 1.5 2.0
hv/I
Figure 8.1

Answers to integrated activities

18.2

(a) The energy levels of a Hydrogen atom (with Z = 1) are given by [8A.13-
308, E, = —hcRyn~2, where Ry = 109677 cm™! is the Rydberg constant
for the Hydrogen atom. Hence, the separation between between the en-
ergy levels n and n + 1 is

. (1 1 . (n+1)2-n?
AE=E, . -E,=hcRy| - - — | =hcRuy——+—"—"-—
L H(n2 (n+1)2) " n?(n+1)>2

= hcRy(2n +1)/[n*(n +1)*] ~ 2hcRy/n’
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where the approximation is for n >> 1so that (2n+1) ~ 2nand (n+1)? »
2
n

(b) For n = 100, this becomes

AE = 2hcRy/100°
=2x(6.6261 x 107*Js) x (2.9979 x 10" cms™") x (109677 cm™")/100°

=(4.357 x 10724 ]

The average radius of a H 100s orbital (Z = 1,n = 100,/ = 0) is given by
the expression in Integrated activity 18.1

(100)%aq 0(0+1)
(o000 = |1+ 3|1~ =[5 | | ~[15000

The ionization energy for an electron in the state with n = 100 is simply
minus the orbital energy

I = hcRy /100
= (6.6261 x 107°*Js) x (2.9979 x 10'® cms™") x (109677 cm™")/100*

=(2.179 x 10722 ]

(c) Theenergy available in a collision is of the order of % kT (from the equipar-
tition principle), which at 298 K is 3 x (1.3806 x 107* JK™") x (298 K) =
2.06 x 107! J. This is well in excess of the ionization energy, so a collision
could easily result in ionization.

(d) The minimum velocity required for ionization will be when the kinetic
energy of the H atom, Ex = 1muv? is equal to the ionization energy I;

2
hence v = (2I/m)'/?

v = (2I/m)"? = [2x (2.179 x 10722 ])/(1.0078 x 1.6605 x 102" kg)]"/2

=[510ms7']

where the mass of H is taken as 1.0078 m,,.

(e) The radial wavefunction for a 100s orbital will have a finite value at the
nucleus and 99 radial nodes. The exponentially decaying part of the wave-

function, which dominates for sufficiently large distances, is of the form
e—r/lOan .



a Molecular Structure

9A Valence-bond theory

Answers to discussion questions

D9A.2

D9A.4

Promotion and hybridization are two modifications to the simplest version of
valence-bond (VB) theory, adopted to overcome obvious mismatches between
predictions of that theory and observations. In its simplest form VB theory
assumes that the functions y,4 and yy that appear in a VB wavefunction, [9A.2—
344], are orbitals in free atoms occupied by unpaired electrons. For exam-
ple, such a theory would predict that carbon, with the electronic configuration
2s%2p?, would form two bonds on account if it having two unpaired electrons.
This prediction is at odds with the characteristic valency of four shown by
carbon.

To account for the tetravalence of carbon it is supposed that one of the 2s
electrons is excited (‘promoted’) to the empty 2p orbital, giving a configuration
of 2s'2p*. There are now four unpaired electrons (in the 2s and 2p orbitals)
available for forming four valence bonds.

Hybrid orbitals are invoked to account for the fact that valence bonds formed
from atomic orbitals would have different orientations in space than are com-
monly observed. For instance, the four bonds in CH, are observed to be equiv-
alent and directed toward the corners of a regular tetrahedron. By contrast,
bonds made from the three distinct 2p orbitals in carbon would be expected to
be oriented at 90° angles from each other, and those three bonds would not be
equivalent to the bond made from a 2s orbital. Hybrid atomic orbitals, in this
case sp° hybrids, are formed by combining the atomic orbitals in such a way
that the hybrid orbitals have the required directional properties.

The part of the VB wavefunction that depends on spatial coordinates is given
in [9A.2-344], ¥(1,2)space = ¥a(1)ys(2) +ya(2)ys(1). The complete wave-
function includes a spin part, o(1,2)

¥(1,2) = {ya(Dys(2) + ya(2)ys(1)} 0(1,2)

The Pauli principle requires that the wavefunction must be antisymmetric, that
is it must change sign, upon interchange of particle labels: ¥(2,1) = -¥(1,2).
The spatial part is symmetric under this interchange of labels ¥(2, 1)space =
+¥(1,2)pace» therefore the spin part must be antisymmetric 6(2,1) = —o(1,2).
The antisymmetric spin wavefunction for two spins is the one in which the spins
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are paired

0(2:1) = (1/2)" {a(1)p(2) - p()a(2)}
In summary, the form of the VB wavefunction which results in a the lower-
ing of the energy, and hence bond formation, is symmetric with respect to
interchange of the electron labels, and in order to satisfy the Pauli principle
the associated spin wavefunction must be anti-symmetric with respect to this
exchange. This wavefunction corresponds to one in which the spins are paired.

Solutions to exercises

E9A.1(b)

E9A.2(b)

The nitrogen atoms in N are sp hybridized. The o bond is formed by the over-
lap of two sp hybrid atomic orbitals oriented towards each other along the inter-
nuclear axis. Using [9A.2-344], the spatial part of the valence-bond wavefunc-
tion of the o orbital is written ¥'(1,2) = Yngp, (1) ¥nsp, (2) +¥Nsp, (2) ¥nsp, (1)-
This wavefunction is symmetric, therefore it has to be combined with the anti-
symmetric two-electron spin wavefunction given by [8B.3-319], 0_(1,2). The
resulting complete, asymmetric two-electron wavefunction satisfies the Pauli
principle and has the form of

¥5(1,2) = [ynep, (D) ¥nsp, (2) + Ynsp, (2)¥Nsp, (1) ] x [a(1)B(2) = B(1)a(2)]

The two m orbitals are formed by the side-by-side overlap of two p, and two p,
orbitals. Following the same logic as above, the valence-bond wavefunction for
the 2p, m orbital is written as

¥ (1,2) = [ynp,, (D¥np,, (2) + ¥p,, (2)¥np,, (D] x [a(1)B(2) - B(1)a(2)]

and similarly for the 2p, m orbital.

The resonance hybrid wavefunction constructed from one two-electron wave-
function corresponding to the purely covalent form of the bond and one two-
electron wavefunction corresponding to the ionic form of the bond is given in
[9A.3-346] as ¥ = ¥, ovalent + A Wionic- Therefore the (unnormalized) resonance
hybrid wavefunction of N, with two ionic structures is written as Y, = YN-N+
AlPN+N— + k PNe- N2+

The valence bond description of the triple bond in Nj is give in Example E9A.1(b).
Omitting the spin functions for simplicity, the spatial wavefunction is a product
of that for the o bond, and that for each of the n bonds

[WNspA (1 )V/NSPB (2) + YNsp, (2)‘/’NSPB (1)]
x [ynp,, 3y, (4) + ¥np,, (4) ¥y, (3)]
x [¥np,,, (5)¥Np,, (6) + Unp,,, (6) ¥y, (5)]
Somewhat arbitrarily electrons 1 and 2 have been assigned to the first valence-
bond wavefunction, 3 and 4 to the next and so on.

The ionic structure N*N~ can be thought of as arising when electrons 5 and
6 are both located in Np,,. In this case, the part of the wavefunction in the



E9A.3(b)

E9A.4(b)

E9A.5(b)

third bracket becomes [yxp,, (5)¥np,, (6)]. This is just one possibility: ionic
structures also arise when electrons 3 and 4 are on the same atom (leading to a
modification of the second bracket), or 1 and 2 are on the same atom (leading
to a modification of the first bracket).

The ionic structure N>~ N?* can be thought of as arising when electrons 5 and
6 are both located in Npy,, and electrons 3 and 4 are both located in Np,,.
In this case, the third bracket becomes [y, (5)¥np,, (6)] and the second
bracket becomes [ynp, (3)ynp, (4)]. Similar wavefunctions for N?~N** can
be written by rearranging any two of the valence electrons.

A good starting point is to construct Lewis structures in which bonded pairs
of electrons are identified by a line and lone pairs by the usual double dot; the
charges are formal.

:?:O

S 2®
e:é/ %9: --/S%

@ZQ O

A VB wavefunction is written for each bonded pair. It is convenient to assume
that sulfur and oxygen atoms are sp? hybridized. Each of the S-O o bonds is
formed by the overlap of one sp® hybrid on sulfur and one sp? hybrid on an
oxygen atom projecting towards each other. There is also a m bond formed
between the unhybridized 3p atomic orbital on sulfur and an unhybridized 2p
atomic orbitals on the oxygen. This n bond is involved in resonance, as it can be
between the sulfur and any of the oxygen atoms. The lone pairs on the oxygen
atoms are either accommodated in sp* orbitals or in an out-of-plane 2p orbitals
if the latter is not involved in a w bond. The lone pair on the sulfur atom in SO,
resides in an sp? hybrid atomic orbital.

The ground state electronic configuration of phosphorus is [Ne]3s*3p. 3p;3p;.
In the ground state it has three unpaired electrons on the three different 3p
orbitals, therefore it is able to form three covalent bonds. Promotion of an elec-
tron from 3s orbital to 3d results in the configuration [Ne]3s'3p! 3p;3p;3d1.
These orbitals can then be used to form five hybrids, each of which can form a
bond.

Carbon atoms C1-C4 in 1,3-pentadiene are sp® hybridized, whereas carbon
atom C5 is sp® hybridized. The o framework of the molecule consists of C-H
and C-C o bonds. The C-H o bonds are formed by the overlap of sp* or sp’
hybrid atomic orbitals on the carbon atoms with the Is atomic orbitals on the
corresponding hydrogen atoms. Similarly, the C-C o bonds are formed by the
overlap of sp? or sp® hybrid atomic orbitals on neighbouring carbon atoms. The
two 1 bonds are formed by the side-by-side overlap of unhybridized 2p orbitals
on carbon atoms Cl and C2, and likewise between C3 and C4.

289



290

E9A.6(b)

E9A.7(b)

E9A.8(b)

The carbon and nitrogen atoms in pyridine are sp* hybridized. The C-N and
C-C o bonds are formed by the overlap of sp? hybrid atomic orbitals on neigh-
bouring carbon or nitrogen atoms with each other. The C-H o bonds are
formed by the overlap of a carbon sp? hybrid atomic orbital with a hydrogen
Is atomic orbitals. Formally there are three m bonds in pyridine. Each of them
is a result of the overlap of a pair of unhybridized 2p atomic orbitals on the
nitrogen or the carbon atoms. There is a lone pair on nitrogen residing in an
sp? hybrid atomic orbital.

The condition of orthogonality is given by [7C.8-254], [ ¥ ¥;dr = 0 for i # j.
The atomic orbitals are all real, therefore ¥;* = ¥;. The orthogonality condition
becomes

f hih,dr = f [(sin{)s+ (cos{)p] x [(cos{)s — (sin{)p]dr

/—’L\ /—L\ /—‘O—\
:sin(cos(fszdr—sinzCfspd‘r+cosz(/psd‘r
r—’l\ﬁ

—cos(sin([pzdfzsin(cos(—cos(sin(:O

All the integrals of the form [sp dr are zero because the s and p orbitals are
orthogonal, and all the integrals of the form [s*dr and [p®dr are 1 because
the orbitals are normalized. The condition for the orthogonality of h; and h,
is satisfied.

A normalized wavefunction satisfies [7B.4c-248], [ y*ydr = 1. The wave-
function is normalized by finding the values of Ny and N, for which h; =
N1 [(sin{)s+ (cos{)p] and hy = Ny [(cos {)s— (sin {)p] satisfy this condition.
The orbital wavefunctions s and p are real, as are N; and N,, therefore, for h;

/hfhldT:Nf/[(sin()s+(cos{)p]2dr

1 1 0
—— —_——— —_——

=N12 sinz(:fszd‘r+cosz(fp2d7+25in(cos(fspd‘r

= Ni[sin® { + cos® {] = N}

The integral [spdr is zero because the s and p orbitals are orthogonal. The
integrals [s*dr and [p* dr are 1 because the s and p orbitals are normalized.
The identity sin* @ + cos?§ = 1 is used in the last step. The normalization
condition is N7 = 1, therefore N; = 1. A similar calculation shows that N, = 1
also.



Solutions to problems

P9A.2

P9A.4

For the purposes of this problem, the p, orbital has the same properties as a unit
vector along the x-axis and the p, orbital is likewise a unit vector along the y-
axis. The hybrid orbital y is represented by a vector resulting from the addition
of the vectors representing the p, and p, orbitals. The s orbital is spherically
symmetric about the origin, therefore it has no effect on the direction of the
hybrid.

\/%Py
B

a ~ .

The angle « is calculated as

«=tan”! (\/3/_2/\/W) = tan"' /3 = 60°

Therefore the vector representing ¥ makes and angle 5 = 180°—a = 180°-60° =
120° to the x-axis.

Following the same logic as in Problem P9A.2 and Problem P9A.2, the vector
representation of the two hybrid atomic orbitals is as shown below.

y

h;

h)2

h,

It follows from the diagram that for /; the contribution from p, is proportional
to cos 0/2, and the contribution from p, is proportional to sin 8/2; for h; all
that is different is that the sign of the contribution from p, is reversed. Both
hybrids will have a contribution from the s orbital, and so can be written

hy =s+A (cos(6/2) px +sin(6/2) p,)  ha = s+ (cos(6/2) px —sin(6/2) py)
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The parameter A is to be determined, but it is the same for both hybrids as
they are equivalent. The value of A is found by using the requirement that the
hybrids are orthogonal, [ h1h,d7 =0

f[s+)t (cos(8/2)px +sin(6/2)p,)][s+A (cos(8/2)ps — sin(6/2)p,)]dr =0
Because the atomic orbitals are orthonormal the integral is evaluates to
1+ A% (cos’(6/2) —sin*(6/2)) = 1+ A cos 0

2 2

where the identity cos2x = cos”x — sin

’/1 = +(-1/cos9)'/? ‘

The ratio of p to s in a hybrid is given by the ratio of the squares of the coeffi-
cients of the contributing atomic orbitals. For these hybrids

x is used. Setting this to zero gives

p character _ [A cos(6/2)]* + [£Asin(6/2)]? _

AZ
s character 12

where the identity cos? x + sin® x = 1 is used. Therefore what is usually known
as an sp? hybrid has A = \/2, an sp hybrid has A = 1, and an sp® hybrid has
A = \/3. The plotshown in Fig. 9.1 shows the relationship between A% and the
angle between the hybrids.

3.0

2.5

=< 20}

1.5}

1.0 |-

!

|

|

|

|

! | |
120 140 160 180

sp>  sp? 0/° sp

Figure 9.1

9B Molecular orbital theory: the hydrogen molecule-ion

Answer to discussion questions

As described in Section 9B.1(b) on page 353, the reason why the bonding molec-
ular orbital is lower in energy than the atomic orbitals is not entirely clear.
However, it is clear that bonding character correlates strongly with molecular
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orbitals that have an accumulation of electron density between nuclei due to
overlap and constructive interference of their component atomic orbitals. A
simple and plausible explanation of this correlation is that enhanced electron
probability between nuclei lowers the potential energy by putting electrons in
a position where they can be attracted to two nuclei at the same time; however,
the source of the reduced energy may be more complicated.

Solutions to exercises

E9B.1(b)  The normalization condition is given by [7B.4c-248], [ y*y dr = 1. The wave-
function is normalized by finding N such that y = N (w4 + Ayp + 1A'y}, ) satisfies
this condition. The wavefunctions ¥, Y and ¥y are all real as is N, therefore

f‘I/*‘I’dT:NZf(wA+)L1//B+)L’%’3)2dT

r—’\ﬁr—"ﬁ/—”‘ﬁ/—’\ﬁ

f v dr+A? f YR dr+a? f yildr+21 f Yays dr

r—’%r—’%

N f Yawh dr 201 f yeyp dr |
= N2(1+ A%+ 12 +215+218)

The integrals [y dr, [y3dr and [y,” d7 are 1 because the wavefunctions
va, ¥p and v} are normalized; [ ypyf dr = 0 because the exercise specifies
that these are orthogonal. The value of this integral must equal 1, therefore the

normalization constant is ‘N =1/(1+ A2+ A2+ 218 +2)/8)1/2 ‘

E9B.2(b)  The condition of orthogonality is given by [7C.8-254], [ y}y;dr = 0 for i # j.
The given molecular orbital, y; = 0.727A + 0.144B is real, therefore y; = y;.
The new linear combination of A and B, which is orthogonal to y; must have
the form of = A+ BB, where the coefficient of wavefunction A is chosen
to be 1 for simplicity. Substitution of these wavefunctions in the condition of
orthogonality gives

f yiydr= f (0.727A +0.144B) x (A + B)dr

1 1 N
— —— ———

= 0.727/A2 dr+0.144/3f32 dr+(0.727/3+0.144)[AB dr
= 0.727 + 0.144 + (0.727B + 0.144)S

Using S = 0.117 the value of the integral becomes 0.744 + 0.229f. This value
must be zero for the two wavefunctions to be orthogonal, therefore f = -3.25
and so y; = A-3.25B.
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E9B.3(b)

E9B.4(b)

Normalization of y; follows the same logic as in Exercise E9B.1(a). First the
wavefunction is written as y; = N(0.727A + 0.144B) and then the normaliza-
tion constant N is found such that [ y*ydr = 1.

f Yy dr = f [N(0.727A + 0.144B)]? dr

1 1 N
—_— —_—— —_———

= N? 0.7272[A2 dr+0.1442ﬁf32 dT+(2><0.727><0.144)fABdT

= N2(0.549 + 0.2098)

Using S = 0.117 gives a value of 0.573N? for the integral, therefore N = 1/1/0.573
= 1.32. Therefore the normalized wavefunction is

¥; = 1.32 x (0.727A + 0.144B) = [0.960A + 0.190B

Normalization of y; follows a similar procedure as for v;, giving N = 0.304
and therefore|y; = 0.304A - 0.989B|,

The energy of the 0* antibonding orbital in H," is given by [9B.7-355], Eg+ =
Emis + jo/R— (j— k)/(1 = S). Molecular potential energy curves are usually
plotted with respect to the energy of the separated atoms, therefore the energies
to be plotted are Es» — Ems = jo/R - (j— k)/(1 = S). Using [9B.5d-353],
jo/ag = 27.21 eV = 1 Ey, the energy for R/ag = 1 is computed as

_(1Ey) (0729 Ey) - (0.736 Ey) _

Eg+ — Eyys = =+1.05E
o T s T (1-0.858) b
Similar calculations give the following energies
R/aq 1 2 3 4

(E* — Eny)/Ep | +1.05 +0.340 +0.132 +5.52x 102

These data are plotted in Fig. 9.2. The data are fitted well by the following cubic
(Eq — Eris) /En = —0.0616(R/ag)® + 0.6203(R/ag)? — 2.1385(R/ap) + 2.6288

Note that this cubic equation has no physical meaning, it is only used to draw
the line on the plot above.

The sketch below shows the bonding and the antibonding face-to-face overlap
of two d orbitals, resulting in & molecular orbitals. The bonding molecular or-
bital is symmetric with respect to inversion, therefore it is labelled 8, whereas
the antibonding molecular orbital is antisymmetric with respect to inversion,
and is labelled §,,.
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Solutions to problems

P9B.2

The bonding and antibonding molecular orbitals resulting from the linear com-
bination of hydrogenic atomic orbitals are given by
Vs = Ne(Yisa £ Yiss)

1 —ra/a0 1

+ 3 1/2e 3y1/2 /o
(mag) (mag)

where r4 and ry are the distances of the electron from nucleus A and B, respec-
tively. Given that the internuclear separation along the z-axis is R, in Cartesian
coordinates r5 and rg become

ra=(x*+y +Zz)1/2 and rp=(x*+y* +(z- R)Z)l/2
Therefore the wavefunction is

N 2 2 2y\1/2 2 2 2y\1/2
Ve = (nagi) = [e—<x +7°+2) P fay | o4yt (e-R)D) Y /ﬂo]

The normalisation constants at the experimental internuclear separation (R
106 pm = 2.00ay) are calculated in Example 9B.1 on page 352, giving N,
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0.56 and N_ = 1.10. Both of the bonding and antibonding wavefunctions are
real, therefore y, = y}. The square of the wavefunction gives the probability
density of finding the electron at a particular position. The volume element 6 V
given in this problem (1.00 pm?) is small enough that it is assumed that the
wavefunction has a constant value over the entire volume element. Therefore
the probability is simply y?8 V.

(a) Atnucleus A x = y = z = 0 the probability is computed as
2

N 2
2 _ + 0 —2.00 ag/ao
y 0V = e +e 0 %
V= a | ]

0.56*
= ] [1+e’2‘00]2x (1.00 pm?) :

[mt x (52.91 pm)?3

(b) The probability of finding the electron at nucleus B must be the same as
the probability of finding the electron at nucleus A due to the inherent

symmetry of the problem. Therefore |P = 8.7 x 1077,

(c) The Cartesian coordinates of the position halfway between A and B are
x =y =0and z = 1.00 ao. At this position the probability is computed as

2
Y8V = (Nig) [e*1-°0 aofao  =[((1.00 “0)*(2-00%))2]1/2/”0]2 %
na,

0.56
= [e7190+ e71_oo]2 x (1.00 pm?) = |3.6 x 1077

[ x (52.91 pm)?]

(d) At 20 pm along the bond from nucleus A and 10 pm perpendicularly
the coordinates are z = 20 pm = 0.378... a9 and x* + y* = (10 pm)? =
(0.189... ap)?. At this position the probability is computed as

2 NE [e_[(0-189,..u0)2+(0.378..,ao)l]l/z/uu

SV =
VO ()
e (0189 a0)*+((0.378... a0)~(2.00 ao))z]lﬂ/ao]2 sV

2
_ 0.56 [6_0.422... " e_1'63"']2 x (1.00 pms)
[ x (52.91 pm)?]

=[4.9x1077]

The calculation of the probabilities when the electron occupies the antibonding
orbital follows exactly the same procedure as above, and gives the following re-

sults: (a) P = ; (b) P =11.9 x 10~%}; (c) [P = 0], which is the expected

result, as the antibonding orbital has a node going through the point halfway

between the two nuclei; (d) P ={5.5 x 1077

P9B.4 The bonding and antibonding MO wavefunctions are ¥, = N, (wa+yg), where
N, is the normalizing factor. This factor depends on the distance between
the nuclei (Example 9B.1 on page 352), but this just scales the orbital without



changing any of its key features. Therefore, this normalizing factor, as well as
those for y, and yg given in Brief illustration 9B.1 on page 352 are simply
ignored. Without loss of generality, it is assumed that atom A is located at
za1 = 0 and atom B at zg; = R, the internuclear separation. The requirement
is to plot the wavefunction along the z-axis, so x51 = ya1 = 0, and likewise for
atom B. With all of these conditions imposed the function to be plotted is

Ve = e~12l/a0 | o=I(z=R)|/a0

The modulus sign is needed because the argument of the exponential is the
distance from the nucleus, which is always positive.

(a)

(b)

The wavefunction corresponding to the bonding molecular orbital is plot-
ted in Fig. 9.3 for three different internuclear separations. The positions
of the nuclei for each wavefunction are indicated by dotted lines. None of
the plotted wavefunctions have any nodes. The value of the wavefunctions
and hence the electron densities in the internuclear region are larger than
the sum of the values of the corresponding wavefunctions describing the
hydrogenic atomic orbitals. This feature is responsible for the bonding.
However, with increasing internuclear separation this surplus electron
density at the internuclear region diminishes, the overall energy of the
wavefunction increases and hence the wavefunction becomes less and less
bonding.

The wavefunction corresponding to the antibonding molecular orbital at
three different internuclear separations is plotted in Fig. 9.4. The wave-
functions have a node halfway between the two nuclei, which results in
less electron density in the internuclear region compared to if the wave-
functions were not overlapping. This feature is responsible for the an-
tibonding effect. With increasing internuclear separation this deficiency
in electron density at the internuclear region decreases, the overall energy
of the wavefunction decreases and hence the wavefunction becomes less
and less antibonding.

R3:5ao
R:3a0
R::Zao

Z/ao

Figure 9.3
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Figure 9.4

9C Molecularorbitaltheory: homonucleardiatomicmolecules

Answer to discussion questions

D9C.2 The building-up principle for homonuclear diatomic molecules is essentially
the same as for atoms, but the diatomic molecular orbitals used in the former
are different in name and in nature than the atomic orbitals used in the latter.
A diagram of energy levels (orbitals) and degeneracies is needed. For diatomic
molecules, these energy levels are either nondegenerate (for o bonds) or doubly
degenerate (for all others). The orbitals are populated with electrons, placing
each successive electron in the lowest-energy orbital available, no more than
two electrons per orbital. Hund’s rule indicates that different degenerate or-
bitals should be populated first, with electrons that have parallel spins, before
pairing two electrons in the same degenerate orbital.

D9C.4 The bond strength is related to the extent to which the occupied bonding molec-
ular orbitals are lowered in energy compared to the constituent atomic orbitals.
As described in Topic 9B for the case of H, ", this lowering in energy depends
on the size of the term k, [9B.5c-353], which is a measure of the interaction
between a nucleus and the excess electron density in the internuclear region
arising from overlap.

The overlap integral, S, is a different quantity than k, but its behaviour with
(for example) internuclear distance is quite similar. Thus the overlap integral
is often taken as a proxy for k, not least as it much easier to imagine how
the overlap varies when the orbital or the internuclear distance is varied. It is
therefore common to speak of a bond being strong when ‘there is good overlap.
The fact that there is a correlation between overlap and bond strength may,
however, simply be fortuitous as the theory does not indicate such a connection.

Solutions to exercises

E9C.1(b)  The molecular orbital diagram for O,%~ and F,~ is shown in Fig. 9C.11 on page
361, and that of N, is shown in Fig. 9C.12 on page 361. According to the Pauli
principle, up to two valence electrons can be placed in each of the molecular



E9C.2(b)

E9C.3(b)

E9C.4(b)

orbitals. First the lowest energy orbital is filled up, then the next lowest and so
on, until all the valence electrons are used up.

(i) F,7 has7+7+1 = 15 valence electrons (VE) overall, therefore the ground-
state electron configuration is 10; lo}? 202 1 11'[24 20", The bond or-

der is defined in [9C.4-361] as b = (N —N*), therefore b = 1(8-7) = 1.
(ii) Np: 5+5=10VE; log 10,° 20, 1my; b = 5(8 -2) = 3.
(i) 0,*7:6+6+2=14VE; 1o 1o;> 20, Ing 13 b= 5(8-6) = 1.

The molecule with the greater bond order is expected to have the larger dis-
sociation energy. Qualitatively Li, and Be, share the same molecular orbital
energy level diagram, shown in Fig. 9C.12 on page 361. Li; has 1+ 1 = 2
valence electrons overall, therefore its ground-state electron configuration is
loé. The bond order is defined in [9C.4-361] as b = (N — N*), therefore
b=3(2-0)=1

Be, has 2 + 2 = 4 valence electrons, its configuration is lcé 1o}, and the bond
orderis b = 1(2 - 2) = 0. Li, has greater bond order than Be,, therefore Li, is
expected to have the larger bond dissociation energy.

The species with the smaller bond order is expected to have larger bond length.
The molecular orbital diagram of O, and its ions is shown in Fig. 9C.11 on page
361. The ground state electron configuration and the bond order of the species
in the order of increasing number of valence electrons, VE, is given below.

0" 6+6-1=11VE 1o, 10;%20; I 1ny' b=1(8-3) =3
0O, 6+6=12VE o Im? b=3(8-4) =
O, 6+6+1=13VE ool b=3(8-5)=3
0,2 6+6+2=14VE oIt b=3(8-6)=1

The bond order increases in the order 0,27, 0,~, O,, O,*, therefore the bond
length is expected to increase in the same order.

The molecular orbital energy level diagram for Li,, Be,, B,, C;, N; and related
ions is shown in Fig. 9C.12 on page 361, and for O,, F,, Ne, and related ions
in Fig. 9C.11 on page 361. Following the same logic as in Exercise E9C.1(b) and
Exercise E9C.2(b) gives

L 1+1-1=1VE 1o, b=1(1-0)=1
Be,” 2+2-1=3VE lo;loy’ b=1(2-1)=1
B," 3+3-1=5VE lo;loy’1m b=3(3-2)=3
C,t 4+4-1=7VE lojlo1m; b=3(5-2)=3
N,* 5+5-1=9VE lo; 1o}’ 1m; 20, b=1(7-2)=3
0" 6+6-1=11VE lo, 1o}’ 20, Im, 1! b=1(8-3)=2
E,*  7+7-1=13VE 1o, 10?20, 1, 17 b=3(8-5)=3
Ne,* 8+8-1=15VE lo;loy* 20, Imy 14 207" b= 3(8-7) =3
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E9C.5(b)

L, 1+1+1=3VE lo;loy b=1(2-1)=
Be,” 2+2+1=5VE lo;loy’1m b=1(3-2)=
B,” 3+3+1=7VE lo;loy’1m; b=31(5-2)=
C,” 4+4+1=9VE 1o, 1oy’ 1m; 20, b=3(7-2)=
N,” 5+5+1=11VE lo;loy? 120, Iy b=1(8-3)=
O;" 6+6+1=13VE lo;loy?20; Im, 1’ b=1(8-5)=
F,” 7+7+1=15VE 1o 10?20, I 1my* 20! b=31(8-7)=
Ne,” 8+8+1=17VE lo;l0;*20; Ing Iny* 205230, b= 35(9-8) =

Note that the extra electron in Ne, is accommodated on a bonding molecular
orbital resulting from the overlap of the 3s atomic orbitals.

The molecular orbital energy level diagram for Li,, Be;, B,, C;, N, and their
ions is shown in Fig. 9C.12 on page 361, and for O,, F,, Ne, and their ions in
Fig. 9C.11 on page 361. The lowest unoccupied molecular orbital (LUMO) is
the molecular orbital which is the lowest in energy and is not occupied by any
electrons. The LUMO of each of the listed ions is indicated by a box around it.

Li;¥ 1+1-1=1VE 10[10}"]
Be,” 2+2-1=3VE lo;loy'|Im,

u

B,* 3+3-1=5VE lo’lo}? 1n;
C,t 4+4-1=7VE 10@10321713

+ — 2 *2 4 1 *0
N,* 5+5-1=9VE 1dlc] lnu20g

0" 6+6-1=11VE 1o, 10’ 20; 1, 17" 207"

u

B, 7+7-1=13VE 1o, 10?20, 17, 17;° |20,

Ne,” 8+8-1=15VE 1o, 1oy’ 20; Im 1ny* 203 |30,

L™ 1+1+1=3VE lo;loy'|Im;

u

Be,” 2+2+1=5VE lo; 1oy’ lrtll1
B,” 3+3+1=7VE 1o§1ogzlnﬁ

- _ 2 *2 4 1 *0
G, 4+4+1=9VE lo,lo; lnu20g

N~ 5+5+1=11VE 1o, loy’ 120, 13" |20,°

0," 6+6+1=13VE 1o, 10?20, 17, 17;° |20,

u

F,” 7+7+1=15VE lo;lo;? 20, Img 1,4 207" 30,

Ne,” 8+8+1=17VE 1o210:%202 In! 1m}* 2032 30}

= = W U U W D= =



E9C.6(b)

Note that the extra electron in Ne, is accommodated on a bonding molecular
orbital resulting from the overlap of the 3s atomic orbitals.

The energy of the incident photon must equal the sum of the ionization energy
of the orbital and the kinetic energy of the ejected photoelectron, [9C.5-362],
hv = I + 3mcv*. Therefore the kinetic energy of the photoelectron is Ey =
21 eV —12 eV =9 eV, which corresponds to a speed of

1/2 197 ey-1y |/
v:(zgk) :(2><(9eV)><(1.6022><10 Jev )) _[178x10° ms ]

Me (9.1094 x 10731 kg)

Solutions to problems

P9C.2

When the internuclear separation is zero the areas of constructive interference
get exactly cancelled by the areas of destructive interference, therefore the over-
lap integral is zero. As the nuclei are moving further away from each other,
the area of constructive interference increases at the expense of the area with
destructive interference, leading to a maximum value in the overlap integral. At
large internuclear separations the overlap of the orbitals becomes insignificant,
resulting in zero overlap. Figure 9.5 shows a plot of the overlap integral

(B )5

1.0 - .

0.5 .

0.0 | | | |

R / aop
Figure 9.5
The position of the maximum overlap is found by differentiating the overlap

integral with respect to x = R/ay (the product rule is used), and then setting
the derivative to zero.

ds
o [1+2x+x2]e7x— [x+x2+%x3]efx
To find the turning points set dS/dx = 0; the factor e™* is cancelled to give
1+2x+x2—[x+x2+%x3] :ler—éx3 =0
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It is the easiest to use mathematical software to solve this equation. The only

real solution is R/ag = 2.10, hence the overlap is maximum at|R = 2.10 gy |

P9C.4 The energy of the incident photon must equal the sum of the ionization energy
of the orbital and the kinetic energy of the ejected photoelectron, [9C.5-362],
hv = 1m.v? + 1. Rearranging the equation to give the ionisation energy of the
orbital gives I = hv - %mevz, therefore the ionisation energy of the orbitals
from which the electrons were ejected are

I, = (21.21eV) - (11.01 eV) = 10.20 eV

I =(21.21eV) - (8.23¢V) = 12.98 eV
I; = (21.21 eV) - (15.22eV) = 5.99 eV

The orbital energies are the negative of the ionisation energies. The molecular
orbital energy level diagram is shown in Fig 9.6, the dashed arrows represent
the ionisation.

energy

-10.20 eV ==t

!

!

|
_1298 eV e —
Figure 9.6

9D Molecularorbitaltheory: heteronucleardiatomicmolecules

Answer to discussion questions

D9D.2 In forming a bond an atom must, to some extent, give up electron density to
be shared with other atoms in the molecule. The energy needed to do this is
connected with the value of the ionization energy of the orbital. Equally, the
atom will to some extent acquire additional electron density to interact with,
and the energy gained from acquiring this density is connected in some way to
the electron affinity. Thus both electron gain and electron loss, in the loosest
sense, are involved in the process of bonding. It is for this reason that ionization
energy and electron affinity are involved in the estimation of atomic orbital
energies for participation in bonding. See Section 9D.2(a) on page 367.



D9D.4

The Coulomb integral is essentially the energy of an electron when it occupies
an atomic orbital in the molecule.

The resonance integral is a contribution to the energy of a molecule that can be
associated with an electron interacting with more than one nucleus at once.

Solutions to exercises

E9D.1(b)

E9D.2(b)

The molecular orbital energy level diagram for a heteronuclear diatomic AB
is similar to that for a homonuclear diatomic A, (Fig. 9C.11 on page 361 or
Fig. 9C.12 on page 361) except that the atomic orbitals on A and B are no longer
at the same energies. As a result the molecular orbitals no longer have equal
contributions from the orbitals on A and B; furthermore, it is more likely that
the s and p orbitals will mix. From simple considerations it it not possible to
predict the exact ordering of the resulting molecular orbitals, so the diagram
shown Fig. 9.7 is simply one possibility. Note that because the heteronuclear
diatomic no longer has a centre of symmetry the g/u labels are not applicable.

The electronic configurations are:
(i) XeF (15 valence electrons) 102 202 36% 11 2nt* 46'; (ii) PN (10 valence elec-
trons) 102 202 302 17%; (iii) SO~ (13 valence electrons) 162 202 302 11 2713,

A Molecule B
—c
3pofsp T 275
20
3s or 5s
2s
A5

Figure 9.7

The molecular orbital diagram of IF is similar to the one shown in the solu-
tion to Exercise E9D.1(b) where the orbitals on atom A are 5s and 5p. It is
not possible to predict the precise energy ordering of the orbitals from simple
considerations, so this diagram is simply a plausible suggestion.

IF has 7+7 = 14 valence electrons, therefore the ground state electron configu-
ration is 102 20% 30* 1* 2nt*. IF* has one fewer electron than IF, therefore it has
one fewer electron on the antibonding 2 orbital. IF~ has one more electron
than IF, therefore it has one more electron accommodated on the antibonding
40 orbital. Hence the order of decreasing bond order is IF*, IF, IF~, which is
expected to be the same as the order of increasing bond length.
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E9D.3(b)

E9D.4(b)

E9D.5(b)

A suitable MO diagram in shown in the solution to Exercise E9D.1(b). The ion
with the greater bond order is expected to have the shorter bond length. SO*
has 6 + 6 — 1 = 11 valence electrons, therefore the ground state electron con-
figuration is 10% 20”30 1n* 2n'. SO~ has two more electrons, both accom-
modated in the antibonding 27 orbital. It follows that SO* has a greater bond
order than SO, therefore SO™ is expected to have the shorter bond length.

The relationship between the Pauling and Mulliken electronegativities is given
by [9D.4-366], xpauling = 1.35 Xll\/{jlliken —1.37. A plot of the Pauling electroneg-
ativities of Period 3 atoms against the square root of their Mulliken electroneg-

ativities is shown in Fig. 9.8.

3.0 n

XPauling
[\S]
(=)
I
|

+
+
10 + \ \ \ |

|
1.0 1.2 1.4 1.6 1.8 2.0

1/2
XMulliken

Figure 9.8

The equation of the best fit line is ypauling = 2.68 Xll\,{jmken —1.88, which is very

far from the expected relationship.

The orbital energy of an atomic orbital in a given atom is estimated using the
procedure outlined in Brief illustration 9D.2 on page 369, and using data from
the Resource section. The orbital energy of hydrogen is

ay = —3[I+ Eeq]
(1ev)

=[=7.18 eV]
(96.485 kj mol ')

=-1x[(1312.0 K mol™")+(72.8 kfmol )] x

The conversion factor between k] mol ™" and eV is taken from the front cover
of the book. Similarly for bromine

agr = =3 [I + Eca]

1ev
(1eV) -[7.59 eV

1139.9 kJ mol ') +(324.5 k] mol ! -
U Jmol ) +( Jmo )]X(96.485k]mol_1)

-1
2
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E9D.6(b) Theorbital energies of hydrogen (ayy = —7.18 V) and bromine (ap, = —7.59 V)
are calculated in Exercise E9D.5(b). Taking § = —1.0 eV as a typical value and
setting S = 0 for simplicity, substitution into [9D.9¢c-368] gives

E; = (au + ap,) + 5 (an — ap;) [1 + (2/3)2]1/2

OH — XBr
1
= 1[(-7.18eV) + (-7.59 eV)]

(-7.18¢€V) — (-7.59 eV)

,11/2
+1[(-7.18eV) - (-7.59 eV)] ll + ( (-2.0eV) ) ]

= (~7.38...eV) & (1.02... €V)

Therefore the energy of the bonding molecular orbital is E_ = (-7.38... €V) —
(1.02... eV) =[-8.40 eV], and the antibonding orbital is at an energy level of
E, =(-7.38...eV) + (1.02... eV) = [=6.36 eV

E9D.7(b) Theorbital energies of hydrogen (ayy = —7.18 eV) and bromine (ap, = —7.59 V)
are calculated in Exercise E9D.5(b). Taking 8 = —1.0 eV as a typical value, and
setting S = 0.2, substitution into [9D.9a-368] gives

ap + apr — 288 + [(2BS — (am + apr))? — 4(1 - $2) (anag: — 2)]'/2
2(1-8?)

E, =

(~143...V) & (1.03... eV)
- (1.92)
Therefore the energy of the bonding molecular orbital is E_ = (-7.48... eV) —
(0.539... V) = |-8.02 eV}, and the antibonding orbital is at an energy level of
E, = (-7.48...eV) + (0.539... eV) = [=6.95 V],

= (~7.48...eV) + (0.539... V)

Solutions to problems

P9D.2 (a) The secular equations for a heteronuclear diatomic molecule with one
basis orbital per atom are given by [9D.6a-367] and [9D.6b-367]. In this
problem there are two atoms but three basis orbitals, so there are three
secular equations which can be generalized from those for the case of two
basis orbitals

(OCA —E)CA + (ﬁAB - SABE)CB + (ﬁAC - SAcE)CC =0
(ﬁBA - SBAE)CA + ((XB - E)CB + (/SBC - SBCE)CC =0
(ﬁCA - SCAE)CA + (ﬁCB - SCBE)CB + ((XC — E)CC =0
In this case, orbitals B and C are on the same atom. It follows that the
resonance integral B¢ and the overlap integral Sg¢ are zero, as the atomic
orbitals on one atom are orthogonal to each other. Therefore the secular
equations simplify to
(OCA —E)CA + (ﬁAB - SABE)CB + (ﬁAC - SAcE)CC =0
(Bea — SpaE)ca + (ap —E)cg =0
(Bca = ScaE)ca + (ac = E)cc =0
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and hence the secular determinant is

ar—E Bas — SaBE  Pac — SacE
ﬂBA - SBAE B — E 0
/3‘)CA - SCAE 0 xc — E

(b) Substituting in the given values of the Coulomb integrals and the reso-
nance integrals gives

(i)

(ii)

(—7.2 eV) -E (—1.0 CV) - SABE (—0.8 CV) - SAcE
(-1.0eV) —SpaE  (-10.4eV)—E 0
(~0.8 V) — ScoE 0 (-8.4eV)-E

If the overlap integrals are set to zero the secular determinant ex-
pands to give

—E’ - (26 eV)E* - (221.08 eV*)E - (613.936 eV°)

Setting this to zero and finding the roots of the cubic (using mathe-
matical software) gives the energies \El =-10.7 eV\, \Ez =-8.71 eV\
and [E, =658 ev]

For the case where the overlap is zero the hamiltonian matrix is (ex-
pressed in units of eV)

-72 -1.0 -0.8
-1.0 -104 O
-0.8 0 -8.4

The matrix of eigenvectors which diagonalizes this matrix is found
using mathematical software as

0.294 0.349  0.890
0.950 -0.206 -0.233
0.102 0914 -0.392

The entries in each column of this matrix above give the coeflicients
of the atomic orbitals for the corresponding molecular orbital; the
columns correspond to the molecular orbitals in the same order as
the energies are quoted above. For example the molecular orbital
with E; = -10.7 eV is ¥} = 0.294 w4 + 0.950 y5 + 0.102 yc.

If the overlap integrals Syp and Sxc are set to 0.2, the secular deter-
minant becomes

(-7.2eV)—E (-1.0eV)-02E (-0.8¢V)—-0.2E
(-1.0eV)—0.2E (-10.4eV)—E 0
(-0.8eV) —0.2E 0 (-8.4eV)—E

= (0.92)E’ - (24.528 eV)E* — (214.392 eV*)E — (613.936 eV°)

The energies are found by setting the polynomial to zero and then
finding the roots using mathematical software. The three roots give



the energies [E; = —10.9 eV}, [E, = -8.86 eV]and [E; = —-6.93 eV It
is seen that the energies are not greatly affected by the including the
effect of non-zero overlap.

When the overlap is non-zero, it is not quite so straightforward to
find the coefficients of the molecular orbitals. It is necessary to return
to the secular equations and, for each energy, to solve them to find
the coeflicients.

9E Molecular orbital theory: polyatomic molecules

Answer to discussion questions

D9E.2

D9E.4

These are all terms originally associated with the Hiickel approximation used
in the treatment of conjugated m electron molecules, in which the n electrons
are considered independent of the o electrons. The m electron binding energy is
the sum of the energies of each 7 electron in the molecule. The delocalization
energy is the difference in energy of the 7 electrons between the conjugated
molecule with # 7 bonds and the energy of n ethene molecules, each of which
has one 7 bond. The n bond formation energy is the energy released when a
7 bond is formed. It is obtained from the total n electron binding energy by
subtracting the contribution from the Coulomb integrals, a.

Gaussian type orbitals centred on atomic nuclei have the advantage over hydro-
genic orbitals that the product of two Gaussian functions on different centres is
equivalent to a single Gaussian function located at a point between the centres.
Therefore, two-electron integrals on three and four different atomic centres can
be reduced to integrals over two different centres, which are much easier to
evaluate numerically; see Section 9E.3(a) on page 378.

Solutions to exercises

E9E.1(b)

(i) Without taking the Hiickel approximations, the secular determinant of
the Hy molecule is written as

ar—E  Bi-SnE Piz—S3E Piu-SuE
B —SnE  ay-E o3 —Si3E Pos— SyuE
Bs1 = Ss1E Pz~ SnE  az—E P34 SyE
Bui—SwE Pa—SpE P4z -SpE ay—E

where «, is the Coulomb integral of the orbital on atom n, f3,,, is the
resonance integral accounting for the interaction between the orbitals on
atoms n and m, E is the energy of the molecular orbital and S,,,, is the
overlap integral between the orbtials on atoms # and m.

Within the Hiickel approximations the energy of the basis atomic orbitals
is taken to be independent of the position of the corresponding atoms in
the molecule, therefore all Coulomb integrals are set equal to « (given
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E9E.2(b)

E9E.3(b)

that there is only one type of basis atomic orbital and only one type of
atom is involved in the problem). Interaction between orbitals on non-
neighbouring atoms is neglected, that is ,,, = 0 if atoms » and m are
not neighbouring. All other resonance integrals are set equal to 3. The
overlap between atomic orbitals is also neglected, therefore all overlap
integrals S,,, with n # m are set to zero. Hence the secular determinant
for linear Hy is

0
0
P

oa—E

(ii) In this case hydrogen atoms 1 and 4 are neighbours, therefore 814 = f3,
and the secular determinant is
a-E

B«
0
p

o™ | ™
R

(i) The energies of the m molecular orbitals of the allyl system are calculated
in Example 9E.1 on page 374 as E = a + 1.418, a, o — 1.41f3. Note that
« and f are negative quantities, therefore the molecular orbital lowest in
energy is the one with energy of « + 1.41f. The allyl radical has three
7 electrons and therefore the ground state ic configuration is y? y3. The

ni-electron binding energy is E = 2(a + 1.4183) + a = |3a + 2.82f3|

(ii) The energies of the m molecular orbitals of cyclobutadiene are calculated
in Example 9E.2 on page 376 as E = o + 23, a, &, « — 2f3. In the cyclobu-
tadiene cation there are three n electrons and the ground state electronic
configuration is y7 y3. The mt-electron binding energy is E, = 2(a +2f) +

The delocalization energy is the energy difference between the n-electron bind-

ing energy E and the hypothetical -electron binding energy if the given species
had isolated 7 bonds; Egeloc = Ex — Nx(a + ), where Ny is the number of

1 electrons. The m-bond formation energy is defined in [9E.12-376] as Ey¢ =

E; - Nja.

(i) The allyl radical has 3 7 electrons and its m-electron binding energy is
calculated in Exercise E9E.2(b) as E; = 3a + 2.82f. Therefore Egeloc =
(3a+2.828) —3(a+B) = [-0.18B]and Eys = (3 +2.82) - 3a =[2.82f].
The calculation of E4ejoc does not quite work in this case because the third
electron in the allyl radical would not be placed in a localized n bonding
orbital but in a out-of-plane p orbital, with energy a. The localized energy
is therefore 2(a + 8) + a = 3a + 23 and hence Egejoc = 0.82f3.



E9E.4(b)

E9E.5(b)

(if) The cyclobutadiene cation has 3 m electrons and its n-electron binding
energy is calculated in Exercise E9E.2(b) as E; = 3a + 4. Therefore

Egeloc = (3 +4B) — 3(a + B) =[B|and Ep = (3a + 4B) — 3 =[4B].

(i) Following the same logic as in Exercise E9E.1(b) and applying the Hiickel
approximations as explained there the secular determinant for azulene
is written as (the numbers in bold refer to the numbering of the carbon
atoms in the molecule)

1 2 3 4 5 6 7 8 9 10
1la—E B 0 0O 0 0 0 0 o0 P
2/ B a=E B 0O O 0 0O 0 0 0
3/ 0 B a-E B O O 0 0O 0 0
40 0 p a-E B O O 0 0 P
5.0 0 0 B a-E B O 0 0 0
6/ 0 0o 0 0 B &«-E B O 0 0
710 o o o 0 B a-E B 0 0
8o 0o o 0 0 0 B a-E B 0O
9/ 0 0o 0 0 0 0 0 B a-E B
g o o B 0 0 0O 0 B a-E

(ii) Similarly for acenaphthylene

1 2 3 4 5 6 7 8 9 10 11 12
1la-E B 0 0 0 O 0 0 0 0 B 0
2/ pa-E B 0 0 0O O 0O O 0O 0 0
30 B a-E B O O O O O O 0 O
40 0 B a-E B O O O O O 0 pB
500 0 0 B aE B O 0O O 0O 0 0
6] 0 0 0o 0 B aE B O O O 0 0
7170 0o 0o 0o 0 B aE B O 0 0 0
8o 0o 0o 0 0 0 B aE B O 0 B
90 0o 0o 0 0 0 0 B a—E B 0 0
o o 0 0 0 0 0 0 B a=E B O
u g o o0 0 0 0O 0 0 0 B a-E B
220 o 0o B 0 0 0 B 0 0 B a-E

To calculate the m-electron binding energy of the given systems, it is necessary
to calculate the energies of the occupied molecular orbitals. This is done by di-
agonalising the hamiltonian matrix: the diagonal elements of the resulting ma-
trix are the energies of the molecular orbitals. The hamiltonian matrix has the
same form as the secular matrix except that the diagonal elements are « instead
of « — E. Alternatively, the energies can be found my finding the eigenvalues of
the hamiltonian matrix, or by multiplying out the secular determinant, setting
the resulting polynomial in E to zero and then finding the roots. Mathematical
software is needed for all of these approaches.

The secular determinants are derived in Exercise E9E.4(b), and from these the
form of the hamiltonain matrix is easily found.
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E9E.6(b)

(i) The entries of the diagonalized hamiltonian matrix for azulene are E = a+
2.31B, a+1.65B, a+1.36B, a+0.887p, a+0.477p, a—0.400B, a —0.738p,
a—1.58B, a — 1.87f, & — 2.10f3. The 7t system of azulene accommodates
10 electrons, therefore the 5 lowest energy m molecular orbitals are filled.
The m-electron binding energy is therefore E; = 2(a +2.318) + 2(a +

1.65B) +2(a + 1.36B) + 2(ar +0.887B) + 2(ar + 0.477B) =[10a + 13.4p].

(ii) The entries of the diagonalized hamiltonian matrix for acenaphthylene
are E = o + 2475, a + 1.69B, a + 1.68f, a + 5, a« + 0.831f3, a + 0.638,
a—0.2858, a—f, a—1.318, a—1.435, a—1.923, a—2.363. The n system of
acenaphthylene accommodates 12 electrons, therefore the 6 lowest energy
1 molecular orbitals are filled. The n-electron binding energy is therefore
Ep =2(a+247B) +2(a + 1.69B) + 2(a + 1.688) + 2(a + ) + 2(a +

0.8318) +2(a +0.6388) =[12a + 16.6f]

The hamiltonian for a single electron in H," is given by [9B.1-351]. It has a
kinetic energy term, T = —(h?/2m,)V?, and a potential energy term, V. The
species LiH** has two electrons, therefore the kinetic energy term is written as

o,

T=- V3

h2
V-
2Me 2m,
The energy of interaction between an electron and a nucleus with charge num-
ber Z at distance r is given by —Ze?/4neor. The potential energy operator

consists of terms for each electron interacting with the H nuclues (Z = 1) and
the Li nucleus (Z = 3)

X e? ( 1 1 3 3 1 )
V=- —+ —+ + -—
Aneg \r1u T2H Tl 2L T2

The first term represent the interaction between electron 1 and the H nucleus,
and the second is for electron 2 with the same nucleus. The third and fourth
terms represent the interactions of the two electrons with the Li nucleus. The
last term accounts for the repulsion between the two electrons. The complete
electronic hamiltonian is Hejec = T + V. Because only the electronic hamilto-
nian is required, the repulsion between the two nuclei is not included.

Solutions to problems

PI9E.2

(a) Benzene has six carbon atoms in the ring, N = 6, therefore the values k
can take are k = 0, 1, +2, +3 and hence the corresponding energies are
Eo=a+2B,E.y=a+B,En=a-f,and E;3 =a -20.
Cyclooctatetraene has eight carbon atoms in the ring, N = 8, therefore the
values k can take are k = 0, £1, +2, +3, +4 and hence the corresponding
energiesare Eg = a + 2, Ey; =a + 1415, E.p = o, Ex3 = o — 1.41f3, and
E+4 =0 - Zﬁ
In both cases the molecular orbitals come in degenerate pairs, except for
the lowest energy, most bonding molecular orbital, and for the highest
energy, most antibonding molecular orbital.



P9E.4

(b)

(0)

The delocalisation energy is given by Egeloc = Ex — Nx(a + ), where
Ny is the number of 7t electrons. In the ground state of benzene, two
electrons occupy the orbital with energy E, and four electrons occupy the
degenerate pair of orbitals with energy E.;. Hence the n-electron binding
energy of benzene is E; = 2Ey + 4E,; = 2(a +2) + 4(a + ) = 6a + 8.
Therefore the delocalization energy is Egeloc = 6 + 88 —6(a + ) = .
To calculate the delocalization energy of hexatriene, the energies of the
occupied molecular orbitals are required. The six electrons in the m sys-
tem of hexatriene occupy the three lowest energy orbitals, therefore the
n-electron binding energy is

E.=2E, +2E, +2E;
=2[a+2Bcos(n/7)] +2[a + 2B cos(2n/7)] + 2[ & + 2 cos(37/7) ]
= 6a + (6.98..)8

Hence the delocalization energy of hexatriene is Egeloc = 6+ (6.98...) 5 -

6(a + ) =10.998| The lowering in energy as a result of delocalization
in benzene in greater than in hexatriene, consistent with the ‘aromatic’

system in benzene.

The mt-electron binding energy in cyclooctatetraene is
Ep=2E)+4E; +2E;; =2(a +2f) +4(a + 1.418) + 2 = 8 + 9.64f3

The delocalization energy is therefore Eqejoc = 8¢ + 9.643 — 8(a + ) =
1.648].

The m-electron binding energy in octatetraene is

E.=2E, +2E, +2E; + 2E,
=2[a +2Bcos(1/9)] + 2[a + 2 cos(27/9)]
+2[a+2Bcos(31/9)] + 2[a + 2B cos(4m/9)]
=8a +(9.51...)f

Therefore the delocalization energy is Egejoc = 8a+(9.51...) —8(a+f3) =
. The difference in delocalization energies between cyclooctate-
traene and octatetraene is much smaller than the difference in the values
for benzene and hexatriene. This is taken as an result of benzene being
‘aromatic’ in contrast to cyclooctatetraene which is sometimes described
as ‘antiaromatic’

Within the Hiickel approximations, the secular determinant of ethene is

a—-E f
p a-E

The hamiltonian matrix is of the same form, but with diagonal elements &

a B 0 1
(8 )-aen( 95

311



312

As explained in the text, in order to find the energies it is sufficient to diagonal-
ize the matrix on the right, and this is convenient because most mathematical
software packages are only able to diagonalize numerical matrices. The matrix
which achieves the diagonalization is

0.707 0.707
0.707 -0.707

and the diagonal elements are +1.00, implying that the energies are a + 1.00 S.

The secular determinant and hamiltonian matrix for butadiene are

a-E B 0 0 0100
B a-E B 0 ) 1010
0 B a-E P H=al+f1 51 01
0 0 p a-E 0010

The matrix which achieves the diagonalization is

0.372  0.602  0.602  0.372
0.602 0.372 -0.372 -0.602
0.602 -0.372 -0.372 0.602
0.372 -0.602 0.602 -0.372

The diagonal elements are +1.62, and +0.618, implying that the energies are
a+1.62fand o +0.618 f.

The secular determinant and hamiltonian matrix for hexatriene are

a-E f
a—-E

0 010000

0 101000
p 0 010100
0 001010
B 000101

0
B
B«
0
0 E 000010

SO o O™
o oo™

This is diagonalized by the matrix

0.232 0418 0521 0521 0.418 0.232
0.418 0521 0.232 -0.232 -0.521 -0.418
0.521 0.232 -0.418 -0.418 0.232  0.521
0.521 -0.232 -0.418 0.418 0.232 -0.521
0.418 -0.521 0.232  0.232 -0.521 0.418
0.232 -0.418 0.521 -0.521 0418 -0.232

The diagonal elements are +1.80, +1.25, and +0.445, implying that the energies
are o + 1.80 8, « £ 1.25 3, and o + 0.445 3
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The secular determinant and hamiltonian matrix for octatetraene are

«a-E B 0 0 0 0 0 0 01000000
B a-E B 0O 0 0 0 0 10100000
0 B a-E B 0O 0 0 0 01010000
0 0 B a-E B 0 0 0 00101000
0 0 0 B a-E B 0 0 H=al+1 0010100
0 0 0 0 B a-E B 0 00001010
0 0 0 0 0 p a-E B 00000101
0 0 0 0 0 0 B a-E 00000010

This is diagonalized by the matrix

0.161 0.303 0.408 0.464 0.464 0.408 0.303 0.161
0.303 0.464 0.408 0.161 -0.161 -0.408 -0.464 -0.303
0.408 0.408 0 -0.408 -0.408 0 0.408 0.408
0.464 -0.161 -0.408 -0.303 0.303 0.408 -0.161 -0.464
0.464 -0.161 -0.408 0.303 0.303 -0.408 -0.161 0.464
0.408 -0.408 0 0.408 -0.408 0 0.408 -0.408
0.303 -0.464 0.408 -0.161 -0.161 0.408 -0.464 0.303
0.161 -0.303 0.408 -0.464 0.464 -0.408 0.303 -0.161

The diagonal elements are +1.88, +1.53, £1.00, and +0.347, implying that the
energies are o + 1.88 8, o + 1.53 8, a + 1.00 3, and « + 0.347 5.

Each column of the diagonalization matrices gives the coeflicients of the atomic
orbitals for the corresponding molecular orbitals. For each molecule, the first
column gives the coefficients for the lowest energy m molecular orbital. All of
these coefficients have positive signs, therefore the lowest energy m molecular
orbital has no nodes and the lowest energy m molecular orbital is delocalized
over all carbon atoms in the chain. On going to successive columns to the right
the energy of the molecular orbital increases and the number of sign changes
within a column increases. These sign changes correspond to nodes in the
molecular molecular orbitals.

The bonding and antibonding effects of the HOMO and LUMO have to be con-
sidered to predict the changes in bond strength that accompany the transition.
The ground state electron configuration of butadiene is 172 2n?, therefore the
HOMO of butadiene is the 2m molecular orbital. Looking at Fig. 9E.2 on page
376, this molecular orbital is bonding between carbon atoms Cl and C2 and
likewise between C3 and C4, but antibonding between C2 and C3. The LUMO
of butadiene is the 3m molecular orbital, which is antibonding between carbon
atoms Cl and C2 and likewise between C3 and C4, but bonding between C2
and C3. Therefore promotion of an electron from the HOMO to the LUMO
weakens the bonding between Cl and C2 and likewise between C3 and C4, but
strengthens the bonding between C2 and C3.

The HOMO of benzene is the e;g orbital and the LUMO is the e,, orbital. One
of the e, orbitals, the one on the right in Fig. 9E.4 on page 377, is bonding
between two pairs of neighbouring carbon atoms, and nonbonding between all
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other pairs of neighbours. One of the e, orbitals, the one on the left in Fig. 9E.4
on page 377, is antibonding between the same two pairs of neighbouring carbon
atoms as above, and nonbonding between all other pairs of neighbours. There-
fore promotion of an electron between these two orbitals decreases the bond
strength between these two pairs of neighbours, and leaves the bond strength
unchanged between all other pairs.

However, the situation is more complicated due to the degeneracy of the HOMO
and LUMO. Promotion of an electron between all possible pairs of HOMO and
LUMO have to be considered together. Due to the six-fold rotational symme-
try of benzene, the bond strength between each pair of atoms is expected to
change the same way. The HOMO of benzene is overall bonding, whereas the
LUMO is antibonding, therefore promotion of an electron from the HOMO
to the LUMO will, in fact, decrease the bond strength between all pairs of
neighbouring carbon atoms in the molecule.

To estimate if the given species are stable with respect to dissociation into smaller
entities, the standard internal energy change for each dissociation reaction is
calculated and its sign examined. This change in internal energy is given by the
change in the total electron binding energies (E¢ot).

The energies of the molecular orbitals are calculated using the expression given
in Problem P9E.2. The occupied orbitals are identified and with this infor-
mation it is then possible to calculate the total electron binding energy of the
hydrogen ring compounds, as in the table below (VE is the number of valence
electrons)

species VE energies of occupied MOs Eiot

Hy 4  a+2p, o (degenerate) 4o + 4
Hs* 4  a+2B,a+0.6185 (degenerate) 4a +5.24f
Hs~ 6  a+2B,a+0.6185 (degenerate) 6a + 6.47f
He 6  a+2B, a+f (degenerate) 6a +8f
H,* 6  a+2B,a+1.250 (degenerate)  6a + 9
H, 2 a+f 20+ 2f
H;" 2 a+2f 200 + 4
H~ 2 o 2a

The table includes some other species of interest in these calculations. Note that
in Problem P9E.7 it is shown that H; ™ is lower in energy than H* + H,, therefore
the positively charged hydrogen ring compounds are more likely to dissociate
into H, and H;™, than to H, and H*. The negatively charged hydrogen ring
compounds are likely to give H, and H™ as dissociation products.

The stability of each species is examined in turn.

(i) The dissociation of Hy is likely to give two H, molecules, Hy — 2 H,.
Therefore A, U® = E(products) — Eyo(reactants) = 2(2a +28) — (4o +
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(ii)

(iii)

(iv)

v)

4f3) = 0. This means that there is no change in energy on dissociation,
but the process is likely to occur because of the increase in entropy that
will result.

The most likely dissociation process for Hs* is Hs* —— H, + H;3™.
Therefore A,U® = (2a +2f8) + (2a + 4f8) — (4 + 5.243) = 0.76p3. This
value is negative, hence Hs* is likely to be unstable with respect to H, and
H;".

The most likely dissociation process for Hs™ is Hs~ —— 2H, + H™.
Therefore A, U® = 2(2a + 2f) + (2a) — (6a + 6.47) = —0.478. This
value is positive, hence Hs™ is likely to be stable with respect to H, and
H™.

The most likely dissociation process for Hg is Hs —— 3 H,. Therefore
AU® =32 +2f) — (6a + 88) = —2. This value is positive, hence Hg
is likely to be stable with respect to H,.

The most likely dissociation process for H;* is H;¥ —— 2H, + H;*.
Therefore A, U® = 2(2a + 28) + (2a + 4f8) — (7a + 9f) = —f. This value
is positive, hence H;* is likely to be stable with respect to H, and H;™.

Data for ethanol (Cl is the oxygen-bearing carbon):

ethanol AMI* PM3* experimental
Cl-C2/pm 151.2 151.8 153.0
C1-O/pm 142.0 141.0 142.5
Cl-H/pm 112.4 110.8 110
C2-H/pm 111.6 109.7 109
O-H/pm 96.4 94.7 971
C2-C1-0/° 107.34 107.81 107.8
Cl1-O-H/° 106.65  106.74

H-C1-H/° 108.63  106.98

H-C2-H/° 108.24 10724

AfH®*(g) /KJmol™"  —262.18 -237.87 -235.10
dipole/D 1.55 1.45 1.69

Both methods give fair agreement with experiment but PM3 gives a better
estimate of formation enthalpy.

Data for 1,4-dichlorobenzene (Cl is a chlorine-bearing carbon):
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L4-dichlorobenzene AMI* PM3* experimental

C1-C2/pm 139.9 139.4 1388
C2-C3/pm 1393 1389 1388
C1-Cl/pm 169.9 1685 1739
C2-H/pm 1101 109.6
Cl-C1-C2/° 11971  119.42
Cl-C2-H/° 120.40 120.06
Cl-C1-C2-H/° 0.00  0.00

A¢H®(g) /KJmol™" 3336 4231 246
dipole/D 0.00 0.00 0.0

Both methods give poor agreement with the experimental formation enthalpy
but both methods are in broad agreement with experimental structural values.

Integrated activities

19.2

(a)

(b)

(c)

All the coefficients of the atomic orbitals for the molecular orbital y; are
positive, therefore it is a fully bonding molecular orbital. The molecular
orbital y3 has alternating positive, negative and then positive coeflicients,
therefore it is a fully antibonding molecular orbital. The molecular orbital
¥, is non-bonding, with no interaction between atomic orbitals on adja-
cent atoms.

The oxygen, carbon and nitrogen atoms all contribute one p orbital (the
2p. atomic orbital) to the  system, therefore they must be sp® hybridized.
All the o bonds to an sp? hybridized atom must lie in the same plane,
therefore all the atoms connected to the oxygen, carbon and nitrogen
atoms must lie in the same plane together with the oxygen, carbon and
the nitrogen atoms.

The molecular orbital energy level diagram is shown in part (a). There
are four electrons in the m system of the peptide link. Two electrons come
from the formal 7 bond between the oxygen and the carbon atoms, and



(d)

(e)

()

(g)

two from the formal lone pair on the nitrogen atom. Hence the two low-
est energy molecular orbitals, that is the bonding and the non-bonding
molecular orbitals, are filled.

This picture of bonding in the peptide group does not invoke delocal-
ization. The lowest energy, bonding molecular orbital, y4, represents a
localized m bond between the oxygen and the carbon atoms. According
to this representation, the next highest energy molecular orbital, ys, is
the lone pair on nitrogen, a non-bonding molecular orbital. The high-
est energy molecular orbital, ¢ is the antibonding n* molecular orbital
between the oxygen and the carbon atoms. The four electrons in the
system occupy the two lowest energy molecular orbitals.

A q /
E )

"""""""" N 17

Assume that the oxygen, carbon and nitrogen atoms are sp> hybridized.
The p orbital on nitrogen is in the plane in which the oxygen, carbon and
their neighbouring atoms are, therefore the two other atoms connected
to nitrogen must lie in a plane perpendicular to this one. Therefore the
oxygen, carbon, nitrogen and the neighbouring atoms cannot all lie in the
same plane.

The bonding molecular orbital y; must be lower in energy than 4, be-
cause Y extends over three atoms and is bonding between two pairs of
atoms, whereas 4 extends over two atoms only and is bonding between
one pair of atoms only. Following the same logic, 3 must be higher in
energy than ye. Disregarding the small difference in the Coulomb inte-
gral of nitrogen and oxygen, the nonbonding orbitals have approximately
the same energies.

Only the two lowest energy molecular orbitals are occupied in either case.
Occupation of the non-bonding orbital does not result in any difference
in the m-electron binding energies. The bonding molecular orbital in the
case of the planar peptide link is lower in energy, hence occupation of
this orbital results in greater m-electron binding energy when compared
with the occupation of the bonding molecular orbital in the non-planar
peptide link. Therefore planar geometry is the lower energy conformation
of the peptide link.
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19.4

19.6

The lower the energy of the vacant orbital, the lower the energy cost of transfer-
ring an electron into that orbital. Hence the tendency of the species to accept
electrons is greater, and so the standard reduction potential of the given species
is also greater. Therefore lower LUMO energy leads to greater standard reduc-
tion potential.

(a) The table below lists the energy of the HOMO and the LUMO of the
relevant molecules calculated using the PM3 method. The energy gap
AE between the HOMO and LUMO is given in eV, as well as the corre-
sponding wavenumber of the transition.

molecule  Erumo  Enomo  AE (AE/hc) Vobs
eV eV /eV  [(10*cm™)  Jem™!
C,H, 1.23 -10.6 11.8 9.52 61500
C4Hg 0.263 -9.47 9.73 7.85 46080
CeHg -0.249 -8.90 8.65 6.98 39750
CgHjo -0.557 -8.58 8.02 6.47 32900
CioHpz -0.756 -8.38 7.62 6.15
10
T L
£ 9
Q
E
= 8
<
-~
ey
27
6 | | | | | |
3.0 35 40 45 50 55 6.0 6.5
Vobs/(10* cm™")
Figure 9.9

(b) A plot of the predicted frequency of the transitions against the observed
frequencies is shown in Fig. 9.9. The data points are of a good fit to a
straight line. The equation of the best fit line is

(AE/hc)/(10* cm™) = 1.09 ¥op/(10* cm ™) +2.78

(c) The HOMO-LUMO energy gap for decapentaene calculated using the
PM3 method corresponds (AE/hc)/(10* cm™') = 6.15, therefore the
predicted wavenumber of the transition is given by

6.15-2.78
9 10t cm ™) = —="" =309
obs/ ( ) 1.09

hence the transition is predicted to be at|3.09 x 10* cm™!|
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(d) The computational method used in this problem adequately predicts the
trend in the transition wavenumber but performs poorly in predicting its
absolute value; an error of about 30000 cm™ is typical. The calibration
procedure is used to correct the predicted transition wavenumber so that
it agrees as closely as possible with the observed values as possible.






@ Molecular symmetry

10A Shape and symmetry

Answers to discussion questions

D10A.2

D10A.4

symmetry operation symmetry element

identity, E the entire object

n-fold rotation n-fold axis of symmetry, C,
reflection mirror plane, o

inversion centre of symmetry, i

n-fold improper rotation  n-fold improper rotation axis, S,

A molecule may be chiral (optically active) only if it does not possess an axis of
improper rotation, S,,.

Solutions to exercises

E10A.1(b) From the table in Section 10A.2(c) on page 393 a molecule belonging to the

point group D3y, such as BF; (Fig. 10.1), possesses

 the
e a perpendicular to the plane of the molecule and passing through
the boron atom

« three [C, axes], each passing through the boron and one of the fluorine

atoms

o a ‘horizontal mirror mirror plane oy, ‘ in the plane of the molecule

In addition

« the elements C; and o}, jointly imply the presence of an | S; |axis coincident
with the C; axis

« the presence of the C; axis and three C, axes jointly imply the presence of
three ‘Vertical mirror planes oy ‘, each containing the C; axis and passing
through the boron and one of the fluorines
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E10A.2(b)

Figure 10.1

The point group of the trans-difluoroethene molecule is identified by following
the flow diagram in Fig. 10A.7 on page 391. Firstly, the molecule is not linear,
which leads to the question “Two or more C,, n > 22" There is one C, axis
perpendicular to the plane of the molecule, but no higher order axes, so the
answer to this question is ‘No. However the fact that it does have a C, axis
means that the answer to the next question “C,?” is ‘Yes.

This leads to the question “Select C,, with the highest n; then, are there nC,
perpendicular to C,?” The answer to this is ‘No’ because the C, axis identified
so far is the only C,, axis possessed by the molecule; there are therefore no C,
axes perpendicular to it.

This leads to the question “0,?” to which the answer is ‘Yes’ because there is a
horizontal mirror plane in the plane of the molecule, perpendicular to the C,
axis. This leads to the result C,j, and because the C, axis with highest # in this
molecule is C,, it follows that the point group is .

Alternatively, the point group may be identified from the table in Fig. 10A.8 on
page 391 by drawing an analogy between the shape of the trans-difluoroethene
molecule and the shape that appears in the in the box corresponding to Cyp,.

From the table in Section 10A.2(c) on page 393 a molecule belonging to the
point group C,j, such as trans-difluoroethene posseses

+ the ey ]

o a , perpendicular to the plane of the molecule and passing through
the midpoint of the C=C double bond.

o a ‘horizontal mirror plane o'h‘ in the plane of the molecule

In addition

« The C, and oy, elements jointly imply a [centre of inversion i, which lies
at the midpoint of the C=C double bond.

These symmetry elements are shown in Fig. 10.2.

Figure 10.2



E10A.3(b) The objects to be assigned are shown in Fig. 10.3. For clarity not all symmetry
elements are shown.

Figure 10.3

@

(ii)

(iii)

(iv)

A sharpened cylindrical pencil is assigned a point group using the flow
diagram in Fig. 10A.7 on page 391, assuming that the main part of the
pencil is a perfect cylinder with no lettering or other pattern and that the
sharpened tip is a perfect cone. Itislinear, in the sense that rotation by any
angle around the long axis of the pencil is a symmetry operation so that
the pencil possesses a Co, axis. However, unless it has been sharpened
at both ends, it does not possess a centre of inversion i. From the flow
diagram this establishes its point group as|Cooy|

Alternatively the point group may be identified from the summary table
in Fig. 10A.8 on page 391 by drawing an analogy between the shape of the
pencil and the cone in the cell of the table corresponding to Cooy.

Modelling the box as a cuboid with length, width and height all different
and ignoring any lettering, pattern, and any means of opening the box, its
point group is established using the flow diagram in Fig. 10A.7 on page
391. It has three C, axes, each passing through the centre of a pair of
opposite faces. It also has three mirror planes, one perpendicular to each
of the three C, axes. Using the flow diagram this establishes its point
group as [Dyp

Alternatively the point group may be identified from the summary table
in Fig. 10A.8 on page 391 by noting that the symmetry of the box is the
same as that of the rectangle in the cell corresponding to Dyy.

An unpatterned coffee mug with a handle has a plane of symmetry that
contains the handle, but no other symmetry elements apart from the iden-
tity. Using the flow diagram in Fig. 10A.7 on page 391 this identifies its
point group as .

The described propeller has a C; axis along the axis of the propeller and a
o, mirror plane perpendicular to this which contains the three blades. It
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also has three C, axes perpendicular to the Cj axis, each passing through
one of the blades, as well as three o, mirror planes and an S; axis. Us-
ing the flow diagram in Fig. 10A.7 on page 391 these symmetry elements
establish the point group as .

(v) Iftheblades on the propeller are twisted then the C; axis and the three C,
axes are retained but the there are no longer any mirror planes. Using the
flow diagram in Fig. 10A.7 on page 391 the point group is therefore .

E10A.4(b) The molecules to be assigned are shown in Fig. 10.4. For clarity not all symme-

try elements are shown.

- C210v ,CZ:OV 7777777777777777777777777777
T SN c
Q 0
,,,,,,, o i o7 cl cl
Furan y-pyran 1,2,4-trichlorobenzene
Figure 10.4

In each case the point group is identified using the flow diagram in Fig. 10A.7
on page 391 having identified the symmetry elements, or by drawing an analogy
with one of the shapes in the summary table in Fig. 10A.8 on page 391.

(i) Furan possesses the symmetry elements

+ the ety

. a axis that lies in the plane of the molecule and passes through
the oxygen atom.

« two different ‘Vertical mirror planes o, ‘, both containing the C, axis
but with one lying in the plane of the molecule and the other per-
pendicular to it.

The point group is[Cyy ]

(ii) Assuming the six-membered ring to be planar, y-pyran possesses the sym-
metry elements

- he
o a axis that lies in the plane of the molecule and passes through
the oxygen atom and the opposite carbon

« two different \Vertical mirror planes oy ‘, both containing the C, axis
but with one lying in the plane of the molecule and the other perpen-
dicular to it and containing just the oxygen and the opposite carbon.

The point group is [Cyy].
(iii) 1,2,4-trichlorobenzene has a in the plane of the molecule

but no other symmetry elements apart from the identity. Its point group

is therefore .




E10A.5(b) The molecules to be assigned are shown in Fig. 10.5 along with some of their
symmetry elements. For clarity not all symmetry elements are shown in all
cases.

@]

T---

®---T

HF IF; CIF; Fe,(CO)s

G

C4,S4
- /\C3,SG

cubane tetrafluorocubane

Figure 10.5

@

(ii)

(iii)

HF is a linear molecule and does not possess a centre of inversion. Using
the flowchart in Fig. 10A.7 on page 391 this is sufficient to establish the

point group as [Coov].

IF; possesses a Cs axis that passes through the iodine and the two axial
fluorine atoms, and five C, axes perpendicular to the Cs axis, each of
which passes through the iodine and one of the five equatorial fluorine
atoms. It also has a oy, mirror plane containing the iodine and all five
equatorial fluorines. These symmetry elements establish the point group
as|[Csp|. The molecule also has five g, mirror planes each containing the
iodine, the two axial fluorines and one of the equatorial fluorines, and an
S5 axis coincident with the Cs axis.

The T-shaped molecule CIF; has a C, axis that passes through the chlorine
and the fluorine at the base of the T. It also has two o, mirror planes
containing this axis; one of these corresponds to the plane of the molecule
and contains all four atoms while the other is perpendicular to it and
just contains the chlorine and the fluorine at the base of the T. These
symmetry elements establish the point group as[Cyy ]|
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(iv)

)

(vi)

Fe,(CO), possesses a Cs axis that passes through the two iron atoms, and
a oy, mirror plane perpendicular to this axis that passes through the three
bridging CO groups. There are also three C, axes perpendicular to the C;
axis, each passing through one of the three bridging CO groups. These
symmetry elements establish the point group as[Dj3p | The molecule also
has an S; axis coincident with the C; axis, and three o, planes, each
passing through the two iron atoms, one of the bridging CO groups, and
one of the terminal CO groups on each iron.

Cubane has the same symmetry as a cube. It has three C4 axes, each
passing through the centre of a pair of opposite faces, and three oy, mirror
planes, one perpendicular to each Cy axis. It also has four C; axes, each
passing through a pair of diagonally opposite corners, six C, axes which
pass through the centres of diagonally opposite edges, and six o4 mirror
planes perpendicular to these six C, axes. Finally there are three Sy axes
coincident with the C, axes, four Sg axes coincident with the C; axes, and
a centre of inversion i. This set of symmetry elements matches that given
for the group in the table in Section 10A.2(e) on page 393, and Oy, is
also the conclusion reached from the flow diagram in Fig. 10A.7 on page
391.

In tetrafluorocubane, the four C; axes which pass through opposite cor-
ners of the cube are retained, as are the six o4 planes. However, the C4
axes through opposite sides of the cube are replaced by C, axes due to the
reduced symmetry, and the C, axes that were present passing through
opposite edges are no longer present. The oy, mirror planes are also lost,
as is the centre of inversion and the Sg axes, but the three S, axes are still
present. The set of symmetry elements present matches that given for the
group in the table in Section 10A.2(e) on page 393, and Tj is also the
conclusion reached from the flow diagram in Fig. 10A.7 on page 391.

E10A.6(b) The molecules are shown in Fig. 10.6 along with their point groups. For clarity
not all symmetry elements are shown.

trans-C,H,F,  1,2,4-trinitrobenzene
C2h Cs

Figure 10.6

As explained in Section 10A.3(a) on page 394, only molecules belonging to the
groups C,, C,y, and C; may be polar.
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(i) CHFs;, fluoroform, belongs to point group Csy so it |may be polar| The
dipole must lie along the C; axis, which passes through the hydrogen and
the carbon.

(ii) PCIs has a trigonal bipyramidal shape and belongs to point group Djp,.

Therefore it be polar.

(iii) trans-difluoroethene belongs to point group Cyy, so it be polar.

(iv) 1,2,4-trinitrobenzene belongs to point group Cs so it |may be polar|.

E10A.7(b) Therearel5 distinctisomers of dichloroanthracene, which are shown in Fig.10.7
together with their point groups. All isomers have a mirror plane in the plane
of the paper; additional symmetry elements are marked.

o
cl2 N
L.
4 10 5

1,2 isomer 1,3 isomer . 1,4 isomer 1,5 isomer

cl Cl
Cl

1,6 isomer - 1,7 isomer . 1,8 isomer 1,9 isomer .

1,10 isomer 2,3 isomer 2,6 isomer C2h 2,7 isomer

.a.m

CZvcv

2,9 isomer . 2,10 isomer 9,10 isomer

Figure 10.7

E10A.8(b) As explained in Section 10A.3(b) on page 395, to be chiral a molecule must not
possess an axis of improper rotation, S,. This includes mirror planes, which
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are the same as Sy, and centres of inversion, which are the same as S,. The table
in Section 10A.2(e) on page 393 shows that a molecule belonging to Tj, pos-
sesses Sg, i, and o, symmetry elements, so such a molecule ‘may not be chiral|.
Similarly the table in Section 10A.2(e) on page 393 shows that a molecule be-
longing to T4 possesses S4 and o4 symmetry elements, so such a molecule
‘may not be chiral ‘

Solutions to problems

P10A.2

P10A.4

The molecules are shown in Fig. 10.8 along with some of their key symmetry el-
ements. For clarity the sulfur atoms have been omitted and not all symmetry el-
ements are shown. The point group of each species is determined using the flow
diagram in Fig. 10A.7 on page 391. Then, as explained in Section 10A.3(a) on
page 394, molecules belonging to C,,, C,, or Cs; may be polar while molecules
belonging to all other point groups are not.

+Ca
E
“Fra,, |jorF
F F-y
e 2 Ca
SF, SFE5;Cl trans-SF4Cl,

‘C4V, polar‘ ‘D4h, not polar‘

CiS-SF4C12 fac—SF3C13 mer—SF3C13

Figure 10.8

There are five distinct geometric isomers which are shown in Fig. 10.9 together
with their point groups and some of their symmetry elements. For clarity not
all symmetry elements are shown.

As explained in Section 10A.3(b) on page 395 a molecule is only chiral only if it
does not possess an S, axis; this includes mirror planes o, which are equivalent
to Sy, and centres of inversion i, which are equivalent to S,. Of the five isomers
only the isomer, which possesses no symmetry elements apart from the
identity and therefore belongs to the point group Cj, is chiral.
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P10A.6 The [Ni(C;HgN50,),]** ion is shown in Fig. 10.10.

The complex possesses a C, axis which passes through the nickel and the two
pyridine nitrogens, and an S, axis coincident with this. Viewing the complex
down this C, axis reveals two C} axes and two mirror planes, which are dihedral
planes o4 because they bisect the angle between the Cj axes. Using the flow
diagram in Fig. 10A.7 on page 391 these symmetry elements establish the point

group as .

10B  Group theory

Answer to discussion questions

D10B.2 A representative is a mathematical operator, usually taking the form of a matrix,
that represents the effect of a particular symmetry operation. It is constructed
by considering the effect of the operation on a particular set of basis functions.
The set of all these mathematical operators corresponding to all the operations
of the group is called a representation.

D10B.4 The process by which a representation is reduced in described in Section 10C.1(b)
on page 408.
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Solutions to exercises

E10B.1(b)

E10B.2(b)

BF; belongs to the point group D3p. The C; operation corresponds to rota-
tion by 120° around the C; axis which passes through the boron atom and is
perpendicular to the plane of the molecule.

Figure 10.11

Using the orbital numbering shown in Fig. 10.11, a 120° rotation in the direction
indicated leaves the boron p orbital p; unchanged but permutes the fluorine
orbitals: p, is converted to ps, p3 to ps, and p4 to p,. This effect is written as
(p1P3 P+ P2) < (p1 P2 p3 pa ) which is expressed using matrix multiplica-
tion as

D(Cs)

1000

0001
(P1P3PeP2)=(PrP2pPsPe)| g o |= (P p2ps pa)D(Cs)

0010

The representative of this operation is therefore

1000
0001
0100
0010

D(C;) =

BF; belongs to the point group D3,. The oy operation corresponds to a re-
flection in the plane of the molecule, while the C; operation corresponds to
rotation by 120° around the C; axis which passes through the boron atom and
is perpendicular to the plane of the molecule (Fig. 10.12).

Figure 10.12

Using the orbital numbering shown in Fig. 10.12, the matrix representatives
for the oy, and C; operations were found in Exercise E10B.1(a) and Exercise



E10B.3(b)

E10B.1(b) to be
10 0 0 1000
0-10 0 0001
Dlan)=] ¢ o -1 0| 2 D(G)=[5190
00 0 -1 0010

The matrix representative of the operation Czoy, is found by multiplying the
matrix representatives of C; and o0y,. Basic information about how to handle
matrices is given in The chemist’s toolkit 24 in Topic 9E on page 373.

1000\/-10 0 0 210 0 0
0001 |[ 0 -10 o 00 0 -1
D(Cs)D(aw) =[5 1 00|l 0 0 -1 0 |7|[ 0 -1 0 o
0010/\0 0 0 -1 0 0 -1 0

The operation corresponding to this representative is found by considering its
effect on the starting basis

-10 0 O
0 0 0 -1

(P1 P2 P3 P4) 0 -1 0 0 =(-p1 —P3 —Ps —P2)
0 0-10

The operation Csoy therefore changes the sign of py, and converts p,, p3 and
P4 into —ps3, —p4, and —p, respectively. This is precisely the same outcome

as achieved by the , that is, a 120° rotation around the C; axis

followed by a reflection in the oy, plane. Thus, D(Cs)D(0,) = D(S3).

Fig. 10.13 shows BF3, an example of a molecule with D3}, symmetry. The three
C, axes are labelled C,, C}, and CY/, and likewise for the ¢, mirror planes.

v

N | 1 s
Cz"0y 13 C20v  cyos 41 Caoy

Cxho," 211 Caoy

Cylo,CY =0,

-1 7 4 /=1 11 ~1
v Gy 0,Cy =0, Cy o, C =0y

Figure 10.13

The criteria for two operations R and R’ to be in the same class is given by
[10B.1-398], R’ = S™'RS where S is another operation in the group. The task is
therefore to find an operation S in D3y, such that this equation is satisfied when
R and R’ are two of the o, planes.
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E10B.4(b)

E10B.5(b)

Referring to the first diagram in Fig. 10.13, to show that ¢, and g, are in the
same class consider the operation C5~'0,C5. Start at the arbitrary point 1, and
recall that the operations are applied starting from the right. The operation CY
moves the point to 2, and then ¢, moves the point to 3. The inverse of a C,
rotation is itself, C}~' = CY, so the effect of C5~! is to move the point to 4.
From the diagram it can be seen that 4 can be reached by applying ¢, to point
1, thus demonstrating that C5~'6,C5 = ¢! and hence that o, and ¢, belong to

the same class.
In a similar way the second diagram in Fig. 10.13 shows that C;'0/C, = ¢!’ and

hence that ¢, and g’ belong to the same class, while the third diagram shows
that ¢’ and o, belong to the same class.

The orthonormality of irreducible representations is defined by [10B.7-402],

r( 0 fori#+j

1fori=j (10.1)

1 ©)
NG CICR
where the sum is over all classes of the group, N(C) is the number of operations

in class C, and h is the number of operations in the group (its order). Xr(i) (C)
is the character of class C in irreducible representation I'("), and similarly for

XF(J) (C)

The character table for the point group D3y, is given in the Resource section. The
operations of the group are {E, oy, 2Cs, 2S3, 3C5, 30y}, and h = 12. There are
6 classes and the values of N(C) are the numbers multiplying the operations
listed.

The irreducible representation E’ has characters {2, 2, -1, -1, 0, 0}. With r =
E’ and ') = A/, which has characters {1, 1, 1,1, 1, 1}, eqn 10.1 evaluates as

S{1x2x1 + 1x2x1 + 2x(=1)x1 + 2x(=1)x1 + 3x0x1 + 3x0x1} =0

With ') = E and T = A, which has characters {1, 1, 1, 1, -1, -1}, the sum
is

S{1x2x1 + 1x2x1 + 2x(=1)x1 + 2x(=1)x1 + 3x0x(-1) + 3x0x(-1)} = 0

With I() = B and T)) = E”, which has characters {2, -2, —1, 1, 0, 0}, the sum
is

S{1x2x2 + 1x2x(=2) + 2x(=1)x(=1) + 2x(=1)x1 + 3x0x0 + 3x0x0} = 0

These results confirm that the E’ irreducible representation is orthogonal to A],
A, and E”.

The Dy, character table is given in the Resource section. As explained in Sec-
tion 10B.3(a) on page 402, an s orbital on a central atom always spans the totally
symmetric representation of a group, which in Dy, is , as it is unchanged
under all symmetry operations. The symmetry species of the p and d orbitals



E10B.6(b)

E10B.7(b)

are found using the information on the right hand side of the character table.
The position of z in the table shows that p,, which is proportional to zf (), has
symmetry species in Dyyp. Similarly the positions of x and y in the char-
acter table shows that p, and p,, which are proportional to xf(r) and yf(r)
respectively, jointly span the irreducible representation of symmetry species

El

In the same way the positions of z?, x> — y%, and xy in the character table

show that d.2, d,>_2, and d,, have symmetry species , [Big) and

respectively, while the positions of yz and zx show that d,,; and d., jointly

span [Eg].

As explained in Section 10B.3(c) on page 404, the highest dimensionality of
irreducible representations in a group is equal to the maximum degree of de-
generacy in the group. The highest dimensionality is found by noting the max-
imum value of y(E) in the character table. An icosahedral nanoparticle has I,
symmetry, the character table for which is given in the Online resource centre.
The maximum value of y(E) is 5, corresponding to the H irreducible represen-
tations. Therefore the maximum degeneracy of a particle inside an icosahedral

nanoparticle is [fivel.

As explained in Section 10B.3(c) on page 404, the highest dimensionality of any
irreducible representation in a group is equal to the maximum degree of de-
generacy in the group. The highest dimensionality is found by noting the max-
imum value of y(E) in the character table. 1,4-dichlorobenzene has D, sym-
metry, and from the D,y character table in the Resource section the maximum
value of y(E) is 1, that is, all irreducible representations are one-dimensional.
Therefore the maximum degeneracy of the orbitals in 1,4-dichlorobenzene is

1.

Solutions to problems

P10B.2

Fig. 10.14 shows that a C, rotation followed by a reflection in a mirror plane
perpendicular to the C; axis is equivalent to an inversion i. Hence 0,C; = i.

Figure 10.14

Because criterion 3 of the definition of a group given in Section 10B.1 on page
397 specifies that RR’ is equivalent to a single member of the group, it follows
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P10B.4

that if a group has both a C, operation and a ¢}, operation it must also have the
operation oy, C;, which as shown above is i.

The methane molecule and Hls orbitals are shown in Fig. 10.15, along with one
operation of each class. Note that different operations in the same class may
give different representatives, but these representatives will necessarily all have
the same trace.

Figure 10.15

The C; operation shown in Fig. 10.15 leaves s, unchanged but converts sp into
Sc, Sc into sp, and sp into sp: (sa Sc Sp SB ) < (sa sB Sc sp ). This is written
using matrix multiplication as

D(C3)
—
1 000
0 0 0 1
(sascspss)=(sassScsp) 010 0
001 0

The matrix D(C3) is the representative of the C; operation in this basis. Sim-
ilarly, the C, operation shown in Fig. 10.15 exchanges s and sg, and also ex-
changes s¢ and sp. This is written using matrix multiplication as

D(C)
—_—
01 0 0
1 0 0 O
(SBSASDSC)—(SASBSCSD) 00 0 1
0 0 1 0

The o4 operation shown in Fig. 10.15 leaves s, and sg unchanged and exchanges
sc and sp; this gives

D(oq)

(sa B SD Sc) =(sa SB SC SD)

S O O
S O =
— O O
o = O O



P10B.6

The S4 operation shown in Fig. 10.15 converts s, to sp, g t0 s¢, Sc to s, and
sp to sp, giving

D(S4)

(sp sc sa sB) =(sa SBSc sp)

—_ o O O
e o~ o O
S O O =
S O = O

Finally, the E operation leaves all orbitals unchanged, meaning that its repre-
sentative is simply the identity matrix

D(E)

(=)

(sa spScsp)=(sasBScsp)

S O O =
S O = O
o = O

— o O O

In the previous exercise, the representatives were found to be

1000 0001 0100 0010
o100 ~ o010 o | 1000 . _|ooo1
D(E)=[g010| PCD=[g100| PCI=[g001| PCD=|1000
0001 1000 0010 0100

0010 1000 0100 0001
~_looo1 | 0100 ey | 1000 wn_|0010
D) ={1000]| P)=[0010| )= 0001 P)=| 0100
0100 0001 0010 1000

The group multiplications are verified by multiplying the corresponding matrix
representatives

D(C3) D(C)) D(C})
0010\/0100 0001
0001|1000 0010

D(C;)D(C;) = 1oo00flooo1]|"lo100]|P(C)
o100/\oo1o0 1000

D(¢*) D(C3) D(C))
0001\/0010 0100
oo10|looo1 1000

D)D)= g 1001000 |7]000 1P

1o000/\o100 0010

D(i) D(C)) D(o*%)
0010\/0100 0001
0oo0o01f|l1000 0010

. Yy _ _ _ Xz
DHDC)=1 1 900 flooo1|"|o100][P0)
o100/\oo1o0 1000
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P10B.8

P10B.10

Performing the matrix multiplications gives

o () %523)(3;)(&)@

01\(1 0 0-1 01\(10 01
%02 =\1o0)lo-1) \10 )79 %%={10)lo1) \10)7%
0-i\fo1 -i0 0-i\[0-i 10
o=\ 10 \oi)~ 7% =L io) \o1)™%
0-i\(10 0i 0-i\[10 0 —i
90z = | 4 0-1) \io) ™% 9%=1; 01) \io)™%
10\[(01 01\ . 10\(0-i 0 —i
%20 = o-1)\10) "\ -10) 7' %" o-1){io ) \-i0)™ %
f1o0)\(10) (10)_ 10)(10) (10)_
%% =\o-1)\o-1 01)~% %%=1g_1)\lo1) \o-1)7%
f(10\[{o1) (o1} _ 10\(o-i\ (o0-i)_
%% =\o1)l10 10)7% 9% =1o1)lio) " \io y
10\(1 0 10 10\(10 10
%% = o1 Jlo-1) " \o-1)7% 9% =\o1)lo1) \o1)™%

The RR’ multiplication table is therefore

R| R - o, oy o, 0y
Oy 09 io, —igy Oy
ay —io, 0y i0y ay
0, igy —i0y 0y 0,
(o)) Oy O’y (% [

The four matrices do form a group under multiplication. This is because
they do not satisty criterion 3 in Section 10B.1 on page 397, that the combination
RR’ must be equivalent to a single member of the collection. For example,
0,0y = i0, but io, is not one of the four matrices.

The two wavefunctions are shown schematically in Fig. 10.16, where the shading
indicates the sign of the wavefunction.

It is clear from Fig. 10.16 that a Cj rotation, taken to be 90° anticlockwise,
converts ¥, 3 into y3 2 and y3 5 into Y30 (Y32 —¥23) < (Y23 V32 ). Sim-
ilarly C; transforms ( —y35 ¥2,3 ) < (2,3 V3,2 ), C, changes the sign of both
wavefunctions, while E leaves both unchanged. Writing these using matrix
multiplication gives
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L X L X
Yo = (3)sin(32)sin (F2)  yso = () sin (3)sin (52)
Figure 10.16

D(E)

1 0
For E: (23 ¥3.2) = (Y23 1//3,2)( 0 1 )

D(CY)
—_——

0 -1
For Cy: (y3,2 —¥23) = (V23 V3,2 )( 1 o )

D(Cy)

0 1
For Cy: (=y32 ¥23) = (V23 V32 )( -1 0 )

D(C)
—_—

-1 0
For Cp: (—v2;3 —¥32) = (Y23 ¥3.2 )( 0 -1 )

The characters are

X(E)=2 x(C{)=0 x(C{)=0 x(Cp)=-2

Noting that C; and Cj are in the same class and appear in the column labelled
2Cy, the C4 character table in Table 10B.3 on page 405 shows that the basis
of ¥,,3 and 3, spans the doubly degenerate irreducible representation E. It
follows that these two wavefunctions are degenerate.

10C Applications of symmetry

Answers to discussion questions

D10C.2 The key point is that only orbitals (or combinations of orbitals) which transform
as the same symmetry species (irreducible representation) can overlap to form
molecular orbitals. The first step is therefore to classify the valence orbitals
according to symmetry. Usually, it is possible to identify sets of such orbitals
which are interconverted by the operations of the group and so can be consid-
ered separately from other sets. Having classified a set of orbitals according to
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symmetry the projection operator is then used to construct symmetry-adapted
linear combinations (SALCs) each of which transforms as a single symmetry
species (irreducible representation). The molecular orbitals are formed from
the overlap of these SALCs.

Solutions to exercises

E10C.1(b)

E10C.2(b)

E10C.3(b)

As explained in Section 10C.1 on page 406 an integral can only be non-zero if
the integrand spans the totally symmetric irreducible representation, which in
Dsyp, is Al From Section 10C.1(a) on page 407 the symmetry species spanned by
the integrand p,zp, is found by the forming the direct product of the symmetry
species spanned by py, z, and p, separately. These are read off the D3}, character
table by looking for the appropriate Cartesian functions listed on the right of
the table: x and hence p, spans E’, while z and hence p, both span AY. The
direct product required is therefore E' x A} x AY.

The order does not matter, so this is equal to AY x AY x E’. This is equal to
Al x E' because, from the second simplifying feature listed in Section 10C.1(a)
on page 407, the direct product of an irreducible representation such as A
with itself is the totally symmetric irreducible representation A}. In turn, A} x
E’ is simply equal to E’ because, from the first simplifying feature listed in
Section 10C.1(a) on page 407, the direct product of the totally symmetric irre-
ducible representation with any other representation is the latter representation
itself: A} x T() = T()_ The integrand therefore spans E. This is not the totally
symmetric irreducible representation, therefore the integral is [zero].

As explained in Section 10C.3 on page 411, an electric dipole transition is forbid-
den if the electric transition dipole moment y, g is zero. The transition dipole
moment is given by [10C.6-411], u, s = —e [ y; qy; dt where q is x, y, or z.
The integral is only non-zero if the integrand contains the totally symmetric
irreducible representation, which from the Dgy, character table is Ajg.

For a transition Ajg — Ey, the symmetry species of the integrand is given by
the direct product A, g % @ x E,y. The order does not matter so this is equal
to Ajg x Epy x '@, which is simply equal to E, x T4 because, from the first
simplifying feature listed in Section 10C.1(a) on page 407, the direct product of
the totally symmetric irreducible representation with any other representation
is the latter representation itself. Therefore A4 x E;, = Ezy.

The direct product Ey, x I'(4) contains the totally symmetric irreducible repre-
sentation only if I'4) spans E,, because, according to the second simplifying
feature listed in Section 10C.1(a) on page 407, the direct product of two irre-
ducible representations contains the totally symmetric irreducible representa-
tion only if the two irreducible representations are identical. The Dg}, character
table shows that none of x, y or z span E,, so it follows that the integrand does

not contain A, and hence the transition is |forbidden |

As explained in Section 10C.1(a) on page 407 the symmetry species of xyz is
determined by forming the direct product between the irreducible representa-
tions spanned by x, y and z individually. Inspection of the D,}, character table



E10C.4(b) The OF, molecule and the two combinations of p, orbitals are shown in Fig. 10.17.

E10C.5(b)

shows that x spans B3, in D3}, while y and z span B, and By, respectively. The
direct product is

E C C CG i o7 o o=
B, 1 -1 -1 1 -1 1 -1 1
Boy 1 -1 1 -1 -1 1 1 -1
By 1 1 -1 -1 -1 -1 1 1
1 1 1 1 -1 -1 -1 -1

product

The characters in the product row are those of symmetry species A,,, thus con-
firming that the function x yz has symmetry species Ay in Dyy,.

py(A) +py(B) py(A) - py(B)

Figure 10.17

The first combination, p,(A) + p,(B), is left unchanged by E and oy, but has
its sign changed by the C, and o, operations. Its characters are therefore

X(E)=1  x(C)=-1  x(o)=-1  x(oy)=1

Inspection of the C,, character table shows that these are the characters of the
B, irreducible representation, so p,(A) + p,(B) spans[B,].

The second combination, p,(A) - p,(B), is unchanged by all of the operations
of the group and therefore spans the totally symmetric irreducible representa-

tion .

As explained in Section 10C.2(a) on page 409, only orbitals of the same sym-
metry species may have a nonzero overlap. Inspection of the Cy, character
table shows that the oxygen [2s] and orbitals both have A; symmetry, so
they can interact with the p,,(A) - p, (B) combination of fluorine orbitals. The
oxygen orbital has B, symmetry, so it can interact with the p,,(A) +p,(B)
combination of fluorine orbitals. The oxygen 2p, orbital has B; symmetry, so
cannot interact with either combination of fluorine orbitals.

As explained in Section 10C.2(a) on page 409, only orbitals of the same symme-
try species may have a nonzero overlap. Inspection of the Ds}, character table
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E10C.6(b)

E10C.7(b)

shows that the boron 2s and p, orbitals span A} and A} respectively, while the
px and p,, orbitals jointly span E’. Therefore[p_|can interact with the A} SALC,
while none of the boron valence orbitals have the correct symmetry to interact
with the E” SALC.

The character table also shows that d,» spans A7, d,2_,» and d,,, jointly span E’,
and d, and d_, jointly span E”. Therefore the none of the d orbitals have the

correct symmetry to interact with the AY SALC, but can interact

with the E”” SALC.

As explained in Section 10C.3 on page 411, a transition from a state with sym-
metry I'D to one with symmetry T'¥) is only allowed if the direct product
D x 1@ x 1) contains the totally symmetric irreducible representation,
which in C,, is A;. In this case r® = B, and r@ =10 = B, because, from
the C,, character table, y spans B,. The required direct product is therefore
I'®) x B, x B,. The product B, x B, is evaluated by multiplying the characters
of the two representations.

E C o, 0
B, 1 -1 -1 1
B, 1 -1 1 -1
product 1 1 -1 -1

The characters of the product row correspond to those of A,, therefore B, xB; =
A, and hence T(") x B, x By = T0) x A,. If this product is to span A; then
the symmetry of the upper state ') must be because, according to the
second simplifying feature of direct products listed in Section 10C.1(a) on page
407, the direct product of two irreducible representations only spans the totally
symmetric irreducible representation if the two irreducible representations are
identical.

The number of times 7n(T') that a given irreducible representation I occurs in a
representation is given by [10C.3a-408], n(T) = (1/h) ¥ N(C) " (C) x(C),
where h is the order of the group, N(C) is the number of operations in class C,
x is the character of class C in the irreducible representation T, and x(C) is
the character of class C in the representation being reduced. In the case of D,,
h=4.

n(A1) = § (N(E)<x* (E)x x(B) + N(C5)xx*)(C5)xx(C5)
+ N(C)x M (C))x((C) + N(C)xx*(C3)xx(C5))
=1 (Ix1x6 + 1x1x(-2) + 1x1x0 + 1x1x0) =1
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Similarly
n(By) = 3 (Ix1x6 + 1x1x(=2) + 1x(-1)x0 + 1x(-1)x0) =1
n(By) = § (1x1x6 + 1x(-1)x(-2) + Ix1x0 + 1x(-1)x0) =2
n(B3) = ; (1x1x6 + 1x(-1)x(-2) + Ix(-1)x0 + Ix1x0) =2

The representation therefore spans[A; + By + 2B, + 2B;].

E10C.8(b) The number of times n(T') that a given irreducible representation I occurs in a
representation is given by [10C.3a-408], n(T) = (1/h) ¥ N(C) " (C) x(C),
where h is the order of the group, N(C) is the number of operations in class C,
X(r) is the character of class C in the irreducible representation I, and x(C) is
the character of class C in the representation being reduced. In the case of Oy,
h = 48.

Because the representation being reduced has characters of zero for all classes
except E, C4, C3, 0, and a4, only these latter five classes make a non-zero
contribution to the sum and therefore only these classes need be considered.
The number of times that the irreducible representation A4 occurs is therefore

n(Asg) = 5 (N(E)xx " (B)x x(E) + N(Ca)xx**)(Ca) xx(Ca)
+ N(CH) )™ (C) xx(CF) + N(ow)xx ™ (on) x x(on)
+ N(oa)x )" (0a) x x(0a))
= 25 (Ix1x6 + 6x1x2 + 3x1x2 + 3xIx4 + 6x1x2) =1

Similarly

n(Azg) = 75 (1x1x6+6x(~1)x2+3x1x2 +3x1x4+6x(-1)1x2) =0
n(Eg) = 75 (1x2x6+ 6x0x2+3x2x2+3x2x4+6x0x2) = 1

n(Tyg) = ﬁ (1x3x6+6x1x2+3x(-1)x2+3x(-1)x4+6x(-1)x2)=0
n(Tag) = 75 (1x3x6+6x(~1)x2 +3x(~1)x2+3x1x4+6x1x2) = 0
n(Aw) = Tls (I1x1x6+6x1x2+3x1x2+3x(-1)x4+6x(-1)x2)=0
n(Az) = 75 (1x1x6 +6x(~1)x2 +3x1x2 + 3x(-1) x4+ 6x1x2) = 0
n(E,) = é (1x2x6+6x0%x2 +3x2x2+3x(-2)x4+6x0x2) =0

n(T1u) = 35 (1x3x6+6x1x2+3x(=1)x2+3x1x4 +6x1x2) = 1
n(Ta) = 75 (1x3%x6+6x(=1)x2+3x(=1)x2 +3x1x4 +6x(-1)x2) = 0

The representation therefore spans [Ajg + Eg + T1u|

E10C.9(b) As explained in Section 10C.3 on page 411, a transition from a state with sym-
metry I')) to one with symmetry T(") is only allowed if the direct product I'(f) x
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'@ x T contains the totally symmetric irreducible representation, which
for both molecules is A;,. The ground state is totally symmetric, implying
that it transforms as A;4. Therefore the direct product becomes I x 1@ x
Ayg. This is simply I'D x 1(@) because, from the first simplifying feature of
direct products listed in Section 10C.1(a) on page 407, the direct product of the
totally symmetric representation A, with any other representation is the latter
representation itself.

IfF T x 19 s to be Ay, then I'D must equal 9 because, from the second
simplifying feature of direct products listed in Section 10C.1(a) on page 407,
the direct product of two irreducible representations only contains the totally
symmetric irreducible representation if the two irreducible representations are
identical.

(i) Anthracene belongs to point group D,y. The D,y character table in the
Resource section shows that x transforms as B3y, y transforms as B,,, and z

transforms as By,. Therefore anthracene can be excited to| B3y, By, or By

states by x, y, and z polarised light respectively.

(ii) Coronene belongs to point group Dgy. The Dgp character table in the
Online resource centre shows that shows that z transforms as A,,, and x
and y together transform as E;,. Therefore light polarized along z can
excite coronene to a state, and x or y polarised light can excite it to

an state.

Solutions to problems

The distorted molecules are shown in Fig. 10.18 together with some of the sym-
metry operations.

Figure 10.18

(a) Inthe C;, distorted case s, is unaffected by any of the operations of the
group and is not mixed with the other His orbitals. It therefore transforms
as the totally symmetric irreducible representation A;.
The irreducible representations spanned by sg, sc, and sp are identified
by forming the representatives of the operations with this basis. Only one
operation in each class needs to be considered. The C; operation converts



sp into sc, sc into sp, and sp into sp: (sc Sp sp ) < (s Sc sp ). This is
written using matrix multiplication as

D(C3)
—_—

(Sc SpD SB)=(SB SCSD)

S = O

0
0
1

S O =

Similarly

D(oay)
e e

— o O
S = O

1
Foroy: (spspsc)=(sgscsp)| O
0

D(E)

S = O
- o O

1
ForE: (spscsp)=(sgscsp)| O
0

The characters of the representatives are
X(E)=3 x(C5)=0 Xx(ov)=1

This result can be arrived at much more quickly by noting that: (1) only
the diagonal elements of the representative matrix contribute to the trace;
(2) orbitals which are unmoved by an operation will result in a 1 on the
diagonal; (3) orbitals which are moved to other positions by an operation
will result in a 0 on the diagonal. The character is found simply by count-
ing the number of orbitals which do not move. In the present case 3 are
unmoved by E, none are unmoved by Cs, and 1 is unmoved by o,. The
characters are therefore {3,0,1}.

This representation is decomposed using the method described in Sec-
tion 10C.1(b) on page 408. The number of times n(T) that a given irre-
ducible representation I' occurs in a representation is given by [10C.3a—
408],

(1) = SNOFO(OX(C)

where h is the order of the group, N(C) is the number of operations in
class C, y() is the character of class C in the irreducible representation T,
and x(C) is the character of class C in the representation being reduced.
In the case of Cs3y, h = 6. The number of times that the irreducible
representation A occurs is

n(Ar) = ¢ (N(E)x ™D (B)xx(E) + N(C3)xx*(C3)x x(Cs)

+ N(UV)XX(AI)(UV)XX(UV))
=2 (I1x1x3 + 2x1x0 + 3x1x1) =1
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(b)

Similarly

n(Az) = + (1x1x3 + 2x1x0 + 3x(-1)x1) =0

n(E) = £ (1x2x3 + 2x(-1)x0 + 3x1x1) =1

The three Hls orbitals s, sc, and sp therefore span A, + E; adding this to
the result from above that s, spans A; gives 2A; + E.

As explained in Section 10C.2(a) on page 409, only orbitals of the same
symmetry species may have a nonzero overlap. The C;, character table
also shows that the d.. orbital spans A; in Csy, dy, and d,:_,> jointly
span E, and d,,; and d,; also jointly span E. It follows that d.» can form
molecular orbitals with the A; combinations of hydrogen orbitals while
the other d orbitals can all form molecular orbitals with the E combi-
nations of hydrogen orbitals. So [yes], more d orbitals can be involved in
forming molecular orbitals than in the case of tetrahedral methane where,
as shown in the previous exercise, only d,, d,; and d, are able to form
molecular orbitals.

The irreducible representations spanned by the Hls orbitals in the Cy,
distorted molecule, shown in the right-hand side of Fig. 10.18, are found
in the same way as above. It is convenient to consider s and sp separately
from sc and sp. This is because s, and sg are mixed with each other but
not with s¢ or sp by the operations of the group. Similarly s¢ and sp are
mixed with each other but not with s, or sg. For s, and sg the matrix
representatives are

O - O -
Ss— —

for which the characters are

x(E)=2 x(C)=0 x(o,)=2 x(oy)=0

As before, this result is obtained with much less effort by simply counting
the number of orbitals which are not moved by each operation. Using
the decomposition formula, or simply by inspection of the Cy, character
table, this representation decomposes to A; + B;. Analysing sc and sp in
the same way gives the representatives as

D(E):((l) ‘1’) D(Cz):((l)

D(m:(‘f })) D(aV'):(

The characters are

X(E)=2 x(C2)=0 x(ay)=0 x(oy)=2

S =
[ ) o -
Ssa— —
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P10C.6

which decomposes to A; + B,.

Combining these results, the four Hls orbitals therefore span 2A; + By +
B,. Inspection of the C,, character table indicates that z?, and hence
d,:, spans Aj, so this orbital can form molecular orbitals with the A;
combinations of hydrogen orbitals. Because both x? and y* span A}, x* -
y2 and hence d,2_ 52 also spans A; and can therefore also form molecular
orbitals with the A; combination of hydrogen orbitals. The orbitals d
and d, span B; and B, respectively, so can form molecular orbitals with
the By and B, combinations of hydrogen orbitals. However, dy,, spans A,
and therefore remains non-bonding because the hydrogen orbitals do not
span A;.

Therefore [yes}, more d orbitals can form molecular orbitals than for tetra-
hedral methane, but not as many for the C;, distorted molecule where all
five d orbitals could be involved in forming molecular orbitals.

The character table for the I, point group is available in the Online resource
centre.

(a)

(b)

As explained in Section 10C.3 on page 411, a photon-induced transition
from a state with symmetry I')) to one with symmetry ') is only allowed
if the direct product T'®) x T(4) x T contains the totally symmetric
irreducible representation, A,. Because the ground state is A, the direct
product becomes I'(") x (@) x Ajg. This is simply I » (@) because the
direct product of the totally symmetric irreducible representation with
any other representation is the latter representation itself.

If the product ') xI'(4) is to be Ajg, then I'®) must equal I'(9) because the
direct product of two irreducible representations only contains the totally
symmetric irreducible representation if the two irreducible representa-
tions are identical. However, inspection of the I, character table shows
that (@) = T, because x, y and z together span the T}, irreducible rep-
resentation. Because neither of the lowest-lying excited states are of T,

symmetry, photon-induced transitions to these states are [not allowed|.

If the centre of inversion is removed then the distorted molecule has I
symmetry. For this point group the character table in the Resource section
shows that I'(9) spans T,. By the same reasoning as above it follows that
transitions to an excited state with symmetry|T, are allowed|but transi-
tions to a state with symmetry |G are not|.

As explained in Section 10C.3 on page 411, a photon-induced transition from
a state with symmetry T) to one with symmetry I'") is only allowed if the
direct product T x (@ x T() contains the totally symmetric irreducible
representation, A . For a transition from an A4 ground state to an E, excited
state the direct product becomes E, xI'(4) x Ajg. Thisis simply E, x (9 because
the direct product of the totally symmetric irreducible representation A with
any other representation is the latter representation itself.

345



346

P10C.8

This product only contains Ajg if r@ = E, because the direct product of
two irreducible representations only contains the totally symmetric irreducible
representation if the two irreducible representations are identical. Inspection
of the Dyy character table shows that x and y jointly span E,, and therefore

the transition provided g = (x, y), that is with x and y polarised
radiation.

The tetrafluoroethene molecule is shown in Fig. 10.19.

p. orbitals px orbitals

Figure 10.19

(a) The representation for the four p, orbitals could be determined by finding
the representatives using the method in Section 10B.2(a) on page 398, and
then finding the traces of each of the representatives. The same result can
be arrived at much more quickly by noting that: (1) only the diagonal
elements of the representative matrix contribute to the trace; (2) orbitals
which are unmoved by an operation will result in a +1 on the diagonal;
(3) orbitals which are unmoved by an operation by are changed in sign
will result in a —1 on the diagonal; (4) orbitals which are moved to other
positions by an operation will result in a 0 on the diagonal. The character
is found simply by counting +1 for orbitals which do not move and -1 for
orbitals which do not move but which do change sign.

Referring to Fig. 10.19 it is seen that 4 orbitals are unaffected by E, all of the
orbitals are moved by each of the C, operations and i. The reflections ¢”*
and ¢** move all of the orbitals, but ¢*” leaves all four orbitals unmoved,
but with a sign change. The characters are therefore

E C C C i o9 % o

4 0 0 0 0 -4 0 O

This representation is decomposed using the method described in Sec-
tion 10C.1(b) on page 408. The number of times n(T) that a given irre-
ducible representation I' occurs in a representation is given by [10C.3a—

408],
n(T) = (1/h) XC:N(C)X(F)(C)X(C)
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where h is the order of the group, N(C) is the number of operations in
class C, y() is the character of class C in the irreducible representation T,
and y(C) is the character of class C in the representation being reduced.
For the point group D5y, h = 8. Because the representation to be reduced
has characters of zero for all classes except E and 0™, only these latter
two classes will make a non-zero contribution to the sum. The number of

times that the irreducible representation A, occurs is

n(Ag) = § (N(E)x ) (B)x x(E) + N(a™)xx*) (") x x(6™))
=+ (Ix1x4+1x1x(-4)) =0

Similarly

n(Big) = 3 (I1x1x4 + 1x1x(-4)) =0

n(Bag) = § (1x1x4 + 1x(-1)x(-4)) =1
n(Bsg) = 3 (1x1x4 + 1x(-1)x(-4)) =1
n(Ay) = § (I1x1x4 + Ix(-1)x(-4)) =1
n(Biy) :é(lxlxél + Ix(-1)x(-4)) =1

n(By) = & (Ix1x4 + 1x1x(-4)) =0
n(Bsy) = § (1x1x4 + 1x1x(-4)) =0

The four p, orbitals therefore span ‘Bzg +Bsg + Ay + By ‘

The SALCs of B,g, B3, Ay and By, symmetries are generated by applying
the projection operator to the p4 orbital using the method described in

Section 10C.2(b) on page 409.

Row E C C ¢ i v % o¥
1 effectonpy Po Pc —PB “Pp —Pc “Pa PB PD
2 charactersforB,gs 1 -1 1 -1 1 -1 1 -1
3 rowl xrow?2 PA -Pc -PB Pp —Pc Pa -PB Pp
4 charactersforBs; 1 -1 -1 1 1 -1 1 -1
5 rowlxrow4 PA “Pc P8 —-Pp —Pc PA P ~—Pp
6 charactersfor A, 1 1 1 1 -1 -1 -1 -1
7 rowlxrow6 PA Pc -PB -Pp Pc Pa -PB —Pp
8 charactersfor B, 1 1 -1 -1 -1 -1 1 1

9 rowlxrow$8 PA Pc PB Pp Pc Pa P DPp

The SALCs are formed by summing rows 3, 5, 7, and 9 and dividing each
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by the order of the group (h = 8).

Row 3: W(BZg) = é(PA —~Pc—PB+Pp—Pc+Pa—pPs+Ppp)
=[5 (Pa— P8 —pc +pp)|
Row 5: /™) = £(pa — pc +Ps — Pp ~ Pc +Pa + P~ Pp)

=|4(pa +ps —pc - pp)]

Row 7: ) = 1(pa +pc — P — P + Pc + Pa — P8 — Pp)
:H(pA_PB'*'pC_pD)‘

Row 9: y/(Bi) = +(pa +Pc +Ps +Pp +Pc +Pa +Ps +Pp)
=H(PA—PB+PC—PD)‘

(c) The 2p, orbitals, shown in the right-hand half of Fig. 10.19, are analysed
in the same way. The characters are found by noting that under the E
operation the four p, orbitals are not moved so y(E) = 4. Similarly under
the Cj operation the orbitals are all moved so y(C3) = 0. Using this
approach the characters are written down as

E CG C ¢ i o9 o7 o=
4 0 0 0 0 4 0 0

Using the decomposition formula, or simply by inspection of the charac-
ter table, this is decomposed to|Ag + Big + By + B3y |- Use of the projec-
tion operator then gives

Row E C C G i ¥ 07 o*
effect on pa PA “Pc “Ps Pp —Pc Pa ~Ps Pp
2 charactersfor A, 1 1 1 1 1 1 1 1
3 rowlxrow?2 PA -Pc -PB Pp -Pc Pa -PB Pp
4 characters for B;g 1 1 -1 -1 1 1 -1 -1
5 rowlxrow4 PA “Pc PB —-Pp —Pc Pa PB ~—Pp
6 charactersforB,, 1 -1 1 -1 -1 1 1 -1
7
8
9

—

row 1 x row 6 PA Pc -PB —Pp Pc Pa —PB —Pp
charactersforB;, 1 -1 -1 1 -1 1 -1 1

row 1l x row 8 Pa Pc PB Pp Pc Pa PB Pp

Hence the SALCs are

‘W(Ag) = i (PA —PB —Pc +Pp) ‘ ‘W(B‘g) = i (Pa +PB —Pc _PD)‘

‘W(Bz“) =7 (pa—ps +pc —PD)‘ ‘V/(B“) =7 (pa+ps +pc +PD)‘




m Molecular Spectroscopy

11A  General features of molecular spectroscopy

Answers to discussion questions

D11A.2

Doppler broadening. 'This contribution to the linewidth is due to the Doppler
effect which shifts the frequency of the radiation emitted or absorbed when the
molecules involved are moving towards or away from the detecting device. In
a gas, molecules have a wide range of speeds in all directions and the detected
spectral line is the absorption or emission profile arising from the resulting
Doppler shifts. The shape of a Doppler-broadened spectral line reflects the
Maxwell distribution of speeds in the sample.

Lifetime broadening. This kind of broadening is a quantum mechanical effect
which predicts that for a state with a lifetime 7 there is an energy uncertainty
OE given by 8E ~ hi/7. This uncertainty in the energy translates to absorption
(or emission) over a range of frequencies and hence a linewidth. The lifetime
of a state may be limited by the rate of spontaneous emission from the state, in
which case the resulting broadening is called natural line broadening.

Collisions between molecules are efficient at changing their rotational and vi-
brational energies, and therefore the lifetimes of such states are limited by the
the collision rate. The resulting line broadening is called collisional or pressure
line broadening.

The rate of spontaneous emission cannot be changed; hence its contribution is
the same regardless of phase. Doppler broadening is expected to contribute in a
similar way for both gases and liquids. The higher density of liquids compared
to gases implies that collisions will be more frequent and hence the collisional
line broadening will be greater for a liquid.

Solutions to exercises

E11A.1(b)

The ratio A/B is given by [11A.6a-420], A/B = 8mhv’/c?; the frequency v is
related to the wavelength though v = ¢/A.

(i) For radiofrequency radiation with v = 500 MHz

A 8mhv’  8mx (6.6261 x 107**]s) x (500 x 10° s71)?
B & (2.9979 x 103 ms~1)3
=[7.73x107? J s m™?]
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E11A.2(b)

E11A.3(b)

El1A.4(b)

E11A.5(b)

(ii) For microwave radiation with A = 3.0 cm

A _8nh(c/A)’ 8mh _ 8mx (6.6261 x107**]s) _[62x10 s 7]
B & A (3.0x102m)} =

The Beer-Lambert law [11A.8-421], I = I,10~D]" relates the intensity of the
transmitted light I to that of the incident light .

I/IO _ IO—E[I]L _ 10—(227 dm?® mol™ em™)x(2.52x10™> mol dm™)x(0.200 cm)

=0.768...

Using this, the percentage reduction in intensity is calculated as 100(Ip—1) /I =
100(1-1/Iy) = 100(1-0.768...) = [23.2%]. Note the conversion of L to cm and
[J] to moldm™? in order to match the units of .

The Beer-Lambert law [11A.8-421], I = I510~U1L relates the intensity of the
transmitted light I to that of the incident light I,. If a fraction T of the incident
light is transmitted through the sample, I = T, and hence I/I, = T; T is the
transmittance. It follows that log T' = —¢[J]L hence ¢ = —(log T')/[J]L. If 61.5%
of the light is transmitted, T = 0.615

e =—(log T)/[J]L = —[log(0.615)]/(0.717 x 10~* moldm™) x (0.250 cm)

=1.17... x 10°> dm® mol™' cm™!

Note the conversion of L to cm and [J] to moldm™ in order to give the usual
units of &. To convert the molar absorption coefficient to cm? mol™! simply
multiply the above value by 10° to convert dm® to cm®. The units are then

cm® mol™' ecm™" = cm? mol™". Hence |e = 1.18 x 10° cm® mol ],

The Beer-Lambert law [11A.8-421], I = I,107<UIL relates the intensity of the
transmitted light I to that of the incident light Iy. If a fraction « is absorbed,
then a fraction T = 1—-a of the incident light passes through the sample, I = T1,
and hence I/Iy = T; T is the transmittance. It follows that logT = —¢[J]L
hence [J] = —(log T)/eL. If 48.3% of the light is absorbed, « = 0.483 and
T=1-0.483=0.517

[J] = -(log T)/eL = —[log(0.517)]/(423 dm’ mol™! cm™") x (0.650 cm)
=1.04... x 10~ moldm > =[1.04 mM

Note the use of L in cm.
The transmittance T is the ratio I/I, hence the Beer-Lambert law [11A.8-421]

can be written T = I/I = 107D It follows that log T = —&[J]L and hence ¢ =
—(log T)/[J]L. With this, the following table is drawn up, with L = 0.250 cm.



El1A.6(b)

E11A.7(b)

E11A.8(b)

[dye]/(mol dm™)  0.0010 0.0050 0.0100 0.0500

T/% 68 18 37  1.03x107°
T 0.68  0.18 0.037 1.03x1077
g/(dm’mol ™ em™) 670 596 573 559

The molar absorption coefficient is clearly not independent of the concentra-
tion; this may indicate that the dye molecules are interacting with one another
at higher concentrations.

The transmittance T is the ratio I/, hence the Beer-Lambert law [11A.8-421]
can be written T = I/I, = 107U1X, It follows that log T = —¢[J]L and hence
e = —(log T)/[J]L. With the given data, T = 0.29 and L = 0.500 cm, the molar
absorption coefficient is calculated as

¢ = —(log0.29)/[(18.5x10> mol dm ) x(0.500 cm)] = 58.1...dm> mol ™' cm™"

The molar absorption coefficient is therefore ‘e =58 dm® mol ' ecm™! ‘ For a
path length of 0.250 cm the transmittance is

T = 10—(58.1... dm?® mol™ cm™")x(0.250 cm)x(18.5x10™° moldm™) = 0.538...

Hence [T = 54%). Note the conversion of the concentration to moldm™>.

The ratio of the incident to the transmitted intensities of light after passing
through a sample of length L, molar concentration [J], and molar absorption
coefficient  is given by [11A.8-421], T = I/I, = 10~V1L. It follows that log T =
—¢[J]L, which rearranges to give L = —(log T')/¢[]].

The missing piece of information (in fact misplaced to Exercise E11A.7(a)) is
that the concentration of the absorber is 10 mmol dm . The light intensity is
reduced to half when T = 0.5, hence the thickness of the sample is calculated
as

L = —(log0.5)/[ (30 dm® mol™" cm™") x (0.010 moldm™)] =

The light intensity is reduced to one tenth when T = 0.1

L = —(log0.1)/[ (30 dm® mol ™" cm™) x (0.010 moldm™)] =

The integrated absorption coefficient is given by [11A.10-423], A = [, ., &(¥) d,
where the integration is over the band, and # = 17! is the wavenumber. The
band extends from 167 nm, corresponding to # = (167 x 107 cm) ™! = 5.98... x
10* cm™!, peaking at 200 nm, ¥ = (200 x 1077 cm)~! = 5.00 x 10* cm™?, and
ending at 250 nm, ¥ = (250 x 1077 ¢cm)~! = 4.00 x 10* cm™".
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E11A.9(b)

E11A.10(b)

The given equation of the parabolic lineshape, £(7) = emax[1 = k(¥ — Vmax)*] is
conveniently rewritten as (x) = enax[1 — kx?], where x = ¥ — ¥,,. The edges
of the lineshape are at the wavenumber at which ¢(x) = 0

0 = emax[1 - kx?] hence x = +k /2

The area under the lineshape is therefore

+k71? -1/2
2 3 +k
A= [k_]ﬁ Emax (1 — kx“) dx = emax (x — kx /3)ka1/2

= fmax(zk_l/z - (2/3)k x k_3/2) = (4/3)5maxk_1/2

For the specified lineshape, () goes to zero at 5.98... x 10* cm™! and at 4.00 x
10* cm™!. It follows that 2k~'/2 = (5.98... — 4.00) x 10* cm™" and hence

A= (4/3) x (3.35 x 10* dm’ mol ")
x 1 x[(5.98... - 4.00) x 10* cm™']

=|4.44 x 10% dm® mol ' cm™!]

The Doppler linewidth is given by [11A.12a-424], 8vobs = (2vo/c)(2kTIn2/m)"/?;
division of both sides by the speed of light converts §vops and v, to wavenum-
bers, allowing the expression to be written 8¥oys = (27/c)(2kTIn2/m)'/2,
The mass of 'H'?"I is taken as 128 m,. With these data the linewidth is calcu-
lated as

55 2 x 2308 cm™! (2 x (1.3806 x 1072 K1) x (400 K) x ln2)1/2
Vobs =

X
2.9979 x 108 ms~! 128 x 1.6605 x 10-27 kg
=[2.92x 103 cm™!]

where 1] = 1 kgm®s™2 is used.

If a light source of frequency v, is approached at a speed s, the Doppler shifted
frequency v, is [11A.11a-423],

- 1+s/c 172
T\ 1= /e

Writing the frequencies in terms of the wavelength as v = ¢/ and then invert-
ing before sides gives
P 1-s/c 12
R FTFY

Solving this for the speed s leads to

(1= (/A
S‘C(H(Aa/aoy)
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Hence, to achieve a doppler shifted wavelength of 530 nm, the speed needs to
be

1 - (530 nm/680 nm)?
Cc X
1 + (530 nm/680 nm)?

=(0.244..) x ¢

Hence, for this large Doppler shift, the speed of approach needs to be at 24.4%

of the speed of light, which is .

El1A.11(b) The uncertainty in the energy of a state with lifetime 7 is 8E ~ h/7. Therefore a
spectroscopic transition involving this state has an uncertainty in its frequency,
and hence a linewidth, of the order of §v = 8E/h ~ (2nr)~!. This expression
is rearranged to give the lifetime as 7 = (2n8v)~!; expressing the linewidth as
a wavenumber gives 7 = (2n87c) .

(i) For 6v =200 MHz
7= [21 x (200 x 10° Hz)] ™' = 7.95... x 107'% 5 = [796 ps
(ii) For 87 =2.45cm™!

T=[2nx (2.45cm™") x (2.9979 x 10" cms™")] ' = 2.16... x 107 '* s

-

E11A.12(b) The uncertainty in the energy of a state with lifetime 7 is 8E ~ /7. Therefore a
spectroscopic transition involving this state has an uncertainty in its frequency,
and hence a linewidth, of the order of 8v = 8E/h ~ (2n7) ™. If each collision
deactivates the molecule, the lifetime is 1/(collision frequency), but if only 1
in N of the collisions deactivates the molecule, the lifetime is N/(collision fre-
quency). Thus 7 = N/z, where z is the collision frequency. The linewidth is
therefore §v = (2nN/z) ™.

(i) If each collision is effective at deactivation, N = 1 and with the data given
Sv=[2nx1/(1.0x10° s"")]™" = 1.59 x 10* Hz =[0.16 GHz
(ii) If only1in 10 collisions are effective at deactivation, N = 10

8v=[2nx10/(1.0x10° s7")]™" = 1.59 x 10’ Hz = [16 MHz

Solutions to problems

P11A.2 The argument takes the same steps as in How is that done? 11A.1 on page 421
up to the derivation of dI/I = —«[]] dx. This expression is integrated as before,
but instead of [J] being constant, it is given by [J] = [J]oe™*/*

fIOI(l/I) dl = /OL—K[]]Oe’x/xO dx

ln(I/IO) = _K[]]O(_x()e_x/xoﬂg = _K[I]Oxo(l _ e—L/xU)
hence 1g(I/Iy) = —(x/In 10)[J]oxo (1 — e 1/*)
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P11A.4

P11A.6

For this case the Beer-Lambert law is ‘lg(I/Io) = —¢[J]oxo(1 — e L/x0)
e =x/In10.

, where

In the limit L > xo, e%/* — 0 and hence |1g(I/Iy) = —¢[J]oXo ‘ In this limit
the absorption is independent of the length of the sample. If xo > L then
the exponential may be expanded up to the linear term to give (1 - e L/x0) »
(1-1+L/xy) ~ L/xy. Then ‘lg(I/IO) = —s[]]OL‘, which is the form of the
Beer-Lambert law for a constant concentration.

Suppose that species A and B associate to give a complex AB according to the
equilibrium: A + B == AB. Suppose that species A absorbs at a particular
wavelength with absorption coeflicient €, and that species AB absorbs at the
same wavelength but with absorption coefficient €45; B does not absorb at this
wavelength. The absorbance at this wavelength is

Ay = es[A]L + eas[AB]L

If the initial amount of A is [A ] and at equilibrium the amount of AB is [AB].,
mass balance requires [A] = [A]y — [AB].. It follows that

Ay =ea ([Alo - [AB]e) L + eap[AB]eL = ea[A]oL + (eap — e )[AB]L
——— e ——
term 1 term 2

As the amount of added B is changed, term 1 remains the same, but in gen-
eral term 2 will change because of the resulting change in [AB].. However, if
the wavelength is chosen such that exp = €4, term 2 will go to zero and the
absorbance will be invariant to the amount of B added. This is the isosbestic
point.

Because only the area under the absorption band is of interest it can be as-
sumed, without loss of generality, that the band is centred on # = 0. The band-
shape is then given by e(7) = emaxe 7, where the parameter a determines the
width. This parameter is found by finding the wavenumbers ¥, /, at which ¢ has
fallen to half its maximum value

1 _ —a(v 2
Esmax = €max€ ( ]/2)

hence In ; = —a(¥1),)*

hence (171/2)2 =In2/a

where to go to the last line In 5 = —In 2 is used. The wavenumbers of the points
at which ¢ has fallen to half its maximum value are therefore +(In2/a)"/?, and
hence the separation between these is 2(In 2/a) /2. This separation is the width

at half-height Av, ),

4In2

A“}l/Z = 2(1112/[2)1/2 hence a-= m



P11A.8

Having established the relationship between the parameter a and the width at
half-height, the integral over the band is computed

+o00 +o00 2
A= f e(v)dv = f Emaxe 7 AP = emax(/a)!/?

[}

The integral needed is of the form of Integral G.1 with k = a. Now the expres-
sion for a derived above is used to give

. 1/2
(A ),)? n \'/?
= E€max = €max Av
A = € ( 4In2 Fma (41112) s

= Emax(1.0645) A7y 5
Making measurements from the plot in the text gives £max = 9.8 dm?® mol™ cm™
and A/, = 4500 cm™', hence A = 4.7x10* dm’ mol™' ecm™. If several points
are measured from the plot these can be used as the input data to a non-linear
least-squares fitting procedure, most conveniently done using mathematical
software. With such an approach the best-fit gaussian line is (omitting units
for clarity)

e(7) = 9.704 e7(1.405><10’7)><(572.814><104)2

Integrating this function gives A = 4.5 x 10* dm® mol™! cm™2. A better fit is
obtained by using the sum of two gaussians, each with separate parameters:

e(¥) =5 757e—(1.310x10*7)x(17—2.916x104)2 45 807e—(3.180x10*7)x(x7—2.725x10‘*)2

Integrating this function gives A = 4.6 x 10* dm® mol™! cm™2.

(a) The lines from the star are all at longer wavelength, and hence lower fre-
quency, than for the Earth-bound observations, therefore the object is
. The ratio f is computed as f = v,/v = A/A, because the
frequency is inversely proportional to the wavelength. Writing x = s/c
gives

1— x\1/2 1- 2
f:(1+i) hence f*(1+x)=(1-x) hence x:1+§2

It follows that s = c[1 - (1/A;)?]/[1 + (A/A;)?*]. With this expression s is
computed for each of the lines

A;/nm 438.882 441.000 442.020
A/nm 438.392 440.51  441.510
s/(10° ms™") | 3.34894 3.33285 3.46095

The average of these measurements is [3.38 x 10° ms™'| The spread of

values is much larger than the apparent precision of the data.
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P11A.10

P11A.12

(b) The radial velocity of the star with respect to the Sun could be computed
if the Earth’s speed with respect to the Sun along the Sun-star vector at
the time of the spectral observation is known. This could be estimated
from quantities available through astronomical observation: the Earth’s
orbital velocity times the cosine of the angle between that velocity vector
and the Earth-star vector at the time of the spectral observation. (The
Earth-star direction, which is observable by Earth-based astronomers,
is practically identical to the Sun-star direction, which is technically the
direction needed.) Alternatively, repeat the experiment half a year later.
At that time, the Earth’s motion with respect to the Sun is approximately
equal in magnitude and opposite in direction compared to the original
experiment. Averaging f values over the two experiments would yield f
values in which the Earth’s motion is effectively averaged out.

The Doppler lineshape is given in How is that done? 11A.2 on page 423: I =
Ae=me (v=w0)*/2ikT  where A is a constant of proportionality. It is convenient
to rewrite this in terms of the dimensionless parameter x = (v —vg) /vy, to give
I = Ae <>’ I2KT The derivative lineshape, D(x) is

dI —2xmc?
D(x) = a = A

2
22 mc 2.2
e mcx/ZkT:_A xe mc“x[2kT

2kT kT

It is convenient to define & = mc?/k T, giving
D(x) = -Aax e /2

This lineshape is plotted in Fig 11.1 for different values of «. The lineshape goes
to zero as x — xoo on account of the exponential term, is zero at x = 0, and
has a negative-going minimum at positive x and a positive-going maximum,
symmetrically placed, at negative x. As T increases (« decreases) the maximum
and minimum decrease in size and the line becomes broader.

The positions of the maximum and minimum are found by differentiating once
more with respect to x and setting the result equal to zero.

dlzl(x) _ _A(xe—(xxz/z +AOCZXZe—otxz/Z
X

This derivative is zero when x = +a~'/2: these values correspond to the posi-
tions of maximum and minimum. The separation between these two is 2a~1/2:
this goes as T'/2.

Figure 11.2 shows plots the interferogram which would arise from a monochro-
matic beam sampled at different distance increments & (expressed as a multiple
of 7p). The solid line shows the underlying continuous function which, for the
values chosen, goes through three complete cycles.

The points indicated with open and closed triangles indicate the values which
would be recorded for the two smallest increments. These points on their own
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Figure 11.1

provide a pretty good approximation to the curve: the minima and maxima
are sufficiently well defined that it is clear that there are three cycles, and so the
wavenumber is correctly represented.

The points indicated by the open circles just capture the minima and maxima,
and no other detail; they are just sufficient to imply that there are three cycles.
In fact these measurements correspond to the Nyquist condition which states
that at least two data points are required per cycle in order to measure the
wavenumber correctly. The filled circles have the largest value of the increment,
and it is clear from the digram that they are spaced too widely to represent the
waveform correctly - in fact they are consistent with a curve at one third of the
wavenumber shown by the complete curve.

This diagram illustrates that in order to infer the wavenumber correctly it is
necessary to sample the interferogram such that there are at least two data
points per cycle. Therefore, the upper limit on the wavenumber which can be
correctly measured using an interferometer is set by the amount by which the
mirror is moved in each step.

11B  Rotational spectroscopy

Answers to discussion questions

D11B.2

D11B.4

D11B.6

Centrifugal distortion increases the moment of inertia and hence decreases the
rotational constant. Therefore, the separation between levels is decreased.

This is discussed in Section 11B.2(a) on page 435.

BeF, is linear; '°F has spin % and is therefore a fermion. The argument is
therefore exactly the same as for 'H,, and so the molecule does indeed exist
in ortho and para forms. The Be atom has no effect on the argument as it is at

the centre of symmetry.
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D11B.8
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Figure 11.2

"H, molecules can exist in two forms: the para form has antisymmetric nuclear
spin wavefunctions and the ortho form has symmetric nuclear spin wavefunc-
tions. As discussed in Section 11B.4 on page 439, it follows that because of
these arrangements of the nuclear spins the ortho form must have rotational
wavefunctions restricted to odd J values. Ortho hydrogen therefore cannot
exist in the J = 0 state and hence it always has some rotational energy: that
is, it has rotational zero-point energy.

Solutions to exercises

E11B.1(b)

E11B.2(b)

Expressions for the moments of inertia are given in Table 11B.1 on page 431;
PHj3 is a symmetric rotor and the second entry under symmetric rotors is the
required one. The moment or inertia about the threefold axis is I

I = 2my (1 - cos 9)R2
= 2[(1.0078) x (1.6605 x 107 kg)] x (1 — c0s93.5°) x (142 x 10™'? m)?

=7.16... x 107 kgm? =|7.16 x 10™¥ kgm®|

The corresponding rotational constant is given by [11B.13b-433]

ho 1.0546 x 1073 s
4mcl) 47 x (2.9979 x 1010 cm's~!) x (7.16... x 1047 kgm?)

=[3.91 em™]

A=

There is an error in the Exercise: the molecule is AB4, not AB;. The required
expressions are the first listed under symmetric rotors in Table 11B.1 on page



431

mA(mB + mA)

I, =mafi(0)R* + £,(0)R?

+ % {(3ma + mg)R' + 6maR[L £(6)]/2} R
Iy =2mu fi(6)R?

Note that the molecule described by these relationships is BA;C, which be-
comes BA, by letting C=A; the question refers to a molecule AB,, but for con-
sistency with the main text the exercise will be continued with BA,. Let m¢ =
my and R’ = pR to give

H’ZA(WIB + mA)

I, =mafi(0)R* + - £,(0)R?

+ % {(3mA + mB)PR+6mAR[%f2(0)]1/2}PR

with m = mp + 4m,. At the tetrahedral angle cos ¢ = _%; hence f; (6re;) = %
and f5(6ret) = %; this gives
ma(ms + ma) i o

I, =mp 3R +

+ % {(3mA +mp)pR + 6mAR[ x %]l/Z}PR

ma(mp +my) | >
7§R +

:mAng‘*' %{(3mA+mB)pR+2mAR}pR

Ij=2ma3R?

To simplify the expression somewhat let mp = amy. This gives m = amy +
dmp = (4+ a)my

my(a+1), »

(4+a)ymy 3
Jﬁ{(3+a)pmAR+2mAR}pR
(a+1), 1

(4+a)3 (4+a){(3+0¢)p+2}p

44+ a)+ (1+a)+3[(3+a)p+2p]  17+5a+15p + 3pa
- 3(4+a) - 3(4+a)

I, = mA§R2+

I,/(maR?) = % +

Ij/(maR*) = 3

A useful check at this point is to set p = 1 which gives I,/(msR?) = 3, the
expected values for a tetrahedral BA, molecule.

The variation of the moments of inertia with p are shown in Fig. 11.3; I, is shown
for three representative values of a. As expected, I, and I converge onto the
same value when p = 1. I is independent of p as this axis passes along the bond
with length R’, and so the moment of inertia is unaffected by variations in R'.
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E11B.3(b)

E11B.4(b)

I/maR?

2.5 | | | |
1.0 1.2 1.4 1.6 1.8 2.0

Figure 11.3

To be a symmetric rotor a molecule most possess an n-fold axis with n > 2. (i)
Ethene has three two-fold axes, but no axes with # > 2 and so is an asymmetric
rotor. (ii) SO; is trigonal planar; it has a three-fold axis and so is a symmetric
rotor. (iii) ClF; is “T-shaped’ and has a two-fold axis; it is an asymmetric rotor.
(iv) N,O is a linear rotor.

In order to determine two unknowns, data from two independent experiments
are needed. In this exercise two values of B for two isotopologues of OCS are
given; these are used to find two moments of inertia. The moment of inertia of
a linear triatomic is given in Table 11B.1 on page 431, and if it is assumed that
the bond lengths are unaffected by isotopic substitution, the expressions for
the moment of inertia of the two isotopologues can be solved simultaneously
to obtain the two bond lengths.

The rotational constant in wavenumber is given by [11B.7-432], B = h/4ncl;
multiplication by the speed of light gives the rotational constant in frequency
units B = ii/4nl, which rearranges to I = /4B

Tocs = (1.0546 x 107>*Js)/[47 x (6081.5 x 10° Hz)] = 1.37... x 10~** kgm”
Tocs' = (1.0546 x 107 J ) /[4m x (5932.8 x 10° Hz)] = 1.41... x 10~*° kgm®

In these expressions the isotopologue with *2S is denoted S and that with **S is
denoted S'. It is somewhat more convenient for the subsequent manipulations
to express the moments of inertia in units of the atomic mass constant m, and
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nm.
2

10° nm 1m
Tocs = (1.37... x 107* kgm?) x x u
ocs = ( gm )| 1.6605 x 1027 kg

=0.831... my nm’

Tocy = (141... x 107 kgm?) x 10’ nm)" L
Oes T AR & I'm 1.6605 x 1027 kg

=0.851... m, nm>

Using the expressions from Table 11B.1 on page 431, the moments of inertia
are expressed in terms of the masses and bond lengths, where the former are
expressed as multiples on 71, In this case A = '°O, B = *C and C = **S or **S

(moR - I/VlsR,)2
mo + mc + mg
(15.9949R - 31.9721R’)?
15.9949 + 12.0000 + 31.9721
(15.9949R - 31.9721R’)?
59.967
” (WIQR - erR,)z
- Mo + mc + mgs
(15.9949R — 33.9679R’)?
15.9949 + 12.0000 + 33.9679
(15.9949R - 33.9679R")?
61.9628

IOCS = mOR2 + msR/Z —

=15.9949R? + 31.9721R" -

=15.9949R? + 31.9721R" -

IOCS’ = moR2 + msz

=15.9949R? + 33.9679R’* —

=15.9949R? + 33.9679R’* —

These two equations need to be solved simultaneously for R and R’, but be-
cause they are quadratics this is a very laborious process by hand: it is best
achieved using mathematical software. This gives the resulting bondlengths as
[R = Roc = 0.1161 nm|and R’ = Rcs = 0.1561 nm].

E1IB.5(b) The centrifugal distortion constant is given by [11B.16-434], D; = 4B°/#2. With
the given data D; = 4(0.0809 cm™')?/(323.2 cm™)? =[2.028 x 1078 cm ],

The rotational constant is inversely proportional to the moment of inertia of
the molecule, I = m.R* where R is the bond length and m.g is the effective
mass. Assuming that isotopic substitution does not affect the bond length, it

follows that B o m_}. Assuming that isotopic substitution does not affect

the force constant, the vibrational frequency is proportional to m;fi/ *. Thus
D o (mz})?/ (m;flf/ ?)2 = mZ2. For this estimation it is sufficient to use integer
masses, and because a ratio is involved these can be expressed as multiples of

Mmy.

79x81 81+81
X
79+81 81x81

2

~ -~ 2
D’“Brz/D“BrmBr = (meff 81Br79Br/Wleff 81Brz) = (
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E11B.6(b) For a molecule to show a pure rotational (microwave) absorption spectrum is

E11B.7(b)

E11B.8(b)

E11B.9(b)

must have a permanent dipole moment. of the molecules given satisfy this
requirement.

The wavenumbers of the lines in the rotational spectrum are given by [11B.20a-
436), #(J) = 2B(J + 1); the J = 2 « 1 transition is therefore at #(1) = 2B(1 +
1) = 4B. The rotational constant is given by [11B.7-432], B = h1/4ncl, and the
moment of inertia is given by m.gR?, where megs = mym,/(m, + my).

o (12.0000 x 15.9949)m? . 1.6605 x 10~%" kg « (112,81 x 10712 m)?
(12.0000 + 15.9949) m, 1 m,
= 1.44... x 107* kgm?
5o ho 1.0546 x 10734 s
4mcl 47 x (2.9979 x 101 cms~!) x (1.44... x 10746 kgm?)
=1.93..cm™

The transition occurs at 4B = 4 x (1.93... cm™!) = (7729 cm~!|. Expressed in

frequency units this is 4cB = 4 x (2.9979 x 10'°cms™!) x (1.93... cm™!) =

2.31... x 10! Hz =231.7 GHz|.

Centrifugal distortion will lower the frequency.

The wavenumbers of the lines in the rotational spectrum are given by [11B.20a-
436), %(J) = 2B(J + 1). The J = 1 « 0 transition is therefore at #(0) = 2B(0 +
1) = 2B, hence B = (16.93/2) cm™. The rotational constant is given by [11B.7-
432], B = h/4mncl, and the moment of inertia is given by . R?, where m.g =
mymy[(m + my). It follows that R = (h/4ncmeff1§)1/2.

(1.0078 x 80.9163)m?%  1.6605 x 107*" kg

Moge = x =1.65...x107% k

7 (1.0078 + 80.9163 ) m, 1 my &
) 1.0546 x 1034 s 12
~ \47x(2.9979 x 1010 cms=1) x (1.65... x 10-27 kg) x[(16.93/2)cm™! ]

- [ apm]

The wavenumbers of the lines in the rotational spectrum are given by [11B.20a-
436], %(J) = 2B(J + 1); the lines are therefore spaced by 2B, it therefore follows
that B = (1.033/2) cm™!. The rotational constant is given by [11B.7-432],
B = h/4mncl, and the moment of inertia is given by m.gR?, where meg =
mymy/(my + my). It follows that I = fi/4rncB and R = (I/meff)l/z.

I=h/4ncB

~ 1.0546 x 10734 s
47 % (2.9979 x 1010 cm's~1) x [(1.033/2) cm™

7 [5.420 x 10 kg m’




(34.9688 x 18.9984)m2  1.6605 x 10%” kg
u =2.04...

= X x 107%¢ kg
(34.9688 + 18.9984)1’1’1u 1 my

Meff

R = (I/mege)'? = [(5.420... x 107* kgm®)/(2.04... x 10726 kg)]'/>

- [l&28pm]

E11B.10(b) The most occupied J state is given by [11B.15-434], Jinax = (kT/2hcl§)l/2 - %

E11B.11(b)

E11B.12(b)

E11B.13(b)

(i) At25°C, 298K, this gives

Jinax =

( (1.3806 x 10723 JK™1)x (298 K) )l/i L
2x(6.6261 x 10-3]5)x(2.9979 x 101 cms~1) x (0.0809 cmn-1) ) 2

=

(if) At 100 °C, 373 K, this gives

Jimax =

( (1.3806 x 10723 JK~1) x (373 K) )l/i L
2x(6.6261 x 1073475)%(2.9979 x 101° cms~1)x (0.0809 cm~!) 2

=

For a molecule to show a pure rotational Raman spectrum it must have an
anisotropic polarizability. With the exception of spherical rotors, all molecules
satisfy this requirement. Therefore ]CHzClz, CH;CHj; and NZO\ all give rota-
tional Raman spectra.

The Stokes lines appear at wavenumbers given by [11B.24a-438], #(J+2 « J) =
¥; — 2B(2] + 3), where the wavenumber of the incident radiation is ;, and J is
the quantum number of the initial state. With the given data

(4« 2)=20623cm™ -2 x (1.4457 cm™")(2x 2+ 3) =(20603 cm ™!

The Stokes lines appear at wavenumbers given by [11B.24a-438], #(J+2 « J) =
# — 2B(2] + 3), where the wavenumber of the incident radiation is #;, and J is
the quantum number of the initial state. It therefore follows that the separation
between adjacent lines is 4B, hence B = (3.5312/4) cm™'.

The rotational constant is given by [11B.7-432], B = hi/4ncl, and the moment
of inertia is given by mestR?, where mege = mym,/(my + my). It follows that
I=h/4ncBand R = (I/mg)'/%.

I=h/4ncB

1.0546 x 107347

= =3.17.. x 107* kgm®
47 x (2.9979 x 1010 cms~1) x [(3.5312/4) cm™!] 5
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El11B.14(b)

m

For a homonuclear diatomic the effective mass is simply m¢ = %

3.17... x 10746 kg m? /2
1 % 18.9984 x (1.6605 x 10-27 kg)

R = (I/meg)"? = (
- [[4179 pm]

12325, is a linear molecule; the carbon atom has no effect on the nuclear statis-
tics as it is at the centre. *2S has spin zero, so the behaviour is analogous to that
of 2C1°0,: only even ] levels are permissible.

Changing the carbon to >C has not effect as this atom is at the centre.

Solutions to problems

P11B.2

P11B.4

Suppose that the centre of mass is at a distance x from B, and therefore (R — x)
from A and (R’ + x) from C. Balancing moments gives

R-mcR’
ma(R —x) = mpx + mc(R +x) hence x = Mmak = Mch
m

where the total mass is m = m, + mp + mc, the moment of inertia is therefore
I=mu(R-x)*+mpx* + mc(R' +x)*
first gather terms in powers of x

= maR” + mcR™ = 2x(maR — mcR') + x*(ma + mp + mc)

= maR” + mcR™? = 2x(mpR — mcR') + x*m
the substitute for x

I=mpR* + mcR™” - 2(mpR — mcR")(maR - mcR')[m
+ (maR — mcR)*m/m?
maAR? + mcR"™ = 2(maR — mcR')?/m + (mpR — mcR')?/m

maAR? + mcR" — (mpR — mcR')?/m

The wavenumbers of the lines expected for a diatomic are given by [11B.20a-
436), #(J) = 2B(J + 1); the separation of the lines is 2B. The spacing between
adjacent lines in the given data is not constant, but varies between 20.3 cm™
and 20.8 cm™!, with an average of 20.5 cm™; a reasonable first guess at the
value of B is therefore 1 x (20.5 cm™) = 10.25 cm™'. With this estimate it
is then possible to assign the lines, that is determine the value of ] associated
with each. From # = 2B(J + 1) it follows that J = #/2B — 1. For the first line

J = (83.32cm™1)/(20.5 cm™") - 1 = 3.1 which indicates that this is likely to



be the line #(3); similar calculations for the other lines indicates that they are
v(4)...9(10).
The variation in the spacing is attributed to the effects of centrifugal distortion.
In this case the wavenumbers of the lines are given by [11B.20b-436], 7(J) =
2B(J + 1) — 4D;(J + 1)*. Division of both side of this expression by (J + 1)
indicates that a plot of #(J)/(J + 1) against (J + 1)* should be a straight line
with slope —4D; and intercept 2B
intercept slope
~ ~— —r—
") L 58 ap, (1)

J+1

The data are tabulated below; & is the difference between successive lines. The
plot is shown in Fig. 11.4.

p())/em™  §fem™ ] [#()/(U+D)]fem™ (J+1)°
83.32 3 20.83 16
104.13 2081 4 20.83 25
12473 2060 5 20.79 36
14537 2064 6 20.77 49
16589  20.52 7 20.74 64
18623 2034 8 20.69 81
206.60 2037 9 20.66 100
226.86 2026 10 20.62 121

20.9
T
g
2 20.8
"
=
~
= 20.7
E
20.6 | | | | | L |
0 20 40 60 80 100 120
(J+1)?
Figure 11.4

The data are quite a good fit to the line
[#())/(J +1)]/em™ = -2.0534 x 107> x (J + 1) + 20.866

The value of the rotational constant is found from the intercept: (B/cm™!) =

% x intercept. Some elementary statistics on the best-fit line indicates an error
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of about 0.005 cm™! in the intercept, so the best estimate for the rotational
constant is B = 10.433 + 0.002 cm™!. The slope is (—~4D;/cm™!), hence D; =
513x107* cm™.

The rotational constant is given by [11B.7-432], B = h/4ncI; it follows that
I=h/4ncB

1.0546 x 10747
I=
47 x (2.9979 x 1010 cms~!) x (10.433 cm™!)

=[2.6832 x 107 kgm®

The moment of inertia is I = meR%, where meg is the effective mass, #.g =
mumci/(my + mq)). It therefore follows that

1/2
I(my + mc1)) /
mymecj

R = (I/meff)l/z = (

B ( (2.6832 x 107%7 kgm?) x (1.0078 + 34.9688

1/2
)
=[1284 pm
(1.0078 x 34.9688) x (1.6605 x 1027 kg)

Note the factor 1 m, = 1.6605 x 107" kg used to convert the masses to kg. If
the average spacing is used as an estimate for B the resulting bond length is
129.6 pm, which is significantly different.

To predict the corresponding lines in the spectrum of “H**Cl it is necessary
to know the values of the rotational constant and the centrifugal distortion
constant. The rotational constant is inversely proportional to the effective mass.
Therefore, assuming that the bond length is the same in the isotopologues, B
for “H*>Cl is computed from ratio of effective masses

BZH35C1/BIH35C1 = meff,1H35C1/meff,2H35C1

Bapascy = Biggsscy % meff,1H35c1/meff,2H35c1
Mg mMssc may + Mssc)
X

= BlH35C1 X
miy + Mssq) Moy Mssc)

1.0078 x 34.9688  2.0140 + 34.9688
X
1.0078 + 34.9688  2.0140 x 34.9688

=(10.433cm ™) x

=5.367 cm”!

As explained in Exercise E11B.5(b), the D; oc m_2. Because this term only has
a small effect it is sufficient to assume that the values of the effective masses of
'HCl and HCl are dominated by the much lighter 'H or *H to give m.g 11335¢] &
1 my and Mg 2yg350) * 2 My, thus

Dj2ysscr = Dyippssr x (1/2)? = (5.13x 107 em ™) x £ = 1.28 x 10 cm ™

With these values of B and D; the wavenumbers of the lines in the spectrum of
*H%Cl are computed using #(J) = 2B(J+1) —4D;(J +1)? to give the following

3 4 5 6 7 8 9 10
4290 53.61 64.29 7496 85.61 96.23 106.83 117.39

J
#(J)/em™




P11B.6

P11B.8

The wavenumbers of the lines expected for a diatomic are given by [11B.20a-
436), #(J) = 2B(J + 1); the separation of the lines is 2B. From the data given
the average spacing is 6027.69 MHz, and hence [B = 3013.8 MHz|. The preci-
sion of this value is likely to be lower than the apparent precision of data: for
example, the two separations measurable from the spectrum differ by 0.2 MHz,
indicating that there must be some scatter on the data at this level.

The rotational constant is given by [11B.7-432], B = h/4ncl. Expressed in
frequency units this is B = /i/4nl. 1t follows that I = i/4nB

1.0546 x 107347 s

=2.78... x 107 kg m?
47 x (3013.8... x 10° Hz) 8

I=h/4nB =

The effective mass is

MecyMmp, 629296 x 78.9183
Meicy + Mmp,  62.9296 + 78.9183

Meff = =35.0114 m,

Because I = m.R? it follows that
R = (I/meff)l/z
= {(2.78... x 107% kgm?)/(35.0114 x [1.6605 x 10" kg])}"/* =

The data are tabulated below and the plot is shown in Fig. 11.5.

¥()fem™ ] [v()/2(J+D]/em™  (J+1)?
3.845033 0 1.922517 1
7.689919 1 1.922 480 4
11.534510 2 1.922418 9
15.378662 3 1.922333 16
19.222223 4 1.922222 25

The data are a good fit to the line
[#())/(J+1)]/em™ = —1.225660 x 107> x (J + 1)* + 1.922529
The value of the rotational constant is found from the intercept: (B/cm™!) =

intercept. Some elementary statistics on the best-fit line indicates an error of
about 1077 cm™ in the intercept (which seems improbably small); using this,

the rotational constant is quoted as ‘B =1.922529 cm™! ‘ The slope is related
to the centrifugal distortion constant as (~2D;/cm™"), and the error is about

107 cm™! hence |D; = 6.128 x 107° cm™! ‘
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1.92260

1.92250

1.922 40

1.922 30

[v()/2(J + 1)]/em™

1.92220
0

(J+1)?

Figure 11.5

(a) The selection rules are A] = 1, AK = 0. An allowed absorption transi-
tion from (J, K) to (J + 1, K) has wavenumber

v=F(J+1,K) - E(J,K)
BJ+1)(J+2)+(A-B)K*-D;(J+1)*(J+2)?
~-Djx(J+1)(J+2)K* - DgK*
- [B](1+ 1) + (A-B)K* - D;J2(J + 1)2

~DiJ(J + 1)K - DKK4]
=2B(J+1)-D;[(J+1)*(J+2)* - J*(J+1)?]
-DiK[(J+1)(J+2)-J(J+1)]
=2B(J+1)-Dj[(JP+2]+1)(J* + 4] +4) - J*(J* +2] + 1)]
- DikK*[JP +3]+2-]*-]]
=2B(J+1) - Dj[4+12] + 12]* + 4]°] - DjxK*[2] + 2]
=2B(J+1) - Dj4(J +1)° = Djx2K*(J + 1)

The wavenumber of the lines in the absorption spectrum are given by

9(J.K) =2B(J +1) - 4D;(J + 1)* - 2Djx(J + DK?| (1L1)

(b) It is first helpful to compute the separation between the lines

51.0718 102.1408 102.1426 153.2076 153.2103

— — — —
51.069 0.0018 51.065 0.0027

Recall that B > D. The separation of about 51 GHz is likely to correspond
to 2B; if this is so then, ignoring centrifugal distortion, the expectation is
v(0) =2B =51 GHz, v(1) = 4B = 102 GHz, and v(2) = 6B = 153 GHz.



From eqn 11.1 it is seen that for each transition (J + 1 < J) there are
separate lines for each value of K2. The K quantum number takes values
from —] to +] in integer steps, and so has (2] + 1) values. However, the
energy goes as K2, of which there are only (J + 1) distinct values. The
transition 1 < 0 has ] = 0 and hence K = 0 only: there is one line. The
transition 2 < 1 has J = 1 and hence K = 0, 1 : there are two lines, and
because the term in K? is negative, the line for K = 1 is at lower frequency
that that for K = 0. The transition 3 < 2has J =2 and hence K =0, 1, 2
: there are three lines, running to lower frequency as K increases.

The following table indicates the quantum numbers for each line and their
frequencies expressed in terms of the various constants.

line observed freq/GHz ] K v(J,K)

1 51.0718 0 0 2B-4D;
2 102.1408 1 1 4B-32D;-4Djk
3 102.1426 1 0 4B-32D)
not given 2 2 6B-108D;-24Dk
153.2076 2 1 6B-108D;-6Djk
5 153.2103 2 0 6B-108Dy

The assignment of lines 4 and 5 needs some comment. With the assign-
ment given the separation of lines 4 and 5 is 6Dy, and the separation of
lines 2 and 3 is 4Dk; these separations are therefore expected to be in the
ratio 6/4 = 1.5. From the data the ratio is (153.2103-153.2076) /(102.1426—
102.1408) = 1.5, which is consistent with the assignment. Such consis-
tency is not achieved with any other values of K for lines 4 and 5.

With this assignment it is possible to find the constants but taking dif-
ferences between multiples of the frequencies of different lines from the
table:

line 3 —line 2 = 4Dk = 102.1426 — 102.1408 = 0.0018 GHz

hence Djx = § x 0.0018 GHz =[0.45 MHz|.

line 3 -2 x line1 = -24D; = 102.1426 — 2 x 51.0718 = —0.0010 GHz

hence D; = 5; x 0.0010 GHz = [0.042 MHz|. A different choice gives a

different value, indicating that the accuracy of the data is perhaps lower
than it appears

2 xline5 -3 x line 3 = -120D; = 2 x 153.2103 — 3 x 102.1426
=-0.0072 GHz

hence D; = 135 x 0.0072 GHz =[0.060 MHz]
line 3 - 8 x line 1 = —12B = 102.1426 — 8 x 51.0718 = —306.43 GHz

1
hence B = D x 306.4 GHz ={25.536 GHz
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It is not possible to find A, nor is it possible to find Dk, as these constants
do not affect the frequencies of the lines.

The issue here is whether or not the rotational transitions of the molecule have
wavenumbers which overlap the range for which the black-body radiation is
significant. The cosmic microwave background corresponds to about 2.7 K, and
the wavelength of the maximum radiation density can be found using Wien’s
law, [7A.1-238], Apax T = 2.9 x 107> m T. Expressing this as a wavenumber
gives

1 Amax = T/(29%x107°m T) = (27K)/(29x 10> mT) =931 m™*
The peak in the energy density of the black body is therefore at around 9.31cm ™.

The rotational constant of CN is 1.891 cm™!, so the first line occurs at 2B =

3.782 cm™!, and subsequent lines at 7564 cm™, 11.346 cm™! and so on. The
first few of these fall conveniently close to the maximum of the black-body
radiation. In contrast, for CH the first line is at 28.38 cm™!, which is already at
a much higher wavenumber than the maximum of the black-body radiation.
Thus, in order to study the energy distribution by looking at the lines from a
molecule, CN is much more useful than CH as the CN spectrum overlaps the
region of interest.

The first step is to find an expression for the moment of inertia of benzene about
any axis in the plane; as long as the axis lies in the plane and passes through the
centre its location can be chosen freely. Consider the arrangement shown below
in which the axis (shown by the horizontal line) is chosen to pass through two
carbon atoms on opposite sides of the ring. Recall that the distance from the
centre to the vertices is equal to the length of the sides; let this length be R. The
perpendicular distance d from one atom to the axis is R sin 60° = Rv/3/2. The
four carbon atoms which are away from the axis are all at the same distance
and so their contribution to the moment of inertia is therefore 4mc(3/4)R* =
3m¢R?; the other two atoms lie on the axis and so make no contribution.

Now consider the six hydrogen atoms. These also form a hexagon, but with
a larger side, which is denoted R’. Starting from the centre, the distance to a
carbon atom is R, and the distance to a hydrogen atom in the same direction is
R’. It follows that Rcyy = R’ — R, and as has already been established R¢c = R.



The contribution that the hydrogen atoms make to the moment of inertia is, by
analogy with the discussion above, 3my R, Therefore I;; = 3mcR? + 3myR"?
and Ip = 3mcR* + 3mpR"™.

To find R multiply Iy by mp, and Ip by my to give
mDIH = SmDmCRZ + 3mDmHR'2 mHID = SmHmCRZ + 3mHmDR'2
Then, subtract the two expressions and rearrange

mply — myl
mDIH - mHID = SmDmCR2 - 3mHmCR2 hence R2 = DR PHID
3mc(mD - WZH)

With the data given

R - (2.0140) x (1.4759 x 107> kg m?) — (1.0078) x (1.7845 x 10~*° kg m?)

3 x (12.0000) x (2.0140 - 1.0079) x (1.6605 x 10-27 kg)
=1.95... x 1072 m?

Therefore the CC bond length is[139.7 pm|

The value of R’ is obtained by subtracting Iy from Ip so as to eliminate the
term in R?

Ip -1
Ip — Iy = 3R”*(mp — my) hence R"”= b~
3(mD—mH)

With the data given

5 (1.7845x 107*° kg m?) — (1.4759 x 10*> kg m?)
~ 3x(2.0140 - 1.0079) x (1.6605 x 10-27 kg)
=6.15... x 107 m?

Therefore R’ = 248.1 pm and hence Rcy = R’ — R = 248.1 — 139.7 ={108.4 pm

R

11C Vibrational spectroscopy of diatomic molecules

Answers to discussion questions

D11C.2 The rotational constant depends inversely on the moment of inertia, which in
turn depends on the square of the bond length. However, because the molecule
is vibrating, the bond length is constantly changing. Vibration is much faster
than rotation, so for the purposes of calculating the moment of inertia it is
generally a good approximation to take an average over the vibrational motion
and use (R?) in place of R%. It follows that B o< 1/(R?).

If the vibration is assumed to be harmonic (R?) increases with increasing vi-
brational energy. However, for a typical anharmonic vibration there is a much
greater effect on (R?) arising from the asymmetry of the potential. Put simply,
instead of the molecule oscillating symmetrically about the equilibrium posi-
tion, the bond stretches more than it is compressed, resulting in the average
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bond length increasing. As the vibrational energy increases the potential curve
becomes shallower for bond extension and the average bond length increases
further.

The value of 1/(R?) therefore decreases as the vibrational quantum number v
increases, and as a result the rotational constant B is a decreasing function of
the v. For typical molecules, this effect of the anharmonicity is dominant, and
it is not unusual for the rotational constant to decrease by 1-2 per cent when
going from the v = 0 to the v = 1 vibrational level.

Because bonding is principally a matter resulting from electrostatic interac-
tions, the addition of a neutral particle to the nucleus is not expected to alter the
geometry of a molecule (bond lengths, bond angles), nor is it expected to alter
the force constants which describe the stretching of bonds. However, rotational
spectra, and the rotational fine structure which is associated with vibrational
spectra, depend on the rotational constants, and in turn these depend on the
effective mass. Likewise, vibrational frequencies also depend on the effective
mass, and so they too will be affected.

Different isotopes may have different nuclear spins and this can affect the pat-
tern of intensities of lines arising from different rotational states.

Solutions to exercises

E11C.1(b)

E11C.2(b)

The vibrational frequency of a harmonic oscillator is given by [7E.3-274], w =
(k¢/m)'/?; w is an angular frequency, so to convert to frequency in Hz, v, use
w = 2mv. Therefore 2rtv = (k¢/m)'/?. Rearranging this gives the force constant
as ke = m(2nv)?

ke = (0.0010 kg) x (27 x 10.0 Hz)? =

where 1N = 1 kgm s ™2 and 1 Hz = 1 57! are used.

The vibrational frequency, expressed as a wavenumber, of a harmonic oscillator
is given by [11C.4b-443], ¥ = (1/2mc) (k¢/meg)'/?, where m.g is the effective
mass, given by megs = mym,/(m; + m,). Assuming that the force constants of
the two isotopologues are the same, # simply scales as (1.¢) ~'/2. The fractional
change is therefore

Vigsscl — Vepviar _ 1- Vagrcl -1- (meff,1H35Cl )1 ’
Vigsscl Vigsscl Meff,2H7Cl
B 1.0078 x 34.9688 2.0140 + 36.9651
T ( 1.0078 + 34.9688 * 2.0140 x 36.9651

1/2
) =0.283...

The fractional change, expressed as a percentage, is therefore |28.38%|.



E11C.3(b)

E11C.4(b)

E1IC.5(b)

The wavenumber of the fundamental vibrational transition is simply equal to
the vibrational frequency expressed as a wavenumber. This is given by [11C.4b—
443], 9 = (1/271c) (ke /mese) 172 \where m. is the effective mass, given by megr =
mymy[(m, + my). It follows that k¢ = meg(2mcv)?. With the data given

78,9183 x 80.9163
~ 78.9183 + 80.9163
x [21 x (2.9979 x 10" cm's™!) x (323.2 cm™") ]2

=[245.9Nm™]

Note the conversion of the mass to kg.

x (1.6605 x 107*” kg)

f

The wavenumber of the fundamental vibrational transition is simply equal to
the vibrational frequency expressed as a wavenumber. This is given by [11C.4b-
443], v = (1/271c) (ke[ meg) 1/2 \where m. is the effective mass, given by megr =
mymy[(my +m;). Assuming that the force constants of the two isotopologues
are the same, 7 simply scales as (n.¢) /2. Therefore

. 1/2 1/2
V2HX Meff, THX ~ ~ Meff, 1THX
= — hence Vopgx = higx x| ——=

ViHX Meff,2HX Meff,2HX

Using these relationships, the following table is drawn up

nH19F ﬂH35cl HHSIBr nH127I
Puux/em™' 41413 29889  2649.7  2309.5
Mot /ma 09570 0.9796  0.9954  0.9999
Megr 2px [ Mu 1.8210 1.9043 1.9651 1.9825
ﬁzHX/Cm_l 3002.3 2143.7 1885.8 1640.1

The terms (energies expressed as wavenumbers) of the harmonic oscillator are
given by [11C.4b-443], G(v) = (v + 1)7; these are wavenumbers and so can
be converted to energy by multiplying by hc to give E(v) = (v + 2)hcv. The
first excited state has v = 1, and the second has v = 2. The relative popula-
tion of these levels is therefore given by the Boltzmann distribution, n,/n; =
e (BE2=ED/KT The energy difference E; — E; = hev, and hence ny /n; = e he?/kT,
It is convenient to compute the quantity hcv/k first to give

(6.6261 x 10734 ]5s) x (2.9979 x 10" cms™!) x (321 cm™!)
1.3806 x 10~23 JK™!

hevfk =
=461.8...K

It follows that n,/n; = e~ (461:8-- K)/T

(i) At298K, ny/n, = e"(461:8:- K)/(298K) _[0 212
(ii) At 800K, n,/n; = e~ (401:8:- K)/(800K) _ [ 56]
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E11C.6(b)

E11C.7(b)

As expected, the relative population of the upper level increases with tempera-
ture.

Note: the data in the Exercise are in error, the transitions should be at 2329.91 cm™,
4631.20 cm™}, and 6903.69 cm™L.

Taking y. = 0 is equivalent to using the terms for the Morse oscillator, which
are given in [11C.8-444], G(v) = (v + 3)7 - (v + 3 ). The transition v < 0
has wavenumber

[+ 15— (0 1) 2ix] - [0+ 1)i— (0+ 1))

Data on three transitions are provided, but only two are needed to obtain values
for ¥ and x. The AG(v) values for the first two transitions are

1<0 ¥ — 29x, = 2329.91 cm ™!
2«0 27 — 69x, = 4631.20 cm™*

Multiplying the first expression by 3 and subtracting the second gives

3(V—20xe) — (27 — 6Vx.) =V
hence 7 = 3 x (2329.91 cm™") — (4631.20 cm™") =(2358.5 cm™!

This value for ¥ is used in the first equation, which is then solved for x. to give

Xe = 3 —(2329.91cm™")/[2 x (2358.53 cm™")] =[6.07 x 107° .

The strategy here is to see if the data can be modelled by the energy levels of the
Morse oscillator. This is tested by using the result from [11C.9b-445], AG 4/ =

7 = 2(v + 1)x.¥, where AG,,1/, = G(v + 1) — G(v). This implies that a plot
of AG,,, /2 against (v + 1) will have slope —2x.7 and intercept 7. The data are
shown in the table and the plot in Fig. 11.6.

G,/cm™! AGU+1/2/cm_1 v+
1144.83 2230.07 1
3374.90 2150.61 2
3
4

5525.51 2071.15
7596.66 1991.69
9588.35

L ST e B o

The data are a good fit to the line

AGyy1pfem™ = -79.46 x (v +1) +2309.5
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Figure 11.6

This confirms that the data are well-described by the Morse levels. From the
slope

xePfem™ = -1 xslope = -1(~79.46) hence x.¥=39.73cm™’
and from the intercept
#/cm™! = intercept = 2309.5 hence ¥ =2309.5cm™

The depth 9f the well, D, is then found using [11C.8-444], Xe = 17/~41~)e rear-
ranged to D, = 7/4x. = ¥*/4¥x.. The dissociation energy is Dy = D, — G(0)
(Fig. 11C.3 on page 444), hence

1‘;2
4vx.

2309.5 cm™!)?
_ (2309.5em™)" (1144.83cm™") =[3.24 x 10* cm™!

4% (39.73 cm™!)

Dy =D.-G(0) = -G(0)

To convert to eV, the conversion 1 eV = 8065.5 cm™! from inside the front cover

is used to give | Dy = 4.02 eV |.

The result is only quoted to modest precision because in effect the dissociation
limit is extrapolated from just a few levels near to the bottom of the potential
energy well.

The wavenumber of the transition arising from the rotational state J in the P
branch (A] = -1) of the fundamental transition (v = 1 < v = 0) is given
by [11C.13a-447], #p(J) = # — 2BJ. In this case 7 = 2648.98 cm™! and B =
8.465 cm™! hence

7r(2) = (2648.98 cm™') — 2 x (8.465cm™!) x 2 =|2615.1 cm™}
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Solutions to problems

P11C.2 The potential energy function for a Morse oscillator is given by [11C.7-444],
V(x) = hcDe(1 - e7*)?, and the force constant is defined in [11C.2b-442] as

ke = (d2V/dx?),.

dihCDE(l —e *)? =2hcD. (1 -e ) (ae™ ") = 2hcDea(e ™ — e 2%%)
x

d2 d 2 —-ax -2ax B —-ax -2ax
—V(x) = —2hcDea(e™ ™ —e ") = 2hcDea(—ae™ ™ + 2ae ")

dx? dx

Evaluation the second derivative at x = 0 gives

ke = (d*V/dx?)o = 2hcD.a(-a + 2a) =

P11C.4 The quoted vibrational terms, G(v) = (v + )% — (v + 3 )x7, are those of a
Morse oscillator. Therefore [11C.9b-445] applies, AG,, 1/, = 7 = 2(v + 1)x. ¥,
where AG,,1/; = G(v + 1) = G(v), applies. It is therefore expected that a plot
of AG,,, /2 against (v + 1) will have slope —2x.7 and intercept 7. The data are
shown in the table and the plot in Fig. 11.7.

Gyfem™  AG,i1p/em™ v+l

v
0 142.81 284.50 1
1 427.31 283.00 2
2 71031 281.50 3
3 991.81
285
. 284 N
|
= L i
<
< 283 I
E
12 [ h
282 - N
281
0.5 1.0 1.5 2.0 2.5 3.0 3.5
v+1
Figure 11.7

The data are a good fit to the line

AG, 1 pfem™ = -1.500 x (v + 1) +286.00
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This confirms that the data are well-described by the Morse levels. From the
slope

xe¥fem™' = -1 xslope = —-1(~1.500) hence x.¥=0.750 cm™’
and from the intercept

#/cm™! = intercept = 286.00 hence 7 = 286.00 cm ™!

The zero-point energy is G(0), which is, from the data given, [142.81 cm!|

The depth of the well, D, is then found using [11C.8-444], Xe = 17/~41~)e rear-
ranged to D, = 7/4x. = ¥*/49x.. The dissociation energy is Dy = D, — G(0)
(Fig. 11C.3 on page 444), hence

172
4Vx,

286.00 cm™')?
_ (286.00em™ )" 1) 81 em 1) = [271 x 107 e

~ 4x(0.750 cm™!)

Do = De - G(0) = —— — G(0)

To convert to eV, the conversion 1 eV = 8065.5 cm™! from inside the front cover

is used to give | Dy = 3.36 V| The result is only quoted to modest precision

because in effect the dissociation limit is extrapolated from just a few levels
near to the bottom of the potential energy well.
In the harmonic limit the vibrational frequency is given by [11C.4b-443], v =
(1/2m¢) (k¢ mege) /2, with the effective mass given by meg = mymy/(m;+m;).
It follows that k¢ = meg(2mcv)?.
~22.9898 x 126.9045
©22.9898 + 126.9045
x [21 % (2.9979 x 10" cm's™!) x (286.00 cm™")]?

=[93.8Nm™']

The Morse potential is given by [11C.7-444], V(x) = hcD(1 — e )2, where
a = (megw?®[2hcD,)'/?. The task is to relate the constant a to the given values
of ¥ and Px.. This is done by starting with [11C.8-444], x. = 17/4156, hence
D, = #/4x.; using ¥ = w/(2mc) this becomes D, = w/8mcx.. This is then used
in the expression for a to give

1/2 1/2
( Megrw? ) / ( Megrw?  8TCXe ) /
a=\———= =] —— X

x (1.6605 x 107" kg)

f

2hcD. 2hc w
~ (meff4nxew )1/2 - (meff4nxe(2nc17) )1/2 - (8n2cmeffxe17)l/2
- h ) U

where w = 2mc? is used once more. With the data given
84.9118 x 1.0078
~ 84.9118 + 1.0078
87%(2.9979 x 10'% cms™!) x (1.65... x 10727 kg) x (14.15 cm™') | /*
“- ( 6.6261 x 103 s )
=9.14..x10°m™' =9.14... nm™*

Mef x (1.6605 x 10727 kg) = 1.65... x 107> kg
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The well depth D, is computed using D, = #/4x, = ¥ /4x.7; with the given data
D. = (936.8 cm™)?/(4 x [14.15 cm™']) = 15505 cm™!. With these values of
a and D, and using x = R — R, the potential is plotted in Fig. 11.8.
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o
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=
9
— 1
E 0000

0 | | |
200 400 600 800
R/pm
Figure 11.8

If rotation is included the potential is modified to V* = V +hcBJ (] +1), which
is conveniently rewritten as V*/hc = V/hc + BJ(J + 1) so that the value of
V* [hc is plotted as a wavenumber. Because B o< R™2, the value of B at any R is
related to its value at the equilibrium bond length as

B(R) _
B(Re)

The effective potential function to plot is therefore

o N

R
R?

hence B(R) = B(R.)

o)
%)%

2
V*/he = D(1 - e_a(R_R“))2 + B(Re)%](]+ 1)

This is plotted in Fig. 11.8 for the indicated values of J. It is seen that as |
increases the depth of the potential well decreases, and that for J = 100 there is
no minimum in the potential, implying that the molecule is not bound.

The vibrational terms of the Morse oscillator are [11C.8-444], G(v) = (v +
2)7—(v+2)*x.7. Because of the term in x., which goes as v?, the energy levels
get closer together and eventually the spacing goes to zero at the dissociation
limit. This spacing is given by [11C.9b-445], AG,,,/, = ¥ — 2(v + 1)x.7, where
AGUH/Z = G(v + 1) - G(v). The quantum number of the state at which the
spacing goes to zero is therefore found by solving AG, 2=0

V= 2(Umax + 1)xe7 =0 hence |vUpmax=1/2x.-1
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An alternative approach is say that G(v) reaches a maximum value at the dis-
sociation limit, and therefore to find this limit by solving dG(v)/dv = 0

d . R .
o [(v+ 17— (v+1)xed] =7 -2(v+1)x.P
1

solving 0=7—2(VUpmayx + %)xef/ gives  |Umax = 1/2x — 3

The difference between this result and that previously obtained is not significant
because vmay is an integer, whereas both of the expressions derived treat v as
a continuous variable; it will therefore be necessary to round to the nearest
integer.

Yet another approach is to seek the value of v at which the energy of the term
reaches D,
~ 2~ ~
(Vmax + 3)7 = (Umax + 3 ) Xe¥ = De

This is most easily solved by letting y = (vmax + 3) to give the quadratic
0= y*x.7 - y¥ + D,
hence y = (1/2x.9) [ = (¥ - 4xe171~)e)1/2]

Using x, = #/4D, from [11C.8-444] gives

y = (1/2xe9) [ £ (77 = ) ?] = 1/2x.

The rotational constant is given by [11B.7-432], B = h/4ncl, and the moment
of inertia is given by megR?, with megr = mymy/(my + my). It follows that
R = (h/4ncmegB) /2.

12.0000 x 15.9949

Mefs = x (1.6605 x 107%" kg) = 1.13... x 1072° k;
= 150000+ 15.9949 ~ 8) &

For the v = 0 state B = 1.9314 cm™! and hence

R= (h/4ﬂcmeff1§)l/2

. 10546 x 104 s 2
"\ 4% (2.9979 x 107 cms 1) x (1.13... x 1026 kg) x (1.9314 cm 1)

- (28 pm]

Repeating the calculation for the v = 1 state B = 1.6116 cm ™! gives [123.5 pm|

1

In fact the data are in error: the rotational constant for v = 0 is 1.9225 cm™
giving R = 113.1 pm, and for v = 1 it is 1.9050 cm™! giving R = 113.6 pm. This
variation by a fraction of a percent is more typical.
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P11C.12

P11C.14

The expectation is that the separation between the lines in the P and R branches
will be approximately constant at 2B; however the separation of the first line of
the R branch, ¥ (0), from the first line of the P branch, #p (1), is approximately
4B. Examination of the data shows that the separation between the lines at
2906.25 cm™! and at 2865.14 cm™! is approximately twice that between the
other lines. Therefore 2906.25 cm™! is assigned as the first line of the R branch,
the transition J = 1 < 0, and 2865.14 cm™" is assigned as the first line of the P
branch, the transition J = 0 < 1. The assignment of the other lines follows by
working out from these.

In the method of combination differences, lines sharing a common upper (or
lower) J level are identified and a plot is made of the difference between the
wavenumbers of these pairs of lines against J. According to [11C.15b-448] a
plot of #x(J) — #p(J) against (J + 1) will have slope 4B;, and according to
[11C.15a-448] a plot of #x(J — 1) — ¥p(J + 1) against (J + 3) will have slope
4B,. The data are shown in the tables and the corresponding lines are plotted
in Fig. 11.9.

J w(D)fem™ dp(J)/em™" [9r(J) = vp(J)]/em™" J+ 3

0 2906.25 0.5

1 292592 2865.14 60.78 1.5

2 2944.99 2843.63 101.36 2.5

3 2963.35 2821.59 141.76 3.5

4 2981.05 2799.00 182.05 4.5

5 2998.05
J vr(J)/em™ Vp(J)/em™ [#r(J-1) - p(J+1)]/em™" J+ 1
0 2906.25 0.5
1 292592 2865.14 62.62 1.5
2 2944.99 2843.63 104.33 2.5
3 2963.35 2821.59 145.99 3.5
4 2981.05 2799.00 4.5
5 2998.05

Both plots show good straight lines. For the plot of ¥g(J) — ¥p(J) the slope
is 40.42 and hence B, = (slope/4) cm™! = . For the second plot
of #r(J = 1) — #p(J + 1) the slope is 41.68 and hence By = (slope/4) cm™! =

10.42em™']

For a harmonic potential the virial theorem ([7E.14-278]) states that (V) =
(Ex). The total energy is the sum of the kinetic and potential energies, therefore
Eior = (V) + (Ex). It therefore follows that Eir = 2( V).



P11C.16

I 1) = e ())
OﬁR(]—l) —171)(]-%1)
150 - *
IE | |
=
100 - *
1 5
Figure 11.9

For a harmonic oscillator Eyo; = (v + %)h(kf/m)l/Z and V = %kfxz hence

2 x <%kfx2> =(v+ %)Fl(kf/m)l/z
hence (<) = K7'h(v + 1) (kefm)
= (v+ (1 kem)'?

The average of x? therefore increases with the vibrational energy (is indicated
by the quantum number v).

The rotational constant is given by B = h/4ncl = h/4ncm g R%. Because the
bond is vibrating much faster than the molecule is rotating, the term R? is
replaced by the average (R?) over a vibration. It is shown in Problem P11C.13
that (R*) = R? + (x?). Therefore, because (x?) increases with v, so does (R?)
and therefore the rotational constant B decreases with v.

If the potential is anharmonic the vibration is no longer symmetric about the
equilibrium separation: the average of R is greater than R, because the bond
stretches more than it compresses. The greater the vibrational energy, the more
asymmetric the vibration becomes and hence the greater (R) becomes. As a
result the rotational constant decreases with increasing vibrational quantum
number. Usually this effect is much greater than that expected for a harmonic
potential.

If the centrifugal force balances exactly the force due to extending the bond
from R, to R, the following applies

ki(R. — R.) = megrw®R.  hence (R.—R.) = merw”Re/k¢ (11.2)

It is helpful to recall the steps for converting a classical expression for the rota-
tional energy into the corresponding quantum expression. The (kinetic) energy
of a body with moment of inertia I rotating at (angular) velocity w is E = I
The rotational angular momentum (7 is given by J = Iw. It therefore follows
that E = 1 (Iw)*/1 = J%/21.
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The classical angular momentum 7 is then replaced by the quantum expression
[J(J + 1)]"?h to give E = J(J + 1)h?/2I, where ] is the rotational quantum
number. This expression is written E = J(J + 1)hB where B = h/4nl = h/8n°I,
the rotational constant in frequency units.

The aim of the derivation is to generate an expression which can be compared
with E(J) = hBJ(J + 1) — hD;J*(J + 1)?; the first term is recognised as orig-
inating from a classical term J? (as in the above discussion), and the second
term is recognised as originating from a classical term J7*.

The first step is to write the rotational energy as a sum of two terms

E;
—_— E,
’ 1 2
E= 21 + gkf(Rc - Re) (11'3)

The first term is the rotational energy of a rigid rotor, the second term is the
energy that arises from stretching the bond from R. to R.: it is simply the
harmonic potential energy. From now on attention is focused on this second
term. The expression for (R, — R, ) from eqn 11.2 is inserted to give

2 42 2 42

mZw R mZw R

Ey = 1ke(Rc - Re)* = 1k efsz € = ef;kf <
f

Because the aim is to generate a term of the form J* = (Iw)*, rewrite w* as
(Iw)*/I*. Then recognise that I = m.gR? and cancel one factor of

E, - meg(10)' R megr(Iw)* (meseRE) _ mesr(1w)*
2k¢eI* 2keI* 2keI3

For a harmonic oscillator the vibrational frequency is given by wpo = (k¢/mefr) 1/2,

hence (meg/kr) = 1/w?q; using this gives

_ (Iw)4 ~ j4

203, 20ho P

2

To create the quantum expression replace 7 with [J(J + 1)]*/? to give

E,

_]2(]+1)2h4 2 2 hj P8 ) 24(hB)’
C 20}, AR By 22w, =70+ h2w?

—
(hB)?

To write the expression in wavenumbers, divide both sides by hc to give

4(hB)?
ch®w}, [4m?

4(hB)3 _]2(]+1)2

Ey=E/hc=T*(J+1) =
2= Eafhe =T (J+ )hzwﬁoxhc
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Finally, note that the harmonic frequency can be expressed as a wavenumber:
¥ = wyo/27mc, hence wﬁo = 471% 292, and that the rotational constant can also
be expressed as a wavenumber B = ¢B

4(hcB)?

deamanya = U

E,=T*(J+1)?

4B3
1}2

If follows that D; = 4B%/#?, as required.

For completeness it is necessary to consider the term E; in eqn 11.3 in some
more detail. This term contains the moment of inertia which, as a result of the
stretching of the bond, is given by I = m.¢R2.

J? J?
- 20 - 21 R2

1

From eqn 11.2 R. = R./(1 — megrw? k). It therefore follows that

_ T? (1 - megrw? [ke)?
2Meff Rg

If it is assumed that m.gw?/k; << 1 (which is the case for typical molecules),
then this term may be ignored and hence

J? J?

DT 2megR? 2

where I is the moment of inertia corresponding to the equilibrium separation
- that is, in the absence of any centrifugal distortion.

According to [11C.15b-448] #x(J) — #p(J) = 4B1(J + 1), and according to
[11C.15a-448] #x (J - 1) - #p(J + 1) = 4Bo(J + 1 ). Hence

ﬁR(l)—ﬁp(1)=6B1 and ﬁR(O)—ﬁP(Z) 2630

Therefore

B, =[(2150.858 cm™!) — (2139.427 cm™*)]/6 = [1.905 cm ™!
By = [(2147.084 cm™") - (2135.548 cm™")]/6 = [1.923 cm ™!

Because only data from a few lines have been used, high precision is not war-
ranted.
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11D Vibrational spectroscopy of polyatomic molecules

Answers to discussion questions

D11D.2

The gross selection rule for vibrational Raman scattering is that for a particular
normal mode to be active the vibration must result in a change in the polar-
izability as the molecule vibrates about the equilibrium position. The origin
of this rule is that such an change in the polarizability will result in the dipole
induced in the molecule by the electric field of the incident radiation being
altered as the molecule vibrates. It is this modulation of the dipole that results
in Raman scattering.

Solutions to exercises

E11D.1(b)

E11D.2(b)

E11D.3(b)

E11D.4(b)

E11D.5(b)

With the exception of homonuclear diatomics, all molecules have at least one
infrared active normal mode. Of the molecules listed, |CH3CHj3, CHy,| and

CH;Cl| have infrared active modes.

According to [11D.1-451], a non-linear molecule has 3N — 6 vibrational normal
modes, where N is the number of atoms in the molecule; a linear molecule has
3N - 5 normal modes.

(i) Cg¢Hg is non-linear, has N = 12 and hence [30] normal modes.
(ii) C¢HsCHj; is non-linear, has N = 15 and hence normal modes.
(iii) HC = C-C = CH is linear, has N = 6 and hence |13| normal modes.

According to [11D.1-451], a linear molecule has 3N — 5 normal modes, where
N is the number of atoms in the molecule. There are 36 atoms in this linear
molecule, and so there are 3(36) — 5 = normal modes.

According to [11D.1-451], a non-linear molecule has 3N — 6 vibrational normal
modes, where N is the number of atoms in the molecule; therefore SO, has
3 normal modes. The terms (energies expressed as wavenumbers) for normal
mode q are given by [11D.2-452], G4 (v) = (vq+ 3 )7,, where v, is the quantum
number for that mode and 7, is the wavenumber of the vibration of that mode.
These terms are additive, so the ground state term corresponds to each mode
having v, = 0

G](O) + Gz(O) + 63(0) = %(171 +Vy+ 173)

A planar AB; molecule has no permanent dipole moment, but in the normal
mode in which the central atom is displaced vertically out of the plane of the
molecule, a dipole will be induced in this direction. During the vibration, the
A atom passes back and forth through the plane of the molecule, resulting in

an oscillating dipole: the normal mode will therefore be [infrared active]



E11D.6(b)

E11D.7(b)

This mode is in fact[not Raman active], something which is best deduced using
the symmetry arguments discussed in Topic 11E. The rule of mutual exclusion
does not apply.

The benzene molecule has a centre of symmetry, so the rule of mutual exclusion
applies. The molecule has no permanent dipole moment but if it is distorted
into a boat-like shape the expectation is that there will be an induced dipole

and that therefore the mode will be [infrared active].

According to the rule of mutual exclusion, such a mode is [not Raman active].

The exclusion rule applies only to molecules with a centre of symmetry. C,Hy

does possess such symmetry, and so the exclusion rule |does apply/|.

Solutions to problems

P11D.2

NO," is isoelectronic with CO,, so the molecule is linear. Around the central
N there are four electron pairs, arranged as two double bonds.

The normal modes of NO, " are analogous to those of CO, shown in Fig. 11D.2
on page 452. The one Raman active normal mode at 1400 cm ™" is the symmetric
stretch (v;). The lowest frequency mode at 540 cm™! is the (doubly degenerate)
bend (v3): typically, bends are a lower frequencies than stretches. The infrared
active mode at 2360 cm™! is the asymmetric stretch (v;).

The weak absorption at 3735 cm™! s likely to be either an overtone or a com-
bination band. The most likely candidate is for one quantum to be excited
into each of the modes v; and v,; such a transition would have wavenumber
1400 cm™! + 2360 cm™! = 3760 cm™!. The numbers do not agree exactly due
to the effects of anharmonicity.

11E  Symmetry analysis of vibrational spectroscopy

Answer to discussion question

Solutions to exercises

E11E.1(b)

Note that there is an error in the Exercise: the displacements span Apg+2A1, +
2E . + Elg-

The displacements include translations and rotations. For the point group Dooh,
(x,y) and z transform as E;, and Aj,, respectively. The rotations (R, R,)
transform as E;g; for a linear molecule there is no rotation about the inter-
nuclear axis and so the symmetry species for R, is not taken away. Taking
these symmetry species away leaves just the symmetry species of the normal

modes as [Ajg + Ay + Ejy| Theses correspond to 4 normal modes, which is

the number expected for a linear triatomic (the E;, is doubly degenerate).
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EI11E.2(b)

E11E.3(b)

A mode is infrared active if it has the same symmetry species as one of the
functions x, y, and z; in this point group these span E;; + A;y. A mode is
Raman active if it has the same symmetry as a quadratic form; in this group
such forms span A;g + Ei4 + Eag.

Therefore the normal modes are [infrared active], and the
mode is [Raman active|. The rule of mutual exclusion applies.

@)

(ii)

H,O belongs to the point group C,,. Rather than considering all 9 dis-
placement vectors together it is convenient to consider them in sub-sets
of displacement vectors which are mapped onto one another by the op-
erations of the group. The x, y, and z vectors on the oxygen are not
mapped onto the displacements of the H atoms and so can be considered
separately. In fact, because these displacement vectors are attached to the
principal axis, they transform as the cartesian functions x, y, and z as
listed in the character table: that is as B; + B, + A;.

Assuming the same axis system as in Fig. 11E.1 on page 456, the two x
displacements on the H atoms map onto one another, as do the two y
displacements, as do the two z displacements: however, the x, y, and z
displacements are not mixed with one another. For the two z displace-
ments the operation E leaves both unaffected so the character is 2; the C,
operation swaps the two displacements so the character is 0; the oy (xz)
operation swaps the two displacements so the character is 0; the o, (yz)
operation leaves the two displacements unaffected so the character is 2.
The representation is therefore (2,0, 0,2), which is easily reduced by in-
spection to A; + B,. For the two y displacements the argument is essen-
tially the same, resulting in the representation (2,0, 0, 2), which reduces
to A1 + Bz.

For the two x displacements the operation E leaves both unaffected so
the character is 2; the C, operation swaps the two displacements so the
character is 0; the o,(xz) operation swaps the two displacements so the
character is 0; the g, (yz) operation leaves the two displacements in the
same position by changes their direction, so the character is —2. The rep-
resentation is therefore (2,0, 0, —2), which is easily reduced by inspection
to A2 +B 1.

The 9 displacements therefore transform as 3A; + A, + 2B; + 3B;.

The displacements include translations and rotations. For the point group
Cay, X, y, and z transform as By, By, and A, respectively. The rotations
Ry, Ry, and R; transform as By, B, and A,, respectively. Taking these
symmetry species away leaves just the normal modes as[2A; + B, |.

A mode is Raman active if it has the same symmetry as a quadratic form;
in this group such forms span A; + A, + B; + B,. Therefore of the
normal modes are Raman active.

H,CO is a straightforward extension of the case of H, O as both molecules
belong to the point group C,,. The H,C portion lies in the same position
as H, O, with the carbonyl O atom lying on the z axis (the principal axis).
The analysis therefore includes three more displacement vectors for the



O, and as they are connected to the principal axis they transform as the
cartesian functions x, y, and z, that is as By + B, + A;. The tally of
normal modes is therefore those for H,O plus these three in addition:

3A; + B; + 2B, | All these modes are Raman active.

Solutions to problems

P11E.2

It is helpful to tabulate the given data

band in infrared/cm™" | 870 1370 2869 3417
band in Raman/cm™"' | 877 1408 1435 3407

Bands which are are described as deriving from the same normal mode are
listed in the same column. It is evident that the rule of mutual exclusion does
not apply, therefore the molecule cannot have a centre of symmetry.

@
(ii)

(iii)

If the molecule were linear it would have 3 x 4 — 5 =|7| normal modes.

Assuming 1 is planar the molecule possesses a centre of symmetry, a mir-
ror plane in which the molecule lies, and a C, axis perpendicular to the
plane of the molecule and passing through the mid-point of the O-O
bond. The point group is therefore [Cyp

Assuming 2 is planar the molecule possesses: a C, axis lying in the plane
of the molecule, passing through the mid-point of the O-O bond and
perpendicular to this bond; and two mirror planes, one in the plane of
the molecule and one perpendicular to this and containing the C, axis.

The point group is therefore [Cyy].
3 has a C, axis passing through the mid-point of the O-O bond and

bisecting the dihedral angle formed between the two O-H bonds. The
point group is therefore [C,].

This part of the question can be answered without determining the sym-
metry species of the normal modes in each case. As has already been
noted, the data indicate that the rule of mutual exclusion is not obeyed,
so this immediately rules out structure 1.

In the point group C,, (x, y,z) span the symmetry species A and B, and
the quadratic forms span the same species. Therefore all normal modes
(which have to transform as either A or B, the only two symmetry species
in the group) are in principle both Raman and infrared active. This is
inconsistent with the data, which shows modes which are only seen in
either the Raman or the infrared.

In the point group Cyy, (X, ¥, z) span the symmetry species A; + B; + B3,
but the quadratic forms span A; + A, + B; + B,. This means that any
mode active in the infrared is also active in the Raman, which is again
inconsistent with the data.

The data do not appear to be consistent with any of the three structures.

However, it must be kept in mind that the prediction of whether or not a
normal mode is active in the infrared or Raman is simply a prediction in
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principle. It may be that for other reasons a particular normal mode gives
a band with such low intensity that it cannot be detected. The consensus
view for H,O, is that it has structure 3.

For reference the symmetry species of the normal modes are: 13A; + Ay +2By;
2 3A1 + A2 + 2B2; 34A +2B.

11F Electronic spectra

Answers to discussion questions

DI11E.2

DI11F.4

D11E.6

This is explained in Section 11E1(c) on page 462. A progression is set of transi-
tions arising from a common vibrational level in one electronic state to succes-
sive vibrational levels in another electronic state. If the potential energy curve
of the upper electronic state is displaced to a shorter or longer equilibrium bond
length than that of the ground state, then the Franck-Condon factors are likely
to make it possible to see a vibrational progression arising from the v = 0 level
in the ground electronic state (for small molecules only this level is likely to be
populated).

Colour can arise by the emission, absorption, or scattering of electromagnetic
radiation by an object. Many molecules have electronic transitions that have
wavelengths in the visible portion of the electromagnetic spectrum. When
a substance emits radiation, the perceived colour of the object will be that
of the emitted radiation, and it may be an additive colour resulting from the
emission of more than one wavelength of radiation. When a substance absorbs
radiation its colour is determined by the subtraction of those wavelengths from
white light. For example, absorption of red light results in the object being
perceived as green. Scattering, including the diffraction that occurs when light
falls on a material with a grid of variation in texture or refractive index having
dimensions comparable to the wavelength of light (for example, the plumage
of a bird), may also form colour.

The electronic configuration of Zn** is ... 35> 3p® 3d'°. The 3d sub-shell is full,
so no transitions involving the rearrangement of these electrons is possible.

Solutions to exercises

E11E1(b)

The term symbol indicates |A| = 1, which means that one electron must have
A = 0 and one have A = +1, implying that one electron is in a 0 and one ina nt
orbital. The total spin, S, is 1, meaning that the two electrons must have parallel
spins. The overall symmetry with respect to inversion is u, which implies one

electron has g and one has u symmetry. The configuration is therefore .



E11E.2(b)

E11E.3(b)

E11F.4(b)

E11E.5(b)

Filled orbitals make no contribution to A and S, and so can be ignored. The
electronic configuration of O, is ... 1n§, so that of O, is ... lng. With three
electrons in a pair of degenerate orbitals two of the spins must be paired, so
the overall spin S is 1, and hence (28 + 1) = 2. The degenerate 7 orbitals have
A = £1. Therefore two electrons are in the orbital with A = +1 and one in the
orbital with A = -1 togive A = +1+1—-1 = +1, or two have A = —1 and one has
A=+1togive A = -1-1+1=-1. Overall, A = £1, which is represented by
I1. The symmetry with respect to inversion is g x g x g = g. The term symbol is

therefore .

The electronic configuration given is loé loZ 12 lné. The filled orbitals, 10;
and 102, make no contribution to A and S, and so can be ignored. With two
electrons in a pair of degenerate m, orbitals, the spins may either be paired or
parallel. Likewise, the two electrons in the degenerate mg orbitals may either be
paired or parallel. The overall result is that the maximum number of parallel
spins is 4 x 3 = 2, corresponding to S = 2; it is also possible for all the spins to
be paired up giving S = 0. The intermediate value S = 1 is also possible. The
spin multiplicities are therefore 5], [3]and [0].

The two electrons in the m, have overall symmetry with respect to inversion
(parity) ux u=g. The two electrons in the m; have overall symmetry with
respect to inversion (parity) g x g = g. Thus the overall symmetry with respect
to inversion is g].

(i) Allowed
(ii) Allowed
(iif) Symmetry forbidden

Note: there is an error in the Exercise. The second function should be y{ =
Ni(x - xo)e_“("_"")z/z.

To evaluate the normalizing factor for the function e /2

+o0o 2
[ e Y dx
— 00

which is of the form of Integral G.1 with k = a and evaluates to (1/a)'/?. The
normalizing factor is therefore Ny = (a/m)"/*.

requires the integral

2
To evaluate the normalizing factor for the function (x—xo)e~*(*~%)°/2 requires
the integral

+0oo
f (x _ xO)Ze—a(x—xo)z dx

The substitution y = x —x, makes this of the form of Integral G.3 with k = a and
evaluates to 1 (m/a®)!/2. The normalizing factor is therefore Ny = (4a®/m)'/*.

389



390

E11E.6(b)

The Franck-Condon factor is given by [11F5-464] and involves the square of
integral of the product of the two wavefunctions

+oo 2 2
I=N;N, f e 2 (x — xp)e M) /2 gx

= (afm) (e ) [ G e )
_ (2(12/1'[)1/2 f+w(x _xo)e—a[x2/2+x2/2—xx0+x§/2] dx

+o00 2 2
_ (2(12/1'[)1/2 f (X _xo)e—a[x —xx0+xg /2] dx

+o00 2 P
_ (zaZ/n)l/Z f (X _ xo)e—a(x—xo/Z) e—ax0/4 dx

the final equality above is verified by expanding out the square and recombining
the terms. The next step is to take out the constant factors and split the integral
into two using (x — x¢) = (x — x0/2) — x0/2

I= (zaZ/ﬂ)l/Ze—uxgﬂ f+oo(x _ xo)e—ﬂ(X—xo/z)z dx
_ (2a2/n)1/2e—ax§/4

+oo 2 +00 )
% [f (x - xO/z)e—u(x—xo/z) dx — (x0/2) f e—a(x=x0/2) dx]

The first integral is of an odd function over a symmetric interval and so is zero.
The second integral is of the form of Integral G.1 with k = a and evaluates to
(n/a) 1/2 (it does not matter that it is centred at x, rather than 0). Hence

I= _(2a2/n)1/2e*“"§/4(x0/2)(n/a)1/2 _ —(Za)l/z(xo/z)e*“"é/“

The Franck-Condon factor is ‘I 2 = (ax2[2)e %2 ‘ As expected, this factor is
zero when x, = 0 as then the two wavefunctions align and have zero overlap on
account of one being even and one being odd. By taking the derivative of I* with
respect to X it is easily shown that the Franck-Condon factor is a maximum
at xo = +(2/a)'/%.

The Franck-Condon factor is given by [11F.5-464] and involves the square of
integral of the product of the two wavefunctions. The region over which both
wavefunctions are non-zero is from L/2 to L: this is the domain of integration

I=(2/L) fL; sin(nx/L) sin(n[x — L/2]/L) dx

Note that sin(n[x — L/2]/L) = sin(nx/L — n/2) = —cos(nx/L), this gives a
useful simplification

I=-(2/L) fL/Lz sin(nx/L) cos(mx/L) dx



E11E.7(b)

E11E.8(b)

Next define 8 = ntx/L so that the limits are 8 = /2 to 6 = t, and dx = (L/n)d6

T

=—(2/L)(L/m) f/ sin 6 cos 6 d6
n/2
The integral is evaluated by noting that d/d6(sin* §) = 2 sin 6 cos 6
=—(2/L)(L/m)} |sin® 0|:/2 =—(2/L)(L/m)3(0-1) =1/

The Franck-Condon factor is ; numerically this is 0.318.

The wavenumbers of the lines in the R branch are given in [11IE7-465], ¥x (J) =
¥+ (B + B)(J + 1) + (B' - B)(J + 1)%. The band head is located by finding
the value of J which gives the largest wavenumber, which can be inferred by
solving dig (J)/dJ = 0.

Sl @B+ B =B+ 1] =B+ B) 20+ )(F - )

Setting the derivative to zero and solving for J gives

(B + B) B3
Jhead = ~ —-1= = =
2(B' - B) 2(B' - B)

A band head only occurs in the R branch if B < B.

Because B’ > B a band head will occur in the P branch.

The wavenumbers of the lines in the P branch are given in [11E7-465], vp(J) =
# — (B + B)] + (B’ - B)J?. The band head is located by finding the value
of J which gives the smallest wavenumber, which can be inferred by solving

dip(J)/d] = 0.

d

4 [# - (B'+B)]+ (B -B)J*] =-(B'+B) +2J(B' - B)

Setting the derivative to zero and solving for J gives

[ B'+B
head = Z(B, . B')
With the data given
10.470 + 10.308
Jhead = 64.1

2(10.470 - 10.308)

Assuming that it is satisfactory simply to round this to the nearest integer the
band head occurs at|] = 64/|.
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E11E.9(b)

E11E.10(b)

E11E.11(b)

The fact that a band head is seen in the P branch implies that B’ > B. It is shown
in Exercise E11E.7(a) that the band head in the P branch occurs at

Foy B +B (1L.4)
head_z(B',_B') .
This rearranges to
L, = 2]+1
B’ =Bx J (11.5)
2] -1

A band head at J = 25 might arise from a value of ] determined from eqn 11.4
anywhere in the range 24.5 to 25.5, followed by subsequent rounding. Using

these non-integer values of J in eqn 11.5 gives B in the range to

[5.66 cm 1]

The bond length in the upper state is than that in the lower state (a
shorter bond means a smaller moment of inertia and hence a larger rotational
constant).

Assuming that the transition corresponds to that between the two sets of d
orbitals which are split as a result on the interaction with the ligands (Sec-
tion 11F2(a) on page 467), the energy of the transition is the value of A,. Hence
Ay = 1/(305 x 1077 ¢cm) = |3.28 x 10* cm™!| or [4.07 eV]. This value is very
approximate as it does not take into account the energy involved in rearranging
the electron spins.

A rectangular wavefunction with value / between x = 0 and x = g is normal-
ized if the area under the square of the wavefunction is equal to 1: in this case
1 = ah?, hence h = a~'/2. For the wavefunction which is non-zero between
x = caand x = a the height is likewise k' = [a(1 - ¢)]™"/2. The region where
the wavefunctions are both non-zero is x = ca to x = a (because ¢ < 1); this is
the domain of integration. The transition moment is

12
a 1 a
/ca 1l/im//fdx_(axa(l—c)) /ca xdx

1 1/2 1 1/2
1.2|% _ 1,2 2 2
(wi=g) el (aamg) oo

1-¢? a
(1-c)1/22

For ¢ < 1 it is possible to approximate 1—¢? ~ 1 and (1-¢)™"/? » 1+ ¢/2. The
transition moment is then given by (1 + ¢/2)(a/2). The moment is a/2 when
¢ = 0, that is when the two wavefunctions are the same; for small ¢ the moment
increases linearly with c.



E11E12(b)

E11E13(b)

As c approaches 1 the evaluation of the transition moment is made easier by the
following manipulations

1-¢> (1-c?)(1+¢)'? _ (1-c?)(1+¢)'? _ (1-c?)(1+c)'?

(1-c)2 " (1= 2(1+ )2 [(1-c)(1+c)]/? (1-c)/?
—(1-A)"A+) P =1-)P1+) PA+) = (1-0)P(1+c)

In the limit that ¢ = 1 this term, and hence the transition moment, goes to zero.
The value of ¢ for which the moment is a maximum is found by differentiation

%(1 SO (1re) = L1-) (1) + (1- )

setting the derivative to zero and multiplying by (1 — ¢)'/? gives
0=-2(1+c)+(1-c) hence c=1

The maximum transition moment occurs at ¢ = 3, and has the value (8/27) 124
~ 0.54 a.

2
The Gaussian functions are written e ** /2, where the parameter « determines

the width. To evaluate the normalizing factor for the function e ox/2

the integral
+o00 2
f e ™ dx

which is of the form of Integral G.1 with k = « and evaluates to (7/a)'/2. The
normalizing factor is therefore N = («/m)'/4. The other Gaussian has half
the width of the first, so is of the form e #**"/2, and the normalizing factor is
N’ = (4afm) /4.

The transition moment is given by the integral

requires

+o00
I= (Z(X/T[)l/z f xe 0% 2105’2 g
+oo
= 2a/m)'? f xe 312 dy

The integrand is odd and the integral is over a symmetric interval, therefore the
integral, and hence the transition moment is [zero].

The absorption at 320 nm is likely to be due to an ©* « n transition. The
wavelength is typical for such transitions, and they are weak because they are
symmetry forbidden.

The absorption at 213 nm is likely to be due to a n* « 7 transition. Of the two
transitions it is the stronger and it is at a somewhat longer wavelength than for
an isolated 7 bond as a result of the conjugation with the carbonyl n bond.
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Solutions to problems

P11E.2

P11E4

The relevant selection rules are AS =0, AA=0,£1,+ < +, - < —,u<g.

The ground state has S = %, A =0, + symmetry, and has parity u (that is, it
is odd with respect to inversion). Transitions to other doublet states with A =
0 or 1, with + symmetry (where relevant), and parity g are allowed, therefore.

e 2+ 2
Thus the allowed transitions are to and to .

The dissociation energy of the upper state is found using a Birge-Sponer extrap-
olation (Section 11C.3(b) on page 445). Figure 11.10 shows that the difference
between two successive lines of the progression from v = 0 corresponds to the
quantity AG, ., identified in Fig. 11C.5 on page 446:

AGu'+1/2 =Y0,0"+1 — Vo,0’

Having found these values of AGyyy /2 they are plotted against v’ + % and the
line extrapolated until it intersects the horizontal axis, as in Fig. 11C.6 on page
446. The enclosed area is D), the dissociation energy of the upper state. The
data are given in the following table and the Birge-Sponer plot is shown in
Fig. 11.11.

Figure 11.10
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<
<

Vo, /em ™! AG~UI+1/2/cm*1 v +1/2

0 50062.6 662.8 0.5

1 50725.4 643.6 1.5

2 51369.0 619.6 2.5

3 51988.6 590.4 3.5

4 52579.0 564.4 4.5

5 53143.4 536.2 5.5

6 53679.6 497.4 6.5

7 54177.0 464.8 7.5

8 54641.8 436.4 8.5

9 55078.2 381.8 9.5

10 55460.0 343.1 10.5

11 55803.1 304.2 11.5

12 56107.3 253.0 12.5

13 56360.3 209.7 13.5

14  56570.0

600 |- n
TE r 1
= 400 |- |
12 200 |- |

0 | | |
0 5 10 15
v +1/2
Figure 11.11

The data are a good fit to the quadratic
AGyiijpfem™ = -1.1247 x (v + 1/2)* = 19.423 x (v +1/2) + 674.16

The extrapolation is shown by the dotted curve, and by setting the above quadratic
to zero it is found that the intersection with the horizontal axis is at (v +1/2) =
17.33. The area under the curve, Dy, is found from the integral

. 17.33
D) = f [-1.1247 x (v +1/2)% = 19.423 x (v +1/2) + 674.16] d(v + 1/2)
0

which evaluates to ‘D(') =6815cm™! = 0.8450 eV‘.
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P11E.6

Figure 11.10 also shows the relationship between the dissociation energy of the
ground electronic state, that of the excited electronic state, the energy difference
AE,; between the atomic states into which the two electronic states dissociate,
and the energy of the 7 o transition. It follows from the diagram that

Do + AEy = 9 + D
hence Dy = 79, + Djy — AEy
=(50062.6 cm™) + (6815cm™")
lcm™!
(1.9864 x 10723 J) x (6.0221 x 1023 mol ")

=[4.10 x 10* cm™" = 5.08 eV]

— (190 x 10° Jmol ") x

where the conversion factor between cm™! and J from inside the front cover is
used.

(a) The photoelectron spectrum involves a transition from the ground state
of the molecule to an electronic state of the molecular ion. The energy
needed for the transition is measured indirectly by measuring the energy
of the ejected electron, but in all other respects the spectrum is interpreted
in the same way as electronic absorption spectra.

A spacing of 0.41 eV corresponds to (0.41 eV) x (8065.5cm™!)/(1eV) =
3307 cm™'. This is comparable to the vibrational frequency of the sym-
metric stretch in neutral H,O, so the observed spacing in the band can be
associated with a vibrational progression involving transitions to excited
states of this normal mode. That such transitions are observed implies
that they have favourable Franck-Condon factors, and this means that
the equilibrium geometry of the ion must be different from that of the
molecule. In particular it implies that the change in geometry is at least
in part similar to the change in geometry associated with the symmetric
stretch. From this it is possible to infer that the electron which has been
ionized is responsible for bonding along the direction of the symmetric
stretch — presumably O-H o-type bonding. (In fact only a modest vibra-
tional progression is seen for this band, indicating that the electron which
is ionized has only a small effect on the bonding).

(b) A spacingof0.125 eV correspondsto (0.125eV)x(8065.5cm™")/(1eV) =
1008 cm™'. This is roughly comparable to the vibrational frequency of the
bending mode in neutral H, O, so the observed spacing in the band can be
associated with a vibrational progression involving transitions to excited
states of this normal mode. In contrast to (a), for this band there is a long
vibrational progression which implies that the geometry of the ion must
be significantly different to that of the neutral molecule. Furthermore,
this change must involve a change in the equilibrium bond angle as this is
the change in geometry associated with the bending mode. The implica-
tion is that the electron which is ionized is a bonding electron, and from
an orbital which has a strong influence on the bond angle.



P11E.8

P11E.10

P11E.12

The fact that the vibrational frequency is lower in the ion than in the
neutral molecule is a result of the removal of a bonding electron: the ion
is less tightly held, and so has lower vibrational frequencies.

The energy levels of a particle in a one-dimensional box are E,, = n*A*n* [2mL2.
The linear triene has 6 m electrons which will occupy levels 1, 2 and 3 (pairwise),
so the HOMO-LUMO transition is from n = 3 to n = 4. If the average C-C
bond length is taken as d, then the triene is modelled as a box of length L = 5d.
The transition energy is therefore

(4% -3*)n*n*  7h*n?

AEy, =E4—E5 = =
fin TR T 2me(5d)? 501m,d?

The energy levels of a particle on a ring of radius R are given by [7E4-283],
E,, = m*h?/2mR?, where m = 0, +1, +2 .. .. The cyclic triene has 6 7 electrons
which will occupy levels 0, +1 (pairwise), so the HOMO-LUMO transition is
from m = 1 to m = 2. If the average C-C bond length is taken as d, then the
radius of the circle into which a hexagon with this side can be inscribed is also
d. The transition energy is therefore

(22-1)r* 3k
2med?  2m.d?

AEcyc=E, —E, =

The ratio between the transition energies is

AEcyc 3k 50m.d’ 75

= X =—x1.09
AEy, 2m.d* 7h?m?  7m?

On going from the linear to the cyclic polyene the energy gap therefore [increases].

Tryptophan (Trp) and tyrosine (Tyr) show the characteristic absorption of a
phenyl group at about 280 nm. Cysteine (Cys) and glycine (Gly) lack the phenyl
group, as is evident from their spectra.

(a) The ground state of O, is a spin triplet, with Spe1 = 1. An oxygen atom
has the configuration ... 2p*, which means that two of the electrons must
be paired up in a single p orbital, but that the other two can be arranged
to have parallel spins, S = 1, or paired spins S = 0.

According to the Clebsch-Gordon series, [8C.6-333], combining Satom,1 =
1 with Syom,2 = 1 gives an overall spin of 2, 1, 0. Thus, the two oxy-
gen atoms could both have § = 1 and combine to give Sy = 1 for the
molecule.

Similarly, combining Satom,1 = 1 with Satom,2 = 0 gives an overall spin of 1
only. Thus, one of the oxygen atoms could have S = 1 and one could have
S =0, and give Spo1 = 1 for the molecule.

The molecule could dissociate into atoms which are a [singlet and a triplet

or into |two triplets|.
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(b) The ground state of N is a spin singlet, with Spo1 = 0. A nitrogen atom
has the configuration ... 2p?; these electrons can be configured to give a
total spin of § = % orS = %

According to the Clebsch—-Gordon series, [8C.6-333], combining Satom,1 =
2 with Sytom,2 = 2 gives an overall spin of 3, 2, 1, 0. Thus, the two
nitrogen atoms could both have § = % and combine to give Sy = 0
for the molecule.

Similarly, combining Satom,1 = % with Syiom2 = % gives an overall spin
of 1, 0. Thus, the two nitrogen atoms could both have S = 1. However,
combining Syom,1 = % with Satom2 = % gives an overall spin of 2, 1, but
not zero.

The molecule could dissociate into atoms which are [two quartets|or into
a|two doublets|.

11G Decay of excited states

Answers to discussion questions

D11G.2

D11G.4

The characteristics of fluorescence which are consistent with the accepted mech-
anism are: (1) it ceases as soon as the source of illumination is removed; (2)
the time scale of fluorescence, 107 s, is typical of a process in which the rate
determining step is a spontaneous radiative transition between states of the
same multiplicity; (3) it occurs at longer wavelength (lower frequency) than
the exciting radiation; (4) its vibrational structure is characteristic of that of a
transition from the ground vibrational level of the excited electronic state to the
vibrational levels of the ground electronic state; and (5) the observed shifting,
and in some instances quenching, of the fluorescence spectrum by interactions
with the solvent.

Referring to Fig. 11G.8 on page 473 it is seen that the point at which predisso-
ciation starts (and the spectrum becomes blurred) is at the energy at which the
dissociative electronic state crosses the bound electronic state. The observation
of the wavenumber of this point gives the energy separation between the lower
electronic state and this crossing point.

Solutions to exercises

E11G.1(b)

Naphthalene does not absorb at 360 nm, but benzophenone does (as stated in
Exercise E11G.1(a)). Presumably in the solid solution there are interactions be-
tween the benzophenone and naphthalene molecules which allow the transfer
of energy from electronically excited benzophenone to naphthalene. The latter
then emits photons as it returns to its ground state: this is the phosphorescent
transition.
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E11G.2(b) This observed increase in the linewidth is a result of predissociation, as il-
lustrated in Fig. 11G.8 on page 473. Where the dissociative =% state crosses
the bound upper electronic state the possibility exists that molecules in the
upper electronic state will undergo radiationless transitions to the dissociative
state leading to subsequent dissociation. This process reduces the lifetime of
the excited states and so increases the linewidth of the associated transitions
(lifetime broadening, see Section 11A.2(b) on page 425).

Solutions to problems
P11G.2 (a) The Beer-Lambert law is [11A.8-421], I = I,10¢U1L. It follows that

Iabs(ﬁ) = 10(17) - 1(17)
= Io(ﬁ) — 10(1”))10—8(17)[]]14 _ 10(17)[1 _ 10—&(\7)[]]L]

(b) The problem states that the intensity of fluorescence I(7¢) is proportional
to ¢¢ and Lps(¥), hence

1(9) o< ¢elo(¥) {1 - 107D}

For weak absorbance, ¢(#)[J]L <« 1, the expansion 107 ~ 1 - x1n(10) is
used to give

I(9¢) o< ¢elo(¥) {1 -1 +In(10)e(7)[JIL}
o< ¢lo(V)e(V) 1L

which is the required result

P11G.4 (a) The coherence length is given by Ic = A*/2A. With the data given

~ (633x1077 m)?
T 2%x20x102m

=[010 m]

This is very much larger than the coherence length for a light bulb.
(b) In the limit that AA — 0 the coherence length becomes infinite.

P11G.6 Each photon with wavelength A has energy hc/A, therefore N such photons
have energy Nhc/A. If the laser delivers a power P for time ¢, the energy is
Pt. Equating these two expressions gives Pt = Nhc/A and hence ¢t = Nhc/AP.
With the data given

10° x (6.6261 x 10724Js) x (2.9979 x 105 ms™!)

t= =[0.41 ns]

(488 x 10° m) x (1.0 x 1073 W)
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Figure 11.12

Integrated activities

111.2

(a)

(b)

The geometry of the molecule is illustrated in Fig. 11.12.

The moment of inertia about the axis parallel to the symmetry axis, that
is the axis passing through the middle of the molecule and perpendicular
to the plane of the molecule, is given by

I = Z m,-rf = 3myd?
1

where 7; is the perpendicular distance from the axis to mass m;. From
the diagram is follows that (R/2)/d = cos 30° = \/3/2, hence d = R/\/3

I = 3mu(R/V/3)" =

The moment of inertia perpendicular to the symmetry axis is indepen-
dent of where this axis is located provided it passes through the centre of
the molecule and lies in the plane of the molecule: one such convenient
choice is the dashed line shown in the figure.

I, =2my(R/2)? =

As expected, Iy =2I,.

The moment of inertia is related to the rotational constant through [11B.7-
432], B = h/4ncl; note that the rotational constant B is always associated
with the moment of inertia perpendicular to the symmetry axis. It follows
that I, = /4ncB and hence, using the result above, 2 myR* = h/4mncB.
This rearranges to give the following expression for R

1/2
O
(anHcB)
1.0546 x 10~ s 12
)

B (27[(1.67... x 1027 kg) x (2.9979 x 101 cms 1) x (43.55 cm"!

- 7t
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where the mass in kg is given by (1.0079 m,, ) x (1.6605x10™%" kg) /(1 m,,)
= 1.67... x 107%7 kg. An alternative value for R is found from the other
rotational constant. Here C = f1/4ncIj and hence myR* = h/4ncC.

. 1/2
R=[—"
dnmycC
1.0546 x 10475 )1/2

B (471(1.67... x 10727 kg) x (2.9979 x 1019 cms™!) x (20.71 cm™1)
=189.87 pm

(c) With the given value of R, the rotational constant is computed from B =
h/ancl, = h/2nmycR?

1.0546 x 10734 ] s
211(1.67... x 10727 kg) x (2.9979 x 1010 cms~!) x (87.32 x 10~12 m)?

=143.87cm™!
The other rotational constant is just half of this, C=21.94cm™!

(d) For aharmonic oscillator the vibrational frequency goes as m;flf/ 2 where
e is the effective mass. The value of the effective mass depends on the
vibration in question, but in this case as all the atoms are the same it is
reasonable to assume that the effective mass of H;" will be proportional
to my, and that of D3* will be proportional to mp. It therefore follows

that
. (mH)W
VD =VH| —
mp

v {1.0079\'2 —
=(2521.6cm™ ) x =[1783.8 cm

2.0140

B:

The rotational constants are inversely proportional to the moment of in-

ertia, and for this molecule all the atoms are the same so the rotational

constant goes as mL.

Bp = Byt
mp
. 1.0079 —
=(43.55cm ") x =[21.79 cm

2.0140

A similar calculation gives ‘C‘D =10.36 cm™! ‘

I11.4 (a) For a harmonic oscillator the vibrational frequency goes as m;flf/ ? where
meg is the effective mass; for a diatomic the effective mass is simply 2 m.
It therefore follows that

Misp )1/ 2

171802 = 1‘}1602 (mi
180

i (15.9949\1/2 —
= (844em™) x =[796 cm™!]

17.9992
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I11.6

(b) The bond order of O, is 2, and to form the anions electrons are added
to the anti-bonding m, molecular orbital, thereby decreasing the bond
order to 1.5 for O, ™ and 1 for O,2~. The steady decrease in the bond order
is matched by the steady decrease in the vibrational frequency. There is
thus a correlation between bond strength and vibrational frequency, as
expected.

(c) The observed vibrational frequency of O, bound to haemerythrin most

closely matches that for 0,27, so of the alternatives offered

seems the most likely.

(d) The observation of two bands attributable to O-O stretching implies that
the O, is bound is such a way that the two oxygen atoms are no longer
equivalent. If this is the case, when the isotopologue *0™0 is used,
two different frequencies will result because the two ends of the oxygen
molecule are now distinguished. This eliminates structures 7 and 8.

Expressed in terms of the absorbance A the Beer-Lambert law is given by [11A.9c-
422], A = ¢[J]L. To convert the given absorbance into a molar absorption
coefficient requires [J] in mol dm ™, which is computed using the perfect gas
law, pV = nRT, rearranged to n/V = p/RT. Assuming that the quoted com-
position of CO,, 2.1 per cent, refers to a mole per cent, xco, = 0.021, so
Pco, = 0.021x(1.00bar) = 0.021 bar. In the calculation of n/V it is convenient
to use R = 8.3145 x 1072 dm”’ bar K™! mol™*

n_p 0.021 bar

V  RT (83145 x 102 dm? bar K-! mol-!) x (298 K)
= 8.47...x 10~* moldm™>

The given expression for A(¥) is therefore converted to an expression for the
molar absorption coefficient using

e(9) = A(9)/[JIL = A(9)/[(8.47... x 10~* moldm ) x (10 cm)]
= (1.17... x 10* mol™" dm?® cm™") x A(%)

(a) Graphs of A(7) and e(#) are shown in Fig. 11.13. This band is likely to be
due to the fundamental transition of the antisymmetric stretching normal
mode of CO,, which has ¥, = 2349 cm™!. The broad features are the
unresolved P and R branches; no Q branch is expected for this mode. The
principal contribution to the linewidth of an infrared transition is likely
to be pressure broadening.

(b) Expressions for the wavenumbers of the lines in the P and R branches are
given in [11C.13a-447] and [11C.13c-447]
vp(J)=9-2B]  Pr(J)=9+2B(J+1)

Here 7 = 2349 cm™!. As described in Section 11B.4 on page 439, because
180 is a boson, only even rotational states are occupied (and, in fact, odd
rotational states in the first excited vibrational state of the anti-symmetric
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Figure 11.13
stretch), so in the above expression ] takes the values 0, 2, 4 .... The

rotational constant is computed from [11B.7-432], B = h/4ncl, where
I = 2moR?. With the data given

I=2x(15.9949 m,)x(1.6605 x 107> kg) x (116.2 x 1072 m)?/(1 m,)

=7.17..x 107* kg m?

5 1.0546 x 10734 s 0.3903 cr-!
= = V. cm
47x(2.9979 x 101 cms™!) x (7.17... x 10740 kg m?)

The intensity of the transition from level ] is proportional to the popula-
tion of that level, taking into account the degeneracy
intensity oc (2] + 1)e eB/kT

Using these expressions the positions and intensities of the lines in the P
and R branches are computed and a synthetic spectrum constructed by
assuming a linewidth and lineshape (here arbitrarily taken as a Gaussian).
Two such spectra are shown in Fig. 11.14: in (a) the linewidth has been
chosen so that the lines are well resolved; in (b) a much wider line is used
so that the lines in the P and R branches merge into a broad contour. The
spectrum in (b) is roughly similar to that in Fig. 11.13, but the asymmetry
between the two branches is not reproduced by the calculation.

(@) (b)

2300 2320 2340 2360 2380 2400 2300 2320 2340 2360 2380 2400
v/cem v/em

Figure 11.14

(c) The transmittance T is defined as I/I; and hence from the Beer-Lambert
law [11A.8-421], T = e~U1; it follows that log T' = —A. The concentration
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I11.8

of CO, is computed as in (a) using [CO,] = xco,Patm/RT; both the
atmospheric pressure and temperature vary with the height, and therefore
so will the concentration. The pressure varies with height according to
p(h) = poe™"H, where the scale height H is about 8000 m. The total
absorbance up to height hj is therefore given by integral

ho ho
A= f e[CO,]dh = ef XCop gy,
0 0 RT

—h/H
ho Xco,pPo€ /

o R(288-0.0065h)
ho e—h/H

dh
R(288 - 0.0065h)

= €XC0,Po

where h is in m.

This integral cannot be solved by hand, but some work with mathematical
software and a typical value of € shows that the absorbance exceeds 1 by
the time hy = 30 m. Over such a small height it is safe to assume that the
pressure and temperature are constant, in which case the calculation of
the absorbance is much simpler

X
A= 8[C02]h0 = S%Yipho

= [¢/(mol ™" dm® cm™)]
y (3.3x107*) x (1 bar) « (hocm)
(8.3145 x 102 dm” bar K- mol ") x (288 K)

= (1.378 x 107°) x [¢/(mol™" dm’ cm™)] x (hg/cm)

The transmittance is T = 1074.

Figure 11.15 shows plots of the transmittance as a function of height for
some representative values of the molar absorption coefficient. For the
maximum value of ¢ seen in this absorption band (refer to Fig. 11.13) the
transmittance drops to 0.1 after less than 5 m. For a value of ¢ more typical
of the average (say & = 100 mol™! dm® cm™!), the transmission drops to
0.1 after about 7.5 m. Even for values of ¢ typical of the extremities of
the band, the transmission has fallen to 0.1 within 20 m or so. A surface
plot of the transmission as a function of both wavenumber and height is
shown in Fig. 11.16.

The electronic ground state of a closed-shell molecule transforms as the totally
symmetric irreducible representation. This is because all of the orbitals are
doubly occupied by spin paired electrons. The overall symmetry of a filled
orbital is found from the direct product I'") x T(9), where T'(*) is the irreducible
representation as which the orbital transforms. When multiplied out, such a
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Figure 11.16

product always includes the totally symmetric irreducible representation and it
is this symmetry species which needs to be combined with the anti-symmetric
spin function for two spin-paired electrons.

(a) Ethene belongs to the point group Dj,: assume that the molecule lies
in the x y-plane, with the C-C bond along x. The m bonding molecular
orbital transforms in the same way as the cartesian function z, that is as
Biy. The n* anti-bonding molecular orbital transforms in the same way
as the cartesian function xz, that is as B,,. The excited state (m)' (n*)'
therefore has symmetry By, x Byg = B3, (the direct product is found by
multiplying together the characters of the two irreducible representations,
as described in Section 10C.1(a) on page 407).

405



406

I11.10

The transition moment is given by | y¢x*fy; d7, and the symmetry species
of the integrand is found using the direct product; fi transforms as x, y, or
z, which in this case is B3y, Byy, or Byy. The integral is only non-zero if the
integrand transforms as the totally symmetric irreducible representation,
which is the case here when the component of the dipole is along x

7 fix ¥i
—— =

B3y x B3y XAg :Ag

Thus the m — 7" transition is |[symmetry allowed‘, with the transition
dipole along [x].

(b) A carbonyl group (as exemplified by that in methanal) is assumed to be-

long to the point group Cyy: assume that the H,CO fragment lies in the
xz-plane, with the C-O bond along z. The n* anti-bonding molecular
orbital transforms in the same way as the cartesian function y, that is as
B,.
A non-bonding electron on oxygen is usually considered to be in a 2p,
orbital which transforms as B;. When an electron is promoted from n to
¥, the excited state has symmetry B, x B; = A;. The symmetry of the
integrand for the transition moment is

Iz i Vi
—~ A

Ay x Ty xAp =Ay xTy .

Because Iy , . # A; this product is never A, so the integral is zero and

the transition is |forbidden|.

The energy of the HOMO, Eyomo, is reported in the table below, based on
calculations performed with Spartan 10 using the DFT/B3LYP/6-31G* method.
The experimentally determined energy of the I,—aromatic hydrocarbon charge
transfer bands is also given.

Figure 11.17 shows a plot of Egomo against hvmay; the best-fit straight line is
also shown. There is a modest correlation between the two quantities.

hydrocarbon  hvmax/eV  Epomo/eV

benzene 4.184 -6.70
biphenyl 3.654 -5.91
naphthalene 3.452 -5.78
phenanthrene  3.288 -5.73
pyrene 2.989 -5.33

anthracene 2.890 —-5.23
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@ Magnetic resonance

12A  General principles

Answers to discussion questions

D12A.2

The energy levels associated with the interaction between magnetic nuclei and
an applied magnetic field scale directly with the field, with the constant of
proportion depending on the identity of the nucleus. The interaction between
an electron and an applied magnetic field behaves in the same way, but the
interaction is much greater, by a factor of the order of 1000.

Solutions to exercises

E12A.1(b)

E12A.2(b)

E12A.3(b)

The nuclear g-factor g; is given by [12A.4c-489], g1 = ynh/un, where py is the
nuclear magneton (5.051 x 10727 JT™") and yy is the nuclear magnetogyric
ratio, the value of which depends on the identity of the nucleus. The units of /
are J s and g; is a dimensionless number, so the nuclear magnetogyric ratio yy
has units (JT™')/(Js) = T 's7\.

In SI units, 1 T = 1 kgs > A~ hence yy has units (kgs > A™")™! x (s7!) =

kg ]

The magnitude of the angular momentum is given by [I(I + 1)]'/?h where
I is the nuclear spin quantum number. For a "N nucleus, I = 1, hence the

magnitude of the angular momentum is [1(1 + 1)]/2h = |\/2h|.
The component of the angular momentum along the z-axis is m;h where m; =

I,I-1,...,~I. Fora'*N nucleus, the components along the z-axis are and
the angle between angular momentum vector and the z-axis takes the values

+h
6=0,+cos" () =[0,+0.7854 rad (or 0°, +45.00°)

V2h

The NMR frequency is equal to the Larmor precession frequency, v, which
is given by [12A.7-489], vi. = ynBo/2n, where By is the magnitude of the
magnetic field and yy is the nuclear magnetogyric ratio. Use Table 12A.2 on
page 289 in the Resource section for the value of yy. Hence,

By (25.177x10" T's7 ') x (17.1T
vL:”;f‘):( X 23 )x( ) _ 6.85x 10° Hz  [685 Mz
T T
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E12A.4(b) The energies of the nuclear spin states in a magnetic field are given by [12A.4d-

E12A.5(b)

E12A.6(b)

489], E,;, = —grunBom; where g; is the nuclear g-factor, yy is the nuclear
magneton, B, is the magnitude of the magnetic field, and the component of
the angular momentum on a specified axis is m;h where m; = I,1 -1, ..., 1.
Therefore, since the possible values of m; are 0, +1, the energies of nuclear spin
states are

En, = —grunBom;
= —(0.404) x (5.0508 x 1072 JT™") x (10.50 T) x m;
= (-2.14... x 1072° J) x m;

Hence’Eo =0and E,; = ¥2.14 x 107%¢ ]\_

The energy level separation is AE = hv where v = ynBo/2n, [12A.6-489].
Hence, in megahertz, the frequency separation is

ynBo 10~ (1.93x 107 T™'s7!) x (14.4 T)
NS _ «
2m 2m

v=10"°%x

=[44.2 MH]

For nuclei the energy level separation is AE = hv where v = ynBo /27, [12A.6-
489]. For the same magnetic field the Larmor frequencies, and hence the energy
separations, of the two nuclei are in the ratio of their magnetogyric ratios

Vian _ AE(14N) _ )/N(MN)
vig  AE('H)  yn(‘H)

hence

14n7Y\ _ 1 VN(MN) _ )’N(14N)
AE("*N) = AE( H)xm—hlexm

With the values given

(1.93 x 107 T 's7!)

AE(MN) = (6.6261 x 1073 600 x 10° H
("N) = ( ) Js) x (600 x z) x (26.75 x 107 T-1s71)

=12.87 x 10720 ]

The energies of the electron spin states in a magnetic field are given by [12A.11c-
492], E,n, = gepnBom; where g. = 2.0023 is the g-value of the free electron, By
is the magnitude of the magnetic field, m; = +7, and yg is the Bohr magneton.
The energy separation is therefore

AE=E.p—-E = (%geHBBO) - (_%ge.”BBO) = g.usBo
= (2.0023) x (9.2740 x 107**JT™") x (0.300 T)

=[5.57x 107
Hence the energy level separation of the electron is than that of

the "N nucleus under the conditions given.



E12A.7(b)

E12A.8(b)

E12A.9(b)

The ground state has m; = +3 (a spin) and population N, and the upper
state has m; = — (B spin) and population Ng. The total population N is N =
N + Np, and the population difference is N, — Ng. The Boltzmann distribution
gives N /Ny = e AF/KT where AE is the energy difference between the two

states: AE = ynhB. It follows that Ny = Nqe 2E/KT With these results

No—Np  Noa—-Ng Ny(1 _e*AE/kT) B 1 _ e AE/KT
N No+Np  No(l+edE/T) " 14 e AE/KT

—AE/KT

Because AE << kT the exponential e is approximated as 1 — AE/kT to

give

No-Ng 1-(1-AE/kT)  AE[kT AE _ ynhB,

N  1+(1-AE/kT) 2+AE/kT 2kT  2kT

For a 1*C nucleus and at 298 K
No—Ng  ynhBy  (6.73x 107 T™'s7') x (1.0546 x 107°*]s) x BBy
N 2kT 2% (1.3806 x 1023 JK™!) x (298 K)
=3.42..x 107% x (B,/T)

For By = 0.50 T, (Nq — Np)/N = ; for By = 2.5 T, the ratio is
2.2 x 1078}, for By = 15.5 T, the ratio is|1.34 x 107°|.

The population difference for a collection of N spin-3 nuclei is given by [12A.8b-
491], (Nq — Ng) ~ NyxhBo/2kT, where N, is the number of spins in the
lower energy state and N is the number of spins in the higher energy state.
At constant magnetic field, (No — Ng)/N oc T~'. Hence, for the relative
population difference to be increased by a factor of 5, the temperature must
decreased by this same factor - that is the temperature must by multiplied by

factor of [0.2].

For many samples this is simply not a feasible way of increasing the sensitivity
as the solvent would freeze long before the temperature had been lowered by
this amount. High-resolution spectra require the sample to remain in a liquid
solution.

The resonance frequency vyymr in an NMR spectrometer is given by [12A.6—
489], hvnmr = ynhBo, where yy is the nuclear magnetogyric ratio and By is
the magnetic field strength. The EPR resonance frequency vgpr is given by
[12A.12b-492], hvepr = gepsBo, where g is the magnetogyric ratio of the
electron.

The EPR resonance frequency in a magnetic field for which the NMR frequency
for 'H nuclei is vaugr is calculated by taking the ratio of the two resonance
conditions, assuming By is equal for both systems. Hence,

hvepr :ge,MBBo hence VEPR :ge,UB
hvamr )’NFIBO VNMR YNh
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With the data given

gelB
ynh

VEPR = VNMR X

2.0023 x (9.2740 x 107247 T 1)
(26.75 x 107 T-1s71) x (1.0546 x 107347 s)

=3.3x 10" Hz =[0.33 GHz

= (500 x 10° Hz) x

Solutions to problems

P12A.2 The relative sensitivity of NMR spectroscopy R is proportional to I(I + 1)y3;.
Relative to that of ' H, the sensitivity is
_ R(nuclide)  I(I+ 1)y3 i+ 1) ( YN )3
RCH)  (HE)k(H) ° y('H)
Taking account of the natural abundance A of each isotope, the sensitivity ratio
becomes

/o A(nuclide) PN ’ A(nuclide)
M TO) ‘31(“”(yN<1H)) “TACH)

For N, yx = —2.712 x 107 T~! s7!, and the natural abundance is 0.365%.

nuclide A/% I S S’

'H 99.9844 1 1 1

°H 00156 1 9.65x107° 1.51x107°
PC 1108 1 159%x107% 1.76x107*
"N 99.635 1 1.01x107° 1.00x 107
N 0365 1 1.04x107° 3.80x107°
"B 80.4 20165 0.133

P12A.4 The NMR signal intensity, I, is proportional to the number of protons in a slice
of width 8, at horizontal distance z from the centre of the disk, as shown in
Fig 12.1. The number of protons in the slice is proportional to the volume of
the slice, which is proportional to the cross-sectional area of the slice. This
area is 2rsin 0 x §,, which implies that the intensity is proportional to the
length of the slice and thus o< 2rsin 8. Noting that cos@ = z/r it follows
that ‘I oc 2sin [cos™! (z/r)] ‘ Figure 12.2 shows the expected line shape from
the disc; the horizontal axis corresponds to the distance from the centre, but
because of the field gradient it is also a frequency axis.

12B Features of NMR spectra

Answers to discussion questions

DI12B.2 These are discussed in Section 12B.2 on page 496.
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Figure 12.1
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Figure 12.2

DI12B.4 This is discussed in detail in Section 12B.3(d) on page 503. In summary, two
nuclei are chemically equivalent if they are related by a symmetry operation of
the molecule. Such nuclei will have the same resonance frequency, that is, the
same chemical shift. Examples are the protons in benzene, and H-2 and H-6 in
4-nitrophenol. In benzene the protons are related by a C4 operation (as well as
others) and in 4-nitrophenol the protons are related by reflection in a mirror
plane perpendicular to the plane of the ring and passing through C-1 and C-4.

Two chemically equivalent nuclei A and A’ are magnetically equivalent if the
coupling between A and any other magnetic nucleus in the molecule, say Z,
is the same as the coupling between A’ and Z. If Z itself is to be magnetically
equivalent to Z', then the couplings A-Z, A-Z’, A’-Z, and A’-Z' must all be
equal: that is, the couplings between any member of a group of equivalent spins
with any member of another group of equivalent spins must be the same in
order for the groups each to be magnetically equivalent.

For example, in PFs, which has a trigonal bi-pyramidal structure, the three
equatorial fluorines are magnetically equivalent, as are the two axial fluorines.
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A second example is 1,2,3-trichlorobenzene: H-4 and H-6 are magnetically
equivalent as they both have the same coupling to H-5. Chemical equivalence
does not imply magnetic equivalence. In the case of 4-nitrophenol, protons
H-2 and H-6, though chemically equivalent, are not magnetically equivalent
because the coupling of H-2 to H-3 is different from the coupling of H-6 to
H-3.

Solutions to exercises

E12B.1(b)

E12B.2(b)

E12B.3(b)

E12B.4(b)

The § scale is defined by [12B.4a-494], § = (v — v°) x 10°/v°, where § is the
chemical shift of the peak, v is the resonance frequency of the peak, and v° is
the resonance frequency of the standard. Hence

v=v" g - (125.148750 MHz) - (125.130000 MHz)
ve - (125.130000 MHz)

d= x 10° = [150]

The & scale is defined by [12B.4a-494], § = (v — v°) x 10%/v°, where & is the
chemical shift of the peak, v is the resonance frequency of the peak, and v° is
the resonance frequency of the standard. Hence
v—v° 6 -1875Hz

x 10

v ~ (125.130000 x 10 Hz)

x 10° =[=14.98

The resonance frequency v is given by [12B.5-494], v = v° + (Vypect/10°)8,
where v° is the resonance frequency of the standard. The frequency separation
of the two peaks, Av, is

Av=vy—v = [vo . (Vspect)az] _ [VO + (Vspect)(slj| _ (Vspect)(82 —81)

106 106 106
~ (100.130000 x 10% Hz

06 ) (50.0 — 25.5) = [2450 Hz

The resonance frequency v is given by [12B.5-494], v = v° + (Vpect/ 10%)4,
where v° is the resonance frequency of the standard. The frequency separation
of the two peaks, Av is

Vspec ° Vspec Vspec
AV:VZ—V1:|:VO+( 1%6t)(§\2:|—|:\/ +( I%Gt)él]:( 126t)(82—61)

Rearrange to make AJ the subject.

6 106

=125
200.130000 x 106 Hz

A6:62—61:Av><( 10

) = (25000 Hz) x
Vspec



EI2B.5(b)

E12B.6(b)

E12B.7(b)

The combination of [12B.1-494], By, = By + 01, and [12B.2-494], 8 B = —a By,
gives the relationship Bioc = (1 — 0)By. For |6°| << 1, [12B.6-495] gives § =
(0° - o) x 10°. Hence,

AS=0,-6; = (ao—oz)x106—(0"—c71)><106 = —(02—(71)><106 = —(Ac7)><106

AB[OC = (1 - 02)60 - (1 - 0'1)60 = —(O’z - 01)60 = —(AU)BO
Substituting for Ao gives ABjo. = (A5/10°)B,.
(i) For By = 1.5 T, ABjoc = [(3.36 - 1.16)/10°] x (1.9 T) = 4.2 x 10°° T =
[42T}

(if) For By = 15 T, ABjoc = [(3.36 — 1.16)/10%] x (16.5T) = 3.63 x 10° T =

S634T]

The resonance frequency v is given by [12B.5-494], v = v° + (vspect/106)8,
where v° is the resonance frequency of the standard. The resonance from TMS
is taken as the origin so v° = 0.

For 'H nuclei, I = % and so the signal due to nucleus A is split into 2nl + 1 =
2x2% % +1 = 3 peaks, with a splitting equal to the coupling constant Jox = 5 Hz,
and with intensity ratio 1:2:1. Similarly, the signal due to nucleus X is split into
2nl+1=2x1x 3 +1 =2 peaks with a splitting equal to the coupling constant
]AX =5 Hz.

For a spectrometer operating at 500 MHz,

v 500 x 10° Hz
Vo :v°+( SPe“)5:0+X7 x 1.50 = 750 Hz
106 106

x 4.50 = 2250 Hz

o Vspect) 500 x 10° Hz

vx =v° + 0=0+ ———
x ( 106 106

For the A spin there will be three lines at 745 Hz, 750 Hz, and 755 Hz; for X spin

there will be two lines at 2247.5 Hz, and 2252.5 Hz. The integrated intensity of
the X spin multiplet will be twice that of the A spin multiplet.

12'¢ VA

B 1500 Hz Jax =5 HTI]F

-
v increasing

Jax =5Hz |

F NMR: the four '°F nuclei are equivalent and so all have the same shift. This
resonance is split by coupling to the single '' B nucleus into 211 + 1 lines; here
n =1and I = 3/2 so there are 4 lines of equal intensity. The splitting between

415



416

E12B.8(b)

E12B.9(b)

E12B.10(b)

each is the B-F coupling constant, and the multiplet is centred at the shift of
the fluorine.

"B NMR: the ''B nucleus is coupled to four equivalent '°F nuclei, giving a
multiplet with 2n] + 1 lines; here n = 4 and I = 1 so there are 5 lines. These
lines have intensities in the ratio 1:4:6:4:1, each line is separated from the next
by the B-F coupling constant, and the whole multiplet is centred at the shift of
the boron.

In “NH] the four 'H nuclei are equivalent, and are coupled to a single "*N
nucleus with I = 1. This splits the resonance into2nl +1 =2x1x1+1=3
lines with intensity ratio L:1:1.

In "'NH; coupling to a single N nucleus with I = % splits the resonance into
2nl+1=2x1x1+1 =2 lines with intensity ratio L1.

Coupling to a nucleus with I = 1 splits the original resonance into 2I + 1 = 3
lines of equal intensity: the lines appear at v and v + ], where ] is the coupling
constant. Coupling to a second spin-1 nucleus splits each of these three lines
into three in the same way. Because the two spins to which the coupling occurs
are equivalent, the coupling is the same and some of the lines fall on top of one
another, giving enhanced intensity. The result is a‘1:2:3:2:1 multiplet ‘, as shown
in Fig 12.3.

v increasing
Figure 12.3

The multiplet resulting from coupling to two inequivalent I = 1 nuclei origi-
nates from the resonance of nucleus A being split into (2I + 1) = 3 lines by
coupling with the X; nucleus, and then each of these lines being split into three
by coupling to the X, nucleus.

Since the coupling between A and X is not the same as that between A and
X, no lines are necessarily coincident and so nine lines of equal intensity are
observed, as shown in Fig. 12.4.



E12B.11(b)

E12B.12(b)

Figure 12.4

Coupling to one I = 2 nucleus results in the original line being split into (2 +

1) = 6 lines. Each of these lines is then split into six in the same way by coupling
to the second I = 2 nucleus, and then split again by coupling to the third

2
nucleus.

As aresult of each nucleus being equivalent, the splittings are the same and thus
some lines are coincident and give rise to absorption lines of increased inten-
sity. The overall result is a [1:3:6:10:15:21:25:27:27:25:21:15:10:6:3:1 multiplet], as
is shown in Fig. 12.5.

k= Jax
Al
—
v
Figure 12.5
A group of nuclei are chemically equivalent if they are related by a symmetry

operation of the molecule and therefore have the same chemical shift. Two
chemically equivalent nuclei A and A’ are magnetically equivalent if the cou-
pling between A and any other magnetic nucleus in the molecule, say Z, is
the same as the coupling between A’ and Z. If Z itself is to be magnetically
equivalent to Z', then the couplings A-Z, A-Z’, A’-Z, and A’-Z' must all be
equal: that is, the couplings between any member of a group of equivalent spins
with any member of another group of equivalent spins must be the same in
order for the groups each to be magnetically equivalent.

In 1,2,3-trichlorobenzene, Hy and Hg are chemically equivalent because they
are related by a 180° degree rotation about the C,-Cs axis; Hs is unique. The
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coupling between Hy and Hj is the same as that between Hg and Hjs, there-
fore the test for magnetic equivalence is satisfied: H4 and He are magnetically
equivalent.

Cl
Cl Cl

Hg 4

Hs

E12B.13(b) The molecule SF; is square pyramidal. The four equatorial fluorine atoms, Fe,
are related by a 90° rotation about the F,—S bond: these four atoms are therefore
chemically equivalent. The axial fluorine atom, F,, is unique.

Each F. has the same coupling to F,, thus satisfying the test for magnetic equiv-
alence: the four equatorial fluorine atoms are magnetically equivalent.

T
> S

RN

E12B.14(b) Coalescence of two NMR lines due to rapid nuclei exchange occurs when the
condition given in [12B.16-505], T = 21/2 /1dv, is satisfied; in this expression 7
is the lifetime of an environment, and &v is the difference between the Larmor
frequencies of the two environments. Using [12B.5-494],

Vspec ° Vspec Vspec
6V:V2—V1:[VO+( 186 )62]—[1/ +( 186 )81]:( 1;6 )(82—61)

For a proton jumping between two sites with first-order rate constant k, k = 1/7

Vspec 350 x 10°
ov= ( 106 ) (02-01) = (106) (5.5-4.2) =455 Hz

1 7 455 H
szz%zinx(zm %) _Mox107s)

T

Solutions to problems

P12B.2 The 'F NMR spectrum has two multiplets: a doublet and a quintet. The former
indicates coupling to one spin-3 nucleus, the latter indicates coupling to four
equivalent spin—% nuclei.



P12B.4

P12B.6

VSEPR suggest that IF; is square pyramidal. The four equatorial fluorine atoms
F. are chemically equivalent as they are related by a 90° rotation about the I-F,
axis; the axial fluorine atom F, is unique. Each F has the same coupling to F,,
therefore the four equatorial F atoms are magnetically equivalent.

The F, atom will therefore appear as a 1:4:6:4:1 quintet, and the F, atoms as a
doublet. The splitting between the lines of the multiplets is the same in both
cases.

F‘a
F.-> 1 -F
e O\E

The Karplus equation is given in [12B.14-501], *Jyy = A + Bcos ¢ + C cos 2¢.
Figure 12.6 illustrates that increasing parameter C reduces the value of *Jyy in
the range 45° < ¢ < 135°. In the ranges ¢ < 45° and ¢ > 135°, increasing
parameter C increases the value of 3 Iun, with the greatest influence when the
X-H bonds are aligned parallel or anti-parallel (¢ = 0 or ¢ = 180°).

15
N
o
~
o
=
-
T | |
0 30 60 90 120 150 180
¢/°
Figure 12.6

Figure 12.7 illustrates that making parameter B more positive increases the
value of *Jiy in the range 0° < ¢ < 90°, with the greatest influence when the
X-H bonds are aligned parallel (¢ = 0) and minimal influence near ¢ = 90°.
Changing the value of B has no affect on the size of the coupling at ¢ = 90°.
Increasing the value of B reduces the value of *Jyy in the range 90° < ¢ <
180°, with greatest influence when ¢ = 180°. Increasing parameter A simply
increases the value of *Jyy; for all angles.

Note that there is an error in the problem as printed. The relationship between
the Sn-Sn and H-H couplings should be expressed as

(*Jsnsn/Hz) = 78.86 x (*Juu/Hz) +27.84

419
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3 Jun /Hz

0 | | | | |
0 30 60 90 120 150 180
¢/°
Figure 12.7
(a) The Karplus equation for *Jijy is a linear equation in cos ¢ and cos2¢,

(b)

(c)

and the experimentally determined equation for *Jsys, is linear in .
If F(f) is linear in f, and f(x) is linear in x, it follows that F(x) is also
linear in x. Therefore ®Js,s, is a linear equation in cos ¢ and cos 2¢.

Substitution of the Karplus equation for 3 Jun into the expression for 3 Jsnsn
gives a Karplus-type expression for the latter.

(*Jsnsn/ Hz) = 78.86 x (* Juu/ Hz) + 27.84
=78.86 x (A+ Bcos¢ + Ccos2¢) +27.84
= (78.86A +27.84) + 78.86B cos ¢ + 78.86C cos 2¢
=A"+B'cos¢ + C'cos2¢

Taking the values A = 7 Hz, B = —1 Hz, and C = 5 Hz from the text
gives the parameters in this new Karplus-type equation as (A’/Hz) =
78.86x(7)+27.84 = 580, (B'/Hz) = 78.86x(~1) = —78.9,and (C'/Hz) =
78.86 x (5) = 394. Thus, the Karplus-type equation for the Sn-Sn cou-
plings is

(*Jsnsn/ Hz) =[580 — 78.9 cos ¢ + 394 cos 24

A plot of ®Jss, as a function of ¢ is shown in Fig. 12.8.

A staggered conformation with the SnMe; groups to each other
(¢ = 180°) is the preferred arrangement as this minimised the steric
repulsion between the bulky SnMes groups.

SnMe;



P12B.8
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Figure 12.8

The average of By, over all orientations is found by integrating the expression
for By over the polar angles 6 and ¢, with 6 in the range 0 to i1, and ¢ in the
range 0 to 27; the volume element is sin 8 df d¢. The constants which appear
in the expression for Byue, (ynhigomy)/(4nR?), are written as A.

b 2n

<Bnuc>:Af f (1-3cos*0)sin6do d¢
6=0 J¢=0

2n

:Af (sin 6 — 3 cos® Osin 0) dO d¢
6=0 $=0

The integral of the second term is found by recognising that (d/d6) cos® 6 =
-3 cos® fsin 0

(Bhuc) = A|—cos€ + cos® 9‘;0 x |¢\i’;0
= A[(-cosm+cos’ ) - (~cos 0+ cos’ 0)] [2m - 0]

=A[(-(-1) + (-1)*) - (=(1) + (1)) ] [2n] = 0

=0 =0

Hence [{Bpuc) = 0|

12C Pulse techniques in NMR

Answers to discussion questions

D12C.2

Relaxation results from the interaction between individual spins and local mag-
netic fields which arise in various ways. As is described in Topic 124, the inter-
action between a spin and a magnetic field depends on the magnetogyric ratio
of the spin: the greater the magnetogyric ratio, the stronger the interaction.
Thus, a given local field has a greater interaction with a nucleus with a greater
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D12C.4

magnetogyric ratio and, all other things being equal, the relaxation caused by
these fields will therefore be faster the greater the magnetogyric ratio.

The magnetogyric ratio for 'H is about four times that of '*C, hence the inter-
actions between 'H and local fields is stronger leading to faster relaxation and
shorter relaxation times. A somewhat separate issue is that in typical molecules
H atoms tend to be more accessible than C atoms, and so if the local field is from
outside the molecule it may be felt more strongly by the more exposed H atoms.

This is discussed in Section 12C.4 on page 516.

Solutions to exercises

E12C.1(b)

E12C.2(b)

E12C.3(b)

From the discussion in Section 12C.1(a) on page 510, the flip angle ¢ of a pulse
of duration At is given by ¢ = ynB; A1, where B3, is the strength of the applied
field. It follows that By = ¢/ynA7. With the data given

B, ¢ /2

= = =|1.2mT
yNAT  (26.752 x 107 T-1s71) x (5% 107 5)

The corresponding 180° pulse has twice the flip angle so, for the same B;, At

is doubled: A7 =2 x (5 ps) =[10 s}

The effective transverse relaxation time, T, is given by [12C.6-514], T, =
1/mAvy 5, where Avy ), is the width of the (assumed) Lorentzian signal mea-
sured at half the peak height. Hence

. 1 1

= = =[0.027 s]
: nAvy,  mx (12 Hz)

The amplitude of the free induction decay, S(¢), is proportional to e /T2, where

t is time and T is the transverse relaxation time. If S(#,) = $S(#;) then

S(t2) B 1 B e*fz/Tz _ e_(t2_[1)/T2 _ e—At/Tz

S(t;)) 2 et/h
taking logarithms gives
ln% =-At/T, therefore At=-T, ln% =T, 1n2
With the data given

At =(0.050s) xIn2=0.035s



E12C.4(b) Monofluoroethanoic acid has two carbon environments: an sp® hybridised car-

E12C.5(b)

bon and a carboxylic acid carbon. The *C NMR spectrum shows a signal at
8 = 79 which is due to the sp* carbon. This C atom is adjacent to two protons
and one F atom. Coupling with the two protons splits the carbon signal into
a triplet, which is further split by the coupling to the F atom into a doublet of
triplets.

When the "C NMR spectrum is observed with proton decoupling, splittings
due to C-H coupling are collapsed, leaving just the doublet due to coupling to
F. The splitting is the one-bond C-F coupling, '] = 160 Hz.

The signal at § = 179 is due to the carboxylic acid carbon. This is also splitinto a
doublet of triplets by coupling to two protons and one F, but as these couplings
are over two bonds they are much smaller than those seen for other carbon.
When proton decoupling is used, this multiplet collapses to a doublet for the
same reasons as above.

The maximal NOE enhancement is given by [12C.8-517], 1 = yx/2ya, where
yx and y, are the magnetogyric ratios of nuclei X and A, respectively.

oy (26.752x 107 T7's7h)
1= 2per 2% (25.177 x 107 T-1571)

=10.5313

Solutions to problems

P12C.2

P12C.4

The free-induction decay consists of signals of the form given by [12C.8-517]
S(t) = So cos (2mv t)e /T

If there are several lines, the overall signal is the sum of several such signals,
each in principle with a different intensity, frequency, and transverse relaxation
time. As described in the problem, the frequencies measured by the spectrom-
eter are the offset frequencies, given by 8v;/10°, where 8 is the chemical shift.
In this case the peak at § = 3.2 in an 800 MHz spectrometer gives signal at
3.2 x (800 x 10° Hz)/(10°) = 2560 Hz; similarly, the other peaks give signals
at 3280 Hz and 4000 Hz. The intensities are all assumed to be the same, S.
Because the oscillations in the free-induction decay are rapid it is only possible
to see them clearly by plotting a small section of signal, which is what is shown
in Fig. 12.9.

If the signal at § = 5.0 is reduced in intensity to So/10, the free-induction
decay, Fig. 12.10, shows a clear reduction in the highest-frequency component.
The overall decay of the function is seen by plotting it out to longer times,
as in Fig. 12.11 (note that, for practical reasons, in this plot the data points
in insufficiently closely spaced to reproduce the waveform precisely, but the
overall decay is correctly represented).

(a) The NMR lineshape is approximated using a Lorentzian function of the
form
SoT,

L(w)= ——22
@)= 13 T2 (0 - wy)?
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(b)

where w = 2mv is the angular frequency, wy is the resonance frequency,
So is a constant, and T; is the transverse relaxation time. Inspection of the
function shows that it must be a maximum at w = w, as this minimises
the denominator. At this point the function has the value I} (wg) = So T>.

The peak reaches its half-height of Sy T,/2 when

So T
1+ TZZ((U]/Z - (U())2

SoT»/2 = hence (w,/; - wp)> =1/T;

It follows that w,/, = wo + 1/T,. Converting from angular frequency
using @ = 27y gives vy, = vo + 1/2nT,. Hence the width at half-height
is2x (1/2nT,) = in Hz, or 2/T, when expressed as an angular
frequency.

The NMR lineshape can also be approximated using a Gaussian function

of the form , ,
Ig(w) = SoTye™ 2 (@7e0)



P12C.6

S(t)/8(0)

Figure 12.11

The exponential term is a maximum when w = wy, so the maximum of
the function is I (wgy) = So T». The peak reaches its half-height of Sy T>/2
when

SoT>/2 = SoTre T2 (@1127@0)*  hence (w12 - wp)? = (In2)/T;

It follows that w;/, = wo + (In 2)'2/T,. Converting from angular fre-
quency using @ = 27mv gives vy, = Vo (In2)"/2/2nT,. The width at

half-height is 2 x v/, = |(In2)"/?/nT;|in Hz, or 2(In2)"/?/T, when

expressed as an angular frequency.

(c) Choosing x = T, (w — wg) then both functions can be re-written.

f(@)/ST: = Io(w)/SoTy = €™

1+x?
Figure 12.12 shows plots of both functions. The most noticeable feature
is that the Gaussian is more compact and decays more quickly than does
the Lorentzian. The functions as plotted are not normalised: if they were,
such that the area under the curves is equal, the Lorentzian would have a
lower peak height than the Gaussian.

The shape of a spectral line, I(w), is given by the Fourier transform of the free-
induction decay G(t)

I(w) :Re[foooG(t)ei“”dt]

The form of this integral means that the Fourier transform is linear, in the sense
that the Fourier transform of G;(t) + G,(t) is equal to the Fourier transform
of G, (t) + the Fourier transform of G,(t).

It is shown in the previous Problem that the Fourier transform of a cos wot e~/
consists of two Lorentzians at w = +wj, with width 2/7, and height scaled by a.
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P12C.8

P12C.10

I(X)/S(]T2

Figure 12.12

Therefore the Fourier transform of a cos w; te /T + bcos wyt e~ /7 will consist
of two Lorentzians at w = +w,, with height scaled by a, and two Lorentzians at
w = £w,, with height scaled by b; all the peaks will have width 2/7.

The differential equation which describes the time-dependence of the z-magnetization
is given in Problem P12C.7

dM,(t) = M.(t) - My
dt T,

Separate the differential equation and integrate between t = 0 and t = 7, and
the corresponding limits M,(0) = —M, and M, (7).

M. (7) 1 T 1
f ————dM,(t) = - —dt
-My M (t) - M, o T

lIn (M. (£) - My)[ =00 = ‘——t
0 Tl
ln(MZ(T)—MO) T

-2M, n
hence M,(7) = Mo(1-2e""™)

0

The time 7,y at which M, (7pu1) = 0 is found by solving

Mo(1- 2e77“”“/T‘) =0 hence 71y =T;1n2
With the given data, Ty In2 = 0.50 s, hence T} = (0.50 s)/1In (2) =[0.72 s].
Figure 12.13 shows the motion of magnetization vectors from typical ‘fast’ and
‘slow” spin packets (relative to the rotating frame frequency) during the spin

echo sequence. The 90° pulse rotates the magnetization onto —y, and then
during the delay 7 the vectors from the spin packets fan out. The 180° pulse



P12C.12

applied about x rotates the vectors to mirror-image positions with respect to
the xz-plane. In the subsequent period the vectors continue as before, but at
the end of the delay 7 they converge onto the +y axis. Refocusing occurs, as it
did in Fig. 12C.11 on page 515, but along the opposite axis.

slow spins

fast SpiITlS_ I

Figure 12.13

The magnitude of the local magnetic field is given by [12B.17a-506]
h
Bioc = —w(l - 3cos’ 0)

where Bj,. is the local magnetic field, yy is the nuclear magnetogyric ratio,
Yo is the vacuum permeability, mh is the z-component of the spin angular
momentum, R is the internuclear separation, and 6 is the angle between the
direction of local field vector and the direction of the applied magnetic field.
The average over angles 8 = 0 — 6’ is found by integrating 3}, over this range,
with the appropriate volume element, which is sin 8 d6. The integral is divided
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by [00’ sin 6 d0 to ensure normalization

foe, Biocsin0do

(BIOC) = 7
[ sin6do
ynhgomy foel(l —3cos® 0)sin 0 db
= X ;
4nR? 1 sin6d6

The integral in the denominator evaluates to 1 — cos ’. The integral in the

numerator separates into two: the first is foe sin 0 d6 which similarly evaluates
to 1 — cos 0. The second is evaluated as follows
o
I= —3[ cos” 0sin6do
0

Recognise that (d/d6) cos® 6 = —3 cos® 6 sin 6

9/
I=-3|-1cos’ 6|O =cos’ 0 -1
Putting this all together gives

_ ynhuomy 5 (1-cosB') + (cos® 0" - 1)

(Bloc) = 4mR3 1-cost’
_ ynhuomy  cos 6'(cos’> 0’ - 1)
© 4nR3 1-cos @’
_ ynhpomy . cos 0’ (cos 8" +1) (cosf —1)
~ 4nR3 1 - cos @’
_ynhpomy

= TR lcos 6'(cos 0" + 1)
n

When 0" =7, (cos0’ + 1) = (cosm+ 1) = 0 and, as expected, the field averages
to zero.

The separation R was found in Problem P12C.11 to be 158 pm. With 6’ = 30° in
the above expression, and taking m; = +1, the average field is computed as

huom
(Buoc) = - 00
(26.752 x 107 T™1s7) x (1.0546 x 107**Js) x (1.257 x 107 T2J ' m?)
- 2% 47 x (158 x 10712 m)3
x c0830° x (cos30° + 1)

= —(3.57..x 1074 T) x (312/2) x (3'/%)2+ 1)
=[0.578 mT]

x cos 0’ (cos 6’ +1)




12D Electron paramagnetic resonance

Answers to discussion questions

D12D.2

The hyperfine parameter a for the coupling between a nucleus and the elec-
tron in a radical is easily measured from the splittings of the lines in the EPR
spectrum caused by the nucleus in question. If the quantitative relationship
between a and p is know (for example, as it is for aromatic systems, the Mc-
Connell equation) it is possible to map out the spin density in the molecule, thus
revealing the spatial distribution of the molecular orbital which is occupied by
the unpaired electron.

Solutions to exercises

E12D.1(b)

E12D.2(b)

E12D.3(b)

The EPR resonance condition is given by [12D.2-519], hv = gugBy, where v is
the spectrometer operating frequency, g is the g-value of the radical, yp is the
Bohr magneton, and 3y is the magnetic field. Rearranging the expression gives

hv (6.6261 x 107> ] s) x (9.2482 x 10° Hz)

- - =[2.0022]
£ upBo  (9.2740 x 10-247T71) x (330.02 x 10-3 T)

As described in Section 12D.2 on page 520, the splitting between the lines in
the multiplet is the hyperfine coupling constant. In this case the splitting is
(338.0 — 335.8) mT = 2.2 mT, (335.8 — 333.6) mT = 2.2 mT, and (333.6 -
331.4) mT = 2.2 mT. Therefore [a = 2.2 mT|,

The g-value is computed from the centre of the multiplet, which is at (333.6 +
1 x2.2) mT = 334.7 mT. Then, using [12D.2-519], hv = gugB,

hv (6.6261 x 10734 Js) x (9.332 x 10° Hz)

_ - = [1.9921]
£ peBo  (9.2740 x 10-24JT™1) x (334.7 x 103 T)

The total local magnetic field is given by [12D.3-520], Bj,c = By + am;,, where
my, = +5 and a is the hyperfine coupling constant. Further interactions with a
second and a third proton give the overall field as

Bioc = By + amy, + amy, + amy,

where each m;, = +1. There are 8 possible combinations of the m;, and hence
8 lines. The centre of the spectrum is at 332.8 mT.

For example, the line with all mj, = +% is at

B/mT =332.8+ 5 x2.11 + 5 x 2.87 + 5 x 2.89 = 336.735
and that with m;, = —%, my, = +%, and my, = +% is at

B/mT =332.8— 5 x2.11 + 5 x 2.87 + 5 x 2.89 = 334.625

Repeating this process gives the 8 lines as (in order)
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\328.865, 330.975, 331.735, 331.755, 333.845, 333.865, 334.625 and 336.735 mT\

All 8 lines have . However, the third and fourth peak, and the
fifth and sixth peak, are closely spaced and so, if the instrument does not have
high enough resolution, may overlap with one another to give a peak of double
height.

E12D.4(b) (i) The expectation is that the CH, protons will have a larger hyperfine con-
stant than the CHj protons. Therefore the main splitting will be into
a triplet (1:2:1), and each of the lines of the triplet may be further split
by a smaller amount into a quartet (1:3:3:1). If all the lines are resolved
the spectrum will be a triplet of quartets, a total of 12 lines with relative
intensities 1:3:3:1; 2:6:6:2; 1:3:3:1.

(ii) The splittings due to couplings to equivalent spin 1 nuclei are illustrated in
Fig. 12D.5 on page 521. Coupling to the CD, deuterons will give five lines
with intensities (1:2:3:2:1). The smaller coupling to the CD; deuterons will
split each of these lines into seven, with intensities (1:3:6:7:6:3:1), giving
35 lines in total.

E12D.5(b) The resonance frequency is related to the g-value by [12D.2-519], hv = gugBB,.
Rearranging this gives By = hv/ug.

(i) For a spectrometer operating at 9.501 GHz,

hv  (6.6261 x 1073*]s) x (9.501 x 10° Hz)
By= Y - - [339.0 T
°" gmp 2.0024 x (9.2740 x 10-24J T

(ii) For a spectrometer operating at 34.77 GHz,

hv (6.6261 x 10°*]s) x (34.77 x 10° Hz)

B =
* qun 2.0024 x (9.2740 x 10-24J T ")

=[1.2417T]

E12D.6(b) If a radical contains N equivalent nuclei with spin quantum number I, then
there are 2NI+1 hyperfine lines. The radical contains two magnetic nuclei, N =
2, and there are a total of five hyperfine lines. Therefore 2NI+1 =2x2xI+1=5
hence [I = 1]. The splitting pattern arising from coupling to equivalent nuclei
with I = 1 is shown in Fig. 12D.5: coupling to two such nuclei gives five lines in
the intensity ratio 1:2:3:2:1.

Solutions to problems

P12D.2 The EPR resonance condition is given by [12D.2-519], hv = gugl3y, where v is
the spectrometer operating frequency, g is the g-value of the radical, yp is the
Bohr magneton and By is the magnetic field. The expression is rearranged to
make g the subject.

When the applied magnetic field is parallel to the OO direction,

hv (6.6261 x 10734 Js) x (9.302 x 10° Hz)

= = = -1.992
£ usBo  (9.2740 x 1024]T7) x (333.64 x 1073 T)




P12D.4

P12D.6

When the applied magnetic field lies along the bisector of the ONO angle,

hv (6.6261 x 10734 Js) x (9.302 x 10° Hz)

- - =[2.002]
§7 UsBy (92740 x 1024 ] T-1) x (331.94 x 10-3 T)

The splitting due to the two N atoms results in 2NI+1=2x2x1+1 = 5lines
with relative intensity ratio [1:2:3:2:1, a quintet|. Adjacent lines are separated by
a(N) = 0.148 mT. Each of these lines is further split into a\1:4:6:4:1, a quintet\
by coupling to four H atoms results (2NI +1 = 2 x 4 x 3 + 1 = 5). Adjacent
lines in the quintet are separated by a(H) = 0.112 mT. Because the two hyper-
fine constant are similar the multiplets overlap extensively, giving a complex
multiplet.

Figure 12.14 shows how the complete multiplet is formed from five overlapping
1:4:6:4:1 quintets, a—e, centred at the positions of the lines of the 1:2:3:2:1 quintet,
and with intensities in proportion. For example, quintet a is centred at the field
of the left-most line of the 1:2:3:2:1 a quintet, and has relative intensity 1. Quintet
b is centred at the field of the next left-most line of the 1:2:3:2:1 a quintet, and
has relative intensity 2. The dotted lines show the relationship of the multiplets
a—e to the lines in the 1:2:3:2:1 a quintet.

a I ¢
| | | Ll ‘ ‘ | ‘ | complete multiplet
1 L 1
| | | | 1:2:3:2:1 quintet

Figure 12.14

The McConnell equation is given in [12D.5-521], a = Qp, where a is the hy-
perfine coupling constant observed for a H atom in a given molecule, Q is
a constant, and p is the spin density on the adjacent carbon atom. For the
benzene radical anion, Q = 2.25 mT; the same value is used for each of the
anions considered here. For example, at position 3 in 1

a 0.011 mT
p=—=— =489 x1073

Q 225mT

The spin densities for each carbon, computed in the same way, are shown in
Fig. 12.15.
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P12D.8

NOZ N02
4.89 x 1073 0, 0.200 0.121
7.64 x 1073 4.89 x 1073 0.048 NO,
7.64x 1073 0.200
NO,
0.0498 0.0498
0.0498 0.0498
NO,

Figure 12.15

Simple considerations indicate that the EPR spectrum of 1 will be a L:1:1 triplet
on account of the coupling of the electron to a single "N, which has I = 1. Elec-
tron exchange, resulting from the physical interaction of two radicals, results
in a scrambling of the spin state of the electron because the electron which
is exchanged has an equal change of being in the a or { spin states. Such
scrambling at first causes a broadening of the lines in the hyperfine multiplet,
and if it is at a high enough rate the lines merge. For even faster rates, the
merged line narrows. This is analogous to the effect that chemical exchange
has on the coupling patterns seen in NMR, Section 12B.4 on page 505.

Answers to integrated activities

112.2

(a) The spin densities, computed by molecular modelling software (ab initio,

density functional theory, Gaussian 98), are shown below

O 0.409
~0.082
0.299 0271
-0.135 -0.129
0.369
CH3
-0.024

The computed spin densities for the the two protons ortho to the oxygen,
and to the two protons meta to the oxygen are different. This is undoubt-
edly a computational artefact, a result of the minimum-energy structure
having one methyl proton in the plane of the ring, which makes the right
and left side of the ring slightly non-equivalent. Fast internal rotation
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is expected to make the two meta protons, and the two ortho protons,
equivalent. The spin density at the ortho carbons is therefore taken as
0.285, and that at the meta carbons as —0.132.

(b) The hyperfine coupling constants resulting from coupling to the ring pro-
tons are computed using the McConnell equation, [12D.5-521]: a = Qp,
with Q = 2.25 mT. Hence a,mo = 0.285 x (2.25 mT) = 0.641 mT,
and dyer, = 0.132 x (2.25 mT) = 0.297 mT. The hyperfine coupling for
interaction with the methyl protons cannot be calcuated in the same way
but is given by the software as 1.045 mT. The EPR spectrum will show
a rather complex multiplet arising from splitting into a 1:2:1 triplet as a
result of the coupling to the ortho protons, each line is then split into a
1:2:1 triplet as a result of the coupling to the meta protons, and each line
is split once more into a 1:3:3:1 quartet as a result of the coupling to the
methyl protons.

Terms such as [I], [EI], [E], vi, vgr and v need to be eliminated from the ex-
pressions. First, note that total I (free I plus bound I) is the same as initial I;
similarly, total E (free E plus bound E) is the same as initial E.

[Tior = (1o = [1] + [EI] and  [E]io: = [E]o = [E] + [EI]
Using this, the expression for Kj is rewritten

- B0 _ ([E]o - [ET])([1]o - [E])
"7 OTEI [EI]

Because [I]o >> [E]o it follows that [I], must also be much greater than [EI],
even if all of the E binds I. Hence [1]o — [EI] » [1]o. This is substituted into the
above expression which is then solved for [EI].

EL-EDMo e g Eblh

Ki= [EI] K + 1o

The expression for v is written using [I] = [I]o — [EI] to give

_ _ [I]VI + [EI]VEI _ VI([I]O - [EI]) + VEI [EI]
B N FY i oF
This is rearranged to given an expression for [EI], and then [EI] is substituted
using eqn 12.1

_ o)t _8v[to o [Elo[o _ 8v[To
VEI — VI Av KI + [I]() Av

[ET]

where 8v and Av as as defined in the text. Finally, [I]o is made the subject to
give

Av
Ilo = —
(Mo Sy

It follows from this that a plot of [I], against 1/(8v) is a straight line with slope
[E]oAv and y-intercept —K.

[E]o - Ki
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@ Statistical

thermodynamics

13A The Boltzmann distribution

Answers to discussion questions

D13A.2

D13A.4

The principle of equal a priori probabilities is the assumption that the popula-
tion of any physical state depends only on its energy and not how that energy
is distributed. For example, a state in which a certain amount of the energy of a
molecule is in translational motion is just as likely as a state where this energy is
in rotational motion, or in vibrational motion, or split between these different
modes.

Because the Boltzmann distribution gives the ratio of populations of states of
different energy as a function of temperature, it accounts for the temperature
dependence of many physical and chemical phenomena. These include: the
intensities of spectral transitions (Topic 11A); chemical equilibrium (Topic 13F),
in which the distribution of reactant and product species is determined by
a single Boltzmann distribution over the states of the system; the Maxwell-
Boltzmann distribution of molecular speeds in the kinetic model of gases (Topic
1B); collision theory, in which the temperature dependence of the rate of reac-
tion is understood through the Boltzmann distribution (Topic 18A).

Solutions to exercises

EI3A.1(b)

E13A.2(b)

The weight of a configuration is given by [13A.1-533], W = N!/(Np!N;IN,!...),
thus

2n - [2.05 < 107

T 61 x 0 x 5 x 0 x 41 x 0! x 31 x 0! x 2! x 0! x 0! 1!

(i) 10! =10x9%x8x7x6x5%x4x3x2x%x1=|3628800|

(ii) Stirlings approximation for x >> 1 is given by [13A.2-533], In(x!) =
xInx — x. This is rearranged for to x! » e(xInx=x) ‘thus

10! ~ e(10¥In10-10) _ 14 54 » 105,
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EI3A.3(b)

E13A.4(b)

E13A.5(b)

EI3A.6(b)

(iii) Using the more accurate version of Stirling’s approximation

10! ~ (271) (/) 5 1000%1/2) 710 —[3,60 x 10°

The Boltzmann population ratio is given by [13A.13a-536], N;/N; = e # (ei=ej),
where 8 = 1/(kT). As temperature approaches zero, § approaches infinity. The
relative populations of two levels, assuming ¢, < €, is therefore

Ni/No = lim e F1=%0) =[q]
ﬁ~>+oo
In this limit, only the lower state is occupied.

The Boltzmann population ratio is given by [13A.13a-536], N;/N; = e Bleimey),
This is rearranged to f = —In(N;/N;)/Ae , where Ae = (&; — €;). Substituting
B =1/(kT) and rearranging for T gives

Ae hev

N _kln(Nl/No) - _kln(Nl/N())
_(6:6261 x 107 J5) x (2.9979 x 10" cm's™") x (300 cm™")
(1.3806 x 103 JK ') x In(1/2)

=623 K

The Boltzmann population ratio for degenerate energy levels is given by [13A.13b-
536], Ni/N; = (gi/g;)e P(7¢). The rotational term of a spherical rotor is
given by [11B.9-432], F(J) = BJ(J + 1) and, as explained in Section 11B.1(c) on
page 434, its degeneracy is given as g; = (2] + 1)2. The rotational energy is
related to the rotational term as &; = hcF(J). Therefore

Ns (2x5+ 1)? w @ heB[5x(5+1)=0x(0+1)]/KT _ {57 y o=30Bhe/kT

No (2x0+1)2
using kT/hc = 207.224 cm™! at 298.15 K (from inside the front cover)

Ns _ 121 x e-30x(2.71 em™)/(207.224 em™) _ 577

0

The Boltzmann population ratio for degenerate energy levels is given by [13A.13b-
536], N;/N; = (gi/g;)e P(s=#). This is rearranged to

B =-In[(N;/N;)(gj/gi)]/Ae where Ae= (& —¢;)
Substituting 8 = 1/(kT) and rearranging for T gives
Ae hev

~ kIn[(N1/No)(go/g1)]  kIn[(N1/No)(go/g1)]
(6.6261 x 10734 s) x (2.9979 x 10! cms™!) x (360 cm™)
(13806 x 102 K1) x In [ (15%/85%) x (1/2)]

=[213K]




Solutions to problems

P13A.2

P13A.4
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The energy of a configuration is E/e = N + 2N, + 3N .. ., and the weight of a
configuration is given by [13A.1-533], W = N!/(Ny!N;!N,!...). The configura-

tions satisfying the total energy constraint E = 9¢ are

No Ny N N; Ny Ns N¢ N; Ny Ng W

0

S = N W RN W R U U W R UND R UTOYNDYNNY U NNT ONNTN
O N U1 W —= O RN O W HH O Ul W O DO = O W O N O =

S = N W ks O = N WO M O O = DN~ OOHFFIDMNDO O O~ O O —~ O O

0

O O © O O = H = = N DND WO O O = O O O O —= o oo o = o o O

0

SO O ©O O ©O O O O O O O O ~= = = = DN O O O O+~ O O o o ©o o

0

O O O O O O O O © © © © O O O © © +H MH = =4 OOOoO o © O

0

S O O O O O O O O O O O O O O O o o o o o © = +=H=O O ©

O O O O O O O O O O © © O O O O oo oo o o oo o~ = O O

0

O O O O O O O O O O © O O O O © © O O O O oo oo oo o o =

1

SO O O O O O O O O © © © O O O O O oo o o o o o o o o o o

9

72
72
252
72
504
504
72
504
252
1512
630
252
504
1512
2520
504
84
1512
1260
504
3780
2520
252
630
1680
756
72

Hence the most probable configuration is ‘ {4,2,2,1,0,0,0,0,0,0}
the most reminiscent of an exponential distribution.

, which is

The Boltzmann distribution is given by [13A.10b-535], N; /N = e ¢ /4, where ¢
is the partition function defined in [13A.11-535], ¢ = 3; e P¢, and 8 = 1/(kT).
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P13A.6

Without loss of generality let the energy of A be 0, which implies that eg =
5.0 kJmol ! and ec = ep + 0.5 kJmol ™! = 5.5 k] mol~". The partition function
is

g=ePer pePen ePec oy emPen g oPec

The proportion of molecules in conformation B is

Ny ePen e Pen

N q T L+eBen yebec
Because ¢; = E; /Ny and k = R/Ny, f¢; = E;/RT, it follows that

Ng o~ Es/RT
N 1+ e Es/RT 4 e~Ec/RT

_ 5.0x10% Jmol~!
e (8.31457K~ T mol=1)x (273 K)

_ 5.0x103 Jmol~! _ 5.5x103 Jmol~!
1 +e (831457K Imol=1)x(273 K) 4 @ (83145JK~I mol=1)x(273 K)

=10.092

In Section 13A.1(a) on page 532 it is shown that In'W = In N! - Y, In N;!. The
full version of Stirling’s approximation is used for the factorials to give

InW = In[(2m) 2NN 126 N] - S In[ (2m) V2NN 27N
j

= 3In(2m) + (N + 3)InN = N = 37 [5In(2n) + (N; + 3) InN; - N}
J

Because ;; N; = N it follows that

InW =4In(2m) + (N + ) InN -3 [(Nj + ;)1an+;1n(zn)]
———

J
A

B

The next step is to compute dIn W/0N;: only the non-constant terms A and B
contribute to the derivative. First, consider the differential of term A

O[(N+3)InN] (o(N+3) dlnN
= InN+(N+1 ( )
N, o, NN Ty,
oN 1 (0N
= InN+(N+ 2 —( )
(aNi)n AR P

As explained in the text, (ON/dN;) = 1. It therefore follows that

1

O[(N+31)InN N+
lenN+(N+%)%:lnN+ NZ

ON;
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Next, consider the differential of term B

O%,;[(Nj+35)InN;] o(N;+1) N
j éNi J_Zj:[( ajNi )lan+(Nj+2)( ])]

o(N;+1) .. 1 (0N
(5 e b (3]

Only the derivatives with j = i are non-zero to give

N,'+

o=

:lnN,- +

i
Bringing the terms together gives the expression for the derivative

oln'W Z\]‘}‘l I\I,"Fl
" N+ —2 - InN; - ——2
8N,~ N Ni

For a macroscopic sample N > 1 and N; > 1,s0 N + % ~ N and N; + % ~ Nj;
with these approximations

oln'W
ON;

=InN+1-(InN; +1)

This is identical to the expression found in How is that done? 13A.3 on page 534,
and so it is concluded that for macroscopic samples the use of the full version
of Stirling’s approximation has no effect (with the possible exception of states
with very low populations).

13B Partition functions

Answer to discussion questions

D13B.2

It is possible for there to be different wavefunctions which have the same en-
ergy: such wavefunctions are said to be degenerate. If this is the case, for a
given ‘energy level, that is a given value of the energy, there are several ‘states’
each of which is distinct but has the same energy.

The partition function is computed as a sum over the states. However, because
degenerate states have the same energy, the sum may be computed as a sum over
energy levels, as long as the degeneracy g; of each level is taken into account.

g= 3 efi= 3 g

states i levels i
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Solutions to exercises

E13B.1(b) (i) The thermal wavelength is defined in [13B.7-541], A = h/(2nmkT)'/2.
Because the mass of a molecule m is m = M/Ny and k = R/Ny it follows

that
B h _ hNa
~ [2n(M/Ny)(R/NA)T]? — (2nMRT)'/?
-34 23 -1
A(300K) = (6.6261 x 107°*Js) x (6.0221 x 10 mol ")

[27% (0.02018 kgmol~1) x (8.3145J K~! mol ") x (300 K)]1/2

=224..x100" m=2.244%x10"" m
Similarly, A(3000 K) =|7.095 x 10"'* m

(ii) The translational partition function in three dimensions is given by [13B.10b—
541], 4" = V /A3,
g" (300 K) = (1.00 x 107 m*)/(2.24... x 10" m)? =|8.85 x 10*°
¢" (3000 K) =[2.80 x 10?7

E13B.2(b) The translational partition function in three dimensions is given by [13B.10b-
541], ¢* = V/A?, where A is the thermal wavelength defined in [13B.7-541],

A = h/(2nmkT)'/2,

qiTr _ V/A?\r _ (ANC)3

_( h]@rmyekT)? mAr)”Z
qge ) V/A%\Te B Aar

- (h/(anArkT)l/z) B (mNe

Because the mass of a molecule m is m = M /N, it follows that

T 3/2 —1\3/2
M, 39.95 1
Gir =( A ) - (99 gmo ) - [2.785

Ive Mxe 20.18 gmol ™!

E13B.3(b) Therotational partition function of a symmetric linear rotor is given by [13B.13a-
544], ¢® = kT/(2hcB), where the rotational constant is defined in [11B.7-432],
B = h/(4ncl). The moment of inertia of a diatomic is I = 4R?, where R is the
bond length and p = mamp/(ma+msp). Forahomonuclear diatomic my = mp
so it follows that y = mp /2. Using m = M /Ny, this becomes y = Mp/2N4.

MpR®>  (0.01401 kgmol™!) x (109.75 x 102 m)?
2Na 2 x (6.0221 x 1023 mol ")
=1.40... x 107* kgm*

R _ kT (kT \(4ncl\ ( kT \(4ncl\ kT

1 _2th_(%)( h )_(4nch)( h )_ﬁ
_(1.3806 x 107 JK™') x (300 K)
- (1.0546 x 1034 s)2

I=uR*=

x (1.40... x 107* kgm?) = [52.2
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E13B.4(b) The rotational partition function of a non-linear rotor is given by [13B.14-545],
g = (1/0)(kT/hc)**(n/ABC)'/?, where o is the symmetry number. H,O
has a twofold axis so 0 = 2.

(i) At25°C, which is 298.15 K

A ()
1 he ABC

(13806 x 103 JK 1) x (298.15K)  \/°
X
(6.6261 x 10734Js) x (2.9979 x 1010 cms~1)

SR S

1/2
y T
( (27.877 cm™!) x (14.512 cm™!) x (9.285cm™1) )

=[431]

(ii) At 100 °C, whichis 373.15K

. ( (1.3806 x 10723 JK1) x (373.15K) )3/2

= — X
2\ (6.6261 x 10734Js) x (2.9979 x 1010 cms~1)

1/2
n
X
( (27.877 cm™!) x (14.512 cm™!) x (9.285 cm™!) )
=160.4

E13B.5(b) Therotational partition function of a heteronuclear diatomic is given by [13B.11-
542], g% = ¥,(2] + 1)e PreBIUD | This is evaluated explicitly by summing
successive terms until they become too small to affect the result to a given level
of precision. The partition function in the high-temperature limit is given by
[13B.12a-543], ¢® = kT/hcB. For the data given it follows that

R kxT (13806 x 1072 JK ') x T
"~ heB (66261 x 10734]s) x (2.9979 x 1012 cms~!) x (6.511 cm~!)
=(0.106.. K ") x T

The values of ¢® computed in these two different ways are compared in Fig. 13.1.
The high temperature limit becomes accurate to within 5 % of the exact solution

at around [61 K].

EI3B.6(b) The partition function is given by [13B.1b-538], ¢* = 3, gje™#*/, where the de-
generacy is given as gy = (2] + 1)?, as explained in Section 11B.1(c) on page 434,
and ¢ is given by [13B.1b-538], &; = hcBJ(J +1). This is evaluated explicitly by
summing successive terms until they become too small to affect the result to a
given level of precision.

The partition function in the high-temperature limit is given by [13B.12b-544],

g = (kT/hc)??(n/ABC)'/? = n'/2 (kT /hcB)>/?, because for a spherical rotor
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Figure 13.1

B = A = C. Ignoring the role of the nuclear spin means that all J states are
accessible and have equal weight. For the data given it follows that

R 1/2(kXT)3/2
g = |—=
hcB

)2 (1.3806 x 102 JK 1) S
=T xT
(6.6261 x 10734 s) x(2.9979 x 1019 cms~1) x (0.0572 cm~1)

= (75.0..K*?) x 1312

The values of 48 computed in these two different ways are compared in Fig. 13.2.
The high temperature limit becomes accurate to within 5 % of the exact solution

at around [0.4 K.

z —— exact

= --- high T limit

=T | L | L | L I 1 I 1 I 1

0
00 01 02 03 04 05 06 0.7
T/K

Figure 13.2

E13B.7(b) (i) CO; is a centrosymmetric linear molecule and so has [o = 2],



E13B.8(b)

E13B.9(b)

(ii)

(iii)

(iv)

(v)

O3 has a twofold rotational axis bisecting the O-O-0O angle; rotation
about this axis interchanges two identical oxygen atoms, therefore [0 = 2],

SOs; is trigonal planar. It has a threefold rotational axis perpendicular
to the plane of the molecule and passing through the S atom, and three
twofold axes, each located along an S-O bond. The symmetry number is

therefore given by[o =3 x 2 = 6],

For a molecule with high symmetry, such as octahedral SFe, the simplest
was to determine the symmetry number is to count the total number of
rotational symmetry operations, C,,, listed in the character table of the
relevant point group, which in this case is Oy. The identity operation E
is equivalent to a C; rotation axis, so is included in the count. For Oy
the relevant operations are (E, 8Cs, 6C,, 6Cy4, 3C5), giving a total of 24.

Hence [0 = 24].

The same procedure is used as in (iv). Al,Clg belongs to the point group
Dsyp,, which has rotational operations (E, C3, C;, C3). Therefore [0 = 4].

The rotational partition function of an asymmetric rotor is given by [13B.14-

545],

g = (1/0)(kT/hc)??(n/ABC)'/?, where ¢ is the symmetry number.

Pyridine has a twofold rotational axis along the C,—N bond; rotation about
this axis interchanges pairs of identical atoms, therefore o = 2. An alternative
way of deriving the value of the symmetry number is to note that both pyridine
and H, O belong to the point group C,y, and so they have the same symmetry
number, which in the text is shown to be 2 for H,O.

A ()
1 he ABC

(13806 x 1023 JK 1) x (298.15K)  \/°
(6.6261 x 10734Js) x (2.9979 x 1010 cm s~1)

X

N = N

1/2
n
X
( (0.2014 cm™!) x (0.1936 cm™!) x (0.0987 cm™1) )

=[4.26 x 10°]

The vibrational partition function is given by [13B.15-546], ¢¥ = 1/(1-e~Ph<%),
where 8 = 1/kT. The high-temperature approximation is given by [13B.16-

547],

q" ~ kT/hcv.

kxT (1.3806 x 107 JK™ ') x T

hev (66261 x 10734]s) x (2.9979 x 1010 cms~!) x (214.5 cm™!)
=(3.24..x 10K ) x T

The values of 4" computed using these two different expressions are compared
in Fig. 13.3. The high temperature limit becomes accurate to within 5 % of the

exact solution at |3000 K|.
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Figure 13.3

E13B.10(b) The vibrational partition function for each mode is given by [13B.15-546], q' =
1/(1-eP"<"), where B = 1/kT. The overall vibrational partition function is the
product of the partition functions of the individual modes; the bend is included

twice as it is doubly degenerate.

hef = (6.6261 x 107**Js) x (2.9979 x 10"° cms™")
(1.3806 x 1022 JK 1) x (900 K)
=1.59..x 10~% cm

g = (1-eepy”!

_ (1 _ e—(1,59...><10_3 cm)x (3311 cm_l))_1 =1.00...

Similarly
(1 _ e—(1.59...x10*3 cm)x (712 cmfl))il — 147,

(1 _ e—(1.59...x10*3 cm)x (2097 cmfl))il - 1.03...
q" = q) x(¢5)* x ¢y = (1.00...) x (1.47...)* x (1.03...) =

E13B.11(b) The Vibratio_nal partition function for each mode is given by [13B.15-546], qV =
1/(1-e Phe?) where B = 1/k T. The overall vibrational partition function is the
product of the partition functions of the individual modes, taking into account

the stated degeneracies.

hef = (6.6261 x 107**Js) x (2.9979 x 10"° cms™")
(1.3806 x 1022 JK ') x (500 K)
=2.87..x10% cm




(-

(1 _ e—(2.87...x10‘3 cm)x (178 cm_l))_l —2.49. .

Similarly

q;/ _ (1 _ e—(2.87...><1073 cm)x (90 cmfl))i1 —4.38..
9\3/ _ (1 _ e—(2.87...x10*3 cm)x (555 cmfl))il - 1.25..

9}1, _ (1 _ e—(2.87...x10*3 cm)x (125 cmfl))il ~3.30...

g" =gy x(g3)*x(g3)> x (qy)°

= (2.49...) x (4.38...)* x (1.25...)° x (3.30...)° =|3.43 x 10°

E13B.12(b) The partition function is given by [13B.1b-538], ¢ = }; gie’ﬁst, where g; is
degeneracy and the corresponding energy is given as &; = hc;. At T = 2000 K

(66261 x 107°*]s) x (2.9979 x 10" cm's™")
(1.3806 x 1022 JK ™) x (1900 K)

Bhc

Therefore the electronic partition function is

&

qE:g0+g1 x e Pe +g2><e_ﬂ

—341x e—(7419...><1074 cm)x (850 cm™")

—(7.19...x107* cm)x (1100 cm™")

+5xe
=3+0.542... + 2.26... =|5.809

=7.19..x 107" cm

(13.1)

The population of level i with degeneracy g; is N; = (Ng;/q)e P¢, therefore
the relative populations of the levels are proportional to g;e i, which are the

terms in eqn 13.1. Thus the populations, relative the ground state are

No/No : N1/No : N2/Ny = 3/3 : (0.542.../3) : (2.26.../3)

=[1:0.181 : 0.755]

Solutions to problems

P13B.2

The vibrational partition function is given by [13B.15-546], ¢¥ = 1/(1-e Ph<¥),

where = 1/kT and 7 is the wavenumber of the vibration. The high-temperature

approximation is given by [13B.16-547], g = kT/hc?. If the characteristic
vibrational temperature 6" is defined as 0¥ = hci/k, the two forms of the

partition function become

vV _ 1 V_T
7 = 1oy THr =4y
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P13B.4

Plotting these as a function of T/6" gives a universal curve which applies to all
vibrational wavenumbers; such a plot is shown in Fig 13.4. The high-temperature
value is within 10% of the exact value when

(7" - a1r)/q" =01

There is no analytical solution for the value of T/6" which solves this equation.
However, by plotting the fraction on the left against T/0", it is easy to see that
this 10% deviation is reached when T/0" ~ 4.7

I T T
10 -| — exact
- - - high temperature

0 2 4 6 8 10

Figure 13.4

The translational partition function for a particle in a one-dimensional box of
width X is given by [13B.7-541], ¢ = X/A where A = h/(2nmkT)"/2. This
expression is rearranged to give the temperature in terms of A, and then in
terms of gr
o k()

© 2mmkA? 2mmkX>
The expression is further developed using m = M/N, and k = R/N,, and then
evaluated for the given data and ¢ = 10

- Nak?(4x)’
2nMRX?
~(6.0221 x 102 mol™')? x (6.6261 x 107**]5)? x (10)?
27 x (1.008 x 10-3 kgmol ") x (8.3145J K™  mol ")
1
-
(100 x 1072 m)>?

=0.0302... K ={0.030 K|.

As explained in Section 13B.2(a) on page 540, the exact partition function is
given as ¢y = Yoo, e ("B where ¢ = h%/8mX? and B = 1/kT. For the



given data B¢ is evaluated at the above temperature as

_ R RN}
8mkTX? 8MRTX?
~(6.0221 x 10* mol )% x (6.6261 x 107>*]s)?
8 x (1.008 x 103 kgmol ') x (8.3145J K~ ' mol ")
1

X
(0.0302... K) x (100 x 10-° m)?

Be

=0.00785...

With this value the partition function is then evaluated term by term to give

gx = i e (" DBe _q g e o 8fe | T15he
n=1
=1+0.977... +0.939... + 0.889... + ... =|9.57

Even under these conditions, the integral approximation deviates by less than
5% from the explicit sum.

P13B.6 The partition function is given by [13B.1b-538], ¢ = ¥, gie P¢/, where g; is
degeneracy and the corresponding energy is given as ¢; = hcv;, and = 1/kT.
Here g; = 2] + 1, where ] is the right subscript in the term symbol. At 3287 °C,
which is 3556 K

(66261 x 107°*]s) x (2.9979 x 10"° cm's™")

=4.04..x 10 cm
(1.3806 x 102 JK 1) x (3556 K)

hep

Therefore the electronic partition function is

qE —547x ‘37(4.04...x1o*4 cm)x(170 cm™")

+9x e—(4.04...x1o*“ cm)x (387 cm™) +3x e—(4.o4...x10*4 cm)x(6557 cm™")

=5+6.53...+7.69... +0.211... = 19.4....

The population of level i is N;/N = (g; x e "F%) /4F. Thus

N(C’F,) 5 N(°F;) 6.53...
= —— =[0.257] = — =10.336
N 19.4... N 19.4...
N(®Fy)  7.69.. N(°F;) 0.211...
=" -[0.396] = =10.0109
N 19.4... N 19.4...
P13B.8 The wavenumbers of the lines in the pure rotational spectrum of a diatomic

are given by [11B.20a-436], #(J + 1 < J) = 2B(J + 1). Therefore a plot of
#(J + 1< J) against 2(J + 1) is expected to be a straight line with slope B. The
separation of successive lines is 2B, and from the first few lines a consistent
value of B ~ 10.6 cm™! is found. Using this, the assignment of the lines is
confirmed as 1 < 0 for that at 21.19 cm™!, and 2 < 1 for that at 42.37 cm™'.
The given lines are therefore successive members of #(] + 1 < J) starting from
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J = 0. With the lines assigned the plot can be made and indeed it is a very good
straight line whose slope gives B = 10.593 cm™".

The rotational partition function of a heteronuclear diatomic is given by [13B.11-
542], % = %2, (2] + 1)e PreBIUD A4 25 °C, kT /hc = 207.225 cm™!.

BheB = (10.593 cm™")/(207.225cm™") = 5.11... x 1072

Evaluating the sum term by term gives|¢%=19.90}; the terms with J > 14 do not

contribute significantly.

P13B.10  The partition function is given by [13B.1a-538], ¢ = ¥; e ¢/, where the energy
of state i is given as ¢; = hcv;, and = 1/kT.

qV -1+ e—hcﬁ\'/l + e—hcﬂf/z + e—hcﬁh 4 e—hcﬁ\'q

The population of state i is N; /N = e~ h¢?/(KT) / gV
(a) At T=100K

(6.6261 x 107 ]s) x (2.9979 x 10'° cms™!)

=1.43..x107* cm
(1.3806 x 102 JK 1) x (100 K)

hef =

—(1.43...x107% cm)x(215.30 cm —(1.43...x107% cm)x(425.39 cm™")

7' =1+e e

-2 -1 -2 -1
+e—(1‘43...><10 cm)x(636.27 cm )+e—(1.43...><10 cm)x(845.93 cm™ ")

=1+40.0451...+2.19...x 107> + 1.05... x 10™* + 5.17... x 107

=1.04... = [1.05]

Ny/N =1/1.04... =[0.955
N;/N =0.0451.../1.04... = |4.31 x 10~*
N,/N =(2.19...x 107%)/1.04... = 2.10 x 10~

(b) AtT=298K

(6.6261 x 1073 ]s) x (2.9979 x 10'° cms™!)

=4.82..x107° cm
(1.3806 x 102 JK 1) x (298 K)

hep =

(4.82...x107% ¢cm)x(215.30 cm —(4.82...x107> cm)x(425.39 cm™")

g =1+e e

n e—(4.82...x10‘3 cm)x(636.27 cm —(4.82...x107> cm)x(845.93 cm™")

e
=1+0.353...+ 0.128... + 4.63... x 1072 + 1.68... x 1072

= 1.54... = [1.54]

No/N =1/1.54... =[0.647
N/N =0.353.../1.54... =[0.229
N,/N =0.128.../1.54... =(8.30 x 10>



13C Molecular energies

Answers to discussion questions

D13C.2

This is described in Brief illustration 13C.1 on page 550.

Solutions to exercises

E13C.1(b)

E13C.2(b)

E13C.3(b)

The mean energy of a molecule is given by [13C.2-549], (&) = (1/¢) ¥; e;e P,
where ¢; = hcv;, B = 1/kT, and ¢ is the partition function given by [13A.11-
535, q=%; e~P¢i Therefore for the two-level system

( >_0+se’ﬁ£ e hev
T TrePe " ePeal  ehellRT 41
(6.6261 x 10734 ]s) x (2.9979 x 10" cms™!) x (600 cm™!)

(6.6261x10734J5)x(2.9979x10'° cm s~!)x (600 cm~!) i1
€ (1.3806x10-2 J K-1)x (400 K)

={1.23x107%'J

The mean molecular energy is given by [13C.4a-549], (¢) = —(1/4)(94/9B) v,
where 8 = 1/kT and g is the partition function. The rotational partition func-
tion of a heteronuclear diatomic is given in terms of the rotational constant B
by [13B.11-542], % = ¥, (2] + 1)e PheBIU+D),

(SR):_I(aqR) :iZhCB](]+1)(2]+1)e’ﬁh‘31(]+1)
@ \B ), %5

The terms of the sum above and also of the sum needed to compute ¢® are
evaluated and summed until the result has converged to the required precision.
The equipartition value is (¢®) = kT. These two expressions for the energy are
plotted as a function of T in Fig. 13.5. The value from the equipartition theorem
comes within 5 % of the exact value at[66.2 K|.

The mean molecular energy is given by [13C.4a-549], (¢) = —(1/4)(94/9B) v,
where f = 1/kT, and q is the partition function given by [13B.1b-538], ¢* =
¥ g7e P¥. The energy levels of a spherical rotor are given in [11B.8-432], ¢; =
heBJ(J + 1) and, as is explained in Section 11B.1(c) on page 434, each has a
degeneracy g; = (2] + 1)?. It follows that

qR _ 2(2]+ 1)2e—ﬁhcl§](]+1)
7
ogR . i
(sR>:_1R(q) :LRZhCB](]_,_1)(2]+1)Zefﬂh63](]+1)
¢\ B ), 47

The terms in the sum needed to compute ¢® and (&®) are evaluated and summed
until the result has converged to the required precision. The equipartition value
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E13C.4(b)

E13C.5(b)
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Figure 13.5
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Figure 13.6

is (€®) = 2kT, because for this non-linear molecule there are three rotational
degrees of freedom. These two expressions for the energy are plotted as a func-

tion of T in Fig. 13.6. The value from the equipartition theorem comes within

5 9% of the exact value at[0.29 K|.

The mean vibrational energy is given by [13C.8-551], (") = hc#/(ef" — 1);
this result is exact. The equipartition value is (¢") = kT, because there are two
quadratic terms for a harmonic oscillator. These two expressions for the energy
are plotted as a function of T in Fig. 13.7. The value from the equipartition

theorem comes within 5 % of the exact value at|3.19 x 10> K|.

The mean vibrational energy per vibrational mode is given by [13C.8-551], (¢} ) =
hev; [ (eP<7 1); this result is exact. The overall vibrational energy is the sum of
the contributions from each normal mode, taking into account the degeneracy



E13C.6(b)
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of each
() =(e1) +2x (&) +(e3)

The equipartition value is (¢V') = 4k T, because there are two quadratic terms
for a harmonic oscillator, and four modes in total. These two expressions for the
energy are plotted as a function of T in Fig. 13.8. The value from the equiparti-

tion theorem comes within 5% of the exact value at |2.52 x 10* K|.

T I3
-
150 |- Ry
7
.
.
|- 7’ .
.
=
S 100} L f
o 7’
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> 7’
< 50| L |
-
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L - - - equipartition
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Figure 13.8

The mean vibrational energy per vibrational mode is given by [13C.8-551], (&} ) =
heiv; [ (ePhe? ~1); this result is exact. The overall vibrational energy is the sum of
the contributions from each normal mode, taking into account the degeneracy
of each

(e7) = (ef) +2x (&) +3x (e3) + 3 x (&)
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E13C.7(b)

The equipartition value is (¢) = 9k T, because there are two quadratic terms
for a harmonic oscillator, and nine modes in total. These two expressions for
the energy are plotted as a function of T in Fig. 13.9. The value from the equipar-

tition theorem comes within 5% of the exact value at|3.92 x 10> K|.

T 7’
_ 400 |
o= 2
x L
i‘“’, 20.0 - ,/' |
L // — exact 8
L - - - equipartition
0.0 Z | | I ] I
0 1000 2000 3000 4000
T/K

Figure 13.9

The mean molecular energy is given by [13C.4a-549], (¢) = —(1/9)(94/9B) v,
where 8 = 1/kT and gq is the partition function given by [13B.1b-538], ¢ =
Y, gie P, where g; is degeneracy and the corresponding energy is given as
& = hC{;i. At T =2000K

 (6.6261 x 107%*Js) x (2.9979 x 10'° cms™")

=7.19..x10™* cm
(1.3806 x 10723 JK 1) x (1900 K)

Bhc

Therefore the electronic partition function is
7" = go + g1ePhN 4 gre P =580,

Therefore the mean energy is

E 1 (94" he o geq - _Bhc
=—— | — = — +
) ¢#\p ), ¢ (g17ne gare )
 (6.6261 x 107°*]s) x (2.9979 x 10'* cms™")
- 5.80...

% [1 % (850 Cm—l) « e—(7.19...><1074 cm)x(850 cm™")

45 x (1100 Cm—l) « e—(7.19...><1074 cm)x (1100 cmfl)]

={1.01 x 1072°7]

Solutions to problems

P13C.2

The mean molecular energy is given by [13C.2-549], (&) = (1/q) ¥, e;e™P%i,
where 8 = 1/kT, and q is the partition function given by [13A.11-535], ¢ =



P13C.4

Y e Pei Therefore

g=ePOpePep e o1 e P

- 2
(e) = 1 (0+ee P +20e7F2¢) = ge P + 262
q

C 1+4ePeye2pe
B efe 42
Bk e2Be 4 efe + 1

To go to the last line the denominator and numerator of the fraction have both

been multiplied by e?#¢.

The equipartition limit for the vibrational energy is kT. Consider

kT - (V)
o002
(eV)
kT-lOZX(V)—102X£
=1. e)=1. e

Because B = 1/kT it follows that
ePh? —1=1.02 x Bhev

Using the Taylor expansion e* = 1+ x + x> + £x* + ... and x = fhc?

(1+x+%x2+éx3+...)—1:1.02><x
x+%x2+éx3+...:1.02><x

For high temperature limit x < 1 is assumed, thus expansion terms after x>

are ignored
x> +3x%-0.12x =0

This equation has three solutions

-3+v9+4x0.12

x| = =0.03%4...
2
-3-v9+4x0.12
Xy = 2 =-3.03... X3 = 0

Only the postive root is physically meaningful, thus

T hev (6.6261 x 107*Js) x (2.9979 x 10" cmss™")
~kx (13806 x 10723 K1) x (0.0394...)

={(36.4Kcm) x 7
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P13C.6

The partition function given by [13B.1b-538], ¢ = ¥; gie P¢/, where g; is de-
generacy. The energy is given as E,; = k0X2;, where 0 is the characteristic
temperature, 6 = h?/2m.R*k. Taking E; ¢ as the ground state

g= Y g = 3 (20 + 1)e PEE)

levels levels

— Z (2[ + l)e—(O/T)x(Xf‘,—XiU)

levels

Relevant values are tabulated below and using these the sum is computed nu-
merically to give the plot shown in Fig. 13.10.

n 1 1 1 2 1 2
) 0 1 2 0 3 1
X 3142 4493 5763 6.283 6.988 7725
g 1 3 5 1 7 3
X,° 9.87 2019 3321 3948 4883 59.68
anz—Xl,oz 0.00 10.31 2334 29.60 3896 49.80

8.0

6.0

= 4.0
2.0
OO | | | |
0 5 10 15 20 25
T/6
Figure 13.10

The mean energy is given by [13C.4a-549], () = &4, — (1/9) (aq/aﬁ)v. There-

fore

1 (B
(&) =Eio== Y (2l + 1)e PEEr0) (B, — E, )

levels

KO S a1 e O aK L (x2, - x2,)

9 levels

This quantity is plotted in Fig. 13.11.



P13C.8
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Figure 13.11

(a) The mean molecular energy is given by [13C.4a-549]

(b)

(e) =-(1/9)(94/0B)v
where 8 = 1/kT and q is the partition function given by [13A.11-535],
g = ;e P¢i. For the uniformly spaced set of energy levels, ¢; = je, the
partition function is given by [13B.2a-539], ¢ = ¥, e Pie = 1/(1 - ePe).
With these results the mean energy is calculated as

1dg _ —gePe

=L _(p_ePyy =&

el qdp (1 )(l—e*’“)z
ge Pe 13

T (1-ef)  (eFi-1)

Setting (&) = ae
ae = ¢/ (ef - 1)
e =1+1/a
1 1
thus 8 = fln(l + 7)
€ a
Given () = ¢, it follows that a = 1. Because T = 1/kf3 and € = hcv
To_ & hcv
kIn(2) kIn(2)
 (6.6261 x 107°*J5) x (2.9979 x 10" cms™!) x (50 cm™")
- (1.3806 x 10-22 JK™") x In(2)

=[1.0x10°K]

If (¢) = ae it follows from the above discussion that fe = In(1 + 1/a),
therefore

a 1 3 1
C1-ePe

q =la+1]

1
S 1-eInC+1/e) 1 —g/(a+1)
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13D The canonical ensemble

Answer to discussion questions

D13D.2

D13D.4

An ensemble is a set of a large number of imaginary replications of the actual
system. These replications are identical in some, but not all, respects. For
example, in the canonical ensemble, all replications have the same number of
particles, the same volume, and the same temperature, but they need not have
the same energy.

Ensembles are useful in statistical thermodynamics because it is mathemati-
cally more tractable to perform an ensemble average to determine the (time
averaged) thermodynamic properties than it is to perform an average over time
to determine these properties. Recall that macroscopic thermodynamic prop-
erties are averages over the time dependent properties of the particles that com-
pose the macroscopic system. In fact, it is taken as a fundamental principle
of statistical thermodynamics that the (sufficiently long) time average of every
physical observable is equal to its ensemble average. This principle is connected
to a famous assumption of Boltzmann’s called the ergodic hypothesis.

In the context of ensembles, the thermodynamic limit is achieved as the num-
ber of replications N approaches infinity. In this limit, the dominating config-
uration is overwhelmingly the most probable configuration, and its properties
are essentially the same as those of the system.

Solutions to exercises

E13D.1(b)

It is essential to include the factor 1/N! when considering indistinguishable
particles which are free to move. Thus, such a factor is always needed for gases.
In the solid state, particles are distinguished by their positions in the lattice and
therefore the particles are regarded as distinguishable on the basis that their
locations are distinguishable. For the cases mentioned, the factor 1/N! is only
needed for CO, gas: all the others materials are solids, for which the factor is
not needed.

Solutions to problems

P13D.2

The mean energy of a system is given by [13D.5-556], (E) = — (dIn Q/dp),.
Using this expression for (E) the required derivative is found by changing the
order of the mixed partial derivatives

() 59,350

A = v\ 98 J,/; p\ v Jr),

A perfect gas is a collection of indistinguishable independent molecules, thus
its canonical partition function is given by [13D.6b-557], Q = ¢~ /N, where ¢

is the molecular partition function. For a perfect gas ¢ is just the translational
partition function given by [13B.10b-541], 4" = V/A?, where A is the thermal




wavelength, which is independent of volume. With these results the derivative
of Q is developed as follows

(aan) ) (aln(qN/N!)) ) (B(Nlnq—lnN!))
T T T

oV oV oV
dlng dln(V/A?) (aan) N
:N _— :N _— :N _— = —
v ), v ). v )i~V

At constant V, N/V does not depend on f3 thus
oE)) _ i(alng) __[oN/V o
ov ), \op\ ov /i), B ),

13E The internal energy and entropy

Answer to discussion questions

DI13E.2 The expressions for g, U, and S that have been derived are applicable to T' < 0
aswell as T > 0. However, if a plot of g or U against T is made (for example, for
a two-level system), sharp discontinuities on passing through zero are found. It
is seen that T = +0 (corresponding to only the lower state being populated) is
quite distinct from T = —0, when only the upper state is populated. The entropy
S is continuous at T = 0, but all these functions are continuous if f = 1/kT is
used as the independent variable. This indicates that § o< 1/T may be a more
natural variable than T.

DI3E.4 This is discussed in Section 13D.3 on page 556 and the consequences for the
calculation of the entropy are further explored in Section 13E.2(a) on page 561.

D13E.6 This is discussed in Section 13E.2(e) on page 565.

Solutions to exercises

E13E.1(b) The equipartition value for Cy ;, is expressed in [13E.6-560]: each transla-
tional or rotational mode contributes %R, and each active vibrational mode
contributes R.

(i) Oj: three translational modes, three rotational modes (non-linear), and
no active vibrational modes: Cy 1, /R = 3 x % +3x % =[3]

(ii) C,Hg: three translational modes, three rotational modes (non-linear),
and no active vibrational modes: Cy 1, /R = 3 x % +3x % =[3]. There is one
low-frequency normal mode which, if active, will contribute a further R.

(iii) CO,: three translational modes, two rotational modes (linear), and no

active vibrational modes: Cy ,,/R = 3 x % +2x % = E
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E13E.2(b) The equipartition value for Cy n, is expressed in [13E.6-560]: each transla-
tional or rotational mode contributes %R, and each active vibrational mode
contributes R. The number of vibrational modes for a linear molecule is (3N —
5), which is 4 for CO, This molecule has three translational modes, and two
rotational modes (linear) giving Cy m = 2R; if the 4 vibrations are included,
Cym = 2R

Y= Cp,m/CV,m = (CV,m + R)/Cv)m =1+ R/Cv’m
y=1+R/(5R/2) =1.40  no vibrational contribution
y=1+R/(13R/2) =1.15 with vibrational contribution

The experimental value for y is 1.29; evidently the vibrational modes contribute
to some small extent.

E13E.3(b) The partition function of this two-level system is

q=2go+gie "’

where gy and g; are the degeneracies of the ground and first excited state,
respectively. The mean energy is given by [13C.4a-549], (¢) = —(1/¢)(9¢/9f) v

gihcv e Phe? g1hev
&)= - = =
g+ gle—ﬁhcv goeﬁhcv +g
NAgthf/

hence Um = NA<€> = m

By definition Cy 1, = (0U,/0T)y, therefore

(8Um) oUn\ dB [0Un -1
CV m = —_— = —_— —_— = —_— X —
’ oT /v ap v dT ap v kT?
1 . gohcvePhe
= ¥ Nagihcv (0P 1 1)

_ Na(hev)? gogePhe?
T kT? (goePhe? + g)2

In this case gy = 3 and g; = 2. With the data given

hev = (6.6261 x 107°*Js) x (2.9979 x 10'° cms™) x (7918.1 cm™")
=1.57..x107"]
at 400 K Bhcv = hev/kT
= (1.57...x 107 J)/[(1.3806 x 107 JK™') x (400 K)] = 28.4...

Cyo = NA(hClj)z 6eﬁ~hc‘7
> kT2 (3eﬁhcv +2)2
~(6.0221 x 10® mol ') x (1.57... x 10717 ])2 6?4
T (13806 x 103K ') x (400K)2 (3284 +2)2

=192 x 10~° JK mol !




E13E.4(b)

Because hcv > kT only the ground state is occupied and there is essentially no
electronic contribution to the heat capacity.

The contribution of a collection of harmonic oscillators to the standard molar
entropy is given by [13E.12b-564] (note that there is an error in the expression
in the text: the argument of the exponential term in the In should be negative)

m W - ln(l - e_ev/T) GV = hcﬁ/k

This function is plotted in Fig 13.12.

The following table shows the vibrational temperatures and the contribution to
the molar entropy for each of the normal modes

298 K 500 K
#/em™ OV/K T/ SY/R T/6Y SY/R
612 881  0.338 0.216 0.568 0.554
729 1049  0.284 0.137 0.477 0.424

1974 2840 0.1049 7.642x107* 0.1760 0.02287
3287 4729 0.06301 2.161x10°® 0.1057 8.158 x 10~*
3374 4855 0.06139 1.455x107% 0.1030 6.503 x 1074

The molar entropy is obtained by summing the contributions from each normal
mode, taking into account the double degeneracy of the modes at 612 cm ™! and

729 cm™! by counting each twice. Thus at 298 K|SY, = 5.88 JK~! mol ' |and at
500 K|SY =16.5JK ' mol™"|

/R

SV

Figure 13.12

459



460

E13E.5(b) The translational contribution to the standard molar entropy is given by the
Sackur-Tetrode equation [13E.9b-563]

kTedl?

s;:mn(
peA3

) A = h/(2nmkT)"?

(i) Taking the mass of H,O as 18.016 m,,

6.6261 x 107%47s

A=
[2m(18.016x 1.6605 x 10-27 kg) x (1.3806 x 10-23 JK ') x (298 K)]l/2

=5.05...x107"'m
(1.3806 x 1072 JK™!) x (298 K) x %/
(105Nm™2) x (5.05...x 10711 m)3

S2 =(8.3145]K "mol ') x In

= [1449 K" mol!]

(ii) Taking the mass of CO, as 44.01 m,

6.6261 x 107%47s
[2(44.01x1.6605 x 10-27 kg) x (1.3806 x 1023 JK ") x (298 K)
=1.52...x107% m

A=

]1/2

(1.3806 x 10722 JK™1) x (298 K) x °/?
(105 Nm™?) x (1.52... x 10712 m)?3

S2 =(8.3145]K "mol ') x In

=[156.0 JK~! mol |

E13E.6(b) The translational contribution to the standard molar entropy is given by the
Sackur-Tetrode equation [13E.9b-563]

kTe%/?
peA3

se = Rln( ) A = h/(2nmkT)'?

It follows that S5, = Aln(T*/2m>/?), where A is a constant. Therefore
85.(CO2 Th) = S5 (H20, T3) = Aln(T;*m3 ) - Aln(T,*mif%
If 52 (CO,, T1) = S2,(H,0,298)

0=AI[T;*mY} ] - Aln[(298 K)**m}/’, ]
hence Tf/zmé/éz = (298 K)S/anlf{/zzO

[ (298 K)%2 x (18.016)*2 1"

T,
! (44.01)3/2

=[174K]
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E13E.7(b) The rotational partition function for a non-linear molecule is given by [13B.14-

545]
L (KTV? (V2
1 ‘E(E) (ABC)

For SO, the symmetry factor ¢ = 2, the same value as for H,O. At 298 K

(1.3806 x 1072 JK 1) x (298 K)
kT/hc =
(6.6261 x 10734 s) x (2.9979 x 101 cms~1)
=207.1...cm™!

4% = 1(207.1... cm™")*2x

1/2
i
( (2.02736 cm™!) x (0.34417 cm~!) x (0.293535 cm™1) )
=(5837

The entropy is given in terms of the partition function by [13E.8a-562]
Sm = [Un(T) - Un(0)]/T+RIng

This is the appropriate form for the rotational contribution; for the translational
contribution the In termisIn ge/N. At298 Kk T /hc = 207 cm™! which is signif-
icantly greater than any of the rotational constants, therefore the equipartition
theorem can be used to find Uy, ( T): there are three rotational modes, therefore
Un(T) - Un(0) = 3RT.

Sm=(CRT)/T+RIng" =R(2 +Ing")
= (8.3145JK " mol ') x [2 +In(5837)]

- 8457 J K~ mol |

E13E.8(b) Only the ground electronic state contributes to the electronic partition func-
tion, which is therefore simply the degeneracy of the ground state ¢4* = g. The
spin degeneracy is given by the value of S: gy = (2S+1) = (2x 3 +1) = 6. The
entropy is given in terms of the partition function by [13E.8a-562]

S = [Un(T) = Un(0)]/T + RIng

This is the appropriate form for the electronic contribution; for the translational
contribution the In term is In ge/N. In this case Uy, (T) — U, (0) = 0 as only
the ground state is considered

Sm=Rlng=RIn6 =[14.89 JK' mol ™!

EI3E.9(b) The contribution of a collection of harmonic oscillators to the standard molar
entropy is given by [13E.12b-564] (note that there is an error in the expression
in the text: the argument of the exponential term in the In should be negative)

vt _.0Y/T Vs
" O] In(1-e )| 0" =hci/k



462

The following table shows the vibrational temperatures and the contribution to

the molar entropy for each of the normal modes

298 K 500 K
v/em™ 6V/K 6V/T SY /R 6V/T SY /R
612 881 296 0.216 1.76 0.554
729 1049 352 0.137 2.10 0.424
1974 2840 9531 7.643x107* 5.680 0.02287
3287 4729 1587 2.161x107% 9.459 8.158 x 107*
3374 4855 16.29 1.455x107® 9.709 6.503 x 1074

The molar entropy is obtained by summing the contributions from each normal
mode, taking into account the double degeneracy of the modes at 612 cm ™! and

729 cm™! by counting each twice. Thus at 298 K|SV = 5.88 JK™' mol ' |and at

500 K|SY =16.5]JK ' mol ™" |.

Solutions to problems

P13E.2 The unpaired electron in NO, will interact with the magnetic field and give
rise to two energy levels, corresponding to the spin-up and spin-down states.
Therefore, these electron spin levels form a two-level system, an expression for
the heat capacity of which is derived in the solution to Exercise E13E.3(b).

_ NA(hC{;)Z gogleﬁhw

Cym= -
Vs kT2 (goeﬁhcv +g1)2

where gy and g; are the degeneracies of the ground and first excited levels,
respectively, and (hcv) is the energy separation of the two levels.

For a spin both levels are non-degenerate: gy = 1 and g; = 1. The energy
levels of a electron spin in a magnetic field are given by [12A.11c-492], E,, =
geunBom, where g. is the g-value of the electron (taken as 2), yp is the Bohr
magneton, B, is the applied magnetic field, and m = +1 for the two states. The
energy separation of the states is therefore E,,/, — E_;/; = geptnBo; this it the
equivalent of the term (hc¥) in the above expression, hence

— NA(ge,uBB())Z eﬂgeVBBU
) kT? (e:BgellBBo + 1)2

CV,m

With the data given, and at 50 K

ﬁge#BBO = ge.HBBo/kT

2% (92740 x 10°#*]T™") x (5.0 T)

= Nak(BgeusBo)®

ePgeunBo
(ePsersBo 4 1)2

(1.3806 x 102 JK™!) x (50 K)
0.134...

=0.134...

Cym/R=(0.134..) —S - [449x 10

(0134 4 1)2



P13E.4

P13E.6
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A similar calculation at 298 K gives (g.p#sBo) = 0.0225... and a resulting heat
capacity‘CV,m/R =1.27x107* ‘

Assuming that vibrations do not contribute, the equipartition value for the heat
capacity of NO, arises from three translational and three rotational modes,
hence Cy /R = 3. At 50 K the electron spin contribution expressed as a
fraction of the overall heat capacity is 4.49 x 107%/3 = 1.50 x 10~ or [0.15 %].

At 298 K the electron spin contribution is [4.2 x 10~% %] of the overall heat

capacity.
An expression for the heat capacity of a two-level system is derived in the so-
lution to Exercise E13E.3(b).

Co o Na(hev)?  gogiefhe?
YT TTRTE (goePhed 4 gp)2

where gy and g; are the degeneracies of the ground and first excited levels,
respectively, and (hcv) is the energy separation of the two levels.

For a linear rotor the terms are given by [11B.14-434], F(J) = BJ(J + 1), so the
separation of the ] = 0 and ] = 2 terms is 6B: this is the equivalent of the term
7. The degeneracy of each level is (2] + 1), s0 gy = 1 and g, = 5.

The heat capacity is therefore

N 6h B 2 5 GﬁhCB - 5 6ﬁhCB
Cyom = Na(bheB). 57 = Nak(6BhcB)?—25
kT? (esﬁth + 5)2 (e6ﬁth + 5)2
With the data given

6BhcB = 6hcB/k x T™!
~ 6x(6.6261 x 107*]5)x(2.9979 x 10" cm's ™) x (60.684 cm ™)
- 1.3806 x 10-23 JK ™!

x T}
=(525.4..K) x T

A plot of Cy p, as a function of T is shown in Fig. 13.13.

The partition function of this two-level system is
g=1+ e P?

where § is the energy spacing between the two levels and where it is assumed
that both are non-degenerate. The mean energy is given by [13C.4a-549], (&) =

-(1/9)(9g/9B)v

(e) = de PO B é
T l+e Bl eBiy
Njéo
hence U, = Na(e) = A

T eBy 1
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The entropy is given in terms of the partition function by [13E.8a-562]
Naé
Sm =[Un(T) =Un(0)]/T+RIng = ———
[Un(T) - Un(0))/T + Ring = 720"
_ op -ps
=R [(eﬁ‘s+l) + ln(l +e )

where Ny/T = NaBk = Rf is used. The required temperature coefficient is
found from

dSn _dSndf _dSw -1
dT ~ dp AT df  kI?
= kjiddﬂ((eﬁ?/i 0 +ln(1+e’36))
~ —R( —8%peP? N ) B de Po )
kT2 \ (ePo+1)2  (ePP+1) 1+e P
) R( (0B op 8ﬁe“”)
T\(ePo+1)2 (ePd+1) 1+e P

ey (U oB e

+RIn(1+e7P%)

+
(ePd+1)2 (efO+1) 1+ehd

The final line shows that the size of the derivative is scaled by 1/8, but that the
temperature dependence is a function of the dimensionless parameter 4. It
is not possible to find the maximum value of the derivative analytically, but
by plotting a graph this maximum is easily located at f§ ~ 3.243, which is
alternatively expressed as kT ~ §/3.243.

When kT <« § all of the particles are in the lower level, which can only be
achieved in one way so the contribution to the entropy is zero. When kT > §
the entropy reaches a limiting value because the populations of the two levels
are equal and no longer changing. In between these two extremes the entropy



P13E.8

rises, and it makes sense that the rate of change of the entropy is greatest when
kT ~ & because this is the temperature at which the population of the upper
level starts to become significant.

It will be useful first to consider d¢/0f
9 S B N g ebe
BT
- (B Y Bese ™ = i
j
Likewise 04/dp
9 S g e B - N pe B S ge2ebe
35 Pee = e - T
= /B~ (1/B) 2 (Be)e ™ = /B~ /B
i

In summary
9  § 9

q
- F B B 132

where the first relationship from eqn 13.2 is used. The molar internal energy is
therefore

q
Um = Nae) = Na- 2 =|rT 2
A "B g

where Np/B = NakT = RT is used.

By definition Cy 1, = (0U,/9T)y. It is convenient to compute the derivative
with respect to 8 and to use Uy, = Nag/qp.

c _(%) _[(9Um) 9B _(0Um) -1 _-Nad g
meNar )y o\ ep ), o\ 9p ), kT2 KT? 9B g
CNa[ i (L 9a) 301

=T | (g7 (“’38/3) T 9/5]

_oNa[ =g (L) (71_i)L

v _(qﬁ)z(q ﬁﬁ)+(ﬁ ﬁ)qﬂ]

Naf[-q, ¢ +é_é]
kT2 [ qf*  (4B)* B> qP?

2

_ 2— T 9
= Rp | (4B)? qﬂz]

et
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On the penultimate line N /kT? = Nykf* = RB* is used.
The molar entropy is given by [13E.8a-562]

Sm = [Un(T) = Un(0)]/T + RIng
= R(g +1n g)

To use the data given, account needs to be taken of the degeneracies and it is
convenient to write the energies in terms of wavenumbers to give

q= Zgje_hcﬁﬁj q = ﬁhc Zgjf,je—hcﬂ\"; q - BZhZCZ Zgjﬁjze—hcﬁﬁj
] j 7

At5000 K

(6.6261 x 10734 ]s) x (2.9979 x 10! cms™!)

=2.87..x 10" cm
(1.3806 x 1023 JK 1) x (5000 K)

he/kT =

term g ¥/cm™'  hcfBv geheh? heBige™P7 (hefv)?ge e

1Sy 1 0 1 0 0 0

Pp 1 21850 6.2877 1.8591x 107> 0.01169 0.07350
Py 3 21870 6.2934 5.5453x107°  0.03490 0.21963
5P, 5 21911 63052 9.1337x107°  0.05759 0.36312
P, 3 35051 10.086 1.2492x107* 1.260x 1073 0.01271
36, 3 41197 11.855 2.1308 x 107> 2.526x 10™*  2.9946 x 1073

The sum of the terms in the fifth column is ¢, the sixth is g, and the seventh is

q
7=1.016684  §=0.105691  §=0.671954

st

= (8.3145J K 'mol ") x [

=|5.41JK ' mol™!

0.671954 (0.105690)2
1.016684 \1.016684

P13E.10  Contributions to the entropy from translation and rotation are expected, along
with a smaller contribution from vibration. N, has a ' ¥ ground electronic state
which is non-degenerate and so makes no contribution to the entropy.



The translational contribution to the standard molar entropy is given by the
Sackur-Tetrode equation [13E.9b-563]

kTe!?

s;:mn(
peA3

) A = h/(2nmkT)'?

Taking the mass of N, as 28.02 m,

6.6261 x 1073475
[27(28.02x1.6605 x 1027 kg) x (1.3806 x 1023 JK ') x (298 K)
=191..x107 "' m

A=

]1/2

(1.3806 x 10722 JK™1) x (298 K) x °/
(105 Nm™2) x (1.91... x 10~ m)3

ST = (8.3145]K "mol™") x In

=1.50... x 10* JK ' mol ™!

The rotational contribution to the entropy is given by [13E.11a-564]; this high-
temperature form is applicable at 298 K because this temperature is much higher
than the characteristic rotational temperature, 0% = hcB/k = 2.88 K.

s};:R(1+1n kT-)
ohcB

= (8:3145]K " mol ™) x (1+

In (1.3806 x 1072 JK™!) x (298 K) )
2(6.6261 x 10734Js) x (2.9979 x 1019 cms~1) x (1.9987 cm~!)
=41.1...JK 'mol™

The characteristic vibrational temperature is ¥ = hc#/k = 3392 K. This is
so much greater than 298 K that it may safely be assumed that the vibrational
contribution is negligible at this temperature (a calculation using [13E.12b-564]
gives SV ~ 0.001 JK~! mol™', confirming that validity of this assumption). The
molar entropy is therefore

§° =85 + SR =1.50... x 10* + 41.1... =195 JK~' mol

The calculated and experimental values agree to within 0.3%, so it can be con-
cluded that there is no residual entropy in the solid at 0 K.

P13E.12 (a) The probability distribution over the rotational states is given by

P(J)=-L = iR(z]+ 1)e heBIUFD/KT R _ kT JpcB
q

n
N
The high-temperature form of ¢® is appropriate because 6% = 2.78 K,

which is much less than the lowest temperature to be explored. Figure 13.14
shows plots of P(J) for 100 K and 1000 K. In both cases it is seen that the
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distribution peaks before tailing off: at the lower temperature the peak
comes at a lower value of J and the distribution is narrower. Even at
the lowest temperature, many states have significant probabilities of being
occupied.

The probability distribution over the vibrational states is given by

Ho 1 pesoskr v —hed/kTy-1
P(v)=—=—e =(1l-e

=5 7= )

Figure 13.15 shows plots of P(v) for 100 K and 1000 K. Because the vi-
brational temperature is so high (8" = 3122 K) at 100 K only the ground

state is occupied, and even at 1000 K there is only a small probability of
the first excited state being occupied.

1.0 ‘ :
| Ir1000K |

081 In00K
__ 06/ -
2 - |
04l i
0.2} -

0.0 — —

1 2

v

Figure 13.15

(b) The rotational partition function of a heteronuclear diatomic is given by

[13B.11-542], ¢ = 3,(2] + 1)e #"B/U*1)_ This expression can be written
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in terms of the vibrational temperature O® = hcB/k as

7" = D)+ 1) T
J

In the high-temperature limit this sum is well-approximated by [13B.12a—
543], ¢® = kT/(hcB) = T/6R. For the data given

R (6.6261 x 107>*]s) x (2.9979 x 10" cms™") x (1.931 cm™")

6
1.3806 x 10-23 JK~*

=2.77..K

This is much less than even the lowest temperature (100 K) to be consid-
ered, so the high-temperature form of the partition function will give a
precise result. For example, explicit summation at 100 K gives ¢® = 36.3,
whereas using the high-temperature approximation gives 36.0, an error
of just 0.8%. The error will reduce as the temperature increases.

(c) The translational contribution to Uy, will be given by the equipartition
theorem as Uy, = 2RT, and likewise the rotational contribution (two
rotational modes) is UX = RT. The vibrational contribution must be
calculated explicitly using [13C.8-551]

Uv - Nahev ROV
m o ohev/kT _ /T _1

These three contributions are compared in Fig. 13.16.
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The translational and rotational contributions to the heat capacity are

temperature independent because the internal energy is linear in the tem-
perature: Cj, . = 2Rand C} = R. The vibrational contribution to the

heat capacity is given by [13E.3-560]

cY -R g ’ e 0" /2T ’
Vom ™ T 1-e /T
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These three contributions are compared in Fig. 13.17
The translational contribution to the standard molar entropy is given by

the Sackur-Tetrode equation [13E.9b-563]

5/2
SI{‘:Rln(kpj;eA3 ) A = h/(2nmkT)'?

Taking the mass of CO as 28.01 m, and inserting the values of the other

constants gives
ST /R =In[(46.8... K=5/2)T°/?]

The rotational contribution to the entropy is given by [13E.11a-564] with

o=1
kT T
SB/IR=1+ln— =1+1ln—
w/ hcB oR

The vibrational contribution to the standard molar entropy is given by
[13E.12b-564] (note that there is an error in the expression in the text:
the argument of the exponential term in the In should be negative)

ov/T

These three contributions are compared in Fig. 13.18.
P13E.14  The partition function for a two-level system with energy spacing ¢ is
g=1+ePe

An expression for the internal energy is given in Brief illustration 13C.1 on page

550 N
A€
Un = ePe 11
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and hence the molar entropy is give by [13E.8a-562]

Sm=Un/T+RIlng
_ Nae
C T(efe+1)
:R[ Pe +ln(1+e_ﬁs)]

efe+1

+RIn(1 +e7P¢)

where to go to the last line Ny /T = Npykf = R is used.

Figure 13.19 shows a plot of the molar entropy as a function of Se. In the limit
|Be| = 0, which corresponds to large positive temperatures or large negative
temperatures, the entropy reaches a maximum, corresponding to equal pop-
ulations of the two levels. As e becomes more positive, corresponding to a
decreasing (but always positive) temperature, the entropy decreases as the pop-
ulations of the levels become more unequal. In the limit S¢ > 0, corresponding
to a very low positive temperature, only the ground state is populated: this can
only be achieved in one way, therefore the entropy is zero.

As e becomes more negative, corresponding to a negative temperature which
is increasing towards zero, the entropy decreases as the populations of the lev-
els become more unequal. In the limit fe < 0, corresponding to a negative
temperature with very small magnitude, only the upper state is populated: this
can only be achieved in one way, therefore the entropy is zero.

The equipartition value for the Cy , is expressed in [13E.6-560]: each trans-
lational or rotational mode contributes %R, and each active vibrational mode
contributes R. Because Cj, , — Cy,;m = R it follows that

Y= Cp,m/CV,m = (CV,m + R)/Cv’m =1+ R/Cv)m

(a) A diatomic has three translational modes, and two rotational modes giv-
ing Cy,m = 2R. Hencey = 1+R/(5R/2) = 1.40and

¢, = (L40RT/M)'/?|
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(b) The same calculation applies to a linear triatomic.
(c) For anon-linear triatomic there is one additional rotational mode giving
Cym = 3R. Hence y = 1 + R/(3R) = 4/3 and |c, = (3RT/4M)'"?|

Taking the molar mass of air as 29.0 gmol ™' and using the value of y for a
diatomic gives at 298 K

( 1.40RT)‘/2
Cs =
M

(1 40 x (8.3145] K™ mol™") x (298 K) )1/2 346ms]
(L : =[346ms”’

29.0 x 1073 kg mol~!

P13E.18 It is convenient to rewrite the given expression for the energy by multiplying
the numerator and denominator by e/ to give

E- Ne¢
ee/kT 41
(a) By definition Cy 1y = (0Uy/0T)v. Here Uy, is E with N = N therefore

i) Npe cet/kT Nje
OT )y es/kT 11 kT2 (ef/kT +1)2

2 e/kT 2 e/kT
A
KT) (@R +1)2  \kT) (&l 4 1)2

Multiplying the numerator and denominator of this expression by e~
gives the required expression.

CV,m = (

2¢/kT

(b) Figure 13.20 shows a plot of Cy , as a function of the dimensionless pa-
rameter kT /e.

(c) There is a maximum in the plot but it is not possible to find an analytic

expression for its position. Graphical work indicates that the maximum
isat|kT/e =0.417|
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13F Derived functions

Answers to discussion questions

DI3E.2 This is discussed in Section 13F.2(c) on page 571.

Solutions to exercises

E13F1(b) The Gibbs energy is computed from the partition function using [13E8-568],
G(T) = G(0) - nRTIn g/N. As usual, the partition function is factored into
separate contributions from translation, rotation and so on. The factor of 1/N
is usually taken with the translational contribution, so that, for example, the
rotational contribution to the Gibbs energy is —nRT In ¢®, or —RT In ¢® for the
molar quantity.

The rotational partition fun~ct~iqn of a non-linear rotor is given by [13B.14-545],
g = (1/0)(kT/hc)>?(n/ABC)'/?, where o is the symmetry number. Os has
a twofold axis so ¢ = 2.

) ()
7 =5\ e ABC

) (1.3806 x 10723 K1) x (298. K) 2
(6.6261 x 10734 ]s) x (2.9979 x 101% cms~1)

1
2

- 1/2
* ( (3.553 cm™!) x (0.4452 cm~!) x (0.3938 cm™!) )
=3.34...x 10°
GR =-RTIng*

= —(8.3145JK " mol™") x (298 K) x In(3.34... x 10°) =

The vibrational partition function for each mode is given by [13B.15-546], ¢4V =
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EI3E.2(b)

1/(1 - e Ph<?), where = 1/kT.

(66261 x 107*]s) x (2.9979 x 10'° cms™")
(1.3806 x 102 JK 1) x (298 K)
=4.82...x 107 cm

hefs

] — e (4:82...x107 cm)x (1110 Cm_l))_1 =1.00...

(
(
v - (1 _ e~ (4:82...x107 cm)x(705 cm'1>)_1 = 1.03...
(
q

q

q;/ -(1- e—(4‘82...><10_3 cm)x (1042 cm“))_1 -1.00...

7" =q) x gy x gy =(1.00...) x (1.03...) x (1.00...) = 1.04...
Hence

GY =-RTIng"

= —(8.3145]K " mol ') x (298 K) x In(1.04...) =

The Gibbs energy is computed from the partition function using [13F.8-568],
G(T) = G(0) — nRTIng/N. As usual, the partition function is factored into
separate contributions from translation, rotation and so on. The factor of 1/N
is usually taken with the translational contribution, therefore the electronic
contribution to the Gibbs energy is —nRT In ¢*, or —RT'In ¢* for the molar
quantity.

The electronic partition function of this two-level system is

qE = g +g1e—ﬁhcf/

where gy and g; are the degeneracies of the ground and first excited state,
respectively. In this case gy = 3 and g; = 2. With the data given

Bhcv = hev[kT
. x 107°%Js) x (2.9979 x cms ) x (7918.1 cm™
~ (6.6261 x107%*] 2.9979 x 10" ! 918 !
- (1.3806 x 10-23 JK™!) x (400 K)

=28.4...
g" =3+2e 24 =3.00...

GE = —(8.3145J K" mol™") x (400 K) x In(3.00...) =

Because hcv > kT only the ground state is occupied and essentially only this
state contributes to the Gibbs energy.



E13F.3(b)

The equilibrium constant for 2 AB == A, + B, is given by [13F.10b-570]

4 ©
K = Jam®Bom —a ko /RT
& 2
(qAB)m)

where A is 7’Br and B is *'Br. It is convenient to consider the contribution of
each mode to the fraction in the above expression separately.

The standard molar translational partition function is g5 = V.2 /A®, with A =

h/(2nmkT)'/?, therefore 4° goes as m>/?. In the fraction all of the other con-
stants cancel to leave

° e 3/2
( 9a,,m78,,m ) _ ( ma, Mg, )
° 2 - 2
(qAB,m) trans MaB

3/2
2 x 78.92) x (2 x 80.92
:(( * ) x (2x )) ~0.999...

(78.92 +80.92)?

For a diatomic the rotational partition function in the high-temperature limit is
given by [13B.13b-544] ¢} = kT/ohcB where ¢ = 1 for heteronuclear and o = 2
for homonuclear diatomics. The rotational constant is given by [11B.7-432], B =
h/4ncl, with I = yR* and y = mymy/(ma + mp). To a good approximation it
can be assumed that the bond length does not vary with isotopic substitution,
so it follows that ¢® goes as 1/0B which is as y/o. For a homonuclear diatomic,
p = m/2. In the fraction all of the other constants cancel to leave

(9a8)? [(uas/D* 4u3s
3 x78.92 % 5 x 80.92

" 4[(78.92 % 80.92)/(78.92 + 80.92) ]

( ga, 98, ) _ (MAz/z)(.uBz/z) _ BaUB,

5 =0.250...

The vibrational partition function is given by [13B.15-546] ¢V = (1-e~"¢"/kT)~1,

The vibrational frequency goes as (k¢/ meff)l/ 2 where kg is the force constant
and megr = mamp/(ma+msp). To a good approximation it can be assumed that
the force constant does not vary with isotopic substitution, so it follows that for
isotopic species V4, [Vap = (Metr, AB/ Metf,A, ) 1/2, Applying this expression gives

(78.92 x 80.92)/(78.92 + 80.92) )1/2

a, = (323.22cm™) ( .
1x78.92

=3253..cm™}

(78.92 x 80.92)/(78.92 + 80.92) )1/2

g, = (323.22cm™") ( :
5 % 80.92

=321.3...cm™}
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Using these frequencies the vibrational partition functions are evaluated as

(6.6261 x 10734 s) x (2.9979 x 10'° cms™!) x (323.22cm™!)

hev[kT =
v/ (1.3806 x 1023 JK™ ') x (298 K)

= 1.56...
g = (1—e 1)1 =126...

and likewise

gy, =1.26.. gy =1.26...

The fraction for vibration is therefore

( 9n. 98, ) _ (1.26..) x (1.26...)
(9a8)? ), (1.26...)2

=0.999...

The term A, Ey is computed as
ArEo = I\’AI’IC(—bO,A2 - DO,BZ + ZEO,AB)

The dissociation energy is related to the well depth D, by Dy = D, — 57, where
17 is the energy of the vibrational ground state. To a good approximation it
can be assumed that D, is unaffected by isotopic substitution, hence

AEq = Nahc(9o,a, + ¥0.8, — 270,48)
= 1(6.0221 x 10* mol™") x (6.6261 x 107**]s)
x (2.9979 x 10" cms™!) x ([325.3... + 321.3... - 2 x 323.33] cm™ ')
= +1.24...Jmol "

Hence

e—ArEo/RT Z e (#1224 Jmol™")/[(8.3145] K~ mol™")x (298 K)] _ 0.999. ..

Putting together all of the parts gives the equilibrium constant as

K =(0.999...) x (0.250...) x (0.999...) x (0.999...) =

—_—— —— — ) N—
trans rot vib A Ey term

What is evident from this calculation is that difference in mass between the
two isotopes is a small fraction of their actual mass, and therefore to an ex-
cellent approximation it can be assumed that the partition functions for the
isotopologues are all the same with the exception of the symmetry factor which
is different for the homo- and heteronuclear diatomics. In essence the value of
the equilibrium constant is simply determined by the factor of 0 = 4 appearing

in the denominator, hence K = i.



Solutions to problems

P13E.2

The equilibrium constant for this reaction is given by [13E10b-570]

o =3
K = THDO.mHCLm A, Eo/RT

= =3
quO,m qDCl,m

It is convenient to consider the contribution of each mode to the fraction in the
above expression separately.

The standard molar translational partition function is g2 = V.2 /A%, with A =
h/(2nmkT)'/?, therefore ¢° goes as m>/?
stants cancel to leave

. In the fraction all of the other con-

e e 3/2
( 7HDO,m fHCLm ) _ ( MHDOMHCI )
trans

£ <
91,0,mIDClm mMu,0MpCl

19.02 x 36.46 \*/2
= (=2 2104,
18.02 x 37.46

Assuming the high-temperature limit, the rotational partition function for a
heteronuclear diatomic is given by [13B.13b-544], 48 = kT/hcB, and for a
nonlinear molecule by [13B.14-545], ¢R = (1/0)(kT/hc)*?(n/ABC)/?; the
symmetry number is 2 for H,O and 1 for HDO. In the fraction the terms in
kT/hc cancel to leave

- - - 1/2 =
(‘]HDO‘]HCI) _ 2( An,0Bn,0CH,0 ) Bpa
1
rot

4H,09DCl AupoBupoCupo Bycl

=1.70...

2( (27.88) x (14.51) x (9.29) /% 5.449
1 ((23.38) x (9.102) x (6.417)) 10.59

The vibrational partition function is given by [13B.15-546] ¢V = (1—e™"<"/kT)~1,

which is conveniently expressed as ¢V = (1 — e~ (14388 em K)¥/T)=1 This term is

temperature dependent and so needs to be re-evaluated at each temperature.
The vibrational partition function for HDO and H,O is the product of the
partition function for each normal mode, for example

v o _ v v v
9H,0 = 9(3656.7 cm=') X 4(1594.8 cm=1) X 4(3755.8 cm~1)

The term A, E, is computed as
ALEy = Eo(HDO) + Eo(HCI) - Eo(Hzo) - Eo(DCI)

To a good approximation it can be assumed that the pure electronic energy
of a species is unaffected by isotopic substitution, however the vibrational zero
point energy will be affected. For a harmonic oscillator the energy of the ground
state is %hci, therefore to compute the total vibrational zero point energy of
HDO and H,O the contribution from each normal mode has to be taken into
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P13F4

account.

Eo(H;0)yib = $Nahc(3656.7 + 1594.8 + 3755.8) = Nohc(4503.65 cm ™)
Eo(HDO)yi, = $Nahc(2726.7 + 1402.2 + 3707.5) = Nphc(3918.2cm ™)
Eo(HCl)yip = Nahc(1495.5cm™)  Eo(DCl)yip = Nahc(1072.5cm™)
A Ep = Npyhc(3918.2 + 1495.5 — 4503.65 — 1072.5)
= Nahe(-162.5cm™)

Thus the term —A,Ey/RT evaluates as

-AEy  —-Nphe(-162.5cm™")

RT RT
= —(6.0221 x 10* mol™") x (6.6261 x 107**]s) x (2.9979 x 10° cms™!)
(-162.5cm™)

X
(8.3145J K ' mol ') x T

= (233.7K)/T

With these expressions the equilibrium constant is evaluated using mathemat-

ical software to give| K = 3.90|at 298 K and | K = 2.42|at 800 K. The value of the
equilibrium constant is dominated by the symmetry factors and the e4Fo/RT
term.

The standard molar Gibbs energy is computed from the partition function us-
ing [13F.9b-569], G5 (T) = G5 (0) — RTIng;/N4. As usual, the partition
function is factored into separate contributions from translation, rotation and
so on. The factor of 1/N, is usually taken with the translational contribution.

The standard molar translational partition function is given by ¢2 = V.2 /A® =
RT/p®A*. Taking the mass of BSi as 10.81 + 28.09 = 38.90 m,, A is given by
[13B.7-541]

A = h/(2nmkT)'?
6.6261 x 107%*] s
[27(38.90x 1.6605 x 10-27 kg) x (1.3806 x 10-23 JK ') x (2000 K)]'/2
=6.25..x107% m
RT
PeA3N,

gn/Na =

~ (8.3145J K ' mol ") x (2000 K)
(105 N'm=2) x (6.25... x 10-12 m)3 x (6.0221 x 1023 mol ")
= 1.12...x 10°

For a heteronuclear diatomic the rotational partition function in the high tem-
perature limit is given by [13B.13b-544] ¢® = kT /hcB. The rotational constant



is given by [11B.7-432], B = hi/4ncl, with I = uR? and y = mamp/(ma + mp).

h (mA+mB)

B=
4ncR?  mamgp
B 1.0546 x 10734 s
47 % (2.9979 x 1010 cm's~1) x (190.5 x 10-12 m)?
(10.81 + 28.09) 1 »
x X =0.595...cm
10.81 x 28.09 1.6605 x 1027 kg
R_ kT
hcB

~ (1.3806 x 1072 JK 1) x (2000 K)
 (6.6261 x 10734 ]s) x (2.9979 x 101 cms~!) x (0.595... cm~!)
=2.33..x10°

The vibrational partition function is given by [13B.15-546], ¢V = 1/(1-e F%),
where = 1/kT.

_ (6.6261 x 107°*]s) x (2.9979 x 10" cms™")
(1.3806 x 1023 JK 1) x (2000 K)
=7.19..x 107" cm

hep

qv _ (1 _ 67(7.19...x1o*4 cm)x(772 cnrrl))_1 - 034,

The electronic ground state has a degeneracy of 4 (the spin multiplicity); the
excited state has spin degeneracy of 2 and an orbital degeneracy of 2, giving a
total degeneracy of 4.

qE = g +g1e—hc[§ﬁ

_ 44_46—(7.19...“0*4 cm)x (8000 cm™') _ 4.01...

The overall partition function is the product of these individual contributions,
therefore

G2(2000)-G2,(0) = —RTIn g2 /Ny

= —(8.3145] K" mol™") x (2000 K)
xIn [(1.12... x 10%) x(2.33... x 10*) x (2.34...) x (4.01...) |

=[-5121 mol |

P13E.6 The standard molar Gibbs energy is computed from the partition function us-
ing [13F.9b-569], G5 (T) = G (0) - RTIng3/Na. As usual, the partition
function is factored into separate contributions from translation, rotation and
so on; the factor of 1/Ny is usually taken with the translational contribution.
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The standard molar translational partition function is given by ¢35 = V.2 /A’ =
RT/p®A3. Taking the mass of C; as 3(12.01) = 36.03 m,, A is given by [13B.7-
541]. At10.00 K

A = h/(2nmkT)'?
6.6261 x 10734 J s

[27(102.9x1.6605 x 1027 kg) x (1.3806 x 10~23 JK 1) x (10.00 K)]/2
=9.19..x 107" m

qS/N - RiT

m A peA3NA
~ (8.3145] K ' mol™") x (10.00 K)
(105 Nm=2) x (9.19... x 10-11 m)? x (6.0221 x 1023 mol ")
=1.77...x 10’

A similar calculation at 100.0 K gives g3 /N4 = 5.61... x 10°

For a nonlinear molecule the rotational partition function is given by [13B.14-
545], g% = (1/0)(kT/hc)*?(n/ABC)'/?; assuming that the molecule is ‘bent’
(angular), 0 = 2. The rotational constant, in the high-temperature limit, is
given by [11B.7-432], B = h/4mcl. The first step is to compute the rotational
constants.

_ 6.6261 x 107*]s
471(2.9979 x 1010 cms~1) x (1.6605 x 1027 kg) x (39.340 x 10-20 m?)
=0.428...cm™'

Similar calculations gives the other two rotational constants as 0.431... cm™

and 54.7...cm™'. Expressed as characteristic rotational temperatures these give
6% = heB/k = 0.616 K, 0.621 K, and 78.7 K. At10 K, and possibly even at 100 K,
the condition T > 6R is not satisfied for all the rotational constants, therefore
the high-temperature expression for the partition function cannot be used.

As described, the C; molecule is an asymmetric rotor, for which there is no ex-
plicit expression for the energy levels. However, given that two of the rotational
constants are quite similar, it is reasonable to approximate the molecule as a
symmetric rotor with A = 54.7... cm™! and B = 0.430... cm™! (the latter being
the average of the two similar rotational constants). The partition function is
then evaluated term by term using the approach described in How is that done?
13B.2 on page 543; this is best done using mathematical software. At 10 K the
result is ¢® = 16.5... and at 100 K ¢® = 323.4...
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At 100 K the high temperature form of the partition function gives
¢* = (1/0)(kT/he)**(n/ABC)'/?

[ (13806 x 102 TK!) x (100.0K) | ?
2 6.6261 x 10~347s

1/2
y n
((0.428... cm™!) x (0.431...cm™!) x (54.7... cm‘l))
=161.3...

Taking into account the symmetry factor, this is very close to the value obtained
by explicit summation. At10.00 K the high-temperature form gives (excluding
the symmetry factor) ¢ = 10.2... which, as expected, does not agree with
the result obtained by explicit summation. The nuclear spin effects are more
complex to account for in the term-by-term summation, and in the absence
of a detailed analysis of this it is simply assumed that a symmetry factor of 2 is
appropriate, giving the final value of the rotational partition function at 10.00 K
of g% = 3 x16.5... =8.25....

The vibrational partition function for each mode is given by [13B.15-546], q' =
1/(1 - e Phe?), where f = 1/kT. At10.00 K

~ (6.6261 x 107°*]s) x (2.9979 x 10" cms™")
(1.3806 x 102 JK ™) x (10.00 K)

=0.143...cm

A= (-t

_ (1 _ e (0.143... cm)x(63.4 cm_l))_l - 1.00...

hep

The partition functions for the other normal modes also evaluate to 1.00...;
given the low temperature, it is is to be expected that ¢¥ will be essentially 1 as
only the ground state contributes. The overall vibrational partition function is
the product of these individual contributions: ¢¥ = 1.00.... A similar calcula-
tion at 100.0 K gives 4" = 1.67....

The overall partition function is the product of these contributions from the
different modes, therefore

G2,(10.00)-G2,(0) = - RTIn g% /N
= —(8.3145J K ' mol ") x (10.00 K)
xIn [(1.77... x 10*) x(8.25...) x (1.00...) |

=|-798 Jmol '
A similar calculation at 100.0 K gives G2 (100.0) — G2(0) ={-15.7 kJ mol |

Answers to integrated activities

I13.2 Note that there is an error in the question: the expression for () should
include an additional factor of g(J). To make the notation more compact the
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energy levels will be written ¢; and the degeneracies gj; derivatives with respect
to 5 will be assumed to be at constant V.

First, an expression for Cy is developed.

ldg 1d _
U=-N- - gre P
gdp qdﬁz

- N= Dgee tY
77

Noting that d/dT = -kB*(d/dp)

d£ = —k 2d£
dT dg

—Nk/5 [ Zg]s]e "”jl
= [ > Zg]e]e pey _ 1 Zg]e?e_ﬁs’]
dﬁ q77

1 —Bey —Be 1 —Be
= —Nkﬁzlqz (Zgl'fﬂe Py ) (ngfle 4 ’) —EZg/e?e f ]l
7 7 7

Cy =

The numerator and denominator of the final term in the bracket are both mul-
tiplied by ¢, and then a factor of 1/4? is taken outside the bracket to give

-Nk : —Be £
Cy = ﬂ l(Zg]/e],e 8”) (Zg;e;e B ’) qu]s e P ’]
]
_Nk ’ e —Be
ﬁ l(zgf’fl’e 4 )(ngfle p ’)
J

o))

The product of the sums are next rewritten as double sums

2 8gresere Florren) =5 grgrefe MUM,)]
I

Cy = ~Nkp? [

7
Taking a hint from the final result, consider the double sum

ey ) grgpe Plerer)

Ly

- Z Sig]g]le_ﬂ(elﬂf’) + Z e?'g]g]'e_ﬂ(81+€]’) - 2 Z sjejlg]gjle_ﬁ(sl+€]’)
])]’ ],]l ]’],



The first two sums only differ by swapping the indices J and J', so they are in
fact identical. Hence the last line may be written

=2 efgigre Pr) — 2% ejep gy gpe Pl

Ly L.y

Apart from an overall sign and a factor of 1, these two terms are the same as
those in the bracket in the expression for Cy above, hence

—-NkpB?
Cy = 7? : [nggf'ejsf'e Blervey) Zngf's ¢ ﬂ(wgﬂ)]
NG
— Nkﬁz ﬁ(s;+s,r)

(e —ep)’ggre
I

which is the required expression.

For a diatomic Be; = fhcBJ(J +1) = heBJ(J +1)/kT = 0%J(J + 1)/ T, where
O® = hcB/k; the degeneracy is g; = (2] + 1). For the molar quantity Nykp? =
Nak/k*T? = R/k*T?. The molar hear capacity is therefore given by

2
Cvm/R = k2T22 2(h B)
x S+ 1) =T + DRI+ 1)@ +1)e @ VoD 0DyT
LT

or\’ 1
(F)
xS UT+1) =] (' + )P +1)(2] +1) e O VI T+DIT
LT

This expression is used to generate the curves in Fig. 13.21 for particular pairs of
values of ] and J', that is just one term from the double sum. However, the term
for J = 0,]" = 1is identical to that for J = 1, ]’ = 0, so the curves plotted in the
figure are twice the value for the particular combination of J and J’ indicated.

This double sum is not a particularly efficient method for computing the heat
capacity, but it can be evaluated using mathematical software to give the curve
also shown in Fig. 13.21. For a plot up to T/O® = 5 if is sufficient to consider
contributions from levels with J < 10; this makes the calculation more tractable.
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Figure 13.21



@ Molecular Interactions

14A  Electric properties of molecules

Answers to discussion questions

D14A.2

When the applied field changes direction slowly, the permanent dipole moment
has time to reorientate and so follows the field: the whole molecule rotates
into a new direction in response to a change in the field. However, when the
frequency of the field is high, a molecule cannot change direction fast enough to
follow the change in direction of the applied field and the dipole moment then
makes no contribution to the polarization of the sample. Because a molecule
takes about 1 ps to turn through about 1 radian in a fluid, the loss of this contri-
bution to the polarization occurs when measurements are made at frequencies
greater than about 10'! Hz (in the microwave region). It is said that orientation
polarization, the polarization arising from the permanent dipole moments, is
lost at such high frequencies

The next contribution to the polarization to be lost as the frequency is raised
is the distortion polarization, the polarization that arises from the distortion of
the positions of the nuclei by the applied field. The molecule is distorted by
the applied field, and the molecular dipole moment changes accordingly. The
time taken for a molecule to bend is approximately the inverse of the molec-
ular vibrational frequency, so the distortion polarization disappears when the
frequency of the radiation is increased through the infrared.

At even higher frequencies, in the visible region, only the electrons are mobile
enough to respond to the rapidly changing direction of the applied field. The
polarization that remains is now due entirely to the distortion of the electron
distribution, and the surviving contribution to the molecular polarizability is
called the electronic polarizability.

Solutions to exercises

E14A.1(b)

The molecules are shown in Fig. 14.1: SOj; is trigonal planar, XeF, is square
planar, and SF, is based on a trigonal bipyramid with one equatorial position
not occupied by a ligand.

SO; and XeF, are because, although there are partial charges on each
of the atoms, the dipole moments associated with each bond cancel to give no
resultant dipole. However, SF, is because the dipole moments do not

cancel.
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E14A.2(b)

E14A.3(b)

&F F&
i}l\‘/ (4 - (T R 5+
ot P=aes—F =Rt

F
(I

5 [=:3 Fo-

Figure 14.1

An alternative approach is use a symmetry argument. As explained in Sec-
tion 10A.3(a) on page 394, only molecules belonging to point groups C,, Cpy
or Cs may have a permanent electric dipole moment. SO; and XeF, belong to
point groups D3p, and Dy, respectively, so they are not polar, while SF, belongs
to point group C,y so is polar.

The magnitude of the resultant dipole moment, gy, is given by [14A.3a-586],
bres = (U7 + 3 + 241 42 cos 0)'/2.

tzes = ((2.5D)* + (0.5 D)2 +2 x (2.5 D) x (0.5 D) x cos 120°)'/* =

The arrangement of charges is shown on the left of Fig. 14.2

Figure 14.2

The x component of the dipole are given by [14A.4a-586], u, = 3°; Qjxj, and
similarly for the y and z components; note that in this case y, = 0 because
all of the point charges have a z coordinate of zero. The components are then
combined using [14A.4b-586], u = (p3 + p) + #2)'/2, which is represented
graphically on the right of Fig. 14.2.

Px = Z Q]X] = [_ 2 % (16022 X 10_19 C) X (162 x 10—12 m)
J

-2 (1.6022 1077 C) x (143 x 1072 m) x cos 30°

1D

X =-274..D
3.3356 x 10739Cm
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where 1 D = 3.3356 x 1073° Cm is used from inside the front cover.

ty = Z}: Qi

= -2x(1.6022 x 107 C) x (143 x 107"* m) x sin 30°
1D

X =-6.86...D
3.3356 x 10730 Cm

The magnitude of the resultant is

= (2 +p2)"” =[(-27.4..D) + (<6.86.. D)*] =

and, from the diagram on the right of Fig. 14.2, the direction is given by

.86...D
9:tan_1(686 ):

27.4..D

The relationship between the induced dipole moment ¢* and the electric field
strength Z is given by [14A.5a-587], u* = aZ, where « is the polarizability.
The polarizability volume «' is related to the polarizability « by [14A.6-587],
a' = a/4ney. Combining these equations, rearranging for £, and using 1 V =
1JC™" gives

owt (25x107°D) x [(3.3356 x 107 Cm) /(1 D)]
4mega’ 47 x (8.8542 x 10712]-1 C2m1) x (1.05 x 1072° m?)

={7.1x10°Vm™!

The molar polarization Py, is defined by [14A.11-590], P, = (Na/3&)(a +
4?/3kT), where « is the polarizability of the molecule and y is its dipole mo-
ment. This equation is written as

N 21
Py = A, Nap” 1
380 980k T

which implies that a graph of P, against 1/T should be a straight line with
slope Nau?/9eok and intercept Ny« /3ey. However, as there are only two data
points it is convenient to calculate the required quantities directly from the
data. Writing the molar polarization at the two temperatures as Py, (T}) and
P (T) and considering Py, (T2) — Py (1) gives

Nap? (1 1
Pa(T2) ~Pul(T) = 52 (- )
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which is rearranged to give

i (9£0k _ Pu(T) —Pm(Tl))l/z

Na 1/T; - /T,
(9% (8.8542x 1072 C2m™") x (1.3806 x 1072 JK™")
B ( 6.0221 x 102 mol "

(71.43 x 10° m* mol ') — (75.74 x 10°° m> mol ") 12
1/(421.7K) - 1/(320.0 K)

=3.23..x 107> Cm =[0.9690 D

The value of « is found using this value of y together with one of the data points;
both give the same answer. Rearranging [14A.11-590], P, = (Na/3&)(a +
u?/3kT), for a and using the data for 320.0 K gives

3¢0Pm  Y*
“TTN. T
3% (8.8542x 10712]71C2m!) x (75.74 x 107° m* mol )
B 6.0221 x 1023 mol !
(3.23...x107*° Cm)?
3% (13806 x 1023 JK1) x (320.0 K)

=[2.552x10%° C> m? ]|

E14A.6(b) The relationship between relative permittivity and molar polarization is given
by the Debye equation, [14A.10-590], (&, — 1) /(& +2) = pPp /M. Rearranging

gives
P, P, 2pP,
sr—lzp—mer+2) hence er—lzs,(P—m)+ Plm
M M M
P, 2pP, 1+2pP,/M
hence sr(l—‘o—m):l-ru hence er:pim/
M M 1- pPu/M

Taking the molar mass as M = 85.0 gmol " gives

1+2pP,/M
1-pPn/M
1+2x(1.92gem™?) x (32.16 cm® mol ') /(85.0 gmol ")

= =[8.97]

1-(1.92gem3) x (32.16 cm®mol ')/(85.0 gmol ")

r =

E14A.7(b) The relationship between the refractive index #, at a specified wavelength and
the relative permittivity ¢, at the same wavelength is given by [14A.13-592],
ny = si/ ?, hence &, = n?. In addition the relationship between relative per-
mittivity and the polarizability « is given by the Clausius-Mossotti equation,
[14A.12-590], (& — 1)/(&: +2) = pNaa/3Mey. In using this equation it is
assumed that there are no contributions from permanent electric dipole mo-
ments to the polarization, either because the molecules are nonpolar or because
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the frequency of the applied field is so high that the molecules cannot orientate
quickly enough to follow the change in direction of the field. Replacing ¢, by
n? in the Clausius—Mossotti equation gives

n-1 _ pNax hence o 3Mey y n-1
T’l%+2 3Mey, pNA nf+2

Taking M = 65.5 gmol ' gives

3x (65.5gmol ') x (8.8542x 10712J71C?m™") 1.6222 -1
o = X
(2.99 x 106 gm~3) x (6.0221 x 1023 mol ") 1.6222 +2
=[3.40x 107 C?m?] ']

The relationship between the refractive index #, at a specified wavelength and
the relative permittivity ¢, at the same wavelength is given by [14A.13-592],
ny = si/ % In order to find & the Clausius-Mossotti equation, [14A.12-590],
(& = 1)/(&r +2) = pNaa/3Mzey, is used, with the value of the polarizability
a being determined from the polarizability volume o’ using [14A.6-587], a' =

a/4meg.

In using the Clausius—-Mossotti equation it is assumed that there are no con-
tributions from permanent electric dipole moments to the polarization, either
because the molecules are nonpolar or because the frequency of the applied
field is so high that the molecules cannot orientate quickly enough to follow
the change in direction of the field.

The first step is to rearrange the Clausius—Mossotti equation for &,

-1 N N
o = P2A% ence &—-1= p Aa(gr +2)
&+2  3Meg 3Me,
N 2pN 1+2pNaa/3M
hence &, (1 _P A“) s 2PNAX e e = 1+2pNaa/3Mey
3Meg 3Mzey 1-pNaa/3Mey

Replacing a by 4mega’ and ¢, by n? gives

2o 1+2pNy(4nepa’)/3Mey 1 +8mpNaa'/3M  1+2C

" 1-pNa(4neoa’)/3Mey  1-4mpNpa//3M  1-C

where C = 4npNpa’/3M. Using M = 72.3 gmol ™" = 0.0723 kgmol " gives

C =4npNsa'[3M
_4mx (865 kgm ) x (6.0221 x 102 mol ") x (2.2 x 107" m?)
3 x (0.0723 kgmol ")

=0.0663...

B (1+2C)1/2 B (1 +2 % 0.0663...
" \1-c/) U 1-0.0663.

1/2
) B

489
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E14A.9(b) The Debye equation, [14A.10-590],is (&;—1)/(&;+2) = pPy /M, where Py, is the
molar polarizability. The latter is defined by [14A.11-590], P, = (Na/3€0)(a +
u?/3kT), where y is the dipole moment and « is the polarizability, which is
related to the polarizability volume a' according to [14A.6-587], &’ = a/4mey.

Replacing « in the expression for P, by 4nega’ gives
N 2

Py = —2 (41:800/ + )
380

~ 6.0221 x 10%* mol ™!
T 3x(8.8542x 1071271 C2m™1)

x (4n x (8.8542x 10727 C*m™")

x (1.5x 107 m?) +

(5.17 x 1073 Cm)?
3 x (1.3806 x 1022 JK ') x ([25 +273.15] K)

=8.69... x 107> m’ mol '
The Debye equation is then rearranged for &,

&—-1  pPy _14+2pPy/M

=>— hence ¢ =
&+2 M 1-pPu/M

The molar mass of bromobenzene, C¢HsBr is 156.9995 gmol " or 0.156995 kgmol ™.
Hence the relative permittivity is

1+2pPn/M
" 1= pPu/M
1+2x (1491 kgm ™) x (8.69... x 10~ m® mol ') /(0.156995 kg mol ")
1- (1491 kgm™) x (8.69... x 105 m® mol™")/(0.156995 kg mol ")

Solutions to problems

P14A.2 The hydrogen peroxide molecule is shown in Fig. 14.3. For convenience the
bond lengths are denoted rop and roo.

YT y

HA
U
foH Y HP
OBIO—Oo(:i, -- - —
‘ X
HD

Figure 14.3

Because the molecule is neutral overall, the choice of origin is arbitrary, and
is chosen for convenience to be the O® oxygen, with the z axis along the O-O
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bond and the y axis along the O®-H* bond. With this coordinate system, the
coordinates of the atoms are

H" (0,701,0) 0% (0,0,0) 0°(0,0,700) HP (rom sin@, ron cos $, r00)

The x component of the dipole y is given by [14A.4a-586], u, = 33; Qjxj, and
similarly for the y and z components. The magnitude of the dipole is given by
[14A.4b-586], p = (u2 + 2 + u2)'/2.

Yx = Z Qjxj = +qrousing p, = Z Qyyy = +qrou + qroucos¢ p,=0
J J

u? =+ s+t = (qromsin @)’ + (qrou + grom sin ¢)’
= @°roy(sin® ¢ + 1+ 2cos ¢ + cos® ¢) = g°ro (2 cos ¢ +2)

where cos? ¢ + sin® ¢ = 1 is used. Hence y = qrom+/2 cos ¢ + 2. The quantity
t/qron is plotted as a function of ¢ in Fig. 14.4.

#/qrou

0.0 ‘
0

| | |
60 120 180 240 300 360

¢/deg
Figure 14.4

The complex is shown in Fig. 14.5, in which the charges on the nitrogen and
carbon are denoted —q and +q and the C-N distance by rc.

Figure 14.5

The dipole is directed along the N-C bond, taken to be the x-axis, and its
magnitude is given by [14A.4a-586], u, = 3°; Q;x;. Note that y = p, in this
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P14A.6

P14A.8

case as piy and y, are both zero. The complex overall is neutral so the origin
of the coordinate system is arbitrary and is chosen for convenience to be at
the nitrogen atom; the carbon atom then has x-coordinate rcy. The dipole is
therefore y = qrcn and hence

p=> Qxy=grcy hence q=-——
J reN

Dividing through by e gives the charge as a multiple of e as

177D x[(3.3356 x 10°°Cm)/(1D)] _ NPE
rewe (299 x 10712 m) x (1.6022 x 10-19C)

q/e =

The nitrogen atom therefore has a charge of —0.123¢ and the carbon atom a
charge of +0.123e.

The relationship between induced dipole moment y* and electric field strength
T is given by [14A.5a-587], u* = aE where « is the polarizability. The polar-
izability volume o’ is related to a by [14A.6-587], a’ = a/4mey, so the induced
dipole is u* = a’E = 4nepa’ E. Replacing E by the given expression Q/4meyr?
gives

a’'Q

p*=4nga’ x —— = —= hence r=
4mneyr r

2\
)

The charge on a proton is equal to e, so

o (e)” [ (L4810 m) x (L6022 x 10 ) |
S\ -\ (1.85D) x [(3.3356 x 10-3° Cm) /(1 D)]

=1.96..x 107" m =

The temperature-dependence of molar polarization is given by [14A.11-590],

NAOC NA[JZ 1 4 ’ ]\IA‘M2
P, = + X — or Py=3nNaa +
" 35() 950]( T " 3 A 9€0k

where in the second form the definition of polarizability volume, which is given
by [14A.6-587], o’ = af4mey, is used to replace « by 4nepa’. This equation im-
plies that a graph of Py, against 1/T should be a straight line of slope Na p*/9¢k
and intercept SN o',

The molar polarization is calculated from the data using the Debye equation
[14A.10-590], (¢,—1)/(&:+2) = pPm/M, whichisrearranged to Py, = (M/p) (e~
1)/(&; + 2). Taking the molar mass of methanol as M = 32.0416 gmol ' and
the density as p = 0.791 gcm™? at all temperatures, values of Py, are as shown
in the table below and are plotted in Fig. 14.6. The plot shows that Py, is neither
linear in 1/T for the liquid state, nor constant for the solid.



8/°C & 1/(T/K) Py/cm®mol™
-185 3.2 0.01134 17.14
-170 3.6 0.00969 18.81
-150 4.0 0.00812 20.25
-140 5.1 0.00751 23.39
-110 67.0 0.00613 38.75
-80 57.0 0.00518 38.45
=50 49.0 0.00448 38.12
-20 43.0 0.00395 37.81
0 38.0 0.00366 37.47
20 34.0 0.00341 37.13

407++++ +i +

1

301 solid

Py /cm?® mol™

+
T4

«— increasing T

10 L L L L L
0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010 0.011 0.012

1/(T/K)

Figure 14.6

To interpret these data, note that the temperature-dependent term Na u?/9eok T
in the expression for P, stems from the orientation contribution to the polar-
ization, that is, the tendency of polar molecules to align themselves in response
to the electric field. If the molecules are not able to rotate then there is no
contribution from this term and therefore Py, is expected to be lower and also
independent of temperature.

The plot shows that as liquid methanol is cooled, P, begins to increase less
rapidly than expected, that is, the points begin to level off. This indicates that
hydrogen-bonding between methanol molecules is hindering molecular rota-
tion and reducing the orientation polarization. The effect extends below the
melting point with the —110 °C data point exhibiting liquid-like, hindered ro-
tation. The large decline of P, below —110 °C s interpreted as corresponding to
a stronger hindrance of the dipole moment rotation but the non-constancy of
P, seems to indicate that rotational excitation is never completely eliminated.
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Because the points do not give a straight line, it is not possible to determine
reliable values of y or ' from these data.

P14A.10  The temperature-dependence of molar polarization is given by [14A.11-590],

N Nap? 1 Nap? 1
Po= A% AR or P dnNaa + A
380 980k T 3

X
980k T

where in the second form the definition of polarizability volume, which is given
by [14A.6-587], o’ = a/4mey, is used to replace a by 4nega’. This equation im-
plies that a graph of P,, against 1/ T should be a straight line of slope N 4 /9¢ok
and intercept %T[N ao’. The data are plotted in Fig. 14.7.

T/K 1/(T/K) Py/cm®mol™
384.3 0.00260 57.40
420.1 0.00238 53.50
4447 0.00225 50.10
484.1 0.00207 46.80
521.0 0.00192 43.10

1

Py /cm?® mol™

| | |
0.0022  0.0024 0.0026

1/(T/K)

|
018  0.0020

Figure 14.7

The data fall on a good straight line, the equation for which is
(Pm/cm® mol ™) = (2.091 x 10*) x 1/(T/K) + 3.27

Identifying the slope with N % /9¢ok gives

Nap?[9eok = (2.091 x 10* cm® mol ' K) = (2.091 x 10™?m> mol ™' K)



P14A.12

and hence

[ 9eok
(5
(9% (8.8542x 10721 C2m™") x (1.3806 x 107 JK™")
- ( 6.0221 x 1023 mol !

1/2
x (2.091 x 107 m? mol " K))

1/2
x(2.09 x 1072 m* mol ™’ K)) =6.17..x107°° Cm =[1.85 D
Similarly, identifying %T[N Ao’ with the intercept gives

3 _
o = x (3.27 cm® mol ")

4T[NA
3 _
x (3.27 cm® mol ™) =[1.30 x 10724 cm?

" 47 x (6.0221 x 1023 mol V)

The relationship between refractive index and relative permittivity is given by

[14A.13-592], n, = si/ ?_In addition the relationship between relative permit-
tivity and the molar polarization is given by the Debye equation [14A.10-590],
(& = 1)/(& +2) = pPy/M where p is the mass density and M is the molar
mass.

The mass density p is given by M/ Vy,, where V;, is the molar volume. Assuming
perfect gas behaviour, Vi, = RT/p, so p = pM/RT and hence the Debye
equation becomes

r_1 Pm Pm
£ =P pence sr—lzp—T(£r+2)

e&+2 RT R

If &, ~ 1 then (& +2) ~ 3 so the equation becomes

P, 3pP
_ Pl 3 hence & =1+ Pm

e —1
RT RT

Introducing 1, = £./* and using the series expansion (1 + x)/2

small x gives

~ 1+ 1x for

X3pﬂn:1+3pﬂn
RT 2RT

P\
3P ) ~ 1+

nr:(1+
RT

=

This expression implies that a plot of n, against p should be a straight line of
slope 3P,,/2RT. Hence, by measuring n, as a function of pressure, the molar
polarization P, can be determined.

The molar polarization is given by [14A.11-590], Py, = (Na/3¢o) (o + u?/3kT).
However, assuming that the frequency of oscillation of the electric field is high,
as it will be for visible light, there will be no contribution from orientation po-
larization because the molecules cannot reorientate themselves quickly enough
to follow the field. Therefore the term y?/3kT in the expression for Py, does
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not contribute, and the equation reduces to P, = Naa/3¢o. This expression is
used in that for the slope
3Py 3 Ny« o

slope = = =
2RT 2RT 3¢gy 2kTe

It is therefore possible to determine « from the slope of the graph, and hence

o,

14B Interactions between molecules

Answer to discussion questions

D14B.2

D14B.4

The arrangement of charges corresponding to the various multipoles are shown
in Fig. 14A.2 on page 587. According to [14B.4-596], the potential energy of
interaction between an n-pole and an m-pole goes as 1/r"*™*!. Two examples
of this relationship are derived in the text for the interaction between: (i) a point
charge (n = 0) and a dipole (m = 1), giving a 1/r°*1*! = 1/r? dependence; and
(ii) a dipole (n = 1) and a dipole (m = 1) givinga 1/r'*1*! = 1/r* dependence.
In both cases this form of the interaction arises by assuming that the distance
r is much greater than the separation between charges which form the dipole.

Consider the interaction between a point charge and a dipole, with the point
charge along the line of the dipole. The point charge interacts with the two
charges which form the dipole: these interactions are opposite in sign but dif-
ferent in magnitude because the distances between the point charge and the
two charges which form the dipole are not the same. As the point charge moves
further away, these interactions both decrease in magnitude. However, because
the distance between these charges is becoming less significant compared to
the distance of the point charge, the magnitude of the interaction with each
becomes more similar. As a result, the terms with opposite sign come closer
to cancelling one another out and the overall interaction therefore goes to zero
faster than does the simple interaction between point charges.

Effectively, as r increases the two charges which form the dipole merge and
begin to cancel one another. This is why the potential energy of interaction
falls off more quickly than it does for the interaction between two point charges.
For quadrupoles and high n-poles the effect is greater, leading to an even faster
fall off of the interaction, presumably because the effective cancellation of the
charges happens more quickly when there are more charges forming the n-pole.

This is discussed in Section 14B.2 on page 598.

Solutions to exercises

E14B.1(b)

The interaction between a point charge and a point dipole orientated directly
away the charge is given by [14B.1-593], V = —u; Q,/4meor?. In this case the



E14B.2(b)

E14B.3(b)

magnesium ion has a charge of +2e = +2 x (1.6022 x 107'° C).

__mQ
4megr?
(1.08 D) x [(3.3356 x 107> Cm) /(1 D)] x 2 x (1.6022 x 107*? C)
- 47 x (8.8542 x 10712]-1 C2m~1) x (300 x 10712 m)?2
=-1.15...x 107" ]

The potential energy if the dipole has the reverse orientation is +1.15...x 107'? ]
so the energy required to reverse the direction is

AV = (1.15..x 107 J) x 2 =2.30... x 107 T =(2.31 x 1077 J

The energy per mole is found by multiplying by N

AV = (2.30... x 10722 KJ) x (6.0221 x 102 mol ") = {139 kj mol "

The potential energy interaction between two parallel point dipoles separated

by distance r at angle @ is given by [14B.3b-595], V = y; 45 (1-3 cos® @) /4me,r.

However, because in this case the interaction is not in a vacuum, it is necessary
to replace &g by g9¢, where &, is the relative permittivity of the medium.

Ve p1p2(1 -3 cos? O)
4mege,r3
(2.7D) x (1.85D) x [(3.3356 x 10 Cm) /(1 D)]2 x (1 -3 cos?45°)
47 x (8.8542 x 10712]-1 C2m~!) x 3.5 x (3.0 x 10~ m)3

=|-2.6 x 1072*J| which correspondsto |-1.6 Jmol ™"

The shape of a linear quadrupole is given in Fig. 14A.2 on page 587; an example
of such an arrangement is a CO, molecule which has negative charges on the
oxygen atoms and a balancing positive charge on the central carbon. Two
such quadrupoles are shown in Fig. 14.8, arranged so that they are parallel and
separated by a distance r The distances between atoms that are not directly
opposite each other are found using Pythagoras’ theorem, so that the distances
A-E, B-D, B-F and C-E are all V72 + [2, while the distances A-F and C-D are
both \/r2 + (21)2 = V12 + 4I2.

The interaction energy is derived in a similar way to that used in Section 14B.1(b)
on page 594 for dipole-dipole interactions. The total interaction energy is the
sum of nine pairwise terms, one for each combination of a point charge in one
quadrupole with a point charge in the other quadrupole. Each term has the
form Q;Q,/4megri, where Q; and Q, are the charges being considered in that
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Figure 14.8

term and r;, is the distance between them.

1 ( (-Q(-Q) , (-QQ) , (-Q)(-Q)  (2Q)(-Q)
4meg r V2 + 12 V12 + 412 V12 + 12
L 2Q)(Q), 2Q(-Q), (Q(-Q), (-Q)(2Q) , (—Q)(—Q))
r Vr+ 2 V2 + 412 Vr+ 2 r
B-E B-F C-D C-E C-F
1 (6Q2 8Q? 2Q? )

47T8()

+
rooNVrR+12 42

e
4meor V1+(1[r)? \J1+4(1)r)?
_ Q2 _ 2\-1/2 2\-1/2

= 4nsor(6 8(1+x7)" /" +2(1+4x7)

where x = I/r. Assuming that r > I, so that x <« 1, the series expansion
(1+y)" =1+ny+in(n-1)y*+ .. can be used: it is sufficient to retain
the first three terms, (1+ y)™/2 ~ 1 - 1y + 2y2. The required expansions are

therefore (1+x2)™/2 ~ 1 - 1x? + 3x* and (1 +4x?)7"/% » 1 - 2x% + 6x*

QZ
=2 (6-8[1-4x"+ 3x* + .. +2[1- 24"+ 62" + .])
TEYT
2 2
_Q (6—8+4x2—3x4+2—4x2+12x4): Q" gyt
4megr 4megr
Q? 9(1)4 9Q2*
= X =| —
4megr r 4megr®

E14B.4(b) The average energy of interaction between rotating polar molecules is given by
the Keesom interaction [14B.4-596].

C 2 2.2
(V) - _= — HiHs
70 3(4meg)2kT



E14B.5(b)

E14B.6(b)

In this case y; = ys, s0
__a
© 3(4mep)2kT
2% [(2.5D) x (3.3356 x 107°Cm) /(2.5 D)]"

T 3x (41 x (8.8542 x 10712]J-1 C2m~1))2x(1.3806 x 10-23JK 1) x (273 K)
=6.90... x 10777 Jm®

C 6.90... x 10777 Jm® =3 .
Hence (V) =-— = - (1.0 x 109 m)s = |-6.9 x 107*° J|. This energy

r6

corresponds, after multiplication by N, to [~41 Jmol | This is very much

smaller than the average molar kinetic energy of the molecules which, as ex-
plained in Section 2A.2(a) on page 37, is given by

2RT =2 x (8.3145]K "mol ') x (273 K) = 3.4 kf mol ™'

The energy of the dipole-induced dipole interaction between a polar molecule
such as water and a polarizable molecule such as CCly is given by [14B.6-597],
V = —p?ab [AmeorS. From the data in the Resource section the dipole moment
of water is 1.85 D and the polarizability volume of CCly is 10.3 x 107° m*.

_ M
4megr®
[(1.85 D) x (3.3356 x 102° Cm)/(1 D)]" x (10.3 x 1073 m?)
47 x (8.8542 x 10712]-1 C2m™!) x (1.0 x 102 m)$
=-3.52...x 107**]

This interaction energy corresponds, after multiplication by Avogadro’s con-

stant, to|—2.1 ]mol_1 .

The London formula for the energy of the dispersion interaction is given by

[14B.7-598]

_E Czéoc'oc' IIIZ
7"6 2712 I 1+ 12

In the case that the two interacting species are the same, with polarizability

volume o and ionisation energy I, this expression becomes

V =

IZ 3 121
C=-2a”— =24 hence V=- “
21 47‘6

Table 14A.1 on page 585 in the Resource section gives the polarizability volume
of argon as &’ = 1.66 x 107° m?® and Table 8B.4 on page 325 gives the first
ionisation energy as I = 1520.4 k] mol ™, so

Ve 34”1 _3x(1.66 1072° m?)2x (1520.4 x 10% Jmol ") _[31jmol!

4r6 4 x (1.0 x 107° m)®
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Solutions to problems

P14B.2

P14B.4

The electrostatic interaction between two charges is given by Coulomb’s law,
given in The chemist’s toolkit 6 in Topic 2A on page 35 as V = Q;Q,/4mer.
According to the electrostatic model, the energy of interaction of a hydrogen
bond in a vacuum is

Ve Qi1Q;  (+0.42 x1.6022 x 107" C) x (-0.84 x 1.6022 x 107"? C)
4megr  4mx (8.8542x 10712J-1C2m1) x (170 x 10-12 m)
=-478..x107"]

The energy required to break the hydrogen bond is therefore ,

which corresponds to ‘2.9 x 10% kJ mol ' ‘

The energy of interaction in water, where € = gp&, » g x 80, is

_QiQ;  (+0.42x1.6022 x 107" C) x (-0.84 x 1.6022 x 107"° C)
 4mer  4mx (8.8542x 10712]-1C2m~!) x 80 x (170 x 1012 m)
= -5.98...x107%"]

The energy required to break the hydrogen bond is therefore |6.0 x 107! J|,

which corresponds after multiplying by Avogadro’s constant to [3.6 kJ mol ™" |
This is much less than the energy required to break the bond in a vacuum.

The most favourable orientation is that in which the positive end of the dipole,
that is, the side of the molecule with the 8+ hydrogen atoms, lies closer to the
anion (Fig. 14.9).

Figure 14.9

The interaction potential energy between a dipole 4 and a charge Q is given
by [14B.1-593], V = —uQ/4meor?; the field experienced by a charge Q is =
—-(1/Q)(dV/dr). The field experienced by the anion is therefore

1dv 1d( yQ) 7 d(r—z): K

4megr? 2meyr3

Qdr Qdr

 dmey dr

Noting that 1 JC™' = 1V, the field experienced at each of the distances is
(a) At1.0 nm

v (1.85D) x (3.3356 x 107> Cm)/(1 D)
2meprd 21 x (8.8542 x 10712J-1C2m1) x (1.0 x 1079 m)3

=[-1.1x10° Vm!]




(b) At0.3 nm
p (1.85D) x (3.3356 x 10> Cm)/(1 D)
£ = =-
2megr3 27 x (8.8542 x 10712]-1C2m~1) x (0.3 x 10-° m)3
=[-4.1x10° Vm!]
(c) At30nm
e (1.85D) x (3.3356 x 107> Cm)/(1 D)
© 2mepr3 2mx (8.8542 x 10712)-1C2m1) x (30 x 10~ m)3
=[-4.1x 10 Vm!]
P14B.6 (a) The London formula for the energy of the dispersion interaction is given
by [14B.7-598]
C LI
V= C=3ala)—2

6 192
r® 2 11+Iz

In the case that the two interacting species are the same, with polarizabil-
ity volume a’ and ionisation energy I, this expression becomes

I? 3a”]
C=-3a”—==24"] hence V=-
21 4r6

In this case, using the given data and the polarizability volume of benzene
from the previous problem, the energy of interaction is

3a”%1
46

3x(1.04 x 107* m?)?x (5.0 eV) x(1.6022 x 107*° C) /(1 V)
- 4x (0.4 x 10~ m)®

=-1.58..x 10727

This interaction energy corresponds to |-9.6 kJ mol ™ |

(b) Because the force is the negative slope of the potential energy, an expres-
sion for the force is obtained by differentiating the expression for V

F =

dv. d [ 32”1\ | 9a”I
dr  dr 4rs ) | 2r7

The negative sign indicates that the force is attractive; the force goes to
zero as the distance goes to infinity.

P14B.8 The arrangement is shown in Fig. 14.10. For convenience the distances are
denoted by R and r. The task is to calculate the potential energy of interaction
between the O-H group and the oxygen atom OP as a function of the angle 6,
assuming the distances r and R to be fixed. Because the electrostatic interaction
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P14B.10

OB
200 pm .-~ -0.83e

-0.83¢ @— —()+0.45¢

o* g957pm M
Figure 14.10

of OP with the O—H group is of interest, the interaction between O* and the H
atom is not included in this calculation.

The sum of the potential energies of O® interacting with O* and with H is given

by
QaQs . QuQs

47[8() TAB 47'[80 THB

where Q4, Qp and Qy are the partial charges on the atoms. The O*-OP dis-
tance is fixed as R, and from Fig. 14.10 the H-OB distance is found using the
cosine rule as r4y = R? + r* — 2Rr cos 0. Hence, using the partial charges and
distances given in the question, the interaction energy is

_ (-0.83¢)(-0.83¢)  (+0.45¢)(-0.83¢)

v
4negR 4neg/R? + r2 — 2Rrcos 0

e 0832 0.45 x 0.83
4megR \ V(1 + (r/R)* = 2(r/R) cos 0

(1.6022 x 10712 C)?
- x | 0.6889
47 x (8.8542 x 10712J71 C2m1) x (200 x 10712 m)

B 0.3755
V1 +[(95.7 pm)/(200 pm)]? — 2 x [(95.7 pm) /(200 pm)] x cos 6)
0.3755
V1.22... - 0.957 cos 6)

= (1.15... x 1078 J) x (0.6889 -

This energy corresponds, after multiplying by Avogadro’s constant, to

_ 0.3755
V =(6.94...x10* kJmol™") x (0.6889 - )

V1.22...-0.957 cos 0

This function is plotted in Fig. 14.11. As expected the minimum energy occurs
for 8 = 0°, when the 6+ hydrogen lies between the §— oxygen atoms. Note that
the energy is only negative (that is, favourable) over a small range of angles
about this minimum.

Figure 14.12 shows a molecule A interacting with the molecules in a volume
dr located at distance R. The number of molecules in the volume dz is N dr
where N is the number density, the number of molecules per unit volume. If
the potential energy of interaction of A with a single molecule at distance R is



300
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100

V /kJ mol ™!
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Figure 14.11

Figure 14.12

V(R) then the energy of interaction of A with the volume dr, which contains
N d7 molecules, is V(R)N dr.

The total interaction of A with all the N molecules in the sample, as opposed
to just those in the volume element d, is found by integrating over all relevant
space, giving [ V(R)N dr. Multiplication by 5 N then gives the total interac-
tion for all the N molecules of the sample as U = 2N [ V(R)N dr. The factor
of 1 is necessary to avoid double-counting, for example to avoid counting the
interaction of molecule B with A as a distinct and additional contribution to
that of A interacting with B.

The cohesive energy density is then given by

uzgz;‘i\]fV(R)NdT:;(l‘\/])NfV(R)drz %NZfV(R)dT

where V is the total volume of the sample and N/V is equal to the number

density \V.

To perform the integration, note from The chemist’s toolkit 21 in Topic 7F on
page 286 that in spherical polar coordinates the volume element d is given by
R?sin 0 dR dO d¢, and that the limits of the integrals are ¢ = 0 to ¢ = 27, 0 = 0
to 6 = 7, and, in this case, R = d to R = oo. Replacing V(R) by a van der Waals
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attraction of the form —Cq/R® and performing the integration gives

U=1\? 6dRdod
D[ snoardsas
oo 27
=;N2f ——def sinedexf d¢
d R4 0

PN [3(;63] x [~ cos O] x [$]2" = L A% x ( (;3)><2><2n

C
2 2“6
——ETL/V' -

The number density N is related to the mass density p by noting that in volume
V there are 'V molecules and hence 'V /N, moles. The mass of this amount
is M x N'V/Ny4, where M is the molar mass. Therefore the mass density p is
p=MxNV/IN,V = MN/Ny; rearranging this gives N' = Nap/M. Using
this expression for NV in the expression for I gives

N C N2
2 APY L6 _ 2
u_—gn( M ) FER NPT

p’Cs

14C Liquids

Answers to discussion questions

D14C.2 This is discussed in Section 14C.4 on page 611.

Solutions to exercises

E14C.1(b) The vapour pressure of a liquid when it is dispersed as spherical droplets of
radius r is given by the Kelvin equation [14C.15-611], p = p*e?’Vm(D/"RT ‘\yhere
p” is the vapour pressure of bulk liquid to which no additional pressure has
been applied. Because the mass density of a substance with molar volume
Vin and molar mass M is given by p = M/Vy, it follows that V,, = M/p.
Substituting this into the Kelvin equation gives p = p*e?’(M/P)/"RT

The surface tension y of water at 35 °C is not given in Table 14C.1 on page 605,
so the value at this temperature is estimated from the graph in Fig. 14C.7 on
page 607 as being approximately 71 mN m ™!, which is equal to 71 x 107 Jm™2.
Hence, taking p* as 5.623 kPaand M as18.0158 gmol ' (18.0158x10~> kgmol '),

p=pFexp ( 2);2/[7{;)) = (5.623 kPa)

e (2><(71 x 1073 Jm™2)x(18.0158 x 107> kgmol')/(994.0 kgm‘3))
X
P (20 x 107° m) x (8.3145J K~ mol ") x ([35 + 273.15] K)

=[5.9kPa]



E14C.2(b) The height climbed by a liquid in a capillary tube of radius r is given by [14C.8—
607), h = 2y/pgaccT, assuming that the contact angle is zero. Rearranging for
y, replacing r by %d where d is the diameter of the tube, and noting that 1 N =
1 kgms™> gives

y= %Pgaccrh = ipgaccdh

= 1(0.9956 x 10° kgm ™) x(9.807 ms %) x (0.320 x 10> m)

x(9.11 x 1072 m) = 0.0711... kgs > =|71.2 mNm™*

E14C.3(b) The pressure difference between the inside and outside of a spherical droplet is
given by the Laplace equation [14C.7-606], pin = pout + 2y/r. Hence, noting
that 1 Pa=1Nm™2,

2y 2x(22.39x 107 Nm™)
AP = Pin = Pou = = =
P = Pin — Pout r (220 x 1079 m)

=204 kPa]

E14C.4(b) The height climbed by a liquid in a capillary tube of radius r is given by [14C.8—
607), h = 2y/pgacct> assuming that the contact angle is zero. Rearranging for y
and noting that 1 N = 1 kgms™* gives

Y= %Pgaccrh
= 1%(0.9500x10° kgm™)x(9.807ms™>)x (0.300x 10> m)

x(10.00x107* m) = 0.139... kgs™* =|139.7 mN m™!

Solutions to problems

P14C.2 The dependence of the surface tension on surfactant concentration is given by
[14C.14-610], (dy/d1n[c/c®]) T = —RTI5. This equation implies that a plot of y
against In(c/c®) has a slope equal to —RTTs. The data are plotted in Fig. 14.13.

[A]/moldm™ In([A]/c®) y/Nm™!

0.10 -2.303 0.0702
0.20 -1.609 0.0677
0.30 -1.204 0.0651
0.40 -0.916 0.0628
0.50 -0.693 0.0598

The points appear to lie on a curve rather than a straight line, indicating that I's
is not constant over this range of concentration. The data are a good fit to the
quadratic

(y/Nm™") = -0.003288 x [In([A]/c®)]* - 0.01614 x In([A]/c®) + 0.05042
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Figure 14.13

This equation has been used to draw the line on Fig. 14.13. Differentiation gives

(o
dIn([A]/c?)

Equating this expression for the slope to —RT I and rearranging gives

) = [-0.006576 x In([A]/c®) - 0.01614] x (Nm™})

[0.006576 x In([A]/c®) +0.01614] x (Nm™")
RT

s =

This result is used to calculate I at any concentration of interest. For example,
at [A] = 0.1 moldm ™, using ¢® = 1 moldm™ and 1] = 1 N'm, the surface
excess concentration is

[0.006576 x In ([0.1 moldm™]/[1 moldm™]) +0.01614] x (Nm™")
(8.3145JK ' mol™") x ([20 + 273.15] K)

=[4.1 x 107 molm~?

g =

14D Macromolecules

Answers to discussion questions

D14D.2

D14D.4

The primary structure of a macromolecule is the sequence of small molecular
residues making up the polymer, whereas the secondary structure is the (of-
ten local) spatial arrangement of a chain. The tertiary structure is the overall
three-dimensional structure of a single macromolecule. Two or more macro-
molecules may form an aggregation that yields an overall quaternary structure.

In these expressions N is the number of monomer units and [ is the length of
each unit. The conditions for the validity of these expressions are the same as
those used in the derivation of the probability distribution for a random coil,



in particular the model does not take into account the impossibility of two or
more monomer units occupying the same space.

(a) Contourlength: thelength of the macromolecule measured along its back-
bone, that is the length of all its monomer units placed end to end. This
is the stretched-out length of the macromolecule with bond angles main-
tained within the monomer units and 180° angles at unit links.

(b) Root mean square separation: a measure of the average separation of the
ends of a random coil.

(c) Root mean square separation: a measure of the average separation of the
ends of a tetrahedrally (6 = 109.5°) constrained jointed chain.

(d) Root mean square separation: a measure of the average separation of the
ends of a constrained jointed chain in which each successive individual
bond is constrained to a single cone of angle 0 relative to its neighbour.
The factor F is given by F = [(1 - cos 6)/(1 + cos 8)]'/2.

(e) Radius of gyration of a one-dimensional random coil.
(f) Radius of gyration of a three-dimensional random coil.

(g) Radius of gyration of a tetrahedrally (6 = 109.5°) constrained jointed
chain.

Solutions to exercises

E14D.1(b) The number-average molar mass is given by [14D.1a-613], M, = (1/Niotal)
> NiM;. Denoting the polymers as 1 and 2 gives

. - 2iNiMi  NiM, + NoM,
! Ntotal Ntotal

Because the two polymers are present in a 3 : 2 ratio of amounts in moles, and
hence also a 3 : 2 ratio of numbers of molecules, the numbers of each polymer
are Nj = %Ntotal and N, = %Ntotal. Hence

3 2
- N{M, + N, M, _ gNtotalMl + gNtotalMZ ) 2
M, = = = ng + gMz
Ntotal Ntotal

= % x (62 kgmol ') + % x (78 kgmol ') =

The weight-average molar mass is given by [14D.1b-613], My = (1/mota1)
>.; m;M;, where m; is the mass of polymer i present. Using m; = n;M; and
Miotal = 2o; M ives

Voo = YimiM; Y, (niM)M; ¥, niM;
W=

xim; YimM; XM
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E14D.2(b)

E14D.3(b)

E14D.4(b)

E14D.5(b)

From above the amounts in moles of each polymer are %ntotal and %nmal )

3 2 2 2
—  mMi+mM; oMy + oMy 3MY +2M3
=3 5 -
”1M1 + }’lez g”totalMl + g}’ltotale 3M1 + 2M2

] l_] 2 ] ]_] 2
E X (E gInC ) X (: 8 gInC ) 69] 1—1

3 x (62 kgmol ') +2 x (78 kgmol ")

The root mean square separation of the ends of a freely jointed one-dimensional
chain is given by [14D.6-617], Ry = N'/2] where N is the number of monomer
units and / is the length of each unit. In this case

Rims = NY21 = 12002 x (1.125 nm) =

The contour length R. of a polymer is given by [14D.5-617], R, = NI, and the
root mean square separation of the ends of a freely jointed one-dimensional
chain is given by [14D.6-617], Ryms = N'2]. In both cases N is the number of
monomer units and [ is the length of each unit.

The monomer of polypropene -[CH, CH(CHj3)],— is taken to be CH,CH(CH3).
The number of monomers in the chain is given by

N = Mpolymer _ 174 x 103 ngl_l

= —— =4.13..x10°
Mcu,ch(cns)  42.0774 gmol

The length of each CH,CH(CH3) unit is estimated as the length of a two C-C
bonds: one C-C bond in the centre and half a bond length either side where the
unit connects to carbons in adjacent units. From Table 9C.2 on page 362 in the
Resource section a C-C bond length is approximately 154 pm, so the monomer
length [ is taken as 2 x (154 pm) = 308 pm. The contour length and root mean
square separation are then given by

Rc=NI=(4.13...x 10*) x (308 pm) = 1.27... x 10° pm =[1.27 um

Rems = N1 = (4.13... x 10*)"/2 x (308 pm) = 1.98... x 10* pm =

The radius of gyration R, of a one-dimensional random coil is given by [14D.7a-
618, Ry = N'/21. Rearranging gives

R,\2 (189x10°m)’
N:(—g) :(Xm -[1.8x10°

1 450 x 10712 m

The probability that the ends of a one-dimensional random coil are a distance
nl apart is given by [14D.3-616], P = (Z/ﬂN)l/ze_”z/ZN where N is the total
number of monomers in the chain and / is the length of each monomer unit.



E14D.6(b)

The monomer of polyethene -[CH,CH,],- is taken to be CH,CHj, so the
number of monomers in the chain is given by

N = Mpolymer _ 85 x 10° gﬂ’10171

= =3.03... x 10°
Mch,ch,  28.0516 gmol ™'

The length of each CH,CH, unit is estimated as the length of a two C-C bonds:
one C-C bond in the centre and half a bond length either side where the unit
connects to carbons in adjacent units. From Table 9C.2 on page 362 a C-C
bond length is approximately 154 pm, so the monomer length [ is taken as 2 x
(154 pm) = 308 pm.

If the end-to-end distance is d, then d = nl and hence n = d/I. In this case
d =15 nm and I = 308 pm hence

d 15x107°m
n=—=——/—— =48.7...
I 308x1072m

The probability of the ends being this distance apart is therefore

1/2
p= (i) / e /2N
N

1/2
) ( ; 103)) w o~ (487...)°/2x(3.03..x10) _[g g 103
X

7t x (3.03...

The probability distribution function for a three-dimensional freely jointed chain
is given by [14D.4-616]

3 1/2
_ L 2 —azrz _ 3
f(r)—4n(nl/2) ree a—(—Zle)

where N is the number of monomers in the chain, [ is the length of each monomer,
and f(r) dr is the probability that the ends of the chain are a distance between
rand r + dr apart.

The monomer of polyethene -[CH,CH,],- is taken to be CH,CH,, so the
number of monomers in the chain is given by

-1
N = Mpolymer _ 75 x 10° ngI_l —267. %103
Mcu,ch,  28.0516 gmol

The length of each CH,CHj unit is estimated as the length of a two C-C bonds:
one C-C bond in the centre and half a bond length either side where the unit
connects to carbons in adjacent units. From Table 9C.2 on page 362 a C-C
bond length is approximately 154 pm, so the monomer length [ is taken as 2 x
(154 pm) = 308 pm = 0.308 nm. Therefore

3 12 3 1/2
a= ( ) = =0.0769... nm ™'
2N[? 2% (2.67... x 10%) x (0.308 nm)?
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E14D.7(b)

E14D.8(b)

E14D.9(b)

3
f(14.0 nm) = 4n (IL/Z) re e
T

—1\3
=47 (007691/2nm) x (14.0 nm)? x o(0.0769 nm™")?x(14.0 nm)
s

=0.0631...nm™ "

The probability that the ends will be found in a narrow range of width &r =
0.1 nm at 14.0 nm is therefore

£(14.0 nm)&r = (0.0631...nm™ ") x (0.1 nm) = 6.3 x 1073

As explained in Section 14D.3(b) on page 618, the radius of gyration of a con-
strained chain is given by the value for a free chain multiplied by a factor F,

where F is given by [14D.8-618], F = [(1 —cos0)/(1 + cos 6)]1/2. For 0 =

120°,
1-cosf 1 - cos120°\'/2
F=——— = —— =1.73...
1+ cosf

1+ cos120°
This corresponds to a percentage increase of [ (1.73...) — 1] x 100% = [+73.2%|.
The volume is proportional to the cube of the radius, so the volume of the
constrained chain is related to that of a free chain by a factor of F* = (1.73...)° =
5.19.... This corresponds to a percentage increase of [(5.19...) — 1] x 100%

[+420%].

1/2

As explained in Section 14D.3(c) on page 618, the root mean square separation
of the ends of a partially rigid chain with persistence length [, is given by the
value for a free chain multiplied by a factor F, where F is given by [14D.10-619],
F = (21,/1 - 1)'/2. 'The contour length is given by [14D.5-617], R = NI, s0 a
persistence length of 2.5% of the contour length corresponds to [, = 0.025R. =
0.025N1. Hence, for N = 1000,

1/2 1/2
F:(zllp_l) :(”(02)251\”)_1) = (0.050N - 1)/

= (0.050 x 1000 - 1)/? = 7.00. ..

This corresponds to a percentage increase of [(7.00...) — 1] x 100% = [+600%.
The volume is proportional to the cube of the radius, so the volume of the par-
tially rigid chain is related to that of a free chain by a factor of F° = (7.00...)° =
3.43...x 10?. This corresponds to a percentage increase of [ (3.43...x 10%) — 1] x

100% = [(3.42 x 10*)%|.

By analogy with [14D.10-619], the radius of gyration R, of a partially rigid coil
is related to that of a freely jointed chain according to Ry = F x Ry fre. Where



E14D.10(b)

E14D.11(b)
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F = (21,/1-1)"/2. The radius of gyration for a three-dimensional freely jointed
chain is given by [14D.7b-618], Rg free = (N/6)'/21, s0

21, 1/2 N\ /2
Rg:Fng,free: T_l X(E) I

Rearranging gives

21 6R? 7] 6R?
RP=[Z2_1 (N)l2 hence —2 =2 _1 hence lp:£ —8 41
§ I 6 NI2 1 2

Therefore for the polymer in question, taking / = 0.164 nm,

1 6R; 1) 164nm 6 x (3.0 nm)?
P2 \NI2 2 1500 x (0.164 nm)?2

+1):

Modelling the polyethene as a 1D random coil perfect elastomer, the restoring
force is given by [14D.12a-620], F = (kT/21)In[(1 + A)/(1 — A)] where A =
x/NI.

The monomer of polyethene -[CH,CH,], - is taken to be CH,CH,, so the
number of monomers in the chain is given by

N = Mpolymer _ 85 x 103 gmolfl

= =3.03... x 10°
Mch,ch,  28.0516 gmol ™'

The length of each CH,CH, unit is estimated as the length of a two C-C bonds:
one C-C bond in the centre and half a bond length either side where the unit
connects to carbons in adjacent units. From Table 9C.2 on page 362 a C-C
bond length is approximately 154 pm, so the monomer length  is taken as 2 x
(154 pm) = 308 pm = 0.308 nm. The value of A corresponding to a 2.0 nm
extension is therefore

b9 2.0 nm

= = =2.14..x 1073
NI (3.03...x 10%) x (0.308 nm)

Because A < 1 the simplified equation for the restoring force, [14D.12b-621],
F = (kT/NI?)x is used. Noting that 1 Jm™ = 1 N gives

kT (1.3806 x 107*JK 1) x ([25 +273.15] K)
= —X =
NI2 (3.03... x 10%) x (0.308 x 10~° m)?2

=29x107“ N

F

x (2.0 x 10~ nm)

The entropy change when a 1D random coil is stretched or compressed by a
distance x is given by [14D.11-620], AS = —2kNIn[(1 + 1)(*1) (1 - 1)(1=D)]
where A = x/R.. The contour length R, is given by [14D.5-617], R. = N1, so it
follows that A = x/N1.
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The monomer of polyethene -[CH,CH,],- is taken to be CH,CH,, so the
number of monomers in the chain is given by

-1
N - Mpolymer _ 85 x 10° ngl_l ~3.03.. x 103
Mch,cn,  28.0516 gmol

The length of each CH,CH, unit is estimated as the length of a two C-C bonds:
one C-C bond in the centre and half a bond length either side where the unit
connects to carbons in adjacent units. From Table 9C.2 on page 362 a C-C
bond length is approximately 154 pm, so the monomer length [ is taken as 2 x
(154 pm) = 308 pm = 0.308 nm. The value of A corresponding to a 2.0 nm
extension is therefore

X 2.0 nm
" NI (3.03...x 10%) x (0.308 nm)

=0.00214...

The entropy change is therefore

AS = LkNIn[(1+ 1)+ (1 - 1))
-23 -1 3
=1 x (1.3806 x 107 JK™") x (3.03... x 10%)
xIn [(1 +0.00214...) (170-00214-) 5 (1 _0,00214..,)(170-00214--)]

=-9.60...x 1072 JK !

The molar entropy change is obtained by multiplying by Avogadro’s constant

ASem = (=9.60... x 1072 JK™1) x (6.0221 x 10 mol ") =|-0.058 K~ mol*

Solutions to problems

P14D.2 The probability distribution for the separation of the ends in a 3D random coil
is given by [14D.4-616]

3 1/2
_ a 2 —a*s? _ 3
f(r)—4n(m) re where a—(Zle)

(a) The root-mean-square separation is given by Ry = (r?)'/? where the
mean value of #? is calculated as

*® 3 2.2
()= [Py [T () e ar
a \3 o 25 a \3 3 \1/2
:4n(m) fo rie”® T dr :411(@) xm(;)

[ ——
Integral G.5 with k = a®

3 3 (2NI?
= =C = NI?
22 2\ 3

Hence Ry = (r2)'/? = (NI?)'/? = , in agreement with [14D.6-
617].



(b) The mean separation is

T
wln) [ ) a2l
= _— = _ X —m = — | —
L ey , € L gy 2(a2)2  ni2\a
Integral G.4 with k = a*
Sz () [y,
a2\ 3 ) [\ 3n
(c) The most probable separation is the value of r for which f(r) is a maxi-
mum. Differentiating f(r) using the product rule gives

YO s (23) <[y + () -2are )]

dr mi/2
3
a
=7 (1—/2) x 2re= 4" [1 - a2r2]
m

At the maximum df(r)/dr = 0, which implies that

1 [2NI? 2N\ /2
f(l—a2r2):0 hence rmp::( 3l ): (TN) I
a

The solution r = 0 is rejected because this does not correspond to a max-
imum, as implied by the fact that f(0) = 0.

For the case that N = 4000 and / = 154 pm these expressions give
Rems = N'/21 = 4000'/2 x (154 pm) = 9.73... x 10°> pm =
8N\'/2  (8x4000\"/?
(r)= (—) l= (Xi) x (154 pm) = 8.97... x 10° pm =

3n 3n

2N\Y2 (2% 40002
TmPI(T) lz(%) x (154 pm) = 7.95... x 10> pm =[795 nm]

P14D.4 There is some lack of clarity in the text over the definition of the radius of
gyration, R,. For a polymer consisting of N identical monomer units, R, is
defined as

N
R =(1/N) Y7} (14.1)
i=1

where r; is the distance of monomer unit i from the centre of mass. In other
words, the radius of gyration is the root-mean-square of the distance of the
monomer units from the centre of mass.

A related quantity is the moment of inertia I about an axis, which is defined in
the following way

N
1= md; (14.2)
i=1

513



514

where m is the mass of the monomer unit and d; is the perpendicular distance
from the monomer to the axis. In general, the distance d; is not the same as r;:
the first is the perpendicular distance to the axis, the second is the distance to
the centre of mass.

A radius of gyration can be related to a moment of inertia by imagining a rigid
rotor consisting of a mass m, equal to the total mass of the polymer held at a
distance R, from the origin; the moment of inertia of this rotor is I = mtotRé,

and hence Ré = I/myor. However, note that this radius of gyration is associated
by the rotation about a particular axis.

(a)

(b)

For the purposes of this discussion there is no distinction between a ‘thin
disc’ and a ‘long rod’: both are cylinders with circular cross sections of
radius a and length either / or I. The case of a solid rod is considered in

(b).

For a solid rod it is convenient to use eqn 14.2 for rotation about (i) the
long axis of the rod, and (ii) an axis perpendicular to this and which passes
through the centre of mass. The long axis of the rod defines the z-axis and
the centre of mass is at z = 0; the rod therefore extends from —1/2 to +1/2
along z. It is convenient to use cylindrical polar coordinates described
in The chemist’s toolkit 19 in Topic 7F on page 281. In such a coordinate
system the volume element is r dr d¢ dz, and ¢ ranges from 0 to 2.

Equation 14.2 is adapted for a solid object by replacing the mass by a
volume element dV which has mass p dV, where p is the mass density; the
summation becomes an integration over the relevant coordinates which
describe therod: z = —1/2to +1/2, ¢ = 0to 2w, and r = 0 to a. To compute
the moment of inertia about the long axis note that the perpendicular
distance to the axis is r so the integral is

z=+1/2 r=a ¢=271
Iy = [T R xpav
z=—1/2 r=0 ¢=0
z=+1/2 r=a ¢=27
=p / / r* x rdzdrd¢
z=—1/2 r=0 ¢=0

z=+1/2 r=a ¢=2m
=p dz/ r dr/ d¢
z==1/2 r=0 ¢=0

4
=p x I x az x 21 = pla*n/2

The total mass of the rod is m; = pV = pna?l, hence the moment of

inertia is . A rigid rotor with the same mass as the rod has

moment of inertia [ = mtotRé I Equating the moments of inertia gives an

expression for the radius of gyration as R, || = (1/2) 24|,

To compute the moment of inertia perpendicular to the long axis, say
about the x-axis, it is necessary to know the perpendicular distance d
between an arbitrary point (x, y,z) and that axis. This distance is that
between the points (x, y,z) and (x,0,0); by Pythagoras’ theorem d? =



y*+z% = r* sin” ¢ + z°. The moment is inertia is therefore found from the
integral

I:f (rzsin2¢+z2)><pdV:pflrzsin2¢dV+pflz2dV
cyl. cyl. cyl.

A B

where the integration is over the complete cylinder. The integrals A and
B are conveniently evaluated separately.

z=+1/2 ¢=2m
f [ r*sin’ ¢ x rdzdrde
z=-1/2 r=0 $=0

z=+1/2 r=a ¢=2m
=p dz/ r dr/ sin® ¢ d¢b
r $=0

z=-1/2 =0
at 4 2
:leXZXH:pla 1T/4:mtota /4

where the integral over ¢ is found using Integral T.2 with k = 1 and a =

2m.
z=+1/2 ¢=27
f [ 2> x rdzdrd¢

z=-1/2 ¢=0

z=+1/2 r=a ¢=27

=p zzdzf rdr[ d

z=—1/2 r=0 ¢$=0

Z3 2

=p x o x % X 270 = pl3a2n/12 Miotl? /12

The moment of inertia about the perpendicular axis is therefore

I, = A+ B = mya® [4+ m ]2 [12 = [mio(a? /4 + 1]12)]

A rigid rotor with the same total mass has moment of inertia I = 11, R2
hence‘ o1 = (a?/4+12[12)1/ ‘

(c) Consider the moment of inertia about the z-axis passing through the
centre of a solid sphere. The square of the perpendicular distance of a
point to this axis is x* + y?, hence I = [, . (x* + y*)pdV. In spherical
polar coordinates

81>

x* + y* = r*sin’* O cos® ¢ + r* sin” O sin® ¢ = 1 sin* O

The integral is therefore evaluated as

I=p frza /0 f (r2 sin? 0) x r* sin 0 dr d6 d¢
r=0 ¢$=0

r=a =7 $=2m
=p rt dr[ sin’ 6d6 d¢
r=0 6=0 ¢=0
a’® 4 )
=p X — X — X LTt
P 5 3
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P14D.6

P14D.8

where the integral over 6 is of the form of Integral T.3 with k = 1 and
a = 7. The total mass of the sphere is m,; = pV = (4/3)pmna’, hence the
moment of inertia can be expressed as

5

B 3 a> 4 B )
1= o 4pma’ xpx?xgxzn_m
A rigid rotor with the same mass as the sphere has moment of inertia

I= mtotRé, hence R, = (2/5)'/?a|. Note that this is the radius of gyration

associated with rotation about this axis.

The radius of gyration R, is found by equating mmtalRé to the moment of inertia
I, hence R; = I/Mota1. The moment of inertia is given by I = Z?] m jRjg, where
m; is the mass of unit j and R; is its distance from the centre of mass. If all N
units have the same mass m then I = m >, f R? and Mot = Nm. Hence

1
Ry =

1 1
mRZ:—xm Rzz— R2
mtotalzj: 7 Nm 2]: ! sz: !

As explained in The chemist’s toolkit 18 in Topic 7E on page 273, the frequency of
aharmonic oscillator with mass m and force constant k¢ is v = (1/21) (k¢/m)'/2.
The force constant is given by [14D.12¢-621], ks = kT/NI*. The mass is taken
as the mass of one monomer, which is given by m = M/NN, where M is the
molar mass of the macromolecule and N is the number of monomers in the
chain. Combining these expressions gives

1 (kf)l/z_ 1 (kT/NF)l/Z_ 1 (RT)”2

v=—|— — == —
21 \'m 21 \ M/NNy 2nl \ M

where R = kN, is used.

The monomer of polyethene -[CH,CH, ], - is taken to be CH,CH,. The length
of each CH,CH,, unit is estimated as the length of a two C-C bonds: one C-C
bond in the centre and half a bond length either side where the unit connects
to carbons in adjacent units. From Table 9C.2 on page 362 a C-C bond length
is approximately 154 pm, so the monomer length [ is taken as 2 x (154 pm) =
308 pm. Noting that 1] = 1kgm?s~? and 1 Hz = 1 s~', the vibration frequency
is therefore

1 (RT\'?
(2
2nl \ M
. 1 (8.3145TK"  mol™") x ([20 + 273.15] K) \
21 x (308 x 10712 m) 65 kgmol ™!

=3.16... x 10° Hz =[3.2 GHz

The expression shows that the frequency increases with temperature and de-
creases with increasing molar mass. The T'/? dependence reflects the thermal




energy needed to establish a displacement from equilibrium. The M~'/? de-
pendence indicates that a larger chain mass requires more thermal energy to
establish the same displacement.

P14D.10  Asexplained in Section 14D.5 on page 621 the glass transition temperature cor-
responds to a transition from a state of high to low chain mobility as the temper-
ature decreases. This corresponds to the freezing of the internal bond rotations.
In effect, the easier such rotations are, the lower T. Internal rotations are more
difficult for polymers that have bulky side chains than for polymers without
such chains because the side chains of neighbouring molecules can impede
each other’s motion. Of the four polymers in this problem, polystyrene has the
largest side chain (phenyl) and the largest T;. The chlorine atoms in poly(vinyl
chloride) interfere with each other’s motion more than the smaller hydrogen
atoms that hang from the carbon backbone of polyethylene. Poly(oxymethylene),
like polyethylene, has only hydrogen atoms protruding from its backbone; how-
ever, poly(oxymethylene) has fewer hydrogen protrusions and a still lower T,
than polyethylene.

14E Self-assembly

Answers to discussion questions

DI4E.2 This is discussed in Section 14E.2(a) on page 626.

DI4E.4 Sterols, like cholesterol, prevent the hydrophobic chains of lipids bilayers from
‘freezing’ into a gel and, by disrupting the packing of the chains, spread the
melting point of the membrane over a range of temperatures.

Solutions to exercises

E14E.1(b) The isoelectric point of a protein is the pH at which the protein has no net
charge and therefore is unaffected by an electric field. This is the pH at which
the velocity is zero; solving for this gives

0=0.80 - (4.0 x 107%)(pH) - (5.0 x 102 (pH)?

Solving this equation for pH gives

~(~4.0x1073) £ \/(~4.0 x 1073)2 — 4 x (-5.0 x 10~2) x (0.8)

H =
P 2x (5.0 x 102)

=+3.96...or —4.04...

The negative solution is rejected as it is outside the pH range 3.0-5.0 over which
the expression is valid. Therefore the isoelectric point is [4.0].
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Solutions to problems

P14E.2

The equilibrium constant for the formation of micelles containing N monomers,
My, is given by [14E.6b-627] (the factors of 1/c® are omitted for clarity)

_ [My]
([M]totat = N[My])N
In the text the fraction of surfactant molecules present as micelles is defined
as f = [Mn]/[M]rotas; it could be argued that a better definition would be f =

N x [My]/[M]total 0on the grounds that each micelle contains N monomers.
Using the first definition for f the equilibrium constant is rewritten

f
[M]i (1= NN

total

K=

This equation is solved numerically to find f as a function of [M ], for given
values of K and N. The results for three such situations are shown in Fig. 14.14.
For N = 30 there is a sudden increase in f once [M]ora1/c® exceeds a certain
value; this corresponds to the critical micelle concentration. This concentration
depends on both N and K.

0.4

— f(K=1N=3)
i Tl 10f(K = 1N =30)
0.3 --- 10f(K =107° N = 30)

“~ 0.2

0.1
0.0 ':.LI ! ! ! !
0 2 4 6 8 10
[M]total/ce
Figure 14.14

Solutions to integrated activities

114.2

(a) TheLennard-Jones potential is given by [14B.12-600], Vi;(r) = 4e{(ro/r)'*~
(ro/r)®}. As shown in Fig. 14B.8 on page 600, the depth of the potential
well is given by € and the position of the minimum is given by r. = 2/°r,.
The results for He, give the depth of the well as hcD, = 1.51 x 1072 J and
the position of the minimum as R = 297 pm so it follows that

_ 23 _te _297pm_
e={1.51x10"""J| and TO_W_W_%SPm

A plot of the potential with these values is shown in Fig. 14.15.
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(b) The Morse potential is given by [11C.7-444], Vp(x) = hcDe(1 — e )2,
where x = r — r. and hcD, is the depth of the well. With this poten-
tial Vy(0) = 0, in contrast to the Lennard-Jones potential for which
Vij(c0) = 0. To compare the two, the Morse potential is replotted as
Vum(x) = heD, (1 - e‘“("re))2 — heDe; this is shown plotted in Fig. 14.15
using the given values of hcD, = 1.51 x 107> Jand a = 5.79 x 10" m™".

I I I I
—— Lennard-Jones
--- Morse

V/(107])

| |
250 300 350 400 450 500
r/pm

Figure 14.15

(a) The charges on the atoms as calculated using a 6-31G* basis are shown in

the table below, and the diagram shows the numbering of the atoms and
the charges on the heteroatoms.

—0.61
0s H 1,23
H, +0.75u 6(|; —0.29
H~"0,C/ 4 ‘0N79/ %”H
-0.58 |8 | 7 H
9,10,11
H
4
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atom type number  gfe x/A yIA zIA
C 4 0.746  0.469 -0.168 -0.583

(@) 5 -0.611 1.228 -0.554 -1.430
C 6 -0.288 0.674 -2.216  0.767
N 7 -0.790 0.143 -0.896  0.509
C 8 -0.577 -0.186  1.194 -0.685
H 3 0.231 1.339 -2.475 -0.041
H 1 0.168 1.227 -2.235 1.700
H 2 0.168 -0.122 -2.951  0.819
H 9 0.161 -0.848 1.425  0.141
H 10 0.207  0.591 1.946 -0.738
H 11 0.207 -0.746  1.236 -1.611
H 12 0.380 -0.492 -0.509 1.167

The dipole moment along x is computed as y, = ; q;x;, where i is
the index for the atom, g; is its charge, and x; its coordinate. Using the
data in the table the components of the dipole moment are easily com-
puted in units of the elementary charge times A, and then these values

are converted to Debye in the usual way. The total dipole moment is

w= (il +u+ud)'

fy=-046leA

= (-0.461 x 107" m) x (1.6022 x 107*? C)/(3.3356 x 107°° Cm)
=-2212D

Similarly y, = 0.607 D and y, = 2.897 D, giving |4 = 3.695 D|.

The energy of interaction of two dipoles is given by [14B.3b-595]

Uiz 2
=——"—x(1-3cos"@®
4meyr3 ( )

With the data given, and converting to molar units
~ [(3.695 D) x (3.3356 x 107> Cm)/(1 D)]?)
4m x (8.8542 x 1071271 C2m!) x (3.0 x 10~° nm)?
x (1-3cos® ©) x (6.0221 x 10** mol ")
= (30.4... Jmol™") x (1 - 3 cos® ©)

A plot of this function is shown in Fig. 14.16.

(b) The maximum of the dipole-dipole interaction is —61 Jmol ™" which is
only 0.3% of the energy of the hydrogen bond.

114.6 Starting from G = U — T'S — t], the differential is formed and the basic equation
dU = T'dS + tdl is introduced to give
dG =dU -d(TS) -d(tl) =dU - TdS - SdT - tdl - Id¢
=TdS +tdl - TdS - SAT - tdl - Idt = |=SdT — Idt
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V/(Jmol™)

-60

| ! | ! | ! | ! | ! | ! |
0 50 100 150 200 250 300 350
0/°

Figure 14.16

The Helmholtz energy A is given by [3D.4a-97], A = U — TS. Forming the
differential gives

dA=dU-d(TS) =dU - TdS - SAT = TdS + tdl - TdS — SAT = |-SdT + tdl

The Maxwell relations are derived using the method described in Section 3E.1(a)
on page 104. Because G is a state function, dG = —SdT - [dt is an exact
differential. Therefore according to the criterion in [3E.4-104], (dg/dy), =
(dh/dx), if df = gdx + hdy is an exact differential, it follows that

(5), = (55), rene ((5), = (55)
ot ) \arT/, ot)r \oT/,

Applying the same approach to dA = —SdT + tdI gives

(51), -G, rene ((51), = (57)
ol ] \oT), ol ]y \oT),

To deduce the equation of state, the basic equation dU = TdS + td! is divided
by d/ and the condition of constant T is imposed

oU 2S ot ot
) =1(2) vt=-T(Z) wt=|t-T(Z
(al)T (az)T+ (8T)1+ (aT),
In the second step the Maxwell relation (9S/dl)r = —(9T/dt);, derived above,
is used.

The osmotic pressure IT is expressed in terms of the concentration [J] by the
virial-like expression of [5B.18-163], IT = RT ([J] + B[J]*). In this equation
the units of B are the inverse of the units of [J].

The osmotic virial coefficient arises largely from the effect of excluded volume.
If a solution of a macromolecule is imagined as being built by the successive
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addition of macromolecules of effective radius a to the solvent, each one being
excluded by the ones that preceded it, then B is the excluded volume per mole
of molecules. The volume of a molecule is vy, = (4/3)7a’, but the excluded
volume is determined by the smallest distance possible between centres of two
molecules, which is 2a. Therefore the excluded volume is (4/3)7(2a)> = 8vmol
for a pair of molecules. The volume excluded per molecule is one-half this
volume or 4vy,,1. Thus, for an effective radius of a = yR; = 0.85R, the osmotic
virial coefficient is

167 167
B= 4NAVm01 = TNAQ3 = TNA})3R§

(a) For a freely jointed chain Ry = (N/6)/?1 hence

16 3(N)3/2
_ 7NA p

B=
3

- 4000\
= —7(60221x10” mol ') x [0.85x (154 x 10 m) (7)

6
=10.39 m?® mol~!|.

(b) For a chain with tetrahedral bond angles R, = (N/3)"/2] hence
g g

16n 5 (N\’?
- ()

3 3
16 _ 40003/
= %(6.0221 x 10%* mol ™) x [0.85x (154 x 1072 m)]? (T)

=[L1m’ mol ]
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15A  Crystal structure

Answers to discussion questions

D15A.2

Lattice planes are labelled by their Miller indices #, k, and I, where #, k, and
I refer respectively to the reciprocals of the smallest intersection distances (in
units of the lengths of the unit cell, a, b and ¢) of the plane along the a, b, and
¢ axes. These axes may be non-orthogonal.

Solutions to exercises

E15A.1(b)

E15A.2(b)

The volume of an orthorhombic unit cell is given by V' = abc, and the mass
of the unit cell m is given by m = pV, where p is the mass density. Using the
estimate of mass density p = 2.9 gcm™
m = abcp = [(589 x 822 x 798) x 107 m*] x (2.9 x 10° gm ™)
=1.12..x107% g

The mass of the unit cell is also related to the molar mass by m = nM =
NM/NaM where n is the amount in moles in the unit cell, M is the molar
mass, and N is the number molecules per unit cell.

mNay  (1.12...x 102! g) x (6.0221 x 10** mol ")
M 135.01 gmol ™

N = =4.99...

If it is assumed that there are no defects in the crystal lattice then N is expected
to be an integer and hence [N = 5]. With this value a more precise value of the
mass density is calculated as

m NM

PV TNV

5x (135.01 gmol ') —
= =(2.90 gcm
(6.0221 x 1023 mol ") x [(589 x 822 x 798) x 10-36 m?]

Miller indices are of the form (hkl) where h, k, and I are the reciprocals of
the intersection distances along the a, b and c axes, respectively. If the recipro-
cal intersection distances are fractions then the Miller indices are achieved by
multiplying through by the lowest common denominator.
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intersect axes at (-a,2b,—c) (a,4b,—4c)
remove cell dimensions  (-1,2,-1) (1,4,-4)
take reciprocals (-1,3,-1)  (-L4,-%

Miller indices (212) (411)

E15A.3(b) The separation of (hkl) planes dx; of a cubic lattice is given by [15A.1a-645],
Ayt = af (B2 + k* + 12)12,

(712 pm) (712 pm)

hs = gy T B0P] o = o oy 1206 P

(712 pm)

drae = —(22 a2 +62)1/2 =1951pm

E15A.4(b) 'The separation of (hkl) planes dj; of an orthorhombic lattice is given by
(15A.1b-645], 1/d},, = h*/a* + k*[b* + I*[c*. Therefore, d; = (h*/a* +
K2 /% + 12[c2) 712,
3 12 2
“| (769 pm)? " (891 pm)? ' (690 pm)?

= (2.48... x 10"°)~1/2 m =[200 pm
p

d312

Solutions to problems

P15A.2 From Fig. 15A.8 on page 643 it is seen that the unit cell can be envisaged as a
prism of height b whose base is a parallelogram with sides a and ¢ and interior
angle 8. The volume V of the unit cell is b times the area of the parallelogram,
which is depicted below.

(180° - B)

aln
nF fx\x

9

The area of the parallelogram is cx, and x = asin(180° — 8). It follows that
V = bex = be x [asin(180° — §)]. This is further developed using the identity
sin(A — B) = sin(A) cos(B) — cos(A) sin(B) to give

V = bca[sin(180°) cos(B) — cos(180°) sin(B)]

=-bca(-1)sin(B) =
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Refer to Fig. 15A.4 on page 642 to see how the angles are defined in relation
to a, b and c. The volume of the unit cell, V,is V = a - b x ¢ where a, b and
c are vectors defining the sides of the unit cell. Writing vector a in terms of
its components along the orthogonal set of unit vectors i, j and k gives a =
a;t +a;j + aik. It is convenient to first find V2, given by

Vi=(a-bxc)(a-bxc)

a; aj ag a; aj ag
=l b by by | b b by
Ci Cj Ck Ci Cj  Ck
a; Clj aj a; bl‘ Ci
= b,’ bj bk a]- bj Cj
i ¢ ¢k | ak br cxk

Note that transposing a matrix does not alter the value of the determinant.
aa; +aja;+agay a;bj+ajbj+arb, ajc; +ajcj + arcg

= b,»a,'+bjaj+bkak b,’bi+bjbj+bkbk biCi+bjCj+bka
ciai+cjaj+cpay  cibi+cibj+ by cici +cjcj+ cre

a-a ab a-c

=lab b-b b-c

a-c b-c cc

a’ abcosy accosf
=| abcosy b2 bccosa
accosf3 bccosa c?

= a’b*c*(1 - cos® a — cos” f — cos” y + 2 cos & cos B cos )

For the penultimate line the fact that y is the angle between a and b is used
so that the dot product is @ - b = ab cosy, and likewise for the other pairs of
vectors; the final line simply involves evaluating the determinant. Thus for a
triclinic unit cell

1% :‘abc(l — cos® a — cos® B —coszy+2cosoccos/3cosy)l/2‘

For a monoclinic unit cell @ = y = 90° so cosa = cosy = 0 and

V = abc(1 - cos? B)/? :

where the identity cos? 6 + sin* @ = 1 has been used. For a orthorhombic unit
cella =B =y=90°socosa =cosf =cosy=0and

V =|abc]

A tetragonal unit cell, as shown in Fig. 15A.8 on page 643, hasa = b # ¢ so

V = (651 pm)* x (934 pm) =
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P15A.6 For an orthorhombic unit cell, V = abc. Given that m = M /Ny, where m is the
mass per repeating unit CH,CH, and M is its molar mass (M = 28.0...gmol "),
it follows that for two repeating units per cell the mass density p is

_2m 2M
"~V Npabc

p

~ 2% (28.0...gmol ")
(6.0221 x 1023 mol ") x (740 pm) x (493 pm) x (253 pm)

- [orgen

P15A.8 For an orthorhombic unit cell, V' = abc. Because there are 8 molecules per
unit cell, the mass density p is p = 8m/V = 8M /N, V where m is the mass per
molecule, V is the volume of the unit cell and M is the molar mass.

M = M([N(C4Ho),4][Ru(N)(S,CsHy),]) + 2M(CsH4S,%)
= [(637.9...) + 2 x (140.2...)] gmol ™" = 918.3... gmol

_ 8M
" Npabc

p

8 x (918.3... gmol ")
(6.0221 x 1023 mol ") x (3.6881 nm) x (0.9402 nm) x (1.7652 nm)

-[59gen]

For the osmium analogue, M = 1007.5... gmol™~". The osmium mass density is
estimated, assuming that the unit cell volume remains constant, using

—1 -3
pos = M(Os)pru _ (1007.5... gmol ™) x (1.99 gcm™>) :

M(Ru) 918.3... gmol '

15B Diffraction techniques

Answers to discussion questions

D15B.2 The scattering factor determines how strongly an atom scatters the X-rays, and
hence how strong the contribution from a particular atom is to a reflection. It is
defined and described in Section 15B.1(c) on page 649. For forward scattering,
the scattering factor is equal to the number of electrons in the atom.

Solutions to exercises

E15B.1(b) Bragg’slaw [15B.1b-648], A = 2d sin 8, describes the relationship between wave-
length of the X-rays A, the Bragg angle 6, and the plane separation d. Thus

A =2dsinf =2 x (99.3 pm) x sin (19.76°) =



E15B.2(b)

E15B.3(b)

E15B.4(b)

E15B.5(b)

As shown in Fig. 15B.10 on page 652, for the cubic F lattice reflections from
planes where h, k and [ are all even or all odd are present in the diffraction
pattern. Hence the first three possible reflections occur for planes (111), (200)
and (220). Using the Bragg law [15B.1b-648], A = 2dj; sin 0, and the expres-
sion for the spacing of the planes [15A.1a-645], dj,i; = a/(h? + k> + 12)'/?, the
following table is drawn up

Miller indices (111) (200) (220)

dpri a/(12+12 41212 q/(22)12 a/(2% +22)'/?
dyir /pm 234.9... 203.5 143.8...

sin 0 0.274... 0.316... 0.448...

0/° 15.9 18.5 26.6

The separation of the (hkl) planes of an orthorhombic lattice is given by [15A.1b-
645),1/d},, = h*/a* + k*/b* + 1*/c*. This distance is used with [15B.1b-648]
to compute the angle of reflection as 6 = sin™" (1/2d ;).

Miller indices  (100) (010) (111)

(1/d3,,)/pm™ 12/574.1> 12/796.8* 1%/574.1% + 1?/796.8% + 12 /495.9
dpi /pm 574.1 796.8 339.5...

6/° 4.166° 3.001° 7.057°

The Bragg law [15B.1b-648], A = 2d sin(0), is rearranged to give the glancing
angle as 20 = 2sin™! (A/2d), where d is the plane separation and A is the
wavelength of the X-rays. For the case where A = 93.222 pm,

20 =2 xsin" ! [(93.222 pm)/2 x (82.3 pm)] = 68.9...°
For the case where A = 95.123 pm,

20 =2 x sin"' [(95.123 pm)/2 x (82.3 pm)] = 70.6...°
The difference in the glancing angles is 70.6...° — 68.9...° = [1.61°]

In Section 15B.1(c) on page 649 it is shown that the scattering factor in the
forward direction, f(0), is equal to the total number of electrons in the species,

N.. Thus for Mg** .

E15B.6(b) The structure factor is given by [15B.3-650]

Fuk = ) fj ')
j
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E15B.7(b)

E15B.8(b)

where f; is the scattering factor of species j and ¢ (j) = 2n(hx; + ky; + lz;)
is the phase of the scattering from that species.

It is assumed that all the atoms are the same and have the same scattering factor
f. Species at the corners of the unit cell are shared between eight adjacent unit
cells so they have weight 3 and so the contribution from each is § f. The atom
at position (3, 3, 1) has weight 1 with scattering factor f.

Fur = Zf:],ei¢hkl(j)
j

_ lf [1 " eZink+e21nl+e21n(k+l)+e21nh+eZin(h+k)+e21n(h+l)+eZin(h+k+l)]

8
+fe21n(%h+%k+%l)

The indices h, k and [ are all integers, and €™ = (~1)" for integer n. For the

terms in the bracket all the exponents are even multiples of i, so all the terms

are equal to +1 and together they contribute +f to the structure factor. The

term due to the central atom evaluates to f(—1)"***!. For (h+ k + 1) even this

term is f so the structure factor is ‘Fhkl =f+f=2f|for (h+k+1) odd this

term is — f so the structure factor is |Fj,; = f — f = 0|.

The cubic I unit cell is shown in Fig. 15A.8 on page 643. The structure factor is
given by [15B.3-650]

Fi = Zﬁei¢hkl(j)
J

where f; is the scattering factor of species j and ¢ (j) = 2n(hx; + ky; + lz;)
is the phase of the scattering from that species.

The ions at the corners of the unit cell are shared between eight adjacent unit
cells so they have weight % and therefore, if they all have the same scattering
factor f, the contribution from each is é f. As is shown in Exercise E15B.6(b),
these ions together contribute +f to the structure factor.

The body centre atom at position (3, 5, 5 ) has weight 1 with a scattering factor
given as twice that of the other ions, hence its contribution is 2 f. The contri-

bution of this ion to the structure factor is
2fe2irr(%h+%k+%l) _ Zf(_l)(h+k+l)

The structure factor is therefore Fyx; = f +2f(=1)"**)) For (h + k+1) odd,
‘Fhkl =f-2f= —f‘, and for (h+ k+1) even,‘Fhkl =f+2f = 3f‘

The electron density distribution p(r) in the unit cell is given by [15B.4-651],
p(r) = (1/V) ¥ ppt Fpe 2 Ux+kr+12) swhere V is the volume of the unit cell.
In this case the structure factors are only given for the x direction so the sum
is just over the index h. Furthermore, because Fj, = F_;, the summation can be
taken from h =0to h = +o0

(Fhe—Znihx + FiheZnihx)

M8

Vp(x)= > Fe 2Mhx — By 4

h=—oc0

=
Il

1

=Fy+ Z Fy, (e’zmhx + ezmhx) =Fy+2 Z Fy, cos(2mhx)
h=1 h=1



In this case there are a total of ten terms to include, & = 0 to 9. Figure 15.1 shows
a plot of Vp(x) against x; the electron density is at a maximum of 142/V at

x =0 or x = 1, the boundaries of the unit cell.

150

100

50

Vp(x)

Figure 15.1

E15B.9(b) The Patterson synthesis is given by [15B.5-653],

P(r) — Z |Fhkl|2 e—2ni(hx+ky+lz)

1
v hkl

In this case the structure factors are only given for the x direction so the sum
is just over the index h. Furthermore, because Fj, = F_j the summation can be
taken from from h = 0 to h = +o0. Using a similar line of argument to that in

Exercise E15B.7(b), the Patterson synthesis is

VP(x)=F;+2 . Fjcos(2nthx)
h=1

In this case there are a total of ten terms to include, &1 = 0 to 9. Figure 15.2 shows
a plot of VP(x) against x. As expected, there strong feature at the origin; this
arises from the separation between each atom and itself. There is also a strong
feature at x = 1 which indicate that atoms are separated by 1 x a unit along the

Xx-axis.

E15B.10(b) To constructor the Patterson map, choose the position of one atom to be the
origin. Then add peaks to the map corresponding to vectors joining each pair
of atoms (Fig. 15.3). The vector between atom A and atom B has the same
magnitude as that between B and A, but points in the opposite direction; the
map therefore includes two symmetry related peaks on either side of the origin.
The vectors between each atom and itself give a peak at the centre point of the
Patterson map, and the many contributions at this position create an intense

peak.
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1000 |-
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X
Figure 15.2
Carbon atoms in benzene Patterson map

Figure 15.3

E15B.11(b) Using the de Broglie relation [7A.11-244], A = h/p = h/(mev), where p is the
momentum, . is the mass of a electron and v its speed, it follows that

h 6.6261 x 107*]s
Am. (105 x 10712 m) x (9.1094 x 10-3! kg)

V= -6.93 x 103 kms™']

E15B.12(b) From the equipartition principle the kinetic energy is Ex = %kT. This en-
ergy can be written in terms of the momentum as p?/(2m) and hence p =
(mkT)'/2. The de Broglie relation [7A.11-244], A = h/p, is then used to find
the wavelength

h 6.6261 x 10734 s

2= =
(mkT)2  [(9.1094 x 1031 kg) x (1.3806 x 10-23 JK ') x (380 K)]1/2
=[9.58 nm|
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Solutions to problems

P15B.2

P15B.4

Combining Bragg’s law [15B.1b-648], A = 2d sin 0, with the expression for the
the separation of planes for a cubic lattice [15A.1a-645], dyi; = a/(h* + k* +
12)!1/2, gives sin 0 = (A/2a) (h* + k* + 12)1/2,

The diffraction patterns for cubic cells of different types is illustrated in Fig. 15B.10
on page 652. Diffraction is possible for all (hk!) planes for a cubic P lattice, but
reflections corresponding to (h+k+1) odd are absent for a cubic I lattice. For a
cubic F lattice, reflections are absent where two out of h, k and [ are odd. These
systematic absences in a diffraction pattern allow the lattice type to be assigned.

The observation of a (100) reflection, for which (h + k + ) is odd, rules out
cubic I. The observation of a (110) reflection, for which h and k are odd, but
I is even, rules out cubic F. Therefore polonium must be cubic P, for which all
reflections are present.

The sequence of reflections expected for cubic P is shown in Fig. 15B.10 on
page 652: the fifth, sixth and seventh reflections are (210), (211) and (220),
respectively. The sine of the reflection angle is proportional to (h? + k? +12)'/2,
which for these three reflections is 5'/2, 6/2, and 8'/2: the separation between
the sixth and seventh is indeed larger than that between the fifth and sixth, as
described.

The cell dimension is calculated from a = A(h* + k? + 12)'/2/(2sin 0); each
reflection allows a separate determination of a. For the (100) reflection

A(R* + K2+ 1212 (12 + 0%+ 0112 A(1)'/?
a = = =

2sin @ 2sin 0 2sin @
154 1)1/2
_(Sapm) x5 102 pm
2 x0.225

Similar calculations for the other reflections given a = 3.44... x 10> pm and

a = 3.43... x 10> pm. The average is [a = 344 pm|.

Combining Bragg’s law [15B.1b-648], A = 2d sin 0, with the expression for the
the separation of planes for a cubic lattice [15A.1a-645], dj,x; = a/(h* + k* +
)12, gives sin = (A/2a) (h® + k* + [2)'/2. For the same reflection, a is
proportional to 1/ sin 6, therefore

sin Onac1 (564 pm) x (sin 6.00°)
sinfxa sin 5.38°

axcl = aNaCl =628.7... pm = (629 pm
The mass density p is p = m/V, where m is the mass of the unit cell. If there
are N formula units per cell then p = NM/N,V, where M is the molar mass
of a formula unit. Based on the cell parameter a, the ratio of densities of KCl
and NaCl is therefore

pKrCl Mxc1a3,¢ (74.55 gmol ') x (564 pm)>

= =[0.921]

pNaCl Myac18y; (58.44 gmol ™) x (628.7... pm)3

The experimentally determined ratio of mass densities is .99 gcm™/2.17 gcm 3=
0.917, which is close to the value determined from the diffraction data. The data
therefore support the X-ray analysis.
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P15B.6

P15B.8

The intensity of a reflection is proportional to the square modulus of the struc-
ture factor given by [15B.3-650], Fpx; = ¥ ; fjei“’hk’(j), where the phase is ¢ () =
27'[(th' + kyj + ZZJ)

For atoms at positions (0,0,0), (0, 7 2) (% %,%), and (4, 0, 3) with the same
scattering factor f

Fiuii :f(eoi +eiﬂ(k+1) 4 ei11(h+k+l) +ein(h+31/2))

For the (114) reflection, Fy 4 = f (1 47T ebm e7”i). Using the result e™ =
(-1)" it follows that F ;4 = f(1-1+1-1) =[0]. The I atoms therefore contribute
no net intensity to the (114) reflection.

The scattering intensity is given by the Wierl equation [15B.8-654],
0) = Zf,f] sin (SR,])/(SR,])
L]

where s = 47 sin (6/2)/A and the sum is over all pairs of atoms in the species.

(a) FortheBr,molecule, f; = f, = f withRj, = R. Thus I(0) = f?sin (sR)/(sR).
To find the positions of the first maximum and minimum, differentiate I
with respect to 6 and set equal to zero.

dI _dids 2nf?
d6  dsdf  s*RA

Rearranging sR cos(sR) —sin(sR) = 0 gives tan(sR) = sR which is solved
numerically to give solutions at sR = 0, 4.493, 7.725, .... Inspection of
the form of the function I(0) shows that the solution sR = 0 corresponds
to the first maximum, therefore sR = 4.493 corresponds to the first min-
imum. The angle 0 is computed from sR using 6 = 2sin™'(sA/4n) =
2sin"!(sRA/4mR). Taking the Br, bond length as 228.3 pm gives for
neutron scattering

[sRcos(sR) —sin(sR)] cos (0/2) =0

1 (4.493) x (78 pm)
47(228.3 pm)

=[14.0°]

Omax =[0] Opmin = 2 x sin~

and for electron scattering
_; (4.493) x (4.0 pm)

Omax =[0] Omin = 2 x sin - [0.72°]

471(228.3 pm)
(b) For CCly there are four carbon-chlorine pairs and six chlorine-chlorine
pairs
sin SRcc1 sinsRcic
I=4fcfa :
sRcici
. sin[(8/3)"/% sReai
:4><6><17><f2&RCCl x (17)% x f? [ 1/2 ]
sRcal (8/3) " sRca
. 1/2

I sinsRegy 51n[(8/3) / SRccl]
= = 408 —— +1061.8... x

f sRcal sRcal
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Figure 15.4

A plot of I/f? against sRccy is shown in Fig. 15.4. The values of sRcc
at which the maxima and minima occur are found using mathematical
software or, alternatively, the values can be estimated from the graph.
These values are indicted on the plot.
From the experimental data on the angles at which extrema occur, 8.y, it is
possible to calculate an experimental value s, using sex = 47 sin (0ex/2)/A.
From the graph the values of (sR)heo at which extrema occur are known,
so from each item of data a value of R is found by computing Rex =
(SR)theo/Sex- The data and computed values are shown in the table.
To complete these calculations it is necessary to know the de Broglie wave-
length associated with 10 keV electrons. The kinetic energyis E = p?/(2m.)
= eV where p is momentum, m,. is the electron mass, e is its charge and
V is the potential difference applied. Using the de Broglie relation,

h h

P (2meeV)i/2

6.6261 x 107°*]s
[2%(9.1094 x 10731 kg) x (1.6022 x 10719 C) x (1.00 x 10* V)]!/2
=12.2...pm

maxima minima

Bex 3.17°  537°  7.90° | 1.77°  4.10° 6.67° 9.17°
Sex/pm~' | 0.0283 0.0480 0.0706 | 0.0158 0.0367 0.0596 0.0819
(sR)theo | 4770 8512 1262 | 2909 6542 1059 14.46
Ry/pm | 1683 1773 1788 | 1838 1785 1777 1765

The outlying values 168.3 pm and 183.8 pm are rejected, to give an average
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value of|Rcc) = 178 pm)|.

15C Bonding in solids

Answers to discussion questions

D15C.2

In a face-centred cubic close-packed lattice, there is an octahedral hole in the
centre. The rock-salt structure can be thought of as being derived from an fcc
structure of Cl~ ions in which Na* ions have filled the octahedral holes.

The caesium-chloride structure can be considered to be derived from the ccp
structure by having Cl~ ions occupy all the primitive lattice points and octahe-
dral sites, with all tetrahedral sites occupied by Cs* ions. This is rather difficult
to visualize and describe without carefully constructed figures or models: refer
to S.-M. Ho and B.E. Douglas, J. Chem. Educ. 46, 208, (1969), for the appropri-
ate diagrams.

Solutions to exercises

E15C.1(b)

E15C.2(b)

The distance x, indicated in Fig. 15.5, is half of the width of the triangular face
of a rod. The area A of this face is 2 x base x height which is A = 1 x 2x x
2x x sin60° = \/3x2. The small equilateral triangles which are formed by the
spaces between the rods have edges of length x and thus area Apcc = V3x%/4.
Each rod is adjacent to 6 of these small triangular spaces, but in turn each of
these spaces is in contact with 3 rods. Overall, therefore, there are two small
triangular spaces per rod. The length of the rods is irrelent to the packing

fraction, and so
fe A ~ V3x? ~
A+ 2Aspace \/§x2 +2x \/§x2/4 3

Figure 15.5

The packing fraction is f = NV,/V. where N is the number of spheres per unit
cell, V, = 4nR?/3 is the volume of each sphere of radius R, and V. is the volume
of the unit cell.

An orthorhombic C cell is shown in Fig. 15A.8 on page 643. The spheres touch
along a face diagonal which therefore has length 4R. If the edge of the cube



E15C.3(b)

E15C.4(b)

E15C.5(b)

has length a it follows, by considering a face, that (4R)?* = a* + a* and hence
a = /8R. For this cell N = 2 and hence

_2x4nR’3  n

T2 Ry v

=10.3702

The coordination number N of an ionic lattice depends on the radius ratio of
the cation and anion of the lattice. The radius-ratio rule, which considers the
maximum possible packing density of hard spheres of a given radius around a
hard sphere of a different radius, provides a method to determine the structure
type. The radius ratio is y = r,/r where r; is the radius of the smallest ion and
r1 is the radius of the largest ion. If y < (2/2 — 1) then N < 6; for (2/2 - 1) <
y < (32 -1) then N = 6; for y > (3'/> = 1) then N = 8.

The range for sixfold coordination is therefore 0.414 < y < 0.732, and hence
r x 0.414 < ry < 1 x 0.732. For the case of the Rb* anion (149 pm) x 0.414 =
61.7 pm and (149 pm) x 0.732 = 109 pm. Therefore for sixfold coordination
the smallest radius for the anion is [61.7 pm|, whilst for eightfold coordination

the smallest radius is [109 pm|.

The unit cell volume V is related to the packing density f and the atomic vol-
ume v by f V = v. Assuming the atoms can be approximated as spheres then
v = 41R? /3 where R is the atomic radius. The packing densities for bcc and hep
are 0.6802 and 0.7405, respectively (Exercise E15C.2(a)). With the given data

Vbcc _ Vbee « thp _ (RbcC)3fhcp _ 1223 x 0.7405... - 0.988
thp Vhep fbcc (Rhcp)3fbcC 1263 x 0.6802... ’

Thus transformation from hcp to bec causes cell volume to |contract by 1.2%

The lattice enthalpy AHj, is the change in standard molar enthalpy for the pro-
cess MX(s) > M*(g) + X~ (g) and its equivalent. The value of the lattice en-
thalpy is determined indirectly using a Born-Haber cycle, as shown in Fig. 15.6
(all quantities are given in kJ mol ™). From the cycle it follows that

—524 kJmol ™' + AHy = (148 + 2187 + 31 + 193 — 2 x 331) kJ mol "

Thus AH; =

Solutions to problems

P15C.2

Figure 15.7 shows the packing of the ellipses; the area of an ellipse is mab where a
and b are the semi-major and -minor axes, respectively. The unit cell, indicated
by the dashed lines, is a parallelogram and contains one rod cross-section. A
pair of stacked ellipses have relative coordinates (x, y) and (x, y + 2b). The
adjacent column of ellipses is centred b higher and so the contact point has
y-coordinate b/2 higher. The equation for an ellipse is (x/a)? + (y/b)* = 1,

535
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AH;,

Mg2+(g)+2 Br(g)
193 Mg2+(g)+ Brz(g)
31 2+ 2x-331
Mg (g)+ Brz(l) Mg2+(g) +2Br" (g)
2187
Mg(g)+ Bra2(1)
148 Mg(s)+ Bra(1)
—-524 MgBr;(s)
Figure 15.6

and with this the x coordinate corresponding to y = b/2is found as x = \/3a/2.
If follows that the distance h is given by h = 2x = a+/3, and thus the area of the
unit cell is 2bh = 21/3ab. It follows that the packing density is

_1><7mb_ U

- 2\/3ab _m

The eccentricity of an ellipse is defined as ¢ = [1 — (b*/a®)]/%. The packing
fraction is independent of a and b and thus is independent of eccentricity.

f =[0.907

Figure 15.7

P15C.4 (a) The general expression for the energy levels in a one-dimensional metallic
conductor is given by [15C.1-658], E(k) = a+2f cos(kn/[N +1]) where
k =1,2,...,N. It is convenient to first compute dE/dk

d—E—i[chrZﬁcos( kn )]__2/571 sin( kn )
dk — dk N+1/I N+1 N+l

1/2
The identity cos” x +sin” x = 1is used to write sin x = (1 — cos? x) / ,and

in turn this is used to rewrite sin[ krt/(N+1)] as [1 — cos? (knt/[N + 1])]1/2.

The expression for the energy levels, E(k) = a + 23 cos[kn/(N +1)], is



P15C.6

P15C.8

rearranged to give cos (kn/[N +1]) = (E - «)/(2). These two substi-
tutions are used in the expression for the derivative

dE 2Bn ( kn ) 2B [ 2( kn )]1/2
— = sin =- 1—-cos
dk N+1 N+1 N+1 N+1

_ 2fBm ! E—oczl/2
T ON+1 _( 28 )

Density of states p(E) is defined as p(E) = dk/dE, thus

dk 1 (N+1)/2Bn
E - dE/dk N _[1 B (“)2]1/2
2P

p(E) =

(b) AsE » a+2f, E— a — +2f3, and thus (E — a)/2f — +1. It follows that

_(N+1)/2Bm

P T

Thus the density of states increases towards the edges of the bands in a
one-dimensional metallic conductor.

The wavefunction for a ring of N atoms must be such that it has the same value
at the (hypothetical) atom with index (N + 1) as it does for the atom with index
1 because, in a ring these two atoms are the same. This can only be achieved if
the wavefunction varies in such a way that it goes through a whole number of
cycles around the ring.

The wavefunction for a line of atoms is not constrained in this way, so if a linear
chain were to have its ends ‘connected’ to form a ring, some wavefunctions of
the linear chain would not satisfy requirements necessary to be a wavefunction
for a ring of atoms.

The energy levels of a line of atoms are non-degenerate, but for a ring all of the
levels, apart from the one with k = 0, are doubly degenerate. This degeneracy
can be associated with the possibility that the electron can travel clockwise or
anti-clockwise around the ring. For a chain, no such net motion is possible.

(a) Assuming that the ionic radius of Ca* is close to that of K, the radius-
ratio rule can be used to predict the lattice structure of CaCl. The radius
ratio is y = 138 pm/181 pm = 0.762; this is > 0.732, therefore eightfold
coordination, as in CsCl, is predicted and the appropriate value of the
Madelung constant (Table 15C.3 on page 662) is A = 1.763.

The Born-Mayer equation, [15C.5-662], is used to estimate the lattice
enthalpy since when zero-point contributions to potential energy are ne-
glected then lattice enthalpy is equal to the negative of E, min. In this
expression, z; is the charge number of ion i, d is the distance between
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neighbouring centres, A is the Madelung constant, ¢, is the vacuum per-
mittivity and d* is taken to be 34.5 pm.

Taking the ionic radii from Table 15C.2 on page 661 as rca+ ~ rg+ =
138 pm and r¢j- = 181 pm, d = (138 + 181) pm = 319 pm.

Nalzazsle? d*
By = —AlZazsle” (1 . 7)A

47'[80d d

~(6.0221 x 102 mol ") x (1.6022 x 1071? C)?

" 4mx (8.8542x 10712]71 C2m~1) x (319 pm)

wf1- 34.5 pm
319 pm

) x 1.763 = —685 k] mol !

Thus the lattice enthalpy of CaCl(s) is AH, = .

The relevant Born-Haber cycle is shown in Fig. 15.8; all of the enthalpy
changes quoted in the diagram are in k] mol . The first ionisation energy
of Ca, +589.7 kJ mol ™}, is taken from Table 8B.4 in the Resource section.
It follows from the cycle that AfH® = 176 + 589.7 + 122 — 349 — 685 =

Ca*(g)+Cl(g)
122 Ca*(g)+5Cla(g) ~349
Ca™(g) +Cl (g)
590 (8) 8
Ca(g)+%Clz(g)
176 Ca(s)+%Clz(g) —AHL = —685
A¢H® CaCl(s)
Figure 15.8

(b) The disproportionation reaction for CaCl(s) is 2 CaCl(s) - Ca(s) + CaCl,(s).
Using data from Table 2C.5 in the Resource section and using the enthalpy
of formation of CaCl(s) calculated in part (a),

AH® = A¢H® (Ca(s)) + AcH® (CaCly(s)) — 2A¢H® (CaCl(s))
=[0-795.8-2(-146)] kJmol ™" = —504 k] mol "

Hence the disproportionation reaction is strongly exothermic. The en-
tropy change for this reaction is expected to be close to zero since there
is no change in the number of species or their physical state, so it can
reasonably by concluded that A,G® will also be negative, thus favouring
the products of the reaction. Thus, it is plausible that CaCl is thermody-
namically unstable with respect to disproportionation.



P15C.10

The Madelung constant is found by considering the contributions to the po-
tential energy of an ion that arise from interactions with the surrounding ions,
taking into account their number and distance from the ion in question. Con-
sider the central cation, and assume that the successive circles of anions and
cations are at distances r, 2r .... The first circle contains four anions, so the
interaction with these will result in a negative contribution to the potential
energy of —4xe? /(4meor). The next closest are four cations, and these will make
a positive contribution to the potential energy of +4 x e*/(4mey2r). Similar
considerations apply to further circles of ions giving a series

4¢? 4¢? 4e? 4e?
= — + — + +
dnegr  4Ameg(2r)  4meo(3r)  4meo(4r)

e? ( 1 1 1 )
- x4x|1-=+-—-=+...
4mnegr 2 3 4

The series in parenthesis is the series expansion of In 2, so the potential energy
is
62
V=- x4 x1In2
4megr

The Madelung constant in therefore [A = 4In2 = 2.773]

For the periodic lattices described in the text the same result is obtained regard-
less of which ion it chosen as the ‘central’ ion in the calculation. This is certainly
not the case for the arrangement considered in this Problem simply because the
arrangement of ions is not periodic and no unit cell can be defined.

15D The mechanical properties of solids

Answer to discussion question

Solutions to exercises

E15D.1(b)

The relationship between the applied pressure p, the bulk modulus K, and the
fractional change in volume AV/V is given by [15D.1b-666], K = p/(AV/V).
From Exercise E15D.1(a) the bulk modulus of polystyrene is 3.43 GPa. The
fractional change in the volume is therefore

AV p 1000 x 10° Pa
— =L T " -0.029...
V. K 343x10°Pa

The change in volume is expressed in terms of the initial and final volumes, V;
and V¢
AVIV = (V= W)V hence V;=(AV/V)Vi+V;

where it is assumed that the change in volume is small enough that V is well-

approximated by Vi. Thus V¢ = —(0.029... x 1.0 cm®) + 1.0 cm® = .
Note that AV must be negative because the sample is compressed by the addi-
tional pressure.

539
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EI5D.2(b)

E15D.3(b)

The Young’s modulus E is related to the stress o and the strain ¢ by [15D.1a-666],
E = o/e. Stress is given by 0 = F/A where F is the force applied and A is the
cross-sectional area. Strain is given by ¢ = AL/L where L is the initial length
of the rod. It follows that E = FL/AAL and hence F = EAAL/L. The Young’s
modulus of polystyrene is 4.42 GPa.

EAAL
F=—
L
~ (4.42x10% Pa) x [ x (0.5 x 107 m)?] x (10.05 cm — 10.00 cm)
- 10.00 cm

=[17N]

Poisson’s ratio, vp, is defined in [15D.2-667], vp = €trans/Enorm> Where &qans is
the transverse strain and &, is the normal (uniaxial) strain. If the normal
strain is 2.0%, it follows that the change in length ALy, is

ALnorm = enoranorm =0.02 x (01 1’1’1) =2.0x 10_3 m

The transverse strain is &yans = Vpénorm» SO the change in dimension in the
transverse direction ALyqns 1S

ALirans = €transLtrans = VPE€norm Lirans = 0.41 x 0.02 x (01 m) =8.2x 1074 m
It is expected that the result of applying the stress will be to decrease the size
of the cube in the transverse dimension (that is ALaps is negative), and that

the decrease will be the same in each transverse direction. The volume after the
stress has been applied is therefore

(0.1m+2.0x107° m) x (0.1 m-8.2x107* m)* = 1.00334... x 107> m’

The change in volume is 1.00334...x 10> m*~1.0x107> m® = 3.3 x 10~% dm’

Solutions to problems

P15D.2

If neighbouring molecules interact by a Lennard-Jones potential energy then
the bulk modulus K is related to the Lennard-Jones parameter ¢ (the depth of
the potential well) by K = 8N ¢/ Vi, where Vj,, is the molar volume. The molar
volume is expressed in terms of the molar mass M and the mass density p as
Vin = M/p. From the Resource section the mass density for water at 298 K is
1.0 gcm ™, and the molar mass is 18.01... gmol .

KVn, KM (3.4 x 10° Pa) x (18.01... gmol ")
&= = =
8Na  8Nap 8x(6.0221 x 1023 mol ") x (1.0 x 106 g m=3)
=1.27..x107%]

Hence ¢ = (1.27... x 1072°J) x (6.0221 x 10** mol ") =|7.7 kJ mol



15E The electrical properties of solids

Answer to discussion question

Solutions to exercises

E15E.1(b)

E15E.2(b)

E15E.3(b)

Assuming that the temperature, T, is not so high that many electrons are excited
to states above the Fermi energy, Er, the Fermi-Dirac distribution can be writ-
ten as [15E.2b-671], f(E) = 1/[e*~F:)/KT 1 1], where f(E) is the probability
of occupation of a state with energy E.

For E = Ep — kT, f(Eg — kT) = 1/[e(Er=kT=E)/kT 1 1] = 1/[e7! + 1] =[0.731
Compared to the state with energy E = Eg + kT, for E = Ex — kT the probability
of the state being occupied is much greater, and this is simply a reflection of

the fact that the probability of a state being occupied decreases as the energy
increases.

The Fermi-Dirac distribution is given by [15E.2b-671], f(E) = 1/[e(F~E0)/kT
1], where f(E) is the probability of occupation of a state with energy E, and
Er is the Fermi energy. In this case Er = 2.00 eV = 3.20... x 107'? ], using the
conversion factor from inside of the front cover. With some rearrangement of
the expression for f(E) it follows that

E=kTIn[1/f(E) - 1] + Ep
=(1.3806 x 1072 JK 1) x (298 K) x In (1/0.10 — 1) + (3.20... x 107"° J)
=3.29..x 107 J = [2.06 eV]

Gallium is a Group 13 element and germanium is a Group 14 element. Thus, an
electron can be transferred from a germanium atom to a neighbouring gallium
atom, thereby creating a hole in the valence band and increasing the conduc-
tivity of the material relative to pure germanium. This type of doping results in

an semi-conductor.

Solutions to problems

P15E.2

The Fermi-Dirac distribution is [15E.2a-670], f(E) = 1/[eE=#)/kT 1 1], where
f(E) is the probability of occupation of a state with energy E and y is the
chemical potential.

(i) For E < u then lTin})(E—y)/kT: —00 50 le})f(E) =1/(e®+1) =[]

ForE > /,ttheanin})(E—‘u)/kT: +oos01Tin})f(E) =1/(e® +1) =1/c0 =[0]

(if) The integral is evaluated at T = 0 by splitting it into two and using the
limits obtained in (i).
f(E)=1 f(E)=0
U —_—— —_——
0

N= [T pEfE)dE= [ p(E) SE) dE+ [T p(E) F(E) dE

u u
- [TpE)de- [T cEdE- 2ow”
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P15E.4

Substituting C = 41tV (2m./h?)>/? gives

N= 3 (Zme)3/2 302

3 \ h2

(iii) Rearranging the previous equatio to make y the subject gives

3N\ K2
”_(Snv) 2m.

With V' = N/V gives

3N\ 2
v ()

2mM,

(iv) Ifeach sodium atom contributes one electron to the solid, N is equal to the
number of sodium atoms in the solid. The mass density p is expressed as
p=MN/NAV = MN /N4, where M is the molar mass of sodium. Hence

N: pNA/M
B (3PNA)2/3 K2
-\ 8nM 2me
~ [3 x (9.7 x 10° gm~?) x (6.0221 x 10?* mol ")
87 x (22.99 gmol ')

2/3

(6.6261 x 1073 5)? 19
x =5.049... x 10 =[3.2¢V]
2% (9.1094 x 10~31 kg) J

The conductance, G, of germanium is predicted to have an Arrhenius-like tem-
perature dependence. The given equation is rearranged to give a straight-line
plot

E
G= Goeng/ZkT hence InG=InG,- —2
2kT

Hence aplot of In G against (1/T') should be a straight line with slope —Eg /2k.The
data are plotted in Fig. 15.9.

T/K G/S (1/T)/K' In(G/S)

312 0.0847 0.00321 -2.469
354  0.4290 0.00282 —-0.846
420 2.8600 0.00238 1.051

Linear regression analysis gives the equation for the best-fit line as
In(G/S) = (-4.270 x 10°) x (1/T) /K" + 11.22
The band gap is computed from the slope
Eg = =2k x (slope)
= -2x(1.3806 x 107 JK™") x (-4.270 x 10° K) = 1.179 x 107" |

=10.736 eV
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In (G/S)

| L | L | L | L
0.0024 0.0026 0.0028 0.0030 0.0032

(1/T)/K!

Figure 15.9

It is assumed that the volume of the unit cell does not change on substitution
of Ca for Y. A tetragonal unit cell has volume V = ac, where a and c are the
sides of the unit cell. The mass density p is given by p = m/V, where m is the
total mass of the unit cell. Therefore p = NM /(N5 V) where N is the number
of formula units per unit cell and M is the molar mass of a formula unit. It
follows that M = pN V/N.

There are two formula units in each unit cell so N = 2 and
M = 2(200.59) + 2(137.33) + 88.91(1 — x ) + 40.08x + 2(63.55)
+7.55(16.00)] gmol " = (1012.65 — 48.83x) gmol "
From the data given
M= %pNAazc
= 1(7.651 x 10° gm™?) x (6.0221 x 10** mol ") x (0.38606 x 10™* m)?
x (2.8915 x 107 m)
=992.82 gmol '

Equating the expression for M with its numerical value gives 992.82 = (1012.65—
48.83x), hence x = (1012.65 — 992.82)/48.83 =[0.406].

15F The magnetic properties of solids

Answer to discussion question

Solutions to exercises

E15E.1(b)

The magnetic moment m is given by [15E3-675], m = g.[S(S+1)]/?up, where

ge = 2.0023 and pp = eh/(2m.). For Mn>*, 5.3up = g.[S(S + 1)]"/?us, the
constant yp cancels leaving a quadratic which is solved for S

$2+8-(5.3/2.0023)° =0 S =1(-12V/1+4x1x7.006...) = ~0.500+2.693...
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E15E.2(b)

EI5E3(b)

E15F.4(b)

Of the two solutions, S = —3.19 is non-physical, and the solution § = 2.19
is reasonably close to S = 2. A plausible conclusion is that Mn®* has
unpaired electrons. Most Mn?* complexes in fact have five unpaired electrons.

The molar susceptibility ym of a substance is given by [15E2-674], ym = XV,
where y is the volume magnetic susceptibility and Vi, is the molar volume.
The mass density p can be written p = M/V,,, hence V;,, = M/p. With the data
given

XM (=7.9x1077) x (6 x 12.01 + 12 x 1.0079) gmol "’
Cp 0.811 gem™3

Xm = XVm

= ‘—8.2 x 107! m? mol_l‘

The molar susceptibility ., of a substance is given by [15E4b-675], the Curie
law,

NaglpoupS(S+1)

C
m= = h C:
X T whnere

3k
This is rearranged to give the spin quantum number as
3kT ym
S(S + 1) = %
Nagethops

3% (1.3806 x 1072 JK™") x (298 K)
(6.0221 x 1023 mol ™) x (2.0023)2
6.00 x 10~® m® mol ™"
(12566 x 106 ] 2 C2 m-1) x (9.2740 x 10-24] T~ )2
=2.838...

To sort out the units the relations I T=1kgs > A" and1 A =1Cs™', hence
1 C =1 As, are useful. The value of S is found by solving the quadratic

§2+5-2.838..=0  S=1(-1+V1+4x1x2838..)=-0.500 1.757..

The root S = —2.26 is non-physical. The other root, S = 1.26, implies an
effective number of electrons of 2 x 1.26 = (higher precision is not justified
because the expected result is an integer).

The 8 electrons in a Ni** octahedral complex are arranged in the t,; and e,
orbitals such that there are 2 unpaired electrons. The discrepancy between this
and the value of determined above arises because the analysis here considers
only the contribution from the electron spins and does not include any possible
orbital contribution; in addition, the effect of interactions between the spins is
not considered.

The spin contribution to the molar magnetic susceptibility is given by equation
the Curie law, [15F.4b-675]

NagauopsS(S+1)
3k

Xm = % where C=



E15E5(b)

If octahedral coordination and a high-spin arrangement are assumed, the 5 d

electrons in Mn?* are arranged as tggeé so theoretically there are 5 unpaired

electrons and S = %

Nagluops _ (6.0221 x 10* mol ") x (2.0023)°
3k 3x (1.3806 x 1022 JK 1)
x (1.2566 x 107°] s> C2 m™) x (9.2740 x 1072 JT71)?
= 6.302... x 107° m® Kmol ™

To sort out the units the relations 1 T = 1kgs™? A~ and 1 A =1 Cs™ !, hence
1 C =1 As, are useful. The molar susceptibility follows as

_ (6:302..x107° m’ Kmol ™) x ($)(3 +1)
298 K

Xm :‘1.85 x 1077 m? mol_l‘

Superconductors classed as Type I show abrupt loss of superconductivity when
an applied magnetic field exceeds a critical value 7. characteristic of the mate-

rial. The dependence of 7. on T is given by [15E5-676], Hc(T) = Hc(0) [1 - T2/ T?],

provided T < T.. This relationship is rearranged to give T for a given applied
field

/2 112

H(T) ] [ 150 kA m ]

T=T.|1- =(95K)|1- ————| =[21K]
[ H(0) ] ( ) 158 kAm™*

The material must be cooled to 2.1 K or lower to remain superconducting in a

magnetic field of 150 kAm™".

Solutions to problems

P15E.2

No data is given in the degeneracy of the electronic levels, so any possible effect
of this is ignored in this answer (in fact both the ground and excited states are
doubly degenerate, which does not affect the result). Assuming that the ground
state has energy zero, and the excited state has energy e, it follows that p;/pg =
e ¢/kT where p, and p; are the probability of the ground and excited states
being occupied. By definition py + p; = 1, so it follows that p; = e */¥T/(1 +
e¢/kT). Multiplying top and bottom of this expression by e¢/*T gives p; =
1/(eS/*T + 1)

Since the ground state of NO exhibits no paramagnetism, only molecules in
the excited state contribute to the molar magnetic susceptibility. Consequently,
[15FE.4b-675] must be modified to include the probability of the state being
occupied

_ PiNagepousS(S+1) _ NageuoupS(S +1)
" 3kT 3kT(e/kT + 1)

The magnetic moment m is given by [15E3-675], m = g.{S(S + 1)}/ us.
Rearranging this gives S(S + 1) = [m/(geps)]’> which is substituted into the
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previous equation to give

__ Napom® _ Napox (2up)’*
Am 3kT(es/¥T +1)  3kT(es/kT +1)

where m = 2up is used, as given in the question.

It is convenient to evaluate the term ¢/k = hev/k
hev (66261 x 10734 s) x (2.9979 x 10" cms™!) x (121.1 cm™)
& 1.3806 x 1022 JK~!
and also to evaluate
4Napopd 4% (6.0221 x 102 mol ™) x (1.2566 x 10°Js* C 2 m™!)

3k 3% (1.3806 x 10~ JK™1)
x (9.2740 x 1072*JT™1)? = 6.286... x 10°° m> mol ' K

=174.24..K

The final expression for the molar susceptibility is therefore

~ (6.286... x 107° m® mol "' K)
Xm = TR x (1 + (742 /(TR )

This quantity is plotted as a function of temperature in Fig. 15.10. Initially yp,
increases due to the increasing population of the (paramagnetic) upper state.
Eventually, a temperature is reached at which the populations of the two states
are pretty much equal, and then y,, starts to fall off in the way predicted by the
Curie law. Thus, there is a maximum in the plot of ., against T.

—~ 10
5
=) L
g
1|
<
g L
=
0 | | | | |
0 50 100 150 200 250 300
T/K
Figure 15.10

15G The optical properties of solids

Answers to discussion questions

D15G.2 See Section 15G.3 on page 680. Significant non-linear effects are only seen when
strong (oscillating) electric fields are applied. The intense light available from
some lasers provides such a field.



Solutions to exercises

E15G.1(b) The maximum wavelength that allows promotion of electrons is

1o he  (6.6261 x 107*Js) x (2.9979 x 10°ms™")

== — =1.10..x 10 m
Ae (1.12 V) x (1.6022 x 10719 eV~")
or L1l um
Solutions to problems
P15G.2 (a) The excited states of a dimer have energies 7. = ¥mon £ B With the given

(b)

parameters f3 is evaluated as

2

R Hmon 2
= ——mon__(1-3 0
B 4dneghcr? ( cos” 6)

[4.00 x (3.3356 x 107> Cm)]?
T 4n(8.8542x 10 12]1C2m 1) x (6.6261 x 1034 5)
5 (1-3cos*0)
(2.9979 x 108 ms~1) x (0.50 x 10~ m)?
= (6.44...x 10* m™')(1 - 3cos® 0) = (6.44... x 10* cm™ ") (1 - 3 cos’ 6)

Therefore the energies are
vy /em™! = 25000 + (6.44... x 10*)(1 - 3 cos® §)
A plot of these as a function of 8 is shown in Fig. 15.11.
By analogy with [15C.1-658] the energies are given by
Vehain = Pmon + 2V cos (knt/[N +1])

where k = 1,2,3,...,N. From part (i) when 0 = 0,/3 = —1.28... x
10% cm™!; this is the value of V.

The lowest-energy spectroscopic transition is from the ground state (de-
fined to have energy zero) to the state with k = 1, and therefore occurs at
a wavenumber of

Pmin = Vmon + 2V cos (/[N +1])
Pmin/cm™! = 25000 — (2.57... x 10*) cos (n/[N +1])

This value of k makes cos(kn/[ N+1]) as close as possible to its maximum
value of 1, and because V' is negative, this gives the lowest energy.

N=5  $mn/em! = 25000 — (2.57... x 10*) cos (11/6) =
N=10  ¥mpn/cm™! = 25000 — (2.57... x 10*) cos (1/11) =
N=15  #ym/em™" =25000 — (2.57... x 10%) cos (11/16) =
N=00  ¥min/em™" = 25000 — (2.57... x 10*) cos (1/00) =

For large N the cosine term tends to 1 and the transition is as Vmen + 2V.
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(c) Because the model considers only nearest neighbour interactions, the tran-

sition dipole moment of the lowest energy transition is |independent| of

the size of the chain.

27000

26000

25000

v/ cm™!

24000

23000 : : :
0 50 100 150

Figure 15.11

Answers to integrated activities

The scattering factor f(8) is given by [15B.2-649]

sinkr , 4n

f(@):4n-/0 p(r) o redr k:751n9

The quantity 4nrp(r) is identified as the radial distribution function P(r),
which is given in terms of the radial wavefunction of the orbital, P(r) = R(r)*r?

o= [ rer)

The requested plot is of f(0) as a function of & = sin 8/, hence k = 4n& and

70)= [T Sm(‘mfr) -5 [l RO)? sin(angr) rar

From Table 8A.1 on page 306 the 1s hydrogenic orbital the radial wavefunction
is R(r) = 2(Z/ay)>/*e %1%, and so the radial distribution function is P(r) =
R(r)*? = 4(Z]ay)>r*e 2?7/ The integral has to be evaluated numerically
using mathematical software. The parameter ¢ is some fraction of 1/A, where
A is the wavelength of the X-rays used. Typically A = 100 pm so £ is less
than 10'° m™!. The upper limit of the integration can conveniently be set to
a modest multiple of the Bohr radius, say 1004, because beyond this distance
the electron density will be negligible. The computed scattering factor is shown
in Fig. 1512 for Z = 1 and Z = 2. As expected, for forward scattering, & = 0,
the scattering factor is equal to the number of electrons, in this case 1. As &



increases the scattering factor falls off, but the decay is slower for the more

compact orbital with Z = 2.
For a 2s hydrogenic orbital

R(T’) = 8_1/2(Z/g0)3/2(2 _ Zr/ao)e—Zr/zao
P(r) = 871(2/‘20)3(2 - Zr/a0)2r2e*2r/ao

The computed scattering factor

is shown in Fig. 1513 for Z = 1 and Z = 2.

As for the 1s orbital the scattering factor is equal to 1 for forward scattering.
Compared to the 1s the scattering from 2s falls off more quickly and also shows

some small negative excursions.

1.0 < T T T
. \\\ —_— Z = N
0.8} ---Z=2}
0.6 - |
~ - |
0.4} \\ |
0.2 |
00 I | | I | -
0.000 0.002 0.004 0.006 0.008 0.010
/(102 m)
Figure 15.12
1.0 N T I I
* —2Z=1
. \\\ - Z B 2 B
\\
S— 05 [ ‘\‘ B
0‘0? | | | \\\-_\_-_\———\ _\-—_\___7
0.000 0.001 0.002 0.003 0.004 0.005
/(10" m)

Figure 15.13
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@ Molecules in motion

16A Transport properties of a perfect gas

Answers to discussion questions

D16A.2

The diffusion constant is given by [16A.9-694], D = %Avmean. The mean free
path A decreases as the pressure is increased ([16A.1a-690]), so D decreases
with increasing pressure and, as a result, the gas molecules diffuse more slowly.
The mean speed v eapn increases with the temperature ([16A.1b-690]), so D also
increases with temperature. As a result, molecules in a hot gas diffuse more
quickly than those when the gas is cool (for a given concentration gradient).
Because the mean free path increases when the collision cross-section ¢ of
the molecules decreases, the diffusion coefficient is greater for small molecules
than for large molecules.

The viscosity is given by [16A.11c-696], = %vmean/\m/\f . The mean free path
is inversely proportional to the pressure and N is proportional to the pres-
sure, therefore the product AN, and hence the viscosity, is independent of
pressure. The physical reason for this pressure-independence is that as the
pressure increases more molecules are available to transport the momentum,
but they carry it less far on account of the decrease in mean free path. The
mean speed goes as T'/? (at constant volume) and so the viscosity increases
with temperature. This is because at high temperatures the molecules travel
more quickly, so the flux of momentum is greater.

Solutions to exercises

E16A.1(b) For a perfect gas, the collision flux Z,, is [16A.7a-693], Z, = p/(2nmk T)'/2.

The number of helium molecule collisions within area A in time interval ¢ is
therefore N = Z,, At. The mass m is written in terms of the molar mass M:
m=M / N A

1/2

p PN
N=Z,At= At =
(2nmkT)!/2 (2nMKT)/2

_ (111 Pa) x (6.0221 x 102 mol™")'/2 x [(3.5 x 4.0) x 10~ m?] x (10's)
[27 x (0.004 kgmol ') x (1.3806 x 10-23 JK™!) x (1500 K)]1/2

= collisions

At
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E16A.2(b) The diffusion constant is given by [16A.9-694], D = %)Lvmean, where A is the
mean free path length A = kT/op [16A.1a-690], and Vpeqy is the mean speed
Umean = (8RT/mM)'/? [16A.1b-690].

1kT [8RT]1/2

D=--— |22
3oplnM

(13806 x 1072 K1) x (293.15 K) [ 8x(8.3145 ] K" mol™')x (203.15K) |"/*

3x (4.3 x 1071 m?) x (p/Pa) 7 x (0.02802 kgmol ")
1
= (1.476... m*s™!
( m’s ) x p/Pa

The flux of nitrogen molecules atoms ], is related to the diffusion coefficient D
and the concentration gradient d\'/dz by [16A.4-691], J, = -DdN/dz. From
the perfect gas equation, pV = NkT, the number density is expressed in terms
of the pressure as N' = N/V = p/kT. With this, the concentration gradient is
written in terms of the pressure gradient: dA//dz = (1/kT)dp/dz, and hence
the flowis J, = -(D/kT)dp/dz

-Ddp -1 _ (1.476..m*s™") x (1.2x 10> Pam™")

= —— = X
2 kT dz  p/Pa (1.3806 x 10-23JK™') x (293.15K)
-1
= (4.37..x 10 m*s7") x
p/Pa

p/Pa D/(m*s™")  J,/(m?s™")  (J/Na)/(molm™?s")
100.0 1.48 107>  -4.38x10®  -0.73
1.00x 10° 1.48x107° —-4.38 x 10%° -7.3x107*

2.00x 107  7.38x107%  -2.19x10"® -3.6x107°

E16A.3(b) The thermal conductivity is given by [16A.10c-695], k = vpD/T, where the
diffusion coefficient D is given by [16A.9-694], D = Avean/3. The mean free
path A is given by [16A.1a-690], A = kT/op, and the mean speed vyean is
given by [16A.1b-690], vimean = (8RT/nM)'/?. The quantity v is the number
of quadratic contributions to the energy, and this is related to the heat capacity
by Cy m = vkNa, hence v = Cy 1y /kNa. The thermal conductivity is therefore
expressed as

T 3T kN, 3T ap
20.8 JK ' mol™
3 x (4.3 x 10719 m?) x (6.0221 x 1023 mol ")
8 x (8.3145J K mol ") x (298 K) /2
) ( 7 x (2.802 x 10-2 kgmol ') )
=[13x10?JK 'm's7!]

_vpD  vpAUmesn  Cyim p kT (8RT)1/2 ~ Cym (8RT)1/2
- nM /) 30N,y \ 1M

hence x =




E16A.4(b)

E16A.5(b)

E16A.6(b)

The thermal conductivity is given by [16A.10c-695], k = vpD/T, where the
diffusion coefficient D is given by [16A.9-694], D = Avean/3. The mean free
path A is given by [16A.1a-690], A = kT/op, and the mean speed vpean is
given by [16A.1b-690], Viean = (8RT/nM)'/?. The quantity v is the number
of quadratic contributions to the energy, and this is related to the heat capacity
by Cy,m = vkNa, hence v = Cy 1y /kNa. The thermal conductivity is therefore
expressed as

=72 W G p KT (BRI Cum (SRTVE
T 3T  kNa 3T op '

3T M - 30Ny \ M

Rearranging gives an expression for ¢ in terms of the thermal conductivity

Cv.m (8RT)1/2
oo

© 3kN, \ M

The value of C, 1, is given in the Resource section; Cy i, is found using C, m —
Cyv,m = R for a perfect gas. The tabulated values of the thermal conductivity
are at 273 K. These can be converted to values at 298 K by using the fact
that ¥ o T'/2, which follows from eqn 16.1 provided that the hat capacity
can be assumed to be constant over the temperature range of interest. Hence
K208 k & (298 K/273 K)l/2 K573 k; with the value from the Resource section this
gives Kyog k = 2.40 x 1072(298/273)"/2 =2.50... x 102 JK ' m~'s7!

~ (29.125JK ' mol ") - (8.3145J K mol ")
3% (2.50... x 102 JK ' m=1s71) x (6.0221 x 1023 mol ")

-1 -1 1/2
X(sx(s.3145]1< mol )><(298K)) 038 o

7 x (2.802 x 10-2 kgmol ')

The value reported in Table 1B.2 on page 17 is 0.43 nm?.

The flux of energy is given by [16A.3-691], J, = —«x dT/dz. The value of the
thermal conductivity x for N, at 298 K is determined in Exercise E16A.3(b) as
1.3x 1072 JK ' m™'s™!. As is seen in that Exercise, x o< T'/? provided that
the heat capacity is constant over the temperature range of interest. It therefore
follows that 290k = (290 K/298 K)'/? kye5 x = 1.28... x 1072 JK'm~'s7L.
With these data the flux is computed as

J, = —xdT/dz = ~(1.28..x10 2 JK ' m™' s ")x(8.5Km™") =

The flux of energy is given by [16A.3-691], J, = —xdT/dz, where « is the
thermal conductivity and the negative sign indicates flow of heat is towards
the lower temperature. The rate of energy transfer is r = J, A, where A is the
cross-sectional area. The temperature gradient is approximated as dT/dz =
AT/Az. The value of x is approximated as the value given for N, in the Re-
source section, 24 mW K~! m~!; because 1 W =17 s7! it follows that x =
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E16A.7(b)

E16A.8(b)

24%x1072JK 'm s,

r=J,A=-kA—
I Az

[(0) - (70)] K _

0.0500 m

=—(24x 102 JK "'m™s7!) x (2.00 m?) x 67 W

The viscosity # is given by [16A.11c-696], # = pMD/RT. In turn the diffusion
constant is given by [16A.9-694], D = %/\Umean, where A is the mean free
path length A = kT/op [16A.1a-690], and Upmean is the mean speed vyean =
(8RT/nM)'/? [16A.1b-690]. The first step is to find an expression for # as a
function of temperature

:WZPMH"(W)”:M(SRT)”L 1 (8RM)“2T1/2
RT RT 30p \ M 30Ny \ M 30N, T

B 1

3 x (8.8 x 10719 m2) x (6.0221 x 102> mol ")

y (8 x (8.3145JK ' mol™") x (0.078... kgmol ") )1/2 712
T

= (8.08...x 107 kgK /> m~"'s71) x (T/ K)'/?

where 1] = 1kgm” s~2 has been used to arrive at the units on the final line. Us-
ing this expression the following table is drawn up (recall that 107 kgm ™' s7! =

1 uP)

T/K  n/(kgm™'s™')  5/(uP)

273 1.34 x 107° 134
298 1.40 x 1073 140
1000 2.56x107° 256

In the solution to Exercise E16A.7(b) it is shown that

1 (SRMT

B 1 (8RMT)1/2
30N,

1/2
) hence o=
377NA

n

Tt T

Recalling that 1077 kgm ™" s™! = 1 uP, the cross section is computed as

1
o=
3 x (1.66 x 105 kgm ™" s71) x (6.0221 x 1023 mol ")

5 (8 x (8.3145JK ' mol™") x (0.02802 kgmol ") x (273 K) )1/2
T

=[0.424 nm’|



E16A.9(b)

E16A.10(b)

E16A.11(b)

The rate of effusion, r is given by [16A.12-697], r = pAoNa/(2tMRT)'/?; this
rate is the number of molecules escaping through the hole in a particular period
of time, divided by that time. The mass loss Am in period At is therefore Am =
AtpAgNA/(2nMRT)'/? x m, where m is the mass of a molecule. This mass is
written m = M /N and so it follows Am = AtpA;M"'/?/(2rRT)'/?. Evaluating
this with the values given

AtpAgM'/?
m = 2tPA0Y
(2nRT)/2

86400 s) x (0.224 Pa) x 1t x (1 x 3.00 x 107> m)?2 x (0.300 kg mol !)!/2
2 g

[2 x 7 x (8.3145) K™ mol™") x (450 K)]1/2

=4.89x 107" kg =

The rate of effusion, r is given by [16A.12-697], r = pAoNa /(2nMRT)'/?; this
rate is the number of molecules escaping through the hole in a particular period
of time, divided by that time. The mass loss Am in period At is therefore Am =
AtpAoNa/(2tMRT)Y? x m, where m is the mass of a molecule. This mass is
written m = M/Ny and so it follows Am = AtpAgM'/?/(2nRT)"/2. This is
rearranged to give an expression for p

_ Am(2nRT)'Y?>  Am (2ﬂRT)1/2
O AtAGM2 AtAp\ M

2.77x 10" kg (2n x (8.3145J K" mol ™) x (573.15K) )1/2

B (500 s) x 1t x (2.5 107* m)?

={1.09 x 10° Pa

0.200 kg mol ™"

The rate of effusion, r is given by [16A.12-697], r = pAgNx/(2tMRT)/?; this
rate is the number of molecules escaping through the hole in a particular period
of time, divided by that time. In this experiment the pressure changes so the rate
of effusion changes throughout the experiment; nevertheless, the rate is always
proportional to M~'/2, The two experiments involve comparing the time for
the same drop in pressure, therefore the only factor that affects this time is the
molar mass of the effusing gas. Because the rate is proportional to M~'/2 the
time for a given fall in pressure will be proportional to the inverse of this, that
is M'/2_1t follows that

rate forgas A time for gas B (1\/13)1/2
rate for gas B timeforgas A\ My

Therefore

1/2 2
823s ( My ) L (823) -
855 (MNZ) hence Mjy = (28.02 gmol ") (m) =555 gmol
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E16A.12(b) The rate of effusion is given by [16A.12-697], dN/dt = pAoNx/(2nMRT)'/?;
this is the rate of change of the number of molecules. If it is assumed that the
gas is perfect, the equation of state pV = NkT allows the number to be written
as N = pV/kT, and therefore dN/dt = (V/kT)dp/dt. The rate of change of
the pressure is therefore

dp kT _pANs __ RTA, __@(RT )l/zx
dt =V @namrT) 2 - vamrTy 2 PT T v \oam) P
| S —

24

The minus sign is needed because the pressure falls with time. This differen-
tial equation is separable and can be integrated between p = p; and p = py,
corresponding to t =0and ¢ = .

p t
f f(I/P) dp = [ —adt hence In(ps/pi) = —at
pi 0
The time for the pressure to drop by the specified amount is therefore

2nM

1/2
t=—In(pe/pi)/a = 1n(Pi/pf)Alo (W)

1 ( 1.22 x 10° Pa) (22.0m%) ( 27 x (2.802 x 1072 kgmol ") )1/2
1.05 x 10 Pa J [71(5.0 x 107> m)?] \ (8.3145J K~! mol ') x (293 K)

:3.57><1065:

Solutions to problems

P16A.2 The thermal conductivity is given by [16A.10c-695], k¥ = vpD/T, where the
diffusion coefficient D is given by [16A.9-694], D = Avean/3. The mean free
path A is given by [16A.1a-690], A = kT/op, and the mean speed vyean is
given by [16A.1b-690], vimean = (8RT/nM)'/?. The quantity v is the number
of quadratic contributions to the energy

_vpD  vpAumean  vp kKT (8RT 12 _ vk (8RT 12
Tor T 3T _3TO'p(TtM) _30(71M)
At 300 K the expectation is that three translational degrees of freedom and
two rotational degrees of freedom will contribute, giving v = 5/2 (recall that
for a linear molecule there is no rotation about the long axis). At 10 K the
temperature is far too low for the rotational degrees of freedom to contribute
and so v = 3/2. The ratio k300 x /%10 is therefore

K300k Va00k(300 K)/2  (5/2) x (300 K)'/2
Kok viox(10K)/2 — (3/2) x (10K)!/2

=[9.13]

P16A.4 The rate of effusion, r is given by [16A.12-697], r = pAgNx/(2MRT)"/?; this
rate is the number of molecules escaping through the hole in a particular period



P16A.6
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of time, divided by that time. The mass loss Am in period At is therefore Am =
AtpAgNA/(2nMRT)'/? x m, where m is the mass of a molecule. This mass is
written m = M/Ny and so it follows Am = AtpAoM'/?/(2nRT)"/2. This is
rearranged to give an expression for p

_ Am(2nRT)Y?>  Am (2ﬂRT)1/2

C AtAMY2 AtA M

) (4.3 x 10 kg) 27 % (8.3145TK " mol ") x (1273.15K) | /°
(7200 s) x [11(5.0 x 10~4 m)?] 0.07264 kg mol ™’

=(7.28 x 1073 Pa

The rate of effusion is given by [16A.12-697], AN /dt = pAoNa/(2nMRT)'/%;
this is the rate of change of the number of molecules. If it is assumed that the
gas is perfect, the equation of state pV = Nk T allows the number to be written
as N = pV/kT, and therefore dN/dt = (V/kT)dp/dt. The rate of change of
the pressure is therefore

dl__ki pAoNA _ RTA() y __ﬂ( RT )1/2><
dt  V (2nMRT)Y/2  V(2nMRT)/? Py \onm P
————————

o

The minus sign is needed because the pressure falls with time. This differen-
tial equation is separable and can be integrated between p = po and p = p,
corresponding to t =0and t = t.

p t
f (1/p)dp = f —adt hence In(p/py)=-at
Po 0

The time dependence of the pressure is therefore given by

1/2 1/2
) or p:poe_t/T T:K(ZRM)
Ao \ RT

w Ao ( RT

=pee " a=—|—
P=Ppo v \2nMm

The time t;, for the pressure to fall from pq to po/2 is given by

In[(po/2)/po] = —at;/y hence t),=(In2)/a

The half life of the pressure is therefore

Vin2 (2nM\'/?
typ = ( )

Ay RT

This half-life is independent of the pressure.
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16B  Motion in liquids

Answers to discussion questions

D16B.2

The Grotthuss mechanism for conduction by protons in water is described
in Section 16B.2(a) on page 701 and illustrated in Fig. 16B.2 on page 703. It
seems plausible that such a mechanism could also occur in the relatively open
hydrogen bonded structure of ice.

Solutions to exercises

E16B.1(b)

E16B.2(b)

The temperature dependence of the viscosity # is given by [16B.1-699], =
noe™/RT, where 7, is viscosity in the limit of high temperature and E, is the
associated activation energy. Taking the natural logarithm gives Inx = In# +

E,/RT. Hence

Inn, —1Iny, = (Inne + Eo/RTy) — (Inne + E,/RT;) = % (Ti - TL)
1 I

Rearranging gives an expression for the activation energy

E. =R In (11, /72)
(T -1
In[(1.554 cP)/(1.450 cP)]

= (8.3145JK ' mol )[(293,15K)—1—(313-15K)_1]

=264 g mol |

According to the law of independent migration of ions, the limiting molar

conductivity A, of an electrolyte is given by the sum of the limiting molar

conductivities A; of the ions present, [16B.6-701], A}, = v, A, + v_A_; in this

expression v, and v_ are the numbers of cations and anions provided by each

formula unit of electrolyte. For each of the given electrolytes it follows that
Agr = b + A Akensco, = Ak + Achsco,

o —
AMg(CHyCO,), = AMgr + 2AcH;c0,-

. . .o
These expressions are manipulated to give Ay,p,

A}’\,Igpz = Avgr+ + 2Ap-
= (A;/Ig(CH3C02)2 = 2AcH,00,-) + 2(Age — Ak+)
= ANig(cHyc0,), T 24kr — 2(AcH,co,- + Ak+)
= Aif[g(cmcoz)2 +2Agg — 2%, co,

= [18.78 +2(12.89) — 2(11.44)] mSm? mol ™" =[21.68 mS m? mol |




E16B.3(b) Theion molar conductivity A is given in terms of the mobility u by [16B.10-703],
A = zuF, where z is the charge number of the ion (unsigned) and F is Faraday’s
constant; it follows that u = A/zF. Note that 1 S=1CV™'s7!.

5.54 mSm’ mol ™!
Up- = Mo mo —— =5.74x10° mSm*C' =[5.74 x 10 m? V-' 57|
(1)(96485Cmol ™)

7.635 mSm? mol ™!
Ucl- = m>m mo_l =7.913x10°mSm?>C ™ =[7.91 x 108 m2 V15|
(1)(96485Cmol ")

7.81 mSm? mol™!

" (1)(96485Cmol ")

Ups = 8.09x10° mSm>C ™! =[8.09x 108 m>* V57!

E16B.4(b) Theion molar conductivity A is given in terms of the mobility u by [16B.10-703],
A = zuF, where z is the charge number of the ion (unsigned) and F is Faraday’s
constant. Note that 1S =1CV~'s71,

A =zuF = (1)x(4.24x10 " m* V"' s71) x (96485 Cmol ") = |4.09 mSm?*C"!

E16B.5(b) The drift speed s of an ion is given by [16B.8b-702], s = uE, where £ is the
electric field strength. This field strength is given by £ = A¢/I where A¢ is the
potential difference between two electrodes separated by distance I.

A
s=uE= uT¢ = (4.01x108m*V's7!) x

=1.92x10 % ms™! =

E16B.6(b) The Einstein relation, [16B.13-704], u = zDF/RT, gives the relationship be-
tween the mobility u, the charge number of the ion z, and the diffusion coefhi-
cient D.

240V
5.00 x 103 m

URT  (4.24x 1078 m?V~1s7!) x (8.3145]K ' mol ') x (298 K)
zF (1) x (96485 Cmol ")
=[1.09 x 10 m?s7!]

Solutions to problems

P16B.2 To fit the data to the expression # = const. x e"/R? the natural logarithm is first

taken and then the base changed to common logarithms using Inx = logx x

In10
E, E,
Inx =Inconst. + — hence log#n = const. +
RT RTIn10
The log of the ratio %/, where 1* is the viscosity at temperature T, is there-
fore

E 1 1
1 * =1 —logn* = [ -— 16.2
ogn/n” =logn ~logn RlnlO(T T*) 16.2)
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P16B.4

This expression is compared with that in the question by taking T* = (20 +

273) = 293 K and rewriting the relationship as

1.3272[20 — (T/K - 273)] - 0.001053[20 — (T/K — 273)]2
(T/K - 273) + 105

logn/n20 =

where 08/°C = (T/K - 273) is used. One approach is to generate values of
log n1/#20 in the range 20 °C to 100 °C and then plot these data against 1/T;
according to eqn 16.2 the slope of such a graph is E,/RIn10. Such a plot is
shown in Fig. 16.1.

0.0 %
~ -02| .
=
~ [ i
=
E;
= 04} y

_06 | | | | | | | |
0.0026  0.0028 0.0030 0.0032 0.0034
(1/T/K)
Figure 16.1

The data are a modest fit to a straight line with equation
log (11/1120) = (7.4667 x 10%) x 1/(T/K) - 2.5655
The activation energy is computed from the slope as

E, = RIn 10 x (slope)

=(8.3145JK ' mol ") x (In10) x (7.4667 x 10> K) =|14.3 k] mol '

The conductance G is the reciprocal of the resistance R, G = 1/R. The con-
ductivity of the solution in the cell depends on the measured conductance and
the physical dimensions of the cell. However, because in these measurements
the same cell is being used, it follows that the conductivity of the solution is
given by x = A/R, where A is a constant. If the resistance of two solutions are
measured in the cell the ratio of the measured resistances is the inverse of the
ratio of their conductivities: Ry /R, = x,/x;.

Both solutions are aqueous and hence their conductivities consist of contribu-
tions from the water component and acid component. Therefore

x(acid solution)  «(acid) + x(water)  R(KCl solution)
k(KCl solution) ~ x(KCl) + x(water) ~ R(acid solution)




561
Hence

R(KCl solution) y
R(acid solution)

33210
~300.0 Q
=61.2.. mSm™'

x(acid) = [x(KCl) + x(water)] — x(water)

x [(1.1639 +0.076) Sm™'] - (0.076 Sm™")

The molar conductivity, Ay, is defined by equation [16B.4-700], Ay, = /¢,
where  is conductivity and ¢ is concentration. Thus for 0.100 mol dm > ethanoic
acid,

k(acid)  61.2..mSm™"  61.2..x107>Sm™
c 0.100 moldm 0.100 x 103 molm

=0.613mSm?mol ! ={6.13 Scm® mol ™!

P16B.6 (a) & (b) The drift speed s of an ion is given by [16B.8b-702], s = u‘E. The electric
field strength  is given by £ = A¢ /I where A¢ is the potential difference
between two electrodes separated by distance /. Hence s = uE = uA¢/l,
and the time taken to travel distance [ is t = I/s.

100 V
ForLit s=(4.01x10°m?V s ) x —— =802 ums™*
( ) 5.00 X 10—2 m

Lol 5.00 x 107> m
s 802x10°ms!

100V
ForNa® s=(519%x10°%m?V ! s )x ——— =1104 ums™!
( ) 5.00 x 1072 m

I 5.00x 107> m

e L T

s 104 x 10~ ms™!

100V
ForK' s=(7.62x10°m?*V ! s )x ——— =152 yms~!
( ) 5.00 x 10—2 m

I 5.00 x 1072 m

s 152x10°ms-

=1623s

(a) An alternating potential difference with frequency v = 2.0 kHz requires
time t;/, = 1/2v to complete a half-cycle. The electric field strength is
given by £ = Zsin (2nvt) where Z; = (100 V)/(0.05 m) = 2.00 x
10° Vm™

The instantaneous displacement is given by s dt, so the net displacement
d is found by integrating this over a half cycle with s = uZ, sin(2nvt); the
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P16B.8

solvent diameter is taken at 0.3 nm.

1/2v
d= f uFy sin(2nvt) dt = Ut
0

v

401x108¥m?Vv-1s! 2.00x10° Vm™
a(uiry = GO0 m Vs ) x Q00X 0V ) _ g

nx (2x103s71)
= solvent diameters
o (519%x10m?V'sT!) x (2.00x10° Vm™')
d(Na’) = ntx (2x103s71) =[16.5 nm|
= solvent diameters
o (7.62x107¥ m?* V'sh) x (2.00x 10° Vm™')
d(K7) = nx (2x103s71) =[24.3 nm]
= [81] solvent diameters

A spherical particle of radius a and charge ze travelling at a constant speed
through a solvent of viscosity # has mobility u given by [16B.9-702], u = ze/f,
where f is the frictional coefficient with Stokes’ law value f = 6nya. It follows
that a = ze/6nnu. The mobility is related to the diffusion coefficient D by
the Einstein relation, [16B.13-704], u = zDF/RT, hence D = uRT/zF. The

viscosity of water is 0.891 x 107> kgm ™' s7!.

o/ pm = ze (1) x (1.6022 x 1071 C) x 102
6mnu 671 x (0.891 x 103 kgm ™' s71) x (u/ m2V-1571)
9.53...x 107
B (u/ m2V-lg1)
DJm?s! = uRT _ (u/ m?V-'s71) x (8.3145] K ' mol™") x (298 K)

zF (1) x (96485 Cmol ")
=(2.56...x 107%) x (u/ m*V's7)

Li*  Na* K  Rb*
u/(108m?v-tst) 401 519 762 792
D/(107? m?s7™!) .03 133 196 2.03
a/ pm 238 184 125 120
ionic radius, 7,/ pm 59 102 138 149

As commented on in the text, although a ‘free’ Li* is much smaller than a free
Na* jon the hydrodynamic radius of Li* is greater than that of Na* on account
of the more intense electric field generated by the smaller ion resulting in more
solvent molecules be attracted. The number of water molecules being dragged
along with an ion is estimated as

_ volume of the solvated ion — volume of the free ion _ a’-r

Ny
volume of one water molecule r3



The volumes are given by $nir with the relevant radius: a is the hydrodynamic
radius, r, is the radius of the ion, and r,, is the radius of a water molecule, taken

to be 150 pm.
238% - 593
Ny(Lit) = =—— =39=[4
W( ) 1503
1843 — 1023
Nw(Na+) = T =1.5 :

16C Diffusion

Answers to discussion questions

D16C.2 See the text following [16C.6-709].

Solutions to exercises

E16C.1(b) The root mean square displacement in three dimensions is given by [16C.13b—
712], (r*)'/? = (6Dt)'/?, where D is the diffusion coefficient and ¢ is the time

period.
2 1.0 x 1072 m)?
() . (1.0x107 m) —[7.4x10°s

6D 6x(2.26x10° m2s )

E16C.2(b) The diffusion in one dimension from a layer of solute is described by [16C.10-

710]
no —x?/4Dt

A(RD)T2

where c(x, t) is the concentration at time ¢ and distance x from the layer, and
ny is the amount in moles in the layer of area A placed at x = 0. If the mass of
L, is m, then ny = m/M, where M is the molar mass (253.8 gmol_l).

c(x,t) =

m —x?/4Dt

8 = 3D

(0.01 kg) X e_(S'OXIO_z m)?/4x(4.05x107° m*s™')t

c(5.0cm, )=
( ) (253.8 gmol ') x (10.0 x 10~* m2) x [11(4.05 x 10~ m2 s~1)¢]1/

= [(3.49... x 10* moldm ™) x (¢t/ 8)71/2]671'54"'“05/(1‘/ 2
¢(5.0cm, 10's) = (3.49... x 10> moldm™) x (10)71/% x e 1:54:x107/(10)

=10.00 moldm™*

¢(5.0 cm, 24 h) = (3.49... x 10> mol dm>)[24(3600)] /2 x ~1-54--x10°/[24(3600)]

=10.199 moldm™>

Diffusion is a very slow process: after 10 s the concentration at a height of 10 cm
is zero to within the precision of the calculation.
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E16C.3(b) The thermodynamic force F is given by [16C.3b-706]

()
[ ax T’P

Substituting c(x) = ¢y — Bcox? into the above expression gives

RT 2BxRT
F=-—7—(-2 =
co — Peox? (-2Bcox) 1 - fx?

The constant « is found by noting that ¢ = ¢/2 at x = 20 cm = 0.20 m. Hence
¢0/2 = co — Bco x (0.20 m)? and therefore B = 12.5 m™2.

At T =298 Kand x = 8 cm the force is
2% (125m72) x (8x 1072 m) x (8.3145J K" mol ') x (298 K)

1-(12.5m™2) x (8 x 10-2 m)?
=|5.4 kN mol !
A similar calculation at x = 16 cm gives F = |73 kN mol .

E16C.4(b) The thermodynamic force F is given by [16C.3b-706]
()
c \ox/r,

into the above expression gives

F

Substituting ¢(x) = coe™

RT
F = —72(—2acoxe_“xz) =2axRT
coe™
The constant « is found by noting that ¢ = ¢p/2 at x = 10 cm = 0.10 m. Hence
co/2 = coe~ (010 m)” and therefore a = In 2/(0.10 m)? = 69.3 m™>

The thermodynamic force at T = 291 K and x = 10.0 cm is

F =2(69.3m™2)x(0.10m) x (8.3145] K~  mol ") x (291 K) =

E16C.5(b) The root mean square displacement in three dimensions is given by [16C.13b-
712], (r*)'/? = (6Dt)'/?, where D is the diffusion coefficient and ¢ is the time
period. Hence,

2 1.0x 1072 m)?
t:@: (1.0 m) =4.1x 10’ s

6D  6x(4.05%x 1072 m?s~1)

E16C.6(b) The Stokes-Einstein equation [16C.4b-708], D = kT/6m#a, relates the diffu-
sion coefficient D to the viscosity 7 and the radius a of the diffusing particle,
which is modelled as a sphere. Recall that 1 cP = 107> kgm ™' s7!.

kT (1.3806 x 1072 JK 1) x (298 K)
a = =
6mnD  6m x (1.00 x 103 kgm ™' s71) x (1.055 x 10~ m2 s~1)

=10.207 nm



E16C.7(b) The Einstein-Smoluchowski equation [16C.15-713], D = d* /21, relates the dif-
fusion coefficient D to the jump distance d and time 7 required for a jump.
Approximating the jump length as the molecular diameter, then d ~ 2a where
a is the effective molecular radius. This is estimated using the Stokes—Einstein
equation [16C.4b-708], D = kT /6mna, to give 2a = 2k T [6nyD.

Combining these expressions and using the value # = 0.386 x 107> kgm ™" s
for the viscosity of heptane gives

2 1 {271\ 1 (kY
T==—=—| —— = —_—
2D 2D \6nyD 18D3 \ iy
) 1 (13806 x 10723 JK1) x (298 K) |
S 18x(3.17x107° m2s71)3 | qx (0.386 x 1073 kgm ™' s71)

=2.01x10" M=

E16C.8(b) The root mean square displacement in three dimensions is given by equation
[16C.13b-712], (r?)'/? = (6Dt)'/?, where D is the diffusion coefficient and ¢ is
the time period. Therefore ¢ = (r?)/6D.

For an iodine molecule in benzene, D = 2.13 x 1072 m?s™!

(Lomm) - P (L0x107m)?
. 6D 6x(2.13x107° m?s7!)
’ 1.0 x 1072 m)?
((1oemy= ) o (QOXA0TM)T s oy

6D 6x(2.13x10 m?s71)

For a sucrose molecule in water, D = 0.5216 x 10™° m?s™!

(r*) (1.0 x 107° m)?
t(l1.0mm) = ——= :-3205
( ) 6D  6x(0.5216 x 1079 m2s71)
2 1.0 x 1072 m)?
t(1.0cm):@: (1.0x 107" m) =32x10%s=[8.91]

6D  6x(0.5216 x 107 m?s~1)

Solutions to problems

P16C.2 The thermodynamic force F is given by [16C.3b-706]
(3
c \ox/r,

2
% into the above expression gives

Substituting c(x) = coe”

RT
F= _72(_2“60“7“2) =2axRT
coe™
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Hence for a =0.10 cm™2 = 0.10 x 10* m~2,
F=2x(0.10x10* m™?) x (8.3145J K~ ' mol™") x (298 K) x (x/ m)
= (4.95... x 10° Nmol ™) x (x/ m)
:‘(5.0 MN mol™) x (x/ m)‘

=[(8.2x10""® N-molecule™") x (x/ m)|

200
N
E
z 0
~
~
[y
-200
| | | | |
-4.0 -2.0 0.0 2.0 4.0
x/ cm
Figure 16.2

A plot of the thermodynamic force per mole against x is shown in Fig. 16.2. It
demonstrates that the force is directed such that mass is pushed by the thermo-
dynamic force toward the ends of the tube, down the concentration gradient. A
negative force pushes mass toward the left (x < 0) and a positive force pushes
mass toward the right (x > 0).

P16C.4 The concentration ¢ of diffused solute at radius r is give by [16C.11-711]. In that
equation ny is the total amount of solute present, and this can be expressed as
no = m/M where m is the mass of solute and M is the molar mass, to give

_2 2
npe”" /4Dt me” /4Dt

’t = =
(8 = DO~ BM(nDI)

(10.0 g) x (10*3) « e~ (10x107 m)?/[41x(5.22x107 m* s71)]
8 x (342.30 gmol ") x (1(5.22 x 10-10 m2 s~1)¢)3/2

= (5.49... x 10" moldm ™) x (¢/s) /% x o= 478..x10°/(1/5)
¢(10 cm, 1.0 h) = (5.49... x 107 mol dm ™) x (3600) >/ x = 78...x10°/3600

=10.00 moldm ™

c(10 cm, 1.0 wk) = (5.49... x 107)(6.048 x 10° 5) /2 x =4 78:+-x10°/(6.048x10" 5)

c(10cm, t) =

- 4.25 x 1075 mol dm™?]




P16C.6

The process is very slow; even after 1 hour the concentration at a radius of 10
cm is zero to within the precision of the calculation.

(a)

(b)

The generalised diffusion equation is given by [16C.9-710], where ¢ is
concentration, f is time, D is the diffusion coefficient, x is displacement
and v is the velocity of convective flow.

dc 2%¢c dc
=D

T oplt =
ot ox?  ox

An expression for ¢(x, t) is a solution of the diffusion equation if substi-

tution of the expression for c¢(x, t) into each side of the diffusion equation

gives the same result. The proposed solution is

_ L —(x—xo—vt)?/4Dt
c(x,t) = (471Dt)1/26
LHS 5 )
dc 1 (x-x0)* v
- = )t _— -
TG )[ 2t 4Df> 4D
RHS

V— =
ox?2 ox ox 2Dt 2Dt

) [-(x—xo—vﬂc(x,t)] _U[‘("‘x‘““t)c(x, t)]

:D[(x_xo_Ut)z_ZDtc(x,t)]+v[(x_x0_vt)c(x,t)

(2D¢)?

(x—xo-vt)> 1 v
S — 4+ ——(x-xo -t
4Dt TR T

_i+ (x —x0)* _ Uz]

2Dt

= c(x, t)[

=c(x,t -
(x )[ 2t 4D 4D

The LHS is equal to the RHS, and so the proposed function is indeed a
solution to the generalised diffusion equation.

As t — 0 the exponential term e~ /4Dt fa]ls off more and more rapidly,
implying that in the limit # = 0 all the material is at x = 0. The exponential
function dominates the term ¢'/2 in the denominator.

Using the values D = 5x 107" m?s™! and v = 10° ms™*, Fig. 16.3 shows
the concentration profile against time at different distances (x — x) =
0.5 mm, 1.0 mm, 5.0 mm. As expected, the initial concentration at a given
distance is zero. As time passes, the concentration begins to increase to
a maximum value when (x — xo = vt) and then, as diffusion continues
in the x-direction, the concentration begins to decrease toward zero at
longer times. The value of ¢(x, t)/co reaches its maximum value at longer
times as the value of (x—xp ) is increased since it takes longer for the solute
to reach distance (x — xo).
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Figure 16.4

(0)

Setting xo = 0, Fig. 16.4 shows the concentration profile against distance x
at different 1 hour, 5 hours and 20 hours. The shorter the time, the closer
the maximum is to the origin; for longer times, the maximum moves
out to larger distances as a result of the convective flow. In addition, as
time proceeds diffusion occurs and this causes the bell-shaped curves to
widen and spread. Because the amount of material is conserved, the area
under each curve must be the same: this is why their maximum amplitude
decreases as they spread out.

Defining x, = xo + vt and z = (x — x.)/(4D)"/? allows a general set of
concentration profiles at different times to be plotted without specifying
either xg, v or D.

(1) = coe—(¥—x0-vt)?/4Dt ) coe (X%’ /4Dt ) coe 2l
anbE (4nDt)'/2 N (4nD)V/2 t1/2 - (4nD)1/2 t1/2
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Figure 16.5
Hence 2
C(z,t) = (D) Te(xnt) _ 1

o t1/2

as required.

A plot of C as a function of z for times 1, 5, and 20 hours is shown in
Fig. 16.5. These long times have been chosen unit because of the slow rate
of diffusion.

P16C.8 The probability of being # steps from the origin is P(nd) = N!/(N—-Ng)!Ng!2¥
where Ny is the number of steps taken to the right and N is the total number
of steps. Note that n = Ng — Ni, and N = Ny + Ni, where Ny, is the number of

steps taken to the left.
N-n
Nr=N-NL=N.+#n hence Ni-= 3
N+n
NL=N-Ngr=Nr-n hence Np-= 5
N! N!

herefore P(nd) = : -
therelore P) = f (o (S 2 T (Y ()

The combination N = 4 and n = 6 is physically impossible, so P(6d) =[0].

The combination N = 6 and n = 6 has probability
6!

(59 (55220

The combination N = 12 and # = 6 has probability

P(6d) = 0.0156

12!
P(6d) = =[0.0537

() (%)
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P16C.10  The root-mean-square-displacement in three dimensions is given by [16C.13b-
712], (r*)!/? = (6Dt)"/?, where t is the time period and D is the diffusion
coefficient. It follows that ¢ = (r?)/6D

2 1.0x 107% m)?
{r) _ (1.0 m) =11.7x107%s

6D 6x(LOx10-1m2s )

Answers to integrated activities

116.2 (a) The diffusion equation is [16C.6-709].
oc d%c
—~ _-p——=
ot 0x2

The proposed solution is
c(x,t) =co+ (cs—co)[1 —erf(&)]

where &(x, t) = x/(4Dt)"/? and erf(£) = 2n~1/? fog e dy. Note that, by
definition, d[erf(&)]/0¢ = 2n~/2e~¢.

The first step is to examine the initial and boundary conditions. At t = 0,
&(x,0) = co. Henceerf(&) =2n71/2 [ e dy= r2)x(in'/?) =1
and ¢(x,0) = ¢co+ (¢s —¢co)[l -1] = ¢ofor0 < x < o0. Atx = 0,
£(0,¢) = 0. Hence erf(&) = 2n7 '/ [ e’ dy = (2n?)x0 = 0and
c(0,t) = co+(cs—co)[1-0] = ¢; for 0 < t < oo. Therefore, this expression
for c(x, t) satisfies the initial and boundary conditions.

To determine whether or not the proposed solution solves the diffusion
equation it is substituted into the each side. For the LHS

dc _ 9(co + (5 —co)[1 —erf(§)]) _ (er-c )Maﬁ
o ot ST T
5 1/2
=—(cs - co)(2n71/2e’f )%
=—(cs — co)(zn—l/ze_x2/4Dt) [(41))316/2 t3/2] _ (:,-fg);/z(;s)/z ex2/4Dt
For the RHS
N PPN C: ()
DaxZ‘Dax[ R T: Bx]
_ 2D(¢& - o) 3e~*/4D1] __2D(¢& - <) ( -x 7x2/4Dt)
(4nDt)1/2 ox " (4nDp)'2 SDiS
__x(es—co)  wpape
(41‘[D)1/2(t)3/2

Therefore the LHS is equal to the RHS and the proposed form of ¢(x, )
does indeed satisfy the diffusion equation, as well as the initial and bound-
ary conditions.
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(b) Diftusion through aveoli sites (about 1 cell thick) of oxygen and carbon
dioxide between lungs and blood capillaries (also about 1 cell thick) oc-
curs through about 75 pm (the diameter of a red blood cell). Thus, the
range 0 < x < 100 pm is reasonable for concentration profiles for the
diffusion of oxygen into water. Given the maximum distance, the longest
time is estimated using [16C.12-711].

ity m(0.1x107° m)?

= =3.74s
4D 4(2.10 x 1079 m2s71)

tmax ~

The plots shown in Fig. 16.6 are with ¢y = 0, ¢, = 2.9 x 10~* moldm >,
and D =2.10 x 107" m?s71.

3.0 S—
. —t=0.05s
---1t=025s ||
S T N T e t=0.75s
£ 2.0 —me £=25
3 |
z
S 10 ~el
5 -
0.0 ! e
0.00 002 004 006 0.08 0.10

x/mm
Figure 16.6






m Chemical kinetics

17A The rates of chemical reactions

Answers to discussion questions

D17A.2

D17A.4

A reaction order for a particular species can only be ascribed when the rate
is simply proportional to a power of the concentration of that species. For
example, if the rate law is of the form v = k,[A]?[B]” ... an order is ascribable
to both A and B, but if the rate law is of the form v = (k;[A])/(k, + k3[B]), an
order is ascribable to A, but not to B.

This is discussed in Section 17A.1 on page 723.

Solutions to exercises

E17A.1(b)

E17A.2(b)

Assuming perfect gas behaviour the total pressure is proportional to the amount
in moles of gas present, provided that the temperature is constant and the vol-
ume of the container is fixed. Imagine that a certain amount of N, is consumed
so that its partial pressure falls by Ap. Due to the stoichiometry of the reaction
the partial pressure of H, will fall by 3Ap, and the partial pressure of NH; will
increase by 2Ap. The overall change in the total pressure will by —Ap — 3Ap +
2Ap = =2Ap.

If the initial pressure is po then, because the reactant gases are in their stoi-
chiometric ratios, the partial pressure of N, is i po. If a fraction « of the N,
is consumed, its partial pressure falls to ; po(1 — «), thus Ap = Ipoa. It has
already been established that the total pressure changes by —2A p, therefore the
final pressure is

pr=po—2Ap = po—2(5po) = po(1 - )

When the reaction is complete, & = 1 and hence py = % Po> which is in accord
with the overall stoichiometry of the reaction in which four moles of gas go to
two.

The stoichiometry of the reaction shows that one mole of CH;CHj is formed
for every two moles of CH; consumed. The rate of formation of CH;CH; is
therefore half the rate of consumption of CH;. As explained in Section 17A.2(a)
on page 725 the rate of consumption of a reactant R is given by —d[R]/dt.
Therefore the rate of formation of CH;CHj is

d[CH;CH;] | d[CH;]

= D o %x—(—l.zmoldm_3 s7') = +0.6moldm ™ s™!
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E17A.3(b)

E17A.4(b)

E17A.5(b)

For a homogeneous reaction in a constant volume system the rate of reaction
is given by [17A.3b-726], v = (1/v;)d[J]/d¢, which is rearranged to d[J]/dt =
vju. In these expressions vy is the stoichiometric number of species J, which
is negative for reactants and positive for products. For this reaction v4 = -1,
vg=-3,vc =+land vp = +2.

For A d[A]/dt =vav=(-1)x (2.7moldm™s™!) = =2.7 moldm > s~"

For B d[B]/dt = vgv = (-3) x (2.7 moldm ™ s™!) = 8.1 moldm™ s~*
For C d[C]/dt=vcv = (+1) x (2.7 moldm ™ s™') = +2.7 moldm > s~
ForD d[D]/dt=vpv = (+2) x (2.7 moldm™>s™!) = +5.4 moldm > s~*

The rate of consumption of A is|2.7 mol dm > s™!, the rate of consumption of
Bis|8.1 moldm > s™!| the rate of formation of Cis|2.7 moldm > s™!| and the
rate of formation of D is |5.4 moldm > s™!|.

For a homogeneous reaction in a constant volume system the rate of reaction

is given by [17A.3b-726], v = (1/v;)d[J]/dt, where v; is the stoichiometric

number of species ] which is negative for reactants and positive for products.

For species B, which has vg = -3, this gives
1dB] 1

v= = — x (-2.7moldm™s™") =[0.90 moldm > s~
VB dt -3

Because B is consumed in the reaction, the rate of change in the concentration
of B, d[B]/d¢, is negative and equal to minus the rate of consumption of B.
Rearranging [17A.3b-726] then gives

For A d[A]/dt = vav = (1) x (0.90 moldm ™ s™") = ~0.90 mol dm > s~
ForB d[C]/dt = vcv = (+1) x (0.90 moldm ™ s™!) = +0.90 moldm™> s~
ForD d[D]/dt = vpv = (+2) x (0.90 moldm > s™") = +1.8 moldm > s~

The rate of consumption of A is ‘0.90 mol dm > s™!}, the rate of formation of C

is ’0.90 moldm>s~! ‘, and the rate of formation of D is 1.8 moldm > s~!|.

As explained in Section 17A.2(b) on page 726 the units of k, are always such as
to convert the product of concentrations, each raised to the appropriate power,
into a rate expressed as a change in concentration divided by time. In this
case the rate is given in mol dm™? s71, so if the concentrations are expressed

in moldm > the units of k, will be because

ke [A] [B)?

(dm°®mol?s™") x (moldm™) x (moldm™)* = moldm s~

The rate of reaction is given by [17A.3b-726], v = (1/vy)(d[J]/d¢), where v;
is the stoichiometric number of species J. Rearranging gives d[J]/dt = vjv. In
this case vc = +1, v = —1,and v = k,[A][B]? so

d[C] d[A]

rral VoL = kr[A][B]Z TR VAU = —kr[A][B]Z



E17A.6(b)

E17A.7(b)

The rate of formation of C is therefore d[C]/dt = |k.[A][B]?|and the rate of
consumption of A is —d[A]/dt = |k, [A][B]*|

The rate of reaction is given by [17A.3b-726], v = (1/v)(d[J]/d¢). In this case
ve =+1so

1 [C] 1 1 -1
v= === —k[AB)C]" = [k[A][B][C]

V]

As explained in Section 17A.2(b) on page 726 the units of k, are always such as
to convert the product of concentrations, each raised to the appropriate power,
into a rate expressed as a change in concentration divided by time. In this
case the rate is given in moldm ™ s~!, so if the concentrations are expressed

in moldm ™ the units of k, will be because

ke [A] [B] [(c1”
——

(s7!) x (moldm™) x (moldm™) x (moldm™)~! = moldm™s™"

As explained in Section 17A.2(b) on page 726 the units of k, are always such as
to convert the product of concentrations, each raised to the appropriate power,
into a rate expressed as a change in concentration divided by time.

(i) A second-order reaction expressed with concentrations in molecules per
cubic metre is one with a rate law such as v = k,[A]%. If the rate is given

in moleculesm™> s™! then the units of k, will be ‘m3 molecules ' 5! ‘be—
cause

ke [AT?

2 3 -1

-1 - _ _
(m® molecules ™ s™!) x (moleculesm™)* = moleculesm ™ s

A third-order reaction expressed with concentrations in molecules per
cubic metre is one with a rate law such as v = k,[A]*[B]. The units of k,

will then be ‘mé molecules s™! ‘because

ke [AT (B]

(m® molecules > s™!) x (molecules m~>)? x (molecules m™)
= moleculesm ™ s~
(ii) Iftheratelaws are expressed with pressures in pascals then a second-order
reaction is one with a rate law such as v = k,papp and a third-order
reaction is one with a rate law such as v = k;pa pgpc. If the rate is given

in Pas™! then the units of k, will be ‘Pa_1 s! ‘ and ‘Pa_2 s! ‘ respectively.

ke pPa PB
—_—~— —— ——
For second-order (Pa™'s™!)x (Pa) x (Pa) = Pas™"

ke Pa PsB pc
—_— —_—t— —— ——

For third-order (Pa™s™') x (Pa) x (Pa) x (Pa) = Pas™
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E17A.8(b)

E17A.9(b)

If k,/[A] > kp, which might occur when the concentration of A is very high,
then the term k;, in the denominator of the rate law is negligible compared to
the k,'[A] term and so the rate law becomes

V= kakb [A]z/ka’[A] = kr)eff[A] where kr,eff = kakb/ka,

Under these conditions the concentration of A appears raised to the power +1
so the reaction is first order in A.

If instead k,'[A] <« kp, which might occur when the concentration of A is
very low, the term k,’[A] is negligible in the denominator and so the rate law
becomes

L= kakb [A]Z/kb = ka[A]z

Under these conditions the order with respect to A is +2.

In between these two limits, when k,’[A] and ky, are comparable, no order with
respect to A can be defined.

The gaseous species is denoted A and the order with respect to A as a. The rate
law expressed in terms of partial pressure is then v = k,p% . Taking (common)
logarithms gives

logv =logk, +log p} =logk, + alog pa

where the properties of logarithms log(xy) = logx +log y and logx* = alogx
are used.

This expression implies that a graph of log v against log p» will be a straight line
of slope a, from which the order can be determined. However, because there
are only two data points a graph is not necessary so an alternative approach is
used.

If the initial partial pressure of the compound is pa o then the partial pressure
when a fraction f has reacted, so that a fraction 1 — f remains, is (1 — f)pa,o-
Data are given for two points, f; = 0.100 and f, = 0.200. Denoting the rates
at these points by v, and v, and using the expression logv = log k; + alog p
from above gives the equations

log vy =logk, +alog[(1- fi1)pao] logv, =logk, + alog[(1- f2)pa,]

Subtracting the second equation from the first gives

logv; —logv, = alog[(1— fi)pa,o] —alog[(1-f2)pa]

vr) _ A= f)Pao) _ joe (LN
IOg(vz)_alog((l—fz)PA,o)_ lg(l_ﬁ)

where the property of logarithms log x —log y = log(x/y) is used and the factor
of pa o is cancelled.

Hence

Rearranging for a gives

= log(v1/v2) _ log[(10.01Pas™)/(8.90 Pas™)]
“log[(1- A)/(1- /)]~ log[(1-0.100)/(1-0200)] -0




Solutions to problems

P17A.2

The rate law is assumed to take the form vy = k. [Y]*[complex]® where v, is the
initial rate, and a and b are the orders with respect to Y and the complex. De-
noting k,[Y]® by kr et gives vg = ky cfr[ complex]?, which on taking logarithms
gives

log vg = log kr cfr + log[complex]® = log k; ef¢ + blog[complex]
where the properties of logarithms log(xy) = logx +log y and logx* = alogx

are used.

This expression implies that a graph of log vy against log[complex] will be a
straight line of slope b and intercept log k; .¢r. The data are plotted in Fig. 171
for both initial concentrations of Y

Case (i): [Y] = 2.7 x 107> moldm ™’

[complex] vy log([complex] log(vo
/moldm™ /moldms™' /moldm™) /moldm > s7!)
0.008 01 125 -2.096 2.097

0.00922 144 -2.035 2.158

0.01211 190 -1.917 2.279

Case (ii): [Y] = 6.1 x 107> mol dm >

[complex] vy log([complex] log(vo
/moldm™  /moldm™s' /moldm™) /moldm > s7!)
0.00801 640 -2.096 2.806

0.00922 730 -2.035 2.863

0.01211 960 -1.917 2.982

Both sets of data fall on good straight lines, the equations for which are

case (i): log(vo/moldm™ s™') = 1.014 x log([complex]/mol dm ™) + 4.222
case (ii): log(vo/moldm™s™') = 0.984 x log([complex]/mol dm ™) + 4.868

Both lines have a slope of approximately 1, so it is concluded that the order with
respect to the complex is [1]. Hence the rate law is vy = k; fr[complex].

The intercepts are identified with log k. . in each case. For case (i), the inter-
cept at log([complex]/moldm ™) = 0 is logvg/moldm > s~! = 4.222, which
on taking the antilogarithm corresponds to vy = 1.66... x 10* moldm™>s™!
when [complex] = 1 moldm ™. Because the rate law has already been estab-
lished to be vg = ki .¢f[ complex], it follows that

Vg 1.66... x 10* moldm > s~ 4 -1
keetti = = — = 1.66... x 10* s
[complex] 1 moldm
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—~ 3.0

DR case (ii)
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\t% case (i)

]

— 2.0 =

| | |
-2.2 -2.1 -2.0 -1.9 -1.8
log([complex]/mol dm ™)
Figure 17.1

Similarly, for case (ii) the intercept is log vo/moldm ™ s~ = 4.868 which cor-
responds to vy = 7.37... x 10* moldm ™ s™! when [complex] = 1 moldm ™.
Hence

Vo _7.37..x10* moldm > s7!

kr,eff,ii = =

=7.37...x10*s7!
[complex] 1 moldm™

Because k; ofr = k;[Y]’, taking the logarithm gives
log ky et = log k; +log[Y]? = logk; + blog[Y]

where the properties of logarithms log(xy) = log x +log y and logx® = alogx
are used.

This expression implies that a graph of log k; . against log[ Y] will be a straight
line of slope b. However, because there are only two data points, one for [Y] =
2.7 mmol dm ™ and one for [Y] = 6.1 mmol dm ™, a graph is not necessary and
an alternative approach is used. The two data points give the equations

log ky e = logk, + blog[Y]; and logk; esri = logk, + blog[ Y]y
Subtracting the second equation from the first gives
log ky efr i — log ky efrii = blog [Y]; — blog[Y]u
Hence, using log x — log y = log(x/y),
kreffi) ( [Y]l)
log| ——=]="0blo
& ( kr,eff,ii 8 [Y]ii

Rearranging for b gives

_ log (kr,eft,i/Kreirit) _ log [(1.66... x 10* s71)/(7.37... x 10* s71)
log ([Y]i/[Y]is) log [(2.7 mmoldm)/(6.1 mmol dm73)]

=1.83...



This value is moderately close to 2, implying that the reaction is
with respect to Y.

The value of k, is found using k, s = k,[Y]b with the value of b just found.
Taking b = 2 and rearranging gives k, = k; /[ Y]?.

1.66... x 10* 57! _
For case (i) k, = - =2.28...x 10 dm® mol s~}
(2.7 x 1073 moldm™)
7.37...x 10* s7! _
For case (ii) k, = =1.98... x 10° dm® mol *s7!

6.1 x 10-3 moldm™ 2
(

The average value of k, from these two results is ‘2.1 % 10° dm® mol * 5! ‘

17B Integrated rate laws

Answers to discussion questions

D17B.2

In general the rate of a reaction depends on the concentration of the various
species involved. If all but one of the species is placed in large excess, such
that their concentrations do not vary with time, the rate law may reduce to the
simple form v = k/[A]?, where A is the species not in excess. If this is the case,
the power a is the order with respect to A: if a = 1 the reaction is said to be
pseudofirst order with respect to A, if a = 2 it is pseudosecond order. It is also
possible that under certain conditions a more complex rate law will simplify to
pseudofirst or pseudosecond order. For example if the rate law is of the form
v = (ki[A]?)/(ky+k3[A]), when k3[A] > k, the rate law becomes pseudofirst
order in A, but when k3;[A] < k,, the rate law is pseudosecond order in A.

Solutions to exercises

E17B.1(b)

E17B.2(b)

The integrated rate law for a first-order reaction of ethanol CH; CH, OH is given
by [17B.2b-732], In([CH3CH,OH]/[CH3CH,0H],) = —k,t. Rearranging for
k and taking [CH;CH,OH] = 56.0 mmoldm > when ¢ = 1.22 x 10* s gives

1 ( [CH3CH,OH] 1 NEXE 102 moldm™>
(

k;=--1In = - 3
t CH3CH20H]0 1.22 x 10% s 220 x 1073 moldm

=[1.12x 107* 57!

The fact that the two half lives are not the same establishes that the reaction is
not first-order because, as explained in Section 17B.2 on page 73, a first-order
reaction has a constant half-life. For orders n # 1 the half-life is given by [17B.6-
734, t1, = (2" =1)/[(n—1)k[A]§']. Denoting the two measurements by
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E17B.3(b)

t1)2.i and t; /2, and expressing concentration in terms of partial pressure gives
the two equations

anl _ 1 , ~ 2n—1 -1
(n-Dkpy P (n-Dkepl)

The second equation is divided by the first to give

n—1
t ii i t ii i
L (PA’ ) hence log(tl/z’ ) = (n—l)log(pA’ )

/2, Daii 1/2, Daii

by =

where log x? = alog x is used. Rearranging for n gives

_log(tipii/tps) | log[(1785)/(3405)]
log (pa.i/Paii) log[(55.5 kPa)/(28.9 kPa)]

This is very close to zero, so the reaction is |zeroth-order|.

+1=8.24x107°

For the reaction 2A(g) — products the rate, as given by [17A.3b-726], v =
(1/v)(d[J]/de), is
_ 1 dpA

TS
where concentrations are expressed in terms of partial pressures. It is given
that the reaction is first-order in A, so v = k,p,. Combining this with the
above expression for v gives

_destA =k;pa hence d(‘:% = -2k pa

This has the same form, except with 2k, instead of k;, as [17B.2a-731], (d[A]/d¢) =
—k.[A], for which it is shown in Section 17B.2 on page 731 that the half-life and
the integrated rate law are

In2 -
tipp = e [A] = [AJoe™™*
The expressions for the reaction in question are analogous, but with k; replaced
by 2k,.

ln2 2kt

tya = bR pa=(pao)e”

The half-life is

In2 In2
typ = - = =19.74 x 10° s

2k, 2x3.56x107 5!

The partial pressures at the specified times are calculated from the above inte-
grated form of the rate law. Hence

£=50s pa = (33.0kPa) x e 2X(3:56x107 s7)x(505) _[330Pa
t=20min  py = (33.0 kPa) x e 2*(3:56x1077 sT)x([20x60]5) _ [33( Pa



E17B.4(b) The reaction is of the form A + 2B — P. From Table 17B.3 on page 735 the
integrated rate law for this reaction, assuming that it has rate law v = k,[A][B],
is

[A]o[B]o(1 — e([Blo=2[Alo)krt)

[P]= 2[A], - [BJe(Bl—2[Al0)kit
The equation gives the concentration of a product P produced in 1 : 1 sto-

ichiometry with the reactant A. It therefore applies to the species C in the
reaction A + 2B — C + D. Hence

[AJo[B]o(1-¢")
2[A]o - [B]oe?

[C]= A= ([Blo - 2[A]o)k:t

Fort=20s
A =[(0.130 moldm ™) — 2 x (0.027 moldm™)] x (0.34 dm’ mol ™' s™")
x (20s) = 0.516...

] (0.027 moldm™) x (0.130 moldm™) (1 — e%*16-)
2% (0.027 moldm™) — (0.130 moldm ) x 0-516---

=10.014 moldm ™

For t = 15 min

A= [(0.130 moldm_3) -2x(0.027 moldm_3)] x (0.34 dm’ mol™! sH)
x ([15x 60]s) = 23.2...
(0.027 moldm™) x (0.130 moldm™) (1 — e2*2)
T2 (0.027 moldm™) — (0.130 mol dm ) x e23:2--

=10.027 moldm™

E17B.5(b) Using [17A.3b-726], v = (1/vy)(d[J]d?), the rate of the reaction 2A — P is
v = —3(d[A]/dt). Combining this with the rate law v = k;[A]? gives

1d[A] _ 3 d[A] _ 3
> ds =k, [A]® hence Frale 2k, [A]

This rate law is integrated following the method in Section 17B.3 on page 733.
The equation is first rearranged to

Integral A.1

—_—
(] ‘
_d[A] =2k, hence —f [A] d[A]:Zkr[ dt
[A]’ (AT 0

where the limits of the integration arise because the concentration is [A]y at
t = 0 and at a later time ¢ it is [A]. Performing the integration gives

A
A

AT

1 ¢ 1 1 1 B
1o = 2k; t|, hence 3 ([A]2 - [A]g) =2kt
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Rearranging for ¢ gives

5 (or o)
4k \[A]*  [A]G
_ 1
C4x (6.50 x 10~* dm® mol > s‘l)

x(( ! - L )2):0r19days

0.015 mol dme)2 (0.067 moldm™>

E17B.6(b) From Table 17B.3 on page 735, the integrated rate law for a second-order reac-
tion of the type A + 2B » P is

1 (AL ([Blo-2[P])
[(Blo-2[AL (AL~ [PD)[Bly

Because one mole of P is formed for every mole of A that reacts, it follows that
[P] =[A]o - [A], because the quantity [A], — [A] is equal to the amount of A
that has reacted. The term [A]op—[P] in the above expression is therefore simply
equal to [A]. Similarly, [P] = 3 ([B]o — [B]) because one mole of P is formed
for every two moles of B that react. Rearranging gives [B]o — 2[P] = [B]. It
follows that the integrated rate equation can be written as

ket =

v AR, [BI/[B
kel = BT, —20ads P [AET, " 5" (BT~ 1Al " [A)/[AL,

(i) After 1 hour the amount of A has fallen by 0.010 mol dm™ from 0.050
moldm™ to 0.040 moldm ™. The stoichiometry of the reaction means
that B must have fallen by twice this amount, that is by 0.020 moldm ™,
from its initial value of 0.030 moldm™ to 0.010 moldm . Rearranging
the above integrated rate equation for k, and using these values, together
with t = 1 h x (60% sh™!) = 3600 s, gives

k. = 1 In [B]/[B]O
" ([Blo-2[Alo)t  [A]/[Alo
1

[(0.030 moldm ™) - 2 x (0.050 moldm™)] x (3600 s)

(0.010 moldm™) / (0.030 moldm™)
X
(0.040 moldm™) / (0.050 moldm™)

=3.47..x 102 dm’ mol 's7! = ‘3.5 dm’ mol™! s’l‘

(ii) The half-life of a reactant is the time taken for the concentration of that
reactant to fall to half its initial value. Thus the half-life of A is the time
taken for [A] to fall to [A]o = (0.050 mol dm™)/2 = 0.0250 mol dm ™.
However, this is not possible from the given starting conditions, because
the stoichiometry of the reaction requires the concentration of B to fall



by twice this amount, that is, by 0.050 mol dm™3, but the concentration
of B is only 0.030 moldmto start with. The half-life of A is therefore
[infinite], since the condition [A] = 0.0250 mol dm ™ can never be reached.
The half-life of B is the time at which [B] = 2[B], = (0.030 mol dm™)/2 =
0.015 mol dm ™. To achieve this the concentration of B must fall by 0.015
mol dm ™, which from the stoichiometry of the reaction means that the
concentration of A must fall by 5 x (0.015 mol dm™) = 0.0075 mol dm .
The concentration of A will therefore be
[Alo
[A] = (0.050 mol dm ™) —(0.0075 moldm ™) = 0.0425 moldm >

Rearranging the integrated rate equation for ¢ and using these concentra-
tions for A and B gives
11 [BYBL
ke [Blo—2[A]o  [A]/[A]o
1 1

t

= X
3.47..x1073dm’ mol ' s~1  (0.030 mol dm*)-2x(0.050 mol dm )

0.015 moldm~>)/(0.030 mol dm >
in( S matdm /00 maln ) ) -ezx10 T orosth

(0.0425 mol dm™)/(0.050 moldm ™)

Solutions to problems

P17B.2

P17B.4

The concentration of B is given in the question as

[B]  nk.t[A,
[A]O N 1+ krt[A]O

[B] = nk.t[A];

=———— h
L+ kt[A]l,

The concentration of A for a second-order reaction is given by [17B.4b-733],
[A] 1

~ [Al ~
[a]= T kt[Al, "¢ TAl, T T+ ki[Aly

These expressions are plotted in Fig. 172 as [A]/[A]o or [B]/[ A]o against k. [ A]o.

The order is determined by testing the fit of the data to integrated rate law
expressions. A zeroth-order reaction of the form A — P has an integrated rate
law given by [17B.1-731], [A] = [A]o — k., so if the reaction is zeroth-order
then a plot of [A] against ¢ will be a straight line of slope —k;. In this case, A
is (CH3)3CBr. On the other hand, a first-order reaction has an integrated rate
law given by [17B.2b-732],In([A]/[A]o) = —k.t, so if the reaction is first-order
then a plot of In[A]/[A]o against ¢ will be a straight line of slope —k;. Finally,
if the order is n > 2 the integrated rate law is given in Table 17B.3 on page 735
as

1 1
hence =
(A6

1 1
S (([A]o - [P [A]Sl) (Al

=(n-1)k.t+
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Figure 17.2

where to obtain the second expression the relation [P] = [A]p — [A] is substi-
tuted and the equation rearranged. This expression implies that if the reaction
has order n > 2 a plot of 1/[A]""! against ¢ will be a straight line of slope
(n-1)k,.

The data are plotted assuming zeroth-, first-, second-, and third-order in Fig. 17.3.
The first-order plot shows the best fit to a straight line, so it is concluded that

the reaction is [first-order].

t/h (A] I [A] 1/[A3] | 1/[A6]2 .
/moldm [Alo /dm’mol™ /dm®mol

0 0.1039 0.000 9.62 9.263 x 10!

0.0896 -0.148 11.16 1.246 x 10?

0.0776 -0.292  12.89 1.661 x 10?

10  0.0639 -0.486 15.65 2.449 x 10?

18 0.0353 -1.080 28.33 8.025 x 10?

31 0.0207 -1.613 48.31 2.334 x 10°

The equation of the line in the first-order plot is
In([A]/[A]o) = —5.42 x 1072 x (t/h) + 1.54 x 1072

Identifying the slope with —k; as discussed above gives the first-order rate con-
stant as k, =|5.42 x 1072 h7!|.

The concentration of (CHj3);CB,4 remaining after 43.8 h is calculated using the
integrated rate law for a first-order reaction, [17B.2b-732], [A] = [A]oe” %!

[A] = (10.39 x 1072 mol dm_3) % 67(5.42><10’2 h™')x(43.8 h)

=10.97 x 10~ moldm |
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Noting from the definition pH = —log([H*]/moldm ™) that the H* concen-
tration is given by ([H*]/moldm ™) = 107PH, the initial rate is
v = k,[HSO; ™ J*[H*]?
= (3.6 x 10° dm’ mol > s71) x (50 x 107® moldm™)? x (10>® moldm>)?
= [5.7 x 104 moldm 57!

From the definition of reaction rate [17A.3b-726], v = (1/vy)(d[J]/d¢), the
rate is written in terms of the HSO;~ concentration as v = —3d[HSO5~]/dz.
Combining this with the rate law v = k,[HSO; ™ ]*[H*]? gives

1 d[HSO57] d[HSO;"]

dt

Because the pH and hence [H* ] is assumed constant, this is written as

d[H"]
dt

= —keof[HSO3™]*  where ki ofr = 2k, [H']?

This expression corresponds to the rate law of an effective second-order reac-
tion, for which the half-life is given by [17B.5-734], t, /, = 1/ (kr,cts[A]o). Hence

2 4 k. [HSO; ]*[H*]* hence —————+ =2k, [H"]*[HSO;3"
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the time taken for the HSO3 ~ concentration to fall to half its initial value is

1 B 1

keett[HSOs Jo 2k, [H*J2[HSO5 o
1

C2x (3.6 x 106 dm’ mol ™ s~1) x (10-56) x (50 x 10-¢ mol dm )2

= or 14 years

typ =

P17B.8 Visual inspection of the data suggests that the half-life is constant at about
2 minutes. This indicates that the reaction is because first order
reactions have a constant half-life.

Using [17A.3b-726], v = (1/vy)(d[J]/dt), the rate is writtenas v = —2d[N,Os]/dt.
Combining this with v = k;[N;Os], the rate law for a first-order reaction, gives
_14[N205] d[N20s]
2 de dt
The integrated form of this rate law is given by [17B.2b-732]

= k;[N,Os] hence = —k; cf[N205] where ki ¢ = 2k,

11’1([N205:|/|:N205:|0) = —kr,efft or ln[NZO5] = 111[N205]0 - krt

This expression implies that a graph of In[N,Os ] against ¢ will be a straight line
of slope —k; ¢t = —2k;. To estimate k, without drawing a graph, pairs of data
are considered and used to estimate the slope according to

_ A IH[N205:| _ 1Il|:NzO5]t+At - h’l[N205:|t

At At

Taking At = 1 min the results are

slope

t/min [N,Os]/moldm™ In([N,Os]/moldm™) slope/min~"

0 1.000 0.000 -0.350
1 0.705 -0.350 -0.350
2 0.497 -0.699 -0.354
3 0.349 -1.053 -0.350
4 0.246 -1.402 -0.352
5 0.173 -1.754

The approximately constant value of the slope confirms that the reaction is first-
order. The average value of the slope is —0.350... min™"; identifying this with

-2k, as described above gives ‘kr =0.175 min"!|.

In an alternative approach, In[N,Os | is plotted against ¢, as shown in Fig. 17.4.

The data lie on a good straight line, thus confirming that the reaction is first-
order. The equation of the line is

In([N,05]/moldm ™) = —0.351 x (t/min) + 1.077 x 10>

Identifying the slope with -2k, gives ‘kr =0.175 min™! ‘




P17B.10

In([N,O5]/moldm ™)

f/min

Figure 17.4

The reaction is confirmed to be first-order by fitting the data to an integrated
rate law. The integrated rate law for a first order reaction is given by [17B.2b—
732], In([A]/[A]o) = —k.t; this expression implies that if the hydrolysis of
sucrose is first order then a graph of In([sucrose]/[sucrose], ) against ¢ should
be a straight line of slope —k,. The data are plotted in Fig. 17.5

H10° s [sucrose]_3 [sucrose]

/moldm [sucrose]o
0 0.316 0.000
14 0.300 -0.052
39 0.274 -0.143
60 0.256 -0.211
80 0.238 -0.283
110 0.211 -0.404
140 0.190 -0.509
170 0.170 -0.620
210 0.146 -0.772

The data lie on a good straight line, thus confirming that the reaction is first-
order. The equation of the line is

In([sucrose]/[sucrose]) = =3.670 x 107 x (t/min) + 3.052 x 10~

Identifying the slope with —k, gives = ‘kr =3.670 x 107> min™! ‘ The half-life
of a first-order reaction is given by [17B.3-732], t,/, = In2/k;.

- In2 _ In2
Y2 T T 3,670 x 1073 min” "

=[189 min]
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P17B.12

In([sucrose]/[sucrose])

0 50 100

t/min

Figure 17.5

The order is determined by testing the fit of the data to integrated rate law ex-
pressions. If the rate law is v = k,[ClO]", where n is the order to be determined,
expressing v in terms of the rate of change of concentration of [ClO] using
[17A.3b-726], v = (1/v;)(d[]]/d¢) gives

_1.d[cClO]
T

=k, [ClO]" hence d[iiO] = -2k, [ClO]"

Integrated rate laws are given in Table 17B.3 on page 735, but care is needed
because these are for reactions of the form A — P but here the reaction is
2ClO — products.

For n = 0, Table 17B.3 on page 735 shows that a reaction A — P with rate law
v = d[P]/dt = k, has integrated rate law A = A — k.. To adapt this expression
for the reaction in question, the rate law for the reaction in the table is first
written as d[A]/dt = —k, using d[P]/d¢ = —~d[A]/dt for a reaction of the form
A — P. This rate law matches that found above, d[ClO]/dt = —2k,[ClO]",
for n = 0 and A = CIO, except that k, is replaced by 2k,. The integrated rate
law will therefore be the same except with k, replaced by 2k,, that is, [ClO] =
[ClO]o — 2k, t. This expression implies that if the reaction is zeroth-order a plot
of [ClO] against ¢ will give a straight line of slope —2k;.

Similarly Table 17B.3 on page 735 gives the integrated rate law for a first-order
reaction A — P with rate law v = d[P]/dt = k,[A] as In([A]o/[A]) = k.1,
equivalent to [17B.2b-732], In([A]/[A]o) = —k,t. By the same reasoning as
above the integrated rate law for the reaction will be In([CIO]/[ClO]y) = -2k,
implying that a plot of In([ClO]/[ClO],) against ¢ will give a straight line of
slope —2k;.

Finally, if the order is n > 2 the integrated rate law for a reaction A — P with
rate law v = d[P]/dt = k,[A]" is given in Table 17B.3 on page 735 as

1 1 1 1
TAInol = (ﬂ—l)krt-i-i

1
n-1 (([A]o —[P]) (A [A] (A5

where to obtain the second expression the relation [P] = [A]p — [A] is substi-
tuted and the equation rearranged. Adapting this expression for the reaction

ket =

) hence



in question gives 1/[ClO]"!

= 2(n - 1)kt + 1/[CIO]3~!. This expression

implies that if the reaction has order n > 2 a plot of 1/[ClO]"~! against ¢ will

be a straight line of slope 2(n — 1)k;.

The data are plotted assuming zeroth-, first-, second-, and third-order in Fig. 17.6.

y [ClO] [CIO] 1/[ClO] 1/[ClO]?
ms n
/umol dm™> [CIO]y /dm®pmol™" /dm®pumol?
0.12 8.49 0.000 0.118 0.0139
0.62 8.09 -0.048 0.124 0.0153
0.96 7.10 -0.179 0.141 0.0198
1.60 5.79 -0.383 0.173 0.0298
3.20 5.20 -0.490 0.192 0.0370
4.00 4.77 -0.577 0.210 0.0440
5.75 3.95 -0.765 0.253 0.0641
T T T T T T T T T T ]
T g ++ zeroth-order = 0.0 —+  first-order |
g | Qo -0.2 .
6 — -04 N
= o |
o | C. -0.6 :
S af z f
| ~0.8 1
0 2 4 6
t/ms t/ms
~ Fr— T T T T 1 o —
=5 0.25 second-order = 0.06 third-order
g g
o 0.20 -
g g 0.04 n
<) <)
~ ~
T 0.15 q
) o' 0.02 .
2. 010 | | | £ | | |
0 2 4 2 4 6
t/ms t/ms
Figure 17.6

None of the plots give a perfect straight line due to experimental scatter in the
data. The values of the product moment correlation coefficient for each of the
plots are —0.945, —0.971, 0.987 and 0.989 for zeroth-, first-, second-, and third-
order respectively, suggesting that the second-, third- or a higher order plot
gives the best fit.
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If the reaction is second-order, the rate constant is found from the equation of
the line in the second-order plot

[CIO]™!/dm® umol ™" =2.368 x 107% x (/ms) +0.118

Identifying the slope with —2(n — 1)k, as discussed above, noting that n = 2 for
a second-order plot, gives gives the second-order rate constant as
ke = =3 x (~2.368 x 1072 dm’ pmol " ms™")
=1.18... x 102 dm’ pmol ' ms™!

10° umol ~ 10° ms
X

=(1.18...x 102 dm> umol ' ms™!) x
( H ) 1 mol 1s

=118 x 107 dm’ mol ' 57!

The half-life of a non-first-order reaction depends on the initial concentration,
and for a reaction with order n > 1 is given by [17B.6-734], t;;, = (""" -
1)/([n—1]k,[A]s"). However, this is for a reaction of the form A — products.
In this case the reaction is 2A — products, so k; must be replaced by 2k, as
explained earlier. The half-life is then given by

. 2" -1
27 3(n - 1)k, [ClO]7

If the reaction is second-order, using [CIO]y = 8.49 umol dm > and the value
of k, from above gives

271 1

i = =
12 2(2-1)k[CIOJZ™"  2x1x (1.18... x 10~2 dm’ umol ") x (8.49 umol)

=[4.97 ms]

P17B.14 (a) If the reaction A + B — P is mth order in A and nth order in B the rate
law is
d[P]
= —— = kJ[A]"[B]"
v= ST =k [A]"[B)

For a short time period the derivative is approximated by finite changes

8[P]

W:kr[A]m[B]" hence &[P] = k,[A]™[B]"8¢

The concentration of P at a time 8t after the start of the reaction is there-
fore

[P] = [P]o + S[P] = 0 + 8[P] = k,[A]™[B]"5¢

Dividing by [A], which is assumed to be approximately constant over the
short time range 8¢, then gives [P]/[A] = k.[A]™ ![B]" 8t as required.
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(b) Thereaction propene+HCI — chloropropane has the form of the reaction

A + B — P analysed in part (a). Setting A as propene, B as HCI and

P as chloropropane, and expressing concentrations in terms of partial
pressures, the result derived in part (a) becomes

Pchloropropane -k

m—1 n m—1
tPpro enePHclét o< p ropene
P prop prop

propene

The fact that pchioropropane / Ppropene is independent of pyropene implies that
m — 1 = 0 and hence m = 1. Therefore the reaction is in
propene.

If instead HCl is treated as A and propene as B, the result from part (a)

becomes
Pchloropropane —k

puci
where the order with respect to propene has been set to 1 as deduced
above. Taking common logarithms gives

m—1
rPHCI ppropeneét

lo Pchloropropane

= IOg (krppmpeneSt) + (n - 1) 10ngC1
PHcl

where log(xy) = logx + log y and logx? = alogx are used. This expres-
sion implies that a plot of log( pchloropropane / PHc1) against log prci will be
a straight line of slope n — 1. Such a plot is shown in Fig. 17.7.

pHCl/atm IM lOg(PHCI/atm) log (Pchloropropane)
PHcl prcl

10.0 0.05 1.00 -1.30
7.5 0.03 0.88 -1.52
5.0 0.01 0.70 -2.00

-1.0

-1.5F

log(Pchloropropane/pHCl)

| |
0.6 0.7 0.8 0.9 1.0 1.1

log(puci/atm)
Figure 17.7

The data lie on a modest straight line, the equation of which is

log(pchloropropane/pHCl) =2.3x log(pHCl/atm) -3.6
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The slope is moderately close to 2, suggesting that n — 1 = 2 and hence
n = 3. Therefore the reaction may be in HCL. However there
are only three data points, they do not lie very close to a straight line, and
slope of the line is not very close to 2, so the conclusion should be treated
with caution in the absence of further data.

P17B.16  The stoichiometry of the reaction 2A + 3B — P implies that when the con-
centration of P has increased from 0 to x, the concentration of A has fallen to
[A]o — 2x and the concentration of B has fallen to [B]y — 3x. This is because

each P that forms entails the disappearance of two A and three B. The rate law
= d[P]/dt = k,[A][B] then becomes

P
% =k ([A]o —2x)([B]o —3x) hence % =k ([A]o —2x)([B] - 3x)
where to go to the second expression [P] = x is used, which implies that d[P]dt =
dx/dt. The expression is rearranged and the initial condition x = 0 when ¢ = 0
is applied. This gives the integrations required as

f( O—Zx)([ Jo =30y & fkdt

The right-hand side evaluates to k,t. The left-hand side is evaluated using the
integrals from the Resource section

X 1 X 1
fo ([AJo —2x)([B]o - 3x) = /0 2(3[A]o - x) x 3(3[BJo - x) &

Integral A.3

6f Gl o—x)( [Blo - x)

L1y BBl 0GIAL)
6 L[Blo-1[Aly " (3[Alo-x)(1[Blo)
1 ([BJo - 3x)[A]o

Combining this with the right-hand side the integrated rate law is

1 In ([BJo - 3x)[A]o

2081, 3[ALs " ([Aly_20)[Bly

P17B.18 A reaction of the form A — P that is nth order in A has rate law v = k. [A]".
Combining this with [17A.3b-726], v = (1/vy)(d[J]/d¢) gives

1.d[A]

< ds =k, [A]" hence -[A]T"d[A]=k,dt
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Initially, at ¢ = 0, the concentration of A is [A]o, and at a later time ¢ it is [A].
These are used as the limits of the integration to give

Integral A.1

t

[A] t 1 [A]
[ ardiar= [Tkdr hence (a0 <
[A]O 0 n _1 [A]O 0
1 1 1
hence n-1 ([A]n—l - [A]g—l):kft (fOI'n¢1)

This integrated rate law is equivalent to that given in Table 17B.3 on page 735
and is valid for all values of n, including fractional values, except for n = 1.
Dividing through by k. gives

e —ll)kr ([A]l”“ ) [A]IS’I)

Setting t = t;/, when [A] = 1[A], gives

oo 1 ( 1 1 ): -l
P -k QAN ALY (n- Dk [A] T

Similarly, setting ¢ = £3/, when [A] = 2[A], gives

. ( 1 ): 3 '-1
M- Dk \GIAD™ A7) (n- Dk [A]y!

Hence

tip Q"' -1)/(n-1)kJ[A]F! 2t

tya [ -10/(n-Dk[A]F (51 -1

17C Reactions approaching equilibrium

Answers to discussion questions

If the equilibrium position shifts with pressure, a pressure jump can be used
to alter the rate of the reaction. For such an effect on equilibrium, the volume
change of the reaction must be non-zero.

Solutions to exercises

E17C.1(b) The binding of the drug to protein is represented by the equilibrium

ke
Protein + Drug == Complex
kl

r

The equilibrium constant in terms of rate constants is given by [17C.8-738], K =
k.c®/k!. Because the forward and backward reactions are of different order, the
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¢® is included so that the ratio of k,, with units dm®mol™'s™1, to k!, with units
s™1, is turned into a dimensionless quantity. Rearranging for k. gives

W - kic®  (1.5x10%dm’ mol ' s7!) x (1 moldm™)
K 200

={7.5x10°s7!

E17C.2(b) The relaxation time in a jump experiment is given by [17C.9a-739], 7 = 1/ (k. +
k). Both forward and reverse reactions are first-order, so their rate constants
are related to their half-lives according to [17B.3-732], t;/, = In2/k;, which is
rearranged to k; = In2/t,,. This is used to replace k. and k; in the expression
for 7 to give

-1
In2 ln2) ( In2 In2
it _

-1
t ¥ “\2ams 39 ) =[21ms
1/2 1/2 ms ms

7= (ke + k)" :(

Solutions to problems
P17C.2 The forward and backward reactions are

A - 2B M:—kr[A] 2B - A M:k'

B 2
dt dt :[B]

The concentration of A is reduced by the forward reaction at a rate k,[A] but
is increased by the backward reaction at a rate k/[B]?. The net rate of change is
therefore d[A]/dt = —k.[A] + k[B]?. If the initial concentration of A is [A]o,
the stoichiometry of the reaction implies that [B] = 2([A]o — [A]). Therefore

% = —k,[A] + 4K/ ([A] - [A])?

To solve this differential equation, it is convenient to define a new variable
x = [A]/[A]o, so that [A] = [A]ox and d[A]/d¢ = [A]odx/dt. Making these
substitutions gives
dx
[AJog; = —kel[Alox + 4ki([Alo — [A]ox)” = —ke[AJox + 4k;[AL5(1 - x)°
Dividing this expression through by [ A]p and then taking out a factor of 4k/[A]o
gives

dx _
dt

ke

“wag, T

kex + 4k [A]o(1 - x)* = 4k/[A]o [

k
=4k [A)y |- —E2—+1-2 2
i ]0[ 4k£[A]o+ x+x]

14 2 kr
=4k/[A]o [x + (2 - AT, ) X+ l]




The term in square brackets is a quadratic in x which may therefore be written
(a-x)(b - x), where a and b are the roots of x> — (2 + k;/4k.[A]o)x +1 =0,
that is

—(2+k/4k’ Jo) + /(2 + k. /4kI[A]y)? -
2
and b is the same but with the negative square root. Therefore

dx ’ :
T = aki[Alo(a-x)(b-) hence [ (a-x)(b-x) x)(b— i f

where the initial condition that x = [A]/[A]o = 1 when ¢ = 0 is applied. The
integral on the right is 4k;[ A]o #, while the integral on the left is evaluated using
integral A.3 in the Resource section to give

1 -x)(a-1) .,
S s v s I E L

Rearranging for x gives
(b-x)(a-1) _ (A(b-a)K[Alot
(a-x)(b-1)
-1
hence (b-x)= (a—x) etkilAbr
P Cl 1)64(h_a)k,[A]ot y (1 _b- 164(b—a)k;[A]Uz)
a-1 a-1
~[a(b - 1)/(a - D]e!-kA
1= [(b=1)/(a - D]t R

This expression gives x = [A]/[A]o as a function of time; as defined above a
and b are constants that depend on the relative values of k;, k., and [A],.

hence «x =

As an example, for the specific case k; = k/[A]o evaluation of the expression
for a and b given above yields a = 1.64... and b = 0.609.... Putting these into
the expression for x and replacing k/[A], by k; in the exponents for clarity in
this specific case gives

b a(b-1)/(a-1) 4(b-a)
— —— —

_ (0.609..)+ (1.00..) xexp[(4.12...) kif]

1+ (0.609...) x exp[(-4.12...) k;t]

(S — —_———

(b-1)/(a-1) 4(b-a)
The dimensionless quantity x = [A]/[A]y is plotted against the likewise dimen-
sionless quantity k.t in Fig. 17.8. The graph shows that initially the concentra-
tion of A decreases, because the backwards reaction is unimportant compared
to the forwards reaction due to little product B being present, but then levels oft
as the system comes to equilibrium. An expression for [B] is found by recalling

from above that [B] = 2([A]o — [A]). Therefore

[B] _ ) (0.609...) + (1.00...)e(~+12:+)kst
(Al ) _2(1_ 1-(0.609...)e(~4:12:0) kst )

This expression for [B]/[A]y is also plotted on Fig. 17.8.
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P17C.4

P17C.6

1.0 T
A
z 0.8} =
—
28,06 8
—
S
z 041} N
— B
< 02} .
0.0 | | | | |
0.0 0.2 0.4 0.6 0.8 1.0 1.2
k.t
Figure 17.8
A mechanism containing three steps is
ka ky ke
A B C D
K K K

At equilibrium, the forward and backward reactions of each step are equal.

Stepl  ky[Aleq = ky[Bleq hence [Bleq=[Aleqx —

Step2  ky[Bleq = ki[Cleq

ky, ka kv
hence [Cleq = [Bleq x k—g = [Aleq % ke X kT'J
Step3  kc[Cleq = k([D]eq
k ke kv k
hence [D]eq = [Cleq X k—z = [Aleq % kz x kT') x ki
Generalising this process it is clear that for a reaction
ka kb kc
A B C D P
k ki k

the equilibrium concentration of the final product P, and the equilibrium con-
stant for the overall reaction A = P, are

ka kb kc [P]e ka kb kc
[P]eq:[A]eqXEXKXEX... hence K = [A]:; = k—;xk—gxk—éx...

The reaction A = B+Cisanalysed in How is that done? 17C.1 on page 738 where
it is shown that the relaxation time 7 is given by 1/7 = k; + k[([B]eq + [Cleq)-
In addition, the equilibrium constant is given by [17C.8-738], K = (k,/k.) x
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(kp/k{) x ..., but in this case in order for K to be dimensionless it is necessary
to include a factor of 1/c® because k; is a first-order rate constant with units
s~! while k’ is a second-order rate constant with units dm’ mol ' s,

= k’;e hence k; =k.c°K

r
This is substituted into the expression for 1/7 to give
1/7 = kic®K + ki ([Bleq + [Cleq)
which is then rearranged for k|
1 1 1

K o= - =
P K+ [Blug + [Cleg 3.0x10Cs

1
X
(1moldm )% (2.0x10-16)+(0.20x10~3 mol dm ) +(0.20x 10~3 mol dm )

=8.33...x 10° dm’ mol 's7! = ‘8.3 x 10® dm’ mol™" s’l‘

The rearranged expression for K above is then used to find &,
ke = k!c®K = (8.33...x 10® dm’ mol ' s7!) x (1 moldm ™) x (2.0 x 107'¢)

={1.7x 1077 7!

17D The Arrhenius equation

Answers to discussion questions

D17D.2 The temperature dependence of some reactions is not Arrhenius-like, in the
sense that a straight line is not obtained when Ink, is plotted against 1/T.
However, it is still possible to define an activation energy using [17D.3-742],
E, = RT*(dInk,/dT). This definition reduces to the earlier one (as the slope
of a straight line) for a temperature-independent activation energy. However,
this latter definition is more general, because it allows E, to be obtained from
the slope (at the temperature of interest) of a plot of In k, against 1/T even if
the Arrhenius plot is not a straight line. Non Arrhenius behaviour is sometimes
a sign that quantum mechanical tunnelling is playing a significant role in the
reaction. A reaction with a very small or zero activation energy, so that k, = A,
such as for some radical recombination reactions in the gas phase, has a rate
that is largely temperature independent.

Solutions to exercises

E17D.1(b) The rate constant k, for the decomposition is calculated at each temperature
using the Arrhenius equation [17D.4-743], k, = Ae”P+/RT_ The half-life is given
by [17B.3-732], t,, = In2/k,. Combining these expressions gives

~ In2 In2 Eu/RT
2= YR T A
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(i) At20°C

In2 261 x 10° Jmol ™
tya = Xp

4.00 x 1015571 (8.3145] K ' mol™") x ([20 +273.15] K)

=[5.6 x 10°* s/ or 1.8 x 10>’ years

(i) At500°C

In2 261 x 103 Jmol ™
t1/2 = Xp

e e
4.00 x 1015 51 (8.3145] K ' mol™") x ([500 + 273.15] K)

=[745]

E17D.2(b) The relationship between the values of a rate constant at two different tempera-
tures is given by [17D.2-742], In(k, »/k;1) = (E4/R)(1/T; — 1/ T,). Rearrang-
ing for E, gives

_ Rin(ko/k;)  (8:3145]K " mol™") xIn[(4.01 x 1072)/(2.25 x 1072)]

YT -1T, 1/([29 +273.15] K) - 1/([37 + 273.15] K)
= 5.62... x 10* Jmol ™! = [56.3 k] mol |

The frequency factor is found by rearranging the Arrhenius equation [17D.4-
743), k; = Ae”P+/RT for A. The data for both temperatures gives the same result.

AtTy A= keB/RD
5.62...x10* J mol !

= (2.25x107>dm’ mol ' s7') xexp ——
(8.3145] K~ mol ") x ([29+273.15] K)

:‘1.21 x 108 dm® mol™! S_l‘

AtT, A= kel/R

5.62...x10* Jmol ™

= (4.01x1072dm’ mol ' s7!) xexp —
(8.3145JK ' mol ™) x ([37+273.15] K)

=1.21 x 10° dm’> mol ™' s7!

E17D.3(b) The relationship between the values of a rate constant at two different tempera-
tures is given by [17D.2-742], In(k, 2 /k;1) = (E4/R)(1/Ty — 1/ T3). Rearrang-
ing for E,, and using k; »/k;,; = 2 because the rate constant doubles between
the two temperatures, gives

Rin(ke/key) (8.3145J K ' mol™") x In2 =
E, = 2ol =53 kJ mol
1/Ti-1/T,  1/([25+273.15] K)-1/([35+273.15] K)
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The relationship between the values of a rate constant at two different tempera-
tures is given by [17D.2-742], In(k, »/k;1) = (E./R)(1/T; — 1/ T,). Rearrang-
ing gives

-1
R k. 1 1 1 R k.
“In-22 = — _ —  hence Ih=|—-—In 2
Ea kr,l Tl T2 Tl Ea kr,l

If k, isto increase by 10 % then k, 5 = k1 +0.10xk, 1 = 1.10xk, 1,80 k; 5 /K1 =
1.10. Hence, taking T} = 25 °C,

1 8.3145] K mol ™! - _
. - —1In1.10| =[298.9K]=[25.7 °C]
[25+273.15] K 99.1 x 103 J mol

As explained in Section 17D.2(a) on page 743 the fraction f of collisions that are
sufficiently energetic to be successful is given by the exponential factor e F+/RT

80 x 10° 1!
f=e B/RT = exp( x 107 Jmo ) =|4.4x107°

©(8.3145JK ' mol ™) x (500 K)

Solutions to problems

P17D.2

P17D.4

The Arrhenius equation [17D.1-741], In k, = In A- E,/RT, implies that a plot of
In k, against 1/ T should give a straight line of slope —E, /R and intercept In A.
The data are plotted in Fig. 17.9.

0/°C T/K  kJs'  1/(T/K) In(k/s ™)
0.0 273.2 2.46x107° 0.00366 —6.01

20.0 293.2 4.51x1072 0.00341 —3.10

40.0 313.2 5.76x107! 0.00319 -0.55

The data fall on a good straight line, the equation for which is
In(k:/s™) = (-1.167 x 10*) x 1/(T/K) + 36.71

Identifying the slope with —E, /R gives the activation energy as

E, = —slope x R = —(~1.167 x 10* K) x (8.3145J K" mol™") =[97.0 kJ mol *

The Arrhenius equation [17D.1-741], In k, = In A— E,/RT, implies that a plot of
In k, against 1/ T should give a straight line of slope —E, /R and intercept In A.
The data are plotted in Fig. 17.10.

T/K  k;/dm’mol™"s™' 1/(T/K) In(k;/dm’mol™"s™")
300.3 1.44 x 107 0.00333  16.48
341.2  3.03 x 107 0.00293 17.23
3922 6.90 x 107 0.00255 18.05
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The data fall on a good straight line, the equation for which is
In(k,/dm’ mol™'s") = (=2.007 x 10*) x 1/(T/K) + 23.15
Identifying the slope with —E, /R gives the activation energy as

E, = —slope x R = =(=2.007 x 10* K) x (8.3145JK ' mol ") = [16.7 kj mol '

Identifying the intercept with In A gives the frequency factor as

A=ePP dm’mol sl = ’1.13 x 10'° dm’ mol™* s‘l‘

The units of A are the same as the units of k.

P17D.6 (a) The rate constant is estimated using the Arrhenius equation [17D.4-743],



ke = Ae Be/RT,

_ 3 -1
ke = (1.13 x 10° dm® mol™ s_l)xexp( 14.1 x 107 Jmol )

(8.3145J K" mol ") x (263 K)

=1.79... x 10 dm’> mol ! s7!

The rate equation for the bimolecular reaction CH;+OH — CH5+H,0 is
v = —d[CH,]/dt = k,[CH4][OH], so the rate of consumption of methane
is

d[CH,]
dt

= k:[CH4][OH]

= (1.79... x 10° dm’ mol ' s71) x (40 x 10~ moldm ™)
x (3.5x 107 moldm ™)

=2.51...x 107 moldm > s7! = ‘2.5 x 1076 moldm > s’l‘

(b) Multiplication of the rate in mol dm3s7! by the volume of the atmo-
sphere gives the rate in mols™!, and multiplication by the molar mass of
methane, 16.0416 gmol ', gives the rate in gs™!. Finally, multiplication
by the length of a year in seconds, 365 x 24 x 60> = 31536000 s, gives the
mass consumed anually.

m = (2.51...x 107" moldm ™ s71) x (4 x 10?! dm®) x (16.0416 gmol™")

1k
x (31536000 8) x —2 =[5.1x 10! kg

1000 g

17E  Reaction mechanisms

Answers to discussion questions

D17E.2

D17E.4

D17E.6

The rate-determining step is what it says it is, the step whose rate determines
the overall rate of reaction. Any steps subsequent to the rate-determining step
cannot, by definition, go any faster than the rate-determining step, and in fact
they proceed at the same rate as the rate-determining step. A step prior to the
rate-determining step may proceed faster that the rate-determining step.

If several steps are involved in a reaction mechanism it is possible that changes
in the concentrations of the species involved will result in a change in the rate-
determining step, and hence a change in the rate law. This may result in a
change of order. A simple example is the Lindemann-Hinshelwood mecha-
nism considered in Section 17E1 on page 753 where there is a change for first-
to second-order kinetics depending on the pressure of the reactants.

In a multi-step mechanism it is possible that the overall rate constant for the
reaction will be a composite of the rate constants for different steps. If, in this

601
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expression for the overall rate constant, a rate constant for an individual step
appears to a negative power, k; %, then this term will decrease with increasing
temperature and so make a negative contribution to the overall activation en-
ergy. If this effect is the dominant one, the overall activation energy may be
negative. A simple example of this behaviour is possible for reactions involving
pre-equilibrium, as discussed in Section 17E.5 on page 750.

Solutions to exercises

E17E.1(b)

(i) The pre-equilibrium A + B == U is described by the equilibrium constant
K given by

BN 1 1) S
e @ " iagm e T

The equilibrium constant K is written in terms of rate constants using
[17C.8-738], K = (ka/k}) x (ku/ki) x ... However, in order to make
K dimensionless it is necessary in this case to include a factor of 1/c®
because k, is a second-order rate constant with units dm> mol ™! s~! while
k! is a first-order rate constant with units s™*. Thus K = k,c®/k., which,
on substituting into the above expression for [U] yields

kac® [Al[B] _ ka

c® k!

[A][B]

This expression is alternatively obtained by noting that at equilibrium
the rates of the forward and reverse reactions are the same (provided the
formation of H can be ignored)

kq

ka[A][B] = k; =

a

[U] hence [U]

[A][B]

The rate of formation of H is d[H]/dt = k;[U]; substituting the expres-
sion for [U] into this gives

A~ ko= S )

(ii) The net rate of change in the concentration of U is

d[U
A0 ko (A1B) - U] - k(U]
In the steady-state approximation this is assumed to be zero

ka[A][B] - k;[U] - ky[U] =0 hence ko[A][B] = [U](k; + kv)
ka[A][B]

hence[U] = Tk
atky



E17E.2(b)

E17E.3(b)
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The rate of formation of H is given by d[H]/d¢ = k,[U]; substituting the
above expression for [U] into this gives

d[H] kaky[A][B]
T e

If the rate of decay of U back to A + B is much faster than the decay of U to
H, that is if k;[U] > ky[U], the k;, term in the denominator is neglected
in comparison to k, and the expression becomes
d[H] _ kiko[A](B] _ kuks

TRk T AV 13
which is the same as the rate law derived in part (i) assuming a pre-
equilibrium. This is because under these assumptions the removal of U to
form product is then too slow to affect the maintenance of the equilibrium
between A, B and U.
On the other hand, if the rate of conversion of U to H with rate k;,[U]
is much faster than the decay back to starting materials with rate k;[U],
that is if ky, > k., the denominator of the rate law is approximated by k;,
and the rate law becomes

d[H]  kiky[A][B]

dt - ky

This rate law corresponds to the first step A+B — U being rate-determining:
once U has formed from A and B in this step it immediately goes on to
form product.

= ka[A][B]

If step (1) forms a pre-equilibrium, the equilibrium constant K is given by
K = ([CHzClCHzO_]/Ce) _ [CHz(:ICHzo_]Ce
~ ([CH,CICH,0H]/c®)([OH-]/c®) [CH,CICH,OH][OH"]

K[CH,CICH,0H][OH"]

This is rearranged to  [CH,CICH,07] =

Ce
The rate of formation of (CH,CH,), O is given by the rate of step (2),
d[(CH,CH,),0
% = k,[CH,CICH,0]

Substituting the above expression for [CH,CICH,O™] into this gives

be w - BK e, cicn,omfon ]
[

This is the required expression. The factor of 1/c® is necessary for the rate
equation to be dimensionally consistent.

The overall activation energy for a reaction consisting of a pre-equilibrium
followed by a rate-limiting elementary step is given by [17E.13-751], E, = E, o +
E.v — E, o, where E, , and E, ;- are the forward and reverse activation ener-
gies for the pre-equilibrium and E, ;, is the activation energy for the following
elementary step. In this case

E,=(27Kmol™") + (15kJmol™") - (35 kJmol ") =
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Solutions to problems

P17E.2

P17E.4

. ok
The concentrations of A, I, and P in the reaction mechanism A & I3 Pare
given by [17E.4a-747], [17E.4b-747], and [17E.4c-747].

[A] = [Aoe ™

[P]:{1+

(1]

ky — ka

[J]/mol dm™

[J]/mol dm™>

0.0

Figure 17.11

kq

kb - ka
ke k! — ke ket

[J]/mol dm™

[J]/mol dm™>

(e—kat _ e—kbt) [A]O

} [Alo

These expressions are plotted for [A]o = 1 moldm ™, ky, = 157!, and four dif-
ferent values of k, in Fig. 1711. Note that the final plot has a different horizontal
scale to the others.

1.0

1.0

0.5

0.0

T T
ka=05s"1 kp =

T T T
k,=0.01s1 ky=1s"1 |

In the first plot, k, > ky,, so A is quickly converted to I, and I is then converted
more slowly to P. The rise in P mirrors the fall in I. On the other hand, in
the last plot k, << kp, so as soon as I is formed it immediately goes on to P.
Consequently the concentration of I remains low and approximately constant,
and the rise in P mirrors the fall in A. This latter situation is the one to which
the steady-state approximation applies. The maximum concentration reached
by I decreases, and moves to later times, as the ratio k,/k;, decreases.

ka  ky
For the scheme A 2 B 2 C the net rates of change of the concentrations of A,

k!

k



P17E.6

P17E.8

B, and C are
% = —k,[A] + K/[B] % = ka[A] - kq[B] - ko [B] + ki [C]
d[C]

S = k[B] - K[C]

If B is a reactive intermediate that reacts almost as soon as it is formed, the
steady-state approximation applies to B and d[B]/dt = 0. Therefore

K[A] - K.[B] - ky[B] + K,[C] =0 hence K,[A] - K,[B] = ky[B] - ky[C]

term 1 term 2

From the discussion above, it is evident that term 1 is equal to —d[A]/dt and
term 2 is equal to d[C]/dt. Therefore

dlA] _d[c]

dr dt

ky
which is precisely what is expected for the scheme A 2 C.
kl

r

Application of the steady-state approximation to the intermediate N,O, gives

d[N,0;]

T k.[NOJ]? - k. [N,0,] - k,[N,0,][0,] = 0

This is rearranged for [N,O,].

k,[NO]?
’ _ 2 h — a )
[N20;] (k; + kp[O2]) = ka[NO] ence [N,O,] K + ko[O5]
The rate of formation of NO, is then
d[NO;,] 2k, ky[NOJ*[0,]
=2k, [N, O, ][Oy ] = | ————r =
dt +[N202]0:] k! + ky[O3]

The factor of 2 arises because two NO, molecules are formed in the final step.
To go to the final expression, the concentration of N,O, from above is substi-
tuted in.

ke k
(a) The rate equations for the mechanism hhhh... 2 hchh... ;;f ccec... are
a b
% = —k,[hhhh...] + kL[ hchh...]
% = ky[hhhh...] - k. [hchh...] = ky[hchh...] + k{ [cccc...]
d[cccc... ]

P ky[hchh...] - ki [ccec...]
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P17E.10

(b) Applying the steady-state approximation to hchh... so that d[hchh...]/dt =
0 gives
ko[hhhh...] - k.[hchh...] - ky[hchh...] + ki [ccec...] = 0

k,[hhhh...] + k] [ccce...]
hchh...] =
[hchh...] KL+ ke

hence

Substituting this into the expression for d[hhhh...]/dt gives

d[hhhh...] , ( ka[hhhh...] + K| [cece...]
) o ko[hhhh.] + k
dt hhhh...] + ( K+ ke
kik ki ki [cecc...]
= — | ko — —2=2 | [hhhh...] + 22
( k;+kb)[ T
 kake KLkl
T [hhhh...] + ke [ccec...]
— — ——
ke k!

Similarly for d[cccc...]/dt

dfcecc...] k ky[hhhh...] + k{[ccec...]
dt b k! + ky
_ kaky[hhhh...] o kyky,
T Ktk ® K+ ky
kaky ki k|
= hhhh...] - —*
k! + ky, [ ] k! + ky

—— ~——
kr k!

r

) [hchh...] — k[ cecc...]

) [ccce...]

[cecc...]

These expressions have precisely the same form as those for the mecha-

kr
nism hhhh... 2 cccc... for which the expressions are
d[hhhh...] d[cecc...]
dt dt
Thus the two mechanisms are equivalent provided hchh... can be regarded

as being a steady-state intermediate, that is, if the rate of its breakdown is
much faster than the rate of its formation.

= —k,[hhhh..]+k[cccc...] = k;[hhhh...]-k.[ccce...]

An alternative, and rather simpler approach, is to use the same argument as
deployed in Problem P17E.4.

The reaction is shown schematically in Fig. 17.12.

As explained in Section 17E.6 on page 752, thermodynamic control arises when
the reaction is allowed to reach equilibrium. The reactant R is therefore con-
sidered to be in equilibrium with both P; and with P,

ki 3}
R=——=DP, R==P,
ki k;



Py
Py

Figure 17.12

At equilibrium, the rates of the forward and backward reactions of R to P, are
equal, as are those to P,. Therefore
ki[R]

ki[R] =k}[P;] hence [P;]= K 5 ky[R] =k5[P,] hence [P,]=

The ratio of the two products is therefore

[P2] _ ka[R]/ky | kaki :

[P1]  Kki[R]/k] | Kk K
where K; and K; are the equilibrium constants for R == P; and R == P,,
respectively.

17F Examples of reaction mechanisms

Answers to discussion questions

D17E.2

In the analysis of stepwise polymerization, the rate constant for the second-
order condensation is assumed to be independent of the chain length and to
remain constant throughout the reaction. It follows, then, that the degree of
polymerization is given by [17E12b-756], (N) = 1 + k,t[A]o. Therefore, the
average molar mass can be controlled by adjusting the initial concentration of
monomer and the length of time that the polymerization is allowed to proceed.

As discussed in Section 17F.2(b) on page 756, chain polymerization involves
initiation, propagation, and termination steps. The derivation of the overall
rate equation utilizes the steady-state approximation and leads to the following
expression for the average number of monomer units in the polymer chain
([17E15-757]) (N) = 2k, [M][In]""/? where k, = k,(4fkik;)"'/?, and where
kp, ki, and k; are the rate constants for the propagation, initiation, and ter-
mination steps respectively, and f is the fraction of radicals that successfully
initiate a chain. It is seen that the average molar mass of the polymer is directly
proportional to the monomer concentration, and inversely proportional to the
square root of the initiator concentration, and to the rate constant for initiation.
Therefore, the slower the initiation of the chain, the higher the average molar
mass of the polymer.

ky[R]
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D17F.4

As temperature increases, the rate of an enzyme-catalyzed reaction is expected
to increase. However, at a sufficiently high temperature the enzyme denatures
and a decrease in the reaction rate is observed. Temperature related denatura-
tion is caused by the action of vigorous vibrational motion, which destroys sec-
ondary and tertiary protein structure. Electrostatic, internal hydrogen bond-
ing, and van der Waals interactions that hold the protein in its active, folded
shape are broken with the protein unfolding into a random coil. The active site
and enzymatic activity is lost.

The rate of a particular enzyme-catalyzed reaction may also appear to decrease
at high temperature in the special case in which an alternative substrate re-
action, which has a relatively slow rate at low temperature, has the faster rate
increase with increasing temperature. A temperature may be reached at which
the alternative reaction predominates.

Solutions to exercises

E17E1(b)

E17E.2(b)

The effective rate constant for the Lindemann-Hinshelwood mechanism is given
by [17E8-754], 1/k, = k. [k.ky, + 1/k,[ A]. The difference between the effective
rate constant at two pressures is therefore

L () e i AL
ke ke ko \[Al:  [A]L 1kep = 1/key
The rate constant for the activation step, k,, is therefore

~ 1/(25Pa) — 1/(1.09 x 10° Pa)
1/(22x 10757 — 1/(1.7 x 1073 s71)

or|9.9 MPa~!s7!|

=[9.9%x10° Pa's!

The fraction of condensed groups at time ¢ of a stepwise polymerisation is given
by [17E11-755], p = k.t[A]o/(1 + k,t[A]o). Hence, after 10.00 h, or 10.00 h x
(60%s)/(1h) =3.60 x 10* s,

k. t[Alo
T 1+ ki t[Alo
(2.80 x 1072 dm’ mol ' s7!) x (3.60 x 10* 5) x (50.0 x 107> moldm )
1+ (2.80 x 10~2 dm’ mol ™" s71) x (3.60 x 10* s) x (50.0 x 103 moldm ™)

=0.980... =10.981

The degree of polymerisation in a stepwise polymerisation is given by [17F.12a—
7551, (N) = 1/(1 - p).

1 1
T 1-p 1-0.980...

(N) =[51]



E17E3(b)

E17F.4(b)

E17E.5(b)

The kinetic chain length in a chain polymerisation reaction is given by [17F.14c-
757], A = k[M][In]~"/. The ratio of chain length under the two different sets
of conditions is therefore

b kML (M) ([n]) 1\
o kr[M]l[In]l_l/z _( )x( ) —5.0x(m) =[15.8

The Michaelis—-Menten equation for the rate of an enzyme-catalysed reaction
is given by [17F.18a-759], v = Uiax/(1 + Ky/[S]o)- Rearranging for vy.x gives

K
Umax = v(l + M) =(0.205 mmol dm > s x (1 +

[So

= ’0.212 mmoldm > s~! ‘

0.032 moldm™® )
0.875 mol dm >

The catalytic efficiency is defined in the exercise as ki, / K1, and vy is related to
ky, according to [17F17b-759], Umax = kb[E]o, hence ki, = vimax/[E]o. Therefore,
the catalytic efficiency is

ke  Umax 4.25x107* moldm™ s~
Ky Km[EJo  (0.032 moldm™) x (3.60 x 10-° moldm )

= ‘3.7 x 10% dm® mol™! s_l‘

Solutions to problems

P17E2

P17F.4

The kinetic chain length in a chain polymerization is given by [17E14c-757],
A = k. [M][In]~'/2. This represents the average number of molecules in a chain
produced by one initiating radical, at the point at which the chain is terminated.
Disproportionation termination does not change the number of monomers in
the chain, so the average polymer length is equal to the kinetic chain length

(N) = A =|k,[M][In]"}/?

This is in contrast to mutual termination, where as explained in Section 17E.2(b)
on page 756 the average number of monomers in a terminated polymer is the
sum of the numbers of monomers in the two combining polymer chains.

The Michaelis—Menten mechanism is

kz\ k[,
E+S—=—ES——E+P
kl

a

IfE, S and ES form a pre-equilibrium, then the rate of the forward step in this
equilibrium, k,[A][S], must be equal to the rate of the reverse step, k.[ES].
Hence k,[E][S] = k.[ES]. The total concentration of enzyme is [E]y = [E] +

609



610

P17F.6

[ES], so [E] = [E]o — [ES]. Substituting this into the expression previously
found gives

ka ([E]o — [ES]) [S] = k.[ES] hence [ES]= I];a[[SE]]i-[Sk]’

The rate of product formation is given by the rate of the second step, v = k, [ES],
hence

kST+k, 1+ ki/kJS] |1+ Ki/ku[S]o
To go to the final expression, the fact that the substrate is typically in large
excess compared to the enzyme, so that the free substrate concentration [S] is
approximately equal to the initial substrate concentration [S]y, is used.

o~ koka[EJo[S] _ Ko[Elo | ko[E]o

The equation based on the steady-state approximation is given by [17E16-759],

!/
v= _ko[EJo__ where Ky = kv ky
1+ KM / [S]o ka
This is the same as the pre-equilibrium equation if k; > ky, that is, if the ES
complex is much more likely to revert to E+S than to react onward to products.
This condition is assumed in applying the pre-equilibrium hypothesis, which
requires that the reaction of ES to products is too slow relative to the reversion
of ES to E + S to significantly affect the setting up of the pre-equilibrium.

The rate of product formation is v = k.[ES'], so the task is to find an expression
for [ES’]. The steady-state approximation is applied to the two intermediates
ES and ES’

/
@ — K [E][S]-K.[ES]-k[ES] ~0 and d[is | ko [ES] =k [ES'] = 0
The concentration of free enzyme E is given by [E] = [E]o — [ES] - [ES'].
Substituting this into the steady-state expression for [ES] gives
ka ([E]o - [ES] - [ES']) [S] - ko [ES] — ko [ES] = 0
hence k,[S][E]o — ka[S][ES] — ka[S][ES'] — k.[ES] — kp[ES] =0

The steady-state expression for [ES'] implies that [ES] = k. [ES']/kp. This is
used to substitute for [ES] in the above expression to give

KISIIE]y ~ ka[S]E= 8] - Ku[S][ES') - KR [58'] - K [BS'] =0
b b
This expression is multiplied through by ki, and divided through by k,[S]
k' k kpk
ko[E]o — kc[ES'] - kp[ES'] - 2= [ES'] - ———=[ES'] =0
b[ ]0 [ :| b[ ] ka[S][ ] ka[S][ ]

!/
hence ky[E]o = [ES'] (kc Ty kike  kpke )

k8] " Ka[S]
ko(kl +ky) )

= [ES,] ((kb + kc) + X [S]



P17E.8

611

Dividing through by (ky, + k.) gives II:: [f}: = [ES'] (1 + IM)
(ko/[Ko + ke ]) [Elo

hence [ES']=

1+ (kc[k; + kb]/ka[kb + kc]) /[S]

This expression is substituted into v = k.[ES’] to give

et (koke/[ky + kD) [Elo
v=k[ES] = 1+ (ke[ky + ko] /kalko + kc]) /[S]o

Note that [S] is replaced by [S]o because the substrate is typically in large excess
relative to the enzyme so that [S] ~ [S]o. The final rate equation has the same
form as the Michaelis-Menten equation [17E.18a-759], with

Ymax with vy = ch[E]O and Ky = 7kc(ka + ko)

YT T Ku/[S]o ko + k. " TeaCky + ko)

(a) The Michaelis-Menten equation [17F16-759]is v = ky[E]o/(1+Km/[S]o)s
or [17F18a-759] v = Upmay/(1 + Kn/[S]o)- Rearranging gives

U(H[’;TO) - U

hence v + Ry
U+ —— = Unax
[S]O ma

v 1 Umax
hence — =—-——v+
[Slo Kum Km

This expression implies that a plot of v/[S] against v should be a straight
line of slope —1/K) and intercept vyax/Ku.

(b) Note that the question should read a Hanes plot of [S]o/v against [S]o, not
v/[S]o against [S]o.
The Michaelis—Menten equation [17F.18a-759] is inverted and then mul-
tiplied through by [S] to give
1 = 1+ Ku/15)o Ku/[S]o hence @ = —[S]O + K

v vmax v Umax vmax

This expression implies that a plot of [S]o/v against [S]o should be a
straight line of slope 1/vpm,y and intercept Ky/vmax-

(c) The data are plotted as a Lineweaver-Burk plot in Fig. 1713, as an Eadie-
Hofstee plot in Fig. 17.14, and as a Hanes plot in Fig. 17.15. In all cases the
data lie on a good straight line.
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[H20;]/ v/mol  1/([H;0:]/ 1/(v/mol v/[H,0,] [H20,]/v

moldm™ dm™s™' moldm™) dm7’s!) /s7! /s
0.300 4.431 3.333 0.2257 14.77 0.0677
0.400 4.518 2.500 0.2213 11.30 0.0885
0.500 4.571 2.000 0.2188 9.14 0.1094
0.600 4.608 1.667 0.2170 7.68 0.1302
0.700 4.634 1.429 0.2158 6.62 0.1511
0.230 T T T T T T T
Lineweaver-Burk plot
Lo 0225]
|
g
<
)
£ 0220
>
=
0.215 |- ‘ ‘ ‘ ‘ .
1.0 1.5 2.0 2.5 3.0 3.5
1/([H,0,]/moldm™>)
Figure 17.13
T T T T T T T
15+ Eadie-Hofstee plot -
D
=
o)
o) 10 [ N
=
2
5 L | L | L | L | L |
440 4.45 450 455 4.60 4.65 4.70
v/(moldm™>s™")
Figure 17.14

For the Lineweaver-Burk plot, the equation of the line is
1/(v/moldm™s™') = 5.190 x 107> x 1/([H,0,]/moldm ™) + 0.2084

The intercept is identified with 1/v .y so that

1

= 02084 moldm = o1 =4.79..moldm > s7! = ‘4.80 moldm ™ s_l‘
. moldm ™ s~

Umax
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0.15 -

0.10

([H202]/v)/s

005 | | | |
0.2 0.3 0.4 0.5 0.6 0.7 0.8

[H,0,]/(moldm™)
Figure 17.15

The slope is identified with Ky;/vmax so that

slope VUmax

—_—
Ky = (5.190 x 107 s) x (4.79... moldm ™ s™") ={0.0249 mol dm >

For the Eadie-Hofstee plot, the equation of the line is

(v/[H,0,])/s™" = —40.02 x (v/moldm™>s™") + 192.1

The slope is identified with —1/Ky so that

-1 _ —
Ky =0.0249... moldm ™ ={0.0250 mol dm >

~ 240.02 dm® mol !

The intercept is identified with vy,x/Ky so that

intercept Ku

1 -3 -3
Umax = (192.1 s71) x (0.0249... moldm ™) = [4.80 mol dm > s~

For the Hanes plot, the equation of the line is
([H,0,]/v)/s = 0.2084 x ([H,0,]/moldm™) + 5.189 x 10~

The slope is identified with 1/v,.x so that

1

= 3 - :4.79...moldm_3 s_l :‘4.80 mOldm_3 S_l‘
0.2084 dm” mol " s

Umax

The intercept is identified with Kyj/vmax so that

intercept Umax
—_——
Ky = (5.189 x 107 5) x (4.79... mol dm ™ s™") =[0.0249 mol dm >

The three plots thus give essentially the same values of Ky and v,y for
these data.
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17G Photochemistry

Answer to discussion question

Solutions to exercises

E17G.1(b)

E17G.2(b)

E17G.3(b)

The primary quantum yield is defined by [17G.1a-763], ¢ = Neyents/Nabs- In
this equation N, is the number of photons absorbed and Neyents is, in this
case, the number of molecules of A that decompose, Ngecomposed- Rearranging
gives

Ndecomposed _ ndecomposedNA _ nformedNA

¢ ¢ ¢

In the final expression, #yrmed is the amount in moles of B that is formed, which
from the stoichiometry of the reaction A — B + C is equal to the amount of A
that decomposes. The quantum yield is 120 mmol einstein™!, or 0.120 mol mol ™
=0.120, hence

_ -1
Ny, = MormeaNa _ (1.77 x 10 ? mol) x (6.0221 x 10** mol ™) 588 % 107

¢ 0.120

Naps =

The fluorescence quantum vyield is given by [17G.4-765], ¢ = kp7o. The
observed lifetime 7 is given by [17G.3b-764], 7y = 1/(kr + kisc + kic), which
is written as 7o = 1/k, where k; = kg + kisc + kic is the effective first-order
rate constant for the decay of the excited state of the fluorescing species. For a
first-order process k; is related to the half-life according to [17B.3-732], t,,, =
In2/k;, and combining this expression with 7o = 1/k; gives ¢/, = In2/(1/7) =
In27¢. Hence 79 = t;,/In2.

Rearranging [17G.4-765] then gives

N2 0.16xIn2
kp= b0 _fro _grolnz_ 016xIn2 _por o7

0 tp/ln2 ;0 L5x1070s

The Stern—Volmer equation [17G.5-765] is ¢5o/¢r = 1 + Tokq[Q], where ¢
and ¢ o are the fluorescence quantum yields with and without the quencher.
The rate of fluorescence v, and hence the fluorescence intensity, is directly pro-
portional to the fluorescence quantum yield according to [17G.1b-763], ¢ =
v/ ILibs. Therefore to reduce the fluorescence intensity to 75% of the unquenched
value requires ¢p = %(pp,o and hence ¢ o/¢r = %. Rearranging the Stern-
Volmer equation then gives

_ $rolgr-1_ 4/3-1
Tokq (3.5%107% s)x (2.5x10% dm’ mol " s~1)

=10.038 mol dm™>

[Q]
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E17G.4(b) The efficiency of resonance energy transfer 7y is defined by [17G.6-767], 51 =
1 — ¢r/dr0, and the distance-dependence of the efficiency is given by [17G.7-
7671, nt = R§/(RS + R®), where R is the donor-acceptor distance and R is a
constant characteristic of the particular donor-acceptor pair.
In this case a decrease of the fluorescence quantum yield by 15% implies that
¢r = (1 = 0.15)¢g,o = 0.85¢r . Hence the efficiency is #t = 1 — ¢/¢po =
1 —0.85 = 0.15. Rearranging [17G.7-767] for R, and taking Ry = 2.2 nm from
Table 17G.3 on page 767, gives

1/6 1/6

1- 1-0.1

R:Ro(’“) :(2.2nm)><( 0 5) -29nm
nr 0.15

Solutions to problems
P17G.2 The quantum yield in terms of the rates of processes is given by [17G.1b-763],

rate of process, v .
= P - hence v = ¢ x (rate of photon absorption)
rate of photon absorption

The rate of photon absorption is calculated by first finding the fraction of pho-
tons that are absorbed by the layer of stratosphere. This is done using the
Beer-Lambert law [11A.8-421], which states that the intensity of transmitted
radiation I is related to the intensity of incident radiation I, according to I =
1p107¢D1% ) where [J] is the concentration of the absorbing substance, L is the
thickness of the sample through which the radiation is passed, and ¢ is the
the molar absorption coefficient. The fraction of photons that are transmitted
through the layer of stratosphere is therefore I/I, = 107[9:]L, and the fraction
f that are absorbed is

f=1-1/Ip=1-10"l%
-1- 10—(260 dm’ mol™ cm™)x(8x107° mol dm™>)x (1.0 km)x[(10° cm)/(1km)] =0.380

The rate of photon absorption is then calculated by considering a column of the
stratosphere with a cross sectional area of 1 cm* and a height of 1 km = 10° cm.
A flux of 1 x 10! photonscm ™2 s™! means that each second 1 x 10'* photons
arrive at the top of this column. Of these photons, a fraction f = 0.380... are
absorbed as they pass through the column, so the column absorbs 0.380...x10'*
photons per second. The rate of photon absorption per dm”® of stratosphere is
found by dividing by the volume of the column, which is (1 cm?) x (10° cm) =
10° cm?, or 10? dm”. Hence

0.380... x 1014571

g - 0380.x 10" dm™s™!
m

rate of photon absorption =

Multiplication by the quantum yield ¢ gives the rate of ozone consumption in
molecules dm ™ s7!, and division by N, then gives the rate in moldm ™ s,

9

—— 0.380... x 10> dm 57! — "

V=094 x —— =[5.9x 107" moldm 57!
6.0221 x 1023 mol
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P17G.4

The Stern-Volmer equation [17G.5-765] is ¢5,0/¢r = 1 + Tokq[Q]. By analogy
with this expression, the effect of a quencher on the phosphorescence quantum
yield ¢p is ¢p o/ dp = 1+ Tokq[Q], where ¢p g is the phosphorescence quantum
yield in the absence of the quencher.

By analogy with [17G.4-765], ¢r,0 = krTo, the phosphorescence quantum yield
is ¢p,o = kpTo, where kp is the rate constant for phosphorescence. This implies
that the rate constant for phosphorescence, and hence the rate of phospho-
rescence, which in turn determines the intensity of the phosphorescence, is
proportional to the quantum yield. Therefore Ipo/Ip = ¢po/¢p, which on
substitution into the equation ¢p o/dp = 1 + Tokq[Q] above gives

I 1 1 k
29 -1+ 19k[Q]  hence SR L
? I Ipg I
P P Ipo  Ipo

[Q]

This expression implies that a plot of 1/Ip against [Q] should be a straight line
of slope Tokq/Ip o and intercept 1/Ipo. The data are plotted in Fig. 17.16.

[Q]/(moldm™) Ip/(arbitrary units) I5'/(arbitrary units)~"

0.0010 0.41 2.44
0.0050 0.25 4.00
0.0100 0.16 6.25

N

W~

I;'/(arbitrary units) ™!

S}

0.000 0.002 0.004 0.006 0.008 0.010 0.012

[Q]/(moldm™?)
Figure 17.16

The data lie on a good straight line, the equation of which is
Iy'/(arbitrary units) ™! = (4.25 x 10?) x ([Q]/moldm ) + 1.97

The intercept is identified with 1/Ip ¢ so that

1
~ 1.97 (arbitrary units)~!

Ipy = 0.507... arbitrary units



P17G.6

The slope is identified with Tokq/Ip o

Tok _
079 425 x 10> dm® mol ! (arbitrary units)~"

P,0

The value of Ip is known from the intercept, but it is necessary to find 7
before this expression can be used to calculate kq. This is done using [17G.3a-
764], [$*] = [S*Joe /™, for the decay of the excited species in the absence of
a quencher. The half-life of the phosphorescent species S*, and therefore of
the phosphorescence, is the time taken for [S*] to reach half its initial value.
Therefore

[S*]o = [S*]e™2/™ hence 2=e"/™ hence 7y=t),/In2

=

Substituting this into the expression above involving the slope of the graph gives

tl/ZkQ

= 4.25 x 10> dm® mol ™" (arbitrary units) ", hence
IP,O In2

_ (0.507... arbitrary units) x In 2 x (4.25 x 10? dm”’ mol™" (arbitrary units) ")

k
Q 29% 106 s

= ‘5.1 x 10° dm’ mol™" s_l‘

The efficiency of energy transfer in terms of the donor-acceptor distance is
given by [17G.7-767], 1 = R$/(R§ + R®). Taking the reciprocal of both sides
gives

1 R§+R® RS

= =1+ —
nr R} R}

This expression implies that a plot of 77 against R® should be a straight line of
intercept 1 and slope 1/R§. The data are plotted in Fig. 1717.

R/nm 0t R®/nm®  1/yr

1.2 0.99 3.0 1.01
1.5 0.94 11 1.06
1.8 0.97 34 1.03

2.8 0.82 4.8x10>° 1.22
3.1 0.74 8.9x10> 1.35
3.4 0.65 1.5x10° 1.54
3.7 0.40 2.6x10°  2.50
4.0 0.28 4.1x10° 3.57
43 024 6.3x10° 4.17
4.6 0.16 9.5x10° 6.25

The data lie on a modest straight line with intercept close to 1, so it is concluded
that these data are consistent with [17G.7-767]. The equation of the line is

1/n1 = (5.5% 107*) x R®/nm® + 0.97

617
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Figure 17.17

The slope is identified with 1/R§, so R, for the naphthyl-dansyl pair is

1 1/6

5.5x 1074 nm~

Solutions to integrated activities

117.2

117.4

The step is autocatalytic because the rate of this step, dS/dt = rSI,
is proportional to I which is a product of the step. The step I — R is not
autocatalytic because its rate dR/dt = al does not depend on the product R
of the step.

Whether the disease spreads or dies out depends on whether the number in-
fectives I increases or decreases with time. For the disease to spread,

dI
— =¢SI-al>0 h <S
5 = SI-a ence

Similarly, for the disease to die out,

dI
— =¢rSI-al<0 h > S
5 = SI-a ence

The total rate of change of all species present is

dN dS dI dR
?_54-54-5—(—rSI)+(rSI—aI)+(aI)—0

The result dN/d¢ = 0 implies that the total population is constant.

It is supposed that each monomer has one end group A with which it can join
to another monomer. In a polymer, only the terminal monomer unit in the
chain has a free end group.



The probability Py that a polymer consists of N monomers is equal to the
probability that it has N — 1 reacted end groups and one unreacted end group.
The fraction of end groups that have reacted is p and the fraction of free end
groups remaining is 1 — p, so the probability that a polymer contains N — 1
reacted groups and one unreacted group is p¥~! x (1 - p). The average value
of N is then given by

(N)= 3 NPy = 3 Np¥i(1-p) = (1-p) 3 Np™!

N=1 N=1 N=1

To evaluate the sum, it is noted that Np™~! corresponds to the derivative of p*.
Hence

oo Sl |
NN71: 7N [ ] + + + .
S5 o a8 0] erere

The expression in square brackets is a geometric series with first term p and
common ratio p; the sum to infinity of this series is therefore p/(1 - p). Hence

-1 d | p | _(A=p+p 1
NZ=1NP _dp[l—p] (1-p)*  (1-p)?

The average value of N is therefore

This is the same result as [17F.12a-755] which is derived in Section 17E2(a) on
page 755 by a different method. However the approach used here is more easily
generalised to find an expression for (N?).

ZNZPN ZNZNl(l p) = (l—p)ZNprNl

N=1

The quantity NpN~! is recognised as the derivative of p™
W)= (-p) E VxS =0 p | S|
N=1 dp dp 4=
(1-p)5; [p >, Np® ]

The sum Y%, NpV~! was already evaluated above; its value is 1/(1 — p)?>.
Hence

N d 1 l+p  1+p
w1-0-ng o] -0 G

The average values of M and M? are found by noting that the molar mass of a
polymer with N monomers is given by M = NM; where M, is the mass of a

619
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117.6

single polymer unit. Hence
1 M
(M) = (NMy) = My(N) = My x —— = —
l-p 1-p

((NMy)?) = (MIN?) = M{{N?) = M} x

1+p  M;(1+p)

W) A p? " (1-p)y

Therefore

2 a2 (Mi(rp)  MP N (o, p o\ _[Mip'?
(") - (') _((1—p)2 (1—p)2) (Ml(l—p)z) 1-p

The root mean square deviation of the polymer mass is then

(M) = (M) = (((MyN)?) = (MyNY2) 2 = (M2(N2) = M2 )2) 2

1/2 1/2
M
:Ml((NZ)—(N)Z)l/Z:Mlx((l_p )2) - 115’
var(N) g £

as before.

The time dependence of p is given by [17E11-755], p = k. t[A]o/(1 + k,t[A]p).
Substituting this into the expression for ({M?) — (M)?)'/? gives the root mean
square deviation as a function of time as

/2 -1
M, p'/? 12 -1 kt[Al ) ki t[Ao
ity SR ¥ 1-p)t= My | 2o ]- —ido
T, ~MipT(-p) N\ T kAT 1+ ki 1[A]y

. NN 1 -
=M (1 + krt[A]o) (1 + krt[A]o)

= |0, (kt[AL (1 + ket[A]0)} ]

The rate of the forward and backward steps are

d[B] d 2
A—-B —— =1 B->A ——=-k[B
TR AT [B]

The overall rate of change of [B] is therefore d[B]/dt = I — k,[B]?. In the

steady state, d[B]/dt = 0, hence

k:[B]* =1, hence [B]= (Ia)l/z

This concentration can differ significantly from an equilibrium distribution
because changing the illumination may change the rate of the forward reaction
without affecting the reverse reaction. This is in contrast to corresponding
equilibrium expression, in which the ratio [B]/[A] depends on a ratio of rate
constants for the forward and reverse reactions as explained in Section 17C.1
on page 737.



@ Reaction dynamics

18A Collision theory

Answers to discussion questions

D18A.2

D18A.4

To the extent that real gases deviate from perfect gas behaviour, they do so
because of intermolecular interactions. Interactions tend to be more important
at high pressures, when the size of the molecules themselves is not negligible
compared to the average intermolecular distance (mean free path). Attractive
interactions might enhance a reaction rate compared to the predictions of col-
lision theory, particularly if the parts of the molecules that are attracted to each
other are the reactive sites. Similarly, repulsive interactions might reduce the
frequency of collisions compared to what would be predicted for perfect gases.

Reactions between complex molecules might be expected to have strong steric
requirements (small steric factors) as a result of the reaction requiring a par-
ticular orientation and approach of the reacting parts of the molecule: the
more complex the molecules, the smaller the fraction of collisions which are
potentially reactive.

In the RRK theory of unimolecular reactions molecular complexity plays a dif-
ferent role in that it governs the distribution of energy in the excited molecule.
In this theory the rate constant for the unimolecular decay of an energized
molecule A% is given by [18A.11-785],

Ky (E) = (1 - i)s_l Ky

Here E* is the minimum energy that must be accumulated in a bond for it to
break, E is the total energy, and s is the number of modes of motion (modelled
as harmonic oscillators) that the molecule possesses. The term in parentheses is
less than 1, therefore the expression implies that the more complex the molecule
(the greater s), the smaller the rate constant becomes.

Solutions to exercises

E18A.1(b) The collision frequency is given by [1B.12b-17], z = o vye1p/kT, where o is the

collision cross-section, given in terms of the collision diameter d as o = nd?,
and vy is the mean relative speed of the colliding molecules. This speed is
given by [1B.11b-16], v, = (8kT/ny)1/2, with gy = mamg/(ma + mp). For
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EI8A.2(b)

collisions between like molecules y = /2 and v = (16kT /tm)'/2.

_avrelp_ndzp(16kT)1/2_4d2 ( n )1/2
kT kT \ mm S mkT
=4x (360 x 1072 m)? x (120 x 10> Pa)

1/2
T
X
((28.01 x 1.6605 x 10727 kg) x (1.3806 x 10" JK ') x (303 K))
=17.90 x 10° 57!

To confirm the units of z it is useful to recall that 1] = 1 kgm”s 2 and 1 Pa =
1kgm™'s72.
The collision density between identical molecules is given by [18A.4b-78I]

kT

1/2
ZAA = O'( ) sz\[A]z
m

where [A] is the molar concentration of the gas. In turn, this is expressed in
terms of the pressure using the perfect gas equation to give [A] = n,/V =

pa/RT.
1/2 \g2 2 /2 2 1/2
ZAA:ndZ(ALk—T) NAPAzde(T[kT) Pa :2d2( n ) »”
m R2T? m k212 mk3T?3
=2x (360 x 10712 m)? x (120 x 10° Pa)*

- 1/2
X
((28.01 x 1.6605 x 1027 kg) x (1.3806 x 1023 JK1)? x (303 K)3)
=[1.13x10%® m3s7!]

The above expression shows that z o< pT~1/2, but at constant volume p o< T,

therefore the overall temperature dependence is z oc T'/2. The percentage
increase in z on increasing T by 10 K is therefore

313!/2 - 303!/
_— = 9
303172 0.0163...
Similarly the final expression for the collision density shows Zxs oc p?>T~3/?
which, with p oc T, gives Zya oc T2T~3/2 oc T'/2, This is the same dependence

as z, so the same percentage increase will result.

The collision theory expression for the rate constant is given in [I8A.9-783].
In this expression, the factor e %+/R is identified as the fraction of collisions f
having at least kinetic energy E, along the flight path. For example with E, =
15kJ mol™! and T = 300 K

E, 15 x 10° Jmol™* 6.01 f 601 _[3 25X 103
— = = =e = . X
RT  (8.3145JK 'mol™") x (300 K)

A similar calculation gives [f = 0.105|at T = 800 K. With E, = 150 kJ mol~'
the resultis| f = 7.64 x 1077 |at T = 300 K, and | f = 1.61 x 107'%|at T = 800 K.
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E18A.3(b) The method for calculating the fractions is shown in the solution to Exercise
E18A.2(b). For E, = 15kJ mol ' and T = 300 K it is found that f = 2.44..x107
and increasing the temperature to 310 K gives f = 2.96...x 107>, The percentage
increase is

00 (2.96...x1073) — (2.44... x 107%)
X

1
2.44... x 1073

= [21%]

A similar calculation gives an increase by at 800 K. With E, = 150kJ mol ™’
the result is[596%]|at T = 300 K, and at T = 800 K.

E18A.4(b) The collision theory expression for the rate constant is given in [18A.9-783].

1/2
k: = 0Ny (SkT) e Fa/RT
Y

= (0.30 x 107'® m?) x (6.0221 x 10> mol ")

8 x (1.3806 x 1072 K1) x (450 K) | /*
71(3.930 x 1.6605 x 10727 kg)
N e—(zooxlo3 Jmol™)/[(8.3145J K™ mol™")x (450 K)]

=[1.7x 1071° mol~! m®s7!]

The units are best resolved by realising that (8k T /mu)'/? is a speed, with units
m s~!. Note that 0.30 nm? is 0.30 x 107'® m?.

E18A.5(b) Asdescribed in Section 18A.1(b) on page 781, the reactive cross section may be
estimated from the (non-reactive) collision cross sections of A and B: 0. =
i(all/ 2y oé/ 2)2. The steric factor is given by the ratio of the experimental

reactive cross section, eyp, to the estimated cross section

po T _ 8.7 x 107%% m?
e [(0.88x 10718 m2)1/2 + (0.40 x 1018 m2)1/2]2/4

=[1.4x1077]

E18A.6(b) Inthe RRK theory the rate constant for the unimolecular decay of an energized
molecule A* is given by [18A.11-785],

%\ S—1

ky(E) = (1 - %) ko = (1-x)""ky

where x = E*/E. For alinear molecule with 4 atoms there are 3N—5 = 3x4-5 =
7 normal modes, so s = 7. This expression is rearranged for x to give

x=1- [ko(E)/ky]"C
= 1-[0.025]"/-V ~[0.46]
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E18A.7(b) Inthe RRK theory the rate constant for the unimolecular decay of an energized

molecule A* is given by [18A.11-785],

ky (E) _( E* )”

ky " E

where E* is the minimum energy needed to break the bond, and E is the energy
available from the collision. With the data given

_ 12-1
W:(l_w) _ax107]

ks, 500 kJ mol !

Solutions to problems

The first step is to analyse the given rate constant data in terms of the Arrhenius
equation, k, = Ae /RT_ A plot of Ink, against 1/T has slope —E,/R and
intercept In A. The data are tabulated below and the plot is shown in Fig. 18.1.

T/K (10°/T)/K  k;/(cm® mol™ s7) In[k,/(cm’® mol™! s7!)]

600 1.67 4.6 x 102 6.13
700 1.43 9.7 x 103 9.18
800 1.25 1.3x10° 11.8
1000 1.00 3.1 x 10° 14.9

151 -

T(IJ

~ i |

3

g

E 10 | |

Q

=

5

5 | | | |
1.0 1.2 1.4 1.6 1.8

(10°/T)/K""!
Figure 18.1

The data are a good fit to the line
In[k,/(cm® mol™' s71)] = -1.331 x 10*/(T/K) + 28.30
From the intercept In A = 28.30 and hence A = 1.944 x 10'* cm® mol™! s71;

for the next part of the calculation this is conveniently expressed as 1.944 x

10° m® mol™' s71.



P18A.4

The collision theory expression for the rate constant is given in [18A.9-783]

1/2
kr - O'*NA (8kT) e—Ea/RT
Ty

Here o* is interpreted as the reactive cross-section, related to the collision
cross-section o by 6* = Po, where P is the steric factor. Comparison of the
above expression for k, with the Arrhenius equation, k, = Ae %/RT, gives
the frequency factor as A = 6* Ny (8k T/ny)l/ %; this is rearranged to give an
expression for ¢*. The mass of the NO, radical is 46.01 m,, therefore the
reduced mass of the collision is y = % x 46.01 m, = 3.81... x 107%° kg. For
the calculation the temperature is taken to be in the middle of the data, which
is 750 K.

A 1/2
oo A (’l)
Na \8kT
1,944 10° m® mol™! 57! 7(3.81... x 10726 kg) 2
T 6.0221x10%mol T\ 8x (1.3806 x 10233 JK 1) x (750 K)

=3.88... x 1072! m? =|0.0039 nm?

The units are best resolved by realising that (8k T /mtu)'/? is a speed, with units
m s~ L. The steric factoris P = 0* /o = (3.88...x 1072 m?)/(0.60 x 107'® m?) =

0.0065|.

In Example 18A.1 on page 785 it is shown that for the harpoon mechanism the
reactive cross-section ¢* can be estimated as

2 2
of = T[R*z =T 67
4neo(I - Eey)

With the data for Na and Cl,, and using the conversion 1 eV = 1.6022 x 10717 J
from inside the font cover

) (1.6022 x 10712 C)? 2
0O =T
4m(8.8542 x 10-12]-1C2m~1) x (5.1 - 1.3) x (1.6022 x 10-1 J)

=451..x10"" m? =

The results of similar calculations for the other combinations of alkali metal
and halogen are given in the table. All the values of ¢ in the table are smaller
than the experimental values, but they do show the correct trends down the
columns. The variation with E., across the table is not so good.

o*/am* Cl, Br, L,

Na 045 043 0.56
K 0.72 0.68 0.96
Rb 077 0.72 104

Cs 096 0.89 135
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188 Diffusion-controlled reactions

Answers to discussion questions

D18B.2 In the cage effect, a pair of molecules may be held in close proximity for an
extended period of time by the presence of other neighbouring molecules, typ-
ically solvent molecules. Such a pair is called an encounter pair, and their
time near each other is called an ‘encounter’ as opposed to a simple collision.
An encounter may include a series of collisions. Furthermore, as a result of
collisions with neighbouring molecules, an encounter pair may pick up enough
energy to react, even though the pair may not have had enough energy when
first formed.

Solutions to exercises

E18B.1(b) The second-order rate constant for a diffusion-controlled reaction is given by
[18B.3-789], kg4 = 4mR*DN,, where R* is the critical distance and D is the
diffusion constant. As explained in the text, D is the sum of the diffusion
constants of the two species, therefore in this case D is twice the value given.
With the data given

kg=4mx (0.4x1077 m) x (2x52x 1077 m>s™") x (6.0221 x 10** mol ")

=[3.1x 10" m® mol~! 5]

E18B.2(b) For adiffusion-controlled reaction the rate constant is approximated by [18B.4-
789], kq = 8RT /37, where 7 is the viscosity. Recall that 1 P = 107! kgm ™' s7},
sothat 1cP =107 kgm™'s7".

(i) For decylbenzene

8 x (8.3145J K ' mol ™) x (298 K
kg = 2 ( JK™ mol ™) :( ) =[1.97 x 10° m® mol ! 57|
3x(3.36x103 kgm™ s71)

In sorting out the units it is useful to recall 1 ] = 1 kgm®s™2.

(ii) For sulfuric acid

_ 8x(8.3145JK 'mol ') x (298 K)
3x (27 x103 kgm™'s71)

kq =[2.4 x 10° m® mol ! 57!

E18B.3(b) For adiffusion-controlled reaction the rate constant is approximated by [18B.4-
789], k4 = 8RT /31, where 7 is the viscosity. Recall that 1 P = 10~ kgm ™' s7!,
so that 1 cP = 107> kgm ™" s™!. Therefore the rate constant is

8 x (8.3145J K~ mol ") x (320 K)
kq = —
3x(0.601 x 103 kgm™ s71)

=1.18...x 10° m® mol ™' 57! :‘1.18 x 10® m® mol~! s_l‘




The half-life of a second-order reaction is given by [17B.5-734], t,/, = 1/k.[A]o.
The initial concentration is 2.0 mmol dm ™ which is 2.0 mol m~2. With the data
given

1

tijp = =[42 ns]

(1.18... x 10¢ m3 mol~! s7!) x (2.0 mol m3)

E18B.4(b) The second-order rate constant for a diffusion-controlled reaction is given by
[18B.3-789], kq = 4nR*DN,, where R* is the critical distance and D is the
diffusion constant. As explained in the text D is the sum of the diffusion con-
stants of the two species. The value of D is estimated using the Stokes—Einstein
equation, D = kT/6mnR, and with the data given separate values of D are
computed for the two species. The critical distance is taken as R* = R4 + Rp.
Recall that 1 P = 107" kgm ™' s7!, s0 that 1 cP = 107> kgm ™' s,

kd = 4TT(RA + RB)(DA + DB)NA
kT (1 1
= 4T[NA(RA + RB)i (7 + 7)
67'[1’] RA RB

= 471 x (6.0221 x 10** mol ") x (421 + 945)

(1.3806 x 1072 JK™') x (293 K) ( L, 1 )
x s
6mx (1.35x 103 kgm 's7!) \421 945

= 5.64... x 10° m® mol ' s7*

The initial concentrations are [A] = 0.155 moldm™ = 0.155 x 10° mol m~>
and [B] = 0.195 moldm ™ = 0.195 x 10> mol m>. The initial rate is therefore

AP kurae)

= (5.64...x 10° m®> mol ™' s7")
x (0.155 x 10> mol m ™) x (0.195 x 10’ mol m™?)

=[1.71 x 10" mol m~3 57!

Using [18B.4-789], kq = 8RT /37, the rate constant is

8% (8.3145JK ' mol™") x (293 K)

— =4.81 x 10° m® mol ™' s7!
3x(1.35x 103 kgm ™' s71)

kq

This value would result in a somewhat slower initial rate, casting some doubt
therefore on the validity of the approximations used.

Solutions to problems

P18B.2 It is convenient to plot the function as

U]*A e—x2/4Dt—krt

ng  (mDt)1/?
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For the plots shown in Fig. 18.2 the diffusion constant is chosen as D = 4.1 x
10~ m?s71, the value suggested in Brief illustration 18B.3 on page 790. The
plot on the left is for k, = 0. As expected, as time increases the material spreads
further from the origin and the profile flattens. The plot on the right is for
k, = 2x1073 s7!. Now, because reaction also consumes the material, the curves
are all at lower values with the longer time curves being more affected because
more material has been consumed by the reaction.

x/mm
k,=2x1073s7!
‘ I I I
800 |- —1t=100s
---t=200s ||
------- t=1000s
600
400 N
200 N
o Lo NG el
4 6 8
x/mm
Figure 18.2
P18B.4 (a) For a diffusion-controlled reaction the rate constant is approximated by

[18B.4-789], kqa = 8RT/3n, where 5 is the viscosity, given at 298 K as
1.06 x 1072 kgm™" s™! in the Resource section

8 x (8.3145J K mol™") x (298 K
ky = 2% ( JK™ mol ) :( ) _ 16.23 x 10° m® mol ' s7']
3x(1.06x 103 kgm " s71)




(b) The second-order rate constant for a diffusion-controlled reaction is also
given by [18B.3-789], kq = 4nR*DNy, where R* is the critical distance
and D is the sum of the diffusion constants of the two species. It is conve-
nient to express the rate constant as 2.77 x 10° m® mol™! s™!. Rearranging
the expression gives

. ka 2.77 x 10° m® mol ™! 57"
4nDN) 41 x (1x 1079 m2s~1) x (6.0221 x 1023 mol ')
=

18C Transition-state theory

Answers to discussion questions

D18C.2

D18C.4

The Eyring equation, [18C.10-794], results from activated complex theory which
is an attempt to account for the rate constants of bimolecular reactions by con-
sidering the scheme A + B == C* —— P, where C¥is an activated complex.
In the formulation of the theory;, it is assumed that the activated complex and
the reactants are in equilibrium. The concentration of the activated complex
is calculated in terms of an equilibrium constant, which in turn is calculated
from the partition functions of the reactants and a postulated form of the ac-
tivated complex. It is further supposed that one normal mode of the activated
complex, the one corresponding to displacement along the reaction coordinate,
has a very low force constant. Displacement along this mode leads to products,
provided that the complex enters a certain configuration of its atoms, known
as the transition state.

The primary kinetic isotope effect is the change in rate constant of a reac-
tion in which the breaking of a bond involving the isotope occurs in the rate-
determining step. The reaction coordinate in a C-H bond-breaking process
corresponds to the stretching of that bond. The vibrational energy of the stretch-
ing depends upon the effective mass of the C and H atoms. Upon deuteration,
the zero-point energy of the bond is lowered due to the greater mass of the deu-
terium atom. However, the height of the energy barrier is not much changed
because the relevant vibration in the activated complex has a very low force
constant, so there is little zero-point energy associated with this vibration of
the complex, and hence little change in its zero-point energy upon deuteration.
The net effect is an increase in the activation energy of the reaction. It is then
expected that the rate constant for the reaction will be lowered in the deuterated
molecule, and this is what is observed.

Sometimes the rate of reaction is lowered upon deuteration to an extent even
greater than can be accounted for by this analysis. In such cases, quantum-
mechanical tunneling may be part of the reaction mechanism. The probability
of tunneling is highly sensitive to mass, so it is much less likely (and therefore
much slower) for deuterium than for 'H. If the rate of a reaction is altered
by isotopic substitution it implies that the substituted site plays an important
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role in the mechanism of the reaction. For example, an observed effect on
the rate can identify bond breaking events in the rate determining step of the
mechanism. On the other hand, if no isotope effect is observed, the site of the
isotopic substitution may play no critical role in the mechanism of the reaction.

Solutions to exercises

E18C.1(b)

EI8C.2(b)

The empirical expression is compared to the Arrhenius equation k, = Ae™%/RT,
allowing the activation energy to be determined from E,/R = 5925 K; hence
E, = (8.3145]K ' mol™") x (5925 K) = 49.2... kf mol . The frequency factor
is A =6.92 x10'2 dm’ mol ' s™! = 6.92 x 10° m® mol ' s7'.

The relationship between E, and A*H for a bimolecular solution-phase reac-
tion is given by [18C.17-796], A*H = E, — RT = (49.2... x 10> Jmol ") -

(8.3145]K ' mol™") x (298 K) = |46.8 kJmol™'|. The relationship between

A and A*S for a bimolecular solution-phase reaction is given by [18C.19b-796]

Az KT RT sy
h pe
hence A*S = Rln Ap”h
ekRT?

= (8.3145JK " mol™")

(6.92 x 10° m*> mol™! s7') x (10° Pa) x (6.6261 x 107**]s)
e(1.3806 x 10-23JK™!) x (8.3145J K~ ' mol™") x (298 K)2
= [-34.17K " mol"!]

x In

Note the conversion of the units of A to m®> mol™! s7!.

The empirical expression is compared to the Arrhenius equation k, = Ae™F/RT,
allowing the activation energy to be determined from E,/R = 4972 K; hence
E, = (8.3145JK ' mol ") x (4972 K) = 41.3... kJmol ™. The frequency factor
is A =4.98 x 10'> dm’ mol ' s = 4.98 x 10’ m® mol ' s7!.

The relationship between E, and A*H for a bimolecular solution-phase reac-
tion is given by [18C.17-796], A*H = E, - RT = (41.3... x 10> Jmol™") —
(8.3145J K~ ' mol™") x (298 K) = +38.8... kJ mol . The relationship between
A and A*S for a bimolecular solution-phase reaction is given by [18C.19b-796]

A= ekiTEeNS/R
h p°
Ap°h
hence A*S = Rln P
ekRT?

= (8.3145JK ' mol™")
(4.98 x 10" m® mol™! s71) x (10° Pa) x (6.6261 x 107347 s)

n
e(1.3806 x 10723 J K1) x (8.3145J K ' mol ") x (298 K)?2
=-17.6..JK ' mol ™



Note the conversion of the units of A to m® mol™" s™!. A*G is found by com-
bining the values of A*H and A*S in the usual way

A*G = A*H - TA*S
= (+38.8...x10° Jmol ') - (298 K) x (-17.6... JK " mol ")

=[+4411g mol ']

E18C.3(b) The rate constant for a bimolecular gas phase reaction is given by [18C.18a-796]

k, = ezkl/;TI;Z‘eAiS/ReEa/RT

This rearranges to

hp® k hp® E
A*S = Rln | k, E/RT) — R1 —
n( 2kRT? € "ekrr? )" T

= (8.3145]K " mol™")
ln( (0.35m* mol™! s71) x (6.6261 x 1073*Js) x (10° Pa) )
€2(1.3806 x 10723 JK ') x (8.3145J K~ ' mol ") x (338 K)2
, 397 10° Jmol ™!
338 K
=[-124 K" mol |

E18C.4(b) In Example18C.1 on page 794 the following expression for the rate constant for
a reaction between structureless particles is derived

1/2
k. = Ny (SkT) o+ e~ ME/RT
U

The activation energy is obtained from its usual definition, [17D.3-742]

E - RTzdln k.

dr
1/2
d 8kT AE
=RT>—{ln|N, =] o [-=2
dr i RT
:RTZ(L+%):1RT+AEO
2T RT?) 2

Therefore AEy = E, — %RT and hence

1/2
k. = Ny (8kT) o+ el/2e-AE/RT
U
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The rate constant for a bimolecular gas phase reaction is given by [18C.18a-796]

k, = ezk};l—‘};ZeA*S/Re—Ea/RT

Comparing these two expressions gives

1/2
NA(SkT) otell? :ezkl&TeA*S/R

iy h p*
This is rearranged to give A*S, noting that for a collision between like molecules
u=sm
1/2
8kT hp®
+ _ *
A*S =RIn NA(TW ) o e3/2kRT2)

= (8.3145]K " mol™")

8 x (13806 x 107 JK~1) x (450 K) )1/2

x In | (6.0221 x 10** mol ") x :
T x 5 %92 x (1.6605 x 10727 kg)

x (0.45 x 1078 m?)

y (6.6261 x 107**Js) x (10° Pa)
e3/2(1.3806 x 10723 JK™1) x (8.3145J K~' mol ") x (450 K)2

=|-79JK ' mol™!

E18C.5(b) It is convenient to convert the units of the frequency factor and express it as
A = 2.3 x 10! m* mol™! s™'. The relationship between E, and A*H for a
bimolecular gas-phase reaction is given by [18C.17-796], A*H = E, — 2RT =
(30.0x10> Jmol ') =2 x (8.3145] K" mol ") x (298 K) = +25.0... k] mol

+25kJmol™'| The relationship between A and A*S for a bimolecular gas-

phase reaction is given by [18C.19a-796]
kT RT pég/r
G
Ap°h
e2kRT?
= (8.3145JK ' mol™")
(2.3 x 10" m* mol™! s7!) x (10° Pa) x (6.6261 x 1073*]s)
! €2(1.3806 x 10-23JK 1) x (8.3145J K~ mol ") x (298 K)2

=-324.. JK 'mol™! =|-32JK ! mol™*

A*G is found by combining the values of A*H and A*S in the usual way

A=e?

hence A*S = Rln

A*G = A*H - TA*S
= (+25.0... x 10* Jmol ") — (298 K) x (-32.4... JK" ' mol™")

=[+35 1 mol Y]



E18C.6(b) The variation of the rate constant with ionic strength is given by [18C.23-797],
Igk, = 1gk? + 2Az,zgI'/?; at 298 K and for aqueous solutions A = 0.509. In
the absence of further information assume z5 = +1 and z5 = +1. Rearranging
for Igk; gives

Igk® =gk, — 2AzzgI'/?
= 1g(1.55 dm® mol™ min™!) = 2 x (0.509) x (+1) x (+1) x (0.0241)"/?
=0.0322...

Therefore [k° = 1.08 dm® mol™? min™! ‘

E18C.7(b) The effect of deuteration on the rate constant is given by [18C.25-799]

k.(C-D) _el - hw(C-H) {1 ) (,“CH)I/Z}
k.(C-H) 2kT pco

In this expression w(C-H) = (k¢/ucu)/?. It can be adapted for other pairs of

isotopes by changing the effective masses and the force constant.
The effective mass for '*C-'%0 is

mcmo _ 12 x 15.9949

= My = 6.85... my = 1.13... x 107 kg
mc + mo 12 +15.9949

Hco =

Likewise for 1>?C-'80 (denoted C-Q’) the effective mass is

mcmor _ 12 x 17.9992
mc +mo 12+ 17.9992

Ucor =

my =7.19... my

With the given force constant

1750Nm~ |’
w(C-0)=[—2" ) _392.x10M s
1.13...x 10726 kg
At298 K
‘- (1.0546 x 10 Js) x (3.92..x 10" s7) [ (6.85...)‘/2
2 x (1.3806 x 10722 JK ') x (298 K) 7.19...
=0.121...
k. (C-O'
( ) — e—( — e—.121... =[0.86
kr(C_O)

Raising the temperature will decrease { which will have the effect of increasing
the ratio k,(C-0O")/k,(C-0O) and so moving it closer to 1. That is, the isotope
effect will be reduced.

633



634

Solutions to problems

P18C.2

The first step is to analyse the given rate constant data in terms of the Arrhenius
equation, k, = Ae %/RT_ A plot of Ink, against 1/T has slope —E,/R and
intercept In A. The data are tabulated below and the plot is shown in Fig. 18.3.

6/°c  T/K (10*/T)/K! ke/s! In(k./s™")

—24.82 248.33 4.027 1.22x107%  -9.011
-20.73 252.42 3.962 231x107*  -8.373
-17.02  256.13 3.904 439%x107*  -7.731
-13.00 260.15 3.844 8.50x107*  -7.070
-8.95  264.20 3.785 1.43x107>  —6.550

In(k./s™")

| | | |
3.80 3.85 3.90 3.95 4.00
(10°/T)/K"!
Figure 18.3

The data are a good fit to the line

In(k./s™) = =1.035 x 10*/(T/K) + 32.66
From the intercept In A = 32.66 and hence A = 1.526x10'* s™!. From the slope

—E,/R = 1.035 x 10* K, hence E, = 86.3... kmol " =[86.3 kJmol " |

This reaction is first order, so the argument leading to the expression for the rate
constant in terms of partition functions needs to be modified. Crucially, the
equilibrium constant for the formation of the activated complex, K* = pc:/pa,
no longer includes a p°® term. Similarly, for this equilibrium the conversion
from partial pressures to concentrations does not involve an RT term because
in this case these terms cancel between products and reactants: in other words
the equilibrium constant has the same value regardless of whether partial pres-
sures or concentrations are used. Following this through, the argument in the
text leads to a modified version of [18C.10-794]

kT —s

kr,lst =K 7 K



The activation energy is obtained from its usual definition, [17D.3-742]

E, = RT?

:RTZ(;-r

=RT*>—1In

ar |y K
dani)

h

dlnk, 1 d [ kT—i]
dr

dT

P18C.4

¥
Y i
T RT?

) =RT + A*H
where to go to the last line the equivalent of dIn K/dT = A,H® /RT? is used.

The expression for k;  is then written in terms of A*G, A*H, and A*S

kT — kT _
kr,lst:KTK :K7e A¥G/RT

" kl eA*S/R e—A*H/RT _ [K kl eA*S/R e] o Ea/RT

where to go to the final expression A*H = E, — RT is used. The quantity in the
bracket is identified as the frequency factor A.

From the graph E, = 86.3... kJ mol ™, therefore
A*H = E, - RT = (86.3... x 10° kJmol ') — (8.3145] K " mol ") x (253 K)

= +84.2... kJmol™" =|+84.2 kmol™*

Assuming x = 1
A= kT eX'S/R e

h
Ah
hence A*S = RIn ——
kTe
(1.526 x 10" s71) x (6.6261 x 107°*]s)

(1.3806 x 102 JK ') x (253K) x e
= +19.6... JK"'mol ™! =[+19.7 JK"" mol '

= (8.3145JK 'mol ") In

A*G is found by combining the values of A*H and A*S in the usual way
A*G = A'H-TA*S
= (+84.2...x 10° Jmol ") — (253 K) x (+19.6... JK" ' mol ")

=[+792 1 mol "]

The suggested starting point, [18C.9-794], is an expression for the equilibrium
constant for the formation of the activated complex in terms of the partition
functions .

Ve Nage: o~ AFo/RT

x5
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For reactions with the same activation energy their relative rate constants will
depend only on the ratio of partition functions, so attention is focused on this
quantity. To simplify the notation, the overline, double dagger and standard
symbols will be omitted. The translational contribution to the partition func-
tion is written ', and the rotational contribution is written ¢® for each degree
of rotational freedom; similarly, the vibrational contribution is written qv for
each normal mode.

For the reaction between atoms, the reactants only have translational contribu-
tions, but the activated complex has both translational and rotational contribu-
tions (two rotational degrees of freedom as the species is linear). There is no
vibrational contribution because the only vibration corresponds to the reaction

coordinate.
(qc) _ 9t x (@) _ (4"
DB Soom 4 X4 T

If the reactant A is non-linear and has N atoms it has three rotational degrees of
freedom and 3N —6 normal modes; similar considerations apply to B which has
N’ atoms. The activated complex also has three rotational degrees of freedom
and N, = 3(N+N’) - 5 normal modes, the one corresponding to the reaction
coordinate being omitted.

e\ _ g x (4%)° x (g") ™
A ) ot 4 % (qR)% x (gV)3N6 x g7 x (qR)3 x (¢V)3N'"=6
_ @Y
q" < (q*)?

where to go to the last line the calculation [3(N+N’)-5]-(3N-6)—(3N'-6) =
7 is used.
The ratio of the rates for the molecular and atomic reactants is therefore

kr mol (QV)7 QT (QV)7 (1)7 -8

> = = = = 3 10
s~ T2 (0 G~ (g0~ ooy ~ 2210

The reaction with molecules is indeed very much slower.

P18C.6 The variation of the rate constant with ionic strength is given by [18C.23-797],
Igk, = 1g k°® +2.Az,zpI'/?; at 298 K and for aqueous solutions A = 0.509. A plot
of Igk, against I 12 is used to explore whether or not this relationship applies;
for the solution given I = 3[Na,SO,]/mol kg™

[Na,S0,]/mol kg™ I'? k./(dm*? mol™'/2 s7') Ig[k,/(dm>/? mol~'/? s71)]

0.2 0.775 0.462 -0.335
0.15 0.671 0.430 -0.367
0.1 0.548 0.390 -0.409
0.05 0.387 0.321 -0.493
0.025 0.274 0.283 —-0.548
0.0125 0.194 0.252 -0.599

0.005 0.122 0.224 -0.650
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Ig[k./(dm3? mol /2 s71)]

11/2

Figure 18.4

The plot is shown in Fig 18.4: it is evident that the data do not fall on a straight
line. This is perhaps not surprising as the ionic strengths used are considerably
in excess of those for which the Debye-Hiickel limiting law is expected to apply.
The three data points at lowest ionic strength do fall on a good line, as is shown
in the plot, and these have a slope of +0.67. Such a value implies

2x(0.509) x (zpzp) = +0.67 hence (zxzp) = +0.658

This result makes no sense in terms of the theory, so little can be deduced other
than the fact that the two species have charges with the same sign.

The variation of the rate constant with ionic strength is given by [18C.23-797],
Ig k. = 1g k° +2.Azx zgI'/?; at 298 K and for aqueous solutions A = 0.509. A plot
of Ig k, against I 1/2 is used to explore whether or not this relationship applies.

I 1'? ke/(dm’ mol™'s™')  lg[k,/(dm’ mol™'s7!)]
0.0025  0.0500 1.05 0.021
0.0037  0.0608 1.12 0.049
0.0045 0.0671 1.16 0.064
0.0065  0.0806 1.18 0.072
0.0085  0.0922 1.26 0.100

The plot is shown in Fig 18.5; the data do not fall on a straight line. The limiting
slope, taken from the first three points, is +2.54. Such a value implies

2% (0.509) x (zazp) = +2.54 hence (zazp)=+2.5

This result implies that both ions have charges with the same sign, and if one
has charge 1 the other may have a charge of 2 or 3.
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Figure 18.5

The equilibrium constant for the dissociation of the weak acid HA according to
HA == H" + A~ is written in terms of activities, and then in terms of activity
coeflicients and concentrations; it is assumed that the activity coefficient for the
neutral species is unity.

agrar- _ yue[HJya[A7] _ yi[H'][A7]

K, =
AHA )/HA[HA]CS [Hzﬁ]cS

Taking logarithms gives

[A7]
[HA]c®

lgK, =1g[H"] +2lgy. +1g

Inserting the Debye-Hiickel limiting law, 1g y, = —Alz,z_|I'/?, and taking z, =
+1land z_ = -1, gives

[A7]
[HA]c®

IgK, = 1g[H*] - 2A1'? +1g

hence 1g[H"] = 1gK, - Ig [1[{/1:]]9 +2A1'?
c

The rate is written r = k,[H"][B], hence
lgr = lg(k:[B]) +Ig[H"]

A-
=1lg(k.[B]) +1gK, - g [IEIA]]CS +2A1'?

kK [BIHAL

(A7]

The prediction is that the log of the rate will go as I'/2.

:lg



18D The dynamics of molecular collisions

Answers to discussion questions

Di18D.2

Di18D.4

The saddle point on the potential energy surface corresponds to the transition
state of a reaction. The saddle-point energy is the minimum energy required
for reaction; it is the minimum energy for a path on the potential energy sur-
face that leads from reactants to products. Because many paths on the surface
between reactants and products do not pass through the saddle point, they
necessarily pass through points of greater energy, so the activation energy can
be greater than the saddle-point energy. Thus, the saddle-point energy is a
lower limit to the activation energy.

Molecular beams may be used to prepare molecules in specific rotational and
vibrational states, and then to examine the results of collisions between such
precisely prepared species. Section 18D.1(a) on page 801 describes how molec-
ular beams are prepared such that the molecules in them have a very nar-
row range of velocities and therefore relatively few collisions to redistribute
their energies. Molecules in such beams can be prepared in specific vibrational
states, for example, by using lasers to excite vibrations. Crossing two molecular
beams allows collisions to be staged between two sets of precisely characterized
molecules. Detectors can then be used to study the results of those collisions,
recording the number of molecules in which particular states that are scattered
in a given direction.

Solutions to exercises

E18D.1(b)

EI8D.2(b)

Refer to Fig. 18D.19 on page 808, which shows a repulsive potential energy sur-
face as well as trajectories of both a successful reaction and an unsuccessful one.
The trajectories begin in the lower right, representing reactants. The successful
trajectory passes through the transition state (marked as § O). The unsuccessful
trajectory is fairly straight from the lower right through the transition state,
indicating little or no vibrational excitation in the reactant. Therefore most of
its energy is in translation. This trajectory runs up a steep portion of the surface
and rolls back down the valley representing the reactant. Without vibrational
energy, it cannot go around the corner to the transition state.

In contrast, the successful trajectory is able to turn the corner only because
it has a substantial amount of energy in vibration, which is represented by
side to side motion in the valley representing reactants. That is, the reactant
is relatively high in vibrational energy. Once this successful trajectory passes
through the transition state, it follows a straight course into the valley rep-
resenting products, so the product is high in translational energy and low in
vibrational energy.

The numerator of [18D.6-809] is integrated with the assumption that P(E) = 1
for E < V, and zero otherwise. Effectively this means computing the integral
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over the range E=0to E = V with P(E) = 1

oo \4
f P(E)e’E/deE:f e /KT 4E
0 0
_ _kTe—E/kT|V
0

= —kT(e /¥ 1) =|kT(1 - e V/kT)

When kT <« V the exponential term goes to zero, leaving a linear dependence
on T. When kT >> V the exponential is expanded as (1 — V/kT), which leads
to a result independent of T.

Solutions to problems

P18D.2

P18D.4

The change in intensity of the beam, dI, is proportional to the number of scat-
terers per unit volume, AV, the intensity of the beam, I, and the path length dL.
The constant of proportionality is the collision cross-section o, the ‘target area’
of each scatterer.

dI = -6 NIdL hence %dl =—-oNdL hence dInlI=-oNdL

If the incident intensity at L = 0 is Iy, and the intensity after scattering through
length L is I, integration gives

I L
f dInI = f —oNdL hence Inl/lj=-0NL
Io 0

For scattering by CH,F, I/I, = 0.60, whereas for scattering over the same
length by Ar I/I, = 0.90 at the same pressure. The ratio of the logarithms
of these fractions is the ratio of the collision cross sections.

=[4.8]

The very polar species CsCl is scattered more strongly by the polar CH, F, than
by atomic Ar.

In0.60 _ OCH,F,
In0.90 oy,

For a collinear approach the potential energy surface is described in terms of
that for HOD, the H-O distance Ry_o, and the D-O distance Rp_g. When the
H-O distance is large the variation of the potential energy is essentially that
of an isolated OD molecule with Rp_o. When the D-O distance is large the
variation of the potential energy is essentially that of an isolated OH molecule
with the distance Ry_o.

18E Electron transfer in homogeneous systems

Answers to discussion questions

DI18E.2

Electron tunnelling plays an important role in electron transfer. As is discussed
in Section 7D.4 on page 268, it is expected that tunnelling will be more impor-
tant for electrons than any other particles that participate in chemical reactions



because electrons are so much lighter than atoms or ions. Tunnelling is respon-
sible for the exponential distance dependence of the factor He(d)?, given by
[18E.4-812], and the electron-transfer rate constant, given by [18E.5-812], is
directly proportional to He(d)?. A full discussion is found in Section 18E.2 on
page 811.

Solutions to exercises

EI8E.1(b) The distance dependence of H.(d)? given by [18E.4-812], H.(d)? = H3?e P4,

He(ds)® _ o Blda=dy)
I—Iet(dl)2

— e (30 nm™')[(2.0 nm)—(1.0 nm)] _ 9.35.. x 10~ 14

Increasing the distance from 1.0 nm to 2.0 nm reduces He(d)? by
of magnitude.

E18E.2(b) The rate constant for electron-transfer is given by [18E.5-812] together with
[18E.6-813]

1 3\ . A.G® + AEg)>
ket = — i Het(d)2 e AG/RT A*G = u
n \ RTAER 4AER

For the two reactions given, AEx and He(d)? are assumed to be the same,
therefore

ket,z _ e—(A*GZ—A*Gl)/RT

et,1

hence Inkeis/keis = —(A¥G, — A*G,)/RT

x>~

The term (A*G, — A*G,)/RT is then developed as

A*G, - A*G,  (A,G3 + AER)? - (A,G? + AEg)?

RT 4AERRT
~(A/G3)? = (AG})? + 2AER(A.GS — A,GY)
- 4AERRT
1 [(AGS)? - (AGY)?
= (A:G3)" - (A:GY) +2(A,G; - AGY)
4RT AEg

Putting this with the expression for In k, » /k, 1 gives

-1 AGS)? = (AG2)?
Inketn/ket,1 = |:< G35)? - (AGY)

2(AGS - AG?
4ART AEx +2AG; 1)]
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This expression is then rearranged for AEg

(ArG§)2 — (ArG(lg)2
AEg
(ArG§)2 — (ArGle)2
AER =
—4RTln ket,Z/ket,l - 2(A1—G2e - ArGle)
_ (ArGle)z B (Aere)2
 4RTInkee/keiy +2(AGS — AG?)

—4RTln ket,Z/ket,l — 2(Aere — ArGle) =

AER

The data are given in eV so it is convenient to express 4RT in eV with the help
of the conversion factors inside the front cover
1eV

4RT = 4x(8.3145J K" mol™")x (298 K) x = 0.102... &V
96.485 x 103 Jmol

With the data given
_ (ArG?)Z B (Aere)z
4ART In kepa/ker,1 + 2(A:G5 — AGY)
~ (-0.665 eV)? - (-0.975 eV)?

(0102 eV) x In 822900 4 2[(-0.975 V) - (-0.665 €V)]

=1.53...eV =[1.53 eV

Using the data for the first value of the rate constant

AER

AGe 2 (. 53...eV)]?
_(AG®+AER)"  [(-0.665eV) + (1.53..eV)]" o
4AEg 4x (1.53...eV)

AG

The expression for k, given by [I8E.5-812] is then rearranged to find He(d)*

1/2
b’ = iy (RT2E8

As the values of AEg and A*G have already been found in eV, it is convenient
to express the term RT also in eV; following the same process as above gives
RT =0.0256... V.

He(d)?* = (6.6261 x 107°*Js) x (2.02 x 10° s7")

1/2
» ((0-0256--- eV) x (1.53... eV) ) (0-122... €V)/(0.0256... eV)
)

=559..x1072]ev=8.97..x 107 J?

On the final line the units are converted using 1 eV = 1.6021 x 10~'° J. Hence
|He(d) =9.47 x 1072 |




EI8E.3(b)

The rate constant for electron-transfer is given by [18E.5-812] together with
[18E.6-813]

3 1/2 e 2
1( 7 )Het(d)ze‘A*G/RT atG = (BrG”+ ABR)T

ket = —
" n\ RTAER 4AEx

For the two reactions given, AEx and A*G are assumed to be the same. The
distance dependence of He(d)? is given by [I8E.4-812], H.(d)? = H?e P4,
therefore

kez _ (Hei(d)?)2 _ Bl
keti  (Her(d)?):
hence In(ket2/ket,1) = —f(d2 — dy)
In(ket 2 /ket,1)
(d2—d1)
_ In[(4.51x10*s71)/(2.02 x 10° s71)]
o (1.23nm) — (1.11 nm)

therefore 8 = —

=12.5...nm"}

The rate constant for d; = 1.59 nm is then found using the result above

ket,3 = ket,leiﬁ(‘hidl)

_ (202 % 10° S*l) % e—(12.5... nm™)x[(1.59 nm)—(1.11 nm)]

= (49857

Solutions to problems

P18E.2

Using the Marcus cross-relation, and assuming f = 1, the rate constant may be
expressed k, = (kAAkDDK)l/z, where in this case A is the Ru®* complex and
D is the Fe** complex. The equilibrium constant K for the overall reaction is
found from the standard potentials. Subtracting the second half-cell reaction
from the first gives (omitting the ligands for brevity)

Ru** + Fe?* — Ru** + Fe’* E°=+126V - (+0.77V) = +0.49 V

In this reaction one electron is involved, therefore the standard Gibbs energy
change is given by [6C.3-221], A,G® = —FE®, and the equilibrium constant by
A;G® = —RTIn K, hence

K = e AG°/RT _ JFE°/RT
_ e(96485(:m01“)x(+o.49 V)/[(8.3145T K~ mol™")x(298 K)]
=1.93...x10°
The rate constant for the overall process is therefore
ke = (kaakppK)'/?
= [(4.0 x 10° dm® mol " s71) x (4.2 dm® mol " s71) x (1.93... x 10%)]'/2

= 5.7 x 10® dm’ mol ' 57!
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P18E.4 The variation of the electron-transfer rate constant with A, G*® is given by [18E.8-

814]
RT (AG°\" | (AG®
Inkey = —— -3 + const.
4AEgx \ RT RT

A plot of In k. against —A,G? is expected to be an inverted parabola and, as
described in the text, the maximum occurs at —A,G° = AEg. The plot is shown

in Fig 18.6.
~AG®[eV  ket/(10%s7Y)  lg[ke/(10%s71)]
0.665 0.657 -0.182
0.705 1.52 0.182
0.745 1.12 0.049
0.975 8.99 0.954
1.015 5.76 0.760
1.055 10.1 1.004
1.0 -
DA i
= 05]
=
< i
20
0.0 |-
T | | | | |
0.6 0.7 0.8 0.9 1.0 1.1 1.2
-A.G®[eV
Figure 18.6

The data are rather poor fit to the second-order polynomial
lg[ke/(10°s71)] = =3.682 x (=A,G°[eV)? +9.157 x (=A,G® [eV) — 4.5983

which is shown on the plot. The maximum of this function occurs when the
derivative is zero, that is when 2x—3.682x (-A,G® [eV) +9.157 = 0; this occurs

at (-A;G®/eV) = 1.24.... Therefore |[AEg = 1.2 V|

P18E.6 The theoretical treatment given in the text applies only at relatively high tem-
peratures. At temperatures above 130 K, the reaction in question is observed to
follow a temperature dependence consistent with [18E.5-812], namely increas-
ing rate with increasing temperature. Below 130 K, the temperature dependent
terms in the equation are replaced by Franck-Condon factors (Topic 11F); that
is, temperature-dependent terms are replaced by temperature-independent wave-
function overlap integrals.



Answers to integrated activities

118.2

Typical orders of magnitudes are ¢~ /N =~ 107, g% ~ 10 per rotational degree of
freedom, ¢¥ ~ 1 per vibrational degree of freedom, and ¢* ~ 1. Vibrational and
electronic contributions will therefore be ignored from now on. According to
transition-state theory the rate constant is given by ([18C.10-794] and [18C.9-
794])
k. = KEENA‘Z(; o~ AEo/RT
h p® %

At 298 K the factors in from the the ratio of partition functions evaluate to
1.5 x 10" m* mol™! s7!, assuming « = 1.

For a reaction between structureless particles A, B, and C* all have contribu-
tions from translation; in addition, C* has two rotational degrees of freedom,
therefore

) x Na x g x (4%)? o~ DEo/RT
Gin X 9
» ()’ o~ AEo/RT
dm/Na
2
&
= (1.5x 10° m® mol ! s71) x e AB/RT

ke = (1.5x 10" m* mol™* 57"

=(1.5x10" m* mol ™' s71)

=(1.5%x 10" m® mol™' s7")

In collision theory the rate constant is given by [18A.9-783]
1/2
8kT
k. = 0N, () ¢ Ea/RT
T

For a typical value ¢ = 0.4 nm?* and a mass of 2 x 107%¢ kg, at 298 K
kr = (1.7 x 10® m® mol ™! s71) x e Eo/RT

Assuming that E, ~ AE,, collision theory gives a rate constant greater by about
a factor of 100, implying a steric factor of about 0.01; this is a plausible result.
If A and B are non-linear triatomics, then A, B and C* all have three rotational
degrees of freedom
Na x g % (¢")°
g x (7°)° x g < (¢%)°
y 1 o~ AEo/RT

(4%)° % gm/Na

1

x—

(10)3 x 107

= (15 m> mol ™! s71) x ¢ AE/RT

k. =(1.5x 10" m?® mol ™! s_l) x —AEo/RT

=(1.5x10" m* mol™' s71)

=(1.5%x 10" m® mol™' s71)

The steric factor is now 9 x 1078 — very much smaller than for the reaction
between structureless particles.
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@ Processes at solid surfaces

19A An introduction to solid surfaces

Answers to discussion questions

D19A.2

The Auger effect is described in Section 19A.3(b) on page 828. In Auger electron
spectroscopy the electron beam is only able to affect species on the surface
and perhaps a few layers into the bulk, and therefore the emitted electrons are
characteristic of the surface and the species adsorbed onto it. The energies of
the emitted electrons are characteristic of the material present and so provide
a fingerprint of the sample.

In scanning Auger microscopy (SAM) the electron beam is narrowly focused so
that electrons are excited only from a small region (of dimension about 50 nm).
By scanning the beam across the sample it is possible to build up a map of the
composition.

In scanning tunnelling microscopy (STM) a topological map of the surface is
built up, and under favourable circumstances individual atoms may be identi-
fied; the resolution is thus much greater than that achieved in SAM. However,
STM gives no clues as to the identity of the atoms on the surface, in contrast to
SAM.

Solutions to exercises

E19A.1(b) 'The collision flux, Z,, is given by [19A.1-825], Z,, = p/ (2nMkT/N,)'/? where

p is the pressure of gas, M is the molar mass of the molecule, k is Boltzmann’s
constant, T is the temperature and N, is Avogadros constant. From inside the
front cover, 760 Torr = 1 atm = 1.01325 x 10° Pa, therefore 1 Torr is 133.32 Pa.

(i) For a nitrogen molecule, the molar mass M = 2 x (14.01 gmol ') =
28.02 gmol ', therefore for p = 10.0 Pa

_ p
~ (2nMKT/Ny)1/?

(10.0 Pa)x (6.0221 x 10> mol ')/

w

[2mx (28.02 x 10-* kgmol ™) x (1.3806 x 1023 K1) x (298.15 K) |

=2.88..x10% m2s! =[2.88 x 10"° cm 25|
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For p = 0.150 pTorr

___r
(2nMKT/Ny )2

(0.150 x 107 Torr) x (133.32 Pa Torr ') x (6.0221 x 10%> mol ")/?
1/2

w

[27% (28.02 x 103 kgmol ') x (1.3806 x 10-23 JK ™) x (298.15K) |
=576...x 107 m2s ' =[5.76 x 10"* cm 257!

(i) For methane, the molar mass M = (12.011 gmol " )+4x(1.0079 gmol ') =
16.043 gmol_l, therefore for p = 10.0 Pa

p
(2nMKT/Ny )2

(10.0 Pa) x(6.0221 x 10>* mol')!/2
[27%(16.043 x 10-3 kgmol ') x (1.3806 x 10723 JK ') x (298.15 K)]l/2

=3.80...x10® m2s ! =[3.81 x 10" cm %57}

w

For p = 0.150 uTorr,

p
(2nMKT/Ny )2

(0.150 x 107 Torr) x (133.32 Pa Torr ') x (6.0221 x 10>* mol ")/?

w

[2mx (16.043 x 10~ kgmol ™) x (1.3806 x 10-23 JK~1)x (298.15 K) | "/*
=7.61...x107 m%s =[7.62 x 10> cm 25!

E19A.2(b) The collision flux, Z,, is given by [19A.1-825), Z,, = p/(2nMkT /Ny )'/? where
p is the pressure of gas, M is the molar mass of the molecule, k is Boltzmann’s
constant, T is the temperature and Ny is Avogadro’s constant.

The collision rate, z, is given by z = AZ,, where A is the surface area. Hence,

Ap

SAZy=—P
‘ (2nMkT/NA)2

For N, the molar mass M = 2 x (14.01 gmol™') = 28.02 gmol~". Thus, for
A = m(d/2)?, where d is the diameter of the circular surface, rearranging the
above expression gives

r(2nMkT/Ny)'/?
A
5.00 x 101 571
71x(0.5x 2.0 x 1073 m)?

X(an (28.02 x 1073 kgmol ) x (1.3806 x 1023 JK™') x (525 K) )1/2

6.0221 x 1023 mol ™!



E19A.3(b) For aperfect gas, and at constant temperature, p o< 1/V, where V is the volume
occupied by the gas at pressure p. Therefore

\% Vi
P2 hence V,= Py

J 2B ) P2

The surface coverage 6 is given by 8 = V/V,, where V is the volume of gas
adsorbed at a particular pressure p and Ve is the volume of gas which gives
a complete monolayer, but where the volume has been corrected to the same
pressure p.

At 5.0 bar, the volume adsorbed is a complete monolayer and thus V., = 6.6 cm?

at 5.0 bar. At 0.30 bar, this same volume is

(6.6 cm®) x (5.0 bar)

=110 cm®
0.3 bar

Voo,0.3 bar =

Hence the surface coverage is

B 11 cm3
"~ 110 cm?

=[0.1]

E19A.4(b) For a process to be spontaneous it must be accompanied by a reduction in
the Gibbs energy, that is AG < 0, where AG = AH — TAS. If adsorption is
endothermic, AH > 0, but nevertheless observed to be spontaneous, it must
be that AS > 0. This is unusual for adsorption of a gas because such a process
involves the loss of translational degrees of freedom. However, if the adsorbed
molecule dissociates on binding it is possible for the entropy to increase, AS >
0.

Solutions to problems

PI9A.2  The collision flux, Z,, is given by [19A.1-825], Z, = p/(2nMkT/N4)'/? where
p is the pressure of gas, M is the molar mass of the molecule, k is Boltzmann’s
constant, T is the temperature and N, is Avogadro’s constant.

(a) For an oxygen molecule, the molar mass M = 2 x (16.00 gmol™') =
32.00 gmol ', therefore at T = 300 K and p = 100 kPa,

_ p
~ (2nMKT/Ny)Y/?

(100 x 10 Pa)x (6.0221 x 10>* mol")!/?

w

[271x(32.00 x 10-3 kg mol ™) x (1.3806 x 10-23 J K1) x (300 K)]'/*

=2.68..x 107 m 25 =[2.69 x 102 cm 25|

(b) At p = 1.00 Pa the collision rate is reduced by a factor of 10° compared to
(a): ‘ZW =2.69 x 10'® cm™2 s_l‘
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P19A.4

Assume that on the surface the atoms are centred on a square grid of side ay,
the lattice spacing, with the atoms in contact (a face of a simple cubic lattice). It
follows that the radius of each atom is half the lattice spacing r = ao/2. Hence,
the area, A, of a single surface atom is approximated by A = nr? = Tr(%ao)2 =
imag.

For p = 100 kPa, the number of collisions made with a single surface atom in
each second by oxygen is

Neol = AZWAt = InZ agAt

= 17 (2.68..x 107 m™s7") x (291 x 107" m)® x (1's) =[1.79 x 103

For p = 1.00 Pa, the number of collisions is reduced by a factor of 10°> compared
to the calculation just made: ’AZW =1.79 x 10° ‘

Using Bragg’s law, A = 2dsin 6, it is observed that for a given wavelength,
the greater the separation d of atomic layers within a lattice, the smaller the
scattering angle 0.Therefore, in terms of the LEED pattern, the farther apart
the atoms responsible for the pattern, the closer the spots appear in the LEED
pattern.

Therefore, tripling the horizontal separation between the atoms corresponds
to the spot separation reducing to a third of the original separation between
the spots. The vertical separation between atoms is unchanged, therefore the
vertical separation of LEED spots in that dimension remains unchanged. The
result is shown in Fig. 19.1.

Original LEED pattern Reconstruction LEED pattern
o o o 0000000
o ® o 0000000
o o o 0000000
Figure 19.1

19B Adsorption and desorption

Answers to discussion questions

D19B.2

The assumptions made in deriving the Langmuir isotherm are:



(1) Adsorption cannot proceed beyond monolayer coverage.

(2) Allsites are equivalent and the surface is uniform.

(3) The ability of a molecule to adsorb at a given site is independent of the

occupation of neighbouring sites.

For the BET isotherm assumption (1) is removed so that multi-layer coverage
is possible. In the derivation of this isotherm a distinction is made between the

energetics involved in forming the first and subsequent layers.

Solutions to exercises

E19B.1(b)

There is an error in the Exercise: the volume at the lower pressure should be

1.52 cm?.

The Langmuir isotherm is [19B.2-833], 6 = ap/(1 + ap), with a = k,/kq. The
surface coverage may be written in terms of the volume of gas adsorbed V,
0 = V[V, where V, is the volume corresponding to complete coverage. For

two different pressures

Wi aps Vo aps

Voo 1+ap Ve l+ap,
Inverting both sides

Voo 1 Voo
A Y - |
Vi ap: Vo, aps

To eliminate « first multiply the left-hand equation by 1/p, and the right-hand

equation by 1/p;

Vo _ 11 Vo 11
p2Vi oapipy P2 Ve apipy P

Subtracting the two equations gives then eliminates o

Voo Voo 1 1

p2Vi - piVa B P2 P1
hence V. = 1p2=1/ps = P1= P
pVi=1/piVa p1/Vi—p2/Va

where for the last step top and bottom are multiplied by p; p,.
With the data given

V.o o_ Pip
P1/Vi—p2/Va

(56.4 kPa) - (108 kPa) -

" (56.4kPa)/(1.52 cm®) — (108 kPa)/(2.77 cm3)
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E19B.2(b)

E19B.3(b)

E19B.4(b)

The residence half-life is given by [19B.14-839], t,/, = toefets/RT The acti-
vation energy for desorption, E, 4es, is approximated as minus the enthalpy of
adsorption.

fija = (1.0 x 10714 s) e(155><1o3 Jmol™")/[(8.3145J K~ mol™")x (500 K)]

=[1.6x10%]

The Langmuir isotherm is [19B.2-833], 8 = ap/(1 + ap). The surface coverage
may be written in terms of the volume of gas adsorbed V, 0 = V[V, where
Ve is the volume corresponding to complete coverage. Equivalently, § may be
expressed in terms of the mass adsorbed, 6 = m/m.,, where mo, is the mass
corresponding to complete coverage. For two different pressures

Mmo__ep M2 APy
Me 1+ap; Mo 1+ap;

The aim is to find m, and the algebra to do this is just the same as the method
for finding V., in Exercise E19B.1(b) with volumes replaced by masses. The
result is

m. = P17 p

* pi/my = pa/m;

~ (36.0 kPa) — (4.0 kPa)

~ (36.0kPa)/(0.63 mg) — (4.0 kPa)/(0.21 mg)

=0.84 mg

The surface coverage at the first pressure is therefore

0.63
6= L= o =075
Mo  0.84mg

At the second pressure 6, = (0.21 mg)/(0.84 mg) =[0.25].

The Langmuir isotherm is [19B.2-833], 6 = ap/(1 + ap), inverting both sides
gives

l—i+1 hence i—l—l—ﬂ
0 ap 6 0
Inverting again gives
9 hence _6
ap = =
P=1"% P= -9
With the data given
0.20
p =

) (0.548 kPa™") x (1 -0.20)

A similar calculation for 8 = 0.75 gives|5.5 kPa)|.



E19B.5(b) The isosteric enthalpy of adsorption is define as [19B.5b-834]

dln(ap®)\ = AH®

o(1/T) R
From the Langmuir isotherm is follows that & = 6/p(1 — 0) but, because an
isosteric process is being considered (6 is constant), this reduces to « = C/p,

where C is a constant. With just two sets of data the derivative is approximated
as the finite interval to give

In(Cp®/p2) —In(Cp®/p1) ~ AagH®

[4

(1/T2) - (1/Th) - R
AgH® (1 1
hencelnpl/pzz— cl‘{ (?—?)
2 1

AqaH® ( 1 1 )
h | =1 + — -
ence Inp, =Inp; R T,

The data gives the enthalpy of desorption as +12.2 J for 1.00 mmol of gas,
therefore the molar enthalpy of adsorption is —12.2 k] mol ™",

~12.2kJ mol™! ( 1 1
8.3145JK 'mol ! \318 K 298K

Therefore (p,/kPa) = e***, giving|p, = 12.1kPa|

In (p/kPa) = In(8.86 kPa) + ) - 2.49..

E19B.6(b) The isosteric enthalpy of adsorption is define as [19B.5b-834]

dln(ap®)\ = AH®
(%), %

0
From the Langmuir isotherm is follows that « = 6/p(1 — 6) but, because an
isosteric process is being considered (6 is constant), this reduces to « = C/p,
where C is a constant. With just two sets of data the derivative is approximated
as the finite interval to give

In(Cp°®/p,) —In(Cp®/p1)  A,aH®

(1/T2) - (1/Tv) R
Aa H*® 1 1
hence In(p:1/p,) = - ‘; (E_E)
hence A,gH® = M
1/T2_1/T1

With the data given

AL - (8.3145J K™'mol ") x In[(1.02 x 10° Pa)/(350 x 10° Pa)]
T 1/(240K) - 1/(180 K)

=[-6.40 K mol"!]
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E19B.7(b)

E19B.8(b)

The rate constant for desorption is assumed to follow an Arrhenius law, kqes =
Ae Fraes/RT Recall that for a first order process the half life is simply propor-
tional to the inverse of the rate constant, therefore the time needed for a certain
amount to desorb is also inversely proportional to the rate constant. Thus

71/15 = e~ (Fades/R)(1/T2=1/T1)

Eides (1 1
hence In(7,/7;) = - 1’; (E—i)
-R1
hence E, qe, = —in(71/72)
(1/T2 - 1/Th)

With the data given

—(8.3145JK ' mol ") In[ (1856 5)/(8.44 s) ]
1/(1012K) - 1/(873 K)

=2.85...x 10° Jmol ™! =|285 kJ mol ™"

The times for desorption at different temperatures are computed using

Ea,des =

TI/TZ - e_(Ea,dES/R)(l/TZ_l/Tl) hence Ty =T e(Ea.des/R)(l/TZ_l/Tl)

The time needed at 298 K is related to that at 873 K
7, = (1856 s) e[(z.ss...x105 Jmol™)/(8.3145J K" mol™")][1/(298 K)-1/(873 K)]
=1.5x10°°s

Effectively, the gas does not desorb at this temperature. Repeating the calcula-
tion at 1500 K

Ty = (1856 s) e[(2.85...x105 Jmol™)/(8.3145J K" mol™")][1/(1500 K)-1/(873 K)]
=10.14 ms

The average time that a species remains adsorbed is proportional to its half-life,
given by [19B.14-839], t,, = toelads/RT Therefore, if the two times are 7, and
T, at temperatures T; and T,

TZ/TI = e(Bades/R)(1/T2=1/Th)

E 1 1
hence In(7,/7;) = —24 ( )

R \n, T,
R1
hence E, g, = J0n(r2/11)
ST, - 1T,

The data gives the lifetime at the higher temperature as 7, = 7;(1 - 0.35) =
0.65 T1

(8.3145JK ' mol ") In[(0.657,)/(71)]
1/(1000 K) - 1/(600 K)

<[54k mol”"

Ea,des =



655

E19B.9(b) The half-life for a species on the surface is given by [19B.14-839], t,/, = Toebade/RT

(i) With E, ges = 20 kJ mol™

at 298 K ty = (0.12 ps) e(20x103 Jmol™)/[(8.3145] K™ mol™")x (298 K)]

[ 0

at 800 K ty = (0.12 ps) e(20x103 Jmol™)/[(8.3145]J K™ mol™)x (800 K)]

-5

(ii) With Eq ges = 200 kJ mol ™

at 298 K fiyy = (0.12 ps) e(200x103 Jmol™")/[(8.3145] K~ mol™")x(298 K)]

=1.36... x 10°* ps = 1.4 x 10** s

at 800 K ty = (0'12 ps) e(zooxlo3 Jmol™")/[(8.3145J K" mol™")x (800 K)]

=1.37..x 10" ps =

Solutions to problems

P19B.2

P19B.4

As is shown in Example 19B.1 on page 833, a suitable plot to test the Langmuir
isotherm is of p/V against p; such a plot has intercept 1/a V,, and slope 1/ V...
The table of data is given below and the plot is shown in Fig. 19.2.

p/Pa_ Viem® (p/V)/(Pacm™)

25 0.042 595
129 0.163 791
253 0.221 1145
540 0.321 1682
1000 0.411 2433
1593 0.471 3382

Omitting the data points for the two highest pressures gives a reasonable straight
line with equation

(p/V)/(Pacm™) = 2.135 x (p/Pa) + 547.9
V.. is found from the slope as V., = 1/slope = 1/(2.135) cm?® = [0.47 cm®].

The value of « is found from (slope)/(intercept), & = (2.135)/(547.9) Pa™! =

3.9x 1073 Pa’!|

Note: the volume data given in the Problem is in error. The values in the table
should be, reading left to right, 1.22 1.33 1.31 1.36 1.40 in cm”.

As is shown in Example 19B.1 on page 833, a suitable plot to fit data to the
Langmuir isotherm is of p/V against p; such a plot has intercept 1/aV,, and
slope 1/ V... The table of data is given below and the plot is shown in Fig. 19.3.
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Figure 19.2
p/atm  V/em®  (p/V)/(atm cm™?)
0.050 1.22 0.0410
0.100 1.33 0.0752
0.150 1.31 0.115
0.200 1.36 0.147
0.250 1.40 0.179
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| |

| |
0.05 0.10 0.15 0.20 0.25

p/atm
Figure 19.3

The data fall on a reasonable straight line with equation

(p/V)/(atm cm™) = 0.6941 x (p/atm) + 7.147 x 107>

V. is found from the slope as Vo, = 1/slope = 1/(0.6941) cm® = .



P19B.6

The number of H, molecules in this volume is found using the perfect gas law

_ NapV

- RT

~(6.0221 x 102 mol ') x (1.01325 x 10° Pa) x (1.44 x 10~° m®)
- (8.3145JK " mol 1) x (273.15 K)

=3.86... x 10"

N

The area of a molecule is estimated from the mass density of the liquid in the
following way. Consider a volume V of the liquid which has mass density p;
the mass of the liquid is Vp and this corresponds to V p/M moles, where M
is the molar mass. The number of molecules in the volume is N = Ny Vp/M,
therefore the volume occupied by one molecule is V/N = M/Nyp.

If the molecule is considered to be a sphere of radius R, then $7R* = M/Nap,

from which it follows that R = (3M/4Npn)'/?. Therefore the area of the
‘silhouette’ of the sphere is A = TR? = 11(3M /4N, pn)*/?. With the data given

3 x (2.0158 gmol ") 3
=T
4% (6.0221 x 1023 mol ") x (0.708 g cm3) x
=3.40...x 107'° cm® = 3.40... x 107*° m*

The surface area is therefore (3.86... x 10'%) x (3.40... x 1072° m?) = |1.3 m?|.

(a) Asisshown in Example 19B.1 on page 833, a suitable plot to fit data to the
Langmuir isotherm is of p/V against p; such a plot has intercept 1/a Vi,
and slope 1/ V. The table of data is given below and the plot is shown in
Fig. 19.4; it is clear from this that the data do not conform to the Langmuir
isotherm.

p/kPa  V/em® (p/V)/(kPacm™) z y/(107 cm™)

13.3 17.9 0.743 0.067 3.980
26.7 33.0 0.809 0.134 4.669
40.0 47.0 0.851 0.200 5.319
53.3 60.8 0.877 0.267 5.976
66.7 75.3 0.886 0.334 6.645
80.0 91.3 0.876 0.400 7.302

(b) In [19B.7-836] the BET isotherm is manipulated into a straight-line plot

z 1 +(c—l)
(1-2)V ¢Vmon  ¢Vion

z  z=p/p’

Thus a plot of z/(1 — z) V against z is expected to be a straight line with
slope (¢ = 1)/cVimon and intercept 1/c¢Vpon; note that (slope)/(intercept)
= ¢ — 1. For brevity the term z/(1 — z) V is denoted y. The manipulated
data is shown in the table above and the plot is shown in Fig. 19.5.
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P19B.8

0.90 T T \

0.85| +
0.80 | +

(p/V)](kPacm™)

0.75 =+

0.70 ‘ ‘ ‘

20 40 60
p/kPa

Figure 19.4

80

¥/(10° em™)

Figure 19.5

The data are a good fit to a straight line with equation
¥/(107° cm™) = 9.939 x (z) +3.329
The parameter c is found using

slope 9.939
————=c-1 hence c=1+ =
intercept 3.329

The intercept is 1/¢ Vinon, therefore

1 1
Vmon =

3.99

=[75.3 cm’]

Note: there is missing data from this Problem, which is that
tures referred to are 400 °C and 500 °C.

¢ x (intercept) T 3.99% 107 x (3.329 cm™3)

the two tempera-



P19B.10

P19B.12

The isosteric enthalpy of adsorption is defined as [19B.5b-834]

dln(ap®)\ = AH®
(5m), 5

9
With just two sets of data the derivative is approximated as the finite interval

to give

In(et;p°) — In(a; p°) AqH®

(YT)- (/1) R
AqH® (1 1
hence Inay /o) = - ad (7 _ 7)
R T, T)
With the data given
(160 x 10* Jmol ") 1 1
In (Xz/OCl = - — =) ( — )
8.3145]K'mol™" \773K 673K
=-3.69...

Therefore oy /a; = 7399 =[0.0247].

The Freundlich isotherm is written c,qs = Kcsl({ |'; taking logarithms gives In cyas

=InK + (1/n)1n ¢so). This implies that a plot of In ¢,q45 against In ¢, should be
a straight line of slope 1/n and intercept In K. The data are given below and the
plot is shown in Fig. 19.6.

Csol/ (Mg g_l) Cads/(mg g_l) In[cs01/(mg g_l)] In[cags/(mg g_l)]

8.26 4.41 2.111 1.48
15.65 9.20 2.750 2.22
25.43 35.20 3.236 3.56
31.74 52.00 3.458 3.95
40.00 67.20 3.689 4.21

The data fall on a modest straight line, the equation of which is

In[cags/(mgg™")] = 1.849 x In[cs01/(mg g~ ') ] - 2.554

The slope is 1/n, therefore n = 1/slope = 1/(1.849) =[0.54]. The intercept gives
In K and hence ‘K =0.078 mg g ‘

To compute the fractional coverage 6 it would be necessary to know the mass
needed for a monolayer. This is of no particular significance for this isotherm.

The Langmuir isotherm would be different in the three cases.

(a) For adsorption without dissociation [19B.2-833], 6 = ap/(1 + ap)
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In[cags/(mg g_l )]

1 | | |
2.0 2.5 3.0 35 4.0

Infcsor/(mgg™)]
Figure 19.6

(b) For adsorption with dissociation into two species the isotherm is [19B.4-

833], 0 = (ap)?/[1+ (ap)'/?]

(c) Byextension, for adsorption with dissociation into three species the isotherm

is O = ((xp)l/3/[1 n (ocp)l/3]

A plot of 0 against p at low pressures (where the denominator is approximately
1) would show progressively weaker dependence on p for dissociation into two
or three species.

19C Heterogeneous catalysis

Answers to discussion questions

D19C.2 The two relevant equations derived in How is that done? 19C.1 on page 842 are
(aapa+1)0a +aapabp =asps apppba + (agps +1)0s = agps
The first is multiplied by ap pp and the second by (aapa + 1) to give

aBPB(“APA + 1)9A + apppoapAOs = ApPRAAPA
(‘XAPA + I)O(BPBGA + (“APA + 1)(0(BPB + 1)63 = (“APA + I)O(BPB

The terms in 8 are now the same, and so will disappear when the two equations
are subtracted to give

apppaapalp — (aapa +1)(agpp +1)0s = appgaapa — (dapa +1)agps



The expression for 5 then follows with some rearrangement and simplification

agppaapa — (aapa +1)agps

6 =
B “BPBOCAPA_(OCAPA+1)(OCBPB+1)
_ —appPB
ABPBAAPA — KAPAABDPB — XaPA — aBPB — 1

QB PB
AApA + XBPB + 1

which is the required expression. That for 0 is simply found by swapping the
indices A and B: the equations all remain valid under such a change.

Solutions to exercises

E19C.1(b)

The amount in moles of CO gas is found using the perfect gas law.

pV  (1bar)x(10° Pa) 3.75x 107 m?
Nn=-—-= X
RT 1 bar (8.3145] K ' mol™") x (273.15K)
= 1.65... x 10~* mol

which corresponds to Nan = (6.0221 x 10> mol™") x (1.65 x 107* mol) =
9.94... x 10" molecules.

A rough calculation of the surface area notes that the collision cross section
is 0 = nd?, where d is the diameter of the colliding spheres. Therefore d =
(a/m)'/?, and hence r = %(0/1‘[)1/2. The area of one molecule is r® = w10 /m =
10. In the tables, no value for the collision cross section of CO is given, so the
value for N is used. The surface area is therefore (9.94... x 10'?) x 1 x (0.43 x
107 m?) =11 m?]

In fact circles do not cover a plane completely, and it can be shown that the
highest coverage which can be achieved is one in which the circles cover 0.91

of the area of the plane. The estimate of the area therefore needs to be scaled
up by a factor of 1/0.91 ~ 1.1 to give 12 m?.

Solutions to problems

P19C.2

The rate law for a unimolecular decomposition occurring on a surface is given
by [19C.1-841]

_ keap
Cl+ap

HI is adsorbed strongly on gold, implying that ap > 1, and so the rate law
reduces to v = k;: that is, zeroth order and thus independent of pressure. On
platinum, absorption is weaker implying that ap << 1. In this limit the rate law
becomes v = k,ap: that is, first order in the pressure.
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19D Processes at electrodes

Answers to discussion questions

D19D.2 This is discussed in Section 19D.3 on page 850.

Solutions to exercises

E19D.1(b) If the anodic process is dominant, the current density is given by [19D.5a-850],
Inj=1njo+ (1-a)fy, where f = F/RT. At 298.15 K

f = (96485Cmol ")/[(8.3145] K ' mol™') x (298.15K)] = 38.921 V!

where the units are resolved by recalling 1 V = 1 ] C™'. Taking the difference of
two expressions for In j for different overpotentials gives

In(j2/j1) = (1L =) f(112 = m1)

_In(ja/j1)
hence 7, = W +1
In(72/17.0)

= +0.105V =[0.17 V]
(1-0.42) x (38.921V-1)

E19D.2(b) If the anodic process is dominant, the current density is given by [19D.5a-850],
j=joe'=)f" where f = F/RT. At 298.15K, f = 38.921 V™. Rearranging for
jo and then using the data given

jo = je—(l—“)fﬂ

_ (17.0 mA cm_z) e—(1—0.42)x(38.921V“)x(0.105 V) _

E19D.3(b) If the anodic process is dominant, the current density is given by [19D.5a-850],
j = joe(=®/1 where f = F/RT. At 29815 K, f = 38.921 V!, Taking the ratio
of two expressions for j for different overpotentials gives

(1-a)fn2 (1-a)fm

jalj1 = joe /joe
hence j, = jjel!=®/(r=m)

= (1.22mA cm_z) o(1-0.5)x(38.921V"1)x[(0.60-0.50) V)] _[g'5 A cm2

E19D.4(b) (i) The Butler-Volmer equation is [19D.2-848], j = jo(e(l‘“)f” — e/,
For Fe’* on Pt jo = 2.5x 107> Acm™ and a = 0.58; at 298.15 K, f =
38.921 V1. For an overpotential of +0.30 V the current density is

j=(25%x107 Acm™?)

y (e(l—o.ss)x(38.921V-l)x(0.30 V) _ e—0.58><(38.921V_1)><(0.30 V))

=[0.34 A cm™]



E19D.5(b)

E19D.6(b)

E19D.7(b)

(ii) If the current is entirely anodic, only the first term is needed

j=(2.5x% 107% A Cm—z) x @(10-58)(38.921 V") x(0.30 V)

=034 A cm™]

The result confirms that the current is indeed dominated by the anodic
term, which is the term for which the power of the exponential is positive.

The Butler-Volmer equation is [19D.2-848], j = jo(e!=®)/" — e=¢/"). The
overpotential is equal to the applied potential E minus the potential developed
by the electrode which, assuming standard conditions, is +0.77 V: n = E —
(0.77 V). With the given value for jj, and assuming « = 0.5

j=(2.5mA cm_z) y (e(l—O.S)Xfx[E—(O.77 V)] _ o=0.5xfx[E=(0.77 v)])

‘]- = (2.5mA cm’2) » (eO.Sf[E—(O.77 V)] _ o-0.5f[E-(0.77 V)])‘

At equilibrium, only the exchange current flows, therefore for an electrode with
area A the current is jyA, and thus the charge passing in time ¢ is (current x
time): q = joAt. If each species passing through the double layer carries one
fundamental change, the number of charges is N = g/e = jyoAt/e. Thus the
number per second through an area of 1.0 cm? is, for H*/Cu,

N/t=joAle=(1.0x10"° Acm™?) x (1 cm?)/(1.6022 x 107 C)

=6.24...x 10" s7' =|6.2 x 10"? 57!
A similar calculation for Ce**/Pt gives|2.5 x 10™* 57!,

The number of atoms covering 1 cm? of electrode is (10™* m?)/(260x10™'* m)?
= 1.47...x 10" Therefore for H*/Cu the number of times per second that each
atom is involved in a electron transfer event is (number of such events)/(number
of atoms) = (6.24... x 10'° s71)/(1.47... x 10'%) = [4.2x 10 s~']. A similar

calculation for Ce*"/Pt gives 0.17 571

In the linear region the current density and overpotential are related by [19D.4-
849], n = RTj/Fjy, therefore the current density is j = #Fjo/RT. For an
electrode of area A the current is I = jA, and therefore the resistance is

n n RT

"1 T WFjoAJRT ~ FjoA

For H*/Pb

(8.3145J K~ ' mol ') x (298 K)

r= - =15.1x10° O
(96485Cmol ") x (5.0 x 10712 A cm~2) x (1.0 cm?)

The units are resolved by using (from inside the front cover) 1V =1J C™! and
1Q =1V A~ A similar calculation for Fe’*/Pt gives [10 Q.
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E19D.8(b) Because the standard potential of Zn**/Zn is —0.76 V, under standard condi-

tions Zn metal will only be deposited when the applied potential is more nega-
tive than —0.76 V. The current density is given by [19D.2-848], j = jo(et' =)/
e~*/), but under these conditions only the second term (the cathodic current)
is significant. Using the data given for H', assuming « = 0.5, and recalling that,
at298.15K, f =38.921 V™!

jur = =joe™ "

= —(0.79 x 1073 A cm_z) e—0.5x(38.921V*1)x(—0.76 V)
=-2.1x10° Acm™
It is usually considered that the metal can be deposited if the current density for
discharge of H* is less than about 1 mA cm™2. In this case, the current density

for discharge of H" is vastly in excess of this criterion, which means that zinc
metal will not be deposited, and all that will happen is the evolution of H,.

Solutions to problems

P19D.2

P19D.4

Simultaneous deposition is expected if the two potentials are the same, and this
is acheived by altering the ratio of the concentrations of Pb** and Sn**. Using
the Nernst equation [6C.4-221], the potentials of the two half cells are

RT
E(Pb**/Pb) = E(Pb**/Pb)® + F In apye+
RT
E(Sn**/Sn) = E(Sn**/Sn)® + oF In ag, 2+
These will be equal when
RT RT
E(Pb2+/Pb)e + E In app2+ = E(Sn2+/Sn)e + E In agp2+
From which it follows that

In(agyer /apy: ) = IZTI; [E(Pb? /Pb)® - E(Sn** /$n)°]

~ 2x(96485Cmol ")
(8.3145J K ' mol ") x (298 K)
=0.778...

[(<0.126 V) — (-0.136 V)]

Therefore ag,2+/apy:+ = %778+ =[2.18]. By making the concentration of Sn**
a bit over twice that of Pb**, simultaneous deposition can be achieved.

The overpotential is # = E' — E, where E is the equilibrium potential; in this
case 7 = E' + (0.388 V). The data given correspond to positive overpotentials,
so the anodic current will dominate and hence Inj = In jo + (1 — &) f5. For
the In**/In electrode three electrons are transferred, therefore the relationship
needs to be modified to In j = In jo + 3(1 — a) f5. A plot of In j against 5 will
have slope 3(1 — «) f and intercept In jo. Such a plot is shown in Fig. 19.7.
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Figure 19.7

The data fall on a good straight line with equation

In[j/(Am )] = 59.41 x (1/V) - 1.894

From the slope it follows that 3 x (1 — a) x (38.921V™!) = 59.41 V™! hence
la =0.49]. The exchange current density is computed from the intercept as

ljo=0.150 Am™2|

Note that there is an error in the problem: the cathodic current should be
computed for E’ = —0.365 V. The cathodic current is j. = —joe >*/", thus
with the data already determined

je= _(0'150 Am—2)e—3(0.49)><(38.921V'l)x[(—0,365+0.388) V] _ —0.0402 A m™2

(a) The Butler-Volmer equation, [19D.2-848], j = jo(e(l_"‘)f” — e 1) is
expanded to second order in f7
j=io[1+ (=) fn+3(1-a)fn’ ~1+afy- 30 f 5]
=jo[fn+ 307 (1=2a)] = jofn + joBf*n*
——

——
term 1 term 2

where = 1(1 - 2a) is used.
The current density is integrated over a complete period with 5 = 7o cos wt;
the period is 21t/w and the result of the integration is the total charge
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(b)

(a)

(b)

(c)

(d)

passing over this time. Term 1 integrates to zero because the integral of a
cosine wave over a complete period is zero. The integral of term 2 is

] ) 2 2n/w ) By ) 2 2n/w 1. ) 2 2n/w
jopfony | coswtdt=5joBfmy | dt+3joff g | cos2wtdt

term 3

where the identity cos* A = %(l+cos 2A) isused. Term 3 is zero as it is the
integral of a cosine wave over two complete periods. The other integral
evaluates to 21/w and therefore the charge passing over the complete
period is

Lo S

w

The mean current over the complete period is found by dividing the charge
passing by the time, which is the period 21/w. Therefore

Jav = 350Bf* 5 = |jof* 13 (5 — @)
As required, the mean current goes to zero when a = 1.
For H*/Pt jo = 7.9 x 107* A cm™?; with the data given

Jav=(7.9x 107" Acm™?) x (38.921V™")? x (0.010 V)? x 1(0.5 - 0.38)

=|7.2 pA cm™

This voltammogram is that expected for a reversible process, as described
in Section 19D.3 on page 850, and characteristic of a process with a ‘large’
exchange current density. Only a small overpotential is required to achieve
a significant current.

The first part of the voltammogram shows two successive reductions, at
different potentials. Both of these reductions appear to be reversible as the
current changes direction on the reverse sweep, with two features which
complement those in the first part of the sweep.

This voltammogram is that expected for a irreversible process, as described
in Section 19D.3 on page 850, and characteristic of a process with a ‘small’
exchange current density. In this case a larger overpotential is needed to
generate a significant current and the cathodic process dominates.

The first part of the voltammogram shows two successive reductions, at
different potentials. The second of these appears to be reversible as the
current changes direction for the first part of the reverse sweep, but the
second reduction appears to be irreversible as there is no negative-going
current associated with it.

Answers to integrated activities

119.2

The relativistic correction term is

eA¢ (1.6022 x 1072 C) x (50 x 10° V)

= =0.0489...
2mec? 2% (9.1094 x 10731 kg) x (2.9979 x 103 ms~!)?2



119.4

The non-relativistic wavelength is

Aok
non-rel (ZmeeAqS)l/z
6.6261 x 107*]s
[2x(9.1094 x 10731 kg) x (1.6022 x 10712 C) x (50 x 10> V)]1/2

=5.48 pm

With the relativistic correction

6.6261 x 107*]s
[2%(9.1094 x 1031 kg) x (1.6022 x 10712 C) x (50 x 103 V)]!/2
1
N
(1+0.0489...)1/2

/lrel =
=5.36 pm

There is a significant difference of about 2%. Whether or not this will affect
any particular measurement depends on whether it is necessary to know the
wavelength to high precision.

The tunneling of a particle through a rectangular barrier is described in Sec-
tion 7D.4 on page 268. The decay of the wavefunction in the barrier depends
on the parameter « given by x = [2m(V; — E)]'/?/h, where E is the energy and
Vp is the height of the barrier. In this case (Vy — E) = 2.0 €V and so

K = [2x(9.1094 x 107> kg) x (2.0x 1.6022 x 1071 J)]/2/(1.0546 x 1073 ] s)
=7.24..x10° m™
Assuming that kL > 1 for the distances L considered in this calculation, the
transmission probability T is approximated by [7D.20b-270], T = 16¢(1 —
¢) e 2*L where ¢ = E/V;,. When the distance increases from L; to L, the ratio
of the transmission probabilities is
Tz/Tl — e—ZK(Lz—Ll)
_ e72><(7.24...><109 m™")x[(0.60-0.50)x10™" m] _ 0.235

Assuming that the current is proportional to the transmission probability, this
ratio would also be the ratio of the currents.
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