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Preface 

 

vii

In recent decades, scientific software has become an invaluable asset for the general 

science and technology community, as well as for the advanced engineering industry. 

With that it is becoming more and more obvious that the old-fashioned approach to 

the development and maintenance of the computational programs, which is tradi-

tionally carried out by a small group of core developers, becomes an obstacle on the 

way to design and implement new computational methodologies and techniques. For 

example, integrating new computational methodologies into the legacy codes and 

adapting them to the rapidly growing hardware capabilities and the new program-

ming environments imposes a heavy burden on the core developers and slows down 

the progress of the scientific computing. Hence, new approaches to collaborative 

software design and development are desperately needed by the scientific commu-

nity. An emerging concept of software modularity can potentially offer a way around 

the hurdle and allow multiple contributors to rapidly add missing functionalities and 

incorporate new computational methods. At the same time, the end users can benefit 

from a wide selection of available computational techniques and employ them to 

create customized workflows from the modules best suited for the problem at hand. 

It is the purpose of this collection to highlight some emerging methods and concepts 

in the domain of Computational and Theoretical Chemistry with an emphasis on 

collaborative environments, automation and machine learning also enabling fast and 

efficient implementation. A survey of novel computational schemes, theoretical con-

cepts, and software technologies as well as their application to the computation and 

analysis of electronic structure, multiscale modeling, potential energy surface mapping, 

adiabatic and non-adiabatic molecular dynamics is given by leading experts in the 

field. 

This topical collection opens with a comprehensive survey by Kobayashi of modern 

collaborative tools and technologies, which show a great potential in resolving the 

burden of computational software sustainability and development. Many existing 

computational codes have been started decades ago by relatively small groups of core 

developers, who faced the problem of continuity in maintaining these packages, 

keeping up with evolving hardware, operating systems and providing proper support 

to the end users. This underlines the necessity of strong collaborative frameworks as 

a means to guarantee sustainability of the software and its development. Kobayashi 
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gives a wide and deep overview of the existing and emerging collaborative tools en-

compassing the more traditional technologies, such as subversion and git, as well as 

the novel extended reality and virtual reality technologies, which have a potential to 

add the elements of “real” human interactions to remote collaboration and education.  

One of the emerging technologies that has taken computational chemistry by storm 

is machine learning – a technology based on the use of the neural networks for organi-

zing and interpolating massive arrays of heterogeneous data. Dral et al. describes a 

novel platform for atomistic machine learning simulations, the MLatom 2 suite, that, 

thanks to its modular design, enables an easy extension of its capabilities and simu-

lation models. A novel approach to analyzing chemical reaction dynamics based on 

the reaction path network is presented by Taketsugu and coworkers. The Reaction 

Space Projector (ReSPer) technology enables reduction of the complexity of reaction 

paths on multiple potential energy surfaces by considerably reducing its dimensio-

nality and projecting the dynamics trajectories onto the easily comprehensible low-

dimensional reaction space. Along a similar venue, Varganov and coworkers propose 

a nonadiabatic statistical theory package NAST designed for analyzing and predic-

ting kinetics of spin-dependent chemical processes. At a modest computational cost, 

NAST is capable of predicting the probabilities and rate constants of transitions 

between the electronic states of different spin multiplicities with the account for 

statistical and quantum effects. 

One of the main hurdles in computational modeling of the reaction dynamics, 

especially the dynamics of the non-adiabatic reactions occurring in the excited electro-

nic states, is setting up the appropriate and reproducible models with the inclusion of 

the effect of environment. Perdaza-González et al. describe the current status and 

future development perspectives of the Automatic Rhodopsin Modeling (ARM) 

protocol – a web based platform for designing multiscale computational models for 

the simulation of light induced processes occurring in a diverse family of light sen-

sitive proteins. A special emphasis is put on standardization of the models and 

reproducibility of the computational results. A novel concept in the nonadiabatic 

dynamics simulations is presented by Min and coworkers, which is based on the exact 

factorization of the electron-nuclear wavefunction approach. The PyUNIxMD 

package implements a series of simulation methodologies derived from the exact 

factorization and enables transparent and efficient setup of the trajectory simulations. 

When simulating the nonadiabatic dynamics of photoexcited molecules, the com-

putational chemistry methodologies are tasked with providing on-the-fly information 

on the energies, and gradients of the electronic states characterized by the strong 

electron correlation and multiconfigurational electronic structure. Song et al. present 

an overview of a series of novel approaches to the computation of such electronic 

states within the framework of multiconfigurational many-body perturbation theory. 

An emerging concept of ensemble density functional theory and its application to 

obtaining the excited states in a time-independent fashion is described by Fromager 

and coworkers. The emerging methodology holds a great promise to produce the 

accurate information on various excited states at a modest computational cost; what 

is precisely needed in the realm of modeling the excited state reaction dynamics. 

We believe that this collection will prove useful and interesting for readers as an 

overview of the emerging computational tools and concepts in the realm of compu-

tational and theoretical chemistry. We would like to thank all the contributors to this 

collection. A special gratitude goes to the staff at Topics in Current Chemistry and 

the editorial board for offering us the opportunity to put together this edition. 
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Abstract
Sustainable scientific software needs a strong collaboration framework to ensure 
continuity by passing on the tools, skills and knowledge needed to the next gen-
eration. The COVID-19 pandemic triggered the unexpected effect of accelerating 
the development of remote platforms and tools to open up collaborations to a wider 
global community. In this article we outline the elements needed for such a frame-
work, such as education, tools and community building, and discuss the current 
advances in technology with a nod to the future.

Keywords  Remote collaboration · Computational chemistry · Software 
development · The Future of Meetings · XR

1  Introduction

Computational chemistry has been going strong since the 1950s when theoretical 
chemists first embraced the advent of digital computers to carry out ab initio molec-
ular orbital calculations [1]. The earliest computational chemistry programs, such as 
POLYATOM [2], ATMOL [3] and Gaussian [4, 5], of which only Gaussian is still in 
use today, began to appear in the 1970s. Since then, the list of programs has prolifer-
ated, including a wider variety of methods, such as molecular mechanics, molecu-
lar dynamics and plane-wave codes. Some software packages are still being devel-
oped long after the people who started them have gone. Some have fallen by the 
wayside. This widely recognised problem of continuity in maintaining these pack-
ages—keeping up with new operating systems/architectures and support—has been 
coined software sustainability [6–8]. Software sustainability requires the inextrica-
bly linked resources of funding and people. Certainly, in computational chemistry, 

 *	 Rika Kobayashi 
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programming skills do not lead to a secure career path, especially in academia. 
As Katz [7] recognises, Software Developers need to “keep themselves supported/
employed”. In recognition of this, in 2016 the United States government funded the 
Molecular Sciences Software Institute (MolSSI) [9] to serve “as a nexus for science, 
education and cooperation serving the worldwide community of computational 
molecular scientists”. This is the only such initiative in existence to our knowledge. 
A similar initiative led by Peter Gill was proposed to the Australian Government 
in 2014 but failed to gain funding. However, recognition and funding are only the 
beginning. Sustainable scientific software needs a strong collaboration framework.

The 2020 COVID-19 pandemic had an unintended effect of bringing the world 
closer together. The halt to international travel disrupted scientific exchange and 
researchers scrambled to find ways of making working virtually more effective and 
software platforms reinvented themselves. One such endeavour was the Future of 
Meetings (TFOM) symposium, which was organised by a like-minded community 
with the aim of investigating best practice in how to work, educate, collaborate and 
interact virtually. It became a truly cross-disciplinary symposium, encouraging us 
to explore key themes and share ideas from a variety of people and perspectives 
we don’t normally interact with. The symposium proved highly successful and our 
findings were made into a report [10] and an invited comment from Nature [11]. 
One theme of the symposium was “Technology to help us collaborate virtually” and 
this brought to the fore a range of online tools and initiatives that could provide the 
infrastructure for scientific software sustainability.

2 � Education

Probably the foremost issue for the continued development of scientific software is 
the shortage of programmers. This is recognised worldwide, as reflected in the many 
articles decrying the shortage of software engineers, e.g. Lee [12, 13] estimates that 
by the year 2024 that number is expected to reach 1 million. This problem is per-
ceived as being one of education, spawning many government initiatives. In Aus-
tralia, the government introduced the Coding Across the Curriculum initiative with 
the aim to promote the teaching of digital technologies, including coding, across 
the different year levels in Australian schools [14]. In 2016, President Obama pro-
posed a CS For All initiative with a US$4 billion dollar budget for computer science 
education in the United States that did not get approved [15]. The European Com-
mission produced a digital education report for Europe in 2019 [16] and a general 
worldwide overview can be found in a 2019 UNESCO report [17]. Most of these 
initiatives concern the Tech and IT sector and target languages, such as JavaScript, 
Java and Python [18]. Few address the shortage of scientific programmers, except 
in the rapidly growing field of data science. However, when it comes to software in 
the applied sciences, certainly in high-performance computing (HPC), the majority 
of programs are written in Fortran and C/C + + [19]. From a survey in 2015, Rouson 
(Rouson, personal communication) reported on the programming languages used at 
NERSC (National Energy Research Scientific Computing); Fortran accounted for 
close to 60%, followed by C ++ and C, at about 35% and 31%, respectively. Fortran 

Reprinted  from  the  journal2
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was found to be the primary language for 23 of the 36 top codes, yet it is a language 
that is no longer widely taught. See also the entertaining talk by Roland Lindh in 
this series [20].

The technical skills shortage has been partly addressed by the rise in online learn-
ing [21]—a natural extension of distance education—suited particularly to program-
ming and computer-related courses because of its basis in a digital environment. 
Worldwide government cuts in funding for education have made distance education 
more appealing as an easy source of revenue, leading to a highly competitive, and 
growing, education industry. At the turn of the century, the market for higher edu-
cation through distance learning was estimated at US$ 300 billion. In 2019, pre-
COVID times, Renub Research estimated that the online education market would 
reach US$ 350 billion by 2025 [22]. Renub’s report highlighted online course pro-
viders Coursera [23] and Udacity [24] and indeed their most popular offerings are 
computer science related: programming, machine learning/artificial intelligence 
(ML/AI), data science. The majority of courses, as mentioned above, do not target 
scientific programmers. To date, the only online Fortran programming courses that 
could be found online were provided through Udemy [25] and Tutorialspoint [26], 
though there is further material available online in the form of university lecture 
notes and tutorial handouts. In fact, many online courses just provide lecture mate-
rial, often in the form of videos and handouts. The more sophisticated online pro-
gramming courses leverage the digital environment by embedding interactive exer-
cises, as with the Tutorialspoint Fortran course, assessment and a discussion forum. 
At this point in time until this skills shortage is redressed, as has been done for the 
IT sector, passing on these advanced programming skills is in the hands of the scien-
tific community.

3 � Collaboration Tools

The global COVID-19 lockdowns found many technical platforms and tools com-
ing into being or reinventing themselves to adapt to the remote working landscape 
as can be seen in Fig.  1 (a composite adapted and updated from several sources 
[27–29]). Video conferencing platforms became schools, fitness centers, places of 
worship; social apps, such as for chat and gaming, turned into tools for remote work.

The relevant tools from a programming perspective without a doubt would 
start with code hosting platforms or version control repositories. These have been 
in use for many years, starting with early version control systems [30], such as 
CVS [31] and Subversion [32], which were essentially a mechanism for tracking 
code revisions. However, as software development expanded and became more 
complex, often involving many authors working concurrently on different parts 
of code there was a need to have some form of coordination giving rise to distrib-
uted revision control, led by Git from Linus Torvalds  in 2005 for development 
of the  Linux kernel [33]. The majority of software packages are probably now 
hosted on such a code repository, the main ones in the scientific community being 
Github [34] and Gitlab [35]. This is often coupled with a Continuous Integration 
system. The idea behind the workflow is to keep a master copy of the code on the 

Reprinted  from  the  journal 3
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repository which can be downloaded individually and worked on. Changes from 
the various developers’ working copies are then merged back, with the platform 
providing a mechanism for tracking and resolving dependencies and conflicts. 
This is the most problematic part of collaborative software development, where 
independent developers can introduce changes incompatible with each other, e.g. 
reusing the same variable or changing the underlying structure. One way to miti-
gate this is to check out the code regularly to keep as close to the master copy as 
possible, the ideal being to spend less time merging the change than making the 
change itself—“integration hell”. Continuous integration automates this merge to 
a frequent basis, at least daily, together with running a set of unit tests.

For the extended complicated software suites that make up the bulk of compu-
tational chemistry software, new developments can be a long time in the making, 
rendering “integration hell” unavoidable. Recent times, perhaps in mitigation of 
this or in conjunction with the popularity of “pair programming”, have seen the 
springing up of real-time collaborative coding platforms where developers work 
on the same piece of code. This is already something that has been in place for a 
while with document sharing such as Google Docs [36] and Overleaf [37]. There 
will probably still be a need for a set of privileged developers to approve code 
changes but it is believed that the main advantage will be being able to see con-
current development as it happens, making potential conflicts more noticeable. 
Again, of the most popular collaborative coding tools [38], few target Fortran and 

Fig. 1   Remote working tools for collaboration landscape as of 2021

Reprinted  from  the  journal4
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it is still early days so not clear whether this approach can scale to a complicated 
software suite with a number of modules and developers.

4 � Community

The biggest concern during the COVID-19 global shutdown was arguably what 
could be termed the human factor, described variously as lack of connectedness, 
the need for “real” interactions, and is the main argument for “return to the office” 
(see next section). There was already a movement towards the formation of global 
research communities through the rise of collaborative hubs, also known as virtual 
research environments or science gateways [39]. The idea behind these is to pro-
vide a technological infrastructure of shared computational resources: software, 
data,  tools, workflows,  HPC access, through a web portal or apps, thus enabling 
research to a broader scientific community. There now exist many well-established 
communities, as can be seen in the Special Issue on International Science Gateways 
2017 [39], and these have proved successful in some disciplines, notably the Galaxy 
Project [40], started in 2005, which, according to their latest report [41], had “served 
hundreds of thousands of users, been used in >5700 scientific publications, and pro-
vided 500+ developers with a framework provisioning accessible, transparent and 
reproducible data analysis”.

There is already some online community through the various code repository 
platforms but a true collaborative hub should have elements of:

•	 venue—a central website accessible to all and possibly distributed regional hubs 
to serve a more localized community;

•	 repositories for collecting and sharing software, tools, data, workflows;
•	 active community that can communicate synchronously and asynchronously for 

the exchange of ideas and training;
•	 (optionally) access to high-end HPC facilities as part of the workflow.

In the computational chemistry world there are existing initiatives, such as Nano-
Hub [42], and nascent hubs, such as AiiDA [43] and Edison [44]. Nanohub, having 
been established in 2002, is the oldest of these and describes itself as a science gate-
way supporting a global Network for Computational Nanotechnology community 
within a cloud environment. It provides a wealth of resources, including training 
courses, discussion forums, simulation and modeling tools, and a computing envi-
ronment in which to run them [45]. Its main usage and success appears, however, to 
be in delivering courses and enabling simulations—supporting an application com-
munity rather than a programming and development one.

On the other hand, AiiDA started from the Quantum Espresso [46] developers 
community, primarily for building an infrastructure providing tools for design-
ing, deploying and analysing materials science simulations, integrated into HPC 
environments. However, simultaneous efforts since into education and collabora-
tion have expanded its range into Materials Cloud—a web platform for computa-
tional materials scientists to “share their work and promote open science” [47]. 
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Furthermore, the Materials Cloud community have begun taking steps towards 
defining standards, such as file formats and metadata, to facilitate interoperability. 
The concept of interoperability, the ability for different groups to exchange data 
consistently, is recognized as an important part of software sustainability, but as 
yet has been addressed comparatively little in computational chemistry.

A final quick mention should be given to the talk that initiated and possibly 
inspired this symposium series “A Web Platform for Scientific Collaborations”, 
lectured by Cheol Ho Choi [48]. Leveraging the principles of modular environ-
ments, they have created a web platform based on sharing and running compu-
tational chemistry modules and workflows via a graphical pipeline and opened 
it up to the wider quantum chemistry community in the hopes of establishing a 
scientific software ecosystem.

However, these collaboration hubs are still rooted in two-dimensional screens 
and do not authentically fill the gap of the lamented missing "real" human inter-
actions—the body language, corridor conversations and serendipitous interac-
tions. Continued TFOM activities have allowed us to explore further these social 
aspects, especially whether extended reality (XR) and immersive technology can 
help add a social human factor into our virtual offices and conferences. To this 
end, we have held a variety of events in virtual reality (VR) platforms such as 
Altspace [49], NEOS [50] and Glue [51]. These were engaging and fully immer-
sive, but the immaturity of the platforms and the technological requirements do 
not make them practical today. We were able to explore this aspect further by 
being given the opportunity to discuss “The Future of Meetings: Working in 
XR?” with the XR Developer Community through a Birds of a Feather Session 
at SIGGRAPH 2021 [52]. As part of the session, the attendees were polled infor-
mally on a variety of questions concerning the state of XR (for the complete set 
see Ref. [53]). The poll was not a rigorously conducted exercise so not too much 
can be read into it, but it was indicative that the albeit small sample felt XR was 
able to substitute “real” human interactions and that the industry believed that we 
will be seeing meaningful change in the near future (Fig. 2).

Fig. 2   Informal poll results on various aspects of working in XR from our Birds of a Feather Session at 
SIGGRAPH 2021

Reprinted  from  the  journal6
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5 � Virtual Conferences

In the early days of the COVID-19 pandemic an article appeared in Nature 
headed “A year without conferences?” [54] discussing the impact on researchers 
and raising the prospect of a need to rethink the concept of meetings. This article 
was very quickly countered by examples of successful virtual conferences from 
around the world, spanning many disciplines, notably one from the Virtual Win-
ter School on Computational Chemistry, which has been running annually since 
2015 [55]. Traditionally, conferences have been a means for scientific communi-
ties to meet and share knowledge, but these stemmed from a time when com-
munication was slow and travel not so easy. However, technological advances as 
described here have blurred the need to travel to achieve these outcomes. The 
pros and cons of virtual conferences were explored in depth in the aforementioned 
Future of Meetings symposium [10, 11] and continue to be explored through vari-
ous initiatives by the TFOM community [56]. The definite “pro” of virtual con-
ferences has, without doubt, been their accessibility, inclusivity and sustainabil-
ity. On the whole, virtual attendance figures have been much higher than their 
in-person equivalents as the cost of travel is no longer a barrier to attendance. 
Junior researchers have reporting increased confidence and feeling of safety in 
the virtual environment and there is significantly less harm to the environment. 
TFOM calculated the symposium produced 1420 kg of CO2 equivalent compared 
to an in-person equivalent of 280,000 kg of CO2. The biggest disadvantage, cer-
tainly for Australia, has been juggling timezones, coupled with the difficulty in 
separating conference and domestic duties as few international conferences over-
lap with normal working hours. For developing countries technological accessi-
bility is the biggest problem and a recent a poll of 900 Nature readers [57] cited 
“poor networking opportunities” as the biggest drawback.

6 � Future Outlook

With the effects of the COVID-19 pandemic still being felt around the world 
today, it is probable that there will be long-lasting changes to the way we work 
and meet. Major companies, especially the tech giants, are reducing their office 
space with some going fully remote [58] following the lead in May 2020 of Twit-
ter and Facebook who announced that they would give staff the option to work 
remotely permanently [59]. Together with the rise in the globally competitive 
Distance Education industry, online learning is becoming more accepted. The 
COVID-19 pandemic provided momentum for overcoming the potential barrier 
to adoption of remote teaching practices that had been considered niche, such 
as flipped teaching. Such practices have become mainstream, especially as more 
educators are recognising their effectiveness in this digital age. The perception 
that online degrees were not “real” degrees is diminishing now that many stu-
dents have been able to experience direct comparisons. Similarly, Virtual Winter 
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School, which had been motivated by the desire to make accessible to a wider 
audience experts in the field they would not normally be able to hear live or inter-
act with, was attended regularly by participants from less advantaged countries. 
The 2021 School had noticeably more attendance, typically reaching about 200 
for most sessions, more than double the usual attendance, and especially from the 
more established community. The level of engagement demonstrated that the Vir-
tual School is a viable format for fruitful scientific exchange and hopefully this 
participation level will continue.

There is evidence that scientists want virtual meetings to stay after the COVID 
pandemic from the Nature poll [57] and reflected in our own survey from TFOM 
shown in Fig. 3. The concept of “hybrid” is gaining in popularity and it could be 
that the future will be some mixture of in-person and virtual. However, to be done 
well, virtual collaborations, whether conferences, meetings or teaching, need 
more effort, from planning to delivery. TFOM activities have shown how virtual 
conferences can be effective and subsequently we have been continually called on 
to advise on best practice for a variety of virtual initiatives. The obvious benefits 
of accessibility, inclusivity and sustainability, as highlighted in our conference 
experiences, are still competing with the drawbacks of time-zones, technologi-
cal accessibility and the human factor, though XR may soon be able to provide a 
solution for that. TFOM is seeing disheartening signs of people wanting to take 
what they think is the easy option, i.e. go back to the way things were before. The 
future will be determined by the people who can see what virtual can do versus 
the people who see what it can’t.

Fig. 3   Attendee preferences for the future format of conferences from The Future of Meetings sympo-
sium [10]
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7 � Conclusion

Sustainable scientific software needs a strong collaboration framework. With the 
lifetime of computational chemistry software packages exceeding that of the devel-
opers who began them, there needs to be a mechanism to pass down the genera-
tions the software, tools, skills and knowledge to maintain continuity. The COVID-
19 pandemic opened up the world to a potentially global community of developers, 
whether through the imaginative creation of remote collaboration platforms and 
tools or just by forcing people to take the digital plunge. It is still early days to know 
what work in the post-pandemic world will look like, whether we just go back to 
how we used to do things or whether these remote innovations will be embraced and 
developed further. There is now a wealth of tools out there to help us meet and work, 
and possibly even develop software, better virtually. Through TFOM, we have dem-
onstrated how these tools can be used to return to a better normal. Now is the time to 
keep the momentum going and make use of them to build the foundation of a solid 
and global software development community.
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Abstract
Atomistic machine learning (AML) simulations are used in chemistry at an ever-
increasing pace. A large number of AML models has been developed, but their 
implementations are scattered among different packages, each with its own conven-
tions for input and output. Thus, here we give an overview of our MLatom 2 soft-
ware package, which provides an integrative platform for a wide variety of AML 
simulations by implementing from scratch and interfacing existing software for a 
range of state-of-the-art models. These include kernel method-based model types 
such as KREG (native implementation), sGDML, and GAP-SOAP as well as neural-
network-based model types such as ANI, DeepPot-SE, and PhysNet. The theoreti-
cal foundations behind these methods are overviewed too. The modular structure of 
MLatom allows for easy extension to more AML model types. MLatom 2 also has 
many other capabilities useful for AML simulations, such as the support of custom 
descriptors, farthest-point and structure-based sampling, hyperparameter optimiza-
tion, model evaluation, and automatic learning curve generation. It can also be used 
for such multi-step tasks as Δ-learning, self-correction approaches, and absorption 
spectrum simulation within the machine-learning nuclear-ensemble approach. Sev-
eral of these MLatom 2 capabilities are showcased in application examples.

Keywords  Machine learning · Quantum chemistry · Kernel ridge regression · Neural 
networks · Gaussian process regression
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1  Introduction

Machine learning (ML) has taken computational chemistry by storm [1–4]. It is 
often applied to find a relationship between given molecular geometry and quan-
tum chemical (QC) properties. A particularly useful application of such atomistic 
ML (AML) models is mapping molecular potential energy surfaces (PESs) [5–8]. 
Creating AML models is, however, a complicated task and requires domain 
knowledge. Thus, much effort has been put into developing a mathematical foun-
dation and writing specialized software for such simulations.

One of us (POD) started to develop the MLatom program package [9, 10] for 
atomistic simulations with ML already in 2013 when not many such packages 
were available. At first, it was written entirely in Fortran and parallelized with 
OpenMP as a self-contained black-box program for user-friendly calculations. 
Now, this part comprises the Fortran core of MLatom called MLatomF. Later, 
MLatomF added a Python wrapper called MLatomPy implementing multi-step 
tasks such as Δ-learning [11] and self-correction [12]. We have implemented 
these and other methods developed by ourselves, such as structure-based sam-
pling [12], the KREG model [12], ML-nuclear ensemble approach (ML-NEA) for 
precise absorption spectrum simulations [13], as well as selected literature meth-
ods, such as those based on the Coulomb matrix descriptor [14, 15], in MLatom 
for development purposes, tighter integration, and higher efficiency (see "Native 
Implementations"). We have used these native implementations also for develop-
ing methods for improving QC Hamiltonian [16], accelerating ML nonadiabatic 
excited-state dynamics [17], and for PES construction with spectroscopic accu-
racy by introducing a hierarchical ML (hML ) [18] approach.

In recent years, we have witnessed the rapid rise of many exciting new ML 
models [4, 5]. They are often designed for different applications ranging from 
very accurate ML PES trained on as few as a hundred molecular configurations of 
small- and medium-sized molecules [19, 20] to ML models trained on thousands 
or millions of points to be transferable to large molecules [21, 22]. Each has its 
own advantages and disadvantages. It is, therefore, highly desirable to be able to 
test different models before applying them to the problem at hand. This is, how-
ever, a formidable task because these models are scattered in many different soft-
ware packages. Each has its own conventions for input and output.

We face the same problem in our research: when we want to test some prom-
ising ML model, there is often a high entry barrier for learning how to use the 
corresponding package. Sometimes the documentation is very poor, and only 
interaction with experienced users or developers enabled us to use some pack-
ages. Often, some critical functionality, such as hyperparameter optimization, is 
missing.

Thus, as a pragmatic solution, we have provided the community with an inte-
grated platform based on MLatom that interfaces the selection of popular third-
party software packages via MLatomPy written in Python 3.6 + [23, 24]. This 
platform is released as MLatom 2 with all Python interfaces available as open-
source, free software for non-commercial use. Importantly, the same input and 
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output structure can now be used for many state-of-the-art, third-party ML mod-
els (see Interfaces). We have implemented the interfaces with sGDML [19, 25] 
(symmetrized gradient-domain ML), GAP and QUIP (providing GAP [26]-SOAP 
[27] method), TorchANI [28] (providing ANI [21] methods), DeePMD-kit [29] 
(providing the DPMD [30] and DeepPot-SE [31] methods), and PhysNet [22] 
programs. This selection of methods covers popular representatives of various 
types of methods, ranging from those based on kernel methods (KMs) to neural 
networks (NNs). Our implementation also supports hyperparameter optimization 
using Bayesian methods with Tree-structured Parzen Estimator (TPE) [32] via the 
hyperopt [33] package.

The modular structure of MLatom allows easy extension to other models in the 
future, as it requires only writing a separate independent module for converting 
MLatom input to the input of the third-party software and parsing the latter’s output. 
A similar approach is also used for interfacing various QC software packages [34]. 
This differs, however, from an alternative approach where some packages offer only 
part of an ML model, e.g., only a descriptor of a molecule to be used as an input for 
ML, as in DScribe [35].

In the following, we provide an overview of MLatom 2 capabilities, and details 
of native implementations and interfaces. We also demonstrate the application of 
MLatom 2 to several typical AML simulation tasks (hyperparameter optimization 
and generation of learning curves), Δ-learning and structure-based sampling, and 
calculation of absorption spectra.

2 � Overview

The philosophy behind MLatom is to provide the community with a black-box-like 
program that allows a variety of calculation tasks required for ML atomistic simula-
tions to be performed (Fig. 1). The program provides only with user-friendly and 
intuitive input, and no scripting is required. Under the hood, MLatom is built of 
modules designed to be independent of each other as much as possible to the extent 
that many modules can be used as stand-alone programs entirely independent from 
the main program. As needed, the modules are combined to create a seamless work-
flow eliminating step-by-step manual calculations.

The calculation tasks in MLatom are ML tasks and data set tasks. ML tasks are 
calculations involving training and using ML models. Our implementation includes 
a wide range of such tasks from basic to multi-step procedures: using an existing 
ML model from a file, creating an ML model and saving it to a file for later use, 
estimating ML model accuracy (model evaluation to determine the generalization 
error), Δ-learning [11], self-correction [12], learning curve and nuclear-ensemble 
spectrum generation [13]. Data set tasks perform all the operations necessary for 
ML simulations, such as converting geometries given in XYZ format to the input 
vector x for ML, splitting the data set into the required subsets (e.g., training, valida-
tion, and test), sampling points into these subsets, and performing statistical analysis 
of ML estimated values (e.g., error concerning reference values). These tasks can be 
performed either independently from each other, e.g., creating an ML model from 
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available input vectors x or combined, e.g., by first converting XYZ coordinates 
to x and then creating an ML model. The user just needs to modify several input 
lines to perform simulations using the first or second option. In the following, we 
describe each of these tasks and define the most important concepts in ML atomistic 
simulations.

2.1 � ML Tasks

Currently, MLatom supports only supervised learning, which boils down to find-
ing and using an approximating function f̂ (�;�;�) that establishes a relationship 
between the reference values y and input vectors x in the training set based on sta-
tistically motivated assumptions [36] rather than on purely physical modelling. The 
approximating function typically has a large number of parameters p and so-called 
hyperparameters h.

2.1.1 � Using ML Models

Using an existing ML model is conceptually simple as it requires information 
about the mathematical form of the approximating function and (hyper)parameters. 
It includes knowing how to transform a molecular geometry into an input vector 
x. One should pay attention, however, to many technical issues, such as ensuring 
consistent conventions for storing and retrieving this information from the file for 
long-term re-usability and reproducibility of scientific simulations. Another tech-
nical issue is related to performance and accuracy, as the information to be stored 
can be quite sizable, which can quickly lead to storage and input/output bottlenecks. 
MLatom saves ML model parameters and other information in a binary format file 

Fig. 1   Overview of tasks performed by MLatom
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with a fixed structure for the core ML models and uses native formats of interfaced 
third-party software without converting them.

In atomistic simulations, we are also often interested in derivatives of proper-
ties. For example, in molecular dynamics simulations, we need to know derivatives 
of energy with respect to atomic coordinates (energy gradients =  − forces). Thus, 
MLatom can estimate both property values and partial derivatives with respect to 
elements of the input vector or atomic XYZ coordinates.

2.1.2 � Creating ML Models

Creating an ML model is already a much more complicated task as one needs to find 
the model (hyper)parameters in the right way (Fig. 2). This means that one needs to 
search for optimal values in the parameter space, leading to as low a generalization 
error as possible [36]. This is not the same as fitting parameters (training) that would 
give as low an error in the training set as possible. Modern ML methods can easily and 
exactly reproduce (an extreme case of overfitting) the reference values in the training 
set [2]. Thus, the standard practice is to set aside a validation set to ensure that training 
on the remaining data points will not lead to a large error in the validation set, i.e., to 
avoid overfitting [36]. The remaining data points are called either training or sub-train-
ing set in the literature, which adds to the confusion. While both conventions are valid, 
we prefer to call them sub-training points both here and in MLatom. All data points that 
are used in creating the ML model we call the training set. This set includes the sub-
training and the validation sets in our nomenclature. This convention allows for a fairer 
and more straightforward comparison of ML models trained on the same number of 
training points as the validation set, which is used indirectly in training, to be accounted 

Fig. 2   Creating a machine learning (ML) model with MLatom can involve automatic model selection 
(hyperparameter tuning) using different types of the training set split into sub-training and validation sets 
and different sampling procedures
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for. For example, if the model is trained on 1000 points, but used another 1000 points 
for validation, then the reference data is needed for all 2000 points, and such a model 
cannot be compared to another model trained on only 1000 points without using such a 
validation set.

When additional information such as derivatives of properties is available, it can be 
included into the training set too. It is common to train ML models for PESs simulta-
neously on energies and gradients (or only gradients), which is known to improve the 
quality of ML PESs significantly compared to fitting only on energies [7, 37, 38]. NNs 
simply fit parameters to the reference properties and their derivatives [38], while KMs 
can include the derivative information into their model explicitly [7, 37].

Many knobs exist and can be tuned in the process of finding suitable parameters for 
an ML model. One such knob concerns the ML model itself, and another deals with 
the splitting into sub-training and validation sets. As with the first type, while we do 
not need to touch the model parameters as this is the machine’s task, we can influence 
the model by changing its hyperparameters manually [36, 39]. As a side note, the dif-
ference between parameters and hyperparameters is somewhat fussy as the latter can be 
found by a machine too. Some hyperparameters also enter the ML model, while others 
do not. The external hyperparameters that do not enter the ML model are clearly differ-
ent from parameters, but influence the training process, e.g., the regularization hyper-
parameter in KRR [36].

In any case, (hyper)parameters can be fitted to attempt to reduce the generalization 
error of the ML model by minimizing the error in the validation set (Fig. 2). For so-
called parametric models such as NNs, whose approximating function does not explic-
itly depend on the training points, finding (hyper)parameters reducing the validation 
error is usually the end of the story. However, nonparametric models such as kernel 
ridge regression (KRR) and Gaussian process regression (GPR) depend explicitly on 
the training points. In their case, not using the validation set for training the final ML 
model would lose valuable additional information available to the model and reduce its 
accuracy. Thus, after hyperparameters minimizing error in the validation set for models 
trained on the sub-training set are found (a procedure also known as model selection), 
MLatom uses them to train the final model on the whole training set.

During hyperparameter optimization in MLatom, by default, the root-mean-squared 
error (RMSE) is minimized, but the minimization of another type of error can be 
requested for native implementations. Alternatively, other defaults can be used by inter-
faces if they have their own hyperparameter optimization capabilities. When the ML 
model is trained on several different properties, the error (loss, L) should reflect the 
error for each of these properties. For example, for models trained on both property 
values and their derivatives, e.g., energies and energy gradients, the error in MLatom 
can be calculated as the sum of error for values (Lval) and weighted error for gradients 
in XYZ coordinates (Lgrxyz) as typically done in the literature [37]:

Although this approach gives the user additional flexibility, it has a drawback in 
that one has to choose an arbitrary parameter wgrxyz . To eliminate this parameter, we 

(1)L = Lval + wgrxyzLgrxyz
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introduce in MLatom the geometric mean of errors of different properties, which is 
used by default:

The final model’s accuracy also depends on how the training set is split into 
sub-training and validation sets; this topic is overviewed below in "Splitting and 
Sampling".

2.1.3 � Estimating Accuracy of ML Models

MLatom also provides the means to estimate the accuracy (generalization error) of 
the ML model (Fig. 3). Since the validation set has already been used to create the 
ML model, it is good to use another independent test set to assess the model’s per-
formance [36]. The entire data set can be split into training and test sets, and points 
can be sampled into these subsets using procedures similar to those used for hyper-
parameter tuning (model selection; see "Splitting and Sampling"). Naturally, hyper-
parameter tuning and model evaluation can be combined in a single calculation task 
with MLatom. 

2.1.4 � Multi‑step Tasks

The tasks above can be considered as basic. We now turn to describe multi-step 
tasks built upon these basic tasks. One such task is a Δ-learning task that combines 
predictions at the low-level QC method with ML corrections to make estimations 
approaching high-level QC accuracy [11]. Another is a self-correction task that 
combines several layers of ML models, with each layer correcting the previous lay-
er’s residual errors, which is useful for KRR models created with a focus on some 
region of the molecular PES [12]. Other multi-step tasks are learning curve gen-
eration and ML spectrum simulations [13], covered in the next two sub-sections in 
more detail.

(2)L =
√

LvalLgrxyz

Fig. 3   Estimating the accuracy of the ML model
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2.1.5 � Learning Curves

Here, the concept of learning curves is used to investigate how ML generalization 
error depends on training set size. The relationship between ML error ε and train-
ing set size typically follows the power-law decay [40]:

where εa is the asymptotic error in the limit of the infinitely large training set, a 
is a nonnegative amplitude, and b is the positive exponent telling us how fast the 
ML improves by training with more data. These three parameters define the learning 
curve, giving a more complete characterization of the performance of a given ML 
model type than a single generalization error estimated for one training set size.

Since the errors drop that fast, the learning curves are often plotted on a 
log–log scale. In this case, particularly for not too large training sets and small 
asymptotic errors, a linear curve is often observed [37]:

A learning curve cannot be drawn without the accuracy-estimating step (see 
"Estimating Accuracy of ML Models") being taken multiple times. Thus, we pro-
vide a dedicated task to automate this procedure (Fig. 4) in MLatom 2.

In the learning curve task, the accuracy of each training set size requested is 
examined in multiple repeats, where different training points are sampled. Test-
ing with repeats helps to reduce the bias introduced by a specific combination of 
training and test sets, investigates the statistical variance, and reflects the robust-
ness of an ML model. The results (RMSEs, wall-clock training and prediction 
times) from each test are recorded in the .csv database file.

(3)� = �a +
a

Nb
tr

(4)log(�) ≈ log(a) − blogNtr

Fig. 4   Flowchart for the learning curve task
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2.1.6 � ML Nuclear Ensemble Spectra

Electronic spectrum simulation is yet another multi-step task that uses the ML-
nuclear ensemble approach (ML-NEA) to automatically calculate quantities 
like absorption cross sections from as few QC calculations as possible [13]. This 
approach accelerates the traditional NEA, which usually requires thousands of 
points in a nuclear ensemble to generate a statistically converged spectrum [41]. 
Most nuclear ensemble points are relatively similar, making them suitable for using 
ML for efficient interpolation and replacing most QC calculations. Figure 5 shows 
this approach and its implementation in MLatom schematically.

The calculations require only an initial geometry, Gaussian 16 [42] input files for 
optimization and normal-mode calculations as well as for calculation of excited-state  
properties (excitation energies and oscillator strengths) with the QC method of 
choice. The user can also provide available pre-calculated data, such as output files 
with normal-mode calculations or nuclear ensemble geometries. Existing reference 
QC data can also be provided. MLatom has an interface to Gaussian 16, which 
automatically invokes and parses the QC calculations’ output to get the equilibrium 
geometry and frequencies. Then, it passes the required data to the interface to  
Newton-X [43, 44] to generate a nuclear ensemble of 50k conformations sampled 
from a harmonic-oscillator Wigner distribution of the nuclear coordinates [45].

QC properties for training ML models are calculated iteratively. The num-
ber of training points is increased at each iteration to train 2Nfs models for excita-
tion energies (ΔE0n) and oscillator strengths (f0n) of transitions from ground-state 
to each excited state n. Then, we evaluate the convergence of ML predictions. We 

Fig. 5   Left Schematic representation of the machine learning–nuclear ensemble approach (ML-NEA). 
Right Implementation of ML-NEA for calculating absorption spectra. Blue quantum chemical (QC) data, 
orange ML
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first calculate the geometric mean of the RMSE in the validation sets ( RMSEgeom ) 
for all ML models, then take the relative change to the previous step (which had 
Nbatch = 50 fewer training points) to get the relative RMSE (rRMSE) as the conver-
gence criterion (we consider it converged when rRMSE < 0.1):

If the criterion is satisfied, we use current trained ML models to make predictions 
for the remaining nuclear ensemble points, substitute any negative ML oscillator 
strengths with zeros, and then calculate the absorption spectrum with the following 
equation [41]:

where σ is the absorption cross section, m and e are the electron mass and charge, 
ℏ is the reduced Planck constant, c is the speed of light, �0 is the vacuum permit-
tivity, Np is the number of ensemble points (50k by default), and � = 0.01 eV is the 
broadening factor [13]. This summation can become quite computationally intensive 
for a large number of ensemble points; thus, we implemented it in C ++ . Currently, 
only absorption cross sections are available, but the code can be trivially adapted for 
other electronic spectrum types, like steady-state fluorescence.

2.2 � Data Set Tasks

The quality of ML models depends strongly on the descriptor, i.e., the chosen trans-
formation of the molecular structure into the ML input vector x. While they are part 
of any ML model, MLatom currently only allows converting data sets with XYZ 
coordinates to the descriptors available in its native implementations (see "Native 
Implementations"). Other data set operations are discussed in the sub-sections 
below.

2.2.1 � Splitting and Sampling

As we have seen, for tasks such as creating and estimating the accuracy of the ML 
model, the data set can be split into sub-sets: sub-training, validation, training, and 
test sets [36]. Data points can also be assigned to these sub-sets in different ways.

The simplest approach is to split the sets into sub-sets just once and sample the 
points randomly [10, 36]. When a data set to be explored with ML is known in 
advance, farthest-point (FPS) and structure-based sampling (SBS) [12] is possible 

(5)RMSEgeom(N) =
2Nfs

√∏Nfs

i=1
RMSEΔEi

(N) ∙ RMSEfi
(N)

(6)rRMSE =
RMSEgeom

(
Ntr

)
− RMSEgeom(Ntr − Nbatch)

RMSEgeom(Ntr)

(7)

𝜎(E) =
𝜋e2ℏ

2mc𝜀0E

∑Nfs

n

1

Np

∑Np

i
ΔE0n

(
�i

)
f0n

(
�i

) 1√
2𝜋(𝛿∕2)2

exp

(
−

(
E − ΔE0n

)2

2(𝛿∕2)2

)
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and preferable to random sampling [10]. In both FPS and SBS, the data set points 
are sorted using an iterative procedure so that each next point is as far as possible 
from all the previous selected points [10]. The distance between points i and j is 
judged by the Euclidean distance ‖�i − �j‖2

 between the corresponding descrip-
tors, input vectors xi and xj. In the case of SBS, the first point is the near-equlib-
rium geometry, in the case of FPS, the two most distant points are chosen as the 
first two points. Since these sampling procedures are based on an iterative greedy 
algorithm, they are implemented in MLatomF using Fortran and parallelized with 
OpenMP, which allows efficient sampling for data sets with tens of thousands of 
points [10]. SBS applied to sampling points from the PES of a single molecule 
would lead to underrepresentation of the near-equilibrium geometries as the most 
distorted geometries will be chosen. As a solution, the geometries are sorted by 
their Euclidean distance to the equilibrium geometry, sliced into regions corre-
sponding to different degrees of deformation, and, finally, SBS can be performed 
from each of these regions to obtain a balanced set [2, 10, 12]. This slicing proce-
dure is implemented in MLatomPy.

A more elaborate and slow technique for data set splitting is k-fold cross-vali-
dation, with leave-one-out cross-validation being the slowest [2, 10, 36]. In brief, 
the data set is split into k roughly equal parts, and then each of these parts is used 
for validation/testing, with the remaining parts used for training; after k-rotations 
of parts, the whole data set is effectively reused for validation/testing purposes. 
Thus, this procedure is useful for relatively small training sets.

All these techniques are available for native implementations of MLatom. 
User-defined sampling into these subsets can also be requested, and then the indi-
ces for each of the subsets should be provided to MLatom. By default, 80%:20% 
random splitting is used for native implementations, while interfaced third-party 
programs may use their default splitting and sampling for hyperparameter optimi-
zation and training (but not for model evaluation).

2.2.2 � Analysis of Data

MLatom calculates several built-in statistical metrics for analyzing data, particu-
larly for comparing ML estimations to the reference values. They are overviewed 
below for the sake of completeness. For N estimated values ŷ and reference values 
y:

•	 Mean absolute error (MAE):

•	 Mean signed error (MSE, not to be confused with mean squared error):

(8)MAE =
1

N

N∑
i

||̂yi − yi
||
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•	 Root-mean-squared error (RMSE):

•	 Arithmetic means of estimated and reference values, respectively:

•	 Largest positive and negative outliers as judged by ŷ − y.
•	 Linear regression coefficients a and b in ŷ = a + by, their standard errors (SEs) 

with the corresponding correlation coefficient R and its squared value R2 found 
by least-squares fitting [46]:

where

(9)MSE =
1

N

N∑
i

(
ŷi − yi

)

(10)RMSE =

√√√√ 1

N

N∑
i

(
ŷi − yi

)2

(11)�ŷ =
1

N

N∑
i

ŷi

(12)�y =
1

N

N∑
i

yi

(13)b =
ssyŷ

ssyy

(14)a = �ŷ − b�y

(15)SE(a) = s

√
1

N
+

�2
y

ssyy

(16)SE(b) =
s√
ssyy

(17)R2 =
ss2

yŷ
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(18)ssyy = −N�2
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i
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Analogous expressions are used for derived properties, such as partial deriva-
tives; in the latter case, each partial derivative is treated as a data point, e.g. for 
RMSE of energy gradients �E

�M
 in XYZ coordinates evaluated for the PES of a single 

molecule with Nat atoms:

3 � Native Implementations

This section overviews the theory and provides technical details behind the native 
implementations available in MLatom. All native ML models are currently based 
on KRR, so this approach is described first, and then we describe the details 
behind the KREG model and approaches based on the Coulomb matrix. The code 
for the KREG model, hyperparameter grid search, farthest-point, and structure-
based sampling was optimized for efficient computing, while no such efforts were 
necessarily made for other implementations.

3.1 � Kernel Ridge Regression

The approximating function f̂ (�;�;�) in KRR is the sum over all training points 
Ntr:[36]

where k is the kernel function, p are model parameters that include the set of the 
regression coefficients α and h are parameters present in the kernel function.

(19)ssŷŷ = −N�2

ŷ
+

N∑
i

ŷ2
i

(20)ssyŷ = −N�y�ŷ +

N∑
i

yiŷi

(21)s =

√
ssŷŷ − ss2

yŷ
∕ssyy

N − 2

(22)RMSEgrxyz =

√√√√√ 1

N ∙ Nat ∙ 3

N∑
i=1

Nat∑
a=1

3∑
t=1

(
�Êi

�Mi,at
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�Ei
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(23)f̂ (�;�;�) =

Ntr∑
j=1
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(
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,
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The regression coefficients are found by solving the linear system of equations regu-
larized by adding a small, nonnegative constant value λ to the diagonal elements [36]:

or in matrix form:

where I is the identity matrix, K is the kernel matrix that evaluates the kernel func-
tion for each pair of the training points, and y is the vector with reference values. λ 
is called the regularization parameter and is an external hyperparameter not entering 
the approximating function itself but used for model selection.

This system of equations has an analytical solution that makes it very attractive. 
The solution is, however, computationally costly for large data sets as it involves some 
kind of matrix decomposition that scales as O(Ntr

3), followed by solving the system 
of equations, which scales as O(Ntr

2). MLatom uses the very computationally effi-
cient Cholesky decomposition by default. Bunch–Kaufman and LU decomposition 
approaches are also available, which are sometimes necessary when Cholesky decom-
position fails [47]. The solution of the above system of equations also requires calcula-
tion of the kernel matrix of size Ntr

2, which can become very large and no longer fit 
in the available computer memory. Note that, by default, MLatom does not invert the 
matrix to solve the system of equations using the common expression [36]:

as it is much less computationally efficient and numerically less precise [39].
The kernel functions supported by MLatom are [2, 10, 36, 39]:

•	 Gaussian:

•	 Laplacian:

•	 Exponential:
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•	 Matérn:

where Nx is the dimensionality of the input vector x, and the symbol for hyperparam-
eters h entering the kernel function was dropped. All of them have the length-scale 
parameter σ, which is an internal hyperparameter. The Matérn kernel function has an 
additional integer hyperparameter n. The choice of the kernel function depends on 
the application, and it can be considered a hyperparameter itself, although MLatom 
does not automatically make this choice. MLatom performs automatic optimization 
of the hyperparameters λ and σ on the nested logarithmic grid [10]. Alternatively, 
the hyperparameters can be optimized using a third-party hyperopt package (see 
"Interfaces" and its subsection "Hyperopt" below).

As discussed above, we are often interested in the derivatives of properties. Once 
the KRR approximating function is trained on reference values of properties, it can 
be differentiated to obtain the required derivatives with respect to the d dimension of 
the input vector x:

Thus, calculating the approximating function derivatives requires calculation 
of kernel function derivatives. The expressions for analytical first-order deriva-
tives of the kernel functions are:

•	 Gaussian:

•	 Matérn with n > 0:
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 is the Euclidean distance. The exponential 
and Laplacian kernel functions, as well as the Matérn kernel function with n = 0 
are not differentiable.

Often, we need to know the derivatives in XYZ coordinates. Let us define the 
molecular XYZ coordinates as M that can be transformed into the input vector x 
via descriptor function x(M). Then, the partial derivatives in XYZ coordinates for 
atom a and dimension t can be obtained using the chain rule as:
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where x(M)d are Nd elements of the input vector x depending on Mat. The expression 
for the first-order derivatives of the descriptors �x(�)d∕�Mat available in MLatom 
are given in the following sections.

Note that the derivative information can also be included in the training data 
for KRR, which usually requires implementing higher-order derivatives of the 
kernel functions [26, 37, 39, 47–50]. Such implementations in MLatom are cur-
rently underway and will be released in the near future.

All KRR calculations are implemented in Fortran and OpenMP, and we use the 
efficient Intel® Math Kernel Library (MKL) LAPACK[51] routines for calculat-
ing regression coefficients.

3.2 � KREG

KREG is the ML model type designed for constructing accurate PESs of a single 
molecule [12]. Its name is strictly speaking not an acronym but can be somewhat 
loosely derived from the first letters of the underlying components: KRR with the 
RE descriptor and the Gaussian kernel function. The RE descriptor is a vector of all 
inverse distances ra,b≠a between atoms a and b ≠ a in a molecule normalized relative 
to the corresponding distances in some reference structure of the same molecule, 
usually its equilibrium geometry:

The RE descriptor is a global descriptor, meaning that it describes the molecule 
as a whole, and the KREG model learns the QC property directly without parti-
tioning it into, e.g., atomic contributions as done by many models discussed below. 
This descriptor is also a complete descriptor, meaning that it uniquely represents 
the molecular geometry as the latter can always be derived from the descriptor up 
to rotation, translation, and such symmetry operations as reflection [10]. Rotational 
and translation invariance is a feature of the RE descriptor that ensures that scalar 
properties such as total energy are invariant to these operations according to the laws 
of physics [10].

The RE descriptor does not, however, ensure homonuclear permutational invari-
ance, e.g., that interchange of hydrogen atoms in the methyl group CH3 does not 
change the total energy [10, 12]. Thus, several variants of the KREG model are 
possible depending on how this issue is dealt with. The simplest approximation is 
to neglect permutational invariance, i.e., by using the unsorted RE descriptor as 
obtained after transforming XYZ coordinates [10]. Another approximation is to sort 
homonuclear atoms using some criteria. In MLatom, this is done by sorting homo-
nuclear atoms in descending order with respect to the sum of nuclear repulsions to 
other atoms [12]. This may help ensure the same sorting of atoms while doing struc-
ture-based sampling but may lead to discontinuities in the approximating function, 
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which is problematic, e.g., in molecular dynamics [12]. Finally, permutational invar-
iance can be ensured using the permutational invariant kernel that takes as input the 
permuted RE descriptor (see "Permutationally invariant kernel") [12]. The latter is 
the most accurate but also most computationally expensive [10].

If the derivatives of the KREG model are necessary, they can be easily obtained 
using the expressions discussed in the previous sub-section and the first-order deriv-
ative of the RE descriptor:

where

The first-order derivatives of the KREG models are implemented for both the 
unsorted and permuted RE descriptor variants.

3.3 � Coulomb Matrix

The Coulomb matrix (CM) descriptor is popular in ML studies, where its vectorized 
form is used as the input vector [14]:

Like the RE descriptor, it is a global, complete descriptor based on the internu-
clear distances (in Bohr), ensuring rotational and translational invariance. However, 
it can also differentiate between molecules of different compositions by including 
nuclear charges Z (in a.u.) essentially to calculate internuclear repulsions in its off-
diagonal elements. Its dimensionality, however, is limited by the largest number of 
Nat atoms among molecules in the training set, and, for a smaller number of atoms, 
the CM descriptor elements are padded with zeros. Better ML models nowadays 
exist for treating molecules with a different number of atoms [4], and some of them 
are interfaced to MLatom, as discussed below. The CM matrix can also be used for 
constructing the PES of a single molecule though.

Like the RE descriptor, three variants of the CM matrix are available in 
MLatom: unsorted, sorted, and permuted. In the sorted variant, the atoms are 
sorted so that the Euclidean norms of columns and rows of the matrix are in 
descending order [15]. In the case of using the CM descriptor for a single molecule 
PES, the unsorted CM matrix has many redundant elements (as it is symmetric, 

(36)
�x(�)d

�Mat

= xd

1

r2
a,b

(
Mbt − Mat

)
,

(37)
xd =

rref
a,b

ra,b

=
rref

a,b��∑3

s=1

�
Mas − Mbs

�2
�

� = ���

⎛
⎜⎜⎜⎝

0.5Z
2.4
1

⋯
Z1Z

Nat

r1Nat

⋮ ⋱ ⋮
Z

Nat
Z1

r
Nat1

⋯ 0.5Z
2.4
Nat

⎞⎟⎟⎟⎠

Reprinted  from  the  journal 29



https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2021) 379:27

1 3

 

only one-half of it is needed without diagonal elements), while the sorting can 
lead to large discontinuities in the approximating function [2]. Despite this, the 
unsorted Coulomb matrix was used in the molecular dynamics studies [52, 53], 
where its first-order derivative is also needed. It is implemented in MLatom for 
the unsorted variant as:

3.4 � Permutationally Invariant Kernel

Permutationally invariant (symmetrized) kernel is employed to take into account the 
permutational invariance of the homonuclear atoms [7, 10, 12, 18]:

where k is one of the kernel functions mentioned above and P̂ permutes the order of 
atoms that are selected by the user. The descriptor is calculated for each such per-
mutation, and hence it is called the permuted descriptor. The denominator normal-
izes the kernel function [39]. Unnormalized variants of this kernel symmetrization 
approach were used to extend the original GDML model type[48] to be permuta-
tionally invariant (creating the sGDML model type [19] interfaced to MLatom 2 and 
discussed below) and to create conceptually related RKHS + F [20] (reproducing 
kernel Hilbert space using energies and forces) model type.

The first-order derivative of the permutationally invariant kernel defined in 
Eq. 40 is given by:
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be x
(

P̂�
)

P̂d
= x(�)d , from which x(�)

P̂d
 is subtracted in both the Gaussian and Matérn 

kernel functions. Thus, the expressions for this term are for these kernel functions:

•	 Gaussian:

•	 Matérn:

4 � Interfaces

As mentioned in the "Introduction", it is not that easy to start using a new ML 
model, especially for novices who did not get their feet wet in this field, even some-
times for experienced researchers who have some preconceptions from their familiar 
frameworks. Such difficulties could be alleviated by just implementing all models 
we want into a single all-in-one software. However, this approach is labor-intensive 
and unsustainable, considering the fast-growing numbers of ML models. A better 
solution to tackle this problem is to make interfaces to third-party software, which 
is easier to implement and modularize. The drawbacks of such interface-based solu-
tions compared to all-in-one software are the need to install multiple third-party 
software packages and the decreased computational efficiency due to converting data 
and communication bottlenecks between programs. The interface-based approach 
has, however, the considerable benefit of the rapid development of one uniform 
workflow, which eliminates the problem at its origin: the lack of standardization. 
This allows researchers to quickly test multiple ML model types, an advantage that 
outweighs the drawbacks in many cases.

Thus, we introduced the interfaces to third-party ML software in MLatom 2. 
Each interface should have four main functions inside, which are shown in Fig. 6. 
Arguments parsing translates MLatom-style input arguments to third-party equiva-
lent. Data conversion takes in MLatom-format data then converts them into the cor-
responding format required by third-party software. Model training communicates 
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with third-party software to get output models by sending prepared data and argu-
ments. Model using uses third-party software to get estimated values from the 
trained model. The interfaces are modularized Python 3 scripts stored in the sub-
folder interfaces in the MLatom program directory.

The currently interfaced third-party software packages are listed in Table 1 and 
will be introduced in the sub-sections below. Note that some programs provide sev-
eral ML model types other than the listed ones. Using them through the interfaces 
might already be supported in MLatom or needs some slight modifications in the 
interface modules. However, only the listed model types are tested and will be dis-
cussed in this paper. Generally, we follow the strategy of making no modifications 
in the interfaced programs so that they can be taken “as is” and only the path to their 
executable should be known to MLatom. The only exception is the PhysNet, which 
uses TensorFlow v1. To make it compatible with the newer version of Python and 
TensorFlow [54], names of some legacy functions need to be changed to their equiv-
alent in TensorFlow v2. Also, it is important to note that the main hyperparameters 
of each interfaced model can be modified easily through the standard input file of 
MLatom such that no modifications to the third-party software are required.

Besides the third-party ML software, we also implemented the interface to a 
hyperparameter optimization library called hyperopt [33], to provide a solution for 
hyperparameter optimization, which is unavailable in most of third-party software 
packages.

Fig. 6   Flowchart for interfaces
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4.1 � Hyperopt

Hyperparameters—the parameters that tune the shape of the ML model and stay 
unchanged in the training—have a huge impact on the performance of an ML model. 
To unleash the full potential of an ML model, the hyperparameters need to be well 
optimized, and here comes the hyperparameter optimization problem. Solving this 
problem manually is too cumbersome and would rarely lead to the optimal solu-
tion. Hence, many packages that are capable of automatic hyperparameter optimiza-
tion are available; hyperopt [33] is one of them. Hyperopt is an open-source Python 
library that uses a Bayesian method with tree-structured Parzen estimator (TPE) 
[32] to find the optima in hyperparameter spaces.

In MLatom 2, we added the interface that uses the hyperopt library as a con-
venient solution to the hyperparameter optimization problem. By simply substituting 
hyperparameters that need to be tuned with keywords for hyperopt search space, the 
interface will be activated to perform the automatic optimizing process (see Fig. 2). 
Optimization splits the training set into the sub-training and validation sets. The 
trained model’s error on the validation set will be sent to hyperopt to get the next 
searching point in hyperparameter space. If KMs are used, the final model will be 
generated by training on the entire training set with optimized hyperparameters after 
the optimization, while for NNs, the best model trained during the hyperparameter 
optimization will be the final ML model.

4.2 � sGDML

sGDML [19] is a symmetrized variant of the gradient-domain machine learning 
(GDML [48]) model type and is interfaced to MLatom through the sGDML pro-
gram [25]. The sGDML method is a KRR model with the descriptor of unnormal-
ized inverse distances (the ID descriptor)

Thus, it has the same basic properties as the RE descriptor, i.e., the ID descriptor 
is also a global and complete descriptor ensuring rotational and translational invari-
ance, but not permutational invariance of homonuclear atoms.

 In contrast to the KREG model, the GDML model learns only from the energy 
gradients. It also uses the Matérn kernel function, whose expression differs slightly 
from that implemented in MLatom. For learning from gradients, the common 
KRR approximating function for scalar properties is modified by using covariance 
between derivatives to predict the XYZ components of energy gradients:

As usual, the linear system of KRR equations is solved with the kernel matrix K, 
now of a size 3NatNtr × 3NatNtr:
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When the energies are needed, they are obtained by integrating the energy 
gradients, and the integration constant is found by fitting to the reference energy 
values:

The sGDML tackles the permutational invariance by using a modified, unnormal-
ized permutational invariant kernel with permutations chosen automatically to mini-
mize the matching cost between pairs of training points. The sGDML program also 
supports automatic hyperparameter optimization via cross-validation.

The sGDML method achieves remarkable accuracy given only a very small num-
ber of training points, as was shown for molecular PESs visited during dynamics 
[19]. Because of the large size of the kernel matrix, the method is practically appli-
cable only for hundreds, up to several thousand training points. Note that when we 
refer to a single “training point,” we mean all the associated information for one 
geometry, and the real number of reference values available for sGDML is 3Nat 
times larger (the number of Cartesian energy gradient components). sGDML effi-
ciently utilizes all this available information, which explains its accuracy.

The sGDML program requires a proprietary data format that uses NumPy’s 
[55] npz file as the container. Scripts to convert from other data formats (e.g., 
extended XYZ) are included in the program. Like MLatom, sGDML has a built-
in hyperparameter optimization function for the hyperparameter � using a grid 
search, which is enabled by default; � is not optimized. The users can also specify 
� or a list of � values for the grid search, but only integers are acceptable.

4.3 � GAP‑QUIP

The Gaussian approximation potential [26] (GAP) model is interfaced to MLatom 
through QUIP and GAP suite programs. Like native implementations in MLatom, 
GAP is also based on a kernel method, although it was developed within Gauss-
ian process regression (GPR) formalism rather than KRR. In the GAP model, the 
total energy of a system is represented as the sum of atomic energies:

As a result, local descriptors, rather than global descriptors as used in 
MLatom’s native models and sGDML, describing atomic environments for 
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every single atom are used. The GAP suite provides a smooth overlap of atomic 
positions [27] (SOAP) descriptor for this purpose. The construction of a SOAP 
descriptor is quite involved as it has to respect all the required symmetries (rota-
tional, translational, permutational), and its derivations are given in the literature 
[7, 27, 56]. Alternative versions of SOAP descriptor also exist [35].

Here, we describe the main points behind this descriptor. The local environ-
ment of an atom is represented by the atomic neighborhood density �i(�) that is 
constructed using Gaussians for the ith atom as:

where �ij is a vector pointing from atom i to the neighboring atom j, σatom reflects 
the atom “size”, and fcut is the cutoff function with the width of the cutoff region rΔ 
approaching the limits of rcut

The Gaussians are expanded with a set of orthonormal radial basis functions 
gn [57]:

where �̂ projects the direction of the vector r on the unit sphere and Ylm are spherical 
harmonics. For better efficiency, the choices of n and l are limited by nmax and lmax , 
respectively. The orthonormal radial basis functions are constructed from

and the overlap matrix � = �T� with elements Snn� = ∫ rcut

0
�n(r)�n� (r)r

2dr as

The coefficients cnlm are obtained as
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The SOAP descriptor pi consists of 
∑

m

�
ci

nlm

�∗
ci

n�lm
 , which correspond to the 

power spectrum elements.
The kernel matrix elements are calculated using the dot-product kernel 

function

which are subsequently normalized, raised to a power of � (a positive integer) to 
tune its sensitivity, and scaled by σ�:

Then the SOAP descriptor and kernel are used in estimating what the values 
of atomic energies are most likely to be by performing GPR that uses the same 
expression for making estimations as KRR:

The problem with this expression is that the α coefficients cannot be obtained 
directly using the similar expression as described in "Kernel ridge regression", 
because there are (usually) no reference Ntr atomic energies � and only Nobs total 
energies E are available. In the GAP approach, this is solved by introducing a lin-
ear transformation using the Ntr × Nobs matrix L with elements 1 or 0 so that

Then, the kernel matrix becomes

Using this kernel matrix, the regression coefficients α can be calculated in the 
usual manner as in the KRR approach. In the GAP–SOAP notation, the regulariza-
tion hyperparameter is denoted �2

E
 for energies. The GAP–QUIP implementation 

also allows for using sparsification to reduce the size of the kernel matrix and, in 
this case, additional parameters defining the size Nsparse of the sparse kernel matrix 
and its regularization parameter �jitter added to its diagonal elements can be set by 
the user.

GAP–SOAP implementation allows the inclusion of energy gradient informa-
tion to the kernel matrix. In this case, the transformation matrix L has additional 
elements with the differentiation operators �∕�Mat , which results in calculating 
covariance between energies and their partial derivatives and also between deriv-
atives [7, 26, 56].

The GAP software suite from the libatoms.org website contains a gap_fit pro-
gram that trains the GAP model with the SOAP descriptor. The QUIP program is 
used to get predictions from the model trained by gap_fit. To use this combination 
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for PES training and prediction, the data need to be formatted to extended XYZ 
format.

The gap_fit program provides tons of options that enable users to make fine 
adjustments to the training process, including settings for atomic energies’ off-
sets, sparsification, etc. (Table  2). However, the regularization hyperparameter 
and hyperparameters in the SOAP descriptor need to be set by the user manually, 
which makes it harder to realize the model’s full potential.

4.4 � TorchANI

TorchANI [28] is a Python library that implements the ANI model type [21], with 
PyTorch [58] as its backend for NN construction.

ANI is the abbreviation for ANAKIN-ME, which was back-engineered to 
Accurate NeurAl networK engINe for Molecular Energies. The ANI atomic envi-
ronmental vector used in this model is a local descriptor, and is derived from the 
descriptor in Behler and Parrinello’s work [59].

The ANI descriptor ��⃗GX
i
 for element X ’s i th atom contains a radial and an angu-

lar part, and both parts are further subdivided into subAEVs, in which the atoms 
taken into consideration will be limited by the same element.

For each element, the radial subAEV consists of input vector elements GR
k
∈ � 

for different values of radial shift hyperparameters R(k)
s

:

Table 2   Main tunable hyperparameters in the Gaussian approximation potential (GAP) model type and 
their corresponding keywords in the gap_fit program

a Values chosen to provide reasonable accuracy for a small molecule (ethanol) by manual testing on the 
MD17 data set [48]

Hyperparameter Keyword Description Default values in MLatoma

σ default_sigma List of regularization param-
eters for energy, force, viral 
and hessian

{0.0005, 0.001, 0.1, 0.1}

� zeta Power of kernel 4
� delta Scaling of kernel 1
rcut cutoff Cutoff radius 6
rΔ cutoff_transition_width Cutoff transition width 0.5
nmax n_max Number of radial basis func-

tions
6

lmax l_max Number of angular basis func-
tions

6

σatom atom_sigma Gaussian smearing width of 
atom density

0.5
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Similarly, for each pair of elements, the angular subAEV consists of input vec-
tor elements GA

p,q
∈ � for different combinations of angular shift hyperparameter 

�
(q)
s  and another set of radial shift hyperparameters R(p)

s :

In the equations above, fc is the cutoff function used in Behler–Parrinello NN 
potentials [59] and similar to that used in GAP-SOAP, � , R(k)

s
,R(p)

s  , �(q)s  and � are 
predefined hyperparameters. Parameters � are defined separately for radial part and 
angular part similarly to Rs.

After being computed, each atom’s AEV will be plugged into its own NN as the 
input vector to predict atomic energy, and the atoms of the same element share the 
same NN structure to ensure the permutational invariance of the trained model.

The total energies are obtained by summing all atomic energies, while atomic 
forces are generated by differentiating atomic energies using PyTorch’s automatic 
differentiation engine. TorchANI reads HDF5 files, where training data are organ-
ized and stored.

As shown in Table 3, many hyperparameters can be tuned in ANI descriptors, not 
to mention the hyperparameters of NNs. However, as a Python library, TorchANI 
provides neither default values nor optimization method for hyperparameters, but 
only the basic core functions of ANI model type as building blocks. The final train-
ing scripts need to be written by the users themselves.
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Table 3   Table of the main tunable hyperparameters in ANI model type related to the local AEV descrip-
tor and their corresponding keywords in the TorchANI program

Hyperparameters for neural networks are not listed
a Taken from the example script on the website of the program (https://​aiqm.​github.​io/​torch​ani-​test-​docs/​
examp​les/​nnp_​train​ing.​html)

Hyperparameter Keyword Description Default values in MLatoma

RC (radial) Rcr radial cutoff radius 5.3
RC (angular) Rca angular cutoff radius 3.5
� (radial) EtaR radial smoothness in radial part {16}
Rs (radial) ShfR list of radial shifts in radial part {0.90, 1.17, 1.44, 1.71, 1.98, 2.24, 

2.51, 2.78, 3.05, 3.32, 3.59, 3.86, 
4.12, 4.39, 4.66, 4.93}

� (angular) EtaA radial smoothness in angular part {8}
Rs (angular) ShfA list of radial shifts in angular part {0.90, 1.55, 2.20, 2.85}
�s ShfZ list of angular shifts {0.19, 0.59, 0.98, 1.37, 1.77, 2.16, 

2.55, 2.95}
� Zeta angular smoothness {32}
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4.5 � DeePMD‑kit

DeePMD-kit [29] is a software with the Deep Potential Molecular Dynamics 
(DPMD) [30] ML model type and its successor Deep Potential—Smooth Edition 
(DeepPot-SE) [31] built-in. Like ANI, DPMD and DeepPot-SE are also based on 
NNs with local descriptors. Nevertheless, DeepPot-SE switched to a learned local 
descriptor rather than the fixed one in its predecessor.

In DeepPot-SE, the generalized local environment matrix �̃i (which is the 
descriptor of original DPMD) and the local embedding matrix �i are used in repre-
senting the local environment of atom i with Ni neighboring atoms. The matrix �̃i 
has Ni rows and each row are defined from relative coordinates and distances as:

where:

The Ni × M matrix �i is generated from the local embedding network (also called 
filter network), which outputs a M-dimensional vector for each neighboring atom j:

where gk is the k th output of local embedding network applied to s
(
rij

)
.

The final descriptor, or the feature matrix �i of atom i is defined by

where �i1 and �i2 are first M1 and M2 columns of �i . The translational, rotational 
and permutational invariance is preserved in such expressions.

The feature matrices are then passed to NNs that generate atomic energies as the 
ANI model does.

DeePMD-kit program comes with its Python 3 environment, including Tensor-
Flow and LAMMPS interface for MD simulations. The training data need to be 
saved in plain text in a specified style and then be transformed to what the program 
can read by the scripts they provide.

Training with the DeePMD-kit needs to be initialized with json input script, in 
which options and parameters are defined. The main tunable hyperparameters of 
DeepPot-SE are listed in Table 4, while hyperparameters in NNs (e.g., hyperparam-
eters for network architecture, learning rate schedule, etc.) are not listed. However, 
this package cannot optimize those hyperparameters. Also, DeePMD-kit does not 
include in its native implementation the regularization scheme called early stopping 
often required in NN models to control the number of iterations performed during 
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training, to stop the simulation before the model can reach an overfitting stage. 
Thus, we provide an external early stopping function as part of the interface module 
that monitors the training progress (based on the loss for the validation set) in the 
MLatom/DeePMD-kit output to stop the simulation when the criterion defined in 
the input has been reached.

4.6 � PhysNet

PhysNet [22] is another ML model type based on learned local descriptor but using 
a message-passing NN architecture as the underlying model.

In PhysNet, the embedding vectors �z are used as the input vectors:

where the superscript l over a vector denotes the layer number ( l = 0 stands for the 
input vector), and zi is the nuclear charge of atom i . Moreover, the number of fea-
tures is defined by hyperparameter F.

Coordinates are transformed to � by applying K radial basis functions and cutoff 
functions to internuclear distances:

where � and �k are parameters of radial basis functions and rij denotes pairwise 
Euclidean distance between atoms i and j.

Then �0 is passed through a stack of Nmodule modules which are connected in 
series, and � is passed to each module.

There is a building block that will be repeatedly used in modules called a resid-
ual block. The residual block is a 2-layer mini residual neural network (ResNet), in 
which input vectors will also directly contribute to output vectors by skipping over 
the layers in between:

(66)�0
i
= �zi

,

(67)gk

(
rij

)
= fc

(
rij

)
⋅ e−�k(e

−rij−�k)
2

,

Table 4   Main hyperparameters in DeepPot-SE model type, and their corresponding keywords in the 
DeePMD-kit program. Hyperparameters for neural networks are not listed

a Taken from [31]

Hyperparameter Keyword Description Default values in MLatoma

filter_neuron filter_neuron List of numbers of neurons in filter 
network

{30, 60}

M2 n_axis_neuron Number of columns
in �i2

6

n_neuron n_neuron List of numbers of neurons in fitting net {80, 80, 80}
r

c
rcut Cutoff radius 6.5

r
cs

rcut_smth Radius cutoff transition starts 6.3
sel_a sel_a Maximum numbers of neighboring 

atoms
10 for each element
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where � and � consist of learnable weights and biases, � is the activation function.
Inside each module, a prototype vector �̃ will be generated by a NN first:

where the elements of matrix � are learnable coefficients for gk

(
rij

)
 , and ◦ is the 

Hadamard product operator.
This prototype �̃ then will be tuned by N interaction

residual
 residual blocks to get the opti-

mized vector � which will then ‘interact’ with �:

where � is also a learnable parameter.
After going through another Natomic

residual
 residual blocks, input � will be passed sepa-

rately to the next module (if it exists) and the output block which turns � to module’s 
output �m , which contributes to the final output � after a linear transformation whose 
parameters are also learnable.

Unlike previously described models trained with local descriptors (GAP–SOAP, 
ANI, DeepPot-SE), PhysNet may also take long-range interactions (e.g., electro-
static and dispersion) into account. By default, dispersion corrections are enabled 
in the MLatom interface, while electrostatic corrections are disabled because their 
calculations require additional input (reference dipole moments).

The official implementation of the PhysNet model is programmed in Python 3.6 
with TensorFlow v1, and the data need to be stored in the Numpy’s npz format of 
a specific structure. Similar to TorchANI, using the PhysNet program also needs 
much manual work on script-writing and hyperparameter-tuning (see Table 5 for the 
list of the main hyperparameters).
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Table 5   Main tunable hyperparameters in PhysNet, and their corresponding keywords

a Taken from [22]

Hyperparameter Keyword Description Default values 
in MLatoma

F num_features Number of input features 128
K num_basis Number of radial basis functions 64
Nmodule num_blocks Number of modules 5
N

atomic
residual

num_residual_atomic Number of residual blocks after interac-
tion

2

N
interaction
residual

num_residual_interaction Number of residual blocks in interaction 3

N
output

residual
num_residual_output Number of residual blocks in output block 1

rcut cutoff Cutoff radius 10

Reprinted  from  the  journal42



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2021) 379:27	  

5 � Applications

In this section, we present several case studies demonstrating the capabilities of 
MLatom 2.

5.1 � Case Study 1: Hyperparameter Optimization

As mentioned in section "Hyperopt" in "Interfaces", a solution for hyperparam-
eter optimization problem is given in MLatom 2 by introducing the interface to the 
hyperopt package. Here, we demonstrate a case using hyperopt interface to optimize 
the hyperparameters of the learning rate schedule in DeepPot-SE model type (start_
lr and decay_rate, Table 6). For this, we used PES data (including energy gradients) 
of ethanol from MD17 data set [48]. A total of 1  k training points and 20  k test 
points were chosen randomly from the data set without overlapping. Other technical 
details can be found in Fig. 7 and Table 6.

For comparison, we also took two sets of start_lr and decay_rate from original lit-
erature on the DeepPot-SE [31] and DPMD models [30] (see Table 6). These values 
were used for the same data set but with much larger training set sizes (50 and 95 k).

As shown in Table 6, the optimization process achieved significantly better accu-
racies in both energies and gradients prediction, despite being used for a related 
task as reported in the literature. This indicates that hyperparameter optimization 
is highly recommended for each new case, even for cases similar to previously pub-
lished ones.

Table 6   Root-mean-squares errors (RMSEs) in energies and energy gradients for DeepPot-SE potential 
of ethanol potential energy surface trained on 1 k random training points for the independent test set of 
20 k randomly chosen test points for hyperparameters start_lr and decay_rate  taken from the literature 
(Sets Aa and Bb) and optimized using MLatom’s interfaces.c

a Hyperparameters are taken for the DeepPot-SE model used for MD17 data set
b Hyperparameters are taken for the DPMD model used for MD17 data set
c In DeePMD-kit, a step decay schedule is used for learning rate decay. The related hyperparameter start-
ing learning rate (start_lr) and the decay rate (decay_rate) were optimized, while the decay steps (decay_
steps) were fixed to 200 with a stopping batch (stop_batch) set to 40,000. The search space was set to be 
from 0.0001 to 0.01 for starting learning rate and from 0.9 to 0.99 for the decay rate. Both spaces were 
set to be linear for 10 attempts of searching. The geometric mean of RMSE in energies and its gradients 
was used as the validation error

Set A from [31]a Set B from [30]b Optimized

start_lr (starting learning rate) 0.005 0.001 0.005675
decay_rate (decay rate) 0.96 0.95 0.9688
RMSE in energies (kcal/mol) 0.96 3.20 0.74
RMSE in gradients (kcal/mol/Å) 2.53 6.36 1.77
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5.2 � Case Study 2: Learning Curves

In this part, we provide cases of MLatom’s learning curve task (see "Learning 
curves") to show how KRR performance varies with the different molecular descrip-
tors being used. Unsorted, sorted, and permuted RE descriptors, unsorted and sorted 
Coulomb matrix, and unsorted inverse distances descriptor were examined on eth-
anol, with energy data from MD17 data set [48]. The descriptors are denoted as 
uRE, sRE, pRE, uCM, sCM, and uID, respectively, and details for RE and CM can 
be found in subsections "KREG" and "Coulomb matrix" in section "Native imple-
mentations". The uID descriptor is not among native implementations. Thus, it is 
provided to MLatom, which also demonstrates support for external, user-defined 
descriptors. We used the Gaussian kernel throughout, i.e., KRR with the uRE, sRE, 
and pRE descriptors are equivalent to the corresponding KREG model variants. All 
these descriptors were tested with seven training set sizes roughly evenly spaced on 
the log scale from 100 to 10 k. Other training and testing details can be found in 
Fig. 8a.

The results (Fig. 8b) show the big impact of molecular descriptor choice on ML 
performance. First of all, let us look at the unsorted descriptors. The RE descriptor 
and CM are both related to the unnormalized inverse distances (ID) (see subsec-
tions "Native implementations" and "sGDML"). The uRE descriptor is a normalized 
version of the uID descriptor, with its advantages and disadvantages manifested in 
differences in the corresponding learning curves. Normalization gives equal impor-
tance to both close-range and long-range interactions, which is detrimental to accu-
racy for scarce training data (up to 1 k training points in case of this data set) but is 
advantageous when more training data are available. uCM has a product of nuclear 
charges in the nominator, which is different for each pair of elements and may 

Fig. 7   Part of input and output of MLatom for hyperparameter optimization of DeepPot-SE model using 
the interfaces to the hyperopt and DeePMD-kit packages
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introduce sub-optimal weighting of the descriptor elements, leading to increased 
error relative to the uID descriptor [2].

The importance of properly taking into account the permutational invariance 
is demonstrated by using the sorted and permuted descriptors. Sorting is the sim-
plest approach, but it causes discontinuities in the interpolant and leads to much 
worse results even compared to the unsorted descriptors. One of the more solid 
approaches, the permutationally invariant kernel using the permuted RE descriptors, 
can preserve permutational invariance without malfunctioning and achieves much 
better performance than uRE and better than uID (except for a very small number of 
training points).

5.3 � Case Study 3: Δ‑Learning and Structure‑Based Sampling

Training with Δ-learning [9] and choosing training points using structure-based 
sampling [5] can offer ML models with better accuracy. To showcase the superiority 
of these approaches, we compared them to the direct ML models of the target prop-
erty and random sampling. Here, we provide test results with four combinations of 
learning (direct vs. Δ) and sampling (random vs. structure-based) approaches using 
the KREG model type. The data set from reference [9] containing the PES of CH3Cl 
calculated at several QM levels was used.

For the Δ-learning in this case study, CCSD(T)/CBS energy ECCSD(T) served as 
the target energy, while MP2/aug-cc-pVQZ energy EMP2 was considered as the base-
line energy. Thus, the Δ-learning model ΔCCSD(T)

MP2
 is defined by:

Fig. 8   a Input file for learning curve task using the permuted RE descriptor with kernel ridge regression 
(KRR) (used with the Gaussian kernel, i.e., the ML model type is a permutationally invariant KREG). 
The scheme for the learning curve is defined with keywords lcNtrains and lcNrepeats. b A three-dimen-
sional (3D) representation of an ethanol molecule. Atoms are numbered by their order in the MD17 data 
set [41]. Hydrogen atoms in methyl and methylene groups are permuted separately, as defined in the 
input using the option permInvNuclei = 4–5.6–7–8. c Model performances with different descriptors and 
training set sizes. Hyperparameter optimization was performed throughout. Markers and error bars show 
the mean and standard deviation values of RMSEs in predictions for 20 k independent test points. All 
data sets were randomly sampled
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Fig. 9   a A 3D representation of the CH3Cl molecule. Atoms are numbered by their order in the data 
set from reference [9]. Inside CH3Cl, hydrogen atoms 3, 4, and 5 are indistinguishable, and thus their 
permutations should result in no difference in molecular properties. b Sample input script for train-
ing ML models using the Δ-learning and structure-based sampling [5] for the selection of the training 
set. c ML energies vs. reference CCSD(T)/CBS energies. ML models were trained with the 10% points 
of the whole data set and were tested with the remaining 90% points. R2 is approaching 1 in all cases, 
with slightly larger values for more accurate models and thus are not shown for clarity. Right column 
Δ-learning models with MP2/aug-cc-pVQZ energies as a baseline. Left column ML model trained with 
reference CCSD(T)/CBS energies directly. Bottom row Data sets were split by random sampling. Top row 
Data sets were split by structure-based sampling
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where the ML model giving predictions f̂ (�) is trained on the differences between 
target and baseline methods ECCSD(T) − EMP2 . Thus, the cost of the Δ-learning model 
is determined by the cost of the baseline QC method, and the user should provide 
MLatom with the values calculated using the baseline QC method for both training 
and prediction.

For sampling, we used 10% points of the whole data set as the training set and the 
remaining 90% as the test set. Also, as illustrated in Fig. 9a, the CH3Cl molecule has 
three indistinguishable hydrogen atoms, so the permutational invariant kernel was 
used (see "Permutationally invariant kernel").

Figure 9c shows a sample input file, and the scatter plots with RMSEs for all 
four combinations. Both Δ-learning and structure-based sampling led to much 
more accurate predictions for CCSD(T)/CBS energy than the simplest combina-
tion of random sampling and direct learning, and even more so when these two 
approaches were combined.

5.4 � Case Study 4: Absorption Spectrum

In this case study, we will calculate the absorption cross section for an acrid-
ophosphine derivative [60] (Fig. 10) using ML-NEA implementation in MLatom, 
and discuss the effect of the number of points in the training set and nuclear 
ensemble. MLatom allows refining cross sections using existing data. There-
fore, we used this feature to perform all the simulations using QC data at the 
ωB97XD[61]/def2-SVP [62–64] level of theory from our previous publica-
tion (see [60] for computational details; energies and oscillator strengths for 30 
excited states are available at https://​doi.​org/​10.​6084/​m9.​figsh​are.​13635​353).

By default, MLatom determines the optimal training point number iteratively 
by adding 50 points at each step, and the cross section is calculated using 50 k in 
the nuclear ensemble. In our example, the ML-NEA procedure converged after 
200 points. For comparison, the cross section obtained without ML using these 
200 points in the nuclear ensemble (QC-NEA spectrum, Fig. 10a) curve has many 
peaks, and it is hard to judge what are the actual peaks and what are the arti-
facts of insufficient statistical sampling, while the ML-NEA spectrum is much 
smoother and ML calculations  incur only small additional  computational cost. 
The popular single-point convolution (SPC) approach gives a blue-shifted spec-
trum with an arbitrary bandwidth [65].

Although MLatom determines the training set size automatically, one can always 
request calculations of additional training points to check whether the spectrum has 
“truly converged” by visual inspection. For example, by comparing ML-NEA spec-
tra with the ones calculated using 200, 250, and 300 points, one can see that they 
are very close to each other with some minor deviations (Fig. 10b). The ML-NEA 
spectrum obtained with 300 points is nearly the same as the spectrum calculated 
with 2  k points. One should remember, however, that the accuracy of ML-NEA 

(71)Δ
CCSD(T)

MP2
(�) = EMP2(�) + f̂ (�)
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Fig. 10   a Structure of the acridophosphine derivative molecule investigated here. MLatom input file and 
the list of additional required files for the ML-NEA calculations and the resulting spectrum. QC calcu-
lation details are defined in the Gaussian input files. Alternatively, the user can provide pre-calculated 
results (useful to refine spectra). The number of training points (200) was determined automatically by 
MLatom, and the resulting cross section ML-NEA is compared to the cross section obtained using tradi-
tional QC-NEA with the same points and single-point convolution approach (QC-SPC) based on broad-
ening lines only for the equilibrium geometry. The broadening factor for QC-NEA is 0.05 eV and for 
QC-SPC 0.3 eV. The reference (ref) spectrum is the experimental cross section from [60]. b ML-NEA 
spectra with sample input file for 200, 250, 300, and 2 k training points. c Sample input file and spectra 
calculated with 50 k, 100 k, 150 k, 200 k, 300 k, 400 k, 500 k, and 1 M points in the nuclear ensemble. 
The spectra are shifted vertically for clarity
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depends on the accuracy of the underlying QC method, and the difference between 
the experimental spectrum and ML-NEA, even with the largest 2 k number of train-
ing points, is bigger than the difference between ML-NEA spectra with 200, 250, 
and 300 points (compare Fig. 10a, b). One minor aspect is that, although the default 
50 k points is a rather large ensemble, it still leads to slightly rugged curves. Per-
fectly smooth curves can be obtained by simply increasing the number of ensemble 
points (Fig. 10c), and MLatom is a computationally efficient tool for this task; one 
can calculate very smooth curves, e.g., with 1 M points. One should keep in mind 
though, that such a large number is not necessary, and it will take about 10 GB of 
disk space to store the file with the nuclear ensemble geometries and take more time 
to make ML prediction and cross section calculations.

6 � Conclusions

In this review article, we have described the MLatom 2 software package, which 
provides an integrative platform for AML simulations. Unlike other specialized 
AML packages, MLatom has been developed with the aim of facilitating the appli-
cation of ML models to the wide variety of tasks often required in computational 
chemistry research.

Its capabilities range from native implementations such as the KREG model and 
other KRR model types (with the Coulomb matrix or any other user-defined descrip-
tors as well as the Gaussian, Matérn, Laplacian, and exponential kernel functions) to 
interfaces to the third-party packages with popular models. The latter models are 
overviewed here for the sake of completeness and include sGDML, GAP–SOAP, 
ANI, DPMD, DeepPot-SE, and PhysNet. Other AML model types can be imple-
mented easily by using the modular approach adopted in MLatom for third-party 
interfaces.

Other important features of MLatom for AML simulations such as model evalu-
ation, hyperparameter optimization, sampling procedures (including farthest-point 
and structure-based sampling), Δ-learning, self-correction, and automatic learning 
curve generation are overviewed too. We also discussed how all steps required for 
the absorption spectrum simulation with the machine learning-nuclear ensemble 
approach (ML-NEA) are integrated in MLatom. Finally, we provided examples of 
how MLatom can be used for selected applications: hyperparameter optimization, 
learning curve generation, Δ-learning and structure-based sampling, and absorption 
spectrum simulation.

MLatom provides a user-friendly, integrated platform for researchers who want 
to use a wide variety of AML approaches and related techniques. It is also a useful 
package for educational purposes as it is used for teaching the basic and advanced 
concepts behind ML use in quantum chemistry (see, e.g., the book chapter [2], and 
online tutorial at http://​MLatom.​com). We are continually developing this platform 
based on the needs for practical AML computations such as dynamics, calculation 
of excited-state properties, and rovibrational spectrum simulations, improvement of 
QC methods, and materials design.

Reprinted  from  the  journal 49

http://MLatom.com


https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2021) 379:27

1 3

 

Authors’ contributions  P.O.D. is MLatom project supervisor and lead developer. P.O.D. and Y.F.H. 
derived and implemented analytical gradients in MLatomF and made other improvements to the KREG 
model. F.G. implemented learning curves and interfaces to hyperopt, PhysNet, DeePMD-kit, TorchANI, 
and GAP-SOAP packages. M.P.J. assisted in implementation of PhysNet, DeePMD-kit, and TorchANI 
interfaces. B.X.X. implemented ML-NEA approach. J.H. assisted in implementation of interfaces to 
GAP-SOAP and DeePMD-kit. P.O.D. has done all other implementations in MLatom. P.O.D. and 
M.B. conceived the project of testing third-party software. P.O.D., F.G., B.X.X., and Y.F.H. wrote the 
manuscript and prepared all illustrations; all other authors revised, discussed, and commented on the 
manuscript.

Funding  P.O.D. acknowledges funding by the National Natural Science Foundation of China (No. 
22003051) and via the Lab project of the State Key Laboratory of Physical Chemistry of Solid Surfaces. 
M.B. and M.P.J. acknowledges the support of the European Research Council (ERC) Advanced grant 
SubNano (Grant agreement 832237).

 Availability of Data and Material  All the data used in this manuscript are available from literature and 
online databases as cited in the article. No new data was generated in this study.

 Code Availability  MLatom 2 is available from http://​MLatom.​com free of charge for non-commercial 
and non-profit uses, such as academic research and education. All interfaced third-party software should 
be obtained and installed by the user separately.

Declarations 

Conflict of Interest  The authors declare that they have no conflict of interest.

Open Access  This article is licensed under a Creative Commons Attribution 4.0 International License, 
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as 
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article 
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons licence and your intended use is 
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission 
directly from the copyright holder. To view a copy of this licence, visit http://​creat​iveco​mmons.​org/​licen​
ses/​by/4.​0/.

References

	 1.	 Dral PO (2020) Quantum chemistry in the age of machine learning. J Phys Chem Lett 11(6):2336–
2347. https://​doi.​org/​10.​1021/​acs.​jpcle​tt.​9b036​64

	 2.	 Dral PO (2020) Quantum chemistry assisted by machine learning. In: Ruud K, Brändas EJ (eds) 
Advances in quantum chemistry. Chemical physics and quantum chemistry, vol 81. Elsevier, Amd-
sterdam, pp 291–324. https://​doi.​org/​10.​1016/​bs.​aiq.​2020.​05.​002

	 3.	 Butler KT, Davies DW, Cartwright H, Isayev O, Walsh A (2018) Machine learning for molecular 
and materials science. Nature 559(7715):547–555. https://​doi.​org/​10.​1038/​s41586-​018-​0337-2

	 4.	 von Lilienfeld OA, Müller K-R, Tkatchenko A (2020) Exploring chemical compound space 
with quantum-based machine learning. Nat Rev Chem 4(7):347–358. https://​doi.​org/​10.​1038/​
s41570-​020-​0189-9

	 5.	 Manzhos S, Carrington T Jr (2020) Neural network potential energy surfaces for small molecules 
and reactions. Chem Rev. https://​doi.​org/​10.​1021/​acs.​chemr​ev.​0c006​65

	 6.	 Mueller T, Hernandez A, Wang C (2020) Machine learning for interatomic potential models. J 
Chem Phys 152(5):050902. https://​doi.​org/​10.​1063/1.​51263​36

	 7.	 Bartók AP, Csányi G (2015) Gaussian approximation potentials: a brief tutorial introduction. Int J 
Quantum Chem 115(16):1051–1057. https://​doi.​org/​10.​1002/​qua.​24927

Reprinted  from  the  journal50

http://MLatom.com
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1021/acs.jpclett.9b03664
https://doi.org/10.1016/bs.aiq.2020.05.002
https://doi.org/10.1038/s41586-018-0337-2
https://doi.org/10.1038/s41570-020-0189-9
https://doi.org/10.1038/s41570-020-0189-9
https://doi.org/10.1021/acs.chemrev.0c00665
https://doi.org/10.1063/1.5126336
https://doi.org/10.1002/qua.24927


https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2021) 379:27	  

	 8.	 Behler J (2016) Perspective: machine learning potentials for atomistic simulations. J Chem Phys 
145(17):170901. https://​doi.​org/​10.​1063/1.​49661​92

	 9.	 Dral PO, Xue B-X, Ge F, Hou Y-F, Pinheiro Jr M (2013–2021) MLatom: A Package for Atom-
istic Simulations with Machine Learning. Xiamen University, Xiamen, China, http://​MLatom.​com 
Accessed 23 Feb 2021

	10.	 Dral PO (2019) MLatom: a program package for quantum chemical research assisted by machine 
learning. J Comput Chem 40(26):2339–2347. https://​doi.​org/​10.​1002/​jcc.​26004

	11.	 Ramakrishnan R, Dral PO, Rupp M, von Lilienfeld OA (2015) Big data meets quantum chemis-
try approximations: the Δ-machine learning approach. J Chem Theory Comput 11(5):2087–2096. 
https://​doi.​org/​10.​1021/​acs.​jctc.​5b000​99

	12.	 Dral PO, Owens A, Yurchenko SN, Thiel W (2017) Structure-based sampling and self-correcting 
machine learning for accurate calculations of potential energy surfaces and vibrational levels. J 
Chem Phys 146(24):244108. https://​doi.​org/​10.​1063/1.​49895​36

	13.	 Xue B-X, Barbatti M, Dral PO (2020) Machine learning for absorption cross sections. J Phys Chem 
A 124(35):7199–7210. https://​doi.​org/​10.​1021/​acs.​jpca.​0c053​10

	14.	 Rupp M, Tkatchenko A, Müller K-R, von Lilienfeld OA (2012) Fast and accurate modeling of 
molecular atomization energies with machine learning. Phys Rev Lett 108(5):058301. https://​doi.​
org/​10.​1103/​Physr​evlett.​108.​058301

	15.	 Hansen K, Montavon G, Biegler F, Fazli S, Rupp M, Scheffler M, von Lilienfeld OA, Tkatchenko A, 
Müller K-R (2013) Assessment and validation of machine learning methods for predicting molecular 
atomization energies. J Chem Theory Comput 9(8):3404–3419. https://​doi.​org/​10.​1021/​ct400​195d

	16.	 Dral PO, von Lilienfeld OA, Thiel W (2015) Machine learning of parameters for accurate semiem-
pirical quantum chemical calculations. J Chem Theory Comput 11(5):2120–2125. https://​doi.​org/​
10.​1021/​acs.​jctc.​5b001​41

	17.	 Dral PO, Barbatti M, Thiel W (2018) Nonadiabatic excited-state dynamics with machine learning. J 
Phys Chem Lett 9:5660–5663. https://​doi.​org/​10.​1021/​acs.​jpcle​tt.​8b024​69

	18.	 Dral PO, Owens A, Dral A, Csányi G (2020) Hierarchical machine learning of potential energy sur-
faces. J Chem Phys 152(20):204110. https://​doi.​org/​10.​1063/5.​00064​98

	19.	 Chmiela S, Sauceda HE, Müller K-R, Tkatchenko A (2018) Towards exact molecular dynamics 
simulations with machine-learned force fields. Nat Commun 9(1):3887. https://​doi.​org/​10.​1038/​
s41467-​018-​06169-2

	20.	 Koner D, Meuwly M (2020) Permutationally invariant, reproducing kernel-based potential energy 
surfaces for polyatomic molecules: from formaldehyde to acetone. J Chem Theory Comput 
16(9):5474–5484. https://​doi.​org/​10.​1021/​acs.​jctc.​0c005​35

	21.	 Smith JS, Isayev O, Roitberg AE (2017) ANI-1: an extensible neural network potential with DFT 
accuracy at force field computational cost. Chem Sci 8(4):3192–3203. https://​doi.​org/​10.​1039/​c6sc0​
5720a

	22.	 Unke OT, Meuwly M (2019) PhysNet: a neural network for predicting energies, forces, dipole 
moments, and partial charges. J Chem Theory Comput 15(6):3678–3693. https://​doi.​org/​10.​1021/​
acs.​jctc.​9b001​81

	23.	 Gv R (1995) Python tutorial, Technical Report CS-R9526. Centrum voor Wiskunde en Informatica 
(CWI), Amsterdam

	24.	 Rossum GV, Drake FL (2009) Python 3 Reference Manual. CreateSpace, 100 Enterprise Way, Suite 
A200, Scotts Valley, CA

	25.	 Chmiela S, Sauceda HE, Poltavsky I, Müller K-R, Tkatchenko A (2019) sGDML: constructing 
accurate and data efficient molecular force fields using machine learning. Comput Phys Commun 
240:38–45. https://​doi.​org/​10.​1016/j.​cpc.​2019.​02.​007

	26.	 Bartók AP, Payne MC, Kondor R, Csányi G (2010) Gaussian approximation potentials: the accu-
racy of quantum mechanics, without the electrons. Phys Rev Lett 104(13):136403. https://​doi.​org/​
10.​1103/​Physr​evlett.​104.​136403

	27.	 Bartók AP, Kondor R, Csányi G (2013) On representing chemical environments. Phys Rev B 
87(18):187115. https://​doi.​org/​10.​1103/​physr​evb.​87.​184115

	28.	 Gao X, Ramezanghorbani F, Isayev O, Smith JS, Roitberg AE (2020) TorchANI: a free and open 
source PyTorch-based deep learning implementation of the ANI neural network potentials. J Chem 
Inf Model 60(7):3408–3415. https://​doi.​org/​10.​1021/​acs.​jcim.​0c004​51

	29.	 Wang H, Zhang L, Han J, Weinan E (2018) DeePMD-kit: a deep learning package for many-body 
potential energy representation and molecular dynamics. Comput Phys Commun 228:178–184. 
https://​doi.​org/​10.​1016/j.​cpc.​2018.​03.​016

Reprinted  from  the  journal 51

https://doi.org/10.1063/1.4966192
http://MLatom.com
https://doi.org/10.1002/jcc.26004
https://doi.org/10.1021/acs.jctc.5b00099
https://doi.org/10.1063/1.4989536
https://doi.org/10.1021/acs.jpca.0c05310
https://doi.org/10.1103/Physrevlett.108.058301
https://doi.org/10.1103/Physrevlett.108.058301
https://doi.org/10.1021/ct400195d
https://doi.org/10.1021/acs.jctc.5b00141
https://doi.org/10.1021/acs.jctc.5b00141
https://doi.org/10.1021/acs.jpclett.8b02469
https://doi.org/10.1063/5.0006498
https://doi.org/10.1038/s41467-018-06169-2
https://doi.org/10.1038/s41467-018-06169-2
https://doi.org/10.1021/acs.jctc.0c00535
https://doi.org/10.1039/c6sc05720a
https://doi.org/10.1039/c6sc05720a
https://doi.org/10.1021/acs.jctc.9b00181
https://doi.org/10.1021/acs.jctc.9b00181
https://doi.org/10.1016/j.cpc.2019.02.007
https://doi.org/10.1103/Physrevlett.104.136403
https://doi.org/10.1103/Physrevlett.104.136403
https://doi.org/10.1103/physrevb.87.184115
https://doi.org/10.1021/acs.jcim.0c00451
https://doi.org/10.1016/j.cpc.2018.03.016


https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2021) 379:27

1 3

 

	30.	 Zhang L, Han J, Wang H, Car R, Weinan E (2018) Deep potential molecular dynamics: a scalable 
model with the accuracy of quantum mechanics. Phys Rev Lett 120(14):143001. https://​doi.​org/​10.​
1103/​PhysR​evLett.​120.​143001

	31.	 Zhang LF, Han JQ, Wang H, Saidi WA, Car R (2018) End-to-end symmetry preserving inter-atomic 
potential energy model for finite and extended systems. Adv Neural Inf Process Syst 31:4436–4446

	32.	 Bergstra J, Bardenet R, Bengio Y, Kégl B (2011) Algorithms for hyper-parameter optimization. In: 
Shawe-Taylor J, Zemel R, Bartlett P, Pereira F, Weinberger KQ (eds) Advances in neural informa-
tion processing systems, vol 24. Curran Associates, Red Hook, NY

	33.	 Bergstra J, Yamins D, Cox DD Making a Science of Model Search: Hyperparameter Optimization 
in Hundreds of Dimensions for Vision Architectures. In: Proceedings of the 30th International Con-
ference on International Conference on Machine Learning, Atlanta, GA, 2013. ICML’13. JMLR.
org, pp I–115–I–123. https://​doi.​org/​10.​5555/​30428​17.​30428​32

	34.	 Rezac J (2016) Cuby: an integrative framework for computational chemistry. J Comput Chem 
37(13):1230–1237. https://​doi.​org/​10.​1002/​jcc.​24312

	35.	 Himanen L, Jäger MOJ, Morooka EV, Federici Canova F, Ranawat YS, Gao DZ, Rinke P, Foster 
AS (2020) DScribe: library of descriptors for machine learning in materials science. Comput Phys 
Commun 247:106949. https://​doi.​org/​10.​1016/j.​cpc.​2019.​106949

	36.	 Hastie T, Tibshirani R, Friedman J (2009) The elements of statistical learning: data mining, infer-
ence, and prediction, 2nd edn. Springer, New York

	37.	 Christensen AS, von Lilienfeld OA (2020) On the role of gradients for machine learning of molecular 
energies and forces. Mach Learn Sci Technol 1(4):045018. https://​doi.​org/​10.​1088/​2632-​2153/​abba6f

	38.	 Behler J (2011) Neural network potential-energy surfaces in chemistry: a tool for large-scale simula-
tions. Phys Chem Chem Phys 13(40):17930–17955. https://​doi.​org/​10.​1039/​C1cp2​1668f

	39.	 Rasmussen CE, Williams CKI (2006) Gaussian processes for machine learning. MIT Press, Boston
	40.	 Cortes C, Jackel LD, Solla SA, Vapnik V, Denker JS (1994) Learning curves: asymptotic values and 

rate of convergence. Advances in neural information processing systems. Morgan Kaufmann, San 
Mateo, CA, pp 327–334

	41.	 Crespo-Otero R, Barbatti M (2012) Spectrum simulation and decomposition with nuclear ensem-
ble: formal derivation and application to benzene, furan and 2-phenylfuran. Theor Chem Acc 
131(6):1237. https://​doi.​org/​10.​1007/​s00214-​012-​1237-4

	42.	 Frisch MJ, Trucks GW, Schlegel HB, Scuseria GE, Robb MA, Cheeseman JR, Scalmani G, Barone 
V, Petersson GA, Nakatsuji H, Li X, Caricato M, Marenich AV, Bloino J, Janesko BG, Gomperts R, 
Mennucci B, Hratchian HP, Ortiz JV, Izmaylov AF, Sonnenberg JL, Williams, Ding F, Lipparini F, 
Egidi F, Goings J, Peng B, Petrone A, Henderson T, Ranasinghe D, Zakrzewski VG, Gao J, Rega 
N, Zheng G, Liang W, Hada M, Ehara M, Toyota K, Fukuda R, Hasegawa J, Ishida M, Nakajima 
T, Honda Y, Kitao O, Nakai H, Vreven T, Throssell K, Montgomery Jr. JA, Peralta JE, Ogliaro F, 
Bearpark MJ, Heyd JJ, Brothers EN, Kudin KN, Staroverov VN, Keith TA, Kobayashi R, Normand 
J, Raghavachari K, Rendell AP, Burant JC, Iyengar SS, Tomasi J, Cossi M, Millam JM, Klene M, 
Adamo C, Cammi R, Ochterski JW, Martin RL, Morokuma K, Farkas O, Foresman JB, Fox DJ 
(2016) Gaussian 16 Rev. C.01. Wallingford, CT

	43.	 Barbatti M, Granucci G, Ruckenbauer M, Plasser F, Crespo-Otero R, Pittner J, Persico M, Lischka 
H (2013) NEWTON-X: a package for Newtonian dynamics close to the crossing seam. http://​www.​
newto​nx.​org. Accessed 23 Feb 2021

	44.	 Barbatti M, Ruckenbauer M, Plasser F, Pittner J, Granucci G, Persico M, Lischka H (2014) 
Newton-X: a surface-hopping program for nonadiabatic molecular dynamics. WIREs Comp Mol 
Sci 4(1):26–33. https://​doi.​org/​10.​1002/​wcms.​1158

	45.	 Schinke R (1995) Photodissociation dynamics: spectroscopy and fragmentation of small polyatomic 
molecules. Cambridge University Press, Cambridge

	46.	 Weisstein EW (2020) “Least Squares Fitting." From MathWorld—A Wolfram Web Resource. 
https://​mathw​orld.​wolfr​am.​com/​Least​Squar​esFit​ting.​html. Accessed 25 Dec 2020

	47.	 Schmitz G, Klinting EL, Christiansen O (2020) A Gaussian process regression adaptive density 
guided approach for potential energy surface construction. J Chem Phys 153(6):064105. https://​doi.​
org/​10.​1063/5.​00153​44

	48.	 Chmiela S, Tkatchenko A, Sauceda HE, Poltavsky I, Schütt KT, Müller K-R (2017) Machine learn-
ing of accurate energy-conserving molecular force fields. Sci Adv 3(5):e1603015. https://​doi.​org/​10.​
1126/​sciadv.​16030​15

	49.	 Denzel A, Kästner J (2018) Gaussian process regression for geometry optimization. J Chem Phys 
148(9):094114. https://​doi.​org/​10.​1063/1.​50171​03

Reprinted  from  the  journal52

https://doi.org/10.1103/PhysRevLett.120.143001
https://doi.org/10.1103/PhysRevLett.120.143001
https://doi.org/10.5555/3042817.3042832
https://doi.org/10.1002/jcc.24312
https://doi.org/10.1016/j.cpc.2019.106949
https://doi.org/10.1088/2632-2153/abba6f
https://doi.org/10.1039/C1cp21668f
https://doi.org/10.1007/s00214-012-1237-4
http://www.newtonx.org
http://www.newtonx.org
https://doi.org/10.1002/wcms.1158
https://mathworld.wolfram.com/LeastSquaresFitting.html
https://doi.org/10.1063/5.0015344
https://doi.org/10.1063/5.0015344
https://doi.org/10.1126/sciadv.1603015
https://doi.org/10.1126/sciadv.1603015
https://doi.org/10.1063/1.5017103


https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2021) 379:27	  

	50.	 Fdez Galván I, Raggi G, Lindh R (2021) Restricted-variance constrained, reaction path, and tran-
sition state molecular optimizations using gradient-enhanced kriging. J Chem Theory Comput 
17(1):571–582. https://​doi.​org/​10.​1021/​acs.​jctc.​0c011​63

	51.	 Anderson E, Bai Z, Bischof C, Blackford S, Demmel J, Dongarra J, Du Croz J, Greenbaum A, Ham-
marling S, McKenney A, Sorensen D (1999) LAPACK users’ guide, 3rd edn. Society for Industrial 
and Applied Mathematics, Philadelphia, PA

	52.	 Hu D, Xie Y, Li X, Li L, Lan Z (2018) Inclusion of machine learning kernel ridge regression poten-
tial energy surfaces in on-the-fly nonadiabatic molecular dynamics simulation. J Phys Chem Lett 
9:2725–2732. https://​doi.​org/​10.​1021/​acs.​jpcle​tt.​8b006​84

	53.	 Krämer M, Dohmen PM, Xie W, Holub D, Christensen AS, Elstner M (2020) Charge and exci-
ton transfer simulations using machine-learned hamiltonians. J Chem Theory Comput 16(7):4061–
4070. https://​doi.​org/​10.​1021/​acs.​jctc.​0c002​46

	54.	 Abadi M, Barham P, Chen J, Chen Z, Davis A, Dean J, Devin M, Ghemawat S, Irving G, Isard M, 
Kudlur M, Levenberg J, Monga R, Moore S, Murray DG, Steiner B, Tucker P, Vasudevan V, War-
den P, Wicke M, Yu Y, Zheng X TensorFlow: A system for large-scale machine learning. In: 12th 
USENIX Symposium on Operating Systems, Savannah, GA, USA, 2016. USENIX Association. 
https://​doi.​org/​10.​5555/​30268​77.​30268​99

	55.	 Harris CR, Millman KJ, van der Walt SJ, Gommers R, Virtanen P, Cournapeau D, Wieser E, Taylor 
J, Berg S, Smith NJ, Kern R, Picus M, Hoyer S, van Kerkwijk MH, Brett M, Haldane A, Del Rio JF, 
Wiebe M, Peterson P, Gerard-Marchant P, Sheppard K, Reddy T, Weckesser W, Abbasi H, Gohlke 
C, Oliphant TE (2020) Array programming with NumPy. Nature 585(7825):357–362. https://​doi.​
org/​10.​1038/​s41586-​020-​2649-2

	56.	 Szlachta WJ, Bartók AP, Csányi G (2014) Accuracy and transferability of Gaussian approximation 
potential models for tungsten. Phys Rev B 90(10):104108. https://​doi.​org/​10.​1103/​PhysR​evB.​90.​104108

	57.	 Taylor CD (2009) Connections between the energy functional and interaction potentials for materi-
als simulations. Phys Rev B 80(2):024104. https://​doi.​org/​10.​1103/​PhysR​evB.​80.​024104

	58.	 Paszke A, Gross S, Massa F, Lerer A, Bradbury J, Chanan G, Killeen T, Lin Z, Gimelshein N, 
Antiga L, Desmaison A, Kopf A, Yang E, DeVito Z, Raison M, Tejani A, Chilamkurthy S, Steiner 
B, Fang L, Bai J, Chintala S (2019) PyTorch: an imperative style, high-performance deep learn-
ing library. In: Wallach H, Larochelle H, Beygelzimer A, d’Alché-Buc F, Fox E, Garnett R (eds) 
Advances in neural information processing systems, vol 32. Curran Associates, Red Hook, NY, pp 
8026–8037

	59.	 Behler J, Parrinello M (2007) Generalized neural-network representation of high-dimensional 
potential-energy surfaces. Phys Rev Lett 98(14):146401. https://​doi.​org/​10.​1103/​Physr​evlett.​98.​
146401

	60.	 Schaub TA, Brülls SM, Dral PO, Hampel F, Maid H, Kivala M (2017) Organic electron acceptors 
comprising a dicyanomethylene-bridged acridophosphine scaffold: the impact of the heteroatom. 
Chem Eur J 23(29):6988–6992. https://​doi.​org/​10.​1002/​chem.​20170​1412

	61.	 Chai J-D, Head-Gordon M (2008) Long-range corrected hybrid density functionals with damped 
atom-atom dispersion corrections. Phys Chem Chem Phys 10(44):6615–6620. https://​doi.​org/​10.​
1039/​b8101​89b

	62.	 Weigend F, Ahlrichs R (2005) Balanced basis sets of split valence, triple zeta valence and quadru-
ple zeta valence quality for H to Rn: design and assessment of accuracy. Phys Chem Chem Phys 
7(18):3297–3305. https://​doi.​org/​10.​1039/​B5085​41a

	63.	 Schäfer A, Huber C, Ahlrichs R (1994) Fully optimized contracted Gaussian-basis sets of triple 
zeta valence quality for atoms Li to Kr. J Chem Phys 100(8):5829–5835. https://​doi.​org/​10.​1063/1.​
467146

	64.	 Schäfer A, Horn H, Ahlrichs R (1992) Fully optimized contracted Gaussian-basis sets for atoms Li 
to Kr. J Chem Phys 97(4):2571–2577

	65.	 Bai S, Mansour R, Stojanovic L, Toldo JM, Barbatti M (2020) On the origin of the shift between 
vertical excitation and band maximum in molecular photoabsorption. J Mol Model 26(5):107. 
https://​doi.​org/​10.​1007/​s00894-​020-​04355-y

Publisher’s Note  Springer Nature remains neutral with regard to jurisdictional claims in published 
maps and institutional affiliations.

Reprinted  from  the  journal 53

https://doi.org/10.1021/acs.jctc.0c01163
https://doi.org/10.1021/acs.jpclett.8b00684
https://doi.org/10.1021/acs.jctc.0c00246
https://doi.org/10.5555/3026877.3026899
https://doi.org/10.1038/s41586-020-2649-2
https://doi.org/10.1038/s41586-020-2649-2
https://doi.org/10.1103/PhysRevB.90.104108
https://doi.org/10.1103/PhysRevB.80.024104
https://doi.org/10.1103/Physrevlett.98.146401
https://doi.org/10.1103/Physrevlett.98.146401
https://doi.org/10.1002/chem.201701412
https://doi.org/10.1039/b810189b
https://doi.org/10.1039/b810189b
https://doi.org/10.1039/B508541a
https://doi.org/10.1063/1.467146
https://doi.org/10.1063/1.467146
https://doi.org/10.1007/s00894-020-04355-y


https://www.twirpx.org & http://chemistry-chemists.com

Vol.:(0123456789)

Topics in Current Chemistry (2022) 380:19
https://doi.org/10.1007/s41061-022-00377-7

1 3

REVIEW

Reaction Space Projector (ReSPer) for Visualizing Dynamic 
Reaction Routes Based on Reduced‑Dimension Space

Takuro Tsutsumi1   · Yuriko Ono2 · Tetsuya Taketsugu1,2 

Received: 31 October 2021 / Accepted: 21 February 2022 / Published online: 10 March 2022 
© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2022

Abstract
To analyze chemical reaction dynamics based on a reaction path network, we have 
developed the “Reaction Space Projector” (ReSPer) method with the aid of the 
dimensionality reduction method. This program has two functions: the construc-
tion of a reduced-dimensionality reaction space from a molecular structure dataset, 
and the projection of dynamic trajectories into the low-dimensional reaction space. 
In this paper, we apply ReSPer to isomerization and bifurcation reactions of the 
Au5 cluster and succeed in analyzing dynamic reaction routes involved in multiple 
elementary reaction processes, constructing complicated networks (called “closed 
islands”) of nuclear permutation-inversion (NPI) isomerization reactions, and elu-
cidating dynamic behaviors in bifurcation reactions with reference to bundles of 
trajectories. Interestingly, in the second application, we find a correspondence 
between the contribution ratios in the ability to visualize and the symmetry of the 
morphology of closed islands. In addition, the third application suggests the exist-
ence of boundaries that determine the selectivity in bifurcation reactions, which was 
discussed in the phase space. The ReSPer program is a versatile and robust tool to 
clarify dynamic reaction mechanisms based on the reduced-dimensionality reaction 
space without prior knowledge of target reactions.

Keywords  Reaction space projector · Dimensionality reduction · Reaction path 
network · On-the-fly molecular dynamics
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1  Introduction

In theoretical chemistry, the concept of reaction paths is used to understand the 
mechanism of chemical reactions. The intrinsic reaction coordinate (IRC) [1] is a 
representative reaction path that connects the reactant and product minima on the 
potential energy surface (PES) via the transition state (TS) structure (first-order 
saddle point). Once the TS structure is determined, the IRC can be calculated 
straightforwardly in a descending way on the PES from the TS to the reactant and 
product minima; thus, the bottleneck in IRC calculations is determination of the 
TS structure. A great deal of effort has been expended in developing efficient TS 
search methods [2]. In this context, the anharmonic downward distortion following 
(ADDF) [3, 4] and artificial force induced reaction (AFIR) [5–7] methods have been 
developed to find TS structures efficiently by moving up the PES from potential 
minima. Recently, the mathematical aspects of ADDF paths have been discussed 
by classifying several patterns of path bifurcation [8]. Combining the calculation of 
ADDF or AFIR with IRC provides the concept of a reaction path network consist-
ing of multiple IRCs. Reaction path networks provide the basis for kinetic simula-
tions by setting up a reaction rate equation based on TS theory for each elementary 
process and evolving the equation in a coupled manner over time [9, 10]. In the last 
decade, the concept of reaction path networks on PES has attracted much attention, 
and several groups have developed theoretical methodologies for constructing reac-
tion path networks [11–15].

The reaction path itself is determined based on the geometrical features of the 
PES and does not take into account the dynamic effects caused by the momentum 
of the molecular system. There are two factors to be considered in reaction path-
based dynamics: the first is the curvature of the reaction path, which induces vibra-
tional excitation of orthogonal vibrational modes, leading to large deviations from 
the reaction path [16, 17]; the second is the instability of the reaction path, where 
the shape of the reaction path on the PES changes from a valley path to a ridge path, 
causing a bifurcation of the reaction path [18, 19]. To investigate dynamic routes in 
full-dimensional coordinate space, on-the-fly molecular dynamics (MD) [20, 21]—a 
classical trajectory method that determines forces acting on atoms by electronic 
structure calculations—is an effective approach. Analysis of how on-the-fly trajec-
tories move in the vicinity of the IRC has shown that the molecular system deviates 
significantly from the reaction path due to centrifugal forces acting in the negative 
direction of the curvature coordinate [22, 23]. Kraka et al. [24] proposed the unified 
reaction valley approach, which relates changes in the components of reaction path 
curvature to changes in electronic structure along the reaction coordinate. The post-
TS bifurcation has also attracted much attention, and several approaches have been 
proposed to analyze the bifurcation paths [25] and the branching ratio [26] based on 
the morphology of the PES. These dynamics effects have been reported for various 
types of chemical reactions in organic chemistry [27–30], biochemistry [31], and 
catalytic chemistry [32].

To investigate the dynamics aspects of chemical reaction processes, on-the-
fly MD is a desirable method because it allows an unbiased exploration of the 
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full-dimensional PES based on the atomic force determined by electronic structure 
calculations, but it comes at a high computational cost. Recently, much attention 
has been devoted to the artificial neural network approach to generate multi-dimen-
sional PESs for real molecules, and machine learning-assisted dynamics simulation 
is becoming feasible to investigate polyatomic reactions [33–35]. MD simulations 
with chemical reactions considering all degrees of freedom provide dynamic reac-
tion routes with various structural changes, but the trajectories involve complex 
time-series data containing many degrees of freedom, and prior knowledge of the 
reaction channels is required to elucidate the reaction mechanism. The reaction path 
network should be the basis for understanding the behavior of dynamic trajectories. 
Much effort has been devoted to the analysis of dynamic reaction processes based 
on static reaction path networks [36, 37]. We have recently developed a trajectory 
mapping method to track dynamic reaction routes based on the distance function 
between reference structures on the reaction path network and molecular structures 
along the trajectory, and revealed dynamic behaviors such as “IRC jump” [38]. 
However, since the reaction path network and trajectory lie on a manifold of PES in 
a multi-dimensional coordinate space, it is difficult to visualize the trajectory run-
ning on PES in a low-dimensional subspace that well represents the characteristics 
of chemical reactions.

To overcome this problem, we have developed the Reaction Space Projector 
(ReSPer) method, which automatically generates principal coordinates (PCos) that 
reproduce the structural similarity of multi-dimensional data and projects trajecto-
ries onto a reduced-dimensionality subspace determined from reference structures 
[39–41]. The ReSPer method successfully visualizes dynamic reaction routes on a 
two- or three-dimensional reaction space spanned by PCos without arbitrary selec-
tion of reaction coordinates. In this paper, we present the functions of the ReSPer 
program as currently implemented. In the following section, we give an overview 
of the ReSPer program and the classical multidimensional scaling method, which is 
a dimensionality reduction method available in ReSPer. Applications to Au5 Clus-
ter highlights the advantages of ReSPer analysis with three applications: isomeriza-
tion reactions based on dimension-reduced reaction space, closed islands of nuclear 
permutation-inversion isomers of a single IRC, and bifurcation reactions based on 
partial reaction space.

2 � Reaction Space Projector

Dimensionality reduction has been used widely to classify huge and complex data 
in various fields. In the field of theoretical chemistry, linear dimensionality reduc-
tion methods such as principal component analysis (PCA) [37, 42–46] and (classi-
cal) multidimensional scaling (MDS) [39–41, 47–49], as well as non-linear methods 
such as locally linear embedding (LLE) [50] and isometric feature mapping (ISO-
MAP) [48, 50], have been applied to reproduce the chemical and structural features 
of data with minimal degrees of freedom. The disconnectivity graph can visual-
ize the topography of high-dimensional PESs and has been applied in particular to 
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visualize the free energy landscape of proteins, where the representation of reaction 
barriers is maintained [42, 51, 52].

Classical MDS (CMDS), one of the linear dimensionality reduction methods, 
provides a reduced-dimensional subspace determined by the PCos and maintains the 
dissimilarity of multidimensional data as much as possible [53, 54]. The projection 
of out-of-sample data that are not included in the original data, can be done using 
the out-of-sample extended CMDS method [55]. In applications to molecular chem-
istry, dissimilarity is usually defined as the Euclidean distance between pairwise 
molecules. CMDS using Euclidean distance is mathematically equivalent to PCA, 
but CMDS has a very significant advantage in optimizing the distance between a 
pair of molecules, which is a measure of dimensionality reduction. Therefore, we 
developed a Python-based program, ReSPer, to visualize the structural datasets of N 
atomic molecular systems in a 3N–6 dimensional configurational space and to inves-
tigate the dynamic reaction behavior in a reduced-dimensional reaction subspace 
[39–41].

The ReSPer scheme is simple: (1) pre-processing, (2) dimensionality reduction of 
the original data, and (3) (if necessary) projection of the out-of-sample data onto the 
dimensionality reduction reaction subspace. Note that the dimensionality reduction 
methods available in the ReSPer scheme are not limited to CMDS. We are currently 
implementing new capabilities to perform other dimensionality reduction methods. 
It should also be noted that ReSPer is an analysis tool, not a quantum chemical cal-
culation program, and thus requires the prior preparation of molecular structure data 
at the same calculation level. The details of the ReSPer flowchart are summarized in 
Fig. 1.

2.1 � Pre‑Processing for CMDS

Dimensionality reduction by CMDS requires the calculation of a dissimilarity 
matrix for all pairs of molecular structures in the dataset. Although practical and 
sophisticated structural dissimilarities, such as the Tanimoto coefficient [56] and the 
generalized root-mean-squared derivation (G-RMSD) [57], have been proposed in 
various situations, we adopted the simplest and uniquely defined Euclidean distance 
(linear distance) in a mass-weighted Cartesian coordinate system. Mass-weighted 
coordinate systems are suitable for describing changes in molecular structures com-
posed of atoms of different masses.
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be the 3N-dimensional Cartesian coordinates and mass-weighted Cartesian coordi-
nates of an N atomic molecule, where ma is the mass of the ath atom. From these 
notations, the linear distance between two molecules i and j is defined as follows:

To obtain a linear distance between two molecular structures, both the superpo-
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atoms need to be handled properly; ReSPer pre-processing addresses these issues 
technically by considering the orientation alignment of the coordinate axes and the 
nuclear permutation-inversion (NPI) isomers.

In general, the Cartesian coordinates of a prepared molecular structure dataset 
depend on the origin of the coordinate system and the direction of the coordinate 
axes, which are altered by the translational and rotational degrees of freedom of 
the molecular structure. The displacement of the translational degrees of freedom 
can be removed completely by superimposing the center of mass of the molecu-
lar structure on the origin of the coordinate system. For the rotational degrees of 
freedom, the Kabsch algorithm determines the coordinate axis that minimizes dij 

Fig. 1   Scheme of the Reaction Space Projector (ReSPer) method. The only dimensionality reduction 
method implemented in ReSPer at present is the classical multidimensional scaling (CMDS) method, but 
we plan to implement other dimensionality reduction methods in the future
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in Eq.  (1) [58, 59]. Note that one should be careful when applying the Kabsch 
algorithm in a mass-weighted coordinate system. In the current ReSPer scheme, 
the molecular coordinates are mass-weighted after structural alignment.

The linear distances defined in Eq.  (1) may be overestimated if one does not 
take into account the NPI isomers, which are generated by both the permutations 
of identical atoms and the spatial inversion operation of the molecular structure. 
In other words, NPI isomers have the same molecular structures as the original 
one, differing only in the numbering of the atoms. Therefore, the linear distance 
between a pair of NPI isomers is not exactly zero, and, in order to obtain an 
appropriate interstructural distance, all possible linear distances between NPI iso-
mers must be compared for molecular structures i and j. In the ReSPer program, 
such NPI-based problems are solved by the merged-NPI option, which searches 
for the smallest linear distance within a given set of atomic numbering. Since the 
reaction barriers for NPI isomerization reactions related to atom exchange reac-
tions in distant or chemically stable parts are very high, it is sufficient to consider 
only those NPI isomerizations that are energetically easy to generate. By default, 
all possible NPI isomers are explored, but a subset of NPI isomers can be selected 
by the restricted NPI generation options, which exclude NPI generation of certain 
elements or give a specific set of atoms to be referenced in NPI generation. If 
possible NPI isomerizations are obvious in advance, limiting the number of NPI 
isomers considered can reduce computational cost.

Since the distance matrix �n×n for n molecular structures is a real symmetric 
matrix, we need only calculate the upper triangular part of �n×n . These calcula-
tions can be parallelized by the joblib library available in Python. If one wants 
to project m molecular structures obtained from dynamics trajectories, these 
structural data are treated as out-of-sample data, and ReSPer generates a distance 
matrix �n×m between the original data and the out-of-sample data, and �m×m 
between the out-of-sample data. One can also easily reuse the distance matrix in 
pre-calculated csv format optionally.

2.2 � Classical Multidimensional Scaling

CMDS has been described in the literature [53–55, 60] and in our previous pub-
lications [39–41]. Here, we briefly present its implementation in the ReSPer 
program. CMDS analysis, which visualizes the original dataset with n reference 
structures in a p-dimensional space, usually set to p = 2 or 3, is performed in the 
following three steps:

(1)	 Center the squared distance matrix 
(
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	 where E and 1 are the unit matrix and a square matrix with all elements set 
to 1, respectively. This process is called the Young-Householder transfor-
mation [61].

(2)	 The inner-product matrix Q is diagonalized to obtain the eigenvalues 
{
�1,… , �n

}
 

and the corresponding eigenvectors 
{
�1,… ,�n

}
 . The eigenvalues and eigenvec-

tors are sorted in descending order, �1 ≥ �2 ⋯ ≥ �n . The inner-product matrix 
Q and the configuration matrix Y of the full-dimensional space are associated 
as follows

(3)	 The PCos are generated by �a = �a

√
�a(1 ≤ a ≤ p) . Here, PCos obtained from 

the original dataset are denoted as �n×p.
	   The normalized eigenvalues indicate the contribution of each PCo, and the 

proportion of variances Λa and the cumulated proportion Λ are useful for esti-
mating the visibility of a PCo in a p-dimensional subspace [54]:

where b is the number of non-negative eigenvalues of �c.
	   If the user wants only to visualize a reduced-dimensionality reaction space 

determined from the original dataset, ReSPer usually exits after recording 
�n×p and these contribution rates in a log file. If the user wants to project an 
out-of-sample dataset onto the constructed reaction space, ReSPer will pro-
ceed to the out-of-sample extension scheme [55]. The current ReSPer pro-
gram has three options for out-of-sample projection: m out-of-samples are (1) 
projected at once; (2) projected one by one into the p-dimensional space of 
�n×p (n-fixed); or (3) projected one by one into the p-dimensional space of 
�

n×p
←

[

�
n×p

,�1×p

]

(i.e.n ← n + 1) , which is updated for each out-of-sample 
projection (n-expanded). In the (1) at-once approach, the dissimilarity of the 
molecular structure of the out-of-sample data affects the projection, and in the 
(3) n-expanded approach, the p-dimensional reaction space consisting of �n×p is 
updated with the trajectory data, so we use the (2) n-fixed approach for the out-
of-sample projection in this study. In Fig. 1, we show the outline of the ReSPer 
method using the (2) n-fixed approach. The ReSPer procedure for out-of-sample 
projection can be written as follows:

(4)	 Make the squared distance matrix �(2) , defined as

(3)� = ���T = ��T .
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where �(2)
n×n , �

(2)
n×m , and �(2)

m×m are the squared distance matrices of �n×n , �n×m , 
and �m×m , and �(2)

m×n is the transpose matrix of �(2)
n×m . It should be noted that 

m has different meanings depending on the projection method, such as the 
total number of out-of-sample data in (1) and the index of the component of 
the distance matrix corresponding to the kth out-of-sample data in (2) and (3) 
(1 ≤ k ≤ m) . Thus, for example, �(2)

m×m is always a scalar of zero in (2) and (3).
(5)	 The centering of �(2) is done according to Trosset’s formula [55]: 

	 where E, e, and w are the unit matrix, the (n + m) dimensional column 
vector with all elements set to 1, and the (n + m)-dimensional column vec-
tor with 1 (the first n components) and 0 (the remaining m components).

(6)	 Optimize the following objective function [55] with respect to �m×p.

where �n×n , �n×m , �m×n , and �m×m are part of the B matrix given in step (5). In 
this ReSPer program, the initial p-dimensional coordinate �m×p of the out-of-
sample data is set as the origin. At present, the optimization of Eq. (8) is done 
by the modified Powell algorithm implemented in SciPy software.

(7)	 In case (2) or (3), increase k by 1, and if 1 ≤ k ≤ m is satisfied, return to step (4). 
Otherwise, ReSPer will exit normally after recording �(n+m)×p.

2.3 � Recent Applications of ReSPer

We have so far applied ReSPer to several chemical reaction systems: the intra-
molecular proton transfer of malonaldehyde [39], the collision reaction of 
OH−  + CH3F → CH3OH + F− [39–41], and the isomerization and bifurcation reac-
tions of a small gold cluster [39–41]. Recent applications of ReSPer are summa-
rized in Table  1. These studies show that ReSPer analysis can construct a low-
dimensional space that depends only on the linear distance between given reference 
structures, and that the projection of dynamic trajectories by the out-of-sample 
extended method is useful for understanding complex dynamic reaction processes. 
In the next section, we will show what has been revealed by applying ReSPer to the 
small gold cluster Au5. Note that the mass-weighting procedure does not affect the 
linear distance of Au5, but we have confirmed that it works well when applied to 
organic molecules composed of different atoms. Currently, the ReSPer program is 
being extended to analyze more complex reaction systems: exhaustive reaction path 
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networks including a huge number of IRCs, organic chemical reactions with C–C 
bond formation, and excited-state reaction dynamics.

3 � Applications to Au5 Cluster

It is known that the catalytic activity of gold nanoparticles increases dramatically 
with decreasing particle size [62–64], and gold nanoparticles and gold nanoclus-
ters have attracted much attention due to their catalytic [62, 63] and optical [65, 66] 
properties. In our previous work, we explored the reaction pathways of structural 
changes in Au5 cluster by the ADDF method to obtain five stable structures and 
14 TSs connecting them (14 IRCs), revealing a global reaction path network on the 
full-dimensional PES [67]. We searched for valley-ridge transition (VRT) points 
along 14 IRCs and found five VRTs where the nature of the IRC valley changes to a 
ridge and the reaction path shows a bifurcation. Furthermore, the dynamic bifurca-
tion mechanism was analyzed by on-the-fly MD simulation [38, 67]. In this paper, 
to demonstrate the capabilities of the ReSPer program, we perform the analysis on 
the previously calculated global reaction path network of Au5 and on-the-fly MD 
trajectories [67]. These calculations were performed by density functional theory 
(DFT) using the Perdew–Burke–Ernzerhof (PBE) functional [68, 69] and the Lan-
L2DZ [70] basis set with Gaussian09 [71]. Reaction path search and on-the-fly MD 
simulations were performed using GRRM11 [72] and SPPR [73], respectively.

3.1 � Reduced‑Dimensionality Reaction Space and Potential Energy Landscape

First, to visualize the global reaction pathway map of the Au5 cluster, we apply 
ReSPer analysis with the merged-NPI option [40, 41]. Data of 336 molecular 
structures along 14 IRCs, including five minima and 14 TSs, are input into the 
ReSPer program to construct a reduced-dimensionality reaction space. In prin-
ciple, there is no upper limit to the number of structures ReSPer can handle, but 

Table 1   Recent applications of Reaction Space Projector (ReSPer). IRC intrinsic reaction coordinate, 
NPI nuclear permutation-inversion

a This paper

Molecular system Reference structures Contents

Malonaldehyde Single IRC Two-dimensional reaction space [39]
OH−  + CH3F → CH3OH + F− Single IRC Two-dimensional reaction space 

[39], energy landscape [38], and 
dynamic trajectories [40, 41]

Au5 cluster Multiple IRCs Two- and three-dimensional reaction 
space [39, 40], energy landscape 
[41], and dynamic trajectories 
related to isomerization and bifur-
cation reactions [40, 41],a connec-
tivity networks of NPI isomersa
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since it is time-consuming and the reaction space becomes cumbersome, we have 
reduced the number of structures along each IRC to about 20. Figure 2a shows 
the molecular structures at the stationary point and one VRT point associated 
with the bifurcation reaction described below. The five minima are denoted as 
MINi (i = 1–5), the seven TSs connecting MINi and MINj as TSi-j, and the TS 
connecting MINi and the NPI isomer of MINi as TSi-i. Since there are multiple 
structures in TSi-i, we distinguish them by adding letters (a, b, c, d) in order of 
decreasing energy.

Fig. 2   a Molecular structures of the five minima, 14 transitions states (TSs), and one valley-ridge tran-
sition (VRT) on the intrinsic reaction coordinate (IRC) connecting TS1-1d and MIN1 in the global 
reaction path network of the Au5 cluster. The point group of each structure and the relative energy (in 
kcal  mol−1) to MIN1 are also shown. b Two-dimensional reaction space determined by 336 reference 
structures along all IRCs. c Potential energy landscape as determined by the ReSPer program. For sim-
plicity of visualization, the data points of the molecular structure along the IRC were omitted. Squares 
minima, circles TS, color map potential energy relative to MIN1

Reprinted  from  the  journal64



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2022) 380:19	  

Figure 2b shows the two-dimensional reaction space determined by the 336 refer-
ence structures. The contribution ratio is ( Λ1,Λ2) = (0.436, 0.206), and the cumula-
tive percentage is Λ = 0.642. This result shows that about 64% of the network struc-
ture of the reaction pathway in nine dimensions (= 3N-6 dimensions) is reproduced 
by the two PCos extracted automatically by ReSPer. The global minimum of MIN1 
is located near the origin of the coordinate system, and the other four minima are 
distributed around MIN1. Interestingly, TSi-i is located near MINi, and TSi-j is 
located between MINi and MINj. These mutual locations clearly reflect the connec-
tivity of each reaction pathway, even though ReSPer knows the structural dissimi-
larities only of the given molecular structures. Furthermore, due to the merged-NPI 
option, the IRC connecting MINi and TSi-i almost overlaps the outgoing and return-
ing pathways. The physical meaning of each PCos and the three-dimensional reac-
tion space has been mentioned in previous papers [40, 41].

Figure  2c shows the potential energy landscape constructed by the two PCos, 
with the potential energy of each molecular structure displayed as the third axis. 
Similar to disconnectivity graphs [52], ReSPer can visualize the high-dimensional 
PES that contains information about reaction barriers. It should be emphasized that 
the energy landscape constructed by ReSPer can also reproduce mutual structural 
dissimilarities on the full-dimensional configurational space and can reproduce the 
morphology of the PES in which chemical reactions take place. Although beyond 
the scope of this paper, the analysis of reaction dynamics based on the energy land-
scape has provided deep insights into the picture of inherent reaction processes [40, 
41]. We are currently working on the visualization of the multi-state energy land-
scape, including the potential energy surfaces of the ground and excited states.

3.2 � Reaction Dynamics of Isomerization Reaction on Two‑Dimensional Reaction 
Space

We have analyzed trajectories on the basis of the reduced-dimensionality reaction 
space using the ReSPer program and the trajectory mapping method [40, 41]. In 
the case of Au5, we performed on-the-fly MD simulations from TS1-1d and ana-
lyzed the dynamic reaction behavior mainly from TS1-1d to MIN1. In this section, 
we present the various dynamic reaction processes based on the two-dimensional 
global reaction path network shown in Fig. 2b. In the previous MD simulations, the 
initial velocity was generated by randomly assigning a total of 5 kcal mol−1 to the 
nine vibrational modes of TS1-1d. The initial coordinates were fixed to one of the 
NPI isomers of TS1-1d. The time step was set to 5 fs, and 200 trajectories up to 3 ps 
were run. For the same reason as described in the section above, only the points 
where the potential energy shows a minimum along the trajectory were added as 
out-of-sample data.

Figure  3 shows the projection of the four trajectories onto the reduced-dimen-
sionality reaction space of Fig. 2b. Overall, as shown in Fig. 2a, none of the 200 
trajectories proceeded to the higher energy region of PCo1 < − 15  Å amu½, even 
though the total energy of the simulation (20.8 + 5 = 25.8 kcal mol−1) is higher than 
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TS except for TS3-5. These results are attributed to the fact that the energy is rarely 
concentrated so as to cross the TS with a relatively high reaction barrier.

Figure 3a shows a trajectory that starts with TS1-1d and then wanders between 
MIN1 and TS1-1a, which has the lowest reaction barrier. This process is confirmed 
to be a sequential isomerization from one NPI isomer of MIN1 to another NPI iso-
mer via a corresponding NPI isomer of TS1-1a, as explained in the next section. 
Figure 3b shows the trajectory of Au5 continuing to change from the planar MIN1 
to the non-planar TS1-4 due to the momentum induced by the structural change 
along the IRC connecting TS1-1d and MIN1. Actually, the atomic motions of these 
two trajectories are so similar that it was difficult to distinguish them without prior 
knowledge. However, as discussed, we have succeeded in classifying these different 
reaction processes by projecting the dynamic reaction routes with ReSPer.

Fig. 3   Four trajectories projected into the two-dimensional reaction space shown in Fig. 2b: a a trajec-
tory that travels in a narrow region between MIN1 and TS1-1a after reaching MIN1, b a trajectory that 
travels several times between MIN1 and TS1-4, which has a non-planar structure, c a trajectory that pro-
ceeds to MIN1 after reaching MIN3 from the initial structure of TS1-1d, and d a trajectory that proceeds 
to MIN2 via TS1-2 before returning to MIN1. Blue lines trajectories, cross marks initial and final points 
of the trajectories, color map potential energy relative to MIN1
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Figure 3c shows an unusual trajectory, approaching MIN3 directly from TS1-1d 
and then reaching MIN1. Figure  3d shows a typical trajectory that crosses TS1-2 
and proceeds to MIN2, the second-lowest MIN. Conventional analysis of reaction 
dynamics requires the selection of internal coordinates that are suitable for dis-
cussing the assumed reaction mechanism. In the case of reactions involving bond 
cleavage and formation, it is not easy to analyze the reaction dynamics for multiple 
elementary reaction processes because a suitable set of internal coordinates cannot 
be uniquely defined. ReSPer overcomes these challenges and enables the analysis of 
chemical reactions involving multiple bond cleavages and formations on a uniquely 
defined low-dimensional reaction space.

3.3 � Closed Islands: Linkage of NPI Isomers of MIN1

The permutation-inversion group has been studied in the areas of spectroscopy and 
nuclear physics. The concept of NPI isomers, which are generated by substitution 
of identical atoms and spatial inversion operations, has been used in the analysis of 
rearrangement reactions in water clusters [74], the construction of quantum graph 
models in quantum dynamics [75], and the improvement of PESs generated by arti-
ficial neural networks [76]. So far, the connectivity of NPI isomers has been illus-
trated as a conceptual diagram because it is a seriously complex network on a high-
dimensional manifold. Here, a simple question emerges: is it possible to visualize 
the connectivity of NPI isomers in low-dimensional space?

Since there are five identical Au atoms in the Au5 cluster, the maximum number 
of NPI isomers is 240 (= 5! × 2). The number of NPI isomers decreases with the 
symmetry of the molecule, with 120 in the Cs and C2 structures, 60 in the C2v struc-
ture, and 30 in the D2h structure, respectively [38]. The 60 NPI isomers of MIN1 
are connected by TS1-1a, TS1-1b, TS1-1c, and TS1-1d, with activation barriers of 
3.8, 13.7, 16.9, and 20.8 kcal mol−1, respectively. We have previously reported the 
concept of “closed islands” in which different NPI isomers are linked by structural 
transformation via NPI isomers of a particular TS; in the case of the Au5 cluster, 
the 60 NPI isomers of MIN1 were found to be partitioned into 12, 15, 10, 30 closed 
islands by TS1-1a, TS1-1b, TS1-1c, and TS1-1d, respectively [38, 41]. In this paper, 
we performed ReSPer analysis without using the merged-NPI option to visualize the 
connection between the closed island of TS1-1a, which has the lowest energy bar-
rier, and the closed islands of TS1-1a and TS1-1b.

Figure 4a shows one of the closed islands of TS1-1a constructed by ReSPer. For 
simplicity, the molecular structures along the five IRCs have been omitted, but, actu-
ally, this map contains 500 structures as reference structures. These structures were 
generated by the NPI operation for one IRC related to the two NPI isomers of MIN1 
linked by TS1-1a. The contribution ratio is 

(
Λ1,Λ2

)
= (0.484, 0.484) , and the cumu-

lated proportion is Λ = 0.968 . Furthermore, other proportions of Λi(1 ≤ i ≤ 15) are 
displayed in Fig. 4d. The first and second ratios are degenerate, reflecting the E rep-
resentation of the D5 point group to which the regular pentagon of the closed-island 
linkage belongs. Figure 4b shows the visualization of 12 independent closed islands 
of TS1-1a in a three-dimensional subspace containing 600 structures constructed by 
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ReSPer. The results confirm that TS1-1a divides the 60 NPI isomers of MIN1 into 
12 closed islands, each of which has five different MIN1s, and that TS1-1a alone 
does not link all NPI isomers of MIN1.

In order to fully connect all MIN1, at least TS1-1b is considered necessary, as 
shown in Fig. 4c. Note that Fig. 4c was constructed using a dataset of 1800 struc-
tures, which we call the “complete closed island” of TS1-1a and TS1-1b. We also 
verified the previously reported complete closed islands of (TS1-1a and TS1-1c), 
(TS1-1a and TS1-1d), and (TS1-1b and TS1-1d) with ReSPer [38, 41]. Interestingly, 
the contribution in Fig. 4b consists of fivefold and fourfold degeneracies, while that 
of the degeneracy in Fig. 4c slightly broken down. This is due to the fact that the 
dodecahedron with 12 isolated closed islands as vertices in Fig. 4b belongs to the 
Ih point group, while the symmetry in Fig. 4c is reduced by considering the TS1-
1b linkage. ReSPer has succeeded in automatically constructing complex link-
ages of NPI isomers based on their structural dissimilarities, and has also found a 

Fig. 4   Connectivity network of nuclear permutation-inversion (NPI) isomers of MIN1 in the reduced-
dimensionality reaction space: a closed island of TS1-1a, b 12 independent closed islands of TS1-1a, and 
c complete closed island of TS1-1a and TS1-1b. b, c Visualized in the three-dimensional reaction space 
spanned by PCo1, PCo2, and PCo3. The structure dataset used for the analysis of b, c was generated by 
thinning out the molecular structure by 10 points along the original IRC. Data points along the IRC are 
omitted. Squares minima, circles TS, color map potential energy relative to MIN1. The variance propor-
tions of the ReSPer analysis of a–c are shown in d 
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correspondence between the contribution ratios involved in visibility and symmetry 
in closed island morphology.

3.4 � A Bundle of Trajectories Related to Bifurcation Reaction

Finally, we move on to the discussion of the bifurcation reaction starting from TS1-
1d. In previous studies, ReSPer has visualized two-dimensional bifurcation maps 
determined from carefully collected NPI isomers of TS1-1d, TS1-b, and MIN1, and 
their corresponding IRCs, revealing dynamic reaction behaviors such as “IRC-jump” 
[40, 41] that induce dynamic bifurcation [77]. In this section, we discuss a bundle 
of trajectories that can be regarded as dynamic reaction paths based on the partial 
branching reaction space with restricted NPI isomers. Among the 200 pre-calculated 
trajectories, we classify 94 trajectories that proceed into the partial reaction space. 
These trajectories are thinned out as in “Reaction Dynamics of Isomerization Reac-
tion on Two-Dimensional Reaction Space” and terminated when the linear distance 
from the NPI isomers of MIN1 (called MIN1 and MIN1’’) associated with the bifur-
cation reaction of interest is 20  Å amu½. The merged-NPI option is turned off to 
distinguish NPI isomers.

As a result of the ReSPer analysis, four typical trajectories bundles appear in the 
two-dimensional reaction space, with a cumulated proportion of 0.961. Figure  5a 
shows a bundle of 28 trajectories that reach MIN1 directly, suggesting a dynamic 
route that climbs a shallow PES orthogonal to the original IRC and is attracted to 
the product region by the potential gradient in the MIN1 direction. Figure 5b con-
tains 12 trajectories that reach MIN1 after bouncing off in the TS1-1b region. From 
the motion of the trajectory bundle, we can see the dynamic effect of the highly 
curved nature of the original IRC. The molecular system cannot resist the centrifu-
gal force and goes straight ahead, encountering an energy barrier near TS1-1b. Fig-
ure 5c shows the dynamic bifurcation process caused by the IRC-jump that occurs 
in the region between TS1-1d and VRT. After the dynamic bifurcation, some trajec-
tories shown in Fig. 5d bounce off the energy barrier near TS1-1b and proceed to 
the bifurcation product, MIN1’’. These results indicate that the trajectory bundles 
projected by ReSPer depict realistic reaction paths where dynamic effects are explic-
itly taken into account in the low-dimensional reaction space, suggesting that they 
can be used as dynamic reaction paths instead of static ones. Conventionally, such 
statistical trajectory analysis requires scrutinizing a large number of trajectories by 
tracking temporal changes in molecular structure variables, potential energies, and 
molecular orbitals. ReSPer allows us to investigate reaction mechanisms using only 
the molecular structure dataset relevant to the chemical reaction of interest, making 
it a robust tool that does not require prior knowledge and complicated operations.

Finally, two very interesting dynamic processes are highlighted. Figure 6a shows 
a bundle of four trajectories that experience two dynamic bifurcations. First, Au5 
moves toward MIN1’’ on the branching product side by IRC-jump, then back to 
the MIN1 region by a second IRC-jump. Figure 6c shows the trajectory bundle in 
Fig.  6a based on the potential energy landscape. Figure  6b shows a bundle of 10 
trajectories that revisit the initial TS1-1d region after bouncing off the energy barrier 
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Fig. 5   Typical bundle of trajectories projected onto a two-dimensional reaction space determined by ref-
erence structures (130 structures in total) on two IRCs starting from TS1-1d (TS1-1d’) and leading to 
MIN1 (MIN1’’) and one IRC connecting MIN1 and MIN1’’ via TS1-1b. a The 28 trajectories that reach 
MIN1 along the original IRC, b 12 trajectories that bounce off TS1-1b and reach MIN1, c 25 trajecto-
ries that reach MIN1’’ by dynamic bifurcation, and d 15 trajectories that bounce off TS1-1b and reach 
MIN1’’. Data points along the IRC and trajectories are omitted. Squares minima, circles TS, diamonds 
VRT, cross marks initial and final points of the trajectories, color map potential energy relative to MIN1. 
e Representative NPI isomers of TS1-1d, TS1-1d’, MIN1, MIN1’’, and TS1-1b
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near TS1-1b, similar to Fig.  5b,d, while Fig.  6d shows the corresponding figure 
based on the potential energy landscape. Wiggins et al. [78] studied the selectivity 
of the post-transition-state bifurcation in phase space based on a two-dimensional 
symmetric model surface, and discussed boundary that separates trajectories that 
proceed to one well from those that recross to the initial TS. This elaborated result 
is consistent with the bouncing behavior obtained by ReSPer and supports the exist-
ence of a boundary that determines the selectivity of the bifurcation reaction in the 
9-dimensional asymmetric PES of the Au5 cluster.

4 � Conclusion

In this paper, we introduced the ReSPer method, which constructs a reduced-dimen-
sionality reaction space using dimensionality reduction methods and projects tra-
jectories into the reaction space determined from the molecular structure dataset 

Fig. 6   Bundle of trajectories projected in two-dimensional space shown in Fig. 5: a four trajectories that 
experienced two dynamic bifurcations, b ten trajectories that bounced back to the region of TS1-1b and 
then revisited the region of TS1-1d. c, d The potential energy landscapes in which the bundles of trajec-
tories shown in a, b are projected, respectively
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involved in chemical reactions of interest. The current ReSPer program allows only 
CMDS dimensionality reduction, but we plan to implement parsers for other dimen-
sionality reduction methods in future developments.

In the CMDS method for visualizing chemical reaction space, the distance matrix 
between a pair of molecular structures is transformed into PCos to properly evalu-
ate their mutual structural dissimilarities in the full-dimensional space. Therefore, 
the quality of interstructural distances has a significant impact on the visualiza-
tion results. To obtain the optimal Euclidean distances in mass-weighted Cartesian 
coordinate, several features are implemented in the ReSPer program: the pairwise 
structure alignment with the Kabsch algorithm [58, 59], the merged-NPI option, and 
the restricted NPI generation option. In addition, ReSPer can project out-of-sample 
data, such as trajectories, into a pre-constructed, low-dimensional reaction space, 
which has been implemented with reference to Trosset’s formulation [55].

To demonstrate the ReSPer analysis, we revisited the isomerization and bifurca-
tion reactions of the Au5 cluster. In the first application, trajectories were projected 
into the two-dimensional reaction space determined by the global reaction path net-
work, demonstrating that ReSPer is a powerful tool for analyzing reaction dynam-
ics with reference to multiple elementary reaction processes with different chemical 
events. In the second application, the network of NPI isomerization reactions was 
constructed by ReSPer without using the merged-NPI option. ReSPer successfully 
visualized the closed island of TS1-1a, where the NPI isomers of MIN1 were linked 
through a set of NPI isomers of TS1-1a, and the complete closed island, where all 
60 NPI isomers of MIN1 were fully linked through TS1-1a and TS1-1b. Further-
more, the ReSPer results suggested the correspondence between the degeneracy 
in the contribution ratios of the PCos and the symmetry of the closed island mor-
phology. In the last application, we displayed trajectory bundles projected onto the 
reduced-dimensionality reaction space associated with the bifurcation reaction with-
out using the merged-NPI option. The trajectory bundles described realistic reaction 
paths where dynamic effects were explicitly taken into account, and supported the 
existence of boundaries that determine selectivity in bifurcation reactions, as dis-
cussed in previous work [78].

ReSPer is a robust and versatile tool for reaction dynamics analysis based on a 
reduced-dimensionality reaction space constructed from a dataset of molecular 
structures relevant to the chemical reaction of interest. Once some development 
is complete, we plan to release ReSPer as a Python program in the near future. 
We have applied ReSPer to several simple organic chemical reactions and to the 
isomerization reaction of the small gold cluster. These studies have validated the 
advantages of ReSPer analysis, which does not rely on prior knowledge of chemi-
cal reactions, and established the basis for a methodology to track complex reaction 
dynamics by referring to a reaction path network in reduced dimension. Currently, 
the developmental goals of ReSPer are directed toward applications to more gen-
eral organic chemical reactions, comprehensive reaction path networks for organic 
compounds, and comprehensive photoreaction analysis, including excited-state reac-
tion dynamics and relaxation processes to the ground state. Reaction mechanisms 
in high-energy chemistry, such as photochemistry and combustion chemistry, are 
strongly dominated by reaction dynamics, and static reaction paths can no longer 
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serve as reference paths on the PES. The reduced-dimensionality reaction space and 
energy landscape served by ReSPer will provide a platform to capture the character-
istics of complex reaction dynamics even under high-energy conditions. We hope 
that ReSPer will reveal the close relationship between the morphology of the PES 
and reaction dynamics, and provide guidelines for controlling reaction dynamics.
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Abstract
We present a nonadiabatic statistical theory (NAST) package for predicting kinet-
ics of spin-dependent processes, such as intersystem crossings, spin-forbidden 
unimolecular reactions, and spin crossovers. The NAST package can calculate 
the probabilities and rates of transitions between the electronic states of different 
spin multiplicities. Both the microcanonical (energy-dependent) and canonical 
(temperature-dependent) rate constants can be obtained. Quantum effects, includ-
ing tunneling, zero-point vibrational energy, and reaction path interference, can be 
accounted for. In the limit of an adiabatic unimolecular reaction proceeding on a sin-
gle electronic state, NAST reduces to the traditional transition state theory. Because 
NAST requires molecular properties at only a few points on potential energy sur-
faces, it can be applied to large molecular systems, used with accurate high-level 
electronic structure methods, and employed to study slow nonadiabatic processes. 
The essential NAST input data include the nuclear Hessian at the reactant minimum, 
as well as the nuclear Hessians, energy gradients, and spin–orbit coupling at the 
minimum energy crossing point (MECP) between two states. The additional com-
putational tools included in the NAST package can be used to extract the required 
input data from the output files of electronic structure packages, calculate the effec-
tive Hessian at the MECP, and fit the reaction coordinate for more advanced NAST 
calculations. We describe the theory, its implementation, and three examples of 
application to different molecular systems.

Keywords  Intersystem crossings · Spin-forbidden reactions · Spin–orbit coupling · 
Reaction rates
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1  Introduction

Spin-dependent processes, including transitions between electronic states char-
acterized by different values of total electron spin and magnetic quantum num-
bers, play an important role in many areas of atomic and molecular science. 
These include multi-state reactivity in transition-metal-based catalysis [1–6] and 
on semiconductor surfaces [7], design of photosensitizers for various applica-
tions [8–10], and development of single-molecule magnets for applications in 
quantum sensing, quantum computing, and spintronics [11–15]. For example, in 
photodynamic therapy, intersystem crossing (ISC) populates a manifold of low-
lying triplet states of a photosensitizer. The following spin-allowed triplet–triplet 
reaction with molecular oxygen produces highly reactive oxygen species, which 
destroy cancer cells [8–10]. Delayed fluorescence in organic light-emitting diodes 
(OLEDs) is due to a thermally activated reverse ISC between close-lying excited 
triplet and singlet electronic states [16–20]. A nitrogen-vacancy (NV) center in 
diamond—one of the most promising candidates for a spin-based qubit—is ini-
tialized through the ISC between optically excited triplet and singlet states [13]. 
Photolysis of axial ligands from active sites of heme proteins proceeds via several 
ISCs on a femtosecond time scale [21–25]. Spin-forbidden low-energy reaction 
pathways have been proposed for the catalytic mechanisms of molecular hydro-
gen activation on the NiFe-hydrogenase metalloprotein [6] and the C–H bond 
activation on Fe (II) [3]. Many ligand–metal binding and dissociation reactions, 
such as the CO binding to Fe(CO)4 [26, 27] and the diatomic molecules bind-
ing to the active site of heme proteins [28–30], are formally spin-forbidden. Spin 
crossovers and spin–spin magnetic exchange interactions in d4–d7 transition metal 
complexes play a fundamental role in the design of magnetic bistable materials 
[31–39].

Predicting kinetics of spin-dependent processes is important for understanding 
the mechanisms of thermally activated spin-forbidden reactions, ISCs in photo-
chemistry, and spin crossovers in transition metal-based systems. There are two 
main approaches to calculate the rate constants and lifetimes of electronic states 
in spin-dependent processes. In ab  initio nonadiabatic molecular dynamics, the 
classical or quantum nuclei are time propagated on the coupled potential energy 
surfaces (PESs) of multiple spin states [40–49], and the time evolution of nuclear 
trajectories is used to statistically describe the population transfer between the 
interacting electronic states. Such molecular dynamics simulations can be very 
accurate; however, they often require thousands of electronic structure calcula-
tions and can be computationally expensive if not prohibitive. An alternative non-
adiabatic statistical theory (NAST) approach, also called nonadiabatic transition 
state theory [4, 26, 30, 50–59], largely eliminates the computational burden by 
exploring only the critical points on PESs. This allows NAST to be used with the 
high-level electronic structure methods and model even slow nonadiabatic pro-
cesses intractable for molecular dynamics. NAST can be viewed as an extension 
of traditional transition state theory (TST) [60–65] to the nonadiabatic processes. 
Similarly to TST, NAST assumes that (1) intramolecular energy is statistically 

Reprinted  from  the  journal80



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2022) 380:15	  

distributed among the molecular degrees of freedom (DOF) and (2) a one-dimen-
sional reaction coordinate can be separated from the remaining spectator DOF. 
Both microcanonical (energy-dependent) and canonical (temperature-dependent) 
ensembles can be used to describe internal states leading to two formulations 
of NAST. Transitions between PESs of two electronic states with different spin 
multiplicities are driven by various spin-dependent interactions, among which 
the spin–orbit coupling (SOC) is often the strongest [66–69]. The crossing seam 
between such two PESs is 3N−7 dimensional, where N is the number of atoms in 
a molecule, and the seven omitted dimensions include three translational, three 
rotational, and a reaction coordinate DOF. It is also assumed that nonadiabatic 
transitions between two crossing PESs can be described by effective transitions at 
a minimum energy crossing point (MECP) on the seam [4], which plays a similar 
role to that of a saddle point in TST (Fig. 1). At the MECP, the reaction coordi-
nate is orthogonal to the rest of the (spectator) DOF. To evaluate the rate con-
stant using NAST, the nuclear Hessian at the reactant minimum, as well as the 
energy gradients, nuclear Hessians, and the SOC at MECP, are needed. A more 
advanced treatment requires the knowledge of one-dimensional minimum energy 
paths from the MECP to the reactant and product minima [59, 70]. The statisti-
cal nature of NAST makes it relatively simple to account for the quantum effects, 
such as tunneling and zero-point vibrational energy (ZPE) [59].

In this article, we present the NAST package for investigating the mechanisms 
and predicting the rates of spin-dependent processes. The package includes an 
implementation of NAST and additional computational tools for processing the 
output of electronic structure calculations. In Sect. 2, we describe the fundamen-
tals of NAST. In Sect. 3, we discuss the NAST package capabilities and imple-
mentation. In Sect. 4, we present several examples of NAST application. In con-
clusion, we summarize the main strengths and discuss future extensions of NAST.

Fig. 1   Intersection of potential energy surfaces of two electronic states with different spin multiplicities. 
Point 1 is the reactant minimum, point 2 is the minimum energy crossing point (MECP), point 3 is the 
product minimum, and Δ� = ||�1 − �2

|| is the gradient vector orthogonal to the crossing seam and aligned 
with the reaction coordinate at the MECP. The dashed curve shows the minimum energy path connecting 
the MECP with the reactant and product minima
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2 � Nonadiabatic Statistical Theory

2.1 � Microcanonical Rate Constants

The microcanonical rate constant k(E) of a unimolecular reaction is calculated as a 
function of the internal (rovibrational) energy E,

where NX(E) is the effective number of states at the MECP, �R and �X are the densi-
ties of rovibrational states at the reactant and MECP, respectively, and h is the Planck 
constant. Calculations of the densities of rovibrational states are described in the 
Supplementary Information (SI). The interstate transition probability P

(
𝜀⊥

)
 is a 

function of the energy 𝜀⊥ partitioned in the reaction coordinate orthogonal to the 
crossing seam. The reaction path degeneracy � is defined in terms of the symmetry 
numbers of reactant ( �R) and MECP ( �X ) [71], and the number of chiral MECP iso-
mers ( �X ) [72].

2.2 � Microcanonical Transition Probabilities

The most popular ways to calculate the interstate transition probability P
(
𝜀⊥

)
 in 

Eq.  (2) are the double-passage Landau–Zener (LZ) and weak coupling (WC) for-
mulas [4, 55, 73, 74]. These formulas yield a cumulative probability of transition 
at the MECP for the forward (primary passage) and backward (secondary passages) 
motions along the reaction coordinate,

(1)k(E) = �
NX(E)

h�R(E)
,

(2)NX(E) =

E

∫
0

𝜌X

(
E − 𝜀⊥

)
P
(
𝜀⊥

)
d𝜀⊥,

(3)� =
σR

�X

�X,

(4)PLZ

(
𝜀⊥

)
= pLZ +

(
1 − pLZ

)
pLZ = 2pLZ − p2

LZ
,

(5)pLZ

(
𝜀⊥

)
= 1 − exp

(
−

2𝜋H2
SO

�|Δ�|
√

𝜇⊥

2
(
𝜀⊥ − EX

)
)

,

(6)PWC

�
𝜀⊥

�
= 4𝜋2H2

SO

�
2𝜇⊥

�2��Δ��
� 2

3

Ai2
⎛
⎜⎜⎝
−
�
𝜀⊥ − EX

��2𝜇⊥�Δ��2
�2�

4

� 1

3 ⎞⎟⎟⎠
,
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 where pLZ is the single-passage LZ probability, HSO is the spin–orbit coupling con-
stant, and ℏ is the reduced Planck constant. The norm of the gradient parallel to 
the reaction coordinate |Δ�| = |

|�1 − �2
|
| and the mean gradient � =

(||�1
||||�2

||
)1∕2 are 

defined in terms of the gradients of two crossing PESs at the MECP, �1 and �2 . In 
Eqs. (5 and 6), 𝜇⊥ is the reduced mass for the motion along the reaction coordinate, 
and EX is the MECP energy barrier with respect to the reactant minimum. In Eq. (6), 
Ai is the Airy function.

To account for ZPE, the MECP energy can be redefined as 
EX → EX + ZPEX − ZPER . For a nonlinear molecule, the zero-point energies at the 
reactant minimum and MECP are defined as:

where �R
i
 and �X

i
 are the fundamental transition frequencies of the reactant and 

MECP, respectively. In Eq. (7), index i runs over 3N − 6 vibrational DOF, while only 
3N − 7 DOF orthogonal to the reaction coordinate contribute to ZPE at the MECP. 
Note that using ZPEX at the classical turning point along the minimum energy reac-
tion path is equivalent to the zero-curvature tunneling approximation in TST, where 
the density of the rovibrational states is approximated by the density at TS, and the 
effective TS barrier is reduced by the difference between ZPER and ZPETS.

The LZ probability is defined only at the reaction energy 𝜀⊥ above the MECP, 
and therefore does not account for quantum tunneling through the MECP barrier. 
In addition, the LZ probability formula does not describe the quantum interfer-
ence between primary and secondary passages at the MECP [4]. These two quan-
tum effects are included in the WC probability formula. However, both the LZ and 
WC formulas are only valid within the limited region of the parameters 𝜀⊥ , 𝜇⊥ , HSO 
and the energy gradients. For example, the WC formula can predict a greater than 
unit probability of transition if the interacting states are strongly coupled, as is often 
the case in the complexes containing second- and third-row transition metals [4]. 
In addition, the LZ and WC formulas assume a linear behavior of the two crossing 
potentials, which is often a reasonable approximation in the vicinity of the MECP 
but not in the regions closer to the reactant and product minima. A more sophisti-
cated approach to predict transition probabilities, which does not suffer from these 
limitations, has been introduced by Zhu and Nakamura (ZN) [70, 75–79]. The ZN 
probability expressions require the knowledge of the entire one-dimensional mini-
mum energy path connecting the MECP to the reactant and product minima. This 
path can be obtained in either spin-diabatic or spin-adiabatic representations [49]. 
The ZN theory distinguishes two intersection types between PESs: a sloped inter-
section 

(
�1 ⋅ �2 > 0

)
 and a peaked intersection 

(
�1 ⋅ �2 < 0

)
 (Fig. S1). Currently, in 

the NAST package, the ZN probability is implemented only for a sloped intersec-
tion in the spin-adiabatic representation. Because most of the electronic structure 

(7)ZPER =
1

2

3N−6∑
i=1

ℏ�R
i

,

(8)ZPEX =
1

2

3N−7∑
i=1

ℏ�X
i

,
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calculations produce spin-diabatic PESs, the adiabatic potentials are obtained by 
diagonalizing the following matrix:

where Ed
1
 and Ed

2
 are the spin-diabatic energies of two electronic states with arbitrary 

spin multiplicities, r is the arc length along the minimum energy reaction path in 
mass-scaled coordinates [80] with the reduced mass set to 1 amu, and HSO is the 
spin–orbit coupling constant at the MECP. The diagonalization of the matrix defined 
by Eq.  (9) produces two eigenvalues corresponding to the adiabatic (spin-mixed) 
state energies, E1 and E2 (Fig. 2). The ZN double-passage transition probability is 
given by

where � is the overall transition phase. The single passage probability pZN defined in 
the SI depends on several parameters that are functions of the energies at the small-
est energy gap point r0 , the turning points at the MECP energy t0

1
 and t0

2
 , and the 

turning points t1 and t2 corresponding to the specific value of the energy 𝜀⊥ (Fig. 2).

2.3 � Canonical Rate Constants

A canonical, temperature-dependent rate constant can be obtained by averaging the 
microcanonical rate constant (Eq. 1) over the internal energy Boltzmann distribution, 
leading to the following expression:

(9)
(

Ed
1
(r) HSO

HSO Ed
2
(r)

)

,

(10)PZN

(
𝜀⊥

)
= 4pZN

(
1 − pZN

)
sin2(𝜓),

Fig. 2   Sloped intersection of two spin-adiabatic potentials with the energies E1 (blue) and E2 (red) along 
the reaction coordinate r. Points r0 , t0

1
 , t0

2
 , t1 , and t2 are defined in the text
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where QR is the partition function of the reactant, T is the temperature, and kB is the 
Boltzmann constant.

2.4 � Velocity‑Averaged Probabilities

Velocity-averaged probabilities provide a simple estimate for the likelihood of spin-for-
bidden reaction mechanism as a function of temperature. The velocity-averaged single 
passage LZ probabilities (Eqs. 13 and 14) are derived by averaging the microcanonical 
LZ probability (Eq. 5) using the Maxwell–Boltzmann (MB) and normalized Kuki (K) 
distributions of the mass-weighted velocity 𝜐2 = 2

(
𝜀⊥ − EX

)
 [6, 81]. The correspond-

ing double-passage LZ probabilities can be obtained using Eq. (4). The velocity-aver-
aged WC probabilities (Eqs. 15 and 16) can also be derived using the Maxwell–Boltz-
mann and normalized Kuki distributions. It is important to note that, in contrast to the 
microcanonical WC probability, the velocity-averaged WC probabilities do not account 
for quantum tunneling.

(11)k(T) =
�

hQR(T)

∞

∫
0

NX(E)e
−E∕kBTdE,

(12)QR(T) =

∞

∫
0

�R(E)e
−E∕kBTdE,

(13)

⟨pLZ(T)⟩MB = 1 −

�

2

𝜋kBT

� 1

2

∞

∫
0

exp

�

−
2𝜋H2

SO
𝜇

1∕2

⊥

��Δ��𝜐

�

exp

�

−
𝜐2

2kBT

�

d𝜐,

(14)⟨pLZ(T)⟩K = 1 −
1

kBT

∞

∫
0

𝜐 exp

�

−
2𝜋H2

SO
𝜇

1∕2

⊥

��Δ��𝜐

�

exp

�

−
𝜐2

2kBT

�

d𝜐,

(15)⟨PWC(T)⟩MB = 𝛼

�

2

𝜋kBT

� 1

2

∞

∫
0

Ai2
�

−
1

2
𝜐2𝜇⊥𝛾

�

exp

�

−
𝜐2

2kBT

�

d𝜐,

(16)⟨PWC(T)⟩K =
𝛼

kBT

∞

∫
0

𝜐Ai2
�

−
1

2
𝜐2𝜇⊥𝛾

�
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�

−
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2kBT
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d𝜐,
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) 2
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,

Reprinted  from  the  journal 85



https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2022) 380:15

1 3

 

2.5 � Rate Constants and Transition Probabilities Between Individual MS 
Components of Spin States

A simple approach to model transitions between electronic states with the different spin 
quantum numbers S and S′ is to calculate the effective probabilities and rate constants 
accounting for all MS components of the spin multiplets. In this approach, the effective 
SOC, also called the SOC constant, is obtained as the RMS of the couplings between 
individual MS components,

In Eq. (19), ĤSO is the spin–orbit operator; for example, from the Breit–Pauli Ham-
iltonian [67]. This approach is easy to justify for a singlet–triplet crossing with the 
MECP energy gap between the two spin-adiabatic states equal to 2 HSO [4]. However, 
for the states with higher spin multiplicities, for example a triplet–quintet crossing, 
there are multiple energy gaps between the adiabatic states. Therefore, employing a sin-
gle effective SOC to calculate the transition probability and rate constant is not well 
justified.

This issue can be addressed by calculating the rate constants and transition prob-
abilities between individual MS components of the spin multiplets. As an example, for a 
singlet–triplet crossing, the non-zero spin–orbit coupling matrix elements are

where z and z* are complex conjugate to each other, and b is real. The single-passage 
LZ probabilities pMS,MS′

LZ

(
𝜀⊥

)
 between the components MS and MS′ of the spin states 

S = 0 and S′ = 1 read

The double-passage probabilities P0,±1

LZ
 and P0,0

LZ
 can be obtained from the single-pas-

sage probabilities (Eq. 4) and employed to calculate the microcanonical rate constants 
between individual MS components,

(18)𝛾 =

(

2𝜇⊥|Δ�|
2

�2�
4

) 1

3

.

(19)HSO =

(
S
∑

Ms=−S

S�
∑

MS� =−S�

|
|
|
|

⟨
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|
|
|
ĤSO

|
|
|
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⟩
|
|
|
|

2
)1∕2

.

(20)z =
⟨
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⟩

, ib =
⟨

0, 0|ĤSO|1, 0
⟩
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⟨
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⟩

,

(21)p
0,−1

LZ

(
𝜀⊥

)
= p
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LZ

(
𝜀⊥

)
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(
−
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,
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The probabilities and rate constants between individual MS components can be 
calculated for any pair of spin states with |S − S�

|= 1, as shown in the SI for a triplet-
quintet crossing.

2.6 � Transition State Theory Rate Constants

For adiabatic reactions, both microcanonical and canonical NAST rate constants can 
be reduced to the traditional TST rate constants by replacing MECP with a transition 
state (TS) and the transition probability in Eq. (2) with the Heaviside step function 
[82]. The canonical TST rate constant, obtained by averaging the microcanonical 
constant over the Boltzmann internal energy distribution, is equivalent to the tradi-
tional analytical TST expression [4]:

where QTS and QR are partition functions of TS and reactant.

2.7 � Effective Hessian

Calculation of the effective number of states NX(E) defined in Eq.  2 requires the 
density of vibrational states at the MECP, which can be obtained using the harmonic 
vibrational analysis [83, 84]. Since MECP is not a stationary point on either of the 
two crossing PESs, a conventional vibrational analysis is not valid. The vibrational 
frequencies at the MECP can be obtained from the effective Hessian matrix calcu-
lated using the state-specific Hessians �1 and �2 , and gradients at MECP [85]:

The details of calculating the effective Hessian are given in the SI.
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(25)k(T) = �
kBT

h

QTS

QR

e−ETS∕kBT ,

(26)�eff =

|
|�1

|
|�2 ±

|
|�2

|
|�1

|
|�1

|
| ±

|
|�2

|
|

.

Reprinted  from  the  journal 87



https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2022) 380:15

1 3

 

3 � NAST Package Capabilities and Implementation

3.1 � Forward and Reverse Rate Constants

By default, the NAST package calculates only forward rate constants with both the 
LZ and WC transition probabilities. A forward direction is defined as the transition 
from the higher energy spin state (reactant) to the lower energy spin state (product). 
Such calculations require molecular properties only at the reactant minimum and 
MECP. However, calculation of the reverse rate constants can be requested in the 
same run, if molecular properties at the product minimum are provided. For such 
reverse rate calculations, the above definition of reactant and product prevents the 
reverse unphysical tunneling to the region below the reactant minimum where the 
density of states is zero (Fig. 3). If only a forward rate constant with tunneling con-
tribution is calculated, it is important to ensure that the reactant has a higher energy 
than the product to prevent contribution from unphysical tunneling to the rate con-
stants. This is not required if the rate constants are calculated with the LZ prob-
ability or traditional TST, which do not account for tunneling. In the present imple-
mentation, the ZN transition probability can only be used to calculate a forward rate 
constant. For canonical rate constant calculations, the temperature range (default 
290–300 K) and step (default 1 K) can be specified in the input file.

3.2 � Transition Probabilities

The LZ, WC, and ZN probabilities (Eqs.  4–6 and 10) are used to calculate the 
microcanonical and canonical rate constants. The velocity-averaged LZ and WC 
probabilities (Eq. 13–16), which are calculated by default, can be used to obtain a 
qualitative understanding of the spin-dependent reaction kinetics. While calculations 
of the LZ and WC probabilities require molecular properties at reactants and MECP 
only, the ZN probability calculations require additional input data discussed together 
with the intrinsic reaction coordinate (IRC) fit code (Sect. 3.7).

Fig. 3   Definition of forward and 
reverse directions. The region of 
reverse unphysical tunneling is 
shown by the red box
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3.3 � Rate Constants and Transition Probabilities Between Individual MS 
Components of Spin States

In addition to effective transition probabilities and rate constants between the spin 
manifolds with the different values of quantum number S, the NAST package can 
calculate the transition probabilities and rate constants between individual MS com-
ponents of different spin manifolds. In the current implementation, the MS-specific 
kinetics can be modeled only using the LZ formula. Such calculations can provide 
insight into the role of individual MS components in the overall spin-dependent 
kinetics. Moreover, working in the basis of individual MS components is necessary 
to study the effect of an external magnetic field on spin-dependent processes.

3.4 � Rate Constants in Solution

Transition state theories for reactions in solution have been discussed extensively 
in previous works [60, 86–91]. In the current NAST implementation, the solution 
phase effects can be modeled by simply assuming that all molecular rotations are 
frozen. In such calculations, only vibrational states contribute to the total density 
of states, and contributions from rotational states are ignored.

3.5 � Transition State Theory Rate Constants

The NAST package can calculate the traditional TST rate constants for single-
state adiabatic reactions by replacing the MECP molecular properties with the TS 
properties (energy, vibrational frequencies, moments of inertia). Such TST cal-
culations do not require spin–orbit couplings, energy gradients, or reduced mass, 
and can be invoked with a separate keyword.

3.6 � Effective Hessian Tool effhess

The effective Hessian tool effhess, distributed as a part of the NAST package, cal-
culates and diagonalizes the effective Hessian (Eq. 26) to generate the vibrational 
frequencies at the MECP, the reduced mass 𝜇⊥ , |Δ�| , and � . These quantities are 
needed for the following rate constant calculations. Currently, the tool can read 
the MECP energy gradient vectors and Hessian matrices from the output files 
generated by the GAMESS [92] and Molpro [93] electronic structure packages. 
The effhess tool generates a template of an input file for the main NAST code.

3.7 � IRC Fitting Tool ircfit

The fitting tool ircfit produces the IRC potentials of two crossing spin states. 
These potentials are required for calculating the ZN probabilities. Currently, ircfit 
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can read only the GAMESS IRC output files. Here we summarize the ircfit algo-
rithm; the details are included in the SI.

1.	 Perform two IRC calculations from MECP to the minima of reactant and product, 
generating the two sets of geometries 

{

Qi, Ei

}

X→R
 and 

{

Qi, Ei

}

X→P
 , where Qi and 

Ei are the coordinates and energy of molecular geometry i. Index i runs from 1 
(MECP) to n for the reactant side of IRC and m for the product side.

2.	 Define n + m points along the reaction coordinate as

where dQj,p is the difference between the coordinates of the reactant and the 
geometry j ∈ [1, n + m].

3.	 Build the crossing potentials by fitting the two sets of points 
{

ri, Ei

}

X→R
 and 

{

ri, Ei

}

X→P
 with the fourth-order polynomials:

The vector of coefficients c is obtained by minimizing the linear least-squares 
function

where k = n for the reactant side of the fit, and k = m for the product side. The coeffi-
cients of the polynomials, which represent spin-diabatic states, are used by the main 
NAST code to generate spin-adiabatic states (Eq. 9) required for the ZN probability 
calculations.

3.8 � Modular Structure of the NAST Package

The NAST package consists of a collection of modules written in modern Fortran 
and runs under Linux (Fig. 4). The package manual contains a full list of the input 
file keywords that control the type of rate calculations. Most of the keywords have 
default values appropriate for the common calculation types. The effective Hes-
sian tool effhess can be used to generate an input file template containing MECP 

(27)rj =

(
3N
∑
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dQj,p

)2

)1∕2

,

(28)f (�, r) =

4∑
q=0

cqrq.

(29)F =

k
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(
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))2
,
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properties, further reducing the efforts required to set up a NAST calculation. The 
rest of the input data, including vibrational frequencies, moments of inertia, elec-
tronic energies, and SOC, must be extracted from the output of electronic structure 
calculations. The calculated canonical rate constants and velocity-averaged transi-
tion probabilities are saved to the main output file nast.out. Additional information, 
including microcanonical rate constants, transition probabilities, and density of 
states, are written to separate output files. The amount of output information can be 
controlled by the user.

Fig. 4   Modular structure of the NAST package. The top left panel illustrates the main NAST code instal-
lation, testing, and workflow. The bottom left panel lists the output files of the effective Hessian (effhess) 
and IRC fitting (ircfit) tools. The right panel shows the main modules and subroutines of the NAST pack-
age
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The NAST package requires an external math library. It has been tested with the 
Intel Math Kernel Library (MKL) but can be linked with other math libraries. The 
package has been successfully compiled and tested with the gfortran and ifort com-
pilers. To streamline the package installation, the provided Python configuration 
script configure.py can be used to generate a Makefile. The Linux utility make is 
used to compile and link the executable nast.x. A new build can be tested by running 
the script checknast that executes several test examples. The installation and testing 
procedures are the same for the effective Hessian and IRC tools. The configuration 
and installation details are provided in the package manual.

4 � Examples of Applications

4.1 � Isomerization of Propylene Oxide to Acetone and Propanal

This example demonstrates how the NAST package can be used to calculate the 
reaction rates for single-state adiabatic reactions using the traditional TST. We 
consider the isomerization of propylene oxide to acetone and propanal, following 
the original theoretical work of Dubnikova and Lifshitz [94]. For each isomeriza-
tion reaction, four canonical TST rate constants are compared: (1) predicted by 
the NAST package, (2) calculated analytically using Eq. (25), (3) calculated ana-
lytically using Eq. (30) below [94], and (4) obtained from an experiment [95]. In 
Ref. [94], the following equation is used:

(30)k(T) = �
kBT

h
e−ΔS#∕Re−ΔH#∕RT ,

Table 1   Canonical TST rate 
constants for isomerization of 
propylene oxide to acetone and 
propanal at T = 1000 K

a Ref. [94]
b Experimental values are estimated from the log(k) vs. T plots of 
Ref. [95]

Product Source ETS, kcal·mol−1 k1000, s−1

Acetone NAST 53.2 67.8
Analytical, Eq. (30)a 54.2 50.2
Analytical, Eq. (25) 53.2 101.0
Experimentb – 30.0

Propanal NAST 54.2 43.0
Analytical, Eq. (30)a 54.4 69.6
Analytical, Eq. (25) 54.2 88.6
Experimentb - 90.0
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where R is the universal gas constant; ΔS# and ΔH# are the entropy and enthalpy of 
activation, respectively. Because for a unimolecular reaction, ΔH# = ETS + ΔZPE , 
the activation enthalpy is equal to the ZPE-corrected electronic barrier between tran-
sition state and reactant. The input data for NAST were obtained from the B3LYP 
geometry optimization and Hessian calculations in GAMESS, and the single-point 
CCSD(T) energy calculations in Molpro. The cc-pVDZ basis set was used in all 
calculations. The partition functions QTS and QR used in Eq. (25) were taken from 
the GAMESS Hessian calculations. In Eq.  (30), the original data from Table 1 of 
Dubnikova and Lifshitz [94] were used. The energy profiles for two isomerization 
reactions are shown in Fig. 5.

The NAST input file and parts of the output file are shown below.

&keys zpe = 1 tst = .true. &end               ! TST calculation with ZPE correction

&inputdata 
freX = 263, 294, 374, 580, 729, 871, 886, 958, 999, 1081, 1118, 1241, 1283, 1357, 1434, 1452, 1471, 2296, 3026, 
3092, 3118, ,3142, 3238         ! Vibrational frequencies (cm-1) of TS/MECP 
freR = 240, 370, 416, 773, 848, 903, 974, 102, 1117, 1136, 1153, 1173, 1277, 1381, 1423, 1451, 1471, 1515, 3025, 
3059, 3076, 3098, 3117, 3153 ! Vibrational frequencies (cm-1) of reactant
inertX = 170.850, 217.264, 351.144           ! Moments of inertia for TS/MECP
inertR = 100.305, 272.514, 305.514          ! Moments of inertia for reactant
enX = 0.09129754                                    ! Energy of TS in hartree (program will add ∆ZPE)
enR = 0.0                                                 ! Energy of reactant in hartree
maxn = 30000                                         ! Maximum energy bin - integration limit in cm-1

T1 = 1000                                                  ! Initial temperature in K for canonical rate constant
&end 

To Propanal

Propylene oxide (0.0)

ωTS = 725i cm-1

2.307

1.463
1.471

1.308

112.6

TS (54.2)

1.210
124.4

1.512

1.526

Propanal (-26.8)

1.435

59.1

1.435
1.100

1.508

1.473

1.097

1.108

Fig. 5   Energies and structural parameters for the isomerization reactions of propylene oxide to acetone 
(left) and propanal (right). The relative CCSD(T) energies (kcal.mol−1) listed in parenthesis are corrected 
with ΔZPE = ZPEX − ZPER calculated with B3LYP. Bond lengths and angles are in Å and degrees, 
respectively
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    ******************************************************* 
    ~~~~~~~ NAST: Nonadiabatic Statistical Theory ~~~~~~~~ 
                      ~~~~~ v. 2021.1 ~~~~~ 
    ******************************************************* 
------------------------------------------------------------------------------------------------------------------

NAST control parameters and related data 

zpe = 1     sp = F     zn = F     solution = F 
tst = T     printmore = F     rev = F     extern = F 
------------------------------------------------------------------------------------------------------------------

zpe = 1: ZPE correction scheme I (eliminates turning points below ZPE). 
Electronic barrier from reactant to MECP is   20037 cm-1 
ZPE of reactants =   18586 cm-1 
ZPE of MECP =   17150 cm-1 
ZPE-corrected MECP energy bin =  18602 cm 

  --------------------------------------------------------- 
               Start NAST calculation 
  --------------------------------------------------------- 

   1. Calculating densities of states 

......vibrational. 

.......rotational. 

........rovibrational. 

   2. Calculating microcanonical TST rate constant. 
................................... Done. 

(The forward rate constant k(E) is multiplied by reaction path degeneracy equal to 1 ) 

             Canonical rate constant, k(T) 

     T(K)     TST rate constant 

   1000.0          6.78E+01 

 Total CPU time =    10.35 

Table  1 shows the calculated and experimental rate constants for the isomeri-
zation of propylene oxide to acetone and propanal. The factor of two difference 
between the acetone rate constants calculated with two analytical expressions can be 

Fig. 6   Reaction path for the 
singlet–triplet isomerization 
of the Ni(dpp)Cl2 model from 
the square-planar to tetrahe-
dral geometry. The twist angle 
between the Cl–Ni–Cl and 
P–Ni–P planes is 6°, 42°, and 
90° for the singlet, MECP, and 
triplet geometries, respectively. 
The phenyl groups of Ni(dpp)
Cl2 are replaced with the methyl 
groups
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explained by the 1.0 kcal mol−1 discrepancy in the TS barrier (using the same bar-
rier height of 53.2 kcal mol−1 in both analytical expressions reduces this difference 
to 18%). The difference between the NAST rate constant (67.8 s−1) and the analyti-
cal constant obtained with Eq. (30) (101.0 s−1) could be due to a finite accuracy of 
the numerical integration in NAST. For the isomerization to propanal, similar differ-
ences in the reaction rate constants calculated with different methods are observed. 
All calculated rate constants are in reasonable agreement with the experimental val-
ues for both isomerization reactions.

4.2 � Spin‑Forbidden Isomerization of Ni(dpp)Cl2

This example demonstrates the forward and reverse rate constants calculation in a 
single NAST run. In addition to the overall rate constants, it predicts the rate con-
stants between individual MS components of two spin states. Spin-forbidden kinetics 

Fig. 7   The microcanonical rate 
constants k0,0 and k0,+1 = k0,−1 
for transitions between the MS 
components of the singlet and 
triplet states calculated using the 
LZ probabilities. The effective 
rate constant keff  corresponds to 
the overall transition between 
the singlet state and all three 
components of the triplet state

Fig. 8   The T1 → S0 relaxa-
tion path in cyclopropene. 
The relative energies of the T1 
minimum, the S0 minimum 
and MECP (kcal mol−1) are in 
parentheses. The bond lengths 
and angles calculated at the 
B3LYP/cc-pVTZ level of theory 
are in Å and degrees
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of interconversion between the singlet (planar) and triplet (tetrahedral) isomers of 
Ni(dpp)Cl2 complex (dpp = 1,3-bis(diphenylphosphino)propane) has been studied in 
acetonitrile [96]. To reduce the computational cost, the phenyl groups were replaced 
by methyls (Fig. 6). The optimized geometries and Hessians for singlet, triplet, and 
MECP structures were obtained with the M11-L density functional, implicit solva-
tion model, and def2-TZVP basis set, as implemented in GAMESS. The SOC value 
of 135 cm−1 was calculated with the second-order multiconfigurational quasi-degen-
erate perturbation theory (MCQDPT2) using the CASSCF(2e, 4o) wave function 
averaged over the lowest energy singlet and triplet electronic states. The forward 
( S1 → T0 ) rate constant calculated using the WC transition probability at 296  K 
(4.96 × 106 s−1) agrees almost within one order of magnitude with the experimental 
value of 4.5 × 105 s−1. However, the reverse ( T0 → S1 ) rate constant predicted to be 
3.50 × 102  s−1 is significantly smaller than the experimental value of 6.0 × 105  s−1, 
which could indicate that the barrier for the reverse reaction is overestimated due to 
the low level of electronic structure calculations and the reduced model size.

Calculations of the transition probabilities and rate constants between individual 
MS components of the singlet and triplet states were carried out using the spin–orbit 
matrix elements (z = −69.0 – 63.8i cm−1 and b = 21.3  cm−1, as defined in Eq. 20) 
obtained from the same MCQDPT2 calculations. The MS-specific rate constants 
kMS,MS′

 for the transitions between the MS = 0 component of singlet state and three 
MS� = ±1 and MS� = 0 components of the triplet state, calculated using the LZ tran-
sition probability, are plotted in Fig. 7. The stronger couplings between the MS = 0 
component of the singlet state and the MS� = ±1 components of the triplet result 

Fig. 9   Fitted T1 → MECP → S0 reaction path. The circles mark the energies of the IRC geometries. The 
green area shows an increase in the tunneling barrier width compared to the linear model (dashed black 
line). For the rate constant calculations, the coefficients of the fitting polynomials (f(r) = 0.092 r4 − 0.121 
r3 + 0.093 r2 − 0.004 r − 1.86 × 10–6 and g(r) = 0.127r − 0.048) are included in the NAST input file

Reprinted  from  the  journal96



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2022) 380:15	  

in the faster population transfer, as evident from the k0,±1 rate constant being larger 
than k0,0.

4.3 � T1 → S0 Relaxation in Cyclopropene

This example demonstrates calculation of the rate constant using the ZN transi-
tion probability. Miller and Klippenstein published a detailed kinetics study of 
different reactions of C3H4, including those proceeding on multiple PESs with 
different spin multiplicities [97]. Here we consider the T1 → S0 relaxation in 
cyclopropene (Fig.  8). The equilibrium geometries and Hessians of the S0, T1 
states and MECP were obtained at the B3LYP/cc-pVTZ level of theory. The SOC 
constant of 4.0  cm−1 was calculated with the MCQDPT2 method based on the 
CASSCF(2,2) wave function averaged over the S0 and T1 states, using the same 
basis set. All calculations were performed in GAMESS. To calculate the T1 → S0 
rate constant with the ZN transition probability, the T1 → MECP → S0 minimum 
energy reaction path was fitted with the ircifit tool using the geometries and ener-
gies generated by two IRC calculations starting from MECP and following to the 
T1 and S0 minima. The MECP → T1 path was fitted with the quartic polynomial, 
while the MECP → S0 path was approximated by a linear fit (Fig. 9). 

Table 2   The T1 → S0 canonical 
rate constant (s−1) at different 
temperatures

The relative difference between the NAST and MESMER values is 
defined as (kNAST − kMESMER)/kMESMER

T, K NAST MESMER Relative difference

100 1.52 × 10–16 2.37 × 10–16 −0.36
200 6.71 × 10–4 7.88 × 10–4 −0.15
300 1.19 × 101 1.29 × 101 −0.08
400 1.62 × 103 1.68 × 103 −0.03
500 3.16 × 104 3.09 × 104 0.02
600 2.33 × 105 2.13 × 105 0.09
700 9.81 × 105 8.43 × 105 0.16
800 2.91 × 106 2.35 × 106 0.24
900 6.85 × 106 5.18 × 106 0.32
1000 1.36 × 107 9.71 × 106 0.40
1100 2.41 × 107 1.62 × 107 0.49
1200 3.89 × 107 2.47 × 107 0.58
1300 5.85 × 107 3.52 × 107 0.66
1400 8.32 × 107 4.76 × 107 0.75
1500 1.13 × 108 6.17 × 107 0.83
1600 1.48 × 108 7.73 × 107 0.91
1700 1.88 × 108 9.42 × 107 1.00
1800 2.33 × 108 1.12 × 108 1.08
1900 2.82 × 108 1.31 × 108 1.15
2000 3.36 × 108 1.50 × 108 1.24
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The T1 → S0 canonical rate constant calculated at 1000 K with the ZN tran-
sition probability (3.07 × 107  s−1) is almost an order of magnitude smaller than 
the value obtained with the WC probability (1.24 × 108  s−1). This difference can 
be explained by the fact that the linear-crossing WC model significantly under-
estimates the width of the tunneling barrier (Fig. 9). In contrast, the ZN model 
uses more realistic potential energy curves and predicts a wider barrier, lead-
ing to a significant reduction in the tunneling contribution to the rate constant. 
Table  2 compares the same rate constant calculated using the simple LZ tran-
sition probability with the values obtained by the MESMER 6.0 package [98]. 
There is reasonable agreement between the values predicted by the two packages. 
The larger discrepancies at high temperatures are attributed to the numerical inte-
gration errors in Eq.  (2). It is important to note that these discrepancies in the 
rate constants are significantly smaller than the errors expected due to the limited 
accuracy of the MECP barrier calculated by commonly used electronic structure 
methods.

5 � Conclusions

We introduced the NAST software package for predicting kinetics of spin-
dependent processes, including intersystem crossings, spin-forbidden reactions, 
and spin crossovers. The package calculates both the microcanonical and canoni-
cal rate constants and can account for quantum tunneling, zero-point vibrational 
energy, and reaction path interference. Traditional single-state adiabatic TST 
calculations are also possible. The main strengths of NAST stem from its abil-
ity to (1) model nonadiabatic kinetics in large systems, (2) use high-level elec-
tronic structure methods for predicting molecular properties, which is critical 
for accurate kinetics calculations, and (3) study slow spin-dependent processes 
that present a great challenge for nonadiabatic molecular dynamics. Additional 
computational tools included in the NAST package simplify setting up kinetics 
calculations using molecular properties obtained with different electronic struc-
ture programs. The three presented examples demonstrate various capabilities of 
the NAST package. Future development will focus on multidimensional tunneling 
effects, accounting for MECP barrier recrossing, modeling spin-dependent pro-
cesses in solution, and using an external magnetic field to control the kinetics of 
spin-dependent processes.
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Abstract
In recent years, photoactive proteins such as rhodopsins have become a common 
target for cutting-edge research in the field of optogenetics. Alongside wet-lab 
research, computational methods are also developing rapidly to provide the neces-
sary tools to analyze and rationalize experimental results and, most of all, drive the 
design of novel systems. The Automatic Rhodopsin Modeling (ARM) protocol is 
focused on providing exactly the necessary computational tools to study rhodopsins, 
those being either natural or resulting from mutations. The code has evolved along 
the years to finally provide results that are reproducible by any user, accurate and 
reliable so as to replicate experimental trends. Furthermore, the code is efficient 
in terms of necessary computing resources and time, and scalable in terms of both 
number of concurrent calculations as well as features. In this review, we will show 
how the code underlying ARM achieved each of these properties.
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1 � Introduction: Contents and Scope

This review deals with the development of the Automatic Rhodopsin Modeling pro-
tocol (ARM), as seen in the last 5 years (Fig. 1). ARM represents a protocol capa-
ble of reliably building and analyzing computational models of rhodopsins, a super-
family of photoactive proteins. Given their major role in many aspects of life, from 
the basic act of ion-gating and ion-pumping in Archaea and Eubacteria to vision 
in animals, rhodopsins are currently studied extensively. Furthermore, rhodopsins 
and their engineered mutants represent powerful tools for potential biotechnologi-
cal applications, the most prominent of which is optogenetics. Thus, researchers are 
constantly looking for new rhodopsins with particular photochemical properties, 
those being, among others, a specific absorption wavelength, a long or short excited 
state lifetime, and a strong fluorescence. Section 2 gives a panoramic view of rho-
dopsins and discusses current and future technological applications.

ARM was developed to provide a basic quantum-mechanics molecular mechanics 
(QM/MM) computational model, but sufficiently accurate so that differences in the 
model would reflect actual changes in the behavior of a different/mutated rhodopsin, 
and vice versa. This first iteration of ARM, called ARMoriginal, was created to gen-
erate models capable of accurately reproducing the spectral trends observed for a 
limited set of rhodopsins, and will be described in Sect. 3. In particular, ARMoriginal 
models have been shown to be capable of reproducing trends in light absorbance 
maximum values in rhodopsin of different origins, and provide effective tools to dis-
cern the causes of effects such as blue- or red-shifting of the absorbed wavelength.

The natural extension of the ARM code has been to extend the general accuracy 
and applicability of the models and, most importantly, the level of automation in 

Fig. 1   Timeline for Automatic Rhodopsin Modeling (ARM) development detailing various parts of the 
ARM protocol and the years of the corresponding publications
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building protocol. Section  4 presents the advanced Automatic Rhodopsin Model 
building protocol (a-ARM), which meant completely rewriting the previous ARM 
code, and incorporating the possibility to automatically prepare inputs for the pro-
tocol itself. The completely new input preparation phase removed the need for user 
files manipulation and possible source of errors, hence achieving reliability and 
complete reproducibility of the results. The code behind a-ARM has also been 
used to power a web-interface, which allows, in principle, any user to obtain rhodop-
sin models of the same quality (Web-ARM,  Sect. 5). This meant the extension of 
the benchmarking pool to more rhodopsins, thus increasing the applicability of the 
protocol, which, in turn, made it possible to use ARM models to guide the rational 
design of rhodopsins. More specifically, a-ARM can now be used to suggest which 
residue to mutate to obtain, for instance, a desired spectroscopic effect.

Finally, the ARM code was encapsulated inside a python-based package, called 
PyARM and described in Sect. 6. While a-ARM was already efficient in producing 
a single rhodopsin model, PyARM allows hundreds of concurrent rhodopsin models 
to be obtained automatically. This high level of efficiency is obtained by allowing 
the code to completely take care of all necessary calculations (complete automa-
tion), through the clever use of a highly modular code structure. Different types of 
analyses are now possible, all through the use of automatic, user-friendly, command-
line Python drivers. Finally, the modular nature of PyARM allows the easy imple-
mentation of additional features, thus scaling-up the usability of the code with addi-
tional features.

2 � Rhodopsins: a Family of Biological Photoreceptors

2.1 � Structure and Diversity

Rhodopsins constitute a vast family of photoreceptive, membrane-embedded, seven-
helix proteins, structurally formed by an opsin apoprotein and a retinal that serves as 
a chromophore1 to absorb photons for either energy conversion or the initiation of 
intra- or intercellular signaling. As illustrated in Fig.  2, the opsin features an inter-
nal pocket hosting the retinal chromophore, which is covalently attached by a Schiff 
base linkage to the �-amino group of a lysine side-chain in the middle of helix VII; 
the resulting retinal Schiff base (rSB) is protonated in most cases, constituting the 
so-called retinal protonated Schiff base (rPSB) , illustrated in Fig. 3. Changes in pro-
tonation state of the rSB are crucial for both signaling and transport activity of rho-
dopsins [5–7].

Recent genomic advances have revealed that tens of thousands of rhodopsin 
genes are distributed widely in all domains of life (i.e., Eukaryotes, Bacteria, and 
Archaea) [5–10], and reside in many diverse organisms such as animals (e.g., verte-
brates and invertebrates), microorganisms, and even viruses [11, 12]. Based on their 

1  Part of a molecular entity consisting of an atom or moiety in which the electronic transition responsible 
for a given spectral band above 200 nm is approximately localized [4].
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host organism, rhodopsins are divided into different types (see Fig. 2): animal (type 
II) rhodopsins, a specialized subset of G-protein-coupled receptor (GPCR) ; micro-
bial (type I) rhodopsins [6]; and heliorhodopsins—a recently discovered new type of 
light-sensing microbial rhodopsins [13].

Although members of the three types display a remarkably constant general 
architecture, they exhibit large differences in amino acid sequence (i.e., they have 
almost no sequence homology), as reflected in different chromophore cavities as 

Fig. 2   a–c Rhodopsin types: structural similarities and differences. Rhodopsin proteins are classified 
into three types: yellow cartoon microbial or type-I, blue cartoon animal or type-II,  red cartoon helio-
rhodopsins. For each type, the retinal chromophore in the dark adapted state (DA) is presented as lines 
and the covalently linked lysine is shown as ball-and-sticks. The orientation of the N terminus and C 
terminus residues with respect to the extracellular (EC) and intracellular (IS) surfaces of the membrane 
is specified. The structures correspond to a KR2 (type-I) [6REW [1]], b Rh (Type-II) [1U19 [2]] and c 
TaHeR (heliorhodopsin) [6IS6 [3]]

Fig. 3   Primary photoreaction in animal, microbial and helio-rhodopsins. Retinal isomerization from a 
the 11 − cis to the all-trans form and b from the all-trans to the 13 − cis form is the primary reaction in 
animal and microbial/helio-rhodopsins, respectively
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well as in certain structural features [5, 7, 8, 13, 14]. In animal rhodopsins, the equi-
librium dark adapted state (DA) shows a 11-cis (i.e., C11–C12 double bond) rPSB 
chromophore, which photoisomerizes to its all-trans configuration (Fig. 3a). In both 
microbial and heliorhodopsin families the DA state is dominated by an all − trans 
(i.e., C13–C14 double bond) rPSB chromophore, which is usually transformed into 
the 13 − cis configuration (see Fig.  3b) upon light absorption. Finally, in heliorho-
dopsins, the N-terminus amino acid is exposed to the cytoplasm or intracellular (IC) 
part, and the C-terminus residue faces the extracellular (EC) part of the cell mem-
brane, whereas the opposite happens for the other two families (Fig. 2) [15].

2.2 � Biological Functions

Rhodopsins exhibit an extensive pool of biological functions [5, 6, 8, 9, 16, 17]. 
For instance, animals use the photosensory functions (i.e., visual responses) of type 
II rhodopsins, lower organisms utilize type I for light energy conversion and intra-
cellular signaling, while the function of heliorhodopsins is still not well elucidated 
[18–20].

In particular, microbial rhodopsins (type I) are represented in many diverse 
microorganisms, spanning the three domains of cellular life, as well as in giant 
viruses [12]. As such, modifications of a single protein scaffold through evolution 
produced many novel, chemical, light-dependent biological functions [5–7, 9, 10, 
15, 17, 21]. Such functions can be roughly divided into two categories: (1) photoen-
ergy transducers able to convert light into electrochemical potential to energize cells 
(e.g., light-driven ion pumps catalyzing outward active transport of protons [H+ ], 
inward chloride transport [Cl− ], and outward sodium transport [Na+]); and (2) pho-
tosensory receptors that make use of light to gain information about the environ-
ment to regulate inter- or intracellular processes (e.g., photosensors with membrane-
embedded or soluble transducers, ion channels [anion and cation channel rhodopsins 
(ChRs)], and enzyme rhodopsins) [5–7, 9, 17, 22].

2.3 � Photoreactivity

Rhodopsin functions are triggered by highly stereo-selective photoisomerization 
events, i.e., generally cis → trans of the C11=C12 bond for type II and trans → cis 
of the C13=C14 for type I and heliorhodopsins (Fig.  3). The specific wavelength 
(hereinafter referred to as Maximum absorption wavelength ( �a

max
 )) is due to a phe-

nomenon called “opsin-shift”, which consists of spectral shifts, in a wide range of 
the UV/visible spectra, modulated by the interaction between the retinal chromo-
phore and the opsin residues.

Figure  4 depicts the inter-state photoisomerization pathways of rhodopsins, 
representing the potential energy change, i.e., the progression along the poten-
tial energy surface (PES) , along a reaction coordinate possibly involving a combina-
tion of electronic transitions between the Ground-state (S0) and both first ( S1 ) and 
second ( S2 ) excited electronic states. Such a coordinate is usually considered as the 
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skeletal dihedral angle of the double-bond highlighted in Fig.  3. The involved elec-
tronic states commonly change their electronic character and can cross [23, 24]. Dif-
ferent rhodopsin “functions” may take advantage of different features of the rhodop-
sin PES , illustrated in the following.

The primary event of light absorption of one photon of energy h� prompts the ver-
tical electronic �-�∗ transition of the retinal chromophore from the ground to the first 
excited Franck–Condon2 ( FC ) state. The length of the �-conjugated polyene chain in 
the retinal chromophore, and the protonation state of the rSB linkage, determine the 
energy gap, hereafter called Vertical Excitation energy (ΔEa

S1−S0
) , of this process [5]. 

The computational evaluation of ΔEa
S1−S0

 allows the prediction of �a
max

 for a given 
rhodopsin, and, in general, for the modeling of light absorption. Considering that the 
wavelength dependence of the absorption efficiency defines the colors of the rho-
dopsin proteins, the modulation of the ΔEa

S1−S0
 gap makes possible the engineering 

Fig. 4   Light-induced and light-emission properties of rhodopsin proteins, investigated using computa-
tional modeling. Schematic diagram displaying the photoiomerization path, including the relevant S0 , S1 
and S2 energy profiles of a generic rhodopsin. QM/MM models are used to compute the vertical excita-
tion energy for absorption ( ΔEa

S1−S0
 ≡ �a

max
 ), fluorescence ( ΔE

f

S1−S0
 ≡ �f

max ) and two-photon absorption 
( ΔETPA

S1−S0
 ≡ �TPA

max
 ) as well as the excited state energy isomerization barrier (Ef

S1
) associated with emission, 

computed as the energy difference between the fluorescent excited-state (FS) structure and the transition 
state (TS). Inset (top-center) Schematic illustration of the calculation of an excited state isomerization 
path providing the Ef

S1
 value via a Relaxed scan (RS) and of a Franck–Condon (FC) quantum-classical 

trajectory (this provides, in case of an ultrafast reaction, an estimate of the ESL associated to the double 
bond energy isomerization barrier ). QM/MM models can also been used to investigate the structure and 
spectroscopy of primary photocycle intermediates (batho and K intermediates) and of photocycle inter-
mediates corresponding to light-adapted states

2  Classically, the Franck–Condon principle is the approximation that an electronic transition is most 
likely to occur without changes in the positions of the nuclei in the molecular entity and its environment. 
The resulting state is called a Franck–Condon state, and the transition, a vertical transition [4].
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of either blue- or red-shifted rhodopsin variants, absorbing in specific regions of the 
UV-Vis spectrum (i.e., color tuning, see Sect. 6.4) [19–21, 25–35]. Photoexcitation 
to the S1 state can also be achieved by simultaneous absorption of two infrared pho-
tons (i.e., Two-Photon Absorption (TPA) process) of the same energy ΔETPA

S1-S0
 , cor-

responding to half of the energy necessary for One-Photon Absorption (OPA) [23, 
36–40].

After photoexcitation, the retinal chromophore leaves the FC region by relax-
ing along stretching and torsional modes, and starts the exploration of the S1 PES . 
Depending on the surface topography, it may (1) quickly encounter a minimum, here-
inafter called fluorescent excited-state (FS) , or (2) continue visiting other regions of 
the S1 PES . In (1), the chromophore remains in a long-lived excited state that eventu-
ally decays back to the ground state via fluorescence, i.e., spontaneous emission of 
radiation (luminescence) [4]. In this case, a photon of a different wavelength can be 
emitted after a short while (10−9 to 10−5 s). The energy gap associated to this process 
is denominated Vertical Emission energy (ΔE

f

S1−S0
) . Therefore, the computational 

evaluation of ΔE
f

S1−S0
 allows the prediction of the Maximum emission wavelength 

(�
f

max) for a given rhodopsin, and in general the modeling of emission properties, such 
as fluorescence. In (2), that is, if there is a shallow or no FS , the retinal chromo-
phore twists around the reactive C=C bond and reaches the Conical intersection (CI) 
region, where it decays to S0 . As illustrated in Fig. 4, “reacting” rhodopsins then trig-
ger a series of sequential protein moiety conformational changes (required for their 
biological functions) [8, 10, 23] and returns to the initial state (e.g., process known as 
photocycle), whereas the “non-reacting” molecules relax back to the original S0 state 
without entering such a photocycle. The described cycle allows microbial rhodopsins 
to repeat their functions every light stimulation since the chromophore is ultimately 
regenerated through the photocycle. This type of photocycle (in chemistry one would 
talk about type 1 photochromics) is remarkably different from that of vertebrate vis-
ual opsins (i.e., vertebrate rhodopsin and cone visual pigments), in which the retinal 
chromophore dissociates after the photoreaction and, therefore, additional retinal is 
required to regenerate the pigments [9].

2.4 � Applications of Natural and Engineered Rhodopsins: Optogenetics

The modeling of primary photoproducts, photoisomerization reaction paths 
and bistable states in animal and microbial rhodopsins is of great interest for 
engineering photoswitchable fluorescent probes [41–43]. Bistable rhodopsins 
are rhodopsins featuring two stable isomeric forms (i.e., characterized by two 
chromophore isomers such all − trans and 13-cis ) and thus require the sequen-
tial and independent absorption of two photons (often of different wavelengths) 
to complete the photocycle [43]. Certain bistable rhodopsins can be intercon-
verted using light of different wavelengths (type-2 or P-type photochromism3) 

3  Reversible transformation of a molecular entity between two forms, A and B, having different absorp-
tion spectra, induced in one or both directions by absorption of electromagnetic radiation. The spectral 
change produced is typically, but not necessarily, of visible color and is accompanied by differences in 
other physical properties [4].

Reprinted  from  the  journal 111



https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2022) 380:21

1 3

 

[44]. However, more frequently the light adapted state (LA) state reverts back to 
the DA state state thermally (type-1 or T-type photochromism), in which case 
(i.e., for monostable microbial rhodopsins) the photocycle is completed after 
the absorption of only one photon [44]. Applications of bistable rhodopsins are 
related to different properties/functions of the DA and LA states and the use 
of light irradiation to change the rhodopsin isomeric composition passing from 
a DA-dominated to a LA-dominated equilibrium. Since the efficiency of such 
conversion is proportional to the difference between the two �a

max
 values, it is 

apparent that achieving bistable rhodopsins featuring one form with a �a
max

 value 
significantly shifted to the red, may facilitate applications where it is important 
to switch on-and-off (i.e., control) the rhodopsin biological function using light 
irradiation [43].

The photoisomerization event that initiates each rhodopsin function 
(see Sect. 2.2), has been studied widely in scientific areas such as physics, chem-
istry, and biology [5–7], with the aim of allowing for novel and modern appli-
cations in fields as diverse as medicine [45–47], bioenergetics [9, 48], biotech-
nology and neurosciences [7–10, 16], among others [9]. Particularly, specific 
microbial rhodopsins that function as either ion transporters or channels are at 
the heart of a new biotechnology called optogenetics.

Optogenetics (i.e., a combination of “optics” and “genetics”) uses mainly 
genetically encoded, and often specifically engineered, microbial rhodopsins for 
the optical control of physiological processes [7–10, 16, 41]. The development 
of so-called optogenetic tools leads to the investigation of the nervous system 
at the cellular and tissue level, without noticeable tissue damage as well as side 
effects. Currently, rhodopsins with potential application as optogenetic tools are 
used as light-driven actuators (i.e., action potential triggers), light-driven silenc-
ers (i.e., action potential quenchers) and as fluorescent reporters (i.e., action 
potential probes) [7].

In order to either improve the current or develop new optogenetic tools, it 
is imperative to gain further insight into the different factors controlling color 
tuning in rhodopsins, to then be able to increase the variety of �a

max
 , thus ena-

bling simultaneous optical control by different colors of light [19–21, 25–35]. 
As such, various rhodopsin genes have been screened in order to find additional 
colors [49, 50]. In particular, while many blue-absorbing rhodopsin at �a

max
 

< 500 nm have been reported [51] and even applied to optogenetics [49], the 
longer absorption maxima are limited in �a

max
 < 600 nm. In this regard, there 

is presently an interest in screening rhodopsin variants exhibiting a longer �a
max

 
and/or enhanced fluorescence (i.e., high fluorescence intensity) [52], achieved 
through the effects of single or multiple amino acid mutations of a template 
Wild-type (WT) structure.

The rational design of artificially mutated variants is necessary to identify the 
amino acid replacements that are effective for color tuning and for influencing 
fluorescent properties. A systematic experimental screening of thousands of pos-
sible candidates is not feasible, thus requiring the development of computational 
approaches for a fast, congruous, and rational design of in silico point muta-
tions, to narrow down the number of tested candidates.
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3 � The Original Version of ARM: a Pioneer Technology for Rhodopsin 
QM/MM Modeling

3.1 � State‑of‑the‑Art for QM/MM Modeling of Rhodopsins

The past few decades have witnessed a growing interest in developing hybrid 
QM/MM approaches to tackle problems in computational photochemistry and pho-
tobiology [27]. A remarkable advantage of using hybrid QM/MM methodologies 
is that in silico models featuring a high-level of complexity can be properly con-
structed, through the definition of subsystems, each treated at a different level of 
theory (or layers) according to the required level of accuracy.

As shown in Fig. 5 and further described in detail in Ref. [43], a basic QM/MM 
model for a biological photoreceptor (e.g., rhodopsin) should feature at least three 
subsystems: (1) the reactive part of the system, or prosthetic group, that carries the 

Fig. 5   General structure of a monomeric, gas-phase and globally uncharged Automatic Rhodopsin Mod-
eling (ARM) quantum-mechanics molecular mechanics (QM/MM) model. a Relationship between the 
ARM model’s three subsystems and two multiscale layers. Detailed description of the components of the 
three subsystems (for an animal rhodopsin from the DA state of Bovine rhodopsin). Gray cartoon Envi-
ronment subsystem, green ball-and-sticks rPSB chromophore, blue ball-and-sticks lysine side-chain cova-
lently linked to the rPSB chromophore, cyan tubes main chromophore counterion, tubes marked with * 
residues with non-standard protonation states, red spheres external Cl   , blue spheres Na+  counterions, 
red/white tubes crystallographic water molecules, red frames surface amino acid residues forming the 
chromophore cavity subsystem, gray tubes external OS and IS charged residues. b The rPSB chromo-
phore (green) and the linked Lys side-chain fragment (blue) form the Lys-QM subsystem, which includes 
the H-link atom located along C �–C� connecting blue and green atoms (inset: LA H-linked atom), which 
belong to the MM and QM parts of the model. Adapted with permission from [40]. Copyright 2019 
American Chemical Society
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photochemical process (i.e., chromophore), treated with a suitable, and usually com-
putationally expensive, QM method (see Section  2.1.1 in Ref. [43]); (2) the resi-
dues that, due to either steric or electrostatic interactions with the prosthetic group, 
directly influence the role of the reactive part (i.e., amino acids and water molecules 
forming the chromophore cavity), treated classically with a less expensive (option-
ally polarizable), MM force field (see Section 2.1.2 in Ref. [43]); and (3) the resi-
dues without an evident role on the photochemical process (i.e., protein environ-
ment) structurally fixed during the calculation and treated as point charges (see 
Fig.  5). Usually, QM/MM models are complex and, unfortunately, not univocally 
defined, thus Ref. [43] collates the different approaches to modeling the photochem-
ical properties of Bovine rhodopsin from Bos taurus (Rh) , a rhodopsin for which the 
X-ray structure is available [2, 53, 54] and that, also for this reason, is often taken as 
a reference for the benchmarking of different QM/MM models. Differences in con-
struction protocols of the QM/MM setup lead to variations in computed �a,calc

max
 up to 

41 nm [29–31, 55–58].

3.2 � ARM Scope

It is important to define a standardized protocol for the fast and automated produc-
tion of congruous QM/MM models, which can subsequently be replicated in any 
laboratory. Such a protocol should not strictly aim at the prediction of the absolute 
values of observable properties, but to the description of their changes along sets of 
different rhodopsin variants. The ARM protocol described in this work represents 
our attempt to provide such a tool. The protocol is based on two well-defined phases 
called “generators”: the (1) input file generator and (2) QM/MM model generator. 
Sections 3.3 and 3.4 describe the development of the original version of the ARM 
protocol [59], which provided the QM/MM model generator. Furthermore, Ref. 
[59] provides a series of instructions for the manual preparation of the input file, 
which served for the subsequent development of the input file generator presented 
in Sect. 4.

The original ARM protocol is designed for a semi-automatic, fast and parallel 
building of congruous sets of QM/MM models of wild-type and mutant rhodopsin-
like photoreceptors [59]. Accordingly, as illustrated in Fig. 5, this version provides 
specialized QM/MM models that, in general, would not be applicable to other (e.g., 
cytoplasmic) photoresponsive proteins, or even to rhodopsins that contain artificial 
retinal chromophores. In the general framework of the QM/MM model generator, 
one needs to consider (1) the wise division of the complex molecular system into 
different, simpler subsystems, and (2) the definition of particular layers that repre-
sent the approaches (i.e., levels of theory) used for the proper description of each of 
the subsystems.

To assess point (1), one can refer to Sect. 2.1, where it is specified that rhodopsins 
belonging to the three known families (i.e., animal, microbial and heliorhodopsins) 
share a common architecture constituted by a protein environment featuring seven 
transmembrane helices, which form a cavity hosting the retinal chromophore (see 
Fig. 5a). As illustrated in Fig. 5b, an important feature to be considered is that the 
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chromophore is linked covalently via a specific lysine residue (e.g., located in the 
middle of helix VII and helix G for animal and microbial rhodopsins, respectively), 
via an imine (–C=N–) linkage, forming the rPSB.

To evaluate point (2), instead, it is crucial to identify the chemical/physical phe-
nomena to be modeled and the target properties to be computed. Section 2.3 shows 
that the process driving the diverse biological functions of rhodopsins is the photoi-
somerization of the rPSB chromophore, occurring immediately after the absorption 
of a photon of the appropriate wavelength. As illustrated in Fig. 4, the most relevant 
properties to be reproduced/predicted are the rhodopsin color (or absorption wave-
length), fluorescence, and photochemical reactivity.

The scope of ARM, since inception, has been that of being capable of reproduc-
ing experimental trends in rhodopsin series. In other words, it was not designed to 
be a predictive, but rather an investigative, tool; given a set of rhodopsins, the gener-
ated corresponding models should reflect trends in spectroscopic and/or photochem-
ical properties. In turn, the computed models could be used to investigate, at the 
molecular level, the origin of such property changes.

3.3 � Definition of an ARM QM/MM Model

As previously mentioned, it is possible to subdivide the rhodopsin structure into 
three subsystems. Figure  5a exemplifies how these subsystems are defined, using 
the case of Rh rhodopsin: the (protein) environment (gray cartoon), the chromo-
phore cavity (red frames/surface), and the Lys-chromophore (blue/green ball-and-
sticks). The protein environment sub-system features residues (backbone and side-
chain atoms) fixed at the crystallographic or comparative (homology) structure, and 
incorporates external Cl− and/or Na+ counterions (see discussion below) also fixed 
at pre-optimized positions. The chromophore cavity sub-system, instead, contains 
residues with fixed backbone and relaxed side-chains. The Lys-QM system con-
tains the atoms of the covalently linked lysine side-chain in contact (through C � ) 
with the QM/MM frontier and the entire QM subsystem, which corresponds to a 
N-methylated retinal chromophore. All the Lys-QM atoms are free to relax during 
the QM/MM calculation.

Accordingly, the ARM QM/MM models illustrated in Fig.  5 can be defined as 
basic, monomeric, gas-phase and globally uncharged, with electrostatic embed-
ding. The term “gas-phase” refers to the fact that, although rhodopsins are proteins 
exposed to trans-membrane electrostatic fields (i.e., few tenths of meV) occasioned 
by an asymmetric distribution of the surface ions, in the ARM basic approach, the 
interactions between the protein and the membrane, as well as solvation effects, 
are not modeled explicitly. Instead, the protocol mimics the situation of a globally 
uncharged protein by adding external Cl− and/or Na+ counterions, properly placed 
near the most positively and/or negatively charged surface amino acids, in both the 
intracellular ( IS ) and extracellular ( OS ) protein surfaces.

To this aim, ARM uses the No (net) Surface Charge (NSC) scheme in which 
the user must execute the following operations manually: (1) identify the 
number of positively and negatively charged surface residues, (2) calculate 
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independently the charge in the IS and OS , (3) determine the number of Cl− 
and/or Na+ to be added, and (4) position the external counterions as illustrated 
in Fig. 6. As described in Sect. 4, in the most updated version of the protocol, 
such a procedure is performed automatically by a specific algorithm. Moreover, 
to account for the water-mediated hydrogen-bond network (HBN) in the protein 
cavity, the internal crystallographic water molecules are retained in the model, 
while the water molecules that are not detected experimentally are assumed to be 
extremely mobile or just absent in the chromophore hydrophobic protein cavity.

Fig. 6   External counterion positions relative to ionizable residues, according to the No Surface Charge 
(NSC) scheme used for the ARM QM/MM models Schematic representation of the positions of the 
external counterions (i.e., Na+ and Cl  ) used to neutralize the IS and OS surfaces in the gas-phase 
ARM QM/MM models . Reproduced with permission from [59] Copyright 2016 American Chemical 
Society
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3.4 � QM/MM Model Generator

Figure 7 illustrates the general workflow of the QM/MM model generator proposed 
in Ref. [59] for the semi-automatic building of ground-state ARM QM/MM models 
of rhodopsins and subsequent computation of the Maximum absorption wavelength , 
via vertical excitation energy calculations.

3.4.1 � Classical Molecular Dynamics Simulations

A preliminary preparation of the input structure is required, which consists of the 
following steps: 

Fig. 7   General workflow of the QM/MM model generator developed in the original version of 
ARM. The procedure starts with the previously prepared input structure and finishes with the S0 
ARM QM/MM model , that consists on 10 replicas of the optimized structure along with the computed 
Maximum absorption wavelength ( �a

max
 ). The different steps of the protocol, as well as the level of the-

ory and the used software are provided  Adapted with permission from [59]. Copyright 2016 American 
Chemical Society
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(1)	 Selection and optimization (i.e., energy criteria) of all the water molecules, using 
the crystallographic/comparative positions as initial guess.

(2)	 Addition of hydrogen atoms to polar residues and waters.
(3)	 Addition of hydrogen atoms to the other residues of the protein environment, 

chromophore cavity and chromophore subsystems.
(4)	 MM energy minimization on the added hydrogen atoms.
(5)	 MM geometry optimization on all the side-chains of the residues of the chromo-

phore cavity subsystem.
(6)	 Generation of N=10 independent models (replicas) to simulate and explore the 

possible relative conformational phase space of the cavity residue side-chains 
and retinal chromophore.

Steps 1 and 2 are performed using the program DOWSER [60]. These steps ensure 
proper treatment of water and Hydrogen-bond networks (HBN) , which affect side-
chain conformations and long-range electrostatics, thus ultimately modifying spec-
tral and photochemical properties.

Steps 3–6 are performed using the program GROMACS [61]. Step 6 uses classi-
cal molecular dynamics simulations ( MD ) to perform a simulated annealing relaxa-
tion at 298 K on all side-chains of the Lys-QM and cavity subsystem, keeping the 
backbone fixed at the crystallographic/comparative structure; during the MD com-
putation the retinal chromophore subsystem is also allowed to move. To warrant 
independent initial conditions, each of the N=10 independent MD s starts with a 
different, randomly chosen seed. Note that, during the MD run, the chromophore 
subsystem is represented using an MM parameterization and partial charges com-
puted as AMBER-like Restrained Electrostatic Potential (RESP) charges, which are 
specific for each used isomer of the chromophore (e.g., 11-cis, all-trans and 13-cis 
rPSB ). The corresponding parameterized RESP point charges, currently used in 
ARM , are reported in the Supplementary Information of Ref. [59]). The default 
heating, equilibration, and production times for the MD (selected via benchmark cal-
culations in Ref. [59]) are 50, 150, and 800 ps, respectively, for a total length of 1 ns. 
In each run, the frame closest to the average of the 1 ns simulation is then selected 
as the starting geometry (i.e., guess structure) for constructing the corresponding 
QM/MM model. Melaccio et  al. [59] have shown that, for a set of three phyloge-
netically diverse rhodopsins ( Rh , SqRh and ASR 13C

 ), N=10 replicas are enough to 
provide sufficient variability.

3.4.2 � QM/MM Calculations

As shown in Fig. 7, each of the 10 replicas generated as guess structures under-
goes a series of QM/MM calculations, defining a well-established protocol. In 
this regard, Fig. 5b illustrates the atoms that are considered as the Lys-QM layer 
during these calculations, corresponding to the full N-methyl retinal chromo-
phore (i.e, QM subsystem; 53 atoms) and its covalently linked lysine side-chain 
of the MM subsystem (i.e., 9 atoms). The QM/MM frontier is treated within a 
link atom approach (see Fig.  5b), whose position is restrained according to the 
Morokuma scheme, and is placed across the lysine C �–C� bond (where C � is a 
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QM atom). The lysine charges are modified by setting the C � charge to zero to 
avoid hyperpolarization and to redistribute the residual fractional charge on the 
most electronegative atoms of the lysine, thus ensuring a +1 integer charge of the 
Lys-QM layer.

The following QM/MM calculations are performed sequentially, using the pro-
gram [Open]Molcas/Tinker [62–64]: 

(1)	 Geometry optimization at the HF/AMBER/3-21G level.
(2)	 Geometry optimization at the 2-roots single-state CASSCF(12,12)/AMBER/3-

21G level.
(3)	 Geometry optimization at the 2-roots single-state CASSCF(12,12)/AMBER/6-

31G(d) level.
(4)	 Inclusion of the electron correlation via a single point energy calculation at the 

3-roots state-average CASPT2(12,12)/6-31G(d) level.

The sequential optimizations steps 1–3 aim at a more rapid convergence of both 
the molecular orbitals and geometry, and use “microiterations” that provide quicker 
convergence, lower energies, and a more realistic description of chromophore-envi-
ronment interactions [65]. Besides, suitable level shifting values are used during 
the CASSCF and CASPT2 calculations, to minimize the possibility of convergence 
failure due to state mixing and intruder state problems. The CASPT2//CASSCF/6-
31G(d)/MM treatment [55] has been investigated extensively for photobiological 
studies and its limitations are well understood. As previously documented [59], the 
rather small (ca. 3–4 kcal mol−1 ) error in excitation energy reported in several stud-
ies for this level of theory, is somewhat due to error cancellations associated with the 
limited quality of single-state CASSCF/AMBER/6-31G(d) equilibrium geometries. 
Therefore, the different properties computed by ARM are expected to be affected by 
systematic error cancellations. Nevertheless, the main focus of ARM is the ability to 
reproduce observed trends in vertical excitation energies (i.e., the sign and magni-
tude of the individual differences concerning experimental data).

As observed in Fig. 7, the final output consists of 10 replicas of equilibrated 
QM/MM models of the type described in Sect. 3.3 and, for each replica, the verti-
cal excitation energy values between S0 and the first two singlet excited states S1 
and S2 is provided.

3.5 � Automation Issues

The original ARM protocol provides basic, gas-phase and computationally fast 
QM/MM models for comparative studies, to predict photochemical property 
trends (e.g., for large arrays of rhodopsin variants) that fit selected sets of experi-
mental data (mainly �a

max
 values), within a well-established error bar. However, 

the general target in the formulation of an automated modeling of rhodopsins is to 
achieve a protocol featuring the following features for both the input file genera-
tor and QM/MM model generator phases: 
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(1)	 transferability, so as to properly describe rhodopsins with differences in pro-
tein sequence (i.e., organism belonging to different life domains and kingdoms; 
see Sect. 2.1), and different configurations of the rPSB;

(2)	 documented accuracy, so as to be able to translate results obtained in silico into 
hypothesis that can be proved experimentally;

(3)	 reproducibility, so as to be reproduced in any laboratory starting the model 
building from scratch;

(4)	 speed and parallelization, so as to achieve the fast generation of large arrays of 
rhodopsins variants (i.e., wild-type and mutants) simultaneously;

(5)	 automation, so as to reduce building errors (i.e., human factors) and avoid 
biased QM/MM modeling.

In order to assess whether or not the original ARM satisfies each of the points 
(1)–(5) described above, the protocol was benchmarked on the prediction of trends 
in �a

max
 for a limited set of 10 wild-type and 17 mutant rhodopsins [59]. Accordingly, 

points (1) and (2) were successfully achieved, while points (3), (4) and (5) were 
accomplished only partially. More specifically, point (1) was achieved since the pre-
dicted trends in �a

max
 presented a good agreement with experimental data (i.e., error 

bar of ca. 4.0 kcal mol−1). Point (2) has been recently demonstrated via collaborative 
experimental and computational studies attempting enhancement of either color tun-
ing [42] and fluorescence [66] properties for microbial rhodopsins, achieving novel 
applications in optogenetics. Further applications can be found in [43]. The main 
drawback of the original ARM is that it does not include a computational tool for 
the automatic, or even semi-automatic, generation of the input files (i.e., no input file 
generator). Input file generation is, instead, achieved through a manual manipulation 
of the template structure [59]. Such an input file is based on a X-ray crystallographic 
structure or comparative model of the protein in PDB (Protein Data Bank) format 
[67, 68], which contains the information specified in the caption of Fig. 5 and sum-
marized as follows: 

	 (i)	 the selected monomeric chain structure, including the rPSB chromophore, 
crystallographic/comparative water molecules, and excluding membrane lipids 
and non functional ions;

	 (ii)	 a list of residues forming the chromophore cavity;
	 (iii)	 the protonation states for all the internal and surface ionizable amino acid 

residues;
	 (iv)	 suitable external counterions (Cl−/Na+ ) needed to neutralize both IS and OS 

protein surfaces.

Due to possible different user choices (e.g., during the placement of IS and OS coun-
ter-ions; see Fig. 5a), reproducibility of the results described (point (3)) cannot be 
guaranteed. In addition, the input preparation required a few hour user’s manipula-
tion of the template protein structure (i.e., a skilled user completes the preparation 
of an ARM input for a new rhodopsin in not less than 3 h and after taking a series 
of decisions based on their chemical/physical knowledge and intuition). Such limita-
tions, added to the human error factor, represent a serious issue when the target is 
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the generation of hundreds rhodopsin models. Therefore, due to manual interven-
tions of the user in the input generation, speed and parallelization (point (4)) are 
not guaranteed. Of course, the lacking of an automatic input file generator and the 
current methodological issues of the QM/MM model generator described below, 
made the protocol semi-automatic rather than automatic (i.e., also point (5) was not 
accomplished).

Additionally, as specified by Melaccio et al. [59], the code was written as a series 
of independent bash-shell scripts that are not interconnected by a general driver. 
Therefore, as explained in the Supporting Information in [59], for each step of the 
protocol, the user should execute each script manually and make a series of choices 
via a command-line assisted tool. This features the QM/MM model generator as a 
semi-automatic rather than an automatic tool. The following sections will show how 
each of these problems have been overcome.

4 � a‑ARM: the First Major Update Towards Automation

(Most of the content of the following four sections is reproduced/adapted with 
permission from [69], copyright 2019 American Chemical Society, while content 
of Sect. 4.5 is reproduced/adapted with permission from [35], open access under a 
CC BY license (Creative Commons Attribution 4.0 International License)).

4.1 � Methodological Aspects

This section presents the advanced a-ARM [69], an updated version of the original 
semi-automatic ARM protocol [59] (Sect. 3) that, as main novelty, features an input 
file generator phase for either the fully automatic or semi-automatic computer-aided 
building of the ARM input . This updated version overcomes most of the automation 
issues of the original ARM , highlighted in Sect. 3.5, by including methodological 
improvements that lead to more reliable and reproducible QM/MM models.

The first aim of the a-ARM model building is to be consistent (in terms of output) 
with the original protocol, as described in Sect. 3.3 and shown in Fig. 5. Figure 8 
shows the general workflow of a-ARM , which encapsulates two well-defined and 
automated phases (panels a and b), hereafter referred to as  Phase I and Phase II, 
respectively. Whereas the latter is substantially the same QM/MM model generator 
phase reviewed in Sect. 3.3 (i.e., in terms of methodology, although not of imple-
mentation), the former is the new input file generator phase.

The combined use of the two phases achieves the automatic building of 
Ground-state ARM QM/MM model s, starting from the structure of a rhodop-
sin in PDB format, either as PDB code or as a comparative homology model. 
As observed in Fig.  8, the initial structure is processed by Phase I to obtain 
the ARM input , which  is subsequently processed by Phase II to obtain the 
ARM QM/MM model (i.e., gas-phase equilibrated optimized S0 structure) and the 
predicted average �a

max
 . As further explained in Ref. [69], the input file generator 

is implemented as a user-friendly command-line interface, where the researcher 
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interacts with the program by typing information directly in the computer termi-
nal, without the need to manipulate text files or visualize chemical structures, as 
previously necessary in the original “manual” strategy. Refs. [69] (see Section S1 
in the SI) and [43] (see Section 3.1 in this reference) report a detailed description 
of both manual (i.e., original ARM ) and automatic procedures used to pursue 
steps 1–5 of Fig. 8a, with particular emphasis on the improvements achieved with 
a-ARM , as well as in its higher level of automation. Figure 9 presents an over-
view of such improvements.

One of the most remarkable features of the new protocol is that, given the 
options (i.e., parameters) selected in steps 1–5 of phase I (Fig.  8a), a-ARM 
allows either the automatic or semi-automatic computer-aided production of the 
ARM input . Accordingly, a-ARM is sub-divided in a-ARMdefault (see Section 3.1 
of Ref. [69]) and a-ARMcustomized (see Section 3.2 of Ref. [69]) approaches. The 
former refers to a fully automatic input generation, which uses default parameters 
as suggested by the code (i.e., chain, rotamers or side-chain conformations, pH, 
protonation states, residues forming the chromophore cavity), whereas the latter 
allows the computer-aided customization of some of such parameters when the 
default choices are not suitable.

Fig. 8   General workflow of the two phases of the a-ARM rhodopsin model building protocol. a Input file 
generator phase. b QM/MM model generator phase
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The customized approach is used in cases where the default choices produce 
outlying models that fail to reproduce trends in absorption properties. Several 
examples are presented in Refs. [35, 43, 69]. For instance, Fig.  10 illustrates 
how the customization, in terms of either selection of side-chain conforma-
tions and protonation states, is achieved for the case of the microbial rhodopsin 

Fig. 9   Overview of the most relevant features of the input file generator, introduced in the a-ARM ver-
sion of the protocol. Methodological and automation improvements achieved with the input file genera-
tor, in terms of: initial setup; automatic strategy adopted for the assignment of protonation states for ion-
izable residues; replacement of the software (i.e., fpocket instead of CASTp) for the automatic generation 
of the chromophore cavity; automatic approach to define the charge of the IS and OS surfaces and auto-
matic counterion placement based on energy minimization
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Krokinobacter rhodopsin 2 from Krokinobacter eikastus (KR2) [35, 69, 70]. As 
observed, in the 3X3C X-ray structure [70], the residue Asp-116, considered 
as the main counterion (MC) of the rPSB , exhibits two side-chain conforma-
tions, namely, AAsp and BAsp, labeled with occupancy numbers 0.65 and 0.35, 
respectively. Moreover, the residue Gln-157 that is part of the environment sub-
system (i.e., fixed during the QM/MM calculations) presents two conformations 
(AGln and BGln) both with 0.5 occupancy. According to the occupancy num-
bers, a-ARMdefault selects the rotamer AAsp-116 and generates two models rela-
tive to Gln-157: KR2-1, which includes AAsp-116 and AGln-157, and KR2-2, 
which includes AAsp-116 and BGln-157. The computed ΔEa

S1−S0
 for both default 

models, presented below in Fig. 11, features an error of about 15.0 kcal mol−1 
with respect to experimental data. Since the default models are unable to pro-
vide values inside the experimental trend, the a-ARMcustomized approach is neces-
sary. As shown in the right panel of Fig.  10, such customization is performed 
through a more rational assignment of the protonation states of the two aspartic 
acid residues forming the counterion complex of the rPSB , namely Asp-116 and 
Asp-251 [35]. The default model predicts that both aspartic acids are negatively 
charged. However, as further discussed in Refs. [35, 43, 69], the presence of 
these two negative charges would outbalance the single positive charge of the 
rPSB , generating the large blue-shifted effect mentioned above. Accordingly, in 
the customized model the secondary counterion (SC) Asp-251 is, instead, pro-
tonated (i.e., neutral) to counterbalance the charge in the vicinity of the rPSB . 
As can be seen in Fig.  11, such customization provides a model with a small 
error bar of about 1.5 kcal mol−1 . An updated ARM model of KR2 was recently 
reported [35]. Although such a model was constructed starting from a different 

Fig. 10   Default and customized a-ARM models for Krokinobacter rhodopsin 2 from Krokinobacter 
eikastus (KR2) [PDB ID 3X3C [70]]. Left: conformational (the occupancy factor of the rotamers Asp-
116 and Gln-157 are presented in parentheses). Right: ionization state variability
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template X-ray structure [PDB ID 6REW [1]], the same customized setup for 
the protonation states of the counterion complex of the rPSB (i.e., deprotonated 
Asp-116, protonated Asp-251) was found. Remarkably, such a-ARM customized 
model was used as a starting structure for modeling a set of 19 mutants and 
for reproducing not only experimental trends in ΔEa

S1−S0
 , but also giving further 

insights into the mechanism of color tuning in the position Pro-219 of KR2 [35].
Notice that in the a-ARM benchmark set (Fig. 11) a similar large blue-shifting 

has been observed in ΔEa
S1−S0

 for all a-ARMdefault models that predict two nega-
tive charges near the rPSB (see Tables S2 and S3 in Ref. [69]). The customiza-
tion procedure (see below) to obtain a ΔEa

S1−S0
 within the error bar of the pro-

tocol, always implies the neutralization of one of these two charges. This is, in 
fact, one particularity of the simplified structure/scheme of the a-ARM models.

In general, protonation state assignment for ionizable residues remains a basic 
issue for current QM/MM protein modeling. No robust method is available that 
guarantees a correct choice of a pKa value, due to the complexity of the protein 
environments and its interconnected local effects. Furthermore, a residue may be 
present as an equilibrium between ionized and not-ionized forms, hence carry-
ing only a partial charge. These issues are a current research matter [35, 71–73].

Despite the difficulties mentioned above, a-ARM adopts the following guid-
ing customization procedure. As shown in the latter example, customized 
ARM QM/MM model s can be constructed according to well-defined operations 
that can be easily replicated. Ref. [69] proposes to focus on the selection of the 
ionization states and side-chain conformations only. Accordingly, the customi-
zation of the protonation states involves three phases: (1) at pH > 6 the ioni-
zation states are modified by setting the pH to 5.2 in step 4 (see Fig.  8b); (2) 
the protonation state of the main and secondary counterions of the rPSB are 
checked, and if the analysis shows them both ionized the secondary counterion 
is neutralized; (3) in case the model generated in step (2) does not reproduce the 
experimental absorption maxima, then the secondary and main counterion ioni-
zation states are exchanged (see also the Supporting Information of Ref. [35] for 
further details on, e.g., the pH value choice). Note that in QM/MM modeling, it 
is a common practice to evaluate the protonation states of the rPSB counterion 
complex by looking, as a guide, at the reproducibility of the experimental �a

max
 

(see, for instance, Refs. [35, 71–73])
Indeed, the novelty of the default and customized approaches is that, regard-

less of the user or computational facility, reproducible inputs, and consequently 
reproducible ARM QM/MM model s, are guaranteed when the same parameters 
are used. This represents an advancement with respect to the original version 
since it allows for the models to be reproduced in any laboratory and by any 
user, even when starting building an ARM QM/MM model from scratch (see 
point (3) of Sect. 3.5).
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4.2 � Software Implementation Aspects

The computational implementation of both the input file generator and the QM/MM 
model generator phases as Python-based, modular codes boosted the building of the 
PyARM software package that will be introduced in Sect.  6. Moreover, their ease 
of transferability, allowed their use behind the Web-ARM web page, which will be 
described in Sect. 5.

Furthermore, although a-ARM can presently build only rhodopsin models (i.e., 
with natural retinal), it provides a template for the development and generation of an 
automatic QM/MM building strategy for other, more general, systems such as rho-
dopsins incorporating artificial (i.e., unnatural) chromophores. This is straightfor-
wardly achieved given the modular architecture of the PyARM package and the fact 
that any chromophore can be treated when using the appropriate force field.

Finally, it is worth stressing that the new protocol achieves all the features (1)–(5) 
described in Sect. 3.5, overcoming the automation limits of the original version.

4.3 � Benchmark, Validation and Application Aspects

Figure 11 shows the current validation of the a-ARM protocol through the predic-
tion of trends in �a

max
 , performed using a benchmark set of 44 animal and micro-

bial rhodopsin variants (i.e., 25 wild type and 19 mutants) that come from different 
organism and are phylogenetically diverse [69, 74] (see Fig. 11b). The full bench-
mark set features values ranging from 458 nm (62.4 kcal mol−1 , 2.71 eV) to 575 
nm (49.7 kcal mol−1 , 2.15 eV). Such a relatively wide range provides information 
on the method accuracy, while the rhodopsin diversity provides information on the 
transferability and general applicability of the generated models. Figure 11b, c are 
divided in four different regions: m-set, a-set, Rh − mutants set, and bR − mutants 
set. The m-set and Rh − mutants set are used to compare the performance of original 
ARM and a-ARM versions, while the remaining sets focus exclusively on the per-
formance of a-ARM.

The a-ARMdefault approach proved to be capable of reproducing the ΔEa
S1−S0

 val-
ues for 86% of cases (38/44), with an error lower than 4.0 kcal mol−1 (0.13 eV), 
whereas the other 14% cases were successfully obtained with the a-ARMcustomized 
approach (i.e., changing the side-chain conformation and/or protonation states pat-
tern). A detailed description of the customization procedure used for reproducing 
the experimental �a

max
 values of KR2, BPR, ChR2-C128T, ChR2 and ChRC1C2 is 

provided in Section 3.2 of Ref. [69] and Section 3.3 of Ref. [43].
Recently, a-ARM was applied to (1) reproduce the �a

max
 of WT KR2 and 19 

mutants [35] (see Fig. 11a) and (2) to gain further insights into the origin of red- or 
blue-shifting. As observed in Fig. 11d, e, the performance of a-ARM reported for 
the benchmark set (see above), is maintained when modeling a set of mutants that 
feature �a

max
 spanning a red-to-blue range going from 545 nm (54.5 kcal mol−1 , 2.36 

eV) to 515 nm (57.0 kcal mol−1 , 2.47 eV). Furthermore, a-ARM demonstrated to 
be useful to generate models that reproduce blue- or red-shifting effects observed 
experimentally (see Ref. [35]). The final S0 optimized equilibrium structures can be 
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then used for further excited-state optimizations (see Sect. 6.2). Indeed, some of the 
ARM QM/MM model s produced have been used as input for sophisticated constant-
pH dynamics [75], the simulation of one-/two-photon absorption spectra [40], and in 
combined computational/experimental studies on color tuning possibilities in KR2 
[35].

Accordingly, and as stated in Sect. 3.2, we claim that the a-ARM protocol, in its 
current version, does not represent a predictive tool, but rather is designed to pro-
duce models for rhodopsins, which structure was obtained from either X-ray crystal-
lography or comparative modeling, useful for reproducing and explaining the origin 
of trends in spectroscopic/photochemical properties (e.g., between sequence vari-
ability and function) appearing from sets of experimental data.

4.4 � Limitations and Pitfalls of a‑ARM

Despite the encouraging outcome of the photochemical studies based on a-ARM (as 
previously mentioned), additional work is necessary to generate a tool that can be 
systematically applied to larger arrays of rhodopsins. The following main issues, in 
part anticipated above, have to be tackled to improve the input file generator phase:

•	 Assignment of the protonation states: there are two main aspects that limit the 
confidence in the automation of the ionizable state assignment described in 
Refs. [43, 69]. The first is that, due to the fact that the information provided by 
PROPKA [76] is approximated, the computed p KCalc

a
 value may, in certain cases, 

be not sufficiently realistic. The second aspect regards the assignment of the cor-
rect tautomer of histidine. a-ARM uses as default the histidine dipeptide (HID) 
tautomer (deprotonated �-nitrogen) for the automatic assignment, or allows the 
user to choose between the three possible tautomers for a “not-automated selec-
tion. Therefore, when possible, the user should collect the available experimental 
data and/or inspect the chemical environment of the ionizable residues including 
the histidines, and propose the appropriate tautomer [69]. Alternatively, one has 
to systematically examine all sensible choices, which may not always be feasible.

•	 Automatic construction of comparative models: since rhodopsin structural data 
are rarely available, it would be important to investigate the possibility of build-
ing, automatically, the corresponding comparative models. With such an addi-
tional tool, one could achieve a protocol capable of producing QM/MM models 
starting directly from the constantly growing repositories of rhodopsin amino 
acid sequences. This target is currently pursued in our laboratory.

•	 Automatic prediction of side-chain conformation for mutants: recent efforts have 
been directed to achieve a successful technology for systematically predicting 
mutant structures, which provides a superior level of accuracy of the a-ARM 
models than that proposed in Ref. [69].

	    More specifically, the mutations routine that used a backbone-dependent rota-
mer library (i.e., SCWRL4 [77]) was replaced by a software based on compara-
tive modeling (i.e., MODELLER [78]) (see Fig. 8b). The description of the new 
approach as well as an example that illustrates its effectiveness for mutating a 
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specific position with each of the 20 essential amino acids, are provided in Ref. 
[35] and summarized in Sect. 4.5.

•	 Insufficient description of possible cavity rearrangements after mutation: the 
updated procedure described in Ref. [35] for modeling the side-chain conforma-
tion (see point above) comprises a short MD, where the introduced side-chain 
is allowed to relax, whereas the rest of the cavity residues, water molecules, 
chromophore and protein environment remain fixed at the crystallographic/com-
parative structure (see Supplementary Note 13 in Ref. [35]). 

	   Notwithstanding the following, more sophisticated MD step related to the cav-
ity residues (see Sect. 3.4.1), a proper description of the impact of the new side-
chain on the protein environment is lacking, due to a not sufficient description of 
possible local steric/electronic rearrangements of those residues of the chromo-
phore cavity surrounding the mutated one.

•	 Mutations only allowed in the chromophore cavity: currently, a-ARM only 
allows mutations of residues that belong to the chromophore cavity sub-system, 
as well as backbone relaxation is not allowed. The latter is to ensure that, dur-
ing the QM/MM model generator phase, the geometry of the new modeled side-
chain as well as the sidechain of its neighbors (belonging to the chromophore 
cavity) can be readjusted during the 1 ns GROMACS MD step, while assuming 
that the general structure of the protein is conserved.

•	 Lack of a predictive tool for mutants generation: the fact that the mutants genera-
tor relies on the use of experimental data to select the correct rotamer limits the 
usability of the protocol, which cannot be considered as a predictor tool.

4.5 � Recent Updates and Improvements

In silico modeling of point mutations in proteins relies on the selection of a robust 
methodology for the prediction of the side-chain conformation of the replaced amino 
acid [77, 79–90]. Both original [59] and advanced [43, 64, 69, 91] versions of the 
ARM protocol use the software SCWRL4 [77] to predict the side-chain conforma-
tion of the mutated residues. This approach is based on backbone-dependent rotamer 
libraries (from public databases of experimentally resolved protein structures), and 
was found adequate for the production of single, double and triple point rhodop-
sin mutants. This was demonstrated by studies carried out by some of the authors 
on mutants of bovine rhodopsin (Rh) [59, 69], Anabaena Sensory rhodopsin (ASR) 
[42, 59], bacteriorhodopsin (bR) [74] and KR2 rhodopsins [92].

Recently, some of the authors reported the first attempt to use a-ARM model 
building to systematically and exhaustively mutate a single residue [35]. More spe-
cifically, they attempted, unsuccessfully, to perform single point mutations of KR2 
at the P219 location near the �-ionone ring of the rPSB via SCWRL4 modelling. 
Despite the encouraging results reported in Ref. [42] for the cases P219A, P219G 
and P219T, the authors found that, for larger side-chains SCWRL4 generated con-
formers sterically clashing with either the rPSB or neighboring amino acids.
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After examining the tools available for side-chain predictions (see, for instance, Ref. 
[79]) and evaluating them in terms of performance and accessibility as command-line 
tools, the authors of Ref. [35] modified the mutations routine (see Section  2.2.5. in 
Ref. [69]) by substituting SCWRL4 with MODELLER [78]. This alternative approach 
allows the production of mutants suitable for the prediction of absorption wavelengths 
in either an automatic or a computer-aided semi-automatic fashion.

Figure  12a illustrates the general workflow of the proposed subroutine, which 
replaces Step 3 of the input file generator phase of a-ARM (see Fig.  8a). At 
input level, each point mutation is generated via a customized version of the 
������_�����.�� routine implemented in Modeller, where the conformation of 
the modeled side-chain is optimized using a conjugate gradient method, and refined 
using a short MD ( mod).

Briefly, as reported in Ref. [78], the mutate_model.py script has been 
designed to model point mutations via side-chain replacement in a fixed environ-
ment, assuming that single mutations do not generally determine deep conforma-
tional changes of the protein backbone. Accordingly, and consistently with the 
structurally “conservative” approach of the a-ARM protocol (see  Sect.  3.3), our 
methodology replaces only the side-chains of the mutated residues keeping the 
backbone atoms at fixed positions. In order to sample the conformational space of 
a mutated residue more extensively. and evaluate its effect on the vertical excita-
tion energy ( ΔEa

S1−S0
 ), the new customized setup produces 30 rotamers of the same 

mutated side-chain by providing the script with different initial seeds (i.e., initial 
velocities) for the MDmod run. The obtained rotamer structures are compared with 
each other, in terms of root mean square deviation, and discarded if found less than 
0.025 Å from another. Although not particularly efficient, this procedure allows for 
the quick selection of a set of non-redundant rotamers for a single mutant, which 
are evaluated using the scoring function discrete optimized protein energy (DOPE) 
[93], implemented by MODELLER, and ranked from lowest to highest. The ARM 
input for the three highest DOPE scored mutated side-chain rotamers is completed 
by phase I of the a-ARM protocol, and their ARM QM/MM models are produced 
using phase  II (see Fig.  8). The corresponding computed ΔEa

S1−S0
 is then used to 

evaluate the performance of different rotamers of the mutated side-chain in repro-
ducing the experimental trend in line with the WT, leading to the selection to the 
conformer (rotamer) that better agrees with experimental data. Figure 12, panels b 
and c illustrate an example of the procedure for selecting a rotamer from three evalu-
ated models. Further deatils can be found in Supplementary Note 13 in the support-
ing information of Ref. [35].

Although this approach relies on experimental information and does not represent 
a predictive tool, it automates the side-chain conformation selection during the con-
struction of mutant QM/MM models.

5 � Web‑ARM, a Web‑Based Interface to ARM

(Most of the content of this section is reproduced/adapted with permission from 
[74]. Copyright 2020 American Chemical Society).

Reprinted  from  the  journal130



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2022) 380:21	  

Fig. 12   General workflow of the novel side-chain generator. a Modified routine for the mutants generator 
of a-ARM , based on Modeller. This procedure is used to model, e.g., the side-chain of the E219 residue 
of the KR2 rhodopsin, as shown in panels b, c. b First, the discrete optimized protein energy (DOPE) and 
molpdf scoring functions for all the possible rotamers are evaluated and the three best values are ranked. 
c Then, the a-ARM QM/MM model for each rotamer is generated and the rotamer model featuring the 
lowest difference in vertical excitation energy with respect to experimental data (rotamer 3) is selected 
Adapted with permission from [35], open access under a CC BY license (Creative Commons Attribution 
4.0 International License)
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5.1 � Interface Features

The a-ARM protocol (described in Sect. 4) and its most updated version PyARM, 
a Python-based software package (that will be presented in Sect.  6) represent an 
easy-to-use command-line interface directed to users (i.e., researchers, undergradu-
ate students) familiar with the Linux environment. The latter is not due to a fact of 
usability, but rather to the technically complex initial setup of the package, since it 
requires the prior installation of several software and python dependencies. Moreo-
ver, it is recommended to install the PyARM package in a high-performance com-
puter cluster, which is usually required to run the underlying computationally inten-
sive tasks (i.e., MM , MD , QM/MM ), rather than on a local personal machine.

The use of a user-friendly interface accessible through the web and together with 
the provider computational resources, avoids dealing with complicate installations 
and the need for local computer facilities. This would mean accessing a simple, 
computationally fast and automated construction and analysis of rhodopsin QM/MM 
models, fit for an interdisciplinary community that is interested mostly in actual 
applications, rather than methodological development.

Accordingly, Ref. [74] reports the web version of the a-ARM protocol, that is the 
Web-ARM interface. Web-ARM is a user-friendly interface written using Python 3, 
available at the following address: web-arm.org. Therefore, the potential user only 
needs to use an up-to-date browser on any operating system (i.e., Linux, macOS, 
Windows, Android, iOS) and platform to take advantage of the a-ARM protocol.

In order to generate an ARM QM/MM model , Web-ARM goes through the four 
phases explained in Section 2.1 of Ref. [74], and illustrated in Fig. 13. As described 
for the command-line version, the procedure starts with the initial structure of the 
rhodopsin variant and finishes with the generation of the S0 equilibrium geometry 
along with the calculations on absorption properties. During such a procedure, the 
interface gives the user enough flexibility to generate either a-ARM default or a-ARM 
customized inputs (see Sect.  4.1), the former automatically and the latter by modify-
ing some of the default choices. This is made on top of the implementation of the 
input file generator inside the framework of the web interface. Then, the so-gener-
ated ARM input is used to compute a QM/MM model, by using the QM/MM model 
generator. The Web-ARM internal driver takes care of performing all the necessary 
steps, as well as submitting the calculations to the dedicated computational facilities.

One feature of the interface is that, once a QM/MM model is generated, the 
user is provided with a summary of all the relevant data (i.e., energetics, oscillator 
strengths), along with a downloadable file (in compressed format) containing the 
major output files. Further information, and a complete walk-through, are provided 
in a Tutorial that can be accessed/downloaded from the Web-ARM main web page.

Web-ARM is intended as both a research, as well as a teaching tool. Ref. [74] 
shows that the interface can systematically screen rhodopsin variants, and thus 
obtain a qualitative check prior to, e.g., an experimental study. The interface can 
also be used successfully in teaching and learning activities, e.g., to introduce 
students to the idea of QM/MM models and corresponding computed data. There-
fore, Web-ARM is envisioned as a tool used in teaching and training, as well as by 
non-experienced users, as previously noted, mostly for bulk production. However, 

Reprinted  from  the  journal132



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2022) 380:21	  

also an experienced computational chemist can take advantage of the web inter-
face, to produce rhodopsin QM/MM models in a standardized manner, being 
aware of the documented accuracy and rate of success. Of course, one, possibly 
very useful, application of such a model is to provide high quality guesses for 
more sophisticated subsequent calculations, e.g., as a starting substrate to which 
apply further, high-level refinement methods.

In conclusion, by using Web-ARM both junior researchers and trainees will 
be able to perform meaningful QM/MM calculations focusing on the underling 
research targets, methodological concepts, and data analysis, while remaining 
confident that the calculations are internally consistent.

Fig. 13   General overview of the Web-ARM interface. a Main features and b home page of the Web-
ARM interface Adapted with permission from [74]. Copyright 2019 American Chemical Society
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5.2 � Limitations and Future Development of Web‑ARM

•	 Limited computational resources: before using the Web-ARM interface, the user 
is asked to provide an email address to be registered into our database. Regis-
tered users are allowed to build as many concurrent ARM QM/MM model s 
as wished (default 10). However, given to the present threshold in the host 
available computational resources, guest users are allowed to build only one 
ARM QM/MM model model at a time on the developer’s dedicated resources.

•	 Technical issues: the Tutorial of the Web-ARM interface reports on possible 
errors or issues in the execution of the interface, and how to solve or avoid them.

•	 Current and future implementation: presently, the capability of the Web-ARM 
interface is limited to the construction of ground-state models. Future work will 
implement inside the interface all of the features of the PyARM software package, 
illustrated in Fig. 14.

6 � PyARM

6.1 � Package Description

PyARM is a user-friendly, open-source Python-based software tool designed to facil-
itate the systematic, reproducible and congruous QM/MM modeling/analysis of pho-
toexcited states of rhodopsin proteins. More specifically, PyARM is a development 
platform that implements high-level algorithms associated to specialized QM/MM 
protocols, under the framework of the a-ARM protocol [43, 59, 64, 69, 74, 91].

The package structure represents a collection of hierarchical instances here 
defined as: scripts, basic low-level functions, general high-level functions, modules, 
drivers and templates. Table 1 provides a technical definition of each of these terms.

Figure  14 depicts the general overview of PyARM, showing how all compo-
nents of the package are modular, i.e., independent of the context in which they 
are used. The characteristics of the drivers and package create an application-
programming tool, capable of making complex workflows/protocols available to 
users with minimal programming knowledge. Indeed, the inclusion of new proto-
cols (i.e., modules and drivers) can be achieved easily with only a minimal modi-
fication of the code. In this regard, the package includes a programming interface 
for parsing user input, and retrieving and storing specific data. Therefore, a user 
can simply use a module to perform a given type of application (e.g., perform a 
geometry optimization) or use a driver to launch a protocol connecting different 
modules and, thus, executing more complex applications (e.g., generate a S0 or 
S1 QM/MM model, locate a fluorescent rhodopsin, compute an absorption band, 
etc.). Nevertheless, an experienced user can also create a new driver, capable 
of performing a new type of application/analysis based on a-ARM models and, 
therefore, within the limits of their accuracy [59, 69, 74].

Furthermore, the modular framework of the package, which was envisioned 
initially for the study of natural rhodopsins, presents a flexible architecture 
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suitable to be generalized to other photoreceptors including synthetic light-
responsive proteins. As a first step in such a direction, the current implementa-
tion is suitable for the study of rhodopsins featuring artificial retinal-like chromo-
phores, which is currently pursued in our group.

6.2 � Current ARM‑Based QM/MM Protocols

Presently, PyARM contains four different ARM-based fully automatic protocols, 
each implemented as a general driver (i.e., user-friendly one-click command-line 
interface), for the QM/MM modeling of rhodopsin electronically excited states. 
A brief description of each of these protocols, illustrated in Fig. 14, is provided 
below. 

(1)	 Protocol: a-ARM model building protocol: ARM with chromophore cavity gen-
eration, ionization state selection, and external counterion placement.

•	 Driver: �_���_����_��������

–	 Phase I: Input file generator. Module: �_���_�����_��������� (see 
Fig. 8a)

Table 1   Different instances of the PyARM framework

Instance Definition

Script Python file that is intended to be executed directly. This means that scripts 
will often contain code written outside the scope of any classes or func-
tions

Basic low-level function Basic, importable function that performs a single, simple and generic task. 
Example: Copy/move files, create folders, calculate energy gaps, gener-
ate input file

General high-level function General function that makes use of basic low-level functions to perform a 
more complex task. Can be used either as importable or as stand-alone 
by parsing arguments in the terminal. Example: quantum chemistry 
calculation

Module Script that makes use of both basic low-level and general high-level func-
tions to perform a complex task (i.e., semi-protocol) and that requires 
different stages. Can be used either as importable for the drivers or as 
stand-alone by parsing arguments in the terminal. Example: Input file 
generator << �_���_�����_��������� >>

Driver Script that makes use of the modules to implement a complex protocol. 
Works as stand-alone by parsing arguments in the terminal. Example: a
-ARM model building << �_���_�������� >>

Package Collection of related modules that work together to provide certain func-
tionality. These modules are contained within a folder ( ∕���∕ ) and can 
be imported just like any other modules. This folder contains a special 
__����__.�� file that tells Python it’s a package, potentially containing 
more modules nested within subfolders. Example: << ����� >>
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–	 Phase II: QM/MM model generator. Module: �_���_����_��������� 
(see Fig. 8b)

•	 Description: The first step towards the standardization and full automa-
tion of the original ARM was the development of a-ARM . This updated 
version not only overcame the automation drawbacks of the original ver-
sion, but also included significant methodological/computational improve-
ments. The achieved level of automation is accompanied by other features, 
such as speed in preparing the model building input, and standardization 
and reproducibility of the final model when operated  by different users. 
In fact, the time required for preparing the input for the QM/MM model 
construction is reduced from around 3 h to less than 5 min (user time), with 
respect to the original ARM protocol. This is a consequence of the automa-
tion of the different preparatory steps, thus avoiding the user manipulation 
of text files and/or visualization of chemical structures. More specifically, 
a Python-based automatic input file generator subroutine was written to 
automate the assignment of the residues defining the chromophore cavity, 
including the chromophore linker and counter-ions, the protonation state of 

Fig. 14   Representation of the contents of the PyARM software package. The package contains various 
modules, which can be steered using a driver. Modules make use of high- and low-level functions, as 
well as template files that are also an integral part of the package
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ionizable residues and, finally, the unambiguous placement of cytoplasmic 
and extracellular counter-ions. The benchmark calculations demonstrated 
that the resulting models for several rhodopsin sets are accurate enough 
for reproducing experimental trends in vertical excitation energy (i.e., the 
computed vertical excitation energies have an error bar of less than 4.0 kcal 
mol−1 blue-shifted), as well as transferability to rhodopsins of very differ-
ent sequence. This protocol has been further described in Sect. 4.

(2)	 Protocol: Automated Analysis of Color Tuning Mechanisms in Rhodopsins.

•	 Driver: �_���_�����_������

–	 Phase I: Electrostatic effects. Module: �_���_����_��� (see Sects. 6.4.3 
and 6.4.4)

–	 Phase II: Steric effects. Module: ���_������_��_��� (see Sect. 6.4.2)

•	 Description: This protocol provides a tool to study how the protein environ-
ment (i.e., protein sequence) modulates the absorption wavelength of the reti-
nal chromophore and, in turn, the color of the protein. In other words, it per-
forms rhodopsin color tuning analysis so as to reveal steric and electrostatic 
effects between the retinal chromophore and the surrounding cavity amino 
acid residues. This tools aids the mechanistic description of the ways amino 
acid residues influence the photophysical properties of the retinal chromo-
phore. This, in turn, builds up a reference book for helping the tuning of rho-
dopsin cavities (i.e., via point mutations) towards a desired effect (e.g., blue or 
red shifted wavelength). This protocol will be further described in Sect. 6.4.

(3)	 Protocol: Automated Simulation of Absorption Bands and light-induced Dynam-
ics of Rhodopsins.

•	 Driver: �_���_��������_������

–	 Phase I: Long MD from a-ARM QM/MM model. Module: 
�_���_����_��

–	 Phase II: Simulation of one photon absorption spectrum and light-induced 
dynamics. Module: �_���_���

•	 Description: This protocol allows the automatic simulation of one photon 
absorption (OPA) spectra, and the subsequent calculation of the initial con-
ditions necessary for the study of the excited state dynamics, also allowing 
estimation of the photoisomerization quantum yield (QY). In other words, 
this tools provides another link between experimental quantities and simu-
lated results. The photoisomerization QY, in particular, is of importance 
when interested in devising rhodopsins that are either particularly reactive or, 
contrarily, extremely fluorescent. This protocol will be the subject of a future 
publication.

(4)	 Protocol: Automated QM/MM Model Screening of Rhodopsin Variants Display-
ing Enhanced Fluorescence.

•	 Driver: �_���_������������_��������
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–	 Phase I: Location of the S 1 fluorescent excited-state (FS) . Module: 
�_���_��������

–	 Phase II: Computation of Franck–Condon (FC) trajectories. Module: 
�_���_��

–	 Phase III: Calculation of the S 1 photoisomerization path (RS). Module: 
�_���_��

•	 Description: This protocol is designed for gaining insights into the possi-
ble molecular-level mechanisms behind fluorescence enhancement, when 
the fluorescent species correspond to the initial dark state of the rhodop-
sin photocycle. It is composed of three different phases able to categorize 
a rhodopsin as dim- or enhanced-fluorescent, with respect to a reference. 
This allows the fast and systematic in silico screening of potentially hun-
dreds of rhodopsin mutants. Furthermore, each phase provides information 
(i.e., properties  such as emission wavelength, excited state lifetime (ESL), 
energy isomerization barrier (Ef

S1
) , fluorescence quantum yield ( �f  ) and struc-

tural parameters) that allows to elucidate and understand the factors determin-
ing rhodopsin fluorescence and, possibly, learn how to modulate it, with the 
ultimate goal of designing fluorescent candidates in silico for applications in, 
e.g., optogenetics [94]. This protocol will be the subject of a future publica-
tion.

6.3 � PyARM Technical Details

6.3.1 � PyARM Default Parameters

The setup for all the MD (see Sect. 3.4.1) and QM/MM (see Sect. 3.4.2) calculations 
performed by the different modules and drivers of PyARM (Sect. 6.2), is consistent 
with that reported for the a-ARM protocol in Refs. [43, 59, 64, 69] (see also Supple-
mentary Notes 2 and 3 of Ref. [35]).

As described in  Sect. 3.4.2, the default parameters for QM/MM calculations cor-
respond to 2-roots single-state CASSCF(12,12)/AMBER optimization and state-
average 3-roots CASPT2(12,12)/6-31G(d) energy correction. Such values for the 
active space and number of roots were selected based on benchmark calculations 
[59]. While the latter is not a modifiable parameter, the former could be modified via 
command-line arguments; however, it is strongly recommended to keep the default 
values.

As shown in Sect. 6.2, each instance of PyARM (see Table 1) is executed via a 
command-line interface, which contains a help menu facility that provides descrip-
tions and syntax for the default parameters and how to modify them. Some of these 
parameters are listed below. Note that it is possible (but not recommended) to cus-
tomize all the parameters for the MD run.
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6.3.2 � PyARM Installation

The PyARM code can be obtained by contacting the authors. PyARM relies on the 
following programs being already present and properly installed: Molcas ver. 8.4 
or OpenMolcas [62, 64]; TINKER ver. 6.3 (with specific QM/MM patches) [63]; 
PROPKA ver. 3.1 [76]; PutIon [59]; GROMACS ver. 4.5.5 [61]; DOWSER [60]; 
PDB2PQR [95, 96]; Fpocket [97]; Modeller ver. 9.18 [78]. Furthermore, PyARM 
necessitates of a Python 3.x installation including the following modules: OpenBabel 
[98]; MDAnalysis [99, 100]; Matplotlib [101]; pandas [102]; NumPy [103]; SciPy 
[104]; Jinja2; Python-crontab; PyYAML; TextTable; cclib [105], GromacsWrapper.
PyARM contains a configuration file, the contents of which point to the installa-

tion path of the aforementioned programs. Submission template files are also pro-
vided for each type of calculation. These templates have to be tailored to the specif-
ics of the computer cluster queuing system. Once these files are in place, and the 
user has write permissions for the Python installation, PyARM is installed as a nor-
mal Python 3.x package.

6.3.3 � PyARM Tailoring

The modular nature of PyARM allows the relatively easy implementation of changes 
in the various drivers, as well as introducing a new driver. As a hypothetical exam-
ple, a-ARM models have been used to compare excitation energy data obtained 
using CASPT2, MS-CASPT2 and MC-PDFT levels of theory [106]. The introduc-
tion of a different level of theory to evaluate excitation energies would imply using 
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a new high-level function (Table 1) that performs such calculation, which in turn is 
based on a new template input file.

The new high-level function would be used by one or more modules, which in 
turn would belong to any number of drivers. If the user would like to simply swap 
level of theory, they would need to change the call to the original high-level func-
tion in each module with the newly made one. Otherwise, the user can simply create 
copies of the desired modules and drivers, which makes use of the new high-level 
function.

Similarly, a new driver could be implemented, taking advantage of the already 
present modules and functions as much as possible. For example, one could intro-
duce a new, hypothetical, driver to locate the possible photoproduct structure of 
a given rhodopsin. Such a driver would combine the machinery of the previously 
mentioned �_���_������������_�������� , but extending the �_���_�� module 
(i.e., making a new module) to perform a ca. 180 degrees isomerization, followed 
by a S 0 geometry optimization and energetic evaluation. In this case, all necessary 
high-level functions and templates are already present, they just have to be com-
bined in a different way.

6.4 � Color Tuning Analysis in Terms of Steric and Electrostatic Effects

(Part of the content of the next three sections is reproduced/adapted with permission 
from [35], open access under a CC BY license (Creative Commons Attribution 4.0 
International License)).

As an example of a possible usage of a driver and a module as found inside 
PyARM, this section presents the driver ( �_���_�����_������ ) behind a common 
kind of analysis [35, 42], which aims at discerning the contribution of nearby cav-
ity residues onto the computed excitation energy ΔEa

S1−S0
 of the rPSB , and assign 

them as blue- or red-shifting. The shifting contributions are assessed in terms of 
both electrostatic effects onto the charged rPSB (Sect. 6.4.3), and steric effects dis-
torting the geometry of the retinal chromophore (Sect.  6.4.2). This assessment is 
performed based on quantities defined in Sect. 6.4.1. Figure 15 presents the results 
of using this analysis, as found while performing all possible mutations (P219X) for 
the KR2 rhodopsin [35]. Finally, Sect. 6.4.4 presents a simpler possible use of the 
module �_���_����_��� to analyze electrostatic contributions from cavity residues 
onto the rPSB.

6.4.1 � Computed Quantities

In Ref. [35], the authors define three fundamental quantities ( ΔΔETOT
S1-S0

 , ΔΔESTR
S1-S0

 , 
and ΔΔEOFF

S1-S0
 ) whose values are a function of either the structural (both at the 

chromophore and protein cavity levels) or electrostatic changes of each mutant with 
respect to WT, using as an illustrative example the mutants P219X of the KR2 rho-
dopsin (Fig. 11c).
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•	 ΔΔETOT
S1-S0

 is the “Total” excitation energy change. It is computed directly as the 
difference between the QM/MM computed vertical excitation energies of mutant 
and WT models.

•	 ΔΔESTR
S1-S0

 is the “Steric component” of ΔΔETOT
S1-S0

 . It is computed directly as 
the difference between the QM/MM vertical excitation energies of the iso-

Fig. 15   Steric and electrostatic contributions to the vertical excitation energy. a Total ( ΔΔETOT
S1-S0

 ), steric 
( ΔΔESTR

S1-S0
 ) and electrostatic ( ΔΔEELE(t)

S1-S0
 ) contributions to the interaction of the retinal with the protein 

environment for the possible P219X mutations. b Decomposition of the total electrostatic effects on its 
indirect ( ΔΔEELE(i)

S1-S0
 ) and direct ( ΔΔEELE(d)

S1-S0
 ) components. The dashed lines and corresponding numerical 

values refer to the weighted average values ( x ) of the 18 residues of the red-shifted cluster exclusively 
(that is, excluding P219R), presented in square parenthesis. Reproduced with permission from [35], open 
access under a CC BY license (Creative Commons Attribution 4.0 International License)
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lated retinal chromophores, however retaining the geometries as if inside the 
protein environment, between mutant and WT.

•	 ΔΔEOFF
S1-S0

 is used to quantify the “indirect” electrostatic component (see 
below) of ΔΔETOT

S1-S0
 . It is computed as the difference between the vertical 

excitation energy of the mutant and WT obtained after having switched off 
(turned to zero) the charges of residue 219. ΔΔEOFF

S1-S0
 can also be used directly 

to analyze, qualitatively, the red- or blue-shifting role of each of the residues 
of the chromophore cavity for a determined rhodopsin (Turn-Off Module). In 
such a case, it is computed as the differences between the vertical excitation 
energy of the rhodopsin before and after having switched off (turned to zero) 
the charges of specific residues.

As we will see in the following, using these quantities, we can compute three 
additional components.

•	 ΔΔEELE(t)

S1-S0
 is the “Total electrostatic component” that is indirectly computed 

as the difference between the Total and the Steric components above ( ΔΔ
EELE(t)

S1-S0
 = ΔΔETOT

S1-S0
− ΔΔESTR

S1-S0
 ) for each mutant. As specified in Sect.  6.4.2, 

ΔΔEELE(t)

S1-S0
 can be decomposed into two parts:

–	 ΔΔEELE(i)

S1-S0
 is the “Indirect electrostatic component” that is indirectly com-

puted in two steps by first computing the differences between the vertical 
excitation energy of the mutant and WT obtained after having switched 
off (turned to zero) the charges of residue 219, and then by subtracting 
from such difference the steric effect ΔΔESTR

S1-S0
 defined above.

–	 Finally, ΔΔEELE(d)

S1-S0
 is the “Direct electrostatic component” that is com-

puted indirectly as ΔΔEELE(d)

S1-S0
 = ΔΔEELE(t)

S1-S0
 - ΔΔEELE(i)

S1-S0
.

6.4.2 � Steric Effects

In the context of the protocol, by “steric effects” we mean “indirect” or “geo-
metrical” effects, i.e., the change in excitation energy of a chromophore due to a 
change in the minimum geometry. In turn, this change in geometry of the rPSB 
could be induced by both steric and electrostatic factors. Such effects are inves-
tigated by analyzing how the retinal chromophore is structurally modified by 
mutations near the �-ionone or near the Schiff base linkage (see Fig. 5).

As discussed in Ref. [35], such structural rearrangements of the rPSB may 
be due to different factors, such as a simple effect induced by the side-chain 
replacement, a different charge distribution due to changes in protonation states 
for ionizable residues, as well as water molecules addition/removal. Notice that 
steric effects were evaluated through an “atomistic” approach, focused on the 
changes in the rPSB geometrical and electronic structure, and therefore not 
directly related to steric effects evaluated on the basis of the changes in residue 
volume [35, 92].
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6.4.3 � Electrostatic Effects

As mentioned above, the total electrostatic effect ( ΔΔEELE(t)

S1-S0
 ) can be decomposed 

in two parts: (1) the first can be considered as a direct component ( ΔΔEELE(d)

S1-S0
 ) due 

to the variation in number, magnitude, and position of the point charges of mutated 
residue caused by the P to X replacement, and (2) a more indirect component ( ΔΔ
EELE(i)

S1-S0
 ) produced from the reorganization of the local environment and hydrogen 

bond network induced by the same replacement and due to the fact that conserved 
residues and water molecules change in position or orientation. Moreover, as dis-
cussed in Ref. [35], possible changes in protonation states of conserved residues, 
induced by P to X replacement, have a major contribution to the indirect component. 
Figure 15 shows the contributions due to different effects (steric and electrostatic) 
and components.

6.4.4 � Turn‑Off Module

As a final example, we present a possible usage of the �_���_����_��� module, 
which is part of the �_���_�����_������ driver (Phase I). As previously stated 
(Table  1), modules can be used also independently from the parent driver. When 
used as a stand-alone script, the command-line menu of the module provides four 
different options to turn-off residues in the chromophore cavity, with different 
scopes, as follows: 

1.	 < ��� > : Turn off the charges of EACH of the residues in the cavity, indepen-
dently. For instance, if the cavity is formed by N residues, the output will be N 
single calculations.

2.	 < ���_��� > : Turn off the charges for ALL the residues in the cavity, simultane-
ously. Therefore, the output will be a single calculation.

3.	 < ������ > : Turn off the charges for ONE specific residue given by the user.
4.	 < �������� > : Turn off the charges for a list consisting of MULTIPLE residues, 

given by the user, simultaneously. Therefore, the output will be a single calcula-
tion.

As an example of a possible analysis, we envision the use of the module with the 
first option ( < ��� > ), to map out the expected electrostatic influence of cavity resi-
dues onto the ΔEa

S1−S0
 of the rPSB . Such analysis could drive subsequent mutation 

tests, such as all possible mutations performed onto the residue responsible for, e.g., 
the largest or smallest shift.

6.5 � PyARM Current Accuracy and Drawbacks

A number of limitations of a-ARM have already been described in Sects.  3.5, 4.4 
and 5.2. Due to their simplified definition, ARM models are more exposed to potential 
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pitfalls than more complex QM/MM models. Such possible pitfalls, that concern the 
QM/MM model generator phase, can be summarized as: 

(1)	 lack of a proper description of the protein environment (membrane + explicit 
solvent),

(2)	 rigid protein backbone and non-cavity side-chains,
(3)	 approximated protonation states for ionizable residues, and
(4)	 missing description of any mutual polarization effects between the QM and 

MM sub-systems, that can be accounted for by polarizable embedding using a 
polarizable force field. Since polarizable force fields are technologies still under 
development in the QM/MM area (see, for instance Ref. [107]), we have not 
adopted/benchmarked them in this version of our specialized QM/MM models.

When considering points 1–4, the different properties computed by ARM are expected 
to be affected by a systematic error. Our current research is aimed at dealing with those 
points, while maintaining reasonable computational costs, or estimating the errors due 
to them. Nevertheless, according to the philosophy of the ARM protocol (Sect. 3.2), the 
main focus of ARM is the ability to reproduce property (especially �a

max
 ) and explain 

trends, rather than predicting their absolute values. The default model generation 
and subsequent customization revised above clearly shows that the models can fit the 
experimental results. In other words, the customization protocol searches for possible 
sources of systematic errors (i.e., different protonation state, different rotamer), due to 
points 1–4.

A trend deviation factor was computed [69], to evaluate the accuracy of the a-ARM 
data in a given set of rhodopsins with available experimental data. Thus, a mean abso-
lute error of 2.5 kcal mol−1 was found (Table S4 in the supporting information of Ref. 
[69]), when considering a-ARMdefault results for the benchmark set of Fig.  11b. A 
smaller value of 0.4 kcal mol−1  (Supplementary Table 5 of Ref. [35]) was found for the 
coherent set of KR2 mutants presented in Fig. 11d. These numbers show the expected 
accuracy of PyARM in evaluating trends of photophysical properties of rhodopsin sets. 
Logically, a coherent set of mutants of the same rhodopsin shows a smaller deviation, 
with respect to a set of rhodopsins spanning different organisms.

Although outside the a-ARM scope, it is possible to evaluate the accuracy of PyARM 
with respect to computing absolute absorbed wavelengths.4 For example, with respect 
to the data behind Fig. 11b (Table S3 in the supporting information of Ref. [69]), we 
found an average accuracy for the a-ARMdefault protocol of 90%.

4  We here define accuracy as the absolute difference of computed and experimental absorbed wave-
length, divided by the experimental number, in percentage. This is done for each of the N=10 replicas 
of a rhodopsin (Sect. 3.4.1) and then averaged. The final number is the average of the accuracy of all the 
considered rhodopsins.
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7 � Outlook and Concluding Remarks

In this review, we presented the ARM protocol, along with its past and current 
development and achievements. After a brief introduction to rhodopsins, their 
importance and current and potential technological uses, we presented the develop-
ment of ARM . We saw how the protocol was thought from inception to be accurate 
enough to reproduce trends in photochemical properties (mainly ΔEa

S1−S0
 ), that is 

points (1) and (2) of Sect. 3.5.
Most of the remaining points (3)–(5) were addressed through the subsequent develop-

ment of the Updated version of the Automatic Rhodopsin Modeling protocol a-ARM , 
presented in Sect. 4. The major achievement of a-ARM has been the complete automa-
tion of the input file generator and QM/MM model generator, and the corresponding 
coding as python, user-friendly, command-line interfaces. Such tools were also included 
in Sect. 5. The method was benchmarked (Fig.  11), and found reliable in obtaining 
photochemical properties of different rhodopsins, obtained from various life domains. 
Furthermore, the usage of the input file generator ensured reproducibility of the results, 
even when considering the two approaches a-ARMdefault and a-ARMcustomized.

Finally, Sect. 6 presented the latest development of the ARM protocol, namely 
PyARM. As shown in Fig. 14, PyARM consists of different drivers capable of per-
forming various actions and automatic analyses, combining several python modules, 
which in turn are composed of functions and templates (Table 1). The automation 
level achieved by PyARM allows the efficient generation of, e.g., all 19 possible 
mutants of a given residue (Fig. 11c). The concurrent preparation of many QM/MM 
models allows, in principle, the study of rhodopsin mutants arrays. The completely 
modular architecture of PyARM will permit scaling up the code (i.e., introducing 
novel kinds of analyses), through the implementation of new drivers, alongside 
those described in Sect. 6.2.

Despite the encouraging outcome of the applications of the protocol, additional 
work is required, for providing the scientific community with a robust tool that can 
be applied systematically to the study and design of sizable rhodopsin arrays. Much 
of its future success will depend on further improvements in the construction of the 
a-ARM model and, in particular, of rhodopsin mutants models. Some of the envi-
sioned improvements are as follows:

•	 Since rhodopsin structural data are rarely available and still difficult to obtain 
experimentally, it would be important to integrate, in an automatic fashion, com-
parative modeling technologies in the protocol for a-ARM model building. It is 
possible that with such tool one could achieve a protocol capable of producing 
more accurate QM/MM models starting directly from the constantly growing 
repositories of rhodopsin sequences. This target is currently pursued in our labo-
ratory.

•	 The above item is also related to the improvement of mutant models generation 
and screening. As a perspective of this work, we suggest to introduce a mutant 
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generator routine using proper comparative (homology) modeling, instead of just 
modifying the mutated side-chain conformation locally, as seen in Sect. 4.5.

•	 Both previous items could also benefit from the introduction of a machine-
learning or artificial intelligence (AI)-assisted protocol for more accurate 
structures or overall structure predictions.

•	 Methods for improving the prediction of the residue protonation states during 
the construction of ARM QM/MM model s appear of capital importance for 
increasing the accuracy (e.g., the percentage of success in reproducing trends 
in spectroscopic properties) of the final models. These are being presently 
investigated in our lab (see for instance a preliminary study in Ref. [75]).

•	 Currently, the a ARM model building protocol is the only ARM-based tool 
implemented in the Web-ARM interface and, therefore, accessible through the 
web. Future efforts will be devoted to the implementation of the four protocols 
described in Sect. 6.2 as utilities of the Web-ARM interface.

Finally, long-term development goals include introducing new drivers for PyARM 
(possibly re-using some of the already existing modules and scripts) for novel 
kinds of analyses. It is our intention to pursue also the possibility of simulating 
the use of different retinal chromophores, either natural or synthetic. We foresee 
the possibility of having a generalized method capable of handling any kind of 
chromophore. Last but not least, we would like to extend the applicability of the 
protocol beyond rhodopsins, and be able to apply it to many (any) photoactive 
protein complex.

Acknowledgements  Thank to all current and past group members that have contributed to the devel-
opment of the ARM protocol: Federico Melaccio, Alessio Valentini, Yoelvis Orozco-Gonzalez, Nicolas 
Ferré, Samira Gholami, Fabio Montisci, Silvia Rinaldi, Marco Cherubini, Xuchun Yang, Michael Sten-
rup, Hoi-Ling Luk, María Del Carmen Marín, Simone Bonfrate and Riccardo Palombo.

Author Contributions  LPG and LDV prepared text and figures, all authors participated to their revision

Funding  We acknowledge funding from the following entities: NSF (grant CHE-CLP-1710191), NIH 
(grant 1R15GM126627 01), Banca D’Italia, MIUR (Dipartimento di Eccellenza, 2018–2022), MUR 
(Rita Levi Montalcini grant, 2021-2024)

Code availabiity  The code can be obtained by contacting the authors.

Declarations 

Conflict of interest  All authors declare that they have no competing interests.

Ethics approval  Not applicable

Consent to participate  Not applicable

Consent for publication  Not applicable

Open Access  This article is licensed under a Creative Commons Attribution 4.0 International License, 
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long 
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative 

Reprinted  from  the  journal146



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2022) 380:21	  

Commons licence, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line 
to the material. If material is not included in the article’s Creative Commons licence and your intended 
use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permis-
sion directly from the copyright holder. To view a copy of this licence, visit http://​creat​iveco​mmons.​org/​
licen​ses/​by/4.​0/.

References

	 1.	 Kovalev K, Polovinkin V, Gushchin I, Alekseev A, Shevchenko V, Borshchevskiy V, Astashkin R, 
Balandin T, Bratanov D, Vaganova S et al (2019) Structure and mechanisms of sodium-pumping 
KR2 rhodopsin. Sci Adv 5(4):2671

	 2.	 Okada T, Sugihara M, Bondar AN, Elstner M, Entel P, Buss V (2004) The retinal conformation and 
its environment in rhodopsin in light of a new 2.2 Å crystal structure. J Mol Biol 342(2):571–583

	 3.	 Shihoya W, Inoue K, Singh M, Konno M, Hososhima S, Yamashita K, Ikeda K, Higuchi A, Izume 
T, Okazaki S et al (2019) Crystal structure of heliorhodopsin. Nature 574(7776):132–136

	 4.	 Braslavsky SE (2007) Glossary of terms used in photochemistry, (IUPAC Recommendations 
2006). Pure Appl Chem 79(3):293–465

	 5.	 Ernst OP, Lodowski DT, Elstner M, Hegemann P, Brown LS, Kandori H (2014) Microbial and 
animal rhodopsins: structures, functions, and molecular mechanisms. Chem Rev 114(1):126–163

	 6.	 Govorunova EG, Sineshchekov OA, Li H, Spudich JL (2017) Microbial rhodopsins: diversity, 
mechanisms, and optogenetic applications. Annu Rev Biochem 86:845–872

	 7.	 Kandori H (2020) Retinal proteins: photochemistry and optogenetics. Bull Chem Soc Jpn 
93(1):76–85

	 8.	 Kurihara M, Sudo Y (2015) Microbial rhodopsins: wide distribution, rich diversity and great 
potential. Biophys Psychobiol 12:121–129

	 9.	 Kojima K, Shibukawa A, Sudo Y (2020) The unlimited potential of microbial rhodopsins as optical 
tools. Biochemistry 59(3):218–229

	 10.	 Kojima K, Kurihara R, Sakamoto M, Takanashi T, Kuramochi H, Zhang XM, Bito H, Tahara T, 
Sudo Y (2020) Comparative studies of the fluorescence properties of microbial rhodopsins: sponta-
neous emission versus photointermediate fluorescence. J Phys Chem B 124(34):7361–7367

	 11.	 Needham DM, Yoshizawa S, Hosaka T, Poirier C, Choi CJ, Hehenberger E, Irwin NA, Wilken S, 
Yung C-M, Bachy C et al (2019) A distinct lineage of giant viruses brings a rhodopsin photosystem 
to unicellular marine predators. Proc Natl Acad Sci USA 116(41):20574–20583

	 12.	 Bratanov D, Kovalev K, Machtens J-P, Astashkin R, Chizhov I, Soloviov D, Volkov D, Polovinkin 
V, Zabelskii D, Mager T et al (2019) Unique structure and function of viral rhodopsins. Nat Com-
mun 10(1):4939

	 13.	 Pushkarev A, Béjà O (2016) Functional metagenomic screen reveals new and diverse microbial 
rhodopsins. ISME J 10(9):2331–2335

	 14.	 Luk HL, Melaccio F, Rinaldi S, Gozem S, Olivucci M (2015) Molecular bases for the selection of 
the chromophore of animal rhodopsins. Proc Natl Acad Sci USA 112(50):15297–15302

	 15.	 Pushkarev A, Inoue K, Larom S, Flores-Uribe J, Singh M, Konno M, Tomida S, Ito S, Nakamura 
R, Tsunoda SP et al (2018) A distinct abundant group of microbial rhodopsins discovered using 
functional metagenomics. Nature 558(7711):595–599

	 16.	 Lenahan C, Sanghavi R, Huang L, Zhang JH (2020) Rhodopsin: a potential biomarker for neurode-
generative diseases. Front Neurosci 14:14

	 17.	 Tsujimura M, Ishikita H (2020) Insights into the protein functions and absorption wavelengths of 
microbial rhodopsins. J Phys Chem B 124(52):11819–11826

	 18.	 Tahara S, Singh M, Kuramochi H, Shihoya W, Inoue K, Nureki O, Béjà O, Mizutani Y, Kandori H, 
Tahara T (2019) Ultrafast dynamics of heliorhodopsins. J Phys Chem B. 123(11):2507–2512

	 19.	 Tanaka T, Singh M, Shihoya W, Yamashita K, Kandori H, Nureki O (2020) Structural basis 
for unique color tuning mechanism in heliorhodopsin. Biochem Biophys Res Commun 
533(3):262–267

Reprinted  from  the  journal 147

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2022) 380:21

1 3

 

	 20.	 Kim S-H, Chuon K, Cho S-G, Choi A, Meas S, Cho H-S, Jung K-H (2021) Color-tuning of natural 
variants of heliorhodopsin. Sci Rep 11(1):1–9

	 21.	 Karasuyama M, Inoue K, Nakamura R, Kandori H, Takeuchi I (2018) Understanding colour 
tuning rules and predicting absorption wavelengths of microbial rhodopsins by data-driven 
machine-learning approach. Sci Rep 8(1):15580

	 22.	 Harris A, Lazaratos M, Siemers M, Watt E, Hoang A, Tomida S, Schubert L, Saita M, Heberle 
J, Furutani Y, Kandori H, Bondar AN, Brown LS (2020) Mechanism of inward proton transport 
in an Antarctic microbial rhodopsin. J Phys Chem B 124(24):4851–4872

	 23.	 Kandori H, Shichida Y, Yoshizawa T (2001) Photoisomerization in rhodopsin. Biochemistry 
(Moscow) 66(11):1197–1209

	 24.	 Mai S, González L (2020) Molecular photochemistry: recent developments in theory. Angew 
Chem Int Ed 59(39):16832–16846

	 25.	 Luecke H, Schobert B, Lanyi JK, Spudich EN, Spudich JL (2001) Crystal structure of sensory 
rhodopsin: insights into color tuning and transducer interaction II at 2.4 Angstroms. Science 
293(5534):1499–1503

	 26.	 Hoffmann M, Wanko M, Strodel P, König PH, Frauenheim T, Schulten K, Thiel W, Tajkhorshid 
E, Elstner M (2006) Color tuning in rhodopsins: the mechanism for the spectral shift between 
bacteriorhodopsin and sensory rhodopsin II. J Am Chem Soc 128(33):10808–10818

	 27.	 Wanko M, Hoffmann M, Frauenheim T, Elstner M (2006) Computational photochemistry of 
retinal proteins. J Comput Aided Mol Des 20(7–8):511–518

	 28.	 Fujimoto K, Hasegawa J-Y, Hayashi S, Kato S, Nakatsuji H (2005) Mechanism of color tuning 
in retinal protein: SAC-CI and QM/MM study. Chem Phys Lett 414(1–3):239–242

	 29.	 Fujimoto K, Hayashi S, Hasegawa JY, Nakatsuji H (2007) Theoretical studies on the color-
tuning mechanism in retinal proteins. J Chem Theory Comput 3(2):605–618

	 30.	 Altun A, Yokoyama S, Morokuma K (2008) Mechanism of spectral tuning going from retinal in 
vacuo to bovine rhodopsin and its mutants: multireference ab initio quantum mechanics/molec-
ular mechanics studies. J Phys Chem B 112(51):16883–16890

	 31.	 Altun A, Yokoyama S, Morokuma K (2008) Spectral tuning in visual pigments: 
an ONIOM(QM:MM) study on bovine rhodopsin and its mutants. J Phys Chem B 
112(22):6814–6827

	 32.	 Kim SY, Waschuk SA, Brown LS, Jung KH (2008) Screening and characterization of proteor-
hodopsin color-tuning mutations in Escherichia coli with endogenous retinal synthesis. Bio-
chim Biophys Acta Bioenerg 1777(6):504–513

	 33.	 Palczewska G, Vinberg F, Stremplewski P, Bircher MP, Salom D, Komar K, Zhang J, Cascella 
M, Wojtkowski M, Kefalov VJ et al (2014) Human infrared vision is triggered by two-photon 
chromophore isomerization. Proc Natl Acad Sci USA 111(50):5445–5454

	 34.	 Engqvist MKM, McIsaac RS, Dollinger P, Flytzanis NC, Abrams M, Schor S, Arnold FH 
(2015) Directed evolution of Gloeobacter violaceus rhodopsin spectral properties. J Mol Biol 
427(1):205–220

	 35.	 Nakajima Y, Pedraza-González L, Barneschi L, Inoue K, Olivucci M, Kandori H (2021) Pro219 
is an electrostatic color determinant in the light-driven sodium pump KR2. Commun Biol 
4(1185):1–15

	 36.	 Birge RR, Murray LP, Pierce BM, Akita H, Balogh-Nair V, Findsen LA, Nakanishi K (1985) 
Two-photon spectroscopy of locked-11-cis-rhodopsin: evidence for a protonated schiff base in a 
neutral protein binding site. Proc Natl Acad Sci USA 82(12):4117–4121

	 37.	 Birge RR (1986) Two-photon spectroscopy of protein-bound chromophores. Acc Chem Res 
19(5):138–146

	 38.	 Swartz TE, Szundi I, Spudich JL, Bogomolni RA (2000) New photointermediates in the two 
photon signaling pathway of sensory rhodopsin-i. Biochemistry 39(49):15101–15109

	 39.	 Ehrenberg D, Varma N, Deupi X, Koyanagi M, Terakita A, Schertler GF, Heberle J, Lesca E 
(2019) The two-photon reversible reaction of the bistable jumping spider rhodopsin-1. Biophys 
J 116(7):1248–1258

	 40.	 Gholami S, Pedraza-González L, Yang X, Granovsky AA, Ioffe IN, Olivucci M (2019) Multi-
state multiconfiguration quantum chemical computation of the two-photon absorption spectra of 
bovine rhodopsin. J Phys Chem Lett 10(20):6293–6300

	 41.	 Deisseroth K (2011) Optogenetics. Nat Methods 8(1):26–29

Reprinted  from  the  journal148



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2022) 380:21	  

	 42.	 Marín MdC, Agathangelou D, Orozco-Gonzalez Y, Valentini A, Kato Y, Abe-Yoshizumi R, 
Kandori H, Choi A, Jung KH, Haacke S, Olivucci M (2019) Fluorescence enhancement of a 
microbial rhodopsin via electronic reprogramming. J Am Chem Soc 141(1):262–271

	 43.	 Pedraza-González L, Marín MdC, De Vico L, Yang X, Olivucci M (2020) On the automatic con-
struction of QM/mm models for biological photoreceptors: rhodopsins as model systems. QM/MM 
studies of light-responsive biological systems. Springer, Berlin, pp 1–75

	 44.	 Bouas-Laurent H, Dürr H (2001) Organic photochromism (iupac technical report). Pure Appl 
Chem 73(4):639–665

	 45.	 Mendes HF, Van Der Spuy J, Chapple JP, Cheetham ME (2005) Mechanisms of cell death in rho-
dopsin retinitis pigmentosa: implications for therapy. Trends Mol Med 11(4):177–185

	 46.	 Mendes HF, Cheetham ME (2008) Pharmacological manipulation of gain-of-function and domi-
nant-negative mechanisms in rhodopsin retinitis pigmentosa. Hum Mol Genet 17(19):3043–3054

	 47.	 Athanasiou D, Aguila M, Bellingham J, Li W, McCulley C, Reeves PJ, Cheetham ME (2018) The 
molecular and cellular basis of rhodopsin retinitis pigmentosa reveals potential strategies for ther-
apy. Prog Retin Eye Res 62:1–23

	 48.	 Skulachev VP, Bogachev A (1988) Membrane bioenergetics. Springer, Berlin
	 49.	 Klapoetke NC, Murata Y, Kim SS, Pulver SR, Birdsey-Benson A, Cho YK, Morimoto TK, Chuong 

AS, Carpenter EJ, Tian Z, Wang J, Xie Y, Yan Z, Zhang Y, Chow BY, Surek B, Melkonian M, 
Jayaraman V, Constantine-Paton M, Wong GKS, Boyden ES (2014) Independent optical excitation 
of distinct neural populations. Nat Methods 11(3):338–346

	 50.	 Bogomolni RA, Spudich JL (1987) The photochemical reactions of bacterial sensory rhodop-
sin-I. Flash photolysis study in the one microsecond to eight second time window. Biophys J 
52(6):1071–1075

	 51.	 Béja O, Spudich EN, Spudich JL, Leclerc M, DeLong EF (2001) Proteorhodopsin phototrophy in 
the ocean. Nature 411(6839):786–789

	 52.	 Romei MG, Lin CY, Mathews II, Boxer SG (2020) Electrostatic control of photoisomerization 
pathways in proteins. Science 367(6473):76–79

	 53.	 Okada T, Fujiyoshi Y, Silow M, Navarro J, Landau EM, Shichida Y (2002) Functional role of 
internal water molecules in rhodopsin revealed by x-ray crystallography. Proc Natl Acad Sci USA 
99(9):5982–5987

	 54.	 Teller DC, Okada T, Behnke CA, Palczewski K, Stenkamp RE (2001) Advances in determination 
of a high-resolution three-dimensional structure of rhodopsin, a model of G-protein-coupled recep-
tors (GPCRs). Biochemistry 40(26):7761–7772

	 55.	 Andruniów T, Ferré N, Olivucci M (2004) Structure, initial excited-state relaxation, and energy 
storage of rhodopsin resolved at the multiconfigurational perturbation theory level. Proc Natl Acad 
Sci USA 101(52):17908–17913

	 56.	 Tomasello G, Gloria OG, Altoè P, Stenta M, Luis SA, Merchán M, Orlandi G, Bottoni A, Garavelli 
M (2009) Electrostatic control of the photoisomerization efficiency and optical properties in visual 
pigments: on the role of counterion quenching. J Am Chem Soc 131(14):5172–5186

	 57.	 Bravaya K, Bochenkova A, Granovsky A, Nemukhin A (2007) An opsin shift in rhodop-
sin: Retinal S0–S1 excitation in protein, in solution, and in the gas phase. J Am Chem Soc 
129(43):13035–13042

	 58.	 Valsson O, Campomanes P, Tavernelli I, Rothlisberger U, Filippi C (2013) Rhodopsin absorption 
from first principles: bypassing common pitfalls. J Chem Theory Comput 9(5):2441–2454

	 59.	 Melaccio F, Marín MdC, Valentini A, Montisci F, Rinaldi S, Cherubini M, Yang X, Kato Y, Sten-
rup M, Orozco-Gonzalez Y, Ferré N, Luk HL, Kandori H, Olivucci M (2016) Toward automatic 
rhodopsin modeling as a tool for high-throughput computational photobiology. J Chem Theory 
Comput 12(12):6020–6034

	 60.	 Zhang L, Hermans J (1996) Hydrophilicity of cavities in proteins. Proteins J Chem Theory Comput 
Bioinf 24(4):433–438

	 61.	 Pronk S, Páll S, Schulz R, Larsson P, Bjelkmar P, Apostolov R, Shirts MR, Smith JC, Kasson PM, 
Van Der Spoel D, Hess B, Lindahl E (2013) GROMACS 4.5: a high-throughput and highly parallel 
open source molecular simulation toolkit. Bioinformatics 29(7):845–854

	 62.	 ...Aquilante F, Autschbach J, Carlson RK, Chibotaru LF, Delcey MG, De Vico L, Fdez Galván 
I, Ferré N, Frutos LM, Gagliardi L, Garavelli M, Giussani A, Hoyer CE, Li Manni G, Lischka 
H, Ma D, Malmqvist PÅ, Müller T, Nenov A, Olivucci M, Bondo Pedersen T, Peng D, Plasser 
F, Pritchard B, Reiher M, Rivalta I, Schapiro I, Segarra-Martí J, Stenrup M, Truhlar DG, Ungur 
L, Valentini A, Vancoillie S, Veryazov V, Vysotskiy VP, Weingart O, Zapata F, Lindh R (2016) 

Reprinted  from  the  journal 149



https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2022) 380:21

1 3

 

Molcas8: new capabilities for multiconfigurational quantum chemical calculations across the peri-
odic table. J Comput Chem 37(5):506–541

	 63.	 Rackers JA, Wang Z, Lu C, Laury ML, Lagardére L, Schnieders MJ, Piquemal J-P, Ren P, Ponder JW 
(2018) Tinker 8: software tools for molecular design. J Chem Theory Comput 14(10):5273–5289

	 64.	 ...Aquilante F, Autschbach J, Baiardi A, Battaglia S, Borin VA, Chibotaru LF, Conti I, De Vico L, Delcey 
M, Fdez Galván I, Ferré N, Freitag L, Garavelli M, Gong X, Knecht S, Larsson E, Lindh R, Lundberg 
M, Malmqvist P-A, Nenov A, Norell J, Odelius M, Olivucci M, Pedersen T, Pedraza-González L, 
Phung Q, Pierloot K, Reiher M, Schapiro I, Segarra-Martí J, Segatta F, Seijo L, Sen S, Sergentu D-C, 
Stein C, Ungur L, Vacher M, Valentini A, Veryazov V (2020) Modern quantum chemistry with [Open] 
Molcas. J Chem Phys 152(21):214117

	 65.	 Melaccio F, Olivucci M, Lindh R, Ferré N (2011) Unique QM/MM potential energy surface exploration 
using microiterations. Int J Quantum Chem 111(13):3339–3346

	 66.	 Inoue K, Ito S, Kato Y, Nomura Y, Shibata M, Uchihashi T, Tsunoda SP, Kandori H (2016) A natural 
light-driven inward proton pump. Nat Commun 7(1):1–10

	 67.	 Bernstein FC, Koetzle TF, Williams GJB, Meyer EF Jr, Brice MD, Rodgers JR, Kennard O, Shiman-
ouchi T, Tasumi M (1977) The protein data bank: a computer-based archival file for macromolecular 
structures. Eur J Biochem 80(2):319–324

	 68.	 Berman HM, Westbrook J, Feng Z, Gilliland G, Bhat TN, Weissig H, Shindyalov IN, Bourne PE (2000) 
The protein data bank. Nucleic Acids Res 28(1):235–242

	 69.	 Pedraza-González L, De Vico L, Marín MdC, Fanelli F, Olivucci M (2019) a-ARM: automatic rhodop-
sin modeling with chromophore cavity generation, ionization state selection, and external counterion 
placement. J Chem Theory Comput 15(5):3134–3152

	 70.	 Kato HE, Inoue K, Abe-Yoshizumi R, Kato Y, Ono H, Konno M, Hososhima S, Ishizuka T, Hoque MR, 
Kunitomo H, Ito J, Yoshizawa S, Yamashita K, Takemoto M, Nishizawa T, Taniguchi R, Kogure K, 
Maturana AD, Iino Y, Yawo H, Ishitani R, Hideki K, Nureki O (2015) Structural basis for Na(+) trans-
port mechanism by a light-driven Na(+) pump. Nature 521(7550):48–53

	 71.	 Broser M, Spreen A, Konold PE, Peter E, Adam S, Borin V, Schapiro I, Seifert R, Kennis JT, Sierra YAB 
et al (2020) Neor, a near-infrared absorbing rhodopsin. Nat Commun 11(1):5682

	 72.	 Adam S, Wiebeler C, Schapiro I (2021) Structural factors determining the absorption spectrum of chan-
nelrhodopsins: a case study of the chimera c1c2. J Chem Theory Comput 17(10):6302–6313

	 73.	 Kaufmann JC, Krause BS, Adam S, Ritter E, Schapiro I, Hegemann P, Bartl FJ (2020) Modula-
tion of light energy transfer from chromophore to protein in the channelrhodopsin reachr. Biophys J 
119(3):705–716

	 74.	 Pedraza-González L, Marín MdC, Jorge AN, Ruck TD, Yang X, Valentini A, Olivucci M, De Vico L 
(2020) Web-ARM: a web-based interface for the automatic construction of QM/MM models of rho-
dopsins. J Chem Inf Model 60(3):1481–1493

	 75.	 Pieri E, Ledentu V, Sahlin M, Dehez F, Olivucci M, Ferré N (2019) CpHMD-then-QM/MM identifi-
cation of the amino acids responsible for the anabaena sensory rhodopsin pH-dependent electronic 
absorption spectrum. J Chem Theory Comput 15(8):4535–4546

	 76.	 Olsson MHM, Søndergaard CR, Rostkowski M, Jensen JH (2011) PROPKA3: consistent treatment of 
internal and surface residues in empirical pKa predictions. J Chem Theory Comput 7(2):525–537

	 77.	 Krivov GG, Shapovalov MV, Dunbrack RL (2009) Improved prediction of protein side-chain conforma-
tions with SCWRL4. Proteins Struct Funct Bioinf 77(4):778–795

	 78.	 Webb B, Sali A (2016) Comparative protein structure modeling using MODELLER. Curr Protoc Bioin-
form 54(1):5–6

	 79.	 Ochoa R, Soler MA, Laio A, Cossio P (2018) Assessing the capability of in silico mutation proto-
cols for predicting the finite temperature conformation of amino acids. Phys Chem Chem Phys 
20(40):25901–25909

	 80.	 Ignatov A (2021) Statistical analysis of protein side-chain conformations. J Phys Conf Ser 1740:012013
	 81.	 Xiang Z, Honig B (2001) Extending the accuracy limits of prediction for side-chain conformations. J 

Mol Biol 311(2):421–430
	 82.	 Wilson C, Gregoret LM, Agard DA (1993) Modeling side-chain conformation for homologous proteins 

using an energy-based rotamer search. J Mol Biol 229(4):996–1006
	 83.	 Dunbrack RL Jr, Karplus M (1993) Backbone-dependent rotamer library for proteins application to side-

chain prediction. J Mol Biol 230(2):543–574
	 84.	 Vasquez M (1996) Modeling side-chain conformation. Curr Opin Struct Biol 6(2):217–221
	 85.	 Kono H, Doi J (1996) A new method for side-chain conformation prediction using a hopfield network 

and reproduced rotamers. J Comput Chem 17(14):1667–1683

Reprinted  from  the  journal150



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2022) 380:21	  

	 86.	 Canutescu AA, Shelenkov AA, Dunbrack RL Jr (2003) A graph-theory algorithm for rapid protein side-
chain prediction. Protein Sci 12(9):2001–2014

	 87.	 Peterson LX, Kang X, Kihara D (2014) Assessment of protein side-chain conformation prediction meth-
ods in different residue environments. Proteins Struct Funct Bioinf 82(9):1971–1984

	 88.	 Nagata K, Randall A, Baldi P (2012) Sidepro: a novel machine learning approach for the fast and accu-
rate prediction of side-chain conformations. Proteins Struct Funct Bioinf 80(1):142–153

	 89.	 Liang S, Zheng D, Zhang C, Standley DM (2011) Fast and accurate prediction of protein side-chain con-
formations. Bioinformatics 27(20):2913–2914

	 90.	 Dunbrack RL Jr (2002) Rotamer libraries in the 21st century. Curr Opin Struct Biol 12(4):431–440
	 91.	 Mroginski M-A, Adam S, Amoyal GS, Barnoy A, Bondar A-N, Borin VA, Church JR, Domratcheva T, 

Ensing B, Fanelli F et al (2021) Frontiers in multiscale modeling of photoreceptor proteins. Photo-
chem Photobiol 97(2):243–269

	 92.	 Inoue K, Marín MdC, Tomida S, Nakamura R, Nakajima Y, Olivucci M, Kandori H (2019) Red-shifting 
mutation of light-driven sodium-pump rhodopsin. Nat Commun 10(1):1993

	 93.	 Shen M-Y, Sali A (2006) Statistical potential for assessment and prediction of protein structures. Protein 
Sci 15(11):2507–2524

	 94.	 Kandori H (2020) Retinal proteins: photochemistry and optogenetics. Bull Chem Soc Jpn 93(1):76–85
	 95.	 Dolinsky TJ, Nielsen JE, McCammon JA, Baker NA (2004) PDB2PQR: an automated pipeline for the 

setup of Poisson–Boltzmann electrostatics calculations. Nucleic Acids Res 32:66–667
	 96.	 Dolinsky TJ, Czodrowski P, Li H, Nielsen JE, Jensen JH, Klebe G, Baker NA (2007) PDB2PQR: 

expanding and upgrading automated preparation of biomolecular structures for molecular simulations. 
Nucleic Acids Res 35(suppl–1):522–525

	 97.	 Le Guilloux V, Schmidtke P, Tuffery P (2009) Fpocket: an open source platform for ligand pocket detec-
tion. Bioinformatics 10(1):168–179

	 98.	 O’Boyle NM, Banck M, James CA, Morley C, Vandermeersch T, Hutchison GR (2011) Open babel: an 
open chemical toolbox. J Cheminform 3:33

	 99.	 Michaud-Agrawal N, Denning EJ, Woolf TB, Beckstein O (2011) MDAnalysis: a toolkit for the analysis 
of molecular dynamics simulations. J Comput Chem 32(10):2319–2327

	100.	 Gowers RJ, Linke M, Barnoud J, Reddy TJ, Melo MN, Seyler SL, Domanski J, Dotson DL, Buchoux 
S, Kenney IM, Beckstein O (2016) MDAnalysis: a Python package for the rapid analysis of molecular 
dynamics simulations. In: Sebastian B, Scott R (eds) Proceedings of the 15th Python in science confer-
ence, pp 98–105

	101.	 Hunter JD (2007) Matplotlib: a 2d graphics environment. Comput Sci Eng 9(3):90–95
	102.	 McKinney W (2010) Data structures for statistical computing in Python. In: van der Walt S, Millman J 

(eds) Proceedings of the 9th Python in science conference, pp 56–61
	103.	 Harris CR, Millman KJ, van der Walt SJ, Gommers R, Virtanen P, Cournapeau D, Wieser E, Taylor 

J, Berg S, Smith NJ, Kern R, Picus M, Hoyer S, van Kerkwijk MH, Brett M, Haldane A, del Río JF, 
Wiebe M, Peterson P, Gérard-Marchant P, Sheppard K, Reddy T, Weckesser W, Abbasi H, Gohlke C, 
Oliphant TE (2020) Array programming with NumPy. Nature 585(7825):357–362

	104.	 ...Virtanen P, Gommers R, Oliphant TE, Haberland M, Reddy T, Cournapeau D, Burovski E, Peterson 
P, Weckesser W, Bright J, van der Walt SJ, Brett M, Wilson J, Millman KJ, Mayorov N, Nelson ARJ, 
Jones E, Kern R, Larson E, Carey CJ, Polat İ, Feng Y, Moore EW, VanderPlas J, Laxalde D, Perktold 
J, Cimrman R, Henriksen I, Quintero EA, Harris CR, Archibald AM, Ribeiro AH, Pedregosa F, van 
Mulbregt P (2020) SciPy 1.0 contributors: SciPy 1.0: fundamental algorithms for scientific computing 
in Python. Nat Methods 17:261–272

	105.	 O’boyle NM, Tenderholt AL, Langner KM (2008) cclib: a library for package-independent computa-
tional chemistry algorithms. J Comput Chem 29(5):839–845

	106.	 Marín MdC, De Vico L, Dong SS, Gagliardi L, Truhlar DG, Olivucci M (2019) Assessment of 
MC-PDFT excitation energies for a set of QM/MM models of rhodopsins. J Chem Theory Comput 
15(3):1915–1923

	107.	 Loco D, Lagardère L, Caprasecca S, Lipparini F, Mennucci B, Piquemal J-P (2017) Hybrid qm/mm 
molecular dynamics with amoeba polarizable embedding. J Chem Theory Comput 13(9):4025–4033

Publisher’s Note  Springer Nature remains neutral with regard to jurisdictional claims in published 
maps and institutional affiliations.

Reprinted  from  the  journal 151



https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2022) 380:21

1 3

 

Authors and Affiliations

Laura Pedraza‑González1,3   · Leonardo Barneschi1   · Daniele Padula1   · 
Luca De Vico1   · Massimo Olivucci1,2 

	 Leonardo Barneschi 
	 leonardo.barneschi@student.unisi.it

	 Daniele Padula 
	 daniele.padula@unisi.it

1	 Dipartimento di Biotecnologie, Chimica e Farmacia, Università degli Studi di Siena, Via Aldo 
Moro 2, 53100 Siena, Italy

2	 Department of Chemistry, Bowling Green State University, Bowling Green, OH 43403, USA
3	 Present Address: Department of Chemistry and Industrial Chemistry, University of Pisa, Via 

Moruzzi 13, 56124 Pisa, Italy

Reprinted  from  the  journal152

http://orcid.org/0000-0002-9806-236X
http://orcid.org/0000-0003-0736-1696
http://orcid.org/0000-0002-7171-7928
http://orcid.org/0000-0002-2821-5711
http://orcid.org/0000-0002-8247-209X


https://www.twirpx.org & http://chemistry-chemists.com

Vol.:(0123456789)

Topics in Current Chemistry (2022) 380:8
https://doi.org/10.1007/s41061-021-00361-7

1 3

REVIEW

Coupled‑ and Independent‑Trajectory Approaches Based 
on the Exact Factorization Using the PyUNIxMD Package

Tae In Kim1 · Jong‑Kwon Ha1 · Seung Kyu Min1 

Received: 27 August 2021 / Accepted: 11 November 2021 / Published online: 27 January 2022 
© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2022

Abstract
We present mixed quantum-classical approaches based on the exact factorization 
framework. The electron–nuclear correlation term in the exact factorization enables 
us to deal with quantum coherences by accounting for electronic and nuclear nona-
diabatic couplings effectively within classical nuclei approximation. We compare 
coupled- and independent-trajectory approximations with each other to understand 
algorithms in description of the bifurcation of nuclear wave packets and the cor-
rect spatial distribution of electronic wave functions along with nuclear trajectories. 
Finally, we show numerical results for comparisons of coupled- and independent-
trajectory approaches for the photoisomerization of a protonated Schiff base from 
excited state molecular dynamics (ESMD) simulations with the recently developed 
Python-based ESMD code, namely, the PyUNIxMD program.

Keywords  Excited state molecular dynamics · Exact factorization · Chemistry 
software

Mathematics Subject Classification  81-08 · 81-10 · 81-04

1  Introduction

The excited state molecular dynamics (ESMD) simulation is a great tool to help 
understand photochemical reactions [1–4], polaritonic chemistry [5–7], solar cells 
[8–11], light-induced molecular machines [12–14], and photosynthesis [15–18]. 
As  experimental techniques develop, there are many collaborative works between 
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computational approaches based on ESMD and femtosecond photochemical experi-
ments [19–23]. The synergy of theoretical and experimental approaches sheds light 
on the fundamental understanding of light-matter interactions. From the computa-
tional chemistry point of view, many theoretical approaches have been developed 
so far to deal with ESMD [24–29]. When a molecule is promoted to an electronic 
excited state by light absorption, the molecule feels a different potential from the 
electronic ground state, which leads to different reaction pathways. Nuclear propaga-
tion after light absorption cannot usually be explained by a single adiabatic potential 
energy surface showing nuclear wave packet bifurcation or splitting. Moreover, cor-
responding electronic propagations show population transfers induced by so-called 
nonadiabatic transitions. Therefore, the correlation between electrons and nuclei 
becomes crucial in ESMD.

The most accurate way to describe correlated electron–nuclear dynamics is to 
treat the entire system quantum mechanically. Quantum dynamics simulation is pos-
sible only at smaller numbers of nuclear degrees of freedom. Also, we have the mul-
ticonfigurational time-dependent Hartree (MCTDH) method to simulate quantum 
mechanical nuclear propagation [24]. The MCTDH approach is extremely useful 
when we consider a model Hamiltonian based on normal mode coordinates such as 
linear vibronic coupling Hamiltonians. In this case, we consider a limited number 
of normal modes that are expected to be essential for chemical processes of interest. 
Many interesting phenomena such as exciton transfer, charge transfer, and vibronic 
couplings have been investigated with MCTDH [30–33]. In addition, the full multi-
ple spawning approach provides exact quantum dynamics by solving time-depend-
ent Schrödinger equations in terms of Born–Huang expansions [25, 34, 35].

For more realistic situations with larger degrees of freedom, mixed quantum-
classical (MQC) and semiclassical approaches where we handle nuclear/elec-
tronic degrees of freedom with classical/quantum mechanics, respectively, are 
considered as more appropriate solutions. Among many MQC methods, Ehrenfest 
dynamics [26] and trajectory surface hopping (TSH) dynamics [27] are by far the 
most popular approaches due to their simplicity and efficiency. Many applications 
from molecular systems to extended systems have been investigated [36–40], and 
many improved versions of TSH have been developed [41–48]. One fundamental 
assumption of Ehrenfest dynamics and TSH is that classical trajectories are inde-
pendent of each other. As a result, we encounter the so-called “overcoherence” 
problem. In Ehrenfest dynamics, the electronic state follows the time-dependent 
electronic Schrödinger equation, whereas classical nuclei propagate according 
to the Newtonian equation of motion. In a given nuclear trajectory, the elec-
tronic state becomes coherent as a result of nonadiabatic transitions with finite 
off-diagonal elements in the electronic density matrix. The incorrect description 
of electron–nuclear correlation provides an overestimation of electronic coher-
ences as well as a wrong description of nuclear propagation. On the other hand, 
TSH describes nuclear propagations in a stochastic way. A nuclear trajectory 
chooses a single electronic state (usually an adiabatic state), which reproduces 
the bifurcation of nuclear trajectories after nonadiabatic transitions. However, 
the off-diagonal electronic density matrix elements are still finite after separation 
of the nuclear wave packet since the electronic equation of motion is equivalent 
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to Ehrenfest dynamics. Thus, TSH cannot capture the correct electronic density 
matrix as a function of nuclear degrees of freedom, which results in the overesti-
mation of nuclear coherence [49–53]. Within the framework of the Born–Huang 
expansion, many improved versions of TSH algorithms have been suggested to 
describe quantum coherence [43, 45]. However, we may encounter the fundamen-
tal difficulty of choosing a potential energy as we introduce a classical nuclear 
trajectory based on Born–Huang expansion. As a direct example, Ehrenfest 
dynamics chooses a mean-field potential from the coherent electronic state while 
TSH uses one of multiple adiabatic electronic states.

Recently, various MQC approaches based on exact factorization [54–58] have 
been proposed [28, 29]. Exact factorization can take into account the correct elec-
tron–nuclear correlation based on the formally exact coupled equations of motions 
for electronic and nuclear wave functions. One can describe nuclear propaga-
tion with a “single” time-dependent potential energy surface that can be uniquely 
determined by a suitable gauge choice [59]. Moreover, multiple classical trajecto-
ries along a single potential energy surface can generate the bifurcation of nuclear 
wave packets [60]. Based on systematic approximations for classical nuclei, one can 
develop a coupled-trajectory approach, the so-called coupled-trajectory mixed quan-
tum-classical (CT-MQC) approach, to handle quantum mechanical distribution of 
nuclear probability [28, 61], and an independent-trajectory approach, the so-called 
decoherence-induced surface hopping based on exact factorization (DISH-XF) 
approach, with further approximations toward numerical stability and computational 
efficiency [29]. Many photochemical reactions, such as the ring opening reaction 
of oxirane [62], photoisomerization of molecules [63–65], and molecular rotary 
motors [66, 67], have been studied so far. Recently, the performance of DISH-XF 
was compared to ab initio multiple spawning [35] and other representative decoher-
ence-corrected TSH methods on the so-called “molecular Tully model” [68]. How-
ever, due to the complexity, numerical instability, and high computational cost of 
CT-MQC approaches, there is no paper comparing CT-MQC and DISH-XF for real-
istic molecular systems. Recently, with the combination of machine learning (ML) 
approaches and quantum chemical calculations, one can develop ML models that 
can provide quantum mechanical energy levels with quantum chemical accuracy and 
low computational cost [69]. Therefore, ESMD based on CT-MQC is now feasible 
with ML approaches. In this paper, we present numerical comparisons between CT-
MQC and DISH-XF for the first time.

A number of modern program packages for ESMD with various MQC methods, 
such as Newton-X [70], SHARC [71], Libra [72], PYXAID [73], and NEXMD [74], 
have been developed for various MQC approaches. The recently developed PyU-
NIxMD [75] is a user-friendly Python-based ESMD package that employs vari-
ous MQC approaches, including DISH-XF and CT-MQC. In a previous work [75], 
we introduced the code structure and flow of the PyUNIxMD package with vari-
ous MQC implementations. However, the CT-MQC and DISH-XF approaches have 
not been compared so far. In this paper, we focus on comparing the CT-MQC and 
DISH-XF approaches, with detailed descriptions based on working equations as 
implemented in PyUNIxMD. Then, we perform ESMD simulations with DISH-XF 
and CT-MQC to describe photoisomerization of the protonated Schiff base using 
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the PyUNIxMD package. Numerical results from the two different approaches are 
discussed.

2 � Exact Factorization

Since the exact factorization scheme has been explained and reviewed in many arti-
cles [55–58], in this paper we introduce the fundamental concepts and working 
equations only briefly. The starting point of exact factorization is to write the time-
dependent molecular wave function � (�,�, t) as a single product of a nuclear wave 
function �(�, t) and an electronic wave function ��(�, t) as 
� (�,�, t) = �(�, t)��(�, t) where � and � represent nuclear and electronic degrees 
of freedom, respectively. Here, we enforce that the electronic wave function ��(�, t) 
satisfies a partial normalization condition such that ∫ d�|��(�, t)|2 = 1 for any 
nuclear configuration � . Therefore, the modulus square of a nuclear wave function 
|�(�, t)|2 has a physical meaning of the exact many-body nuclear density. Moreover, 
this many-body nuclear wave function provides the exact many-body current den-
sity. The exact factorization provides a unique pair of a nuclear wave function and a 
corresponding electronic wave function up to a gauge freedom 
��(�, t) → ��(�, t)e

iS(�,t) where S(�, t) is a real-valued function. Rigorous mathe-
matical derivations can be found elsewhere [55, 56]. From the Schrödinger equation 
for the molecular wave function, we can derive the coupled equations of motions for 
nuclear and electronic wave functions as, in atomic units,

and

respectively, where �� = ∫ d��∗
�
(�, t)

{
−i∇���(�, t)

}
 is the time-dependent vector 

potential from the electronic wave function, ĤBO is the Born–Oppenheimer (BO) 
Hamiltonian for electrons, and M� is the mass of the � th nucleus. Equation (1) tells 
us that the nuclear motion is governed by the scalar potential �(�, t) in the presence 
of the vector potential ��(�, t) generated by the fast electronic motion. In the BO 
limit, the vector potential corresponds to the Berry connection [76]. Here, we have 
two important terms in the coupled Eqs. (1) and (2); the electron–nuclear correlation 
operator Ûen and the exact potential energy surface �(�, t) . From the full time-
dependent Schrödinger equation, we can obtain the electron–nuclear correlation 
operator as
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and the exact (scalar) potential energy surface as

where ⟨⋯⟩�  represents the integration over the electronic degrees of freedom only. 
We note that the first term in Eq. (4) is gauge-invariant while the second term is 
gauge-dependent. One of the main features of the exact factorization is that we 
describe the nuclear dynamics based on the single time-dependent scalar potential 
energy surface and the single time-dependent vector potential while the conven-
tional approaches describe the nuclear wave packet dynamics with multiple time-
independent BO energies with multiple nonadiabatic time-independent coupling 
vectors and Berry connections. We can approximate the single potentials for MQC 
approaches straightforwardly. The electron–nuclear correlation term contains 
dependency on both the electronic wave function ��(�, t) and the nuclear wave 
function �(�, t) . Moreover, the second term in Eq. (3) has the nuclear wave function 
in the denominator, which may diverge as the nuclear wave function vanishes 
numerically. The direct time propagation with the coupled Eqs. (1) and (2) is very 
unstable [77], thus we need complicated algorithms to increase numerical stability.

According to the conventional Born–Huang expansion 
� (�,�, t) =

∑
n �(�, t)�n(�;�) , we understand the nuclear dynamics in electronic 

excited states as the nuclear wave packet on each electronic state, namely the BO 
electronic state �

n
(�;�) by solving the time-independent Schrödinger equation for 

electrons ĤBO(�;�)𝛷n(�;�) = 𝜖BO
n

(�)𝛷n(�;�) with the state index n follows the BO 
potential energies �BO

n
(�) with nonadiabatic transitions that generate population 

transfers of nuclear wave packets on different electronic states. The major sources of 
nonadiabatic transitions are nonzero values of electronic nonadiabatic coupling 
matrix elements ⟨�i� ��t

�j⟩�  and nuclear nonadiabatic coupling �∗
i
∇R�j.

The approximated mixed quantum-classical approaches such as surface hopping 
and Ehrenfest dynamics usually omit the nuclear nonadiabatic couplings. Thus, we 
cannot describe the correct nuclear wave packet splitting and coherences in elec-
tronic wave functions. In fact, in Ehrenfest dynamics, the classical nuclear trajectory 
propagates along an averaged potential energy surface with electronic propagation 
as well as electronic nonadiabatic coupling matrix elements, which shows 
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overestimation of electronic coherences. Instead, TSH exploits stochastic hopping 
algorithms to account for nuclear nonadiabatic coupling. However, the incorrect 
account generates overestimation of nuclear coherences [51]. In the framework of 
exact factorization, the electron–nuclear correlation contains both electronic and 
nuclear nonadiabatic interactions due to terms containing spatial derivatives of elec-
tronic and nuclear wave functions. Moreover, the nuclear wave function �(�, t) is 
not a projected nuclear wave function in the Born–Huang expansion but the true 
nuclear wave function, which provides the correct many-body nuclear density and 
the many-body nuclear current density. Therefore, exact factorization claims that a 
suitable and systematic approximation for classical nuclei for the nuclear wave func-
tion can provide the correct equation of motions for mixed quantum-classical 
approaches. Indeed, it is shown that the classical trajectories governed by Newtonian 
equations from the exact potential energy surfaces show the correct nuclear wave 
packet splitting after a nonadiabatic coupling region [60].

3 � Mixed Quantum‑Classical Approaches Based on the Exact 
Factorization

The coupled equation of motions for electrons and nuclei can be derived by intro-
ducing the Lagrangian frame [61] while we solve the electronic equation along with 
the moving classical trajectory �(t) . From the electron–nuclear correlation term, 
writing the nuclear wave function �(�, t) as �(�, t) = |�(�, t)|eiS(�,t) provides the 
term with classical canonical momentum �� = �� + ∇�S which naturally provides 
the total time derivative of the electronic wave function as

Moreover, from the quantum mechanical Hamilton–Jacobi equation, we can obtain 
the classical equation of motion for nuclei as

which can be approximated as the classical Newtonian equation by omitting the 
quantum potential ∇�|�|2∕|�|2 as

Therefore, within this approximation, the quantum tunneling effect cannot be 
described. Including the quantum potential during nuclear propagation to deal with 
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nuclear quantum effects is another future research topic in the mixed quantum-clas-
sical dynamics based on exact factorization. Semiclassical analysis [60] of the time-
dependent scalar and vector potentials in Eq. (7) suggest that the time-dependent 
scalar potential energy surface induces nonadiabatic transition and spatial separation 
of nuclear wave packets on different BO states, and that the time-dependent vector 
potential adjusts the nuclear momenta of nuclear densities on different BO states. 
While such effects of time-dependent potentials are encoded in the nuclear force in 
CT-MQC, a stochastic hop with a momentum adjustment from the potential energy 
difference replaces the time-dependent potentials approximately in DISH-XF. We 
note that the above coupled Eqs. (1) and (2) have gauge dependency whereas the 
observables such as the classical nuclear momentum and the nuclear force are 
gauge-invariant. Thus, any gauge choice generates the identical nuclear propagation 
as it should be. Once we choose the gauge as �(�, t) +

∑
�� �(�, t) ⋅ ���∕M� = 0 , we 

can derive the final coupled equations of motions for the electronic wave function 
�

�
(�, t) and the nuclear trajectory �(t) as

and

respectively. Here, we should emphasize that we introduce another important 
approximation. Since the second derivatives in the first term of the electron–nuclear 
correlation operator Ûen and the corresponding term in the exact potential energy 
surface �(�, t) require complicated numerical calculations, we use only the second 
term in the Ûen . Since we have ⟨𝛷��Ûen�𝛷�⟩� = 0 , there is no contribution from Ûen 
for the scalar potential. One can notice that the first terms in Eqs. (8) and (9) corre-
spond to the equations of motions in Ehrenfest dynamics. The remaining terms 
come from the electron–nuclear correlation term Ûen which contains the nuclear 
quantum momentum −∇�|�(�, t)|∕|�(�, t)| . If we consider purely classical nuclei 
by neglecting quantum momentum, the coupled equations of motions collapse to the 
Eherenfest dynamics. In addition, one can note that the electronic Eq. (8) satisfies 
the norm conservation of the electronic wave function naturally.
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3.1 � Coupled‑Trajectory Approach

We first introduce the CT-MQC approach to deal with nonadiabatic transitions as well 
as nuclear wave packet splitting. The major approximations of CT-MQC are as follows: 
(1) the nuclear density in Eq. (6) is constructed by multi-dimensional Gaussian func-
tions centered on each classical trajectory, and (2) the spatial derivative of electronic 
wave function is approximated by the spatial derivatives of electronic phases based on 
BO approximations. During the propagation, the width of Gaussian varies in time by 
calculating the standard deviation of nuclear configurations. Therefore, the nuclear 
quantum momentum PI

�
 for the Ith trajectory �I(t) , PI

�
= −∇�|�(t)|∕|�(t)| at �I(t) , 

can be written as

where

Ntraj is the total number of nuclear trajectories. Here I, J, and K represent trajectory 
indices while � and �′ represent nuclear indices. g�J

�
(t)(�� − �J

�
(t)) is a normalized 

Gaussian function centered at �J
�
(t) with the variance �I

�
(t) where we calculate the 

variance from the nearby nuclear trajectories. Further, in the construction of nuclear 
density, we enforce that overall BO population exchanges are allowed only in the 
presence of electronic nonadiabatic couplings. We calculate the spatial derivative of 
the electronic wave function ∇���(�, t) as ∇���

(�, t) =
∑

i ���Ci(t)�i(�;�(t)) where 
we introduce Born–Huang expansion for the electronic wave function as 
��(�, t) =

∑
i Ci(t)�i(�;�(t)) . Here, the term �i,� is the spatial gradient of the phase 

of Ci(t) , which we further approximate as the time integration of the energy gradient 
of the ith BO potential energy Ei as ∫ t

dt − ∇�Ei(�(t)) . Since the overall nuclear 
wave packet is constructed by all trajectories, the entire trajectories are coupled with 
each other.

As we focus on the ESMD for molecules, we exploit quantum chemical electronic 
structure calculations to obtain BO many-body electronic states �i(�;�) and nonadia-
batic couplings among them. Thus, the working equation of motions for electronic and 
nuclear propagation within the CT-MQC approach can be written as
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and

respectively, where �ij(t) = C∗
i
(t)Cj(t) and �ij,� are nonadiabatic coupling vectors 

(NACVs) as �ij,� = ⟨�i�∇��j⟩�  . Compared with conventional surface hopping 
dynamics or Ehrenfest dynamics, to evaluate electron–nuclear correlation term with 
nuclear quantum momentum, P� , we require additional steps only to calculate 
nuclear density and the phase term �i,� , which can be obtained from the quantum 
chemical calculation directly. Since the quantum chemical calculations are usually 
the most time-consuming step in excited state calculations, the computational effi-
ciency of CT-MQC is fairly efficient compared with the surface hopping approach 
and Ehrenfest dynamics. The major benefit of CT-MQC or any algorithm based on 
the exact factorization framework is that the norm conservation of electronic wave 
function always holds. Other mixed quantum-classical approaches to deal with 
quantum coherence exploit ad hoc modification of electronic wave function to intro-
duce decoherence of electronic reduced density matrix, thus inevitably we should 
introduce renormalization of electronic density matrix [47, 48].

3.2 � Independent‑Trajectory Approach

Since the previous CT-MQC approach propagates nuclear trajectories at the same 
time, CT-MQC may encounter several practical problems. For example, the excited 
state calculations for BO electronic states are not stable at certain nuclear configura-
tions. In this situation, the overall coupled nuclear trajectories fail to provide suit-
able propagation. In addition, the self-consistent field loop for converged electronic 
density sometimes fails, which gives numerical instability. Therefore, the CT-MQC 
approach may be suitable when we have an analytic formula for potential energy 
surfaces such as model Hamiltonian or potential energy surfaces from ML [78–80].

In this sense, another approximated approach, the so-called decoherence-induced 
surface hopping based on the exact factorization (DISH-XF), has been proposed. 
While the CT-MQC approach exploits all nuclear trajectories to construct the 
nuclear density, the DISH-XF approach exploits auxiliary nuclear trajectories to 
construct the nuclear density for each nuclear propagation. When the nuclear trajec-
tory starts to feel a finite electronic nonadiabatic coupling, we introduce an auxiliary 
trajectory on the electronic state where the nonzero BO population appears. The ini-
tial momentum of the auxiliary trajectory is computed by rescaling of the original 
momentum to conserve the total energy. Then, the auxiliary trajectory propagates 
with constant momentum within the nuclear time step. At each time, we calculate a 
new nuclear momentum from the total energy conservation. The auxiliary trajectory 
collapses as the BO population becomes numerically negligible. DISH-XF calcu-
lates the nuclear quantum momentum P� as
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where � is the variance of a Gaussian centered on the auxiliary trajectory which is 
an input parameter. Each nuclear trajectory has its own auxiliary trajectory depend-
ing on different electronic and nuclear propagations. Therefore, DISH-XF is an 
independent-trajectory approach. The nuclear trajectory follows the BO potential 
energy surfaces as

where Er(�) is the BO potential energy surface of the running state r whereas the 
electronic wave function follows Eq. (12). Compared with the CT-MQC approach, 
DISH-XF may not provide the correct nuclear behavior near nonadiabatic coupling 
regions. In the vicinity of nonadiabatic coupling, the exact potential energy surface 
shows an averaged potential energy surface, i.e., Ehrenfest region, while the exact 
potential energy surface shows clear step-wise function connecting different BO 
potential energy surfaces [59]. However, the surface hopping-based algorithm can-
not deal with the mean-field potential. In this sense, the Ehrenfest approach coupled 
with the exact factorization framework may be another interesting topic to develop a 
new mixed quantum-classical algorithm.

Both CT-MQC and DISH-XF approaches exploit an ensemble of nuclear tra-
jectory to mimic quantum mechanical nuclear wave packets along multiple BO 
surfaces. Usually we use Wigner samples or Boltzmann samples to construct 
initial distributions in phase space. Table  1 provides comparisons between the 
CT-MQC and DISH-XF approaches. Compared with CT-MQC, which uses time-
dependent variance from nuclear trajectory, which runs simultaneously, DISH-
XF usually uses a constant variance for constructing nuclear density. Therefore, 
the quality of simulations may depend on the shape of the potential energy sur-
faces. However, the overall behavior of BO populations and quantum coherence 
are similar to quantum mechanical results [29]. A semi-classical approximation 
with time-dependent variance may be applied in future study. In addition, CT-
MQC requires the full information for the electronic structure calculations while 
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(
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states∑
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)
,

(15)�� = −∇�Er

(
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Table 1   Comparisons between the coupled-trajectory mixed quantum-classical (CT-MQC) and decoher-
ence-induced surface hopping based on exact factorization (DISH-XF) approaches. i represents the index 
for electronic states while r represents the index for the running state

CT-MQC DISH-XF

Electronic equation Equation (8) Equation (8)
Nuclear equation Equation (9) Equation (15)
Quantum momentum Equation (10) Equation (14)
Gaussian width Time-dependent Time-independent
Requirements Ei’s, −∇�Ei’s, ⟨�i� − ∇��j⟩� ’s Ei’s, −∇�Er , ⟨�i� − ∇��r⟩’s
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DISH-XF requires the gradients and nonadiabatic coupling matrix elements only 
for the running state.

3.3 � Available Programs

Currently, available codes for mixed quantum-classical approaches are based on 
exact factorization are CPMD [81], G-CTMQC [82], and PyUNIxMD [75]. The 
CPMD program package provides various molecular dynamics algorithms based 
on first-principle electronic structure calculations with plane-wave basis functions. 
CPMD is the first program to provide a CT-MQC approach for realistic molecu-
lar systems [62]. We calculate BO electronic states and nonadiabatic couplings 
based on linear-response time-dependent density functional theory (LR-TDDFT). 
Since LR-TDDFT has limitations on calculating electronic excited states in several 
situations, caution is needed for the simulation. Within the CPMD program, the 
molecular dynamics module and the electronic structure calculations are connected 
internally. Thus, CT-MQC simulations can be done efficiently if the electronic 
structure calculations are stable for running trajectories. In addition, G-CTMQC 
contains many variations of coupled-trajectory approaches, such as CT-MQC, CT-
eMQC, and generalized CT-MQC, including spin-orbit interactions [83–85], and we 
have many benchmarks with various model Hamiltonians. Since both CPMD and 
G-CTMQC programs are written in Fortran language, we have difficulty in imple-
mentation in other programs. PyUNIxMD program [75] is a Python-based ESMD 
package designed to simulate various mixed quantum-classical dynamics coupled to 
conventional ab initio and semiempirical quantum chemistry programs. PyUNIxMD 
contains the conventional Ehrenfest and surface hopping dynamics with various 
decoherence schemes and velocity-rescaling algorithms in addition to CT-MQC and 
DISH-XF. In addition, PyUNIxMD is actively under development by the authors. 
Fundamentally, PyUNIxMD is written in Python. Numerous scientific libraries and 
environments are optimized for Python, which is the most popular programming lan-
guage due to its simplicity and user-friendly data structure. Since Python is suitable 
for object-oriented programming, modularization can be done directly. Furthermore, 
automation of multiple ESMD simulations can be achieved easily by simple scripts 
with PyUNIxMD. Such automation is important in terms of congruency, reproduc-
ibility, and user-independency as addressed in molecular model construction studies 
[86, 87].

4 � The PyUNIxMD Package

The main theme of PyUNIxMD is to provide a universal tool for ESMD simulations 
with multiple algorithms that can be coupled easily to modern quantum chemistry 
programs. Figure 1 shows the general flow and functionalities of the PyUNIxMD 
program via object-oriented programming.

The PyUNIxMD package requires three essential functions to perform molecu-
lar dynamics simulations. First, Molecule object has the fundamental molecular 
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information such as the number of atoms, the number of electronic states, atomic 
positions, and atomic velocities. During the molecular dynamics simulation, the 
Molecule object is updated. Then, we construct a QM_calculator object to define 
the quantum chemical BO calculation method with available quantum chem-
istry program packages. The current version of PyUNIxMD is interfaced with 
Columbus [88], DFTB+ [89], Gaussian09 [90], Molpro [91], TeraChem [92], and 
Q-Chem [93]. Of course, one can easily make an interface with any other quan-
tum chemistry/physics programs by writing a simple Python code, which will be 
explained later. Finally, we propagate a trajectory via an MQC object. The MQC 
object defines the mixed quantum classical approach for the electron–nuclear 
propagation. The available mixed quantum classical approaches are BOMD, 
Ehrenfest, TSH with various decoherence schemes, DISH-XF, and CT-MQC. 
Compared with the  procedure of independent-trajectory approaches, the CT-
MQC requires a list of Molecule objects at the initial stage to perform the dynam-
ics simultaneously. The remaining steps are identical to independent-trajectory 
approaches. In addition, the PyUNIxMD supports the numerical evaluation of 
nonadiabatic coupling matrix elements (NACMEs) [94] in case the direct calcula-
tion of NACVs is unavailable. Moreover, the PyUNIxMD provides thermostats 
with simple velocity rescaling, Berendsen thermostat [95], and Nosé–Hoover 
chain thermostat [96].

Figure 2 shows an example script to run PyUNIxMD. The steps for independ-
ent-trajectory simulations is summarized as in Fig. 2a: (1) Define mol as a Mol-
ecule object to include molecular information for a target trajectory, (2) define bo 
as a QM_calculator object to determine a quantum chemical method and a quan-
tum chemical program for the on-the-fly calculation, (3) assign md to an MQC 
object which involves the information for the mixed quantum-classical dynamics 
simulations and the pre-defined mol, and (4) perform MD simulations via run 
method with the pre-defined bo. During the ESMD simulations, the nuclear tra-
jectories are propagated with updating atomic positions, electronic energies, and 
BO electronic density matrix elements. Instead, the CT-MQC requires to create a 
Molecule object with multiple nuclear trajectories. Figure 2b represents a simple 
code to define a list of Molecule objects. We initially define an empty list mols 
and the total number of coupled trajectories ntrajs. Then, we construct mols by 
appending a Molecule object for each trajectory.

Fig. 1   General flow and func-
tionality of PyUNIxMD. The 
Molecule, QM_calculator, and 
MQC functions are essential to 
run molecular dynamic (MD) 
simulations while the Thermo-
stat object is optional for the 
constant-temperature, constant-
volume ensemble (NVT) 
ensemble

PyUNIxMD
Molecule

QM_calculator

MQC

Thermostat

• Columbus

• DFTB+

• Gaussian09

• Molpro

• TeraChem

• QChem

• BOMD

• Ehrefest

• TSH

• DISH-XF

• CT-MQC

• Simple rescaling

• Berendsen

• Nosé-Hoover chain

Reprinted  from  the  journal164



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2022) 380:8	  

4.1 � Interfacing with Quantum Chemistry Programs

Since the PyUNIxMD package is designed to easily interface with any quantum 
chemistry electronic structure calculation programs as well as in-house model Ham-
iltonian solvers and ML models, we present steps to construct the interface between 
the molecular dynamics simulations and the quantum chemistry calculations. Dur-
ing the molecular dynamics simulation, we pass electronic energies, nuclear forces, 
and NACVs from the quantum chemistry calculation object to the dynamics object. 
In practice, PyUNIxMD uses the get_data method from QM_calculator to extract 
the information above in the run method. Hence, one can build an interface with 
any additional quantum chemistry software by adding a class with customized 
get_data method. Figure 3 shows a structure of class for the interface with an addi-
tional quantum chemistry program outputs, namely the Additional_QC class. Thus, 
the Additional_QC can replace the QM_PROG in Fig. 2a. First, the Additional_QC 
should inherit from QM_calculator class since the QM_calculator should know all 
information of the quantum chemistry calculation. In the Additional_QC class, we 
just need the get_data method, which calculates or obtains the electronic structure 
at a given nuclear configuration via molecule. In the example, we further define 
get_input, run_QM, and extract_QM methods to specify steps for quantum chemis-
try calculations. Of course, one can skip this part to get electronic structure directly 
with molecule. The get_input is to build an input file for quantum chemical cal-
culations. At this stage, one can define global parameters such as basis functions, 

Fig. 2   a An example script to run PyUNIxMD and b a part of script for the coupled-trajectory mixed 
quantum-classical (CT-MQC) approach
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active spaces, and the level of theory in the self variable. The run_QM is to execute 
a quantum chemistry program, which may be a running script for external programs. 
The extract_QM method extracts the necessary information such as electronic ener-
gies, gradients, and nonadiabatic couplings from the output of the quantum chem-
istry program. One can customize the code depending on the output structure. The 
extracted information is stored in the molecule object. In case of using the Python-
based quantum chemistry program such as PySCF [97], we can use the provided 
modules directly in the Additional_QC class by including the suitable libraries or 
modules.

4.2 � Procedures for ESMD Simulations with PyUNIxMD

A typical ESMD study involves three major stages (Fig. 4). First, one prepares ini-
tial conditions for nuclear configurations and velocities on a certain electronic state. 
Here, we determine the initial electronic state depending on the excitation source. 
As an example, we usually construct the initial nuclear configurations in thermal 
equilibrium from the ground state, and we choose a specific excited state to simu-
late the Franck-Condon excitation. Second, we perform the ESMD simulations from 

Class Additional_QC(QM_calculator):

__init__ Define self variables

Pass energies, forces, and NACVs to moleculeget_data

get_input Create input file for on-the-fly calculation

run_QM Perform on-the-fly calculation

extract_QM Extract energies, forces, and NACVs

Fig. 3   A structure of additional class to the interface code with quantum chemistry program packages

Sampling

BOMD simulations

Probability density

Boltzmann

Wigner

MQC

QM_calculator

Molecule
ESMD

Analysis
Bond length

Bond angle

Dihedral angle

Coherence

BO population

NACME

Fig. 4   A schematic flow for a complete excited state molecular dynamics (ESMD) simulation procedure 
using PyUNIxMD
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the prepared initial conditions. Finally, after the simulations, we analyze observa-
bles from the trajectories via post-processing. The overall process can be easily done 
with PyUNIxMD since the program is well modularized by Python, the most popu-
lar modern programming language.

We sample the initial conditions from the Boltzmann or Wigner sampling [98]. 
The former suppose that the target system is in classical thermal equilibrium with 
the surrounding environment while the latter consider that the molecule populates 
the vibrational states usually obtained from the harmonic approximation. In the 
Boltzmann sampling, single or multiple nuclear trajectories are equilibrated to a tar-
get temperature/pressure with BO molecular dynamics using a thermostat/barostat, 
then the trajectories are propagated further for a long time so that the trajectories 
can traverse across the most of the accessible phase space at the equilibrium state 
[98]. We sample the nuclear configurations and velocities randomly or periodically 
from the trajectories after equilibrium. We can define the initial electronic state in 
two different ways. The simplest electronic state initialization method is to popu-
late the electronic states for all trajectories to a single excited state. Alternatively, 
the electronic state can be determined by transition probabilities calculated from 
energy gap and oscillator strength for a given initial condition [99]. In Wigner sam-
pling, the initial conditions are sampled from the Wigner distribution which maps 
the quantum mechanical probability densities for nuclear positions and momenta on 
the classical phase space [98, 100, 101]. In practice, we obtain the normal modes 
for nuclear degrees of freedom by the frequency calculations at a ground state mini-
mum. Then, we calculate the probability density from the vibrational states of the 
harmonic oscillator, for example, zero-point vibrational state, i.e., Gaussian func-
tion. Finally, we can sample the initial conditions according to the probability den-
sity in the phase space. Boltzmann sampling with NVT ensemble is available via 
BO molecular dynamics with a thermostat in the current version of PyUNIxMD. A 
script for Wigner sampling is currently under development.

The ESMD simulations for sampled initial conditions can be performed via a 
simple Python script with PyUNIxMD as described in Fig. 1. In PyUNIxMD, the 
nuclei and electronic state are propagated by velocity-Verlet and 4th order Runge-
Kutta algorithms, respectively, by default. Since electrons are significantly faster 
than nuclei, the electronic state is more sensitive to the time interval than the 
nuclear motion. Thus, we usually use a smaller time step for electronic state evo-
lution. During electronic propagation, we require electronic structure calculations 
that are accessible at the nuclear time step. Thus, we exploit the linear interpolation 
scheme to approximate electronic energies and nonadiabatic couplings between the 
two nuclear time steps. The nuclear and electronic variables as a function of a time 
are printed as a standard output while the important variables are written in various 
output files for future analysis. Dynamics with multiple trajectories can be executed 
readily by a simple loop in Python without any external script or compilation of 
codes. For example, users can write a script that reads initial conditions from the 
movie file generated during the BOMD simulations for Boltzmann sampling and run 
dynamics for multiple initial conditions by adding a loop block for the trajectories.

After the simulations, the evolution of molecular properties are analyzed on the 
individual trajectory level or in an averaged way. Assuming that the total nuclear 
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density can be represented as a sum of delta functions centered at nuclear configu-
ration in time, the expectation values are expressed as a averaged value over the 
ensemble of trajectories [61]. The PyUNIxMD package provides scripts for statisti-
cal analysis of the electronic states and nuclear motion including the scripts for the 
statistical analysis of BO populations, coherences, the absolute values of NACMEs, 
and nuclear trajectories. The analysis of nuclear trajectory extracts the behaviors of 
specified bond lengths, bond angles, and dihedral angles from output trajectories. In 
addition, along with the default outputs from PyUNIxMD, one can store any arbi-
trary quantity on-the-fly to calculate additional physical properties further such as 
transient absorption spectra [102] and time-resolved photoelectron spectra [103].

5 � Numerical Results

We perform ESMD for photoisomerization of trans-penta-2,4-dieniminium cation 
(PSB3) with the CT-MQC and DISH-XF, as implemented in PyUNIxMD, based on 
ML models [69].

The molecular configurations of PSB3 for stationary points are optimized with 
our ML models (Fig.  5). The structures and energies show good agreement with 
structures and energies, which are identified in [65] based on the state-interaction 
state-averaged spin-restricted ensemble-referenced Kohn–Sham method with an 
active space including two electrons in two fractionally occupied orbitals [SSR(2,2)] 
using �PBEh functional and 6-31G* basis set (Table 2). S0min,trans and S0min,cis indi-
cate equilibrium structure of trans-PSB3 and cis-PSB3 in the ground state ( S0 ). In 
the S0min,trans , the bond lengths of the terminal C=C bond, the central C=C bond, 
and the terminal C=N bond are 1.346 Å, 1.369 Å, and 1.305 Å, respectively, and in 

Fig. 5   Molecular configurations 
of PSB3 for the ground state 
minima ( S

0min,trans , S0min,cis ), the 
excited state minima ( S

1min,Cen , 
S
1min,Ter ), and conical intersec-

tions ( MECI
Cen

, MECI
Ter

 ). 
Bond lengths are in black text
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the S0min,cis , the bond lengths of the terminal C=C bond, the central C=C bond, and 
the terminal C=N bond correspond to 1.344 Å, 1.371 Å, and 1.307 Å, respectively. 
Bond length alternation (BLA) of the S0min,trans and the S0min,cis is 0.078 and 0.076 
Å, respectively. The energy of the S0min,trans is lower than that of the S0min,cis as 2.77 
kcal mol−1. S1min,Cen and S1min,Ter are the structure of the local minima in the lowest 
excited state ( S1 ) with torsion and elongation of C=C double bonds, respectively. 
For the S1min,Cen , the length of the central C=C bond elongates to 1.443 Å with tor-
sion as 86.42◦ and BLA is 0.039 Å. The S1min,Ter shows the length of the terminal 
C=C bond is 1.401 Å with torsion as 69.22◦ and BLA is 0.015 Å. The S1min,Cen is 
more stable than the S1min,Ter as 10.16 kcal mol−1. The two S0∕S1 minimum energy 
conical intersections (MECIs) are labeled MECICen , MECITer . These correspond to 
configurations that are twisted around the central C=C bond as 80.06◦ , and the ter-
minal C=C bond as 90.79 ◦ , respectively. BLAs of the MECICen , and the MECITer 
are 0.064 Å, and −0.007 Å, respectively. The MECICen is the lower energy structure 
than the MECITer by 11.27 kcal mol−1. The energies of two MECIs are lower than 
the energy of S1 in the Franck–Condon region, leading to the fact that these two 
channels can be accessible during photoisomerization. From Wigner distribution at 
300 K around S 0min,trans , we sample total 100 distinct initial molecular configurations 
and momenta for DISH-XF and CT-MQC simulations. After the Franck-Condon 
excitation to S1 , we propagate classical nuclear trajectories up to 300 fs with a time 
interval of 0.24 fs within the NVE ensemble.

Figure 6 shows population dynamics and averaged coherence from DISH-XF and 
CT-MQC. The averaged populations are computed from BO populations ( Pi ) or run-
ning states ( pi ) from Pi(t) =

∑Ntraj

I
�
(I)

ii
(t)∕Ntraj and pi(t) = Ni(t)∕Ntraj , respectively, 

where �(I)
ii
(t) is the BO population at the ith electronic state for the Ith nuclear trajec-

tory, Ni(t) is the number of trajectories running on the ith electronic state in time t 
for DISH-XF, and Ntraj is the total number of trajectories. The coherence indicator, 
⟨��ij�2⟩ , is calculated as ⟨��ij�2⟩ = ∑

I �
(I)

ii
(t)�

(I)

jj
(t)∕Ntraj . The overall behaviors of the 

averaged population from DISH-XF and CT-MQC are identical to each other. The 
population transfer from S1 to S0 is not initiated immediately. The trajectories take 
time to approach coupling region, with torsion and elongation of C=C bonds. This 
latency time is around 20 fs in both DISH-XF and CT-MQC, implying that the 
change of population occurs after 20 fs. After 20 fs, the population of S1 decays 
exponentially with a time constant of around 90 fs, which is in a good agreement 
with the S1 lifetimes of around 110 fs obtained from previous ESMD simulations 
[104, 105]. In the same manner, coherence patterns reveal around 20 fs. Addition-
ally, the coherence patterns of DISH-XF and CT-MQC are similar while CT-MQC 

Table 2   Relative energies (kcal  mol−1) for important stationary points of PSB3 optimized by machine 
learning (ML) models

�E S
0min,trans S

0min,cis S
1min,Cen S

1min,Ter MECI
Cen

MECI
Ter

S0 0 2.767 57.114 64.788 66.259 77.529
S1 95.356 96.467 63.989 74.153
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shows smaller coherences indicating faster decoherences for an individual trajectory. 
The coherence becomes large up to around 90 fs. Then, after leaving coupling 
region, the coherence value goes to nearly zero. This fact means that both DISH-XF 
and CT-MQC describe the electron–nuclear correlation correctly. Additionally, the 
internal consistency for DISH-XF supports the fact that DISH-XF can explain the 
correlation between nuclei and electrons.

We further analyze the coherence indicators with different reaction pathways. 
With respect to direction of isomerization, the fast ( < 25 fs) component corresponds 
to backward-going trajectories, which return trans-PSB3, i.e., trans-PSB3 to trans-
PSB3 and the slow ( > 25 fs) component indicates forward-going trajectories, which 
form cis-PSB3, i.e., trans-PSB3 to cis-PSB3. The coherence shows different patterns 
along groups. From DISH-XF simulations, the coherence begins at 20.4 fs for the 
backward-going trajectories, and reaches the maximum at 74.88 fs. While coherence 

(a) (b)

(c) (d)

(e) (f)

Fig. 6   a Born–Oppenheimer (BO) populations and b coherence indicators as a function of time with 
respect to different approaches. c, d Coherence indicators for trans to cis (forward) and trans to trans 
(backward). e, f Coherences with respect to different internal conversion channels via MECI

Cen
 and 

MECI
Ter
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begins at 29.52 fs and reaches maximum coherence of 87.12 fs for the forward-going 
trajectories. The amount of coherence is dominant for the forward-going trajecto-
ries. Also, the fast and slow components correspond to trajectories passing MECITer 
and MECICen , respectively. The trajectories with internal conversions from S1 to S0 
through MECITer show the early coherence from 20.4 fs. With maximum at 52.24 fs, 
whereas the trajectories via MECICen show the slower and broader coherences after 
29.28 fs. For CT-MQC, we notice that the coherence strength of CT-MQC is smaller 
than that of DISH-XF. One of the major differences between CT-MQC and DISH-
XF is the treatment of variances in quantum momenta. The CT-MQC exploits the 
time-dependent variance from multiple coupled nuclear trajectories at a given time 
t while the DISH-XF uses a constant value, which is usually determined from the 
initial distribution. In the PSB3 simulation, we observe that the quantum momentum 
in CT-MQC is larger than in DISH-XF, resulting in weak coherence in CT-MQC 
compared with DISH-XF. The overall behavior of coherence is similar to DISH-XF, 
where the second coherence appears slightly earlier than that of DISH-XF.

We also perform structural analysis by calculating the averaged torsional angle of 
the central C=C bond, the BLA, and the length of the terminal C=N bond for DISH-
XF and CT-MQC (Fig. 7). The BLA decreases quickly and becomes the minimum at 
13.68 fs, indicating that the trajectories approach nonadiabatic coupling region with 
elongation and torsion of the central C=C bond. After 13.68 fs, the averaged BLA 
increases with oscillation by forming trans-PSB3 or cis-PSB3. The small amplitude 
of change of the terminal C=N bond means that the channel via MECI by the tor-
sion around the terminal C=N bond ( MECICN ) is not activated because MECICN 

(a) (b)

(c) (d)

Fig. 7   Change in a averaged bond length alternation (BLA) and b terminal C=N bond lengths as a func-
tion of time. c, d Change in averaged twist angle of the central C=C bond for forward-going and back-
ward-going trajectories, respectively. Dotted lines Standard deviations
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has higher energy than S1 state after Franck–Condon excitation. Compared with  the 
result based on SSR-�PBEh, the dynamics based on multi-state second-order per-
turbation theory (MSPT2) shows the activation of MECICN channel [65, 106]. The 
change in torsional motion along the central C=C bond for forward-going and back-
ward-going trajectories implies the trans-to-cis isomerization and the trans-to-trans 
internal conversion via MECICen . The overall behaviors of the amplitude of motion 
with their standard deviation represent that both DISH-XF and CT-MQC show a 
similar swarm of trajectories, meaning that the nuclear wave packet are described 
similarly.

Figure 8 shows quantum yields and photoisomerization pathways. Both DISH-XF 
and CT-MQC show the majority of trajectories ( ∼ 80% ) chooses the internal con-
version via MECICen for trans-to-trans ( ∼ 20% ) and trans-to-cis ( ∼ 60% ) pathways 
while the minority ( ∼ 20% ) passes MECITer , which activates only the  trans-to-trans 
pathway. As a result, CT-MQC and DISH-XF provide ∼ 60% of the isomerization 
quantum yield. Overall, the similar behaviors from CT-MQC and DISH-XF simula-
tions suggest that DISH-XF may be a good choice for efficient simulations.

6 � Conclusion

We present mixed quantum-classical dynamics based on the exact factorization 
framework. Since exact factorization is able to deal with the correct electron–nuclear 
correlation beyond the electronic nonadiabatic couplings, the correct quantum 
coherence can be described properly. The electron–nuclear correlation term con-
tains the nuclear quantum momentum, which depends on the shape of nuclear 
density. The electron–nuclear correlation term generates BO population transfers 
in the absence of electronic nonadiabatic coupling. Moreover, the addition of elec-
tron–nuclear correlation guarantees the norm conservation naturally without any ad 
hoc correction of electronic density matrix. Thus, any artificial renormalization is 
not necessary. Based on exact factorization, we explain the CT-MQC and DISH-
XF approaches, which approximate nuclear density based on nuclear trajectories. 

Fig. 8   Nonadiabatic transition 
pathways and population ratios 
for the photoisomerization 
dynamics

S0 trans
S0 cis

S1 trans

MECITer MECICen

80%
82%

20%
18%

20%
22%

60%
60%

DISH-XF
CT-MQC
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The CT-MQC is the first approximate mixed quantum-classical approach from the 
exact factorization that can run an ensemble of nuclear trajectories simultaneously 
with the approximated nuclear density being constructed from the coupled nuclear 
trajectories. Instead, the DISH-XF approach exploits a more efficient surface hop-
ping algorithm for nuclear propagation while electrons propagate along the equation 
of motions from the exact factorization. Here, the nuclear quantum momentum is 
calculated from auxiliary trajectories for each independent nuclear trajectory. Both 
the CT-MQC and DISH-XF methods are highly efficient; however, the DISH-XF 
is more stable numerically due to the benefit from independent simulations. As a 
result, we perform the ESMD with ML-assisted electronic state calculations for 
PSB3 by using PyUNIxMD program, the Python-based ESMD simulations package. 
Based on the analysis of nuclear trajectories, BO populations, and coherence indica-
tors, both CT-MQC and DISH-XF give results that are in good agreement with each 
other.
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Abstract
A series of methods (SDSCI, SDSPT2, iCI, iCIPT2, iCISCF(2), iVI, and iCAS) 
is introduced to accurately describe strongly correlated systems of electrons. Born 
from the (restricted) static–dynamic–static (SDS) framework for designing many-
electron wave functions, SDSCI is a minimal multireference (MR) configuration 
interaction (CI) approach that constructs and diagonalizes a 3NP × 3NP matrix for 
NP states, regardless of the numbers of orbitals and electrons to be correlated. If 
the full molecular Hamiltonian H in the QHQ block (which describes couplings 
between functions of the first-order interaction space Q) of the SDSCI CI matrix 
is replaced with a zeroth-order Hamiltonian H0 before the diagonalization is taken, 
we obtain SDSPT2, a CI-like second-order perturbation theory (PT2). Unlike most 
variants of MRPT2, SDSPT2 treats single and multiple states in the same way and 
is particularly advantageous in the presence of near degeneracy. On the other hand, 
if the SDSCI procedure is repeated until convergence, we will have iterative CI 
(iCI), which can converge quickly from the above to the exact solutions (full CI) 
even when starting with a poor guess. When further combined with the selection 
of important configurations followed by a PT2 treatment of dynamic correlation, 
iCI becomes iCIPT2, which is a near-exact theory for medium-sized systems. The 
microiterations of iCI for relaxing the coefficients of contracted many-electron func-
tions can be generalized to an iterative vector interaction (iVI) approach for finding 
exterior or interior roots of a given matrix, in which the dimension of the search sub-
space is fixed by either the number of target roots or the user-specified energy win-
dow. Naturally, iCIPT2 can be employed as the active space solver of the complete 
active space (CAS) self-consistent field, leading to iCISCF(2), which can further be 
combined with iCAS for automated selection of active orbitals and assurance of the 
same CAS for all states and all geometries. The methods are calibrated by taking the 
Thiel set of benchmark systems as examples. Results for the corresponding cations, 
a new set of benchmark systems, are also reported.
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1  Introduction

In principle, relativistic, correlation, and even quantum electrodynamics (QED) 
effects ought to be accounted for simultaneously in electronic structure calculations 
of atoms and molecules to predict experimental observations precisely, i.e., “relativ-
ity + correlation + QED = experiment.” With the advent of effective QED [1, 2], 
quasi-four-component (Q4C) [3, 4], exact two-component (X2C) [5–8], and spin-
separated X2C [9, 10] relativistic Hamiltonians [11–20], relativity and QED prob-
lems in quantum chemistry can be regarded as solved because the “Hamiltonian lad-
der” has been made complete [2, 10, 13], such that one can just pick the right 
Hamiltonian according to the target physics/chemistry and accuracy. As such, the 
remaining challenge is still the correlation problem, especially for so-called strongly 
correlated systems of electrons. Literally, a strongly correlated system features mul-
tiple open-shell orbitals or nearly degenerate electronic states due to the existence of 
a dense set of energetically adjacent frontier orbitals, such that there does not exist a 
leading component in the wave functions. Because of this, single-reference methods 
are bound to fail, especially for low-spin states. Instead, multireference methods are 
needed for even a qualitative description of such states. A unanimous assumption 
underlying standard multireference methods [21–26] is that the full many-electron 
Hilbert space can be decomposed into a model space P and the external complement 
Q = 1 − P , which are responsible for the static and dynamic components of the 
overall correlation, respectively. Then, according to when the static and dynamic 
correlations are handled, such methods can be classified into three families [27, 28], 
viz. static-then-dynamic, dynamic-then-static, and static–dynamic–static (SDS), 
where the first family of methods refers to those that start with diagonalization of 
the bare Hamiltonian projected onto the pre-chosen model space P to yield the 
zeroth-order (reference) functions Ψ(0)

k
=
∑

𝜇∈P Φ𝜇C̃
(0)

𝜇k
 (which describe static cor-

rection) and then build up corrections to Ψ(0)

k
 for dynamic correlation. A characteris-

tic feature of such methods lies in the fact that the zeroth-order coefficients C̃(0)

𝜇k
 are 

not revised by dynamic correlation; That is, dynamic correlation sees static correla-
tion, but static correlation does not see dynamic correlation. Classic examples of 
such methods are multistate complete active space (CAS) second-order perturbation 
theory (PT2) (MS-CASPT2) [29–31] and multistate n-electron valence  state PT2 
(MS-NEVPT2) [32]; even though these are often called diagonalize–perturb–diago-
nalize, they are still static-then-dynamic because the second diagonalization does 
not give rise to sufficient revisions of the coefficients C̃(0)

𝜇k
 . By contrast, the dynamic-

then-static family of methods refers to those that build up dynamic corrections to 
each model function Φ� within P (without knowledge of the coefficients C̃(0)

𝜇k
 ) and 

then diagonalize the effective Hamiltonian for static correlation. When the orbitals 
are optimized for each (non-Aufbau) model function Φ� , the method has been 
termed “nonorthogonal state interaction” (NOSI) [11], which differs 
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from  "nonorthogonal configuration interaction" (NOCI) in that the latter has no 
dynamic correlation to each model function. Different realizations of this Ansatz 
have been presented [33–37], among which the multistate density functional theory 
[35–37], which builds dynamic correlation into individually optimized model func-
tions through (transition) density functionals, is particularly effective. It is clear that 
static correlation sees dynamic correlation but dynamic correlation does not see 
static correlation in such dynamic-then-static approaches, just opposite to static-
then-dynamic ones. Naturally, an SDS type of approach is required for greater 
robustness, where the zeroth-order coefficients C̃(0)

𝜇k
 are sufficiently relaxed; that is, 

static and dynamic correlations do see each other. There exists a number of methods 
belonging to this family [27, 28], among which partially contracted MRCI [24–26] 
is arguably the simplest.

Despite the great success of the above standard multireference methods in 
describing low-lying electronic states, they still have strong limitations. For 
instance, it is by no means trivial to maintain the same model space P so as to 
produce smooth potential energy surfaces. Even if this can indeed be achieved, 
there is no guarantee that the chosen model space will be equally good for all 
geometries and all target states. Even more seriously, those states that have only 
small projections in the chosen model space cannot be described well. Taking all 
these facts into account, one can classify chemical systems into weakly corre-
lated (which can be described well by single-reference methods), moderately cor-
related [which can well be described by standard multireference methods with a 
moderate model space, typically much smaller than CAS(18e,18o)], and strongly 
correlated (which require a large model space and are therefore beyond the capa-
bility of standard multireference methods). In fact, the concept of model space 
loses its original meaning for so-defined strongly correlated systems because 
the states in a large model space P and those formally in the orthogonal com-
plement Q are strongly interspersed in both energy and composition. In other 
words, the static and dynamic correlations in such cases are strongly entangled 
and interchangeable. Moreover, solving the large-model-space problem itself is 
already a demanding task [38–55], thus clearly more so the subsequent treatment 
of dynamic correlation. So, the question is how to design some adaptive method 
that can adapt to the variable static correlation automatically while also handling 
the residual dynamic correlation efficiently. It appears that the most promising 
approach in this regard is to introduce some selection procedure, so as to build 
up progressively a compact yet accurate variational space P, in full accordance 
with the nature of the system under consideration. In this spirit, a number of near-
exact approaches have been designed in the past, including the density matrix 
renormalization group technique [56–66], full configuration interaction (FCI) 
quantum Monte Carlo (FCIQMC) [67–77], cluster-analysis-driven FCIQMC [78], 
full coupled-cluster (CC) reduction [79, 80], deterministically projected FCI [81], 
many-body expanded FCI [82–85], incremental FCI [86, 87], rank-reduction FCI 
[88], fast randomized interaction-based FCI [89], intrinsic scaling-based correla-
tion expansion [90, 91], as well as selected CI (sCI) [92–114]. Among these, the 
sCI approaches (which are largely a revival of old ideas [115–119] in one way or 
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another) are the simplest in structure and rival more sophisticated approaches, as 
shown in a recent blind test [120]. In the present account, we briefly introduce our 
own (restricted) SDS family of methods, including SDSCI [106], SDSPT2 [106, 
107], iCI [27, 28], iCIPT2 [108, 121], iVI [122–125], iCISCF(2) [55], and iCAS 
[126], with the acronyms explained in Table 1. The (restricted) SDS Ansatz [106] 
for designing many-electron wave functions is first recapitulated in Sect.  2.1, 
from which the SDSCI, SDSPT2, iCI, iCIPT2, and iVI approaches follow nat-
urally. The iCAS and iCISCF(2) approaches are discussed in Sect.  2.2. Unless 
otherwise stated, the following convention is used: {i, j, k, l,…} , {t, u, v, w,…} , 
{a, b, c, d,…} , and {p, q, r, s,…} denote doubly occupied (core), active, virtual, 
and unspecified orbitals, respectively; repeated indices are always summed.

2 � The SDS Family of Methods

2.1 � SDSCI, SDSPT2, iCI, iCIPT2, and iVI

For brevity, we only discuss solutions of a spin-free quantum-mechanical equa-
tion, but the ideas can readily be extended to the spin-dependent case. For both 
cases, FCI provides the exact solutions for a given one-particle basis. Without 
loss of generality, such solutions can be classified into three portions: NP low-
lying, NS intermediate, and NQ high-lying states. The specific values of NP , 
NS , and NQ are of course system dependent. If NP is just 1 and the state is well 
separated from the rest, the system is only weakly correlated and can be well 
described by a single-reference prescription. On the other hand, if NP is exceed-
ingly large (i.e., NP ≃ NP + NS + NQ ), the system would be ultrastrongly corre-
lated, which exists only in the thermodynamic limit. What is particularly interest-
ing is the intermediate case, i.e., what are commonly called strongly correlated 
systems, with NP being a limited but not necessarily small number. Given such a 
general feature of the spectrum, we write a FCI solution �Ψ

I
⟩ ( I ≤ NP ) as

Table 1   The SDS family of methods

Acronym Full description References

SDSCI Static–dynamic–static configuration interaction [106]
SDSPT2 Static–dynamic–static second-order perturbation theory [106, 107]
iCI Iterative configuration interaction [27, 28]
SiCI iCI with selection [108, 121]
iCIPT2 iCI with selection and PT2 [108, 121]
iVI Iterative vector interaction [122–125]
iCAS Imposed automatic selection and localization of complete active space [126]
iCISCF(2) iCI-based multiconfigurational self-consistent field theory with PT2 in the 

variational space only
[55]

iOI Iterative orbital interaction as a bottom-up solver of the SCF problem [127]
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Here, {Φ�;� = 1,… , M} represent all possible n-electron Slater determinants (SDs) 
or equivalently configuration state functions (CSFs), while {Φ̃k;k = 1,… , N ≤ M} 
are called contracted n-electron functions or simply “states.” The second equation 
in Eq. (1) is nothing but a singular value decomposition of the CI vector � , i.e., 
� = �̃��†

= �̃�̄ , such that nothing has really happened when going from Eqs. (1) 
to (2). However, the latter allows one to choose just a small number of contracted 
functions {Φ̃k;k = 1,… , Ñ} to represent accurately the desired state ΨI , thereby 
leading to Eq. (3). (Indeed, if �̃ = � and hence �̄ = � , Ñ = 1 would be exact.) Stated 
differently, when the coefficients C̄kI are arranged in descending order of magnitude, 
the first Ñ contracted functions Φ̃k in Eq. (2) can be regarded as most important. In 
contrast, when working with individual SDs/CSFs, the selection of a small number 
of them is usually impossible as they are not well structured in energy. In fact, as an 
approximation to Eq. (2), Eq. (3) has three degrees of freedom to bring into play: 
(a) what SDs/CSFs Φ� are to be used, (b) how to determine their contraction coef-
ficients C̃𝜇k , and (c) how many states Φ̃k are to be used. Regarding (c), the restricted 
SDS Ansatz [106] takes the most democratic option, Ñ = 3NP ; that is, the same 
number ( NP ) of primary, secondary, and external states is to be employed for Φ̃k in 
Eq. (3). The procedure goes as follows:

As usually done, a model space P = {Φ�;� = 1,… , dR} is first constructed (follow-
ing, e.g., the selection procedure [118]), which need not be CAS nor that used to deter-
mine the one-particle orbitals. The lowest NP solutions of the Hamiltonian in this space, 
i.e., Ψ(0)

k
=

∑dR

𝜇=1
Φ𝜇C̃

(0)

𝜇k
 , which provide either semiquantitatively or qualitatively cor-

rect descriptions of the NP exact states, are to be taken as the primary states. For con-
venience, we introduce the following projectors:

(1)�ΨI⟩ =
M�
𝜇=1

�Φ𝜇⟩C𝜇I , C𝜇I =

N�
k=1

C̃𝜇kC̄kI , N = rank(�)

(2)=

N�
k=1

�Φ̃k⟩C̄kI , �Φ̃k⟩ =
M�
𝜇=1

�Φ𝜇⟩C̃𝜇k.

(3)≈

Ñ�
k=1

�Φ̃k⟩C̄kI .

(4)Pm =

NP�
k=1

�Ψ(0)

k
⟩⟨Ψ(0)

k
�,

(5)Ps =

dR�
�=1

�Φ�⟩⟨Φ�� − Pm,
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where Pm and Ps characterize the primary and secondary parts of the model space P, 
respectively. As known from many-body perturbation theory (MBPT), the first-order 
corrections to Ψ(0)

k
 , viz.

are very effective for describing dynamic correlation and hence good candidates 
for the second (external) NP functions Φ̃k in Eq. (3). To account for changes in the 
static correlation (described by Ψ(0)

k
 ) due to the inclusion of dynamic correlation 

(described by Ξ(1)

k
 ), the following not-energy-biased Lanczos-type functions

can be introduced [106] to mimic the third (secondary) NP functions Φ̃k in Eq. (3). 
Therefore, as a first attempt, Eq. (3) reads

The yet-unknown coefficients �̄ are to be determined by the generalized secular 
equation

where the reduced Hamiltonian �̄ and metric �̄ have the following structure:

(6)�Ξ(1)

k
⟩ =Q
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,
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⟩
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+

NP�
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k
⟩C̄
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.

(11)�̄�̄ = �̄�̄�,

(12)�̄ =

⎛⎜⎜⎝

PmHPm PmHQ PmHPs
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, k, l ∈ [1, NP],

(14)�̄ =

⎛
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k
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, k, l ∈ [1, NP].
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It has been shown [106] that the weights of Ψ(0)

k
 , Ξ(1)

k
 , and Θ(2)

k
 in �Ψ

I
⟩ (10) do 

decrease, thereby justifying the static–dynamic–static characterization. Note in pass-
ing that P′

s
 (9) with NP ≤ MP ≪ dR − NP is a very good approximation to the full Ps 

(5) but renders the evaluation of the matrix elements much easier.
Several remarks can be made here: 

(1)	 The three sets of functions, {�Ψ(0)

k
⟩}NP

k=1
 , {�Ξ(1)

k
⟩}NP

k=1
 , and {�Θ(2)

k
⟩}

NP

k=1
 , are treated 

independently, so that the dimension of Eq. (11) is 3NP , irrespective of the 
numbers of correlated electrons and orbitals. This Ansatz is best character-
ized as “internally and externally contracted minimal MRCI with singles and 
doubles and augmented with secondary states” (ixc-MRCISD+s), denoted as 
SDSCI for short. Note in passing that the three-subspace philosophy has long 
been used in configuration selection–extrapolation approaches [118, 128] but 
in a different way. The aim therein is to construct as small as possible a primary 
subspace Pm as well as a secondary (intermediate) subspace Ps , by adding in 
progressively individual configurations based on the magnitude of their first-
order coefficients or second-order energies. Once this is done, the corrections of 
Ps to Pm are accounted for either variationally or at a high order of perturbation 
theory, whereas the corrections of the external singles and doubles to Pm are 
accounted for at second order. Such approaches are intrinsically state-specific 
MRPT2 in the spirit of intermediate Hamiltonians [129] but belong to the static-
then-dynamic family of methods. They miss the interaction PsHQ between the 
secondary and external subspaces as compared with the variational SDSCI.

(2)	 In principle, any state-specific external functions for dynamic correlation can be 
used in lieu of {�Ξ(1)

k
⟩}NP

k=1
 . Therefore, the restricted SDS framework is only 

restricted in the structure (10) of the wave function and has sufficient degrees of 
freedom for improvement [106]. The “buffering” role of {�Θ(2)

k
⟩}NP

k=1
 is obvious 

from the structure of �̄ (Eq. (13)): they interact with {�Ψ(0)

k
⟩}NP

k=1
 only indirectly, 

through interactions with {�Ξ(1)

k
⟩}NP

k=1
 . Except for the particular form (8), other 

types of secondary states are also possible [122, 123]. For instance, the MP 
( ≥ NP ) solutions {Ψ(0)

k+NP
;k = 1,… , MP} of the projected Hamiltonian PHP are 

also good candidates in view of intermediate Hamiltonian theory [129] and are 
computationally very efficient.

(3)	 SDSCI can be reduced to MS-MRPT2 [29–32] by setting C̄kI = C̄(k+NP)I
 and 

C̄
(k+2NP)I

= 0 in Eq. (10), leading to 

 The Hamiltonian matrix (11) correct to second order is then of dimension NP , 
viz. 

(15)Ψ
(1)

I
=

NP∑
k=1

(Ψ
(0)

k
+ Ξ

(1)

k
)C̄kI .
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 Yet another approximate variant of SDSCI can be obtained by simply replac-
ing the QHQ block in Eq. (12) with QH0Q before the diagonalization step is 
taken. This variant, termed SDSPT2 [106, 107], is a CI-like MRPT2, which 
treats single and multiple states in the same way, at a cost of O(n5

) . From the 
computational point of view, all MS-MRPT2 based on Eq. (16) can be obtained 
from SDSPT2 for free, as long as the same zeroth-order Hamiltonian H0 and 
perturbers (zeroth-order states allowed to interact directly with a reference 
state) are used. This is because the former amounts to just picking the PmHPm 
and PmHQ blocks of �̄ (Eq.  (12)). It should be clear from Eq. (16) that the 
fixed, one-to-one ratio between �Ψ(0)

k
⟩ and �Ξ(1)

k
⟩ as well as the limited dimen-

sionality of �̄[2] cannot give rise to sufficient revisions of the coefficients of the 
model functions �Φ�⟩ (i.e., C𝜇I =

∑NP

k=1
C̃𝜇kC̄kI are not much different from C̃𝜇k ) 

on the one hand, and leads to reduced dynamic correlation on the other (i.e., 
the coefficient C̄(1)

kI
 of Ξ(1)

k
 is less than 1 in magnitude, as compared with the 

intermediate normalization). SDSPT2 avoids both side effects by introducing 
the secondary states {Θ(2)

k
} and meanwhile treating the external states {Ξ(1)

k
} as 

independent basis functions. To support this argument, we just mention that 
the avoided crossing point (closest approach distance) between the 11

Σ
+ and 

21
Σ
+ states of LiF (resulting from the swap of the ionic and covalent charac-

ters in the wave functions) determined by SDSPT2 (7.0 Å) is much closer to 
those obtained by internally contracted (ic) MRCISD (7.0 Å) and even uncon-
tracted (uc) MRCISD (6.9 Å) than those obtained by MS-CASPT2 (7.3 Å) or 
MS-NEVPT2 (7.3 Å). As a result, SDSPT2 has much smaller variations than 
MS-CASPT2 and MS-NEVPT2 in the gap error (relative to uc-MRCISD) as a 
function of geometry (for more details, see Ref. [107]).

(4)	 Both SDSCI and SDSPT2 are not size consistent. However, the errors can readily 
be removed by using the Pople [130] or renormalized Davidson [131] correction. 
Note in passing that MS-NEVPT2 [132] is also not size consistent, albeit with 
small size-consistency errors.

(5)	 At variance with the SDSPT2 approximation to SDSCI, the eigenvectors of the 
SDSCI equation (11) can be taken as new primary states {�Ψ(0)

k
⟩}NP

k=1
 , such that 

the SDS procedure can be iterated until convergence. Such iterative configuration 
interaction (iCI) [27, 28] accesses in each iteration (defined as macroiteration) 
a space that is higher by two ranks than that of the preceding iteration. Up to 
2i-tuple excitations (relative to the initial primary space) can be accessed if i 
macroiterations are carried out. A few microiterations j can be invoked in each 
macroiteration so as to relax the contraction coefficients. As such, every iCI(i, j) 
corresponds to a physically meaningful model. It has been shown both theoreti-
cally and numerically that iCI can converge quickly from above to FCI even 
when starting with a very poor initial guess. More generally, iCI can be viewed 
as a particular sequential, exact partial diagonalization of a huge matrix, by 

(16)
(H̄[2]

)kl =
1

2
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k
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k
�H�Ψ(0)
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getting first the roots of one portion of the matrix and then those of an enlarged 
portion, until the full matrix has been sampled, whereas its microiterations can 
be generalized to an iterative vector interaction (iVI) approach [122, 123] for 
arbitrary roots of a given matrix treated as a whole. In particular, by combining 
with the energy-vector following technique, iVI can directly access interior roots 
belonging to a predefined window, without knowing the number and characters 
of the roots [124, 125].

(6)	 As an exact FCI solver, the computational cost of iCI [27, 28] stems solely from 
the construction of the Hamiltonian matrix � in the basis of SDs/CSFs before 
contracting to �̄ (Eq. (13)) for diagonalization. Given the sparsity of CI vec-
tors, it is natural to combine iCI with configuration selection (i.e., SiCI) so as 
to construct a variational space Pm that is as compact as possible. The dynamic 
correlation from the complementary space Q = 1 − Pm can then be accounted 
for by PT2. The resulting iCIPT2 [108, 121] has the following features: 

(a)	 The configuration selection is carried out with a combined integral- and 
coefficient-driven algorithm over the entire Hilbert space or a large active 
space P (which can in this context be viewed as a coarse-grained selection 
step). Specifically, starting with a guess space P0 , if there exists an orbital 
configuration �J⟩ ∈ P0 for which f (�I�⟩, �J⟩, Cmin) is true, then the CSF 
�I�⟩ ∈ Q = 1 − P0 is selected. The Boolean function f (�I�⟩, �J⟩, Cmin) is 
defined as 

(A)	 If �I⟩ is identical to or singly excited from �J⟩ , then 

(B)	 If �I⟩ is doubly excited from �J⟩ , then 

	   Specifically, for case (A), loop over all CSFs �I�⟩ in Q and evaluate HIJ
��

 
( = ⟨I��H�J�⟩ ) for all CSFs �J�⟩ ∈ P0 . If max�(|HIJ

��
CJ�|) is larger than Cmin , 

then evaluate HII
��

 ; otherwise discard �I�⟩ . If max�(| HIJ
��

CJ�

E0−HII
��

|) is larger than 

Cmin , then �I�⟩ is selected. For case (B), only those doubly excited orbital 
configurations �I⟩ with upper bounds H̃IJ [108] larger than Cmin∕max� |CJ�| 

(17)

f (�I�⟩, �J⟩, Cmin) =
�

max
�

(�HIJ
��

CJ��) ≥ Cmin

�

and

�
max
�

�������
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��
CJ�

E0 − HII
��

������

�
≥ Cmin

�
;

(18)

f (�I𝜇⟩, �J⟩, Cmin) =

�
max
𝜈

(�H̃IJCJ𝜈�) ≥ Cmin

�

and
�

max
𝜈
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�

and
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.
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need to be generated (i.e., the unimportant ones are never touched, as in 
heat-bath CI [92] but working with SDs). For such {�I⟩} , the remaining step 
is the same as case (A). The so-selected �I�⟩ and those in P0 form an 
expanded space P1 , which is further diagonalized by iVI [122–125] to prune 
away those CSFs of coefficients smaller in magnitude than Cmin , thereby 
reducing P1 to Pm upon convergence (for more details, see Ref. [121]). The 
cost of such selection is merely ca. 20% of the total central processing unit 
(CPU) time of iCIPT2.

(b)	 A particle-hole representation [121] of orbital configurations is invoked 
to establish connections between the selected CSFs in Pm , which greatly 
facilitates the construction and update of � in CSR format.

(c)	 A tabulated unitary group approach (TUGA) [108] is invoked to compute 
and reuse the basic coupling coefficients (matrix elements of U(n) genera-
tors Eq

P
 and Ers

pq
 over CSF pairs), which is more flexible and efficient than 

the symmetric group-based table CI technique [133–136].
(d)	 In each iteration for the growth of the wave function, the first-order interact-

ing space (FOIS) is decomposed into disjoint subspaces via the residue-
based algorithm [104, 105, 137], so as to reduce memory requirements on 
the one hand and facilitate parallelization on the other.

(e)	 Thanks to the use of CSFs as the many-electron basis, full spin symmetry 
is always maintained, which is of vital importance for describing low-spin 
states of general open-shell systems as well as subsequent treatment of 
spin–orbit couplings [138].

(f)	 Upon termination of the selection (which is controlled by a single parameter 
Cmin ), the residual dynamic correlation is estimated by using the state-
specific, constraint-based [105] Epstein–Nesbet [139, 140] type of PT2 
(ENPT2).

(g)	 The linear relationship between the total versus PT2 energies allows for an 
accurate extrapolation, thereby rendering iCIPT2 a near-exact theory [120].

2.2 � iCAS and iCISCF(2)

While sCI can automatically build up a compact variational space through an itera-
tive procedure, there are still demands on calculations with fixed active spaces. The 
complete active space self-consistent field (CASSCF) method [25, 141–146] is most 
popular in this context due to its operational simplicity ( ne electrons are distrib-
uted in no orbitals in all possible ways, subject to spin and spatial symmetry con-
straints). Yet, CASSCF has been plagued by several factors: (1) it is by no means 
trivial to select which and how many orbitals as active orbitals, given some rules 
of thumb [147]; (2) It is often the case that some desired active orbitals run out of 
the CAS during SCF iterations, thereby resulting in undesired solutions or no con-
vergence; (3) It is particularly difficult to maintain the same CAS when scanning 
potential energy surfaces; (4) The size of CAS grows combinatorially with respect to 
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no and ne , to name just the major ones. Herewith, we introduce our iCAS [126] and 
iCISCF(2) [55] approaches to handle problems (1–3) and (4), respectively.

Like the atomic valence active space (AVAS) approach [148], iCAS assumes that 
the target low-lying electronic states have large projections on the space spanned by a 
small set of valence atomic orbitals (VAOs; e.g., d orbitals of transition metals, f orbit-
als of lanthanides and actinides, pz orbitals forming aromatic rings, etc.) that can be 
chosen according to (minimal) chemical/physical intuitions. Such VAOs are then con-
verted to an equivalent set of pre-canonical molecular orbitals (CMOs), by diagonaliz-
ing the pre-Fock matrix obtained by projecting the converged molecular Fock operator 
onto the VAOs. The occupation numbers (2, 1, or 0) of the pre-CMOs can readily be 
determined by examining their overlaps with the doubly, singly, and zero occupied 
restricted open-shell Hartree–Fock molecular orbitals (ROHF-MOs) separately. Then, 
the pre-CMOs are localized to yield pre-localized molecular orbitals (LMOs). The 
doubly/singly/zero occupied pre-LMOs are then taken as probes to select precisely the 
same numbers of doubly/singly/zero occupied ROHF-LMOs as guess orbitals. A clear 
difference between iCAS and AVAS lies in that the number of active orbitals is just 
that of the VAOs in iCAS but at least twice that of the same VAOs in AVAS. The form 
has been achieved by making use of the “energetic locality” (i.e., transferability of the 
occupations of fragment orbitals [149], with pre-CMOs/LMOs as special cases). A 
second feature of iCAS lies in that the localized CASSCF orbitals of two adjacent iter-
ations are enforced to match most, so as to guarantee the same core, active, and virtual 
subspaces throughout the iterations. Herein, the localization of HF/ROHF/CASSCF 
orbitals can readily be achieved by means of the noniterative “top-down, least-change” 
algorithm [149–151]. Since the VAOs and hence the pre-LMOs do not change with 
geometric displacements, iCAS can always select the same guess orbitals for the 
whole geometry. On the other hand, the orbital matching procedure helps to reduce 
the possibility for the orbital optimization to converge to different CASSCF solutions 
at different geometries. Numerous examples have shown [126] that iCAS can indeed 
produce smooth potential energy surfaces, even in very difficult situations.

Regarding the CAS size problem, the above-described selected iCI can be 
employed as the active space solver, leading to iCISCF. Just like other approxi-
mate CASSCF approaches [38–54], the active–active orbital rotations must be 
accounted for in iCISCF, in addition to the core–active, core–virtual, and active–vir-
tual orbital rotations in exact CASSCF. It turns out that the Jacobi rotation (JR) 
algorithm is particularly robust for the active–active orbital rotations, whereas the 
simple Broyden–Fletcher–Goldfarb–Shanno (BFGS)-based quasi-Newton (QN) 
method can be adopted for the other types of orbital rotations. Upon convergence, 
an ENPT2 correction can be performed within the Ps space (left over from the CAS 
P after configuration selection; P = Pm + Ps ), leading to iCISCF(2). In contrast, if 
the ENPT2 correction is to be carried out in the whole complementary space of 
Pm , Q = 1 − Pm = 1 − P + Ps , the method would be the original iCIPT2. It has been 
shown [55] that LMO-iCISCF(2) can handle active spaces up to CAS(50e,50o). 
As such, the combination of iCAS and LMO-iCISCF(2) is a valuable approach for 
investigating complicated systems with multiple unpaired electrons.

For clarity, the internal relations between the SDS family of methods are further 
depicted in Fig. 1.
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3 � Benchmarking SDSCI and SDSPT2

3.1 � Choice of H
0
 in SDSCI and SDSPT2

Since iCI is exact and iCIPT2 is nearly exact, there is no need to benchmark them. 
Instead, both SDSCI and SDSPT2 remain to be benchmarked systematically). To this 
end, we consider the Thiel set of systems [152]. Yet, both the zeroth-order Hamiltonian 
H0 and perturbers to define �Ξ(1)

k
⟩ (6) remain to be specified. Like NEVPT2 [32, 153, 

154], we adopt here the Dyall CAS/A Hamiltonian HD [155] as H0 , viz.

(19)HD
=HD

I
+ HD

A
,
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=

∑
i

�iE
i
i
+

∑
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�aEa
a
+ CD

I
,
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tu
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Et
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tuvw

(tu|vw)Etv
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,
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q
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s
− �qrE

p
s
,
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∑
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�i, Ec =
∑

i
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),

(24)f c
pq

=hpq +

∑
i

[2(pq|ii) − (pi|iq)],

The SDS family of methods

iOI

iCAS

SDSCI

SDSPT2

iCI SiCI

iCIPT2

iVI iCISCF(2)

construct & diagonalize × !

Fig. 1   The SDS family of methods (cf. Table 1)
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The particular choice of constant CD
I

 (23) is to make ⟨Φ��HD�Φ�⟩ equal to 
⟨Φ��H�Φ�⟩ for all CSFs in P, such that

where

Equation (34) implies that there is no first-order correction with HD as H0 . Yet, 
there exists one caveat here: the CAS must be maintained the same for all states 
at all geometries to avoid discontinuities. This can be achieved by iCAS [126] out-
lined above. As for the perturbers, the union of linearly independent, spin-adapted, 
and fully internally contracted single and double excitations from all the reference 
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functions is used, viz. {E
p
q�Ψ(0)

k
⟩, E

p
qEr

s
�Ψ(0)

k
⟩}NP

k=1
�{Et

u
�Ψ(0)

k
⟩, Et

u
Ev

w
�Ψ(0)

k
⟩}NP

k=1
 . This is 

different from MS-NEVPT2 [32], where the perturbers are state specific. For more 
technical details, see Ref. [107].

Since the first-order functions {Ξ(1)

k
} are treated in SDSCI/SDSPT2 as inde-

pendent functions, some double excitations to high-lying virtual orbitals can be 
excluded so as to speed up the calculation. This can be done in two different 
ways: (1) Choose two level-thresholds �1 and �2 ( > 𝜖1 ): those virtual orbitals 
below �1 , between �1 and �2 , and above �2 can accept 2, 1, and 0 electrons, respec-
tively; (2) More preferentially, use a small basis {�S

�
}

NS

�=1
 [e.g., double zeta plus 

polarization (DZP)] to map out a reduced set of virtual orbitals {𝜓̃L
a
} from a large 

basis {�L
�
}

NL

�=1
 calculation:

where {��L
i
⟩} and {��L

a
⟩} are the occupied and unoccupied ROHF orbitals in the 

basis {�L
�
} , respectively, such that {�𝜒S

𝜇
⟩} span the virtual space of the basis {�S

�
}

NS

�=1
 . 

The singular value decomposition of the cross overlap matrix �̃SL can have at most 
NS − Nocc singular values �a that are close to 1. The right vectors � can then be used 
to rotate the virtual orbitals,

NS − Nocc of which correspond to large �a , whereas the rest have (nearly) zero 
�a . The former can each accept two electrons, whereas the latter can each accept 
only one electron. Moreover, those singles and doubles with first-order coefficients 
smaller in magnitude than the threshold Cmin can further be neglected in both cases. 
As such, the computational cost will not grow too much as the basis is enlarged. 
Suppose that SDSPT2 can be performed without any cutoff, then the SDSCI and ic-
MRCISD energies can be estimated as

where the primed values refer to those with the cutoff.
It should be clear from the formalisms that the computational cost of SDSCI is 

virtually the same as that of a single iteration of ic-MRCISD contracted in the same 
way [156, 157], whereas SDSPT2 and MS-NEVPT2 can be obtained from SDSCI 
and SDSPT2, respectively, at no extra cost. To make close comparisons of SDSPT2, 
MS-NEVPT2, and SDSCI against ic-MRCISD, all calculations were performed using 
the BDF program package [158–161] (see Ref. [162] for a recent review). Moreover, 
to enable a direct comparison with previous MS-CASPT2 and CC3 results [152], the 
same geometries, symmetries, active spaces, numbers of averaged states, numbers of 

(36)�𝜒S
𝜇
⟩ =�𝜒S

𝜇
⟩ −

Nocc�
i=1

�𝜓L
i
⟩⟨𝜓L

i
�𝜒S

𝜇
⟩,

(37)S̃SL
𝜇a

=⟨𝜒S
𝜇
�𝜓L

a
⟩ = (���

†
)𝜇a,

(38)�𝜓̃L
a
⟩ =

NL−Nocc�
b=1

�𝜓L
b
⟩Rba, a ∈ [1, NL − Nocc],

(39)EX
I
≈ EX�

I
+ (ESDSPT2

I
− ESDSPT2�

I
), X = SDSCI , ic-MRCISD ,
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correlated electrons, and one-particle basis set (TZVP [163]) were used here. In par-
ticular, the vertical excitation energies (VEEs) were calculated as follows [152]: the 
ground state was calculated with orbitals from state-specific CASSCF, whereas the 
energetic separations of states within an irreducible representation (irrep) were calcu-
lated with orbitals from CASSCF averaged over all the states.

3.2 � Results and Discussion

3.2.1 � Size Consistency

Like MRCISD, both SDSCI and SDSPT2 are not size consistent. It can 
be seen from Table  2 that the ground-state size-consistency errors (i.e., 
ΔE = E(X…Y) − E(X) − E(Y) ; X = Y = Li2, Be, N with the def2-TZVP basis set 
[164]) decrease from ic-MRCISD to SDSCI then SDSPT2. Such errors are largely 
removed by the (renormalized) Davidson correction [131] and especially the Pople 
correction [130]. In fact, it can be deduced from the underlying derivations that 
the Pople correction [130] is more suited for internally contracted wave functions, 
whereas both the original [165] and renormalized [131] Davidson corrections are 
more suited for uncontracted wave functions. As can be seen from Table 3, the same 
findings hold also for valence �–�∗ excitation energies of benzene…Rg (Rg = He, 
Ne, Ar, Kr) relative to benzene. Here, the rage gas atom is set to 100 Å from the 
center of benzene, the geometry of which is taken from Ref. [152]. Hereinafter, we 
use X+P and X+Q to denote the Pople and (renormalized) Davidson corrections to 
method X, respectively. For comparison, the results by the second-order dynamic 
correlation dressed CAS (DCD-CAS(2)) and its bias-corrected (bc) version [166] 
are also given in Tables 2 and 3. It can be seen that the size-consistency errors of 
SDSPT2 (SDSPT2+P) are larger for the ground states but become smaller for the 
excited states than those by DCD-CAS(2) (bc-DCD-CAS(2)). In short, the size-con-
sistency errors of X +P (X = SDSPT2, SDSCI, ic-MRCISD) are tolerable for both 
ground and excited states.

3.2.2 � Excited States of Closed‑Shell Systems

Thiel and coworkers reported VEEs for 149 singlet and 72 triplet states of 28 organic 
closed-shell molecules [152]. In fact, there are several other states that are within the 
reported energy ranges: the 3 1B1g and 4 1B2u states of naphthalene, the 4 1A1 state 
of pyridazine, the 3 1B2u state of s-tetrazine, the 2 1B1g , 3 1B1u , 2 1A1u , 2 1B3u , 2 3B1g , 
2 3B3g , 2 3Au , and 2 3B1u states of p-benzoquinone, the 2 3A′ state of formamide, the 
2 3A′ state of acetamide, and the 2 3A′ state of propanamide, totaling eight singlet 
and seven triplet states. These states are also counted in our statistics. It should be 
emphasized that, to compare excited states by different methods, it is the align-
ment of the wave functions rather than simply the energies that should be adopted, 
to avoid comparing apples with oranges. For this reason, we closely inspected the 
results reported in Ref. [152] and found that (1) the CC3 excitation energy for the 
31A1 state of cyclopentadiene should be 8.69 eV instead of 6.69 eV according to the 

Reprinted  from  the  journal 195



https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2021) 379:43

1 3

 

Ta
bl

e 
2  

G
ro

un
d-

st
at

e 
si

ze
-c

on
si

ste
nc

y 
er

ro
rs

 (i
n 

m
eV

) o
f S

D
SP

T2
, S

D
SC

I, 
an

d 
ic

-M
RC

IS
D

 u
si

ng
 th

e 
de

f2
-T

ZV
P 

ba
si

s s
et

Th
e 

no
ni

nt
er

ac
tin

g 
sy

ste
m

s w
er

e 
pl

ac
ed

 1
00

 Å
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 Å
d
CA

S(
2,

4)
 fo

r B
e 

an
d 

CA
S(

4,
8)

 fo
r B

e
…

 B
e

e
CA

S(
5,

4)
 fo

r N
 a

nd
 C

A
S(

10
,8

) f
or

 N
…

 N

Sy
ste

m
D

C
D

-C
A

S(
2)

a
SD

SP
T2

b
SD

SC
Ib

ic
-M

RC
IS

D
b

uc
-M

RC
IS

D
b

O
rig

in
al

bc
O

rig
in

al
Po

pl
e

D
av

id
so

n
O

rig
in

al
Po

pl
e

D
av

id
so

n
O

rig
in

al
Po

pl
e

D
av

id
so

n
O

rig
in

al
Po

pl
e

D
av

id
so

n

L
i 2
…

 L
ic 2

0.
00

0.
00

41
.5

5
0.

94
2.

62
68

.7
7

1.
49

8.
15

21
5.

35
12

6.
19

18
1.

24
21

6.
72

12
3.

42
18

0.
52

B
e
…

 B
ed

0.
11

0.
01

3.
16

0.
01

0.
04

4.
65

0.
02

0.
10

6.
85

0.
49

0.
68

6.
62

0.
23

0.
41

N
…

 N
e

0.
00

0.
00

12
2.

20
0.

01
9.

18
19

9.
88

0.
00

20
.9

7
20

8.
57

6.
03

29
.5

3
16

6.
19

-6
1.

68
-3

7.
52

Reprinted  from  the  journal196



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2021) 379:43	  

Ta
bl

e 
3  

S
iz

e-
co

ns
ist

en
cy

 e
rr

or
s 

(in
 m

eV
) o

f S
D

SP
T2

, S
D

SC
I, 

an
d 

ic
-M

RC
IS

D
 fo

r v
al

en
ce

 �
–�

∗
 e

xc
ita

tio
n 

en
er

gi
es

 o
f b

en
ze

n
e
…

R
g
 (R

g 
=

 H
e,

 N
e,

 A
r, 

K
r; 

10
0 

Å
 a

w
ay

 
fro

m
 th

e 
ce

nt
er

 o
f b

en
ze

ne
) w

ith
 re

sp
ec

t t
o 

b
en

ze
n
ea .

Ex
ci

te
d 

st
at

e
D

C
D

-C
A

S(
2)

b
SD

SP
T2

c
SD

SC
Ic

ic
-M

RC
IS

D
c

H
e

N
e

A
r

K
r

H
e

N
e

A
r

K
r

H
e

N
e

A
r

K
r

H
e

N
e

A
r

K
r

O
rig

in
al

O
rig

in
al

1
B

2
u

22
.1

15
8.

7
27

8.
4

30
6.

5
−

 1
.3

−
 1

1.
8

−
 1

0.
0

−
 1

3.
1

−
 1

.5
−

 4
.0

−
 1

.4
−

 0
.4

−
 0

.5
−

 3
.5

−
 4

.2
−

 4
.7

1
B

1
u

35
.0

25
2.

8
43

6.
6

48
0.

6
12

.9
12

4.
0

84
.1

11
9.

1
17

.7
10

7.
7

78
.9

94
.6

8.
9

59
.7

59
.5

70
.3

1
E

1
u

40
.9

29
6.

2
50

7.
5

55
8.

5
21

.0
20

3.
5

13
1.

2
18

9.
3

28
.9

18
1.

7
12

7.
8

15
6.

3
12

.8
86

.5
83

.2
99

.3
1
E

2
g

36
.1

26
0.

6
44

8.
9

49
4.

1
−

 1
.2

−
 1

0.
8

−
 1

1.
1

−
 1

3.
8

−
 1

.3
−

 1
.4

−
 0

.3
1.

5
−

 0
.7

−
 4

.4
−

 5
.9

−
 6

.5
3
B

1
u

−
0.

1
−

 1
.1

−
 1

.9
−

 2
.0

−
 3

.3
−

 3
0.

5
−

 2
3.

5
−

 3
1.

7
−

 4
.1

−
 2

0.
0

−
 1

3.
5

−
 1

4.
9

−
 1

.7
−

 1
1.

3
−

 1
2.

0
−

 1
3.

9
3
E

1
u

5.
2

37
.5

67
.0

73
.8

2.
0

19
.7

11
.7

17
.4

3.
0

20
.8

15
.8

19
.7

2.
1

14
.7

13
.1

16
.0

3
B

2
u

15
.1

10
8.

6
19

2.
7

21
2.

2
15

.7
15

1.
1

10
0.

2
14

3.
0

21
.5

12
7.

4
88

.2
10

5.
8

8.
7

58
.3

58
.4

68
.8

3
E

2
g

15
.5

11
1.

7
19

7.
6

21
7.

6
−

 2
.4

−
 2

1.
6

−
 1

8.
6

−
 2

4.
2

−
 2

.7
−

 1
0.

8
−

 7
.2

−
 6

.8
−

 1
.3

−
 8

.7
−

 9
.8

−
 1

1.
2

M
E

d
18

3.
2

34
.9

34
.6

19
.4

M
A

E
d

18
3.

5
49

.2
40

.2
25

.6

 B
ia

s c
or

re
ct

io
n

 P
op

le
 c

or
re

ct
io

n
1
B

2
u

0.
8

5.
3

16
.9

18
.9

0.
2

0.
5

1.
3

2.
5

−
 2

.2
4.

8
−

 4
.5

3.
0

0.
4

2.
9

2.
7

3.
5

1
B

1
u

1.
8

10
.4

37
.3

41
.3

−
 2

.4
−

 9
.0

−
 1

6.
9

−
 3

0.
2

4.
7

−
 1

5.
9

2.
8

−
 2

7.
4

2.
6

40
.3

9.
9

18
.4

1
E

1
u

2.
6

15
.8

52
.1

57
.5

−
 3

.2
−

 6
.8

−
 2

2.
9

−
 4

4.
1

7.
1

−
 1

2.
8

7.
6

−
 3

6.
6

6.
5

78
.6

27
.8

45
.2

1
E

2
g

2.
4

15
.0

45
.2

50
.0

0.
6

3.
8

3.
6

5.
7

−
 2

.3
9.

4
−

 3
.2

6.
7

1.
0

7.
1

5.
9

7.
7

3
B

1
u

−
0.

1
−

 0
.5

−
 0

.8
−

 0
.9

0.
0

−
 2

.7
0.

4
2.

4
−

 3
.0

2.
6

−
 6

.9
3.

2
0.

0
−

 1
.7

0.
8

0.
6

3
E

1
u

0.
2

1.
3

2.
8

3.
1

−
 0

.1
1.

0
−

 0
.7

−
 2

.1
−

 0
.3

1.
3

−
 1

.5
−

 1
.6

1.
6

17
.1

7.
4

11
.3

3
B

2
u

0.
2

0.
7

5.
8

6.
6

−
 2

.8
−

 9
.1

−
 1

9.
4

−
 3

5.
9

8.
0

−
 1

5.
3

12
.6

−
 2

7.
4

2.
4

38
.2

9.
0

17
.2

3
E

2
g

0.
6

4.
0

11
.1

12
.4

0.
2

−
 0

.2
1.

5
3.

5
−

 2
.9

5.
5

−
 6

.0
4.

3
0.

6
3.

4
4.

0
5.

0

M
E

d
13

.1
−

5.
7

−
2.

7
11

.8

Reprinted  from  the  journal 197



https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2021) 379:43

1 3

 

Th
e 

co
m

pu
ta

tio
ns

 w
er

e 
pe

rfo
rm

ed
 a

t t
he

 C
A

S(
6,

6)
/d

ef
2-

TZ
V

P 
le

ve
l w

ith
 v

al
en

ce
 �

 e
le

ct
ro

ns
 a

nd
 �

 o
rb

ita
ls

 in
 th

e 
ac

tiv
e 

sp
ac

e
a
Th

e 
ge

om
et

ry
 o

f b
en

ze
ne

 is
 ta

ke
n 

fro
m

 R
ef

. [
15

2]
b
Re

f. 
[1

66
]

c
Th

is
 w

or
k

d
M

E 
m

ea
n 

si
ze

-c
on

si
ste

nc
y 

er
ro

r, 
M

AE
 m

ea
n 

ab
so

lu
te

 si
ze

-c
on

si
ste

nc
y 

er
ro

r

Ta
bl

e 
3  

(c
on

tin
ue

d)

Ex
ci

te
d 

st
at

e
D

C
D

-C
A

S(
2)

b
SD

SP
T2

c
SD

SC
Ic

ic
-M

RC
IS

D
c

H
e

N
e

A
r

K
r

H
e

N
e

A
r

K
r

H
e

N
e

A
r

K
r

H
e

N
e

A
r

K
r

M
A

E
d

13
.3

7.
4

7.
9

11
.9

 D
av

id
so

n 
co

rr
ec

tio
n

1
B

2
u

−
 0

.6
−

 5
.5

−
 5

.8
−

 7
.3

−
 1

.8
2.

6
−

 1
.7

3.
7

0.
0

0.
5

−
 0

.7
−

 0
.6

1
B

1
u

6.
3

58
.6

54
.4

71
.2

12
.9

43
.4

60
.2

53
.2

7.
5

56
.6

52
.5

65
.4

1
E

1
u

11
.3

10
5.

5
94

.2
12

3.
6

21
.5

86
.1

10
5.

9
99

.8
12

.8
95

.6
84

.5
10

6.
3

1
E

2
g

−
 0

.3
−

 2
.5

−
 3

.9
−

 4
.6

−
 1

.6
7.

6
1.

6
9.

0
0.

4
3.

0
0.

6
1.

1
3
B

1
u

−
 2

.0
−

 1
7.

3
−

 1
6.

8
−

 2
1.

4
−

 3
.9

−
 7

.1
−

 1
2.

9
−

 7
.7

−
 1

.0
−

 6
.2

−
 7

.1
−

 8
.6

3
E

1
u

1.
2

10
.8

9.
4

12
.4

1.
8

12
.2

12
.9

15
.7

2.
5

18
.9

15
.8

20
.0

3
B

2
u

7.
9

73
.7

67
.4

88
.1

16
.7

52
.6

72
.5

60
.5

7.
2

54
.5

50
.9

63
.3

3
E

2
g

−
 1

.2
−

 1
1.

0
−

 1
1.

5
−

 1
4.

4
−

 2
.9

−
 0

.1
−

 6
.2

0.
3

−
 0

.3
−

 1
.5

−
 3

.3
−

 3
.7

M
E

d
20

.9
22

.1
21

.5

M
A

E
d

28
.8

24
.9

23
.5

Reprinted  from  the  journal198



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2021) 379:43	  

supporting information provided therein; (2) the CC3 excitation energy for the 2 1A′ 
state of formamide should be 7.24 eV instead of 8.27 eV, while the latter should be 
assigned [167] to 3 1A′ ; (3) according to the CC3 calculations carried out in the pre-
sent study, the CC3 excitation energy for the 2 1A1 state of formaldehyde should be 
9.53 eV instead of 10.45 eV, while the latter should be assigned to 3 1A1 , which has 
a much reduced �–� ∗ component compared with 2 1A1 ; (4) the MS-CASPT2 5 1A′ 
( 6 1A′ ) state of adenine assigned originally to the 10th (13th) root of equation-of-
motion coupled cluster with singles and doubles (EOM-CCSD) must be reassigned 
to the 10th (8th) state of EOM-CCSD carried out in the present study. Having done 
such careful assignment, we collect the calculated VEEs in Tables 4 and 5 for the 
157 singlet and 79 triplet states, respectively, which are to be compared with the pre-
vious CC3 results (139 singlet and 71 triplet excited states) [152, 167]. The missing 
states by SDSCI and ic-MRCISD are due to lack of memory, as these two modules 
have not yet been parallelized. Given so many values, we decided to carry out sepa-
rate statistical analyses of the singlet and triplet states.

3.2.3 � Statistical Analysis of Singlet States

MS-CASPT2, MS-NEVPT2, SDSPT2, SDSCI, and ic-MRCISD should first be 
compared because they all share the same function space and differ only in how 
the expansion coefficients are determined. The statistical measures of MS-CASPT2 
[152], MS-NEVPT2, SDSPT2, and SDSCI against ic-MRCISD are given in Table 6 
and further plotted in Fig. 2. Here, ic-MRCISD+P/Q and ic-MRCISD+P are taken 
as the references for SDSCI/SDSPT2+P/Q and MS-CASPT2/NEVPT2, respec-
tively. As expected, SDSCI+P is the most accurate approximation to ic-MRCISD. 
SDSPT2+P is also closer to ic-MRCISD than both MS-NEVPT2 and MS-CASPT2.

The statistical measures of the above MR methods against CC3 [152, 167] are 
given in Table 7 and further plotted in Fig. 3. It appears that MS-CAPPT2/NEVPT2, 
SDSPT2/SDSCI+P, and ic-MRCISD+P all differ from CC3 by ca. 0.2–0.3 eV on 
average. Yet, there exist a number of states for which ic-MRCISD differs from CC3 
by more than 0.5 eV (Table 8). To confirm which is better, ic-MRCISD or CC3, we 
further performed iCIPT2 [108, 121] calculations on these states. Here, the natural 
orbitals determined by iCIPT2 with Cmin = 1.0 × 10−4 are utilized for subsequent 
iCIPT2 calculations with smaller Cmin . The total iCIPT2 versus PT2 energies are 
then linearly extrapolated to obtain the best estimates of the VEEs. It is can be seen 
from Table 8 that CC3 is clearly better than ic-MRCISD.

Apart from internal comparisons between theoretical methods, the calculated 
results should eventually be compared with experimental measures. However, as 
pointed out repeatedly [168–172], theoretically calculated VEEs are always blue-
shifted as compared with the peak positions of experimental spectra. This arises 
from differences between the vibrations on the excited- and ground-state sur-
faces. Such shifts can readily be estimated by means of, e.g., the nuclear ensem-
ble approach [173]. Among the considered states of organic molecules [173], 25 
singlet states appear in the Thiel test set. The 25 experimental results [173–191] 
before and after the vibrational corrections can be found from Table 9. Again, both 
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ic-MRCISD+P and CC3 tend to overestimate the VEEs, but CC3 is clearly bet-
ter (Fig. 4). This conclusion likely holds for all the systems considered here. Even 
better results can be obtained by iCIPT2. Nevertheless, iCIPT2 still overestimates 

Table 6   Deviations (in eV) of MS-CASPT2, MS-NEVPT2, SDSPT2, and SDSCI from ic-MRCISD for 
145 singlet statesa

aMD mean deviation, MAD mean absolute deviation, SD standard deviation, Max maximum deviation
bRef. [152]
cThis work
dTake ic-MRCISD+Pc as reference
eTake ic-MRCISD+Qc as reference

MS-CASPT2b,d MS-NEVPT2c,d SDSPT2c SDSCIc

Popled Davidsone Popled Davidsone

Count 137 145 145 145 145 145
MD − 0.33 − 0.28 − 0.18 − 0.11 0.05 0.10
MAD 0.35 0.39 0.28 0.21 0.14 0.16
SD 0.42 0.52 0.36 0.27 0.18 0.20
Max − 1.07 − 1.43 − 0.98 0.99 0.64 0.63

Fig. 2   Histogram and normal distribution of deviations of MS-CASPT2 [152], MS-NEVPT2, SDSPT2, 
and SDSCI from ic-MRCISD for the singlet states (cf. Table 6)

Table 7   Deviations (in eV) of MS-CASPT2, MS-NEVPT2, SDSPT2, SDSCI, and ic-MRCISD from 
CC3 [152, 167] for 139 singlet statesa

aMD mean deviation, MAD mean absolute deviation, SD standard deviation, Max maximum deviation
bRef. [152]
cThis work

MS-CASPT2b MS-NEVPT2c SDSPT2c SDSCIc ic-MRCISDc

Pople Davidson Pople Davidson Pople Davidson

Count 139 139 139 139 136 136 131 131
MD − 0.17 − 0.13 − 0.03 0.13 0.22 0.34 0.16 0.24
MAD 0.20 0.27 0.19 0.18 0.31 0.41 0.21 0.28
SD 0.24 0.34 0.24 0.23 0.38 0.51 0.26 0.34
Max − 0.62 − 1.05 0.62 0.77 0.96 1.30 0.72 0.96
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significantly (by 0.5–0.7 eV) the excitation energies of the 1 1B1u state of ethene as 
well as the 1 1Bu state of butadiene, hexatriene, and octatetraene. Yet, such over-
estimate arises from the deficiency of the chosen one-particle basis (TZVP [163]) 
in describing such valence–Rydberg mixed states, as already noted before [152, 
192–195]. It is obvious that additional diffuse functions must further be added. It 
turns out that the corrections to the VEEs going from TZVP [163] to aug-cc-pVTZ 
[196] are rather insensitive to the correlation treatments (e.g., 0.1–0.2 eV [192, 193] 
for CC3, CCSDR(3), CC2, and MS-CASPT2). As such, the basis set corrections 
adopted by CC3 [193] can be added directly to iCIPT2. As seen from Table 9, the 
thus-corrected iCIPT2 VEEs are in excellent agreement with the experimental data.

3.2.4 � Statistical Analysis of Triplet States

Regarding the triplet states, MS-CASPT2 [152], MS-NEVPT2, SDSPT2+P, and 
SDSCI+P all differ from ic-MRCISD+P by less than 0.2 eV on average, as seen 
from Table 10 and Fig. 5. Moreover, ic-MRCISD+P is also very close to CC3, as 
seen from Table 11 and Fig. 6. The better agreement between the methods for the 
triplet than for the singlet states should be ascribed to lesser correlation in triplet 
than singlet states.

Very recently, a subset of the Thiel systems [152] was used to benchmark MR-
EOMPT (a perturbative approximation of MR-EOM-CCSD) [197]. As seen from 
Table 12, SDSPT2+P performs slightly better than MR-EOMPT.

Fig. 3   Histogram and normal distribution of deviations of MS-CASPT2 [152], MS-NEVPT2, SDSPT2, 
SDSCI, and ic-MRCISD from CC3 [152, 167] for the singlet states (cf. Table 7)

Table 8   Vertical excitation 
energies (in eV) of excited 
states with differences between 
ic-MRCISD and CC3 larger 
than 0.50 eV

aThis work
bRefs. [152, 167]
cLinearly extrapolated values

Molecule State ic-MRCISDa CC3b iCIPT2a,c

Pople Davidson

All-E-octatetraene 1 1B
u

5.45 5.61 4.94 5.42
Pyridazine 3 1A1

8.36 8.51 7.82 7.56
s-Triazine 1 1E′ 8.56 8.61 8.04 8.07
s-Tetrazine 2 1B2u

9.06 9.27 8.51 8.54
2 1B3u

7.17 7.25 6.67 6.60
p-Benzoquinone 2 1B1u

8.54 8.78 7.82 7.82
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Table 9   Vertical excitation energies by ic-MRCISD, CC3, iCIPT2, and vibrationally corrected experi-
mental results ( E�

exp
= Eexp + Eshift)

Molecule State Eexp E
a
shift

E
′

exp ic-MRCISDb CC3c CC3d iCIPT2b,e iCIPT2b,e,f

Pople Davidson

Ethene 1
1B

1u 7.66k 0.14 7.80 8.45 8.45 8.37 7.89g 8.35 7.87g

All-E-butadiene 1
1B

u 5.92 l 0.13 6.05 6.76 6.85 6.58 6.21h 6.57 6.20h

All-E-hexatriene 1 1B
u

4.93m 0.10 5.03 5.97 6.10 5.58 5.32h 5.54 5.28h

All-E-octa-
tetraene

1
1B

u
4.41n 0.06 4.47 5.45 5.61 4.94 4.84 i 5.22 4.95 j

Cyclopropene 1
1B

2
7.19o 0.14 7.33 7.28 7.33 7.10 6.68g 7.53 7.11g

Cyclopentadiene 1
1B

2
5.33p 0.09 5.42 5.85 5.98 5.73 5.49h 5.74 5.50h

Norbornadiene 1
1B

2
5.95q 0.18 6.13 6.93 7.21 6.49 6.21 i 6.17 5.89 i

Benzene 1 1E1u 6.96 r 0.15 7.11 7.66 7.82 7.45 7.14g 7.50 7.19g

Naphthalene 1
1
B

2u
4.45s 0.13 4.58 5.21 5.41 5.03 4.82h 4.92 4.71h

Furan 1 1B2
6.06 t 0.10 6.16 6.81 6.93 6.60 6.26h 6.58 6.24h

Pyrrole 1
1B

2
5.98u 0.21 6.19 6.93 7.02 6.71 6.20h 6.66 6.15h

Imidazole 2
1A′ 6.00v 0.03 6.03 6.73 6.75 6.58 6.25 i 6.27 5.94 i

Pyridine 1
1B

1
4.59w 0.27 4.86 5.20 5.21 5.05 4.95h 4.88 4.78h

1
1B

2
4.99w 0.05 5.04 5.12 5.13 5.15 5.12h 5.21 5.18h

Pyrazine 1 1B3u
3.83w 0.14 3.97 4.43 4.47 4.24 4.13h 4.21 4.10h

1
1B

2u 4.81w 0.05 4.86 5.01 5.03 5.02 4.97h 5.02 4.97h

Pyrimidine 1
1B

1
4.20w 0.07 4.27 4.65 4.68 4.50 4.43h 4.40 4.33h

1 1B2 5.12w 0.11 5.23 5.30 5.32 5.36 5.34h 5.35 5.33h

Pyridazine 1
1B

1
3.30x 0.08 3.38 4.10 4.14 3.92 3.85h 3.81 3.74h

2
1A

1
4.90x 0.06 4.96 5.22 5.21 5.22 5.20h 5.20 5.18h

s-Triazine 1
1A

′′

2
4.59w 0.06 4.65 4.95 4.97 4.76 4.71h 4.60 4.55h

s-Tetrazine 1
1B

2u
5.00y 0.09 5.09 5.12 5.13 5.12 5.08g 5.08 5.04g

p-Benzoquinone 1 1B1u
5.40z 0.14 5.54 5.92 6.16 5.62 5.47h 5.41 5.26h

Formamide 2
1A′ 7.40� 0.05 7.45 7.72 7.78 7.24 7.35g 7.22 7.33g

Acetamide 1 1A′′ 5.44� 0.00 5.44 5.70 5.70 5.69 5.62h 5.66 5.59h

Count 25 25 25 25 25 25
MD 0.46 0.53 0.28 0.10 0.24 0.05
MAD 0.46 0.53 0.32 0.17 0.28 0.15
SD 0.54 0.63 0.36 0.22 0.33 0.18
Max 0.98 1.14 0.57 − 0.65 0.75 0.48

aRef. [173]
bThis work (TZVP [163] results)
cRef. [152, 167] (TZVP [163] results)
dEstimated CC3/aug-cc-pVTZ resutls [193]
eLinearly extrapolated values
fEstimated iCIPT2/aug-cc-pVTZ results using the same basis set corrections from Ref. [193]
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Table 9   (continued)
gBasis set correction = CC3/aug-cc-pVTZ-CC3/TZVP [193]
hBasis set correction = CCSDR(S)/aug-cc-pVTZ-CCSDR(S)/TZVP [193]
i Basis set correction = CC2/aug-cc-pVTZ-CC2/TZVP [193]
jiCIPT2/aug-cc-pVDZ
kRef. [174]
l Ref. [175]
mRef. [176]
nRef. [177]
oRef. [178]
pRef. [179]
qRef. [180]
rRef. [181]
sRef. [182]
t Ref. [183]
uRef. [184]
vRef. [185]
wRef. [186]
xRef. [187]
yRef. [188]
zRef. [189]
�Ref. [190]
�Ref. [191]

3.3 � Excited States of Open‑Shell Systems

The Thiel test set [152] is composed only of closed-shell molecules. It would be 
helpful if a similar set of open-shell systems were also available. Instead of con-
structing such a test set, herein we just remove one electron from each molecule 
in the Thiel test set to produce a new test set containing 24 organic cations (cyto-
sine, thymine, uracil, and adenine are excluded because ic-MRCISD cannot be per-
formed). The CAS(n, m) chosen in Ref. [152] is changed simply to CAS(n − 1 , m) 
for most cations, except for pyridine: the original CAS(6,6) for � → �∗ excitations 
[152] has to be revised to CAS(7,7) instead of CAS(5,6) because the singly occupied 
molecular orbital (SOMO) of pyridine cation is a lone-pair orbital of N, which has 
to be included along with six � orbitals for all doublet and quartet states.

Before investigating the excited states of the 24 cations, we must determine their 
ground states. For each molecule, we performed state-specific calculations with all 
possible spatial symmetries to determine the lowest doublet state. All the MR meth-
ods predict the same doublet ground states for the 24 cations (Table 13). It turns 
out that the electron-rich five-membered heterorings (furan, pyrrole, and imidazole) 
tend to lose one electron from the � instead of lone-pair orbital, whereas the other 
systems do the opposite. As seen from Table 13, the vertical ionization potentials 
(IPs) predicted by all the methods agree very well with each other.
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Fig. 4   Histogram and normal distribution of deviations of ic-MRCISD, CC3 [152], and iCIPT2 from 
vibrationally corrected experimental results [173–191] (cf. Table 9)

Table 10   Deviations (in eV) of MS-CASPT2, MS-NEVPT2, SDSPT2, and SDSCI from ic-MRCISD for 
79 triplet statesa

aMD mean deviation, MAD mean absolute deviation, SD standard deviation, Max maximum deviation
bRef. [152]
cThis work
dTake ic-MRCISD+Pc as reference
eTake ic-MRCISD+Qc as reference

MS-CASPT2b,d MS-NEVPT2c,d SDSPT2c SDSCIc

Popled Davidsone Popled Davidsone

Count 72 79 79 79 79 79
MD − 0.07 − 0.05 − 0.02 0.01 0.01 0.03
MAD 0.16 0.18 0.17 0.14 0.09 0.09
SD 0.31 0.28 0.24 0.19 0.12 0.12
Max − 2.03 − 0.95 − 0.77 − 0.51 0.34 0.36

Fig. 5   Histogram and normal distribution of deviations of MS-CASPT2 [152], MS-NEVPT2, SDSPT2, 
and SDSCI from ic-MRCISD for the triplet states (cf. Table 10)

To determine the number of doublet/quartet states to be computed by the various 
MR methods, tentative ic-MRCISD calculations were performed for each irrep of 
every cation with enough roots. The number of roots for each irrep was then deter-
mined according to two rules: (a) If the VEE of the nth excited state exceeds 10.0 
eV, only the first n − 1 excited states will be considered; (b) If the leading configura-
tion of the nth state is dominated by double excitations, only the first n − 1 singly 
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Table 11   Deviations (in eV) of MS-CASPT2, MS-NEVPT2, SDSPT2, SDSCI, and ic-MRCISD from 
CC3 [152, 167] for 71 triplet statesa

aMD mean deviation, MAD mean absolute deviation, SD standard deviation, Max maximum deviation
bRef. [152]
cThis work

MS-CASPT2b MS-NEVPT2c SDSPT2c SDSCIc ic-MRCISDc

Pople Davidson Pople Davidson Pople Davidson

Count 71 71 71 71 71 71 71 71
MD 0.00 0.00 0.03 0.09 0.05 0.10 0.04 0.08
MAD 0.09 0.16 0.14 0.12 0.12 0.16 0.09 0.11
SD 0.14 0.22 0.18 0.15 0.18 0.24 0.13 0.18
Max 0.47 − 0.70 − 0.52 0.36 0.69 0.98 0.47 0.66

Fig. 6   Histogram and normal distribution of deviations of MS-CASPT2 [152], MS-NEVPT2, SDSPT2, 
SDSCI, and ic-MRCISD from CC3 [152] for the triplet states (cf. Table 11)

Table 12   Deviations (in eV) 
of MR-EOMPT, SDSPT2, and 
SDSCI from CC3 [152] for 23 
statesa

a 12 singlet and 11 triplet excited states of ethene, butadiene, cyclo-
propene, benzene, and pyrrole
bRef. [197]
cThis work

MR-EOMPTb SDSPT2c SDSCIc

Pople Davidson Pople Davidson

Count 23 23 23 23 23
MD 0.17 0.05 0.09 0.11 0.15
MAD 0.21 0.14 0.13 0.21 0.25
SD 0.32 0.17 0.16 0.28 0.33
Max 0.68 − 0.41 0.33 0.56 0.69

excited states will be considered. Following these rules, the calculated VEEs of 168 
doublet and 54 quartet states are documented in Tables 14 and 15, respectively. The 
statistical analysis of the doublet states is summarized in Table 16 and Fig. 7, show-
ing that MS-NEVPT2, SDSPT2+P, and SDSCI+P all perform very well as com-
pared with ic-MRCISD+P. The same finding holds also for the quartet states, as 
seen from Table 17 and Fig. 8.
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4 � Conclusions and Outlook

Both noniterative (SDSCI and SDSPT2) and iterative (iCI, iCIPT2, and 
iCISCF(2)) realizations of the restricted yet generic SDS framework for construct-
ing many-electron wave functions have been presented in a concise manner. The 
salient feature of such methods is the construction and diagonalization of a small 

Table 13   Vertical ionization potentials (in eV) and deviations (in eV) of MS-NEVPT2, SDSPT2, and 
SDSCI from ic-MRCISD for 24 first ionized statesa

aMD mean deviation, MAD mean absolute deviation, SD standard deviation, Max maximum deviation

Molecule State MS-NEVPT2 SDSPT2 SDSCI ic-MRCISD

Pople Davidson Pople Davidson Pople Davidson

Ethene 1
2B

3u
10.52 10.54 10.54 10.40 10.40 10.43 10.42

E-Butadiene 1
2B

g
8.83 8.87 8.86 8.99 8.98 8.92 8.91

All-E-hexatriene 1
2A

u
7.98 8.02 8.01 8.20 8.17 8.13 8.10

All-E-octatetraene 1
2B

g
7.42 7.47 7.48 7.69 7.67 7.61 7.59

Cyclopropene 1
2B

1
9.96 9.99 9.98 9.90 9.89 9.78 9.77

Cyclopentadiene 1
2A

2
8.36 8.41 8.39 8.52 8.49 8.44 8.42

Norbornadiene 1
2B

1
8.24 8.31 8.38 8.71 8.74 8.59 8.59

Benzene 1
2B

3g
9.14 9.17 9.12 9.14 9.07 9.10 9.06

Naphthalene 1
2A

1u
7.82 7.86 7.82 7.94 7.89 7.90 7.85

Furan 1 2A2
8.65 8.69 8.66 8.81 8.77 8.71 8.68

Pyrrole 1 2A2
8.12 8.08 8.03 7.96 7.92 7.99 7.95

Imidazole 1 2A′′ 8.82 8.79 8.74 8.64 8.60 8.67 8.63
Pyridinea

1
2A

1
9.55 9.56 9.52 9.50 9.46 9.48 9.45

Pyrazine 1
2A

1g
9.23 9.26 9.29 9.45 9.46 9.47 9.47

Pyrimidine 1
2B

2
9.37 9.39 9.40 9.49 9.49 9.51 9.50

Pyridazine 1
2B

2
8.95 8.97 8.96 9.01 9.00 9.03 9.02

s-Triazine 1
2B

2
10.16 10.18 10.17 10.21 10.20 10.22 10.21

s-Tetrazine 1 2B3g
9.37 9.41 9.43 9.44 9.46 9.56 9.56

Formaldehyde 1
2B

2
10.81 10.84 10.84 10.76 10.76 10.58 10.58

Acetone 1 2B2
9.75 9.74 9.72 9.70 9.68 9.58 9.57

p-Benzoquinone 1
2B

3g
9.73 9.80 9.86 9.95 10.00 9.91 9.92

Formamide 1
2A′ 10.19 10.20 10.18 10.02 10.00 9.99 9.98

Acetamide 1
2A′ 9.81 9.81 9.78 9.63 9.60 9.59 9.57

Propanamide 1
2A′ 9.77 9.78 9.72 9.58 9.53 9.51 9.48

Count 24 24 24 24 24
MD − 0.01 0.02 0.03 0.04 0.04
MAD 0.15 0.13 0.12 0.06 0.06
SD 0.17 0.15 0.14 0.08 0.07
Max − 0.35 − 0.28 0.26 0.18 0.18
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Table 14   Vertical excitation energies (in eV) of doublet states

Molecule State MS-NEVPT2 SDSPT2 SDSCI ic-MRCISD

Pople Davidson Pople Davidson Pople Davidson

Ethene 1
2B

2g
6.89 6.91 6.90 6.95 6.95 6.85 6.85

E-Butadiene 2 2B
g

6.76 6.79 6.80 6.65 6.68 6.68 6.70
3

2B
g

7.99 7.98 8.05 8.17 8.24 8.05 8.11
1 2A

u
2.47 2.48 2.49 2.45 2.46 2.46 2.46

2
2Au

4.86 4.87 4.90 4.86 4.90 4.83 4.86
All-E-hexatriene 1 2B

g
2.04 2.06 2.08 2.08 2.10 2.07 2.09

2
2B

g
3.89 3.90 3.96 3.90 3.97 3.91 3.95

2
2A

u
3.53 3.53 3.53 3.44 3.45 3.49 3.49

3
2A

u
5.68 5.67 5.72 5.57 5.63 5.63 5.67

4
2A

u
6.58 6.55 6.67 6.65 6.78 6.64 6.72

All-E-octatetraene 2
2B

g
3.16 3.17 3.18 3.10 3.12 3.14 3.14

3
2B

g
4.83 4.84 4.90 4.75 4.83 4.82 4.86

1
2A

u
1.72 1.73 1.77 1.78 1.81 1.77 1.79

2 2A
u

3.25 3.26 3.34 3.29 3.38 3.31 3.36
3 2Au

4.00 4.01 4.04 3.96 4.00 3.97 4.00
Cyclopropene 1 2A1

5.83 5.82 5.82 5.64 5.64 5.74 5.74
1

2A
2

6.26 6.28 6.28 6.28 6.28 5.87 5.90
Cyclopentadiene 2

2A
2

6.52 6.54 6.55 6.35 6.38 6.38 6.40
1

2B
1

2.33 2.33 2.35 2.32 2.34 2.33 2.34
Norbornadiene 1

2A
1

0.80 0.82 0.89 0.95 1.00 0.91 0.95
1

2A
2

4.86 4.91 4.99 5.00 5.07 4.92 4.97
2

2A
2

6.10 6.17 6.53 6.25 6.62 6.36 6.55
1 2B2

4.16 4.19 4.24 4.26 4.30 4.19 4.22
2 2B2

6.09 6.19 6.49 6.28 6.59 6.31 6.48
Benzene 2 2B1g

8.43 8.42 8.45 8.26 8.31 8.34 8.36
2

2B
3g

8.38 8.41 8.42 8.19 8.22 8.27 8.28
1

2A
u

5.30 5.32 5.35 5.20 5.25 5.21 5.25
2

2A
u

6.05 6.03 6.07 6.02 6.06 6.03 6.06
3

2A
u

6.36 6.35 6.51 6.70 6.85 6.63 6.72
1

2B
2u

2.89 2.89 2.90 2.84 2.85 2.88 2.88
Naphthalene 1

2B
2g

2.91 2.90 2.91 2.85 2.87 2.88 2.89
2

2B
2g

3.81 3.80 3.81 3.65 3.68 3.70 3.72
3 2B2g

5.42 5.41 5.45 5.30 5.37 5.36 5.39
1 2B3g

1.95 1.95 1.97 1.93 1.96 1.94 1.96
2

2B
3g

4.53 4.51 4.54 4.40 4.46 4.45 4.48
3

2B
3g

5.01 4.99 5.05 4.91 4.99 4.97 5.01
1

2B
1u

0.76 0.74 0.72 0.65 0.64 0.66 0.66
2

2B
1u

4.40 4.38 4.37 4.24 4.25 4.29 4.28
3

2B
1u

5.47 5.45 5.47 5.28 5.34 5.37 5.39
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Table 14   (continued)

Molecule State MS-NEVPT2 SDSPT2 SDSCI ic-MRCISD

Pople Davidson Pople Davidson Pople Davidson

Furan 2 2A2
6.72 6.82 6.84 6.72 6.75 6.73 6.76

3 2A2
7.06 7.03 7.11 7.26 7.33 7.15 7.20

1
2B

1
1.47 1.44 1.45 1.35 1.36 1.38 1.38

2
2B

1
4.96 4.98 4.99 4.85 4.87 4.86 4.87

3 2B1
6.75 6.65 6.72 6.67 6.74 6.66 6.71

Pyrrole 2 2A2
6.46 6.53 6.57 6.53 6.57 6.51 6.55

3 2A2
7.23 7.16 7.21 7.18 7.24 7.15 7.18

1
2B

1
0.74 0.81 0.82 0.82 0.83 0.76 0.77

2
2B

1
4.62 4.67 4.68 4.57 4.59 4.54 4.55

3
2B

1
6.27 6.37 6.45 6.57 6.65 6.49 6.55

4
2B

1
8.08 8.30 8.37 8.41 8.48 8.24 8.30

5
2B

1
8.30 8.12 8.30 8.60 8.76 8.35 8.47

Imidazole 1
2A′ 1.12 1.17 1.19 1.22 1.23 1.17 1.19

2
2A′ 6.12 6.24 6.26 6.21 6.23 6.17 6.19

3 2A′ 6.70 6.76 6.78 6.74 6.77 6.69 6.72

2 2A′′ 1.53 1.50 1.48 1.27 1.26 1.35 1.34

3
2A′′ 5.10 5.08 5.06 4.79 4.80 4.88 4.87

4
2A′′ 6.68 6.62 6.66 6.59 6.64 6.57 6.61

Pyridine 2
2A

1
4.80 4.81 4.77 4.49 4.48 4.57 4.56

3
2A

1
5.61 5.58 5.60 5.47 5.49 5.52 5.53

1
2A

2
0.02 0.04 0.04 0.06 0.05 0.02 0.01

2
2A

2
5.56 5.62 5.63 5.44 5.47 5.44 5.46

1
2B

1
0.70 0.73 0.72 0.72 0.72 0.70 0.69

2 2B1
3.42 3.46 3.45 3.38 3.39 3.38 3.37

1 2B2
4.68 4.71 4.73 4.70 4.72 4.72 4.72

2
2B

2
5.42 5.42 5.44 5.31 5.34 5.34 5.36

Pyrazine 2
2A

g
6.25 6.31 6.28 6.07 6.06 6.13 6.11

1
2B

1g
0.58 0.55 0.56 0.57 0.58 0.57 0.57

2
2B

1g
6.24 6.30 6.34 6.38 6.41 6.27 6.31

1
2B

2g
2.30 2.34 2.26 2.03 1.98 1.99 1.95

1
2B

3g
5.83 5.84 5.82 5.64 5.64 5.68 5.67

2
2B

3g
6.74 6.76 6.75 6.43 6.45 6.51 6.51

1 2A
u

5.39 5.43 5.52 5.71 5.77 5.57 5.63
2 2A

u
6.24 6.26 6.27 6.02 6.05 6.10 6.12

1 2B1u
1.58 1.59 1.59 1.59 1.59 1.57 1.56

2
2B

1u
4.69 4.69 4.69 4.46 4.49 4.51 4.53

3
2B

1u
5.93 5.97 5.97 5.79 5.81 5.81 5.82

1
2B

2u
4.28 4.28 4.31 4.32 4.35 4.33 4.34
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Table 14   (continued)

Molecule State MS-NEVPT2 SDSPT2 SDSCI ic-MRCISD

Pople Davidson Pople Davidson Pople Davidson

2 2B2u
5.10 5.10 5.13 5.00 5.03 5.03 5.05

1
2B

3u
4.54 4.57 4.49 4.21 4.16 4.19 4.15

Pyrimidine 1 2A1
1.48 1.47 1.51 1.55 1.59 1.48 1.52

2
2A

1
4.92 4.92 4.95 4.96 5.00 4.97 4.99

3
2A

1
5.56 5.57 5.59 5.42 5.46 5.44 5.47

1
2A

2
1.68 1.69 1.70 1.61 1.63 1.64 1.65

2 2A2
4.99 5.03 5.03 4.93 4.94 4.87 4.89

3 2A2
6.19 6.27 6.29 6.24 6.27 6.15 6.18

1 2B1
0.85 0.82 0.84 0.86 0.87 0.85 0.86

2
2B

1
4.45 4.46 4.45 4.27 4.27 4.32 4.32

3
2B

1
5.27 5.33 5.36 5.34 5.37 5.25 5.28

4
2B

1
5.97 6.01 6.04 5.97 6.01 5.88 5.92

2
2B

2
4.90 4.92 4.91 4.67 4.67 4.74 4.74

3
2B

2
6.14 6.19 6.17 5.86 5.87 5.92 5.92

Pyridazine 1
2A

1
2.06 2.07 2.10 2.10 2.13 2.04 2.07

2
2A

1
4.83 4.85 4.87 4.78 4.80 4.79 4.80

3 2A1
5.57 5.57 5.58 5.49 5.51 5.48 5.50

1 2A2
1.44 1.45 1.46 1.46 1.47 1.45 1.46

2
2A

2
4.67 4.72 4.75 4.75 4.77 4.67 4.70

1
2B

1
1.99 2.01 1.96 1.86 1.83 1.79 1.77

2
2B

1
4.91 4.94 4.89 4.69 4.66 4.65 4.63

2
2B

2
5.12 5.17 5.17 5.01 5.01 5.05 5.05

3
2B

2
5.65 5.67 5.66 5.42 5.44 5.48 5.49

4
2B

2
6.26 6.29 6.33 6.35 6.38 6.35 6.37

s-Triazine 2
2A

1
2.94 2.91 2.97 2.98 3.04 2.93 2.98

4 2A1
5.98 5.96 5.99 5.84 5.89 5.92 5.95

2 2A2
4.27 4.27 4.32 4.34 4.39 4.34 4.37

3
2A

2
4.94 4.94 4.98 4.94 4.99 4.96 4.99

1
2B

1
1.56 1.61 1.58 1.45 1.42 1.45 1.45

2
2B

1
4.32 4.34 4.38 4.37 4.42 4.36 4.39

3
2B

1
4.69 4.69 4.69 4.53 4.55 4.60 4.61

4
2B

1
4.99 4.99 5.03 5.05 5.10 5.03 5.07

2
2B

2
5.28 5.33 5.29 4.95 4.95 5.04 5.03

3
2B

2
6.21 6.24 6.23 5.94 5.95 6.02 6.02
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Table 14   (continued)

Molecule State MS-NEVPT2 SDSPT2 SDSCI ic-MRCISD

Pople Davidson Pople Davidson Pople Davidson

s-Tetrazine 1 2A
g

2.95 2.94 2.98 3.00 3.03 2.98 3.01
2

2A
g

6.93 7.00 6.97 6.67 6.68 6.75 6.75
1

2B
1g

3.70 3.74 3.71 3.50 3.49 3.51 3.50
2

2B
1g

5.01 5.01 5.06 5.13 5.16 5.12 5.14
3

2B
1g

5.52 5.53 5.55 5.46 5.49 5.48 5.49
4

2B
1g

6.03 5.97 6.05 6.12 6.20 6.10 6.15
1

2B
2g

2.56 2.57 2.56 2.48 2.47 2.45 2.45
2

2B
2g

4.19 4.17 4.21 4.27 4.30 4.25 4.26
3

2B
2g

5.79 5.79 5.85 5.76 5.81 5.75 5.80
4

2B
2g

6.53 6.52 6.56 6.58 6.61 6.59 6.60
1

2A
u

1.98 1.94 2.01 2.32 2.36 2.27 2.30
2

2A
u

6.83 6.84 6.91 6.86 6.93 6.89 6.94
1 2B1u

2.41 2.40 2.41 2.39 2.41 2.37 2.38
2

2B
1u

4.71 4.69 4.71 4.65 4.68 4.68 4.69
3

2B
1u

5.42 5.42 5.43 5.16 5.20 5.21 5.23
1

2B
2u

3.08 3.08 3.09 3.04 3.06 3.05 3.06
2

2B
2u

5.07 5.11 5.08 4.81 4.81 4.86 4.86
3

2B
2u

5.84 5.82 5.84 5.69 5.73 5.74 5.76
1

2B
3u

3.92 3.92 4.01 4.21 4.28 4.14 4.19
2

2B
3u

4.86 4.90 4.99 5.20 5.26 5.12 5.17
3

2B
3u

5.36 5.34 5.43 5.57 5.65 5.48 5.54
4

2B
3u

6.12 6.10 6.08 5.84 5.85 5.91 5.90
Formaldehyde 1 2B1

3.54 3.58 3.58 3.40 3.40 3.60 3.60
2

2B
1

5.87 5.80 5.79 6.05 6.05 5.70 5.70

Acetone 1
2A

2
8.94 9.00 9.08 9.35 9.44 9.19 9.28

2
2A

2
9.03 9.08 9.15 9.51 9.59 9.40 9.48

1
2B

1
2.57 2.61 2.64 2.98 3.01 2.96 2.99

2
2B

1
5.31 5.29 5.41 6.40 6.48 5.93 6.04

2
2B

2
8.42 8.46 8.47 8.07 8.11 7.95 8.03

p-Benzoquinone 1
2A

g
3.27 3.22 3.21 3.05 3.06 3.16 3.15

2
2A

g
4.03 3.96 3.99 3.87 3.91 3.98 3.98

1 2B2g
1.17 1.08 1.08 0.96 0.98 1.06 1.06

2 2B2g
4.64 4.65 4.62 4.49 4.48 4.53 4.52

1
2A

u
4.62 4.55 4.51 4.25 4.24 4.39 4.36

2
2A

u
4.72 4.72 4.70 4.55 4.54 4.60 4.58

3
2A

u
5.84 5.74 5.72 5.43 5.45 5.59 5.58

1
2B

2u
0.23 0.19 0.20 0.11 0.13 0.15 0.16

2
2B

2u
3.52 3.52 3.51 3.31 3.32 3.41 3.39
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Hamiltonian matrix (in each iteration), the dimension of which is determined by 
the number of target states instead of the numbers of electrons and many orbitals 
to be correlated. While iCI is exact (relative to FCI) and iCIPT2 and iCISCF(2) 
are nearly exact (relative to iCI and CASSCF, respectively), SDSCI+P and even 
SDSPT2+P are very good approximations to ic-MRCISD+P, as demonstrated by 
the extensive benchmarking. Further combination with iCAS for automatic con-
struction of active spaces renders SDSPT2+P and SDSCI+P valuable and user-
friendly methods for routine applications. Future developments of the methods 
will include (1) the use of LMOs to reduce the overall computational scaling and 
enable the wave function theory (WFT)-in-WFT type of embedding, (2) the for-
mulation of analytic energy gradients of SDSPT2/SDSCI, and (3) the treatment 
of relativistic effects, especially spin–orbit couplings.

Table 14   (continued)

Molecule State MS-NEVPT2 SDSPT2 SDSCI ic-MRCISD

Pople Davidson Pople Davidson Pople Davidson

3 2B2u
5.44 5.43 5.40 5.13 5.15 5.25 5.23

4
2B

2u
5.66 5.62 5.67 5.51 5.58 5.61 5.63

1
2B

3u
1.04 0.97 0.94 0.74 0.73 0.85 0.83

2
2B

3u
2.28 2.29 2.29 2.23 2.24 2.24 2.24

3 2B3u
4.88 4.79 4.78 4.48 4.51 4.62 4.62

4 2B3u
5.54 5.54 5.56 5.46 5.50 5.53 5.53

Formamide 2
2A′ 6.30 6.21 6.21 5.96 5.96 6.09 6.08

3
2A′ 7.60 7.56 7.60 7.63 7.67 7.31 7.37

1
2A′′ 0.16 0.06 0.07 0.11 0.12 0.23 0.23

2
2A′′ 3.64 3.65 3.65 3.62 3.63 3.65 3.66

3
2A′′ 7.92 7.95 8.01 8.57 8.61 8.20 8.25

Acetamide 2
2A′ 6.53 6.42 6.40 6.10 6.09 6.26 6.24

3
2A′ 7.56 7.48 7.55 7.46 7.55 7.36 7.43

1
2A′′ 0.28 0.22 0.23 0.25 0.25 0.33 0.33

2 2A′′ 3.47 3.39 3.41 3.34 3.36 3.37 3.39
Propanamide 2

2A′ 6.55 6.43 6.39 6.10 6.09 6.27 6.24

3
2A′ 7.52 7.43 7.54 7.41 7.54 7.39 7.47

1
2A′′ 0.23 0.17 0.19 0.22 0.24 0.33 0.32

2
2A′′ 3.38 3.30 3.34 3.28 3.33 3.36 3.38
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Table 15   Vertical excitation energies (in eV) of quartet states

Molecule State MS-NEVPT2 SDSPT2 SDSCI ic-MRCISD

Pople Davidson Pople Davidson Pople Davidson

E-butadiene 1
4Bg

5.22 5.23 5.21 4.84 4.82 4.95 4.94
1

4A
u

8.17 8.20 8.20 7.96 7.97 7.95 7.95
All-E-hexatriene 1

4B
g

5.58 5.58 5.55 5.34 5.33 5.42 5.41
1

4A
u

4.19 4.20 4.19 4.08 4.08 4.10 4.10
All-E-octatetraene 1

4B
g

3.53 3.53 3.54 3.49 3.51 3.52 3.52
1 4A

u
4.71 4.73 4.75 4.68 4.71 4.71 4.72

2 4Au
6.04 6.06 6.12 5.99 6.07 6.05 6.09

Cyclopropene 1
4A

1
5.43 5.42 5.41 5.20 5.20 5.31 5.33

Cyclopentadiene 1
4A

2
5.24 5.25 5.22 4.92 4.91 4.99 4.98

1
4B

1
7.65 7.70 7.71 7.48 7.51 7.52 7.54

Norbornadiene 1
4A

2
4.46 4.47 4.40 4.00 3.99 4.07 4.07

1
4B

2
5.82 5.85 5.82 5.43 5.46 5.51 5.53

Benzene 1
4B

1g
7.28 7.30 7.27 7.02 7.01 7.09 7.08

1
4A

u
4.52 4.53 4.53 4.43 4.43 4.45 4.46

Naphthalene 1
4B

2g
4.60 4.60 4.58 4.44 4.45 4.50 4.49

1 4B3g
3.93 3.93 3.91 3.80 3.80 3.85 3.84

1 4Au
5.26 5.28 5.24 5.05 5.05 5.13 5.11

2
4A

u
5.53 5.49 5.50 5.38 5.42 5.45 5.45

1
4B

1u
4.63 4.61 4.54 4.34 4.31 4.41 4.38

Furan 1
4A

2
5.31 5.35 5.35 5.26 5.26 5.29 5.29

1
4B

1
7.03 6.96 6.93 6.49 6.49 6.64 6.63

Pyrrole 1
4A

2
5.14 5.16 5.18 5.16 5.17 5.14 5.15

2
4A

2
9.24 9.21 9.22 8.98 9.00 9.01 9.02

1
4B

1
6.30 6.26 6.24 5.89 5.89 6.01 6.00

Imidazole 1 4A′ 5.73 5.82 5.84 5.88 5.91 5.84 5.86

2 4A′ 6.44 6.50 6.50 6.35 6.37 6.35 6.37

1
4A′′ 5.95 5.90 5.91 5.74 5.75 5.77 5.78

2
4A′′ 6.73 6.70 6.67 6.30 6.30 6.38 6.38

3
4A′′ 9.88 9.78 9.78 9.44 9.47 9.52 9.53

Pyridine 1
4A

1
4.54 4.54 4.51 4.25 4.24 4.31 4.30

2
4A

1
4.86 4.83 4.85 4.84 4.87 4.85 4.86

1
4B

2
4.23 4.29 4.30 4.32 4.33 4.31 4.31
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Table 15   (continued)

Molecule State MS-NEVPT2 SDSPT2 SDSCI ic-MRCISD

Pople Davidson Pople Davidson Pople Davidson

s-Tetrazine 1
4B

1g
4.04 4.03 4.07 4.15 4.18 4.15 4.16

2
4B

1g
5.39 5.35 5.42 5.50 5.55 5.49 5.52

3
4B

1g
7.16 7.13 7.16 7.14 7.16 7.18 7.19

1
4B

2g
3.15 3.11 3.17 3.39 3.42 3.38 3.40

2 4B2g
6.63 6.61 6.66 6.56 6.62 6.62 6.65

1
4A

u
6.26 6.29 6.36 6.46 6.52 6.47 6.50

1
4B

1u
4.01 4.01 4.01 4.02 4.03 4.03 4.03

1
4B

2u
4.26 4.30 4.27 4.05 4.04 4.09 4.08

2
4B

2u
5.32 5.29 5.30 5.17 5.19 5.22 5.22

1
4B

3u
4.29 4.28 4.35 4.50 4.55 4.50 4.53

Formaldehyde 1
4B

2
6.56 6.59 6.60 6.29 6.29 6.38 6.38

Acetone 1
4A

2
8.64 8.66 8.72 9.08 9.13 8.77 8.84

1
4B

2
6.47 6.51 6.54 6.82 6.84 6.76 6.79

p-Benzoquinone 1
4A

g
2.99 2.94 2.95 2.84 2.87 2.93 2.93

2 4Ag
6.34 6.30 6.30 6.07 6.10 6.19 6.18

1
4B

2g
5.76 5.73 5.64 5.34 5.29 5.49 5.44

1
4B

2u
3.00 3.01 3.01 2.89 2.91 2.98 2.97

1
4B

3u
1.83 1.83 1.83 1.78 1.78 1.79 1.78

2
4B

3u
5.91 5.92 5.77 5.27 5.21 5.45 5.38

Formamide 1
4A′ 5.62 5.62 5.62 5.38 5.38 5.47 5.47

Acetamide 1
4A′ 5.87 5.85 5.84 5.58 5.59 5.77 5.75

Propanamide 1
4A′ 5.85 5.86 5.85 5.63 5.63 5.74 5.73

Table 16   Deviations (in eV) of 
MS-NEVPT2, SDSPT2, and 
SDSCI from ic-MRCISD for 
168 doublet statesa

aMD mean deviation, MAD mean absolute deviation, SD standard 
deviation, Max maximum deviation
bTaking ic-MRCISD+P as reference
cTaking ic-MRCISD+Q as reference

MS-NEVPT2b SDSPT2 SDSCI

Popleb Davidsonc Popleb Davidsonc

Count 168 168 168 168 168
MD 0.04 0.04 0.05 0.00 0.01
MAD 0.11 0.11 0.10 0.07 0.06
SD 0.15 0.15 0.14 0.10 0.09
Max − 0.62 − 0.64 − 0.63 0.47 0.45
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Fig. 7   Histogram and normal distribution of deviations of MS-NEVPT2, SDSPT2, and SDSCI from ic-
MRCISD for the doublet states (cf. Table 16)

Table 17   Deviations (in eV) of 
MS-NEVPT2, SDSPT2, and 
SDSCI from ic-MRCISD for 54 
quartet statesa

aMD mean deviation, MAD mean absolute deviation, SD standard 
deviation, Max maximum deviation
bTaking ic-MRCISD+P as reference
cTaking ic-MRCISD+Q as reference

MS-NEVPT2b SDSPT2 SDSCI

Popleb Davidsonc Popleb Davidsonc

Count 54 54 54 54 54
MD 0.10 0.10 0.09 − 0.05 − 0.04
MAD 0.15 0.15 0.14 0.07 0.06
SD 0.19 0.18 0.17 0.09 0.08
Max 0.46 0.47 0.39 0.31 0.29

Fig. 8   Histogram and normal distribution of deviations of MS-NEVPT2, SDSPT2, and SDSCI from ic-
MRCISD for the quartet states (cf. Table 17)
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Abstract
Recent progress in the field of (time-independent) ensemble density-functional the-
ory (DFT) for excited states are reviewed. Both Gross–Oliveira–Kohn (GOK) and 
N-centered ensemble formalisms, which are mathematically very similar and allow 
for an in-principle-exact description of neutral and charged electronic excitations, 
respectively, are discussed. Key exact results, for example, the equivalence between 
the infamous derivative discontinuity problem and the description of weight depend-
encies in the ensemble exchange-correlation density functional, are highlighted. The 
variational evaluation of orbital-dependent ensemble Hartree-exchange (Hx) ener-
gies is discussed in detail. We show in passing that state-averaging individual exact 
Hx energies can lead to severe (although solvable) v-representability issues. Finally, 
we explore the possibility of using the concept of density-driven correlation, which 
has been introduced recently and does not exist in regular ground-state DFT, for 
improving state-of-the-art correlation density-functional approximations for ensem-
bles. The present review reflects the efforts of a growing community to turn ensem-
ble DFT into a rigorous and reliable low-cost computational method for excited 
states. We hope that, in the near future, this contribution will stimulate new formal 
and practical developments in the field.
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1  Introduction

Kohn–Sham density-functional theory (KS-DFT) [1] has become over the last two dec-
ades the method of choice for modeling the electronic structure of molecules and mate-
rials. This success originates from the relatively low computational cost of the method 
and its relatively good accuracy in the description of ground-state properties such as 
equilibrium structures and activation barriers. KS-DFT is an in-principle-exact ground-
state theory. As such, it cannot be used straightforwardly for calculating excited-state 
properties. The formal beauty of KS-DFT lies in its universal description of electronic 
ground states. Indeed, in KS-DFT, all the quantum many-electron effects are encoded 
into a system-independent exchange-correlation (xc) density functional Exc[n] which, if 
it were known, would allow us to compute the exact ground-state energy of any elec-
tronic system, simply by solving self-consistent one-electron equations, instead of the 
many-electron Schrödinger equation. This universality is somehow lost, at least par-
tially, when turning to the excited states. An obvious reason is that there are different 
types of electron excitations. First, we should distinguish charged excitations, where the 
number of electrons in the system is modified, from neutral excitations, which occur at 
a fixed electron number  [2]. In the context of DFT, these two processes are usually 
approached very differently. In the case of charged excitations, one traditionally refers to 
the extension of DFT to fractional electron numbers [3–9]. Its implementation at the 
simplest (semi-) local xc density functional level of approximation usually yields too 
small fundamental gaps for solids [10]. This can be related to the discontinuities that the 
density functional derivative of the xc energy should in principle exhibit, when crossing 
an integer electron number, but that are completely absent from standard approxima-
tions. This is the reason why hybrid functionals (where a fraction of orbital-dependent 
exchange energy is combined with density functionals)  [8, 11–13] or even more 
involved frequency-dependent post KS-DFT approaches like GW  [14–21] are usually 
employed to improve the description of fundamental gaps, which implies a substantial 
increase in computational cost. If we now turn to neutral excitation processes, the most 
popular approach is (linear response) time-dependent-DFT (TD-DFT) [22, 23]. In TD-
DFT, the excitation energies are determined by searching for the poles of the KS linear 
response function. The success of TD-DFT lies in the fact that in many (but not all) 
cases the (rather crude) adiabatic approximation performs relatively well with moderate 
computational cost. In the latter approximation, the TD density-functional xc energy (it 
is in fact an action  [24, 25], to be more precise) is evaluated, in the time range 
t0 ≤ t ≤ t1 , from the regular (time-independent) ground-state xc functional and the den-
sity n(t) ≡ n(�, t) at time t as follows, Axc[n] ≈ ∫ t1

t0
dt Exc[n(t)] [23–26]. Nevertheless, 

the description of charge-transfer excitations becomes problematic when semi-local 
functionals are employed  [23, 27–29]. Moreover, multiple excitations are completely 
absent from standard TD-DFT spectra, precisely because of the adiabatic approxima-
tion [23, 29, 30]. Let us finally mention that TD-DFT can be seen as a single-reference 
post-DFT method, because it relies on the single-configuration KS ground-state wave 
function. This can be problematic, for example, when the system under study has near-
degenerate low-lying states, such as in the vicinity of a conical intersection, for 
example [23].
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The various limitations (in terms of computational cost, accuracy, or physics) 
of the above-mentioned frequency-dependent post-DFT approaches explain why, 
in recent years, time-independent formulations of DFT for excited states have 
attracted increasing attention. For charged excitations, the extended Koopman’s 
theorem turns out to be an appealing alternative [31, 32]. DFT for fractional elec-
tron numbers has also been further developed in the last decade (see, for exam-
ple, Refs.  [33–40]). It has also been argued that, in the calculation of charged 
excitations, restricting to integer electron numbers is a completely valid alterna-
tive [41, 42]. For neutral excitations, various state-specific approaches have been 
explored at the formal [43, 44] but also practical level. In the latter case, orbital 
optimizations must be performed under proper constraints in order to avoid vari-
ational collapses. This leads to various variational computational schemes such 
as the � self-consistent field ( �SCF) approach  [45–47], the maximum overlap 
method (MOM) [48–52], orthogonally-constrained DFT [53–56], and constricted 
DFT [57–61]. Interestingly, when a system has a Coulombic one-electron exter-
nal local potential, which is the case for any real molecule, an excited state can 
be identified directly from its density  [62–65]. This fundamental property can 
be used for constructing an in-principle-exact DFT for individual excited states. 
The practical implementation of such a theory is not straightforward, in particular 
because density functionals must be defined also for non-Coulombic densities, 
so that functional derivatives can be evaluated. Another strategy, which is the 
main topic of this review, is ensemble DFT (eDFT). The ensemble formalism is 
often referred to in DFT for mathematical purposes like, for example, extending 
the domain of definition of density functionals  [66] or describing strict degen-
eracies [67, 68]. It has probably been underestimated as a potential alternative to 
standard TD methods for the practical calculation of (charged or neutral) excita-
tions [69–75]. A clear advantage of eDFT over TD approaches is that its compu-
tational cost is essentially that of a standard KS-DFT calculation. The only differ-
ence is that, in an ensemble, orbitals can be fractionally occupied. Moreover, like 
in TD-DFT, regular ground-state xc functionals can be recycled in eDFT  [71]. 
Note that, unlike in thermal DFT [76–78], the fractional orbital occupation num-
bers are actually known before the eDFT calculation starts. They are determined 
by the ensemble weights that the user (arbitrarily) assigns to the M ( M = 1, 2,… ) 
lowest excited states that she/he wants to study. In (say canonical) thermal 
DFT  [78], the ensemble weights are determined not only from the temperature 
(which is arbitrarily fixed by the user) but also from the (to-be-calculated) KS 
orbital energies. Another important feature of eDFT is that it can, in principle, 
describe any kind of excitation, including the double excitations  [79, 80] that 
standard approximate TD-DFT misses. The eDFT formalism for neutral excita-
tions is often referred to as Gross–Oliveira–Kohn DFT (GOK-DFT) because it 
relies on the GOK variational principle  [81, 82]. A similar formalism, referred 
to as N-centered eDFT, has been derived recently by Senjean and Fromager [83] 
for the description of charged excitations. The present review aims at highlight-
ing recent progress in eDFT, with a particular focus on the exact theory and the 
development of approximations from first principles.
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The chapter is organized as follows. An introduction to GOK-DFT and N-centered 
eDFT is given in the following section on “Unified Ensemble DFT Formalism for 
Neutral and Charged Excitations”. Even though the two theories describe completely 
different physical processes, their mathematical formulations are very similar, as high-
lighted in the section. We also explain how individual energy levels (which give access 
to excited-state properties) can be extracted, in principle exactly, from these theories. 
Then, in  “Equivalence Between Weight Derivatives and xc Derivative Discontinui-
ties”, we discuss the equivalence between the xc derivative discontinuity, which is a 
fundamental concept in DFT, and the ensemble weight derivative of the xc density 
functional, which is central in eDFT. Strategies for developing weight-dependent xc 
density-functional approximations (DFAs) for ensembles, which is the most challeng-
ing task in eDFT, are then reviewed. Key concepts will be illustrated with the proto-
typical asymmetric Hubbard dimer model [84, 85]. The rigorous construction of hybrid 
functionals for ensembles is discussed in “The Exact Hartree-Exchange Dilemma in 
eDFT”. We reveal that using state-averaged exact exchange energies, which is common 
in computational eDFT studies [75], can lead to severe (but solvable) v-representability 
issues. Finally, we discuss, in  “Individual Correlations within Ensembles: An Exact 
Construction”, the concept of ensemble density-driven correlation, which was intro-
duced recently by Gould and Pittalis [86], and how it could be used in the design of 
correlation DFAs for ensembles. We round off the review with “Conclusions and Per-
spectives”. Detailed derivations of some key equations are provided in the appendices.

2 � Unified Ensemble DFT Formalism for Neutral and Charged 
Excitations

In this chapter, we are interested in the evaluation of neutral ( EN

I
− E

N

0
 ) and charged 

( EN±1

0
− EN

0
 ) excitation energies, where the Ith lowest energy EM

I
 of the M-electron sys-

tem under study is in principle obtained by solving the following Schrödinger equation,

where

is the electronic Hamiltonian within the Born–Oppenheimer approximation and

(1)Ĥ�𝛹M
I
⟩ = EM

I
�𝛹M

I
⟩,

(2)Ĥ = T̂ + Ŵee + V̂ext

(3)

T̂ ≡ −

M∑
i=1

1

2
∇2

�i

Ŵee ≡

M∑
i=1

M∑
j>i

1

|�i − �j|×

V̂ext ≡

M∑
i=1

vext (�i)×
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are the M-electron kinetic energy, Coulomb repulsion, and local (i.e., multiplicative) 
external potential operators, respectively. Both neutral and charged excitations can 
be described within a unified eDFT formalism. The calculations will differ simply 
in the type of excited states (charged or neutral) that are included into the ensem-
ble. On the one hand, the GOK-DFT formalism [82] will be employed for neutral 
excitations while, for charged excitations, we will use the more recent N-centered 
eDFT formalism [83]. In this section, we derive key equations for each theory, and 
we show how individual excited-state properties (energy levels and densities) can 
be extracted, in principle exactly, from the KS ensemble. Real algebra will be used 
throughout this work. For the sake of clarity, derivations will be detailed only for 
ensembles consisting of non-degenerate states. The theory obviously applies to 
more general cases [82, 87].

2.1 � DFT of Neutral Excitations

GOK-DFT was formulated at the end of the 1980s by Gross, Oliveira, and Kohn [81, 
82, 88] and is a generalization of the equiensemble DFT of Theophilou [89]. In contrast 
to standard DFT, which is a ground-state theory, GOK-DFT can describe both ground 
and (neutral) excited states. In this context, the ensemble density is used as a basic vari-
able (in place of the ground-state density).

2.1.1 � GOK Ensembles

Before deriving the main equations of GOK-DFT, let us introduce the exact ensemble 
theory. We start with the ensemble GOK energy expression [81]

which is simply a state-averaged energy where � = (�1, �2,…) denotes the collec-
tion of ensemble weights that are assigned to the excited states, and EI ≡ EN

I
 are 

the energies of the N-electron ground ( I = 0 ) and excited ( I > 0 ) states ��N
I
⟩ . We 

assumed in Eq. (4) that the full set of weights (which includes the weight �0 assigned 
to the ground state) is normalized, i.e., �0 = 1 −

∑
I>0 �I , so that

For ordered weights �I ≥ �I+1 ≥ 0 , with I ≥ 0 , the following (so-called GOK) vari-
ational principle holds [81],

(4)E� =
∑

I

�IEI ,

(5)
E�

=

(
1 −

∑
I>0

�I

)
E0 +

∑
I>0

�IEI

= E0 +

∑
I>0

�I

(
EI − E0

)
.

(6)E� ≤
�

I

�I⟨𝛹̃I�Ĥ�𝛹̃I⟩,
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where 
{
𝛹̃I

}
 is a trial set of orthonormal N-electron wave functions. Note that the 

lower bound E� , which is the exact ensemble energy, is not an observable. It is just 
an (artificial) auxiliary quantity from which properties of interest, such as the excita-
tion energies, can be extracted. Since it varies linearly with the ensemble weights, 
the extraction of individual energy levels is actually trivial. Indeed, combining the 
following two relations [see Eq. (5)],

and

leads to

Despite its simplicity, the above expression has not been used until very recently 
for extracting excited-state energies from a GOK-DFT calculation [90, 91]. Further 
details will be given in the next section.

2.1.2 � DFT of GOK Ensembles

In GOK-DFT, the ensemble energy is obtained variationally as follows [82],

where the minimization is restricted to N-electron densities, i.e., ∫ d� n(�) = N , and 
the universal GOK density functional

which is evaluated from the density-functional eigenfunctions 
{
��

I
[n]

}
 that fulfill 

the density constraint 
∑

I �In��
I
[n](�) = n(�) , is the analog for GOK ensembles of the 

universal Hohenberg–Kohn functional. Its construction relies on a potential-ensem-
ble-density map that is established for a given and fixed set � of ensemble weight 
values. Therefore, the universality of the functional implies, as in ground-state DFT, 
that it does not depend on the local external potential. However, it does not mean 
that it is ensemble-independent and therefore applicable to any excited state. As 

(7)
�E�

��I

= EI − E0,

(8)

EK =
K≥0

E0 +

∑
I>0

𝛿IK(EI − E0)

= E�
+

∑
I>0

(𝛿IK − �I)(EI − E0),

(9)EK = E�
+

∑
I>0

(𝛿IK − �I)
𝜕E�

𝜕�I

.

(10)E�
= min

n→N

{
F�

[n] + ∫ d� v
ext
(�)n(�)

}
,

(11)F�
[n] ∶=

∑
I

�I

⟨
𝛹�

I
[n]

|||T̂ + Ŵ
ee

|||𝛹
�
I
[n]

⟩
,
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discussed in further detail below, encoding ensemble dependencies into density 
functionals is probably the most challenging task in eDFT.

In the standard KS formulation of GOK-DFT [82], the GOK functional is split 
into non-interacting kinetic and Hartree-xc (Hxc) ensemble energy contributions, 
by analogy with regular KS-DFT:

The non-interacting ensemble kinetic energy functional can be expressed more 
explicitly as follows within the constrained-search formalism [92],

where Tr denotes the trace, 𝛾̂� =
∑

I �I�𝛷I⟩⟨𝛷I� is a trial ensemble density matrix 
operator that fulfills the density constraint n𝛾̂�(�) ≡ Tr[𝛾̂�n̂(�)] =

∑
I
�

I
n𝛷I

(�) = n(�) , 
and n̂(�) ≡

∑N

i=1
𝛿(� − �i) is the electron density operator at position � . Combining 

Eqs. (10), (12) and (13) leads to the final GOK-DFT variational energy expression

where the minimization can be restricted to single-configuration wave functions 
(determinants or configuration state functions), hence the minimization over orbitals {
�

p

}
 on the first line of Eq. (15). The minimizing KS orbitals {��

p
} , from which the 

KS wave functions {��
I
[n�

] ≡ ��
I
} in the minimizing density matrix operator 𝛾̂�

KS
 

are constructed, fulfill the following self-consistent GOK-DFT equations,

where

is the ensemble Hxc density-functional potential. In the exact theory, the ensemble 
KS orbitals reproduce the exact (interacting) ensemble density, i.e.,

where the individual KS densities read as

(12)F
�
[n] = T

�
s
[n] + E

�
Hxc

[n].

(13)T
�
s
[n] = min

𝛾̂�→n

{
Tr

[
𝛾̂�T̂

]}

(14)≡

�
I

�
I
⟨𝛷�

I
[n]�T̂�𝛷�

I
[n]⟩,

(15)
E
�
= min

{𝜑p}

{
Tr

[
𝛾̂�

(
T̂ + V̂

ext

)]
+ E

�
Hxc

[
n𝛾̂�

]}

= Tr

[
𝛾̂�
KS

(
T̂ + V̂

ext

)]
+ E

�
Hxc

[
n𝛾̂�

KS

]
,

(16)

(
−

∇
2

�

2
+ v

ext
(�) + v

�
Hxc

[n
�
](�)

)
��

p
(�) = ��

p
��

p
(�),

(17)v
�
Hxc

[n](�) =
�E

�
Hxc

[n]

�n(�)

(18)
∑

I

�In��
I
(�) =

∑
I

�In�I
(�) = n�(�),
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and nI

p
 is the (weight-independent) occupation number of the orbital ��

p
 in the sin-

gle-configuration wave function ��
I

.
Let us now focus on the ensemble Hxc density functional. By analogy with reg-

ular KS-DFT, it can be  decomposed into Hx and correlation energy contributions: 
E�
Hxc

[n] = E�
Hx
[n] + E�

c
[n] . In the original formulation of GOK-DFT [82], the Hx func-

tional is further decomposed as follows,

where

is the standard weight-independent Hartree functional, and

is the exact (complementary and weight-dependent) ensemble exchange functional. 
Note that ��

I
[n] , which describes one of the configurations included into the ensem-

ble, may not be a pure Slater determinant [93]. Other (weight-dependent) definitions 
for the ensemble Hartree energy, where the explicit dependence on the ensemble 
density n is lost, have been explored  [94]. In the most intuitive one, the ensem-
ble Hartree energy is evaluated as the weighted sum of the individual KS Hartree 
energies:

For the sake of generality, we will keep in the following both Hartree and exchange 
energies into a single functional E�

Hx
[n] which is defined as

The remaining weight-dependent correlation energy can then be expressed as fol-
lows, according to Eqs. (11) and (14),

where the non-interacting KS {��
I
[n]} and interacting {��

I
[n]} wave functions, 

which both reproduce the (weight-independent here) trial ensemble density n, what-
ever the ensemble weight values � , are in principle weight-dependent  [95, 96]. 

(19)n��
I

(�) =
∑

p

n
I

p
|��

p
(�)|2,

(20)E�
Hx
[n] = E

H
[n] + E�

x
[n],

(21)E
H
[n] =

1

2 ∫ d� ∫ d��
n(�)n(��)

|� − ��|

(22)E
�
x
[n] =

�
I

�
I
⟨𝛷�

I
[n]�Ŵ

ee
�𝛷�

I
[n]⟩ − E

H
[n]

(23)E
�
H
[n] ∶=

∑
I

�
I
E
H

[
n��

I
[n]

]
.

(24)E
�
Hx
[n] =

�
I

�
I
⟨𝛷�

I
[n]�Ŵ

ee
�𝛷�

I
[n]⟩.

(25)
E
�
c
[n] = F

�
[n] − T

�
s
[n] − E

�
Hx
[n]

=

∑
I

�
I

(⟨
𝛹�

I
[n]

|||T̂ + Ŵ
ee

|||𝛹
�
I
[n]

⟩
−

⟨
𝛷�

I
[n]

|||T̂ + Ŵ
ee

|||𝛷
�
I
[n]

⟩)
,
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Interestingly, the interacting density-functional wave functions lose their weight 
dependence when the trial density n matches the exact physical ensemble density 
n� , i.e., ��

I
[n�

] = �
I
≡ �N

I
 . However, as shown in the section “Weight Dependence 

of the KS Wave Functions in GOK-DFT”, the KS wave functions remain weight-
dependent, even in this special case.

As readily seen from Eqs.  (12), (15) and (16), the only (but crucial) difference 
between regular ground-state KS-DFT and GOK-DFT is the weight dependence in 
the ensemble density-functional Hxc energy and potential. The computational cost 
should essentially be the same in both approaches. The challenge lies in the proper 
description of the weight-dependent ensemble Hxc density functional. Differ-
ent approximations have been considered, such as the use of (weight-independent) 
regular ground-state functionals [78, 97], or the use of an ensemble exact-exchange 
energy  [93, 98, 99] with or without approximate weight-dependent correlation 
functionals  [79, 91, 99]. Note that the expected linearity-in-weight of the ensem-
ble energy is not always reproduced in (approximate) practical GOK-DFT calcula-
tions [97]. As a result, different weights can give different excitation energies, which 
is a serious issue. This led to different computation strategies, such as trying to 
find an optimal value for the weights [100], using Boltzmann weights instead [78], 
restricting to equiensembles [79, 91], or considering the ground-state � = 0 limit of 
the theory, like in the direct ensemble correction (DEC) scheme [87, 101]. A linear 
interpolation method has also been proposed [97, 102].

Designing weight-dependent ensemble DFAs that systematically reduce the cur-
vature in weight of the ensemble energy, while providing at the same time accurate 
excitation energies, is an important and challenging task. Recent progress in this 
matter will be discussed extensively below.

2.1.3 � Extraction of Individual State Properties

In the section “DFT of GOK Ensembles”, we have shown that both exact ensemble 
energy and density can be calculated, in principle exactly, within GOK-DFT. At this 
point, we should stress that the KS and true physical densities are not expected to 
match individually, even though they both reproduce the same ensemble density [see 
Eq. (18)]. This subtle point will be discussed in more detail in the section “Weight 
Dependence of the KS Wave Functions in GOK-DFT”. Nevertheless, in complete 
analogy with Eq. (9), the exact individual densities can be extracted from the ensem-
ble density as follows [103]:

which, by inserting the expression in Eq. (18), leads to the key result [103]

where, according to Eq. (19), the weight derivative of the individual KS densities

(26)n𝛹J
(�) = n

�
(�) +

∑
I>0

(
𝛿

IJ
− �

I

)𝜕n�(�)

𝜕�
I

,

(27)n𝛹J
(�) = n𝛷�

J

(�) +
∑
I>0

∑
K≥0

(
𝛿

IJ
− �

I

)
�

K

𝜕n𝛷�
K

(�)

𝜕�
I

,
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can be evaluated from the (static) linear response of the KS orbitals. This can be 
done, in practice, by solving, for example, an ensemble coupled-perturbed equa-
tion [73, 103].

Turning to the excitation energies, we obtain, from the variational GOK-DFT 
ensemble energy expression and the Hellmann–Feynman theorem, the following 
expression, where the derivatives of the minimizing (and therefore stationary) KS 
wave functions do not contribute,

with 𝛥𝛾̂�
KS,I

= �𝛷�
I
⟩⟨𝛷�

I
� − �𝛷�

0
⟩⟨𝛷�

0
� . This expression can be further simplified as 

follows [90]:

where E�
I
 denotes the Ith (weight-dependent) KS energy which is obtained by sum-

ming up the energies {��
p
} of the KS orbitals that are occupied in ��

I
 . Hence, the 

excitation energies can all be determined, in principle exactly, from a single GOK-
DFT calculation.

As shown by Deur and Fromager  [90], individual energy levels can also be 
extracted (from the KS ensemble) and written in a compact form. For that pur-
pose, we will use the exact expression of Eq.  (9) where we see, in the light of 
Eq. (30), that it is convenient to express the total ensemble energy [first term on 
the right-hand side of Eq. (9)] in terms of total KS energies. Levy and Zahariev 
(LZ) made such a suggestion in the context of regular ground-state DFT  [104]. 
For that purpose, they introduced a shift in the Hxc potential that can be trivially 
generalized to GOK ensembles as follows [90]:

Note that, if the exact LZ-shifted Hxc potential were known, we would be able to 
evaluate exact ensemble density-functional Hxc energies as follows:

(28)
�n��

K

(�)

��
I

= 2
∑

p

n
K

p
��

p
(�)

���
p
(�)

��
I

(29)

𝜕E�

𝜕�
I

= Tr

[
𝛥𝛾̂�

KS,I

(
T̂ + V̂

ext

)]
+

𝜕E
�
Hxc

[n]

𝜕�
I

|||||n=n𝛾̂�
KS

+ ∫ d�
𝛿E

�
Hxc

[n𝛾̂�
KS

]

𝛿n(�)
Tr

[
𝛥𝛾̂�

KS,I
n̂(�)

]
,

(30)
𝜕E�

𝜕�
I

= E
I
− E0 = E�

I
− E�

0
+

𝜕E
�
Hxc

[n]

𝜕�
I

|||||n=n𝛾̂�
KS

,

(31)�E
�
Hxc

[n]

�n(�)
→ v

�

Hxc
[n](�) =

�E
�
Hxc

[n]

�n(�)
+

E
�
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[n] − ∫ d�
�E

�
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.

(32)E
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[n](�)n(�).

Reprinted  from  the  journal246



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2022) 380:4	  

Once the LZ shift has been applied to the ensemble Hxc potential, the (total N-elec-
tron) KS energies will be modified as follows:

and the true ensemble energy will simply read as a weighted sum of (LZ-shifted) KS 
energies,

Note that the KS excitation energies are not affected by the shift,

Thus, by combining Eqs. (9), (30), (34) and (35), we recover the exact expression of 
Ref. [90] for ground- and excited-state energy levels:

As readily seen from Eq. (36), applying the LZ shift is not sufficient for reaching an 
exact energy level. The ensemble weight derivatives of the Hxc density functional 
are also needed for that purpose.

Finally, it is instructive to consider the general expression of Eq. (36) in the ground-
state � = 0 limit of the theory, which gives

where n�0
 is the exact ground-state density. As readily seen from Eq.  (37), as we 

start from a pure I = 0 ground-state theory (we recover the energy LZ expression in 
this case  [104]), the inclusion of a given I > 0 excited state into the ensemble 
induces an additional shift in the Hxc potential, which corresponds to the weight 
derivative �E

�
Hxc

[n�0
]∕��

I

|||�=0
 and can be interpreted as a derivative discontinuity, 

as shown in Ref.  [105] and discussed extensively in the section  “Equivalence 
Between Weight Derivatives and xc DerivativeDiscontinuities”, in the context of 
charged excitations.

2.2 � DFT of Charged Excitations: N‑Centered Ensemble Formalism

A recent adaptation of GOK-DFT to charged excitations, referred to as N-cen-
tered eDFT [83], is introduced here.

(33)E�
I
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�

I
= E�

I
+ E

�
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[n𝛾̂�
KS

] − ∫ d�
𝛿E

�
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KS

]
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n𝛾̂�

KS

(�),

(34)E�
=

(
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∑
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�I

)
E
�

0
+

∑
I>0

�IE
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I
.

(35)E
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I
− E
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0
= E�

I
− E�

0
.

(36)E
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= E

�
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+

∑
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(
𝛿

IK
− �

I

) 𝜕E
�
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[n]
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I

|||||n=n𝛾̂�
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.

(37)E
I
= E

�=0

I
+ (1 − �

I0)

�E
�
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[n�0
]

��
I
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,
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2.2.1 � N‑Centered Ensembles

The N-centered ensemble [83] can be seen as the “grand canonical” ground-state 
version of GOK ensembles. It is constructed from the M-electron ground states, 
where the three possible values of the integer M ∈ {N − 1, N, N + 1} are, like 
the corresponding ensemble density (see below), centered in N, hence the name 
“N-centered”. The exact N-centered ensemble energy is defined as follows [83],

where the two N-centered ensemble weights �− and �
+
 , which describe the removal/

addition of an electron from/to the N-electron system, respectively, are collected in

Similarly, the N-centered ensemble density reads as

Designed by analogy with GOK-DFT (which describes neutral excitations), the 
N-centered ensemble density integrates to the central integer number N of electrons:

In other words, even though we describe charged excitation processes, the num-
ber of electrons remains fixed and equal to the integer N, whatever the value of 
the ensemble weights � . This major difference with the conventional DFT for 
fractional electron numbers  [3] has important implications that will be discussed 
extensively in the section  “Equivalence Between Weight Derivatives and xc 
DerivativeDiscontinuities”.

In this context, the ensemble energy can be determined variationally, as a 
direct consequence of the conventional Rayleigh–Ritz variational principle for a 
fixed number of electrons, i.e.,

where {𝛹̃M
} are trial M-electron normalized wave functions, provided that the (so-

called convexity) conditions �− ≥ 0 , �
+
≥ 0 , and �

−
(N − 1) + �

+
(N + 1) ≤ N are ful-

filled. Like in GOK-DFT, the ensemble energy E�

0
 varies linearly with the ensemble 

weights. As a result, charged excitation energies can be extracted through differen-
tiation with respect to the N-centered ensemble weights. For example, since

(38)E
�

0
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−
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0
+ �

+
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0
+
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the exact fundamental gap can be determined as follows:

We can also extract the individual cationic, anionic, and neutral energies, respec-
tively, as follows:

and

Equations  (45)–(47) will be used in the following for deriving exact ionization 
potential and electron affinity theorems.

2.2.2 � DFT of N‑Centered Ensembles

In complete analogy with GOK-DFT, the N-centered ensemble energy can be deter-
mined variationally as follows:

where, in the KS formulation of the theory [83], the universal N-centered ensemble 
functional reads as

The non-interacting kinetic energy functional

is now determined through a minimization over N-centered density matrix operators
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,
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,
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,
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,

(49)F
�
[n] = T
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that fulfill the density constraint n𝛾̂� (�) = Tr

[
𝛾̂� n̂(�)

]
= n(�) . Combining Eqs. (48), 

(49) and (50) leads to the final ensemble energy expression,

which is mathematically identical to its analog in GOK-DFT [see Eq.  (15)], even 
though the physics it describes is completely different. The orbitals {��

p} , from 
which the minimizing single-configuration KS wave functions 

{
�

M,�

0

}
 in 𝛾̂�

KS
 are 

constructed, fulfill self-consistent KS equations that are similar to those of regular 
(N-electron ground-state) KS-DFT:

The only difference is that the N-centered ensemble Hxc potential 
v
�

Hxc
[n](�) = �E

�

Hxc
[n]∕�n(�) is now employed. In the exact theory, the ensemble KS 

orbitals are expected to reproduce the interacting N-centered ensemble density, i.e.,

or, equivalently [83],

Turning to the N-centered ensemble Hxc density functional, it can be decomposed as 
E
�

Hxc
[n] = E

�

Hx
[n] + E

�
c
[n] , where, by analogy with GOK-DFT, the exact Hx energy 

is expressed in terms of the N-centered ensemble density-functional KS wave func-
tions as follows:
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and the complementary correlation functional reads as

where {�M,�

0
[n]} denotes the interacting density-functional N-centered ensemble.

When comparison is made with the section “DFT of GOK Ensembles”, it becomes 
clear that N-centered and GOK eDFTs are essentially the same theory (differing only in 
the definition of the ensemble). From that point of view, we now have a unified eDFT 
for charged and neutral electronic excitations. As a result, N-centered eDFT can benefit 
from progress made in GOK-DFT, and vice versa.

2.2.3 � Exact Ionization Potential and Electron Affinity Theorems

We have shown above that neutral, anionic, and cationic ground-state energies can 
be extracted exactly from the N-centered ensemble energy [see Eqs.  (45), (46), and 
(47)]. We can now use the variational density-functional expression of Eq.  (52) to 
obtain expressions for the fundamental gap, the ionization potential (IP), and the elec-
tron affinity (EA). Note that these quantities are derived traditionally in the context of 
DFT for fractional electron numbers  [3] (see “Equivalence Between Weight Deriva-
tives and xc DerivativeDiscontinuities” for a detailed comparison). According to the 
Hellmann–Feynman theorem, we can express the weight derivatives of the ensemble 
energy as follows:

where 𝛥
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Eq.  (53), the above energy derivative can be rewritten in terms of the KS orbital 
energies as [83]

By plugging Eq.  (60) into Eq.  (44), we immediately obtain the following exact 
expression for the fundamental gap:

If we now apply the LZ shift-in-potential procedure [104], by analogy with GOK-
DFT (see “Extraction of Individual State Properties”), i.e.,

we can express both the ensemble energy and its derivatives in terms of the LZ-
shifted KS orbital energies ��

p
 , thus leading to the following compact expressions for 

the ensemble and individual energies [83], respectively:

and
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By subtraction, we immediately obtain in-principle-exact IP and EA theorems:

and

Interestingly, in the regular ground-state N-electron limit (i.e., when � = 0 ), the LZ 
expression [104] is recovered for the IP,

where the asymptotic value of the LZ-shifted Hxc potential away from the system 
[see Ref.  [104] and Eq.  (132)] can now be expressed explicitly, within the N-cen-
tered ensemble formalism, as �E

�

Hxc
[n�0

]∕��−
|||�=0

 . Similarly, we obtain the follow-
ing expression for the EA:

As readily seen from the above expressions, neutral and charged systems can-
not be described with the same (LZ-shifted) Hxc potential. As shown in “Equiva-
lence Between Weight Derivatives and xc DerivativeDiscontinuities”, the addi-
tional ensemble weight derivative correction [second term on the right-hand side of 
Eqs. (69) and (70)] is actually connected to the concept of derivative discontinuity, 
which manifests in conventional DFT for fractional electron numbers, when cross-
ing an integer [106].
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3 � Equivalence Between Weight Derivatives and xc Derivative 
Discontinuities

The concept of derivative discontinuity originally appeared in the context of DFT 
for fractional electron numbers  [3], which is the conventional theoretical frame-
work for the description of charged excitations. The (xc functional) derivative dis-
continuities play a crucial role in the evaluation of fundamental gaps  [106]. More 
specifically, they correct the bare KS gap, which is only an approximation to the 
true interacting gap. It is well known that standard (semi)-local DFAs do not con-
tain such discontinuities, which explains why post-DFT methods based on Green 
functions, for example, are preferred for the computation of accurate gaps [14–21]. 
Their substantially higher computational cost is a motivation for exploring simpler 
(frequency-independent) strategies. The recently proposed N-centered ensemble for-
malism [83, 107], as introduced in “DFT of Charged Excitations: The N-Centered 
Ensemble Formalism”, is (among others  [34, 36, 42, 108–112]) promising in this 
respect.

From a more fundamental point of view, it is important to clarify the similari-
ties and differences between N-centered eDFT and the standard formulation of DFT 
for charged excitations, which is often referred to as Perdew–Parr–Levy–Balduz 
(PPLB) DFT [3]. More specifically, we should explain what the derivative disconti-
nuity, which is central in PPLB, becomes when switching to the N-centered formal-
ism. This is the purpose of this section.

After a brief review of the PPLB formalism and its implications, we will show, 
on the basis of Ref.  [113], that derivative discontinuities exist also in N-centered 
eDFT and that they are directly connected to the ensemble weight derivatives of the 
xc functional, like in GOK-DFT [105]. Finally, we will explain why these disconti-
nuities can essentially be removed from the theory, unlike in PPLB, and discuss the 
practical implications.

3.1 � Review of the Regular PPLB Approach to Charged Excitations

3.1.1 � Ensemble Formalism for Open Systems

The key idea in PPLB is to describe electron ionization or affinity processes through 
a continuous variation of the electron number, hence the need for an extension of 
DFT to fractional electron numbers. For that purpose, the energy of an artificial 
(zero-temperature) grand-canonical-type ensemble, which should not be confused 
with physical finite-temperature grand-canonical ensembles of statistical phys-
ics [114], is constructed as follows:

where we minimize over integer numbers M of electrons and EM
0

 denotes the exact 
M-electron ground-state energy of the system. In this formalism, the number of 

(71)G(�) = min
M

{
E

M

0
− �M

}
,
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electrons in the system can be arbitrarily fixed by tuning the chemical potential � . 
For example, if the following inequalities are fulfilled,

or, equivalently,

then the system contains an integer number N of electrons [it is assumed that the 
N-electron fundamental gap EN

g
= I

N

0
− A

N

0
 is positive, so that Eq.  (73) can be ful-

filled]. In the special case where one of the inequalities becomes a strict equality, say

which means that the chemical potential is exactly equal to minus the N-electron 
ionization potential,

the N- and (N − 1)-electron solutions are degenerate (grand-canonical energy wise). 
Therefore, they can be mixed as follows,

where 0 ≤ � ≤ 1 , thus allowing for a continuous variation of the electron number N  
(which now becomes fractional) from N − 1 to N:

This is the central idea in PPLB for describing the ionization of an N-electron sys-
tem. Ionizing the (N + 1)-electron system gives access to the N-electron affinity. 
Interestingly, we recover from Eqs.  (77), (78), and (79) the well-known piecewise 
linearity of the energy with respect to the electron number [3]:

In order to establish a clearer connection between the PPLB and N-centered for-
malisms, we follow the approach of Kraisler and Kronik [34], where the ensemble 
weight � is used as a variable, in place of the electron number N  . Therefore, in 
PPLB, the ensemble energy reads as

(72)EN−1

0
− 𝜇(N − 1) > EN

0
− 𝜇N < EN+1

0
− 𝜇(N + 1),

(73)−I
N

0
< 𝜇 < −A

N

0
,

(74)EN−1

0
− �(N − 1) = EN

0
− �N,

(75)� = E
N

0
− E

N−1
0

= −I
N

0
,

(76)G(�)
�=−I

N

0
= (1 − �)

(
E

N−1
0

− �(N − 1)
)
+ �

(
E

N

0
− �N

)

(77)=
(
(1 − �)EN−1

0
+ �EN

0

)
− �

(
N − 1 + �

)

(78)≡ E
N
0
− �N,

(79)N ≡ N − 1 + �.

(80)EN
0
≡ (1 − �)EN−1

0
+ �EN

0
= (N − N)EN−1

0
+ (N − N + 1)EN

0
.
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where

is the exact ground-state ensemble density. Note that, if we introduce the ensemble 
density matrix operator

the ensemble energy and density can be expressed in a compact way as follows:

and

respectively.

3.1.2 � DFT for Fractional Electron Numbers

On the basis of the “grand-canonical” ensemble formalism introduced in the previ-
ous section, we can extend the domain of definition of the universal Hohenberg–Kohn 
functional F[n] to densities n that integrate to fractional electron numbers, i.e.,

as follows,

where the ground-state density-functional wave functions fulfill the density 
constraint

From now on we will take � in the range

(81)E� = (1 − �)EN−1
0

+ �EN
0

(82)
= (1 − 𝛼)

⟨
𝛹N−1

0

|||T̂ + Ŵee
|||𝛹

N−1

0

⟩
+ 𝛼

⟨
𝛹N

0

|||T̂ + Ŵee
|||𝛹

N

0

⟩

+ ∫ d� vext (�)n
𝛼
0
(�),

(83)n
�
0
(�) = (1 − �)n�N−1

0
(�) + �n�N

0
(�)

(84)𝛤𝛼
0
= (1 − 𝛼)�𝛹N−1

0
⟩⟨𝛹N−1

0
� + 𝛼�𝛹N

0
⟩⟨𝛹N

0
�,

(85)E
𝛼 = Tr

[
𝛤𝛼

0
Ĥ
]

(86)n
𝛼
0
(�) = Tr

[
𝛤𝛼

0
n̂(�)

]
,

(87)∫ d� n(�) = N − 1 + �,

(88)F[n] = (1 − 𝛼)
⟨

T̂ + Ŵee

⟩
𝛹N−1

0
[n]

+ 𝛼
⟨

T̂ + Ŵee

⟩
𝛹N

0
[n]

,

(89)(1 − �)n�N−1
0

[n](�) + �n�N

0
[n](�) = n(�).

(90)0 < 𝛼 ≤ 1,
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so that the integer electron number case systematically corresponds to � = 1 . There-
fore, in the present density-functional PPLB ensemble, the N-electron state will 
always contribute (even infinitesimally), and

At this point it is essential to realize that, unlike in N-centered eDFT, the ensemble 
weight � is not an independent variable. Indeed, according to Eqs. (87) and (91), it is 
an explicit functional of the density:

Therefore, in PPLB, the ensemble is determined fully from the density. The latter 
remains, as in regular DFT for integer electron numbers, the sole basic variable in 
the theory. Following Levy and Lieb [66, 92, 115], the extended universal functional 
of Eq. (88) can be expressed in a compact way as follows:

where we minimize over grand-canonical ensemble density matrix operators

that fulfill the following density constraint:

3.1.3 � Kohn–Sham PPLB

The commonly used KS formulation of PPLB is recovered when introducing the 
non-interacting kinetic energy functional

and the in-principle-exact decomposition

where the Hxc functional now applies to fractional electron numbers. Let us stress 
that, unlike in N-centered eDFT, the Hxc functional has no ensemble weight depend-
ence because the weight is determined from the density n. Any dependence in � is 
incorporated into the functional through the density. This is a major difference with 
N-centered eDFT where the ensemble weight and the density are independent vari-
ables, like in GOK-DFT. This subtle point will be central later on when comparing 
the two theories.

According to the variational principle, the exact ensemble energy can be deter-
mined, for a given and fixed value of � , as follows:

(91)N = ⌈∫ d� n(�)⌉.

(92)� ≡ �[n] = � d� n(�) − ⌈� d� n(�)⌉ + 1.

(93)F[n] = min
𝛾̂𝛼→n

Tr
[
𝛾̂𝛼
(
T̂ + Ŵee

)]
,

(94)𝛾̂𝛼 ≡ (1 − 𝛼)�𝛹N−1⟩⟨𝛹N−1� + 𝛼�𝛹N⟩⟨𝛹N�

(95)Tr
[
𝛾̂𝛼 n̂(�)

]
= n𝛾̂𝛼 (�) = (1 − 𝛼)n𝛹N−1(�) + 𝛼n𝛹N (�) = n(�).

(96)Ts[n] = min
𝛾̂𝛼→n

Tr
[
𝛾̂𝛼T̂

]

(97)F[n] = T
s
[n] + E

Hxc
[n],
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where we minimize over densities that integrate to the desired number N − 1 + � of 
electrons. According to Eqs. (96) and (97), the ensemble energy can be rewritten as

where the minimizing KS density matrix operator

reproduces the exact ensemble density of Eq. (83):

The orbitals from which �N−1,�

0
 and �N,�

0
 are constructed fulfill self-consistent KS 

equations,

where, as readily seen from the following ensemble density expression,

the highest occupied molecular orbital (HOMO) [i.e., ��
N

 ] is fractionally occupied. 
This is the main difference from conventional DFT calculations for integer electron 
numbers.

3.1.4 � Janak’s Theorem and Its Implications

Once the ensemble energy E� has been determined (variationally), we can evaluate 
the IP, which is the quantity we are interested in, by differentiation with respect to 
the ensemble weight � [see Eq. (81)], i.e.,

(98)E� = min
n→N−1+�

{
F[n] + ∫ d� vext (�)n(�)

}
,

(99)

E
𝛼 = min

n→N−1+𝛼

{
min
𝛾̂𝛼→n

{
Tr
[
𝛾̂𝛼
(
T̂ + V̂ext

)]
+ EHxc[n𝛾̂𝛼 ]

}}

= min
𝛾̂𝛼

{
Tr
[
𝛾̂𝛼
(
T̂ + V̂ext

)]
+ EHxc[n𝛾̂𝛼 ]

}

≡ Tr
[
𝛾̂𝛼
KS

(
T̂ + V̂ext

)]
+ EHxc[n𝛾̂𝛼

KS
],

(100)𝛾̂𝛼
KS

= (1 − 𝛼)�𝛷N−1,𝛼

0
⟩⟨𝛷N−1,𝛼

0
� + 𝛼�𝛷N,𝛼

0
⟩⟨𝛷N,𝛼

0
�

(101)n𝛾̂𝛼
KS
(�) = Tr

[
𝛾̂𝛼 n̂(�)

]
= n

𝛼
0
(�).

(102)

(
−

1

2
∇2

�
+ vext (�) +

𝛿EHxc[n𝛾̂𝛼
KS
]

𝛿n(�)

)
𝜑𝛼

i
(�) = 𝜀𝛼

i
𝜑𝛼

i
(�),

(103)

n𝛾̂𝛼
KS
(�) = (1 − 𝛼)

N−1∑
i=1

|𝜑𝛼
i
(�)|2 + 𝛼

N∑
i=1

|𝜑𝛼
i
(�)|2

=

N−1∑
i=1

|𝜑𝛼
i
(�)|2 + 𝛼|𝜑𝛼

N
(�)|2,
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which, according to the Hellmann–Feynman theorem and Eqs.  (99), (100), and 
(102), can be written more explicitly as follows,

thus leading to the famous Janak’s theorem [116]:

As readily seen from Eq. (107), the energy ��
N

 of the KS HOMO does not vary with 
the fraction 𝛼 > 0 of electron that is introduced into the (N − 1)-electron system. 
Therefore, it matches the N-electron KS HOMO energy that we denote simply �N

N
:

At this point, it is important to mention that, unlike in N-centered eDFT [see 
Eq. (69)], there is no ensemble weight derivative of the Hxc functional involved in 
Janak’s theorem. Such a quantity does not exist in PPLB, simply because the ensem-
ble weight � and the density n cannot vary independently. However, while the num-
ber of electrons is held constant artificially in the N-centered formalism, this is not 
the case in PPLB. Indeed, variations in � induce a change in density [see the third 
contribution on the right-hand side of Eq. (105)] that does not integrate to zero:

Therefore, it is crucial, when evaluating the functional derivative of the Hxc energy 
𝛿EHxc[n𝛾̂𝛼

KS
]∕𝛿n(�) (i.e., the Hxc potential), to consider variations of the density �n(�) 

that do not integrate to zero. This is unnecessary in N-centered eDFT. In PPLB, 
however, proper modeling of the xc potential is essential for describing charged 
excitations. This is illustrated clearly by the fact that the exact xc potential exhibits 
derivative discontinuities when crossing an integer electron number, as discussed 
further in section “Connection Between PPLB and N-Centered Pictures”.

Let us finally discuss the unicity of the xc potential. We recall that, in the present 
review, the external potential is simply the (Coulomb) nuclear potential of the mol-
ecule under study. It is fixed and it vanishes away from the system:

(104)
dE�

d�
= −IN

0
,

(105)

dE𝛼

d𝛼
=

⟨
𝛷

N,𝛼

0

|||T̂ + V̂
ext

|||𝛷
N,𝛼

0

⟩
−

⟨
𝛷

N−1,𝛼

0

|||T̂ + V̂
ext

|||𝛷
N−1,𝛼

0

⟩

+ ∫ d�
𝛿E

Hxc
[n𝛾̂𝛼

KS

]

𝛿n(�)

(
n𝛷

N,𝛼

0

(�) − n𝛷
N−1,𝛼

0

(�)
)

(106)
≡

N∑
i=1

��
i
−

N−1∑
i=1

��
i

= ��
N

,

(107)I
N

0
= −��

N
,∀� ∈]0, 1].

(108)��
N
= ��=1

N
≡ �N

N
= −IN

0
.

(109)1 = � d�
(

n�
N,�

0

(�) − n�
N−1,�

0

(�)
) ≠ 0.
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which we simply denote vext (∞) = 0 in the following. As readily seen from 
Eq. (107), when describing a continuous variation of the electron number N  in the 
range N − 1 < N < N , the KS potential becomes truly unique, no longer up to a 
constant. This can be related to the unicity of the chemical potential, which allows 
for fractional electron numbers, as discussed previously in the interacting case 
[see Eq. (75)]. As a result, the xc potential is truly unique. More precisely, as illus-
trated in Appendix 1 for a one-dimensional (1D) system, Janak’s theorem implies 
that [117]

3.1.5 � Fundamental Gap Problem

According to Janak’s theorem, the fundamental gap can be evaluated in PPLB, in prin-
ciple exactly, from the HOMO energies as follows:

What is truly challenging in practice, in particular in solids [10], is the extraction of 
this gap from a single N-electron calculation. Indeed, the HOMO energy �N+1

N+1
 of the 

(N + 1)-electron system has no reason to match the lowest unoccupied molecular 
orbital (LUMO) energy �N

N+1
 of the N-electron system, simply because the infinitesi-

mal addition of an electron to the latter system will affect the density [see Eq. (299)] 
and, consequently, the xc potential. The impact of an electron addition on the xc 
potential will be scrutinized in “Connection Between PPLB and N-Centered Pic-
tures”, in the context of N-centered eDFT. If we denote

the deviation in energy between the above-mentioned HOMO and LUMO, we 
recover the usual expression [106]

where �N

xc
 can now be interpreted as the difference in gap between the physical and 

KS systems. As readily seen from the key Eq. (61) of N-centered eDFT, that we take 
in the regular N-electron ground-state DFT limit (i.e., �

+
= �

−
= 0 ), �N

xc
 is indeed a 

nonzero correction to the KS gap that can be expressed more explicitly as follows,

(110)vext (�) →|�|→+∞
0,

(111)
𝛿Exc[n𝛾̂𝛼

KS
]

𝛿n(�)

||||||�|→+∞

≡ v
𝛼
xc
(∞) = 0.

(112)E
N

g
= I

N

0
− I

N+1
0

= �N+1
N+1

− �N

N
.

(113)�N

xc
= �N+1

N+1
− �N

N+1

(114)E
N

g
= �N

N+1
− �N

N
+ �N

xc
,

(115)�N

xc
=

�E
(�−,0)
xc [n�N

0
]

��−

||||||�−=0

+
�E

(0,�+)
xc [n�N

0
]

��+

||||||�+=0

.
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Note that we used in Eq. (115) the in-principle-exact decomposition

where the regular (weight-independent) Hartree functional is employed. The prac-
tical disadvantage of such a decomposition will be discussed extensively below 
in  “The Exact Hartree-Exchange Dilemma in eDFT”. We focus here on the exact 
theory.

In the language of N-centered eDFT, �N

xc
 describes the variation in ensemble weights 

(while holding the ensemble density fixed and equal to the N-electron ground-state 
density n�N

0
 ) of the N-centered ensemble xc energy due to the infinitesimal removal/

addition of an electron from/to the N-electron system. Evidently, standard (local or 
semi-local) DFAs do not incorporate such a weight dependence because they were not 
designed for N-centered eDFT calculations (we recall that the concept of N-centered 
ensemble has been proposed quite recently  [83, 107, 113]). Therefore, when such 
DFAs are used, the physical gap is systematically approximated by the (also approxi-
mate) KS one. Note that the resulting underestimation of the fundamental gap is highly 
problematic, for example, when computing transport properties [118, 119]. The inter-
pretation that is given in PPLB for �N

xc
 is completely different. The latter actually origi-

nates from the discontinuity that the xc potential (which is the functional derivative of 
the xc energy) exhibits when crossing an integer electron number, hence the name 
derivative discontinuity. In the language of PPLB, �N

xc
 is not described at all when 

(semi-) local xc functionals are employed, simply because the latter do not incorporate 
functional derivative discontinuities. The connection between these two very different 
interpretations will be made in “Connection Between PPLB and N-Centered Picture”.

3.1.6 � Exchange‑Only Derivative Discontinuity

Let us finish the previous discussion with a detailed comment on the use of (orbital-
dependent) exact exchange energies, which is often recommended for improving the 
description of fundamental gaps  [10]. From the perspective of N-centered eDFT, 
using an exact exchange energy (or a fraction of it) is a way to incorporate weight 
dependencies into the ensemble exchange density functional. Indeed, according to 
Eq. (116), the exact exchange-only derivative discontinuity can be rewritten as

or, equivalently,

(116)E
(�−,�+)

Hxc
[n] = EH[n] + E

(�−,�+)
xc [n],

(117)�N

x
=

�E
(�,�)
x [n�N

0
]

��

||||||�=0

=
�E

(�,�)

Hx
[n�N

0
]

��

||||||�=0

,
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where we have introduced the double-weight N-centered ensemble KS density

which reduces to n�N

0
 when � = � = 0 . Thus, we can remove all the contributions 

involving the derivative of the ensemble density [see the second line of Eq. (118)] 
that are erroneously introduced by the first term on the right-hand side of Eq. (118). 
We recall that, in the evaluation of �N

x
 , we must differentiate with respect to the 

weight for a fixed density, as readily seen from Eq. (117). At first sight, Eq. (118) is 
uselessly complicated, when compared with Eq. (117), but it will actually enable us 
to obtain simpler expressions. This trick has been introduced in the context of GOK-
DFT [91, 103]. First, we need to realize that, according to the exact expression of 
the N-centered ensemble Hx functional in Eq. (57),

Moreover, we have

where, in the � = � = 0 limit, the derivative of the density

can be evaluated from the regular N-electron KS frontier orbitals. By combining 
Eqs.  (120)–(122) we finally obtain a simple (orbital-dependent) expression for the 
exchange-only derivative discontinuity:

(118)

�N

x
=

�E
(�,�)

Hx
[n

�,�

0
]

��

||||||�=0

−
�E

(�,�)

Hx
[n

�,�

0
]

��

||||||�=�=0

−
�E

(�,�)

Hx
[n

�,�

0
]

��

||||||�=�=0

,

(119)n
�,�

0
(�) ∶= (1 − 2�)n

�
N,(�,�)

0

(�) + �n
�

N−1,(�,�)

0

(�) + �n
�

N+1,(�,�)

0

(�),

(120)
E
(𝜉,𝜉)

Hx
[n

𝜉,𝛼

0
] = (1 − 2𝜉)

⟨
Ŵee

⟩
𝛷

N,(𝛼,𝛼)

0

+ 𝜉
⟨

Ŵee

⟩
𝛷

N−1,(𝛼,𝛼)

0

+ 𝜉
⟨

Ŵee

⟩
𝛷

N+1,(𝛼,𝛼)

0

.

(121)
�E

(�,�)

Hx
[n

�,�

0
]

��
= ∫ d�

�E
(�,�)

Hx
[n

�,�

0
]

�n(�)

�n
�,�

0
(�)

��
,

(122)

�n
�,�

0
(�)

��

||||||�=�=0

= n�N+1

0

(�) + n�N−1

0

(�) − 2n�N

0

(�)

= |�N

N+1
(�)|2 − |�N

N
(�)|2

(123)

𝛥N

x
=
⟨

Ŵee

⟩
𝛷N+1

0

+
⟨

Ŵee

⟩
𝛷N−1

0

− 2
⟨

Ŵee

⟩
𝛷N

0

− ∫ d�
𝛿EHx[n𝛹0

]

𝛿n(�)

(
|𝜑N

N+1
(�)|2 − |𝜑N

N
(�)|2

)
.
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Adding this correction to the exact KS gap leads to the following approximate fun-
damental gap expression,

where the physical interacting wave functions have been replaced by the KS ones, 
and correlation is introduced only through the correlation potential.

Note that a consistent implementation of Eq. (124) on the basis of Eq. (117) would 
in principle require using optimized effective potentials (OEPs)  [120, 121]. Indeed, 
in the present formulation of N-centered eDFT, the KS orbitals are expected to be 
generated from a local (i.e., multiplicative) xc potential [see Eq. (53)], unlike in Har-
tree–Fock (HF)-based methods where the exchange potential is nonlocal. In practice, 
we would have to consider a trial local potential v and determine the corresponding KS 
orbitals,

thus ensuring that the KS wave functions in Eq. (120) are eigenfunctions of a non-
interacting Hamiltonian, like in the exact theory. The ensemble energy would then 
be minimized with respect to v rather than the orbitals (hence the name OEP given 
to the method). Obviously, such a procedure induces a substantial increase in com-
putational complexity, even though simplifications can be made in the optimization 
process  [122]. Alternative variational evaluations of orbital-dependent ensemble 
exchange energies exist [120]. Their practical advantages and drawbacks will be dis-
cussed in detail below.

3.2 � Connection Between PPLB and N‑Centered Pictures

Crossing an integer electron number, which is a key concept in PPLB, can be described 
in the context of N-centered eDFT by considering so-called left and right N-centered 
ensembles [107]. These ensembles are recovered when �+ = 0 (electron removal only) 
and �− = 0 (electron addition only), respectively. In the following, we will use the fol-
lowing shorthand notations,

for convenience. For example, the right N-centered ensemble Hxc functional and KS 
orbital energies will be denoted as E�+

Hxc
[n] ≡ E

(0,�+)

Hxc
[n] and ��+

i
≡ �

(0,�+)

i
 , respectively. 

The exact left and right N-centered ensemble densities read as [see Eq. (40)]

(124)

E
N

g
≈ 𝜀N

N+1
− 𝜀N

N
+ 𝛥N

x
=
⟨

Ĥ
⟩
𝛷N+1

0

+
⟨

Ĥ
⟩
𝛷N−1

0

− 2
⟨

Ĥ
⟩
𝛷N

0

+ ∫ d�
𝛿Ec[n𝛹

0
]

𝛿n(�)

(
|𝜑N

N+1
(�)|2 − |𝜑N

N
(�)|2

)
,

(125){�
i
≡ �

i
[v]} ⟵

(
−

1

2
∇2

�
+ v(�)

)
�

i
(�) = �

i
�

i
(�),

(126)left N-centered ensemble: (�−, 0)
notation
≡ �−,

(127)right N-centered ensemble: (0, �+)
notation
≡ �+,
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and

respectively. Note that, with these notations, we have the following equivalence 
relation,

as readily seen from Eqs. (128) and (129). When Eq. (130) is fulfilled, the system 
is in its pure N-electron ground state, which means, in the language of PPLB, that it 
contains exactly the integer number N of electrons.

A clearer connection between the two theories can be established by comparing the 
two limits �

+
→ 0+ (which describes the infinitesimal addition of an electron to the 

N-electron system) and �+ = 0 (or, equivalently, �
−
= 0 ). For that purpose, we first 

need to realize that, by analogy with PPLB (see Appendix 1 for the proof in the simpler 
1D case), the exact IP/EA theorems of N-centered eDFT in Eqs. (67) and (68) can be 
alternatively written as follows [113]:

and

where we recall that v�±xc (�) ≡ �E
�±
xc [n]∕�n(�)

|||n=n
�±

 . Thus, from the explicit expres-
sion of the LZ shift [see the second term on the right-hand side of Eq.  (62)], we 
obtain the following exact expressions for the asymptotic values of the right and left 
N-centered ensemble xc potentials, respectively:

and

(128)n
�
−(�) ≡

(
1 −

(N − 1)�
−

N

)
n�N

0

(�) + �
−

n�N−1

0

(�),

(129)n
�+(�) ≡

(
1 −

(N + 1)�+

N

)
n�N

0

(�) + �+n�N+1

0

(�),

(130)�
−
= 0 ⇔ �

+
= 0,

(131)A
N

0
= I

N+1
0

𝜉+>0
= −𝜀

𝜉+

N+1
+ v

𝜉+
xc (∞)

(132)IN
0

�
−
≥0
= −�

�
−

N
+ v

�
−

xc
(∞),

(133)
v
𝜉+
xc (∞)

𝜉+>0
=

(
𝜉+

N
− 1

)
𝜕E

𝜉+
xc [n]

𝜕𝜉+

|||||n=n𝜉+

−
1

N

(
E
𝜉+
Hxc

[n𝜉+] − ∫ d� v
𝜉+
Hxc

(�)n𝜉+(�)

)

(134)
v
�−
xc (∞)

�−≥0
=

(
�−

N
+ 1

)
�E

�−
xc [n]

��−

|||||n=n�−

−
1

N

(
E
�−
Hxc

[n�−] − � d� v
�−
Hxc

(�)n�−(�)

)
.
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We recall that the decomposition of Eq. (116) is employed for a direct comparison 
with PPLB. Let us now consider the �

+
→ 0+ and �

−
= 0 limits in Eqs.  (133) and 

(134), respectively. Since

it comes, by subtraction,

or, equivalently,

where we used Eq. (115) and the relation v�−=0
xc (�) = v

�+=0
xc (�) , according to Eq. (130). 

Note that, as readily seen from Eq. (139), �N

xc
 is insensitive to constant shifts in the 

xc potential, as expected from Eq. (114).
The connection that is made explicit in Eq.  (139) between the N-cen-

tered ensemble weight derivative �N

xc
 of the xc density-functional energy [see 

Eq.  (115)] and the xc potential is an important result that was highlighted very 
recently in Ref.  [113]. It proves that weight derivatives and derivative discon-
tinuities are equivalent, thus extending to charged excitations what was already 
known for neutral excitations  [105]. Indeed, if we systematically choose (but, 
unlike in PPLB, we do not have to in the N-centered formalism) the xc potential 
that asymptotically goes to zero, i.e.,

then we recover what looks like a Janak’s theorem [see Eqs. (131) and (132)] and, 
according to Eq. (138),

It then becomes clear that, in the region of the system under study (i.e., where the 
density n�N

0
(�) is nonzero), the xc potentials obtained in the �

+
→ 0+ and �+ = 0 lim-

its, respectively, cannot match. In order to fulfill the arbitrary constraint of Eq. (140), 
while still reproducing for 𝜉

+
> 0 the correct density in all regions of space [which 

includes a proper description of the density’s asymptotic behavior (see Appen-
dix 1)], the xc potential must be shifted in the region the system, thus ensuring that 

(135)n
�+→0

+

(�) = n
�−=0(�) = n�N

0

(�),

(136)v
�+→0

+

H
(�) = v

�−=0

H
(�),

(137)E
�+
Hxc

[n�+]
|||�+→0+

= E
�−
Hxc

[n�−]
|||�−=0

= EHxc[n�N
0

],

(138)∫
d�

N

(
v
�+→0+

xc (�) − v
�+=0
xc (�)

)
n�N

0
(�) = v

�+→0+

xc (∞) − v
�+=0
xc (∞) + �N

xc
,

(139)

�N
xc
= ∫

d�

N

[(
v
�+→0+

xc (�) − v
�+→0+

xc (∞)
)
−
(

v
�+=0
xc (�) − v

�+=0
xc (∞)

)]
n�N

0
(�),

(140)v
�±
xc (∞)=0, �± ≥ 0,

(141)� d�
(

v
�+→0+

xc (�) − v
�+=0
xc (�)

)
n�N

0
(�) = N�N

xc
≠ 0.

Reprinted  from  the  journal 265



https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2022) 380:4

1 3

 

the ground-state density n�N

0
(�) is also correctly reproduced in that region. This has 

been nicely illustrated in Ref.  [113] for an atom in 1D. Thus, we recover a well-
known result of PPLB: When an electron is infinitesimally added (i.e., �

+
→ 0+ ) to a 

system with an integer number of electrons ( �+ = 0 case), the xc potential exhibits a 
jump (in the region of the system) which, according to Eqs. (114) and (141), corre-
sponds exactly to the deviation in fundamental gap of the true system from the KS 
system.

3.3 � Suppression of the Derivative Discontinuity

The fundamental gap expression of Eq.  (61), which has been derived within the 
N-centered eDFT formalism, may intrigue PPLB practitioners. Indeed, it makes 
it possible to describe charged excitations, in principle exactly, without invoking 
explicitly the concept of derivative discontinuity. Instead, all our attention should be 
focused on the weight dependence of the N-centered ensemble xc density functional. 
Note that, despite this major difference between N-centered eDFT and PPLB, the xc 
potential exhibits derivative discontinuities in both theories, as we saw above. One 
may argue that modeling weight dependencies in ensemble xc density functionals 
is actually easier than modeling functional derivative discontinuities. Nevertheless, 
as discussed in further detail in “The Exact Hartree-Exchange Dilemma in eDFT” 
and “Individual Correlations Within Ensembles: An Exact Construction”, designing 
weight-dependent exchange and correlation DFAs from first principles raises several 
fundamental questions, to which, up to now, no definitive answers have been given.

From a conceptual point of view, the fact that we no longer need to put efforts 
into the explicit description of derivative discontinuities, once we have moved 
from the standard PPLB picture to the N-centered one, can be interpreted as fol-
lows. Unlike in PPLB, the constraint in Eq. (140) is arbitrary because the KS poten-
tial remains unique up to a constant when charged excitations occur in N-centered 
eDFT, by construction. If, for simplicity, we keep this constraint for �+ = 0 , i.e., we 
set ṽ𝜉+=0

xc (�) ≡ v
𝜉+=0
xc (�) so that ṽ𝜉+=0

xc (∞) = 0 , which is likely to be fulfilled in a prac-
tical N-electron DFT calculation, it can be relaxed as follows, when �

+
→ 0+,

thus leading to ṽ𝜉+→0+

xc (∞) = −𝛥N
xc

 . We stress that ṽ𝜉+xc is as exact as v�+xc . However, 
according to Eq. (139), which also holds for the new (shifted) potential ṽ𝜉+xc (�) , the 
relation in Eq. (141) now reads as

In other words, via the shifting procedure of Eq.  (142), we can simply move the 
derivative discontinuity away from the system, i.e., in regions where the density is 
essentially equal to zero. Consequently, with this change of paradigm, the absence 
of derivative discontinuities in standard semi-local DFAs should no longer be 

(142)v
𝜉+→0+

xc (�) →ṽ
𝜉+→0+

xc (�) = v
𝜉+→0+

xc (�) − 𝛥N
xc

,

(143)∫ d�
(

ṽ
𝜉+→0+

xc (�) − ṽ
𝜉+=0
xc (�)

)
n𝛹N

0
(�) = 0.
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considered an issue. The ability of the local density approximation (LDA) to repro-
duce relatively accurate LZ-shifted KS orbital energies, as shown in a 1D atomic 
model  [113], is actually encouraging since the latter are central in the evaluation 
of both the IP and the EA [see Eqs. (69) and (70)]. On the other hand, the resulting 
charged excitation energies are rather poor because weight dependencies are com-
pletely absent from standard LDA [113]. We hope that, in the near future, (much) 
more efforts will be put into the design of weight-dependent DFAs. Recent develop-
ments based on uniform electron gas models [79, 91] are a first and important step 
in this direction.

4 � The Exact Hartree‑Exchange Dilemma in eDFT

We have shown in “Equivalence Between Weight Derivatives and xc DerivativeDis-
continuities” that the infamous derivative discontinuity problem, which appears in 
DFT when describing electronic excitations, can be bypassed, in principle exactly, 
via a proper modeling of the ensemble weight dependence in the xc density func-
tional. We focus in this section on the design of weight-dependent exchange DFAs. 
Despite several (albeit scarce) attempts  [79, 100, 123, 124], it is still unclear how 
weight dependencies can be introduced into standard (semi-) local exchange func-
tionals in a general and systematically improvable way. The use of orbital-dependent 
exchange functionals seems much more promising in this respect [71, 91, 120].

Combining (a fraction of) orbital-dependent HF-like exchange energies with 
semi-local DFAs has been a key ingredient in the success of regular ground-state 
DFT in chemistry. This procedure finds its rigorous foundation in the generalized 
KS theory of Seidl et  al.  [125]. As we will see in the following, its extension to 
ensembles is nontrivial because different formulations that have pros and cons are 
possible. The resulting dilemma is nicely summarized by the title of a recent paper 
by Gould and Kronik [120]: Ensemble generalized Kohn–Sham theory: The good, 
the bad, and the ugly. Their discussion of the current situation will serve as a guide-
line for this section. Following Lieb [66], we will show how an in-principle-exact 
(OEP-free) hybrid eDFT approach can be derived simply by exploiting the concav-
ity (in potential) of the state-averaged HF energy. For simplicity, we will focus on 
GOK ensembles but the discussion applies to other eDFTs like, for example, PPLB 
or N-centered eDFT (see “Equivalence Between Weight Derivatives and xc Deriva-
tive Discontinuities”).

4.1 � Extending the HF Method to Ensembles

The reason why extending generalized KS-DFT  [125] to ensembles leads to a 
dilemma has actually nothing to do with DFT. It is more a wave function theory 
problem that arises at the HF level of approximation. Therefore, for clarity, we will 
first discuss the extension of HF theory to ensembles.
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4.1.1 � Ensemble Density Matrix Functional Approach

We start with a brief review of the procedure usually followed by DFT practitioners 
for extending HF to (GOK in the present case) ensembles. In the regular scheme, the 
ensemble HF energy is evaluated variationally by inserting the ensemble (spin-summed 
one-electron reduced) density matrix (eDM) into the ground-state DM-functional HF 
energy. For this reason, we refer to the approach as eDMHF. The corresponding poten-
tial-functional ensemble energy can be expressed as follows:

where V̂ = ∫ d� v(�)n̂(�) is a local potential operator (in practice it would corre-
spond to the nuclear potential). The eDM is evaluated from the trial orthonormal set {
�I

}
 of single-configuration wave functions (i.e., Slater determinants or configura-

tion state functions). In an arbitrary orthonormal orbital basis 
{
�

p

}
 , the eDM reads 

in second quantization as

In this context, the ensemble Hx energy is evaluated as follows,

where the ground-state HF interaction functional reads as

and

As shown in Appendix 2, the orbitals 
{
�
�

p

}
 , from which the minimizing wave func-

tions 
{
�

�

I

}
 in Eq. (144) are constructed, fulfill the following stationarity condition:

The (possibly fractional) occupation number ��
p

 of the orbital ��

p
 within the ensem-

ble is determined from the ensemble weights and the (fixed) integer occupation 
numbers nI

p
 of ��

p
 in each �

�

I
 as follows,

(144)E�
eDMHF

[v] ≡ min
{𝛷I}

{∑
I

�I

⟨
𝛷I

|||T̂ + V̂
|||𝛷I

⟩
+ EHx

[∑
I

�I�
𝛷I

]}
,

(145)
∑

I

�I�
𝛷I ≡

{∑
I

�ID
𝛷I

pq

}
=

{∑
I

�I

∑
𝜏=↑,↓

⟨
â†

p𝜏
âq𝜏

⟩
𝛷I

}
.

(146)EHx

[∑
I

�I�
�I

]
≡ WHF

[∑
I

�I�
�I

]
,

(147)WHF[�] =
1

2 ∫ d� ∫ d��
�(�, �)�(��, ��) −

1

2
�2(�, ��)

|� − ��| ,

(148)��I (�, ��) =
∑
pq

�p(�)�q(�
�)D�I

pq
.

(149)
(
��

p
− ��

q

)
f�
qp

= 0.
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The ensemble Fock matrix elements f�
rs
≡ frs(�

�) in Eq. (149) are functionals of the 
eDM �� ≡

{
D�

nl
= �nl�

�
l

}
:

where hrs ≡

⟨
𝜑
�

r

|||ĥ
|||𝜑

�

s

⟩
 [with ĥ ≡ −

1

2
∇

2
�
+ v(�) ] and

are regular one- and two-electron integrals, respectively.
By analogy with the complete active space SCF (CASSCF) method [126], we can 

distinguish the doubly occupied (so-called inactive) ��

i
,�

�

j
 orbitals from the par-

tially occupied (so-called active) ��

u
,�

�

v
 and unoccupied (virtual) ��

a
,�

�

b
 orbitals. 

Thus, the stationarity condition of Eq. (149) can be detailed as follows:

and

Since ��
i
= ��

j
= 2 and ��

a
= ��

b
= 0 , there is no specific condition for the inac-

tive–inactive and virtual–virtual blocks of the Fock matrix, like in a regular ground-
state HF calculation. Therefore, we can freely rotate the orbitals within the inactive 
and virtual orbital subspaces. As readily seen from Eq. (154), this statement holds 
also for active orbital subspaces in which the orbitals have the same fractional occu-
pation ( ��

u
= ��

v
 ). However, if ��

u
≠ ��

v
 , then f�

uv
= 0 . In conclusion, an optimal set 

of orbitals can be determined by diagonalizing the ensemble Fock matrix, i.e., by 
solving the (self-consistent) eigenvalue equation

The fact that standard SCF routines can be recycled trivially in this context is the 
main reason why ensemble HF and, more generally, hybrid eDFT calculations are 
performed this way. However, as discussed further in the following, the eDMHF 
energy is unphysical in many ways. For example, by construction, it varies quadrati-
cally with the ensemble weights [see Eqs. (146) and (147)] while the true physical 
ensemble energy is expected to vary linearly.

(150)��
p
=
∑

I

�In
I
p
.

(151)frs(�) = hrs +

�
nl

�
⟨rn�sl⟩ − 1

2
⟨rn�ls⟩

�
Dnl,

(152)⟨rn�sl⟩ ≡ � d� � d���
�

r
(�)�

�

n
(��)�

�

s
(�)�

�

l
(��)∕�� − ���

(153)f�
ai
= f�

au
= f�

iu
= 0

(154)(��
u
− ��

v
)f�

uv
= 0.

(155)f̂�𝜑
�

p
(�) = 𝜀

�

p
𝜑
�

p
(�).

Reprinted  from  the  journal 269



https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2022) 380:4

1 3

 

4.1.2 � Ghost Interaction Errors

The most severe issue with the eDMHF energy expression of Eq.  (144) is that it 
incorporates unphysical interactions between the states of the ensemble. These are 
known as ghost interactions (GIs) [127]. The error, which is inherent to the eDMHF 
method, originates from the fact that, at the HF level of approximation, the ground-
state interaction energy is simply a quadratic functional of the density matrix. More 
explicitly, we have

where, as readily seen, GI terms arise from all “ I ≠ J ” pairs. Even though GI cor-
rections can be applied on top of the converged eDMHF energies  [91, 128], the 
procedure is not variational, thus making the evaluation of energy derivatives [and 
therefore, according to Eq. (9), of excited-state properties] less straightforward. Let 
us stress that, in the original formulation of GOK-DFT [82], the ensemble Hartree 
energy, which is evaluated from the standard (ground-state) Hartree functional [see 
Eq. (20)], includes GI errors [see the first term on the right-hand side of Eq. (156)]. 
In the exact theory, the latter are supposed to be removed by the weight-dependent 
ensemble exchange functional. It is not necessarily the case in practice when, for 
example, standard (weight-independent) local or semi-local DFAs are employed [97, 
128].

For wave function theory practitioners, using eDMHF with ad hoc GI correc-
tions would probably seem uselessly complicated. Indeed, substituting the (GI-free) 
weighted sum of individual (single-configuration) interaction energies, which are 
evaluated from the individual density matrices, for the HF interaction eDM func-
tional of Eq.  (144) looks, at least at first sight, like a simple and straightforward 
solution to the problem:

Note that, in Eq. (157), we assumed that individual interaction energies can be writ-
ten as functionals of the individual (one-electron reduced) density matrices, for sim-
plicity. The variational evaluation of state-averaged interaction energies is discussed 
in detail in the following section on that basis. Such a simplification is always valid 
for single Slater determinants. For more general multideterminant (single configu-
ration though) wave functions, the simplification in Eq. (157) might be used as an 
(additional) approximation. Alternatively, one may evaluate exactly multidetermi-
nant interaction energies from the individual two-electron reduced density matrices, 

(156)
WHF

[∑
I

�I�
�I

]
=

1

2

∑
IJ

�I�J ∫ d� ∫ d��
1

|� − ��|
×
(
��I (�, �)��J (��, ��) −

1

2
��I (�, ��)��J (�, ��)

)
,

(157)
EHx

[∑
I

�I�
𝛷I

]
→

∑
I

�I

⟨
Ŵee

⟩
𝛷I

→

∑
I

�IE
I
Hx

[
�𝛷I

]

=
∑

I

�I

(
EH[n𝛷I

] + EI
x

[
�𝛷I

])
.
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by analogy with the state-averaged CASSCF (SA-CASSCF) method [126]. The lat-
ter approach is not described further in the present review. Both (approximate any-
way) strategies lead ultimately to an in-principle-exact eDFT, once a proper com-
plementary correlation ensemble density functional has been introduced (see “Exact 
Self-Consistent eDFT Based on SAHF”).

As discussed in the next section, the reason why the state-averaging of interaction 
energies is not as popular as one would expect is that, as we switch from eDMHF to 
the state-averaged energy paradigm, the orbital optimization can no longer be per-
formed with standard SCF routines. Additional implementation work is needed in 
this case [71]. We stress that this statement holds even when individual one-electron 
reduced density matrix-functional interaction energies are employed [see Eq. (157)], as 
assumed in the rest of the review.

4.1.3 � State‑Averaged HF Approach

The paradigm on the right-hand side of Eq. (157) can be seen as an adaptation of the 
SA-CASSCF method [126] to single-configuration wave functions. Whereas in SA-
CASSCF, (correlated) multiconfigurational wave functions are employed, in the pre-
sent case we simply restrict the energy minimization to sets of (uncorrelated) single-
configuration wave functions. The resulting (GI-free) total ensemble energy, which 
is obtained from the eDMHF energy expression and the substitution in Eq.  (157), 
will be referred to as state-averaged HF (SAHF) energy in the following. It reads as 
follows:

where, as already mentioned after Eq. (157), we assume for simplicity that interac-
tion energies can be evaluated from the individual (one-electron reduced) density 
matrices. Let us denote 

{
𝛷̃�

I

}
 (with a tilde symbol) the minimizing single-configura-

tion wave functions so that they can be distinguished clearly from the eDMHF wave 
functions. As further discussed in Appendix 3, these minimizing SAHF wave func-
tions are all constructed from the same set of orthonormal molecular orbitals, which 
can be optimized variationally through orbital rotations. The minimizing orbitals {
𝜑̃�

p

}
 fulfill the following stationarity conditions [see Appendix 3],

where the individual (non-local) density-matrix-functional Hx operators read as

(158)

E�

SAHF
[v] ≡ min

{𝛷I}

{∑
I

�I

⟨
𝛷I

|||T̂ + Ŵee + V̂
|||𝛷I

⟩}

= min
{𝛷I}

{∑
I

�I

(⟨
𝛷I

|||T̂
|||𝛷I

⟩
+ EH[n𝛷I

] + EI
x

[
�

𝛷I

]
+ � d� v(�)n𝛷I

(�)
)}

,

(159)
(
𝜃�

p
− 𝜃�

q

)⟨
𝜑̃�

p

|||ĥ
|||𝜑̃

�
q

⟩
+

∑
I

�I

(
nI

p
− nI

q

)⟨
𝜑̃�

p

|||v̂
�
Hx,I

|||𝜑̃
�
q

⟩
= 0,

(160)v̂�
Hx,I

= v̂H[n𝛷̃�
I
] + v̂I

x

[
�𝛷̃�

I

]
,
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v̂H[n] ≡ vH[n](�)× = 𝛿EH[n]∕𝛿n(�)× being the standard local (multiplicative) den-
sity-functional Hartree potential operator and

The major difference between SAHF and eDMHF lies in the fact that, as we now 
employ individual density matrices separately in the evaluation of the ensemble Hx 
energy [see Eq. (157)], differentiating with respect to any variational orbital rotation 
parameter �pq generates individual Hx potentials,

In eDMHF, the same (ensemble) Hx operator is recovered systematically by differ-
entiation [see the left-hand side of Eq.  (162)] and, from the stationarity condition 
and the definition in Eq. (150) of the fractional orbital occupation numbers, a unique 
to-be-diagonalized Fock operator can be extracted. This does not happen in SAHF, 
as seen readily from the second term on the left-hand side of Eq. (159) or, equiva-
lently, on the right-hand side of Eq. (162). Still, we can introduce an orbital-depend-
ent ensemble Fock operator [71, 75, 120],

so that the stationarity condition of Eq. (159) can be rewritten as follows,

Let us stress that, unlike in GOK-DFT (see “DFT of GOK Ensembles”) or eDMHF, 
the minimizing orbitals are a priori not eigenfunctions of their associated Fock oper-
ator. Indeed, if we consider two fractionally occupied orbitals 𝜑̃�

u
 and 𝜑̃�

v
 , and 

assume that 
⟨
𝜑̃�

u

|||F̂
�

u

|||𝜑̃�
v

⟩
= 0 , Eq.  (164) would immediately imply that ⟨

𝜑̃�
u

|||F̂
�

v

|||𝜑̃�
v

⟩
= 0 , which is unlikely due to the orbital dependence of the Fock oper-

ator [see Eq. (163)]. As a result, the self-consistent SAHF equations will have the 
following general structure,

or, more explicitly [see Eq. (163)],

(161)
⟨
𝜑r

|||v̂
I
x
[�]

|||𝜑s

⟩
≡

𝜕EI
x
[�]

𝜕Drs

.

(162)

�

��pq

�
EHx

��
I

𝚠I�
�I

��
=
�

rs

��
I

𝚠I

�D
�I

rs

��pq

�
�EHx[�]

�Drs

�����=∑I 𝚠I�
�I

⟶

�

��pq

��
I

𝚠IE
I
Hx

�
��I

��
=
�

rs

�
I

𝚠I

�D
�I

rs

��pq

�EI
Hx
[�]

�Drs

������=��I

.

(163)F̂
�

p
∶= ĥ +

1

𝜃�
p

∑
I

�In
I
p

v̂�
Hx,I

,

(164)𝜃�
p

⟨
𝜑̃�

p

|||F̂
�

p

|||𝜑̃
�
q

⟩
− 𝜃�

q

⟨
𝜑̃�

p

|||F̂
�

q

|||𝜑̃
�
q

⟩
= 0.

(165)𝜃�
p
F̂

�

p
𝜑̃�

p
(�) =

∑
q

𝜀̃�
qp
𝜑̃�

q
(�),

Reprinted  from  the  journal272



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2022) 380:4	  

where off-diagonal one-electron energy couplings 
{
𝜀̃�

qp

}
p≠q

 cannot be removed. In 

practice, Eq.  (165) can be solved with the coupling operator technique  [75, 129], 
which consists  of diagonalizing (𝜃�

p
F̂

�

p
− 𝜃�

q
F̂

�

q
)∕(𝜃�

p
− 𝜃�

q
) repeatedly until conver-

gence is reached. In the latter case, the matrix �̃� ≡

{
𝜀̃�

qp

}
 becomes Hermitian, as a 

consequence of Eqs. (164) and (165), and the hermiticity of the Fock operators:

4.1.4 � eDMHF Versus SAHF

Let us summarize what we have learned from the previous subsections. While the 
orbital optimization in eDMHF is relatively straightforward, because standard SCF rou-
tines can be recycled in this context, it is more involved in SAHF because the not to-be-
diagonalized Fock operator emerges from the stationarity condition. On the other hand, 
the commonly used eDMHF energy expression suffers from severe GI errors, while 
SAHF is completely GI-free. The latter point is probably the strongest argument for 
promoting SAHF over eDMHF. Note that both schemes would be good starting points 
for turning the recently formulated ensemble reduced density matrix functional theory 
( �-RDMFT)  [130] into a practical method for the computation of low-lying excited 
states. In the following, we will show how eDMHF and SAHF can be merged rigor-
ously with eDFT.

4.2 � Concavity of Approximate Energies and Lieb Maximization

In order to derive in-principle-exact hybrid eDFT schemes, where (a fraction of) 
orbital-dependent exchange energies are combined with ensemble density function-
als, we need to “exactify” the eDMHF and SAHF approximations reviewed previously. 
In a DFT perspective, an approximation becomes exact when it reproduces the exact 
density of the system under study. This is how KS-DFT transforms an approximate 
non-interacting problem into an exact one. In the present case, we want to extend the 
Hohenberg–Kohn theorem to the more advanced eDMHF and SAHF approximations. 
For that purpose, convex analysis [66, 131, 132] turns out to be a powerful mathemati-
cal tool because, as we will see, it allows for the derivation of several exact eDFTs 
within the same (unified) formalism.

For the sake of generality, we will express the various approximate ensemble ener-
gies discussed previously as follows:

(166)

(
−

1

2
∇

2
�
+ v(�) +

1

𝜃�
p

∑
I

�In
I
p

v̂�
Hx,I

)
𝜑̃�

p
(�) =

1

𝜃�
p

∑
q

𝜀̃�
qp
𝜑̃�

q
(�),

(167)𝜀̃�
qp

=
⟨
𝜑̃�

q

|||𝜃
�
p
F̂

�

p

|||𝜑̃
�
p

⟩
=
⟨
𝜑̃�

p

|||𝜃
�
p
F̂

�

p

|||𝜑̃
�
q

⟩
=
⟨
𝜑̃�

p

|||𝜃
�
q
F̂

�

q

|||𝜑̃
�
q

⟩
= 𝜀̃�

pq
.

(168)E
�

approx.
[v] = min

�

{
F

�

approx.
(�) + ∫ d� v(�)n�(�, �)

}
,
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where � denotes the collection of variational parameters (in the present case, the lat-
ter will be orbital rotation parameters). Each approximation (non-interacting (KS), 
eDMHF, or SAHF) is characterized by a specific potential-independent function of 
�:

where single-configuration ground- and excited-state wave functions 
{
�I(�)

}
 

are employed. The potential-dependent contribution to the energy expression of 
Eq. (168) is determined from the ensemble density n�

(�, �) =
∑

I
�

I
n�I (�)

(�).
From a mathematical point of view, the fact that the approximate ensemble 

energies are evaluated variationally has important implications. Even though they 
are approximate, these energies still share a fundamental property with the exact 
ensemble energy, namely the concavity with respect to the local potential v. Indeed, 
for two potentials va and vb , � in the range 0 ≤ � ≤ 1 , and any set � of variational 
parameters, we have

thus leading to

Following Lieb  [66], we can now construct (thanks to this concavity property) an 
approximation to the universal GOK density functional as follows:

where we assume, for simplicity, that a maximum is reached. An even more rigorous 
definition (from a mathematical point of view [66]) would actually be obtained by 
using a “ sup ” instead of a “ max ” [and a “inf” instead of a “min”, in Eq. (168)]. The 

(169)F
�

approx.
(�)

KS
≡

∑
I

�I

⟨
T̂
⟩
𝛷I (�)

,

(170)F
�

approx.
(�)

eDMHF
≡

∑
I

�I

⟨
T̂
⟩
𝛷I (�)

+ EHx

[∑
I

�I�
𝛷I (�)

]
,

(171)F
�

approx.
(�)

SAHF
≡

∑
I

�I

[⟨
T̂
⟩
𝛷I (�)

+ EH[n𝛷I (�)
] + EI

x

[
�𝛷I (�)

]]
,

(172)

F
�

approx.
(�) + � d�

(
(1 − �)va(�) + �vb(�)

)
n�(�, �)

= (1 − �)

[
F

�

approx.
(�) + � d� va(�)n

�(�, �)

]

+ �

[
F

�

approx.
(�) + � d� vb(�)n

�(�, �)

]

≥ (1 − �)E�

approx.
[va] + �E

�

approx.
[vb],

(173)E
�

approx.
[(1 − �)va + �vb] ≥ (1 − �)E�

approx.
[va] + �E

�

approx.
[vb].

(174)F�[n] ≈ F�
approx.

[n] = max
v

{
E
�

approx.
[v] − ∫ d� v(�)n(�)

}
,
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maximizing potential v�
approx.

[n] in Eq.  (174) fulfills the following stationarity 
condition:

We conclude from the Hellmann–Feynman theorem that, when the approximate 
ensemble energy of Eq. (168) is calculated with v = v�

approx.
[n] , the minimizing sin-

gle-configuration wave functions (which are determined from the minimizing � ) 
reproduce the desired ensemble density n. Thus, we automatically extend the 
Hohenberg–Kohn theorem to eDMHF and SAHF ensembles. If we choose for n the 
true physical ensemble density of a given system, both approximations become 
exact density wise, because they reproduce the correct density. Exact ensemble ener-
gies can then be recovered from the approximate ensembles once a complementary 
ensemble (x)c density functional has been introduced. This final step will be dis-
cussed in “Exact Self-Consistent eDFT Based on SAHF”.

Let us finally focus on the OEP- and GI-free SAHF approximation. The correspond-
ing universal density functional reads more explicitly as [see Eqs.  (168), (171), and 
(174)]

where v�
SAHF

[n] denotes the stationary (maximizing) density-functional potential of 
Eq.  (175) in the particular case of the SAHF approximation. By analogy with the 
constrained-search formalism of Levy [92], the SAHF functional can be rewritten as 
follows:

where the density constraint 
{
�I

} �
→ n imposed on the single-configuration wave 

functions 
{
�I

}
 reads as 

∑
I �In�I

(�) = n(�) . Note that, as illustrated in  “Insights 
from the Hubbard Dimer Model”, some densities may not be v-representable by a 
single SAHF ensemble. In this case, a more general Levy–Lieb-like [66] functional, 
where an ensemble of ensembles is considered, should be employed:

where the density constraint reads as

(175)
�E�

approx.
[v]

�v(�)

|||||v=v�
approx.

[n]

= n(�).

(176)
F�
SAHF

[n] = E
�

SAHF
[v�

SAHF
[n]] − � d� v�

SAHF
[n](�)n(�)

≡ ∑
I

�I

⟨
𝛷̃�

I
[n]

|||T̂ + Ŵee
|||𝛷̃

�
I
[n]

⟩
,

(177)F�
SAHF

[n] = min
{𝛷I}

�
→n

{∑
I

�I

⟨
𝛷I

|||T̂ + Ŵee
|||𝛷I

⟩}
,

(178)F�
SAHF

[n] = min{{
𝛷

(i)

I

}
,𝛼(i)

}
�
→n

∑
i

𝛼(i)

{∑
I

�I

⟨
𝛷

(i)

I

|||T̂ + Ŵee
|||𝛷

(i)

I

⟩}
,
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with

We stress that, in the above more general definition, the additional ensemble weights {
�(i)

}
 are not given, unlike the GOK ensemble weights � . They are determined from 

the density constraint of Eq. (179). An interesting feature of the constrained-search 
formalism is that it applies to densities that might be ensemble N-representable 
but not SAHF v-representable, i.e., densities that cannot be generated from a given 
potential v according to Eq. (168). For clarity, we will use the simpler density func-
tional expression of Eq. (177) [rather than the one in Eq. (178)] in the section “Exact 
Self-Consistent eDFT Based on SAHF”.

4.3 � Insights from the Hubbard Dimer Model

In order to compare SAHF with eDMHF, both methods are applied in this section 
to the (two-electron) Hubbard dimer model  [84, 85, 96]. Despite its simplicity, it 
is nontrivial and has become in recent years the model of choice for analyzing and 
understanding failures of DFT or TD-DFT, but also for exploring new concepts [99, 
101, 133–136]. In this model, the ab initio Hamiltonian is simplified as follows:

where operators are written in second quantization and n̂i =
∑

𝜏=↑↓ n̂i𝜏 is the density 
operator on site i ( i = 0, 1 ). Note that the local potential reduces to a single number 
�v which controls the asymmetry of the dimer. The density also reduces to a single 
number n = n0 , which is the occupation of site 0, given that n1 = 2 − n.

We consider in the following a two-electron singlet biensemble consisting of the 
ground state and the singly excited state.

4.3.1 � SAHF and eDMHF Energy Expressions

In (restricted) SAHF theory, both ground- and excited-state wave functions are 
approximated by configuration state functions. Following this view, trial singlet 
ground-state �0 and first excited-state �1 wave functions of the two-electron Hub-
bard dimer read as follows, in second quantization,

(179)
∑

i

�(i)

(∑
I

�In�
(i)

I

(�)

)
=

∑
I

�I

(∑
i

�(i)n
�

(i)

I

(�)

)
= n(�),

(180)
∑

i

�(i)
= 1.

(181)
T̂ →T̂ = −t

∑
𝜏=↑↓

(ĉ†
0𝜏

ĉ
1𝜏 + ĉ

†

1𝜏
ĉ

0𝜏), Ŵee → Û = U

1∑
i=0

n̂i↑n̂i↓,

V̂ →𝛥v(n̂
1
− n̂

0
)∕2, n̂i𝜏 = ĉ

†

i𝜏
ĉi𝜏 ,
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and

respectively, where �0 and �1 stand for the molecular orbitals (MOs) written in the 
basis of the orthonormal local atomic orbitals (AOs) a and b. In this context, the lat-
ter simply correspond to site 0 ( ̂c†

a𝜏
≡ ĉ

†

0𝜏
 ) and 1 ( ̂c†

b𝜏
≡ ĉ

†

1𝜏
 ), respectively. Bonding 

�0 and anti-bonding �1 MOs can be determined through orbital rotation as follows,

where the angle � is the sole variational parameter in the model. In SAHF, the energy 
that must be minimized, for a fixed ensemble weight � in the range 0 ≤ � ≤ 1∕2 , is 
constructed as follows,

where

and

We use standard notations for Coulomb and exchange two-electron integrals,

both expressed in the MO basis {�
0
, �

1
} of Eq.  (184). At this point, let us stress 

that the SAHF energy differs substantially from that of a (truncated) configuration 
interaction calculation. Indeed, in the present case, the weight � is fixed. Moreover, 
the configurations �0 and �1 are never coupled explicitly, whether the dimer is sym-
metric or not. They are just mixed through the ensemble formalism. Note that, in 
the symmetric �v = 0 case, symmetry can in principle be artificially broken, like in 
(spin) unrestricted calculations. This feature will be discussed in further detail in the 
next section. For convenience, we denote

(182)�𝛷
0
⟩ = �𝜎2

0
⟩ ≡ ĉ

†

𝜎
0
↑
ĉ
†

𝜎
0
↓
�vac⟩

(183)�𝛷
1
⟩ = �𝜎

0
𝜎

1
⟩ ≡ 1√

2

�
ĉ
†

𝜎
1
↑
ĉ
†

𝜎
0
↓
− ĉ

†

𝜎
1
↓
ĉ
†

𝜎
0
↑

�
�vac⟩,

(184)
�

0
= a cos (�) + b sin (�),

�
1
= −a sin (�) + b cos (�),

(185)E
�
SAHF

≡ (1 − �)
⟨

Ĥ
⟩
𝛷

0

+ �
⟨

Ĥ
⟩
𝛷

1

,

(186)
⟨

Ĥ
⟩
𝛷

0

= 2h𝜎
0
𝜎

0
+ J𝜎

0
𝜎

0

(187)
⟨

Ĥ
⟩
𝛷1

= h𝜎0𝜎0
+ h𝜎1𝜎1

+ J𝜎0𝜎1
+ K𝜎0𝜎1

.

(188)Jij = (ii, jj) = ⟨ij�ij⟩,

(189)Kij = (ij, ji) = ⟨ij�ji⟩,

(190)� =
�

4
− �,

Reprinted  from  the  journal 277



https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2022) 380:4

1 3

 

so that the symmetric solution corresponds to � = 0 . Consequently, the SAHF 
energy expression of Eq. (185) reduces to

As readily seen from the above expression, the SAHF energy is �-periodic, which 
means that it is sufficient to vary � in the range − �

2
≤ � ≤ �

2
.

Similarly, from the general expression in Eq. (144), we obtain the following ana-
lytical expression for the eDMHF energy:

Note that, according to Eq. (184), the ensemble density (on site 0) varies with the 
trial angle � as follows,

4.3.2 � Symmetric Case

Let us concentrate on the symmetric dimer, for which �v = 0 . In this case, the dimer 
is a prototype for the H 2 molecule. If we denote

then the SAHF energy reads as

where

By taking its first derivative with respect to � , we obtain the following stationarity 
condition,

Therefore, � = 0 is systematically an extremum where the traditional in-phase and 
out-of-phase linear combinations for �0 and �1 are recovered. The nature (maximum 

(191)
E�
SAHF

(�v, �) = −(1 − �)[2t cos(2�) + �v sin(2�)]

+
U

4
[3 − � + (3� − 1) cos(4�)].

(192)
E�
eDMHF

(�v, �) = −(1 − �)[2t cos(2�) + �v sin(2�)]

+
U

4

[
�2 − 2� + 3 − (1 − �)2 cos(4�)

]
.

(193)
n�(𝜃) ≡ (1 − �)

∑
𝜏=↑↓

⟨
ĉ
†

0𝜏
ĉ

0𝜏

⟩
𝛷

0

+ �
∑
𝜏=↑↓

⟨
ĉ
†

0𝜏
ĉ

0𝜏

⟩
𝛷

1

= 1 + (1 − �) sin(2𝜃).

(194)�(�) = cos(2�) = 2 cos
2 � − 1,

(195)E�
SAHF

(�v = 0, �) ≡ E�
SAHF

(�) = E�
SAHF

(�(�)),

(196)E�
SAHF

(�) =
U

2
(3� − 1)�2 − 2t(1 − �)� + U(1 − �).

(197)
dE�

SAHF
(�)

d�
= −2 sin(2�)[(U(3� − 1)�(�) − 2t(1 − �)] = 0.
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or minimum) of this stationary point, which is discussed in the following, emerges 
from a straightforward evaluation of the energy curvature:

Remembering that |�(�)| ≤ 1 , the stationarity condition of Eq. (197) is also fulfilled 
for two additional (opposite) � values given by

as long as

Note that, with this notation, the successive energy derivatives can be expressed as 
follows,

and

The symmetric solution � = 0 will not be the absolute minimum anymore when the 
above curvature becomes strictly negative, which implies 1∕𝜌0 > 1 , as readily seen 
from Eq. (202). Obviously, this constraint can be fulfilled only if � > 1∕3 , since 1∕�0 
must be strictly positive. This is a necessary but not sufficient condition. More pre-
cisely, for weights in the range 1∕3 < � ≤ 1∕2 , electron correlation should be strong 
enough such that 𝜌0 < 1 or, equivalently,

Interestingly, if we introduce effective weight-dependent hopping t̃ = t(1 − �) and 
on-site interaction Ũ = U(3� − 1) parameters, the condition in Eq.  (203) can be 
rewritten as

which resembles the usual definition of moderate (up to strong) electron correlation 
in lattices. Actually, in the commonly used equiensemble case ( � = 1∕2 ), the effec-
tive ratio matches the physical one 2t/U.

Finally, when � ≤ 1∕3 , the SAHF energy becomes convex at � = 0 and, since it 
can have two additional (say 𝜃

+
> 0 and �

−
= −�

+
 ) stationary points at most in the 

(198)
d2E�

SAHF
(�)

d�2

|||||�=0

= −4[U(3� − 1) − 2t(1 − �)].

(199)�(�) = �
0
≡

2t(1 − �)

U(3� − 1)
,

(200)|�0| ⩽ 1.

(201)
dE�

SAHF
(�)

d�
= −4t(1 − �) sin(2�)

[
�(�)

�
0

− 1

]

(202)
d2E�

SAHF
(�)

d�2

|||||�=0

= −8t(1 − �)

[
1

�
0

− 1

]
.

(203)U

t
>

2(1 − �)

3� − 1
.

(204)
2t̃

Ũ
< 1,
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range −�∕2 ≤ � ≤ �∕2 [see Eqs. (194) and (201)], the symmetric solution has to be 
the absolute minimum. The different possible scenarios are summarized in Table 1.

Note that a connection can be made with the (spin) unrestricted energy of a sym-
metric dimer (e.g., the H 2 molecule in the minimal basis)  [137]. For sufficiently 
large bond distances, the restricted solution becomes a saddle point and two unre-
stricted lower-in-energy solutions emerge. Accordingly, the constraint in Eq. (203) 
is compatible with a reduction of the t value featuring an increasing bond length. 
Still, even in the strictly correlated t → 0 limit, � = 0 remains the global minimum 
for weights in the range 0 ≤ � ≤ 1∕3.

In order to illustrate the above discussion, trial SAHF energies are plotted as 
functions of the rotation angle � in the top panel of Fig. 1 for the strongly correlated 
U∕t = 3.5 dimer and various biensemble weight values. As expected, the symmetric 
� = 0 solution gives systematically the lowest ensemble energy as long as � ≤ 1∕3 . 
When � > 1∕3 , two scenarios can be observed. For example, when � = 0.35 , which 
gives 2(1 − �)∕(3� − 1) = 26 ≫ U∕t , the dimer is not strongly correlated enough to 
break the symmetry and � = 0 is still the global minimum. However, for the larger 
� = 0.475 weight value [ 2(1 − �)∕(3� − 1) = 2.47 < U∕t in this case] or in the com-
monly used equiensemble case [ � = 0.5 and 2(1 − �)∕(3� − 1) = 2 < U∕t ], the 
energy has the expected double-well shape, thus leading to two degenerate (non-zero) 
minima, both corresponding to asymmetric solutions. Interestingly, in such situations, 
the popular eDMHF approach always favors the symmetric solution, as shown in the 
bottom panel of Fig. 1.

4.3.3 � Single SAHF Ensemble v‑Representability Issue

We show in Fig. 2 the potential-ensemble-density maps

generated from Eq. (193) and

at both eDMHF and SAHF levels of approximation for the fixed U∕t = 3.5 inter-
action strength value. Various scenarios are illustrated, in particular those where 
broken symmetry SAHF solutions are obtained when the dimer is symmetric 
(see “Symmetric Case”). As we will see, what happens in the symmetric case can 
play a crucial role in the density-functional description of the asymmetric dimer. 

(205)�v → n�(�min(�v))

(206)�min(�v) = arg min �

{
E�
approx.

(�v, �)
}

,

Table 1   � values minimizing the state-averaged Hartree–Fock (SAHF) energy of the symmetric Hubbard 
dimer. See text for further details

� ⩽ 1∕3 � > 1∕3

|𝜌0| > 1 � = 0 � = 0

|�0| ⩽ 1 � = 0 � ≠ 0
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In cases where � ≤ 1∕3 , or � > 1∕3 and 2(1 − �)∕(3� − 1) > U∕t , both approxima-
tions give smooth density profiles. We note in passing the one-to-one correspond-
ence between potentials and ensemble densities, as expected from the concavity 
of the eDMHF and SAHF energies (see “Concavity of Approximate Energies and 
Lieb Maximization”). However, when � > 1∕3 and 2(1 − �)∕(3� − 1) < U∕t , the 
SAHF density profile exhibits a discontinuity at �v = 0 , unlike the eDMHF one. 
This step in density can be interpreted as follows. If � > 1∕3 and the constraint of 
Eq.  (203) is fulfilled, as �v → 0

± , we will recover the SAHF biensemble solution 
𝛾̂± ≡ (1 − �)�𝛷±

0
⟩⟨𝛷±

0
� + ��𝛷±

1
⟩⟨𝛷±

1
� , where �±

I
≡ �I(�±) and �± are the minimizing 

angles associated to the broken-symmetry orbitals. Any slight deviation from �v = 0 
will favor one of these solutions, depending on its sign, as illustrated in the top panel 

Fig. 1   Trial state-averaged Hartree–Fock (HF) (SAHF) (top panel) and ensemble density matrix HF 
(eDMHF) (bottom panel) energies of the symmetric Hubbard dimer plotted as functions of the orbital 
rotation angle � for U∕t = 3.5 and various ensemble weight values. In the equiensemble ( � = 0.5 ) case, 
results are also shown for a slightly asymmetric ( �v∕t = +0.15 ) dimer, for analysis purposes. In the latter 
case, a non-degenerate (positive) minimizing angle is recovered at the SAHF level (red dashed curve in 
the top panel), unlike in the strictly symmetric �v = 0 case. See text for further details

Reprinted  from  the  journal 281



https://www.twirpx.org & http://chemistry-chemists.com

	 Topics in Current Chemistry (2022) 380:4

1 3

 

of Fig. 1 (see the “ �v = +0.15 ” curve, which exhibits, in the equiensemble case, a 
single absolute minimum in the vicinity of �

+
 ). Note that, in eDMHF, the minimiz-

ing angle simply passes through � = 0 when the potential changes from �v = 0− to 
�v = 0+ [see the “ �v = +0.15 ” curve in the bottom panel of Fig. 1], and no disconti-
nuity is observed in the density profile. The step in density observed in SAHF covers 
the density range n

−
≤ n ≤ n

+
 , where

In the equiensemble case ( � = 0.5 ), we have n± = 1.0 ± 0.410326 , as readily seen 
from the top panel of Fig.  2. We keep many digits for analysis purposes (see the 
bottom panel of Fig.  3). It is important to stress that none of the densities in the 
range n

−
< n < n

+
 , which includes the a priori simple symmetric n = 1 case, can be 

represented by a single SAHF ensemble. This severe v-representability issue, which 

(207)n± ≡ 1 + (1 − �) sin(2�±) = 1 ± (1 − �)

√
1 − �2

0
.

Fig. 2   Potential-ensemble-density maps generated for the Hubbard dimer at the SAHF (top panel) and 
eDMHF (bottom panel) levels of approximation for various ensemble weight values and U∕t = 3.5 . See 
text for further details
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would deserve further investigation at the ab initio level, for example, in the stretched 
H 2 molecule, might be used as an argument for promoting the eDMHF approach 
over the SAHF one in practical calculations. A counter-argument is of course the 
presence of GI errors in eDMHF. At the formal level, the v-representability issue 
can be solved easily as follows. As illustrated in Fig.  3, Lieb’s maximization of 
Eq. (174) systematically returns �v = 0 for input densities in the range n

−
≤ n ≤ n

+
 . 

As soon as the input density leaves this interval, a non-zero maximizing potential is 
obtained [see the bottom panel of Fig. 3]. If we exploit the strict degeneracy of the 
broken-symmetry solutions, we can write, for �v = 0 [see Eq. (181)],

(208)

E�
SAHF

(𝜃+) = E�
SAHF

(𝜃−)

= (1 − 𝛼)E�
SAHF

(𝜃−) + 𝛼E�
SAHF

(𝜃+)

= Tr
[
𝛾̂(𝛼)

(
T̂ + Û

)]
,

Fig. 3   Top: To-be-maximized Lieb’s potential functional (see Refs. [96, 99] and the main text for further 
details) evaluated at the equal-weight SAHF level of approximation and plotted as a function of �v for 
various input densities n. Bottom: Zoom around �v = 0 for densities inside and outside the single SAHF-
ensemble representability domain. See text for further details
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where 0 ≤ � ≤ 1 and

is the convex combination of the two degenerate SAHF ensemble density matrix 
operators. The density (on site 0) of the resulting “ensemble of ensembles” reads as

and, as readily seen, it can vary continuously from n− to n
+
 . The generalization of 

this approach to the ab initio theory is provided in Eqs. (178) and (179).

4.4 � Exact Self‑Consistent eDFT Based on SAHF

Let us continue with the general ab initio SAHF-based formulation of eDFT that we 
left at the end of section “Concavity of Approximate Energies and Lieb Maximiza-
tion”. As already mentioned, the SAHF universal density functional F�

SAHF
[n] that is 

defined in Eq. (177) is an approximation to the universal GOK functional F�
[n] . As 

readily seen from Eq. (177), the former misses all correlation effects. These effects 
can actually be introduced into the theory as a density-functional complement:

As a result, according to Eqs. (10) and (177), the exact ensemble energy can be cal-
culated variationally as follows:

or, equivalently,

thus leading to the final expression

By differentiating the density-functional correlation energy with respect to any 
(orbital rotation) variational parameter �pq [see Appendix 3],

(209)𝛾̂(𝛼) ∶= (1 − 𝛼)𝛾̂− + 𝛼𝛾̂+

(210)n(𝛼) = Tr
[
𝛾̂(𝛼)n̂0

]
= (1 − 𝛼)n

−
+ 𝛼n

+
,

(211)Ẽ�
c
[n] ∶= F�[n] − F�

SAHF
[n].

(212)
E� = min

n

{
min

{𝛷I}
�
→n

{∑
I

�I

⟨
𝛷I

|||T̂ + Ŵee
|||𝛷I

⟩}
+ Ẽ�

c
[n]

+ ∫ d� vext (�)n(�)

}
,

(213)E� = min
n

{
min

{𝛷I}
�
→n

{∑
I

�I

⟨
𝛷I

|||Ĥ
|||𝛷I

⟩
+ Ẽ�

c

[∑
I

�In𝛷I

]}}
,

(214)E� = min
{𝛷I}

{∑
I

�I

⟨
𝛷I

|||Ĥ
|||𝛷I

⟩
+ Ẽ�

c

[∑
I

�In𝛷I

]}
.
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we realize that the minimizing orbitals in Eq. (214), from which the single-configu-
ration wave functions that reproduce the exact ensemble density n� are constructed 
(we denote them 𝛷̃�

I
 for convenience), fulfill SAHF-like self-consistent equations 

[see Eq.  (166)] where the density-functional correlation potential 
𝛿Ẽ�

c
[n]∕𝛿n(�)��n=∑

I
�I n𝛷̃�

I

 is simply added to the local external one.

In practice, the quantities of interest are usually the excitation energies and, more 
generally, the ground- and excited-state energy levels (which are needed, for exam-
ple, for geometry optimizations). According to Eqs.  (9) and (214), and the Hell-
mann–Feynman theorem, the latter can be evaluated, in principle exactly, as follows:

where the following relation has been used,

and Ṽ�

c
≡ Ṽ

�

c
[n�] is the LZ-shifted  [91, 104] ensemble correlation-only density-

functional potential:

Interestingly, an expression similar to that of Eq.  (216) has been derived in the 
context of GOK-DFT  [91, 103] (see also “Individual Correlations Within Ensem-
bles: An Exact Construction”) where, unlike in the present case, a local ensemble 
exchange potential was used.

4.5 � Connection with Practical Hybrid eDFT Calculations

By analogy with conventional (ground-state) hybrid functionals, we can modify the 
SAHF-based functional of Eq.  (176) as follows, in order to combine rigorously a 
fraction � of SAHF exchange energy with a weighted sum of (approximate) individ-
ual density-functional exchange energies, thus leading to another (Hx-only) approxi-
mation to the GOK functional:

(215)

𝜕

𝜕𝜅pq

�
Ẽ�

c

��
I

�In𝛷I (�)

��
= ∫ d�

𝛿Ẽ�

c
[n]

𝛿n(�)

�����n=∑I �I n𝛷I (�)

×
𝜕

𝜕𝜅pq

��
I

�In𝛷I (�)
(�)

�
,

(216)EI =
⟨

Ĥ
⟩
𝛷̃�

I

+ ∫ d� Ṽ
�

c
(�)n𝛷̃�

I
(�) +

∑
J>0

(𝛿IJ − �J)
𝜕Ẽ�

c
[n]

𝜕�J

|||||n=n�

,

(217)
∑
J>0

(𝛿IJ − �J)
(

n𝛷̃�

J
(�) − n𝛷̃�

0
(�)

)
= n𝛷̃�

I
(�) − n�(�),

(218)Ṽ
�

c
[n](�) =

𝛿Ẽ�

c
[n]

𝛿n(�)
+

Ẽ�

c
[n] − ∫ d�

𝛿Ẽ�

c
[n]

𝛿n(�)
n(�)

∫ d� n(�)
.
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where

and EHx[n] is the regular ground-state Hx density functional of KS-DFT. The above 
approximate ensemble energy can be computed from SAHF routines simply by scal-
ing the individual non-local exchange potentials and then adding to each of them 
the complementary fraction (1 − �) of individual local density-functional exchange 
potential. As readily seen from Eq. (220), in the present scheme, the total ensemble 
Hx energy remains GI-free, even in the limiting � = 0 case. On that basis, an exact 
hybrid eDFT can be derived along the lines of “Exact self-consistent eDFT based 
on SAHF” by considering the following in-principle-exact decomposition of the 
universal GOK functional (where correlation is described with an ensemble density 
functional):

A density-functional correction 𝛥Ẽ�,𝜆
x

[n] to the ensemble exchange energy must in 
principle be introduced, since each individual exchange energy Ex[n�I

] is evalu-
ated, for both ground- and excited-state densities, as a ground-state exchange energy. 
This correction is usually neglected in practical calculations [75]. This observation 
would actually hold also for approximate ensemble correlation energies that are con-
structed from the regular ground-state correlation functional Ec[n] of KS-DFT (see 
below and “State-of-the-Art Ensemble Correlation DFAs and Beyond”). Note finally 
the �-dependence of both 𝛥Ẽ�,𝜆

x
[n] and Ẽ�,𝜆

c
[n] functionals in Eq. (221). It originates 

from the fact that the ensemble xc energy is now evaluated from the (SAHF-like) �
-dependent single-configuration wave functions that reproduce the desired density n.

Finally, as discussed in further detail in  “Individual Correlations Within 
Ensembles: An Exact Construction”, it is quite common to construct weight-
dependent ensemble density-functional correlation energies by recycling the 
ground-state correlation functional as follows [71],

This standard approximation, which is referred to as ground-state individual cor-
relations (GS-ic) scheme in the following, can also be made formally exact within 
the present formalism. Indeed, once we have introduced the following (approximate) 
potential-functional energy

(219)F�[n] ≈ F
�,�

hybrid
[n] = max

v

{
E
�,�

hybrid
[v] − ∫ d� v(�)n(�)

}
,

(220)E
�,𝜆

hybrid
[v] = min

{𝛷I}

{∑
I

�I

[⟨
T̂ + 𝜆Ŵee + V̂

⟩
𝛷I

+ (1 − 𝜆)EHx[n𝛷I
]
]}

,

(221)F�[n] = F
�,𝜆

hybrid
[n] + (1 − 𝜆)𝛥Ẽ�,𝜆

x
[n] + Ẽ�,𝜆

c
[n].

(222)Ẽ
�,𝜆
c

[

∑

I

�
I
n𝛷I

]

≈
∑

I

�
I
Ec[n𝛷I

].
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and the subsequent density functional

we only need to consider the alternative (but still exact) partitioning of the GOK 
functional

where complementary density-functional corrections to both exchange and (GS-ic) 
correlation energies have been introduced. Note that, in practice, these corrections 
are simply neglected [75]. While SAHF is expected to provide, through its orbital 
dependence, a proper description of the ensemble exchange energy, modeling the 
correlation density-functional correction 𝛥Ě�,𝜆

c
[n] remains a necessary and challeng-

ing task that has attracted too little attention until now. For that purpose, it is essen-
tial to have a deeper understanding of how individual correlation energies are con-
nected to the ensemble one. This is the main focus of the next section.

5 � Individual Correlations within Ensembles: An Exact Construction

While the previous section was dedicated to the description of orbital- and weight-
dependent ensemble Hx energies, this last section deals with correlation effects in 
many-body ensembles. For convenience, we continue focusing on GOK ensembles 
but the discussion applies to other types of ensembles like, for example, N-cen-
tered  [83] or thermal ones  [76–78, 136]. We will work within the original GOK-
DFT formalism  [82], where a local multiplicative ensemble-density-functional 
Hxc potential is employed, but the discussion holds also when orbital-dependent 
exchange energies are employed (see “The Exact Hartree-Exchange Dilemma in 
eDFT”).

5.1 � State‑of‑the‑Art Ensemble Correlation DFAs and Beyond

To the best of our knowledge, very few works have addressed the construction of 
weight-dependent ensemble correlation DFAs from first principles. We can essen-
tially distinguish two different general strategies. In the first and most straightfor-
ward, which was introduced in Eq.  (222) and which we referred to as GS-ic, the 
(weight-independent) ground-state correlation functional is recycled as follows,

(223)

E
�,𝜆

GS−ic
[v] = min

{𝛷I}

{
∑

I

�I

(
⟨

T̂ + 𝜆Ŵee + V̂
⟩

𝛷I

+ (1 − 𝜆)EHx[n𝛷I
] + Ec[n𝛷I

]
)
}

,

(224)F
�,�

GS−ic
[n] = max

v

{
E
�,�

GS−ic
[v] − ∫ d� v(�)n(�)

}
,

(225)F�[n] = F
�,𝜆

GS−ic
[n] + (1 − 𝜆)𝛥Ě�,𝜆

x
[n] + 𝛥Ě�,𝜆

c
[n],
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where, in the exact theory, the KS wave functions 
{
��

I

}
 are expected to reproduce 

the true ensemble density n�.
More recently [79, 91], Loos and coworkers explored another path. They designed 

a first generation of weight-dependent ensemble LDA (eLDA) correlation function-
als where the regular ground-state LDA functional ELDA

c
[n] = ∫ d� n(�)�c(n(�)) , 

which is based on the infinite uniform electron gas (UEG) model, is combined with 
the density-functional correlation excitation energies of a finite UEG (hence the 
acronym fLDA used below) as follows:

The individual correlation functional EfLDA

c,I
[n] = ∫ d� n(�)�

f

c,I
(n(�)) is constructed 

from the Ith state of the finite UEG:

where Nf  is the number of electrons in the finite gas. If Nf  is fixed, a parameteriza-
tion of the correlation energy per particle �f

c,I
(n) as a function of the uniform density 

n is obtained by varying the volume of the gas [91]. Note that, in a uniform system, 
there is no need to introduce weight dependencies into the interacting and non-inter-
acting (ground- or excited-state) density-functional wave functions, unlike in the 
general definition of Eq. (25). Indeed, all the eigenstates of the (interacting or non-
interacting) uniform gas have the same (uniform) density n, which then becomes the 
ensemble density of the gas, whatever the value of the ensemble weights:

Note also that, while the finite UEG allows for the incorporation of weight depend-
encies into the correlation functional, the use of a regular LDA correlation func-
tional reduces finite-size errors. Refinements are possible, for example, by including 
a dependence in the Fermi hole curvature [138].

The strategies depicted in Eqs.  (226) and (227) miss various correlation effects 
that we briefly review below. More insight will be given in the next subsections. Let 
us start with the GS-ic approximation. From the exact expression,

where �0[n] and �0[n] are the interacting and KS non-interacting ground-state den-
sity-functional wave functions of regular KS-DFT, respectively, we immediately 
identify two sources of errors. The first is related to the fact that, as already men-
tioned in “Extraction of Individual State Properties”, the individual KS density n��

I

 
does not necessarily match the interacting individual one n�I

 . This subtle point was 

(226)E
�
c
[n�]

GS−ic
≈

∑
I

�
I
Ec[n��

I

],

(227)E�
c
[n]

eLDA
≈ ELDA

c
[n] +

∑
I>0

�I

(
E

fLDA

c,I
[n] − E

fLDA

c,I=0
[n]

)
.

(228)Nf 𝜖
f

c,I
(n) ≡

⟨
𝛹I(n)

|||T̂ + Ŵee
|||𝛹I(n)

⟩
−
⟨
𝛷I(n)

|||T̂ + Ŵee
|||𝛷I(n)

⟩
,

(229)
∑

I

�In�I (n)
=

∑
I

�In�I (n)
= n

∑
I

�I = n.

(230)Ec[n𝛷�
I
] =

⟨
T̂ + Ŵee

⟩
𝛹0[n𝛷�

I
]
−
⟨

T̂ + Ŵee

⟩
𝛷0[n𝛷�

I
]
,
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highlighted recently by Gould and Pittalis  [86, 139]. It induces what the authors 
referred to as density-driven (DD) correlation effects. Even if the true individual 
densities 

{
n�I

}
 (which can be extracted in principle exactly from the KS ensemble, 

as shown in Eq. (27) and Ref. [103]) were inserted into the expression of Eq. (230), 
we would still not recover the correct individual excited-state correlation energies 
simply because �0[n�I

] will always be a ground-state wave function, even when n�I
 

is an excited-state density. The missing energy contribution is connected to the con-
cept of state-driven (SD) correlation  [86]. Interestingly, eLDA describes (approxi-
mately) SD correlations, as readily seen from Eq.  (228). However, it completely 
misses DD correlations, simply because KS and interacting (ground- or excited-
state) wave functions have the same density in a uniform system.

Even though the physical meaning of DD and SD correlations is rather clear, 
it is less obvious how their contributions to the total exact ensemble correlation 
energy should be defined mathematically  [86, 103, 139, 140]. Addressing this 
fundamental question is of primary importance for the design of more accurate 
and systematically improvable ensemble correlation DFAs, which is probably the 
most challenging task in GOK-DFT. Up to now, we have discussed the concept of 
DD and SD correlations in the light of the GS-ic approximation [see Eqs. (226) 
and (230)]. We may actually wonder if a proper definition can be (or should be) 
given without referring explicitly to the GS correlation functional of KS-DFT. 
Indeed, the latter appears naturally in GOK-DFT only in the limiting � = 0 case. 
Gould and Pittalis  [86], and then Fromager  [103], recently addressed this SD/
DD ensemble correlation energy decomposition issue from that perspective. A 
detailed and complemented review of the two approaches is presented in the 
following.

5.2 � Weight Dependence of the KS Wave Functions in GOK‑DFT

Before proceeding with the extraction of individual correlation energies from 
the GOK-DFT ensemble energy, which is convenient for deriving in-principle-
exact SD/DD decompositions  [103], we would like to highlight the importance 
of weight dependencies in the KS wave functions. It might be surprising at first 
sight because the true ground and excited states of the system under study are of 
course weight-independent. We explain below, with a simple argument, why this 
cannot be the case in the KS ensemble.

Since the KS and true ensemble densities match for any set of weights � , their 
derivatives with respect to the weights also match. Therefore, if we consider the 
ground-state � = 0 limit of GOK-DFT, it comes

or, equivalently,

(231)
𝜕

𝜕�J

(∑
I

�In𝛹I
(�)

)||||||�=0

J>0
=

𝜕

𝜕�J

(∑
I

�In𝛷�
I
(�)

)||||||�=0

,
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where 
{
�I

}
 denote here the ground- and excited-state KS wave functions generated 

from a regular ground-state KS-DFT calculation. In KS-DFT, the density constraint 
applies to the ground state only, i.e., n�0

(�) = n�0
(�) , not to the excited states. Thus, 

we obtain the exact individual excited-state density expression, which can be recov-
ered from Eq. (27) when � = 0,

where we readily see that, in GOK-DFT, the KS wave functions (the ground-state 
one in the present case) are necessarily weight-dependent. This feature is central to 
the design of DD correlation energies [103], as discussed further in the following. 
We refer to Eq.  (275) for an illustrative example (based on the prototypical Hubbard 
dimer) of weight-dependent KS ground-state density.

5.3 � Extraction of Individual Correlation Energies

In this section we revisit the derivation of the individual energy levels in Eq. (36) 
in order to construct individual correlation energies within the ensemble under 
study. For that purpose, we start from the exact relation between individual and 
ensemble energies in Eq.  (9), and the variational GOK-DFT ensemble energy 
expression of Eq.  (15), thus leading to, according to the Hellmann–Feynman 
theorem,

or, equivalently,

where, in analogy with Eq. (119), the following double-weight ensemble KS density 
has been introduced:

(232)n�J
(�) − n�0

(�) = n�J
(�) − n�0

(�) +
�n��

0
(�)

��J

|||||�=0

,

(233)n𝛹J
(�) − n𝛷J

(�)
J>0
=

𝜕n𝛷�
0
(�)

𝜕�J

|||||�=0

≠ 0,

(234)

EJ =
�
I≥0

�I

�
𝛷�

I

���T̂ + V̂ext
���𝛷

�
I

�
+ E�

Hxc
[n�]

+
�
I>0

(𝛿IJ − �I)
��

𝛷�
I

���T̂ + V̂ext
���𝛷

�
I

�
−
�
𝛷�

0

���T̂ + V̂ext
���𝛷

�
0

��

+
�
I>0

(𝛿IJ − �I)

⎡⎢⎢⎣
𝜕E�
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The last contribution (that is subtracted) on the right-hand side of Eq. (235) origi-
nates from the Hellmann–Feynman theorem. In other words, derivatives of the KS 
wave functions (and, therefore, of their densities) do not contribute to the derivatives 
of the total ensemble energy, because the latter is variational.

As shown in Refs. [91, 103], the Hx contribution to the individual Jth energy 
level reduces to the expectation value of the two-electron repulsion operator eval-
uated for the Jth KS state, as one would guess. Indeed, once we have realized 
that, for given weight values � , the ensemble KS potential that reproduces n�,� 
is simply the one that reproduces the true ensemble density n� , we deduce from 
Eq. (24) that

and, consequently,

As a result, since E�
Hx
[n�] = E�

Hx
[n�,�] , it comes

thus leading to the expected result:

We conclude from Eq. (235) that the energy levels can be evaluated exactly within 
GOK-DFT as follows:

where the individual correlation energy of the Jth state is determined from the 
ensemble correlation density functional as 
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�,�
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∑
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�
I
n��

I

(�).
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,
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]
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||||||�=�
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In the following section, we will see how the concept of DD correlation emerges 
from Eq.  (242), once it has been rewritten more explicitly in terms of individual 
densities.

5.4 � Individual Correlations Versus Individual Components

According to the definition of the ensemble correlation functional in GOK-DFT [see 
Eq. (25)], the exact ensemble correlation energy can be decomposed as follows,

where the individual components read as

Let us stress that these components do not match the individual correlation energies 
of Eq. (242). Indeed, unlike the latter [see Eq. (241)], they do not give access to the 
exact individual energy levels,

simply because the KS density n��
J
 does not match, in general, the true physical den-

sity n�J
 . The concept of DD correlation, which was introduced recently by Gould 

and Pittalis [86], originates from this observation. The important property that the 
true individual correlation energies share with the individual correlation compo-
nents is that both of them can be used to construct the total ensemble correlation 
energy, i.e.,

The above expression can be deduced from Eq.  (242) and the fact that, for any {
𝛥I

}
I>0

,

From now on we will substitute the decomposition of Eq. (246) for the more con-
ventional one of Eq.  (243). As shown in the following, with this change of para-
digm, DD-type correlation energy contributions will naturally emerge from the deri-
vation of a more explicit expression. Unlike in Ref. [86], the approach of Ref. [103], 

(243)E�
c
[n�] =

∑
J≥0

�JE
�
c,J
[n�],

(244)E�
c,J
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⟩
.
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|||Ĥ
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)
=
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𝛿IJ�J𝛥I −
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which is reviewed in the next section, does not require additional (state-specific) KS 
systems, thus avoiding formal issues such as the non-uniqueness of KS potentials for 
individual excited states or v-representability issues [103].

5.5 � Density‑Driven Ensemble Correlation Energy Expression

Let us now derive a more explicit expression for the ensemble correlation energy, on 
the basis of Eq. (246). We start with a simplification of the true individual correlation 
energy expression of Eq.  (242), where the standard decomposition into components 
[see Eq. (243)] of the ensemble correlation energy will be employed. On the one hand, 
we will have

where, according to Eq. (244),

As readily seen from Eq. (249), the weight derivatives of the individual correlation 
components are evaluated solely from the KS wave functions and their (static) lin-
ear response to variations in the ensemble weights. The true interacting wave func-
tions are not involved since, unlike the KS wave functions, they do not vary with the 
ensemble weights [see the comment that follows Eq. (25), and Eq. (244)]. Combin-
ing Eqs. (243), (248), and (249) leads to the following expression for the first two 
contributions in Eq. (242) to the true individual correlation energy:

On the other hand, according to Eq. (236),

thus leading to [see Eq. (27)]
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Finally, by combining Eqs.  (242), (250), and (252), we recover the expression of 
Ref.  [103] for the deviation of the true Jth individual correlation energy from the 
component E�

c,J
[n�],

thus leading [see Eq. (244)] to the following exact expression for individual correla-
tion energies:

The above expression is a key result of Ref. [103] which, as we will see, allows us to 
explore in-principle-exact SD/DD correlation energy decompositions.

Let us now analyze the different contributions on the right-hand side of 
Eq.  (254). While, on the first line, the bare Jth correlation energy component 
is recovered, the additional terms on the second and third lines ensure that the 
external potential energy is evaluated with the correct true density (see Eqs. (241) 
and (245), and the supplementary material of Ref.  [103]). Interestingly, in the 
summation (in K) over all the states that belong to the ensemble [see the second 
line of Eq. (254)], one may separate the contribution of the state under considera-
tion (i.e., the Jth state) from the others, thus defining an individual SD correlation 
energy:

The above definition, which was denoted SD in Ref. [103] (the “overline” notation is 
dropped in the present work, for simplicity), differs substantially from the definition 
of Gould and Pittalis [86]. In the latter, an additional state-specific KS wave func-
tion, which is expected to reproduce the true individual density of the state under 
consideration, is introduced. In this case, the name “state-driven” means that the 
correlation energy is evaluated from interacting and non-interacting wave functions 
which share the same density. Here, no additional KS wave function is introduced, 
which is obviously appealing from a computational point of view. One possible crit-
icism about the definition in Eq. (255) is its arbitrariness. Indeed, we may opt for a 
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more density-based definition, in the spirit of what Gould and Pittalis proposed, by 
introducing, for example, the following auxiliary wave functions:

Note that, in the ground-state � = 0 limit, �
�

0
 reduces to the conventional KS wave 

function ��=0
0

 of KS-DFT. What might be interesting in the (somehow artificial) 
construction of the above individual auxiliary KS states is the possibility it gives 
to recover, like in the Gould-Pittalis approach [86], all the KS contributions (to the 
individual correlation energy) that appear on the first two lines of Eq.  (254) from 
a single expectation value, thus generating, on the other hand, (several) additional 
terms that should ultimately be removed:

Moreover, according to Eq. (27), we recover (among other terms) the correct physi-
cal density:

On that basis, we could argue that the first two lines on the right-hand side of 
Eq.  (254) should be interpreted as a SD correlation energy, while the third line 
would correspond to the missing DD correlation energy. The issue with such a 
decomposition is that the individual DD correlation energies would then cancel out 
in the weighted sum:

which means that the ensemble DD correlation energy would be zero. As a result, 
with such an interpretation, the concept of DD correlation would not be of any help 
in the development of correlation DFAs for ensembles. This is of course not what 
we want [86]. In this respect, the definition in Eq. (255) is much more appealing. We 
will stick to this definition from now on. Consequently, the complementary ensem-
ble DD correlation energy will read as [see Eqs. (243), (244), and (255)]
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Thus, we recover another key result of Ref. [103]. As readily seen from Eq. (261), 
the exact evaluation of the DD correlation energy only requires computing the static 
linear response of the KS wave functions that belong to the ensemble, which is com-
putationally affordable.

Finally, at a more formal level, we note that the ensemble DD correlation 
energy expression of Eq.  (261) is related to the individual components 
f�
J
[n] =

⟨
𝛷�

J
[n]

|||T̂ + Ŵee
|||𝛷�

J
[n]

⟩
 of the Hx-only approximation to the universal 

GOK functional [see Eqs. (12), (14), and (24)]

as follows,

We can even establish a direct connection with the total ensemble functional f�[n] , 
by analogy with Eq. (237). Indeed, since

it comes

5.6 � Application to the Hubbard Dimer

The importance of DD correlations, which was revealed in Ref. [86], has been con-
firmed in Ref.  [103], in the weakly asymmetric and strongly correlated regime of 
the two-electron Hubbard dimer. We propose in the following to complete the study 
of Ref.  [103] by exploring all asymmetry and correlation regimes, and comparing 
exact results with that of standard approximations.
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5.6.1 � Exact Theory and Approximations

The Hubbard dimer was introduced in the section “Insights from the Hubbard Dimer 
Model”. In this simple model system, exact (two-electron and singlet) biensemble 
density-functional correlation energies E�

c
(n) can be evaluated through Lieb maxi-

mizations [96, 99] from the following analytical expressions for the exact potential-
functional interacting energies [84, 85, 136]:

where

and

Exact ground- and excited-state densities are then obtained from the Hellmann–Fey-
nman theorem [see Eq. (181)],

and the cubic polynomial equation that the energies fulfill (see the Appendix of 
Ref.  [96]). The resulting biensemble density reads as n� = (1 − �)n�0

+ � n�1
 . The 

Hx-only GOK functional introduced in Eq.  (262) can be expressed analytically as 
follows [96],

so that, as shown in Appendix 4, the exact DD ensemble correlation energy reads 
explicitly as

Since the KS excited-state density is always equal to 1 in this model [96], the prefac-
tor (n�1

− 1) matches the deviation in density of the true physical excited state from 
the KS one:
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Then it becomes clear that E�,DD
c

(n�) is a DD correlation energy. We also see from 
the expression of Eq. (271) that, in the regular ground-state DFT limit ( � = 0 ), this 
type of correlation disappears.

In the following, we test two common DFAs: a (weight-independent) ground-state 
density-functional description of the ensemble correlation energy (GS-ec) [96, 97],

where Ec(n) = E�=0
c

(n) , and the GS-ic approximation introduced in “State-of-the-Art 
Ensemble Correlation DFAs and Beyond”, which, in the present case, gives

Note that the KS ground-state density n��
0
 fulfills the constraint 

(1 − �)n��
0
+ �n��

1
= n� , thus leading to

where we readily see that, in general, n��
0
≠ n�0

 . In the following, the local potential 
will be fixed. It is then analogous to the external potential of ab initio calculations, 
hence the notation �v = �vext.

5.6.2 � Results and Discussion

Let us first discuss the strictly symmetric ( �vext = 0 ) dimer in which simple analytical 
expressions can be derived for both exact and approximate ensemble correlation ener-
gies. In this special case, ground- and excited-state densities are equal to 1, in both KS 
and physical interacting systems. Consequently, the ensemble DD correlation energy 
vanishes [see Eq.  (271)]. Total and SD ensemble correlation energies are equal and 
vary linearly with the ensemble weight [99] as

with the positive slope −E
c
(n = 1) . As readily seen, the excited state exhibits no 

correlation effects in this density regime. Turning to the approximations, GS-ic 
erroneously assigns a (ground-state) correlation energy to the excited state [see 
Eq.  (274)], thus leading to a total ensemble correlation energy that is wrong and 
equal to Ec(n = 1) , like in GS-ec [see Eq.  (273)]. In conclusion, in the symmetric 
case, both GS-ic and GS-ec approximations completely miss the weight dependence 
of the ensemble correlation energy.

We now discuss the performance of GS-ec and GS-ic in the asymmetric dimer. 
Results are shown in Fig. 4. The features described in the symmetric case are preserved 
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in the weakly asymmetric regime (see the top left panel of Fig. 4). When the asym-
metry is more pronounced, both exact and approximate ensemble correlation energies 
exhibit curvature. By construction, these energies all reduce to the same (ground-state) 
correlation energy when � = 0 . They differ substantially by their slope in the ground-
state limit ( � = 0 ). Further insight into GS-ic, for example, is obtained from the follow-
ing analytical expression:

where Ec(n = 1) − Ec(n = n�0
) ≤ 0 , as readily seen from Fig. 4 of Ref. [99]. Inter-

estingly, in the strongly asymmetric 𝛥vext∕U ≫ 1 regime, the true ground- ( n�0
 ) and 

excited-state ( n�1
 ) densities tend to 2 and 1, respectively (see Fig. 1 of Ref.  [96]). 

This is the situation where the slope in weight expressed in Eq.  (277) reaches its 
maximum (in absolute value), thus inducing a large deviation from the exact slope, 
as shown in the bottom left panel of Fig. 4. At the GS-ec level of approximation, the 

(277)

�E�
c
(n�)

��

|||||�=0

GS−ic
≈ Ec(n = 1) − Ec(n = n�0

)

+
(
n�1

− 1
) �Ec(n)

�n

||||n=n�0

,

Fig. 4   Exact (solid black lines) and approximate ensemble correlation energies plotted as functions of 
the biensemble weight for the Hubbard dimer in various correlation and asymmetry regimes. See text for 
further details
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situation is less critical, at least for small weight values. As readily seen from the 
following expression [see Eq. (273)],

when �vext ∼ U , the slope (at � = 0 ) is relatively small since n�1
∼ n�0

 (see Fig. 1 
of Ref. [96]). This is in agreement with the right panels of Fig. 4. Note that, in this 
regime, GS-ic can exhibit positive slopes (see the top right panel of Fig. 4). In this 
case, the density derivative contribution [second line of Eq. (277)], which is posi-
tive  [96, 99], is no longer negligible and it (more than) compensates the negative 
correlation energy difference [first line of Eq.  (277)]. When the asymmetry of the 
dimer is more pronounced (i.e., 𝛥vext ≫ U ), the GS-ec slope (in weight) remains 
negligible, as shown in the bottom left panel of Fig. 4. Indeed, in this case, n�0

 tends 
to 2. Moreover, since the ground-state correlation functional expands as follows in 
the weakly and strongly correlated regimes [99],

and

respectively, we immediately see that �Ec(n)∕�n ≈ 0 when n approaches 2, whether 
U/t is large or small. Note finally that, as already mentioned, in regimes where the 
asymmetry is weaker than the correlation, i.e., 𝛥vext∕t < t∕U < 1 (see the top left 
panel of Fig. 4), the slopes obtained at � = 0 with GS-ec and GS-ic are identical and 
relatively weak. This can now be understood from the expressions in Eqs. (277) and 
(278), and the fact that �Ec(n)∕�n||n=1

= 0  [99], knowing that n�0
≈ 1  [96] in this 

case.
We see in Fig. 4 that the overall weight dependence of the exact ensemble corre-

lation energy differs substantially from that of the GS-ec and GS-ic approximations. 
It is again instructive to look at the slope at � = 0 . It can be expressed exactly as 
follows:

where we readily see from Eq.  (278) that GS-ec neglects the derivative in weight 
of the ensemble correlation density functional. As highlighted in Eq. (37) [see also 
Connection Between PPLB and N-Centered Pictures for a more detailed discus-
sion in the context of charged excitations], the latter contribution is connected to the 
derivative discontinuity that the xc potential exhibits when an excited state is incor-
porated into the ensemble. Since, in the weakly correlated regime [99],

(278)
�E�

c
(n�)

��

|||||�=0

GS−ec
≈

(
n�1

− n�0

) �Ec(n)

�n

||||n=n�0

,

(279)Ec(n) = E�=0
c

(n)
U∕t≪1
≈ −

U2
(
1 − (1 − n)2

)5∕2

16t
,

(280)Ec(n)
U∕t≫1
≈ U

[
|n − 1| − 1

2
(1 + (n − 1)2)

]
,

(281)
�E�

c
(n�)

��

|||||�=0

=
(
n�1

− n�0

) �Ec(n)

�n

||||n=n�0

+
�E�

c
(n�0

)

��

|||||�=0

,
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it comes

Therefore, as long as the ground state does not deviate too much from the symmetric 
n�0

= 1 density profile, which is the case when 𝛥vext ≪ U , the exact slope is not 
negligible, and it is positive. This is in agreement with the top left panel of Fig. 4. 
Interestingly, in this density regime, this feature is preserved when the strength of 
electron correlation increases (not shown). Indeed, in this case, the ensemble cor-
relation functional reads as [99]

thus leading to �E�
c
(n�

0
)∕�� ≈ U∕2 . When the dimer is strongly asymmetric, the 

ground-state density approaches 2 and, in this case [99],

so that

thus leading to �E�
c
(n�0

)∕��
|||�=0

≈ 0 . As readily seen from Eq. (283), the same result 
is obtained in the weakly correlated regime. This is in complete agreement with the 
bottom left panel of Fig.  4. It also explains why the deviation of GS-ec from the 
exact result drastically reduces when �vext increases for a fixed interaction strength 
U and relatively small weight values. Finally, in the particular case where �vext = U , 
the computed ground-state densities equal n�0

≈ 1.30 and n�0
≈ 1.46 in the moder-

ately U∕t = 1 and strongly U∕t = 5 correlated regimes, respectively. As expected 
from Eqs. (283) and (287), the exact slope will be substantial and negative, which 
agrees with the right panels of Fig. 4.

(282)
E�
c
(n)

U∕t≪1
≈ −

U2
(
(1 − �)2 − (1 − n)2

)3∕2

16t(1 − �)2

×

[
1 +

(1 − n)2

(1 − �)2

(
3 −

4(1 − 3�)2

(1 − �)2

)]
,

(283)
𝜕E�

c
(n𝛹0

)

𝜕�

|||||�=0

U∕t≪1
≈

U2

16t

(
n𝛹0

(2 − n𝛹0
)
)3∕2(

1 − 12(n𝛹0
− 1)2

)
.

(284)E�
c
(n)

U∕t≫1, |n−1|≤�
≈ −

U

2

[
(1 − �) −

(3� − 1)(n − 1)2

(1 − �)2

]
,

(285)
n=n�0

≈
U

2
(� − 1),

(286)
E�
c
(n)

U∕t≫1, �≤|n−1|≤1−�
≈ U|n − 1|

−
U

2

[
(1 + �) −

(3� − 1)(n − 1)2

(1 − �)2

]
,

(287)
𝜕E�

c
(n𝛹0

)

𝜕�

|||||�=0

U∕t≫1
≈ −

U

2

(
1 − (n𝛹0

− 1)2
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,
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We now focus on the exact SD/DD decomposition of the ensemble correlation 
energy. Results are shown in Fig. 5 for various correlation and asymmetry regimes. 
In the ground-state limit, the slope of the DD ensemble correlation energy reads as 
[see Eq. (271)]

Interestingly, when �vext ≈ U [ n�0
≈ n�1

 in this case], the slope is nonzero (and neg-
ative), whether the dimer is strongly correlated or not, as seen from the top right and 
bottom left panels of Fig. 5. In the strongly correlated regime, the DD ensemble cor-
relation energy essentially varies in � as [see Eq. (271)]

which means that, when approaching the equiensemble � = 1∕2 case, it decreases 
systematically with the ensemble weight (because of the term (1 − �)2 in the 

(288)
�E�,DD

c
(n�)

��

������=0

= −(n�0
− 1)(n�1

− 1)

⎡⎢⎢⎢⎣
2t�

1 − (1 − n�0
)2

+ U

⎤⎥⎥⎥⎦
.

(289)E�,DD
c

(n�)
U∕t≫1
≈ −U(n𝛹1

− 1)(n𝛹0
− 1 + �(n𝛹1

− n𝛹0
))
�(1 + �)

(1 − �)2
,

Fig. 5   Exact state-driven (SD)/density-driven (DD) decomposition of the ensemble correlation energy 
plotted as a function of the biensemble weight � in various asymmetry and correlation regimes. Compar-
ison is made with the approximate GS-ec and GS-ic ensemble correlation energies, for analysis purposes. 
See text for further details
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denominator), unlike the total ensemble correlation energy [see Eq. (284)]. As long 
as the dimer remains close to symmetric, which requires that �vext reduces as U 
increases (see Fig. 1 of Ref. [96]), the numerator in Eq. (289) will be small enough 
such that DD correlations are at most equal to the total correlation energy. This fea-
ture is actually observed in the moderately correlated U∕t = 1 regime (see the top 
left panel of Fig. 5). However, in asymmetric and strongly correlated regimes where 
0 < 𝛥vext ≪ U ( n�0

≈ 1 and n𝛹1
> 1 in this case) or �vext ≈ U (i.e., n�0

≈ n�1
≈ 1.5

)  [96], the numerator is no longer negligible and, consequently, the DD ensemble 
correlation energy is significantly lower than the total energy (see the bottom left 
panel of Fig. 5; see also Ref. [103]). In such cases, the complementary SD ensemble 
correlation energy can be large and positive. This may look unphysical at first sight 
but, if we return to the definition of Eq. (255), we see that the individual SD correla-
tion energies are not guaranteed to be negative. The reason is that, unlike the total 
ensemble correlation energy, they are not evaluated variationally. Note finally that, 
when 𝛥vext > U ≫ t ( n�

0
≈ 2 and n�1

≈ 1 in this case), the numerator in Eq. (289) 
will be relatively small, because of the (n�1

− 1) prefactor, thus reducing the energy 
difference between total and DD correlations (see the bottom right panel of Fig. 5).

In summary, with the present SD/DD decomposition [see Eqs. (260) and (261)], 
both SD and DD correlation energies become relatively large (when compared to the 
total ensemble correlation energy), especially in the commonly used equiensemble 
case, and they mostly compensate when the Hubbard dimer has a pronounced asym-
metry. This is clearly not a favorable situation for the development of DFAs, which 
was the initial motivation for introducing the SD/DD decomposition [86, 103]. The 
latter should definitely be implemented for atoms and diatomics, for example, in 
order to get further insight. In the case of stretched diatomics, the present study of 
the Hubbard dimer might be enlightening [141]. We should also stress that, in the 
asymmetric �vext = U case, standard GS-ic and GS-ec approximations give ensem-
ble correlation energies that are of the same order of magnitude as the exact one, 
unlike the SD and DD correlation energies. As briefly mentioned in “State-of-the-
Art Ensemble Correlation DFAs and Beyond”, exploring alternative SD/DD decom-
positions that rely explicitly on GS-ic, which is maybe a better starting point, would 
be relevant in this respect. Work is currently in progress in this direction.

6 � Conclusions and Perspectives

Despite the success of TD post-DFT approaches for the description of charged and 
neutral electronic excitations, various limitations (in terms of accuracy, computa-
tional cost, or physics) have motivated the development of time-independent alterna-
tives in recent years. In the present review, we focused on GOK-DFT and N-centered 
eDFT, which are two flavors of eDFT for neutral and charged excitations, respec-
tively. Their computational cost is essentially that of a standard KS-DFT calculation, 
because they both rely on self-consistent one-electron KS equations [see Eqs. (16) 
and (53)]. A major difference is that, in eDFT, the Hxc density functional is ensem-
ble weight-dependent. This weight dependence is central in eDFT. It allows for the 
in-principle-exact extraction, from the KS ensemble, of individual (ground- and 
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excited-state) energy levels [see Eqs. (36), (64) and (65)] and densities [Eq. (27)]. 
We have also shown that the infamous derivative discontinuity problem that must 
be addressed when computing fundamental (or optical) gaps [see Eqs.  (30),  (61) 
and (141)] can be bypassed, in principle exactly, via a relocation of the deriva-
tive discontinuity away from the system [see Eq.  (143)] and a proper modeling of 
the ensemble weight dependence in the xc density functional. Recent progress in 
the design of weight-dependent xc DFAs has been reviewed. The pros and cons of 
using an (orbital-dependent) ensemble density matrix functional exchange energy 
or state-averaging individual exact exchange energies have been discussed in detail. 
We reveal in passing that, in the latter case, severe (but solvable) v-representability 
issues can occur when electron correlation becomes strong. Turning to the design 
of DFAs for ensemble correlation energies, state-of-the-art strategies have been 
discussed, in particular the combination of finite and infinite uniform electron gas 
models as well as the recycling of standard (ground-state) correlation DFAs through 
state-averaging. In the latter case, further improvements may emerge from the con-
cept of density-driven correlation, which does not exist in ground-state KS-DFT. 
How to define the corresponding correlation energy mathematically is an open ques-
tion to which we provided a tentative answer [see Eqs. (261) and (263)]. Test cal-
culations on the Hubbard dimer reveal how difficult it is to have a definition that is 
both rigorous and useful for the development of approximations. Work is currently 
in progress in other (briefly discussed) directions. Even though it was not mentioned 
explicitly in the review, we would like to stress that current formulations of eDFT 
do not give a direct access to exact response properties such as oscillator strengths, 
Dyson orbitals, or non-adiabatic couplings. Extending Görling–Levy perturbation 
theory  [142–144] to ensembles might be enlightening in this respect. We recently 
became aware of such an extension [145] for the computation of excitation energies 
within the DEC scheme  [87, 101], which is an important first step. Nevertheless, 
a general quasi-degenerate density-functional perturbation theory based on ensem-
bles, where individual energy levels and properties can be evaluated, is still highly 
desirable. Work is currently in progress in this direction.

In conclusion, we have summarized in the present review recent efforts of a 
growing community to put eDFT to the front of the scene. We highlighted several 
formal and practical aspects of the theory that should be investigated further in the 
near future in order to turn eDFT into a reliable and low-cost computational method 
for excited states.

Asymptotic Behavior of the xc Potential

Let us consider the simpler one-dimensional (1D) case in which the KS-PPLB equa-
tions read as

thus leading to

(290)−
1

2

d2��
i
(x)

dx2
+
(
vext (x) + v�

Hxc
(x)

)
��

i
(x) = ��

i
��

i
(x),
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where we used the limits vext (∞) = v
�
H
(∞) = 0 . Note that |��

i
(x)| is expected to 

decay as |x| → +∞ , which implies −2
(
𝜀𝛼

i
− v𝛼

xc
(∞)

)
> 0 . Therefore,

and

In the true interacting system, the N-electron ground-state wave function �N

0
 fulfills

where wee(|xi − xj|) is a well-behaved two-electron repulsion energy in 1D. Let us 
consider the situation where |x

1
| → +∞ while x

2
,… , xN remain in the region of 

the system, which corresponds to an ionization process in the ground state. Since 
wee(|x1 − xj|) → 0 , the (to-be-antisymmetrized) wave function and its density can be 
rewritten as

and

respectively, where

thus leading to the explicit expression

From the exact mapping of the ensemble PPLB density onto the KS system, we 
deduce from Eqs. (296) and (298) that

(291)
d2��
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where we assumed that EN−1
g

= I
N−1
0

− I
N

0
> 0 . Thus, we conclude from Eq.  (293) 

that

Any constant shift in the xc potential v�
xc
(�) does not affect the above expression. 

Since, according to Janak’s theorem, I
N

0
= −��

N
 , the constant is imposed in PPLB 

and

We now turn to the left and right formulations of N-centered eDFT. We recall the 
shorthand notations (�−, 0)

notation
≡ �− and (0, �+)

notation
≡ �+ . When 𝜉

+
> 0 , the right 

N-centered ensemble density, which is mapped onto a non-interacting KS ensem-
ble, has the following asymptotic behavior [we just need to substitute N + 1 for N in 
Eqs. (293), (296), and (298)],

Similarly, for �− ≥ 0 , we have

Thus, we conclude that

and

Derivation of the eDMHF Equations

For convenience, we use the following exponential parameterization of the single-
configuration wave functions [126],

(300)IN
0
= −(��

N
− v�

xc
(∞)).

(301)v
�
xc
(∞) = 0.

(302)n�+(x) ∼
�x�→+∞

�+ e
−2
√

2IN+1
0

�x�

(303)∼�+ e−2

√
−2(�

�+
N+1

−v
�+
xc (∞))�x�.

(304)n�−(x) ∼�x�→+∞

�
1 −

(N − 1)�−

N

�
e
−2
√

2IN
0
�x�

(305)∼

�
1 −

(N − 1)�−

N

�
e
−2

√
−2(�

�−
N
−v

�−
xc (∞))�x�.

(306)A
N

0
= I

N+1
0

𝜉+>0
= −𝜀

𝜉+

N+1
+ v

𝜉+
xc (∞)

(307)IN
0

�
−
≥0
= −�

�
−

N
+ v

�
−

xc
(∞).

(308)�𝛷I⟩ ≡ �𝛷I(�)⟩ = e−𝜅̂�𝛷�

I
⟩,

Reprinted  from  the  journal306



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2022) 380:4	  

where � ≡
{
𝜅pq

}
p<q

 are the variational orbital rotation parameters and 𝜅̂ is the cor-
responding real singlet rotation quantum operator. The latter reads as follows in sec-
ond quantization,

where the index p refers to the orbital ��

p
 and Êpq =

∑
𝜏=↑,↓ â†

p𝜏
âq𝜏 . Therefore, the 

eDMHF energy becomes a function of �,

where ��
(�) =

∑
I �I�

�I (�) is a trial ensemble density matrix, and EHF(�) is the 
conventional ground-state HF density matrix functional energy:

By construction, the minimum is reached when � = 0 , and we denote 
�� = ��(� = 0) . Note that

where the occupation number nI

p
 is an integer, and

where ��
p

 can be fractional. The stationarity condition that is fulfilled by the mini-
mizing eDMHF orbitals can now be written explicitly as follows,

where

is the conventional density matrix functional Fock operator matrix element, and
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where we used the relation [Êpq, Êrs] = 𝛿qrÊps − 𝛿psÊrq (see Ref.  [126]) with 
Eqs. (312) and (313). If we denote f�

rs
= frs(�

�) , Eq. (314) can be written in a com-
pact form as follows,

thus leading to the final result:

Derivation of the SAHF Equations

We use the same parameterization as in Appendix 2, i.e.,

where the indices {p} in creation/annihilation operators (as well as in one- and two-
electron integrals) now refer to the minimizing SAHF orbitals 

{
𝜑̃�

p

}
 . The to-be-

minimized SAHF energy can be expressed as follows,

so that the stationarity condition reads as
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(319)�𝛷I⟩ ≡ �𝛷I(�)⟩ = e−𝜅̂�𝛷̃�
I
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where 
[
v�
x,I

]
rs
≡ 𝜕EI

x
[�]∕𝜕Drs

|||�=�𝛷̃�
I
 and vH[n](�) = �EH[n]∕�n(�) . Note that the 

individual densities are recovered from the density matrices as follows,

Therefore, if we use the notation

Eq. (321) can be rewritten in a compact form as follows,

We conclude from Eq. (316) that

thus leading to the final result:

Exact DD Ensemble Correlation Energy in the Hubbard Dimer

For convenience, we will use the following exact expression for the ensemble DD 
correlation energy:

(321)
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ĥ + v̂�

Hx,I

|
|
|
𝜑̃�

q

⟩

,

(326)(𝜃�
p
− 𝜃�

q
)
⟨
𝜑̃�

p

|||ĥ
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The individual Hx-only GOK energies are extracted from the ensemble energy,

as follows,

and

where

Since n��
1
= 1 and

or, equivalently,

it comes

and

From the weight derivative expression

where

(328)f �(n) = −2t
√
(1 − �)2 − (1 − n)2 +

U

2

�
1 + � −

(3� − 1)(1 − n)2

(1 − �)2

�
,

(329)f �
0
(n�

) = f �(n�
) − �

�f �
(
n�,�

)
��

|||||�=�
,

(330)f �
1
(n�

) = f �(n�
) + (1 − �)

�f �
(
n�,�

)
��

|||||�=�
,

(331)n
�,� = (1 − �)n��

0
+ �n��

1
.

(332)(1 − �)n��
0

+ �n��
1

= n
�
,

(333)n��
0
=

n� − �

(1 − �)
,

(334)n
�,� = (1 − �)

(n� − �)

1 − �
+ �

(335)
�n�,�

��

||||�=� = 1 −
(n� − �)

1 − �
=

1 − n�

1 − �
.

(336)
�f �

(
n�,�

)
��

|||||�=�
=

�f �(n�)

��

|||||�=�
+

�n�,�

��

||||�=� ×
�f �(n)

�n

||||n=n�
,

Reprinted  from  the  journal310



https://www.twirpx.org & http://chemistry-chemists.com

1 3

Topics in Current Chemistry (2022) 380:4	  

and

thus leading to

or, equivalently,

it comes

and

As a result,

and
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which leads, according to Eq. (327), to the final compact expression
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