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Preface

Quantum chemistry strives to solve the molecule’s nonrelativistic
Schrodinger equation or relativistic Dirac equation for the purpose of accu-
rately understanding and predicting its diverse chemical and physical proper-
ties, including the structure, spectroscopy, and reactivity as well as the
optoelectronic and magnetic responses. Because numerous and complicated
interactions between the electrons and nuclei are involved in a molecular
system, accurately solving the quantum many-body problem is still the major
difficulty for quantum chemistry. In the past years, the developments of a
variety of post-Hartree-Fock (HF) methods [e.g., truncated configuration
interaction (CI), many-body perturbation theory (PT), and coupled cluster
(CC) approaches] built on HF mean-field single-determinant reference wave-
function have enabled electronic structure calculations with chemical accu-
racy (~ 1 kcal/mol) for chemical systems with hundreds of weakly correlated
electrons. Challenges arise however, when the traditional weak correlation
assumption breaks down. In many chemical problems such as bond breaking/
formation in chemical reactions and transition metal catalysis in biological
photosynthesis, there are many energetically near-degenerate frontier molec-
ular orbitals, making it impossible to approximate the electronic wavefunc-
tion by using only one leading component. In such cases, in order to
describe the strong correlations therein, all possible important determinants
or configuration state functions (CSFs) have to be first identified. For exam-
ple, the widely used complete active space (CAS) methods expand the wave-
function using all possible determinants or CSFs within an active space
constructed from a preselected set of active orbitals. Unfortunately, it is
almost impossible to obtain the exact solution for large active spaces, as the
dimension of the configuration space grows exponentially with the increase
of the system size. Nowadays, the largest exactly solvable active space is 20
electrons in 20 orbitals (20e, 200). This greatly hindered the simulation of
many realistic chemical systems of large conjugated molecules or polynu-
clear transition metal complexes. For example, calculating the electronic
structure of the MnyCaOj5 cluster in photosystem II of photosynthetic reac-
tion or Mnj, single-molecule magnet requires at least 35 or 60 active orbi-
tals, even if only Mn 3d valence orbitals and bridging oxygen 2p orbitals are
included in the active space.

xi



xii  Preface

To tackle this so-called curse of dimensionality, since its invention in
1992 by White, the density matrix renormalization group (DMRG) has been
widely known by the quantum physics community as the currently most
powerful numerical method in the study of one-dimensional (1D) strongly
correlated quantum lattices. DMRG’s extraordinarily high performance can
be ascribed to its efficient compression and localized representation of quan-
tum states in its wavefunction’s entangled matrix product state (MPS) formu-
lation or the equivalent tensor train structure in mathematics language. In
1997 DMRG was for the first time introduced into theoretical chemistry
community by Shuai et al., being utilized to solve the semiempirical quan-
tum chemical Hamiltonian for studying the excited states in conjugated poly-
mers. Later in 1999 DMRG was further applied to help the solution of ab
initio quantum chemical Hamiltonians by White and Martin. It should be
noted that the DMRG implementation in quantum chemistry is quite differ-
ent from that in condensed matter physics. The orbitals in chemical molecu-
lar systems don’t have spatial translation symmetry which is usually present
in the quantum lattice sites within the condensed matter physics models.
Another aspect is that the ab initio quantum chemical Hamiltonian has four-
center and long-range interaction terms, whereas condensed matter physics
models (like Heisenberg and Hubbard models) often have only two-center
and nearest-neighbor ones. In addition, in many cases a DMRG quantum
chemical calculation has to be done in momentum or energy space instead of
real space, because usually there is no evident 1D spatial topology for the
molecule’s active orbitals. All these issues made the application of DMRG
into quantum chemistry become highly nontrivial.

Fortunately, contributed by the continuous efforts of many quantum
chemistry groups (including Xiang, Shuai, White, Chan, Reiher, Legeza,
Zgid, Yanai, Kurashige, Wouters, Ma, et al.), DMRG has become one of the
biggest breakthroughs in quantum chemistry in the last quarter century to
tackle the challenge of simulating strongly correlated systems. DMRG is
now widely used as a benchmark reference when testing new quantum chem-
ical methods for strong electron correlation problems. It evolves from a
purely approximate full CI solver to being fully adapted to a variety of CAS
and multireference (MR) methods. Nowadays, the advanced implementation
of DMRG quantum chemistry code has greatly extended the solvable active
space size, from 20 orbitals by conventional CAS method to around 100
orbitals by DMRG. The development of post-DMRG methods by combining
DMRG with MR-CI, MR-PT, and MR-CC as well as density functional the-
ory can further include the dynamic electron correlation energy outside the
active space, making the calculation more quantitatively accurate for realistic
molecules. The incorporation of gradient and response theory also greatly
expands the application toolbox for chemical problems, capable of describing
various geometrical and spectroscopy properties. Encouragingly, in the past
few years, time-dependent DMRG (TD-DMRG) was also successfully used
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and further developed by quantum chemists to simulate the real-time nonadi-
abatic quantum dynamics in many chemical problems, ranging from model-
ing exciton dynamics in photovoltaic and photosynthetic systems to
simulating vibrationally resolved 1D and two-dimensional electronic spec-
troscopy in molecular aggregates and to handling complex problem such as
carrier and spin transport in molecular materials. Of course, DMRG quantum
chemistry still has plenty of room for development before being a robust,
user-friendly, and multifunctional method for popularizing its applications.
These include, but are not limited to, designing new post-DMRG approaches
to account dynamic correlations without using high-order n-electron reduced
density matrices, embedding DMRG, or TD-DMRG in larger chemical envir-
onments and implementing massively parallel DMRG calculations.

Aiming to present a comprehensive review and summary of the out-
standing progress in the rapidly developing DMRG quantum chemistry
field in the last quarter century and inspire new ideas for describing
strongly correlated systems, this book explores the fundamental theories
and algorithms of DMRG-based quantum chemistry approaches, detailing
recent ideas and key developments and providing an up-to-date view of the
current understanding. We notice that DMRG method was originated in
solid-state physics and only later has been transferred to quantum chemis-
try. For research scientists by conventional quantum chemistry training,
language and concepts of DMRG are usually not familiar, so there is cer-
tain learning barrier. Therefore, we try to organize the book in a pedagogi-
cal manner to facilitate the study by graduate students, to grasp the
important concepts like the relationship between DMRG algorithm and
MPS formulation, etc. We expect this book will be useful for graduate stu-
dents and researchers who are interested in developing DMRG-based meth-
ods for quantum many-body problems in chemistry or those who are
interested in using the state-of-the-art DMRG method to deal with chal-
lenging chemical problems of electronic structure and dynamics.

In this book, Chapters 1 and 2 introduce the fundamentals and concepts
of DMRG, MPS, matrix product operator (MPO), and tensor network state
as well as their relationship with quantum information theory. Most of the
techniques have been developed by quantum physicists with the special pro-
blems of quantum many-body theory in mind, which differ from those in
quantum chemistry. We point out and highlight the differences for quantum
chemists, paving the way for the more chemistry-oriented expositions in later
chapters.

In Chapters 3 and 4 the implementation schemes of DMRG for semiem-
pirical and ab initio quantum chemical Hamiltonians, the related technical
details for treating MPO constructions, implementation of symmetry, as well
as selecting and ordering active orbitals are described. As a preparation for
later chapters, we also discuss how to perform wavefunction component
analysis and compute one- and many-body RDMs.
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In Chapter 5 we introduce the methods of DMRG self-consistent field, in
which the DMRG basis (i.e., molecular orbitals) is further iteratively and
variationally optimized in a molecular environment. The algorithms for cal-
culating the gradients and the geometry and spectroscopy properties as well
as the excited states are also unraveled. Chapter 6 covers the descriptions for
various ab initio post-DMRG (DMRG-MR-CI, DMRG-MR-PT, DMRG-MR-
CC, etc.) approaches to further account for dynamic electron correlations.
The techniques to incorporate environmental effects are also briefly
discussed.

Chapters 7 and 8 discuss the DMRG methods for dynamical and real-
time properties in the frequency domain and time domain. In Chapter 7 we
will introduce the frequency-domain DMRG methods for the dynamical
response properties, including the Lanczos-DMRG, correction vector
DMRG, dynamical DMRG, and Chebyshev matrix product state. In
Chapter 8 the time-domain TD-DMRG methods for nonadiabatic quantum
dynamics are introduced. The commonly used time evolution schemes are
described. The algorithms to incorporate temperature effect, including ther-
mo field dynamics and minimally entangled typical thermal state, are also
presented. In both chapters, several applications ranging from pure electron
dynamics to vibronic dynamics are covered.

We owe a great debt of gratitude to numerous collaborators, colleagues,
and students who have helped to shape our thinking and who have provided
advices in the preparation of this book. We cannot list all their names here
because they are numerous and we are sure to miss some. But we are truly
grateful to them as some of their sights have percolated their way into this
book. A special thank should be given to Dr. Jiajun Ren, Dr. Zhen Luo, Dr.
Luis Carlos Vasquez Cardenas, Tong Jiang, Weitang Li, and Yifan Cheng
for having read various parts of the book and providing inputs. We would be
grateful to receive errata and will maintain an up-to-date list of errata on our
websites. Please feel free to contact any of the authors: haibo@nju.edu.cn
(HM), schollwoeck @lmu.de (US), or zgshuai @tsinghua.edu.cn (ZS).

Haibo Ma
Ulrich Schollwock
Zhigang Shuai
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Chapter 1

Density matrix renormalization

group

1.1 Introduction

The density matrix renormalization group (DMRG) has its origin in the field
of strongly correlated quantum systems as they appear in condensed-matter
physics. We will set out by discussing its general framework from this per-
spective; this will allow us to understand more clearly, what makes “origi-
nal” DMRG somewhat different from DMRG as adapted to be useful for
problems in quantum chemistry. This should make the language of most
seminal DMRG papers in physics more accessible to the reader with a chem-
istry background; numerous parallel developments seem to have happened in
condensed-matter physics and quantum chemistry that could have been more
mutually fruitful if a common language existed.

In the case of DMRG, there has been a change in the way it is represented
and thought about within physics itself; roughly speaking, a point of view
anchored in statistical physics and renormalization group theory (as indicated
by the name) has given way to thinking of DMRG as predominantly (but not
exclusively) a variational method. In condensed-matter physics, the associated
change of notations and codes is comparatively easy and has been largely
achieved. It has opened the way to important new algorithmic developments,
with DMRG being (only) one of a group of algorithms. In quantum chemistry,
this transition turns out to be more complicated. The reformulation is under-
way, but a lot of the relevant literature is in the old language. The foundations
of this new approach will be covered in Chapter 2.

We set out from the N-particle time-independent Schrodinger equation
H 1 = E. In first quantization and real-space representation, the wave func-

tion depends on 3N coordinates in space, ¥(ry,...,Iy), and the Hamiltonian
reads
. N2, 1
H=— Vi+ — V(r;, ;). 1.1
2oV 2; (r;,1;) (L1)

The first term, where the operator V; acts on coordinate r;, contains kinetic
energy, which we take to be nonrelativistic. We assume that the particles

Density Matrix Renormalization Group (DMRG)-based Approaches in Computational Chemistry.
DOI: https://doi.org/10.1016/B978-0-323-85694-2.00007-3 1
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interact through a two-body interaction V that only depends on positions. The
N particles are supposed to be electrons, identical fermions, such that the
wave function must meet the fermionic antisymmetrization requirement

1,0( RS YRS v I ) = - 1/)( RS YRS VR ) (12)

Note that we ignore spin for the moment where we are just interested in
the general structure of the problem. In order to solve the Schrodinger equa-
tion for Hamiltonian (Eq. 1.1), we start from the single-particle Hilbert-space
Je'. The N -particle Hilbert-space ¢ "V is then the tensor product of N single-
particle Hilbert-spaces J¢ g

IV = @Y, 9¢;. (1.3)

In order to proceed, we have to give bases to these spaces. In the real-
space representation, we choose a single-particle basis {¢,(r)} of I, a
countably infinite set of square-integrable functions. No numerical approach
can handle this infinity, and we have to invoke a basis set truncation to B
basis states (B=N for N fermionic particles). The truncated basis then
induces a basis of J" as the products {¢y, (r1)¢y,(r2). . .¢, (ry)}. The most
general N-particle wave function takes the form

TN =D kB, (01 By, () (14)

ki...ky

which, in general, will not be antisymmetric. Antisymmetrization is imposed in
the first quantization by the introduction of Slater determinants: we choose N
out of B basis functions, indexed (k1, ..., ky) where k; <k, <...<ky. Then

&, '(rl) e Oy (rN)

Sty do)(T1s .o IN) = : : (1.5)
D, (r1) .. @y, (xN)
and the N-particle wave function takes the form
w(l‘l, Ceey I’N) = Z C(k|...kN)S(k| ..... kN)(rl» ey I'N) (16)
(k1 k)
where the sum now only runs over the ordered N-tuples (ki,...,ky). This

approach, also extended to include spins, is covered extensively in all quan-
tum chemistry literature, for instance, Szabo and Ostlund (1996). It is useful
as long as N is small and we can truncate the basis to some small B.
Ultimately, the limitation rests in the number of Slater determinants that
have nonnegligible coefficients in Eq. (1.6).

In condensed-matter physics, first quantization is often replaced by the lan-
guage of second quantization, and most of, if not all of, the literature on
DMRG uses it. This is simply because in the bulk matter N ~ 10?*, and second
quantization is often a very convenient way to work around this problem.



Density matrix renormalization group Chapter | 1 3

We still have single-particle and N-particle Hilbert-spaces, but now we also
introduced the Fock space, the direct sum of all N-particle Hilbert-spaces,

F=@7 I (1.7)

(We will discuss 3" in a second.) Again, we start from a single-particle
basis ¢, (r), where now we have introduced a spin-degree of freedom o. In
the physics of strongly correlated systems, where DMRG originated, the
usual choice is Wannier functions ¢,,,(r) = ¢,,(r —r;): assume we have a
(say, cubic) lattice with lattice sites i, then one can construct orthonormal
functions ¢,,,, which are repeated identically on each lattice site. The con-
struction, whose details will not be used here, ensures that

[ €01 @000 = 508, (1.8

A basis truncation is again required, and »n is limited to some small num-
ber. In many DMRG applications, like for the single-band Hubbard model,
we have a single ¢(r), the same for spin-up and spin-down, to which we
attach spin and repeat it on lattice sites, leading to ¢;; and ¢;| on-site i,
which formally corresponds to an orbital in chemistry, which can accommo-
date one spin-up and one spin-down electron.

We now construct the basis of the Fock space F from this single-particle
basis. Assume we have L lattice sites, so if we take one spin-up and one
spin-down Wannier function, we have 2L orthonormal basis functions and
can, therefore, accommodate up to 2L particles. We now introduce (going to
the abstract ket-notation) occupation number basis states |nytny|...np1nz)),
indexing site (orbital) number and spin orientation; the n give the number of
electrons in these orbitals, so all n;, €0, 1. The corresponding first-quantized
representation would be a Slater determinant. The most general quantum
state then reads

|¢> = Z Cnypmyy.npyngy |I11Tl’l1l...l1LTnLl> (]9)

nppny.nppng|

without fixing particle number N at the moment. Antisymmetrization is now
introduced at the level of operators, namely the creation and annihilation
operators ézg and ¢;,: they create or annihilate an electron with spin orienta-
tion o at site i. Antisymmetrization is ensured by ordering the orbitals (sites)
arbitrarily and defining the action of the operators as

éiﬂ|n”,nu,...,n,-g,...,nNT,an) (1.10)
:(—1)”<|n1T,n11,...,n,~(,+1,...,nNT,an> )

Cig|MITs L se s igs e s ANT,AN|)

il b [ (1.11)
:(_1) |ananlla"‘aniﬂ_1)"'7”NT9”NL>
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where n < is the sum over all n “before” n;, in the ordered occupation number
state. The result is taken to be 0 if the new occupation number n;,¢{0, 1}. (We
will not prove the claims made here, but refer to any number of excellent text-
books such as Fetter and Walecka (2003) or Bruus and Flensberg (2004)).

If we define a vacuum state |J) = |0,0,0,...), which is in fact the only
element of 5‘6’0, any state |nyyn;...nprng)) is created from it as

|I’l1Tn11 ---nLT”lL1>

) @) @) e

(In fact, one could also start from the filled Fermi sea as reference state.
It only matters to have the signs correct and relative to each other, as global
phases do not matter.) The reason why second quantization is very attractive
is that the Hamiltonians, expressed in creation and annihilation operators,
become quite simple and fermionic antisymmetrization is taken care of auto-
matically: the kinetic energy term becomes a sum of terms where an electron
hops from site (orbital) j to site (orbital) i with some amplitude Tj;; in the
language of operators, it is annihilated on site j and created on site i.
Similarly, two-body interactions, which we may think of as two electrons
being scattered out of their original states into two new ones, become sums
over two creation and two annihilation operators,

A= "Tiel 60+ % > Viul] el o, (1.13)
ij,0 ijkl,o0’
where Vjj; is also a paramater for describing interaction strengths (assuming
that the single-particle wave functions do not depend on spin, but the gener-
alization is simple).

As interaction, we assumed the Coulomb interaction, but this is of course
more general. In addition, note the reversed order of indices in the two anni-
hilation operators in (13).

DMRG deals with states and operators in this form. Many of its applica-
tions concern variants of the Heisenberg model (only localized spin degrees
of freedom where the problem of antisymmetrization disappears) and the
Hubbard model, but many other Hamiltonians have been studied. Let us,
therefore, introduce a more generic notation: We consider a system of L sites
(orbitals) (Fig. 1.1), which have d local degrees of freedom; the states are

ASAAREEADSEEEEd

FIGURE 1.1 Our toy model: a chain of length L with open ends, where a spin—% sits on each
site and interacts with its nearest neighbors.
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denoted |o) (in general, o will, therefore, label more than just spin). For a
chain of L spins %, d=2, and |o)e{|1),|])}. The prototypical Heisenberg
Hamiltonian reads

L—1
A J (ot o A At nZ Az
Hyeisenberg = Zi (S, S +5S; SH—I) +JZSIZ-S;-+1 (1.14)

i=1

in one dimension. In a single-band Hubbard model with nearest-neighbor
hopping and on-site Coulomb repulsion, we consider (instead of one spin-up
and one spin-down orbital) a single spatial orbital that can accommodate up
to 2 electrons. Its d =4 states are denoted by [0), 1), |l), |T]), empty,
with one spin-up or spin-down electron, or with one each for both spin orien-
tations. The Hamiltonian reads

L—1 L
Hyubbard = — Z‘ZZ (C,\'Iaéprl’g + HC) + UZI’AllTﬁ,l (115)
=1 o i=1

In general, with the exception of bosonic (in physics, mainly phononic;
in chemistry, mainly vibrational) modes, d is a small number; the bosonic
case requires special attention; ultimately, the bosonic occupation numbers
have to be limited to some maximum and convergence of results under
changes of this maximum checked. Our computational basis is then formed
by the tensor product of the L local bases of dimension d each,

lo102...00) =|01) ® |02) ® ... ® |oL). (1.16)
It is an orthonormal basis,
(0)...00lor...o1) =851 " 0ol oy (1.17)

where the local basis states are orthogonal between sites, (oi|o;) =0 for
i # j. The most general quantum state now reads

|’¢)) = Z Calaz...JL|ol> ® |02> ®...0 |UL>' (118)

0102...0p,

As antisymmetrization is taken care of at the level of operators, except
for global normalization there is no constraint on the coefficients ¢,,s,. o, -

The obvious problem (both in first and second quantization, which is just
smart book-keeping) is the exponentially large number of expansion coeffi-
cients ¢,,4,..0,; here d-. One idea of tackling this issue is to decimate the
basis in such a way that only those degrees of freedom that are relevant to
the problem at hand are kept. This is the fundamental idea of the renormali-
zation group method, which achieves this choice iteratively. During these
iterations, a sequence of effective Hamiltonians is generated by projecting
onto the reduced state space. The basis states of the reduced state spaces will
in general be complicated superpositions of the original computational basis
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states such that operators (local operators, n-point correlators, and so forth)
have to be transformed and projected as well. Rescaling and renormalizing
are further important steps which are, however, not important in our context.
But how do we choose the degrees of freedom to be retained?

A key renormalization group method is the numerical renormalization
group (NRG) of Wilson (1975), which is very performant in the study of the
Kondo effect for magnetic impurities in conductors and more generally of the
physics very close to the Fermi surface of solids. (The application to electronic
problems is introduced in Krishna-murthy et al. (1980) and an excellent more
recent review is Bulla et al. (2008)). Without going into the details, NRG dis-
cretizes the electronic conduction band, which contains the Fermi surface loga-
rithmically in energy space by grouping together all of the (dense) energy
levels of the band within some energy interval with an exponentially fine reso-
lution close to the Fermi energy: the width of the intervals becomes exponen-
tially small. Each of the band intervals is then associated with exactly one
Hubbard-like orbital, which can contain up to two electrons and represents all
the energy levels of the band interval within appropriate approximations: After
a sequence of astute simplifications, one finally arrives at an infinitely long
chain of Hubbard-like orbitals with exponentially decreasing nearest-neighbor
single-particle hopping as in the Hubbard model, where the hopping is, how-
ever, constant. Those close to the left end are close to the Fermi energy, and
further away if we move right. The electrons in the orbitals on sites i >1 do
not interact: they represent the effectively free electrons of a conductor. There
is, however, a Hubbard-type U-interaction on-site { = 1, which represents the
magnetic impurity because electrons at this impurity are strongly localized
and, therefore, “see” each other.

NRG now considers the Hilbert-space formed by the left-most sites,
which have a joint computational basis |m,) of dimension D, which we take
to be some small, manageable power of d =4 (D = 4096 =d® or so is not
untypical) such that we begin with £ =log,D sites, 6 in our example. We
call these six sites together with a block. Now we add one (seventh) site,
¢+ 1, with basis states |o¢+1). Now the (old) block plus the added site is
taken to be the (new) block, with a computational basis {|m;) ® |o¢+1)}. In
this vein, we can add site after site, but then the basis explodes exponen-
tially. NRG introduces a truncation prescription to obtain a reduced
D-dimensional basis {|m+1)} also for the new block, that is, one in d states
is retained. The choice is given by diagonalizing the Hamiltonian on the
block of ¢ + 1 sites and retaining the D lowest-energy eigenstates (more pre-
cisely: those closest to the Fermi energy; in suitable mappings, these are
those lowest in energy). In the new basis, creation and annihilation operators
take new forms, so the Hamiltonian has to be transformed (and projected) as
well; as we have discarded basis state, the projection onto the new basis
involves a loss of information. (NRG has important additional scaling steps,
which need not concern us here.)
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NRG solved the Kondo problem, which had been one of the big myster-
ies of condensed-matter physics (with hindsight, not surprisingly so: it is
inaccessible to perturbative approaches) and was one of the reasons for
Wilson’s Nobel prize in 1982. Not surprisingly, it was attempted to apply
the same procedure of iterative growth of blocks of sites and decimation by
a low-energy prescription to find the ground states of one-dimensional quan-
tum systems such as the Heisenberg or Hubbard chains. This did not work
despite the superficial similarity. The logarithmic discretization procedure of
NRG, which results in exponentially decaying scales in the hopping ele-
ments, leads to an exponential separation of energy scales as one increases
the block, which makes the iterative approach possible. Both the Hubbard
and Heisenberg chain are translationally invariant, and contributions from
“further down the chain” will continue to be of the same size. DMRG grew
out of this dilemma and provided a very powerful solution.

This prehistory explains some aspects of the original formulation of
DMRG (White, 1992), which consists of two subsequent steps, the infinite-
system DMRG, which is formally quite similar to NRG (though conceptually
very different), and the finite-system DMRG, which was considered a required
add-on to improve numerical precision, but somehow not the essence of the
method (for more details see, e.g., White (1993) or Schollwock (2005)). In the
later formulations of Chapter 2, the emphasis is completely reversed: infinite-
system DMRG is one of several conceivable warm-up procedures, while the
finite-system DMRG, with some minor modifications, is recognized to be a
variational state optimization within a constrained state space. DMRG turns
out to be highly successful for one-dimensional quantum systems, so let us
focus in the following on a one-dimensional Hubbard or Heisenberg model,
that is, electrons or spins on a chain of lattice sites.

1.2 Infinite-system density matrix renormalization group

Infinite-system DMRG starts exactly like NRG by considering an (initially)
small old block of ¢ sites to which one site is added, forming the new block,
truncating the basis. What is changed is the decimation procedure. In NRG,
one could ignore “what comes later” because of the separation of energy
scales. Here, in a typically translationally invariant Hubbard or Heisenberg
chain, we have to imagine that the old block plus one site is part of a
thermodynamically large chain. Note right away that typical problems of
quantum chemistry say the electronic structure of a molecule do not have
this important simplifying aspect. Both T;; and V3, are in general very com-
plicated. In thermodynamic language, the entire chain is the universe, the
block plus site the system S, and the rest of the chain the environment E. A
complete description of the system as embedded in the universe is provided
by the reduced density operator pg = trg|1) (1|, where 1)) is the state of the
universe. Diagonalization of the reduced density operator provides a basis
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for the system. The importance of the basis states is given by the associated
eigenvalues of the reduced density operator, which suggests a truncation
scheme: keep those states as new basis states, which have the largest weight.

The problem is, of course, that we do not know [¢) and that the environ-
ment is thermodynamically large. We simulate it now by the best approxima-
tion we have, namely using the block and site also as the environment.
Calling the left and right blocks A and B, we obtain a (small) universe or
superblock AeeB, where the bullets stand for the individual sites. It is a
chain of length 2¢ + 2 for blocks of length £. Of course, we can imagine this
procedure also for chains where the left and right blocks are different, for
instance, because the Hamiltonian is not translationally invariant. We grow
both at the same time, one acting as the environment for the other one.

In general, states of the superblock AeeB read

W)= D Umosogmlmadloadlosdlms) =Dy lia) lis), (1 19)

mMACAOpME iajB

where {|o4)} are the states of the left single-site and {|og)} those of the right
one.

Let us assume that we are looking for the ground state of our universe.
We approximate it by the ground state of the superblock, the nearest we get
to the universe. Ground state |¢)) minimizes the energy

(V| H ave |)
(Wly)

with respect to the Hamiltonian of the superblock. By implementing the nor-
malization via a Lagrangian multiplier, this minimization problem is turned
into an eigenvalue problem

HA-0B|¢> _E0|1/}> :0» (121)

where the Lagrangian multiplier Ey is then the ground state energy of the
superblock.

This is a large eigenvalue problem: in many cases, D ~ 1000, d =4, and
the vector dimension is D?*d?> =16 X 10° in this case. There is no way to
solve it by one of the usual “direct” algorithms, which can deal with, say, up
to dimension 10°. In such a case, the only way of finding the ground state
and its energy is via an iterative sparse matrix eigensolver, that is, the
Lanczos or Jacobi-Davidson algorithms. This requires that the Hamiltonian
H Aeep can indeed be brought into sparse form, that is, if expressed as a
matrix, only a very small fraction of the matrix elements are nonzero and we
know their position. This then allows to carry out the basic and most costly
operation of iterative sparse eigensolvers, the matrix-vector multiplication
H AeeB|®) effectively. We will show that this is the case in a moment, and
take it for granted now.

E= (1.20)
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The reduced D-dimensional basis {|m4,)} of the new block Ae is now
determined by minimizing the distance between [¢) and |1~/)), the state [y))
projected onto the new basis, in the 2-norm. One finds a result that can also
be understood intuitively: we form the reduced density operator for Ae,

Pae = tres| ) (V] (1.22)

which in the untruncated product basis of Ae has the matrix elements
(Pas)iv = D_;ys;- The reduced density matrix is hermitian, and can be diag-
onalized with real nonnegative eigenvalues, which sum to 1 for normalized
|1); the eigenvectors form an orthonormal basis. The D retained basis vec-
tors for Ae are simply those eigenvectors that have the largest eigenvalues;
in other words, we keep the states with the largest statistical weight. From a
statistical physics perspective, this is very natural. B is grown at the same
time by using the same procedure. Operators have to be transformed
(approximately) into the new basis (bases), a point we will return to. This
growth procedure is repeated until the superblock has reached the final size
L, giving us an approximation to the ground state. Of course, L cannot reach
the thermodynamic limit, but usually the relevant information can already be
obtained from quite small L, say a (few) hundred sites.

Take L =100 Hubbard sites. Then the complete basis has dimension
41 ~ 1.6 X 10%. If D=1000, our final basis has dimension 1.6 X 107,
about 10> smaller. Why is DMRG so successful? One observes that, at least
for one-dimensional translationally invariant chains, even for moderate D
(say, a few hundred) the truncation error ¢, the sum of the statistical weights
of the discarded states is only 107! or even less at each growth step, such
that the final wave function is indeed an excellent approximation to the true
one. This is a consequence of the typically low entanglement of ground
states of one-dimensional quantum systems, which we will briefly discuss in
Chapter 2. In fact, it is numerically advantageous, perhaps a little bit more
complicated to implement, not to use D in order to control the approxima-
tion, but rather to fix a small maximally allowed e and choose D dynami-
cally to meet this requirement. This ensures a more evenly distributed
quality of local quantities and simplifies extrapolations in € —0, the exact
limit, if we run several DMRG runs at different €. Most quantities can be
extrapolated easily in € —» 0 but not in D (where D — oo would be exact).

Let us now look at the implementation of operators, in particular, also the
Hamiltonian. For the moment, we ignore that the fermionic creation and annihi-
lation operators carry a nontrivial sign that depends on the occupation of other
sites and consider an operator 0 acting purely locally on site £, with matrix
elements 07¢7t = (O’[|0A[|O'27>. ¢ is the site just being added into block A. When
block A grows from £ — 1 — ¢ its matrix elements read in the new block basis

(melOlmyy = > (melme—100) (0|0l 07) (mp—1 0y m}). (1.23)

/
me-1,0¢,0
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Here, {|m/)} and {|m,—,)} are orthonormal bases of the blocks of length £
and £— 1. Operators that were already part of block A, also need to be
transformed:

(mesi |0,y =Y (imesilmeosn)

me,m,ops
o , (1.24)
X (me|O|mip) (myo v 1|my ).
It is important to realize that the sum in Eq. (1.24) must be split as
Z (mes1|lmeoesr) X Z (me|Olm}y)(myoeirmp, ) | |, (1.25)

meo sy m’(

reducing the calculational load from O(D*d) to 20(D?d). This is also typical
of many other calculations in DMRG.

While the operators already in some block can be highly delocalized (in
fact, the block basis is delocalized and the notion of locality becomes mean-
ingless), the initial step presupposed a local operator acting on just one site
(the site being added).

In Hamiltonians, operator products OP occur, for instance, E‘TT ;Civ11 for
the nearest-neighbor hopping of an up-spin electron. We can also imagine a
longer-range term. Let us assume that i and i + 1 will ultimately both be in
block A. Let us ignore the fermionic sign for the moment. Then the correct
way is to obtain a block expression for 6; ; as for the O discussed previously.
When block A has incorporated site i, we have in the current block basis the
matrix elements

(il &%) (1.26)

We now reach site i + 1 at the next step (or after some steps in the case
of a longer-ranged interaction). In the block-site basis é;rT Ci+11 is a product
of matrix elements, which become, in the (new) block basis

(i |&]sGvnyml )= Y (it lmioien) (mil & m)

/
M0 41,07,

(1.27)
XA{oir1lCinrlog Ymiop Imi ).

In all further steps, this compound operator looks like a single-site operator.
All this looks quite cumbersome, and the notation in the MPS language of
Chapter 2 will be much simpler when being used to it.

For typical nearest-neighbor hopping/interaction Hamiltonians of
condensed-matter physics, the Hamiltonian will then always be of the form

H=Hj+Hyo +Hyo + Hog + Hp. (1.28)

We see a first simplication, highly important for the use of the sparse
matrix algorithms. Naively, with a vector dimension D*d?, a matrix-vector
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multiplication would scale as the dimension squared, that is, D*d*. If we
apply H in the form Just given, it is in fact largely diagonal. The most expen-
sive terms are the terms HA. and H.B, which, however, are diagonal in the
other block and site, respectively, such that the multiplication cost is only
D3d?. Given that Dd is often a few thousand, this speed-up is already drastic.
Even for next-nearest-neighbor hoppings/interactions, the cost remains the
same. But we can do even better, by suitable bracketing of the multiplica-
tions as before, to turn this into two operations of cost D*d” (which usually
dominates) and D?d°.

In quantum chemistry (and of course in some applications in condensed-
matter physics), we have much longer-ranged hoppings, for instance, due to
two-operator terms Tj¢.és, where s gives the magnetization (spin). In this
case, the matrix element can still be done as

(maoaopmplhaply) = ’JZ (malcllm))
ln

1.29
x Z<m3|a,~s|m;><mgaAaBm;|w>> S0

’
m B

which is a sequence of two O(D3d?) multiplications (instead of one naive
O(D*d?) calculation).

More complicatedly, we also have to consider terms like V,ﬂkcm ;,cksrcls,
which in condensed-matter physics usually show up when going to momentum
space (with a suitable interpretation of the labels). In quantum chemistry, these
terms are frequent and numerous (of the order L*). There are, therefore, two
questions: What is the cost of the “worst” contribution? Can we reduce the
number of terms? Again, suitable bracketing of the sums along the lines given
above reduces the cost to operations, which at worst scale as D*d? (assuming
D > d). The issue of reducing their number is somewhat trickier. The key idea
was developed by Xiang (1996) in the context of momentum-space DMRG,
but from a purely formal point of view (and ignoring the simplifications in a
momentum-space Hamiltonian that come from momentum conservation) the
challenge is the same as in quantum chemistry. We will postpone its discus-
sion to the finite-system DMRG algorithm to put it into the most general per-
spective, but it will turn out that a factor L? can be gained.

In any case, the ultimate evaluation of expectation values is given at the
end of the growth procedure as

POl = Z ((Wlmaoaopmg) X <mA|OA|mI/4><m,/40AUBmB|7/)>)- (1.30)

mam, cAcgmp

Bracketing turns this into an operation of order O(D?d?). Local operators
that happen to be on one of the sites e can be evaluated even more effi-
ciently (cost D?d3, with D> d).
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Two very important aspects of practical implementations are still unre-
solved, but they are actually closely related: the use of quantum symmetries
and the correct implementation of the fermionic signs. Typical symmetries
are, apart from the spatial point groups (not so important in condensed-matter
applications of DMRG) and mirror symmetries, mainly the Abelian U(1) sym-
metries reflecting the conservation of total particle number and magnetization.
In some cases, there is also non-Abelian SU(2) spin symmetry, but its imple-
mentation is comparatively complicated; consult the specialist literature,
such as Sierra and Nishino (1997), McCulloch and Gulacsi (2000, 2001,
2002), and Weichselbaum (2012). A huge range of these symmetries has been
used successfully in numerous applications, with the most common ones being
the two U(1) symmetries of charge and magnetization conservation. In any
case, the outcome is that the Hamiltonian matrixes will decompose into blocks
with nonzero elements; the remaining parts can then be ignored in matrix-
vector multiplications. The typical speed-up is another order of magnitude or
even more; in the case of non-Abelian symmetries there are also important
savings in the value of D (think about a (2! + 1)-fold degenerate angular
momentum /, where instead of 2/ + 1 states |/,m) only one representative will
suffice; in practice we find that D shrinks by a factor of 4 or 5 for systems
with spin-1/2 electrons).

Let us discuss particle numbers, because they will lead us directly to the
implementation of the fermionic sign. Because of their conservation, the total
particle number, N = Ziﬁ[, commutes with the Hamiltonian, [ﬁ,N] =0,

such that eigenstates of H can be chosen to be eigenstates of N. Assume we
have N, particles in the chain when blocks are of size ¢. If we manage to
have that the block and site basis states have well-defined particle numbers
(which we we show how to do further below), then ¥, ;. 5,m, 7 O only if
N(lmy)) + N(loa)) + N(log)) + N(lmp)) = Ny, as promised above, also lead-
ing to savings in memory.

Can this be achieved? In fact, this can be shown by recursion. Our
computational basis states are eigenstates of particle number; hence we can
build initial blocks A with basis states that are also such eigenstates. The
block-site basis of Ae has the same property, and we have to show that this
also holds for the reduced basis formed from the eigenstates of the reduced
density operator p,,. If this is so, this property will hold throughout our cal-
culations. We can show this by demonstrating that the reduced density
matrix decomposes into blocks where all states in a block have the same par-
ticle number. As the blocks are diagonalized separately, the eigenstates will
also have the (same) well-defined particle number. To see this, we consider
(Pas)ir = ijijd)i*,j. The states |i4) and |jp) are particle number eigenstates,
hence N(lix)) + N(ljs)) = Ne = N(|iy)) + N(ljg)) or N(lia})) = N(|i})). Note
that it may be convenient to let N, grow with ¢, to maintain (for instance)
half-filling.
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So, when adding a site e to a block A, we can immediately give the cor-
rect fermionic sign to any local creation and annihilation operators, because
for each state |mso4) we can say how many fermions come “before” the
position on which the operators act, thus fix the sign. (Of course, if we have
spin-up and spin-down locally on a single-site, we have to define an order of
spin-up and spin-down as well, also influencing the fermionic sign).

1.3 Finite-system density matrix renormalization group

It is obvious that the idea of a small block modeling a thermodynamic
embedding has its limitations, in particular, if the Hamiltonian is not transla-
tionally invariant (so that the superblock cannot “know” what will happen
when it grows and “unexpected” new terms show up in the Hamiltonian, as
will be the case in quantum chemistry) and/or if there is a competition
between energetically close states such that there is a possibility that we start
out with the wrong state and remain trapped there. Finite-system DMRG
allows to improve the outcome of infinite-system DMRG iteratively, where
the environment is now in all cases the true environment, if we take the
chain of final size L to be the universe.

Finite-system DMRG (Fig. 1.2) continues the growth process of one of
the two blocks (say block B) at the expense of the other block (here, then,
block A) based on the same procedure: the ground state of the superblock
(now asymmetric) gives the reduced density operator for eB, such that we
can determine the truncated basis for the new block B by retaining the domi-
nant eigenstates. At the same time, one site is peeled off block A (at its right
end), such that block A becomes shorter. In the infinite-system algorithm,
we have already determined a truncated basis for this smaller block, which

(A) [E ( B) block A 2 sites block B

End of

.,.Dlm | m.,lckn infinite pc| O—0—0—8 | [(———]
e :'TO} wo (0=00]0 0(00-009)
snpér{hlock Block ﬂfize [

—_—

sdaams
paieaday

[ ; ] Block A TS
l A I B gown |0—8] (o—t—o—c—a—a]
(e0o] [008] o g9 0]e o(e-009)

new block A new block B

FIGURE 1.2 The left (A) and right (B) half of the figure present the iterations taken in the
infinite-system and finite-system DMRG procedures respectively. In both cases, new blocks are
formed from integrating a site into a block, with a state space truncation according to the density
matrix prescription of DMRG. Whereas in the infinite-system version this growth happens on
both sides of the chain, leading to chain growth, in the finite-system algorithm it happens only
for one side at the expense of the other, leading to constant chain length.
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we reuse. B grows at the expense of A until the left end of the chain is
reached, where the growth direction is reversed: A now grows at the expense
of B, and we reuse the earlier bases of the shrinking block B. When we reach
the right end, the direction is reversed again. One pass through the chain is
called a sweep. During the sweeping, we monitor convergence and stop
when the energy converges or the changes in the wave function drop below
some threshold. The reason why energy converges to a better value is that
during sweeps we determine the bases of blocks A and B embedded in con-
tinuously improving environments (in fact, convergence analysis becomes
much clearer in the MPS language).

In practice, the number of growth steps in the sweeps will always sub-
stantially exceed the number of growth steps in the infinite-system part, such
that any improvement in performance is rewarding. As the large sparse
eigensolver is particularly time-consuming, but iterative in nature, it is
advantageous to have a good initial guess for the new ground state, following
White (1996). In the finite-system algorithm, the ground states change during
the sweeps, but not that much, in particular in the last sweeps before conver-
gence. We can, therefore, use the result of the last step in a sweep as input
for the next step. Of course, due to the shifted block-site-site-block structure,
the last ground state must first be brought into the new basis. This is approxi-
mate in two ways: on the one hand, block plus site on the growing side are
replaced by a block, on the other hand, on the shrinking side, we only have
the states spanned by the old block, less than the site-block states after undo-
ing a truncation. The approximate transformation of the result of the last step
into the shifted AeeB configuration is given for a sweep to the right Ae > A
and B — eB by the following transformations: With

V) = Z (Comsornroramen X 1Medglocsi) o) mesa)g), (1.31)
MeO¢+10¢+2Me+2

where |my), and |mg4,)p are the block states for block A comprising sites 1
through ¢ and block B comprising sites £ + 3 through L (the label of the block
states is taken from the label of the bond their ends cut, labeling the bonds 1
through L — 1 from left to right) and a double insertion of an approximate iden-
tity 1=73, [|meciaalmeei] and 1=3"_ |o¢es)|meea)gs(messl(oes]
we get

0= Y mwsannmen X Imesaloedloas)mes)s). (1 32)
Me10 0420 (+3Me+3
with
Vms10es200s3mess = Z (e oriamess X (Mes1lacoest ) mes3oeslmes)).
MO p4+1Mp4)
(1.33)
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The basis transformations required in the last equation are all available
from previous steps in the DMRG procedure. A similar operation can be car-
ried out for a sweep to the left.

Another possible speed-up, which combines nicely with the prediction
presented here, is to start with a relatively small basis dimension D and
increase it during sweeps (or similarly, reduce the tolerated truncated weight
€). Then the algorithm does not spend too much time in those sweeps where
the state is not yet very good and changes a lot, and goes to large bond
dimensions for the almost converged states. When this prediction was
invented, it took some ingenuity; as we will see, it is already present within
the MPS formalism of Chapter 2. This is one example where a more ade-
quate notation does a lot of work for us.

At this point, let us return to the issue of an efficient construction of an
Hamiltonian. We already discussed how two-site operators such as in hop-
ping terms can be built “on the fly” and also updated during the building of
new blocks. During the finite-system DMRG, we also shrink blocks; as we
do not want to (and need not to) reconstruct the expressions for the two-site
operators for the shrunken blocks, we store them when they are built for a
given block, to be reused later when a block shrinks back to that size. This
means that we will store O(L) versions of each (two-site) operator. In the
most general case of long-range hopping (as is the case in quantum chemis-
try), where there are O(L?) two-site operators, this means storing O(L?)
operators. This problem becomes even more pressing in the case of four-site
operators as they appear in quantum chemistry: we have to store O(L) ver-
sions of O(L*) such operators, that is, a staggering O(L’) such operators. For
a matrix dimension D, total memory consumption would be O(L’D?) on disk
for all blocks and O(L*D?) in RAM for the current block. At the same time,
for each of the L steps of a sweep, calculation time would be of order
O(L*D?), or O(L’D?) for the entire calculation, as each of these operators
has to be applied to the state when calculating H|v)). This sounds forbidding.
Memory consumption as well as the associated calculation time can, how-
ever, be reduced drastically using a book-keeping first put forward by Xiang
(1996) in the context of momentum-space DMRG where, formally, a short-
ranged Hamiltonian in real-space becomes “long-ranged” in momentum
space and contains numerous four-“site” operators. Let us consider the three
possible operator distributions on blocks A and B (ignoring the somewhat
simpler cases where up to two of the four operators sit on the sites ee, but
the procedure described below generalizes and becomes simpler in those
cases):

(a) Four operators in one block (say 4 in A): Terms V,;,-kléj'é;rélék (spin
indices are absorbed into the notation, they do not change anything to the
argument) are absorbed into a single block Hamiltonian operator during
block growth. Assuming i, j, [ are in the previous block and site k is added
to form the current block, a representation of éjéjé, in the previous block
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basis allows to form Vi X 6?6}6, X ¢) in the block plus site product basis,
which is then transformed into the basis of the current block and added into
the single block Hamiltonian operator. For L blocks, O(L?) representations
each of 6;6}61 are necessary. These, in turn (and this is the important step)
can be compounded into complementary operators

Zvykl ) Jn‘ (134)

ijl

so that

> Viuelel e Z Oxér. (1.35)

ijkl

The complementary operators (effectively three-site operators) can be
constructed as discussed for two-site operators, assuming the knowledge of
two-operator terms éTé For L blocks, O(L?) of those exist, leading to mem-
ory consumption 0(L3D2) on disk and O(L>*D?) in RAM at each step.

(b) Three operators in one block, one in the other (say 3 in A, 1 in B):
One applies the strategy of Eqgs. (1.34) and (1.35), with O, and ¢, acting on
different blocks.

(c) Two operators in a block, two in the other one: Again, the comple-
mentary operator technique can be applied, with the modification that each
complementary operator living on block A has now rwo matching operators
in B. A further class of complementary operators

ékl = Z Vuklé:réj (136)
allows the simplification

Z V,/k[C C clck - Z Oklclck (1 37)

ijkl

Memory consumption for the second type of complementary operator is
O(L*D?) on disk and O(L’D?) in RAM. Taking all operator combinations
together, global memory consumption is to leading order O(L*D?) on disk
and O(L*D?) in RAM, which is a reduction by L? compared to the naive esti-
mate in the beginning.

Using the complementary operator technique, calculation times are domi-
nated by the terms under (c). In analogy to the construction of (a)-terms
“on the fly” by generating the new terms of the sum, transforming them and
adding them into the operator, the Oy can be constructed at a computational
expense of O(L>D?) for generating the L new terms to be added to each of
the > complementary operators with M? matrix elements each and O(L*D?)
for transforming the L’ operators into the current basis. Multiplying the
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Hamiltonian to the state vector costs O(L*>D?) time at each step (by arranging
it as a sequence of two multiplications as in Eq. (1.29)) or O(L*D?) per
sweep. Global calculation time per sweep is thus O(L’D?)+ O(L*D?), a
reduction by L? for the dominant first term (typically, D> L for the relevant
DMRG applications). These reductions are absolutely crucial in making
DMRG work for quantum chemistry problems; even with them, they present
the major bottleneck in DMRG applications: L, the number of orbitals,
will due to this bottleneck typically only be in the two-digit range, whereas
L can easily be taken to 1000 or so for the short-ranged Hamiltonians of
condensed-matter physics.

Let us conclude by reconsidering the growth and sweeping procedures.
It is, of course, suggestive to use the maximum environment (a block plus a
site), as we did (adding further single sites is numerically just very costly
and takes us down the exponential road toward exact diagonalization)—but
why should we not go the other way and reduce the number of sites from
two to one (so we get AeB both in the growth and sweeping part)? In terms
of statistical physics, the environment would be somewhat smaller, but on
the other hand the numerical cost would go down by a factor of d (mainly in
the large sparse eigensolver; for example, the application of h to a state in
Eq. (1.29) would then lead to O(D3d) operations), which for the Hubbard
model would be 4. Algorithmically, this so-called single-site DMRG algo-
rithm requires only minor modifications to the procedures just described. In
fact, the single-sitt DMRG algorithm is the natural algorithm to emerge in
the following Chapter, which presents algorithms based on matrix-product
states. There are, however, obvious disadvantages to it, which is why it is
not used in an unmodified form in the case of matrix-product states, either.
In the infinite-system algorithm an obvious disadvantage is that superblock
lengths oscillate between odd and even, which affects ground state properties
in many translationally invariant condensed-matter Hamiltonians (but this
would not matter so much in quantum chemistry); in the finite-system algo-
rithm the question of the relative merits is much more interesting and will be
discussed in the next Chapter. It will turn out that, if unmodified, the single-
site algorithm prevents DMRG from finding the optimal distribution of the D
block eigenstates among the total magnetization or number of particles of
block states, such that the ground state search will not end up in the global
minimum.

The preceding discussion has highlighted the fundamental ideas of
DMRG, set up the basic algorithms for the search of ground states, and dis-
cussed where condensed-matter and quantum chemistry applications differ
most in how they use DMRG. Of course, there are many details left out and
the experience gained from by now certainly many thousands of papers using
DMRG. For more on this, we refer to the comprehensive reviews of
Schollwock (2005) and Schollwock (2011).
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Chapter 2

Tensor network states: matrix
product states and relatives

As in the previous chapter, let us look at wavefunctions of the type

)= > Coomolo) ®102) ® ... & o) (2.1)

0102...0p,

in second quantization. At the moment, we make no assumption about an
underlying structure, such as a specific lattice, we just have degrees of free-
dom. These might be localized electronic states on a lattice in condensed
matter physics or delocalized orbitals in quantum chemistry. Again, we
assume that |o;) is one of d different states (so we have d degrees of free-
dom). The exponential complexity of the many-body quantum state is hidden
in the coefficients c¢4,q,..5,, of Which there are dt. One approach to make
this problem tractable is to read the coefficients c,,,..», as the entries of a a
tensor of rank L, represented as in Fig. 2.1, and to decompose this high-rank
tensor into low-rank tensors. (Historically this approach has been taken up
much more in quantum chemisty than in physics.) The point of a decomposi-
tion into lower-rank tensors is that contraction schemes scale with the tensor
ranks. For instance, the contraction of two vectors (rank 1) scales as d, when
the indices run from 1 through d. The contraction of two matrices (rank 2)
scales as d°, if we contract over one index (i.e., perform a matrix multiplica-
tion). Ultimately, we want to replace a high-rank tensor by a number of
(cheaper) contractions over many low-rank tensors. Yet, as such, this

01 03 gy,

CJ 102 ...0],
FIGURE 2.1 A high-rank tensor cy,4,..0, -
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approach does not yet offer any computational advantage because such
decompositions involves contractions over new indices which connect the
various tensors, and these indices may run over very large ranges; it has to
be combined with suitable approximation schemes, which curtail these
ranges. We will proceed in two steps, first, we will discuss the possible
decomposition schemes and second, we discuss the possible approximation
schemes, which we work out for the most widely used (and least complex)
decomposition scheme.

2.1 Tensor decompositions

A very simple approach is to think of the coefficients c,,q,.,, as the entries
of a (rectangular, not necessarily quadratic) matrix W. Assuming that the
(01...0¢) and (0y+1...0r) are the multiindices of the rows and columns of ¥,
we can invoke a singular value decomposition (SVD) to replace the initial
tensor by two tensors of lower rank.

2.1.1 Singular value decomposition

Singular value decompositions (SVDs) are among the most versatile tools of
linear algebra. For an arbitrary matrix M of dimensions (N4 X Ng) SVD pro-
vides us with a decomposition

M=USVT, (2.2)
where

e U is of dimension (N4 X min (N4, Ng)) and has orthonormal columns (the
left singular vectors), that is, UtU =T, if Ny=Np, U is unitary, hence
also UUT =1.

e S is of dimension (min (N4, Np) X min (Ny,Ng)), diagonal with non-
negative entries S,, = s,. These are the so-called singular values. The
number r of nonzero singular values is the (Schmidt) rank of M. In the
following, we assume descending order: s1 =5, =...=5, >0.

e V' is of dimension (min (N4, Ng) X Np) and has orthonormal rows (the
right singular vectors), that is, VIV =1L Tf Ny =Ng, Vis unitary and also
V=1

This is schematically shown in Fig. 2.2.

-0 U-lEO

FIGURE 2.2 Resulting matrix shapes from a singular value decomposition (SVD), correspond-
ing to the two rectangular shapes that can occur. The singular value diagonal serves as a
reminder that in M = USV' § is purely non-negative diagonal.
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01 03 Oy Op41 g3

0102...0¢ O¢4+1..0L
Aag Bag

FIGURE 2.3 Decomposition of the high-rank tensor c,,,, ,, into two lower-rank tensors
AZ1729¢ and Bgfr7t+27L which are contracted over the index a;. The decomposition is achieved
by an SVD.

Applied to 1), we obtain

N(T(
1’/}(01 00 (0et1..0L) T ZA Sa[ aH I_AZ(I WBZ;H o, (2.3)

ag

that is, two tensors of rank ¢ +1 and L + 1 — ¢ each, which are contracted
over the “bond index” or “auxiliary index” a,. We have arbitrarily multiplied
the singular values into the right tensor, but this is not mandatory. Note that
the superscript vs. subscript notation does not imply contra- or covariant
transformation properties. We just keep auxiliary “bond” indices as sub-
scripts and physical indices as superscripts to keep them distinct.
Graphically, we can represent the decomposition as in Fig. 2.3.

If we look at Eq. (2.3), we see that we have not really gained anything,
as was already hinted at above: as the result of an SVD, a, runs over the
same number of values as the smaller of the two multiindices. If we set
{=L/2, we see that a; runs over dL/?, that is, exponentially many values.
For a tensor decomposition to be useful, there must be a physical argument
why we can restrict ourselves to a much smaller number of values and a
method for identifying them.

2.1.2  Frequently encountered tensor decompositions

Before we look at this problem, let us consider further tensor decompositions
for a quantum state. Generically, they (or the states represented in this form)
are called tensor network states (TNSs). In practice, they are not obtained
by SVDs or higher-order generalizations. One rather writes down (often
graphically) a structure that one believes to be relevant, uses this as an ansatz
employed in some algorithm (like a ground-state search for a given
Hamiltonian, or a time-evolution based on some Hamiltonian), which then
determines the tensors.

A first class of such decompositions is shown in Fig. 2.4 (top); the first
one (which can be obtained by a sequence of SVDs, chopping off one index
after another starting with o)) provides us with a sequence of matrices

Mg, (in reality rank-3 tensors, but we read the physical index as a matrix

)
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bobsbbd

01 02
FIGURE 2.4 Frequently used decompositions of wave function coefficients I. Top: matrix

product state (MPS), bottom: projected entangled-pair state (PEPS). Vertical legs correspond to
physical degrees of freedom.

label), which are contracted over the bond indices a; to give the coefficients
of a quantum state. The convention is to draw the bonds horizontally and the
physical indices vertically. This decomposition is called a matrix product
state (MPS) and is the simplest and most widely used one. While the tensor
networks discussed in the following all share the same type of operations
carried out on them, they find there simplest and least cumbersome imple-
mentation for the MPS, which is why will focus on them later. The generali-
zations are usually conceptually straightforward, but much harder to
implement from a purely practical perspective. MPS has a very long history
in physics; after a long prehistory in statistical physics (Baxter (1982)’s well-
known book on exactly solved models in statistical mechanics is essentially
couched in terms of MPS-like structures; for early work see also, for
instance, Baxter (1968)), they entered quantum physics through the work on
the Affleck—Kennedy—Lieb—Tasaki model (Affleck et al., 1987, 1988) and
its extensions (for important early work see, for instance, Fannes et al., 1989,
1992; Kliimper et al., 1993). Their relationship to DMRG as invented by
White (1992, 1993) was recognized early on by Ostlund and Rommer
(1995), Nishino (1995), Dukelsky et al. (1998) and Takasaki et al. (1999).
The insight that MPS opens the way to more powerful algorithms than
DMRG because of some conceptual differences and clear notational advan-
tages took hold around 2004, mainly in the context of the development of
time-evolution methods (Vidal, 2003, 2004; Daley et al., 2004; Verstraete
et al., 2004), see also Schollwock (2005), and by the end of the first decade

)
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of this millennium a panoply of algorithms for ground state searches, time
evolution, and thermal physics had been developed, see Schollwock (2011)
and Paeckel et al. (2019) for reviews. The same mathematical structure was
reinvented under the name of tensor trains (TTs) by Oseledets (2011) by
which it seems to be more widely known in quantum chemistry.

The MPS decomposition is very reminiscent of a one-dimensional lattice
where each Mj’ = corresponds to a local description of the wave function.
This immediately suggests higher-dimensional generalizations adapted to the
lattice structure. The second decomposition in Fig. 2.4 shows a PEPS (pro-
jected entangled-pair state) for a two-dimensional square lattice as intro-
duced by Verstraete and Cirac (2004) (see also earlier work by Nishino et al.
(2001), which at its time found not as much resonance). Further generaliza-
tions are immediately obvious; the rank of the tensors is z + 1, where z is the
coordination number of the lattice; for the square lattice it is 4 + 1. In quan-
tum chemisty, PEPS-like decompositions are of reduced importance, because
quantum chemistry problems usually are not blessed by the simple neighbor-
hood notions of condensed matter problems.

Of more relevance in quantum chemistry is another decomposition, a
TTNS (tree tensor network state), shown in Fig. 2.5 (top). Each tensor has

01
02
03
0y
51
02

03

04

FIGURE 2.5 Frequently used decompositions of wave function coefficients II. Top: tree tensor
network state (TTNS), bottom: three-legged tree tensor network state (T3NS). Vertical legs cor-
respond to physical degrees of freedom.

)
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one physical and three non-physical legs, formally a coodination number
z=13, which is between a one-dimensional and a two-dimensional system,
but there is no clear interpretation of the structure as a lattice. These struc-
tures were pioneered by Shi et al. (2006) and Murg et al. (2010). We will
return to discuss why this might be an interesting tensor network.

One can consider even more general tensor network states where some ten-
sors contain no physical leg, as shown in Fig. 2.5 (bottom). This network is an
extension of the TTNS: at the price of (roughly) doubling the number of ten-
sors, the number of legs per tensor has gone down to three, either three auxil-
iary ones for auxiliary tensors (empty circles) or two auxiliary and a physical
one for physical tensors (full circles), as before. This is, of course, motivated
by the hope to trade expenses in contraction (which goes with the number of
legs) for the number of tensors. This ansatz introduced by Gunst et al. (2018)
is referred to as a three-legged tree tensor network state (T3NS).

We may wonder: (1) MPSs provide the simplest structure and are per-
fectly capable of representing any quantum state. Indeed, they are the most
widely used TNSs; one can even identify the optimal contraction scheme.
Why not just use them for any problem? The answer to this question is inti-
mately related to quantum entanglement, which will also point us to a trun-
cation scheme to reduce the index range of the bond indices. (2) Also, why
might it make sense to propose a TTNS or T3NS which does not even match
a lattice structure? The answer to this question points to subtle issues of
numerical stability and conditioning (and algorithmic scaling).

2.2 Schmidt decomposition and quantum entanglement

We reconsider the application of a SVD to a pure quantum state |¢)) of the
beginning of this Chapter. Let us group the sites (or orbitals) into two groups
A and B. Typically, the sites of a group will be chosen to be adjacent in some
sense, but there is no need for that. State |¢)) on AB can then be written as

1)y =" yli)alids, (24)
ij

where {|i),} and {|j)z} are arbitrary orthonormal bases of A and B with dimen-
sion Ny and Np respectively. We call them block bases to distinguish them
from the specific bases formed by the tensor products of the local bases. Again,
we read the coefficients as entries of a matrix W. From this representation we
can derive the reduced density operators p, = trg|v) (| and pg = tral) (],
which expressed with respect to the block bases take the matrix form

py =W, p,=0tw. (2.5)

They can be diagonalized. Their eigenvalues are the weights given to the
projectors on the associated eigenstates in the mixed state that describes the
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state of A and B; in fact, this takes us directly back to the density matrix
renormalization group. If we carry out instead an SVD of matrix ¥ = USV'
in Eq. (2.4), we obtain

min (NA,NB)
|¢> = Z Z UiaSaa V;;“)A U)B
ij a=1
min (Ny,Np)
= Z (Z Um|i>A> Sq (Z Vi U>B> (2.6)
a=1 i J
min(N4,Np)

= Z Salaysla)g.

a=1

Due to the orthonormality properties of U and V7, the sets {|a),} and
{|la)p} are orthonormal and can be extended to be (new) orthonormal bases
of A and B. Without any approximation, we can restrict the sum to run only
over the r =min (N4, Np) positive nonzero singular values. This yields the
Schmidt decomposition

)= sala)ala)g (2.7)
a=1

which can be formulated for any state; no assumption was made. The s, are
then called the Schmidt coefficients. The Schmidt decomposition allows
to read off explicit expressions for the reduced density operators for A
and B introduced above very conveniently: carrying out the partial traces,
one finds

Ba= Y _silaysalal,  pg=>_ silag p(al, 2.8)
a=1 a=1

showing that they share the non-vanishing part of the spectrum, but not the
eigenstates (which makes sense, A and B are different parts of the system).
The density matrix eigenvalues are the squares of the singular values,
Wy = sg, the respective eigenvectors are the left and right singular vectors.

We now look at the Schmidt decomposition in two different ways. It is
a simple property of an SVD that the optimal approximation of a matrix
M =USVT (rank r) by a matrix M’ (with rank 7 <r) in the Frobenius
norm IMI1% = ZU|MU|2 (induced by the inner product (M|N) =trM'N) is
given by

M =USV' with § =diag(s1,s,...,5,0,...), (2.9)

that is, one sets all but the first ' singular values in the SVD of M to be zero
(and in numerical practice, will shrink the column dimension of U and the
row dimension of V' accordingly to /). Now the distance between two
matrices in the Frobenius norm corresponds to the distance between two
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quantum states [¢), [¢) in the 2-norm if we organize the state coefficients
into matrices ¥, ¥’ as before:

)13 =" 1> = 1011 (2.10)
i

(Note that this holds if and only if the sets {|i)} and {|j)} are orthonormal,
which is the case here.) The optimal approximation to a quantum state |i))
with r Schmidt coefficients by an (unnormalized) quantum state [¢/') with
Schmidt coefficients is therefore given by taking the Schmidt decomposition

of |4}, and only keep the r’ largest singular values, setting the rest to zero,

19) =" sala)sla)s, 2.11)
a=1

|1ZJ> is then normalized to yield |¢/). The corresponding restriction of
the basis sizes for A and B makes this a numerically useful approximation.
This truncation prescription (keep the largest singular values) is exactly
equivalent to the DMRG truncation prescription (keep the largest density
matrix eigenvalues).

An alternative way of looking at the Schmidt decomposition is to observe
that the von Neumann entropy of the mixed states on A and B, well-known
from statistical physics, can be read off directly from it,

Saly)) = = trgylogy 3,
== silog,s, (2.12)
a=1
= — trgglog, g = Sp(|1)).

Note that they are the same, whatever A and B are, because the von
Neumann entropy only uses the squared singular values (density matrix
eigenvalues). One possible way of quantifying quantum entanglement is now
given by the “von Neumann entropy of entanglement”’, which is defined
to be the usual statistical entropy of the subsystems A and B entangled with
each other,

Sap(v) = = trpslogapy = = Y silog,s,. (2.13)
a=1

It is obvious that r =1 corresponds to product states |i),|j)g (Which also
results from a single-determinant Hartree-Fock calculation) and r>1 to
entangled states. Entangled states, in the quantum chemistry language, are
“beyond Hartree-Fock” and therefore of decisive interest.

A state can be well approximated if the spectrum {s,} decays rapidly, that
is, if there are only very few singular values of appreciable size, so that the
rest can be dismissed. This information is not so easily obtained and depends
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on details. On the other hand, the von Neumann entropy of entanglement will
also be low if the spectrum {s,} decays rapidly; so we can take entanglement
as a proxy for the approximability of a quantum state in a restricted basis.
(While this is not an exact statement, see Schuch et al. (2008), it is true for
practical purposes; in quantum chemistry, only few of the mathematical state-
ments derived rigorously in quantum physics are relevant, as they are not suf-
ficiently generic.) In physics, a large number of results have been obtained on
the entanglement in typical states. If we consider a bipartitioning A | B where
AB is in the thermodynamic limit and A of size LP, with D the spatial dimen-
sion, the so-called area laws (see Bekenstein, 1973; Srednicki, 1993; Callan
and Wilczek, 1994; Plenio et al., 2005; Eisert et al., 2010) predict that for
ground states of short-ranged Hamiltonians with a gap to excitations entangle-
ment entropy is not extensive, but proportional to the surface, that is,
S(A|B)~LP~!, as opposed to thermal entropy. This implies S~ cst. in one
dimension and S~ L in two dimensions. At criticality, a much richer structure
emerges: in one dimension, S = ”gzlogzL + k, where ¢ and ¢ are the (an)holo-
nomic central charges from conformal field theory (Vidal et al., 2003; Latorre
et al., 2004); in two dimensions, bosonic systems seem to be insensitive to
criticality (i.e., S« L), see Srednicki (1993) and Barthel et al. (2006), whereas
fermionic systems get a logarithmic correction S« Llog,L for a one-
dimensional Fermi surface (with a prefactor proportional to its size), but seem
to grow only sublogarithmically if the Fermi surface consists of points
(Barthel et al., 2006; Gioev and Klich, 2006). It should be emphasized that
these properties of ground states are highly unusual: in the thermodynamic
limit, a random state out of Hilbert space will indeed show extensive entangle-
ment entropy with probability 1. Between two D-dimensional state spaces for
A and B, the maximal entanglement is log,D in the case where all eigenvalues
of p, are identical and D™! (such that p, is maximally mixed); meaning that
one needs a state of dimension 2% and more to encode entanglement S prop-
erly. This implies that for gapped systems in one dimension an increase in
system size will not lead to a strong increase in the required D; in two dimen-
sions, D~ 2%, such that the compression of a quantum state as indicated by an
SVD will fail even for relatively small system sizes, as resources have to grow
exponentially (this however does not exclude very precise results for small
two-dimensional clusters or quite large stripes). Obviously, this argument
implicitly makes the cavalier assumption that the eigenvalue spectrum is close
to flat, which leads to maximal entanglement, such that an approximate esti-
mation of D can be made. In practice, the spectrum is dictated by the problem
and indeed far from flat: it is in fact usually exponentially decaying. But
numerically, it turns out that for standard problems in physics the scaling of
the resource D is predicted correctly on the qualitative level.

From the perspective of quantum chemistry, the discussion of entanglement
presents itself in a different way. First, quantum chemistry Hamiltonians are
usually inherently long-ranged in the sense that the underlying basis states of
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chemistry are often highly delocalized which means that the Coulomb interac-
tion makes all orbitals “talk” to all other ones. Unlike in a crystalline solid,
there is no obvious notion of neighborhood. This means that most of the physi-
cists’ insights about entanglement are not very relevant as they rely on short-
rangedness. Second, there is a different notion of neighborhood which is
somehow implicit in physics and which was first put to use by Legeza and
Solyom (2003) [for many illustrative examples, see also Szalay et al. (2015)]:
one considers single orbitals i, j as A (and all L — 1 other orbitals as B), such
that one can define entanglement entropies S; and S;. Considering both orbitals
i and j together as A (and all L — 2 other orbitals as B), gives an entanglement
entropy S;. The mutual information Ij:=S; +§; —S; is then a measure
how close neighbors i and j are in terms of the quantum state considered.
Numerically, it turns out to be advantageous to keep such orbitals close to each
other, so that no cut A|B leads to more entanglement than necessary. In phys-
ics, this is simply done by mapping the lattice to the graph of the tensor net-
work. In quantum chemistry, the mutual information between pairs of orbitals
usually generates a much more complex pattern of connectivity, and one can
use elaborate schemes, for instance the analysis of the Fiedler vector, to reorder
orbitals such that it is as localized as possible (see Legeza and Solyom, 2003).
This approach of course requires that a low-accuracy calculation (in a sense
to be explained below) at low cost gives us the necessary information to carry
out the expensive high-accuracy calculation with optimally arranged orbitals.
Finally, the fact that quantum chemistry Hamiltonians are usually much more
complex than those of condensed matter physics means that quite a lot of
algorithmic complication comes from the expensive representation of the
Hamiltonian in tensor network language, rather than the state itself.

2.3 Matrix product state
2.3.1 Building matrix product state

The generic form of a matrix product state, as shown in Fig. 2.4, is

Wy=">_ M ..M o) ®...® o) (2.14)

g1...0L

The tensors are contracted over all auxiliary legs.

Even an approximate MPS is still a linear combination of all states of the
Hilbert space, no product basis state has been discarded. The limiting con-
straint is rather on the form of the linear combinations: instead of d* coeffi-
cients, dL matrices of dimension (D X D) with a matrix-valued normalization
constraint that gives LD? scalar constraints have (d — 1)LD? independent
parameters only, generating interdependencies of the coefficients of the state.
(Note that we ignore that the first and last matrix are in fact vectors, as they
have only one auxiliary leg to the right or left.) The quality of the optimal
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approximation of any quantum state by an MPS with fixed matrix dimen-
sions (D X D) will improve monotonically with D: take D < D', then the best
approximation possible for D can be written as an MPS with D’ with
(D X D) submatrices in the (D' X D) matrices and all additional rows and
columns zero. They give further parameters for improvement of the state
approximation.

Given |v¢) via coefficients ¢?'72+7%, the exact representation of |¢)) by an
MPS is not unique. There are multiple gauge degrees of freedom in this repre-
sentation, for each pair of sets of adjacent matrices independently. Consider
two such sets {M?} and {M°*'}. They must have the same number D of col-
umns (for site 7) and rows (for site i + 1) respectively. Take now any invertible
(D X D)-dimensional matrix X and insert 1 = XX ™! at the link between sites i
and i + 1. The state is unchanged, and you can absorb X into the matrices as

Mo SMoX, Mo —X Mo (2.15)

The gauge degrees of freedom are crucially important, mainly for two
reasons. (1) Certain iterative procedures to build MPS automatically choose
a particular choice of gauge (or, in fact, one out of two), which we will call
left-canonical and right-canonical. (2) These particular gauges present huge
numerical advantages in actual computations so are always enforced.

Imagine you are considering a polymer, modeled by a Pariser-Parr-Pople
(PPP) model. We have a one-dimensional sequence of building units (which
we call sites); each of them has the same d electronic degrees of freedom.
If we increase the polymer length by one site, £{ —1—¢, as illustrated in
Fig. 2.6, the Hilbert space grows by a factor of d, which leads to the well-
known exponential growth. Imagine now that some insight has provided you
with a Hilbert space of dimension D which contains the relevant degrees
of freedom for describing the polymer of length £ — 1 - we call this polymer
“left block A” to connect to our language used above. The orthonormal basis
states are {|a;—1),}; hence there is a Dd-dimensional basis of the polymer of
length ¢, {|a;—1)4 ® |o¢)}. Now imagine once again that there is some insight
which allows you to truncate this basis to only D states {|as),}. Entirely
independent of the insight, we have

lacha =Y alac-i0clacalaci)aloe) (2.16)
ar=10¢
las—1)a log) lag)a
1 -1 ¢ 1 ‘

FIGURE 2.6 A block of length £ —1 is grown towards the right to a block of length ¢ by
adding a site £.
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for these states. To make contact to the MPS notation, we introduce at site £
d matrices A’ of dimension (D X D) each, one for each possible local state
|o¢), such that Eq. (2.16) becomes

lacha = Y AL alac)aloe) (2.17)
ag-10¢
where the elements of the matrices A?* are given by (see Fig. 2.7).

AZ;—l,af = alac-10¢lae)s. (218)

Now the {|a;—1)4} can be expressed in the same way by the {|a,—»),} and
|oe—1). Going all the way back to a polymer of length 1, we have

lada= > > ATLAT A L lon)lod) .. lor)
4

Aa1,a2,...,0¢=1 01,02,...,0,

=Y (ATA7 AT lon)]02) . |or), (2.19)

O’,‘GA

where i runs through all the sites of block A. This construction looks as in
Fig. 2.8 with the rule that all connected legs are summed over (contracted).

Similarly, we can build blocks (which we call B) to grow towards the left
instead of to the right (Fig. 2.9). Ultimately we get

laryy= > (B7*'...B™),, ilocs1)...low), (2.20)
0',‘EB

where i runs from € + 1 to L, the sites of block B. (Note that we label block
states according to the bond at which they terminate: bond ¢ connects sites ¢
and ¢ + 1, where block B contains site £ + 1.)

Oy
ap—q 4?7 ap
ap—q 4‘7 ap
Oy

FIGURE 2.7 Graphical representation of general MPS-matrices M: the left diagram represents
Mg . the right diagram the conjugate Mg , . The solid circle represents the lattice sites, the
vertical line the physical index, the horizontal lines the matrix indices.

b o bbb

FIGURE 2.8 Graphical representation of the recursive construction of a state |a;) by contrac-
tion (multiplication) of A-matrices. Contractions run over all connected legs.




Tensor network states: matrix product states and relatives Chapter | 2 31

lae)s loes1) lasi1)s
g — e _
41 L {+1 £+2

FIGURE 2.9 A block B of length L — ¢ — 1 is grown towards the left to a block B of length
L — ¢ by adding site £ + 1.

7

ap
ap

FIGURE 2.10 If two left-normalized A-matrices are contracted over their left index and the
physical indices, a 04,4, line results. Similarly, if two right-normalized B-matrices are contracted
over their right index and the physical indices, a 6,1},,1[ line results (no picture).

As we demand that all bases are orthonormal bases, the construction
imposes conditions on the A- and B-matrices, namely

E:A(”LA‘7 =] (left — normalized) (2.21)

and

Z B°B’ =1 (right — normalized) (2.22)

o

This follows from Eq. (2.17)

6(1/[,115 A (a/fla{))A

o'y ’ ’
- z: :: Aa(*lat’ alla[ A(a[_10'5|ag_10'5>A

00,00 d (—1,00-1

=D AV AT, (2.23)

gr  ar-y

=D ATAT) g
o¢

A graphical representation is provided in Fig. 2.10. The multiplication
can also be interpreted as the contraction of A (B) and A* (B*) over both o
and their left (right) index.

If we put together a polymer of length L from a block A of length ¢ (units
1 to ) and a block B of length L — ¢ (units £+ 1 to L), within our basis
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truncations the most general state reads

[Y) = Z wap,a’(|af>A|a/f>B

ag,d'¢

(2.24)
= (A7 A", Yy (BT By | 0)
with |o) = |0y, 02,...,0L) or even simpler
) = ZA”‘ . ATWB | Bt o). (2.25)

a

If we multiply ¥ either into the adjacent A- or B-matrices, we arrive at an
MPS as introduced before, but in a somewhat peculiar form, a so-called
mixed-canonical MPS,

) =D A7 ATM BT BT o). (2.26)

where here ¥ has been multiplied to the adjacent B-matrices. In a mixed-
canonical MPS, we have a sequence of A-matrices, then on one site, which is
called the orthogonality center, a general M-matrix, followed by a sequence of
B-matrices. This concoction looks a bit weird (why not make all matrices of
the A- or B-type?) but in fact is the numerically useful and practical one.

One advantage of this representation is that we can immediately relate to
our earlier discussion of the Schmidt decomposition. In Eq. (2.25), carrying
out the sums over all o/ and multiplying all matrices together, except the two
multiplications involving ¥, gives a state

)= > W lac)sld e}, (227)

ag,d'

where the states on the right form orthonormal sets. An SVD on
W,,«, = USVT puts this into the form of a Schmidt decomposition; multiplying
U and V' into the adjacent A and B-matrices does not change orthonormality.
We can therefore immediately identify the best truncation of matrix dimen-
sions at bond ¢ from S, and also identify the size of the error incurred.
This argument can in fact be generalized from the approximation incurred by
a single truncation to that incurred by L — 1 truncations, one at each bond, to
reveal that the error is at worst (Verstraete and Cirac, 20006).

L
1) = [Wgne) 15 =2 Y (D), (2.28)
i=1

where ¢;(D) is the truncation error (sum of discarded squared singular
values) at bond i incurred by truncating down to the leading D singular
values from an exact representation of the state.
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2.3.2 Overlaps, expectation values and matrix elements

Let us now turn to operations with MPS, beginning with the calculation of
overlaps and expectation values. We consider an overlap between states |))
and |¢), described by matrices M and M, and focus on open boundary
conditions.

Taking the adjoint of |¢), and considering that the wave function coeffi-
cients are scalars, the overlap reads

(@lvy=> M MM M (2.29)

Transposing the scalar formed from the M...M (which is the identity
operation), we arrive at adjoints with reversed ordering:

(ol = S M1 M me (2.30)

In a pictorial representation (Fig. 2.11), this calculation becomes much
simpler, if we follow the rule that all bond lines are summed over. To evalu-
ate the above expressions most efficiently we arrange them as

(plpy="> " m"™" ( . (ZM”‘*M@) . ) M (2.31)

which we evaluate from inside to outside. From the second step onwards the
complexity does not grow anymore. Matrix multiplications ABC are done
efficiently as (AB)C or A(BC). Then we are carrying out (2L — 1)d multipli-
cations, each of which is of complexity O(D?). The total operation count is
weakly polynomially complex, namely O(LD3d). One can show that fully
left- or right-normalized states are automatically normalized to 1.

Consider (¢|®ié[l]|w), tensored operators acting on individual sites i. In
practice, all except one or two of these operators will be identity operators,

HEHII
AR b

FIGURE 2.11 Overlap between two states |¢) and [¢)) with indication of the optimal sequence
of contractions, running like a zipper through the chain.
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FIGURE 2.12 Matrix elements between two states |¢) and [¢)) are calculated like the overlap,
with the operators inserted at the right places, generating a double sum of physical indices there,
as indicated by the arrows.

as one is mainly concerned with the calculation of local expectation values
or two-site correlators. We adapt the previous calculation of overlaps of
inserting the operators at the appropriate places and turn the single sums
over o; into double sums over o;, o} where there is no identity:

T 1% O L% 4 4 4 !
EM MO O EM L Mt

oL,0'L 01,0'1

This amounts to the same calculation as for the overlap, with the exception
that formally the single sum over the physical index turns into a double sum
(Fig. 2.12). The operational count is then roughly O(LD*d) again, because
operations O(d?) occur only on the one or two sites with a non-trivial operator.

2.3.3 Adding two matrix product states
For MPSs

W)=Y M7 Mo, l¢)= Y M"...MMo)  (232)

a

we can write down

)+ ) = ZN”' ..N%|0) (2.33)

where
N =M"@®M". (2.34)

except on sites 1 and L, where the matrices degenerate into row and column
vectors. They are correctly treated by forming a row vector [M M] and a col-
umn vector [M M]" on the last sites, from the row and column vectors of the
original states. Addition of MPS leads to new matrices with dimension
Dy = Dy + Dy, such that MPS of a certain dimension are not closed under
addition. Often the increase in matrix size is wasteful, as the states may share
local basis states. So after additions it is worthwhile to consider compressing the
MPS again to some lower dimension, at possibly very little loss of information.
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2.3.4 Bringing a matrix product state into canonical form

For a general matrix product state, no particular demands are placed on the
matrices M7 except that their dimensions must match appropriately. Certain
classes of matrices are to be preferred, namely left- and right-normalized
matrices, leading to left- and right-canonical MPS: certain contractions
become trivial, orthonormal reduced bases are generated automatically.

In order to bring an arbitrary MPS to canonical form we exploit that
SVD generates either unitary matrices or matrices with orthonormal rows
and columns which can be shown to obey the left- or right normalization
condition.

2.3.4.1 Generation of a left-canonical MPS

Setting out from a general MPS, without normalization assumption, making
the contractions explicit,

V)= MY M ME, o) (2.35)

g dajp,...

we reshape MY «, Dy grouping physical and left (row) index to carry out an
SVD on the new M, yielding M = ASV':

223 MMt M, 1)
o a,
B ZZZA(UI Dt S5y slvs] My o)

o aip,.
- ZZZAI S <ZSSI SS1 7 sy a,MZ,Za2>Mg;a3 e |O’)
o a,.. S|
- ZZZAIJI ~Y|,6h az,az e |0> (236)
o az,..

As ATA =1 due to SVD, after reshaping to A“', left-normalization holds
for A°'. The remaining two matrices of the SVD are multiplied into M“2,
such that a new MPS with M’ =3, S, Vi , M3, is generated.

Now the procedure can be iterated: M’ is reshaped to M, (Fig. 2.13),
singular value decomposed as ASVT, generating A, reshaped to a left-

normalized A% . The right two matrices of the SVD are again multiplied into the

S1,82°

L GG —

FIGURE 2.13 For canonization, sets of matrices on a given site are brought together in a single
matrix.

3
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next ansatz matrix, and so forth. After the last step, left-normalized matrices
A7, live on all sites. Sl,l(VT)l’l, a scalar as A" is a column vector, survive at
the last site, but this scalar is nothing but the norm of |¢)). We may keep it sepa-
rately if we want to work with non-normalized states.

The same argumentation holds also for the generation of a right-canonical
MPS, where we start from the right. We observe that if we have, say, a right-
canonical MPS BBBBBBBBB and start to turn it into a left-canonical one
starting from the left end, we have at all times a mixed-canonical MPS
AAAAMBBBB, depending on how far we have progressed. Each iteration of
the procedure shifts the orthogonality center by one, which will be a very use-
ful building block for the ground state search algorithm.

2.3.5 Approximate compression of an MPS

Many operations on MPS (like applying operators) may lead to a (substan-
tial) increase in MPS matrix dimensions, so it becomes necessary to
approximate optimally a given MPS with matrix dimensions (D X D.,,) by
another MPS with matrix dimensions (D; X D;), where D; <D:. (In prac-
tice, one often rather keeps the D; variable and imposes an acceptable loss
of accuracy which determines their value, and has to terminate the calcula-
tion if this implies matrix dimensions that can no longer be handled effi-
ciently.) Two standard procedures are available, compression by SVD and
variational compression. Compression by SVD is very simple: while bring-
ing a state into canonical form, as described above, we move through a
sequence of Schmidt decompositions of the quantum state, which allows us
to truncate matrices by retaining only the D; largest singular values. For
small degrees of compression, D~ D', SVD is fast, but it is never optimal;
it becomes very slow if D' > D, as follows from a detailed count of opera-
tions. It is non-optimal because a one-sided interdependence of truncations
occurs: as we walk through the chain, for each SVD decomposition trunca-
tions of the A- and B-matrices affect the orthonormal systems, but the
dependence is one-sided and “unbalanced”: if we move through the state
from right to left, for instance, truncations further to the left depend on
those to the right, but not vice versa. If the truncation is small, the intro-
duced additional inaccuracy is minor; problems arise for cases where large
truncations may occur.

Variational compression is optimal, but depends on a reasonably good
trial compressed state to be efficient. Generally, issues of getting stuck in a
non-optimal compression may arise in the variational ansatz. For details,
see Schollwock (2011) and references therein; the fundamental idea is to
minimize 11[)-[)) 17 = (|1)-(Y|)-(1e) + (PlY) with respect to [¢)),
the trial compressed state. This is done iteratively by moving through the
matrices M~ site by site, optimizing them (to minimize the distance) while
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keeping all others constant. Minimizing the distance becomes quite easy
when the states are always kept in the mixed-canonical form with the orthog-
onality center being the site on which one currently optimizes the matrices;
this effectively avoids the solution of a large sparse linear equation system
which would otherwise arise.

After moving back and forth through all matrices several times, the proce-
dure converges to the optimal compressed state. In order to assess conver-
gence, we can monitor at each step I|y) — |{p) 12, and observe the
convergence of this value; if necessary, D has to be increased. The calculation
of the norm distance may seem costly, but isn’t. If we keep |{p) in proper
mixed canonical form, one finds, due to the left- and right-normalization prop-
erties of A- and B-matrices, that

) =) 1P =1-> " M, (2.37)

which is easy to calculate. The subtracted sum is just (1?}|17)); at the end, this
allows us to normalize the state |¢)) by simple rescaling. The danger that var-
iational compression gets stuck in a non-global minimum is often (but not
always) successfully dealt with by considering two sites (and the associated
matrices) at the same time, by analogy to two-site DMRG, for optimization.
This is somewhat slower and not absolutely optimal, but exactly for that rea-
son the algorithm is less likely to get stuck.

2.3.6 Good quantum numbers

Finally, let us discuss how a matrix product state can exploit good quantum
numbers. Let us focus on magnetization and assume that the global state has
magnetization M. This Abelian quantum number is additive, M =) _.M;. We
choose local bases {o;} whose states are eigenstates of local magnetization.
Consider now the growth process from the left. If we choose the states |a;)
to be eigenstates of local magnetization (e.g., by taking just the |o)), then
Eq. (2.16) allows us to construct by induction states |a,) that are eigenstates
of magnetization, provided the matrices A7¢ , obtain a block structure such
that for each nonzero matrix element

M(lae-1)) + M(lo¢)) = M(lac)) (2.38)

holds. This can be represented graphically easily by giving directions to the
lines of the graphical representation (Fig. 2.14), with ingoing and outgoing
arrows. The rule is then simply that the sum of the magnetizations on the
ingoing lines equals that on the outgoing lines. In order to enforce some
global magnetization M, we may simply give magnetization values 0 and M
to the ingoing and outgoing dummy bonds before the first and after the
last site. We may envisage that the indices of the MPS matrices are multiin-
dices for a given magnetization allowing degeneracy, leading to elegant
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M(la))

FIGURE 2.14 Representation of an open boundary condition MPS with good (additive) quan-
tum numbers. Physical states and bonds become directed, such that the quantum numbers on the
ingoing lines equal those on the outgoing lines. For the dummy bonds before the first and after
the last site we set suitable values to fix the global good quantum number.

coding representation. An inversion of the bond arrows would directly tie in
with the structure of B-matrices from the growth from the right, but proper
book-keeping gives us lots of freedom for the arrows: an inversion means
that the sign has to be reversed.

In order to use good quantum numbers in practice, they have to survive
under the typical operations we carry out on matrix product states. It turns
out that all operations that are not obviously unproblematic and maintain
good quantum numbers can be expressed by SVDs. An SVD will be applied
to matrices like A, 4,4 If We group states |a;—10;) and |g;) according to
their good quantum number, A will consist of blocks; if we rearrange labels
appropriately, we can write A=A DA, ®...=U,5; VlT S) U252V2T @... or
A=USV' where U=U, @ U,®... and so forth. But this means that the
new states generated from |a;—;0;) via U will also have good quantum num-
bers. When the need for truncation arises, this property of course still holds
for the retained states.

This discussion can be extended to the substantially more difficult non-
Abelian case, where the SU(2) group is the most relevant one. Pioneered in
the DMRG case by Sierra and Nishino (1997) and McCulloch and Gulacsi
(2000, 2001, 2002), it was extended to the MPS formalism by several
groups, for instance McCulloch (2007) and Weichselbaum (2012).

2.4 Matrix product operator

If we consider the form of an MPS, it is a natural generalization to write
general operators as

0= WIIWe" Wt g ) (o], (2.39)

o,0

where we now have ingoing and outgoing physical legs. We represent
MPOs like MPSs, but we now have two vertical lines, one down, one up,
for the ingoing and outgoing physical state in W (Fig. 2.15). The complete
MPO itself then looks as in Fig. 2.16. If we want to use good quantum
numbers, the methods for MPS translate directly. As for MPS, that the
total sum of ingoing and outgoing quantum numbers must be equal, or

()
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oy o

(1) (i) (iii)

010}

FIGURE 2.15 Elements of a matrix product operator: (i) a corner matrix operator W, , ' at the

ay,

’

ay,

left end of the chain; (ii) a bulk matrix operator WZ:‘b,; (iii) a corner operator WZLLle at the

right end: the physical indices points up and down, the matrix indices are represented by hori-

zontal lines.
01 Oy oL
’ r r
01 Oy (3

FIGURE 2.16 A matrix product operator acting on an entire chain: the horizontal matrix indi-
ces are contracted, and the MPO is ready to be applied to an MPS by simple contraction of verti-
cal (physical) indices.

M(lo)) + M(1bi-1)) = M(|o})) + M(|b;)), where we interpret the bond labels
as states for the notation.

By analogy to states, any operator can be brought into the form of
Eq. (2.39), because it can be written as

0= Z LG Tl 1o Yt L TR
Ol,...,0L
o',...,0L
(2.40)
= Z ANV 5 e W, o
Oly...,0[
o'1,...,0L

which is like a state, but with a double index o;07 instead of o;.

As for MPS, we have to ask how we operate with them and how they can
be constructed in practice. As it turns out, most operations run in perfect
analogy to the MPS case. The construction will be exemplified by the
Hamiltonian, which represents the most complex case.
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FIGURE 2.17 A matrix product operator acting on a matrix product state: matching physical
(vertical) indices are contracted, a new matrix product state emerges, with multiplied matrix
dimensions and product structure in its matrices.

2.4.1 Applying an MPO to an MPS

The application of a matrix product operator to a matrix product state runs as

Olgy = (Wt w72 )M7'M°>.. )|o) =D NN |o)

o,0’ o

where

T — aigy i
N(bi—l,ai—l),(bi,ai) o Z WbiflbiMZi*l“i' (2.41)

oy

This can be shown by making the matrix-matrix multiplication explicit
and rearranging the sums. The application of an MPO to an MPS leaves the
form of the MPS invariant, at the prize of an increase in matrix size: the new
MPS dimension is the product of that of the original MPS and that of the
MPO (Fig. 2.17). This typically requires a subsequent compression, using the
methods previously discussed. As shown by Stoudenmire and White (2010),
some practical advantages can be gained by compressing at the same time as
applying the MPO.

2.4.2 Adding and multiplying MPOs

Operations with MPOs follow very much the lines of MPS. If we consider
the addition of two operators, O and P, that have MPO representations W77
and W7, then the resulting MPO is formed exactly as in the case of MPS,
by the direct sum W% @ W for all sites 1 <i< L, with the same special
rules for sites 1 and L. In essence, we (again) just have to consider o; and o
as one “big” physical index.
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The “multiplication” of two operators, O = PO, can be read off directly
from the graphical representation: we contract over the outgoing leg of 0
and the ingoing leg of P; as in the case of the application of an MPO to an
MPS, the dimension of the auxiliary legs (the matrix dimensions) multiply:
if we label the matrices of the operators by Q, P and O, the rule is

00 _ (TN
Q(};i—l/’i—l),(/;ibi) B Z Pf;i—li;i Ob"—lbi' (242)
o’

Hence, MPO dimensions simply multiply as for tensors. If we consider
an MPS as an MPO with dummy indices in one physical direction, the rule
for applying an MPO to an MPS follow as a special case.

2.5 Ground state calculations with MPS
2.5.1 The basic algorithm
The ground state |1),) of some Hamiltonian H minimizes

_ (QIHIY)
E=

with ground state energy Ey. The required energy minimization (44) can be turned
into a Lagrangian multiplier problem, where the expression to be minimized is

(WIH 1Y) — Ml); (2.44)

the Lagrangian multiplier A enforces normalization. Minimization in (1|
leads to

(2.43)

Aly) — Al) = 0, (2.45)

an eigenvalue problem where the lowest eigenvalue A is the ground state
energy Ey and the associated eigenstate the ground state |v). We want to
find the optimal approximation to this state in the form of an MPS where the
largest allowed matrix dimension is D (and of course we want to know Ej).
This is most efficiently done by a variational optimization of a trial MPS.
This requires the representation of H as an MPO; let us assume for the
moment we have it in the form

H=Y W w2e  woto)o']. (2.46)

o,0’

We start with an initial guess for the MPS representation of the ground
state (for the moment think about it as a normalized random MPS with
suitable matrix dimensions. The expression in Eq. (2.44) can be represented
graphically as in Fig. 2.18. Minimization with respect to (| is replaced by
minimization with respect to the MMMMMMM structure of the MPS. Now
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i

FIGURE 2.18 Network to be contracted to obtain the functional to be extremized to find the
ground state and its energy. The left-hand side represents the term (i|H|v)), the right-hand side
the squared norm (|1)).

the matrices (and their unknown elements) are multiplied together, yielding a
multi-linear optimization problem. It is a standard procedure to formulate
this as a sequence of linear optimization problems. We keep the matrices on
all sites but one (£) constant and consider only the matrix entries Mg; 1, ON
site ¢ as variables. Then the variables appear in Eq. (2.44) only in quadratic
form; the determination of the extremum becomes a linear algebra problem.
The new choice of the Mg’ , will lower the energy, and yield a variationally
better state, but of course not the optimal one. Now one continues to vary
the matrix elements on another site for finding a state again lower in energy,
moving through all sites multiple times, until the energy does not improve
anymore. The question is, of course: do we pick the matrices randomly?
How often do we have to revisit each matrix until we have found the varia-
tional optimum, that is, the MPS ground state approximation?

The answer to the first question is: we move back and forth through the
sequence of matrices, and throughout the procedure always keep the MPS in
a mixed-canonical representation, where the orthogonality center is chosen
to be the site £ where the matrix sits, which is currently being optimized.

Let us work out the contractions of Eq. (2.44) expressed by MPS and first
consider the calculation of the overlap, while keeping the chosen M?¢ in the
MPS explicit. We find

wwj Z Z Z ac— 1a, ]Mg:*l a[MZ’[il [‘Ijg[ Qg (247)

O¢ de-14d¢ a{ 1”5

where
_ Or— o1 -
LA Z Mot MM MY, (2.48)
01...0¢—1
W= M MM e, (2.49)
Of+1...0L

In the case where sites 1 through £ — 1 are left-normalized and sites £ + 1
through L right-normalized, which is the case if we maintain the appropriate
mixed-canonical representation with the orthogonality center at site ¢ the
normalization conditions lead to a further simplification, namely

v, = 511(—1,11’(—1 > vl

ar-1,d -1 [

= bua, (2.50)
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P

FIGURE 2.19 Network to be contracted for (1/)|I:1 |1)). The network decomposes into parts L, R,
W, and two M-matrices.

and the overlap calculation collapses to

Wiy = > Mg Mgt . 2.51)

a¢ ae-1ae

Let us now consider (1/1|ﬁ [1)), with H in MPO language. We can immedi-
ately write

2 ag-1.4d, 0,0, ag,d, * o
(YIHIY) = Z Z Z Z Lh/ i W, be- lile[ (Mg[( 1 an /[[-1’“2 (2.52)

00,0 d,_,d, ac-1ac be-y,be

where L and R are the contractions over the objects shown in Fig. 2.19.
These contractions can be evaluated efficiently just as for any expectation
value of a product of operators acting on all sites, moving through the graph
vertical slice by vertical slice from left to right for L and from right to left
for R. The contraction of three tensors is, as always, most efficiently orga-
nized as a sequence of two contractions. Now we can of course rebuild L
and R for each choice of site £. This involves an enormous amount of unnec-
essary work if we choose the sites ¢ randomly. If, instead, we move through
the chain of sites one by one from right to left or vice versa, we can use (let
us concentrate on the case where we move from left to right) that the
M-matrices changed in the following way when we were at site £ — 1 in the
step before:

e The matrices on sites 1 through £ —2 do not change at all.
e The matrices on site £ — 1 change.
e The matrices on sites ¢ through L do not change at all.

If, from a previous sweep through the chain from right to left, we have
stored all the R for the contractions on the right, we can reuse them now.
The underlying objects have not changed in the intermediate steps up to
now. As far as L is concerned, the L for site £ is the L for site £ —1,
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i1 a; a;
b;_1 by —— b;
i1 a; a;

FIGURE 2.20 Update of L by contracting L of the previous step with A%+, W77 and A%.

T

FIGURE 2.21 Eigenvalue problem for the optimization of Mj" , . The unknown matrix is cir-
cled on the left network.

involving sites 1 through ¢ — 2, contracted with an additional vertical slice of
three tensors at site £ — 1; this will be a comparatively cheap contraction, see
Fig. 2.20. We store all the L contractions, because they will retrieved once
the direction of the sweep changes to right to left.

If we now take the extremum of Eq. (2.44), expressed in MPS language,

with respect to Mg+ we find

ap— 1(16 1 UfU( a[(l[ o _
Z Z Z Lbz 1 b( 1,be b[ Ma[ A )‘Ma[ Lag 0. (2'53)

7

(72 aiflai b( 1, b(

which in graphical representation looks as in Fig. 2.21. This is in fact a

very simple eigenvalue equation; if we introduce matrix H by reshaping

_ Ap-1,0y_| 11,060, a6, . _
H(Ulai 1ae)(oa,_ay) — Zb[,],b,Lb,,l be,],h[Rbg and a vector v with Vorarap =

M7! . we arrive at an eigenvalue problem of matrix dimension (dD? X dD?),

Hv—\v=0, (2.54)

. . . 0 . .
Solving for the lowest eigenvalue Ao gives us a v, , ., which is reshaped

back to M7‘ . Ao being the current ground state energy estimate. Note that
if we had not achieved the simplified overlap due to the mixed-canonical
representation, we would have (a potentially much harder, because potentially
ill-conditioned) generalized eigenvalue problem, Hv — ANv = (. Staying in a
mixed-canonical representation with orthogonality center site £ is easiest if we
sweep, as this means that only a single step of the procedure that brings a state
into mixed-canonical form has to be carried out, which shifts the orthogonality
center by one site. This is as cheap as it can possibly be. This is another
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instance where we see the importance of the mixed-canonical representation
of a state. But this requires a notion of left and right, which exists for MPS,
TTNS, and T3NS, but not for PEPS. For PEPS, therefore, we do not have a
simple equivalent notion, making calculations at many places less stable and
more tedious. This is another reason why quantum chemists have a strong
preference for MPS and tree states, because they are usually not concerned
with regular lattices.

In general, dD? is too large for an exact diagonalization, but as we are
only interested in the lowest eigenvalue and eigenstate, an iterative eigensol-
ver that aims for the ends of the spectrum will do. Typical methods are the
Lanczos or Jacobi-Davidson large sparse matrix solvers. The speed of con-
vergence of such methods ultimately rests on the quality of the initial starting
or guess vector. As this eigenproblem is part of an iterative approach to the
ground state, the current M?¢ is a valid guess that will dramatically speed up
calculations close to convergence.

We summarize the resulting algorithm:

e Start from some initial guess for |¢)), which is right-normalized, that is,
consists of B-matrices only.

e Calculate the R-expressions iteratively for all site positions L — 1 through
1 iteratively.

® Right sweep: Starting from site £ =1 through site L — 1, sweep through
the lattice to the right as follows: solve the standard eigenproblem by an
iterative eigensolver for M7¢, taking its current value as starting point.
Once the solution is obtained, left-normalize M°‘ into A’ by SVD to
maintain the desired normalization structure. The remaining matrices of
the SVD are multiplied to the M7 to the right, which will be the starting
guess for the eigensolver for the next site. Build iteratively the L expres-
sion by adding one more site. Move on by one site, {— ¢ + 1, and repeat.

o Left sweep: Starting from site £ = L through site 2, sweep through the lat-
tice to the left as follows: solve the standard eigenproblem by an iterative
eigensolver for M“¢, taking its current value as starting point. Once the
solution is obtained, right-normalize M?¢ into B° by SVD to maintain
the desired normalization structure. The remaining matrices of the SVD
are multiplied to the M7! to the left, which will be the starting guess for
the eigensolver for the next site. Build iteratively the R expression by
adding one more site. Move on by one site, { - ¢ — 1, and repeat.

e Repeat right and left sweeps, until convergence is achieved. Convergence
is achievedzif energy converges, but the best test is (using MPO) to con-
sider (w|I-AI [y — ((1/)|I:I [¥))* to see whether an eigenstate has been
reached; this expression should approach 0 as closely as possible.

The convergence control of the algorithm by means of the variance is
actually not easy in quantum chemistry or any other situation where the
dimenision of the Hamiltonian MPO is large. As each application of H
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multiplies the MPS dimensions by the MPO dimension, the MPS dimensions
grow by a factor identical to the square of the MPO dimension. This means
that in between some truncation has to be introduced which of course invali-
dates the variance as a convergence control. A possible way out has been
introduced by Hubig et al. (2018): it replaces the true variance by a so-called
two-site variance. It can be calculated easily, without truncation, but captures
the variance only of Hamiltonians with up to nearest-neighbor terms. While
this is of course not the situtation relevant in quantum chemistry, the two-
site variance empirically scales with the true variance and therefore allows
extrapolations into the exact limit.

In this iterative process, the energy can only go down, as we continuously
improve by varying the parameters. Two problems occur: starting from a
random state, the guesses for the M7’ in the iterative eigensolvers will be
very bad in the initial sweeps, leading to large iteration numbers and bad
performance. Moreover, we cannot guarantee that the global minimum is
actually reached by this procedure instead of being stuck in a non-global
minimum (and the variance will not be indicative of a problem, if we simply
get stuck in an excited eigenstate).

One way of addressing the first issue is to start out with infinite-system
DMRG to produce an initial guess; an optimal MPS version of infinite-system
DMRG is discussed in Schollwock (2011). While this initial guess may be far
from the true solution, it will usually fare much better than a random starting
state. Moreover, one can try to balance the number of iterations (high in the
first sweeps) by starting with small D, converge in that ansatz class, enlarge D
and add zeros in the new matrix entries, converge again, and so on. When D
gets large, the guess states will hopefully be so close to the final state that
only very few iterations will be needed. It turns out, however, that starting
with too small D may land us in a non-global minimum that we will not get
out of upon increasing D. Quite generally, as in DMRG, one should never cal-
culate results for just a single D, but increase it in various runs until results
converge (they are guaranteed to be exact in the D — oo limit).

2.5.2 Excitations

If we are looking for low-lying excited states instead of a ground state, two
typical situations occur: (1) The excited state is known to be the ground state
of another sector of the Hilbert space decomposed according to some good
quantum number. Then the calculation is just a ground state calculation in that
different sector. (2) The excited state is the first, second, or higher excitation
in the sector of the ground state. Then we have to calculate these excitations
iteratively, and orthonormalize the state with respect to the lower-lying states
already identified; this clearly limits the approach to a few low-lying excita-
tions. The place where the algorithm is to be modified is in the iterative
eigensolver; for example, in the Lanczos iterations, the next Lanczos state
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generated is orthonormalized not only with respect to the previous Lanczos
states, but also already constructed eigenstates of the Hamiltonian. This is a
standard extension of the Lanczos algorithm.

2.5.3 “Single site” vs “two site”

The variational MPS algorithm just introduced is quite prone to getting
stuck. Let us consider the (typical) case of a Hamiltonian with good quantum
numbers that are incorporated into the algorithm, such that the state is
characterized by specific quantum numbers. Let us think of the total magne-
tization, which takes a value M. For any Schmidt decomposition
[) = Zwsmmg)Alag)B, each of the states on block A and B will have a good
quantum number, namely m4 and m® such that m? + m? = M. Because mag-
netization fluctuates on the blocks (due to hopping electrons, if we think of a
PPP model), the values of, say, maB will be distributed over some range, say
1 state with magnetization m, 3 states with magnetization m/, 5 states with
magnetization m"" and so forth. This distribution depends on how we gener-
ated the initial state, because, as I will show next, this distribution stays fixed
in further sweeps. This means that if it does not correspond to the distribu-
tion that the variationally optimal state would yield, it can never reach that
state! As the initial states of variational MPS algorithms are usually quite far
from the unknown variationally optimal state, the likelihood to hit the right
distribution is very small, and we have a serious problem.

The reason why the distribution stays fixed can be seen from the SVD of
Mge ,, to carry out one (for example) left-normalization step: reshaping
matrices M°¢ into some ¥ and applying an SVD gives at most D non-
vanishing singular values; the right-singular vectors in VT are nothing but the
eigenvectors of W'W, which is block-diagonal because the states |a;), have
good quantum numbers. The right singular vectors (eigenvectors) therefore
encode a basis transformation within blocks of the same quantum number,
hence the number of states with a given quantum number remains the same,
and so does the number of states with a given quantum number in the other
part of the system because of the matching of quantum numbers required in
the Schmidt decomposition.

Various ways of getting out of this potential trap have been proposed.
The first one is to modify the algorithm to consider and optimize the MPS
matrices on two adjacent sites at the same time, just as in conventional (two-
sitt) DMRG. While this approach is slower (roughly by a factor of d), it
offers a slightly enlarged ansatz space with a subsequent truncation that
allows the algorithm to be more robust against the danger of getting stuck in
local energy minima in ground state searches. In particular, the enlarged
ansatz space of the two-site algorithm allows a reshuffling of the quantum
number distribution due to the truncation. Once this is converged, one may
switch to the faster single-site algorithm, as proposed by Takasaki et al.
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(1999), although it is not at all clear that this leads strictly to the optimal out-
come. Alternatively, there is a procedure by White (2005) that protects rea-
sonably against trapping and ensures reshuffling while staying in the
variational MPS (or single-site DMRG, which is the same, see below)
approach. It starts from the observation that quantum numbers of a subsys-
tem A are changed by quantum fluctuations due to those parts of the
Hamiltonian that connect A to the rest of the system, and accounts for them
in the determination of improved M-matrices. The arguably most performant
and stable approach to this problem is at the moment provided by the sub-
space expansion method proposed by Hubig et al. (2015).

2.5.4 MPO representation of Hamiltonians

This task turns out to be not so trivial for the Hamiltonians of quantum
chemistry with their numerous four-operator terms. In the DMRG case, the
Hamiltonians were built iteratively by adding in parts of the Hamiltonian
sequentially and only keep sums of operator terms, always expressed in the
current block bases. It turned out that the O(L*) four-operator terms could be
organized into O(L?) terms with some book-keeping. In the MPS/MPO for-
mulation, all this is somewhat more complicated and quite subtle. We there-
fore discuss here only the construction of the MPO of a relatively simple
Hamiltonian (PPP model), which will exemplify the idea of a finite state
machine, one of the approaches that can be generalized to quantum chemical
Hamiltonians.
We consider

L—1
A== N @b, +el,6,)+ U i (2.55)
=1 T i

T runs over the two magnetization values of an electronic spin; this
unusual notation is to avoid confusion with ¢ in the MPOs and MPSs. In
order to express this sum of tensor products in MPO form, we consider the
building block W,‘,’,;T/ combined with its associated projector |o) (0’| to become
an operator-valued matrix Wy, =3, WgZ |o) (0’| (McCulloch, 2007) such
that the MPO takes the simple form

L

a=w" W (2.56)

Each W[l] acts on a different local Hilbert space at site i.

To build the W[l], we move through an arbitrary operator string appearing
in H: starting from the right end, the string contains unit operators, until at
one point we encounter one of (in our example) 5 non-trivial operators (there
are 4 different hopping terms because of the spin degree of freedom). For
the interaction operator, the string part further to the left may only contain
unit operators; for the hopping operator pairs, the complementary operator
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must follow immediately to complete the hopping term, to be continued by
unit operators further to the left. For book-keeping, we introduce 6 corre-
sponding internal states of the string at some given bond. They are not to be
confused with any quantum state! Internal state 1: there are only units to the

right, internal states 2,3,4,5: one éT’ é;, ¢ L 61 just to the right, internal state

6: completed interaction or hopping term somewhere to the right. Comparing
the state of a string left and right of one site, only a few state transitions

are allowed: 1— 1 by the unit operator /, 1 -2 by ¢y, 1-3 by éTT, 1 -4 by
¢,, 1-5 by ¢| and finally 16 by Uii;. Furthermore 2—6 by —zc},
3—6 by —1¢,, 4—6 by —téi, 5-6 by —ic, to complete the hoppin§
term, and 6—»6 for a completed interaction by the unit operator 1.
Furthermore all string states must start at 1 to the right of the last site and

end at 6 (i.e., the dimension Dy of the MPO to be) to the left of the first
site. This can now be encoded by the following operator-valued matrices:

[ i 0 0 0 0 0]
¢4 0 0 0 0 0
] él 0 0 0 0 0
=1 e o 0 0 0 o0 (2.57)
é*l 0 0 0 0 0
R T O S G R T
and on the first and last sites
i
6%
L T e Y R U ETT . (2.58)
AF
e
UnTnl

Note that the creation and annihilation operators have to be implemented
such that the correct fermionic sign emerges; as they act on neighboring sites
here, this can be done easily by proper choices of signs by hand; for longer-
ranged hoppings, one can use parity operators (—1)" instead of identity
operators between the pairs of creation and annihilation operators. Other
equally viable book-keeping options exist.

A simple multiplication shows how the Hamiltonian emerges; a graphical
representation is provided in Fig. 2.22. Inserting the explicit operator repre-
sentations gives the desired W7 -matrices for the MPO. This construction
can be extended quite easily to include, say, next-nearest neighbor hopping,
by the introduction of additional internal states. It is therefore possible to
express Hamiltonians exactly in a very compact MPO form; a similar set of
rules leading to the same result has been given by Crosswhite et al. (2008).
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BEGINNING

END

FIGURE 2.22 Graphical representation of the finite state machine that builds exactly all
allowed terms in a PPP Hamiltonian.

Extensions to efficiently building the more complicated Hamiltonians of
quantum chemistry can be found in (Keller et al., 2015; Chan et al., 2016;
Hubig et al., 2017).

2.5.5 Comparing DMRG to variational MPS ground state searches

Expressed simply, the variational MPS ground state search is identical to the
finite-system part of DMRG, up to one big modification, namely that we
either switch from a two-site to a single-sitt DMRG algorithm, that is, con-
sider a block-site-block configuration AeB instead of a block-site-site-block
configuration AeeB. Alternatively, we can take the variational MPS ground
state search and optimize the contraction of the M-matrices on two neighbor-
ing sites (and decompose the result by an SVD into suitably normalized
matrices on two sites).

Before we show and discuss this, let us first consider the role of the
infinite-system part of DMRG: if finite-system DMRG (up to the two-site
vs. single-site modification) is a variational method, the role of the infinite-
system part is merely to provide a not too bad trial state. For a translation-
ally invariant system, as mostly studied in condensed matter physics, this
is certainly much better than a random initialization. In applications for
quantum chemistry, building the Hamiltonian iteratively by adding orbital
after orbital in an imitation of the infinite-system system is probably almost
always not leading to a good initial state; a random state might be almost
as good.

A useful procedure (which can actually be used both in the DMRG and
the MPS framework), which is used extensively, is to observe that the cost
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of sweeps scales as D3. At the same time, if the initial guess states in the
iterative eigensolvers are bad they are slowly converging and therefore par-
ticularly expensive. If the ground state is approaching convergence, the cur-
rent ground state is already a very good initial guess, so the iterative
eigensolvers will be quite performant. The idea is now to combine badly
converging eigensolvers with cheap calculations and start with very small D,
perhaps a random initial guess or a Hartree-Fock like product state or some
improvement of it, to sweep a few times, then increase D (simply by not
truncating as much), continue sweeping, increase D again and so forth.
It takes some experience to find a good protocol: sweeping too often at low
D will not improve the state a lot, increasing D too rapidly will leave us
with a costly bad approximation of the ground state in the expensive sweeps.

The fundamental observation in comparing DMRG and variational MPS
is contained in the observation that the A-matrices (and B-matrices) of an
MPS in mixed-canonical representation can be obtained from the operation
of building a truncated orthonormal block plus site basis from an effective
block basis and a single-site basis as done in DMRG. That the MPS matrices
are indeed exactly the same, follows from the observation that both DMRG
and MPS look at the same optimization procedure: minimize the energy of
the state given the Hamiltonian. As the eigenvalues of the reduced density
matrices which give the DMRG selection criterion are nothing but the
squares of the singular values appearing in MPS, which give the selection
criterion for MPS, the two selection principles are identical. What we call
number of states in DMRG, is the matrix dimension in MPS. The translation
rule between the DMRG state and the MPS reads

Y= Y W lae)alodloe)lac)s

ar—10¢0+100+1 (259)
— ZAO'] AT Bot .BUL| O’),

where the “standard” MPS would be achieved by a further SVD on W7¢7¢!,
which generates an A-matrix, a B-matrix, and a singular value matrix S in
between, which can be multiplied into either the A- or B-matrix, putting the
orthogonality center on site £ or £ + 1.

If we consider operators in the DMRG and MPS framework, they are
identical, too: in DMRG they are expressed explicitly when the site where
they act is explicit and not part of a block, and then subjected to (incom-
plete) basis transformations when the block grows and absorbs the site. In
the MPS framework, they are kept explicitly all the time and only evaluated
when sandwiched between two MPS. As long as the two MPS are the same
(as is the case for expectation values), the contraction of an operator with a
number of A (or B)-matrices is nothing but the execution of the sequence of
block basis transformations of DMRG. Ultimately, therefore, the large sparse
eigenproblems of DMRG and MPS are identical.
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The growth and shrinking of left and right blocks in DMRG is the one-
to-one equivalent of the shift of the orthogonality center in the mixed-
canonical representation of MPS.

It remains to show that the Hamiltonians are identical, too. Strictly speaking,
this is not the case: The MPO representation of H we just used is clearly exact.
On the other hand, the representation of H in DMRG contains a series of
reduced basis transformations, hence is inherently inexact. So, the two represen-
tations seem unrelated, with an advantage on the MPO side because it is exact.
But a more careful analysis reveals that on the level of calculating expectation
values (1,ZJ|I-} |1} as they appear in MPS and DMRG ground state searches both
representations give identical results (they are not identical for higher moments,
such as (1/J|1:I |1}, where the MPO representation is demonstrably more accurate
at a numerical cost, see below).

Minimization of ground state energy is, as we have seen, a costly large
sparse matrix problem. As the methods are iterative, a good initial guess is
desirable. White (1996) has provided a powerful “state prediction” for
DMRG. In fact, it turns out that the result of the prediction is just what one
gets naturally in variational MPS language without the intellectual effort
involved to find state prediction.

While this clarifies the relationship between variational MPS, single-site
DMRG (the same) and two-site DMRG (different), it is important to note
that the different ways of storing information more implicitly or more explic-
itly implies differences even if the algorithms are strictly speaking identical
—the fact that in one formulation prediction is trivial and in the other is not
gives us an example. But there is more.

(1) In DMRG, the effective bases for representing the states and the
Hamiltonian or other operators are tied up. This is why concepts such as tar-
getting multiple states arise, if we consider several different states like the
ground state and the first excited state at the same time. One then considers
mixed reduced density operators

Pa= Y autrsl) (¥ (2.60)

with |¢;) the target states and 0 <a; =1, Zioz,- =1, to give a joint set of
basis states for all states of interest. This can of course only be done at a cer-
tain loss of accuracy for given numerical resources and for a few states only.
At the price of calculating the contractions anew for each state, in the MPO/
MPS formulation, the state bases are only tied up at the level of the exact
full basis. MPO/MPS formulations therefore acquire their full potential vs
conventional DMRG language once multiple states get involved.

(2) Another instance where the MPO/MPS formulation is superior, albeit at
elevated numerical cost, is the calculation of the expression (z/;ll-} [1), which
is interesting, for example, in the context of estimating how accurately a
ground state has been obtained. In the MPO formalism, it can be done exactly
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up to the inherent approximations to [¢) by sandwiching the Hamiltonian
MPO twice between the bra and ket. It would of course be most economical
for the programmer to calculate H|t) and take the norm, two operations
which at this stage he has at hand. The operational cost of this would be
O(LD?D?,d?) for the action of the MPO and O(LD3D3,d) for the norm calcu-
lation. The latter is very costly, hence it is more efficient to do an iterative
construction as done for (1/}|I:1 [10). Let me make the important remark that
dimension D%V is only the worst case for I-AI2 (see Frowis et al., 2010): Writing
out the square and introducing rules for the expression leads to more efficient
MPOs, whose optimality can be checked numerically by doing an SVD
compression and looking for singular values that are zero. (A)%lr anisotropic
Heisenberg Hamiltonian takes Dy =9 instead of 25 for H . For higher
powers, the gains are even more impressive, and can be obtained numerically
by compressing an explicit MPO for H" with discarding only zeros among the
singular values. (In quantum chemistry applications the Hamiltonian MPO is
usually so big that such tricks do not really work.) In a DMRG calculation,
there would be a sequence H(H1)) in the DMRG block-site basis. The point
is that before the second application of H, a projection onto the reduced block
bases happens (because of the DMRG-specific truncated form of H), which is
not the identity and loses information.

What does the comparison of MPS and DMRG imply algorithmically?
First of all, the truncation error of conventional DMRG, which has emerged
as a highly reliable tool for gauging the quality of results, is nothing but an
artefact of the somewhat anomalous two-site setup. In variational MPS or
single-site DMRG it has to be replaced by some other criterion; we proposed
the variance of the energy. Second, while all the approaches are variational
in the sense that they are looking for the lowest energy that can be achieved
in a given type of ansatz, the ansatz varies from site to site in two-site
DMRG (because of the W7° anomaly in the ansatz), the ansatz stays the
same all the time in single-sitt DMRG, which is conceptually nicer. That
this comes at the expense of potential trapping which needs clever counter-
strategies serves as a reminder that the mathematically most beautiful does
not have to be the most practical.
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Chapter 3

Density matrix renormalization
group for semiempirical
quantum chemistry

3.1 Introduction

Density matrix renormalization group (DMRG) for quantum chemistry has
been quickly developed starting with the investigation of the electronic struc-
ture of conjugated oligomers and polymers in the late 1990s with semiempiri-
cal Hamiltonian, namely, from the original Hubbard model to models with
additional long-range Coulomb potential such as the Pariser—Parr—Pople
(PPP) model Hamiltonian (Anusooya et al., 1997; Fano et al., 1998;
Ramasesha et al., 2000; Shuai et al., 1997b; Yaron et al., 1998). In fact, in the
early 1990s, there existed hot debates over the role of electron correlation
effects in conjugated polymers. The most prominent model for conjugated
polymer has been Su—Schrieffer—Heeger (SSH) Hamiltonian, a one-electron
model featuring electron—phonon interaction (Su et al., 1979, 1980). It was
generally believed the electron correlation in polymer could be treated as weak
perturbation and the overall behavior of electronic structure should be one-
electron bandlike. Under such approximation, (1) there would be no excitonic
effect since electron and hole become free carriers, but experimentalists
reported excitonic binding energy ranging from less than kg7 (~0.026 eV) to
1eV; (2) the cation spin density would distribute only on even sites and
vanishes on odd sites. However, a number of experimental observations indi-
cated that there exists negative spin density on odd sites, which can only be
predicted from a correlated electron model; (3) the existence of bond alterna-
tion in polyacetylene is originated from electron—phonon coupling (Peierls
transition), while correlated electron model would predict Mott-type insulator.
Density functional theory (DFT) at the local density approximation level will
simply predict vanishing bond-alternation. Such a chaotic situation called for
an accurate method for extended systems with correlation effects. In fact, quan-
tum chemistry at the configuration interaction single and double excitation
(CISD) level had long predicted the even parity excited state (2A, symmetry)
lying below the odd parity 1B, state, in sharp contrast to the one-electron
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molecular orbital picture (Schulten and Karplus, 1972). Furthermore, one-
electron theory for evaluating the third-harmonic generation spectrum predicted
a vanishing two-photon absorption (TPA) around E./2 position due to symme-
try reason. Correlated electron system can give rise to TPA peak (so-called
mA, state) close to mid-gap (Shuai et al., 1998a). Such a picture had changed
the scope for ultrafast spectroscopy for conjugated polymers.

In conjugated polymers, the m-orbitals are energetically well separated
from the o-orbitals and hence the bonding and antibonding molecular orbitals
composed of the w-orbitals in the large conjugated systems are located close
to the frontier orbitals, leading to rather strong static correlation. Compared to
the ground state, the excited states of conjugated polymer show a more signifi-
cant electron correlation effect. The first conducting polymer, polyacetylene
(Fig. 3.1), is not fluorescent in experiments due to the long-known fact that
the lowest excited state is of even parity A, state instead of the odd parity B,
state predicted by the one-electron picture: the explanation from the latter is
due to the dissociative nature for the photoexcited soliton—anitsoliton pair.
The conventional quantum chemistry methods beyond the mean-field approxi-
mation, such as the configuration interaction (CI) and coupled cluster (CC)
methods, both have the limitation in system size to describe the electronic
structure of conjugated oligomers/polymers. Because of the exponential
computational cost, the full CI (FCI) method is limited to 20 electrons/20 orbi-
tals and thus is not scalable to larger systems. The multireference CI (MRCI)
is accurate to describe the excited states of short polyene, but it is hard to cor-
rectly deal with the long polyenes because the truncated CI method (com-
monly with singles and doubles excitation, MRCISD) lacks size-consistency.
In order to predict the properties of long oligomers or even the properties in
the thermodynamic limit which is far beyond the computational capability, in
practice, one often resorts to extrapolating properties computed for short oligo-
mers. The absence of size-consistency of MRCI then would make this extrapo-
lation hazardous even for the low-lying excitations. The single-reference CC
method is also difficult to capture the strong correlation in the excited states of
polyene correctly. It was demonstrated that the equation-of-motion CCSD pre-
dicted wrong excited states ordering of polyenes longer than 20 w-electrons
(Shuai and Brédas, 2000). At that time, the multireference CC method was far
from being mature. Besides the wavefunction theory, the time-dependent DFT
(TDDFT) with common functionals always predicts the lowest excited state to
be of B, symmetry, similar to the one-electron model (Jiang et al., 2012).
Therefore, during the 1990s, it was urgent to call for a novel electronic struc-
ture theory beyond the conventional quantum chemistry theories to solve the

FIGURE 3.1 The chemical structure of trans-polyacetylene.
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electronic structure of conjugated polymers. It was natural and ideal to apply
DMRG to the conjugated polymer which can be modeled as a one-
dimensional fermion chain.

Ever since White invented DMRG in 1992, DMRG has been proven to
have exceptionally high accuracy to calculate the electronic structure of the
strongly correlated one-dimensional lattice model with only nearest-neighbor
interactions, such as the Hubbard model and Heisenberg model (White, 1993,
1992). The success of DMRG is due to the fact that the entanglement is inde-
pendent of the system size for the one-dimensional gapped system with only
nearest-neighbor interactions, as predicted by the area law (Eisert et al., 2010).
However, it is generally believed that the accuracy of DMRG drastically
decreases for long-range interactions. For example, the accuracy is no more
guaranteed for the two-dimensional Hubbard model, which is mapped to a
one-dimensional chain with artificial long-range hopping terms (Nishimoto
et al., 2002). For the same reason, the accuracy of DMRG for quantum chem-
istry Hamiltonian with long-range Coulomb interaction is unclear. In the late
1990s Shuai, Ramasesha, and Fano et al. firstly applied DMRG to solve the
electronic structure of semiempirical quantum chemistry Hamiltonian, success-
fully demonstrating that in the (quasi-)one-dimensional polymer, even with the
long-range density—density (diagonal) Coulomb interaction, the high accuracy
of DMRG still holds (Fano et al., 1998; Shuai et al., 1997a; Yaron et al.,
1998). Especially, Shuai et al. first applied DMRG for the exciton binding
energy (Shuai et al., 1997c, 1998b). They demonstrated that the famous
Hubbard model always gives rise to zero binding energy, a very much surpris-
ing while fully justified result: exciton binding stems from long-range
Coulomb interaction, and only considering Hubbard U is not enough. Long-
range potential is necessary for exciton to be bound. Then, they looked at the
orderings for the lowest-lying excited states, (Shuai et al., 1997a,b) decisive
for light-emitting property: according to Kasha’s rule, the molecular lumines-
cence is determined by the nature of the lowest-lying excited state, (Kasha,
1950) very sensitive to the level of methodology with electron correlation.
Along this line, linear and nonlinear spectroscopies have been investigated
(Shuai et al., 1998a). These works have been regarded as the start of quantum
chemistry DMRG. Soon after, Daul et al. (2000), Mitrushenkov et al. (2001),
White and Martin (1999) and Chan and Head-Gordon (2002) developed
DMRG algorithms for ab initio quantum chemistry Hamiltonian, where a
numerical renormalization scheme for the auxiliary developed by Xiang for
momentum-space DMRG was employed (Xiang, 1996). Although DMRG for
general molecules with three-dimension nature is not as accurate as for the
one-dimensional models, it is still a state-of-the-art quantum chemistry method
nowadays for systems with a large active space containing more than 20 active
orbitals (Chapter 4). Moreover, it turns out to be especially powerful when
combined with the conventional multireference methods to further account for
the dynamic electron correlation (Chapter 6).
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Most of the interesting properties of conjugated polymers involve excited
states. With the state-averaged DMRG algorithm, not only the ground state
but also the lowest several excited states can be accurately obtained (White,
1993). The originally proposed DMRG algorithm also considered the symme-
try of the systems, (White, 1993) such as the conservation of the total particle
number Ny and the z-component of the total spin S,. By restricting the system
to a specific symmetric subspace, it is easy to target an excited state with the
same algorithm for the ground state. For example, the lowest triplet state can
be targeted in the subspace S, = 1. However, the excited states of conjugated
polymer are much more complicated in that between the ground state and the
excited state of optical interest, there exist a number of irrelevant intruder
states, which deteriorate the accuracy in the state-averaged calculation. To
overcome this difficulty, the development of symmetrized DMRG algorithm,
including additional electron-hole symmetry, spin-flip symmetry, and Cy,
point group symmetry, made a great advance (Ramasesha et al., 1996). With
the symmetrized DMRG algorithm, the exciton binding energy, ordering of
excited states, and linear and nonlinear optical (NLO) response of conjugated
polymer have been successfully investigated by Shuai et al. (Shuai and Peng,
2014, 2017).

The electron—phonon interaction is very important for organic systems
because organic systems are more flexible than inorganic systems. One classic
example is the Peierls instability which predicts that a one-dimensional equally
spaced chain with one electron per site is unstable and thus it prefers to dimer-
ize at half-filling to lower the total energy. Polyene with single/double bond
alternation is a real-world system exhibiting Peierls instability. It was also
found that the bond alternation has a large effect on the ordering of the excited
states of polyene (Soos et al., 1993). In practice, one would add empirical
electron—Ilattice interaction in the model Hamiltonian (called the Peierls term)
to investigate the effect of chemical structure on the electronic structure.
Besides the static electronic structure, the phonon will also affect the dynam-
ical properties. By combining the time-dependent formulation of DMRG with
molecular dynamics, soliton and polaron transport in the conjugated polymer
has been investigated under the semiempirical model Hamiltonian (Ma and
Schollwock, 2010, 2009, 2008; Yao et al., 2008; Zhao et al., 2009, 2008).

The remaining of this chapter is arranged as follows: In Section 3.2, we
give a brief introduction to the model Hamiltonians that have been largely
employed in the study of conjugated molecules; in Section 3.3, the symme-
trized DMRG algorithm, including the electron-hole symmetry, spin-flip sym-
metry, and C,, point group symmetry, is described; in Section 3.4, several
applications of DMRG in the study of the electronic structures of conjugated
oligomer and polymer are reviewed, including the electronic structure of
ground state and excited states, the exciton binding energy, the linear and non-
linear optical properties, and the effect of electron—lattice interaction on the
electronic structure.
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3.2 Semiempirical model Hamiltonian

In history, the semiempirical model Hamiltonian has been widely used to
study the electronic structure of conjugated polymers. Since the separability
of o- and m-orbitals is generally found to be valid for low-energy excitations
in the conjugated systems because the frontier orbitals mainly consist of =
orbitals, the model Hamiltonian introduced in this section is only composed
of m-orbitals. More specifically, each conjugated carbon atom contributes
one 2p, orbital and one electron if the system is neutral. In addition, the real-
space p, atomic orbitals are assumed to be orthonormal.

(iley) = 6y (3.1

For simplicity, we will only give the one-dimensional model Hamiltonian
for polyacetylene, the simplest conjugated polymer (Fig. 3.1). For neutral
polyacetylene, the number of orbitals and the number of electrons are equal,
that is, the half-filling case. The extension to a more general conjugated
topology is fairly straightforward.

The minimal model considering the effect of electron correlation is the
Hubbard model, which is one of the most famous models in theoretical phys-
ics. Hubbard model has been used extensively in studying the electronic
structure of conjugated polymers.

. o . . o
Hruubbard = 0,4, Gig + Zti (aggai+la + angaia) + Z Uinirnip (3.2)
7

io io
N AT oA
Nie = 4; 4y (3.3)

The first two terms in Hubbard model are one-electron terms and the
third term is a two-electron term. i is the index of p, orbital. ¢ is the spin
index. «; is the energy of the p, orbital, also called site energy or Coulomb
integral. #; is the hopping integral between the neighboring orbitals, also
called transfer integral or resonance integral. The physical meaning of
Hubbard U is the on-site Coulomb repulsion of two electrons occupying the
same site. The Hubbard model in one dimension is exactly solvable with the
Bethe ansatz (Lieb and Wu, 1968), but not in two dimensions.

For the Hubbard model, it can be discussed in two limiting cases sepa-
rately depending on the parameter U/t. When U/t <<1 (weak correlation
limit), the first two one-electron terms will dominate. In this case, the
zeroth-order approximation of Hubbard model becomes Hiickel model,
which is the earliest w-electron model.

. B . G P
Ayl = Y i dig + > _1; (a,-(,amg + aLl(,am) (34
io io

Since the Hiickel model is a one-electron Hamiltonian with no explicit
electron correlation, it can be solved exactly with molecular orbital theory.
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For an infinite-sized homogeneous chain with «; = «, f; =t (without loss of
generality, « is set to 0), the molecular orbitals form a free-electron band in
the momentum space with dispersion relation E = 2tcos(k)(—7m <k <m).
Therefore, at half-filling, the energy gap predicted by the homogeneous
Hiickel model is 0. In the other limit with U/t>>1 (strong correlation
limit), the third term in Eq. 3.2 can be regarded as the zeroth-order
Hamiltonian. Because of the large U penalty, the electrons prefer to occupy
different orbitals. Therefore, for a homogeneous chain at half-filling, the
lowest zeroth-order wavefunction is a singly occupied spin chain with
Ey = 0. In addition, the degeneracy is 2" (2 stands for two spin states and N
is the total number of orbitals). According to the Rayleigh Schrodinger
perturbation theory, the first-order energy is zero, which can not lift the
degeneracy. We have to resort to the second order. After considering the
second-order correction, the effective Hamiltonian becomes the spin-1/2
Heisenberg model (Eq. 3.5), which is also called the classical valence bond
model. The coupling constant J is equal to 2¢>/U. For more details about the
derivation, please refer to Cleveland and Medina (1976).

A J 1
Hyeisenberg = ZJ<2SiSi+1 - E) (3.5)

As J>0, the spins tend to be oriented antiparallel between neighboring
sites, leading to an antiferromagnetic order. This classical valence bond
model and the extended nonempirical valence bond model have been solved
by Jiang et al. using the DMRG method to investigate the electronic struc-
tures of the ground and excited states of polyacenes, polyphenanthrenes, and
a series of high-spin organic w-conjugated polyradicals (Gao et al., 2002; Ma
et al., 2007; Qu et al., 2009).

Since Hubbard model only has local Coulomb interaction, it is not able
to describe the physics of exciton, which is a bound state of an electron and
a hole attracted to each other by the Coulomb interaction. Hence, the mini-
mal model to describe exciton in the conjugated polymer is the extended-
Hubbard model, including the nearest-neighbor density—density Coulomb
interaction.

Hextended—Hubbard = Htubbard + Z Vi — z2)(Aiv1 = Ziv1) (3.6)
i

z; represents the effective nuclear charge of the ith atom, which is 1 for car-
bon. Starting with the configuration in which one electron occupies one
orbital, if one electron at the ith site hops to the next site upon excitation
(n; =0, nj+; =2), the extended-Hubbard model will gain an electron-hole
binding energy V;, while the standard Hubbard model will not. A more gen-
eral description of the Coulomb interaction is to include the long-range inter-
actions, such as the PPP model. Historically, PPP model is a semiempirical
quantum chemistry model invented even before the Hubbard model in
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physics (Pariser and Parr, 1953; Pople, 1953). It stems from the widely
known complete neglect of differential overlap (CNDO) approximation, but
for conjugated  systems. In CNDQO, in addition to the simplification that the
overlap matrix of atomic orbitals is identity as Eq. (3.1), the two-electron
integrals are simplified as

(ijlkl) = 66k (iilkk) (3.7)

Here, we use the chemist’s notation for the two-electron integral.
Therefore the PPP model Hamiltonian can be written as

Hppp = Hyubbara + Z Vii(hi — zi) (A — z;) (3.8)
=7

The long-range Coulomb interaction V; is empirically interpolated
smoothly between U for zero intersite separation and e2/r12 for the intersite
separation tending to infinity. There are two widely used interpolation formulas
given by Klopman (1964), Ohno (1964), and Mataga and Nishimoto (1957).

- . 1
Ohno-Klopman __
; = (3.9)
' \/4/(U,-+U,-)2+R,.2j

. 1
yMataga-Nishimoto _ % 3.10
i 2/(Ui + U;) + Ry (3-10)

where R;; is the real-space distance between site i and j. Comparing these
two formulas, the potential given by Mataga—Nishimoto formula decays
more rapidly than that of Ohno—Klopman formula. Compared to the
(extended) Hubbard model with only nearest-neighbor interactions, the
chemical models such as PPP model which have couplings with intermediate
strengths and long-range interactions are much more difficult to handle.

The chemical structure of polyacetylene has alternating single bonds and
double bonds. To incorporate this chemical structure in a model study, the
simplest way is to modify the transfer integral with the bond alternation
parameter 6.

t; =t(1+(=1)'6) (3.11)

The é-related hopping term is called the Peierls term. The importance of
this bond alternation parameter to the electronic structure of polyacetylene
has been emphasized by Soos et al. (1993) and will be shown in Section 3.4.
If the lattice distortion is also considered to be influenced by the electronic
structure, the PPP—Peierls (or called PPP—SSH model) Hamiltonian, includ-
ing the strain energy of lattice distortion, can be solved self-consistently.

A A . . . 1
Hppp-peieris = Hppp + ; Vid; (a;aiﬂa + a;»]o-aio') + EZ Kid:  (3.12)
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Here, d; denotes the change of bond length d; = u;+1 — u;. u; is the dis-
placement of atom i. v denotes the linear electron—phonon coupling parame-
ter. K is the force constant of each bond. The PPP—Peierls model has been
used to investigate the structure of polaron, soliton, and excited states in con-
jugated polymers under the interplay of electron—electron correlation and
electron—phonon correlation (Barford, 2013; Bursill and Barford, 1999; Ma
et al., 2006, 2005, 2004).

3.3 Symmetrized density matrix renormalization group
algorithm

As introduced in Section 3.1, in conjugated polymers, there are many
optically irrelevant states between the ground state and the lowest optically
accessible excited states. For example, below the optically allowed 1B, state,
there will be more and more dark states when the system size increases. The
state-averaged DMRG algorithm introduced in Chapter 5 could target the
lowest several energy states together. However, the accuracy will deteriorate
when the number of averaged states becomes larger and larger unless the
bond dimension of DMRG wavefunction is increased at the same time.
(White, 1993) Fortunately, the model to describe the conjugated oligomers
and polymers in Section 3.2 possesses a number of symmetries. With sym-
metry restrictions, a lot of intruder states can be excluded during the renor-
malization procedures.

3.3.1 Particle number N, and S, symmetry

The total particle number N, and the z-component of total spin S, of a non-
relativistic closed system are conserved. These two U(l) symmetries are
easy to implement in DMRG. Each renormalized state in the L- or R-block
possesses good quantum number n and s,. The quantum number of the wave-
function formed by the direct product of the L- and R-block renormalized
states is

Ntot =nr + nr (313)
S; =80t SR (3.14)

The reduced density matrix of L-block is block-diagonal with respect to
the quantum number (nL, sZ,L) by tracing out the R-block basis. Hence, the
new renormalized basis is still the eigenstates of N and S,.

3.3.2 Spin-flip symmetry

For the nonrelativistic Hamiltonians, besides that S, is conserved, the total
spin S is also conserved. However, the SU(2) spin symmetry is not an
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Abelian group. For example, if the renormalized basis of L-block has spin
S1, in order to construct a state of spin S in the superblock, the spin of the
renormalized basis of R-block S, could be |S — S|, ---,|S + S;|. Hence, the
reduced density matrix of R-block is not block-diagonal as the case of N
and S, symmetry and then the eigenbasis will mix the basis of different S,.
The fully spin-adapted DMRG algorithm was proposed by McCulloch et al.
by using a quasi- reduced density matrix to ensure that the renormalized basis
are eigenfunctions of S (McCulloch and Gulacsi, 2001; Sharma and Chan,
2012). See Chapter 4 for more details on the implementation of a non-
Abelian group in ab initio quantum chemistry DMRG. Before that, the spin-
flip symmetry was first implemented which can distinguish the even (“e”)
total spin (S =0,2,4,...) and odd (“0”) total spin (S = 1,3,5,...) (Ramasesha
et al, 1996). This symmetry can only be employed in S,=0 subspace
because ﬂlpplng the spin will map the S, space to -S, space. The spin-flip
operator P; actlng on the Fock space of a smgle site is  P;|0) = |0),

Pi|1) = ’l> Ly=1]1)% Pi|11)=—|11). The full operator of the sys-
tem is the direct product of the single-site operator

pP= 1‘_[1‘3 (3.15)

3.3.3 Spatial symmetry

Fig. 3.1 shows that trans-polyacetylene possesses C,y, point group symmetry.
The principal axis is a twofold axis through the center and normal to the con-
jugated plane. There are four irreducible representations A, Ay, B, and B,
in Cy, point group, but the w-orbitals all belong to B, and A,. The product
table of B, and A, is given in Table 3.1.

Therefore the excited states within the w-space only can be A, or B, sym-
metry. In addition, because of the restriction of m-orbitals, we can just use the
subgroup C, to distinguish these two irreducible representations, denoted as A
and B. If the symmetry adapted atomic orbitals or canonical molecular orbitals
are adopted to rewrite the Hamiltonian, the Abelian point group symmetry can
be treated with the same algorithm as particle number. However, DMRG is

TABLE 3.1 The product table of Bg, A, irreducible representations of Cj,
point group.

By A,
8 Ag BU
Au Bu Ag
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known to be more accurate when working in real space, especially for the
one-dimensional chain. Hence, the model Hamiltonians above are commonly
solved in real space. In the real space, the C,;, symmetry is only ensured when
sweeping to the middle of the DMRG chain. For example, sweeping from the
left to the right, the renormalized basis for the L-block is |uL, 0L>. Since the
system has C,;, symmetry, the renormalized basis for the R-block should be a
copy of the L-block. The matrix representation of G, operator is

é / N / /
2 ,qua gL, ,UJR’ UR) - ,u/R; OR, ,U‘L, GL>

= () (3.16)

it

/ /
O—L9 IU/R’ O—R>

where n is the number of electrons in each block.

3.3.4 Electron-hole symmetry

The semiempirical models introduced above have a special symmetry called
electron-hole (or called charge-conjugation) symmetry. Though this symmetry
does not strictly hold in the ab initio Hamiltonian of conjugated polymers, the
deviation is small and thus the electron-hole symmetry could help to under-
stand and explain the experiments and computational results. A system has
electron-hole symmetry if the Hamiltonian is invariant under the transforma-
tion of a particle into a hole (Surjan, 2012). The symmetry exists in a system
composed of two sublattices and at half-filling. The transformation relation is

al »at = (—1)ha; (3.17)

7; 1s zero for sites of one sublattice and one for sites of the other sublattice.
It is obvious that the transformed operators still fulfill the anticommutation
relation of fermion. After the electron-hole transformation,

Hppp = Zaamam-i-Ztl( a,aalﬂg alHUa) Z:Ua,mma,lall

Aot
+ ZVU'(aiTaiT +ailail — l) (ajTajT +ajlaj1 - 1)

i>j

<Z 2’O‘l Zaamal(f> + Z (d az+](r +aj+10&i”>
+<ZU ZUn,-I—ZUn,Tn,l)-I-ZVU(l 1—nj)

i>j

(3.18)
Compared to ﬁppp in Eq. (3.8), the difference is

A= 20— > 20+ Y U= Y Uiy (3.19)
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(A) (B) %~ N\ O
S N *
* * * ~
* * *

FIGURE 3.2 The electron-hole symmetry exists in (A) and (B) but not (C). The site with/with-
out asterisk represents two different sublattices.

Therefore the electron-hole symmetry only exists in the half-filled systems,
in which Zi”i =N (N is the total number of sites) and thus A = 0. It doesn’t
have to be a one-dimensional system to have electron-hole symmetry. The key
is the hopping part of the Hamiltonian. If the hopping terms only exist between
the two sublattices, the hopping term is invariant after the electron-hole trans-
formation in Eq. (3.17). Hence, the molecules in Fig. 3.2A and B have
electron-hole symmetry, while the molecule in Fig. 3.2C does not. The
electfon—hole transforAmation operator acting on the Fock space Pf a single site
is 0y =[11), Ji|t)=CDH1), J[L)=CD"[L), Ji1])=—10)
(Ramasesha et al., 1996). The full electron-hole transformation operator is also
given by the direct product of the single-site operators,

J= 114 (3.20)

The symmetry operators P, C,, J commute with each other and form an
Abelian group, which divides the space into eight irreducible representations—
‘A, ,°A_,°A,,°A_,°B_,°B_,°B,,°B_.“+” and “— " denotes the two
subspaces distinguished by the electron-hole symmetry, called “covalent” and
“ionic” subspace. The symmetrization process is especially useful when
discussing the optical excitation because the electric dipole operator
= —ey x;n; is antisymmetric under 6'2, J and thus the selection rule ensures
that the transition is only allowed between A, and °B _ (the ground state
commonly belongs to “A | ). To construct the symmetry adapted basis, the pro-
jector operator is

Pr= lzxp(ﬁ)ﬁ (3.21)

where R is the symmetry operator, XT (Ié) is the character of R of irreducible
representation I' and & =8 is the order of the group. After applying the
projector operator to each direct product basis, the basis belonging to a
particular irreducible representation is projected out. However, they are
linear-dependent. To eliminate this linear dependency, the Gram—Schmidt
orthogonalization algorithm is used. After that, the symmetry-adapted trans-
formation matrix S is constructed (Ramasesha et al., 1996). To abandon the
costly Gram—Schmidt algorithm, the transformation matrix S could also be
constructed by tracking the symmetric connections of each renormalized
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basis (Prodhan and Ramasesha, 2018). The effective Hamiltonian projected
into a specific subspace is

H = S} HSr (3.22)

3.4 Applications
3.4.1 The electronic structure of the ground state of cyclic polyene

The ground-state electronic structure of cyclic polyene (CH)y (Fig. 3.3) has
been studied by unrestricted Hartree—Fock (UHF), CC methods, etc.
(Bendazzoli and Evangelisti, 1991; Bendazzoli et al., 1994; Fukutome, 1968;
Paldus and Piecuch, 1992). The UHF solution of PPP model Hamiltonian
predicted that there are spin density wave and charge density wave in the
system. However, since UHF is not accurate for strongly correlated systems,
it is interesting to check the results with DMRG. Fano et al. first applied
DMRG to study the ground-state electronic structure of cyclic polyene
(CH) under homogeneous PPP model with Mataga—Nishimoto’s formula of
long-range Coulomb interaction (Fano et al., 1998). Table 3.2 shows the
ground-state energy of cyclic polyene with the number of sites N ranging
from 6 to 34 calculated by restricted Hartree-Fock (RHF), UHF, CC doubles
(Bendazzoli et al., 1994), approximate coupled pair theory with quadruples
and with triples and quadruples (Paldus and Piecuch, 1992), DMRG, and
FCI. With N=18, the FCI calculation is still affordable, which could be
used to assess the accuracy of the other approximate methods. The DMRG
results are very close to FCI with only bond dimension m = 512. The error
of N=18 is only 5.7 X 10™* eV. Even compared to the sophisticated CC
methods, DMRG is still much more accurate. The results demonstrate the
high accuracy of DMRG in one-dimensional semiempirical quantum chemis-
try Hamiltonian with long-range Coulomb interaction.

FIGURE 3.3 The topological structure of cyclic polyene (CH)y.



TABLE 3.2 The energies (in eV) of cyclic polyene (CH)y calculated by restricted Hartree—Fock (RHF), unrestricted Hartree—Fock
(UHF), coupled cluster doubles (CCD) (Bendazzoli et al., 1994), approximate coupled pair theory with quadruples (ACPQ),
approximate coupled pair theory with triples and quadruples (ACPTQ) (Paldus and Piecuch, 1992), density matrix renormalization
group (DMRG), and full configuration interaction (FCI) (Bendazzoli and Evangelisti, 1991; Bendazzoli et al., 1994) are compared for
the different number of sites N.

N RHF UHF CCD ACPQ ACPTQ DMRG FCI

6 —11.358325 —11.358325 —12.703501 —12.7011 —12.7101 —12.722032 —12.722033
10 —17.441467 —17.910422 —19.928697 —19.9565 —20.0185 —20.060503 —20.060503
14 —23.731302 —24.924267 —27.326180 —27.4399 —27.5981 —27.671333 —27.671391
18 —30.101389 —32.007998 = —34.9974 —35.2980 —35.384861 —35.385430
22 —36.513220 —39.105943 = —42.5918 —43.1000 —43.145027 =

26 —42.950070 —46.207715 — — —— —50.928028 —

30 —49.403281 —53.310920 = = = —58.715323 =

34 —55.867856 —60.414852 = = = —66.509902 =

Source: Reproduced from Fano, G., Ortolani, F., Ziosi, L., 1998. The density matrix renormalization group method: Aapplication to the PPP model of a cyclic polyene chain.
J. Chem. Phys. 108, 9246—9252. https:/doi.org/10.1063/1.476379, with permission from American Institute of Physics.
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FIGURE 3.4 (A) The spin—spin correlation function S(i —j) = <Sz(i)Sz(j)> and (B) density—
density correlation function R(i, j) = (n(i)n(j)) — {n(i)){(n(j)) of cyclic polyene (CH)y calculated
by DMRG. DMRG, Density matrix renormalization group. Reproduced from Fano, G., Ortolani,
F., Ziosi, L., 1998. The density matrix renormalization group method: application to the PPP
model of a cyclic polyene chain. J. Chem. Phys. 108, 9246—9252. https://doi.org/10.1063/
1.476379, with permission from American Institute of Physics.

The spin—spin correlation function and the density—density correlation
function R(i,j) = (n(i)n(j)) — (n(i)){n(j)) of the ground state were also calcu-
lated by DMRG. Fig. 3.4A shows that there is indeed spin density wave in the
cyclic polyene, but contrary to the results of UHF, there is only short-range
antiferromagnetic ordering instead of long-range antiferromagnetic ordering.
Fig. 3.4B shows that there is no charge density wave.

3.4.2 The excited states ordering, exciton binding, and optical
properties of polyene

According to Kasha’s rule, photon emission mostly occurs from the lowest
electronic excited state of molecules (Kasha, 1950). Thus molecules or poly-
mers with a dipole-forbidden lowest excited state deem to be nonemissive.
The lowest excited state of short linear polyenes is a dipole-forbidden dark
state with A, symmetry instead of dipole allowed B, state as a result of
strong electron correlation (Schulten and Karplus, 1972; Tavan and Schulten,
1987). It is intriguing to reveal the excited state ordering for long polyenes
or even for polyacetylene. In the independent electron limit, the 2A, state
corresponds to a mix of single excitation from HOMO to LUMO + 1,
HOMO-1 to LUMO, and double excitation from HOMO to LUMO, while
1B, state is a HOMO to LUMO single excitation. Thus, for short-chain poly-
ene, the 2A, excited state energy is significantly higher than that of 1B,
excited state due to the discreteness of the molecular orbital energy spec-
trum. When the electron correlation Hubbard U is turned on, the gap
between the ground state and the 2A, state narrows (In the infinite U limit,
the 2A, state becomes a covalent spin excitation), while the gap to the 1B,
state increases. The energy of states will thus cross at a given Hubbard U,
which is called the “U-crossover”. However, for an infinite chain, the 2A,

()
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and 1B, states both occur at the same energy in the Hiickel limit (U = 0). If
the 2A, and 1B, states evolve in the same manner as the short chains, these
states would never cross with increasing U. Thus, for a given U, there must
occur a crossover when the chain length increases, which is called the “N-
crossover.” Soos et al. (1993) found a crossover occurred with a variation of
the bond-alternation parameter ¢ from exact diagonalization studies of short
chains, which is referred to as the “6-crossover”. These three different types
of crossover in polyene, U-crossover, N-crossover, and O-crossover, have
been studied thoroughly by symmetrized DMRG (Shuai et al., 1997b).

As introduced in Section 3.2, the extended-Hubbard—Peierls model is the
minimal model to consider the exciton effect. Fig. 3.5 shows the “U-cross-
over” for short (N=28) and long (N =80) chains for fixed alternation
6=0.07 and V= 0.4U. The DMRG cutoff has been chosen between m = 100
and m = 150, depending on the necessity of numerical convergence at about
107>, This V/U relation belongs to the meaningful phase corresponding to
the bond-order wave (BOW) regime (V <<U/2). The critical correlation
strength, U,, at which the crossover occurs, is nearly independent of the
chain length N. In both N=8 and N = 80 cases, U is around 2.5¢. It is well
known that the electron correlation tends to increase the energy of the ionic
excitation (the U penalty) and stabilize the covalent excitation. Especially in
the strong correlation limit, the 2A, state becomes a covalent spin excitation

25
V=0.4U —0— 1B, (N=8)
20l &0.07
—7—2A (N=8)
15L
s
o
£ 10}
—o—2A* (N=80)
05} K
—— 1B, (N=80)
0.0....I....I....I....I....I....
0 1 2 3 4 5 6

Ut

FIGURE 3.5 Crossover on U for N=8 and N = 80 of extended-Hubbard model calculated by
DMRG. DMRG, Density matrix renormalization group. Reproduced from Shuai, Z., Bredas, J.-L.,
Pati, S.K., Ramasesha, S., 1997b. Quantum confinement effects on the ordering of the lowest-
lying excited states in conjugated polymers, in: Optical Probes of Conjugated Polymers.
International Society for Optics and Photonics, pp. 293—302. https://doi.org/10.1117/12.279282,
with permission from International Society for Optical Engineering.
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which is gapless when V=0, 6 =0 and this state is composed of two triplets,
suggested by Tavan and Schulten (1987). Thus an increase in correlation
strength would lead to a decrease in the 2A, energy. However, in the N =8
chain, the energy of 2A, state remains nearly constant before decreasing for
values of U/t larger than 2.0. In longer chains, the 2A, energy increases even
more rapidly than the 1B, energy as the correlation strength increases when
U/t <2. This implies a substantial ionic contribution to the 2A, state in long
chains when U is small besides the covalent triplet—triplet contribution.

Fig. 3.6 shows the 6-crossover and N-crossover in extended-Hubbard
model. Fig. 3.6B shows that for short-chain at U/t =4, §=0.27, 2A, is
below 1B,. Upon elongating the chain length, the 1B, state becomes lower
than 2A, state. This is because that 2A, can be mainly regarded as two trip-
let states, which is repulsive when the chain is too short. But when space is
allowed, the 2A, state saturates since triplets are much more localized than
1B, state. This is a direct theoretical observation of quantum confinement-
induced crossover. It should be mentioned that this behavior can only exist
for intermediate correlation strength: for weak correlation, there does not
exist any crossover and 2A, lies above the 1B, state for all chain lengths as
seen from the left half of Fig. 3.5; at large values of U/t in the atomic limit,
the crossover is also not expected as 2A, always lies below the 1B, state
(the right half of Fig. 3.5). It has been widely accepted that the conjugated
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FIGURE 3.6 Crossover on (A) bond length alternation parameter 6 (B) chain length N of
extended-Hubbard model calculated by DMRG. DMRG, Density matrix renormalization group.
Reproduced from Shuai, Z., Bredas, J.-L., Pati, S.K., Ramasesha, S., 1997b. Quantum confine-
ment effects on the ordering of the lowest-lying excited states in conjugated polymers, in:
Optical Probes of Conjugated Polymers. International Society for Optics and Photonics,
pp. 293—302. https://doi.org/10.1117/12.279282, with permission from International Society for
Optical Engineering.
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molecules fall in the intermediate correlation regime. Thus the confinement-
induced crossover is realistic. Beyond the extended-Hubbard model with
only nearest-neighbor Coulomb interaction, PPP model with Ohno—
Klopman formula of long-range Coulomb interaction has also been further
investigated (Shuai et al., 1997b). For the chosen set of parameters
(U=11.26eV, t=2.4¢V, §=0.07), DMRG can still be considered nearly
accurate in the sense that (1) the total ground-state energy per electron is
reduced by only 10™% eV when increasing the bond dimension m from 100
to 120, and (2) for m =100, the difference between the sum of the kept
eigenvalues of the density matrices and 1 is less than 10>, which is widely
considered as a criterion for the accuracy of DMRG. Fig. 3.7 shows that
there does not exist any N-crossover (the 2A, state of N =2 is an exception
because the state is not of double triplets character). For all chain lengths,
the covalent 2A, state is always below 1B, state. In addition, the energy of
2A, state is almost twice that of T state.

Organic materials usually have quite a small dielectric constant (~2—3),
in contrast to inorganic semiconductors ( > 10). Thus the Coulomb interaction
cannot be well-screened, which leads to a much more pronounced electron-
hole binding, or excitonic effect (Shuai et al., 1998b, 1997c; Yaron et al.,
1998). However, the value of the exciton binding energy of conjugated poly-
mer is a hotly debated issue the binding energy ranging from 0.025 to
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FIGURE 3.7 Excited states energies of polyenes under PPP model. PPP, Pariser—Parr—Pople.
Reproduced from Shuai, Z., Bredas, J.-L., Pati, S.K., Ramasesha, S., 1997b. Quantum confine-
ment effects on the ordering of the lowest-lying excited states in conjugated polymers, in:
Optical Probes of Conjugated Polymers. International Society for Optics and Photonics,
pp. 293—302. https://doi.org/10.1117/12.279282, with permission from International Society for
Optical Engineering.
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1 eV has been proposed in different studies. Some early results of quantum
chemistry calculations showed that the exciton binding energy is extremely
sensitive to both the level at which electron correlation effects are treated and
the size of basis set, and usually provided too large a binding energy in com-
parison to the experiment. The exciton binding energy is defined as the differ-
ence between the charge excitation gap (bandgap) E, and optical gap E(1B,).
The bandgap is defined as E, = E(N — 1) + E(N + 1) — 2E(N) which constitu-
tes the continuum band edge and corresponds to a well-separated pair of
quasi-electron and hole (E(N) is the energy of N electron system). Thus the
exciton binding energy is defined as E, = E, — E(1B,). For the extended
Hubbard—Peierls model, the excited states were calculated (Shuai et al.,
1998b, 1997c¢). Fig. 3.8A shows that for 6 =0 and U =15, V does not induce
any binding in the BOW phase (V < U/2). V lowers both the bandgap and the
1B, excitation energy, see inset in Fig. 3.8A. For fixed 6 = 0.2, small V values
hardly enhance Ey; however, a larger V strongly enhances Ej,. Hence, exciton
is bound only when V is large enough relative to U. Fig. 3.8B shows that for
fixed electron correlation strength, Ej, increases as ¢ increases. This implies
that the larger the ¢ value, the more excitonic like the lowest charge excitation.
From Fig. 3.8C, it is clearly seen that the 6 dependence of E, is strongly sup-
pressed by U. Interestingly, the behavior that the Hubbard U drastically
decreases the 1B, exciton binding energy is rather counter-intuitive: since
exciton binding is a correlation effect, the Hubbard U would be expected to
increase FEy,.
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FIGURE 3.8 (A) Dependence of the binding energy E;, of 1B, state on V/t for U/t =5. Circles
represent 6 =0.2 and triangles 6 = 0. The inset shows the dependence of band gap E, on V/t for
6=0. (B) Dependence of bandgap (circles) and 1B, exciton energy (triangles) on alternation
parameter 6 for U/t =35, V/t =2. The inset shows E, as a function of ¢. (C) Dependence of
the 1B, exciton binding energy on ¢ with V = 2t: solid line for U = 25t and dotted line for U = 5t.
Reproduced from Shuai, Z., Pati, S.K., Su, W., Bredas, J., Ramasesha, S., 1997c. Binding energy
of 1 B u singlet excitons in the one-dimensional extended Hubbard-Peierls model. Phys. Rev.
B. 55, 15368. https://doi.org/10.1103/PhysRevB.55.15368; Shuai, Z., Bredas, J.-L., Pati, S.,
Ramasesha, S., 1998b. Exciton binding energy in the strong correlation limit of conjugated
chains. Phys. Rev. B. 58, 15329. https://doi.org/10.1103/PhysRevB.58.15329, with permission from
American Physical Society.
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There is major interest in studying the linear and nonlinear optical
responses of conjugated molecules and polymers. The response properties can
be calculated with the sum-of-states (SOS) approach or the correction vector
(CV) approach (introduced in Chapter 7 in detail). Ramasesha et al. and Shuai
et al. first combined DMRG and these two approaches to investigate the
response properties of conjugated polymers (Pati et al., 1999, p. 199;
Ramasesha et al., 1997; Shuai et al., 1998a). As the dipole moment operator
only couples the A, and B, subspace, the third-order polarizability can be
expressed by time-dependent perturbation theory as

V(= Wos Wi, wa, w3) =
b 1Ag|ullB (IBu|pmAg) (mAg|p[mBu) (nBu[ 1| 1Ag)
1230 Z
Imn WIB wa) (WmArg - wl) (wnB“ - w2)

(3.23)

where w, = w; + wy + w3; P13, represents a summation over the 24 terms of
the permutations over (—w,; w1, ws,ws). In the SOS approach, the intermedi-
ate state nB, and mA, are calculated explicitly. The key aspect of SOS
approach is that the summation should be converged with a few lowest
excited states otherwise the approach is inefficient. In the CV approach

(Ramasesha et al., 1997), only the CV ‘¢El)(w1)> and w2)> should

be calculated as

(H = Ey

>=MmA9 (3.24)

w2)) = f¢fPewn) (3.25)

The subscript i, j denote the direction of external field. With the CV, the
linear polarizability c;; and the third-order polarizability v;; could be calcu-
lated as

(@) = (@) 1Ag) + (8" (= w)| ] 1A¢) (3.26)

Vi~ wos Wi, wr,w3) = P1zzg<¢f~”(wa)|uj|¢§§)(wn, - w1)> (3.27)

Table 3.3 shows the comparison of linear and third-order polarizabilities
of Hubbard model and extended-Hubbard model calculated by CV-DMRG
and exact diagonalization (Ramasesha et al., 1997). The DMRG results agree
very well with the exact ones, demonstrating its high accuracy.

In Fig. 3.9A, the TPA spectra represented by the dipole transitions
between the A, excited states and the 1B, state are shown (Shuai et al.,
1998a). Kohler and Terpougov (1996) measured the higher A, states of
trans-octatetraene by two-photon fluorescence excitation spectroscopy (upper
panel of Fig. 3.9B). There are four distinct features in the experimental two-
photon fluorescence excitation spectrum at 5.54, 5.81, 5.96, and 6.18 eV.



TABLE 3.3 The linear and third-order polarizability of Hubbard and extended-Hubbard model with 12 sites calculated by
correction vector-Density matrix renormalization group (CV-DMRG) (m = 100) and exact diagonalization. The trans-polyene
geometry is used with all bond length equal to 1 A. o values are in units of 102* esu. ~ values are in units of 10>° esu.

Polarizability

Y xxxx

Vxxyy

Tyyyy

U=3t V=0

Exact
42.61
2.95
1.52
26571
113.8

1.24

DMRG
42.57
2.91
1.44
26566
109.1

1.22

U=3t, V=15t

Exact
152.12
35.45
14.20
51380
2637.7

189.9

DMRG
152.05
35.38
14.06
51374
2628.6

186.0

U=3t, V=2.0t

Exact
997.90
383.11
154.73

— 32929131
—4915213

— 736663

DMRG
997.72
382.99
154.41
—32929014
—4915102

— 736556

Source: Reproduced from Ramasesha, S., Pati, S.K., Krishnamurthy, H., Shuai, Z., Brédas, J., 1997. Low-lying electronic excitations and nonlinear optic properties of polymers
via symmetrized density matrix renormalization group method. Synthetic. Met. 85, 1019—1022. https:/doi.org/10.1016/S0379-6779(97)80136-1. With permission from

Elsevier.


https://doi.org/10.1016/S0379-6779(97)80136-1

Density matrix renormalization group Chapter | 3 77

/

(A) B e [

| N=6 N=12
| b o] ' '
S [~ 0 Cotnae 45000 50000
2 |
| &) wavenumber ( 1/cm)
I N=§ : N=14
A =510 eV
4A8575 eV
‘ 546,00 8V
|
‘l
| ‘
L il A

eV eV

FIGURE 3.9 (A) Two-photon absorption spectra for chain length N = 6—16. (B) The compari-
son of experimental two-photon fluorescence excitation spectrum (upper panel) with DMRG
results (lower panel) for octatetraene (N =8). DMRG, Density matrix renormalization group.
Reproduced from Shuai, Z., Bredas, J., Saxena, A., Bishop, A., 1998a. Linear and nonlinear
optical response of polyenes: a density matrix renormalization group study. J. Chem. Phys. 109,
2549—2555. https://doi.org/10.1063/1.476827. With permission from American Institute of
Physics.

The theoretical spectrum in the same energy window gives three features at
5.19 (3Ay), 5.75 (4A,), and 6.00 eV (5A,). Both the calculated relative inten-
sities and positions are in good agreement with the experiment. The middle
two peaks in the experiment probably have the same electronic origin
the 4A, state and its vibronic band.

3.4.3 Soliton structure of excited states of polyene

The electron—Ilattice interaction has an important effect on the electronic struc-
ture of conjugated polymers. The famous SSH model, which is a one-electron
model, has been well investigated to study the self-trapping structure of
polaron and soliton on polyene (Su et al., 1979, 1980). In the presence of real-
istic electron correlations, Ramasesha et al. (2000) and Bursill and Barford
(1999) have studied the equilibrium geometries of excitations in the PPP—
Peierls model. The energy of PPP—Peierls model in Eq. 3.12 can be mini-
mized iteratively under the constraint that the total length of the system is
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unchanged. Thus the objective functional is defined as
L({di}, ©) = (V|H[Y) +1> " d; (3.28)
where 7 is the Lagrange multiplier.

— =) d= (3.29)

With the Hellmann—Feynman theorem,

8L
8d;

:7,.<x11 7 \I/> +Kidj + =0 (3.30)

YA} = Zajga,-ﬂg + aLl”aia (3.31)
g

Assuming v; =, K; = K and summing up all the 6£/6d;, then

n=—T Zﬁm (3.32)

Therefore
d; = X ((\IJ| Ej T;|v) (\IllTll\I/)> (3.33)

Since ¥ depends on d;, the optimization should be solved self-consistently.
For polyene, the hopping integral is 7y = —2.539 eV and the Hubbard U is
U =10.06 eV. The force constant is 46 eV/A% The initial C—C bond length
is 1.46 A for the single bond and 1.35 A for the double bond. The bond angle
is fixed to be 120 degrees. The Ohno—Klopman long-range Ce(llflomb potential
is used. The electron—phonon coupling is v=4.593eVA  (Bursill and
Barford, 1999). Fig. 3.10 shows the vertical excitation energy at the equilib-
rium ground state geometry and 0—0 excitation energy of 21Ag+ , llBu_ states
and triplet 1°B;" state with different chain lengths (Bursill and Barford,
1999). At the equilibrium ground state geometry, the energies of 21AgJr and
1'Bu_ are very close to each other. In addition, there is one crossover in
the short chain and one crossover in the long chain. In the thermodynamic
limit, the optical allowed llBu* state is below the dark 2'Ag+ state, same as
Fig. 3.6B. After geometry optimization, the relaxation energy of 1'B_ state
is about 0.3 eV, while the relaxation energies of 21AgJr and 13BuJr are more
substantial, about 1.0 and 0.5 eV, respectively. Hence, the 21AgJr state is well
below the llBuf state after relaxation. ‘

Fig. 3.11 plots the bond length parameter defined as 6; = (—1)'(t; —7)/7 of
different states with N = 102 after relaxation, where #; is the hopping integral
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FIGURE 3.10 The vertical excitation energy at the equilibrium ground state geometry and
0—0 excitation energy of ZlAg+ ,1'B,” states and triplet 13Bu+ state with different chain lengths.
Reproduced from Bursill, R.J., Barford, W., 1999. Electron-lattice relaxation, and soliton struc-
tures and their interactions in polyenes. Phys. Rev. Lett. 82, 1514. https://doi.org/10.1103/
PhysRevLett.82.1514. With permission from American Physical Society.
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FIGURE 3.11 The bond length parameter of different excited states near the center of the
chain (N = 102). The markers are the numerical results. The solid lines are the fit with 2-soliton
(for 1'B,” and 1°B" states) and 4-soliton formula (for ZIA;r state). Reproduced from Bursill,
R.J., Barford, W., 1999. Electron-lattice relaxation, and soliton structures and their interactions

in polyenes. Phys. Rev. Lett. 82, 1514. https://doi.org/10.1103/PhysRevLett.82.1514. With per-

mission from American Physical Society.
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of the ith bond after optimization and ¢ is the average hopping integral. The
markers are the numerical results. The solid line is the 2-soliton fit for 1'B_~
and 1°B," states and 4-soliton fit (Su, 1995) for 2 A+ state. Fig. 3.11 shows
that 13B+ and 2 A+ undergo a substantial bond dlstortlon while 1'B, only
has Weak distortion. ThlS is consistent with the different behaviors of relaxation
energy. The good fit of soliton’s hyperbolic tangent formula indicates that the
1B, state and 1'B, states are one soliton—antisoliton pair and the 2'A,"
state is composed of two soliton—antisoliton pairs. The 4-soliton character
of the 21AgJr state also demonstrates the fact that it has a considerable triplet—
triplet character.

3.4.4 Intramolecular singlet fission in donor—acceptor type
conjugated copolymer

Singlet fission (SF), a photophysical process occurring in organic conjugated
molecules, such as tetracene and pentacene, has received a lot of attention
from both experimentalists and theoreticians in the last decade (Smith and
Michl, 2010). The basic microscopic process of SF is that the system absorbs a
photon to become a singlet exciton, which then splits into two triplet excitons.
According to the coupling rule of spin, two triplet states with S =1 can be cou-
pled into a singlet state with S = 0. Therefore the SF process is a spin-allowed
process unlike the intersystem crossing. Scientists are interested in the SF pro-
cess because with SF material it is possible to break the Shockley—Queisser
limit for a single junction solar cell. In 2015 Busby et al. first reported that
PBTDO; (benzodithiophene (B)-thiophene-1,1-dioxide (TDOQ)), a copolymer
composed of strong donor—acceptor (DA) units, exhibits intramolecular SF
(iSF) with high quantum efficiency (~170%) (Busby et al., 2015b). Before
that, only high-efficiency intermolecular SF (xSF) was observed. Compared to
xSF, iSF in DA-copolymer has the advantage that it is not sensitive to intermo-
lecular packing and thus is more promising in practical applications. However,
the microscopic mechanism of iSF is not very clear. Among the low-lying
excited states, one double excitation state with triplet—triplet pair character
plays the role of intermediate state, which is called '(TT) state. Some studies
suggested that the 2A, state is a coupled triplet—triplet state as polyacetylene
discussed above (Aryanpour et al., 2015; Tavan and Schulten, 1987). By con-
trast, other studies suggested that 2A, is destructive as a nonradiative decay
pathway in competition with SF process (Busby et al., 2015a). Since '(TT)
state is a double excitation state, the conventional single excitation methods
will fail to correctly describe this state. Therefore it is necessary to use DMRG
to study the low-lying states of the iSF system.

Si=HTD)sT, + Ty (3.34)

The PPP model Hamiltonian is adopted to describe the conjugated back-
bone of DA-copolymer (Ren et al., 2017). To incorporate the electronic
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FIGURE 3.12 Excitation energies of the 1B,, 2A, and twice T, states of PBTDO,/
ADADADA oligomer as a function of DA strength. The inset figure also plots the energy after
PPP—Peierls optimization on the 2A, state at epp = 1.5€V. The triplet pair binding energy
E, = E2Ag —2 X Er, is shown on the bottom panel. Reproduced from Ren, J., Peng, Q., Zhang,
X., Yi, Y., Shuai, Z., 2017. Role of the dark 2Ag state in donor—acceptor copolymers as a path-
way for singlet fission: a DMRG study. J. Phys. Chem. Lett. 8, 2175—2181. https://doi.org/
10.1021/acs.jpclett.7b00656, with permission from American Chemical Society.

push—pull effect between donor and acceptor, a site energy difference epy is
introduced into the model. In Fig. 3.12, the excitation energies of the lowest
three excited states, 1B, 2A,, and twice T, of PBTDO;/ADADADA oligo-
mer as a function of the DA strength ep4 are plotted. The energies of the
1B, and 2A, states are nearly degenerate (~20 meV) when ep, is less than
3.5 eV, indicating that a very fast internal conversion would happen from the
bright 1B, state to the dark 2A, state. The natural transition orbital (NTO)
analysis is used to identify the excitation character of the 2A, and 1B,
states. In the configuration interaction singles (CIS) or TDDFT calculations,
the sum of the square of each NTO pair singular value -, is exactly 1. If the
excited state is a correlated many-body wavefunction, assuming that the
ground state is mainly a HF configuration, > 4> could represent the propor-
tion of single excitation components in the excited state. It is found that the
2A, and 1B, states have different excitation characters. For example, when
epa = 1.5eV, 3" 42 of the 1B, state is 0.766, while Y~ > of the 2A, state is
only 0.242. Therefore, the 1B, state is mainly a single excitation state, while
the 2A, state is mainly a double excitation state.

The local spin analysis method is also used to identify the '(TT) state,
since each triplet component occupies a different position in the real space.
If the local spin of half of the system is equal to 1, the state is a pure '(TT)
state (Clark and Davidson, 2001). At different DA strengths ep4, the local
spin <Sﬁalf> of the 2A, state is larger than 1.2, while that of 1A, and 1B,
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FIGURE 3.13 (A) Local spin of half the PBTDO;/ADADADA oligomer [fragment from site 1
to 26 shown in (C)] in the 1A,, 2A,, and 1B, states as a function of DA strength eps. The
spin—spin correlation function pattern between sites 15 and 22 at different DA strengths (B).
The schematic spin diagram is included. (C) Schematic representation of Y(TT) structure of the
2A, state in PBTDO,/ADADADA oligomer. Reproduced from Ren, J., Peng, Q., Zhang, X., Yi,
Y., Shuai, Z., 2017. Role of the dark 2Ag state in donor—acceptor copolymers as a pathway for
singlet fission: a DMRG study. J. Phys. Chem. Lett. 8, 2175—2181. https://doi.org/10.1021/acs.
Jpclett.7b00656, with permission from American Chemical Society.

states are always near 0.6 (Fig. 3.13). With the increase of epy, (Si,) of the
2A, state is approaching 2.0. That is to say, larger DA strength increases the
percentage of TT configuration in the 2A, wave function. Furthermore,
PPP—Peierls model is used to optimize the structure on 2A, state at
epa = 1.5 eV. The local spin <Sﬁalf> of the 2A, state increases from 1.31 to
1.66, indicating that the relaxed structure of the 2A, state can stabilize the
TT component.

The spin—spin correlation function (S;.S;,) is calculated to show the cor-
relation of spin alignment in the real space. In the ground state, the spins
tend to be oriented antiparallel between neighboring sites, and the spin—spin
correlation function alternates between positive and negative along a conju-
gated chain. While in the 2A, state, the pattern of spin—spin correlation
function is different. Take site 15 and site 22 as an example, it obeys the
antiparallel rule like the ground state when ep4 is small. As €ps increases,
the correlation function becomes positive, which means that the electrons on
sites 15 and site 22 are spin parallel, indicating a triplet configuration.
Hence, the TT character of 2A, is enhanced when DA strength increases.
Similar to the local spin analysis, after PPP—Peierls optimization on the 2A,
state when epy = 1.5 eV, (§15Z§222) changes from negative to positive, further
indicating that the 2A, optimized structure would stabilize the triplet

&)


https://doi.org/10.1021/acs.jpclett.7b00656
https://doi.org/10.1021/acs.jpclett.7b00656

Density matrix renormalization group Chapter | 3 83

configuration. The binding energy Ei, of the triplet pair state is defined as the
energy difference between the adiabatic coupled '(TT) state and two inde-
pendent T states. E}, is considered as the minimum energy to be overcome
for the coupled '(TT) state to separate. Fig. 3.12 shows that E, is negative
and decreases (absolute value) when DA strength increases. From the ther-
modynamics point of view, larger DA strength favors the separation. Based
on this analysis, a model to explain the mechanism of iSF in such a DA-
copolymer is proposed: after photoexcitation, a quick internal conversion
process occurs from the bright 1B, state to the dark 2A, state as a result of
near degeneracy. And then, the 2A, state, with a large "(TT) component
would split into two uncoupled triplets. This model for DA-copolymer is
consistent with the former understanding of the 2A, state in polyene.

3.4.5 Pariser—Parr—Pople density matrix renormalization group
for systems beyond one-dimension

In addition to one-dimensional polymers and oligomers, DMRG combined
with PPP model Hamiltonian has also been used to solve the static electronic
structures of ground and excited states and linear and nonlinear optical
response properties for conjugated systems with other topologies, such as
dendrimers (Mukhopadhyay and Ramasesha, 2009), porphyrins (Kumar
et al., 2012; Thomas et al., 2013), graphene nanoribbons (GNR) (Goli et al.,
2016), perylenes, (Prodhan and Ramasesha, 2018), coronene (Prodhan et al.,
2019), etc. (Kumar and Ramasesha, 2010). It is more challenging for DMRG
to handle systems beyond one-dimension.

In this subsection, we take the GNRs as an example. GNRs are quasi-one-
dimensional forms of graphene, the properties of which depend crucially on
the geometry of the edges of the ribbons, that is, zigzag (Z) and armchair (A)
types. The confinement quasi-one-dimensional geometry will enhance the
electronic correlation effect, making the properties of GNR quite different
from what the common tight-binding model predicts. The GW method com-
bined with Bethe—Salpeter equation can take into account the one electron—
one hole interaction beyond the single-particle description, successfully
predicting the quasiparticle bandgap and excitonic character of the lowest opti-
cal absorption (Spataru et al., 2004; Yang et al., 2007). However, the high-
order electronic correlation effect is still lacking in these calculations, which
may also be important to the properties of GNR. Ramasesha et al. have used
DMRG combined with PPP model to study the electronic structures of three
different structures of GNR in detail, which is 3-zigzag GNR (ZGNR), 6-/5-
armchair GNR (AGNR) shown in Fig. 3.14 (Goli et al., 2016).

Although DMRG will not handle these GNRs as accurately as it does
one-dimensional systems introduced above, it has been found that bond
dimension m =750 is still adequate to converge the one-photon gap and
two-photon gap. In all the three systems, the charge gap (bandgap) is larger
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FIGURE 3.14 Molecular structures of (A) 3-ZGNR, (B) 6-AGNR, and (C) 5-AGNR. The num-
ber in the name characterizes the width of the GNR (graphene nanoribbons). Reproduced from
Goli, V.M.L.D.P., Prodhan, S., Mazumdar, S., Ramasesha, S., 2016. Correlated electronic prop-
erties of some graphene nanoribbons: a DMRG study. Phys. Rev. B. 94, 035139. https://doi.org/
10.1103/PhysRevB.94.035139, with permission from American Physical Society.

than O in the thermodynamic limit, indicating that both of them are semicon-
ductors. Compared to the results from tight-binding model, it can be further
identified that 3-ZGNB and 5-AGNR are Mott—Hubbard semiconductors,
while 6-AGNR is a band semiconductor. Through calculating the spin gap, it
was found that as the length of GNR increases, the ground state of the
3-ZGNR is a high-spin ferromagnetic state, while the ground state of the 6-
AGNR and 5-AGNR systems is a singlet state with a finite spin gap even in
the thermodynamic limit. On the contrary, 5-AGNR was predicted to be
metallic without a spin gap by the tight-binding theory, which indicates the
importance of electron correlation effect. Furthermore, the one-photon and
two-photon gaps were calculated for all three systems. Since the ground state
of 3-ZGNR gradually becomes the spin state as the length increases,
Fig. 3.15 shows the results of 3-ZGNR within two spin manifolds (S =0 and
S =1, the actual crossover occurs at N = 14). It was found that in 3-ZGNR,
the lowest two-photon state appears above the lowest one-photon state for
systems up to 3 units, but this ordering is reversed in larger systems. This
size-dependent ordering behavior is quite similar to polyene introduced in
the former sections. In addition, the two-photon gap extrapolates to zero in
the thermodynamic limit, while the extrapolated value of the optical gap is
2.25eV. In the case of 6-AGNR, the optical one-photon state is always
below the two-photon state for all system sizes, suggesting these systems
will be fluorescent. On the contrary, in 5-AGNR, the optical state is always
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FIGURE 3.15 Lowest optical one-photon and two-photon gaps in 3-ZGNR versus the inverse of
the number of unit cells: the lowest optical gap in singlet space (open triangle) and in triplet space
(close triangle); the lowest two-photon gap in singlet space (open square) and in triplet space
(close square). Reproduced from Goli, V.M.L.D.P., Prodhan, S., Mazumdar, S., Ramasesha, S.,
2016. Correlated electronic properties of some graphene nanoribbons: a DMRG study. Phys. Rev.
B. 94, 035139. https://doi.org/10.1103/PhysRevB.94.035139, with permission from American
Physical Society.

higher than the lowest two-photon state. In both 5-AGNR and 6-AGNR, the
one-photon and two-photons gaps are finite in the thermodynamic limit.

3.5 Summary

The development of DMRG in quantum chemistry began with great success
in the treatment of semiempirical model Hamiltonian with both short-range
and long-range Coulomb potentials. With the symmetrized DMRG algo-
rithm, the pioneers calculated the electronic structures of the ground and
excited states of polyenes longer than 100 carbon atoms as well as other
more complex conjugated polymers by DMRG with unprecedented accuracy,
successfully solving problems including the excited states ordering, exciton
binding energies, and linear and nonlinear spectroscopy in these systems.
Before that, no methods can handle such a large system accurately. The suc-
cessful application of DMRG to these chemical problems has inspired the
subsequent researchers to further develop DMRG for the more general ab
initio Hamiltonian. The following three chapters will introduce these new
developments of DMRG for ab initio Hamiltonian. After two decades of
effort, DMRG nowadays has become one of the state-of-the-art methods to
deal with the strong correlation problem in quantum chemistry.
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Chapter 4

Density matrix renormalization
group for ab initio quantum
chemistry Hamiltonian

Ab initio quantum chemistry methods are a class of computational chemistry
methods based on the principles of quantum mechanics. The term “ab initio”
indicates that the calculation is from first principles and that no empirical
parameters are used. Therefore they are usually more accurate, robust, and
general than their semiempirical counterparts, what have made them become
dominant in the current quantum chemistry field.

In this chapter, we will introduce the basic algorithms of using density
matrix renormalization group (DMRG) to solve the many-electron
Schrodinger equation with an ab initio electronic Hamiltonian in its second-
quantized form

A AT 1 AF AT A A
H="Y i, + 5 2 8ikidiglydirdjs, “4.1)
ij,o0 ijkl,oT

in which i, j, k, and [ are the electrons’ spatial orbitals; the subscript o and 7
denote the spin of the electrons; &L is the electron creation operator acting
on the ith orbital with spin ¢ and &;, is the conjugated annihilation operator.
tij and gy are the one- and two-electron integrals, respectively,

f = J¢,.*(r)/2¢,.(r)dr, (4.2)

g = J¢;f<n)<z>z<rz)g¢,(r1)¢l(r2)dr1drz 43)

where /1 and g are the one- and two-electron operators. The one-electron
operator (in atomic units)

S D (4.4)
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contains the kinetic energy operator of the electrons and the attraction operator
between electrons and nuclei, and the two-electron operator (in atomic units)

=31 4.5)

i< lii

evaluates the electronic repulsion. Here Z,, r,, and r; are the nuclear
charges, electron-nucleus distances, and electron—electron distances, respec-
tively. In practice, the number of unique orbital integrals can be significantly
reduced by using the permutation symmetries, as

tij = i, (46)

8ijkl = jikl = &ijtk = &jitk = 8klij = 8ikij = 8klji = lkji- 4.7

In ab initio DMRG calculations, orbitals i, j, k, and / are usually taken as
a set of orthogonal molecular orbitals (MOs) from a priori Hartree—Fock
self-consistent field (SCF) or other inexpensive quantum chemical calcula-
tions. The electronic Hamiltonian in Eq. 4.1 relies on both the nonrelativistic
approximation and the Born—Oppenheimer approximation, which are widely
applicable for most molecules. The consideration of the relativistic effect
and non-Born—Oppenheimer effect in DMRG will be discussed in
Section 4.11 and Section 5.7, respectively.

4.1 Renormalized operator-based density matrix
renormalization group implementation

Since White and Martin (1999) made the first implementation of DMRG cal-
culations for ab initio quantum chemistry Hamiltonian, a quick development
of ab initio DMRG quantum chemistry has been witnessed in the last two
decades. (see review papers of Chan and Sharma, 2011; Kurashige, 2014;
Wouters and Van Neck, 2014; Baiardi and Reiher, 2020; Freitag and Reiher,
2021) As we have introduced in Chapters 1 and 2, DMRG calculations can
be performed by two superficially different languages: an older language of
the renormalization group and renormalized operators and a more recent lan-
guage of matrix product state (MPS) and matrix product operator (MPO).
Most of the earlier ab initio DMRG works (e.g., White and Martin, 1999;
Daul et al., 2000; Mitrushenkov et al., 2001; Chan and Head-Gordon, 2002;
Chan and Head-Gordon, 2003; Mitrushenkov et al., 2003; Legeza et al.,
2003a; Legeza and Solyom, 2003) employed the older formulation, which is
sometimes also called first-generation DMRG algorithm. Here, we briefly
introduce the methodology fundamentals therein.

In the first-generation DMRG methods, the whole system is partitioned
into two subsets, that is, the left block and right block. Then, the key step in
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ab initio DMRG is to identify and construct efficiently the appropriate renor-
malized operators as one proceeds through the DMRG sweep. Here the
renormalized operators mean expressing the operator matrices with the pre-
served effective bases of the left or right block after truncation.

As shown in Eq. 4.1, the local state on an MO could be one of the four
possible occupation states: the doubly occupied configuration ‘T l>, the
spin-up singly-occupied configuration |T>, the spin-down singly-occupied
configuration | l), and the unoccupied configuration | — ). Thus we can write
the single-site operators (SSOs) as matrices, for example, the spin-up and
spin-down creation operators can be written as

0010 0 -1.0 0
+ looo 1] 4+ [0 0o 00
““loooo]P%“ o o o 1] (4.8)
0000 0 0 00

and the related annihilation operators and other SSOs could be derived from
the creators, for example, the spin-up annihilation and particle number opera-
tors are

0 0 0O

s _ [0 0 0 0

a, (au) 100 o0l 4.9
01 0O
1 0 0O

s _ . _ 10 1 00

n, = a,a, 00 0 0 (4.10)
0 0 0O

The definition of the spin-down creation operator &2 contains a minus
sign, because we usually order the spin-up electron before the spin-down one
on a single spatial orbital. The spin-down creator with a minus sign makes
&2 T> = - Hi> to fulfill the antisymmetric requirement of the fermionic
wave function. The total Hamiltonian, as well as other global operators act-
ing on the total wave function, can be expressed as the sum of a series of
operator terms, which are the product of several SSOs. From the perspective
of the traditional DMRG algorithm, the fundamental problem that needs to
be solved in order to implement the ab initio DMRG is embedding such
operator terms into the left-right DMRG framework.

According to the left-right partition in the traditional DMRG, the N active
MOs are rearranged as a one-dimensional (1D) chain and can be split into
four blocks L, ny, n,, and R (see Fig. 1.2). In normal cases of two-site DMRG
calculations, n; and n, are two active sites. For each block, the Hamiltonian
takes the same form as the ab initio Hamiltonian in Eq. 4.1, where the orbital
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indices are only restricted to the orbitals within the block. The Hamiltonian of
the superblock L' =L +n; can be obtained by combining the Hamiltonians
of the subblocks L and n;, as well as all the interactions between the two
subblocks, that means

I:ILf:ﬁL‘f‘ﬁm"' ZV]JIALJA”“ (411)
14

in which 7 is the renormalized operator of the subblock L and J is the SSO
of site n;, respectively. Therefore the dimensions of these matrices are usu-
ally 4 X 4 (for H,, and J,,), m X m (for H, and I), and 4m X 4m (for H,),
where m is the number of preserved effective bases in subblock L.

The term Z,Jvuf Lfnl describes the interactions between blocks L and n;.
In this case, the Hamiltonian of the superblock L’ is

I:ILr =I:IL +I_}m + Z ZIU(&L&.W + /’ZC)

ienjeL o
+ @l al apd, +h
8ijkt \ Aigyr Airdjo + h-C.
ienjkleL ot

S Saw(iti, e

ieLjklen, ot

1 -
AT AT A A
+ 3 E E gijkl (aigakTalTajg + h.c.)

ikenjleL ot

(4.12)
+ > (gykiﬁiaﬁszlh&jo + gyl . Qi
ijen,kleL ot

The construction of the H r Hamiltonian is performed in the DMRG

sweep process and is usually called blocking.
For the superblock R =n, +R on the right side, we can build the
Hamiltonian similarly. In fact, Eq. (4.12) can be applied to any two-part sys-
tem as long as the interaction term can be precisely constructed. We can

decompose a global operator acting on the whole wave function as a sum-of-
products (SOP),

0=0"e1"+1" 0"+ &k, (4.13)
by

in which we have introduced three kinds of left and right operator terms:
(1) the identity operators iLk and iRk; (2) the operators éLk and (3Rk, respec-
tively, acting on the left and right blocks containing sites 1, 2, ..., k and
k+1, ..., N, respectively; and (3) the terms 6,6265: denoting their interac-
tions. Following this idea, we can write down a left-right decomposition
of the total Hamiltonian into the so-called normal/complementary (N/C)
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operator (Xiang, 1996) as

a

ALk ARA LA
E :E : iokt ka E :E : l(fj(I

Hoiei®+ite (ZZL&TSfi Z; !
LER

\S) |

oT ikely o ije

ZZ "LA "Rk
IO'j’T lG'jT 'C. >

oT ijer,

where

N At oAt
Amk‘r =a;,a;.,

A At A
Bisjs = a;,0j5,

J

_atoa
Cirij - aigajT?
and various complementary operators are defined as

ok ~ AT A A
SL{,— E tijdjs + E E 8ijkidyAirdjg,

JeLy T jkleLy

_ Af A A
—E E 8ijkiQy . AirQjir

T jkIER;

ARA
[g'kT - § gl]klal‘ra/as
]lERk

ARk
lO'jO' E § gl]klakTalTa
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,U,T— E gkjtlakTal(f
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o

SL +hc>

(4.14)

(4.15)
(4.16)

4.17)

(4.18)

(4.19)

(4.20)

4.21)

(4.22)

Note that the above decomposition is not symmetrical with respect to L’

and R’; one superblock carries uncontracted operators such as A ; and By, CA‘,;,-
(normal operators), while the other carries only the complementary operators,

such as 135:‘ and ng, Iégk (although S; is carried for both superblocks). The
two-index complementary operators can be chosen to be defined within the
left or right block and the choice will change the total number of SOP terms
in Eq. 4.1. For simplicity, here we only show one of the two possibilities
which define the two-index complementary operators within the right block.
In such cases, the number of SOP terms will increase during a DMRG
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half-sweep as the active site k is moved from the left-end (the left-most site)
to the right, and the size of the L; block increases. Therefore it is usual to
keep the two-index complementary operators within the right block when
k <N /2 and keep them within the left block when k = N/2. Finally, a simple
flow table of renormalized operator-based DMRG implementation for
ab initio Hamiltonian is shown in Algorithm 4.1.

Algorithm 4.1: Renormalized operator-based DMRG implementation for ab
initio Hamiltonian. DMRG, Density matrix renormalization group.

procedure Prepare(coordination, basis, ...)
{toq}, {8pqrs } «— Hartree—Fock or other low-level calculation
Select active MOs
return {t,;}, {gpqrs} and other prerequisites
end procedure
procedure OrbitalOrder ({tyq}, {gpgrs })
Optimize MO order on a 1D chain // see Section 4.6
: end procedure
: procedure sweepL2R({t,g}, {gpqgrs))
10: for kin[1,N—1]
11: Build Ay, Ag, {O1}, {Or}
// see Eqs. 4.12 and 4.15—4.22
12: construct F via Eq. 4.14
13: E, ¢« Diagonalize(F) // Lanczos or Davidson
140 U5, VT SVD(y,)
15: O « Transform (O, U) // (A)?,ew = UTO(L),IdU
16: end for
17: end procedure
18: procedure SweepR2L({tyq}, {gpqrs })
19: for k in[N,2]
20:  Build Ay, Fe, {O1}, {Or}
// see Eqs. 4.12 and 4.15—4.22
21: construct F via Eq. 4.14
22: E, i« D|agonahze( ) // Lanczos or Davidson
23 U, S, VT« SVD(@,)
24: ORr — Transform(éR/, V) 1/ OZ = VTOOIdV
25:  end for
26: if not converged then
27: Go back to step 9 with updated {O  }
28: end if
29: return £, o
30: end procedure

S A ey

©

Now let’s present a brief analysis of the computational costs in renorma-
lized operator-based ab initio DMRG. (Chan and Head-Gordon, 2002;
Wouters and Van Neck, 2014) The left-right decomposition is not symmetri-
cal with respect to the left and right blocks, because one block carries uncon-
tracted normal operators such as a;d; Whlle the other carries only the
complementary operators, such as P,j and Q,], ;- In the block configuration,
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each block L and R carries O(Nz) normal operators with memory storage of
O(N*m?) if there are at most m DMRG states reserved in sweeps. The most
expensive part of blocking is consequently the formation of the two-site
complementary operators P,] and Qu’ R,,, which requires O(N?m?) time and
O(N?m?) storage per operator. There are O(Nz) such operators, and a naive
implementation would hence result in a computational time cost of O(N*m?)
per microiteration. However, this summation needs to be performed only
once per sweep for each operator, at the moment when the second-quantized
operator is added. Thereon, this operator can be transformed successively.
The total computational time cost per microiteration is hence reduced to
O(N*m?) for the summation and O(N’m?) for the transformation (there are
O(Nz) operators to be transformed).

In a left-to-right sweep, after we have performed the blockings
L' =L+mn and R =n, + R, the next stage is to truncate L . We have to con-
struct the on-site effective Hamiltonian and use the iterative Davidson or
Lanczos procedure to find the ground-state wave function. The key step in
these iterative eigensolvers is the construction of

verp =Hprepr, (4.23)

in which the ¢; ' is the trial wave function vector and its dimension is the
number of states in the superblock L + R, which is O(16m?). By using the
left-right decomposition of the total Hamiltonian as shown in Egs. 4.11, 4.12,
and 4.14, the operators O and 0™ in the left and right blocks with a dimen-
sion ~4 m can be applied successively onto the trial wave function vector
¢, /g - The cost for each matrix-vector multiplication is then O(m?) times the
number of operator pairs in the left and right blocks, which yields an O(N?m?)
cost per multiplication. Subsequently, a singular value decomposition (SVD)
of the ground-state wave function or the equivalent diagonalization of subsys-
tems’ reduced density matrix (RDM) with time costs of 0(m3) is performed
to obtain the lowest m eigenvectors as the later updated basis set of the super-
block L'. The operators of L™ are then rotated in 0(N2m3) time. These opera-
tors, together with the wave function and transformation matrix, are saved to
disk for use in the subsequent sweep iteration or renormalization transform.
Overall, on each site, the most expensive parts of the renormalization
transform are the blocking, diagonalization, and truncation steps, which cost
O(N*m?*) + O(N*m?), O(N*m*), and O(N*m?) time, respectively. As these
procedures must be applied on each site, in DMRG calculations these proce-
dures have to be executed O(N) times, leading the total time cost of the
DMRG algorithm to (N*m?) + O(N*m?), as shown in Table 4.1.

Due to the sparsity of the two-electron integrals, the number of nonzero
effective operator terms in the total Hamiltonian is normally much smaller
than N*. How to decompose these terms into normal and complementary
operators becomes highly nontrivial, because there are no rigorous rules to
guarantee the minimum of SOP terms. The optimal decomposition choices
will be discussed in Section 4.3.
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TABLE 4.1 The computational cost per sweep in ab initio density matrix
renormalization group algorithm.

Task Time Memory
Diagonalization of effective Hamiltonian O(N*> ) O(m?)
Singular value decomposition O(Nm?) O(m?*)
Constructing normal operators O(N*> ) O(N*m?)
Constructing complementary operators O(N*m?) + O(N*m?®) O(N*m?)
Total O(N*m?) + O(N°> m?) O(N?n?)

4.2 Matrix product operator-based density matrix
renormalization group implementation

As we have introduced in Chapter 2, the modern formulation of the DMRG
method based on MPS and MPO, sometimes called the second-generation
DMRG algorithm, is nowadays also popular in ab initio DMRG (e.g., Keller
et al.,, 2015b; Keller and Reiher, 2016). In the MPO-based DMRG imple-
mentation, the multiconfigurational wave function is transformed as a prod-
uct of rank-3 MPS tensors and the Hamiltonian as a product of rank-4 MPO
tensors. Instead of performing the left-right partition in renormalized
operator-based ab initio DMRG, here the Hamiltonian is completely decom-
posed into a series of single tensors on each orbital, rather than renormalized
blocks on multiple orbitals. Thus we only have to decompose the total
Hamiltonian completely before starting any DMRG sweep, and no blocking
procedures but tensor contractions are essential in the sweeps.

In MPO constructions, we should use not only the nontrivial SSOs, but
also the identity operator [ and the parity operator P. For example, for a sys-
tem with N = 6 orbitals, one of the operator terms might be

t24&;ufl4u = t24i1 &;Ltﬁ2ﬁ3fl4ui5f6. (424)

There are one creator and one annihilator operator explicitly shown in
this equation, whereas on the other orbitals, an identity I or a parity operator
P is implicitly included, defined as

1 000 1 0 0 0

- o1 o0oo0o] 5 [0 -1 0 o

I= 0010’P_ 0 0 -10 (4.25)
00 01 0 0 0 1

The parity operator P is introduced to maintain the anticommutation rela-
tions between the fermionic operators ' and @. The operator term in
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Eq. (4.23) can be constructed in two steps, by applying the two nontrivial
SSOs successively, as

ﬁlﬁgui3i4i5i6,
and
P1PyP3ay,lsl6.

As P;P; =1, we can merge these two steps and multiply the correspond-
ing MO integral to get the complete operator term.

After splitting the total Hamiltonian in Eq. 4.1 into a series of operator
terms, we need to decompose these terms and put the SSOs on their corre-
sponding sites and positions to construct the Hamiltonian MPO tensors. An
MPO tensor can be regarded as an operator valued two-dimensional matrix
rather than a four-dimensional tensor. In this case, the elements in the MPO
matrix are SSOs, which are two-dimensional matrices themselves. Now, the
crucial part for a second-generation ab initio DMRG algorithm is to con-
struct operator tensors, such as the Hamiltonian, in an efficient manner.

A most straightforward and naive way to build the MPO form of the
Hamiltonian is to write the MPOs at different lattice sites as diagonal matri-
ces, in which the diagonal elements are the SSOs acting on the current site.

Using this naive idea, on any general site (except the first and the last sites),
the MPO tensor is a N; X N; diagonal matrix

1

0, 0 0
A2
w=|9 6 - 0 (4.26)
0o 0 . O

l

in which OA:( is the SSO acting on the ith site in the kth operator term. The
dimension size N, of the MPO matrices equals the number of operator
terms. When transforming the ab initio quantum chemistry Hamiltonian in
Eq. 4.1, the number of operator terms could be as large as O(N*). For
N =30 orbitals there would be more than 10° operator terms. Therefore the
naive diagonal MPO tensors are not practical for large chemical systems.
The optimal compact construction for ab initio MPOs and the computa-
tional scaling for MPO-based ab initio DMRG will be discussed in the next
section.

With the constructed MPO representations, DMRG sweeping for the opti-
mization of MPS will become straightforward as discussed in Chapter 2. A
simple flow table of MPO-based DMRG implementation for ab initio quan-
tum chemistry is illustrated in Algorithm 4.2.

Algorithm 4.2: MPO-based two-site DMRG implementation for ab initio
Hamiltonian. DMRG, Density matrix renormalization group; MPO, matrix
product operator.
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1: procedure Prepare(coordination, basis, . ..)

2: {tyg), {gpqrs}<— Hartree—Fock or other low-level calculation
3: Select active MOs

4: return {t,4}, {gpqrs} and other prerequisites

5: end procedure

6:procedure OrbitalOrder({tog}, {gpqrs })

7:  Optimize MO order on a 1D chain // see Section 4.6

8: end procedure

9: procedure MPOWithMPS({tyq}, { gpars })

10: {M"k }elnitia[izeMPS()

Ak—1ak

«
nen

11: {ka,. bk}<— ConstructMPO({tyq}, {gpgrs })
12: end procedure

13: procedure PrepareBIocks({M”k } {Wgtjkbk})

A1 3k

14: for ke[1,N]

. b, _ by ni s
15: La[(,ak Z Lazi] S Mak,‘ aMa;_a YV by by

. by _ by N M N
16: Ra;,PaH - Eka;,ak MaH ay Maz,1 a, Y by by

17: end for

18: end procedure

19: procedure SweepL2R({t,q}, {gpqrs))

20: for kin[1,N—1]

21: H"L"ZH Mg Ny — Zl'bkﬂ Rbkﬂ Wk Wk My

a1 A

gk Mkt . . DN M Nt
: - £kl
22: E,M, 7, <« Diagonalize H s o e

230 Usimm Sy (V1) <SVD (M”k”k” )

M,N4q Ay A1 Ak+1

new new ,

24: (Mgfq ak) = Uak—1 MM (MZ:+311<+1) = Zm Sm'm(vT)mvnkuam
. bk . n new b B

25: Update Laz,ak with (Mat—1ak> ’L-’:ﬂl’ak**

26: end for

27: end procedure

28: procedure SweepR2L({tog}, {gpqrs })

29: fork in [N,2]

30: {1 kM e Zl_bkfz RPx W i Wk

ap_,a,a—ak
o ox
My My M= N

31: E, M1 — Diagonalize H ' !
k-2 Ak A, A a2 ak

32: U ynms Smm, (V) «— SVDIM"17%)

m,niag A Ak
) - new - new +
332 (M) = SaUancim S (M) = (V)
new
34: Update R:!‘" . with <M”k ) , R

= A1k a;,ak
35: end for
36: if not converged then

37: Go back to step 18 with updated {R% }
ag,ax

38: endif

39: return £, {M3:_, |

40: end procedure
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4.3 Optimal construction for matrix product operators

To construct the MPO tensors compactly, Keller et al. (2015b) proposed an
efficient approach, using the so-called fork and merge operations. If two or
more operator terms are identical on sites 1 through k, the common sub-
strings can be collapsed into one single substring up to site k, which is then
forked into new strings on site k + 1, splitting the common left part into the
unique right remainders and constructing complementary operators. Because
each operator on the site of the fork will be multiplied by the shared left part
upon matrix—matrix multiplication, the redundant substrings can be safely
removed. The second operation is to merge strings that match on sites
[ through L into a common right substring. If the ab initio Hamiltonian oper-
ator is constructed in this fashion, there will also be strings with identical
subsections in the middle of the lattice of sites. To compact the w matrices,
one can collapse strings from both sides of the orbital-chain lattice simulta-
neously. For general term gijkl&?a&;&lrdja (i <k <1<}), the four nontrivial
SSOs divide the string running over all sites into five substrings 1 — i, i — k,
k—1,1—j,and j — N. Because one always begins with fork from the left and
merges from the right, one only needs to focus on the three substrings in the
center. Considering the connectivity types of the labels for these substrings,
there are two possible combinations for the compact MPO representations:
fork-fork-merge and fork-merge-merge.

The above method can be easily understood as a simpler way of utilizing
matrix multiplication by tracking the row and column indices of each SSO

Al . S .
O;. In the matrix multiplication operation
Cj= ) AuBy,
k

the element By; in the kth row of the matrix B must be multiplied by the ele-
ment Ay in the matrix A on By;’s left. It implies that if A; holds the common
substring of multiple operator terms, all of the various remainders should be
placed in the kth row of the neighboring B matrix. In practice, the matrices
A and B here are two MPO tensors Wi and Wi+l adjacent to each other. For
the general operator term

010, Oy,
as the first tensor Wl is considered as a row-vector, the row index r; of the
first SSO O, is 0, and its column index ¢; can be obtained by sorting all the
SSOs in this row in a certain order. For the second SSO 02, its row index r;
in the matrix W, must be equal to ¢y, and we can get its column index c¢; by
sorting all of the SSOs in this row. We can do such operations on each W,

matrices except the last one, on which the row index ry of the last SSO
Oy in column vector Wy is equal to cy—; and the column index cy is O.
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While sorting the SSOs, we can merge the common left substrings if two
terms share the same part on the left. Between each pair of sites, all identical
operators can be collapsed into a single bond to obtain a compact representa-
tion of the Hamiltonian. Note that the identical operators must be the same
kind of SSO and share the same left/right basis. Because most elementary
operators have some identity operators on the left, and the left and right
bases of these identities are both vacuum states, we can always get some
common left substrings consisting of identity operators, which is very helpful
for reducing the dimensions of the MPO matrices.

Here we take a Hamiltonian containing four operator terms of a N =4
system as a simple example:

H=1f +1,+1;+1s, (4.27)
with
fi=al al dsda, (4.28)
fh=al a5 ayds, (4.29)
iy =al b agdua, (4.30)
fy = al al agdua, (4.31)

and the scaling factors (e.g., the MO integrals) are temporarily omitted for
convenience. The four terms can be completed by adding the identity and
parity operators as

f] = &Iuﬁlfl;ué_guﬁ3fl4u, (432)
fz = &Tuﬁlfl;rdflwflwll, (433)
f3 = C’iiuﬁlfl;di3&4u&4d, (434)
f4 = ildzud;di3&4u&4d; (435)

and the naively constructed diagonal MPO matrices and vectors are

Wi =(alp al P al B 1)), (4.36)
a0 0 0

N ~F

2 O (4.37)

0 0 0 abal,
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awP3; 0 0 0
X7 0 fl3 d3d 0 0
W, = u N 4.38
o I A (4.38)
0 0 0 Iz
é4u
N Iy
Wi=1| . (4.39)
A4y A4q
A4yQaq
It is easy to prove that
W1W2W3W4 =f1 +f2 +f3 +f4. (4.40)

To reduce the size of the MPO tensors, we start from the left-most site,
reorder all of the SSOs in the row-vector W and eventually merge the dupli-
cate ones. We can put the identity operator I in the head of the vector by
reordering the operator terms as

f1—1, by> i3, i3> 1s, 14— 11

+

ullsl operators in Wl and obtain the

Forthwith, we merge the three a
compact MPO as

The next MPO tensor Wz are transformed to a 2 X 4 matrix as
. S A
W, = [ 22 A(T) ? 3 . (4.42)
0 Ay Gyg Gy

The nonzero elements in W3 and W4 are reordered as well, thereby
we have

L 0 0 0
X 0 &3 P; 0 0
W, = ut: ) 4.43
Lo 0 anaw 0 (443)
0 0 0 I
A4uQaq
W,=| % (4.44)
14
A4yQaq
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We can easily find that the two &22 operators in the second row of
W, can be merged. The final compact MPO tensors in this simple
example are

W= (1, al By). (4.45)
AT AT
W, = <a2“a2d 90 ) (4.46)
0 ay, a2d
A L 0 0 0
Wi=[0 a.P; 0 0| (4.47)
0 0 &3ua3d 13
A4uQaq
W, = ‘;4 . (4.48)
4
AsyQag

Accordingly, the product of these compact MPOs is still equal to the
original Hamiltonian. Since the scaling factors are generally irreducible, they
can be multiplied by the first unmerged SSOs in the corresponding operator
terms, for example, the SSOs in the above matrix W?,.

The relationship between the first-generation renormalized operator-based
ab initio DMRG and second-generation MPO-based ab initio DMRG has been
carefully examined by Chan et al. (2016). It was demonstrated that the so-
called fork-fork-merge or fork-merge-merge operations in the latter’s MPO
compaction are completely equivalent to use P and Q R complementary
operators in the right or left block in the former. Therefore, by using the com-
pact MPO construction, MPO-based ab initio DMRG also has the same
computational scaling of (N*m?)+ O(N>m?) as renormalized operator-based
ab initio DMRG. Nevertheless, the MPO formulation is a more flexible frame-
work to apply DMRG for higher dimensions and complex Hamiltonians, espe-
cially when containing long-range interactions. Another main advantage of
MPS is that they encode wave functions as stand-alone objects that can
directly be manipulated arithmetically as a whole for subsequent calculations
of higher excited states or dynamic correlations and evaluating the overlaps
between different states. In contrast, for traditional DMRG a series of compli-
cated and tedious reduced basis transformations are needed.

One important fact of the optimal MPO construction is that both the
so-called complementary operator technique in the first-generation renorma-
lized operator-based DMRG algorithm and the equivalent Keller et al.’s
approach for the second-generation MPO-based DMRG algorithm are
not automatic and cannot guarantee the minimization of the number of SOP
terms. A possible solution is to naively construct the MPO and then compress
it by SVD or removing the linearly dependent terms (Hubig et al., 2017).
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FIGURE 4.1 An example of mapping the operator O to a bipartite graph G = G(U, V, E). The
vertices represent the nonredundant operators in the left and right blocks. The edges represent
the interactions with a nonzero prefactor. The filled vertices in blue form a minimum vertex
cover, while the dash edges in red form a maximum matching. Reproduced from Ren, J., Li, W.,
Jiang, T., Shuai, Z., 2020. A general automatic method for optimal construction of matrix prod-
uct operators using bipartite graph theory. J. Chem. Phys. 153, 084118. https://doi.org/10.1063/
5.0018149, with permission from American Institute of Physics.

This scheme is fully generic and automatic for different operators, but a
numerical SVD truncation error is introduced and it is infeasible to quan-
tify its effect on the following DMRG calculations in advance. In addition,
the numerical compression may be computational costly when the number
of SOP terms in the Hamiltonian is large.

To globally minimize the number of SOP terms and eliminate the numeri-
cal errors in MPO construction, Ren et al. (2020) proposed a generic method
to automatically determine the most efficient operator decomposition by virtue
of using bipartite graph theory. Describing the nonredundant operators in the
left and right blocks as vertices {U} and {V} and the interactions (MO inte-
grals) with a nonzero prefactor as edges {E}, a global operator can be trans-
formed to a bipartite graph G = (U, V,E), as shown in Fig. 4.1. The optimal
compression/decomposition problem of the operator terms at each bond can be
interpreted as a minimum vertex cover problem in the graph G, which is to
determine a subset of the vertices which covers all edges such that the number
of the vertices in the subset is minimized. For the bipartite graph described
here, the Konig theorem (Konig, 1931) proves that the number of vertices in
the minimum vertex cover is equal to the number of edges in the maximum
matching. A matching is an edge set in which any two edges do not share
one vertex. The maximum matching shown in red in Fig. 4.1 is the matching
having the maximal number of edges, which could be solved efficiently by
Hungarian algorithm (Kuhn, 1955) or the Hopcroft—Karp algorithm (Hopcroft
and Karp, 1973). Once the maximum matching is found, the vertices in the

()
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minimum vertex cover could be obtained easily, and the retained operators are
optimally selected.

4.4 Symmetries and spin adaption

In expensive quantum chemistry calculations, it is usually desirable to
exploit symmetries to reduce memory storage, shorten computation time, and
to thin out Hilbert space by decomposing it into a sum of smaller sectors.
It is also crucial to utilize the symmetrical constraints to correctly identify
and target the electronic state. Symmetries often used in ab initio DMRG fall
into two categories, Abelian or non-Abelian.

The most frequently implemented symmetries in DMRG are the Abelian
U(1) symmetries, leading to total magnetization S%,, and total particle num-
ber Ny as good conserved quantum numbers. In the traditional DMRG for-
mulation with left-right partition, as the total quantum number

T= TL + TR) T= Stzot or Ntot

is fixed, only a small portion of the vectors |L,L> and |R,) can be blocked
according to the specified 7, and T — T;. Thus all operators used in
DMRG can be expressed in a matrix representation as dense blocks of
nonzero matrix elements with all other matrix elements equal to zero.
Abelian molecular point group symmetries P with real-valued character
tables Pe{Cy, C;, Cs, Cs, Dy, Cy,, Cop, Dy} and other discrete symmetries
(e.g., spin-flip, particle-hole) can be also easily incorporated by using
symmetrized DMRG (see Section 3.3).

The total spin S requires a non-Abelian Lie group SU(2) symmetry in
ab initio quantum chemical Hamiltonian. Since Zgid and Nooijen (2008a)
proposed a first spin-adapted ab initio DMRG implementation, a variety
of algorithms (Sharma and Chan, 2012; Wouters et al., 2012; Keller and
Reiher, 2016; Li and Chan, 2017) have been developed to account for
U(1)® SUR)® P symmetry, in both renormalized operator-based and
MPO-based DMRG formulations.

Let us first introduce the MPO-based spin-adaption scheme proposed
by Keller and Reiher (2016). Using symmetries in the MPS/MPO, the
DMRG method naturally leads to the symmetry-protected tensor implemen-
tation. In the U(1) ® SU(2) ® P symmetry, the local state on a certain
orbital could be

IN,S.1T) e{ ¢) ,1>, 0, o,Ag>}, (4.49)
in which I denotes the irreducible representation of the point group P and A,
is the totally symmetric representation. The most complicated problem arises
from the multiplicity of the total spin. With the Clebsch—Gordan expansion,
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a composite system consisting of the two representations D(Ni,Si,1;) and
D(N,, S», 1) can be decomposed as

D(N1,81,11) & D(N2, 83, 1)

(4.50)
= @ﬁfg,isﬂD(Nl + N, S, 11 ® Ib).

The direct sum of multiple representations on the right side of Eq. (4.50)
implies a block-sparse implementation in the spin-adapted DMRG method
(Wouters and Van Neck, 2014). Because MPSs and MPOs behave as rank-k
tensor operators, the Wigner—Eckart theorem is the fundamental equation to
exploit spin symmetry. This states that the matrix element of the Mth compo-

nent TE] of a rank-k tensor operator TX! is generated from a reduced matrix
element multiplied by the Clebsch—Gordan coefficient

G| Thg ljm) = (7| TR ) 0 (4.51)

The double vertical line denotes Condon and Shortley’s notation for a
reduced matrix element, which is independent of any projection quantum
number. In Eq. (4.51), j and j refer to a spin quantum number [an irreducible
SU(2) representation, e.g., the total spin S]; m, m’, and M are projection
quantum numbers such as the z-component of spin if the z-axis is chosen as
the axis of quantization. As the multiplet M = —k, ---, k is determined by a
single reduced matrix element, the Wigner—Eckart theorem entails informa-
tion compression, thus allowing an efficient operators storage. As the total
Hamiltonian H is a spin-zero operator, the feasibility of using the spin sym-
metry is based on the fact that the Hamiltonian H is invariant under the sym-
metric rotations. When solving the Schrédinger equation with spin
symmetry, we can work with multiplets as a single entity, rather than indi-
vidual states.

Henceforth, till the end of the section, bold symbols are used to represent
the reduced tensors in SU(2) symmetry. According to Eq. (4.51), these ten-
sors are constructed from a series of tensor blocks, each of which is labeled
with the quantum number of a certain irrep of the symmetry. Following the
ideas of Keller and Reiher (2016), we associate the a-index of each MPS ten-
sor M with a quantum number

ai-14;
qi = (Ni, Si, 1), (4.52)
to partition the MPS tensor into symmetry blocks. The MPS tensor
M . .40 Will then be characterized by the symmetry constraint
qgi€qi-1 ® n, (4.53)

which implies that the MPS tensor My’ . ... on site i is in fact an operator

that maps states from the subsystem spanning sites 1 to i— 1 to the
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subsystem enlarged to site i, and ¢g;—, g;, and n; are input, output, and opera-
tor quantum numbers, respectively.

In DMRG calculations, the MPS tensors are constructed site by site from
the vacuum state. Consequently, the quantum numbers appearing in the MPS
tensors on opposite ends are also the vacuum state. As we usually start the
construction of the MPS/MPO tensors from left to right, in the first MPS ten-

n
sor My, .. 4,» the tensor blocks are

L0 |1, (4.54)

with the vacuum state on the ap bond denoted by a size-1 block
qo:ap = {(0, O,Ag):l}. The tensor MZ(‘WO;‘“UI on site 1 consists of three 1 X 1
blocks. Since the three tensor blocks in Eq. 4.54 also constitute the local
state n;, the MPS tensor M2, .. .. on site 2 shares gi:a; with My}, .. . and
the output quantum numbers are

(4,0,4,):1, 300 ) 3,1 L |1,

2 2’
qray =4 (2,1,1; ® b):1,(2,0,1; ® ):1, (2,0,4,):2, ¢, (4.55)

1 1
IENA RN NG 1, (0,0,4,):1

in which the output quantum number ¢, = (2, 0, Ag) appears twice in the
combination of the input quantum numbers g; with the local site basis n,,
namely,

g1 ®@m =(0,0,4,) ® (2,0,4,), (4.56)

and

g1 ®n=(2,0,A,) ® (0,0,4,). (4.57)

This indicates that there are two different (2,0,4,) states defined on sites
1 and 2, corresponding to a 1 X 2 tensor block. The total MPS wave function
can be constructed by continuing this scheme toward the right-most site, while
only those tensor blocks which lead to the vacuum target state are reserved.

The most complicated process in the implementation of the spin-adapted
quantum chemistry DMRG method is still the construction of MPO tensors.
To those SSOs that transform according to an irreducible SU(2) representa-
i

tion, we may apply the Wigner—Eckart theorem. The pairs a,, dji and a,, dq,
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for instance, each form the two components of a rank-% tensor operator with

reduced matrix elements

0 —v2 0
ai=lo o 1], (4.58)
0 0 0

while in this case, the annihilation operator is no longer a simple conjugate
transpose of the creation operator

0 0 O
1 0 0]. (4.59)
0 V2 0
The +/2 values in the above matrices imply the Clebsch—Gordan coeffi-

cients. The other SSOs, such as the particle number operator 7, the spin-flip
operator a'a, and the empty-to-double operator d , can be constructed as

&:

2. 00
Ai=(0 1 0], (4.60)
000
g (0 0 _ 0
(@'ay =10 /3/2 0}, (4.61)
0 0 o0
, 0 -v2 0
an={0 0 0], (4.62)
0 0 0
000
Aa=11 0 0], (4.63)
000
. [0 01
=10 0 , (4.64)
000
(000
d={0 0 0 (4.65)
100

Note that the spin-flip operator ata changes the spin on a singly occupied
orbital and we use its spin-1 component in Table 4.2, while the empty-to-

double operator d creates a pair of electrons on an empty orbital.
Similar to the previous sections, to implement the spin-adapted DMRG
algorithm for ab initio quantum chemistry, first we need to find all the



TABLE 4.2 Terms of the Hamiltonian partitioned into one- and two-electron equivalence classes in 2U(1) and SU(2) formulations.
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operator terms in the spin-adapted Hamiltonian and thenceforth use the MPO
construction algorithm mentioned in the previous section to obtain the com-
pact MPO tensors. The spin-adapted operator terms are listed in Table 4.2.
Note that an eightfold permutation symmetry of the two-electron integrals
(Eq. 4.7) is used therein.

In the traditional renormalized operator-based DMRG, it is much less
complicated to embed spin adaption because usually only left and right
blocks are considered. One must keep in mind that in this case, all the tensor
operators labeled by spin § are associated with a manifold of 25 + 1 opera-
tors that transform amongst each other under some SU(2) rotation. As intro-
duced by Sharma and Chan (2012), the spin-adapted complementary
operator B can be defined as

1 +
0.0 _ At A atoa
B = (a:'ruaju + aidajd) (4.66)

By =ala, (4.67)

wo_ Lo s
B = /2 (aiuaj" - aidajd) (4.68)
B! = —alaj (4.69)

for S=1 triplet operators. All of the tensor operators used in the spin-
adapted renormalized operator-based ab initio DMRG algorithm can be sum-
marized in Table 4.3.

When constructing the total Hamiltonian, one must find all nontensor
analogs for all possible partitions. Because the Hamiltonian His a spin-0
operator, we can write the Hamiltonian of the left superblock A =L + n; as

A°1A1 = B'IL1®01 T + 1 [L1@0A ]
+23° (@ ook [ + &) L190R; " m)
ieL

N ~1/2] A1/2% ~1/2
+23° (@ i@ 101+ % R

l‘Gm

3 ( — V3B mI®e0ylL] + Bg[nl]®()Q2[L])

jen

[11)

V3 A1 Al Nt ALt
+ 53 (AymdeoyfL) + A, o (L))
ijemn

+ 2 Z( [l@oPIL] + A; TP 11)),

ijen

(4.70)
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TABLE 4.3 Definitions of the operators used in the spin-adapted
renormalized operator-based ab initio DMRG. The indices in this
table refer to spatial indices rather than spin indices.

Components Definition
53/2 é}/z,q/z éITd
s i
R R J g (3,302 + L3040
R T3 g (330, 2 + al,3l,80)
A A’ 5 (ala, - alal)
Ay v e
A % (ajuajd + éjda}u)
4,
B B, & (L3 + a34)
AB:',' E:jﬂ ‘:”;rdéfu
B 5 (8w — al30)
~1.1 At A
i — i djd
/”32. /52.’0 — 5 2ok 8ikit(— Al dkd + dg k)
P ,1'/ [3‘1.1.”1 > ki SikjlAluAku
P ‘1_1,0 — 75 2ok 8ikil(— Al kd — Ad k)
p ;1’1 > ki 8ikj1ald Akd
Qi QE’O 72w (28 — Ging) (521,«"% + ézdé/d)
Qj/ Q:jﬂ = Y Bit g
e 3,-’0 — 52k 8ilkj (ézuélu - éb%d)
¢ ,].j’1 Yok gilkjézuéld

DMRG, Density matrix renormalization group.

Source: Reproduced from Sharma, S., Chan, G.K.-L., 2012. Spin-adapted density matrix
renormalization group algorithms for quantum chemistry. J. Chem. Phys. 136, 124121. https://doi.
0rg/10.1063/1.3695642, with permission from American Institute of Physics.
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in which the spin-adapted tensor product ®y is defined as
X @Ry = (XS‘X ) “.71)

and the symbol } denotes the adjoint with an additional sign factor to pre-
serve the Condon—Shortley phase convention used in the angular momentum
ladder operators, as

2 = ()smgS T (4.72)

Similarly, one can construct the right superblock Hamiltonian and also
the total one.

An important issue in spin-adapted DMRG is to find a proper way to
determine the spin-adapted renormalized DMRG basis in both left and right
blocks. In general, the density matrix of a subsystem does not commute with
the total spin operator of the subsystem, thus the usual DMRG prescription,
in which the density matrix eigenvectors are used as the many-body basis, is
incompatible with spin adaptation. McCulloch and Gulacsi (2000, 2002)
showed that the best states to retain in the decimation step of the DMRG are
eigenvectors of a quasi-density matrix which commutes with the S operator.
The quasi-density matrix is obtained from the usual density matrix by setting
off-diagonal blocks, which couple states of different spins, to zero.

We can see clearly from Tables 4.2 and 4.3 that there are much fewer
operators in the spin-adapted DMRG method than in the simpler U(1) ® U(1)
non-spin-adapted implementation. In fact, the total number of operators stored
in the spin-adapted DMRG is approximately half that in the non-spin-adapted
DMRG. (Sharma and Chan, 2012) However, there are certain disadvantages
when using the spin-adapted DMRG algorithm in the study of high-spin
states. The most serious one is that the eigenvalues of the quasi-density matrix
of the left and right blocks are not equivalent for nonsinglet states. This non-
equivalence means that discarded weights obtained during the forward and
backward sweeps of a calculation (which respectively arise from quasi-density
matrices of the left and right blocks) are different, and this makes DMRG
energy extrapolation using discarded weights ambiguous. Sharma and Chan
(2012) used the singlet embedding method (Tatsuaki, 2000) to overcome these
disadvantages by adding a set of auxiliary noninteracting orbitals to the end
of the lattice, which couple to the physical orbitals to overall yield a singlet
state. Thus the wave function |’(/J> of the combined physical and auxiliary orbi-
tals is

W}S:O> = |¢s>|¢s>s (4.73)

in which |¢s> is the state of the auxiliary noninteracting orbitals and does
not energetically couple to the physical system.

Another way to embed spin symmetry into the DMRG method is using
the spin-projected MPS (Li and Chan, 2017; Larsson, et al., 2020). The
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spin-projected MPS can be obtained by applying a projection operator on the
non-spin-adapted MPS

(N,S.M) _ T
’¢SP—MPS> - PS

gﬁ%)>, (4.74)

in which Py is the spin projector for the total spin S and ‘w%¥>> is an MPS

wave function with a given particle number N and spin projection M (e.g.,
the z-component of the total spin). The energy to be variationally optimized

can then be considered as a functional of the underlying MPS ‘¢%@ﬂ>s and

its explicit functional form reads as

A

H

(N,S,M) (N.S,M)
SP—MPS

wsm \] _ W\ _ < SP—MPS
EH%”‘M*’SH _EHwM”S >} B (NSM) | (N.SM)
< SP—MPS ‘¢SP*MPS>

(4.75)
(U PP
(A Bl
There are various choices for the spin projector Ps in Eq. (4.75) and the

works by Li and Chan (2017) and Larsson, et al. (2020) adopted a group the-
oretical projector in integral form (Percus and Rotenberg, 1962)

A 25 +1 A
Paw = “gor | 4205, (DR,
R(Q) = exp(— iaﬁz)exp ( - iBSA'y)exp ( - i’yﬁz). (4.76)

Here Q= (a,3,7) are the Euler angles; R(Q) is the rotation operator;
and Dy, () = exp( — iMa)dyy ,, (B)exp( —iM'y) is the Wigner D-matrix,
and d1f4 4 (B) is an element of the Wigner’s small d matrix. The integration

can be evaluated via Gaufl —Legendre quadrature and results in a real-
valued sum of terms.

Compared with the method to explicitly incorporate the non-Abelian
SU(2) symmetry into DMRG, the spin-projection scheme provides a sim-
pler formulation to achieve spin adaptation. Besides, since the underlying

state |1/11(\1,IV1;ISW)) in the SP-MPS uses only Abelian symmetries, one does not
need the singlet embedding scheme for nonsinglet states to achieve a single
consistent variationally optimized state. SP-MPS’s another important fea-
ture is the close connection to traditional “broken-symmetry” determinants,
widely used in quantum chemistry. This gives the ability to seed SP-MPS
from initial broken-symmetry configurations built upon chemical intuitions,
opening the possibility to fully map out the low-energy landscape of com-
peting spin states in finite chemical systems, in particular the polymetallic
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transition metal compounds. However, one may also notice that the spin-
projected DMRG method is usually more computationally expensive than
the non-spin-adapted approach, because there are much more tensor con-
tractions, as shown in Eq. 4.75, than in standard non-spin-adapted DMRG
processes.

Before the end of this section, we should also note that the algorithm
for treating spin-adapted SU(2) symmetry in DMRG can be also
adopted for describing general non-Abelian point group symmetries.
Sharma (2015) used the resulting implementation to calculate the ground-
state and excited-state potential energy curves of the C, molecule with
a cc-pVQZ basis set (and frozen core) to an unprecedented (near-exact)
accuracy.

4.5 Reduced density matrix

In previous sections, we have shown that DMRG serves as a powerful tech-
nique for accurately calculating the many-electron wave function within a
large active space. In quantum chemical computations of energies and
properties of large molecular systems, because of the two-body nature of
electronic interactions, it is usually more convenient to use the n-electron
RDM (n-RDM) instead of the many-electron wave function expanded to an
astronomical number of configurations, especially for large systems. For
example, one-electron RDM (1-RDM) can be used for population analysis,
e.g., calculating the charge and spin densities (Boguslawski et al., 2012a)
at different atoms. The ground-state energy of a many-electron system can
be also described by using the electron integrals and 1-RDM as well as
two-electron RDM (2-RDM) as,

iy 1 i

E= Z liij + EZ gikﬂDlil‘ 4.77)
ij ijkl

Here the 1- and 2-RDMs are defined as

D;Izzgj@

At oA

aiaajg

w>, (4.78)

¢>, (4.79)

AT AT A A
aiaaﬁahakg

D=3 (v

where ) is the ground-state many-electron wave function. Orbital optimiza-
tions in the multiconfigurational SCF method, which will be introduced
in the next chapter, also require the assistance of 1- and 2-RDMs within
the active space. In Chapter 6, we will know that the incorporation of
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further dynamic correlation may also require additional three-electron and
four-electron RDMs (3- and 4-RDMs),

Ko st ot A A s
D;hi = Z <¢ o Qi Ay, Aip Anrgo 1/J>’ (4.80)
oTH
kimn — AT AT At AF A A A s
D = 3 (lal alal, it ).

oTHY

which involve 6 and 8 orbital indices, respectively. Therefore, for the pur-
pose of evaluating further energy and wave function properties, it is highly
necessary to develop efficient algorithms to compute n-RDMs from a
DMRG many-electron wave function.

In ab initio DMRG, the 1-RDM and 2-RDM can be in principle calcu-
lated simultaneously with the converged MPS wave function. The 1-RDM
can be calculated easily within the DMRG scheme since all the matrix repre-
sentations of a small number of second-quantized operators required are
readily available at every step of the DMRG algorithm. However, there are
N* elements for 2-RDM of a system with N MOs, which means that in
DMRG calculations we need to perform N* MPS-MPO-MPS contraction
operations to obtain all 2-RDM entries. This is always extremely difficult,
because the system size N is usually large in DMRG calculations.

Zgid and Nooijen (2008b) proposed an effective algorithm to compute
the 2-RDM effectively without performing lots of tensor contractions.
Their approach assumes that different elements of the 2-RDM can be eval-
uated at different site steps of a sweep in renormalized operator-based
DMRG. Hence, the wave function at the convergence shouldn’t change
during a sweep, which can be achieved by using one-site DMRG algorithm
(see Chapter 1). Then 2-RDM can be easily obtained as a by-product of
the DMRG sweeps. Following the ideas of left-right DMRG decomposi-
tion, the four orbital labels i, j, k, and [ in D;fl can be distributed between
the left and right orbital subspaces. For example, to evaluate the element
D}, (i<j<k<lI) of the 2-RDM, one can use a block configuration where
the indices i,j belong to the left block L, ken;, and [ in the right block R.
Therefore the number of the additional two-index operators is at most of
order O(N?) and accordingly the memory cost will be of order O(m*N?),
which is the same as for the DMRG sweep algorithm. Indeed, for most ele-
ments in 2-RDM, we can find a corresponding block configuration where
no more than two indices are present on any of the blocks. The exception
is for the cases when more than two indices refer to the same spatial
orbital, but these do not contribute to the leading cost of the computation.
In the spin-adapted DMRG method, the 1-RDM and 2-RDM can be evalu-
ated similarly, except for the multiplicity caused by blocking the operator
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terms and multiplying the Clebsch—Gordan coefficients (Sharma and
Chan, 2012).

It is much more complicated and expensive to compute higher order
RDMs. Saitow et al. (2013) introduced an approximation to high-order
RDM by using a cumulant reconstruction from lower-order RDMs. The
concept of cumulant expansion is originally used in statistical mechanics to
provide hierarchical relationships among different orders of correlation
functions. This concept has been later extended to the quantum mechanics
of fermionic many-body systems for evaluations of high-order RDMs. The
cumulant decomposition of n-RDM (n =1,2,3,4) can be written using the
antisymmetrized products among the k<-RDMs (k= 1,2, ---n — 1) along with
the n-rank cumulant (A) as follows:

D= A, (4.82)
Dy, = Ay, + 4D D), (4.83)
Dy = Ny, + 9Dy, AD} — 12D, AD} A D), (4.84)

klmn — Akl ki kl
Dhim = AR 16Dk A D + 18DK, A D"

— 144D%, AD!* AD} + 96D, A\Dj AD!" AD}, (4.85)

where A’ refers to the fully-connected cumulant and is regarded as pertur-
bative in the cumulant approximation, and the label D with n indices refer
to the n-order RDM. The wedge symbol A represents the antisymmetrized
products, as

2
iy sintm — 1
(X" A Ym j:,“'a/'wm - ((n+m)!>
(4.86)

i1s iyt s lntm
XY e(me(o)moX Y
o
where X and Y are tensors with ranks as n and m; m and o permute all of
the upper and lower indices, respectively; € returns the corresponding sign

change to the given permutation. Neglect of three-particle cumulant Agzi in

Eq. (4.84) and four-particle cumulant Azlh’:’]” in Eq. (4.85) allows for avoiding
the costly rigorous evaluation of 3-RDM and 4-RDM in the DMRG calcula-
tion, which have a high computational scaling of N® and N®, respectively.
However, it introduces approximation errors (so-called cumulant errors) in

the resultant 3-RDM and 4-RDM.
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Algorithm 4.3: Calculating n-RDM (n=1,2,3,4) from a DMRG wave
function. DMRG, density matrix renormalization group. n-RDM, n-electron
reduced density matrix.

1: procedure 1-RDM(|v))
D} = 5, (v[al )

return { Dj }
: end procedure

: procedure 2-RDM(|4))

Dy =Y <¢

7: return {D,'(’,}

8: end procedure

9: procedure Approximate3-RDM({Di}, {Dg‘ })
jki jk j

10: Dl ~ 9Déh/\D{ — 12Dy ADfAD!

11: return {Dﬁll}

12: end procedure

13: procedure Approximate4-RDM({D}}, {DZ}, {Di/‘k })

Imn

. klmn Kl kI _ kI ! k
14: DM ~ 16DK ADP + 18D A D™ = 144DJ AD AD? + 96D} A D A D A D?

15: return {Dg,’,’}}”}
16: end procedure

N
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Ay djo

A
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1/1>// Zgid and Nooijen (2008b)

4.6 Orbital selection and ordering

Although DMRG method can realize the nearly exact diagonalization for up
to ~100 MOs (Hachmann et al., 2006; Zhai and Chan, 2021), it is still
impossible to take all MOs (with a number of a few hundreds or thousands)
into DMRG consideration in practical calculations due to its polynomial
computational scaling O(m>N* + m>N?). Therefore usually only a small
number of most strongly correlated MOs and electrons are selected to form a
complete active space (CAS), in which all possible electronic configurations
are considered and solved exactly by full configuration interaction (FCI) or
DMRG. In the CAS model, the entire MO space is usually divided into three
subspaces: core, active, and external, as shown in Fig. 4.2. The complete
configuration space Jfyyy in the CAS method can be accordingly also
expressed as a direct product of these three parts,

%lotal = Jecore ® %active X éhﬂextemab (487)

Within this model, all of the MOs in the core space are doubly occupied
and the energy is evaluated at the Hartree—Fock level, while the orbitals in



120 DMRG-based Approaches in Computational Chemistry

External orbitals

Active orbitals
Internal orbitals —

Core orbitals

S

FIGURE 4.2 Division of the MO space into different subspaces. MO, Molecular orbital.

the external space are completely empty and do not contribute to the total
energy. Electron correlations are precisely evaluated only within the active
space, and the active electrons interact with the inactive electrons through an
effective one-electron Hamiltonian. Therefore the choice of active orbital is
obviously crucial for the accuracy of complete active space configuration
interaction (CASCI)/complete active space SCF and DMRG methods: a rea-
sonable active space must be able to contain the most entangled part of the
electronic structure of the system.

Currently, the active orbitals are generally selected by using a try-and-
error method, which depends to a large extent on personal experience and
chemical intuition. This is, however, quite tedious and unreliable for MR cal-
culations with large active spaces. In recent years, there have been increasing
efforts to develop strategies for the selection of active orbitals. Most of them
constitute the initial active space on the basis of the natural orbitals (NOs)
and the associated fractional occupancies (e.g., between 0.02 and 1.98),
which come from either unrestricted Hartree—Fock or inexpensive electron-
correlation calculations (e.g., single-reference perturbation theory and trun-
cated configuration interaction methods) on a large number of orbitals (e.g.,
Mitrushenkov et al., 2003; Ma and Ma, 2013; Keller et al., 2015a). Grimme
and Hansen (2015) also introduced the fractional occupation number
weighted density (FOD) obtained from finite temperature density functional
theory (DFT) as measure for selecting a proper active space. Recently, low-
level MR methods such as strongly contracted n-electron valence perturba-
tion theory on top of a minimal active space calculation, multiconfigurational
general valence bond, and DMRG with a small bond dimension are also
used to produce NOs or orbital entanglement information to construct the
active space (Ma and Ma, 2013; Stein and Reiher, 2016; Khedkar and
Roemelt, 2019; Khedkar and Roemelt, 2020; Zou et al., 2020). Although a
few tens of candidate orbitals can be explored in a preliminary low-level

()
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DMRG calculation, its automatic selection for molecules with very large
valence spaces is still expensive and challenging. This limit can be partly cir-
cumvented through preselecting orbitals either by manual inspection or by
imposing constraints such as maximum distance from a reactive center. Stein
and Reiher (2019) proposed a new protocol for large systems by splitting the
large active space into several smaller feasible subsets in a localized basis
and analyzed the entanglement entropies of these subsets in order to identify
the pairwise interactions.

In addition, chemical intuition-based strategies have been recently gener-
alized to the automatic construction of active space. Sayfutyarova, et al.
(2017) proposed an atomic valence active space scheme, which automatically
selects the active space based on the projection of occupied and virtual MOs,
onto the target valence atomic orbitals. However, projecting the MOs onto
all valence atomic orbitals of the target atoms may generate a very large
active space beyond the capability of current MR calculations. For the case
of conjugated m systems, Sayfutyarova and Hammes-Schiffer (2019) further
developed an automated m-orbital space (PiOS) method utilizing algebraic
transformations of a single-reference wave function and the Hiickel theory to
construct small but effective active spaces. The iCAS method proposed by
Lei et al. (2021) also transforms a priori selected set of occupied/virtual
atomic or fragmental orbitals to an equivalent set of localized occupied/vir-
tual prelocalized MOs, which can then be taken as probes to select the same
number of maximally matching localized occupied/virtual Hartree—Fock
orbitals as the initial local orbitals spanning the desired CAS. The machine
learning technique has been also adopted by Jeong, et al. (2020) and Golub,
et al. (2021) to automatically select active spaces for main group diatomic
molecules and transition metal complexes.

Unlike many other common wave function methods, an MPS is not
orbital-invariant within the active space, except at extremely large m values.
Therefore the DMRG convergence (and energy), of course, also depends on
the kind of orbitals employed in the calculation. In molecular systems,
canonical orbitals and NOs, as well as localized or split-localized orbitals,
are often used. Recently, plane wave-based Kohn—Sham orbitals were also
adopted in ab initio DMRG, paving the way toward applying the DMRG
method in periodic correlated solid-state systems. (Barcza et al., 2021)

The DMRG convergence is also largely affected by the orbital ordering,
due to the sequential nature of the sweeping optimization of MPS local ten-
sors. Orbital reordering can be viewed as a kind of orbital rotation. Although
the DMRG calculation becomes less sensitive to these choices as m increases,
at fixed m, a good choice of orbital ordering greatly improves the accuracy
and efficiency of a DMRG calculation. In principle, the best ordering of orbi-
tals minimizes the total energy and the maximum entanglement at any cut of
the 1D DMRG orbital lattice. Unfortunately, we can hardly obtain the optimal
orbital ordering in the DMRG calculations in advance, as it cannot be derived
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analytically from DMRG theory. For a lattice consisting of N orbitals, there
are N! different possibilities to arrange these orbitals. Moritz et al. (2005a)
suggested to utilize the genetic algorithm (GA) to optimize the ordering with
respect to a sufficiently low total electronic energy, obtained at a predefined
stage of the DMRG algorithm with a fixed number of reserved states. As the
DMRG method is variational, which means the full-CI energy is the lower
limit of the DMRG result, for a fixed m value, the lower DMRG energy
always comes together with a more reasonable ordering. However, one has to
perform a huge number of DMRG calculations if we use this GA-based
method to determine the optimal orbital ordering, which is usually too expen-
sive in ab initio quantum chemistry calculations.

In the early ab initio DMRG implementations, a widely used orbital
ordering approach was to utilize the reverse Cuthill-McKee (RCM) algo-
rithm (Cuthill and McKee, 1969) reordering sparse matrices by permutating
rows and columns to minimize the maximum bandwidth of MO integrals.
Within the reordering procedure above, the matrix elements which have non-
zero values are placed near the diagonal. Because the RCM algorithm discri-
minates the values only between zero and nonzero, one has to define a
threshold for the values of the integrals in such a way that matrix elements
with values below this threshold are set to zero. Chan and Head-Gordon
(2002) as well as Moritz et al. (2005a) have explored RCM schemes in ab
initio DMRG calculations by using one-electron integrals #; and two-electron
exchange integral matrices Kj; = g;;; as approximations of the orbital correla-
tion strengths, respectively.

Recently, a Fiedler vector (Fiedler, 1973)-based method is becoming
more popular in ab initio DMRG implementations. The Fiedler vector is a
graph theoretic technique which provides good approximations to the spec-
tral graph partitioning problem, and a detailed study of the Fiedler vector in
DMRG was first presented by Barcza et al. (2011). Here we briefly introduce
the process of MO reordering using exchange integrals and the Fiedler vector
method. Since the exchange integrals can be used to quantify the correlations
between orbitals approximately, the orbitals 7,j, --- and the absolute values
of the exchange integrals {’KU’} constitute a weighted undirected graph G.
The adjacency matrix of this graph can be regarded as

Ay = |Ky| = |- (4.88)
The Laplacian matrix is accordingly defined as
L=D—-A, (4.89)

in which D;; = Z]Aii is the degree matrix. The Fiedler vector of this graph is
the second-lowest eigenvector of the Laplacian matrix L. Sorting the values
of the vector coordinates then gives the Fiedler ordering. A naive example of
a six-site system is shown in Fig. 4.3. The advantage of this method is that it
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FIGURE 4.3 Schematic illustration of the Fiedler-vector-based method for orbital ordering. In
(A), all existing connections are set to 1.0 and denoted as black lines. The corresponding value
of one site in the Fiedler vector is marked next to it. Sorting the sites (or MOs in this chapter) in
the order of the corresponding values from small to large leads to the optimized orbital ordering
in (B). MOs, Molecular orbitals.

is trivial to be implemented from a small matrix diagonalization, and since
our optimization matrix |K,]| is in any case approximate, it iS not necessary
to resolve the true global optimum (Olivares-Amaya, et al., 2015).

In the past years, the orbital entanglement entropy concepts in quantum
information theory (QIT) have been also adopted for the orbital selection
and ordering in ab initio DMRG and will be discussed in Section 4.9.

4.7 Error estimation

The computation cost of the DMRG method is controlled by adjusting the
number of bond dimension (m) to be kept in the sweeps. The larger the
number of bond dimensions is, the closer the energy is to the exact full-CI
(energy). We can consider the result of a DMRG algorithm as an analytical
function of an adjustable parameter like m. Consequently, it is possible to
probe this analytical function by performing calculations for a few different
numbers of renormalized DMRG basis states. None of these calculations
has to actually provide the desired accuracy, but after one has collected
enough information about the function’s behavior, one can represent it by
an analytic rational function that may then be used to extrapolate to the
converged energy.

The detailed numerical behavior of the DMRG algorithm is still imper-
fectly understood. Chan and Head-Gordon (2002) analyzed the error in the
energy for given m in quantum chemistry DMRG calculations and proved
that under fairly general conditions the thermal density matrix eigenvalues
decay asymptotically like

w; o const X ¢~ #In)" (4.90)

where a~2 and constant « is model specific and proportional to the one-
particle level density.

In an early study of the algorithm accuracy for the Ising model, Legeza
and Fath (1996) demonstrated that the error in the energy for a given m is

&)
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roughly proportional to the sum of the weights discarded during decimation.
More strictly,

|E(m) — Eo| ~const X ) " w; + C. (4.91)
i>m

The linear relationship arises simply from the boundedness of the
Hamiltonian and is because the energy is a linear functional of the density
matrix. From Eqgs. 4.90 and 4.91, the error in the energy should asymptoti-
cally converge like

e—fa:(lnm)2 + Inm

|6E| = const X
Inm

(4.92)

Taking logarithms on both sides, we find that the leading term gives
In|6E| =~ — k(lnm)>. (4.93)

On the basis of the above extrapolation, Mitrushenkov et al. (2003)
increased the flexibility of Eq. 4.93 and accordingly suggested another
energy extrapolation scheme in terms of the incremental energies

OE, =E, — Ep,—y (4.94)

to the asymptotic value within the appropriate range of m by the following
formula,

+ dE,,
lim 6E,, = lim <%

m—m m—m m

=0 (4.95)

with
fn~~m2N3 4+ 2m3N? (4.96)

and the parameters ¢ and d are determined by a fit to the calculated DMRG
data.

Instead of using a fixed m value in the DMRG sweeps, Legeza et al.
(2003b) suggested a dynamic block state selection (DBSS) protocol based on
a fixed truncation error

e=1-> ws (4.97)
a=1

of the subsystem’s RDM, which can automatically adapt the bond dimension
at different sites. For methylene with a (6e, 130) CAS, a linear relationship
was found between the truncation error € and the absolute error in the energy
which led to an extrapolation formula of the form

N Epmrc — EFcr

| = alne + b, (4.98)

Egci
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where Egcy, a, and b are parameters determined from the fit of the numerical
result. In contrast, Mitrushenkov et al. (2003) found another extrapolation
formula

EDMRG - EFCI = Aexp(—Bafl/z) , (499)

to be adequate in the DMRG calculation of HF molecule, where A and B are
parameters.

In order to make the extrapolations on the fly to detect when to stop the
DMRG iterations, Marti and Reiher (2010) investigated an automated
DMRG error protocol, which extrapolates the electronic energy using
Richardson’s deferred approach to the limit. In a Richardson-type algorithm,
the extrapolation is performed using rational functions, which overcomes the
constraint of the power series and its limited radius of convergence. The
rational functions used in this approach can be written as

P.(e) potpiet - +puet
0(e) qotaqie+ - +qe”’

EW)(e) = (4.100)

where 1 and v are the orders of the polynomials in the denominator and in
the numerator, respectively, and are determined by the number of data
points. Such an error control facility was considered to provide a feasibility
to perform practical DMRG calculations, at a low number m of DMRG basis
states for larger systems without the need of having fully converged absolute
energies.

4.8 Component analysis of density matrix renormalization
group wave function

It is obvious that the DMRG wave functions based on both the left-right
decomposition and MPS are intuitively quite different from the traditional
many-electron wave functions based on CI configurations. Moritz and Reiher
(2007) rationalized the equivalent relationship between the MPS and its
CASCI formulation using Slater-determinant (SD) basis. It is now clear that
the CI coefficients can be reconstructed by contracting all of the MPS local
tensors, as

Cruny-ony = Z M;ltlllMslzaz “.MZ/\[\/J—II (4.101)

aaz---ap-1

It should be noted that the computation of the CI coefficient for a speci-
fied SD (|nyny---n.)) is very straightforward and efficient, which requires
only ~(N — 1) matrix multiplications of (m X m)-sized matrices (m usually
being a few hundreds to thousands). However, the full CI expansion for a
DMRG wave function in a large active space with more than 20 active
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orbitals would be prohibitive, because the total number of SDs would be eas-
ily larger than 10'°. Totally transforming the DMRG wave function to a mul-
ticonfigurational CI-type wave function is still challenging.

Since the number of SDs in a DMRG active space is extremely large,
one could learn the ideas from the recently revived selected-CI theory. For
most molecules, the exact energy and properties could be described with a
limited number of important electronic configurations rather than the full-CI
wave function containing even more than billions of configurations. There
are usually a few dominant configurations contributing a fairly large propor-
tion of the quadratic sum of CI coefficients. These configurations are
expected to provide a good approximation of the original DMRG wave func-
tions and characterize properties of the states.

Boguslawski et al. (2011) proposed a Monte Carlo-based sampling-recon-
structed CAS (SR-CAS) algorithm for reconstructing CASCI-type wave
functions from a DMRG ansatz elegantly. The application to 1,3-dimethyl
Arduengo carbene in their work suggests that only a comparatively small
amount of SDs within the entire large active space has to be considered to
construct an efficient CASCI-type wave function, and the small amount of
SDs could already represent the main feature for a specific electronic state.
Within the SR-CAS framework, a predefined reference (usually the HF
determinant) is used to generate the trial determinants in the given active
space. However, the single determinant may not be adequate or very efficient
as the reference for the molecule that owns strong multiconfigurational
character.

Luo et al. (2017) later developed an entanglement-driven GA (EDGA), in
which the multiple SDs can be used as the reference and where the “cross-
over” process is employed, rather than Monte Carlo process, for generating
new SDs. In addition, inspired by QIT, in which orbital interactions are
quantitatively evaluated, MO entanglement entropies (see Section 4.9) were
also embedded into the “mutation” process to generate more likely SD exci-
tations. It is shown that the efficiency of determinants’ reconstruction can be
improved by using the sampling/evolutionary direction guided by the MO
entanglement entropy.

By extracting CI expansion coefficients and collecting important determi-
nants, one can explore the compressibility of wave functions of strongly cor-
related systems in CI space. Most of the configurations in the FCI space
almost do not contribute to the whole wave function as they have very small
CI coefficients, close to 0. Accordingly, the SR-CAS and EDGA methods
are effective in practice to collect only those important configurations with
large CI coefficients and construct a well-approximated multiconfigurational
Cl-type wave function, which can be used for further selected-CI or post-
DMRG references. Such sampling algorithms have been used by Ren et al.
(2021) to analyze the dominant final vibrational states in a vibronic wave
function that contribute the most to the excited-state radiationless decay rate.
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Wang et al. (2020) further reported the massively parallel expansions of
SR-CAS and EDGA using the Charm+ + parallel framework. The parallel
variants can drastically enhance the efficiency in reconstructing the reference
wavefunction.

Algorithm 4.4: Reconstruction of a CASCI-type wave function from MPS
by EDGA. CASCI, Complete active space configuration interaction; EDGA,
entanglement-driven genetic algorithm; MPS, matrix product state.

: function initialize(n)

Randomly generating n initial SDs in G
return G

: end function

: function MPS2Cl(®;)

Ci = (Pil) = M Maz,, - MY
return ¢;

: end function

: procedure EDGA

0: G+« initialize(n)

1: {c1,Ca,...Co}« MPS2CI

record

if1— > ¢ > rang 107X then
i

_
N

13: Do “crossover” and “mutation” to generate new configurations
// refer to Luo et al. (2017)

14: Go back to step 11

15: end if

16: return collected configurations {|</)0,

17: end procedure

(/)15 R |¢n>}

To simulate finite temperature quantum systems efficiently, White and
Stoudenmire proposed a method to sample minimally entangled typical ther-
mal states (White, 2009; Stoudenmire and White, 2010). They suggested that
at a nonzero temperature (3, a set of states {’¢,>} with minimal entropies
could be selected according to

S PigN o = e, (4.102)
in which the unnormalized probabilities P; could be evaluated as

Py = (ile i), (4.103)
and the product state ’1) could be any complete orthonormal basis of the sys-
tem. Their ideas inspired Guo et al. (2018b) on the importance sampling of
determinants in the zeroth-order wave function ‘w(o)) in the perturbative
DMRG (p-DMRG) method (see Section 4.10). In their implementation, a
determinant ’gf)i) = ’n]nzmnN) can be sampled according to the probability
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P;=(?]¢,)) in a single sweep site by site from left to right. With the
right canonical MPS

|w(0)>zzn . M" - M™ |y - ny), (4.104)

the generation probability for n; with given nj---n;—; can be evaluated as

pi(nglng ---ng—1) = 1%2 |(M™ "'Mnk)ak|2 (4.105)
a
with
Ni = pr—1(m—1|n1 - ng—2). (4.106)
Thereby, the total generation probability is
P; =pi(n1)-pn(ny|ng---ny-1)
= |M™ MY (4.107)

2
b}

= |<¢(0)‘¢i>

which is exactly the target distribution.

4.9 Quantum information theory analysis

As we have discussed in Chapter 2, the success of DMRG truncation in 1D
strongly correlated chain can be understood in the language of QIT as pre-
serving the maximum entanglement between system and environment as
measured by the von Neumann entropy of entanglement,

S=—Trplnp = — Z welnw,,. (4.108)
«

The concepts from QIT, like the von Neumann entropy or the mutual
information, were also recently utilized to understand the electronic structure
features of strongly correlated molecules and optimize the ab initio DMRG
parameters in quantum chemistry.

It was suggested by Legeza and Solyom (2004) to evaluate the total
quantum information encoded in a wave function from the sum of entropies
at different sites. Later, Rissler, et al. (2006) generalize Eq. 4.108 to arbitrary
subsystems (e.g., one orbital or two orbitals), and defined the single-orbital
von Neumann entropy Sgl) of the ith orbital

4
S == woilnw,, (4.109)

o=1
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with w,; being the eigenvalues of the (4 X 4)-dimensional one-orbital RDM

Pl = > (nl (i) (¥l ) n). (4.110)

n

Similarly, the two-orbital entropy S,(-jz) is obtained from the eigenvalues
wr; of the (16 X 16)-dimensional two-orbital RDM

16
S == weglnw,. (4.111)
=1

Furthermore, they defined orbital mutual information I;; by the subtrac-
tion of the entanglement of two orbitals taken together with the rest of the
system from the sum of the entanglement of two individual orbitals with the
rest of the system,

1/ 1 2
=5 (" +50 = 5P) (1= 8). 4.112)

The mutual information /j, also known as the orbital entanglement
entropy, can be therefore obtained from a converged DMRG wave function.
Although it is a quantitative description of the orbital correlation, we cannot
get its precise values to determine the accurate orbital ordering before doing
an accurate DMRG calculation, which also depends on the accurate orbital
ordering. In practice, some rough DMRG calculations are often performed
preliminarily to obtain reasonable orbital entanglement entropies at a low
computational cost. Legeza and Solyom (2003) suggested to place the
strongly correlated orbitals next to each other and toward the middle of the
lattice to achieve a faster DMRG convergence. Instead of using NO occupa-
tion number (NOON) as a selection criterion for active space, Stein and
Reiher (2016) proposed to only consider orbitals with single-orbital entropy
Sgl) higher than a fraction of the maximum value found for one of the Sgl) in
a preliminary large-scale but low-level electron-correlation calculation.
Discouraged by the computational cost, King and Gagliardi (2021) suggested
an “approximate pair coefficient” method, attempting to estimate the entropy
in a physically motivated fashion from orbital energies and features of the
HF exchange matrix in a pair-interaction framework.

The concepts of single-orbital and two-orbital entropies, as well as orbital
mutual information, have been also recently used as new orbital entangle-
ment measures to evaluate the SR and MR character of molecular bonding
structures and chemical reactions in a given orbital basis set. (Barcza et al.,
2011; Boguslawski et al., 2012b; Duperrouzel et al., 2015). For instance,
Duperrouzel et al. (2015) dissect bond-formation processes in metal-driven
catalysis using concepts from QIT. Fig. 4.4 shows that the total quantum
information increases gradually when the nickel atom and ethene molecule
are pulled apart, up to a nickel—ethene distance of 2.4 A. Beyond this point,
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FIGURE 4.4 (A) Potential energy surface and (B—D) quantum information analysis of nick-
el—ethene complexation with respect to selected nickel—ethene distances. Note that the nick-
el—ethene distances are measured from the nickel atom to the middle of the carbon-carbon
bond. The chosen distances (1—4) are marked in (A) and cover the transition state (1), and the
equilibrium distance (4). MOs are marked by different symbols (according to their irreducible
representation) in the mutual information and single orbital entropy diagrams. Highly correlated/
entangled orbitals are highlighted in (C) and (D). MOs, Molecular orbitals. Reproduced from
Duperrouzel, C., Tecmer, P., Boguslawski, K., Barcza, G., Legeza, 0., Ayers, P.W., 2015. A
quantum informational approach for dissecting chemical reactions. Chem. Phys. Lett. 621,
160—164. hitps://doi.org/10.1016/j.cplett.2015.01.005, with permission from Elsevier.

the total quantum information decreases indicating the transition state in
which the wave function has a strong multireference character. Stein and
Reiher (2016) concluded that a conservative global threshold of

(55”) ~ 0.14 for at least one orbital indicates the MR character of a
max

wave function. The orbital mutual information /;; was also used as the selec-
tion weights in the mutation process of changing the orbital occupation status
in a GA for sampling the important configuration states in a large active
space (Luo et al., 2017). Compared to other widely used MR diagnostic vari-
ables like NOON and configuration coefficient, QIT features of single-
orbital entropy and orbital mutual information can give more informative
and straightforward illustrations of electron correlations between specified

)
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orbital pairs. Furthermore, the static and dynamic contributions to the corre-
lation energy can be also distinguished by examining the entanglement pat-
terns of orbitals (Boguslawski et al., 2012b).

Moreover, it has been argued that the mutual information does not really
quantify the entanglement since it includes both quantum and classical corre-
lations (Henderson and Vedral, 2000). Considering that entanglement is an
important resource for realizing quantum cryptography, superdense coding,
and possibly even quantum computing, recently Schilling and coworkers has
proposed a new scheme to separate the total correlation into classical and
quantum parts and implement their quantification in an operationally mean-
ingful way (Ding et al., 2021).

4.10 Density matrix renormalization group for larger active
spaces

DMRG’s main strength lies in treating large 1D quantum lattices where all the
sites are extremely strongly interacting. However, the orbitals in molecular
systems usually have different chemical environments and don’t have spatial
translational symmetry which is present in condensed phase physics models.
Therefore the mix of different correlation characters in a number of active
orbitals and the presence of long-range interactions decrease the computation
efficiency of ab initio DMRG and consequently hinders its application to
larger systems. In recent years, a few new algorithms have been proposed to
treat larger active spaces in DMRG quantum chemistry (Parker and Shiozaki,
2014; Ma et al., 2015; Ren et al., 2016; Guo et al., 2018a,b).

One of the most straightforward ideas to reduce the computation cost and
apply DMRG methods on larger molecules can be addressed to reducing the
number N of MPS tensor sites and using a smaller m value. With this aim,
Parker and Shiozaki (2014) proposed to combine DMRG with the active
space decomposition (ASD) method (Parker et al., 2013) to describe the elec-
tronic structure of molecular aggregates. In ASD-DMRG (Fig. 4.5), they
chose each site to be the CAS or RAS wave function of a single molecule or
fragment instead of the one-electron orbital in usual ab initio DMRG. As a
consequence, the dimensionality of the single site, d, is much larger in ASD-
DMRG than in conventional approaches. However, its key benefit is that this
makes N much smaller and allows m to be very small, with a numerical test
on a benzene pentamer and a perylene diimide trimer. Recently, Larsson
et al. (2022) performed a detailed investigation on the computational costs
on such cluster MPS methods which group clusters of related orbitals into
large “sites.” In systems with nearly constant entanglement across the lattice,
a cluster MPS is found to be unlikely to reduce computational cost for the
same accuracy. On the contrary, the cluster MPS is advantageous for an
MPS with highly nonuniform bond dimensions, large within a cluster of sites
and very small between clusters. Larsson et al. (2022) further suggested to
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Many-body configuration

RAS for fragments
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Active space decomposition (ASD-DMRG)

Orbital occupation

Orbitals

Conventional ab initio DMRG

FIGURE 4.5 Comparison of wave functions in ASD-DMRG and in conventional ab initio
DMRG. ASD, Active space decomposition; DMRG, density matrix renormalization group.
Reproduced from Parker, S.M., Shiozaki, T., 2014. Communication: active space decomposition
with multiple sites: density matrix renormalization group algorithm. J. Chem. Phys. 141,
211102. hitps://doi.org/10.1063/1.4902991, with permission from American Institute of Physics.

put large cluster sites at either end of the MPS, because now each large site
only has a single boundary (and does not have a boundary with another large
site), and when combined with a configuration selection of the large site
Hilbert space, there is a large regime of computational advantage.

Ma et al. (2015) presented a DMRG algorithm with a multilevel (ML)
control of the active space based on chemical intuition-based hierarchical
orbital ordering, also called ML-DMRG, or ML-DMRG-SCF in its SCF vari-
ant. With examples of H,O, N,, indole, and Cr,, ML-DMRG calculations
were shown to achieve a noticeable computational efficiency gain with a lit-
tle price of energy inaccuracy (normally few mHartrees) in contrast to those
standard DMRG calculations with fixed m values. It is also shown that the
orbital reordering based on hierarchical multiple active subspaces may be
beneficial for reducing computational time, not only for ML-DMRG calcula-
tions, but also for standard DMRG ones with fixed m values.

Ren et al. (2016) proposed a new formulation called DMRG inner space
perturbation theory (DMRG-isPT) to replace the expensive exact diagonal-
ization procedure in each local matrix optimization step in order to achieve
high efficiency and maintain accuracy at the same time. In the DMRG-isPT
method, “small space diagonalization + large space perturbation” algorithm
is adopted, in which only a smaller effective Hamiltonian (with a dimension of
16 X mg?, my << m) is exactly diagonalized and then use Rayleigh—Schrodinger
perturbation theory (RSPT) to calculate the first-order wave function |¢(1)>
(with a larger dimension of 16X m?) and the second-order energy

E> = (yV|QV[¢”). The first-order wave function [} can be obtained by

()
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solving the equation

(Ho — Eo)|yV) = — QA |, (4.113)

in which P = |1/1(0)><1p(0)| and Q =1—Pare projectors.

Using the approach similar to “small space diagonalization + large space
perturbation”, Guo et al. (2018a) developed a p-DMRG algorithm. The main
difference between DMRG-isPT and p-DMRG is that the former uses pertur-
bation theory at each DMRG sweeping step to approximate the local MPS
tensor, while the latter applies perturbation theory on a globally converged
MPS wave function with a small bond dimension. For solving the first-order
equation, ¢(l)> in p-DMRG is achieved by minimizing the Hylleraas func-
tional through DMRG sweeps using the MPS-PT algorithm (Sharma and
Chan, 2014), which will be introduced in Section 6.3. Because this MPS-PT
will require a much larger bond dimension m; (m; > myg) for p-DMRG, a sig-
nificant cost in both computation and storage becomes a bottleneck for very
large active spaces with 50—100 orbitals. To further speed up the computa-
tional efficiency, later Guo et al. (2018b) proposed a stochastic p-DMRG
algorithm to avoid solving the first-order equation deterministically, through
using an importance sampling algorithm over the determinant space (see
Section 4.8).

4.11 Relativistic density matrix renormalization group

As we have mentioned in the beginning of this chapter, the relativistic effect
is not considered in the Schrodinger equation. The term “relativistic effect”
refers to any difference between the Dirac and Schrodinger models of elec-
tronic structure. In other words, it refers to any difference arising from the
finite and infinite speeds of light. Relativistic quantum chemistry has wit-
nessed fast development, especially in the last 20 years, and it can be envis-
aged that relativistic quantum chemistry will play an increasingly important
role in the exploration of molecular science. (Reiher and Wolf, 2014; Liu,
2016; Liu, 2017; Liu, 2020)

Relativistic effect is strong for heavy and super-heavy elements as well as
their compounds, which usually also exhibit strong electron correlations
caused by the large number of near-degenerate d and f orbitals. Hence, the
coupling of electron-correlation and relativistic effects is in general best
described using relativistic multiconfigurational WFT methods. The relativistic
effect has two primary origins, (1) the scalar relativistic effects of the radial
contraction and energetic stabilization for s and p states and the radial expan-
sion and energetic destabilization for outer d and f shells and (2) spin—orbit
coupling effect on the splitting of shells of nonzero angular momenta (p, d,
f, ...). The scalar relativistic and spin—orbit coupling effects can be treated
separately or synergistically by relativistic quantum chemistry methods.
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For technique details of relativistic quantum chemistry, we refer the read-
ers to the recent books by Reiher and Wolf (2014) and Liu (2017). Here we
just briefly introduce its basic ideas. Relativistic quantum chemistry starts
from the Dirac equation, the relativistic quantum mechanical description of a
one-electron system in the nuclear attraction potential V,

Hp|¥) = [cap + (B — Dm,c* + V]|¥) = E|D). (4.114)

Here m, is the mass of electron and c is the speed of light. The rest mass
energy m,c? of the electron has been subtracted in the equation. v and 3 are
the 4 X 4 Dirac matrices,

a=(2_ g),,@=(lé _012>, (4.115)

with o being the vector of the 2 X 2 Pauli spin matrices,

(0 1 (0 =i (1 0
a‘x—<1 0>,o'y—(l. 0>,0'z—(0 _1>. (4.116)

The eigenfunction |z/;) is a bispinor with four components (4C) vector
containing two “large” and two “small” components /* and v/, respectively.

L

1

L L
|w>:<$s)= 1/;% . 4.117)

¥

The large and small components, respectively, originate from the elec-
tronic and positronic degrees of freedom. In the nonrelativistic limit ¢ — oo
the small components vanish, while the large components correspond to the
nonrelativistic wave functions for o and ( electron spin.

There is no unique derivation for a molecular many-electron analog to
the Dirac equation. In many cases, the Dirac-Coulomb (DC) or Dirac-
Coulomb-Breit Hamiltonian is used in practice. Due to the expensive compu-
tational costs of 4C calculations, approximate two-component (A2C)
approaches can be derived by removing the small component of the four spi-
nors. To achieve an efficient elimination, zeroth- and first-order regular
approximations and the method of normalized elimination of the small
component (NESC) can be used. In addition, transformation techniques such
as Douglas—Kroll (DK) or Douglas—Kroll—Hess (DKH) aim at a unitary
transformation of the Dirac Hamiltonian to block-diagonal form such that 1"
and ¢ (in an eigenspinor basis of Hp) are decoupled. A scalar approxima-
tion will be obtained if such kind of transformations are applied to the
one-electron operators only, with spin-dependent terms discarded. Therefore
scalar relativistic calculations are fully compatible with conventional multi-
configurational WFT code since only the one-electron integrals are affected.
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Recent attention was also paid to the so-called exact two-component and
quasi four-component methods, which involve no additional approximations
beyond the no-pair approximation at the one-electron level. That is, results
of the one-electron Dirac equation can be reproduced to machine accuracy,
while substantially reducing the computational effort compared to the full
4C treatment.

In recent years, relativistic effects have been also successfully incorpo-
rated in DMRG calculations by using different relativistic models. Moritz
et al. (2005b) implemented the first scalar relativistic DMRG calculation
with an example of the cesium hydride molecule, in which the generalized
arbitrary-order DKH protocol up to tenth order was used for a complete
decoupling of the Dirac Hamiltonian. The first implementation of the A2C-
and 4C-DMRG based on the four-component DC Hamiltonian was reported
by Knecht et al. (2014) with a benchmark test on thallium hydride. Later,
such 4C-DMRG implementation was reformulated using MPS and MPO
language and its capabilities were further illustrated by studying the
ground-state magnetization, as well as current density of a paramagnetic f°
dysprosium complex (Battaglia et al., 2018). Moreover, the combination of
DMRG-tailored coupled cluster (see Section 6.4) with 4C DC Hamiltonian
was also accomplished by Brandejs et al. (2020) with demonstrations on the
system of TIH, AsH, and SbH. The relativistic DMRG calculations have
been also successfully applied to the computation of electron paramagnetic
resonance spectra parameters such as g-tensor and hyperfine coupling con-
stants (HFCCs) at different approximation levels. (Lan et al., 2015; Knecht
et al., 2016; Sayfutyarova and Chan, 2018)

4.12 High-performance ab initio density matrix
renormalization group

Although the DMRG method is recognized by its ability for reducing
the computational costs and make many complex problems solvable, in
many chemical systems, the computational costs are still very expensive.
Therefore it is highly desired to apply high-performance computing tech-
nology to accelerate DMRG calculations. The most important technique for
modern processors architecture is parallelization, as the main stream central
processing units (CPUs) are all multicore processors nowadays. Many
parallelization methods of the DMRG method have been developed and
reported by previous researches. Zhai and Chan (2021) summarized the
existing parallelization methods in their article and classified them into five
levels from the most fine-grained level to the most coarse-grained level.
These five levels are: (1) parallelism within dense matrix multiplications,
(2) parallelism over symmetry sectors, (3) parallelism over normal and
complementary operators, (4) parallelism over a sum of sub-Hamiltonians,
and (5) parallelism over sites.
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Parallelism within dense matrix multiplications is the most fine-grained
parallelism. In DMRG procedure, the matrix—matrix multiplications (BLAS
DGEMM) and matrix-vector multiplications (MVM) are frequently applied.
Hager et al. (2004) discussed the parallelization strategies of these two major
operations on shared-memory systems. Nowadays, many math libraries, like
BLAS or Intel MKL, provided highly efficient implementations of these two
operations. So, this parallelism can be easily acquired by linking to existing
math libraries.

When the DMRG is implemented with symmetry restrictions, the operator
matrix is block-sparse matrix. Therefore it can be further decomposed into
several dense matrices which would been processed simultaneously. This pat-
tern is well described by Levy et al. (2020) as shown in Fig. 4.6. Kurashige
and Yanai (2009) introduced their parallelization method over symmetry
sectors. By applying this strategy, they conducted a DMRG calculation for Cr,
molecule with a (24e, 300) active space. The energies are demonstrated to be
accurate to 0.6 mE;, when the DMRG bond dimension of m as large as 10000.
This parallelism was also applied by Levy et al. (2020) on distributed-memory
systems. They implemented this parallelism for the two-dimensional J; — J;
Heisenberg model at J,/J; =0.5 and the triangular Hubbard model, and
achieved up to 256 nodes parallelism with m = 32768.

The parallelism over normal and complementary operators is often con-
sidered the largest source of parallelism for typical ab initio problems. As
we introduced in Section 4.1, the left-right decomposition of the Hamiltonian
can be written as a summation of normal and complementary operators,
which is referred as the normal/complementary (NC) partition for the right
block, and the complementary/normal (CN) partition for the left block. So,
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FIGURE 4.6 Cartoon of the tensor quantum block structure. (A) The block-sparse matrix was
reorganized into a list of dense matrices. (B) Each tensor in an MPS has a special block-
diagonal structure, where the blocks form dm X m matrices. MPS, Matrix product states.
Reproduced from Levy, R., Solomonik, E., Clark, B.K., 2020. Distributed-memory DMRG via
sparse and dense parallel tensor contractions. In: SC ’20: Proc.eedings of the International
Conference for High Performance Computing, Networking, Storage and Analysis. https://doi.
0rg/10.5555/3433701.3433732, with permission from Institute of Electrical and Electronics
Engineers.
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the splitted operators can be assigned to different threads and processors. By
benchmarking with a water molecule, correlating 10 electrons in 82 orbitals
in Cl symmetry, keeping m = 1000 states, a speedup of 45 was achieved
with 64 processors by Chan (2004), showing good near-linear parallelism.

Chan et al. (2016) suggested a new parallelization strategy for ab initio
DMRG method. By applying the Hamiltonian compression, and an SOP
representation (see Section 4.1), they achieved good computational parallel-
ism. An important advantage of the SOP formulation is that each sub-
Hamiltonian term can be manipulated completely independently of any other
term. Thus the construction of sub-Hamiltonian term, the associated renor-
malized operators, and renormalized operator matrices for each sub-
Hamiltonian term can be carried out independently. This leads to a different
organization of the parallelization of the DMRG algorithm, which is highly
scalable. This parallelism is coarse-grained with a very low communication
cost and is easy to express in an MPO description.

The most coarse-grained parallelism is the parallelism over the sites which
was firstly proposed by Stoudenmire and White (2013). In this work, the
DMRG lattice was separated equally into several fragments, and several
DMRG sweeps were conducted on corresponding fragments simultaneously.
The sweeping pattern of this parallelism strategy is described in Fig. 4.7, in
which one fragment was assigned to one computational node. When the sweep
of one fragment comes to the boundary, it will wait for the neighbor to
come and then communicate to each other. This strategy was then applied by

(A)
® e @

(B)

(©)

-f— . . e o

(D)
@ ® ®

FIGURE 4.7 Sweeping pattern for one full sweep of the parallel DMRG algorithm split over
four computational nodes. First, (A) the nodes are positioned in a spatially staggered pattern and
sweep to the other end of their block. (B) When the nodes reach the end of their block they wait
for their neighboring node to arrive, then communicate. (C) Finally, the nodes sweep back to
their starting positions and (D) communicate with their other neighbor. DMRG, Density matrix
renormalization group. Reproduced from Stoudenmire, E.M., White, S.R., 2013. Real-space par-
allel density matrix renormalization group. Phys. Rev. B 87, 155137. https://doi.org/10.1103/
PhysRevB.87.155137, with permission from American Physical Society.
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Secular et al. (2020) for time-dependent variational principle algorithm. Chen
et al. (2021) further developed an adaptive boundary strategy for lattice sites
parallelism and successfully reduced the load imbalance between nodes.

It is clear that these parallelization strategies can be employed together to
develop a ML parallelization method. Brabec et al. (2020) reported a mas-
sively parallel implementation of DMRG using both strategies (2) and (3)
and achieved parallelism up to 2496 CPU cores on the largest benchmark
system (FeMo-cofactor cluster system with a CAS(113e, 760) by using
m = 6000). By identifying these five parallelization levels, Zhai and Chan
(2021) implemented a low communication high-performance ab initio
DMRG algorithm, applying all of the five parallelisms. They introduced a
reformulated strategy (3) for a distributed-memory model using the sum of
sub-Hamiltonian language. And by taking this demonstrates, a low communi-
cation version of strategy (3) can also be viewed as a variant of strategy (4).
The strategy (4) and strategy (5) are implemented with distributed-memory
model, and the strategy (1) and strategy (2) are implemented with shared-
memory model. They benchmarked their strategies on a benzene molecule in
an (30e, 1080) active space and achieved a parallelism of up to 2800 CPU
cores with m =6000. And they suggested that the combination of different
DMRG parallelism strategies using both distributed and shared-memory
models was essential to achieve near-ideal speed-ups.

In recent years, the graphic processing unit (GPU) was introduced to
accelerate quantum chemistry algorithms and achieved great success. For
DMRG calculations, the cuBLAS library, a GPU version of BLAS library
integrated in Nvidia CUDA toolkit, implemented the matrix multiplications
operations on GPU, providing a powerful tool for the most fine-grained par-
allelism. Based on this, Chen et al. (2020) implemented a CPU—GPU hybrid
parallel method for DMRG calculations. In their strategy, both the diagonal-
ization and the truncation procedure are optimized, and these optimizations
effectively reduced the total computational time. Li et al. (2020) developed a
GPU accelerated time-dependent DMRG time evolution scheme. The
cuBLAS library was also applied in their implementation. Nemes et al.
(2014) also introduced a hybrid CPU—GPU implementation of DMRG
method. In their implementation, a new CUDA kernel was developed, as the
MKL and cuBLAS libraries give poor performance. They also discussed the
limitation of another widely used acceleration device, the field-
programmable gate array (FPGA). As they stated, the FPGA chips have
lower operating frequencies than in case of GPU architectures. And the
FPGA chips are hard for programming.

To our best knowledge, the largest ab initio DMRG parallelism on CPU
cores was achieved by Zhai and Chan (2021) for the (30e, 1080) benzene
system, which applied up to 2800 CPU cores. We notice that other one-
body-like quantum chemistry methods may achieve up to millions of CPU
cores. For example, a parallelism of 8,519,680 cores for discontinuous
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Galerkin DFT calculations was achieved by Hu et al. (2021). However,
unlike the DFT method usually implemented with grid-based numerical inte-
grations, many WFT methods like DMRG are more challenging to be paral-
lelized efficiently because of tight dependence between their inner
procedures, which brings more data synchronization requirements in paralle-
lized implementations. In many-body quantum chemistry cases like ab initio
DMRG, the evaluations and operations of tremendous matrices take much
greater efforts, growing as a higher order polynomial with the increasing
number of electrons and orbitals. It usually demands immense amounts of
physical memory as well as fast and efficient input/output storage. The enor-
mous amount of data synchronization severely restricts the parallel efficiency
of many-body quantum chemistry methods. The parallelism of many-body
quantum chemistry calculations is therefore significantly limited by inter-
node communications. The internode imbalance becomes a big concern for
massive parallelism that remains an unsolved problem for future work. By
applying the machine learning method for workload arrangement, the inter-
node imbalance may be able to be reduced. For large system DMRG calcula-
tions, the Davidson procedure is the most time-consuming step. It may take
several iterations when the strength of correlation is large. The machine
learning methods may also be able to help accelerate the Davidson diagonal-
ization procedure by estimating a better initial guess.

4.13 Tensor network states

Before finishing, we should notice that the linear nature of the MPS is far
from ideal for the entanglement structure of most chemical molecules. In the
DMRG framework, we consider the actual three-dimensional MOs with
long-range interactions as one-dimensional chains, which causes an unbal-
anced loss of correlations between MOs and accordingly requires a much
larger m value. An intuitive improvement is to increase the dimension of the
MPS tensors, leading to the quickly developing tensor network state (TNS)
methods, as we have introduced in Chapter 2. A generalization from MPS to
TNS can be understood by using the concept of higher order SVD from the
mathematical point of view.

In recent years, various TNS methods have been applied in ab initio quan-
tum chemistry, including the complete-graph tensor network (Marti et al.,
2010), tree TNS (TTNS) (Murg et al., 2010; Murg et al., 2015; Nakatani and
Chan, 2013), self-adaptive TNS (Kovyrshin and Reiher, 2017), and three-
legged tree TNS (Gunst et al., 2018; Gunst et al., 2019), as well as comb TNS
(CTNS) (Li, 2021). Fig. 4.8 shows an example of CTNS topology for the large
CAS model (113e, 760) of the FeMoco (M-cluster) in nitrogenase, grouping
the d orbitals within each transition metal atom and active orbitals of each sul-
fur or carbon atom respectively. In TNS implementations, the TNS is usually
mapped onto an MPS, and then the iterative optimization step can be executed
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(B) Right canonical form of a CTNS for the FeMoco

FIGURE 4.8 (A) The P-cluster and the FeMo-cofactor (M-cluster) in nitrogenase (Protein Data
Bank (PDB) ID: 3U7Q). Color legend: Fe, orange; Mo, green; S, yellow; C, cyan; O, red; N,
blue; H, white. The labels in the two complexes index the Fe/Mo atoms in the later figures.
(B) The right canonical form of an CTNS for the active space model [CAS (113e, 760)] of the
FeMoco. The sites in blue represent physical sites associated with spatial orbitals, while the sites
in green represent internal sites without physical index (red lines). Some selected MOs are also
illustrated. CTNS, Comb tensor network state; MOs, Molecular orbitals. Reproduced from Li, Z.,
2021. Expressibility of comb tensor network states (CTNS) for the P-cluster and the FeMo-
cofactor of nitrogenase. Electron. Struct. 3, 014001. https://doi.org/10.1088/2516-1075/abel92,
with permission from Institute of Physics.

in a DMRGe-like variational way. High computational accuracy and efficiency
for molecules of organic polyatomic radicals and polynuclear transition metal
compounds have been illustrated in these works. In TTNS, the orbital optimiza-
tion by canonical transformations has also been explored. (Murg et al., 2010)

In principle, the ab initio quantum chemistry Hamiltonian can be formulated
in the tensor network operator language, similar to that of MPO. However, no
such works have been reported due to its great complexity, and accordingly,
most of the current TNS quantum chemical calculations still use the formulation
of renormalized operators. Unlike MPS, the underlying chain topology of which
is unique, there can be different topology shapes for TNS calculations of a given
molecule. Therefore the optimization of the parameters for a high-dimensional
tensor network becomes highly nontrivial and is of much higher numerical cost.
In addition, one has to keep it in mind that the computational scaling of TNS is
still worse than that of traditional DMRG, because of TNS’s higher-dimensional
nature. For these reasons, there is ample opportunity for quantum chemists and
theoretical physicists to make valuable algorithmic contributions toward the
quest for useful TNS quantum chemical computation.
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Chapter 5

Density matrix renormalization
group with orbital optimization

In Chapter 4, we have shown that how the density matrix renormalization
group (DMRG) method can be used as an excellent substitute to traditional
full configuration interaction (FCI) or complete active space configuration
interaction (CASCI) method in large active spaces composed of up to ~ 100
orbitals (Hachmann et al., 2006; Zhai and Chan, 2021). Since the multiconfi-
gurational wave functions depend greatly on the choice of selected molecular
orbitals (MOs) in an active space with a given size, multiconfigurational
self-consistent field (MCSCF) calculation is usually performed, in which
both configuration interaction (CI) coefficients and MOs are variationally
optimized. Under those circumstances, qualitatively correct electronic struc-
tures for both the ground and excited states are obtained. Dynamic correla-
tion effects not described by the MCSCF wave function can be generally
recovered by subsequent multireference CI, perturbation theory (PT), or cou-
pled cluster treatments that use the MCSCF wave function as zeroth-order
approximation (see Chapter 6).

In this chapter, we will introduce the basic algorithms of MCSCF and its
implementation in DMRG-SCF for orbital optimization, as well as their
applications in geometry optimization, calculations of excited states, molecu-
lar spectra, and non-Born—Oppenheimer effects.

5.1 Orbital rotation

Since we need to optimize the MOs to minimize the total energy in the
MCSCF method, first we briefly provide basic notions on the MOs and the
one- and two-electron integrals. In quantum chemistry, MOs {gbi} are usu-
ally expressed as linear combinations of atomic orbitals (AOs) {Xu} by

(Lennard-Jones, 1929)

6= CiXu (5.1)
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which can be written in matrix form as

g - g
Cl C2 cn
(¢1 Gy ¢m)=(X1 X2 vt Xm) :2 :2 . :2
o G oo
(5.2)

Here CL are MO coefficients. In most wave function theory methods,
one generally ‘makes the MOs orthogonal to each other for convenience. For
example, one can obtain a set of canonical MOs from Hartree—Fock (HF) self-
consistent field (SCF) calculations, in which all orbitals are orthonormalized as

Xi c
v i i\ > C
Giley=(Crcy - ci) [ 2 | (axe = xa)| @
X c
— (i
C+SC (5.3)
=§;
in which
S,“, = <X,u|X1/> (54)

is the overlap matrix element of the AOs. If the MOs {¢;} need to be
updated during the optimization iteration, one can easily construct a new
MO coefficient matrix C by performing a unitary transformation on the
original MO coefficient matrix Cy, as

C =CyU, (5.5)

in which U is a unitary transformation matrix. The above equation is equiva-
lent to

ch,-/ = Z Uir ¢;. (5.6)

Once the MOs are updated, one has to update the one- and two-electron
MO integrals with the fixed AO integrals and the updated MO coefficients C,
alternatively one can directly refresh the MO integrals by updating the old

integrals with the unitary transformation matrix U as

171'/]‘/ = Z Uii’Ujj’tij (57)
ij

Ejwr = Z Ui Uy Ua Up gijur. (5.8)
ijkl
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The full transformation of the two-electron integrals in Eq. 5.8 costs
O(NS) for N orbitals. As the computational cost is excessive, a cheaper and
widely used technique is to perform four O(NS) steps to respectively handle
the four indices 7/, j/, k', and /', as

8ijkt = Z Uii 8ijit» (5.9)

8ijkl = Z Ujj &ijki» (5.10)
J

8ijkl = Z Ui 8irjka, (5.11)
X

8ijkr = Z Ungijir- (5.12)
1

With the updated one- and two-electron integrals by U, one can rebuild
the many-electron electronic Hamiltonian in Eq. 4.1 and solve it by exact or
approximate FCI methods, to obtain the new multiconfigurational wave func-
tion along with new expansion configuration coefficients. Thereby, the goal
of the orbital optimization is to find an appropriate unitary matrix U to mini-
mize the total energy of the system. To reduce computational costs for opti-
mizing U, a widely used technique is to expand the unitary matrix U into a
progression as

1
U=exp(R)=1+R+§RR+--- (5.13)

in which R is an anti-Hermitian matrix containing all the orbital rotation
parameters. Since we use real functions to represent orbitals and rotations,
the matrix R is real and antisymmetric, which means

R.=—R,. (5.14)

Therefore we only need to optimize the elements in the upper (or lower)
triangle of the matrix R. In practice, it usually requires more than 100 lead-
ing terms of R expansion series, in order to construct the unitary matrix U
with a satisfactory numerical accuracy. In addition, many elements in the
matrix R are redundant, therefore can be safely ignored. We will explain in
detail in the next section how to perform orbital optimizations by transform-
ing the matrix R or U.

As it has been mentioned in Section 4.6 (CAS model), the entire MO
space is usually divided into three subspaces: core, active, and external, as
shown in Fig. 4.2. Henceforth (unless otherwise noted), the indices k, [ will
refer to internal orbitals; indices a, b will indicate external orbitals; r, s, p,
g will represent any generic orbitals. The internal orbital space is further
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divided into core and active subspaces, in which the MOs are labeled with
indices i, j and ¢, u, v, w, respectively.

We have discussed at the beginning of this section that only those ele-
ments in the upper (or lower) triangle of the matrix R are used in orbital
optimizations because R is antisymmetric. By splitting the orbital space
into three subspaces, the number of orbital rotation parameters {R,;} can be
reduced one step further. Some of the parameters R,, may be redundant,
that is, they do not influence the energy to first-order. This happens if the
orbitals ¢; and ¢; have the same occupation number in all electronic config-
urations or the same spatial point group symmetry. An R, is also redundant
if the same first-order energy change can be achieved by a variation of the
CI coefficients. Since redundant variables influence the energy in higher
order, they must be set to zero in order to avoid convergence difficulties.
(Werner, 1987) Thus, in the complete active space SCF (CASSCF) method
in which one performs exact FCI calculation within the active space, all
rotations between the orbitals in the same subspace are redundant and must
be set to zero. However, in other MCSCF implementations with truncated
CI instead of the FCI in the active space, such as the restricted active space
SCF and the DMRG methods with small m values, the rotations between
active orbitals are not redundant because the CI basis functions are not
complete in these cases. In this chapter, we are mainly focusing on the
common and popular CASSCF implementation, whereas all active—active
rotations are omitted.

5.2 The multiconfigurational self-consistent field methods
5.2.1 Energy, gradient, and Hessian

The second-quantized ab initio quantum chemistry Hamiltonian in CAS
model is

A At A 1 At oAt oA A
H= ZF;ua;gauo + 5 Z gmvwargaITaw'raua +E. (5.15)

tu,o tuvyw,oT

in which the core energy E. and the closed-shell Fock matrix F}, can be
evaluated as

E.=) (f.y + Ff,) + Enger (5.16)
J
Fﬁs =ty t Z (2grsjj - grjjs)- (5.17)
J

E. is the repulsion energy between nuclei. The total energy can be
directly obtained by applying the Hamiltonian H on the many-electron wave
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function |1/}>, as
E = (|H|)

= S S Wil ) + 5D e S WAL e ) + E
tu a

tuvw oT

1 (5.18)
J— C v
- ; FtuDu + Ezgl”"WDuw +E.

uvw

in which the one- and two-electron reduced density matrices (1-RDM and 2-
RDM) Di, and D! are defined as in Section 4.5. The core energy E. is a
constant in Eq. 5.16, because it is totally independent from the active orbi-
tals. Thus the total energy E depends entirely on the RDMs and the MO inte-
grals in the active space and can be expressed as a function of the CI
coefficients ¢ and the MO transformation matrix R (or U), as

E=E(c,R). (5.19)

Once the total energy is minimized, there must be: (1) the energy gradi-
ent (first derivative) equals to zero, that is,

iE(c,R) =0
aC]
(5.20)

0
E(c,R) =
5x Ele.R)=0

for arbitrary electronic configurations |®;) and orbitals r, s; (2) the energy
Hessian (second derivative) matrix is positive definite. It can be easily
derived that minimizing the total energy E(c, R) with respect to the CI coeffi-
cients ¢ leads to standard CI calculations. By introducing the operator,

S= Zskgk = Zsk(|¢k><¢o| = |vo) (¥

k20 kA0

). (5.21)

where |1/)k> represents a complement state orthogonal to the target state |1/10>.
Then the variations of the CI wave function can be written as

|v) = exp($) 1) (5.22)

Note that the operator S is anti-Hermitian. The CI energy can be written
as a function of the variational parameters as

E= (A1) = (vole SR |uy), (5:23)
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which can be expanded to second order according to the Baker—Campbell—
Hausdorff expansion

E = (Yol 1un) + (ol [, 8]100) + 5 ol [,8).8]hw). 529

Here the first term is the zeroth-order energy (Ey), also known as the ref-
erence energy; the second term denotes the first differential with respect to
the CI coefficients; the third term contains the second differential. The first
and the second derivative terms are also known as the gradient and the
Hessian, respectively. The first-order gradient derivative g'k(c) with respect
to the CI coefficients is obtained by

(ol [H. 8] 1) = > Su((Who|Alw) + e |H o)), (5.25)

k0

which can be reduced, because the wave functions are real and the element
(1holH |t ) is thus symmetric, as

8i(€) = 2t H [t). (5.26)
The Hessian elements H,:l(c) can be evaluated in a similar way, as
(ol [[H. 8], 81]. 1th0) = 288, (wl (H — Eo) Iy, (5.27)
and accordingly,

Hy(e) = 2y (H — Eo) I¥). (5.28)

To optimize MOs, one also needs the first and second derivatives of the
energy respecting to the orbital rotations. The anti-Hermitian operator

R=" " R.ald (5.29)

can be introduced to transform each spin-orbital ¢, of the original wave
function into a new spin-orbital ¢, as

b= o, (5.30)

The matrix R in Eq. 5.29 has been introduced in the last section. As the
MOs are real, the operator R takes the compact form

R = Zérs = ZRKY (Eﬂ'rs - E.vr), (531)

r>s r>s
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in which E,SZZU&L&M is a single-excitation operator. Thus applying
the unitary transformation of exp(R) to the reference wave function |¢))
leads to

) = exp(R)|y). (5.32)
and the energy in this situation becomes
E= (YA 16) = (vole FAe i), (533)

We can use the Baker—Campbell —Hausdorff expansion to second order
again with respect to orbital rotations as

E = (dolAlun) + (ol [, R] 1w0) + 5 (ol [ RLR]Io). (534
Here

(ol [ALR] 1) = > Res(Wol[A. (Er = Esr)|1thg).,  (5.39)

r>s

which gives the first-order derivative

gr/s (R) = <¢0| [ﬁy (Ers - Esr)] |'(/}0>' (536)
Similarly,
(ol [[H, R], ] It40)
= RisRpg (Wl [[H. ér5], €pg] 1), (5.37)
éij = E,j_Ej[.

which gives the second-order derivative

H, , (R) = (| [[H, é1s],pq] 11hy)- (5.38)

Besides, the full Hessian matrix involves the coupling between CI coeffi-
cients and orbital rotations. Therefore a naive idea of the MCSCF method is
to perform CI calculations and MO optimizations iteratively, as an uncoupled
scheme. Taking the Cl-orbital coupling term into direct consideration leads
to the coupled approach. The former one usually results in slower conver-
gence and reduced computational costs, while the latter has faster conver-
gence at higher computational costs.

According to the different strategies in their orbital optimization algo-
rithms, current MCSCF methods can be categorized in two classes: (1) meth-
ods based on the generalized Brillouin’s theorem (Levy and Berthier, 1968),
and (2) methods based on the direct minimization of the energy. We will
introduce these two approaches in the following subsections.
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5.2.2 Super-configuration interaction method: a first-order
multiconfigurational self-consistent field implementation

The super-configuration interaction (CI) method was firstly proposed by Grein
and coworkers (Grein and Chang, 1971; Grein and Banerjee, 1975). After that,
Roos and coworkers immensely contributed to the development of the method
and software. (Roos et al., 1980; Roos, 1980; Siegbahn et al., 1980; Siegbahn
et al., 1981; Malmgqvist et al., 1990) The Super-CI method is based on the gen-
eralized Brillouin’s theorem (Levy and Berthier, 1968), which states that for
optimized MOs the ground-state wave function |1/J0> satisfies

(WolH|rk) =0, (5.39)

where |rk) = (E,k —E w)|to) are the so-called Brillouin states, which are
internally contracted singly excited configurations (see Section 6.1). Eq. 5.39
can be easily derived from the stationary point condition of

grk (R) - <1/)0| [ ’ ( rk — Ekr)] |w0> (5 40)

The Super-CI wave function }1/)> can be obtained by performing unitary
transformation on the reference wave function ‘¢o> as shown in Eq. 5.32.
Expanding the exponential function in Eq. 5.32 to the first-order leads to the
definition of the Super-CI wave function

[y = (1+R)[tho) = [wo) + > Rulrk). (5.41)

r>k

The coefficients {R,;} are determined by solving coupled Eq. 5.39 for dif-
ferent r and k indices. These equations represent the necessary and sufficient
condition for optimized orbitals at each MCSCF macroiteration. In practice,
the Super-CI Hamiltonian matrix is built and diagonalized. Because the
Brillouin states |rk) and |s/) are usually nonorthogonal to each other, this
corresponds to generalized eigenvalue equations.

Hamiltonian matrix elements between the reference state and the
Brillouin states, <1/)0|ﬁ |rk>, as well as the coupling terms between Brillouin
states, <rk|ﬁ |sl>, are required when solving the Super-CI eigenvalue prob-
lem, which are expensive because of the requirement for the three-body
RDM:s. In order to avoid their expensive computations and to achieve lower

order scaling, the terms <rk|ﬁ |sl> can be approximated by <rk‘l:leff’sl>,
(Roos, 1980; Malmgqvist et al., 1990), where
A" =3 (Foy 4 oy ) g (5.42)
Pa

The closed-shell Fock matrix F° has been introduced in Eq. 5.17, while
the active Fock matrix F* can be obtained by

ZD (grstu_ gmu) (543)
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In fact, Super-CI using the generalized Brillouin theorem is also equivalent
to running a perturbative treatment of |¢0> by considering the single excita-
tions |rk) as Eq. 5.41. According to Rayleigh—Schrodinger PT (see
Section 6.3.1), the Hylleraas functional for the Super-CI first-order wavefunc-
tion can be easily derived (summation over repeated indices implied)

€ = 2R (rk|H|y ) + Ru(rk|H — Eo|sl)Ry. (5.44)

Therefore orbital rotation parameters R,; can be obtained through the
minimization of €.

The couplings between CI coefficients and orbital rotations are completely
omitted in the Super-CI method. Each iteration of the Super-CI method starts
with a closed-shell update for computing the closed-shell Fock matrix and
two-electron MO integrals, followed by a CASCI calculation. From the
CASCI calculation, the 1-RDM, 2-RDM as well as the Fock matrix for
the active space are obtained. Finally, the orbital rotation parameters {R,} are
determined by solving the Super-CI eigenvalue problem. The computational
effort of the Super-CI method scales as O(N3oNin ), in which Nao and Nig
are, respectively, the number of atomic and internal MOs. This scaling is smal-
ler than the second-order methods described later. However, convergence
acceleration techniques such as the Broyden—Fletcher—Goldfarb—Shanno
(BFGS) method are vital for a robust convergence. Even with these accelera-
tion methods, the Super-CI method may still show a slow convergence in
some cases (Chang and Schwarz, 1977).

5.2.3 Second-order multiconfigurational self-consistent field method

In second-order MCSCF methods, both the gradient g and the Hessian matrix
H of the orbital rotation parameters {R,} are computed. The optimized
orbital rotation parameters can be obtained via the Newton—Raphson (NR)
method, by expanding the energy to the second-order of R

1
E=Eyx)+g'x+ 5xTHx, (5.45)

in which x contains all nonredundant parameters in the matrix AR. To
improve the speed and robustness of convergence, the augmented Hessian
(AH) method (Yarkony, 1981) is usually employed, which determines the
step x by solving the eigenvalue problem

(2 ff/A) (19) :e(l,/f)» (5.46)

where A is a damping parameter to keep the solution x within a trust radius.
Solving the AH eigen problem is equivalent to solving the NR equations
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with an adaptive shift € of the diagonal elements of the Hessian matrix
(H—€el)x+g=0 (5.47)
with
e=\gx. (5.48)

1 denotes a unit matrix with the same size of the Hessian matrix H.
Introducing the € value keeps the shifted Hessian H — €l staying positive
definite for A =1, therefore convergence toward an energy minimum can
always be enforced by a sufficiently large value of \.

A more efficient implementation was proposed by Werner, Meyer, and
Knowles (Werner and Meyer, 1980; Knowles and Werner, 1985; Werner and
Knowles, 1985; Kreplin et al., 2019), and denoted in this book as the WMK
method. Instead of expanding the total energy E to the second-order of the
orbital rotation matrix R, in the WMK method, the energy E is expanded to
the second-order of the unitary matrix U, which is equal to the infinite order
of the matrix R, as

h

AND} +2 (Akllmn)Djy!
kimn

E® = Ey+2) (Ak|A|)Df + (Ak
kl kl

(5.49)
= (AKAlmm)D)" +2 " (Akm|nADD]"

In >
klmn klmn

in which k, [, m, n are internal orbitals and (kl|mn) = g, is the two-electron
MO integral. This equation can be easily derived from Eq. 5.18. As the
essence of orbital optimization is to get a new set of MOs via linear transfor-
mation, as shown in Eq. 5.6, the first derivatives of the one-electron MO
integrals in Eq. 5.49 can be evaluated as

<Ar|ﬁ’s> = Z U,p<p}ﬁ|s>, (5.50)
r#p
which can be simplified by introducing an auxiliary matrix T
1
T=U—-1=expR)—1=R+ 5RR+~~-. (5.51)

Thus the first and second derivatives of the one- and two-electron MO
integrals can be obtained by

Arlhls) = T: (p hls)y=T"h, (5.52)

(arlils) = 3275 (plils)

(Arfi|as) = 1 1 {plilg) = 170T, (5.53)
Pq
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(Arslk) = T, gpoa =TI, (5.54)
p
(ArAslkl) =Y " T3 Tysgpga=TTJMT, (5.55)
Pq
(ATK|IAs) = T3 Tysgpg =T KMT, (5.56)
Pq

where the matrix product expressions of these transformations lie on the right
side of the arrows. Note that J¥ and K* are respectively the Coulomb and
the exchange operators, and defined as

(rlJ"|s) = grou, (5.57)

(rIK"|s) = guas. (5.58)

The evaluation of the second-order energy E® in Eq. 5.49 can be simpli-
fied as

EOT)=Ey+ > T <2A,k + Y Gfﬁrs,> , (5.59)

rk sl

with
Ari = 2Fri (560)
Ay = ZF;D; + ZgerWD[u‘;/’ (5.61)
t ww

A =0, (5.62)
GY =2(F,6; +LY), (5.63)
Gl=Y DLi=G], (5.64)
G =FD,+ Y (JW'Diy, + 2K Dyy). (5.65)

The auxiliary rank-4 tensor L and the Fock matrix F which respectively
are defined as

L = 4K — K = T, (5.66)

1
F,,=F° + D' J%——K"™). 5.67
rs g M( rs 2 rs) ( )
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Note that the Fock matrix F has been introduced in the first-order Super-
CI method, as shown in Eq. 5.43.

Now one has to minimize the energy with respect to T with the constraint
U'U =1 because the matrix U must be unitary. This problem can be solved
by introducing the Lagrangian multipliers {5,,,,}, as

0 s
o <E<2> - Z Epg [(U'U)pq - 5,,4) =0. (5.68)
r rq

Inserting Eq. 5.59 into Eq. 5.68 leads to the stationary condition

U'B—B'U=0 (5.69)
with
Bu=Ay + Z G"Ty, B, =0. (5.70)
sl

For the fully optimized orbitals, the solution of Eq. 5.69 must be U = 1.
Since these matrices are real, the variational conditions are

Au =0 (5.71)
and
A — Ay =0. (5.72)
For a given U =1 + T, the Hamiltonian can be expanded as
,\(2) ZFC 2) T Aus + Z gtuw A:LJ ITaWT&u(I E£2) (5.73)
[M a tMVW aT

with the second-order expansions of the integrals and closed-shell energy

cmlfz) — (UTFCU)W + ZZ (U’i‘JtuU_Jtu)ii _ Z (UTKtuU_Ktu)ii

i

. . 5.74

+> (T'LT),, + > (TTL'T) 679

gglzﬂ)/w = 7 Suww + (UTJVWU> tu + (UTJ[”U) ww (5 75)
+(1+ 7)1+ 7,)(T'K"T), '

E®=F, +4 Z (F°T); +2 Z (F°6; +L")T} (5.76)

in which 7, permutes the two indices ¢ and u. The second energy can be
accordingly evaluated in the alternative form

EO(T) = <¢‘ﬁ(2)’y)>, (5.77)
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which is equivalent to Eq. 5.59 and can be simplified by using the 1-RDM
and 2-RDM.

One can see from Eq. 5.70 that the computation of the matrix B requires
the unitary matrix U, which suggests that SCF iterations are essential to
solve the nonlinear Eq. 5.69. An update T(R + AR) is defined as

TR + AR)=T(R) + U(R) <AR + %ARAR + > (5.78)

To address the nonconvex problem, a second-order technique with good
robustness is required to determine the step AR at the expansion point
E®)X(T). Usually, the AH method is employed. In this case, the gradient g
and the Hessian H for a fixed U=1+T can be derived by inserting
Eq. 5.78 into Eq. 5.59, differentiating with respect to AR, and evaluating
the derivatives at AR = 0, which yields

grk = (ANrk - A~kr)a (579)
~ ~ 1 ~ ~
Hrk,sl = (1 - Trk)(l - Tsl) G,-S - 56/{[ (Ars + Asr) 5 (580)
with
A~rk = (UTB)rk9 A~ra = 05 (581)

G = (U'GYv) (5.82)

rs’

Note that rk(r > k) and sl(s >1) are considered as composite indices of
the gradient vector"g and the Hessian matrix”H. The tilde indicates that the
gradient and the Hessian are evaluated for a given unitary matrix U. Each
time the AH eigenvalue equation is solved iteratively and an update AR is
obtained, the matrix T is updated according to Eq. 5.78 and the unitary
matrix U can be easily updated since U =1+ T. This process is repeated
until the convergence criterion in Eq. 5.69 is reached. The orbital optimiza-
tion iterations are denoted as the microiterations. After the microiterations
are converged, a new set of MOs can be constructed with the updated matrix
U and the minimum energy is found for the current CI coefficients. Thence,
a new macroiteration is performed, starting with a full integral transforma-
tion followed by a CI calculation and a new set of microiterations. The
uncoupled WMK method is concluded in Algorithm 5.1. As E@(T) is used
as the approximate energy functional rather than E?(R), the WMK method
has a much larger radius of convergence than other second-order MCSCF
approaches. (Werner, 1987)
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Algorithm 5.1: The uncoupled second-order WMK method.

—_

:Set U=1, T=0 as initial guess
: procedure Prepare(coordination, basis, ...)
o}, {pars } <—

Calculate F¢, E. // see Eqs. 5.16—5.17

return {t,q}, {gpqrs}, FC and Ec
: end procedure
: procedure RunCASCI(FC, {gpqrs }, Ec)
Eo, {D!}, {D!y,} < Do FClI in active space
9: return £, {D.}, {DY,}
10: end procedure
11: procedure PrepareMicrolteration(Eo, {FS}, {gpqrs}, (DL}, (D%}, T, U)
12: Calculate A, G using Eqs. 5.60—5.65
13: @ «— Calculate second order energy(A, T, G, Ey) // see Eq. 5.59
14: B« Generate matrix B(A, T) // see Eq. 5.70
15: return A, G, £® and B
16: end procedure
17: procedure UncoupledMicrolteration (B, T, U)
18: {g,k}, {H,k,S,} // see Eqs. 5.79—-5.82
19: AR<— Solve for AR with AH method
20: U,T<«— Update matrix T and U // see Eq. 5.78
21: B+« Generate matrix B(A, T)
22: if U'B—BTU # 0 then
23: Go back to step 18 with updated B, T, U
24: end if
25: return U
26: end procedure
27: procedure CheckEnergyConvergency(U)
28: if £ £ 0 then
29:  Transform {tyq}, {gpgrs} with converged U // see Eqs. 5.7—5.12
30: Calculate F¢, E.
31: Go back to step 7 with updated F, {gnqrs }, Ec
32: endif
33: C=CyU
34: return Fy, C
35: end procedure

N

S

5.2.4 Simultaneous optimization of configuration interaction
coefficients and orbital rotations

In the above description of the second-order WMK method, the coupling of
the orbital rotations and CI coefficients is still omitted, thus CI coefficients
and orbital rotation parameters are optimized individually in iterative steps.
Such kind of two-step optimization scheme is also known as the uncoupled
MCSCF method. Although the uncoupled WMK method is efficient in most
cases, it is still necessary to improve the convergence of the MCSCF method
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by taking the coupling term into consideration, and optimize CI coefficients
¢ and orbital rotation parameters R simultaneously. This leads to the coupled
MCSCF method. Note that there are different implementations (Werner and
Meyer, 1980, 1981; Knowles and Werner, 1985; Kreplin et al., 2019;
Kreplin et al., 2020) of the coupled MCSCF method, and in some of them
the coupling terms are evaluated explicitly while in others are not.

Once the coupling terms are evaluated, the second-order energy expan-
sion in the changes of the orbitals and CI coefficients can be written as

E®=Ey+ %Tr{TT (A°+B%)} +2> (e —))Te{T'A"},  (5.83)
I

in which {c?} are the initial CI coefficients, and A°, BY denote, respectively,
the matrices calculated using these coefficients according to Eqgs. 5.60—5.62,
and 5.70. The derivative matrices A’ are defined with the same formulae as
the matrix A and A°, while the RDMs in the definition are replaced by the
derivatives

DD =" N |af s |s), (5.84)
J,o
Dy (=" N(Wylaf al dyraus| V). (5.85)
J,oT

The CI vector ¢ and the orbital rotation parameters R can be simulta-
neously optimized via coupled NR equations

Hrz Hg \[R g\ _ (0
(e ) (5)+ (5)=(5)

The orbital gradient gp and Hessian Hgg can be computed with the same
techniques used in the uncoupled WMK method, while the CI gradient g,
and Hessian H,. can be easily derived from the second-order Hamiltonian in
Eq. 5.73. The coupling term can be evaluated as

PE?

Hiser = R ae, ~ 2010~ T (An — An). (5:87)

Therefore only the additional calculations of the matrices {A’} are
required to optimize the orbital rotations and CI coefficients simultaneously.
The robustness of the coupled MCSCF approach can be improved by solving
the changes of the orbitals and CI coefficients in the same one AH eigen
equation, as shown in Sun et al. (2017). The algorithm is similar to the
uncoupled case, except that the CI gradients, Hessian and the coupling terms
must be evaluated before entering the AH procedure.

However, sometimes the explicit evaluation of the coupling terms is too
expensive. In those cases, an implicit variant can be used, by performing a
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second-order transformation of the MO integrals in the active space accord-
ing to Eqgs. 5.74 and 5.75, and then employing some cheap and coarse CI
iterations to update the RDMs. We will give a deeper introduction about this
approach in the next section.

5.3 Density matrix renormalization group self-consistent
field methods

Since the DMRG method could be an efficient substitute for the traditional
FCI and CASCI methods in large active spaces, one can naturally introduce
the DMRG method into the CASSCF framework and implement the so-
called DMRG-SCF method. From the discussion in the last section, we can
see that the differences between the traditional CASSCF method and the
DMRG-SCF method are:

1. The active—active orbital rotations must be taken into consideration
when using an approximated FCI solver such as the DMRG, because
the first-order energy change cannot be achieved by a variation of the
incomplete CI basis functions. This problem can be solved by explicitly
evaluating all active—active rotation parameters R, (f > u) as well as the
related gradients and Hessian elements, which must be set to zero in tra-
ditional CASSCF implementations.

2. The ab initio DMRG method works with large active spaces, but the
costs are still substantial. Besides, as the full transformation of two-
electron MO integrals costs O(N?) time and O(N*) storage for N MOs, it
is extremely expensive to perform such full transformations in large
molecules with N ~ 10?73, Therefore it is important to reduce the number
of macroiterations in DMRG-SCF calculations, because in each macroi-
teration a full transformation of all the one- and two-electron MO inte-
grals is required, followed by a costly DMRG calculation.

3. It is difficult to optimize the orbital rotation parameters and the CI coeffi-
cients simultaneously in a coupled MCSCF approach by explicitly evalu-
ating the coupling terms and solving an extended AH eigen problem in
ab initio DMRG, because the number of CI basis functions is too large to
be handled in any existing eigen-solver. It is more realistic to make use
of coupling items implicitly.

4. The construction of 1-RDM and 2-RDM is more complicated than in tradi-
tional ways. This issue has been already discussed in detail in Section 4.4.

The DMRG-SCF method was first exploited by Zgid and Nooijen (2008)
and Ghosh et al. (2008) in its AH/NR-based implementations, respectively.
Both implementations followed the principles of first-order approaches,
transforming the wave function with rotated orbitals according to Eq. 5.35.
Besides, Luo et al. (2010) proposed a method to minimize the DMRG energy
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by swapping the orbitals inside and outside the active space, which is essen-
tially also a kind of first-order approach. The first-order Super-CI method
was introduced into the multilevel DMRG calculations by Ma et al. (2015).
A second-order implementation was proposed by Yanai et al. (2009), in
which the total energy was expanded to the second order of the matrix R and
the direct inversion of iterative subspace method (Pulay, 1980) was intro-
duced to reduce the number of macroiterations. A similar implementation
was proposed by Wouters et al. (2014). Note that in all of these implementa-
tions, the coupling between the orbital rotations and CI coefficients is
completely omitted. Recently, Sun et al. (2017) developed a coupled second-
order DMRG-SCF method by expanding the energy to the second order of
the matrix R.

As the WMK method is considered to have advantages in robustness and
convergence over other second-order MCSCF implementations, Ma et al.
(2017a) introduced the WMK method into DMRG-SCF calculations. The
coupling between the orbital rotations and CI coefficients was evaluated
implicitly as we have discussed in the last section. Their second-order
DMRG-SCF implementation showed a high computational efficiency when
applied to the Cr,, CuCl,, and trioxytriangulene molecules.

5.4 Excited state calculation

Understanding the fundamental physics and chemistry in photochemical
reactions, optoelectronic materials as well as biological photosynthesis, is
relying on an accurate electronic structure characterization of the excited
states. However, as the original DMRG algorithm is designed for optimizing
the ground-state wave function, extending DMRG to target the excited states
efficiently is highly nontrivial.

Similar to the scheme in state-specific (SS) CASSCF, a straightforward
DMRG way in calculating excited states is to still target the states of inter-
ests, respectively, by using different renormalized bases. Note that this SS-
DMRG approach has the similar shortcomings of SS-CASSCEF, that is, the
nonorthogonality and root-flipping. The occurrence of nonorthogonality
between wave functions of different electronic states is because the truncated
renormalized bases of the ground and excited states become nonorthonormal
now. To resolve this nonorthogonality issue, the excited states have to be
optimized with a standard DMRG variation in the space orthogonal to the
already optimized matrix product states (MPSs) of the lower-lying states.
Therefore all lower-lying wave functions need to be calculated and suffi-
ciently converged in order to optimize a given excited state. The root-
flipping between different excited states occurs when the approximate wave
function leaves the convergence basin of the target excited state and enters
that of a different excited state.
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In order to improve the stability of the nonlinear optimization and to pre-
vent root flipping, the state-averaged (SA) scheme in CASSCF can be
seemly adopted in DMRG.

In SA-CASSCEF, one needs to solve for multiple eigenvectors ranging
from the ground state to the excited state of interest, thus the averaged
RDMs can be evaluated as

D= " wDi(k), (5.88)
k

Dif =" wDif(k), (5.89)
k

in which Di(k) and Djj(k) are respectively the one- and two-electron RDMs
computed with the multiconfigurational wave function |wk> of the kth state

[Why=">" ), (5.90)
1

and wy (0 <wj =1) is its weight. Note that the weights {w;} must be normal-
ized to make sure that

> we=1 (5.91)
k

There is no known optimal choice for wy, but empirically it seems to be
most reasonable to weigh states roughly equally. Consequently, one can use
the averaged RDMs in MCSCF calculations to get a set of orbitals that
works well with all of the states.

Instead of constructing the SA 1-RDM and 2-RDM in SA-CASSCF, SA-
DMRG builds an SA RDM for the subsystem L (R) by

ps=Tre > wi|W*) (v (5.92)
k

It is worth to clarify that, SA in DMRG is different from SA in CASSCF,
although they are quite similar from a mathematic perspective. The former is
used for the optimization of one MPS basis set for various states and the lat-
ter is used for obtaining one set of optimized MOs for different states.
Therefore SA-DMRG and SA-CASSCF can be implemented separately or
synergistically.

Targeting high-lying excited states in DMRG is even more challenging.
Prominent examples include simulating X-ray photoelectron and absorption
spectra as well as identifying dense vibrational spectroscopy levels.
Conventional excited state approaches discussed above require solving all
the eigenvectors with energies lower than the target state sequentially, which
is usually computationally prohibitive. To overcome this limitation, various
energy-specific diagonalization algorithms can be utilized in DMRG.
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In ab initio DMRG, Dorando et al. (2007) employed a harmonic
Davidson (HD) algorithm (Sleijpen and Van der Vorst, 2000), in which a
shift-and-invert operator (2, is introduced as

Q.=H, =(w—-H) , (5.93)

to directly calculate harmonic Ritz approximations to excited eigenvalues
and eigenvectors without the expensive costs to calculate all states between
the ground state and excited state of interest. Here w is an energy shift and
H is the Hamiltonian in the same basis set. The operator {2, maps the target
excited state of the Hamiltonian H onto its ground state, as

W)= ci|H.®;). (5.94)

l

Left projection with <¢)jﬁ w} yields a generalized eigenvalue problem,

<‘I’jﬁw

(A" - B2 e yei=o, (5.95)

where E ! is the current approximation to (w—E)"'. E,, is known as a har-
monic Ritz approximation to the corresponding eigenvalue of H . The above
equation can be simplified as

> [(@ife) - £ an,

i

A

Hu@,ﬂ ¢ =0. (5.96)

Thus, instead of computing with the inverted operator, one can easily solve
the eigenvalue equation for the noninverted operator H., with a trial vector
expanded in the basis {|®;)}. The ground state of the operator H.,, is the targeted
excited state of the Hamiltonian H. One may notice that the evaluation of
matrix elements of <<I>jI-AI oH w<I>,-> is exactly equivalent to the computation of

<<I>j‘l-} w2 <I>,->. Dorando et al. (2007) also combined the HD procedure with

state-averaging over nearby states in the spectrum and then assessed their
numerical accuracy and convergence stability in DMRG-SCF calculations, on
the low-lying excited states in oligoacenes ranging from naphthalene to penta-
cene. Results indicated that such a HD algorithm is particularly efficient for
low-lying states; however, it is not stable in regions with a high density of states
(Baiardi et al., 2019). The reason for this shortcoming lays in the fact that the
HD algorithm introduces an approximation, specifically in the representation of

the squared value of the Hamiltonian H i) during the application of the shift-
and-invert transformation to the local representation of the Hamiltonian.

To obtain a more robust convergence, the folded spectrum approach in
conjunction with root-homing algorithms was implemented by Baiardi et al.
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(2019) for targeting directly specific energy regions and therefore highly
excited states in DMRG qall,culations. In the folded DMRG method, an alter-
native auxiliary operator €2, is introduced, as

O = (w—A)" (5.97)

A F
The lowest eigenvalue of the folded operator €2 , is the eigenvalue of the
~ ~F N
Hamiltonian H, which is closest to w. The main advantage of (2, over €, is

. AF . . .
that, in €2, case, the spectral transformation is applied to the full

Hamiltonian operator H. The resulting modified operator is only later pro-
jected in the renormalized basis once, and, therefore, an additional spectral
transformation of its renormalized representation is not required. This advan-
tage increases the accuracy of the evaluation of the squared value of the
Hamiltonian and accordingly the diagonalization convergence. It must be
noticed that, the spectral range (i.e., the difference between the smallest and
the largest eigenvalues) of the squared Hamiltonian is larger than the one of
the original, non—squared Hamiltonian. This slows down the convergence of
iterative diagonalization schemes. However, in regions with a high density of
states, even if slower, the folded DMRG ensures a much smoother conver-
gence of the energy of the target state. The robustness of this approach can
be further increased by combination with a root-homing algorithm (Butscher
and Kammer, 1976) to consistently follow the correct root during the optimi-
zation. Baiardi et al. (2019) illustrated their energy-specific variant of
DMRG with a vibrational Hamiltonian that allows one to target highly
excited states, with energies above 3000 cm ™' in ethylene and to the dipep-
tide SarGly . Recently, Baiardi et al. (2022) also applied FEAST algorithm
(Polizzi, 2009) to DMRG and showed that DMRG[FEAST] enables the
stable optimization of both low- and high-energy vibrationally excited states
without the necessity of estimating a priori the energy of the target excited
states and calculating powers of the Hamiltonian.

In addition to solve the time-independent Schrodinger equation by
DMRG to obtain the eigenvalues and eigenvectors, it is also possible to
obtain the excited state information by calculating the spectral functions
directly in the frequency domain or performing Fourier transformations of
the time correlation functions from a solution of time-dependent Schrédinger
equation. The principles and progresses of DMRG in frequency space- and
time-dependent DMRG (TD-DMRG) will be in detail discussed in Chapter 7
and Chapter 8, respectively.

5.5 Analytic gradient and geometry optimization

All the methods and implementations that we have discussed so far are
appropriated to fixed molecular geometries. In practical chemical researches,
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these geometries are often stable equilibrium structures with the lowest
energy or saddle-point structures in transition states of chemical reactions in
a potential energy surface (PES). Therefore one of the important tasks of
quantum chemistry methods is to optimize the geometry of molecules to find
those stationary structures with

OF
oa i

in which {a;} are nuclear coordinates given that nuclei make up the skeleton
of molecules. The energy gradients with respect to nuclear coordinates can be
computed numerically or analytically. Numerical gradients are available for
any quantum chemistry method as long as a set of energies and corresponding
geometries are presented. At the same time, although preferred owing to their
low computational cost and numerical stability, analytic energy gradients
introduced by Pulay (1969) are only available in some methods.

In this section, we are focusing on the evaluation of analytic energy gra-
dients in DMRG methods and the optimization of molecular geometries. As
the energy E can be computed with the 1- and 2-RDMs as well as MO inte-
grals, as shown in Eq. 5.18, the first derivative can be evaluated by

aE l 6hk1 1 oDkm 1 agkl
hat Y Dot " ek + =y D=
da K Z L Ba 2 % oa 8 2 Z L VI

kimn

=0, (5.98)

(5.99)

in which the derivative of the core energy is trivial and thus omitted. It is
clear that the CI coefficients as well as the RDMs do not depend on the
geometry of molecules, thus the first and third terms in Eq. 5.99 vanish
according to Hellmann—Feynman theorem. Therefore Eq. 5.99 can be sim-
plified as

5_E:Z Ohu _Z kmag“'"", (5.100)

which states that we have to compute the first derivatives of one- and two-
electron MO integrals. Since the MOs are linear combinations of AOs, as we
have introduced in the first section of this chapter, the one- and two-electron
MO integrals can be obtained, respectively, by

ha=">_ ChCyhyu, (5.101)
1%
amn = CLCLCIChgyupo. (5.102)
Hpo
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Note that the indices k, [, m, n denote MOs while the Greek characters p,
v, p, o denote atomic orbitals. The first derivative of one-electron MO inte-
grals can be evaluated as

aah: == ; cEClhy, = Z aacl, Clhy + CE aa “hy, +ChC! agl”” ,
(5.103)
in which the derivative of MO coefficients {C/’j } can be computed by
de
Z UnCl,. (5.104)

Thus Eq. 5.103 can be simplified as

ahkl -y ( UnC,Cohyu, + UrzC,’iCZh/w) > GG aW

uvoor v

(5.105)

- Z (Urkhrl + Urlhkr) + Z CIIZCIV aﬂ”
pv
in which the first derivatives of one-electron AO integrals {6h#,, / 8a} can be
computed analytically, because the AO are usually represented with
Gaussian primitive functions. Similarly, we can compute the first derivatives
of two-electron MO integrals, as

0 mn
gakl E (Urkgrlmn + Urlgkrmn + Urmgklrn + Ulngklmr)
08w, (5.106)
k ~l ~m ~n 2 S pYPo .
+yocecpe =L

W po

Inserting Eqs. 5.105 and 5.106 into Eq. 5.100 yields (Yamaguchi et al.,
1994)

aE /w e 281w ag/u/pzf
da v " /“Z/ﬂ:(f "
(5.107)
—222 1— O ckctx! O +2Z Uu(Xf —X1),
pr k=1 2 S da k=1
in which

Z hkrD + Z gkrsp (5 108)

rsp
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is the Lagrangian matrix in the generalized Brillouin’s theorem (Levy and
Berthier, 1968), and

Su= (ki)=Y CkS,,Cl, (5.109)
v

is the overlap matrix of the MOs k and /. Note that the orthonormality
condition

Ug+Up+Su=0 (5.110)

is used to derive Eq. 5.107. The evaluation of the matrix U in Eq. 5.107
takes more effort. The matrix U is actually the first-order orbital response.
Generally, it can be computed with the coupled-perturbed HF method
(Gerratt and Mills, 1968). However, in MCSCF calculations, the correlated
wave function energy itself is stationary with respect to orbital variations,
which leads to

XF—Xx. =0, (5.111)

which makes that the matrix U can be safely ignored. Therefore the analytic
energy gradients in MCSCF methods (including the DMRG-SCF) can be
evaluated by

gf Z /u/ I Z ff{,’ Eigwpa 222( 6k1> Cf,Cf, lléaglw
v

Qvpo wok=1

(5.112)

The above scheme was employed in SS-DMRG-CI, SS-DMRG-SCF, and
SS-DMRG-CASPT?2 calculations (Hu and Chan, 2015; Nakatani and Guo,
2017). Thence, an approximate SA approach was proposed by Freitag et al.
(2019). In the SA case, the SA energy is defined as

= wieEe= Y wilth[H|t). (5.113)
k k

The optimization procedure in SA-CASSCF ensures that the SA energy,
but not the individual SS energies, is variational with respect to both orbital
rotations and CI coefficients. After that, the gradient with respect to nuclear
coordinates for a specific state © can be evaluated as (Snyder Jr et al., 2015;
Snyder Jr et al., 2017)

aEO oh Okt as
ZD"(@) Y 254 g“ Zx"(@) = (5.114)

klmn

kimn

where the effective 1- and 2-RDMs are, respectively, defined as

DK©) = DX®©) + D} + D), (5.115)
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DO = Di'(©) + b, + D (5.116)
and the quantities with tildes and bars are respectively the orbital and CI
contributions to the RDMs. All of these quantities as well as X;‘(@)e are
obtained in the coupled optimization of orbital rotations and CI coefficients.

Evaluating energy gradients is a prerequisite for geometry optimization.
To optimize the geometry of molecules within the DMRG-SCF method,
one can construct the related matrices and quantities in Eqs. 5.112 or 5.114
after the optimized wave function and MOs are obtained from a DMRG-SCF
calculation and subsequently minimize the energy E with respect to the
nuclear coordinates {a} to make OF/da = 0. Thenceforth, the geometry of
the molecule is updated, one has to reconstruct the one- and two-electron
AO integrals and start a new DMRG-SCF calculation. Obviously, optimizing
molecular geometries with DMRG-SCF method is extremely expensive,
therefore few but significant applications (Liu et al., 2013; Ma, 2020) have
been reported.

5.6 Molecular spectra

Molecular spectra result from either the absorption or the emission of electro-
magnetic radiation as a molecule undergoes transition from one quantized
energy state to another. There are two primary sets of interactions that contrib-
ute to observed molecular spectra. The first involves the internal motions of
the nuclear framework of the molecule and the electrostatic forces among the
nuclei and electrons, resulting in three categories of molecular energy levels
with a decreasing order of magnitude: electronic, vibrational, and rotational.
The interaction of electromagnetic radiation with these quantum energy levels
constitutes the basis for electron spectroscopy, visible, infrared and ultraviolet
(UV) spectroscopies, Raman spectroscopy, gas-phase microwave spectroscopy,
etc. The second encompasses the interactions of nuclear magnetic and electro-
static moments with the electrons and with each other, forming the basis for
nuclear magnetic resonance spectroscopy, electron spin resonance (ESR) spec-
troscopy, nuclear quadrupole resonance spectroscopy, etc.

As ab initio DMRG and DMRG-SCF have been shown to be able to give
accurate characterizations of the electronic structures of the ground and
excited states in strongly correlated systems, it is straightforward to apply
them to investigate the molecules’ low-energy electronic spectrum. For
example, Sharma et al. (2014) computed the individual ground- and excited-
state energy levels of [2Fe—2S] and [4Fe—4S] clusters by DMRG calcula-
tions with up to 36 active orbitals, suggesting the low-energy spectrum is
dense due to the presence of a large number of d —d excited states arising
from both orbital transitions and spin recouplings. This finding was later
supported by indirect experimental measurements from iron L-edge 2p3d
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resonant inelastic X-ray scattering (Van Kuiken et al.,, 2018). Cho et al.
(2019) further computed the UV absorption spectra and the stimulated X-ray
Raman spectroscopy (SXRS) for [2Fe — 2S] complexes, which complement
each other by accessing different parts of the electronic spectrum and
together can effectively probe the dense d — d electronic states in the Fe — S
clusters. The simulated spectra presented clear signatures of the theoretically
predicted dense low-lying excited states within the d—d manifold.
Furthermore, the difference in spectral intensity between the absorption-
active and Raman-active states provides a potential mechanism to selectively
excite states by a proper tuning of the excitation pump, to access the elec-
tronic dynamics within this manifold. In Cho et al. (2019)’s work, the UV
absorption spectrum intensity Sz(w) was calculated from the transition dipole
moment p,, between the ground state (g) and the excited state (e), transition
frequency w,,, and a dephasing rate I',; = 0.014 eV (Fig. 5.1).
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polarized light. [See bottom of (B) for the axes]. (Bottom) Selected the TCDs are
shown. TI',, =0.014 eV for all states. Note that the absorption and SXRS spectra are normal-
ized. Consequently, the strength of each spectroscopy in different directions can be compared,
but SXRS and absorption strengths cannot be directly compared. SXRS, stimulated X-ray Raman
spectroscopy; TCDs, Transition charge densities. Reproduced from Cho, D., Rouxel, J. R.,
Mukamel, S., Chan, G. K.-L., Li, Z., 2019. Stimulated X-ray Raman and absorption spectroscopy
of iron—sulfur dimers. J. Phys. Chem. Lett. 10, 6664—6671. https://doi.org/10.1021/acs.
Jpclett.9b02414, with permission from American Chemical Society.

)


https://doi.org/10.1021/acs.jpclett.9b02414
https://doi.org/10.1021/acs.jpclett.9b02414

174 DMRG-based Approaches in Computational Chemistry

Moreover, the excited state calculations can be also extended to the simu-
lation of molecule’s photoelectron spectra. Pham and Nguyen (2018) used
restricted active-space second-order PT and DMRG-CASPT?2 in conjunction
with density functional theory calculations to simulate the photoelectron
spectra of the anion Cr,O, . Transitions from the anionic ground state lOAg
was found to cause most of visible bands in the photoelectron spectra, while
the first band with low intensity was determined to arise from a transition
starting from the nearly degenerate state 10B2g.

DMRG can be also used for simulating vibrational spectroscopies by
treating a vibrational Hamiltonian. Rakhuba and Oseledets (2016) computed
the vibrational spectra (84 states) of acetonitrile molecule CH;CN by using
DMRG in the discrete variable representation scheme with a quarticly cou-
pled 12-dimensional vibrational Hamiltonian. Baiardi et al. (2017) further
proposed to exploit vibrational DMRG (vDMRG) to optimize vibrational
wave functions expressed as MPS to show the complete fingerprint region of
the sarcosyn-glycin dipeptide. In this work, the authors used an approximate
form of the Watson Hamiltonian, in which only the second-order Coriolis
terms are included and higher order terms in the expansion of the inertia ten-
sor are neglected.
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Here, w; is the harmonic frequency for the ith vibrational normal mode,
while l;,- and l;[ are the bosonic annihilation and creation operators for this
mode. B” give the rotational constants and C;’ indicate the Coriolis coupling
constants. In a fourth-order (quartic) Taylor expansion of the potential, ®;
and ®;; are the third- and fourth-order reduced force constants, respectively.
Those can be defined in terms of the third- and fourth-order partial deriva-
tives, ki and k;jyy, of the PES,

k;;
= gy =—2 (5.119)
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FIGURE 5.2 Experimental and theoretical infrared spectrum of SarGly" computed from har-
monic (red dashed lines) and anharmonic VDMRG frequencies (green solid lines). Reproduced
from Baiardi, A., Stein, C. J., Barone, V., Reiher, M., 2017. Vibrational density matrix renorma-
lization group. J. Chem. Theory Comput. 13, 3764—3777. hitps://doi.org/10.1021/acs.
Jjete.7b00329, with permission from American Chemical Society.

As a generalization to support also higher order terms is straightforward,
calculations with fifth- and sixth-order potentials are also presented in this
work. By virtue of representing this Hamiltonian compactly as an MPO,
highly accurate, converged results can be obtained with vDMRG and a mod-
erate number m of renormalized block states, as shown in Fig. 5.2.

Later Baiardi et al. (2019) further extended vDMRG to highly excited
vibrational states of ethylene via the shift-and-invert and folded auxiliary
operator techniques (see Section 5.4), in order to target specific energy
regions and therefore highly excited states. It was also demonstrated that
one can accurately calculate prominent spectral features of large molecules
such as the sarcosine-glycine dipeptide. At the same time, the computation
of vibrational spectrum of acetonitrile (CH;CN) with tree tensor network
states (TTNSs) was also reported by Larsson (2019). This approach showed
much faster convergences in TTNS, than for multilayer multiconfiguration
time-dependent Hartree (ML-MCTDH)-based optimization and found no
major advantage of the more general TTNS over MPS in this case.

Resonance Raman (RR) spectroscopy is a powerful and versatile tech-
nique for the study of both vibrational and electronic structures of chro-
mophoric molecular systems. RR can enhance the Raman scattering intensity
by a factor of 10°—10° and improves signal-to-noise ratio. The enhanced
Raman scattering means shorter exposure times can be used, allowing much
faster spectral acquisition times. In addition, samples at extremely low con-
centrations can easily be studied. Ma et al. (2017b) presented a RR spectros-
copy simulation of the nucleobase uracil by means of DMRG-SCF. The
relative intensity for the fundamental transition of the jth normal mode

&)
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Here w;, represents the laser excitation frequency and w, = w; — §); indicates
the frequency of the scattered light, where €); is the harmonic vibrational fre-
quency of the jth normal mode. p expresses the electronic transition dipole
moment to the nth excited state, and $(w) gives a complex function contain-
ing the information about the intensity shift function and its Kramers—
Kronig transform. (Neugebauer and Hess, 2004) A; is the normal-mode dis-
placement in the excited-state equilibrium structure, which can be calculated
by taking the partial derivative of the excited-state electronic energy Eg
with respect to a dimensionless ground-state normal coordinate ¢g; at the
ground-state equilibrium position,

<@> =Q(q—A)) =0 = — YA, (5.121)
2q; ), i\~ Bij)lg=0 B :
J

In this work, Ma et al. calculated the excited-state energy derivatives
with respect to the ground-state normal modes for the S, state from analytic
Cartesian gradients that are subsequently transformed into the basis of nor-
mal coordinates (Fig. 5.3).

Recently, ab initio DMRG calculations were also applied to the simulation
of electron paramagnetic resonance (EPR) spectra, sometimes also known as
ESR, which is a central spectroscopic tool in the study of paramagnetic
(unpaired electron) compounds. Electrons, like nuclei, have charge and spin,
therefore have a magnetic moment, which make them susceptible to a mag-
netic field. An important parameter in interpreting EPR spectra is the hyper-
fine coupling A-tensor, which measures the hyperfine interactions between the
electron and nuclear spin magnetic moments. Lan et al. (2014, 2015) applied
DMRG-SCEF to the accurate prediction of the isotropic hyperfine coupling con-
stant (HFCC) of a series of diatomic 2y’ radicals (BO, CO™, CN, and AlO),
vinyl (C,H3) radical, and a set of 4d transition-metal radicals consisting of Ag
atom, PdH, and RhH,. For the scalar-relativistic effects therein, they initially
derived and implemented the Douglas—Kroll—Hess (DKH) hyperfine coupling
operators up to the third order (DKH3) by using the direct transformation
scheme. Good agreement between their calculated isotropic HFCC values and
experiment was achieved.

Another important parameter in describing EPR spectra is the proportion-
ality between the effective magnetic moment of the unpaired electron and its
spin, namely, the g-tensor, reporting on the electronic environment of the
electron. Knecht et al. (2016) presented a state-interaction (SI) approach for
MPS wave functions in a nonorthogonal MO basis, allowing to calculate
spin — orbit coupling (SOC) matrix elements between arbitrary electronic
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effects in theoretical resonance Raman spectra. ChemPhysChem, 18, 384. hitps://doi.org/10.1002/
cphe.201601072, with permission from Chemistry Europe.

states, provided that they share the same one-electron basis functions and
size of the active orbital space, respectively. Based on the eigenstates of the
SOC operator, it becomes straightforward to compute properties such as
g-factors, as numerical calculations have shown in the case of g-factors for
f'- and f2-type actinide complexes were presented. Sayfutyarova and Chan
(2018) later presented a related DMRG implementation to obtain g-tensors
based on a SI spin—orbit (SISO) coupling DMRG formalism. Its numerical
tests were demonstrated on the TiF5; and CuCl427 complexes, a [2Fe— 2S]
model of the active center of ferredoxins, and a Mn,CaOs model of the S,
state of the oxygen evolving complex, enlightening the prospects of
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determining g-tensors in multireference calculations with many open shell
orbitals. Recently, Freitag et al. (2021) further presented two modifications
to the original formulation of the MPS-SI method, that is, the omission
of the quadratic term in the operator for counterrotating the MPS and
decreasing the maximum bond dimension of the intermediate and the final
counterrotated MPS. For an example of a platinum azide complex, the
approximations resulted in a 63-fold reduction in computational time com-
pared to the original method for wavefunction overlaps and SOCs, while still
maintaining numerical accuracy.

As we mentioned at the end of Section 5.4, instead of using DMRG, it
is also possible to describe the dynamical response properties and molecu-
lar spectra by implementing DMRG calculations in frequency space or
TD-DMRG simulations in time space. Principles of those methods are
properly discussed in Chapter 7 and Chapter 8, respectively. A few suc-
cessful numerical examples by these methods for realistic chemical systems
include the vibrationally resolved vibronic absorption and fluorescence
spectrum of pyrazine (Baiardi and Reiher, 2019), covalently linked tetra-
cene dimer (Mardazad et al., 2021), distyrylbenzenes (DSB) H-aggregate
(Ren et al., 2018), and perylene bisimide (PBI) J-aggregate (Jiang et al.,
2020), as well as the two-dimensional ultrafast Fourier transform electronic
spectroscopy of an oligothiophene/fullerene hetero-junction (Yao et al.,
2018).

5.7 Beyond Born—Oppenheimer approximation

The Born—Oppenheimer approximation (BOA) is one of the basic concepts
underlying the description of the quantum states of molecules. This approxi-
mation makes it possible to separate the motion of the nuclei and the motion
of the electrons, and forms the basis for most electronic structure methods.
However, this approximation breaks down when the considered two or more
excited electronic states are energetically close or have nonnegligible nonadi-
abatic couplings (NACs) at some points. Going beyond BOA to describe the
properties of non-Born — Oppenheimer (also called nonadiabatic) processes
requires a quantum mechanical description of the nuclei at a full quantum,
mixed quantum-classical, quasi-classical, or semi-classical level.
Nonadiabatic dynamics can be simulated quantum mechanically in the elec-
tronically adiabatic representation or in a diabatic representation. Adiabatic
electronic wave functions are eigenstate solutions of the electronic Schrodinger
equation with BOA. In an adiabatic representation, electronic states are
coupled by the action of the nuclear momentum and nuclear kinetic energy
operators acting on the electronic wave functions; in approximate treatments,
one usually keeps only the nuclear momentum coupling, and the resulting vec-
tor coupling matrix elements, also called NACs. For two electronic eigenstates
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© and A, the NAC can be evaluated as

e=(e[g)r). (5.122)
Ox

which is similar to the computation of geometrical gradients (see
Section 5.5). Freitag et al. (2019) proposed an approximate scheme for calcu-
lating analytical gradients and NACs for SA DMRG-SCF wave functions.
They demonstrated the feasibility of this method on performing a conical
intersection optimization of 1,2-dioxetanone, providing a basis for future
approximate nonadiabatic dynamics studies where NACs require large active
space electronic structure description.

For describing systems with strong nuclear quantum effect, multicompo-
nent quantum chemical methods attempt to solve the full time-independent
Schrodinger equation for electrons and specified nuclei (typically hydrogen
nuclei) without invoking the BOA (Pavosevi¢ et al., 2020). Considering both
fermionic (e.g., electrons and protons) and bosonic (e.g., He* nuclei) parti-
cles may be treated at the same level, the second-quantization form of a gen-
eral nonrelativistic Schrédinger Hamiltonian in multicomponent quantum
chemistry can be written as (Muolo et al., 2020):
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The indices i and j denote fermionic or bosonic particles and u,

v, k,and \ are for the orbital basis. dT(Z; ') and a (b) represent the creation
and annihilation operators for the fermions (bosons), respectively, while o(7)

denotes different spin-up and spin-down states. 1), T%%)
the one-body kinetic energy of a particle of type i minus the one-body part
of the kinetic energy of the center-of-mass (COM), the matrix elements of
the two-body part of the kinetic energy operator of the COM and the inte-
grals of the Coulomb interaction between particles of two types i and j calcu-

lated for the orbitals ¢;, and ¢;, for particle type i, and ¢;, and ¢;, for

@)
and V L \ express

particle type j, respectively.

Yang and White (2019) presented a first multicomponent DMRG study of
1D diatomic molecule aggregates where a parametrized “Coulomb” interaction
model potential was used. They found that 1D diatomic molecules with spin-1/2
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each particle type. An FCI expansion is defined in the basis of these union sets and then
expressed as an MPS (bottom of the figure). CI, Configuration interaction; FCI, full configura-
tion interaction; MPS, matrix product state; NEAP-DMRG, nuclear-electronic all-particle
DMRG. Reproduced from Muolo, A., Baiardi, A., Feldmann, R., Reiher, M., 2020. Nuclear-
electronic all-particle density matrix renormalization group. J. Chem. Phys. 152, 204103.
https://doi.org/10.1063/5.0007 166, with permission from American Institute of Physics.

nuclei in the spin triplet state will unbind when the mass of the nuclei reduces to
only a few times larger than the electron mass, while the molecule with nuclei
in the singlet state always binds. Later, Muolo et al. (2020) introduced the
nuclear-electronic all-particle DMRG (NEAP-DMRG) method at ab initio level
for the first time (Fig. 5.4). Their efficient parameterization of the total wave
function as an MPS enables NEAP-DMRG to accurately approximate the FCI
energies of molecular systems (H,, H;*, and BH;) with more than three nuclei
and 12 particles in total, which is currently a major challenge for other multi-
component approaches. The NEAP algorithm relies on a fully stochastic optimi-
zation of all wave function parameters, a task that becomes challenging for large
basis sets. Recently, Feldmann et al. (2022)’s multicomponent DMRG calcula-
tions adopted MOs which are expressed as a linear combination of preoptimized
basis sets and optimized by nuclear-electronic HF (NEHF) (Pettitt, 1986). This
scheme makes the computational less demanding. They demonstrated that
NEHF-DMRG reproduced the reference ground-state total energy and proton
density of the HeHHe" molecular ion. In addition, for the hydrogen cyanide
(HCN) system, more accurate ground-state energy and proton density than state-
of-the-art results were also obtained with larger basis sets were obtained.
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5.8 Applications

Ab initio DMRG and DMRG-SCF methods together with post-DMRG treat-
ments to further account for dynamic and/or environmental effect(s) (see
Chapter 6) provide new powerful tools in multiconfigurational quantum
chemistry. In recent years, they have been successfully applied to the elec-
tronic structure studies in various strongly correlated molecular systems with
large active spaces, ranging from quasi-1D w-conjugated oligomers (polyene,
polyacene, polyphenylenecarbenes, graphene nanoribbon) and transition
metal complexes to heavy element chemistry and photochemistry. To the
best of our knowledge, the currently largest solved CASs for DMRG-
CASCI, DMRG-SCF, and post-DMRG are (30e, 1080) for a benzene mole-
cule (Zhai and Chan, 2021), (120e, 770) for [FegS;] P-cluster (Li et al.,
2019), and (42e, 420) for an 8 X 8 hydrogen square lattice (Song et al.,
2020), respectively. A complete overview of these numerous applications is
certainly out of the scope of the present section; our aim is rather to show
the potential and applicability of ab initio DMRG. Below we show two rep-
resentative application examples, the electronic landscape of the P-cluster of
nitrogenase (Li et al., 2019) and mechanism for photochromic ring-opening
reaction of spiropyran (Liu et al., 2013).

5.8.1 Electronic landscape of the P-cluster of nitrogenase

The Fe—S clusters of nitrogenase, namely, the [Fe4S4] Fe cluster of the Fe
protein, and the [FegS,;] P-cluster and [MoFe,;SoC] FeMo cofactor of the
MoFe protein, are revealed to work as the active sites for electron transfer
and reduction in biological nitrogen fixation. Although the atomic structure
of the P-cluster has been experimentally resolved, relating the structure to
the chemical function requires electronic structure knowledge about the
basic oxidation, spin states, and interpretation of the experimental spectra
(particularly in magnetic spectroscopies such as EPR) that also requires
microscopic models of the low-energy, spin-coupled, many-electron quan-
tum states and their spin and charge distributions. By implementing
DMRG calculations using active spaces with up to 77 orbitals, Li et al.
(2019) presented the first ab initio electronic structure characterization of
the P-cluster of nitrogenase at the many-electron level that can qualitatively
capture the richness of the low-energy landscape. They reported on a pleth-
ora of low-energy states across the resting state (P"), the one-electron
oxidized state (PH), and the two-electron oxidized state (POX) clusters
and their composition in terms of the local atomic configurations, spins,
and spin-couplings. The clusters were found to exist in quantum superposi-
tions of spin configurations with nonclassical spin correlations, complicat-
ing interpretation of magnetic spectroscopies, whereas the charges are
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(broken-symmetry product states) that were obtained by distributing different states of Fe across
the eight atoms. For spin states of PO, different classes of initial guesses are labeled by (a), (b),
(c), and (d). (C) A schematic illustration of the change of energy in the DMRG optimization pro-
cess as a function of the bond dimension (D), starting from different broken-symmetry initial
guesses. The local minima in the parameter space represent (approximate) eigenstates of the
many-electron Schrodinger equation within the active space. They are characterized by the
spin—spin correlation functions (S-Sg) among eight Fe atoms (red, positive; blue, negative)
shown by the square graphs. Reproduced from Li, Z., Guo, S., Sun, Q., Chan, G. K.-L., 2019.
Electronic landscape of the P-cluster of nitrogenase as revealed through many-electron quantum
wavefunction simulations. Nat. Chem. 11, 1026—1033. https://doi.org/10.1038/s41557-019-0337-
3, with permission from Springer Nature.

mostly localized from reorganization of the cluster and its surroundings.
On oxidation, the opening of the P-cluster substantially increases the
density of states, which is intriguing, given its proposed role in electron
transfer. These results paved the way for obtaining a thorough microscopic
understanding of the electronic structure of the nitrogenase cofactors
(Fig. 5.5).
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5.8.2 Mechanism for photochromic ring-opening reaction of
spiropyran

Remarkable changes in structures and physical/chemical properties between
spiropyran (SP) and merocyanine (MC, TCC) upon photoisomerization make
the system an excellent candidate for use in optical molecular devices, such as
light-driven molecular switches. Therefore its reaction channels on the multistate
PESs, as well as the overall reaction mechanism, have drawn a lot of attention.
By performing DMRG-SCF and DMRG-CASPT2 with a (22e, 200) active
space, Liu et al. (2013) revisited the photochromic ring-opening reaction of SP.
In this work, the capability of the DMRG-SCF method in the optimization of
molecular geometry was demonstrated for the first time. Compared with previ-
ous multiconfigurational studies with smaller active space, this work pointed
out a more important role by the hydrogen-out-of-plane valleys near the C — O
Si-minimum energy path (MEP) and the minimal-energy conical intersection
(MECI) along the S;-MEPs in the radiationless S; — S, transitions, whereas
the transition along the C — N bond dissociation path is less favorable, because
of a barrier on the S;-MEPcy (Fig. 5.6).

(A) S,-SPc
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FIGURE 5.6 Schematic energy profile along the S;-MEPt [FC(Sy-SPc) — Clsy,50TCC]. (Here,
FC stands for Franck — Condon) The most relevant nature orbitals of the Sy, S;, and S, states
with occupation numbers between 1.8 and 0.2, except for the Sy state of Sy-SPc (between 1.9
and 0.1) are shown at the geometries of (a) So-SPc and (b) Clgy,50TCC. Reproduced from Liu,
F., Kurashige, Y., Yanai, T., Morokuma, K., 2013. Multireference ab Initio density matrix renor-
malization group (DMRG)-CASSCF and DMRG-CASPT2 study on the photochromic ring open-
ing of spiropyran. J. Chem. Theory Comput. 9, 4462—4469. https://doi.org/10.1021/ct400707k,
with permission from American Chemical Society.
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Chapter 6

Post-density matrix
renormalization group

Previous chapters have illustrated how ab initio density matrix renormaliza-
tion group (DMRG) and DMRG self-consistent field (DMRG-SCF) serve as
efficient and computationally accurate methods, for describing electronic
structure properties of strongly correlated systems that require large complete
active spaces (CAS) composed of up to ~ 100 active orbitals (Hachmann
et al., 2006; Zhai and Chan, 2021), which are not accessible by conventional
quantum chemistry methods. However, to achieve a high quantitative accu-
racy for practical molecular systems, it is still desirable to include the elec-
tron correlations between CAS and all other (~a few hundreds or thousands
of) core and external orbitals, that is, dynamic correlation. These systems
tend to be computationally prohibitive for pure DMRG calculations. In the
last decade, aiming at computations of the missing dynamic correlation
within DMRG, several methods have been proposed. Given methods rely on
the combination of DMRG with other quantum chemistry methods such as
multireference (MR) configuration interaction (CI), perturbation theory (PT),
and coupled cluster (CC). This category of approaches is commonly known
in the DMRG community as ab initio post-DMRG. Another inevitable issue
when applying ab initio DMRG and post-DMRG methods to the “real-
world” chemistry problems is the proper description of the strongly corre-
lated subsystem’s chemical environment (e.g., a solvent environment or
biological metalloenzyme’s backbone). In this chapter, we will introduce the
recently developed post-DMRG approaches to account for the dynamic elec-
tronic correlation and embedded chemical environment.

6.1 Fundamentals for multireference quantum chemical
calculations

In order to give a pedagogical description of post-DMRG approaches, here
we first review several important and fundamental concepts in traditional
MR quantum chemical calculations.
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6.1.1 Static and dynamic electron correlation

It is well known that the single-electron mean-field Hartree—Fock (HF) the-
ory is usually the base for the other advanced wave function theory (WFT)
quantum chemistry methods. In HF theory, a single Slater determinant (SD)
is optimized by finding the set of molecular orbitals (MOs) which minimize
its ground-state energy expectation value. However, the exact ground state of
the many-electron Schrédinger equation is a linear combination over all pos-
sible SDs. The difference in energy between the HF solution and the exact
ground state is the electron correlation energy. This energy is often (some-
what ambiguously) divided into two contributions: static and dynamic
correlation.

In many chemical problems such as bond breaking/formation in chemical
reactions and transition metal catalysis in biological photosynthesis, there are
a considerable number of energetically near-degenerate frontier MOs that
make it impossible to approximate the zeroth-order wave function by using
only one leading configuration. Under such situations, it is said that the sys-
tem exhibits static electron correlation (sometimes also-called nondynamic
electron correlation or strong electron correlation). At the same time, the
Coulomb repulsion caused by the instantaneous movement of the electrons
contributes to the dynamic electron correlation, and it constitutes the remain-
der of the energy difference.

The presence of the static electron correlation is generally unavoidable
when considering the molecule’s entire potential energy surface. The most
successful and widely used model for dealing with the static correlation is
the CAS model, where a set of MOs are divided into active and inactive
orbitals (see Section 4.6 and Figure 4.2). Therein, the electron occupancy
numbers on each core, active, and external orbital are 2, 0/1/2, and 0, respec-
tively. To avoid any possible ambiguities, the notations used in this chapter
are clarified as follows. Core orbitals are labeled i, j, k, [, while active orbi-
tals are ¢, u, v, w and external orbitals have the labels a, b, ¢, d. Orbital labels
D q, 1, s represent general orbitals. Both the core orbitals and active orbitals
can be referred to as internal orbitals, labeled m, n, whereas both the core
and external orbitals can be denoted as inactive orbitals, labeled x, y. We
also note that all |¢) in the following part represent the single determinant or
configuration state function (CSF), while [¢) is a quantum superposition
state which is the linear combination of various configurations.

In the CAS model, the static correlation is adequately described because
an exact Hamiltonian diagonalization will be performed with the consider-
ation of all possible electronic configurations within the active space. It is
obvious that the number of CAS configurations grows exponentially with the
increasing active space size. This results in an upper limit for the computa-
tional capability of conventional CAS methods, for example, nowadays the
largest exactly solvable active space is (18e, 180) for most computers,
although (22e, 220) has been achieved using massive parallelization
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(Vogiatzis et al., 2017). Usually, the static correlation contributes to a large
proportion of the correlation energy; however, it does not mean the dynamic
correlation is negligible. For example, it has been shown that it is impossible
to qualitatively describe the bonding and dissociation behaviors of the
diatomic molecule Cr,, even when the static correlations are being well
accounted by DMRG using a large active space of (12e, 420) with all 3d, 4s,
4p, 4d, and 4f orbitals. (Luo et al., 2018) Therefore, to capture the remaining
dynamic electron correlation from the otherwise neglected external orbitals,
theories of CI, PT, as well as CC are often implemented on top of a reason-
able zeroth-order approximated reference wave function. Either an HF deter-
minant in single-reference (SR) calculations for weakly correlated systems,
or a CAS wave function in MR calculations for strongly correlated systems
can be used as the reference.

6.1.2 Contraction approximations

Here we take a MR CI singles and doubles (MRCISD) as an example to intro-
duce some basic concepts in MR calculations. The MRCISD wave function
[¢)) can be written as:

) = an)w»(z) )+ Z > e Dlgs D) + Z > el

m,e mn,ef

(D), (6.1)

where c(I), ¢ (I), and cf-,fn(l) are multireference configuration interaction
(MRCI) coefficients. Here, e, and f are the external or active orbital labels.
{’(;S(I))} give reference configurations generated in the active space, and
{’(;an(l)>} and {‘gbf-,fn(l»} represent singly and doubly excited configurations
from the reference configuration |¢(I)> respectively, as

|65,(1)) = E,,|6(D) 6.2)
and
|64.(D) = Eo|6(D) (6.3)

Here the spin-free single and double excitation operators are defined as
Ep > .4 d.s and Ep 1 Zw p[,a(ﬁawam In some cases, a same excited
conflguratlon can be generated by two different excitation patterns from
distinct reference configurations, that is, |¢; (/)) = ’¢§;,(J)). Consequently,
special treatments must be adopted to find and eliminate the redundant con-
figurations in Eq. 6.1.

A key concept in practical MR calculations is to classify the possible
excitations in the “first-order-interacting space” (FOIS), introduced by
McLean and Liu (1973). The FOIS consists of SDs or CSFs that can directly
couple to the reference wave function via the Hamiltonian. According to the
number of excited electrons in the external space, we can sort the eight

o p(r
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groups of single and double excited configurations given in the Eq. 6.1 into
) Ll o)} [ote).

ab > (see Table 6.1). Although we have discarded

271

three sets: internal |¢%’),

@), |6,
numerous configurations by constraining the excitation patterns to contain
only single and double excitations, the number of configurations in a
MRCISD calculation is still “astronomical” for most molecular systems,
which results in the common bottleneck of all MR methods. For reducing the
number of variational parameters in MRCI wave function, contraction
approximations are often used. To appropriately distinguish the methods in
MRCI, we will refer to the conventional MRCI without contraction approxi-
mations as uncontracted MRCI (uc-MRCI) in the following sections.

Generally, there are two widely used contraction schemes, the internal
contraction (ic) and the external contraction (ec), which will be discussed
below. For simplicity, we will not consider the excitations from core orbitals
in the following discussions, nonetheless readers can easily perform exten-
sions for them.

>, semi-internal

and external

6.1.2.1 Internally contracted approximations

The “internally” contracted MRCI was first discussed by Meyer (1977) and
Siegbahn (1980) and worked out in detail by Werner and Reinsch (1982).
For an “internally” contracted MRCI, the reference configurations in active
space are contracted as one term, whereas the excited configurations are gen-
erated by simply applying pair excitation operators on the contracted refer-
ence state.

The internally contracted MRCISD wave function is written as:

[9°) = Goltbg) + Y &) + Y &by, (6.4)

tuv,a tu,ab

with [0l = Enldo) = Ye|a)  and |4y = By )
=3,e(D| (D). o) =3 ,e(D)|¢()) gives the reference wave function
obtained from a preliminary CASCI or CASSCF calculation. ¢ represents
the variational MRCI coefficient, while c is the contraction coefficient deter-
mined in |¢);).

Just as Fig. 6.1 shows, all configurations that have the same excitation
pattern from the reference wave function are combined together in an inter-
nal contraction approximation. Thus ic-MRCI can break through the “expo-
nential wall” and treat a larger active space than the uc-MRCI, since the
contracted terms in Eq. 6.4 are independent of the number of reference
configurations. The number of contracted internal states only depends on
the number of active orbitals (n,), where at most nz contracted internal




TABLE 6.1 List of contraction schemes of ic-MRCI ansatz. The schemes are categorized by the basis representation of the
reference [1),), internal, semi-internal, and external excitation classes. Each of the classes is represented with either contracted

(C) or uncontracted (U) basis.

Ansatz Internal excitation Semi-internal excitation External excitation
i ) i) ol )/ ) i) Yo

FIC-MRCI C C C C C C

WK-MRCI U U U U U C

CW-MRCI U U C C U C

SC-MRCI C C C C C C
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FIGURE 6.1 Schematic illustration of (A) internal contraction and (B) external contraction
approximations. Each dashed box represents a contracted state with the contraction coefficient
displayed under each contracted configuration.

(N-1)-electron states (&I&,&MWO» are needed by applying two annihilations
and one creation, and ng contracted internal (N-2)-electron states &,d,,‘1/)0> by
two annihilations (N is the number of electrons in original internal space).
Because all terms in the wave function are contracted in this ic-ansatz, we
referred to this as “fully internally contracted” (FIC), although in some litera-
tures, this is referred to as WR-ansatz (Werner and Reinsch, 1982).

In order to avoid the computation of duplicate terms in ic-MRCI
Hamiltonian matrix, one can utilize the reduced density matrices (RDMs)
within the active space. For example, when calculating two different
Hamiltonian elements:

(¢o|ﬁ|¢$> = <w0| ngrqsﬁfj E:,|¢0)

psqr

(6.5)
= thvua’<¢0‘ﬁc; ¢0>6aa’ + ...
and
WolA[) = Wol | Y gomanre | Evlite)
" (6.6)
- ngvub’ <¢0 E,, ¢o>5bb/ +...

th'uy
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where g, is two-electron integral (see Eq. 4.3), the two-rank RDM

Al
D?vlv = <¢o E

wy

1/)0> shows up twice. Thus, if we calculate and store these

RDMs beforehand, numerous reduplicated calculations can be avoided, and
accordingly the ic-MRCI computational efficiency can be greatly improved.
However, this FIC scheme brings with it two shortcomings: (1) the
contracted states in ic-MRCI are nonorthogonal and (2) the required high-
order RDMs of the active space may be computationally challenging. The
first point requires solving a generalized eigenequation instead of a normal
eigenvalue problem, and it is usually overcome by explicitly diagonalizing
the overlap matrix and discarding the zero-eigenvectors. As for the second
one, this is one of the major problems in MR dynamic correlation methods,
and many schemes have been proposed to address this issue. The reason
lies in the fact that the highest rank RDM appearing in FIC-MRCISD

Avwv’w’v”

Hamiltonian computation is 5-rank <1/)O w0>, the computation

tut'u't’
cost of which is O(n)?). Even though 5-RDMs have been proved to be
able to be canceled out by expressing the Hamiltonian matrix using com-
mutators (Dyall, 1995; Angeli et al., 2001), the computation and storage
of the highest rank 4-RDMs (O(nS)) are still a big challenge for large
active space.

Here, we give a brief explanation about why 5-RDMs can be annihilated
by using the commutator without any approximation. First, let us consider
the Hamiltonian matrix elements between two singly excited states:

(0 %o ), (6.7)

which can be written as follows:
"t u A AV”a”
(4 ¥o) = (volEve | AL B ,,} %)

(Wl )

Given the CAS nature of |1/}0>, the above equation can be transferred to:

fll ~ Av'a”

£, HE.

AU A AV

E) HE,",

(6.8)

fll "V[l

1o

P i
(0| EvBLE g o) = (0| Ve [F Ev ] |10
(6.9)
t u Av”a”
<Eo1/Jo va L ¢o>
Considering the anticommutation property of the fermions:
ap(,aqT + a4-a [m = Opg0ors (6.10)
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it can be deduced that the first term in right part of Eq. 6.9 does not contain
RDMs with ranks larger than 4. Under those circumstances, the 5-RDMs
are canceled out by commutators when calculating the Hamiltonian matrix
elements in FIC-MRCI.

Besides the FIC-ansatz, there are also two widely used internal contrac-
tion schemes, which are so-called “partially contraction” (pc) and “strongly
contraction” (sc). The “partially contraction” means some excitation classes
are left uncontracted, and its motivation is to circumvent the use of high-
order RDMs. A popular pc scheme (Werner and Knowles, 1988; Knowles
and Werner, 1988) is the so-called WK-ansatz, in which only the double
external excitation terms are contracted and the other configurations are left
uncontracted:

VK = Z Do) + Z Z EDIFWD) + Y sl 6.11)

tu,ab

An improved variant of the WK-ansatz, which introduced additional ic
bases associated with excitation from core orbitals, was also proposed by
the same group and called CW scheme (Celani and Werner, 2000). Both
ansatzes perform remarkably well for small active spaces, nonetheless their
computational scaling still increases exponentially with respect to the molec-
ular sizes for the uncontracted configurations.

As for the “strongly contracted” (sc) scheme, the subspaces in FIC-MRCI
are further contracted by electron integrals such that there are not any active
labels in the wave function of sc-MRCI. Here, we follow the notation intro-

duced by Angeli et al. (2001) and let Sgk) denotes the subspace in sc-MRCI.
k refers to the change in the number of active electrons (—2 <k =2), while
[ specifies the configuration of electrons in the inactive space. In the strong
contraction scheme, only a single state ‘w;k)> from each S§k> is used, which

can be obtained by:
) = PR |wo), (6.12)

(k) . )
where PE) is the projector onto the Sgk) space. For example, the configura-
tions with one unoccupied core orbital i and two occupied external orbitals

a and b span the Sl(-’;;) space. The ‘¢f;12> is then formalized as:

‘ ,ab > Z (8aibr — galbl)Eab |¢0> (6.13)

where g, 1s the two-electron integral. This scheme leads to a more compact
representation of the FOIS by tracing out the active indexes. Its another big
advantage is that the resulted contracted states form an orthonormal set and
accordingly no problems arise from near linear dependencies.
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6.1.2.2 Externally contracted approximations

The “externally” contracted MRCI concept was first suggested by Siegbahn
(1983). By grouping together configurations with the same internal parts and
freezing their relative weights as:

[¥5) = Eaca(D|65(1) = Lo (D|7(D)),

o) =D alop0) =3 ewlot). O

With the ec contraction, « coefficients are determined from first-order PT

WolH65D) (- (olAlF @)
Eo— (¢4(D|H|o5(D))" """ Eo— (¢ (|H| ¢ (1))

ay(l) = (6.15)

|1/;0> = Z,c(1)|¢(1)> is the reference wave function and E| indicates the cor-
responding reference energy, and every S/P denotes a particular internal
(N—1)- /(N—2)-electron configuration.

As a result, the externally contracted MRCI (ec-MRCI) wave function is
formalized as:

ey =" eDIpD) + > sy + > & |up). (6.16)
1 S P

As all external configurations with a same internal “kernel” are merged
into one term in ec-MRCI, as Fig. 6.1 shows, the number of configurations in
the external space does not affect the size of the ec-MRCI matrix. As a result,
the ec-MRCI method is particularly suitable for calculations using large basis
sets, if the number of reference configurations is not excessively large. Unlike
the internally contracted method, the ec-MRCI cost depends directly on the
dimension of the reference space. Therefore it can hardly deal with systems
that possess large active space, unless only a limited number of reference con-
figurations are considered by using the idea of selected-CI. Due to the contrac-
tion errors in the external space, ec-MRCI results may be inaccurate for higher
lying excited states with significant external orbital occupations.

It can be noticed that the traditional FIC-MRCI and sc-MRCI belong to
“Static-Then-Dynamic” class of MR methods, whilst ec-MRCI belongs to
“Static-Dynamic-Static” family. Because the former employs the fixed con-
traction coefficients c¢(/) of the reference states |1/)0> by CASCI or CASSCF,
whereas the latter only uses them to evaluate the external contraction coeffi-
cients and consequently allows them to fully relax in the final “Static” proce-
dure. The relaxation of the reference coefficients has been found to be a
main contributor to the energy difference between FIC-MRCI and uc-MRCI.
(Sivalingam et al., 2016) At the same time, the WK-MRCI and CW-MRCI
approaches account for reference relaxation as both employ a decontracted
reference space from the start. However, a simultaneous optimization of
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reference coefficients and contraction coefficients in FIC- and sc-MR calcu-
lations is also possible to be achieved in a spirit similar to the simultaneous
optimization of configuration and orbital coefficients in CASSCF (see
Section 5.1). Hanauer and Kohn (2011) reported such an implementation in
the context of internally contracted MRCC theory. Similarly, a full optimiza-
tion could be included into FIC-MRCI and sc-MRCI, which would reclassify
them into “Static-Dynamic-Static” family.

6.2 Density matrix renormalization group-multireference
configuration interaction

6.2.1 Density matrix renormalization group-fully internally
contracted-multireference configuration interaction

As we introduced in Section 4.5, quantum chemists have developed efficient
algorithms to compute the n-RDMs (n=1,2,3,4) in DMRG active space
(with up to 30 active orbitals), which can avoid the explicit and computation-
ally prohibitive transformation between CAS-type wave function and matrix
product state (MPS) formulation. Therefore a straightforward conclusion is
to combine DMRG with FIC-MRCI, which requires only RDMs in the active
space. Saitow et al. (2013) first reported DMRG-MRCI built on the FIC
scheme for the compact reference treatment and on the cumulant approxima-
tion for the treatment of the 4-RDMs and named this scheme as DMRG-cu
(4)-MRCI. Later Saitow et al. (2015) further developed an extended optimi-
zation of the tensor contractions by explicitly incorporating the rank reduc-
tion of the decomposed form of the cumulant-approximated 4-RDMs into the
factorization. The new DMRG-MRCI implementation has been successfully
applied to the determination of the stability of the iron(IV)-oxo porphyrin
relative to the iron(V) electronic isomer (electromer), using the active space
(29e, 290) (including four second d-shell orbitals of iron) with triple-C-qual-
ity atomic orbital basis sets.

Moreover, to overcome the deficiency of size-inconsistency in truncated
CI methods including MRCI, a posteriori Davidson correction (Langhoff and
Davidson, 1974; Butscher et al., 1977) can be adopted to add into the final
MRCI energy. The correction energy can be computed by

Epavidson = (1 = &%) (Emrcisp — Eo), (6.17)

where ¢y is the coefficient of the reference ‘¢0> in the FIC-MRCISD wave
function. Epgrcisp represents the energy of non-corrected MRCISD calcula-
tion, and E( gives the energy of the reference state. Of course, some other
correction schemes (Luken, 1978; Davidson and Silver, 1977; Siegbahn,
1978; Pople et al., 1977; Meissner, 1988; Duch and Diercksen, 1994) have
been suggested over the years and can be used as well.

It should be noticed that the cumulant approximation brings not only a
lot of computational benefits but also the nonphysical interactions in the
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Hamiltonian matrix, which results in the loss of the variational nature of ic-
MRCI. Recently, various techniques have been proposed in order to remedy
this problematic behavior, for example, truncating the IC basis with small
eigenvalue €p in the overlap matrix S (Saitow et al., 2013).

Algorithm 6.1: FIC-MRCI based on a DMRG reference wave function.
DMRG, density matrix renormalization group; FIC, fully internally con-
tracted; MRCI, multireference configuration interaction.

: procedure DMRG // refer to Algorithm 4.1 or 4.2
return MPS |¢,) // only in active space

: end procedure

: procedure PrecalculateRDMs // refer to Algorithm 4.3

1
2
3
4
50 return 1-,2-3-RDMs // DY = (uo| £}l [y )
6
7
8

: end procedure
: procedure GeneralizeOverlapMatrix S

| atd avia” o
Sy < Use precalculated RDMs Df}(jf 1 o |E gy Eprr |t0g = DEYY S 220
9:  Vihxneigenvectors{vy, vi,..., Vp}, {€,} < Diagonalize S
10: Vixk {vo, va,..., W}, € «Discard zero-eigenvectors {vi1, Vk+2,..., Va}

11: return V) x i, €

12: end procedure

13: procedure SolveGeneralizedEigenequation HC = SCE

14: H « Calculate cumulant-approximated 4-RDMs on the fly // refer to Algorithm 4.3

15: H'C' = CE—HC=SCE// H = (e-é v'T) H(V’e’-%)
16: E,C" « Diagonalize H'
17: return E, C( = V/e"} C’)

18: end procedure

6.2.2 Density matrix renormalization group-externally contracted-
multireference configuration interaction

To deal with larger active spaces with more than 30 active orbitals via bypass-
ing the use of high-order RDMs, Luo et al. (2018) suggested to combine
DMRG with ec-MRCI. In this implementation, DMRG wave function is first
converted to the CASCI-type wave function by using the entanglement-driving
genetic algorithm (EDGA) (Luo et al., 2017), as introduced in Section 4.8. A
selected-CI calculation is then performed by using only the leading configura-
tions in the reconstructed CASCI-type wave function and the ground-state
eigenvalue is taken as zeroth-order energy E,. Of course, this incorporates a
meager inaccuracy for neglecting unimportant configurations (e.g., with their
weights smaller than 10~ %), but in exchange one obtains a sharp drop in the
number of reference configurations (10*~ 10°) as a benefit to make the further
ec-MRCI feasible. Through integrating selected-CI with ec-MRCI, it bypasses
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the bottleneck of computing the high-order RDMs. By virtue of using this
approach, post-DMRG was applied to larger active spaces with more than 40
active orbitals for the first time (Luo et al., 2018). The capability of the
DMRG-ec-MRCI method was benchmarked against calculations of the poten-
tial energy curve of Cr, with active spaces up to (12e, 420), singlet-triplet
gaps of higher n-acene molecules with active spaces up to (38e, 380), and the
energy of the Eu-BTBP(NO;); complex with active space of (38e, 360).

It must be mentioned that the current bottleneck of DMRG-ec-MRCI
is that whether a limited number (less than 10°) of important reference SDs
or CSFs for a large active space or extremely strongly correlated systems
can be selected out. Also, how to efficiently select the 10° important config-
urations is another difficulty.

Algorithm 6.2: DMRG-ec-MRCI. DMRG, Density matrix renormalization
group; ec, externally contracted; MRCI, multireference configuration interaction.

1: procedure DMRG // refer to Algorithm 4.1 or 4.2

2:  return MPS |¢0>DMRG // only in active space

3: end procedure

4: procedure EDGA // refer to Algorithm 4.4

5: return collected configurations {|¢g), [¢1), ... |6,)}

6: end procedure

7: procedure Obtain Reference Wave function |1, ) and Energy Ey
8: H<basis: {|¢),....|on)}

9: |4hy), Eo < Diagonalize H

10: end procedure
11: procedure Form Contracted Singly and Doubly Excited Terms

12: {|¢§> |¢ff’>} « Generate singly and doubly excited configurations based on

{I#0)s161), - @)}

13: {|vs), |¢p)} <« Contract {‘¢§>, {@f,b>} using Eq. 6.15
14: end procedure

15: procedure Compute Final Energy

16: Hee—mrer < basis: {| o), ... [dn), [1hs),
17: |1ho)", ESC « Diagonalize Hec i
18: Epayidson < Compute Davidson correction energy

19: return E5¢ + Epayidson
20: end procedure

Vp)}

6.2.3 Uncontracted matrix product state-multireference
configuration interaction

Recently, Larsson et al. (2022) implemented uncontracted MRCISD and
MRCISDT calculations on top of MPS reference wavefunctions. This is
achieved by using the cluster MPS formulation (see Section 4.10) which
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groups clusters of related orbitals into large “sites.” In Larsson et al. (2022)’s
implementation, the core orbitals and external orbitals were grouped to two
large sites locating at the two ends of the MPS chain respectively, that is,

|w> = ZAnCOfeAanore+]Aanore+2 .. Aanore*Kuc[AnEXl . (6. 1 8)

n

Keores Kact, and Key are the numbers of core, active, and external orbitals,
respectively, and nq.. and nex label the Hilbert space of the coarse-grained core
and external sites, of dimension P.y. and Pey. Then it becomes feasible to
incorporate standard DMRG sweeps to optimize this cluster MPS to approach
the uc-MRCI ansatzes by restricting the electron numbers in the three subspaces
(e.g., {Ne1, Ny — 1, Ny — 2} in core and active sites and {0, 1,2} in the external
site for MRCISD, where N is the total number of electrons in the molecule).
Because the degrees of freedom in all three subspaces can be fully relaxed vari-
ationally, here no contraction approximations are imposed. Therefore this kind
of MPS-MRCI corresponds to the uc-MRCI ansatz. However, we can easily
notice that Py and Pey will be generally very large (roughly proportional to
Keore? and Key?). Therefore this usually requires a much larger bond dimension
in MPS-MRCI than that in traditional DMRG, contributing to very expensive
computational costs. Larsson et al. (2022) illustrated the capability of MPS-
MRCT for active spaces with up to 30 electrons and 30 orbitals with up to triple
excitations in the external space (in case of the benzene molecule with only 78
external orbitals), and with up to 280 external orbitals (in case of the chromium
dimer for a small active space of 12 electrons in 12 orbitals). But it was shown
that the energy results for both MPS-MRCISD and MPS-MRCISDT calculations
of the benzene molecule still did not converge at m = 9000. Therefore it remains
highly challenging to generalize MPS-MRCI calculations to larger active spaces
and larger basis sets.

6.3 Density matrix renormalization group-multireference
perturbation theory

In this section we will focus on the discussion of the basic ideas in MRPT
theory and its combination with DMRG.

6.3.1 Recapitulation of multireference perturbation theory

6.3.1.1 Rayleigh—Schrédinger perturbation theory
Time-independent PT was first introduced by Schrodinger (1926), in which
he referred to an earlier work by Rayleigh (1894). Consequently, PT as
known nowadays is often named Rayleigh—Schrodinger PT (RSPT).

RSPT starts with the decomposition of Hamiltonian:

H=Hy+ \V, (6.19)
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where Hy is an unperturbed Hamiltonian with the known energies and eigen-
vectors, that is, I—AIOWLO)> = Eflo)|1/)ff)) Y (n=1,23,...). V indicates the per-
turbed term representing a weak physical disturbance and X\ gives a
dimensionless parameter used for derivation. Thus the Schrodinger equation
becomes:

(Ho + AV) ) = Ed[t5,). (6.20)

The energy and wave function can also be decomposed as expansions:
[9a) = [07) + A7) + N [ei) + .. (621)
E,=EO + ) ED + N¥ED + .. (6.22)

which results in

(Ho + AV) (|02 + A"y +..) = (EQ + AED + ) (|02 + Alyy +..).
(6.23)

By matching the coefficients of each power of A\, we can get the equa-
tions of different order wave functions and energies. Usually, we only con-
sider up to second-order perturbative energy correction. The first-order wave
function and one- and two-order energy equations can be written as:

ED = (4O [V [0, (6.24)
(Fo — EO)[040) = (£ = V)[417), (6:25)
E® = (4O [V ]y = Z% (6.26)
m#n  Ln m
Note that the scalar product of |¢/\")’s Eq. 6.25 with [¢{") yields:

(1o = EP[0) = = (7], (627)

and adding it with E = ({*|V]¢"), one can get:
B = () Ao = EQ ) =2 0). (629)

which can be called Hylleraas functional H[wﬁll)] (Hylleraas, 1930). This
implies that the second-order energy corrections can be also determined in a
variational way by minimizing the Hylleraas functional, therefore given per-
turbation scheme is referred to as Hylleraas variational PT (VPT).

Here we only focus on the ground state’s property, so we will later refer

to ‘wf)o)>, 8)>,E§)2) as |1} (or|0), [ )), [¥, ) (or |1), [¢V)) and E, for

simplicity.
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6.3.1.2 Different perturbation theory partitions

It is obvious that the performance of a PT theory is highly dependent on the
choice of the zeroth-order Hamiltonian Hy, which is also denoted as PT parti-
tion. Because there exist different PT partitions, there are numerous MRPT
theories proposed within the framework of RSPT. Here, we just introduce a
part of them, which have been used in the combination of DMRG and MRPT.

6.3.1.2.1 Complete active space with second-order perturbation
theory

The CAS with second-order PT (CASPT2) was first proposed by Roos et al.
(1982) and later improved by Andersson et al. (1990, 1992). It can be seen
as the generalized extension of Mgller—Plesset (MP) partition (Mgller and
Plesset, 1934) from SR situation to MR cases and employs the one-electron
generalized Fock operator as the zeroth-order Hamiltonian:

A~ caspt2

HO Zﬁoﬁﬁo +pKﬁpK +ﬁSDﬁﬁSD +ﬁTQ“_FﬁTQ__., (629)

where F is the generalized Fock operator:
F=2 ko (6.30)
Pq

and f,, is F's representation in the MO basis:
1
fog =5 2_(0

I3 is the projector onto the correspondir}g space \7 And \70 is {|w0>}; VK
represents the internal excitation space; Vgp indicates single and double exci-
tation space; and VTQ___ gives the space which contains all higher order exci-
tations not included in the other three spaces. Note that the terms in Vg and
VTQ”_ do not interact with |0) via the total Hamiltonian, so the first-order
wave function is in Vg, which can be divided into eight groups as we
showed in Table 6.1:

> Yqo

Gpy {I:I at } +&;0 [I:I, &qg]

0>, (6.31)

DEE0), i) BE|0), i) E/E}|0), iv) E{E,|0), EE;|0),
NN YN ) ..\ panb JORY. RN ) (632)
v) EiE; |O), vi) E, Eu|0), vii) E, E, |0), and  viii) E; E; |O).

L ~caspt2 ) . .
After the definition of Hf)aSp , the first-order equation set can be written
out as
> [Fu = EoSues == Vi, (6.33)

1%

where F,,, = <ﬂ’I:IO|1/>, Sw = <u|u>, V,= <,u|[-}‘0> and  p, v represent the
different excitation configurations from the reference function |0), that is,
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nab b . . . .
f ,u> = EZ |0), |v) = Elaj |0). The solution ¢, of this linear equation set is the
coefficient of the excited configuration in the first-order wave function, that is,
[1) =" c,|v). The second-order energy correction is then determined to be

EP = (0lH|1) = 3, Vuc. (6.34)

Although CASPT2 method provides a surprisingly accurate value of
energy for a reasonable cost, CASPT2 suffers from the intruder state prob-
lem, due to the choice of one-electron Fock operator as H, for a many-
electron calculation, that is, the denominator in second-order energy would
be zero when the energies of orbitals are degenerate or quasi-degenerate
(QD). Thus a level-shift correction (Roos and Andersson, 1995; Forsberg
and Malmqvist, 1997) usually has to be incorporated.

6.3.1.2.2 ENPT2

Different from using one-electron Fock operator in MP partition, Epstein—
Nesbet partition (Epstein, 1926; Nesbet and Hartree, 1955) can provide a
computationally simpler MRPT solution by partitioning the full configu-
rational space into a variational space and an outer space. The simplicity of
only having diagonal elements in the outer space for the zeroth-order
Hamiltonian in ENPT makes it an attractive alternative to other MRPT meth-
ods, since no diagonalization or solving linear equation set is required. Here
the zeroth-order Hamiltonian is defined as:

active inactive

Hy ' = Z<¢, > (oxlH
K

where |¢;) and |¢,) are the configurations in active space and |¢y ) repre-
sents the configuration in the rest of the space. The second-order energy cor-
rection is written as:

(6.35)

(6.36)

ES)IZ (<¢KI:I m>)2

T EY — (o |Ho|ox)

where [/?)) is the reference wave function for the mth eigenstate and E
introduces the corresponding reference energy.

Note that ENPT2 is generally exempted from the intruder state problem
and has a closer similarity with the true electronic Hamiltonian. However, it
has been proved that for SR problems, MP partition is preferred over EN
partition, and the ENPT2 is generally less accurate than second-order MPPT
(MP2) and lacks several important properties such as size extensivity and
orbital rotation invariance. As for the MR situation, if a sufficiently large
active space is used, ENPT2’s disadvantages may be partly alleviated, since
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the essential part of static correlation has been well described and the rota-
tion among the active orbitals does not affect the reference energy.

6.3.1.2.3 Second-order N-electron valence state perturbation theory

Second-order N-electron valence state PT (NEVPT2) was proposed by
Angeli et al. (2001, 2002) about 10 years after the formulation of CASPT2.
Its uncontracted version has been rarely used in practical applications,
because of the high computational cost. Instead, its two latter variants, the
pc-NEVPT2 and the sc-NEVPT2 are commonly used. Hence, here we will
only introduce its simplest version, sc-NEVPT2.

In sc-NEVPT2, the many-electron Dyall’s Hamiltonian (Dyall, 1995) is
used as a substitute for the generalized one-electron Fock operator in
CASPT?2 to define the zeroth-order Hamiltonian, which can be written as:

~ Dyall

H " =H.+H,+C. (6.37)

Here, H. is a one-electron (diagonal) operator in the inactive space:
T — At oA At A
H. = E €id; 44y + E €ally o 0as (6.38)
i,o a,o

and ¢ expresses the orbital energy. H, represents a two-electron operator in
the active space:

"_E:effAJrA 2: At At A A
HV - hm at’o-au,(r + gtwuvat’aauﬁav,Taw,(ra (639)

tu,o tuvw,oT

where g, 1S two-electron integral. The matrix element of closed shell Fock
operator (h;’,ff) is defined as:

B =y, + Z (28abii = &aibi)» (6.40)

where Ay, indicates the one-electron integral and C introduces a constant

defined as:
C= 22 hii + Z (285 — i) — 22 €is (6.41)
i y !

to ensure that g is equivalent to the full Hamiltonian within the CAS space.

As we can see, the Dyall Hamiltonian can be considered as a hybrid of
the zeroth-order Hamiltonians in CASPT2 and ENPT2, where the projection
of Hamiltonian in inactive space is represented by generalized Fock operator,
and in active space by the bielectronic Hamiltonian. The second-order cor-
rection is thus given by:

SAMONY
EQ = - (@K HY ) : 6.42
; (W lH ™ o) — Eo (642)
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where |¢y) represents the singly and doubly excited perturber functions
from the internal space to the active space or external space.

6.3.1.2.4 Linearized coupled cluster doubles

Linearized CC (LCC) was formally derived by Fink (2006), where the LCC
can be interpreted as a PT using Fink’s Hamiltonian. This theory is some-
times called retaining the excitation degree-PT (REPT), and it is straightfor-
wardly extended to MR cases, resulting in a MRLCC theory (Fink, 2009).

Fink proposed to set Hy to all terms of the full Hamiltonian, which retain
the excitation degree (i.e., do not change the number of electrons in any of
the core, active, or external spaces):

A ka h
H E : § : anpaaqU E : § : gpéqrapaaqTarTaJU’ (643)
pg,An=0 0o pqrs,An=0 0T

where An =0 signifies that all terms which would change the total number
of electrons in the core, active, or external spaces are removed.
The first-order wave function equation is then written as:

( 7fﬁ = Eo|[p'V) = = (6 |V|0)> (6.44)
> (dullAo — Eolih)et = = (61| Vlew). (6.45)

For Ho = H™, this can be rewritten as:
> (el |A] gy + ooty = Eocth, (6.46)

vwed

which is also well known as the amplitude equation of the LCC doubles
method.

In order to conclude this subsection, in Fig. 6.2, we offer a schematic dia-
gram of the different Hy partition schemes within MRPT. This efficiently
illustrates matrix participating elements in practical calculations.

6.3.2 Density matrix renormalization group-complete active space
with second-order perturbation theory

As we can see, in CASPT?2 calculation of first-order wave function and
second-order energy, the central complexity arises in the computation of the
matrix elements

Fo= S tulEr ) = 350

Here, u, v represent the different excitation configuration from the reference

AU Au AV’

E, EE,

via™'t

0> (6.47)

function |0): ’/,L> |0) |v) =E,v,,,,:,,|0). The coupling term (0|...|0) can

Va
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v /A
Vo
.
Vs
o
CASPT NEVPT /
Vo /
Vs
V
REPT(LCC) ENPT

FIGURE 6.2 Schematic illustration of zeroth-order Hamiltonians H, in different partitions
of MRPT. Here, V; is the CAS space; Vs and V) represent the single and double excitation
spaces, respectively. The zero elements are shown in blank blocks and the nonzero elements
are displayed with shadow background or dashed lines. MRPT, Multireference perturbation
theory.

be evaluated from the n-RDMs (n =1, 2, 3, 4), while F),, is further com-
puted from their contractions with f;,, which are referred to as contracted
RDMs (Cn-RDMs). It has been proved that Cn-RDMs can be computed with
the same computation cost as n-RDMs for any used MOs. Kurashige and
Yanai (2011) illustrated the first implementation of CASPT2 on top of the
DMRG wave function, and its capability was demonstrated with the calcula-
tion of the potential energy curve of the chromium dimer with a large (3d
double-shell) active space consisting of 28 orbitals. Just like the cumulant
approximation methods used in the combination of DMRG with MRCI, the
cumulant versions of DMRG-CASPT2 were also later proposed (Kurashige
et al., 2014; Nakatani and Guo, 2017). Such a DMRG-cu(4)-CASPT2
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approach has been successfully applied to calculate the longitudinal static
second hyperpolarizability of all-trans polyenes C,,Hj,+» (n=4—12)
(Wouters et al., 2016) and investigate the mechanism of various photochem-
istry systems (Liu et al., 2013; Shirai et al., 2016; Yanai et al., 2017) as well
as characterize the low-lying excited states in chloro-ligated iron(IV)-oxo
porphyrin and other mono- and di-nuclear metal complexes (Phung et al.,
2016; Phung and Pierloot, 2019; Phung et al., 2021; Tran, 2021).

Algorithm 6.3: DMRG-cu(4)-FIC-CASPT?2.

1: procedure DMRG // refer to Algorithm 4.1 or 4.2

2: return Eo,|v) // only in active space

3: end procedure

4: procedure PrecalculateRDMs // refer to Algorithm 4.3
50 return 1-,2-3-RDMs // Dl = (o |y
6: end procedure

7: procedure GeneralizeOverlapMatrix S

8: S, < Use precalculated RDMs Ds_’;;-//<z/;0 Etvua E[Vj z/)0> = DYV 8

9: Vphxpeigenvectors {vy, vi,..., Va}, {€,} < Diagonalize S

10: Vixk {vo, va,..., V},€ « Discard zero-eigenvectors {Vy11, Vk+2,..., Va}
11: return V) «,€

12: end procedure

13: procedure SolvelinearizedEquation (F — [S)C= — V

14: V « 1-,2-,3-RDMs

15:  F« Calculate cumulant-approximated 4-RDMs on the fly // refer to Algorithm 4.3
16: (F = E)C'= =V e (F~KS)C=~V//H = (VT )H(vet)

17:  C'<«— Solve linearized Equation

18: return |9, >( = Zuql|,u))//C{q,}( = V’e”%C’)

19: end procedure

20: procedure CalculateSecondOrderEnergy

21 EP = (¢olHly ) = X, Vic,

22: return E + EY

23: end procedure

6.3.3 Density matrix renormalization group-second-order
N-electron valence state perturbation theory

The cumulant approximation version for the combination of DMRG and
sc-NEVPT2 was firstly implemented by Guo et al. (2016). Besides, a projec-
tion approximation scheme (Roemelt et al., 2016) was further incorporated
to reduce the cost of evaluating the norm and energy expectation value for
the most expensive classes of perturber functions, which requires 3-RDMs
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and 4-RDMs in DMRG-sc-NEVPT2. Later, a Cholesky decomposition of the
two-electron repulsion integrals was also exploited in DMRG-sc-NEVPT2
by Freitag et al. (2017) to efficiently describe static and dynamic correlation
in spin-crossover complexes involving calculations with more than 1000
atomic basis functions. Recently, DMRG-sc-NEVPT2 was successfully
applied to the investigation of magnetic exchange couplings in bis-u-oxo/
p-acetato Mn(IIL,IV) dimer (Roemelt et al., 2018), intra- and inter-molecular
singlet fission (Taffet and Scholes, 2018; Walia et al., 2021), as well as
carotenoid nuclear reorganization (Taffet et al., 2019). It may be also noted
that, a recent benchmark comparison for approximations of RDMs in
NEVPT2 by Guo et al. (2021) indicated that the cumulant approximation
always leads to intruder states, while the prescreening approximation pro-
duces stable results with modest computational savings.

Algorithm 6.4: DMRG-cu(4)-sc-NEVPT2.

1: procedure DMRG // refer to Algorithm 4.1 or 4.2

2: return Ey, [¢)y) // only in active space

3: end procedure

4: procedure PrecalculateRDMs // refer to algorithm 4.3

50 return 1-,2-3-RDMs // D = (wo| £} [uy)

6: end procedure

7: procedure CalculateSecondOrderEnergy

8: Calculate N}k)// N;k) = (Flyky = <¢f|f4|¢§2’) using D{jf:j

9: <w,< HD‘¢K> « Calculate cu(4)-RDMs // refer to Angeli et al. (2002)

10: Calculate E®) using Eq. 6.42
11: return £ + E(()Z)
12: end procedure

The time-dependent formulation of the second-order N-electron valence
PT (t-NEVPT2) (Sokolov and Chan, 2016) was also incorporated by
Sokolov et al. (2017) to use in conjugation with a MPS reference wave
function. This (t-MPS-NEVPT2) allowed to compute uncontracted dynamic
correlation energies for large active spaces and basis sets, by using the time-
dependent density matrix renormalization group (TD-DMRG, see Chapter 8)
algorithm. It avoids the computation of expensive 4-RDMs. The active-space
wave function is represented in terms of compact time-dependent quantities
(active-space imaginary-time Green’s functions), and numerical tests with up
to 24 active orbitals show that the resulting t-MPS-NEVPT?2 approach can
get results equivalent to the fully uncontracted NEVPT2, but with a smaller
computational cost.
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6.3.4 Density matrix renormalization group-ENPT2

The combination of DMRG and MR-ENPT2 was first presented by Song
et al. (2020) along with a selected-CI approximation. They suggested to use
EDGA (Luo et al., 2017) to sample the most important CASCI-type config-
urations in a DMRG/MPS wave function and then perform selected-CI calcu-
lations, by constructing the Hamiltonian with the selected small number
(10°~10°) of important configurations as the basis. The solution of a
selected-CI calculation with the sampled important configurations will be
then used for the zeroth-order wave function Wo> and the zeroth-order
energy Ey in ENPT2 calculation. By avoiding the computation of n-RDMs,
DMRG-ENPT2 allows to efficiently calculate systems with large active
space beyond 40 orbitals, for example, a (42e, 420) active space for a
strongly correlated 8 X 8 Hydrogen square lattice. It should be noted that
although ENPT2 suffers from two well-known deficiencies, size extensivity
and orbital rotation variance, MR dynamic correlation calculations are
heavily dependent on the quality of the reference wave function. By using a
highly accurate DMRG wave function with a sufficiently large active space
and a sufficiently large number m of preserved renormalized basis, DMRG-
ENPT2 can be expected to greatly reduce the negative influences of the
above mentioned two deficiencies in ENPT2. Similar to DMRG-ec-MRCI,
DMRG-ENPT2 has the bottleneck of finding a limited number (less than
10%) of important reference configurations for a large active space or
extremely strongly correlated systems.

Algorithm 6.5: DMRG-ENPT2. DMRG, Density matrix renormalization group.

1: procedure DMRG // refer to Algorithm 4.1 or 4.2

2: return MPS ‘1/)0>DMRG // only in active space

3: end procedure

4: procedure EDGA // refer to Algorithm 4.4

5: return collected configurations {|dy), [#1),....|¢n)}

6: end procedure

7: procedure Obtain Reference Wave function [¢),) and Energy Eo
8:  H<basis: {|¢o), [d1)s- - |dn)}

9: |th), Eo« Diagonalize H

10: end procedure
11: procedure Compute 2-order Energy Contribution

12: {}(/)2), ‘,’,b>} < Generate singly and doubly excited configurations based on
{I20). |91).- - [2a)}

oy (i) (CALI))
13: E' = qum + P ab B (Tl

14: return Ey + E(()z)
15: end procedure




Post-density matrix renormalization group Chapter | 6 211

6.3.5 Matrix product states-perturbation theory

Instead of solving the first-order PT equations directly, Sharma and Chan
(2014) proposed MPS-PT, in which the second-order energy was obtained by
minimizing the Hylleraas functional in the space of MPS variationally. As
we have introduced in Section 6.3.1, for the second-order energy, the varia-
tional functional of the Hylleraas functional H[,] can be written as:

H[y,] = @y [Ho — Eolty) + 2(3, |OV]y)
= (¢, |Ho — Eo|1hy) + 201 |V [106) — 2481 |100) (o |V [0,

where Q is the projector onto the space orthogonal to |v,) (equals [ when
(zﬁ1|¢0> =0). In Sharma and Chan (2014)’s implementation (Fig. 6.3), the
H was chosen as Dyall’s Hamiltonian, the same as in sc-NEVPT2.

Thus ‘1/)1> can be optimized by a sweep algorithm analogous to that in
the DMRG, and overlaps and transition operator elements can be obtained
easily by the efficient product operations between two MPSs and one MPO.
However, it also means we have to do another sweep procedure, including
the construction of MPOs besides the DMRG sweep, and the two sweeps
have to be performed over the whole space (not only active orbitals).

Under this scheme, RDMs are no longer needed and the zeroth-order
Hamiltonian I-}o can be decided arbitrarily. Later, Sharma et al. (2016) fur-
ther generalize MPS-PT for calculating energies of excited states by using
QDPT. Another advantage of MPS-PT is its ability to recover the exact
uncontracted MRPT energies in the limit of large MPS bond dimension.
However, a standard DMRG-like sweep over the entire orbital set will
become prohibitively expensive when working with a few hundred external
orbitals. Sharma et al. (2017) further proposed to solve this problem by
parametrizing the perturbed wave function using a mixture of CW partial

SEisesspinnnanan

B(W, |Hy — Eo|Wy) /OAT 20(T4|V|Wy) /AT

TS 71 LT ]

20081 [ Wo) (Wol V| Wo) /DAL,

P (6.48)

FIGURE 6.3 Schematic illustration of the optimization of A:-’,’ iy In Wl > The red tensor is the
quantity being solved for. Reproduced from Sharma, S., Chan, G.K.-L., 2014. A flexible multire-
ference perturbation theory by minimizing the Hylleraas functional with matrix product states.
J. Chem. Phys. 141, 111101. https://doi.org/10.1063/1.4895977, with permission from American
Institute of Physics.
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internal contraction and MPS-PT. All terms (i and iii in Eq. 6.32) that
require 4-RDMs (internally contracted states with three active space indices
and one external or core index) are treated fully uncontracted by MPS-PT,
and the rest of the terms, requiring three-body or lower-order RDMs, are
treated using internal contraction, for example,

(o~ E0)|ui) = — V"

o)s (6.49)

where ’wilv> and V' are respectively the space iv’s contribution in [¢);) and
V, the space partition refers to Eq. 6.32. Now in MPS-PT, the first-order
state has a maximum of a single electron in the external space, therefore the
maximum bond dimension required for the tensors on external orbitals is
only n,, the number of external orbitals, which is much less than a typical m
value of a few thousand that is routinely used in DMRG -calculations.
Recently, Khokhlov and Belov (2020) successfully applied the NEVPT2
under this combination framework (ic-MPS-NEVPT2) to study the low-lying
excited states of polyenes containing from 8 to 13 conjugated double bonds,
which serve as a model for natural carotenoids. With relaxed geometries of
the excited states, absorption and transient absorption spectra were also cal-
culated within the Franck — Condon approximation bridging the gap between
experimental spectroscopic data and computational results.

6.3.5.1 Matrix product states-linearized coupled cluster

Sharma and Alavi (2015) proposed a new size-extensive MRLCC theory
using matrix product states (MPS-LCC), which provides remarkably accurate
ground-state energies for a wide variety of electronic Hamiltonians. As we
introduced and proposed by Fink (2009), MRLCC can be reformulated as
MR-REPT. Under this framework, an MPS-LCC scheme can be worked out
as the extension of the MPS-PT algorithm.

In LCC ansatz, the Baker—Campbell—Hausdorff (BCH) expansion is
truncated at the first order, that is, e"”He! = H +[H, T], which yields the
governing equations of the SRLCC theory:

E = (¢|H|do) + (o|H|v)), (6.50)

0= (0" |Hdo) + (o |H = Eolv). (6.51)
Here, |¢)) = f‘|¢0) is defined as the correction to wave function consist-
ing of only single and double excitations, that is, 7 =T + T5.
The MRLCC method can be achieved by replacing the HF determinant
|¢o) with the many-electron wave function of CASCI or CASSCF |w(0)).
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By utilizing the PT and the projector approximation, the governing equation
of |¥™), which is the nth-order correction of the ground state wave function
|P) of the full Hamiltonian, is written as:

(Ho — EO) [¢) = Q( = Vg D)y + znjE<k>|w<"‘k>>>, (6.52)
k=1

where H gives Fink Hamiltonian, Q =1- |¢(O))(w(0)|, and V represents the
perturbative operator. Therefore, using the variational principle for the PT,
the Hylleraas functional can be written as:

H[w(n)] - (1/)(") I:Io _ E(0)|1/J("))

_ <w(n) ¢(n,1)> _ n E(k)<w(n)|w(nk)>>
(-3,

+(O) <<w<°> V) - ijE(“w("’w("‘%).

k=1

14

(6.53)

The remaining part of this approach is to evaluate the MPS-LCC wave
function by minimizing the Hylleraas functional using the sweep algorithm,
which is totally equivalent to the MPS-PT method.

Algorithm 6.6: MPS-PT (not in combination with ic-ansatz). MPS, Matrix
product states; PT, perturbation theory.

: procedure DMRG // refer to Algorithm 4.1 or 4.2

return Eo, [¢,) // in the active space

: end procedure

: procedure Optimize first-order wave function [¢;)

FHo, V «— Construct needed MPO // in the whole orbital space

Generate Hylleraas functional H(|yy)) // refer to Fig. 6.3

optimized |1/, ) <— Optimize each site MPS in |4 ) by sweeping through whole space
8: return |¢))

9: end procedure

10: procedure Compute 2-order Energy Contribution

1 B = (ol Vo)
12: return E + Eéz)
13: end procedure

N AN
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Algorithm 6.7: MPS-PT in combination with ic-ansatz. MPS, matrix product
states; PT, perturbation theory.

: procedure DMRG // refer to Algorithm 4.1 or 4.2

return Ko, |¢,) // in the active space

: end procedure

: procedure Optimize [1}) and [¢!) // refer to Eq. 6.32

Ho, \7', V" «— Construct needed MPO // in the whole orbital space
Generate Hylleraas functional H[J¢)], H[|/{")] according to Eq. 6.49
return optimized |¢}), |4} // refer to Algorithm 6.6

: end procedure

9: procedure Optimize other space contribution in |¢;)

10: Zu ((HO);W - E05;H/> ==V, H<#|HO - EO!M’?JVW) == (/J*| V!’/)o)
11: ¢, <«— Solve linearized equation // refer to Algorithm 6.3

12: return |y"")

13: end procedure

14: procedure Compute 2-order Energy Contribution

E<(]2) = <¢0‘\7‘7/’1>
A0 i CALVa | iy,
(ol (™)
16: return E + E(()z)
17: end procedure

PN AN

15:

6.3.6 Other variants

Besides the aforementioned DMRG-MRPT approaches, there are also many
other DMRG-MRPT variants. For example, DMRG was suggested to be fol-
lowed by the second-order perturbative version (DSRG-MRPT?2) of driven
similarity renormalization group (DSRG) by Khokhlov and Belov (2021),
and the hybridization between DMRG and blocked correlated second-order
PT (BCPT2) was implemented based on the generalized valence bond
(GVB) reference by Xu et al. (2015).

DSRG introduced by Evangelista (2014) is an alternative approach to
treat dynamic correlation effects in many-body theories. It is based on a
series of infinitesimal unitary transformations of the Hamiltonian to decouple
the reference wave function from its excited configurations.

A—H(s)= 0" (s)R0(), (6.54)

where H(s) is the transformed Hamiltonian and U (s) gives a unitary operator
that depends on a time-like parameter s defined in the range (0,00). Both
DSRG and its second-order perturbative version, DSRG-MRPT2, (Li and
Evangelista, 2015) are inherently intruder free by suppressing those excita-
tions that correspond to a denominator smaller than an energy cutoff
(A =571/ 2). Another advantage of DSRG-MRPT?2 is that it only requires
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RDMs up to the third order. Recently, Khokhlov and Belov (2021) applied
ab initio DMRG and DMRG-SCF calculations followed by DSRG-MRPT2
for the calculation of vertical and adiabatic excitation energies into the 2A,,
1B, and 1B electronic states of polyenes, which contains from 8 to 13
conjugating double bonds acting as a model for natural carotenoids. The cal-
culated adiabatic excitation energies deviated less than 1000 cm ™' from the
experimental data for the 2A, state and less than 3000 cm™ ' for the 1B
and 1B states. Given results can be considered as a fine agreement, when
compared with the accuracy of ic-MPS-NEVPT2 reported by the same
authors (Khokhlov and Belov, 2020) earlier.

Instead of applying MRPT theories on the DMRG reference wave functions
or their RDMs, Xu et al. (2015) proposed to include the dynamic correlation as
a simple energy correction calculated at an independent and lower MR quantum
chemistry level, that is, GVB-BCPT2 in this work. The basic idea is to approxi-
mate the DMRG reference and excited functions as the GVB reference and the
corresponding excited functions and simplify the zeroth-order Hamiltonian as

ﬁgVB in computing the dynamic correlation term. Therefore the total energy of
this hybridized method (DMRG-BCPT2/GVB) can be written as

GvB|g_ /GVB| G\ |?
‘< N I >‘ (6.55)
EpmrG-BcpT2/GvB = EDMRG T E EGVB _ [GVB 4 '
u#0 0 u

where EgVB (ESVB) and |1/)OGVB) (|1/JSVB)) are the ground (excited) state
energy and wave function, respectively. Xu et al. (2015) applied DMRG-
BCPT2/GVB to investigate the bond-breaking potential energy surfaces in
n-butane and the spectroscopic constants of Cr,. However, when the mole-
cules are extremely strongly correlated, the GVB approximation for the

DMRG reference may break down and accordingly the performance of the
DMRG-BCPT2/GVB method becomes less satisfactory.

6.4 Density matrix renormalization group-coupled cluster
theory

In this section, we first give a brief recapitulation about CC theory, followed
by an introduction to the recently proposed combination schemes of DMRG
with different CC approaches.

6.4.1 Recapitulation of coupled cluster theory

The wave function of traditional SRCC theory is written as an exponential ansatz:

[y =ellgo)=[1+T+ = +

) ~3
T T
TR |b0)- (6.56)
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where |¢Q> is the SD (e.g., the HF determinant), and T is an excitation oper-
ator which contains a set of excitation terms at the different levels:

T=T,+T,+T5+...,

Ty= Y #ala=Y tE;,
ia i,a

N e 1 b
T, = Z tl‘.}baZa,-aZaj = ZZ t,‘-}bEZ- , (6.57)
i>ja>b ij,ab
Here, i, j, ... label occupied orbitals and a, b, ... label unoccupied orbitals.

# and ti“jb are excitation amplitudes.

Due to the exponential ansatz, the standard CC wave function that con-
tains all determinants in FCI space obtains several significant properties
(Crawford and Schaefer, 2000) such as size extensivity and size consistency
provided that the reference function adopts a direct-product form in the non-
interacting separated limit. The CC Schrodinger equation is written like:

A|v) = A |0) = Ecce| ). (6.58)

We may left-multiply it by <¢0|e_f or < Zh ‘e‘f to achieve:
(dole Thret |9y ) = Ecc, (6.59)

< b ‘eff [:Ief’ ¢0> —o. (6.60)

The similarity transformed Hamiltonian (I:IT) is non-Hermitian and may
be expressed through the BCH expansion:
H = e THel
(6.61)

A A A A A A

= A+ (A1) + 5 ([A.7) 7] + 5 [, 7),7] + .

Thus we can obtain the energy from Eq. 6.59, while the amplitudes come
from Eq. 6.60. Because the energy is given by an expectation value of the

non-Hermitian I{VT, it is not guaranteed to obey the variational theorem. For
practical uses, different truncations of the excitation operator T define the
CC methods at different levels. If the cluster operator only contains double
excitation, that is, T~ f'z, then it is the simplest CC method, generally
denoted as CCD, and if single excitation is also included, thence CCSD
method will be obtained, etc.

Just like CISD or MP2 method, the CC theory is still an SR method,
even though the exponential CC wave function is defined in the entire
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Hilbert space. Thus SRCC fails in describing MR chemical systems, which
encouraged the extension of the CC formalism to produce an efficient multi-
reference CC (MRCC) method applicable to a wider class of interesting pro-
blems. Theoretically, MRCC (Lyakh et al., 2012; Evangelista, 2018) can be
obtained through substituting the SD by a multiconfigurational reference
wave function (e.g., the CASSCF wave function).

It can be easily derived that, in SRCC, higher than fourfold commutators
cannot appear in Eq. 6.61, because of the two-body nature of the Hamiltonian
and commutativity of all components in T. However, in most cases of MRCC,
the excitation and deexcitation coupling between the active indexes leads to an
unterminated BCH expansion due to the noncommutativity of the excitation
operators that constitute 7', leading to more complex equations as compared to
SRCC. Recent advances in MRCC theory seem to have opened new frontiers
for simplier implementations. Generally, the MRCC algorithms can be catego-
rized into two sets. The first one is called “genuine” MRCC scheme, where a
true multiconfigurational reference wave function is used, and the second one
is named alternative MRCC, which simply adjusts the conventional CC for-
malism to MR problems. For details about MRCC theory, the readers may
refer to the reviews by Lyakh et al. (2012) and Kohn et al. (2013) or the book
by Kowalski et al. (2013) as well as the references therein.

6.4.2 Density matrix renormalization group-alternative-
multireference coupled cluster

Since practical MRCC methods are limited, works on the combination of CC
theory and DMRG are significantly fewer compared with those for the
MRCI or MRPT methods. However, there are still several impressive
attempts in combining the alternative MRCC schemes with DMRG.

Since 2016 the combination of tailored CC (TCC), one of the alternative
MRCC schemes, with DMRG has been extensively investigated (Veis et al.,
2016; Faulstich et al., 2019; Antalik et al., 2019; Lang et al., 2020). The gen-
eral TCC (Kinoshita et al., 2005) wave function employs the following split-
amplitude ansatz

|trce) = €| gy) = efostTos %0)» (6.62)

where |¢0> is the single determinant reference wave function, and the cluster

¢0> = efexl efc:|s

operator T is divided into two parts: Teas represents the amplitudes corre-

sponding to the active space and Ty is the rest of the cluster operator, that
is, the amplitudes with at least one index outside the active space. The active

part (fcas) is obtained from a precomputed CAS wave function and keeps
fixed during the calculation, while the external amplitudes (fext) are iterated
using the standard CC framework. Note that ‘¢0> is the single determinant

wave function, so T, and Ty commute naturally.
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As we mentioned before, the MPS-type wave function:
|’(/}MPS> = ZAUIAUZ. VA% ‘0’10’2. . .O'n>, (663)
{oi}
can be transformed into the CAS-type wave function:
|1/}>:ZCUIW(,”|O'1(72...O'">, (664)
{o:}

where the MPS matrices A% are contracted to obtain the CI coefficients
Co,..0,- Using the relations between CI and CC expansions

T, =C, (6.65)
1o
T,=C— E(CI) , (6.66)

the CC amplitudes in active space can be acquired by DMRG procedure,
which are kept frozen during the calculation. Thus the f‘cas can be seen as
the static correlation to the HF reference function. As for the amplitudes in
Texis they are optimized by treating the equations:

< ab-. ‘ ( —T”casp,er”m)er‘m ¢O> =0 (6.67)

which is analogous to the standard CC method and corresponds to the
dynamic correlation.

Algorithm 6.8: DMRG-TCCSD. DMRG, Density matrix renormalization
group. TCCSD, tailored coupled cluster singles and doubles.

1: procedure DMRG // refer to Algorithm 4.1 or 4.2
2: return MPS |¢) // only in active space
3: end procedure
4: procedure Calculate TCas and T,
5: Choose the single-configurational reference wave function |¢,) (usually HF
determinant)
6: {c'}, {cy}<— extract the coefficients of singly and doubly excited configurations
corresponding to |@) from |49} using Eq. 4.101: Obtain the CC amplitudes in active
space from ic,“} {ciy} using Eqs. 6.65/6.66
) $2)
8: return T, and T
9: end procedure
10: procedure | Calculate Texl and To,
(1)
11: Tooand T ex( “— so[ve CC amplitude equations // see Eq. 6.67
(M )
12: return T, and T
13: end procedure
14: procedure Compute CC energy
15: Solve the CC energy equation // see Eq. 6.59
16: return Ecc
17: end procedure

(2)

cas

2)
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DMRG-TCC does not require the computation of the high-rank RDMs,
since the reference function is a single determinant, which, on the other
hand, limits its accuracy for systems displaying strong static correlation,
where the efficiency of DMRG is maximal in contrast. Recently, scrutiniza-
tion of the performance of various CC methods tailored by electronic wave
functions, including the DMRG, was given by Leszczyk et al. (2022). It was
shown that, by restricting the cluster operator to at most double excitations,
the studied tailored CC methods were not able to treat very challenging sys-
tems such as predicting the correct barrier height for the automerization of
cyclobutadiene, or reliably describing the complete potential energy surface
of the chromium dimer.

On contrary to tailored CC, the externally corrected CC (ecCC) method
(Li et al., 1997) extracts static correlation from a MR method, by using the
MR wave function as an “external” source of higher order CC amplitudes.
For example, in the externally corrected coupled cluster singles and dou-
bles (ecCCSD), the fg and f4 amplitudes are extracted from the external
source

3

C
T5=C; —CiCy + ?1,

) \ (6.68)

C
T4=C4—C1C3—72 +CiC, —

and accordingly, a new set of 7; and T, amplitudes are computed in their
presence. The concept is that a priori exact T5 and T, clusters, can yield the
exact 7| and T, clusters and as a result the exact final energy. Therefore,
using an approximate many-electron wave function obtained by a low-level
multiconfigurational calculation, one can fix the amplitudes in f3 and f4
and employ them in the CC chain:

T=T,+T,+T{+T{ (6.69)

where T4, T4 indicate they are approximated clusters. It has been shown that
the T4, T{ obtained from a partially converged FCIQMC calculation already
provides nearly accurate FCI energy (Deustua et al., 2018). Thus a partially
converged MPS with a small bond dimension can also be coupled with this
theory and gives an exceptional combination scheme for DMRG and CC
(Lee et al., 2021).
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Algorithm 6.9: DMRG-ecCCSD(T).

: procedure DMRG // refer to Algorithm 4.1 or 4.2

Large CAS with small m or small CAS with large m // m is bond dimension
return approximate |t )’

: end procedure

: procedure Calculate T{ and T4

Choose the single-configurational reference wave function |4;) (usually HF
determinant)

70 G/, G, G/, Gy« extract the coefficients of singly to quadruply excited configurations
corresponding to | ) from |4, )" using Eq. 4.101:  Choose the triply and quadruply
excited configurations with large coefficients

// set the threshold according to Lee et al. (2021)

9: Obtain the CC amplitudes of selected configurations using Eq. 6.68

10: return T, and T,

11: end procedure

12: procedure Calculate T,and T,

13: Ty and T, « solve CC amplitude equations // see Eq. 6.60

14: return T; and T

15: end procedure

16: procedure Compute total energy

17: Solve the CC energy equation // see Eq. 6.59

18:  Add perturbative triples correction // refer to Lee et al. (2021)

19:  return Ecc + §°°CCSPM

20: end procedure

Ul AW N =

6.4.3 Density matrix renormalization group-canonical
transformation

Yanai, Chan and their coworkers have developed the so-called canonical
transformation (CT) theory (Yanai and Chan, 2006; Neuscamman et al.,
2010a), an elaborated theory seeking feasible alternatives to the
“genuine” CC method. Its combination with DMRG has also been
discussed in the subsequent literatures (Neuscamman et al., 2009; Yanai
et al., 2010).

In common with CC methods, CT theory is also based on an exponential
ansatz

1) = €A [p). (6.70)

However, A is an anti-Hermitian operator, that is, A= > uA " (OAM - OA;),

which makes e a unitary transformation, and |1/10> is a reference wave
function.
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At the singles and doubles (CTSD) level of theory, the full set of possible
excitations are given by the following:

- S-S -) ()

ij,tu
+3 A (Em A’”) ZA ( A”‘) ZA“(E —F )
tu,ab
~ua it b [ pab it ~ta ~ij
+3 A (E,.t - E) +3 A (E,., - Eab) +3 Al (El:]. - Em)
itu,a it,ab ijta
(6.71)

b [ pab ~ij ~a ~i
+3 Al (Ej - Eah> +3 Al (Ei - Ea),
ij,ab ia

where the indices obey the rules that we mentioned in Section 6.1.1.
Given that ¢ is a unitary transformation, the effective Schrodinger equa-
tion in CT method is written as:

H |[¢o) = E|ty). (6.71)

where the effective Hamiltonian is obtained by ﬁ = ¢ AHeA. Therefore the
energy and amplitude equations are formalized as:

Ecr = <7/}0‘ﬁ‘¢0>> (6.72)

- (o] o7

If Wo> is a multiconfigurational reference wave function, the CT ansatz
aforementioned becomes the same as that used in an internally contracted
MR unitary CC theory (ic-MRUCC) (Chen and Hoffmann, 2012), except the
fact that the CT method further applies operator decompositions to avoid the
high computational costs in ic-MRUCC theories.

As we can see, after the canonical transformation of the Hamiltonian, the
complexity of wave function is transferred to the Hamiltonian operator

~ 1 AA oA
oAl
H=¢"HeA=H+[H,A] + 3 [[H,A]LA] +.... (6.74)
Here over two-particle-rank operators appear, for example, [ﬁ,A] gives

out af al al a,a,a, terms which are not included in an electronic
P1o P2 p3 T T g2 3

Hamiltonian. In order to avoid the unlimited expansion of the transformed
Hamiltonian, the three- and higher-body interactions (operators) are approxi-
mated by the products of one- and two-body interactions,

= ~ 1
Hia =H [BA] 4 5[ [A] 4]+ 679)
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where the notation [I-?,AA] |, indicates that a combination of one- and two-

body operators is used as an approximation. Note that the quadratic term in
Eq. 6.75 could also be approximated by applying the decomposition once

% [[I:I,A] ,A} rather than applying it twice »; “H A} | 2,A} .

Using the formalism of extended normal ordering (ENd) operators sug-
gested by Kutzelnigg and Mukherjee (1997), one can employ the operator
approximation by neglecting any resulting three-body ENO operators. The
one-, two-, and three-body ENO operators are defined as

Apl Ep'

q1
P ~

AP1P2 Eplpz _l DPIEA'M _ poim

LIIQ” q192 E : 2 q17q2 q192°

P
APPPs _ pPAPADs — —1 7 Z 1P2 ps 1P2p3
quqzq3 _EZI"Z‘” Z < 2) Dy, E‘IZ‘I? Dglflz a3 Dzlqzqs’
(6.76)

where D represents the reference function’s RDMs (see Section 4.6) and the
summation runs over all possible permutations among {pl, P2, pg} and
{ql, 92, q3} respectively. For each permutation operation of the indices from
their original positions, a factor of ( 5) is applied. As a result, the three-
body operators in [H A] can be approximated by the combination of one-
and two-body operators with the n-RDMs (n = 1, 2, 3),

P Pap3
1P2P3 _1 P ng s 1P2pP3
EZ]‘]ZKI% Z( 2) DZiE + Z( > D[(;lqz q3 +DZI'12£13 (6'77)
9293

The energy and amplitude equations can be formalized using only the
one- and two-body operators of the electronic Hamiltonian:

Ecr = (o|Hi2|v), (6.78)

o (] o],

So far, the operator approximation eliminates all three- or higher body
interactions in the expansion of the Hamiltonian, while requires the use of
the reference function’s 3-RDMs. In order to avoid calculating 3-RDMs, the
cumulant approximation that we discussed before is utilized to decompose
the 3-RDMs into its 1-RDMs and 2-RDMs approximations in CT method.
Consequently, the final CT method only needs the 1-RDMs and 2-RDMs
from the active space, which is easily obtained from the DMRG procedure.

¢o> (6.79)
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A strongly contracted CT (sc-CT) theory has also been proposed
(Neuscamman et al., 2010b). In this, the operators in A are written as the
strongly contracted excitation operators, that is,

A=) Cidy. (6.80)
7
Here ¢, is a strongly contracted operator, for example,
A1y Ad1a Al
oM = Zgaltlaztz (El|t2 _Ealaz)’ (6.81)

Hin

where g,,1,4,1, 15 the two-electron integral appearing in the Hamiltonian.

Though the CT scheme slowly scales in the function of the system size, it
introduces the intruder state problems, which are caused by the cumulant and
operator decomposition approximations. These intruder states can be circum-
vented by the overlap truncation, the use of strongly contracted excitation
operators or the level-shifted condition (Yanai et al.,, 2012). Unfortunately,
those countermeasures now disrupt the size consistency of CT theory.

Algorithm 6.10: DMRG-CT. DMRG, Density matrix renormalization group;
CT, canonical transformation.

1: procedure DMRG // refer to Algorithm 4.1or 4.2

2: return }1/)0> // only in active space

3: end procedure

4: procedure PrecalculateRDMs // refer to Algorithm 4.3

5:  Calculate cumulant-approximated 3-RDMs

6: return 1-, 2-RDMs and cumulant approximated 3-RDMs
7: end procedure

8: procedure Calculate amplitudes of A

9: generate amplitude equations using the one- and two-body operators with 1-, 2-RDMs
and cumulant approximated 3-RDMs // see Eqs. 6.76/6.77
10:  Solve amplitude equations // see Eq. 6.79

11: return A

12: end procedure

13: procedure Compute final energy

14: Generate Hy, // see Eq. 6.75

15:  Solve the energy equation (Eq. 6.78).
16: return Ect

17: end procedure

6.5 Hybridization of density matrix renormalization group
with density functional theory

A computationally cheap alternative to obtain dynamic correlation with multi-
configurational wave functions is to combine these with a density functional,
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thereby exploiting the efficiency of density functional theory (DFT), while
maintaining a correct description of multiconfigurational systems. In turn, the
combination can also correct the errors observed in current DFT approxima-
tions, namely, the delocalization error and static correlation error (Cohen
et al., 2008). In this section we will introduce several schemes for combining
DMRG with DFT.

6.5.1 Recapitulation of density functional theory

DFT is probably the most widely used electronic structure method in solid-
state physics, computational material science, and quantum chemistry. The
principle behind DFT is that the ground-state density uniquely determines
the external potential, and for this reason all properties of the system, includ-
ing the energy and many-body wave function. In other words, the ground-
state energy is a functional of the electron density (p):

Epgr = E(p) = T(p) + Vex(p) + U(p), (6.83)

where T is the kinetic energy, V.x expresses the potential energy from the
external field (the attraction to the nuclei) and U represents the electron-
electron energy. Assuming we can minimize this functional with respect to
p, we will obtain the ground-state energy and electron density p with all
other ground-state observables. In the framework of Kohn and Sham (1965),
they mapped the interacting electronic system to a fake noninteracting sys-
tem with the same density p, where every electron is treated as formally
independent particles in the mean field of all other electrons, this results in a
new functional of the energy:

Exs-prr = Ts(p) + Vs(p) = Ts(p) + Vext(p) + EH(p) + Exc(p)- (684)

Here, T,(p) gives the kinetic energy and V(p) is the external potential of one
electron in the noninteracting system. V(p) consists of three ingredients, the
attraction to the nuclei (Vex(p)), the Coulomb repulsion of electrons (Eg(p)),
and all the rest things in the exchange-correlation term (Ey.(p)). Based on
the expression of Exs—prr, Kohn—Sham (KS) equations of this auxiliary
noninteracting system can be derived:

n? .
—ﬁvz + V| ¢ =cidb;. (6.85)

By solving the KS equations, one can obtain the KS orbitals {¢;} and
reproduce the density p of the original interacting electronic system

N
p= ;!@!2. (6.:86)
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Notwithstanding its simplicity, in the KS formulation the V depends on
the p, that at the same time depends on {¢;}, which in turn depend on \75. The
problem of solving KS equation can be fixed by the self-consistent method.

Note that although DFT is a single determinant method, we can obtain
the exact energy and wave function by solving the KS equation if we have
an ideally exact E,.(p). However, except for the free-electron gas, the exact
functionals for exchange and correlation are unknown, approximations must
be adopted to generate the Ey.(p), such as local density approximation
(LDA), generalized gradient approximation (GGA), hybrid functionals, and
so on. (Cohen et al., 2012; Zhang and Xu, 2021)

6.5.2 Density matrix renormalization group-short-range density
functional theory

The combination of multiconfigurational WFT and DFT is not straightfor-
ward, since static and dynamic correlation are merely phenomenological
terms and cannot be strictly separated. A small part of static correlation is
therefore already included in DFT calculations, implicitly by an empirical
functional, leading to double-counting of correlation effects if no special pre-
cautions are taken.

To avoid the double-counting issue, Savin and Flad (1995) proposed mul-
ticonfigurational ranged-separated short-range DFT (MC-srDFT) method,
where the two-electron operator are separated into long-range and short-
range components,

§(1,2)=g""(1,2) + §"(1,2). (6.87)
The exact definition of §""(1,2) and §"*"(1,2) can differ by virtue of
tuning the error function

f - 1 — erfl -
er (ﬂ|r1 r2|)’g#,sr(1’2) — € (M'rl r2|)

&M (1,2) =
[ry — 1| [ry — 1]

, (6.88)

which involves a range-separation parameter p. Calibration studies suggest
that ;o values in the interval between 0.33 and 0.5 a.u. are optimal.

The short-range part of the electron interaction is henceforth treated by
DFT, while the long-range part is assigned to the WFT approach.
Accordingly, the ground-state energy expression of MC-srDFT can be writ-
ten as:

p=min {(0[7 + 410) + B4 (0.) + [ Vetirir | 659

J4,ST

where Ej,. (p,w) indicates the short-range Hartree-exchange-correlation func-

tional and p, is the density coming from the wave function ¢, that is,
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plo) = qu<w‘9qu:‘2’w> =, gD, where p represents the den-
sity operator and (,; = ¢3¢, is the overlap matrix of MOs. The minimizing

wave function |¢,) from Eq. 6.89 can be given by the Euler—Lagrange
equation:

[f‘ + &M+ Ve + Ve (pw )} \1/),,,> = e %>, (6.90)

where i (p,, ) = 6l (p,.) /6000,

As we can see, MC-stDFT requires new short-range exchange-correlation
functionals (Ej,.), because the standard functionals which were designed to
capture all electron correlation are not suitable for it. Thus stLDA, stGGA,
and meta-stGGA variants have been developed. Once the approximation is
chosen for Elf., the wave function |1/)N can be computed by solving self-
consistently Eq. 6.63 using wave function theories. As a result, the electron
density p,, can be obtained and the total energy is calculated according to the
Eq. 6.62.

Following the range-separation approach, Hedegard et al. (2015) pro-
posed the combination of DMRG with DFT, so-called DMRG-srDFT. In this
work, range-separation parameter x is chosen to be 0.4 a.u., and the energy
expression is written as:

Epirg = EC+ES + i (p), (6.91)

where Elcr, E! are the core energy and active energy obtained by the WFT,
and the regular two-electron integrals are replaced by the long-range two-
electron integrals, that is g4, — ggqrs.

Since Ejj,.(p) is nonlinear in 1-RDMs, an exact DMRG-srDFT expression
is state specific (SS). In order to formulate the DMRG-srDFT energy to be
linear with the density matrix, a reference density is introduced. This results
in a more complicated energy expression as (a detailed derivation can be
referred to works of Pedersen, 2004 and Hedegard et al., 2015):

E]s)rﬁ%lé EerFT + EerFT (692)
where the core part becomes

EerFT Elr+ ZCSr( )C_% ];'l\lretsr(Dt)Amf

tu

4 Esr ref Z V;eéf;{r Dt Aref (6.93)
and the active part is
EXDFT — E}{ + Z (Jmsr +]A ref,sr | ;ecft;r) (D;)A (6.94)
u
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stDFT — C,Ir ST -Aref st ref,sr tv
EA - § : ( +Jtu +Jtu + ch,m) E :gtuvw Dwu

271 tllVW

(6.95)

Here, j,, are the matrix elements of the short-range two-electron
Coulomb operator,

Sr— Esr r
Tpq = <¢p 5p(r) > ngqrs s (6.96)
and vy, . are the matrix elements of the short-range exchange-correlation
potential,
OBy
. 6.97
xc,pq <¢p §p(r) ¢q> ( )

Jpg = hpg T Zk(Zg,,qkk — 8pigk) are the elements in generalized Fock matrix,

N\ C
and D, D} denote 1-RDM and 2-RDM. Note that (DJ‘) = 20y;, since core

orbitals are all doubly occupied, therefore only the density matrices in active

space ((D;) (D) ) are needed in the energy expression.
In this formulation, a “DMRG macro iterations” can be made, where
we rerun the DMRG-srDFT with an updated reference density, as Algorithm

6.11 shows. Note that the density matrices in every macro iteration are uti-

lized as the reference density matrix in the next iteration, and only ja"""

and v;ecf,:f need to be recalculated in each macro iteration. Thus, by adding

them to the core Fock matrix, that is, 5" + jo™ + ja'"™ + Vi in Eq. 6.95,

A ref, st ref,sr

the density matrices can influence ji, and vy}, , which in turn influence
the newly obtained density matrices from DMRG. The macro iterations can
therefore be continued until getting self-consistently converged DMRG-
stDFT density matrices.

In practice, DMRG calculation is implemented on a CAS with a limited
size instead of the full MO space. Therefore the long-range dynamic correla-

tion energy is missing, which may be recovered by the recently proposed
long-range-corrected multiconfiguration density functional with the on-top pair

density based on adiabatic connection (AC) formalism (Hapka et al., 2020).
As an alternative to range-separated methods, the combination of CI
methods with orbital occupation functionals has been also explored, at the
formal level through the separation of correlation effects in the orbital space
by Fromager (2015), and its combination with DMRG has been applied to
treat the uniform one-dimensional Hubbard model (Senjean et al., 2018).
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The lack of well-established algorithms for the design of new functionals has
limited the applications of this approach to only model Hamiltonians.

Algorithm 6.11: DMRG-srDFT. DMRG, Density matrix renormalization
group; srDFT, short-range density functional theory.

: procedure Calculate Pre-Requisites
Calculate Ir/sr integrals and {fC'"}
{j¢5"), B «— integrals and {f'}

1

2

3

4 { (D)} {(Dg)"} <—Run DMRG

5: end procedure

6: procedure Calculate Modified One-Electron Integrals

70 prefe— {(DL)A} as reference density matrices {(DL)A’rEf}
8

jA,ref,sr, E;E (pref), v)rzf.sr «— pref/ {(DL)AJEf}
9: retumn (15" + 5 + 14 + Vi)
10: end procedure
11: procedure Run DMRG with Modified One-Electron Integrals and Ir Integrals
120 LML (DU BT G G i+ vy and g,
13: if D* not converged then
14:  Go back to step 7 with updated {(DL)A’rEf}
15: end if
16: return converged {(DL)A}, {(D%)A} and E§DFT
17: end procedure
18: procedure Calculate Total Energy
19:  Calculate E¥PFT using Eq. 6.93
20: return EZDFT 4 £5DFT
21: end procedure

6.5.3 Density matrix renormalization group-pair density functional
theory

Treatment of open-shell systems by conventional DFT models relies on uti-
lizing unphysical p, and pg densities obtained from unrestricted (i.e., spin-
polarized) SDs with broken spin symmetry. This is incompatible with the
retained spin symmetry in multiconfigurational wave functions, which are
eigenfunction of S as well as Sz (S is total electron spin). Therefore Li
Manni et al. (2014) proposed a multiconfigurational pair-DFT (MC-PDFT)
to correct the multiconfigurational WFT for dynamic correlations. In this
method, the functional is expressed in terms of not only the total density p,
but also on-top pair density 1I (Perdew et al., 1995).

The combination of DMRG with MC-PDFT (DMRG-PDFT) was later
implemented by Sharma et al. (2019), in which DMRG is used as a substi-
tute for the MCSCF method to calculate the kinetic energy and the Coulomb
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energy. Here, we utilize the DMRG-PDFT to explain this scheme. It is
important to mention that all equations hold for the other variants.

In the CAS model, the electronic energy for a multiconfigurational eigen-
state |1/)> is expressed as:

A 1
E= W"HW’) = Z hpg Dy + EzgpqrsDZ.: + Vin (6.98)
P4

pars

1 v
E= § (hii +ﬁi) + § ftuDi, + E E gtuvaLW + V. (699)
1 tu

tuvw

In order to properly correct the energy for the dynamic correlation, the
new MC-PDFT method calculates the energy via

_ 1 r
EMC PDFT — Z hquZ + EZ gpqrsDZDx + EOt(po H) + VNN (6100)
rq

pqrs

EMC_PDFT = VNN + ZZ hii + 22 &iijj + Z hmDL + ZZ giituDL
i ij tu

itu
1 (6.101)
+ 5 Z gtuvaLDrV + Eol(p, H)

tuvw

where the 2-RDM (fo;) in Eq. 6.98 is replaced by the product of two
1-RDMs (DI DY), and the neglected exchange contributions are now included
in the new-added on-top density functional Eq(p,II). Note that in the MC-
PDFT calculation, only the kinetic energy and the Coulomb energy are
calculated from the MCSCF wave function, whereas all exchange and corre-
lation contributions are evaluated by the density functional, and accordingly
this results in the elimination of the double-counting errors that we men-
tioned before. The density and on-top pair density in Ey(p, IT) are calculated
according to:

p=> Do)+ D (e, r), (6.102)
ij u

=) DiDjér)o,(Ner)é ) + Y | DiD, o, (néi(r)o, (e, r)
7]

" (6.103)
+3 D61, (1)0, (1),
17

Therefore the density functional correction can be evaluated only once,
directly from the 1-RDMs and 2-RDMs obtained from DMRG. Evaluating
the functional only once indicates that DMRG-PDFT has a computational
advantage over DMRG-sr-DFT, since no self-consistent iterations between

the DMRG and DFT parts are needed (only need one DMRG procedure).
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Algorithm 6.12: DMRG-PDFT. DMRG-PDFT, Density matrix renormaliza-
tion group-pair density functional theory.

1: procedure DMRG // refer to Algorithm 4.1 or 4.2

2: return Ey, 1))

3: end procedure

4: procedure PrecalculateRDMs

5: return 1-,2-RDMs

6: end procedure

7: procedure Calculate on-top density functional Ey(p, IT)
8: p,II «1-,2-RDMs

9: return Ey(p, 1)

10: end procedure

11: procedure Calculate Total Energy // see Eq. 6.101

12: return EMCPOFT /7 W\ is obtained in procedure “Prepare” of Algorithm 4.1 or 4.2
13: end procedure

6.6 Density matrix renormalization group-adiabatic
connection

Recently, Beran et al. (2021) presented a new post-DMRG approach to
include the dynamic correlation via the AC technique (Pernal, 2018;
Pastorczak and Pernal, 2018a,b), which requires only up to two-body active
space RDMs. They reported encouraging results of this approach on typical
candidates for DMRG computations, namely, the n-acenes (n =2—7), Fe
(II)-porphyrin, and Fe;S, cluster.

The AC theory is a general approach to the correlation energy calcula-
tion, which can be applied to a broad class of multireference wave functions.
The DMRG-AC recovers the correlation energy missing in the underlying
DMRG model and the total electronic energy follows as the sum

E = EPMRG 4 pAC (6.104)

corr*®
Given approach is based on the partitioning of the Hamiltonian

A=A"+nA , Where I:I(O) comprises only two terms, one corresponding to
the doubly occupied (inactive) part and other corresponding to the active
orbitals. The AC formula defines the AC Hamiltonian by linearly interpolat-

. P (U -
ing between the zeroth-order Hamiltonian H © and the exact one H

A" =AY+ ar, (6.105)

with the coupling parameter o ranging from O to 1. By exploiting the Hellmann—
Feynman theorem, a general AC correlation energy formula can be expressed as

EAC = [ Wda, (6.106)

corr
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where the AC integrand reads

ZgrpquDp(O‘ V)D (Oé V)+ Zgrpw np + 1)"‘16"(/61’3’

pqu pqu

(6.107)

with exclusion of terms involving all four indices pgrs belonging to a set of
either active or inactive orbitals. Here n, and n, are occupation numbers
of MOs p and g. D}(,v) and Dj(a,v) are transmon 1-RDMs between the
ground and vth eigenstates of the AC Hamiltonian A", which can be approxi-
mately obtained by employing extended random phase approximation (ERPA)
equations (Chatterjee and Pernal, 2012), which require 1-RDMs and 2-RDMs
from DMRG reference wave functions.

Based on the observation that the AC integral is typically nearly linear,
the missing correlation energy has been further approximated using the
first-order expansion of W® at a =0, that is, W® = W + oW1, By notic-
ing that W(® =0, the ACO approximation has been derived as

O

EXCY = WT (6.108)
Beran et al. (2021) combined the DMRG-SCF and ACO methods to
describe the dynamic correlation outside the large CAS. 1-RDMs and 2-RDMs
obtained from the DMRG-SCF calculation were employed to construct
one-body transition RDMs in conjunction with the solutions of the ERPA
equations and subsequently evaluate the ACO energy correction. The final

electronic energy of DMRG-SCF-ACQO is then expressed as

EDMRG SCF-ACO — EDMRG SCF + EACO (6.109)

corr

It is worth to note that the derivation of Eq. 6.106 assumed that a 1-RDM
stays constant along the AC path, which is approximately valid in DMRG-
AC calculations, because a major part of the static correlation would be
already accounted for at « =0 in DMRG reference wave function with a
large CAS. One limitation in the AC theory lies in the fact that only singly
excited configurations are considered in ERPA, while double (and higher)
excitations are completely neglected. Given restriction hampers its applica-
bility as double excitations may play a key role in photophysics and photo-
chemistry processes.

6.7 Embedding density matrix renormalization group in
environments

Chemical reactions and molecular spectroscopy are usually local phenomena,
which in principle can be well described with a small cluster model by using
a quantum mechanics (QM) method at a sufficiently high level of theory.
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However, an important aspect for the theoretical simulation of a molecular
system is the reasonable treatment of its complex environment, which might
be a solution, molecular matrices, or a biological protein. The direct incorpo-
ration of the environment into QM part will make the calculation infeasible,
primarily due to the large number of nuclear and electronic degrees of free-
dom. Nowadays, many theoretical chemistry approaches have been proposed
for describing the electronic structure of solvated molecules in environments.
Solvation models can be classified into two main categories, depending on
the way the environmental molecules are treated, that is, explicitly or implic-
itly. To describe the solvents explicitly with an affordable computational
cost, quantum embedding schemes are often used with a division of the
entire system into smaller less costly subsystems, usually a chemically active
part requiring higher QM level description and its environment described by
a more approximate theory, at either a classical molecule mechanics (MM)
or lower QM level. On the other hand, on the basis of the traditional non-
equilibrium solvation theory in continuum models, the solvent environmental
effect can be described with an implicit solvation model with cheaper
computational costs. In recent years, various combinations of DMRG with
different solvation models have been explored. This enables accurate calcula-
tions on large systems with strong electron correlations embedded in realistic
complex environments.

6.7.1 Density matrix renormalization group-in-density functional
theory

Dresselhaus et al. (2015) presented the first implementation of DMRG
embedded in a DFT environment (DMRG-in-DFT) by utilizing the frozen
density embedding (FDE) scheme (Wesolowski and Warshel, 1993). In FDE,
a specific subsystem DFT method, a subsystem is calculated in a KS
approach by adding an effective potential to the KS potential of the isolated
subsystem, assuming a constant (frozen) environmental electron density. The
FDE framework also allows for treating one active subsystem with a corre-
lated WFT method and the rest of the system with DFT, namely, WFT-in-
DFT embedding. Here we briefly review the theoretical framework of
Dresselhaus et al. (2015)’s implementation.

In WFT-in-DFT scheme, the total electronic energy Ei, can be calculated
in the following way:

_ pWFT | pKS-DFT | pOF-DFT
Eiq = ENFT 4 EKSDFT 4 pOF-DFT. (6.110)
Here ENFT, EXS™DFT "and EOF~DFT are the energy of the active subsystem

by WFT, the KS energy evaluated for the environmental electron density,
and the system—environment interaction energy, respectively. E;"C’tF T gives

the expected value of ()*'|H,|1)*") with H,e being the Hamiltonian of the
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isolated active subsystem. To account for the polarization effect by the envi-
ronment, the wave function |’(/JaCt) is expected to be fully relaxed with respect
to the environment. For describing the inter-subsystem interactions, an effec-
tive embedding potential, the functional derivative of EQF PFT over a subsys-
tem density, will be applied on each subsystem. For the active subsystem,

this reads as
Vg;;b [pacU penv] (r) = Vkin [pact + penv} (r) ~ Vkin [pact] (r)

+ Vye [pam + Peny | (1) = Ve [Paet) () 6.111)
n fpenv 2) enV(r)

ext

Here vy, is the functional derivative of the noninteracting kinetic energy
and vy indicates the exchange-correlation energy. vy gives the potential
caused by the nuclei of environmental subsystems. Therefore, to relax W)ac‘)

with respect to the environment requires a solution of the Hamiltonian

Mact

act - Hact + ngmb Pact> penv] (ri)a (6112)

where n, is the number of electrons in the active subsystem. To solve the
Hamiltonian of Eq. 6.112 by multiconfigurational WFT methods, one can
add the extra potential v, [paa,penv](r) onto the one-electron part of the
Fock operator. Consequently, the eigenvectors of the modified Fock operator
are used as new MO basis, and accordingly the one- and two-electron MO
integrals are updated for later electron correlation WFT calculations. To
achieve an accurate and self-consistent description for the mutual polariza-
tion between the system and surrounding environment, an iterative procedure
(known as freeze-and-thaw cycle) is usually implemented, in which the role
of system and environment is interchanged for the subsystems until conver-
gence is reached.

In Dresselhaus et al. (2015)’s work, WFT-in-DFT is extended to DMRG-
in-DFT by using DMRG-SCF as the WFT solver for the active subsystem.

6.7.2 Polarizable embedding density matrix renormalization group

Hybrid QM/MM framework, in which the most important part of the prob-
lem is treated by QM and the surrounding environment is described by an
empirical force field for discrete solvent molecules, is another widely used
explicit solvation model. Therein, the system—environment interactions are
usually approximated by electrostatic embedding (EE) or polarizable embed-
ding (PE) potentials. The EE potential, only accounting for the permanent
charge distribution of the environment, is represented by a multicenter multi-
pole expansion and accordingly neglects the QM part’s polarization effect on
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the environment. In order to account for many-body induction effects, that
is, the polarization of the environment both internally and by the QM core,
Olsen et al. (2010) suggested a PE scheme, in which the interaction with the
surrounding environment is modeled through an effective operator. This
effective operator represents the environment by multipoles [e.g., charges
q(r;), dipole moment (r;), quadruple moment Q,3(r;)] and polarizabilities
(o;) for each atomic center (and bond midpoint) i derived from QM calcula-
tions (usually with DFT) on subsystems of the environment.

In PE scheme, the interaction energy of environment and embedded sys-
tem (EP E) have both electrostatic and polarization contributions, E® and
EP!, respectively.

EPE = fes 4 ppol (61 13)

E® contains the interaction of all electrons in the QM region with the elec-
trostatic environment via a multicenter multipole expansion of the environ-
mental electrostatic quantities and the interaction of all multipoles within the
environment. EP?! describes the interaction of all electrons in the QM region
with the polarization of the environment by using distributed anisotropic
polarizability tensors c; on the environmental sites. The induced dipole
moments are updated in each SCF iteration, thus leading to a fully self-
consistent treatment of the polarization.

Hedegard and Reiher (2016) implemented the coupling of the PE
approach with DMRG as well as DMRG-sr-DFT. The developed PE-DMRG
and PE-DMRG-sr-DFT were then successfully applied for the study of the
first excited state of water and a retinylidene Schiff base within a channelr-
hodopsin protein.

6.7.3 Combining density matrix renormalization group with
reference interaction site model

Compared with the explicit counterparties, implicit solvation models provide
an efficient means to estimate solvation energies without the necessity to cal-
culate the solvent molecules explicitly and sample costly molecular dynam-
ics trajectories. For example, dielectric continuum models along with
parametrized terms are commonly used to obtain the long-range electrostatic
interactions, in order to partially include in some average manner short-range
interactions such as dispersion and exchange. However, such methods are
well known to be infeasible to illustrate local solvation structures such as
hydrogen bonding well. The reference interaction site model (RISM)
(Chandler and Andersen, 1972) is another representative implicit solvation
model based on integral equation theory for liquids. This method determines
the electronic structure of a solute molecule and the statistical solvent distri-
bution around the solute in a self-consistent manner. Recently, the combina-
tion between DMRG approaches with RISM has been successfully illustrated
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by Shimizu et al. (2018), providing a new tool for calculating the photo-
chemical properties of near-infrared molecules in solution.

The RISM method is a solvation theory of a statistical mechanical
approach, in which the solvation structure is represented by the spatial corre-
lation functions. In RISM, the total free energy A of the solvation system is
defined as the sum of the electronic energy of the solute (Egoy) and the sol-
vation free energy (Ap),

A = Egue + A (6.114)

~s0l .
The Fock operator for the solvated solute (FSO v) contains a solvent-

specific term (V),

~solv

P = P 4, (6.115)

where V expresses the solvent reaction field in RISM as
5 A 1P a'(r)
V=0 bqa |4nr* 22 ar.
PM Y] J e (6.116)

Here p is the number density of the solvent, b, indicates a population
operator of the solute, and ¢, points the partial charge on the solvent site.
gra(r) expresses a spatial pair correlation function between A (solute) and «
(solvent) with an inter-site distance of r, obtained by solving RISM equa-
tions. Thence, the combination of a WFT method with RISM is just modify-
ing the one-electron integrals through replacing the original Fock operator by
Eq. 6.115. The sketch of Shimizu et al. (2018)’s implementation of the
RISM-DMRG-CASPT2 method in a SS fashion is depicted in Fig. 6.4. For
the ground-state calculation, first the ground-SS (DMRG-)CASCI and orbital
optimization are performed, and consequently the obtained 1-RDMs are
passed to the RISM code for computing the electrostatic potential V induced
by the solvents. These electrostatic potentials are used to construct the sol-
vated Hamiltonian for the successive iteration. Once the wave function con-
verges, the obtained solvated Hamiltonian is used in ground-state (DMRG-)
CASPT2 to apply perturbation in solution. While computing the electronic
absorption energy, the potentials obtained from the ground-state calculation
are used to construct the solvated Hamiltonian for determining the excited
state; this corresponds to the calculation of the excited state with the solva-
tion structure fixed at the ground state. Finally, perturbation is applied in
solution for the excited state via SS (DMRG-)CASPT2 with the obtained sol-
vated Hamiltonian.

As it is well-known, and in the present book highlighted in Section 5.4,
the SSCAS treatment for the excited state typically suffers from the root-
flipping issue, which occurs when the approximate wave function leaves the
convergence basin of the target excited state and enters that of a different
excited state. To improve the convergence of the calculation under
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FIGURE 6.4 (A) Flowchart of the state-specific RISM-CASPT2 method for the ground (left)
and excited (right) state in calculating absorption energies. (B) Flowchart of the state-average
and damping procedure of the RISM-CASPT?2 calculation. CASPT2, Complete active space with
second-order perturbation theory; RISM, reference interaction site model. Reproduced from
Shimizu, R.Y., Yanai, T., Kurashige, Y., Yokogawa, D., 2018. Electronically Excited Solute
Described by RISM Approach Coupled with Multireference Perturbation Theory: Vertical
Excitation Energies of Bioimaging Probes. J. Chem. Theory Comput. 14, 5673—5679. https://
doi.org/10.1021/acs.jctc.8b00599;  Shimizu, R.Y., Yanai, T. Yokogawa, D., 2020. Improved
RISM-CASSCF Optimization via State-Average Treatment and Damping for Characterizing
Excited Molecules in Solution with Multireference Perturbation Theory. J. Chem. Theory
Comput. 16, 4865—4873. https://doi.org/10.1021/acs.jctc.9b01289, with permission from
American Chemical Society.

(DMRG-JCASPT2 (DMRG-)CASPT2

reasonable computational cost, Shimizu et al. (2020) later proposed a state-
average (SA) version of RISM-DMRG-CASPT2 method with damping
treatment for solvation, making feasible the analysis of a wider variety of
solvated molecules. Given method is expected to boost and benefit funda-
mental research, for example providing complementary information of near-
infrared molecular excitation and enabling the rational design of bioimaging
probes, where the possibly preferable SS treatment is intractable.

6.8 Summary and outlook

The quantitatively accurate computation of the electronic structure of large
and strongly correlated molecules and materials requires a balanced descrip-
tion of both static and dynamic electron correlations. In this chapter, we
briefly overview the recent efforts of developing post-DMRG methods
toward this aim which are usually based on the combination of DMRG and
other inexpensive MR quantum chemical methods or DFT. Although the
number of these developing methods is increasing quickly, by considering
the nontrivial treatment of high-order n-RDMs (n =3, 4), ab initio post-
DMRG methods can be characterized into two main categories, depending
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FIGURE 6.5 Schematic classification of post-DMRG methods according to the treatment for
n-RDMs (Cheng et al., 2022). DMRG, Density matrix renormalization group. Reproduced from
Cheng, Y., Xie, Z., Ma, H., 2022. Post Density-matrix Renormalization-group for Describing
Dynamic Electron Correlation with Large Active Spaces. J. Phys. Chem. Lett. 13, 904—915.
https://doi.org/10.1021/acs.jpclett. 104078, with permission from American Chemical Society.

on whether high-order n-RDMs are used (as the Fig. 6.5 shows). These
diverse and fruitful progresses provide powerful new tools for treating
dynamic correlation with a large active space, which is infeasible by using
traditional quantum chemistry methods. However, the popularization of post-
DMRG is far from being satisfactory, quite different from the situation in ab
initio DMRG, because post-DMRG’s efficient implementation in popular
quantum chemistry codes is still quite rare and its power in computing the
molecular gradients and response properties hasn’t been illustrated.
Moreover, new post-DMRG schemes are still greatly desired when treating
extremely strongly correlated systems.

The proper description of the strongly correlated subsystem’s chemical
environment is another important issue when applying ab initio DMRG and
post-DMRG methods to the “real-world” chemistry problems. In this chapter,

&)
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we also introduce the recent progresses of DMRG-in-DFT and PE-DMRG
using the quantum embedding schemes to describe the environment explic-
itly as well as the combination of DMRG and RISM solvation model which
treats the environment molecules implicitly. These efforts for describing the
strongly correlated subsystem’s chemical environment, together with post-
DMRG’s progresses of simultaneously treating the static and dynamic elec-
tron correlations, are going to make the highly accurate characterization of
the electronic structures in realistic strongly correlated systems possible. This
can be expected to greatly promote the theoretical studies of strongly corre-
lated materials in various fields, ranging from multicenter spin coupling in
spintronic devices to transition metal catalysis in biological photosynthesis.
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Chapter 7

DMRG in frequency space

7.1 Introduction

Calculating spectral function is of central importance in both quantum chem-
istry and condensed matter physics, which describes many frequency-
dependent dynamical properties that can be probed experimentally, including
linear absorption and emission spectroscopy, photoelectron spectroscopy,
optical conductivity, etc. When a physical quantity O of an equilibrium sys-
tem at zero temperature is perturbed by external perturbation, the spectral
function that describes the response is given by

S(w) = <O’(§T6(a}—ﬁ0 +E0)(5’0> (1.1)

where Hy is the Hamiltonian of the system at equilibrium, Ey and |0) are the

ground-state energy and wavefunction. The Dirac § function describes the

energy resonance condition between the external field and states transition.
The spectral function can also be obtained by the Fourier transform of

time correlation function <0’6T(t)(§(0)‘0> (up to a constant prefactor 1/27).

Therefore two different roads are paved for the calculation of the spectral
function: the frequency-domain methods and the time-domain methods. The
former directly calculates the frequency-dependent function (Eq. 7.1) and the
latter performs real-time evolutions to obtain the time correlation function

<O‘OT(I)O(O)’O> and then performs Fourier transform.

Density matrix renormalization group (DMRG) was initially developed to
study the equilibrium properties of many-body systems, and it was gradually
developed for dynamical quantity calculation. The earliest attempts in
extending it to study the dynamical properties started from the frequency
domain. In this chapter, we will present a pedagogical introduction of the
frequency-domain DMRG, including its theoretical foundation, algorithms,
and several applications adapted to different problems, and the next chapter
will introduce the time-dependent methods.

The pioneering work of frequency-domain DMRG originated from the
Lanczos algorithm, which is widely used to solve the linear equation and
the eigenvalue problem of large sparse Hermitian matrices. Gagliano and
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Balseiro (1987) first used the Lanczos algorithm to calculate the ground-state
wavefunction and spectral function at zero temperature. Soon after the inven-
tion of DMRG (White, 1992, 1993), Hallberg (1995) proposed the Lanczos
DMRG method by combining DMRG with the Lanczos algorithm, which
was easy to implement and numerically economic but limited to calculating
discrete spectral function made of only the first several low-lying states
(Kiihner and White, 1999). Later, based on the correction vector (CV)
method, Ramasesha et al. (1997) and Pati et al. (1999) proposed the CV-
DMRG. The CV method was originally combined with the valence bond
theory by Soos and Ramasesha (1989) to study the nonlinear optical prop-
erties of the w electron conjugated systems, which was accurate but only
applicable to small systems. CV-DMRG expanded the research scope to
more complex systems and exhibited very high accuracy. Based on the
essential working equations of CV-DMRG, Jeckelmann (2002) proposed a
more elegant method that works in a variational manner, called the dynam-
ical DMRG (DDMRG), and to date, it is regarded as the method of choice
for high precision calculations of spectral functions (Dorando et al., 2009;
Ronca et al., 2017). However, DDMRG is usually computationally expen-
sive since the time cost of DDMRG relies on the number of frequencies
that need to be calculated because the response at each frequency is calcu-
lated independently. Similar to the Lanczos algorithm, the Chebyshev poly-
nomial expansion method also employs a recursive manner to expand the
dynamical correlation function, and it has been successfully applied to the
calculation of optical absorption, conductivity, and other response proper-
ties of spin, phonon, and impurity models (Silver and Roder, 1994; Wang,
1994; Weisse, 2004; Weille et al., 2006). Holzner et al. (2011) combined
the matrix product state (MPS) with the Chebyshev polynomial expansion
and proposed the Chebyshev MPS (CheMPS) method, which gained good
compromise between the accuracy and numerical cost when applied to the
isotropic Heisenberg model. The resolution was increased by employing
the effective band with the energy truncation procedure (Holzner et al.,
2011) and employing the linear prediction (Ganahl et al., 2014) techniques
for extrapolation in some cases. Inspired by the linear response theories of
conventional quantum chemistry methods, the analytic linear response DMRG
(Dorando et al., 2009; Haegeman et al., 2013; Nakatani et al., 2014; Wouters
et al., 2013) was proposed by combining the time-dependent perturbation
theory with the tangent space of DMRG wavefunction to calculate the dynam-
ical quantities and achieved comparable accuracy with DDMRG (Dorando
et al., 2009).

Some of the algorithms have also been extended to finite temperature to
tackle the thermal effects on the dynamical quantities of many-body systems.
Kokalj and Prelovsek (2009) extended the Lanczos DMRG to finite tempera-
ture by sampling the initial state to approximate the thermal equilibrium
density matrix. Using the quantum mechanical technique of thermal field
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dynamics which is also called purification, Tiegel et al. (2014) presented the
finite temperature algorithms for CheMPS, and Jiang et al. (2020a) extended
DDMRG to finite temperature to study the thermal effects on the electron—
phonon coupled systems such as organic molecular aggregates.

In the following sections, we first recap the linear response theory and
give the formulation of spectral function. Next we pay attention to the algo-
rithm details at zero and finite temperature. Then we introduce several repre-
sentative applications in electron—electron/electron—phonon correlated
systems. Finally, we summarize and give further outlooks.

7.2 Spectral function in linear response regime

In this section, we briefly describe the linear response theory and give the
formulation of spectral function at zero and finite temperature. Unless stated
otherwise, the atomic unit will be used.

Considering a canonical ensemble described by Hamiltonian Hy at thermal

equilibrium of temperature 7', the density matrix is written as pg = e P /Z(5),
where Z(3) = Tr(e_ﬂﬁo) and 3= 1/kgT (kg is the Boltzmann constant). When

the system is perturbed by a time-dependent external field f(t)\}, the
Hamiltonian is written as

H()=Hy + f(1)V, (7.2)

where f(¢) represents the strength of the external field, and V is the observ-
able of the system that obeys V= VT. The system will respond to the pertur-
bation, and according to the linear response theory, the thermal expectation
value of the observable O at time ¢ is,

(0m), =(00), + J_ X(t = £)f(¢)dr, (7.3)

where é(T) = ¢iHom Qg7 and (), denotes the expectation with respect to
the density matrix p, - The equation is also called the Kubo formula (Kubo,
1957) and x(t — ') is the retarded Green function (other names are dynam-
ical correlation function and susceptibility, etc.) that is nonzero only if r > ¢

X(t=1)= =it =) [0G~1),VO)]), (7.4)

where 9(t — ') is the Heaviside step function and [, -] is the anticommutator
with [A,B]=AB — BA. The retarded Green function in frequency domain
can be obtained by the Fourier transform G(w) = j_oc dre™7(7), leading to

G(w) = GV(w) — GP(w) (7.5)
My e PEn <n 0 m><m 1% n>
= I 220 o B~ E i 7o
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GD(w) = lim e PEn <n|é m){m V’n)

7.7
n—0" o Z(ﬁ) w — (Em - En) +in (7.7)

which are expanded with the eigenstates of Ho. The operator-based formula-
tion can be written as:

. A 1 5 5 1 A
6 = i {0,z Vnn) = m{V g on) 09

where £ = [FI 0, "] acts as a Liouville superoperator, the eigenvalues of which
correspond to the difference between the eigenvalues of H,. These two terms
follow the relation of G(l)(—w)* = — G¥(w); hence, only the calculation of
the first term will be calculated. The second term can be dropped in some
cases, as will be described below. The imaginary part of G(w) is called the
spectral function which is proportional to the rate of absorbing energy from
the external field (Mahan, 2013),

Sop(w)=— %ImXa,v(w) (7.9)

At zero temperature, ImG(z)(w >0) =0, we have

n—0" w_ﬁ0+E0+in
=(0|068(w — Ho + E) V|0).

1 . 1 ,
§69(@>0)r = — —TIm lim <0 O0————V 0> 7.10)

At finite temperature, when the energy gap for excitation is large
compared to the thermal energy kg7, ImG®(w) can also be safely
neglected.

Several examples are given as follows. When o=V=_| (fv is the dipole
operator), S; ;(w) is proportional to the linear absorption cross section, and
ImGV(w), ImG®(w) represent the stimulated absorption and stimulated
emission respectively, the latter of which can be safely neglected for the
absorption in the visible and ultraviolet region at ambient temperature.
The correlation function of current—current operator corresponds to the
transport properties. As noted above, the operator O and V are both
Hermitian observables. In the case of non-Hermitian single creation or anni-
hilation operator, G(w) is also called the single-particle Green function,
and G(w) = GV (w) = G®(w) where the upper sign is for fermions and the
lower sign is for bosons (Mahan, 2013). When V / 0= ajT /a; where af& is the
fermion annihilation (creation) operator of the i(j)th orbital, ImG"(w) and
ImG®(w) describe the electron affinity and ionization of the photoelectron
spectroscopy separately.
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7.3 Algorithms at zero temperature

7.3.1 Lanczos density matrix renormalization group

To illustrate the algorithms at zero temperature, we use the single-particle
spectral function for simplicity, which writes

1 At 1 N
S(w)= ——Im lim <O O ——F+———0 O>

T 9-0" w—I—AIO+E0+in (7.11)

=" [(nl010)[*6(w — E, + E).

The second type of expansion is written in the Lehmann representation.
The Lanczos algorithm is the symmetric matrix version of the Arnoldi
method, the logic of which is projecting the primitive large sparse matrix
into the Krylov subspace spanned by the so-called Lanczos vectors. The
Lanczos DMRG method combines Lanczos algorithm with DMRG to calcu-
late the dynamical correlation function (Hallberg, 1995) by projecting the
Hamiltonian which is numerically inaccessible for exact diagonalization to a
tridiagonalized matrix Heg in the Krylov subspace,

ay by 0 0
by a by -, :
He=| 0 by - - 0 (7.12)
S T by
0 0 bnfl anp—1

the eigenvalues and eigenvectors of which can then be obtained by direct diago-
nalization and then be substituted back to Eq. 7.11 for the final result of
response. The Krylov space is generated by the Lanczos iteration procedure

starting from the initial Lanczos vectors [f_1> =0 and lfo> = OIO) / <O‘OA+OA‘O>

The rest of Lanczos vectors follow a three-term recurrence relation:

1) = Holfa) = anlfu) = b lfu-1)

_GlHl) o farilfun)
an = 7’bn+l TV
U;l Vn) U‘n lfn)
In addition to directly diagonalizing Heg, a smooth spectral lineshape
with a Lorentzian broadening width 7 can also be obtained by the continued
fraction expansion,

(7.13)

(0]¢'0]o)

N /i
I—ay— — =
z _a] _7*2.“

(W)= — ~Im (7.14)

which is subjected to a finite Lorentzian broadening width n with z = Ey + w + in.
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The algorithms of Lanczos DMRG can be roughly categorized into the
multi-targeting scheme and the adaptive scheme which are based on the
first-generation DMRG with renormalized operator, and the modern scheme
employing MPS and matrix product operators (MPO).

7.3.1.1 The multi-targeting scheme and adaptive scheme

The reason for employing the so-called targeting arises from the fact that
Ho |0) brings increasing errors for increasing n since Hy is approximated in
the form of renormalized operator. Therefore one makes compromise by con-
structing the reduced density matrix that suits only the first several vectors
as possible, which is called multi-targeting. Generation of Lanczos vectors
starts from the ground state |0) optimized by targeting the ground state itself
and the other Lanczos vectors simultaneously to construct the reduced den-
sity matrix p= >, ¢;|f;){f;y| where i is the index of the targeted vectors and
> c¢i=1. The reduced density matrix is expected to well describe both the
ground state and the targeted excited states, which on the other hand reminds
us that the increasing number of targeted vectors leads to decreasing accu-
racy for each vector. Therefore only the first few Lanczos vectors are
involved in the construction of the reduced density matrix, with which the
following higher excited states are usually not described well, making this
scheme restricted to calculate the discrete spectra made of the first low-lying
excited state (Kiihner and White, 1999). On the other hand, the loss of
orthogonality between Lanczos vectors because of the error accumulation of
the successive compressions further restricts the precision for higher excited
states’ calculations. It was proposed to monitor <fo [f,,> to decide whether the
iteration should be stopped (Kiihner and White, 1999).

As for the adaptive scheme, the idea of multi-targeting is kept but only the
last three vectors are targeted at one time, that is to say, the basis changes adap-
tively as the recursion moves forward, through which the accuracy is greatly
enhanced (Dargel et al., 2011). However, the reorthogonalization of Lanczos
vectors (as will be stated below) is not easy to be performed in this scheme.

7.3.1.2 The matrix product states/matrix product operators
scheme

Within the modern framework of MPS/MPO, each vector is independently
represented in the form of MPS, and the Hamiltonian will be precisely repre-
sented in the form of MPO. Then the Lanczos DMRG can be implemented
by conducting the elementary operations of MPO/MPS (Schollwock, 2011),
including the application of MPO onto MPS (I:I olfi)) where ﬁo is precisely
represented, and the summation between MPSs, and the following compres-
sions for controlling the bond dimension which is the only approximation
made in this scheme. Because of the accumulated errors by the successive
compressions for new Lanczos vectors, the three-term Lanczos recurrence rela-
tion will be broken and introduces nonorthogonalities. The nonorthogonality
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can be mended by employing a post-treatment for the primitive Lanczos vec-
tors, for example, the Gram—Schmidt reorthogonalization (Dargel et al., 2012).
The reorthogonalized vectors are expressed as

|60 =cn<1 -3 |¢m><¢ml> i)s (Gl Bn) = (7.15)

m<n

where ¢, is the normalization constant. The reorthogonalization cannot be
carried out directly, otherwise it involves adding a sequence of MPS that
brings errors arising from MPS compressions. The reothogonalization is
achieved by assuming that ’¢n> =3 Cin i>, and by putting it into the
Gram—Schmidt orthogonalization formula, the coefficient matrix C can be
calculated in a recursive style (Dargel et al., 2012) which uses the inner pro-
ducts Wj; = (fi|f;). After the reorthogonalization is complete, an effective
Hamiltonian in the Krylov space is constructed by,

Heit = (6 Hold,) = 3170 CinCim (fi Hol) (7.16)

The effective Hamiltonian matrix can be directly diagonalized for the
excited states and the corresponding transition amplitudes, with which the
spectral functions can be calculated.

Heren) = Ailn). (7.17)
— -1 2 _
S(w) = ¢ Zn‘<n|¢0>| 8w — Ay + Eo). (7.18)
We outline the procedure in Algorithm 7.1.

Algorithm 7.1: Lanczos MPS with reorthogonalization. MPS, Matrix prod-
uct state.

prepare operater o, O, and ground state |0).

generate first two Lanczos vector |fy), |f;)

: initialize W;; = (£|£), F; = (f1Holf;) for i, j€[0,1]

procedure vector generation

forn=1ton=N-1do

Ifo1) = minil|foi1) = (Ho = an)lfo) = bl o)
an < (Tl Holf) / (falfo), Dy = (o o) /{fal o)
for j=0to j=ndo R
Vv/'n = Wn/(_“;lfn)/ F/'n = Fn](_U;lH(Jlfn>

10: end for

11:  end for

12: end procedure

13: procedure reorthogonalization

14:  C <« RecursiveGramSchmidt(W)

15:  Het — MatrixMultiply (CT, F, C)

16: A, |n) < Diag(Hes)

17:  end procedure

XN O Uk W N =

Q0
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7.3.2 Correction vector density matrix renormalization group

To solve the spectral function (Eq. 7.11) at a fixed frequency w, one can
introduce the CV (Soos and Ramasesha, 1989),

1

———|0), (7.19)
w — HQ + E() + l’f]

|Cw)) =
where |0) = 010). It is straightforward to get the following linear equation
of |C(w)),

(w—Ho + Ey + in) |C(w)) = |0), (7.20)

and by only solving for |C(w)), the spectral function is directly obtained,
1
S(w) = ——Im(0|C(w)). (7.21)
m

Because (w — Ho + Eo + in) is non-Hermitian, the above equation is typi-
cally not solved directly. Instead, the common treatment is multiplying both
sides of the linear equation by (w — Ho + Eo — in) and splitting |C(w)) into
the real and imaginary part, and the latter one satisfies a real symmetric and
positive definite linear equation,

[(w—Hoy+Eo)* + 7*|Im|C(w)) = — 1]O) (7.22)
Re|C(w)) = Wlmw(w)). (7.23)

Since the spectral function merely relates to the imaginary part Im|C(w)),
CV-DMRG aims at Eq. 7.22, which can be solved by a sweeping manner in
the local renormalized basis using the conjugate gradient method. During the
process of sweeping, the reduced density matrix is averaged over |0), |O),
and Im|C(w)) (p= 3 ,¢;p;, D¢y =1), in order to optimize a single set of
renormalized basis for all of them. In addition, a sightly improvement can be
made by also including Re|C(w)) in the averaged reduced density matrix,
which ensures minimal truncation error when calculating Holm|C(w))
(Schollwock, 2005), although Re|C(w)) is not explicitly needed to calculate
Eq. 7.21.

The main approximation made within the representation of renormalized
basis is that the projected Hamiltonian of the ith site is represented as
Ho; = P;H,P;, where P; = Za,;l,ai,a,»‘laifl 0ita ){lu,0iT4,| is made of a mixed
canonical MPS (for the graphical representation, see also Fig. 7.1). As a con-

sequence, ﬁiﬁéﬁi cannot be precisely given but only be approximated by

(P:H,P;)>. This approximation becomes rigorously accurate when the bond
dimension m — + oo, which means extra error for a finite m. This drawback
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1) 7

FIGURE 7.1 The mixed canonical representation of wavefunction composed of left-canonicalized
matrix product, canonical center and right-canonicalized matrix product.

can be mended by employing the MPO representation of H,, as will be intro-

. . . . A2
duced in the next section. Moreover, the introduction of H in Eq. 7.22 leads
to a roughly squared condition number, and when the Lorentzian broadening
width 7 is small, the equation becomes quasi-singular at the resonance posi-

tion of w and Hy — Ey. The preconditioned treatment such as using the solu-
tion relating to the matrix composed of only the diagonal elements is often
employed to improve the convergence.

Compared to Lanczos DMRG in the previous section that employs one
set of renormalized basis for the responses of all frequencies, one unique set
of basis is tailored for each frequency in the procedure of CV-DMRG, lead-
ing to much improved accuracy. In principle, CV-DMRG possesses the flexi-
bility of arbitrarily choosing the artificial broadening width and the number
of frequency points to obtain a spectrum with desired resolution, while in
practice the numerical cost shall be taken into consideration. Higher resolu-
tion usually means smaller broadening width and more dense frequency
points to be computed, which accordingly requires higher numerical
resources: on the one hand, a large amount of frequencies need to be calcu-
lated independently, although this drawback allows for natural paralleled
computations at the same time. The converged CV can be used as the initial
guess for the adjacent frequency for apparent accelerations; on the other
hand, a smaller 5 in Eq. 7.22 increases the condition number thus the diffi-
culty of solving the equation, so there are trade-offs to be made. Kiihner and
White (1999) mentioned that considering the large amount of computations,
a dense set of frequencies is not necessarily computed using CV-DMRG, and
as for the calculation within the region of [w;,w;], when n~w) — w;, one
can only calculate the CV at w; and w,, and the response of those frequen-
cies inside this interval can be calculated using the more economic Lanczos
DMRG by providing a better basis that employs |0), |O) together with the
CV of both w; and w, for approximating Hamiltonian. One shall keep in
mind that this is under the assumption that the CV of w; and w; can fairly
reflect the responses near to them.

Recently, Nocera and Alvarez (2016) proposed a method that employed
the Lanczos method for solving the CV |C(w)): when optimizing a local site
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during the sweeping process, the effective Hamiltonian is transformed into a
tridiagonalized matrix through the Lanczos algorithm: Ho=VITV, and the
the 7 matrix is directly diagonalized by T = STDS where D is the diagonal
matrix made of the eigenvalues of the T matrix:

|C(w)) = VTS ;_SWO). (7.24)
Ey+w—D+in

This method is essentially different from the Lanczos DMRG, and the
Lanczos method here serves as an alternative solver for CV, which avoids
directly solving ill-conditioned linear equations. The reduced density matrix
for Lanczos recurrence considers the contribution of |C(w)) compared to the
original Lanczos DMRG, namely, it still employs different renormalized

basis for different frequency points.

7.3.3 Dynamical density matrix renormalization group

More frequently used CV approach is the DDMRG, which is a reformulation
of CV-DMRG in terms of the variational principle (Jeckelmann, 2002).
DDMRG transforms the task of solving the Eq. 7.22 for CV to a minimiza-
tion problem for functional F,

= (X(w)| (w—Ho+Eo)” + n2|X(w)) + 27(0|X(w)). (7.25)

F finds its minimum when |X(w)) = Im|C(w)), and one important feature
is that the spectral function S(w) in Eq. 7.21 equals — Fy, /7, which means
the explicit use of CV is not necessary for obtaining S(w), and this leads to
increased accuracy: the numerical error of S(w) drops from O(¢) to O(e?), if
the error of the obtained |X(w)) is O(¢) by adopting the minimization proce-
dure. The problem now turns into calculating F,,;. The minimization of
F employs a variational manner, and the working equation for a local site
i comes from the variational treatment of the local site matrix A% while
keeping the rest of matrices fixed,

aF(a[i(SJ)] 2(X(w)| (w—Ho +Eo) | — X(w) ) + 21(0] % X(w)) =0
(7.26)

For clear demonstration, we graphically illustrate Eq. 7.26 that is formu-
lated with the structure of MPS/MPO (Jiang et al., 2020a), see Fig. 7.2.
Here, the MPS provides a mathematical ansatz for the CV.

This linear equation can be solved via standard iterative methods such
as the conjugate gradient method. Eq. 7.26 and Fig. 7.2 describe the “single-
site” algorithm that optimizes one local matrix at a time, and the procedure
is outlined in Algorithm 7.2.
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FIGURE 7.2
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(A) The linear equation problem for optimizing A”; (B) when sweep from right

to left, perform the SVD of A% each time after solving the local linear equation and update the
local site A% and meanwhile obtain the guess for A%-'. SVD, Singular value decomposition.
Reproduced from Jiang, T., Li, W., Ren, J., Shuai, Z., 2020a. Finite temperature dynamical
density matrix renormalization group for spectroscopy in frequency domain. J. Phys. Chem. Lett.
11, 3761—-3768. https://doi.org/10.1021/acs.jpclett.0c00905, with permission from American
Chemical Society.

Algorithm 7.2: Single-site dynamical DMRG. DMRG, Density matrix renor-
malization group.

20:
21:
22:

prepare operater Ho and O, ground state |0).
generate initial guess of left canonical |X) =3_,, AT A% .. A7N-1,
for j =0 to j = max_iter do

if j is even:
procedure right_to_left_sweep
fori=N—-1toi=1do
o FIX(@)] =0
U, S, VT —SVD(A")
update A% « VT, A% « A% S
end for
end procedure
if (F; — Fj—1)/F; <e break
elif j is odd:
procedure left_to_right_sweep
fori=0toi=N-2do
5 FlX(w)]=0
U, S, VT «SVD(A%)
update A% « U, A% « SVTAm
end for
end procedure
if (F; — Fj—1)/F; <e break
end for

Similar to the difference between the “single-site” and “two-site” ground-
state optimization, the extension to the “two-site” algorithm is fairly straight-
forward. The “two-site” algorithm is numerically more expensive but can
prevent from being trapped to a local minimum. In the first-generation

)
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DMRG in terms of renormalized operator, the implementation is the same as
CV-DMRG with the targeting state |X(w)), the ground-state wavefuction |0)
and |O). The targeting states share one set of renormalized basis by state
averaging (Jeckelmann, 2002). In contrast, here all of them are accurately
represented by independent MPSs, which enables increased accuracy.
Meanwhile, the local effective Hamiltonian is based on the renormalized
basis in the traditional DDMRG (see discussion for CV in the previous sub-
section), so those moments with higher order such as (X'|(w—Ho)*| % X)
are approximated (see discussion in Section 7.3.2), while the use of MPO
allows precise representation of all operators appeared in Eq. 7.26.

7.3.4 Chebyshev matrix product states

The CheMPS (Holzner et al., 2011) addresses the ¢ function formulation of
the spectral function:

S(w) = (0[0"6(w ~ Fio + E0)0|0). (7.27)

CheMPS combined the kernel polynomial expansion (Weille et al., 2006)
with MPS to approximate the § function. A general function f(x) can be
expanded by the Chebyshev polynomials,

f)=

1 1 0 1
(J dxf(x)To(x) + 2 T,(x) J dxf(x)T, (x))
T/ 1-x2 \ )= e -1

where T),(x) follows the recurrence relation:

To(x) =1,
Ti(x) = x, (7.29)
Tn(x) = 2xTn*l(x) - Tn*2(x)’n =23,

The expansion only holds when xe[ —1,1] out of which the norm of
polynomial will diverge. When dealing with the § function in Eq. 7.27, one
should rescale and shift the frequency w and (the eigenvalues of) Ho — Ey
into [ — 1, 1] (in practice into [ — W', W'] where W’ is slightly smaller than 1
to ensure the numerical stability). The rescale and shift operation is defined
by a function w =f(w') and FIO =f(Ho — Ey) where f(x)= ’% - W,
a = (Emax — Emin)/2W’, and Epaxmin) correspond to the largest (smallest)
transition energy. The ground state of Hy and —H, can be calculated for the
lowest and highest energy of the system and then the transition energy can
be determined. Sometimes, not all states are involved in the transitions,
depending on the problems investigated, the quantum number (gn) con-
straints can be used to extract the energy window that involves energy transi-
tion. A smaller value of Ey.x — Emin speeds up the convergence rate of
Chebyshev expansion. For instance, for linear optical absorption or emission
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spectroscopy of exciton models, the transitions happen between spaces with
gn =0 and gn = 1, where gn denotes the number of exciton, and thus we can
only calculate the transition energies between these two spaces to determine
Emax and Emin-

The ¢ function is approximated by

N—1

q - ’ S84 1 04 ’
oo+ Eo) = a0/ = ) ~— s (gO 23 T, (HG) T ))
-

(7.30)

The approximation in Eq. 7.30 becomes exact in the limit of the expan-
sion order of N — co. Otherwise, the damping factor g, should be used. A
finite N without using g, leads to the so-called Gibbs oscillation (Holzner
et al., 2011). The introduction of g, let the spectral function become smooth,
for instance, the most commonly used Jackson kernel with the damping fac-
tor (Eq. 7.31) mimics the effect of frequency-dependent Gaussian broadening
with width n (Weile et al., 2006).

J_ (N —n+ 1)cos 3 + sing75 cot 57

ES
7.31
" N+1 (7.31)
7 =41 —w’z%,nZan’ (7.32)
Substitute Eq. 7.30 back to Eq. 7.27, then
1 N-1
S(w) = ———=|8ottg +2 ) _ gutt, Tu()|, (7.33)
ary/'1—w? Ho ; a

where p, = (t,|to) is called the Chebyshev moments. Following the three-
term recurrence relation of Chebyshev polynomials, the Chebyshev vector
|t,) satisfies the recurrence relation,

It = 2H(|tu—1) — |ta-2), (7.34)

with |7p) = 0[0) and |1;) = Hj|to).

The rescaled I:I{) is represented as an MPO and the generated Chebyshev
vectors are each represented by an MPS. To prevent the exponential growth
of the bond dimension of Chebyshev vectors, |f,) is approximated by |tZ’) in
terms of a MPS with a fixed virtual bond dimension m by the variational
compression called “recurrence fitting” which minimizes

Agic = ||16) = 2H{lt0—1) +1t—2) | (7.35)
0N, olm) ey _
aXl - O 2<tn 1 |H0 8X, (tn*2| 6X,~ - Xl (736)
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/'_“ﬂ
sweep

FIGURE 7.3 Graphical representation of the single-site variational optimization of Chebyshev
vector |t:,"). L (R) denotes left (right) canonical matrices. Reproduced from Jiang, T., Ren, J.,
Shuai, Z., 2021. Chebyshev matrix product states with canonical orthogonalization for spectral
functions of many-body systems. J. Phys. Chem. Lett. 12, 9344—9352. https://doi.org/10.1021/
acs.jpclett.1c02688, with permission from American Chemical Society.

where X; is the canonical center of the MPS ‘t,’:’). The minimization is graph-
ically represented in Fig. 7.3. Eq. 7.35 can also be minimized with two-site
algorithm which avoids local minimum but is more expensive. We outline
the procedure of Chebyshev MPS in Algorithm 7.3.

Algorithm 7.3: Chebyshev MPS. MPS, Matrix product states.

prepare operater Fo, O, and ground state |0).
procedure rescale Hamiltonian
calculate minimal and maximal transition energy Emin and Emax-
Fig— Rescale(Ho, Emins Emax)
end procedure
generate first two Chebyshev MPS [t} < O|0), |ty) « H{|to)
procedure vector generation
forn=1Tton=N-1do )
9% ltgeryeminiltaen) = (2F61t0-1) ~ 1ta2)) |
10: plnle {talto) X gln]
11:  end for
12: end procedure
13: procedure calculate spectral function
14:  for w=wp to w=wg_1 do
15: W'« Rescale(w, Enin, Emax)
16: T[0:N — 1]« ChebyshevRecurrence(w’)
17: Slw]« (u[0] + 24 TT) X coeff(w')
18: end for
19: end procedure

PN AERPN 2

According to Eq. 7.32, the spectral function is obtained with the
frequency-dependent resolution which is proportional to 1/N and
Erax — Emin. Considering the fact that the frequency range with a finite
dynamical response called the spectral width (W) is often significantly nar-
rower than the full many-body bandwidth W = E.x — Enin, an effective

)
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bandwidth W* smaller than W can be adopted in the rescaling implementa-
tion to increase the resolution. However, if doing so, an additional
higher-energy truncation procedure has to be included to throw away the
higher-energy components coming from the eigenstates of 1:16 that fall outside
of [—1,1]. Otherwise, the newly generated Chebyshev vectors diverge
rapidly. Each time after compressing the newly generated Chebyshev vector,
the truncation is implemented in the traditional DMRG-like sweeping proce-
dure by first constructing a Krylov space of the local site and then project out
the higher-energy components. Nevertheless, the energy truncation procedure
cannot be formulated in a variational way as the ground-state calculation, that
is, there is no criterion to decide when to stop the sweep process and how
large the Krylov space should be constructed for the local site, so one should
assess the accuracy of using different combinations of parameters before the
real calculation. It was also shown that the energy truncation increases the
entanglement (bond entropy) (Holzner et al., 2011). All these facts stated in
this paragraph complicate the application of CheMPS to those systems having
especially broad full many-body bandwidth but narrow spectral width such as
the electron—phonon systems.

There is another approach to increase the resolution. The idea is behind
the fact that the damping factor is used to cure the Gibbs oscillation because
of finite expansions, which also leads to the reduction of the resolution. The
linear prediction which makes predictions by the extrapolation of the previ-
ous data points was proposed to monitor the decay of the Chebyshev
moments so as to discard the Gibbs oscillation in the absence of damping
factor (Ganahl et al., 2014).

Similar to the Lanczos MPS method, CheMPS follows a three-term recur-
rence relation that proceeds by variational compression of new vectors using
Eq. 7.35, which is the primary approximation made in CheMPS. Therefore
the recurrence relation will be broken because of accumulated errors, a post-
treatment by orthogonalizing the primitive Chebyshev vectors and construct-
ing a Krylov space (Xie et al., 2018) (similar to what was used in Lanczos
MPS, see Algorithm 7.1), in which the three-term recurrence relation can be
strictly preserved, and the accuracy and efficiency will be effectively
increased. Sometimes, the linear dependency between the Chebyshev vectors
makes the Gram—Schmidt orthogonalization numerically unstable. A numer-
ically stable canonical orthogonalization approach (inspired by Lowdin’s
orthogonalization in electronic structure calculation) was later presented and
significantly increased the accuracy of CheMPS (Jiang et al., 2021).

The canonical orthogonalization assumes the orthogonal vectors are line-
arly combined by the primitive N vectors,

N—1
|60) = D Cnlts)s (Dl dn) = S (7.37)
i=0
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The C matrix is obtained by first diagonalizing the overlap matrix S of
the primitive Chebyshev vectors (S; = (;|t;)) by S=UTDU, where D is
diagonal with elements being the eigenvalues of S. Then we have
C=UD"'2. The effective Hamiltonian matrix in the Krylov subspace
spanned by the new orthogonal vectors is,

N—1

Heff,mn = (¢m|H(S|¢n) = Cimcjn<ti|H(§|tj> (738)
ij=0

Hegr 1) = Ayln) (7.39)

Finally the spectral function is calculated by
S(w) = a_lz |<n|t3>

where ’t(*)> is the first Chebyshev vector that represented in the new basis set
by |t5)= Si2g Ciltolt)]j). We outline the procedure of CheMPS with
canonical orthogonalization in Algorithm 7.4.

W = M) =a Y Q6 = A) (7.40)

Algorithm 7.4: Chebyshev MPS with canonical orthogonalization. MPS,
Matrix product states.

prepare operater My, O, and ground state |0).

procedure rescale Hamiltonian
calculate minimal and maximal transition energy Enin and Emax.
Fig Rescale(Ho, Enmin, Emax)

end procedure

generate first two Chebyshev MPS [tp) < OlO), l6) « H8lto)

initialize W;; = (), Fj = <t,-|I:I(§|t/-> for i,j€[0,1]
procedure vector generation
9: forn=1Tton=N-1do

S AR A I e

I 2
100 Jtyer) = minltgn) = (2 1t01) = lt0-2)) |
11: for j=0to j=ndo
12: Wjo = Way = (£1fa), o = Foj = (£1F131f,)
13: end for
14:  end for

15: end procedure

16: procedure reorthogonalization

17:  C« CanonicalOrtho(W)

18:  He < MatrixMultiply(CT, F, C)

19:  Ap, In) < Diag(Heg),n=0,1,---,N—1
t5) « MatrixMultiply (CT, W0, :])
21: forn=1ton=N-1do

220 Qe |(nf)]’
23:  end for

24: end procedure
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7.3.5 Analytic linear response density matrix renormalization
group

We may as well group those algorithms (Lanczos DMRG, CV-DMRG,
DDMRG, and CheMPS) stated above into one category since all of them
are incorporating the independently existed method (Lanczos method, CV
method, and Chebyshev polynomial expansion method) with DMRG or
MPS/MPO as the supporter to calculate the spectral function. In contrast,
the analytic linear response DMRG that will be introduced in this section is
inspired by the linear response theories of conventional quantum chemistry
methods (Dorando et al., 2009; Wouters et al., 2013; Haegeman et al.,
2013; Nakatani et al., 2014).

First, we briefly review the canonical representation of the wavefunction
(also see Fig. 7.1),

0 0) ~(0) (0 0
W) = ZL(I )Lg_)lcl( )R§+)1 R§V)|Ul UlUN> (741)
{i}
where the right superscripts represent that the system is unperturbed. When

the system is perturbed by the external electromagnetic field
V(t) = Ve! + V=e~ ! the local site matrix responses,

Li(t)= (LEO) + LE”([) + ...)efiEgt
Ci() = (€0 + V() + - )e i a2
Ri(t) = (REO) + RE')([) + ...)e*iEgt

Substitute Eqs. 7.41 and 7.42 into the time-dependent Schrddinger
equation i0,C;(t) = H;(t)C;() and maintain the first-order terms, the linear
response matrix of the ith site Cgl) (w), C,(l)(— w) satisfies

(HO = o+ 1) () = = 0(AH (@) + V) ¢ (7.43)
(ng0> (B — w),> CO(—w)= - Q(AH?’(—W) + v}“*) c¥ (744

where 0=1— CEO)CEO)Jr assumes the intermediate normalization condition.
AHZ.(D( * w) is the linear response of the effective Hamiltonian of the ith site,

which in turn relies on Cfl)( * w), and therefore Eqs. 7.43 and 7.44 should be
solved iteratively. The entire linear response is obtained by a sweeping man-

ner: when sweeping from left to right, after solving for Cf-l), Lgl) needs to be
updated, and one can solve the equation of its column vector l}}),
0 1
(Dl =0 )10 = — oD (7.45)
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where the projection operator QF =1 — LEO)LEO)T. The zeroth and first-order
response density matrix of the ith site are defined as,

DEO) = CEO) CﬁO)T (7.46)
D(l) =cOcOt 4 C(I)C(O)T’ (7.47)

and then move to the (i + 1)th site to get Cl(}r)l

The polarizability (w > 0) can be obtained after having the converged lin-
ear response wavefunction:

G'(w)= C(O)T,ugo)c(l)(w) + C(m(w),ugo]C(O) + C(O)T,ugl)(w)C(O) (7.48)

where ,uﬁo) is the projection of the dipole operator at the renormalized basis
of the ith site, and CV(w) is the linear response wavefunction at w after the
perturbation from external field.

7.4 Finite temperature algorithms
7.4.1 Lanczos density matrix renormalization group

The calculation of spectral function at finite temperature relies on getting the
thermal equilibrium density matrix, with which the algorithms at zero tem-
perature can be slightly modified for the finite temperature case. The density
matrix of thermal equilibrium mixed state at 7 > 0 can be represented by

p=—e M= Z|n Enin|, B=1/kgT (7.49)

where Z is the partition function. Note that all notations are identical to those
in Section 7.2. By sampling R normalized states |r) with random amplitudes,
the thermal density matrix p can be approximated as

p~—Ze (i 1) = 3 enln) (7.50)

With the random sampling treatment of the initial state, Kokalj and
Prelovsek (2009) extended the Lanczos DMRG to finite temperature. A tri-
diagonalized matrix Heg can be obtained by performing the Lanczos itera-
tion on |r), then He is diagonalized to obtain a set of eigenvectors |¢);) and
the corresponding eigenvalues €/(i =1,2, ---,M). Therefore e PHo/2|p) can
be approximated as

jr

M
= e T Wlr), (7.51)

i=1
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then the density matrix is approximated as

R M
bl Z= 2 ZZe‘ﬁ%‘ [l P (7.52)

=1 r=1 j=1

Mx

N
P~ 7R

For the spectral function,

1 p At 1 N
GV(w) = = “BE( 1O _ Oln ), 7.53
@) ZZe 7! w— (Ho — E,) +in & (7.53)

n

use the approximation of random sampling,

N e !
GCM(w) =~ ZZe 5

r=lij= — € "—e{) +in (7.54)
x (rl) (|0 \wf’><wf’lélr>

where ‘w0’> and eO’ are the Lanczos vectors and the corresponding eigenva-
lues by using olr) as the initial state to perform the Lanczos iteration.

The accuracy of this method relies on the number of states being sampled
for the construction of density matrix, indicating the suitability for situations
with relatively low temperature. However, it often requires a large number
of states to be sampled for high temperatures. As will be introduced in
Chapter 8, a more rigorous approach using the imaginary time evolution for
the thermal density matrix has become more popular for obtaining the ther-
mal density matrix.

7.4.2 Dynamical density matrix renormalization group
The response function S(w) at finite temperature (see Section 7.2) reads
Sw)= -+ limmTro — L 6; (1.55)
W)= —— .
Typ—0* w—L+in Ps

Jiang et al. (2020a) extended the DDMRG method to finite temperature
with the help of the purification technique that provides the thermal equilib-
rium. Accordingly, they defined the CV at finite temperature as

1 n1/2
C —— , 7.56
(w) = w=L+iphPs (7.56)
where f)l/ * can be obtained by the imaginary time evolution (see Chapter 8

for details), and C(w) is in the form of MPO, whose imaginary part X(w)
satisfies the following real symmetric and positive definite equation:
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FIGURE 7.4 Graphical representation of DDMRG’s working equation for optimizing single
local site at finite temperature. DDMRG, Dynamical density matrix renormalization group; MPO,
matrix product operator. Reproduced from Jiang, T., Li, W., Ren, J., Shuai, Z., 2020a. Finite
temperature dynamical density matrix renormalization group for spectroscopy in frequency
domain. J. Phys. Chem. Lett. 11, 3761—3768. https://doi.org/10.1021/acs.jpclett.0c00905. With
permission from American Chemical Society.

(W=7 + 1) X(w) = =00}, (7.57)
basing upon which the functional F is constructed,
F= Tr{xT (w=2)° +12)X + 2nx"Op)/ 2} (7.58)

Similar to the zero-temperature case, F finds its minimum where X(w)
satisfies Eq. 7.57, and S(w) = — Fp, /7. X(w) can be obtained by solving
the equation OF /0Aj =0 iteratively in a variational way (Schollwock,
2011), which is graphically represented in Fig. 7.4.

OF
0A“i

oX
0A“

12, 0X
Ps MGA“"

X A X
Ho+X"——

Trd X1 [(w—l:lo)z +,,72] +2XT(LU—I:IO) A 3A‘7"I:13 +,

(7.59)

The complexity for solving the linear equation at finite temperature is
O(m*p*), compared with O(m*p?) at zero temperature, which could be a
vast increase of numerical resources especially for the electron—phonon sys-
tems that typically possess a large physical bond dimension p (tens or hun-
dreds) of the local phonon mode.

7.4.3 Chebyshev matrix product state

In Section 7.3.4, we introduced the CheMPS method at zero temperature.
Tiegel et al. (2014) combined it with the purification technique to calculate
the spectral function at finite temperature.
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S(w) = Tr{ pY20" 8w — £)0pY 2} (7.60)

Similar to the procedure at zero temperature in Section 7.3.4, w and the
operator &£ should be rescaled first. Considering the case of frequency lying
in the full many-body band [Epin, Emax], the projection works as follows,

, W Enin

E=—W I/=4I_Emm
a ’ a

- W, (7.61)
the 6 function is rewritten as

Sw—X)= éé(w’ —X)

N-1 (7.62)

1
N +2 2T (LNT (W
mm<go Zg (L) (w))

this equation is substituted back to Eq. 7.60, and a formula same as the zero-
temperature case is obtained, see Eq. 7.33, where the Chebyshev moments
w,, = Tr{t,fo}, and 7, satisfied the following recurrence relation,

f,, = Zi/fnfl - lAnfz, (763)

with the initial vectors f) = éf);/ 25 =X,

7.5 Applications

With all these efforts, the DMRG methods in frequency space discussed in
the previous sections have been extensively applied in calculating the
dynamical properties of electron systems, electron—phonon systems, spin
systems, etc. Some representative applications that study the dynamical
quantities of many-body systems or examine/benchmark the performance of
numerical methods will be presented in this section.

7.5.1 Electron system

The frequency space DMRG methods have been used to study the dynamical
quantities of many-body electron systems, including the Hubbard model and
its extensions, the Anderson impurity model, and ab initio quantum chemis-
try Hamiltonian. Earlier applications were applied to study the optical prop-
erties of conjugated polymer described by the (extended) Hubbard lattice
model (Chapter 3 discussed the electronic structure investigations using
DMRG). In organic semiconductors, the electron/hole pair of an exciton is
bounded locally compared to the inorganic counterparts. The inorganic semi-
conductors typically have a large dielectric constant €>10 so that the
Coulombic interaction is well screened, and, hence, the single-electron band
model is often appropriate. However, as for the organic semiconductors, the
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FIGURE 7.5 The graphical representation of the extended Hubbard—Peierls model.

intermolecular interaction is dominated by relatively small van der Waals
force and the typically small dielectric constant € ~2 — 4 cannot exhibit well
screening effect. The binding energy of the electron—hole pair generated by
the photon excitation is greater than the bandwidth of single electron band,
thus the electron and hole are generally bounded. The extended
Hubbard—Peierls model is a simple treatment to consider the attractive
potential of the electron—hole pair,

H==Y"1[1+(-1)s] (éjae,-ﬂﬂ + h.c.) + U iy + VS (= DG — 1)

1

(7.64)

where ¢ is the nearest hopping integral, ¢ is the parameter for adjusting the
bond length, U is the on-site Coulombic repulsion, and V is the nearest
Coulombic potential. A graphical representation is shown in Fig. 7.5.

With this Hamiltonian, Pati et al. (1999) investigated the third-order
polarizability of different length, see Fig. 7.6. In Section 7.2.2, we only intro-
duced how to calculate the linear response function using CV-DMRG,
although the nonlinear response has a more complicated form, it can be cal-
culated using CV-DMRG within the same framework (Ramasesha et al.,
1997; Pati et al., 1999), see the third-order polarizability shown in Chapter 3.

Jeckelmann (2002) applied DDMRG to calculate the current—current cor-
relation function of the extended Hubbard—Peierls model (V =0) to obtain
the optical conductivity, see Fig. 7.7. If the Hubbard term (U =0) in
Eq. 7.64 is again neglected, the Hamiltonian describes the free electron sys-
tem, the optical conductivity of which is exactly solvable, which is regarded
as one criteria to test the accuracy of DDMRG, and according to Fig. 7.7,
the DDMRG result rigorously overlaps with the exact result.

Dorando et al. (2009) developed the analytic linear response DMRG
method and applied it to calculate the polarizability of oligodiacetylenes
(ODAs) and the result is compared with the DDMRG result. It was found that
for relatively smaller m (e.g., m = 25), DDMRG gave poor polarizabilities in
some cases, and some of the relative errors even reach 50%. By contrast, the
results from the analytic linear response DMRG are more reasonable than
DDMRG. This was explained that DDMRG suffers from using one set of
DMRG beasis to represent both the zeroth and response vectors, and we antici-
pate the improved accuracy if adopting different MPSs to represent the zeroth
and response vector separately, as stated in Section 7.3.3. With the increase of
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FIGURE 7.7 (A) Peierls insulator with U =0 and ¢ = 0.3, both DDMRG result for a 128-site
chain and the exact result in the thermodynamic limit are shown (broadening width 7 = 0.05¢);
(B) optical conductivity on a 128-site chain for: Mott—Hubbard insulator with U =3z,6 =0
(dashed), Peierls insulator with U =0,6=0.15 (dot dashed), and Hubbard—Peierls insulator
with U =2.31,6 =0.075 (solid), broadening width n=0.1z. Reproduced from Jeckelmann, E.,
2002. Dynamical density-matrix renormalization-group method. Phys. Rev. B. 66, 045114. htips://
doi.org/10.1103/PhysRevB.66.045114, with permission from American Physical Society.
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m, both methods converge gradually, and when m =250, the results from
DDMRG are a little bit better than the analytic linear response DMRG. Ronca
et al. (2017) also applied DDMRG to calculate the single-electron Green func-
tion to obtain the photoelectron spectrum of quantum chemical systems with
ab initio Hamiltonian, and the full configuration interaction results are used as
the benchmarking results to compare the performance of DDMRG and time-
dependent DMRG (TD-DMRG). Apart from this, they also applied DDMRG
to precisely calculate the core ionization energy of the O 1s orbital of water
molecule.

Jiang et al. (2021) combined CheMPS with canonical orthogonalization
(coCheMPS), and applied it to calculate the photoelectron spectra of ab inito
Hamiltonian. The coCheMPS exhibited both high accuracy and efficiency as
compared with other state-of-the-art DMRG methods, as shown in Fig. 7.8.
Such system is with relatively discrete density of states; however, the appli-
cation to electron—phonon systems with dense states should be cautioned (as
shown by Fig. 7.12). The algorithm did not adopt the spin adaptation with
which the performance can be further increased (Ronca et al., 2017).
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FIGURE 7.8 (A) The transition amplitude and transition energy (in unit of a.u.) computed by
Lanczos MPS, CheMPS (both with canonical orthogonalization) with different bond dimension.
(B) Density of states computed by coCheMPS and TD-DMRG. (C) The first six peaks using
DDMRG. (D) Time cost for obtaining whole spectral functions using TD-DMRG and
coCheMPS and the averaged time for one frequency using DDMRG. coCheMPS, CheMPS with
canonical orthogonalization; DDMRG, dynamical density matrix renormalization group; 7D-
DMRG, time-dependent density matrix renormalization group. Reproduced from Jiang, T., Ren,
J., Shuai, Z., 2021. Chebyshev matrix product states with canonical orthogonalization for spec-
tral functions of many-body systems. J. Phys. Chem. Lett. 12, 9344—9352. hitps://doi.org/
10.1021/acs.jpclett. 1c02688, with permission from American Chemical Society.
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FIGURE 7.9 The application of CheMPS with the linear prediction technique to the SIAM
model: (A) spectral function of the 100-site SIAM model in the noninteracting limit (U = 0)
without (dash-dotted blue line, using 200 moments) and with (solid green line) linear prediction
by using the CheMPS method as well as the exact results for the infinite system (red dots). The
difference is shown in the inset. (B) Linear prediction of MPS-computed Chebyshev moments
for the STAM model with finite interaction strength: moments data in the left of the black dashed
line are used as input and those between the black dashed and solid line are used as training data
to make predictions. CheMPS, Chebyshev matrix product states; MPS, matrix product states;
SIAM, Single-impurity Anderson model. Reproduced from Ganahi, M., Thunstrom, P.,
Verstraete, F., Held, K., Evertz, H.G., 2014. Chebyshev expansion for impurity models using
matrix product states. Phys. Rev. B. 90, 045144. https://doi.org/10.1103/PhysRevB.90.045144,
with permission from American Physical Society.

Ganabhl et al. (2014) applied the CheMPS method with the linear predic-
tion technique to the single-impurity Anderson model (SIAM) The method
was benchmarked with the exactly solvable noninteracting SIAM which is
equivalent to the spinless fermion model which is a nontrivial case for the
MPS-based method, as shown in Fig. 7.9A, and the linear prediction dramati-
cally increases the resolution of the spectral function and leads to great over-
lap with the exact results. As for the SIAM model with finite interaction
strength, in Fig. 7.9B the trained MPS-based Chebyshev moments using the
first 200 moments for training prediction are well overlapped with those
without linear prediction.

7.5.2 Electron—phonon system

The Holstein model represents the most often studied object relating to elec-
tron—phonon coupled systems. Using the Lanczos DMRG, Zhang et al.
(1999) studied the spectral functions and the optical conductivity of Holstein
model with noninteracting electrons coupled to dispersionless phonons,

A=0y" b b~ > (61 + b )i - > (el 1oio + Eéinno ), (7:65)

where éjn(éig) is the creation (annihilation) operator of electron with spin o
on site i, 7; is the number of electrons on site i, b; (;) is the creation (annihi-
lation) operator of local phonon mode. ~ is the electron—phonon coupling

)
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FIGURE 7.10 (A) Drude weight D and the kinetic energy per site T as a function of the elec-
tron—phonon coupling ~; (B) the incoherent part of the optical conductivity o’(w) in the quasi-
free electron regime (y=0.8¢) and in the small polaron regime (y=2.5¢). Reproduced from
Zhang, C., Jeckelmann, E., White, S.R., 1999. Dynamical properties of the one-dimensional
Holstein model. Phys. Rev. B. 60, 14092. https://doi.org/10.1103/PhysRevB.60.14092, with per-
mission from American Physical Society.

strength of the ith lattice site, and 7 is the hopping integral of the nearest lat-
tice sites.

Fig. 7.10 presents the change of physical quantities related to the optical
conductivity with the changes of the electron—phonon coupling strength . The
optical conductivity o(w) = Dé(w) + ¢’(w) and D is the Drude peak correspond-
ing to the weight of the coherent part, and ¢’(w) corresponds to the weight of
the incoherent part. In Fig. 7.10A, T is the kinetic energy per site and follows
the relation with o(w) that fooo o(w)dw = %(—T), namely, T gives the total
weight of the optical conductivity. In the absence of the electron—phonon
coupling (v = 0), the incoherent part ¢’(w) contributes nothing to the optical
conductivity, and one has the relation that D = T, corresponding to the noninter-
acted free electron system. With the increase of «, both D and T decrease, and
D deceases faster and becomes very small when -y > 2¢. The decrease of the
ratio D/T implies the more contribution of the incoherent part, and this corre-
sponds to the polaronic behavior in the strong electron—phonon coupling. It is
also observed that o’(w) becomes more complex in the polaronic regime. When
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the electron—phonon coupling is weak, the picture of a nearly free electron
slightly dressed by the phonon cloud is appropriate, and when the electron—pho-
non coupling is strong, the distortion of lattice acts as a trap of electron to form
a quasi-particle called polaron.

The Holstein model is widely used to study the nonadiabatic quantum
dynamics of m electron conjugated organic aggregates and polymers, where
the excitation energy and charge transfer are usually accompanied by the
nuclear motion and hence the interaction between electron and nuclear
motion (electron—phonon coupling) has a crucial impact on the dynamical
properties of the excited states. Considering the comparable magnitude of
the intermolecular coupling and the electron—vibrational (electron—phonon)
coupling, the perturbation treatment often fails and DMRG methods will be
used to treat them on equal footing. Jiang et al. (2020a) presented the
MPS/MPO formulation of the DDMRG algorithm at finite temperature (code
can be found in Further reading). The absorption and emission spectra
of one-dimensional molecular aggregates are studied by calculating the
dipole—dipole correlation function. The Hamiltonian is

A At A KA At A At A AT A
H= Z sia:-ra,- + Zluajaj + Z winbinbin + Z wi,,gi,,ajai (bin + bin) (766)
i ij in in

where ¢; is the adiabatic transition energy of the ith molecular, J;; is the inter-
molecular excitonic coupling between the ith and jth molecules, and w;, and
gin 1s the vibrational frequency and the corresponding electron—phonon cou-
pling constant belonging to the nth vibrational mode of the i — th molecule.
Fig. 7.11 compared DDMRG (Jiang et al., 2020a) with TD-DMRG (Ren
et al., 2018) by calculating the absorption spectra. The dimer model contains
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FIGURE 7.11 (A) Relative error for the absorption spectra of J-aggregated dimer with differ-
ent Huang—Rhys factor S across different temperatures (Jiang, et al., 2020a). The error of
DDMRG at kgT = 0.5wy is magnified by 50 times to make it clearly visible. (B) Relative error
of 0 — 0 emission strength of an open boundary 5-site system using n-particle approximation and
DDMRG. DDMRG, Dynamical density matrix renormalization group. Reproduced from Jiang,
T., Li, W., Ren, J., Shuai, Z., 2020a. Finite temperature dynamical density matrix renormaliza-
tion group for spectroscopy in frequency domain. J. Phys. Chem. Lett. 11, 3761—3768. https://
doi.org/10.1021/acs.jpclett.0c00905, with permission from American Chemical Society.
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one vibration mode with frequency of wy for each molecule and covers the
parameter space of different Huang—Rhys factor (S=g*) and temperature
kg T €[wp, 2wy, 4wp]. Keeping the fixed m = 120, DDMRG is generally more
accurate than TD-DMRG within the parameters space studied, and in particu-
lar accurate at low temperature regime with a nearly exact result, but it exhi-
bits growing error with increased temperature, because more transition pairs
exist at higher temperature, which requires a large bond dimension m to main-
tain the accuracy. Therefore DDMRG is more suitable to calculate the
response properties at low temperature. In fact, large amounts of organic con-
jugated molecules have the vibronic progression of wy = 1400cm™!, which
lies at region of kg7 = wy for ambient temperature. Fig. 7.11b also compared
DDMRG with the n-particle approximation, which is a truncated configuration
interaction method that was popularly applied in studying the spectra of
organic molecular aggregates. It turned out that DDMRG is able to achieve
the precision of up to 4-PA with a relatively small bond dimension.

The coCheMPS method was applied to the emission spectrum of molecu-
lar aggregates with electron—phonon coupling at finite temperature. It was
found that the canonical orthogonalization can greatly improve the accuracy;
however, coCheMPS may not be very well suited to study the spectral func-
tion of complex electron—phonon systems, which requires more Chebyshev
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FIGURE 7.12 Emission spectra of 10-site molecular aggregates at 298K using m = 32. The
upper panel belongs to a system with one fast mode for each molecule and the lower panel
belongs to a system with one fast mode and one slow mode for each molecule. The frequency
axis is in units of 1400cm~'. The stemmed lines are discrete transition amplitudes calculated by
coCheMPS (N =500 for the upper panel and N = 1500 for the lower panel). Reproduced from
Jiang, T., Ren, J., Shuai, Z., 2021. Chebyshev matrix product states with canonical orthogonali-
zation for spectral functions of many-body systems. J. Phys. Chem. Lett. 12, 9344—9352. https://
doi.org/10.1021/acs.jpclett. 1c02688, with permission from American Chemical Society.
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vectors since the involvement of slow modes makes the density of states
larger. Besides, the spectral window shown in Fig. 7.12 constitutes very little
part of the full many-body frequency window (~ 8%). It was also suggested
to rescale the effective energy window rather than the full window to
[—1,1] (Holzner et al., 2011) since the rest frequencies have near zero
response. However, the energy truncation leads to increased entanglement
(Holzner et al., 2011) and the parameters for additional energy truncation is
quite empirical (Jiang et al., 2020b). All in all, the application of CheMPS
method to electron—phonon coupled systems deserves further investigations.

7.6 Summary and outlook

DMRG was initially proposed as a powerful technique to study the equilib-
rium properties of the strongly correlated system and has gradually been
developed to accurately calculate the dynamical response properties of large
systems. One can obtain the response properties by two schemes: one is
directly solving the response function in frequency space and another is by
performing the Fourier transform of the time correlation function computed
in the time domain. This chapter elaborated the methods in frequency space
and introduced some of their applications.

Although we focus on introducing the frequency domain methods, we
find it necessary to leave some comments on the TD-DMRG (also serves as
an introduction for Chapter 8), which helps for a more comprehensive under-
standing of the frequency domain method. TD-DMRG has been extensively
applied to the simulation of the ultrafast dynamics, and compared with the
frequency-domain algorithms, it gives the information of the real-time
dynamics, as will be introduced. The weakness of TD-DMRG is that the
accumulated error and the increased entanglement with the time evolution
require the larger bond dimension and hence lead to great challenges to the
long-time evolution (Barthel et al., 2009; Gobert et al., 2005; Kloss et al.,
2018). The frequency-domain algorithm can avoid this issue and is promis-
ing to give more accurate results. As for the frequency-domain algorithms,
both CV-DMRG and DDMRG need separate calculations for different fre-
quencies and have high accuracy but low efficiency. They become the choice
of methods when only the dynamical quantities of several important frequen-
cies are needed. Technically speaking, the naturally paralleled character of
them and the powerful GPU acceleration (Jiang et al., 2020a) can drastically
reduce the computing time. CheMPS is a newly proposed method that is
promising to have a balance between accuracy and numerical cost, the intro-
duction of post-orthogonalization significantly increases both the accuracy
and efficiency of traditional CheMPS method, especially for system with dis-
crete states; however, its application in complex electron—phonon systems
still waits for more comprehensive and systematic explorations.
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Originated from the zero-temperature case, the ability of the frequency-
domain DMRG methods are naturally extended to finite temperature after
obtaining the thermal equilibrium density matrix with the help of techni-
ques such as the thermal field dynamics (the purification method). The
purification is conducted by evolving the maximally entangled state at infi-
nite high temperature along the imaginary time axis. Hence, more evolution
steps are needed to get access to the thermal density matrix at low tempera-
ture, and the minimally entangled typical thermal state (METTS) method
(White, 2009) may be explored as a powerful complement at the low-
temperature regime.

The frequency-domain DMRG methods and their MPS/MPO formulation
have achieved excellent applications for the dynamical quantities and spec-
troscopy, and there are still lots of space to be explored considering more
broad application cases, method development as well as assessment.
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Chapter 8

Time-dependent density matrix
renormalization group

8.1 Overview

8.1.1 Time-dependent density matrix renormalization group and
nonadiabatic dynamics

The time evolution algorithms for density matrix renormalization group
(DMRG) are initially proposed around 2002 (Cazalilla and Marston, 2002;
Daley et al., 2004; Luo et al., 2003; Vidal, 2004; White and Feiguin, 2004)
and have developed rapidly ever since, enabled by the establishment of the
relation between DMRG and the matrix product states ansatz. These algo-
rithms offer a numerically exact solution to the time-dependent Schrodinger
equation of complex many-body systems, provided that the bond dimension
or the number of variational parameters is large enough. Although the time
evolution algorithms have become an indispensable part of DMRG, there has
not been a unified terminology or abbreviation for time-dependent DMRG in
the literature, and in this chapter we choose to use TD-DMRG at our
discretion.

Unlike in the realm of physics where most often DMRG as well as TD-
DMRG are utilized to tackle spin problems, the application of TD-DMRG in
chemistry is primarily focused on electron-vibration coupled models, also
known as vibronic models. These models are fundamental for the study of
chemical reactions, photochemical, or photophysical phenomena in (bio-)
molecules and transport properties in solids. For example, TD-DMRG has
been successfully used to study exciton dissociation in donor/acceptor het-
erojunction (Yao et al., 2018, 2016), absorption and fluorescence spectra of
molecular aggregates (Baiardi and Reiher, 2019; Ren et al., 2018), and car-
rier mobility in organic semiconductors (Li et al., 2020b). More details on
the applications will be elaborated in Section 8.4,

Actually, vibronic problems are so prevalent and important in chemistry that
even before DMRG is invented theoretical chemists have already developed a
full set of tools for them, named as nonadiabatic dynamics, whose purpose is
to describe the simultaneous motion of electrons and nuclei (Crespo-Otero
and Barbatti, 2018; Yarkony, 2012). The numerous nonadiabatic dynamics
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methodologies can be roughly divided into two categories. The first category,
usually termed quantum dynamics, includes the methodologies that treat the
nuclear motion quantum mechanically and the advantage is that the zero-point
energy and tunneling effect of the nuclei can be correctly accounted for. In the
second category, usually termed mixed quantum-classical dynamics, the nuclear
motion is approximated by classical or semi-classical mechanics, and the advan-
tage is the possibility to study larger systems with more degrees of freedom
over a longer timescale. For vibronic models TD-DMRG describes the state of
the nuclei with wavefunctions, and thus it falls into the category of quantum
dynamics, whose representative method is multiconfiguration time-dependent
Hartree (MCTDH) (Beck et al., 2000; Meyer et al., 1990) and its multilayer
extension (ML-MCTDH) (Wang, 2015; Wang and Thoss, 2003). (ML-)
MCTDH has achieved great success in the past years and is implemented in the
famous Heidelberg MCTDH package (Vendrell and Meyer, 2011). TD-DMRG
and (ML-)MCTDH target similar problems in nonadiabatic dynamics and their
formulations share a lot in common. We shall discuss the relation between TD-
DMRG and ML-MCTDH in the next subsection.

The materials of the chapter are organized with a special focus on
the applicability of TD-DMRG to vibronic problems. For example, in
Section 8.3 we will introduce several algorithms that enable TD-DMRG to
capture the finite temperature effect, significant for nuclear degrees of free-
dom but not much for electron motion in molecules. However, it is important
to note that TD-DMRG cannot be simply understood as one of the emerging
methodologies in nonadiabatic dynamics and serves as an alternative to
(ML-)MCTDH, since DMRG and TD-DMRG are general methods that are
not limited to specific models. Leaving the various models conquered with
TD-DMRG in physics aside, several recent studies in chemistry have
revealed the potential of using TD-DMRG to investigate the dynamics of
electronic degrees of freedom based on ab initio Hamiltonian (Baiardi, 2021;
Frahm and Pfannkuche, 2019; Ronca et al., 2017). Although these reports,
for the time being, only make up a relatively small portion of all the litera-
ture regarding TD-DMRG in chemistry, we believe that the spectrum of its
application will continue to expand.

8.1.2 Relation between time-dependent density matrix
renormalization group and multilayer multiconfiguration time-
dependent Hartree

MCTDH and ML-MCTDH are the de-facto reference method for nonadia-
batic dynamics and have gained great popularity (Beck et al., 2000; Wang,
2015). The starting points of TD-DMRG and ML-MCTDH resemble each
other, which are approximating system wavefunction with low-rank tensors.
The ML-MCTDH ansatz is formally known as hierarchical Tucker tensor
decomposition. A typical two-layer ML-MCTDH wavefunction can be
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expressed using graphical notations similar to those used in MPS to describe
the ML-MCTDH ansatz:

o1 o 0j On

Layer 2

8.1
Layer 1 @®.1)

Layer 0

Adopting ML-MCTDH notation (Wang, 2015), the two-layer wavefun-
tion for Eq. (8.1) reads:

Z ZAJI Jpn‘@(h)>
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where A is the coefficient matrix at layer 0 with indices j; to j,, p is the total
number of nodes in layer 1 or the number of the children of the node at layer
0, B is the coefficient matrix of j.th single-particle function of the
k node at layer 1 with indices 11 to io(w)» Q(k) is the number of the children
of the kth node at layer 1, and |v 7} is a time-dependent linear combination
of the corresponding time- 1ndependent primitive basis |o;). The ML-
MCTDH wavefunction with arbitrary layers can be defined recursively in a
similar way. The same as MPS, ML-MCTDH belongs to tensor networks.
Their difference is that ML-MCTDH adopts a tree-like structure, while MPS
is linear. At the first glance, ML-MCTDH seems to be identical to tree tensor
networks (Orus, 2019). Nevertheless, for typical tree tensor networks, each
node can have its physical bond, while in ML-MCTDH only nodes at the top
layer have physical bond. Note that the top layer in Eq. (8.1) is actually the
bottom layer by ML-MCTDH convention. Eq. (8.2) and its recursive exten-
sion indicate that the ML-MCTDH wavefunction is rather flexible. In fact,
MPS can be viewed as a very special case of ML-MCTDH, in which the tree
is extremely unbalanced and reduces to a linear chain (Grasedyck, 2010):
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In this case, the number of layers in ML-MCTDH is identical to the number
of sites in MPS. It can be shown that, both derived from time-dependent varia-
tional principle (TDVP), the equations of motion (EOM) for MPS is identical to
the EOM of ML-MCTDH with this extremely imbalanced architecture. However,
to the best of our knowledge, in practical ML-MCTDH computations, the number
of layers never exceeds 10, so the “unification” here is purely conceptual.

Although ML-MCTDH is a more general and flexible ansatz, the specific
structure restriction on MPS actually gives it an advantage over ML-
MCTDH, which is the possibility of flexible quantum state manipulation
with the help of MPOs. If a quantum state |¥) represented by an MPS is
applied by an operator 0] represented by an MPO, the resulting state O|)
trivially retains the MPS structure, with an enlarged bond dimension. On the
contrary, after being applied by an MPO, the tree structure of the ML-
MCTDH ansatz with an enlarged bond dimension cannot be easily restored:

84)

To design an operator which is able to retain the ML-MCTDH tree struc-
ture, the operator should also adopt the tree topology. Such design is more
complicated than MPO and has not been reported yet. Thus, in the MCTDH
community, the idea of MPO is never used and quantum state manipulation
is limited to relatively simple cases. The fact that universal operator applica-
tion can be straightforwardly implemented for MPS lays the foundation of a
whole class of time evolution algorithms and enables the calculation of gen-
eral correlation functions such as current-current correlation function.

Interestingly, the similarities between TD-DMRG and (ML-)MCTDH have
boosted the development of the two methodologies with ideas originating from
each other. For instance, in Section 8.2, we shall discuss MPS time evolution algo-
rithms that are inspired by (ML-)MCTDH, and the projector splitting algorithm
originally designed for MPS has also been successfully migrated to (ML-)
MCTDH (Bonfanti and Burghardt, 2018; Kloss et al., 2017; Lubich, 2015).
Besides, the idea of MPS has enabled a variant of the MCTDH ansatz (Kurashige,
2018), and the resulting methodology is very similar to the optimized boson basis
technique for MPS (Guo et al., 2012). Also, both MPS and (ML-)MCTDH can be
integrated with hierarchical equations of motion (HEOM) for efficient propagation
of the reduced density operators (Shi et al., 2018; Yan et al., 2021).
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8.1.3 Reviews, software, and other resources

In this chapter, we aim to provide a pedagogical view of TD-DMRG with a
flavor of our understanding and due to length limitation several topics are
not discussed in detail. These topics include but are not limited to the histori-
cal development of TD-DMRG, rigorous derivations of several conclusions
and formulas, scaling analysis of the algorithms, and numerical evidence for
the performance of the algorithms over a variety of computational examples.
Readers are referred to several excellent reviews on TD-DMRG for more
information (Ma et al., 2018; Paeckel et al., 2019; Ren et al., 2022).

There also exist a number of packages that implements the algorithms introduced
in the chapter. Some of the packages are well-documented with high-level interfaces
that can be put into production out of the box. In Table 8.1, we provide a non-
exhaustive list of the packages. To focus on the topic of the chapter, general tensor
network packages or DMRG packages focused on ground state properties that do
not process full-fledged time-evolution algorithm are not listed. Apart from kIn-X,
SymMPS, and SyTen, all packages in Table 8.1 are open source software with
source code hosted on public websites such as GitHub, where readers can easily find
runnable code for most of the formulas and algorithms introduced in the chapter.

TABLE 8.1 An incomplete list of available TD-DMRG packages in
alphabetical order.

Name Feature

evoMPS (Milsted et al., 2013)

Itensor/TDVP (Yang and White,
2020)

kln-X (Xu et al., 2021)
OSMPS (Jaschke et al., 2018)

pytenet (Mendl, 2018)

Renormalizer (Ren et al., 2021)

SymMPS (Paeckel and Kohler,
2021)

SyTen (Hubig, 2017; Hubig et al.,
2021)

TeNPy (Hauschild and Pollmann,
2018)

Nonuniform dynamics in the thermodynamic
limit

Global subspace expansion algorithm for
TDVP

Stochastically adaptive single-site TDVP

Excited state search and parallelization over
MPI

Light weight and compact implementation

Optimal MPO construction and GPU
acceleration

Projected purification for large local Hilbert
space

Local basis optimization and exploitation of
symmetry

Disentanglers for purification and active
community

-
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The packages listed are quite unique and it’s almost impossible to give a
proper summary of their features in just a few words. Detailed descriptions
on these packages can be found at their respective websites. Most of the
package websites also contain an abundant amount of introductory informa-
tion on (TD-)DMRG, which may serve as complementary resources to the
reviews mentioned above and the contents of the chapter.

8.2 Time evolution algorithms

The available time evolution algorithms for TD-DMRG could be roughly clas-
sified into three groups. The first group is based on globally approximating the
formal time evolution operator e ' or e ™!|¥), including Runge-Kutta
(Garcia-Ripoll, 2006; Ren et al., 2018), time-evolving block decimation
(TEBD) (Daley et al., 2004; Vidal, 2004; White and Feiguin, 2004), W* I
(Zaletel et al., 2015), Krylov subspace (Garcia-Ripoll, 2006; Wall and Carr,
2012) methods, Chebyshev expansion (Halimeh et al., 2015), and split opera-
tor method on the grid basis (Greene and Batista, 2017). The same feature
shared in these schemes is that in each time step the wavefunction is firstly
propagated as a whole globally, usually through MPO/MPS multiplication,
resulting in an MPS with increased bond dimension, and then compressed to
the original bond dimension or according to truncation threshold. The second
group is based on the TDVP (Dirac, 1930). Depending on the different ways
to derive the EOMs, this group includes the original method with fixed gauge
freedom (Haegeman et al., 2011) and the more recent projector splitting (PS)
method (Haegeman et al., 2016). The third group is more inspired by the origi-
nal DMRG, which is formulated in the local renormalized space and the basis
is adapted by the averaged reduced density matrix. The representatives are the
time step targeting method (TST) (Feiguin and White, 2005b) and some
related variants (Dutta and Ramasesha, 2010; Ronca et al., 2017). Among the
above evolution schemes, all schemes can be directly applied to models with
long-range interactions except TEBD, which requires modifications such as
unitary transformation of the Hamiltonian in the system-reservoir quantum
models (Prior et al., 2010) and the introduction of swap gates (Stoudenmire
and White, 2010). In addition, the global evolution scheme is the most straight-
forward one when the modern framework of matrix product state / matrix product
operator (MPS/MPO) is investigated, while the PS scheme seems to have become
the most popular choice as it has been widely employed in the recent articles
(Baiardi and Reiher, 2019; Borrelli and Gelin, 2017; Kloss et al., 2019; Li et al.,
2020b, 2021; Xie et al., 2019).

Computationally, all of the time evolution algorithms involve intensive
tensor multiplications, which can be effectively accelerated by GPUs
(Li et al., 2020a). Particularly high acceleration ratio is achieved for algo-
rithms that do not require the compression of the MPS (which are primarily
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TDVP based algorithms) because matrix decompositions are not the strong
point of GPUs.

8.2.1 Propagation and compression

One of the most intuitive way to study the dynamics of an initial state
|W)(t =0) under Hamiltonian H is to numerically integrate the time-
dependent Schrodinger equation:

o) _
ot

h is set to 1 hereinafter. Based on the simplest forward-Euler scheme, for
each integration step 7 the |¥) should be propagated as:

— iH| (1)) (8.5)

[W(t + 7)) = [0(1)) — iHT|V(t)) + O(T?) (8.6)

Since MPO/MPS multiplication and MPS/MPS addition are routine operations,
the equation can be translated into TD-DMRG algorithm with ease (Algorithm 1).
The resulting state |\I/(t + 7')> typically has a much larger bond dimension than
|\If(t)>, and thus it is usually compressed before the next iteration. This two-step
scheme is therefore summarized as propagation and compression (P&C).

Algorithm 1: Forward-Euler P&C time evolution

input : System wavefunction at time ¢ in MPS representation | (t)), system Hamiltonian
in MPO representation H
output: System wavefunction at time ¢ + 7 in MPS representation |¥ (¢ + 7))
1 H|W(t)) = ApplyMPOtoMPS (H, |¥(t)))
2 —iH7|U(t)) = ScaleMPs (H |U(t)), —iT)
3 |®) = CompressMPS(—iH T |¥))
4 |U(t)) —iH7T|U(t)) = AdAMPS (| U (1)), |®)
5 |U(t + 7)) = CompressMPS(|U(t)) — iHT (1))

A straightforward improvement for the simple scheme is to replace the first-
order forward-Euler integration scheme with the classical 4th-order Runge-Kutta
(RK4) integration scheme (Garcia-Ripoll, 2006; Ren et al., 2018):

ki) = — iH (D) (1))

. 1
ko) = — il (t+7/2) | 19()) + 57k

lks) = — if (e + 7/2) | 1W(0)) + %T|k2) (8.7)

lky) = — iH(t + r)(@(lz» + 7lk3))
Wt + 7)) = @) + (ki) +20ka) + 20ks) + ka)) + O(7°)
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For time-independent Hamiltonian, the RK4 algorithm is nothing more

than a fourth-order Taylor expansion of the formal time evolution operator
e—iHT:

4
[W(t + 7)) = Z%(—iﬁr)”pp(r» +0(r) (8.8)
n=0""

Thus, the n-th order term (—iI:IT)”‘\If(t)> could be calculated based on the
(n — 1)-th order term one by one from |\I/(t)>

The mathematical foundation of the P&C schemes is quite different, but
they can be translated to similar TD-DMRG algorithms. The most well-
known P&C time evolution scheme in physics is probably TEBD (Daley
et al., 2004; Vidal, 2004; White and Feiguin, 2004) which is efficient and
easy to implement. However, the algorithm cannot be directly applied to
models with long-range interactions, thus it is rarely used in chemistry pro-
blems. For any nearest-neighbor Hamiltonian with 2N DoFs:

. 2N—1 .
H= Z hj,j+1 (89)

j==1

where /1;;41 acts on the jth DoF and the (j + 1)th DoF, it is observed that the
Hamiltonian can be decomposed into two parts H = H| + H:

N
H, = E hoj—1
Jj=1

N—1
H, = E hojj+
=1
iHT

e can be decomposed into two parts by first-order Trotter
decomposition:

(8.10)

e*il:lzfrefirz[ﬁl,ﬁz]
— e*il:ll‘rgfil-?zr + O(Tz) (811)

e*lH’T‘ — e*lHlT

Although H 1 and 1:12 do not commute with each other, all terms within
H, and H, commute. In other words:

. N .
e iHIT = ne*ihz,'—l,zﬂ
j=1
. N-1 . (8.12)
e*tHz'r — neilhz/'v?_/«plT
j=1
Both ¢ 17 and e > can be efficiently expressed as MPO with two
sites. Applying the operators onto |¥) and then compressing it constitute one
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step of time evolution. A second-order decomposition can be constructed by
symmetrizing the decomposition:

e*l'l:lT — e*1'1:11T/Ze*il'joe*il:IlT/2 + (’)(7-3) (8.13)

For models with long-range interactions, TEBD must be combined with
additional techniques such as unitary transformation of the Hamiltonian in
the system-reservoir quantum models (Prior et al., 2010) and the introduction
of swap gates (Stoudenmire and White, 2010).

Interestingly, it’s possible to combine the Trotter decomposition with the
Taylor expansion of time evolution operator scheme described above
(Greene and Batista, 2017). The idea is to split the kinetic part out of the
Hamiltonian so that the MPO in the time evolution operator has a smaller
bond dimension.

The W" " method (Zaletel et al., 2015) aims to explicitly approximate
the time evolution operator e 7 a5 an MPO to the first order, based on the
form of the Hamiltonian H. The advantage of the method against RK inte-
grator is that integration error per site is constant.

The Krylov subspace method (also known as the Lanczos method)
instead is an efficient algorithm for approximating e’iﬁ7|\If) (Garcia-Ripoll,
2006; Wall and Carr, 2012). The Krylov subspace is defined as the space

spanned by (1), H|D), ,ﬁN - W)} with dimension N. For numerical con-
venience the vectors are orthonormalized to give Krylov vectors
{ko, ki, -+, kn—1}. The overall goal of the method is to find the best approxi-

mate for e 7|¥) in the Krylov subspace. Although the exact limit is
achieved when N is equal to the dimension of the original Hilbert space for
|W), in practice usually a few Krylov vectors are sufficient for decent accu-
racy. Define the projector to the Krylov subspace:

N-1
P="" ki) (ki (8.14)
=0
The approximate solution for [¥(f + 7)) is given by:

Ut + 7)) = e 7| 0(0)) ~ Pe 7 Pl w(n) (8.15)

Note that the dimension for (k;|H ’kj) is N and the matrix can be diagonal-
ized with negligible computational effort. The Krylov subspace method is
typically a much more efficient way to approximate e #7|¥) than simple
Tayler expansion such as Eq. (8.8); however, due to truncation error caused
by MPS compression, it is difficult to fulfill the orthonormal condition of the
Krylov vectors, which can severely deteriorate the quality of the outcome
(Frahm and Pfannkuche, 2019).
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The Chebyshev expansion method expands et with Chebyshev polynomials

and calculates Chebyshev vectors according to the recursive relation (Halimeh
et al., 2015):

lto) = ‘I’(f =0)
1) = H'|to) (8.16)
ltn) = 2H'|ty—1) — |ty—2)

here H’ =% is the rescaled Hamiltonian so that the eigenspectrum falls
within (= 1,1). For a Hamiltonian with ground state energy E, and highest

excited state energy E;, a = E; — E, and b =~*5— can be adopted. In practi-
cal computation, allowing a few eigenvalues of the rescaled Hamiltonian to
exceed (— 1, 1) may improve computational efficiency. After the Chebyshev
vectors are obtained, propagated wavefunction is given by:

V(1)) = e Z X1 (8.17)

where ¢(t) = co(?) and ¢,,~ o = 2¢,(t) with ¢,(r) defined as

cn(t) = (=)' Ju(at) (8.18)

where J, is the Bessel function of the first kind.

Of all the P&C time evolution methods, Taylor expansion of e~
TEBD, and Krylov subspace method is the most popular. For Hamiltonian
which processes only nearest-neighbor interaction or can be transformed to a
form with only nearest-neighbor interaction, TEBD strikes a balance between
easy to implement and high accuracy (Chin et al., 2013; Ma and
Schollwock, 2008; Mannouch et al., 2018; Xie et al., 2019).

iHT
9

8.2.2 Time-dependent variational principle

The Rayleigh-Ritz variational principle is widely used in finding an approxi-
mate ground state in time-independent Schrodinger equation. Similarly,
TDVP also provides a strong tool to find an optimal time-dependent wave-
function if the wavefunction ansatz and the initial state are known. The
Dirac-Frenkel TDVP is (Dirac, 1930; Gatti et al., 2017)

(5\141% —H|U) =0 (8.19)
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It has been proved that TDVP could strictly conserve the norm of the
wavefunction and the total energy in the real-time propagation (Gatti et al.,
2017), which is essential for long-time dynamics. In a geometric fashion,
TDVP could be understood as an orthogonal projection of —iH|¥) onto the
tangent space of |\If(t)> at the current time:

olw)
——L =—iPH|U 8.20
= ) (8.20)
where P is the projector constructed by the orthonormal vectors in the tan-
gent space. For a general MPS:

) = > AUAZ, A lo1oa-ow) 8.21)
{a}.{o}
the tangent space projector is defined as:

N N—1
= > Pli— 1)@ @Pli+ 1:N]= > P[Li]@Pli+ 1:N]  (8.22)
i=1 i=1

where
Pl1:] = Z [ DSl 5 el L] (8.23)
Pli + 1:N] = Z |a[i + 1:N])S[i+ 1:N];;;I, (ai[i + 1:N]| (8.24)
afl:il) = Y AJIAD, AT loy-0i) (8.25)
{a}.{o}

lafli+ LNT) = > AZLl A |ojer e on) (8.26)

{a}.{o}
S[L:ily,q = (@il L:dlla[1:]) (8.27)
SUj+ 1:Nlyy = {alj + 1:N]la}fj + 1:N]) (8.28)
L= loi){oil (8.29)
P[1:0]=P[N + 1:N] =1 (8.30)
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oi1 Tit1
Oi—1 o Oi+1
7;
g1 ag; Oi+1 042
The inversion of the overlap matrix S~! accounts for the non-
orthogonality of the renormalized basis and the “-” terms are to eliminate the
parameterization redundancy (Haegeman et al., 2011; Wouters et al., 2013).
In the literature, there are two different time evolution schemes based on
TDVP. They differ in choosing the specific gauge condition of the MPS and
in solving Eq. (8.20), which will be discussed in detail in the following.
In the first TDVP evolution scheme, the gauge freedom of MPS is
fixed. For convenience, the projector in Eq. (8.22) could be transformed

to Eq. (8.32) by combining the neighboring “+” term and “-” term
together except one “ +” term with i = n:

P= P[ln—1]®1 ®P[n+1N]
+ZQ [1:] ® P[i + 1:N] + Zﬁ[l:i—l]@é[i:N]

i=n+1

or graphically:

!
0y

>

1=

—

Q220 O

(8.31)

2
L

“
Il
_

{5 Or2 -0 O

(8.32)

where

Olt:il= > lai_y[li — o) a-[1:i — 1ol

’
ai-1,4i-1 ;Ui,U

(ST O = Y AL S AT ) (833)

7
a;,dai

Qli:N)= > ldfi + 1:N]o))(afi + 1:N]oi]

’ !
aj,di’ 50,0

(STi+ LN 80, = ZA a'alA;’]a) (8.34)

a 14i-1
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This type of projector or the corresponding tangent space vectors was
firstly proposed by Haegeman et al. (2011) for uniform MPS and restated by
Wouters et al. (2013) to derive several post-DMRG methods for the ground
state and excited states.

Egs. (8.33) and (8.34) could be further simplified by adopting a specific
gauge condition, and then some overlap matrices turn to identity. Assuming
that the MPS is left-canonical with gauge center at site N, S[1:i] is reduced
to [ and it is most convenient to set n = N in Eq. (8.32). Inserting the simpli-
fied projector into Eq. (8.20) yields:

acy”

= 2 HIVL o oG, (835

"Nyl N1

Lz' I _
— Z( [ I P ) S [ B
li-1,0i l;
Z H[i]li—lUili,l”x—lU”il”il‘?":il/”i (8.36)
[”!*l 5””1‘71”[
where
Hliy oo = > H[L i1, W Tuhli+1 Ny away, (8.37)
AL =1y, = Z A gy, == A= U sty vty (8.38)
(w1}
Rli+1 Ny, = Z A+ g wnyir ey, - PINT vy, (8.39)
{I} L whil}
h[ ]{Z il {E wilY; ZA[/ lr W\ZI (]T;V’A(f/ll (A =Lor C) (840)
i otdicro ZLI’II Ly, (8.41)

Egs. (8.35) and (8.36) together form a set of coupled nonlinear equations
that are very similar to the standard EOMs of (ML-)MCTDH (Beck et al.,
2000; Meyer et al., 1990; Wang and Thoss, 2003), and ideas from the
MCTDH community called variable mean field (VMF) and constant mean
field (CMF) can be borrowed to integrate these equations (Li et al., 2020a).
VMF regards the time evolution as an initial value problem for all individual
MPS parameters and employs an all-purpose solver such as forward-Euler to
directly solve the coupled equations, as demonstrated when TDVP is firstly
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proposed for MPS (Haegeman et al., 2011). In CMF, it is assumed that H[]
and S[i + 1:N] generally change much slower in time than the local matrices
C?% and L?. As a result, during the integration of Eqs. (8.35) and (8.36) one
may hold the so-called mean field H[i] and S[i + 1:N] constant for 7 and
evolve only the local matrix with time step smaller than 7. Hence, CMF can
be regarded as an approximation of VMF. We outline the TDVP-VMF pro-
cedure for left-canonical MPS in Algorithm 2.2.

Algorithm 2: TDVP-VMF time evolution for left-canonical MPS

input : System wavefunction |¥(¢)) in left-canonical MPS representation {L[i]} and C,
system Hamiltonian H in MPO representation {W/[i]}

output: Time evolved system wavefunction |¥(t+ 7)) in left-canonical MPS
representation {L'[i]} and C’

procedure CalculateDerivative({L[i]}, C, {W][i]})

[

/* Setting up intermediate variables with dynamic programming */
2 hl1:0]=1
3 fori=1toi=N—-1do
4 | h[1:d]  h[1:i— 1], A[li], W[i] /* Eq. 38 x/
5 end
6 hN+1:N]=1
7 | SIN+1:N]=1
8 for i = N toi=2do
9 hli : N] < hli+1: NJ, A[i], W[i] /* Eq. 39 */
10 Sli: N]« S[i+1:NJ],Ali] /* Eq. 28 */
11 end

/* Calculate time derivatives based on Eq. 35 and Eq. 36 */
12 | 2« h[1:N—1],C,WI[N] /% Eq. 35 */
13 fori=1toi=N—-1do
14 pli] < Lli] /* Eq. 41 */
15 OLE  p[1:i—1],h[i+1: N],S[i+1: N, L[i], W[, pli] /% Eq. 36 %/
16 end
17 return %, {%tm}

18 end procedure
{L'[i]}, C" = SolveIVP(CalculateDerivative, [{L[i]},C,{W[i]}]. 7)

-
©

Another aspect should be concerned is that the inversion of S would be
unstable numerically if some eigenvalues of S are very small. This problem
will be severe when the state is weakly correlated (such as a Hartree product
state which is usually an initial state) and the bond dimension is much larger
than what is required. To some extent, this instability problem makes this
evolution scheme paradoxical in that a large bond dimension should in prin-
ciple push the result to a numerically exact limit but in fact deteriorates it if
the time step is hold as constant. The same problem also arises in (ML)-
MCTDH, where in order to make the EOMs more well-behaved, S is usually
replaced with a regularized overlap matrix S (Beck et al., 2000):

S=8+ee 5" (8.42)

Here ¢ is a small scalar commonly from 10~% to 10~!%. More recently, an
improved regularization scheme based on the matrix unfolding (MU) of the
coefficient matrix by SVD in (ML-)MCTDH is proposed by Meyer and
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Wang, which has been proved to make the time integration more accurate
and robust (Meyer and Wang, 2018; Wang and Meyer, 2018). The same idea
can be adopted to integrate Eq. (8.36), giving the name of the scheme
“TDVP-MU.” When calculating the overlap matrix S[i +1:N];;i, a copy of
the current MPS is made and the gauge center of the copy is moved to the
(i + 1) th site and the matrix at this site is further decomposed by SVD:

Wi+ i = D L LR G o o)
{h{o}
= D Ui BRI RO, R (011 +-ox) - (8.43)
{r}.{o}
where |r;| equals |/;| (the symbol |-| denotes the size of the given index). Thus,
the overlap matrix S[i + 1:N] and its inversion could be expressed as U A*U”
and U"A™2U7, respectively. The Hamiltonian matrix in Eq. (8.37) is also recon-

structed. For site from i + 1 to N the matrix A% in Eq. (8.40) is replaced with
matrix R% in Eq. (8.43) and then Eq. (8.36) with MU algorithm becomes:

,
. i—1% - s —1 —1 T *
? ot - E (6117111—1&?{”1 7pmli,ldiﬁlq—1f7@) § [Ul:ﬂAri’r';Ar;'r;Urill]UlinATN‘L
) li—1,0 rirlil; e
"
. o
> H{ilt,_yauriir oy Mo Ul L
ULyl 1 o

(8.44)

The expression inside ““[---]"" is S[i+ 1:N]~'. The key point of this new regu-

larization scheme is that the underlined part could be contracted first, which is
1) Y- Thus, only the singular matrix Ar;,‘/_ instead of Af{,{ should be regularized:

e—Ar;r;/El/Z

A=Ay + 2 (8.45)

The power 1/2 here is for consistency with the original regularization
scheme Eq. (8.42) and A,/;,/; in Eq. (8.44) is untouched in order to be mini-
mally invasive as stated in the MCTDH literatures (Meyer and Wang, 2018;
Wang and Meyer, 2018). Although in the MU scheme, it is necessary to per-
form canonicalization on the environmental part |l,~[i + 1:N]>, the gauge con-
dition of the MPS that is evolved remains unchanged.

The second evolution scheme based on TDVP is called PS. The idea of
PS is that the tangent space projector in Eq. (8.22) is invariant under differ-
ent gauge conditions. More specifically, after canonicalization of a general
MPS in Eq. (8.21) from site N to i + 1, |r;[i + 1:N]) becomes the right-hand
orthonormal renormalized basis, which is related to |a;[i + 1:N]) by:

laili + 1:NY) = Y Dy [rifi + 1:N]) (8.46)
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The matrix D is an upper triangular matrix in RQ decomposition. Therefore,
the overlap matrix S[i + 1:N] equals D'D” and the projector P[i + 1:N] in
Eq. (8.24) defined for a general non-canonical MPS is transformed to:

Pli+1:N]= Z|rl+1N ZD D*DT) (rili + 1 :N]|

Tt a,a;

=6,

= " Infi + 1N (i + 1:N]] (8.47)

Ti

Similar result can be obtained for 13[1:1']:
PlL:i) = | 1)) (L[ 1)) (8.48)
li

This definition of the tangent space projector does not contain any inversion
operations of the overlap matrix, which seems to be a remarkable improvement over
the first definition in Eqgs. (8.23) and (8.24). However, since the gauge is not fixed in
different terms of this projector, the VMF and CMF integration algorithm described
above could not be directly applied. Lubich and Haegeman et al. proposed to use a
symmetric second-order Trotter decomposition to split the formal time evolution
operator into the individual terms (Haegeman et al., 2016; Lubich et al., 2015):

e*iﬁlfh' _ |:12[e—ils[lZi—l]®ig®13[i+12N]l:IT/2 ,eiﬁ[lzi—l]@»ﬁ[iw]ﬁr/z] ,efii1®ﬁ[2:N]1:IT
i=N
. |:1A_l[ei13[lii1]®13[i1N]I:17'/2,ei13[12i1]®ii®13[i+12N]ﬁr/2:| + (9(7'3)
i=2
(8.49)

Based on the time evolution operator in Eq. (8.49), a single step of time evolu-
tion consists of a right-to-left sweep and a subsequent left-to-right sweep each
with step size 7/2. Taking left-to-right sweep as an example, the matrix at the
gauge center C ., 18 firstly evolved forward in time by applying the projector

Plli—1®1; ®P[l+ l'N]'

acy
la—}]' = > Hll o0 Cl (8.50)

liz1,00,1i
where H[i] and the ingredients A[1:i — 1], h[i + 1:N], h[i] all have the same
definitions as in Egs. (8.37)—(8.40) except that the A% in Eq. (8.40) is replaced
with L7 or R? accordingly. Then, the evolved matrix C”‘ ., 18 decomposed by
QR to obtain the left-canonical matrix L;” I and the coefﬁment matrix Dy,,. Dy,
is evolved backward in time by applying the projector P[l i1® P[z + L:N]:

,aler'

—= > B il i+ 1 NY 0 D (8.51)
Li,wiri
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Afterwards, the gauge center is moved to site i + 1 by contracting the
evolved Dy, and Ry:!  together to obtain Cj"' =3 Dy, R7i . Following
the procedure above, the sweep continues until all the individual projectors
in Eq. (8.49) are applied. The Krylov subspace method is preferred over
other general-purpose integrator for solving Egs. (8.50) and (8.51) since they
are linear equations. The procedure for one time step of the TDVP-PS time

evolution is listed in Algorithm 3.

Algorithm 3: TDVP-PS time evolution for left-canonical MPS
input : System wavefunction |¥(¢)) in left-canonical MPS representation {L[i]} and C,
system Hamiltonian H in MPO representation {W[i]}
output: Time evolved system wavefunction |V (¢ + 7)) in left-canonical MPS
representation {L'[i]} and C”

/* Right to left sweep */
1 h[l: N —=2] « {L[i]},{W[i]} /* Eq. 38 %/
2 h[N+1:N]=1
3 fori=Ntoi=1do
4 procedure CalculateDerivativeC(C')
5 9C « nh[1:i—1],hli+1:N],W[i],C /% Eq. 50 x/
6 return %—?
7 end procedure
8 C' = Krylov(CalculateDerivativeC, C, 7/2)
9 if i = 1 then break
10 | D,R[i] =QrR(C)
11 hli: N| < hli+1: NJ, R[i], W[i] /* Eq. 39 */
12 procedure CalculateDerivativeD(D)
13 9D« n[l:i—1],hli: N|,D /* Eq. 51 %/
14 return %—Lf
15 end procedure

16 D = Krylov(CalculateDerivativeD, D, —7/2)

17 | C« Lli—1],D

18 end

/* Left to right sweep */
19 fori=1toi= N do

20 procedure CalculateDerivativeC(C')

9% « h[1:i—1],hli+1:N],W[i],C /* Eq. 50 x/
return %

23 end procedure

24 C = Krylov(CalculateDerivativeC, C, 7/2)

25 if i = N then break

26 Lli],D = Qr(C)

21
22

27 | h[1:i] <« h[1:4i—1], L[], W[i] /* Eq. 38 */
28 | procedure CalculateDerivativeD(D)

29 %—?EIL[II:Z']JL[H»I:N],D /* Eq. 51 =/
30 return ‘L—If

31 end procedure

32 D = Krylov(CalculateDerivativeD, D, —7/2)

33 C + D,R[i+1]

34 end

/* Now C and {L[i]} have been updated to represent |V(¢+ 7)) */
¢’ = C (LT} = (LI}

)
o

Similar to the original two-site DMRG algorithm, it is also possible to
formulate TDVP-PS into a two-site algorithm so that the bond dimension
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could grow up adaptively (Haegeman et al., 2016; Xie et al., 2019). The
two-site algorithm is found to be more numerically stable than the single-site
algorithm (Paeckel et al., 2019; Xie et al., 2019). However, just as the
ground state algorithm, the two-site algorithm is much more expensive than
the single-site algorithm both in the tensor contraction and QR
decomposition.

In summary, since TDVP-MU and TDVP-PS are both based on the
> should be the same if not considering the numerical error. In
contrast to the P&C scheme discussed in the last section, TDVP-MU and
single-site TDVP-PS schemes both require to define a fixed bond dimension
a priori, and additional renormalized basis should be constructed smartly to
complement the empty MPS space if the initial state is weakly correlated.
Two-site TDVP-PS usually do not need to construct additional renormalized
basis, because SVD decomposition of the two-site matrices allows adaptive
adjustment of the bond dimension. The main difference between TDVP-MU
and TDVP-PS lies in that TDVP-MU would introduce a minor artificial reg-
ularization, while TDVP-PS is inherently free of it. It is worth noting that
TDVP provides a deterministic wavefunction path during the time evolution
determined by tangent space projections with infinitesimal time step, which
is locally optimal. As discussed in a recent review (Paeckel et al., 2019), the
TDVP path suffers from the projection error due to the restricted bond
dimension and it may not be the globally optimal path in some models.

8.2.3 Time step targeting

The time step targeting algorithm is inspired by the state-averaged DMRG
for the ground state and low-lying excited states. Its mathematical foundation
is not as rigorous as other algorithms introduced in this section (Feiguin and
White, 2005b; Paeckel et al., 2019). Here we only provide a hand-waving
explanation on the basic idea of the time step targeting algorithm due to lim-
ited length.

At each time step, the matrix at the gauge center C ,,(1) is evolved
based on Eq. (8.50), yielding CZilri(t+3T) cy, ([+3T) and C/ (t+7)
(the time steps here are arbitrary). However, Hr;(t) is not replaced by
C/' . (t+7) immediately. Rather, C;" (#) is replaced by the eigenvectors
L"’ ., of the state-averaged reduced density matrix, constructed from the
above four C, ., matrices at different time steps with empirically determined
weights. Then, the eigenvectors LZilr,- and C;l’_im_ are contracted with R7%! to
move the gauge center into the next site.

17:+| — (71+1
l"z+l Z L, 11 /= 1", Vmﬂ (852)
li-1,04,1i

At this stage, the MPS still represents the wavefunction at time ¢, yet the
basis is updated to adapt the next time step. We note that this update is not
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rigorous and an error is introduced into the current MPS. The iterative sweep
continues until convergence, at which point it is assumed that the basis for
the MPS has transformed to best describe both |W(z)) and |¥( + 7)). After
that, the actual time evolution over the current gauge center takes place and
finishes one step of the time evolution.

8.3 Finite temperature algorithms

The effect of temperature plays an indispensable role in a large fraction of
vibronic models in chemistry. There are in general two methods to incorpo-
rate temperature effect in TD-DMRG. The first method is called the purifica-
tion or ancilla method or thermal field dynamics, well suited for high and
intermediate temperature (Feiguin and White, 2005a; Verstraete et al., 2004),
and the second method is called the minimally entangled typical thermal
state  (METTS) method, particularly effective at low temperature
(Stoudenmire and White, 2010; White, 2009). A purification-METTS hybrid
algorithm has also been proposed (Chen and Stoudenmire, 2020). Neither of
the two approaches are specially designed for MPS or tensor network states
and they can be applied to any wavefunction-based methodologies. In the
chemistry regime, the purification method is used most often.

8.3.1 Purification in an enlarged Hilbert space

The essence of the purification method is to express mixed states (density matri-
ces) as pure states (wavefunctions) in an enlarged Hilbert space (Feiguin and
White, 2005a; Takahashi and Umezawa, 1996; Verstraete et al., 2004). For any
physical observable O, the finite temperature expectation can be expressed as:

(0)="> " (nlOn)e " /2 =Tr{Op} (8.53)
where |n) is a set of orthonormal basis in energy representation with eigen-
energy E,, Z = Zne‘ﬁEﬂ is the partition function, and p is the density matrix.
Suppose the space in which we build the physical model and make observa-
tion is called the physical space P, it can be proven that for general cases

there does not exist a wavefunction in the P space |V) that fulfills
(Takahashi and Umezawa, 1996):

(W|OIW) = > " (n|Oln)e " /Z (8.54)
and that’s exactly why density matrices should be introduced to describe the
temperature effect. Since MPS is an ansatz for wavefunction, it would be
ideal if we can avoid density matrix and find a pure state that produces the
correct formula for the expectation Eq. (8.54). This goal can be achieved by
adding an auxiliary space Q to the P space and working in the resulting
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P ® Q space. The Q space is chosen as a copy of the P space in terms of
states and operators. If the energy eigenstate in the Q space is labeled with a
tilde |71), the basis for the enlarged Hilbert space can be expressed as |n, 7).
Define wavefunction |¥)p, in the enlarged space:

. 1
W)po =D e 0 i) /22 (8.55)
n
By noting that 0 only acts on the P space, it is straightforward to prove that
| V) pp fulfills Eq. (8.54). If desired, the thermal equilibrium density matrix can be
explicitly constructed by partial trace (or partial inner product) over the Q space:

p=Trg[W)py pol¥I (8.56)

|[U)pp can be calculated by TD-DMRG via imaginary time evolution
from the identity state in P and Q space:

=" In) (8.57)

|I) is also called a maximally entangled state in the sense that the P and Q
space are maximally entangled. Imaginary time evolution from |I) yields the
thermal state |U) py:

aty 1
0)po = e 1211y /22 (8.58)

Note that |/) is invariant under basis transformation so usually an appro-
priate set of basis is chosen for computational convenience and it’s not nec-
essary to calculate |n). The partition function Z2 typically does not need to
be calculated in practice either, because it can be viewed as the normaliza-
tion factor for [V)p,. Further real time evolution may be performed on [¥)p,
to obtain time-dependent properties.

In the context of TD-DMRG, the fact that the initial state for the imaginary
time evolution |/) is maximally entangled is quite alarming, since the larger the
entanglement, the larger the required bond dimension and computational cost.
Indeed, finite temperature calculation is typically much more time-consuming
than that of zero temperature, particularly when vibrational DoFs are involved,
not only because the number of the DoFs is doubled, but also because the bond
dimension required during imaginary and real time evolution is much larger
than that of zero temperature. For example, suppose there are two uncoupled
harmonic vibration DoFs in the system termed A; and A\, with occupation num-
ber basis |n;) and |ny). At zero temperature, the ground state |00) can be trivi-
ally described by an MPS with bond dimension 1 because \; and ), are not
entangled. Yet at finite temperature (3, the thermal state in P and Q space reads:

1
D) po(B) =Y e P ny i) Y e ny, i) /22 (8.59)
ni n
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While the entanglement entropy between (A, 5\1) and (), 5\2) is still zero
due to their uncoupled nature, the entanglement entropy between A; (A2) and
A1 (\) is 225 —In(1 — e~?), which is only zero when fw— co. If the

state is represented by an MPS:

)\1 )\1 )\2 )\2
(8.60)
¥1r0 )= OO OO

Then the bond dimension between 5\1 and )\, is 1 as expected from the
uncoupled model, whereas the bond dimension between A; ()\;) and 5\1 (5\2)
is in general much larger than 1. In view of the strong entanglement between
the P space and the Q space at finite temperature, in practical implementa-
tion sometimes it is desirable to merge the P space and the Q space of each
DoF into the same site:

AN A
W) pg (B) = <>—<> (8.61)
M A

In this case, the strong entanglement between the P space and Q space seems
to be eliminated. However, adding another physical index into each site results in
an unfavorable computational scaling and the overall computational cost is hardly
reduced. Although the form of Eq. (8.61) closely resembles an MPO and it is
tempting to recognize Eq. (8.61) as a density matrix, according to Eq. (8.56), the
density matrix is only constructed after contracting out the Q space:

A1 A2

p= (8.62)

A1 A2

Eq. (8.61) is a more efficient representation of the thermal state than
directly expressing the density matrix as an MPO (Feiguin and White,
2005a; Zwolak and Vidal, 2004) because Eq. (8.62) guarantees that p is posi-
tive semi-definite and Hermitian. A more intuitive viewpoint is to note that
if the bond dimension for Eq. (8.61) is M then the bond dimension of the
corresponding density matrix in Eq. (8.62) is M>.



300 DMRG based Approaches in Computational Chemistry

The fact that the Q space is traced out before physical observables are
extracted from the MPS leaves the room for arbitrary unitary transformation
over the Q space. This opportunity has been exploited to reduce the entangle-
ment growth of purified states during real time evolution (Karrasch et al.,
2012, 2013). The transformation applied to the Q space is simply the “back-
ward time evolution” ¢, which hopefully should reverse the growth of
entanglement caused by the forward time evolution in the P space. Recently
an algorithm for finding the purification with minimal entanglement is pro-
posed and has proven more effective in reducing entanglement entropy than
the “backward time evolution” method (Hauschild et al., 2018).

For a number of vibronic models that frequently appear in chemistry, it is
possible to perform a basis transformation known as Bogoliubov transforma-
tion over the PQ space so as to truly eliminate the entanglement between
them (Borrelli and Gelin, 2016, 2021; de Vega and Baiuls, 2015). In these
models, the vibrations are described by harmonic oscillators, and the non-
equilibrium dynamics starts with an electronic excitation from the thermal
equilibrium state in which electron and phonon parts are not correlated.
Suppose that the initial electronic ground state is }g> and the vibrations are
at thermal equilibrium, the total thermal density matrix of the system is:

Per = |8)(8]P) (8.63)

The setup is common in chemistry since usually the gap between ‘ g> and
its excited state is much larger than the thermal energy. The thermal equilib-
rium density matrix Eq. (8.63) can be constructed as an MPS through the
purification method. Unfortunately, due to the reasons mentioned above, the
entanglement entropy in this seemingly trivial model is actually quite large.
Suppose the Hamiltonian of the harmonic vibrations is

H)\ = Zwﬂ;:\l;,\ (864)
)

Mathematically, it can be proven that the purified thermal state
Eq. (8.55) is identical to a unitary transformation over the ground state
(Takahashi and Umezawa, 1996):

1 ~
[0 e iy, i) /22 = O T ]]03,0,) (8.65)
PN A
where G takes the form:

G=—i% 0 (w?u - ;312;) 0 =arctanh (%) (8.66)
A

The state H /\|0 0] A> is completely not entangled and can be efficiently
represented by an MPS with bond dimension 1, so it is an ideal initial state
for the study of non-equilibrium dynamics. To use || /\’0 2 0 A> as the initial
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state, it is necessary to deduce the form of the operators such as the
Hamiltonian after the transformation:

Hy=eCHeC (8.67)
Take the Holstein-Peierls Hamiltonian as an example:
A At A ,\T A At A AT A
H= Z Emnd,,an + Z wrb,\by + Z(g)\(.«.u\ctjn(z,,(l)A + b)) (8.68)
mn A mn\

The transformed Hamiltonian is
N A ata .
Hy= elG(H - Z w/\b)\b)\ )e_iG
A

T

A SN ATa
= emdhan + > _w(byby—bb))
mn A

+ 3 cosh(B0)grwrdlan(B) + by)

mn\

At A
+ > sinh(0)gawrdldn(b + b)) (8.69)

mn\

The additional term added to the Hamiltonian A(,u,\l;f\l; ) is only for
computational convenience because it acts on the Q space and thus does
not affect the time evolution of physical observables. In the transformed
Hamiltonian, the vibrations in the Q space have negative frequency and the
electron-phonon coupling strengths are renormalized by the inverse temper-
ature 3. To summarize, the finite temperature dynamics is reduced to zero
temperature dynamics with temperature-dependent Hamiltonian. We note
that similar idea (extending phonon bath spectral density to negative fre-
quency domain for finite temperature properties) has been proposed
through the equivalence of phonon correlation function (Tamascelli et al.,
2019).

8.3.2 Minimally entangled typical thermal states

At low temperature, the purification method becomes less effective for TD-
DMRG. In the 8— oo limit, the thermal state is actually the ground state, so
the Q space introduced by the purification method becomes a burden for the
MPS representation. On the other hand, the fact §— oo itself implies infinite
steps of imaginary time evolution (Schollwock, 2011). The METTS method
avoids the purification by sampling and is more efficient at the low tempera-
ture limit (Stoudenmire and White, 2010; White, 2009).



302 DMRG based Approaches in Computational Chemistry

The starting point of METTS is the introduction of typical thermal states.
Eq. (8.53) expresses the finite temperature physical expectation <O> in
energy basis. For any complete orthonormal basis | j>, the expectation can be
written as:

(0) =" (jle""20e™12|j) |z ="3" p BP0} D)/Z (870
J J

where |¢j(ﬂ)> is defined as a set of normalized typical thermal states (while
the energy eigenbasis is argued to be “not typical” (White, 2009)):

[6(8)) = pi(B)" VeI
Pi(B) = (ile™™j)

By noting that .p;(3)/Z = 1, Eq. (8.70) can be viewed as the statistical
average of the typical thermal states. The problems now are how to choose
f j> and how to calculate p;(3)/Z efficiently (if necessary).

For TD-DMRG, an ideal choice of L/) is to let ‘¢j(ﬂ)> minimally
entangled. Although this is a non-trivial task, an intuitive attempt is to use
Hartree product states for ‘ j>:

(8.71)

i) = ]‘[ lin) (8.72)

Here n denotes different DoFs. The hope is that if the initial state | j> is
minimally entangled, the typical thermal state ’¢,(6)> is also minimally
entangled. The METTSs can be sampled efficiently through a Markov chain
of states without the calculation of p;(6)/Z. The probability of transition

L ; 2 .
from |¢;(3)) to |¢;(3)) is simply |(j'|¢;(3))| . Suppose that in one step of
the Markov sampling, all states ]¢j(ﬁ)> are already correctly sampled with
probability p;(5)/Z, then for the next step the probability of transition to a
particular state }¢j,(ﬂ)> is
_—Pild . 2 Lo —sania g —pipa _ Pr(B)
=3P 10 =3 Ll 2y e ) = D (523
J J

which is exactly the desired probability. The existence of a fixed point indicates
that after enough steps the Markov sampling should converge to the correct

probability. An additional trick for efficient sampling with MPS is carrying out
the “collapse” from ‘¢j(ﬂ)> to L/’> by taking local measurements site-by-site.

8.4 Applications

In this section, we describe several groups of scientific problems in chemis-
try that TD-DMRG has been successfully applied to. We shall firstly focus
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on nonadiabatic dynamics with vibronic models and then move on to elec-
tron dynamics based on ab initio Hamiltonian.

8.4.1 Exciton and charge transfer dynamics

Exciton dynamics and charge transfer dynamics are of great significance
for the energy and charge transfer in bio-molecules and novel materials,
which are usually modeled by Frenkel-Holstein Hamiltonian and its var-
iants. In the photosynthesis process, ambient photons are absorbed by
optically active molecules, leading to the formation of molecular exci-
tons. The molecular excitons transfer the solar energy received to the
reaction center in an efficient manner, and the study toward its mecha-
nism can provide helpful information on the design of artificial light-
harvesting system. Chin et al. (Chin et al., 2013). used TD-DMRG to
study the exciton dynamics in pigment-protein complexes exemplified by
the Fenna—Matthew—Olson complex. The authors used a two-pigment
model and the Hamiltonian can be transformed to an equivalent
Hamiltonian with only nearest interactions such that the TEBD time evo-
lution algorithm can be efficiently applied (Prior et al., 2010).
Subsequently, Gelin and Borrelli extended the study to seven-pigment
model as well as electron transfer model in reaction center via the TDVP-
PS algorithm (Borrelli, 2018; Borrelli and Gelin, 2017). The finite tem-
perature effect is also taken into consideration using the purification
method coupled with Bogoliubov transformation. Later, with the aid of
TD-DMRG, they also demonstrated that the long-time exciton dynamics
of identical pigments with static disorder is dominated by vibrational
dynamics (Gelin et al., 2019).

Similar simulations can be carried out for the ultrafast exciton dissocia-
tion at donor/acceptor interface in organic solar cells (Yao et al., 2018,
2016). These models include both exciton and charge transfer states as well
as electron-phonon couplings. Yao et al. (Yao et al., 2016) reported the evo-
lution of the charge density of the hole in the donor part and the electron in
the acceptor part obtained by TD-DMRG at different electron-phonon cou-
pling strength «. The electron-phonon coupling is characterized by the pho-
non spectral density function J(w)

J(w)= 27rc)zw%cw%ef°’/“’r (8.74)

where w, is the cutoff frequency. The results are shown in Fig. 8.1. It is
found that ultrafast long-range charge separation in organic photovoltaics
devices should be ascribed to the quantum resonance between local Frenkel
excited states and a broad array of long-range charge transfer states assisted
by the moderate off-diagonal vibronic couplings. There are also reports on
the ultrafast relaxation, decoherence, and localization of excitons in
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FIGURE 8.1 Charge density evolution of hole in the donor part and electron in the acceptor
part with different o values where « is the electron-phonon coupling strength. Reproduced from
Yao, Y., Xie, X., Ma, H., 2016. Ultrafast long-range charge separation in organic photovoltaics:
promotion by off-diagonal vibronic couplings and entropy increase. J. Phys. Chem. Lett., 7,
4830—4835.  hitps://doi.org/10.1021/acs.jpclett.6b02400, with —permission from American
Chemical Society.

m-conjugated polymers such as poly(para-phenylene) and poly(p-phenylene-
vinylene) (Barford and Mannouch, 2018; Mannouch et al., 2018). By adding
triplet pair state to the electronic basis, TD-DMRG can be applied to study
the singlet fission of an exciton based on three-state or more complex models
as well (Xie et al., 2019; Yao, 2016).
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The typical workflow for the simulation of exciton dynamics (or charge
transfer dynamics) is quite straightforward. Firstly, the zero temperature pure
state or thermal equilibrium ground state without excitons (or charges) are
prepared as an MPS, which are usually uncorrelated. After that, an exciton
(or a charge) is injected into the appropriate molecule(s) in the system by
applying the creation operator to the MPS, and then the out-of-equilibrium
state is evolved according to an appropriate time evolution algorithm and
interested quantities such as elements of the electronic reduced density
matrix are computed along the way. It should be pointed out that the dynam-
ics of the vertical Franck-Condon excitation mentioned above could be sig-
nificantly different from the dynamics of vibrationally relaxed excitations
according to a recent TD-DMRG study (Kloss et al., 2019). Lastly, we note
that as long as the vibrations are described as harmonic oscillators and addi-
tionally the initial electronic and vibrational parts are uncorrelated, the finite
temperature effect is probably best treated by the Bogoliubov transformation
(Borrelli, 2018; Borrelli and Gelin, 2017).

8.4.2 Excited state dynamics and spectra

The excited state dynamics is closely connected to exciton dynamics
described in the last subsection, however in this subsection we concentrate
on the dynamics that involves complex potential energy surface and/or appli-
cation to molecular spectra. An exemplary case is the S;/S, interconversion
dynamics of pyrazine after UV photoexcitation to the S, state, which is
already explored in detail by a number of methods including MCTDH (Raab
et al,, 1999; Worth et al., 1996). Pyrazine features a conical intersection
between the S; and the S, states and strong vibronic couplings with 24 vibra-
tion modes. Thus, the molecule serves as a rigorous benchmark platform for
quantum dynamics methodologies. The absorption spectra I(w) is calculated
via the Fourier transformation of dipole—dipole correlation function C(¢) by
virtue of linear response theory:

I(w) ffm e~ C(t)dt
C(0) = (fi0)),
Here p is the dipole operator and the subscript g denotes the ground state.
At zero temperature, the calculation of C(¢) reduces to the calculation of the

overlap between the time evolved wavefunction W(¢) and the initial S, wave-
function W(0):

<£L(t)ﬁb(0)>g _ <eiﬁzﬂeﬁmﬂ>g _ eiEgt<l£LefiI-}t‘LﬂL>g o« (WO)|U(r))  (8.76)

(8.75)

Here E, is the ground state energy which can be set to 0 when defining
the Hamiltonian. Both the P&C and TDVP time evolution schemes have
been applied to tackle the problem (Baiardi and Reiher, 2019; Greene and
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Batista, 2017; Xie et al., 2019). Coupled with ab initio parameters from
highly accurate electronic structure methods, the calculated spectra coincides
with experimental spectra remarkably well.

The same formulation can be extended to the spectra of molecular aggre-
gates such as perylene bisimide dyes (PBI), also pioneered by MCTDH
(Ambrosek et al., 2012; Baiardi and Reiher, 2019; Ren et al., 2018). With
slight modification, the finite temperature spectra can also be obtained (Ren
et al.,, 2018). The key ingredient is to perform two sets of time evolution
simultaneously over the purified finite temperature state |¥)p, for the evalu-

ation of C():
C(1)=po (Wle™ fre™ i1 ¥) pg (8.77)

with the first time evolution being ¢~ /i|¥)p, starting from i|¥)p, and the
second time evolution being ¢~ #|W)p, starting from |¥)p,. Benchmarks at
zero temperature indicates that the results by TD-DMRG are in exact accor-
dance with ML-MCTDH. Fig. 8.2 shows the absorption and emission spectra
of PBI dimer at 298 K calculated by TD-DMRG. It is observed that the fine
spectra are in agreement with experimentally determined broad peaks.
Besides, the results derived from TD-DMRG are more accurate than the
results by the popular n-particle approximation (Ren et al., 2018).
Furthermore, the two-dimensional electronic spectra can be simulated by
TD-DMRG through calculating the third-order nonlinear response function

(Yao et al., 2018).
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FIGURE 8.2 Calculated absorption and fluorescence spectra of PBI dimer at 298K from finite
temperature TD-DMR, with comparison to experiments. Please check the online version to view
the color image of the figure. Reproduced from Ren, J., Shuai, Z., Chan, G.K., 2018. Time-
dependent density matrix renormalization group algorithms for nearly exact absorption and fluo-
rescence spectra of molecular aggregates at both zero and finite temperature. J. Chem. Theory
Comput., 14, 5027—5039. doi: 10/gpggr5, with permission from American Chemical Society.
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8.4.3 Charge transport

Charge transport properties in conjugated polymers are one of the first appli-
cations of TD-DMRG in chemistry (Ma and Schollwock, 2008, 2009; Zhao
et al., 2009, 2008). In these works, while the electron motion is simulated
with high precision by TD-DMRG, the nuclear motion is approximated by
classical dynamics, forming a hybrid TD-DMRG/Ehrenfest time evolution
scheme. More recently, the finite temperature carrier mobility for organic
semiconductors is calculated by TD-DMRG through the Kubo formula:

J_ {j(1)j(0))dt (8.78)

1
w= ZkBTeo

where f is the current operator represented analytically by an MPO (Li et al.,
2020b). The calculated mobility based on ab initio parameters correctly
reproduces the experimental mobility-temperature relationship and further
confirms the negative isotope effect for mobility. Later, the study is extended
to include the effect of nonlocal electron-phonon coupling and a general
charge transport picture unifying previously contradicting theories (Fig. 8.3)
is presented (Li et al., 2021). We note that (ML)-MCTDH will struggle for
the very same task because the effect of applying f to a quantum state is dif-
ficult to model without MPO.

8.4.4 Electron dynamics

Although in a large number of literatures TD-DMRG is targeted to vibronic
problems, pure electronic dynamics also emerges in recent literatures, owing
to the general nature of TD-DMRG. Ronca et al. (Ronca et al., 2017).
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FIGURE 8.3 A schematic regime diagram determined by TD-DMRG showing different charge
transport regimes according to the transfer integral V and its room temperature thermal variation
AV for the charge transport of the Holstein-Peierls model. Reproduced from Li, W., Ren, J.,
Shuai, Z., 2021. A general charge transport picture for organic semiconductors with nonlocal
electron-phonon couplings. Nat. Commun., 12, 4260. https://doi.org/10.1038/s41467-021-24520-
v, with permission from Springer Nature.
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FIGURE 8.4 Hole density of the iodoacetylene molecule at four different points in time.
Reproduced from Frahm, L.-H., Pfannkuche, D., 2019. Ultrafast ab initio quantum chemistry
using matrix product states. J. Chem. Theory Comput., 15, 2154—2165. https://doi.org/10.1021/
acs.jete.8b01291, with permission from American Chemical Society.

TD-DMRG to study the oxygen core-excitation energy in the water and
dynamical properties of hydrogen chain with an improved version of the
time step targeting algorithm. Coupled with frequency domain algorithms,
they were able to extract density of states and complex polarization function
from the ab initio system Hamiltonian, as indicators for the metallicity and
delocalization at different bond lengths. Frahm & Pfannkuche (Frahm and
Pfannkuche, 2019) simulated the ultrafast charge migration dynamics in the
iodoacetylene molecule with TD-DMRG (Fig. 8.4) and their result is in
direct agreement with experiments. Very recently, Baiardi (Baiardi, 2021)
applies TD-DMRG to the calculation of molecular (hyper)polarizabilities,
electronic absorption spectra, and ultrafast ionization dynamics.

8.5 Summary and outlook

In this chapter, we introduce several key algorithms for TD-DMRG and
some of their recent applications to chemistry problems. Owing to the deli-
cate and compact mathematical structure of MPS, a variety of time evolution
schemes have been invented for TD-DMRG. The schemes have distinct fea-
tures and almost all schemes are under active usage in the community. It is
common practice to choose the appropriate scheme according to the scien-
tific problem at hand. Furthermore, in Section 8.3, we introduced several for-
mulations that enable TD-DMRG to capture the finite temperature effect,
which makes TD-DMRG an even powerful tool in modeling realistic
systems.

As demonstrated in Section 8.4, with the state-of-the-art algorithms, TD-
DMRG is able to simulate a wide range of dynamic processes with nearly
exact accuracy. Its applications include exciton dynamics in various systems,
singlet fission, 1D and 2D spectra of small molecules and aggregates, charge
transport in organic semiconductors, and electronic dynamics at ab initio
level. For some of the cases such as exciton dynamics, TD-DMRG serves as
an alternative to (ML)-MCTDH, while in other cases such as charge

()
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transport, TD-DMRG has emerged as the most accurate methodology for
complex systems. In near future, we expect TD-DMRG to be applied to the
dynamics of more realistic systems, probably combined with ab initio poten-
tial energy surfaces. Moreover, it is natural to generalize the charge transport
formalism to study heat transport, spin transport, thermoelectric effect, and
so on. Nevertheless, to go beyond one-dimensional models is still one of the
major challenges of simulating transport phenomenon in bulk materials for
TD-DMRG. As high dimensional models are much more computationally
demanding than the one-dimensional models, efficient simulation still
requires further development of the TD-DMRG methodology.

One possible approach for larger scale TD-DMRG calculation is to adopt
more flexible tensor network structure, such as tree tensor networks
(Larsson, 2019; Nakatani et al., 2014). In tree tensor networks, the average
distance in terms of virtual bonds between two DoFs is O(logN) instead of
O(N) in MPS. Therefore, with the same bond dimension tree tensor net-
works should in principle be more accurate than MPS to approximate a gen-
eral state. Besides, it is possible to overcome the formally higher scaling of
tree tensor networks by separating the nodes with physical bond from the
nodes with only three virtual bonds (Gunst et al., 2018). Compared to even
more powerful loop-containing tensor networks, there are no fundamental
difficulties regarding porting existing MPS algorithms to tree tensor net-
works, however, reports on the application of tree tensor networks to time-
dependent chemical problems are so far rather limited (Schroder et al.,
2019).

Before closing the chapter, we would like to discuss a notable drawback
of TD-DMRG, which is the limitation on the computationally reachable evo-
lution time. In almost all time evolution scenarios relevant to chemistry as
discussed in Section 8.4, the bipartite entanglement entropy of the system S
grows linearly with time: §o ¢ (Calabrese and Cardy, 2005; Znidari¢, 2020).
The situation is similar for imaginary time evolution (Dubail, 2017). The
consequence of this seemingly arcane assertion is that the required bond
dimension for numerically exact time evolution grows exponentially with
time: M o ¢, according to the relation between the upper bound of entangle-
ment entropy for an MPS and the corresponding bond dimension(M)
S =InM. In other words, for a fixed bond dimension, the time evolution error
grows exponentially (Schollwock, 2011). Thus, in general, TD-DMRG is not
a suitable tool to study the long time limit behavior. However, as have
shown in Section 8.4, in many cases the state-of-the-art TD-DMRG algo-
rithms are well capable of offering a reliable solution to the time-dependent
Schrodinger equation up to a decent time scale. And a helpful strategy to
bypass the limitation of evolution time is to compute the interested physical
observable through time correlation function, which for most realistic chem-
istry systems should decay to zero at long time limit. Another strategy is to
use frequency-domain DMRG algorithm instead, which is discussed in
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Chapter 7 of this book. Techniques to overcome the entanglement barrier
directly are hitherto under development (Rams and Zwolak, 2020).
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